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MACROSCOPIC QUANTUM TUNNELING AND ENERGY-LEVEL QUANTIZATION 

IN THE ZERO VOLTAGE STATE OF THE CURRENT-BIASED JOSEPHSON JUNCTION 

by John Matthew Martinis 

ABSTRACT 

A macroscopic variable, the phase difference across a Josephson 

junction, is shown to obey quantum mechanics by observing the phenomena 

of energy-level quantization and quantum tunneling. The relevant 

parameters of the junction were determined .!.!! .ill!:!, in the thermal regime 

from the dependence of the escape rate on bias current and from resonant 

activation in the presence of microwaves. The first observation of 

quantized energy levels for this system is reported. The positions of 

these energy levels are in quantitative agreement with the quantum 

mechanical predictions based on the measured junction parameters. A 

model is presented that predicts correctly the observed resonance 

shapes. The measured value of the escape rate out of the zero-voltage 

state for an underdamped (Q - 30) junction was found to be independent 

of temperature at low temperatures. This low temperature escape rate 

was in excellent agreement with the prediction for macroscopic quantum 

tunneling, with no adjustable parameters. 

Jolw rJt..k 
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I. INTRODUCTION 

Do macroscopic variables obey quantum mechanics?1 The aim of this 

thesis is to provide an experimental test of this question. This is 

accomplished by demonstrating the quantum behavior, through quantum 

tunneling and energy-level quantization, of the macroscopic variable of 

the phase difference across a Josephson junction.1,2 

1 

We first describe why this variable is macroscopic. In a 

superconductor below its transition temperature, the macroscopic number 

of Cooper pairs that describe the electronic state are constrained by 

superconductivity to be phase coherent throughout the material. Thus, 

the phase is a macroscopic variable. The phase difference across a 

Josephson junction is also a macroscopic variable since it is the single 

variable that describes completely the effect from all of the 

macroscopic number of Cooper pairs tunneling coherently across the 

junction. We take the number of Cooper pairs that contribute to the 

Josephson tunnel current as the macroscopic degree of the phase 

difference variable .• (a) An estimate of this is the number of pairs in 

the area of the junction and within a coherence length of the junction 

interface. For the Josephson junction in this experiment this number is 

of order 1010, which is clearly of macroscopic size. 

The Josephson junction is an attractive candidate for the 

observation of quantum mechanical behavior by a macroscopic variable. 

The current-biased Josephson junction is a system fabricated in the 

laboratory that is electrical in nature. As a result, the experimen

talist has flexibility in the choice of experimental parameters. The 

effects of thermal noise and dissipative coupling to the environment can 

be made small through a proper choice of experimental parameters. This 
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is important because noise and dissipation tend to induce classical 

behaviorl in a system. 

2 

The principle motivation for the experiment is to provide 

experimental evidence that a new realm of physical systems - those that 

are described by macroscopic variables - show quantum mechanical 

behavior of the macroscopic variables. Following Leggett,l this idea is 

motivated further through the example of the "Schrodinger's cat 

paradox".3 Simply described, this gedanken experiment consists of a 

microscopic quantum system, a radioactively decaying atom, coupled via a 

measuring apparatus to a macroscopic system, Schrodinger's cat. When 

the atom decays, the measuring apparatus detects the event and kills the 

cat. If at some moment the microscopic system of the atom can be 

described by a linear superposition of decayed and not decayed states, 

then by the linearity of quantum mechanics (assumed to be valid even for 

measuring apparatus and cats) the macroscopic state of the cat must be 

in a superposition of dead and alive states. This particular 

"paradoxical" superposition of states arises when reality 4 is ascribed 

to the quantum mechanical state, as it is hard to envision the cat being 

both dead and alive using our classical description of the world. 

However, if one treats quantum mechanics as simply a "calculational 

device", a theory devised to give the statistical outcome to an 

experiment, then there is no paradox. An experiment simply measures the 

cat to be dead or alive, and the only concern of the theory is the 

outcome of the experiment. Personally, it seems equally paradoxical 

when physical reality only pertains to an experimental measurement, and 

the basic constructs of the theory (i.e. the wave function in quantum 

mechanics) have no physical reality in themselves. A motivation for 

j 
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this experiment, from such a realist's point of view, is that the 

Schrodinger cat paradox could have arisen because the superposition 

principle of quantum mechanics is being extrapolated to the realm of 

macroscopic variables.(b) There has been no experimental evidence prior 

to experiments on the Josephson junction systems that demonstrates that 

the superposition principle can be extended in this way. 1 

Several experiments5-8 have been performed previously that have 

looked for the quantum tunneling of the phase difference variable. We 

believe there was sufficient doubt in the methods of these experiments 

to warrant more careful experimental investigation. Thus, the approach 

taken in this experiment was to perform the necessary checks on the 

experiment in order to eliminate possible systematic errors that could 

mimic the quantum behavior of the macroscopic variable, and to measure 

all of the important experimental parameters ~ situ using classical 

phenomena so that the experimental results could be compared with theory 

with no adjustable parameters. In particular, the admittance shunting 

the junction was measured at the relevant microwave frequencies. Other 

experiments have been performed recently9,10 that investigate the effect 

of dissipation on quantum tunneling. 

A further motivation of the experiment is that macroscopic 

variables may allow new quantum mechanical phenomena to be 

experimentally studied. For example, the question of how dissipation 

affects quantum tunneling11 has been raised because of its importance 

when observing quantum tunneling in the Josephson junction system; the 

system is ideally able to address this question experimentally. Another 

example is the tunneling of a field,12 which to our knowledge has never 

been observed experimentally. A possible system to study this might be 

•,'f 



a Josephson junction that has one long spatial dimension. 

It has been shown theoretically,13 starting from a microscopic 

quantum description of a Josephson junction system, that the phase 

4 

difference across the Josephson junction is the single degree of freedom ~ 

describing the junction, and that the variable should have a quantum 

mechanical description~ Thus, one expects theoretically that the phase 

difference variable obeys quantum mechanics. We emphasize that this 

thesis concerns the experimental test of this question. 

The current-biased Josephson junction system is introduced in Sec. 

II, and the theoretical predictions for the escape rate out of the 

zero-voltage state are presented in Sec. III. We describe the 

experimental apparatus in Sec. IV. The determination of the 

experimental parameters, using classical phenomena, is given in Sec. V. 

Section VI contains the results of the escape rate measurements in both 

the thermal activation and quantum tunneling regimes. In Sec. VII, the 

results of an experiment that measures quantized energy-levels is 

presented. A conclusion is given in Sec. VIII. 

A brief presentation of this work has been reported elsewhere.14-16 
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II. THE CURRENT-BIASED JOSEPHSON JUNCTION SYSTEM 

The experimental current-biased Josephson junction system is 

represented in Fig. 1(a). The Josephson tunnel junction consists of two 

superconductors separated by a barrier that is made sufficiently thin 

(-4oK) to permit the tunneling of Cooper pairs. The junction must be 

connected to appropriate electronics at room temperature to measure its 

current~voltage (I-V) characteristics. In order to prevent any high 

frequency noise that originates in the room temperature electronics from 

reaching the junction, a low-pass filter has to be inserted in the bias 

line, as indicated in Fig. 1(a). 

Figure 1(b) represents a model for the experimental system. The 

Josephson tunnel junction, represented by a cross in Fig. 1(b), is 

described through the Josephson relations17 

Ij = Io sino , 

v = <~012~) do/dt , 

( 2.1) 

(2.2) 

where Ij is the tunnel current flowing through the junction, Io is the 

critical current of the junction, o is the phase difference across the 

junction, ~0 = h/2e is the flux quantum, and d/dt is the time 

derivative. Because the Cooper pairs in the superconductor are 

electrically charged, they couple strongly to the electromagnetic field. 

This contribution to the model is also represented in Fig. 1(b). The 

capacitance C arises from the capacitance formed by the thin tunnel 

barrier oxide. As the superconductor forming the junction was operated 

well below its superconducting transition temperature in our experiment, 

no thermal population of the quasiparticles was expected: thus, the 

negligible damping resistance across the junction due to quasiparticle 

tunneling is neglected. Capacitance renormalization13 is also expected 
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Fig. 1. (a) Representation of the experimental current-biased Josephson 
junction system. (b) Circuit model for the system when quasiparticle 
tunneling is unimportant, as is the case for our experiment. (c) 
Resistively shunted junction model. 
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to be negligible because large capacitance junctions were used in the 

experiment. The admittance loading from the low-pass filter, which in 

general has a frequency dependence, is represented by Yf in Fig. 1(b). 

In this model, any other admittance element purposely placed across the 

junction and any admittance arising from the experimental current-bias 

source can also be included in the Yf term. 

7 

In order to study the simplest possible experimental system, we 

designed the low-pass filter such that the admittance Yf could be 

represented, to a good approximation, through a resistor R (see Sec. IV 

for details). Experimental measurements will be presented in this 

thesis that also indicate that this is a reasonable approximation. This 

resistively shunted junction model18 for the system is given in Fig. 

1(c). 

In Fig. l(c), the current bias flows through the capacitor, the 

resistor, or the junction. The voltage across the junction is given by 

the ac Josephson effect [Eq. (2.2)]. Thus, the classical equations of 

motion describing the system are 

I + IN ~ C dV/dt + V/R + Io sino , 

v ~ <~012~> do/dt , 

(2.3) 

(2.4) 

where IN is a current-bias noise source with spectral density SI 

4k8T/R that arises from the Johnson noise of the resistor. Eliminating 

V in favor of do/dt, Eqs. (2.3) and (2.4) are rewritten in the form 

<~o/2~)IN ~ c <~012~> 2 ct2oldt2 + (1/R) <~o/2~)2 do/dt + 

<atao)[ -<I 0~0/2~)coso - (I~o/2~)o J • (2.5) 

Equation (2.5) is also the equation of motion for a particle with 

co-ordinate o and mass C(~o/2~) 2 , subject to damping from the do/dt 

term, driven by a fluctuating force (~o/2~)IN• and moving in the 



one-dimensional potential U(o) = ($o/2~)(-Iocoso- Io). The tilt of 

this "washboard potential" U(o) is proportional to I. 

8 

This mechanical analog provides considerable insight into the 

behavior of the junction, and is illustrated in Fig. 2. The behavior 

with no noise (IN = 0) is first considered. With I = 0, there is no 

tilt to the potential, and the particle is confined to the bottom of a 

well. If I is then increased, but still held below I 0 , the particle 

will stay confined to the potential well [Fig. 2(a)]. Since the time 

average of do/dt is zero, V = 0: this is the zero voltage state of the 

junction [point a of Fig. 2(c)]. If I is increased to a value above I 0 , 

the potential well barrier height vanishes and the particle will escape 

and roll down the washboard potential. When this happens do/dt - 0: 

this is the voltage state of the junction.(c) When the particle is in 

the voltage state and the bias current is decreased, the system can stay 

in the voltage state even for I < Io (provided that the damping is small 

enough and I is close enough to Io so that the momentum of the particle 

carries it over the potential barriers). This hysteretic behavior for I 

< Io is illustrated in Fig. 2(b) and point b of Fig. 2(c). The junction 

is reset to the zero voltage state when the bias current is reduced to 

zero. 

In this experiment, we are interested in the escape of the junction 

from the metastable zero voltage state. This escape can occur for I < 

Io either by thermal fluctuations [produced through IN of Eq. (2.5)] 

that drives the particle over the potential well, or by quantum 

tunneling through the potential well (if o obeys quantum mechanics). 

The parameters of the system are such that we have only to be concerned 

with the escape from just one well; once the particle escapes it 



... 

" 

9 

• 

(b) 
u 

(c) 
I 

XBL8510-6741 

Fig. 2. (a) and (b) U vs. o when I < Io for the mechanical analog of a 
particle moving in a washboard potential. (a) The particle is confined 
to a potential well. (b) The particle has escaped from the well and is 
moving down the potential. (c) I-V characteristic of the junction. 
Point a, the zero-voltage state, corresponds to (a). Point b, the 
voltage state, corresponds to (b). 
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acquires enough kinetic energy so that it is never retrapped by another 

well. A new set of parameters are now introduced, simply related to the 

junction parameters given above, that will prove useful in describing 

this potential well. The potential well barrier height ~U, and the 

plasma frequency wp/2~ (the classical oscillation frequency of the 

particle at the bottom of the well) are given by19 (see Fig. 3) 

~u = 2u0 {[1-(I/I0 )2J112- (I/Io)cos~1(I/Io)l , 

wp = wpo [1-(I/Io)2J114 ' 

(2.6) 

(2.7) 

where Uo = Io~o/2~, and wpo = (2~Io/C~o) 1 12. The damping is described 

through the quality factor defined by 

Q = WpRC • (2.8) 

For I close to I 0 , the potential barrier height over which the 

particle escapes is much smaller than the potential difference between 

two adjacent wells. To a very good approximation, the barrier over 

which the particle escapes can be accurately represented by a cubic 

potential. The parameters ~U and wp then have the simple power law 

expansions19 in (1-I/Io) for I + Io 

~u ~ (4/2/3)Uo(1-I/Io)312 , 

wp = 2114wpo<1-I/Io)114 • 

(2.9) 

(2.10) 

These power, law expansions actually represent the exact expressions of 

Eqs. (2.6) and (2.7) quite well even when I is not close to I 0• In 

Appendix A, these power law expansions in (1-I/Io) are shown to be valid 

even if there are smooth variations to the de Josephson relation of Eq. 

(2.1). 

In summary, the current-biased Josephson junction system can be 

understood through the model of a particle moving in a potential well. 

The well can be represented to an excellent approximation by a cubic 

• 
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Fig. 3. U vs. o for I < Io. 6U is barrier height and wp/2TI is 
classical oscillation frequency at the bottom of the well. 

11 
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potential. This experiment is concerned with the escape of the particle 

from this well, which corresponds to the junction switching from the 

zero voltage state to the voltage state. The measurement of the state 

of the macroscopic variable o, to determine whether it is confined in 

the metastable state or has escaped, is thus made by measuring the 

voltage across the junction. 

• 
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III. THE THEORETICAL PREDICTIONS FOR THE ESCAPE RATE 

This section will list theoretical predictions for the escape rate 

of the junction from the zero-voltage state, from the high temperature 

thermal regime (kaT/Mwp >> 1) down to the low temperature quantum regime 

(k8T/Mwp << 1), and in the low damping limit (Q >> 1) in which we are 

interested experimentally. 

In the thermal regime, the escape of the particle from the well is 

driven by the Johnson noise of the resistive shunt. In the moderate to 

low damping regime (Q > 5), the escape rate is given by20 

rt = at<wp/2~)exp(-6U/kaT) , (3.1) 

where21,(d) 

at= 4/[(1 + QkaT/1.86U)112 + 1]2. (3.2) 

The prefactor at is small compared with unity for large Q because 

" ••• for very low damping, the energy changes occur very slowly, and the 

supply of particles up out of the bottom of the well cannot keep pace 

with the rate of escape of particles that have gained enough energy to 

cross the barrier. This leads to a depleted population in the energy 

range just above the barrier ••• ".21 

If the macroscopic variable o obeys quantum mechanics, the escape 

rate at zero temperature occurs through quantum tunneling: in the 

absence of dissipation the escape rate can be found from a WKB 

calculation.22 Caldeira and Leggett11 have solved for the tunneling 

rate in the presence of dissipation. The result, correct to order 1/Q, 

is given for the cubic potential as 

rq m aq(wp/2~)exp[ -7.2(4U/Mwp)(1 + 0.87/Q + ••• ) ] , (3.3) 

where 

(3.4) 
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Equation (3.3) reduces to the WKB result in the limit Q ~ ~. The effect 

of dissipation is to localize the wavefunction of the metastable ground-

state, leading to an exponential dependence of the escape rate on the 

dissipation. 

It can be shown that the use of the exact expression for the 

potential in the WKB calculation rather than the cubic approximation 

leads to the tunneling exponent -7.2(6U/Mwp)[1 + 0.052(1-I/Io)J, where 

6U is given by Eq. (2.9). For the experiments quoted in this paper, 

I/Io is close enough to one to render the error due to the cubic 

potential approximation totally negligible. 

Equation (3.3) is valid for the model system shown in Fig. 1(c), 

where the total admittance across the junction consists of a resistor 

and capacitor in parallel. This tunneling result has been extended23 

for the general case given in Fig. 1(b) of a capacitor in parallel with 

a frequency dependent admittance Yf(w), in which we assume the effect of 

Yf on the exponent of the tunneling rate is small. By using the general 

form of the imaginary time action given by Caldeira and Leggett under 

perturbation theory,11 we find 

f
~ wYf(-iw) (ww/wp)2 

rq a: exp{-7.2~0 [1 + .!2. · d(w/wp) ]} .(3.5) 
Wp w 

0 
wp2 C sinh2(ww/wp) 

For the case Yf = 1/R, Eq. (3.5) reduces to Eq. (3.3). In principle, if 

one can measure experimentally the admittance across the junction, then 

Eq. (3.5) can be used to predict the escape rate.<e) Since the integral 

in Eq. (3.5) requires a knowledge of the admittance over an imaginary 

frequency range from roughly (1/4)(wp/2w) to 2(wp/2w), a measure of Yf 

over a wide frequency range is needed to apply this model or to prove 

that the resistor and capacitor admittance model of Fig. 1(c) is indeed 

.. 
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applicable to a particular experimental junction system. 

A recent theoretical calculation24 predicts the escape rate in the 

thermal limit for an arbitrary shunting admittance. The corrections of 

this theory apply only to the prefactor and involve the dependence of Yf 

in the vicinity of the plasma frequency • 

We are also interested in the intermediate temperature regime near 

the crossover temperature25 Tcr = ~wp/2~k8 (in the weak damping limit) 

that separates the escape rate behavior into a thermal regime (T >> Tcr) 

and a quantum regime (T << Tcr)· ForT> 1.4Tcr' the escape rate is26 

ri = ai(wp/2~)exp(-6U/k8T) , 

where to first order in 1/Q 

ai = [(1 + 1/4Q2)112- 1/2Q] 
sinh(~wp/2ksT) 

sin(~wp/2k8T) 

(3.6) 

(3.7) 

The quantum correction contained in the last factor of Eq. (3.7) tends 

to increase the prefactor over its classical prediction, and becomes 

relatively unimportant for T > 3Tcr· In the thermal limit ~wp/ksT ~ 0, 

this quantum correction factor approaches unity, and ai equals the 

prefactor first found by Kramer~.20 We note that the high temperature 

prefactor given in this way is valid only for low to moderate values of 

Q: in the high Q limit this prefactor does not approach the result of 

Eq. (3.2).(f) Thus we will only be able to use the quantum correction 

in Eq. (3.7) as a estimate of the quantum corrections to the escape rate 

at intermediate temperatures. 

Below Tcr but near T = 0, the tunneling rate at temperature T is 

enhanced over the zero-temperature rate by the factor27 

r(T)/f(O) = exp[ -7.2(6U/Mwp)(5~/Q)(ksT/Mwp)2 J , (3.8) 

for a linear, frequency-independent shunt resistor. This result is 



valid for low damping and for k8 T < M.wp/Q. This temperature regime was 

not accessible in this experiment because of the large value of Q. 

To compare experimentally determined escape rates with theoretical 

predictions, it will be convenient to introduce the escape temperature 

Tesc• which is defined through the relation 

(3. 9) 

where r is the experimental or theoretical escape rate that one is 

interested in expressing through Tesc• In the thermal limit, comparing 

Eqs. (3.1) and (3.9) one finds 

Tesc "" T/( 1-Pt) 

where 

(3.10) 

Pt .. [ln(at) ]/ (.W/kBT) • (3·. 11) 

Since at is close to unity, the magnitude· of Pt << 1. Thus, in the 

thermal limit Tesc shoud be very nearly equal to T. In the quantum 

limit, comparing Eqs. (3.3) and (3.9) one finds 

(T = 0) , (3.12) 

where 

Pq .. [ln(aq)]/[(7.2~U/M.wp)(1+0.87/Q)] • (3.13) 

The value of aq is large enough to make the contribution of Pq 

important. The definition of Tesc is useful because it mostly 

eliminates the (exponential) scaling of escape rate with ~U; Tesc then 

becomes very nearly independent of the bias current even though the 

escape rate may be change over several orders of magnitude. Also, Tesc 

16 

gives an immediate indication of whether the results are thermal (Tesc = 

T) or quantum (Tesc > T). 

.. 

.. 
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IV. EXPERIMENTAL APPARATUS AND METHODS 

We first give an overall description of the experimental system 

which is illustrated in Fig. 4. To measure the lifetime of the zero 

voltage state, a current ramp w~s applied to the junction, and the 

voltage that developed at the transition to the voltage state was 

amplified and used to trigger an analog-to-digital converter that 

measured the bias current. The digitized value of the current so 

obtained was transmitted via an fiber-optic data link to a computer 

located outside the screened room surrounding the dilution refrigerator 

and electronics. The current bias and voltage leads each contained a 

radio frequency (rf) filter at 4.2K. Below the rf filter, a single 

co-axial geometry cable was used for both the current and voltage leads; 

the zero frequency resistance between the rf filters and the junction 

was approximately 150 o. Two microwave filters were also included at 

4.2K. The junction mount, additional rf and microwave filters, and the 

thermometers were suspended from the mixing chamber of the dilution 

refrigerator. A separate co-axial line, equipped with attenuating 

elements at 4.2K and at the temperature of the sample, was used to 

inject a microwave current into the current bias line. The critical 

current of the junction could be varied by means of a magnetic field. 

We now give a more detailed description of the important components 

of the measurement system. 

Current-Bias Measurement 

Figure 5 illustrates in detail the electronic system used to 

measure the values of bias current at which the junction switched to the 

voltage state. A linear ramp in the current bias was produced by a 

voltage ramp and a bias resistor (with typical values from 300kO to 2MQ, 



fiber optics 
.....__ __ .......~ I 

Screened
Room 

I 
I 
l 
. I 
I 

~~~=======~~ 
microwave 
generator 

RF filter 

I microwove-----r--u__ 
1 . f.ilter 

I 
I 

Sample 
Mount---

I 

microwave 
1 filters 

4.2 K 

Dilution 
Refrigerator 

Mixing 
Chamber 

1 Josephson 
I Junction 
I f ~ Su~ironducting 

L ___ .. ---------
X BL 8 !> 10- 6742 
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and low temperature coefficient of 10ppm/°C). The voltage across the 

junction was amplified with a PAR 113 preamplifier (which has very low 

current noise), and then used to gate a sample-and-hold circuit that 

20 

captured the voltage corresponding to the bias current at the moment the ~ 

junction switched. An analog-to-digital converter digitized this 

voltage, which was then transmitted to a computer via an optical-fiber 

link. The constant offset voltage and amplification were introduced so 

that digitized values of the bias current could be distributed among 

many channels in the A-to-O converter: this eliminated digitization 

noise due to slight variations in the A-to-O channel widths. The bias 

current could be set to zero after an adjustable amount of time 

following the appearance of the junction voltage. The current bias was 

calibrated from the value of the total resistance in the current bias 

line and from a voltage calibration of the offset voltage amplifier and 

the A-to-O converter. The power to the electronics was supplied by 

batteries, and careful tests were made to ensure that no digital 

switching noise from the electronics was coupled into the junction. The 

total uncertainty in the reproducibility of measuring I arose from 

Johnson noise in the current~bias line, which was less than 

approximately 200pA rms. This enabled I to be measured with a 

reproducibility of about 2 parts in 105. 

Radiofrequency and Microwave Filtering 

We found it essential to use a chain of low-pass filters on the I 

and V lines to exclude high frequency noise from the junction. The rf 

filters at 4.2K consisted of a simple RC-network with a cutoff frequency 

of about 1MHz. From 20 to 200 MHz the measured attenuation exceeded 

60dB. However, at higher frequencies, the attenuation decreased 
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appreciably, presumably because of stray capacitance across the 

resistors. As a result, we introduced a novel microwave filter 

consisting of a spiral coil of wire inside a copper tube filled with 

copper powder (with grain size of about 30 ~m). Since each grain is 

insulated from its neighbors by a naturally grown oxide layer, the 

effective surface area is enormous, and the skin-effect damping gives a 

substantial attenuation. The measured attenuation of such a filter 80 

mm long was greater than 70 dB from 100 MHz to 12 GHz. Two of these 

filters were installed in series at 4.2K. 

A microwave and a rf filter were also required at the temperature 

of the junction to eliminate the Johnson noise from the filters at 

4.2K. The rf filter consisted of a 3 pole LC-network, potted in copper 

powder. The microwave filter was similar to the one at 4.2K. To ensure 

good thermal contact of the copper powder grains to the thermal ground 

of the copper tube, Stycast 2850 was injected into the copper powder 

after these filters were assembled. The attenuation of the rf filter 

was 20 dB at 4 MHz, rising to greater than 40 dB from 15 MHz to 200 

MHz. The attenuation of the microwave filter was 10 dB at 100 MHz, 

rising to greater than 70 dB from 500 MHz to 12 GHz. For the combined 

filters, the attenuation exceeded 200 dB from 100 MHz to 12 GHz. It is 

noteworthy that these filters were tested by injecting a mibrowave 

signal (with about 1mW power) into the room temperature current-bias 

line with frequency varying from 100 MHz to 12 GHz, with no resulting 

effect on the escape rate from the zero voltage state. Thus, we are 

confident that spurious high frequency noise sources were successfuly 

eliminated. 

..... , ~ 
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Junction Mount 

The construction of the junction mount is very important because it 

presents the most significant admittance loading to the junction. In 

contrast to other experiments,5,6,9 we adopted the philosophy of making 

the junction capacitance as large as possible to minimize the effects of 

capacitive loading from the current bias and voltage leads connected to 

the junction. 

The important constraints that were used in designing the mount and 

choosing the junction parameters are: 

(1) The value of Q was chosen to be large (Q > 20) so as make the 

reduction in the quantum tunneling rate due to dissipation almost 

negligible. Systems with lower values of Q can then be 'fabricated by 

placing a resistive shunt across the junction. 

(2) The plasma frequency wp/211' had to be greater than about ·3 GHz so 

that quantum tunneling could be observable at the lowest temperature (19 

mK) available in our dilution refrigerator. 

(3) It was desirable to have the total admittance loading across the 

junction given by a resistor and capacitor in parallel. This is the 

simplest model for describing the system, as well as the most 

theoretically studied. Since the escape rate is determined by the 

admittance loading at the microwave frequencies around the plasma 

frequency(g), the junction mount must be designed with its microwave 

properties(h) in mind. 

(4) The current bias near the junction had to have no zero frequency 

resistance since the thermal grounding of such a dissipative element 

would be poor at low temperatures (because of large Kapitza resistances). 

(5) It was desirable to have as low a junction critical current as 

.. 
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possible since the relative precision with which one has to measure the 

bias current increases with increasing critical current. 
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The junction mount that was used in our experiment is shown in Fig. 

6. The design of the mount is based upon the attenuating co-axial line, 

a circuit element that has the model response of a frequency-independent 

resistor at microwave frequencies. The attenuation of the co-axial line 

minimizes standing wave resonances; the attenuation arises from the 

copper powder, and was measured to be about 10 dB. The tunnel junction, 

fabricated on a 10 mm X 10 mm silicon chip, was connected to the 

junction mount using indium pellets. The plasma frequency was kept 

below 10 GHz so that no standing wave resonances existed in the 10 mm 

distance between the junction and the attenuating co-axial line. The 

characteristic impedance of the attenuating co-axial line was, as we 

shall see, approximately 200 n. However, since the mount used in the 

experiment was not perfect~ some stray admittance loading of the 

junction was possible: expressed as a stray capacitance, an 

approximately 1 pF magnitude was expected when one considers the 

dimensions of the mount and junction leads. A junction capacitance of 6 

pF renders this stray capacitance relatively unimportant. We note that 

since Q = wpRC, a large capacitance also enables Q to be large. For the 

initial experiments described in this paper, the capacitance was taken 

to be no larger that 6 pF so that as low a value of Io as possible could 

be used. 

The SMA microwave connecter at the mid-point of the mount was used 

to couple microwave power into the current-bias line. The microwave 

signal from the connector was weakly capacitively coupled, with about 60 

dB of attenuation, to the propagating wave mode of the co-axial line. 
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The attenuation of the co-axial line between the microwave injection 

point and the junction enabled the microwave power in the current bias 

line to be independent of the impedance presented by the junction. 

Thus, this microwave signal could be represented by a current-bias 

source. Attenuation variations, arising from the microwave lines 

leading to the mount and from the capacitance coupling in the mount, 

resulted in a frequency dependence of the current coupled into the 

junction with an overall variation of about 15 dB. 

The niobium wire center conducter provided no zero frequency 

resistance to the current bias. The thermal grounding of the copper 

powder was achieved through the Stycast injection method that was 

previously described. 

Since the temperature of the junction system is given by the 

temperature of its dissipative elements, presumably the copper powder, 

25 

it was important to check whether the temperature of the dissipative 

elements were the same as the temperature of the thermometers. This was 

determined by using thermal escape events of the experiment itself to 

measure the temperature of the damping element (see Sec. VI). We found 

that the thermal time constant for the copper powder to come into 

e thermal equilibrium with the temperature of the thermometers was less 

than 3 minutes at 20 mK. 

Thermometry 

The thermometers of the experiment were located on the outside 

copper conductor of the junction mount. A Ge resistance thermometer, 

calibrated in a separate experiment, was used at temperatures from 100 

mK to 1 K with an estimated accuracy of ±2 mK. From 18 mK to 35 mK, a 

60co nuclear orientation thermometer was used, with an estimated 
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accuracy of ±2 mK at 20 mK to ±4 mK at 35 mK. A Speer carbon-resistance 

thermometer was calibrated in these two resistance ranges and an 

interpolation used between 35 mK and 100 mK to give an estimated 

accuracy of ± 5 mK. An electrical resistance heater, mounted at the 

dilution refrigerator mixing chamber, was used to change the temperature 

of the junction mount. 

Junctions 

The Josephson junctions were fabricated in batches of nine on a 2 

inch diameter oxidized silicon wafer. A 200 nm thick Nb base electrode 

was sputtered, patterned photolithographically and etched in a SF6-02 

plasma to a 10 ~m.linewidth in the vicinity of the junction. The 

liftoff stencil for the counterelectrode was patterned, to give either a 

10 ~m or 80 ~m linewidth, and the wafer diced to give nine individual 

junctions each on a 10 mm x 10 mm chip. The exposed surface of the Nb 

was cleaned with a 500 eV ion-mill in Ar and oxidized with a rf 

discharge in an Ar-02 mixture before depositing and lifting off the 300 

nm thick Pbin (5 wt.% In) counter-electrode. Two Nb pads and a single 

Pbin pad 1 mm x 1 mm in area and situated 5 mm from the junction were 

used to connect the junction to the mount. A typical 4-terminal I-V 

characteristic at 4.2 K is shown in Fig. 7(a); note the low leakage at 

voltages below the sum of the energy gaps. An I-V characteristic in the 

actual experimental apparatus at 18 mK is shown in Fig. 7(b); the slope 

of the trace corresponding to the zero-voltage state is due to the 150n 

zero frequency resistance of the measurement system. 

The Reduction of the Critical Current with a Magnetic Field 

The critical current of the junction was adjusted in~ with a 

magnetic field applied parallel to the plane of the junction. The 
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magnetic field was generated by a superconducting solenoid wound on a 

copper end cap that was clamped over the junction end of the mount. The 

solenoid contained a thermal switch placed on the 1 K pot of the 

refrigerator, and was charged by means of a second superconducting 

solenoid placed around the vacuum-can of the refrigerator. Two ~-metal 

shields were placed around the liquid 4He dewar to reduce the ambient 

magnetic field. A plot of applied magnetic field H vs. Io is shown in 

Fig. 7(c). Measurements of the escape rates were taken at the values 

labeled high, medium, and low, where dio/dH = 0. We show in Appendix B 

that the tilted cosine potential is applicable for a critical current 

reduced in this way. 

Determination of the Escape Rate 

To determine the escape rate, the digitized values of the bias 

current at which each escape event occured w~re first stored in a 

digital computer. Typically, 104 to 105 switching events were 

collected. The resulting distribution of the switching probability, 

P(I), was used to compute the escape rater out of the zero-voltage 

state as a function of I19 

1 di \ \ r • XI dt ln[ L P(i) I L ·P(i) J • 
i~I i~I-6I 

(4.1) 

Here, di/dt is the current ramp-rate and 6I is the channel width of the 

A-to-O converter. Typically, the measured escape rates were in the 

range 102 s-1 to 106 s-1; this range corresponds to a relatively small 

region in the value of I. Note that, given a fixed 6I and di/dt, when 

the escape rate changes with temperature, the region in I in which 

escape rate measurements can be made also changes with temperature. 
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Fig. 7. (a) Four terminal I-V characteristic of the Josephson junction 
at 4.2 K. (b) Two terminal I-V characteristic in the experimental 
apparatus at 20 mK. (c) Io vs. applied magnetic field. The arrows 
indicate the values of magnetic field used to define the high, medium, 
and low values of Io. 
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Heating Effects 

When the junction switches from the zero-voltage state, the voltage 

that develops across the junction causes dissipation of energy to 

occur. Since in our experiment the junction switches quickly to the gap 

voltage, most of the dissipation occurs via pair-breaking and is 

localized at the junction.(i) A small amount of dissipation also occurs 

in the mount from the Josephson frequency radiation produced by the 

junction. Although the dissipation ceases when the junction is reset to 

zero, it is extremely important to establish that the junction system 

cools down to the equilibrium temperature before the next escape event 

occurs. 

There are two important time constants involved in the heating 

effects of the system: the thermal time constant for the temperature to 

cool to its equilibrium value, Tcool• and the time the junction is in 

the zero-voltage state, Tzero· If Tcool < Tzero• the variation of Tzero 

enables one to test for heating effects since a temperature rise should 

decrease for a larger Tzero· However, if Tcool > Tzero• then the 

heating effect is not very dependent on Tzero• and should scale with the 

amount of power dissipated in the voltage state. Since the dissipated 

power is proportional to the duty cycle (the percentage of time the 

junction stays in the voltage state), a variation in the duty cycle 

(adjusted through the delay in Fig. 5) enables one to test for this 

heating effect. When we kept the duty cycle constant, the variation of 

the repetition rate from 20 s-1 to 4 s-1 had no effect on the 

experimentally determined value of Tesc for measurements made on a 

junction at 18 mK in which the dominant escape mechanism was thermal. 

However, we did find that Tesc increased by 10% when the duty cycle was 
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changed from 1% to 20%: no change in Tesc was found for duty cycles 

variations from 1% to 0.1%. The duty cycle was set to Oo1% to eliminate 

heating effects in this experiment. 
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V. EXPERIMENTAL RESULTS: DETERMINATION OF JUNCTION PARAMETERS 

The series of measurements that are described in this section and 

in Sec. VI were made on a single junction during a single run of the 

dilution refrigerator. Measurements were taken at about 15 temperatures 

between 18 mK and 800 mK. The junction parameters were measured using 

classical phenomena: the capacitance and resistance shunting the 

junction were determined from resonant activation, while the dependence 

of the escape rate on current bias was used to determine the critical 

current. This section is devoted to the measurement of C, Q, and Io, 

since this was the major difficulty in the experiment. 

Data were taken at the three values of Io labeled high, medium, and 

low in Fig. 7(c). Each value of Io gave access to a particular range of 

plasma frequencies, with this range of frequencies scaling roughly as 

r0112. Once a value of Io had been established, it was necessary to 

take data over the entire temperature range before going on to a 

different value of Io. 

The procedure for analyzing the data starts with the determination 

of wp(I) and Q from the resonant activation measurements. Escape rate 

measurements in the thermal regime are then used to determine Io· 

Finally, the resonant activation measurements are expressed in terms of 

a resistance and capacitance shunting the junction. 

Resonant Activation 

We determined wp and Q by using "resonant activation" 14,28 -a 

classical phenomenon that describes the resonant enhancement of the 

escape rate of a particle out of a potential well when an applied 

excitation frequency coincides with a natural oscillation frequency of 

the particle in the well. For the current-biased Josephson junction 
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system, the excitation is produced by injecting into the current-bias 

line an external microwave signal of frequency w/2~ and power P.(j) In 

the experiment, we first determined the escape rate in the absence of 

microwaves, r(O). The microwave power level was then fixed such that 

[r(P)-r(O)]/r(O) ~ 1.5: at this low power level [r{P)-r(O)]/r(O) varied 

linearly with P for these resonant activation measurements. In this 

experiment, the microwave excitation frequency w/2~ is kept constant 

while the plasma frequency wp(I)/2~ is varied by measuring the change in 

the escape rates over the range of bias currents that are accessible 

through the escape rate measurements; the advantage of a fixed microwave 

frequency was that frequency dependent attenuation variations between 

the microwave generator and the junction became unimportant. At each 

temperature, data were obtained at one to three values of w. Figure 8 

shows two resonances that were obtained in this way for the high value 

of critical current, one at 151 mK and w/2~ = 4.9 GHz, and the other at 

400 mK and w/2~ • 5.8 GHz. The scatter in the .data at the two ends of 

each plot is due to the small number of switching events that occur 

there. We note that since the change in current in Fig. 8 is very small 

compared with Io - I, the current axis corresponds very nearly to a 

linear change in the plasma frequency [see Eq. (2.7)]. 

One expects the positions of the resonances in Fig. 8 to give the 

value of I at which wp(I) ~ w. From the width of the resonances and the 

dependence of wp on I, one can express the resonance width by a 

frequency - this then gives a measure of Q. In order to determine wp(I) 

and Q accurately in this way, we now present some theoretical results on 

resonant activation. Since a complete description of the phenomenon 

does not now exist, we will have to make use of a model calculation and 

.. 
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Fig. 8. Experimental data [r(P)-r(O)]/r(O) vs. I obtained from resonant 
activation for two values of T and w/21T. The lines drawn through the 
data are used to define the resonance position and width. The resonance 
position Ires and uncertainty are given at the intersection of the two 
leftmost lines, and the width ~Ires and uncertainty are given by the 
width of the middle line [see (a)]. 



numerical results. Our presentation of the theory will concentrate on 

predicting the shape of the experimental resonances of Fig. 8 and 

determining wp(I) and Q. 

Some insight into resonant activation can be obtained by 

considering the approximate model of a parabolic potential, with the 

same curvature of the real potential at the minimum, truncated at a 

height ~U to give the same barrier height. For this simplified case, 

the stationary distribution of the junction phase difference can be 

calculated exactly. Setting the escape rate proportional to the 

probability that the particle has energy ~u. we find for small power P 

<< wpksT (see Appendix C) 

[r(P)-r(O)]/r(o) = (~U/k8T-1/2) (P/wpQkaT) p(w/wp,Q) , (5.1) 
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where, for this truncated harmonic oscillator potential p(w/wp,Q) = 

1/[(1~w2/w~)2 + (w/wpQ)2]. The first term in Eq. (5.1) indicates that 

the relative effect of the microwaves becomes more important as the 

thermal noise decreases, the second term is a dimensionless power, and 

the third term is a dimensionless resonance function which describes the 

absorption of microwave power by the system. For the case of the cubic 

potential one expects a result similar in form to Eq. (5.1). However, 

the resonance function p(w/wp,Q) differs slightly from a Lorentzian 

because the non-linear nature of the potential enables the system to 

absorb power over a distribution of oscillation frequencies. 

Direct numerical simulation of resonant activation was used to find 

p(w/wp,Q) for the cubic potential. In the simulations ~U and wp were 

fixed, and w was varied to find the resonance function p(w/wp,Q). 

However, in the experimental measurements, w was fixed and wp(I) was 

varied through its bias current dependence: the scaling of wp(I) and 
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~U(I) in Eq. (5.1) had to be included to compare the numerical 

simulation with the experiment. The bias current dependence of ~U(I) 

was taken into account by using the relations wp « (1-I/I 0)114 and ~U « 

(1-I/I 0)312 from Eqs. (2.9) and (2.10), implying that ~U(I) « [wp(I)]6 • 

Thus, to a good approximation, the dependence of the change in the 

escape rate vs. w/wp(I) for fixed w should be 

[r(P)-r(O)]/r(O) « [wp(I)/w]6 [w/wp(I)] p[w/wp(I),Q] . (5.2) 

In Fig. 9, we plot [wp/w]5[r(P)-r(O)]/r(o)lu vs. wlwp , where 
A ,Wp 

[r(P)-r(O)]/r(O)I AU is obtained from numerical simulations of a cubic 
. u ,Wp 

potential for fixed ~U and wp, for the values of Q = 15 and Q = 35 that 

are relevent for this experiment. Since the horizontal scales of both 

Figs. 8 and 9 correspond to linear changes in w-wp around w = wp, and 

the magnitude of the vertical scale is unimportant as both curves scale 

proportionally with P, then the curves should be similar in shape given 

the proper choice of the resonance position and width. The shapes of 

the curves in Figs. 8 and 9 are indeed similar. 

The essential features of the numerical simulation resonances that 

were used to measure wp and Q from the experimental resonances are the 

position and width. In order to compare the resonances, we first define 

the position and width of the numerical simulation resonance through the 

following procedure (see Fig. 9): A line is drawn through the ma~imum of 

[r(P)-r(O)]/r(O) and parallel to the wlwp axis, and a line is drawn 

through the plot at the maximum negative slope. We define the resonance 

position wres by the intersection of these two lines, and the resonance 

width ~wres as the width of the second line (as indicated in Fig. 9). 

We give in table 1 the results for wres and ~wres for the data plotted 

in Fig. 9 and for data with Q = 10 and Q = 25. For the purposes of this 
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Fig. 9. Numerical simulation data [wp/w]5 [r(P)-r(O)]/r(O)I •u vs. 
u ,Wp 

w/wp for two values of Q. The lines drawn through the data are used 
to define the resonance position wres and width l!.wres· 
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Q 

10 

15 

25 

35 

0.958 ± 0.012 

0.960 ± 0.012 

0.962 ± 0.010 

o.968 ± o.oo8 

0.90 ± 0.30 

1.05 ± 0.30 

1 0 25 ± o. 40 

1 .47 ± 0.40 

Table 1. Results for wres and 6wres vs. Q that were obtained from the 

numerical simulation data of resonant activation. 
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experiment, we took 

0.96 Wp , 

1.0 Wp/Q 

(5.3) 

(5.4) 
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the numerical constants(k) given in Eqs. (5.3) and (5.4) were treated as 

exact since their uncertainties were relatively negligible compared to 

the uncertainties in the experimental data. 

The position, Ires• and width, ~Ires• of the experimentally 

determined resonances (see Fig. 8) were obtained with a similar 

procedure to the one used for the numerically simulated resonances; the 

uncertainties of these measurements were estimated and are given by 

error bars in Fig. · 8. Equation (5. 3) then implies 

wp(I) = 0.96 w , for I = Ires· (5.5) 

In Fig. 10, for the high value of critical current, we plot [wp(I)]4 vs. 

I for many such resonant activation measurements; the width of each data 

point arises from the uncertainty in the determination of Ires· We only 

plot data where kgT/~w ~ 0.6 : this condition, which was determined 

empirically, corresponded to the temperature being high enough that the 

shape of the experimental resonance was given by the classical resonant 

activation prediction. The value of Q is related to ~Ires by 

Q = 1 • 0 wp/ ~wres 

(5.6) 

For the determination of the junction critical current, to be 

discussed in the next section, wp(I) and Q must be known. Since the 

theoretical predictions for the thermal escape rates are for the 

junction model of Fig. 1(c), we desire the representation of the 

experimental wp(I) data to be given by Eq. (2.7). This requires a 

choice of r 0 and C to be made. The data were well represented by the 
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parameters C = 6.35 pF, and Io = 9.489 ~A, 4.789~A, and 1.383~A for the 

high, medium, and low values of Io, respectively. Good agreement was 

found between the experimental data and its representation by Eq. (2.7), 

as shown in Fig. 10.(1) A discussion of exactly how these parameters 

were chosen, along with the insensitivity of the determination of r 0 to 

these parameters, will be presented later. This r~presentation of wp(I) 

was also used in the determination of Q. Using Eq. (5.6), the 

expression for Q is 

Q = 1.0 {2[1-(I/Io) 2JI(I/Io)J.<Io/6Ires> • (5.7) 

In Fig. 11 we plot Q vs. wp/2~ for the three values of critical current 

and for ksT/Mw ~ 0.6; the uncertainties in the determination of Q arise 

entirely from the large uncertainties in 6Ires· The prediction of Eq. 

(2.8), namely that Q is proportional to wp, is not observed. Since Q is 

roughly constant with frequency, we have chosen the value Q = 30_± 15 as 

a represention of all this data for its use in the determination of Io; 

the large uncertainty should account for any systematic error in making 

this approximation. 

Determination of In 

The exponential dependence of the escape rate on the bias current 

in the thermal regime (and in the absence of microwaves) was used to 

determine the critical current. 

As is evident from the expressions for 6U and rt in Eqs. (2.9) and 

(3.1), a plot of the experimentally determined quantity 

{ln[wp(I)/2~r(I)]J213 vs. I should yield a straight line, with slope 

scaling as Tesc2/3, that intersects the current axis at Io. We neglect 

for the moment the small corrections due to the quantum and classical 

prefactor and the cubic potential approximation. Figure 12 shows 3 

.. 
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Fig. 11. Q vs. wp/2~ obtained from the resonant activation data for the 
three values of critical current. The uncertainty of each data point 
arises from the uncertainty of ~Ires· The value Q = 30 ± 15 is 
indicated at the left of the figure • 
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Fig. 12. [ln(wp/2wr)J213 vs I for five values 6f temperature. Lines 
drawn through the data intersect the current axis at Io,intercept· The 
arrow indicates the value of Io obtained after the correction factors 
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examples of such plots out of the 7 obtained in the thermal regime, over 

the temperature range from 102 mK to 800 mK, for the high value of the 

critical current. In addition, we show two sets of data obtained at 46 

mK and 19 mK, where quantum corrections are expected to be important. 

We note that the slope changes very little as the temperature is lowered 

from 46 mK to 19 ·mK, indicating that Tesc is nearly the same at these 

two temperatures. A least squares fit, weighted according to the 

square-root of the number of escape events at each point, was used to 

produce the lines through the data. As expected, these lines intersect 

the current axis very nearly at the same point. The values for all the 

intercepts obtained in this way, Io,intercept' are plotted in Fig. 

13(a), and represent the "zero-th order" measurement of Io. The 

uncertainty in Io,intercept, represented by the error bars, arises from 

the statistical uncertainty of the least squares fit. The effect from 

the cubic potential approximation and the classical and quantum 

prefactors are accounted for by correction factors F0 u, Fth, and Fqu, 

that are to be added to Io,intercept· 

Although the cubic potential approximation of Eq. (2.9) is a very 

good approximation to the exact expression of Eq. (2.6), the correction 

can still be important. The correction factor for this approximation is 

Feu= Io/(sm+1.5[(1-s~)1/2_smcos- 1 sm]/cos- 1 sm}, where sm is the value of 

Ilia that is most heavily weighted in the .least squares linear fit for 

the determination of Io,intercept· Figure 13(b) shows Feu vs.· T. 

The correction due to the departure of the thermal prefactor at 

from unity is Fth • Io(1-sm)[ln(at)IB-(3atloB)Iat], where B = 6U/ksT, at 

is given by Eq. (3.2), and at, B, and aatloB are evaluated at sm. This 

correction factor is plotted in Fig. 13(c) for Q = 30 ± 15 at 
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Fig. 13. (a) Io,intercept vs. T for the high value of Io. Correction 
factors vs. T for the data presented in (a) are given in (b),{c), and 
(d). (b) Cubic approximation correction factor Feu· (c) Thermal 
prefactor correction factor Fth· (d) Quantum prefactor correction 
factor Fqu· The sum of (a), (b), (c), and (d) gives the value of Io
The vertical scale is ~A for (a) through (d). 



temperatures above 1.4Mwp/2~ks = 1.4Tcr· 

Although there is not an exact expression for the quantum 

corrections to the thermal escape rate, we will take as an estimate for 
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·its magnitude the quantum correction prefactor term in Eq. (3. 7), · 

sinh(Mwp/2k8T)/sin(Mwp/2ksT). The quantum correction factor Fqu is then 

given by an expression similar to that for Fth• with at replaced by the 

quantum prefactor term above. This correction factor is plotted in Fig. 

13(d). We note that the correction is small for T > 3Tcr· 

In Fig. 14(a), Io is plotted vs. temperature forT> 1.4Tcr after 

including the three correction factors. The data for which 1.4Tcr < T < 

3Tcr are plotted with a dashed line to indicate that the classical and 

quantum correction factors are only an estimate. To within the 

experimental uncertainties Io is temperature independent, with a value 

9.489 ~A and an estimated uncertainty of ± 0.007 ~A. In Figs. 14(b) and 

14(c) we show the values of Io obtained similarly for the medium and low 

values of Io· In Fig. 14(b), Io is again independent of temperature 

with the value 4.789 ± 0.005 ~A. In Fig. 14(c), on the other hand, Io 

was slightly temperature dependent, possibly because its value was 

strongly dependent on the magnetic field [see Fig. 7(c)], and the value 

of the field could have changed slightly with temperature. As we shall 

see, the data of Fig. 14(c) are only used as a check on the behavior of 

the system in the thermal limit. We used the temperature dependent 

values with the uncertainty of ± 0.005 ~A; this uncertainty is large 

enough that it should include any systematic error. 

We would like to emphasize several features of this method of 

determining Io. First, the value of T is not needed in the 

determination of Io, so that an independent measure of Tesc was obtained 
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Fig. 14. Io vs. T for the 3 values of Io. The data is plotted forT> 
1.4 Tcr· The dashed lines indicates data for which 1.4Tcr < T < 3Tcr 
where quantum corrections are non-negligible. The critical current and 
uncertainty that were taken for the high and medium values of Io are 
indicated on the left of the figure. 
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at each temperature. Second, spurious noise tends to broaden the 

probability distribution of switching events and produce a curvature in 

the data plotted as in Fig. 12. In fact, this effect was observed in 

our preliminary experiments when the high frequency filtering was 

inadequate. Thus, the lack of curvature in the plotted data is further 

evidence for the lack of spurious noise. Third, the observation that 

the classical prefactor corrections lead to a temperature-independent 

value of Io in the high and medium Io cases lends some experimental 

support for the form of the classical prefactor in Eq. (3.2). Fourth, 

since our analysis shows that the high and medium values of Io did not 

change significantly with temperature in the thermal regime, there is 

good-reason to believe it was constant at lower temperatures in the 

quantum regime. Finally, the fact that the high and medium Io data were 

relatively temperature independent for 1.4Tcr < T < 3Tcr lends some 

support for our estimate of the quantum corre~tion factor. 

We note that the resonant activation measurements can provide 

information on the possibility of Io changing with temperature. Since 

the position of the resonance at a fixed microwave frequency stays at a 

fixed I/Io for moderate changes in I 0, the observation of the resonance 

position can be used to indicate if Io is changing. This measurement 

was indeed performed. It was found that the high value of Io changed by 

less than 0.01 ~A between 19 mK and 102 mK. This limit was set by the 

uncertainties in measuring the position of the resonance at several 

different temperatures. The resonance position at 19 mK was also 

checked during the measurements; for the high value of Io a drift of 

less than 0.001~A was found over a time period of one week. 
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Evaluation of C and R 

Given the value of I 0, the values of wp(I) and Q obtained from the 

classical resonant activation measurements can be converted into values 

of C and R. The capacitance C was determined from Eq. (2.7), the 

measured value of Io, and the experimental values of wp(I). A plot of C 

vs. wp/2~ for all three values of Io is given in Fig. 15(a), where the 

error bars on each point arises from the uncertainty in the 

determination of Ires· The error in C due to the uncertainty in Io is 

shown in Fig. 15(b). 

There are several features to Fig. 15 that are. important. The 

values of c taken at the same frequency but at different values of Io, 

and thus at different temperatures and bias currents, are in good 

agreement. For example, the 4.8 GHz measurements for the high and 

medium values of Io were taken at 100 mK and 600 mK, respectively. This 

agreement lends experimental support to the expectation that c is 

independent of Io, I, and T. Next, the value of C is frequency 

dependent, presumably because a complicated admittance loading to the 

junction was presented by the imperfect junction mount. It is only 
. 

because a rather large junction capacitance was deliberately used that 

this stray capacitance did not pose serious problems. We have 

represented the capacitance shown in Fig. 15 by a single value 6.35 ± 

0.4 pF. We believe that any systematic error due to the approximation 

of the frequency-dependent values of C with this single frequency-

independent value is included in this uncertainty. 

The resonant activation data for Q and the estimated value of C was 

used to find R from Eq. (2.8), ~nd is plotted in Fig. 16. The errors in 

Fig. 16 arise from the uncertainty in t.Ires• the uncertainties in the 
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Fig. 15. (a) C vs. wp/2~ obtained via resonant activation and the Io 
measurements for the 3 values of Io. The uncertainty of each point 
arises from the uncertainty of the Ires measurement. (b) The systematic 
error in C due to the uncertainty of Io. 
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other parameters being relatively negligible. We note that R is not 

strictly frequency-independent, again indicating a complex admittance 

shunting the junction. The value of R obtained from Q = 30 ± 15 for 

wp/2~ near 4 GHz, which .is the plasma frequency that corresponds to the 

quantum data of the high value of critical current, is R = 190 ± 100n. 

Discussion of the Evaluation of Iq, C, and Q 
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The resonant activation measurements of wp(I) and Q were needed for 

the determination of r 0• The representation of wp(I) and Q were made in 

terms of junction parameters that were eventually determined in the data 

analysis. In the actual data analysis, the evaluation of the junction 

parameters were iterated so that such a consistent choice would occur. 

We emphasize this iteration process is strongly convergent: this occurs 

because the determination of Io is only weakly dependent on wp and Q. 

For example, a change in C of 0.4 pF and r 0 by O.d07 uA in the 

representation of the resonant activation data of wp(I) only changed the 

determination of the high value of r 0 by 0.0003uA and 0.0002uA, 

respectively. Thus, the representation of the resonant activation data 

in this way does not introduce any systematic errors into the 

determination of the junction parameters. 

We note that resonant activation theory, which assumes a shunting 

admittance of a resistance and a capacitance, was used in this 

experiment to express the experimental results in terms of a frequency 

dependent R and C. Since the variations in C were small, and the 

effects of damping are small for the underdamped system, we believe any 

sytematic error produced by this approximation is small and is included 

in the quoted uncertainties. Clearly, more theoretical work on this 

problem would be useful. 
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VI. EXPERIMENTAL RESULTS: THE DETERMINATION OF Tgsc 

Using the measured values of Io and C, we computed Tesc from the 

experimental data of the escape rate (with zero microwave power) as a 

function of I and Tusing Eqs. (3.9), (2.6) and (2.7). In Fig. 17, we 

plot Tesc vs. T for the high value of Io (solid circles) at a value of 

such that ln[wp(I)/2~r(I)] = 11 ; since, as we shall see, Tesc is weakly 

dependent on I, a fixed value of wp/2~r was taken for all the data 

presented in this plot. The predicted value of Tcr• obtained from the 

value of wp at the lowest temperature, is 30 mK and is indicated with a 

I 

solid arrow. At temperatures above 100 mK, the measured values of Tesc 

are very close to the temperature T, as one expects in the thermal 

regime. At temperatures below 25 mK, Tesc becomes independent of 

temperature, with a value of 37.4 ± 4 mK. The Caldeira-Leggett 

prediction at T .. 0 is Tesc = 36.0 ± 1.4 mK, which is in very good 

agreement with the temperature independent value observed in our 

experiment. The Tesc prediction was obtained from Eqs. (3.12), (2.6), 

(2.7), and (2.8), with the measured values of Io, C and Q, and I. We 

feel that our estimated uncertainties include any systematic error from 

using the prediction of Eq. (3.3) rather than Eq. (3.5). The 

contribution of the damping to the predicted value of Tesc is -1.5 mK, 

which is less than the combined uncertainty of the theoretical 

prediction and the experiment. As a result, we cannot make any 

statement about the effect of dissipation on quantum tunneling. The 

total uncertainty of the measured and predicted values of Tesc in the 

quantum limit corresponds to an a factor of 3.5 in the absolute escape 

rates, with no adjustable parameters. 

The uncertainty in the measured values of Tesc is dominated by the 

.. 



.. 

.. 

-~ 
E -

0 
en 

...... Q) 

100 
T(mK) 

!0 (,LLA) 

• 9.489 
~ 4.789 
0 I. 383 

53 

rooo 

Fig. 17. Tesc vs. T for the 3 values of critical current for ln(wp/2~r) 
= 11. The solid, half solid, and open arrows indicate the crossover 
temperatures for the high, medium, and low values of Io, respectively • 
The macroscopic quantum tunneling prediction of Eq. (3.12) for the high 
value of Io is indicated at the left. A line at Tesc = T is drawn. 



uncertainty in 8U, which arises, in turn, from the uncertainty in Io. 

The uncertainty in the predicted value of Tesc in the quantum limit, on 

the other hand, arises largely from the uncertainties in wp and Q. The 

uncertainty in the predicted value of Tesc in the thermal limit is 

mostly due to the uncertainty in T. 
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Although the low-temperature values of Tesc are in good agreement 

with the T = 0 prediction, nevertheless one should demonstrate that the 

flattening of Tesc as T is lowered is not due to an unknown, spurious 

noise source: in other words, we wish to show that the temperature 

"seen" by the junction - the temperature of the dissipative element - is 

equal to the temperature indicated by the thermometer. It is for this 

reason that the escape rate measurements are important for the two lower 

values of Io; the lower values of Io yield lower plasma frequencies and 

hence the data remain in the thermal regime down to lower temperatures. 

In Fi.g. 17, Tesc is also plotted for the medium and low values of Io, 

again for ln{wp/2~r) = 11. The corresponding values of Tcr are also 

indicated. For the medium value of Io, Tesc is lower than that for the 

higher value of I 0, as one expects. The predicted value at T = 0 is 

27.6 ± 1.1 mK, in good agreement in the measured value at the lowest 

temperature. For the low value of Io, Tesc is equal to T to within the 

experimental error, although there is a suggestion that Tesc is 

beginning to flatten off at the lowest temperatures, where quantum 

effects are becoming significant. Thus, we concude that the flattening 

of Tesc for the junction with the high critical current did not arise 

from spurious noise sources. 

Since the low-temperature measurements in the classical limit were 

made at low critical current, and thus with a low value of bias current, 



., 

an additional experiment was performed to ensure that the flattening of 

Tesc at higher values of Io did not arise from Joule heating in the 

current bias line. Measurements were made on a large capacitance 10 ~m 

X 80 ~m junction with a critical current of about 30 ~A for which Tcr = 

20 mK. At a temperature of 24 mK, we measured Tesc = 23 ± 3 mK, 

implying that heating effects with a bias current as high as 30 ~A were 

negligible. 

The experimental results are summarized in table 2. 
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Finally, we turn to a discussion of the effects of the prefactors 

on the results. An important difference between the thermal and quantum 

regimes can be observed through the weak dependence of Tesc on I, which 

arises primarily from the different forms of at and aq, and from the 

current dependence of wp· This behavior is illustrated in Fig. 18 for 

the high critical current junction. Figure 18(a) shows Tesc vs. I in 

the thermal regime (T • 151 mK) together with the prediction of Eq. 

(3.10). The predicted value of Tesc is less than T because at< 1. 

Similarly, at < 1 causes Tesc to decrease as the bias current is 

increased through the I dependence on ~U. Within the experimental 

uncertainties, the data agree well with the predictions. Figure 18(b) 

shows Tesc vs. I in the quantum regime (T = 19 mK), together with the 

prediction of Eq. (3.12). In this limit, Tesc increases with increasing 

bias current because aq » 1; the current dependence of wp is relatively 

unimportant. Again, within the experimental uncertainties, the data are 

in good agreement with theory. We note that the error bars in Fig. 18 

represent a systematic shift in each of the curves due to the 

uncertainties in the junction parameters. The very different current 

dependence of Tesc at high and low temperature lends further support to 



Admittance loading to the junction: 

C = 6.35 ± 0.4 pF 

Q 30 ± 15 

High value of Io: 

Io = 9.489 ± 0.007 ~A 

Tesc (T = 19mK, measured) = 37.4 ± 4.0 mK 

Tesc (T "" 0 , predicted) = 36.0 ± 1 .4 mK 

Meuium value of r0: 

Io .. 4.789 ± 0.005 ~A 

Tesc (T • 25mK, measured) .. 26.1 ± 3.6 mK 

Tesc (T = 0 ' predicted) = 27.6 ± 1.1 mK 

Low value of Io: 

Io ~ 1.383 ± 0.005 ~A 

Tesc (T .. 19mK, measured) = 22 ± 4 mK 

Table 2. Summary of the important experimental results. 
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Fig. 18. Tesc vs. I for the high value of Io (a) in the classical 
regime and (b) in the quantum regime. Points are experimental data and 
solid lines are the theoretical predictions. Dashed line in (b) is the 
prediction for zero damping. Error bar on the left and right of each 
figure represents the possible shift in the theoretical and experimental 
curves, respectively, due to uncertainties in the experimental 
parameters. 
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the claim that the escape mechanisms are different in the two regimes. 

In Fig. 19 a plot of Tesc vs. I is given for the temperatures that 

embrace the crossover temperature range. These data show the transition 

between the quantum and classical dependence of T esc on the bias 

current. No attempt was made to compare these data to theory because 

Eq. (3.8) is valid only below about 6 mK and Eq. (3.7) is not valid for 

the relatively low damping in our junction. We note the T calibration 

in most of this range has an approximately 5 mK uncertainty.· 
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VII. QUANTIZED ENERGY LEVELS 

We now give a description of the effect of a microwave excitation 

on the escape rate from the zero voltage state when the junction is at 

or near the quantum limito The purpose will be to demonstrate 

spectroscopically the existence of quantized energy levels in the 

potential well. Since the effect of the microwaves is to induce 

transitions between energy levels to states of higher energy, and the 

escape rate out of the well increases when the population of states of 

higher energy increases, a resonant increase in the escape rate is 

expected when the microwave frequency corresponds to an energy-level 

transition. As with the classical resonant activation measurements, the 

resonance was detected by varying the energy level spacings with the 

bias current while keeping the microwave excitation frequency fixed~ 

The energy levels in the well should be quantized as illustrated in 

Fig. 20(a). In Fig. 20(b) we have plotted the energy level spacings 

between adjacent en~rgy levels En+n+1 vs. dU/Mwp, the normalized 

potential height, which were obtained by numerically solving the 

Schrodinger equation for the cubic potential. We used the boundary 

condition on the eigenfunctions wn(o) to be wn(o) = 0 at the value of o 

where the energy eigenvalue was equal to the potential energy on the 

free-running side of the barrier. This approximation leads to a 

negligible error in the eigenvalues because the tunneling probability 

through the barrier is generally exceedingly small. We note that the 

eigenvalues obtained via the WKB method are virtually identical to those 

obtained in this way. The anharmonicity of the cubic potential causes 

the spacing between adjacent levels to decrease with increasing 

eigenstate energy in the well. As ~U/Mwp increases, more metastable 
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Fig. 20. (a) Cubic potential U vs. o showing three energy levels. 
Transition from the ground state to the first excited state induced by a 
photon of frequency w/2~ is shown. (b) Difference in energy between the 
n and the n+1 energy level En~n+ 1 /Mwp vs. potential height ~U/Mwp for n 
~ 0,1,2,3. The left end of each line indicates when En+1 equals ~U. 



states are allowed in the well, and the spacing of the states at the 

bottom of the well approaches the result for the harmonic oscillator 

spacing, Mwp. 
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The change in the escape rate was measured when a microwave current 

at fixed power P and frequency w/2~ was injected into the current bias. 

The microwave power was fixed at a power level such that the change in 

the escape rate still varied linearly with P. We note that in the 

quantum limit, the change in the escape rate varied linearly with P even 

when [r(P)~r(O)]/r(O) = 12. This power dependence<m) is very different 

from the classical behavior of resonant activation, where a nonlinear 

behavior with P was found for [r(P)-r(O)]/r(O) ~ 1.5. Since the 

measurement of a change in the escape rate [r( P)-r( 0) ]/r(O) is 

access! ble over a range of bias currents, the bias current dependence of 

wp(I) is used to vary the energy level spacings with respect to the 

microwave frequency. Typical results are shown in Figs. 21 to 24. 

In Fig. 21(a) we show the change in escape rate due to 2.0 GHz 

microwaves for a large capacitance 10~m X 80 ~m junction with large 

critical current (Io * 30.6 ~A). For the range of I shown in Fig. 21(a) 

the well contained several energy levels (~U/Mwp = 6), there was 

significant thermal population of the energy levels (k8 T/Mw == 0. 3), and 

the damping was low enough to produce distinct resonances. Three peaks 

in [r(P)-r(O)]/r(O) were observed, indicating that the escape is 

resonantly enhanced at certain values of the bias current. This is in 

striking contrast to the shapes of the resonances observed in classical 

resonant activation (Fig. 8). No further peaks were observed at higher 

values of bias current. These discrete resonances are characteristic of 

transitions between quantized energy levels. 
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Fig. 21. (a) [r(P)-r(O)]/r(O) vs I for a 80 llm x 10 1-1m junction at 28 
mK in the presence of 2.0 GHz microwaves (ksT/Mw = 0.29). Arrows 
indicate positions of resonances.. Inset represents the corresponding 
transitions between energy levels. (b) Calculated energy level spacings 
En+n+1 vs. I for Io ~ 30.572 ± 0.017 1-1A and C = 47.0 ± 3.0 pF. Dotted 
lines indicate uncertainties in the Eo+1 curve due to uncertainties in 
Io and C. Arrows indicate values of bias current at which resonances 
are predicted. 
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The positions of these peaks were compared with the energy level 

predictions shown in Fig. 20(b). We measured Io = 30.572 ± 0.017 ~A 

from the current dependence of the escape rate at 28 mK.(n) The 

capacitance was determined from the classical resonant activation 

measurements at 63 mK and 2.3 GHz and 100 mK and 2.5 GHz which yielded 

46 pF and 48.5 pF, respectively: the value C = 47 ± 3 pF was taken. The 

solid lines in Fig. 21(b) show the energy level spacings En-+n+1 (n = 

0,1,2) vs. I obtained from the energy level calculations and the 

measured junction parameters. The intersection of the three curves with 

the horizontal line corresponding to the microwave frequency of 2.0 GHz 

gives the prediction of the bias current at which the resonant peaks 

should occur. The dotted line indictes the uncertainy in the Eo.,. 1 

spacing due to the uncertainty in Io and.C. A given error in Io and C 

shifts all three curves ~Y very nearly the same amount. The absolute 

positions of the measured peaks along the cur-rent axis agree with the 

predictions to within the experimental uncertainty. Furthermore, the 

separations of the measured peaks are in excellent agreement with the 

predicted separations. 

We show in Fig. 22(a) data taken at 19 mK on the junction described 

in detail in sections 5 and 6. Because of the extensive measurements 

made on this junction in the classical regime, a more quantitative 

comparison of the experimental results with theory can be made than for 

the junction represented in Fig. 21. The data of Fig. 22(a) are 

strongly in the quantum regime (kaT/Mw = 0.1) and have only a few states 

in the well (~U/Mwp a 2). We plot the observed resonances for 4 

different microwave frequencies. Only one peak is observed at each 

frequency since there is no significant population of the excited 
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Fig. 22. (a) (r(P)-r(O)]/r(O) vs I for the 10 llm x 10 llm junction at 18 
mK for four microwave frequencies. (b) Calculated energy level spacing 
Eo+1 vs. I for Io • 9.489 ± 0.001 llA and c = 6.35 ± 0.4 pF. Dotted 
lines indicate uncertainties in Eo+1 due to uncertainties in Io and C. 
Dashed line indictes the plasma frequency. 
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states. In Fig. 22(b), the predicted energy level spacing between the 

ground state and the first excited state is plotted, together with the 

uncertainty. The absolute positions agree to within the experimental 

uncertainty in I, which corresponds to a frequency uncertainty of 3%. 

The shift in the current at which the resonances occur as the frequency 

is changed is in excellent agreement with the predicted shift. 

Furthermore, the measured frequencies of the resonances are clearly very 

different from the classical (plasma) frequency of the particle at the 

bottom of the well, indicated by a dashed line. 

Because of the anharmonic nature of the potential well, 

nonvanishing matrix elements <ilolf> are expected even when li-fl is 

greater than unity; such transitions are strictly forbidden for the 

harmonic oscillator. In Fig. 23 an example of such a transition is 

shown for the ju~ction described in Fig. 22 with a microwave frequency 

of 7.9 GHz (roughly twice wp/2n) and at T • 57 mK. A well defined 

resonance is clearly observed, possibly with a second broad resonance 

beginning to appear at slightly lower I. The predicted currents for the 

resonance positions of the Eo+2 and E1+3 transitions are shown with the 

open arrow; the error bar indicates the uncertainty of the position for 

both trans! tions due to the uncertainty in Io and C. The agreement 

between the positions of the observed and predicted resonances is 

excellent. 

As a final example, to illustrate the evolution from quantum to 

classical behavior, in Fig. 24 we show the temperature dependence of the 

resonant response to microwaves for the junction studied in Fig. 22, and 

with a slightly higher critical current because the data was taken 

during a different run of the dilution refrigerator. The shape of the 
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Fig. 23. [r(P)-r(O)]/r(O) vs. I for the junction of Fig. 22 but with a 
microwave frequency of 7.9 GHz. Arrows indicate values of the bias 
current at which the calculated energy level spacings Eo~2 and E1~3 
equal ~w. The error bar indicates the uncertainty of the 0 ~ 2 
prediction due to the uncertainties in Io and c. 
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Fig. 24. [r(P)-r(O)]/r(O) vs. I for the junction of Fig. 22 with Io = 
9.57 ~A and C ~ 6.35 pF at three values of ksT/Mw. The microwave 
frequencies are (a) 4.5 GHz, (b) 4.1 GHz, and (c) 3.7 GHz. 
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resonance changes markedly as k8T/Mwp is increased. At the lowest 

temperature (c) at which the junction was firmly in the quantum regime, 

a single approximately Lorentzian-shaped resonance is observed. Only 

the Eo+1 transition is observed because there is almost no thermal 

population of the excited states. At the intermediate temperature (b) a 

shoulder corresponding to the E1+2 transition appears, due to the 

non-negligible thermal population of the first excited state. At the 

highest temperature (a) the resonance becomes asymmetric. This happens 

because there are several closely spaced states in the well (dU/Mwp = 4) 

with substantial thermal population, and thus several transitions can 

occur. The individual transitions have merged into a continuum, and the 

response is characteristic of that observed in classical resonant 

activation (see Fig. 8). 

We now discuss a simple model that describes theoretically the 

effect of the microwaves on the change in the escape rate. This model 

will be used to predict the linewidths and relative peak heights of the 

resonances. We will first describe it for the case T > Tcr where the 

dominant escape is via thermal activation, but at a temperature low 

enough so that dU/Mwp is small(o) and the energy-level differences are 

not degenerate. The escape rate in the absence of microwaves can then 

be treated by a series of thermally activated energy-level transitions 

up and out of the well. We define the population of the n-th energy 

level relative to the n+1-th energy level to be Nn+1/Nn· The escape 

rate can then be written as an attempt frequency wp/2~ multiplied by the 

occupation probability of the state at the top of the well 

r • (wp/2~) ITn (Nn+1/Nn) , (7.1) 

where the product ITn extends from the ground state n 0 to the state at 
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the top of the well. The Boltzmann factor gives the relative population 

of the states 

Nn+1/Nn = exp(-En+n+1/kgT) • (P = 0) (7.2) 

From Eqs. (7.1) and (7.2) one finds r = (wp/2~) exp[-(~U-Eo)/kgT], which 

is similar to Eq. (3.6) apart from the zero point energy in the 

exponential, and the prefactor: these differences should not be 

significant in this simple model since only changes in the escape rates 

will be of interest. As we have assumed the energy separations of the 

states are not degenerate, the microwaves should induce transitions only 

between two states, which we label as i + f; the relative population of 

the other states should remain described by Eq. (7.2). Thus, the 

calculation of the escape rate with microwaves is reduced to a 

calculation of the relative population of Nf/N i when microwaves and 

thermal noise are both present. Since the thermal noise and the 

microwave excitation should act incoherently in the process of 

populating the f-th state from the i-~ state, 

Nf • Ni exp(-Ei+f/ksT) + Ni Pi+f , (P - 0) (7.3) 

where Pi+f is the relative population of the f-th state with respect to 

the i-th state due to the microwave-induced transitions, taken for the 

system with no thermal noise (i.e. at T • 0). From standard quantum 

mechanical theory that describes energy-level transitions, one expects 

the frequency dependence of Pi+f to be a Lorentzian with a center 

frequency<P> Ei+f/h and width ~Ei+f/h given by the sum of the widths of 

the i and f states. The width of a state, given through the inverse of 

its lifetime, arises from transitions induced by the resistive damping 

to states of lower energy in the potential well; the decay rate via 

tunneling is.typically relatively unimportant. From Eqs. (7.1), (7.2), 
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and (7.3) one finds 

[r(P)-r(O)]/r(O) = Pi+f exp(Ei+f/kaT) , (T > T0r) (7.4) . 

For a system at T = 0 that decays via quantum tunneling, a similar 

calculation gives for the 0 + 1 transition 

[r(P)-r(O)]/r(O) = P0+1 exp(bo1E0+1/hwp) , (T = 0) (7.5) 

where the exponential factor in Eq. (7.5) is the ratio of the tunneling 

rates between the first excited state and the ground state. The 

constant bo1 ~ 7.2 and is weakly dependent on.6U/Mwp. 

In Appendix D we show that the decay rate fn of the metastable 

staten in the well, for the junction model of Fig. 1(c), is 

Mrn • 2 L l<nloll>l 2 (El+n/M)/R • 
l<n 

(7.6) 

where the sum is taken for states 1 lower in energy than for the state 

n. For the purpose of comparing the experimental widths of the 

resonances in our experiment to theory, one can approximate the matrix 

elements of Eq. (7.6) with that of the harmonic oscillator. The decay 

transitions for the state n will only be given through the matrix 

element to the state n-1. This gives the result rn = n(En-1+n/M)/Q • 

. The relative width of a Pi+f resonance is thus 

(7.7) 

The width in current of an experimental resonance can be converted 

into a width in frequency by using the Ei+f dependence on the current 

bias. For the experimental data in Fig. 22, we find Eo+1/6Eo+1 = 

50 ± 10, which is in reasonable agreement with the classical measurement 

of Q. For the 0 + 2 transition of Fig. 23, we used the width of the 

resonance on the high bias current side to find Eo+2/6Eo+2 = 24 ± 6, in 

reasonable agreement with the prediction of Q/2, and in good agreement 



relative to the results of the 0 + 1 transition width. 

We now discuss the relative widths and intensities of the 

transitions in Fig. 21, using the harmonic oscillator approximation for 
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the matrix elements of the decay transitions. Since the data are taken ~ 

at constant w, the relative widths should scale as ~E0+1 : ~E1+2 : ~E2+3 

= 1 : 3 : 5. Because the microwave induced rate for the n+n+1 

transition and the dissipative-decay rate for the n+1+n transition are 

both proportional to l<n+1 loln>l2, the total intensity of each 

transition, the Lorentzian resonance Pn+n+l integrated ov:r frequency, 

should be the same for all the transitions. No contribution to the 

relative intensities is expected from the exponential factor in Eq. 

(7.4) because w is constant. We have plotted in Fig. 25 these line 

shape predictions (solid line) for the experimental data (points) 

described in Fig. 21. The absolute position, width, and height of a 

Lorentzian curve were fitted to the 0 + 1 resonance. The relative 

position, width, and intensity of the Lorentzian curves for the 1 + 2 

and the 2 + 3 transitions were taken from the theoretical predictions. 

The 0 + transition is fit well by a Lorentzian shape. The relative 

widths of the two other transitions are in reasonable agreement, 

although the relative intensities disagree slightly. However, given the 

simplicity of the model, the overall shape of the resonance is predicted 

reasonably well. 

We note that the coherence of the ground and excited states must be 

maintained over time scales given by the lifetime of the excited state. 

This is approximately 2nQ/wp - 14 ns for the Eo+1 resonance in Fig. 

22(a); for the same transition in Fig. 21(a), the coherence time is 

about 40 ns. 
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Fig. 25. [r(P)-r(O)]/r(O) vs. I for the data of Fig. 21. The solid line 
indicates the line-shape prediction. The position, width, and height of 
the 0 + 1 transition only is fitted. 
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VIII. CONCLUSION 

The relevant parameters of the current-biased Josephson junction 

were measured ~~using classical phenomena. The critical current 

was determined from the bias-current dependence of the escape rate in 

the thermal regime. The admittance loading across the junction was 

measured at the relevant microwave frequencies by using resonant 

activation. The resonant activation measurements showed some departure 

of the admittance loading being given by the simple model of a resistor 

and capacitor in parallel. However, these departures were small enough 

in our experimental system so that this simple model was still 

applicable. 

The escape rate from the zero-voltage state of a current-biased, 

underdamped (Q - 30) Josephson junction was measured for three values of 

critical current, the lower two values being achieved by means of an 

external magnetic field. At the lowest critical current, Tesc followed 

the classical prediction to within experimental error, indicating that 

the effects of extraneous noise were negligible. For the highest value 

of critical current, the value of Tesc was equal toT at high 

temperatures, but began to flatten off at temperatures below 50 mK and 

became independent of temperature below 25 mK. Within the experimental 

uncertainties, the low-temperature experimental value of Tesc was in 

excellent agreement with the theoretical prediction for T = 0, with all 

the relevent parameters measured ~ ~ in the classical limit. 

We have also observed microwave-induced resonant enhancement of the 

escape rate out of the zero-voltage state. The positions of these 

resonances are in excellent agreement with the prediction that the 

energy levels of the particle in the well are quantized, with no fitting 



parameters. The transitions 0 + 1, 1 + 2, and 0 + 2 were clearly 

observed. A simple model is presented that predicts the widths and the 

relative magnitudes of the, resonances. The predictions of the model 

were in good agreement with the experimental data. 

Once again, quantum mechanics has been shown to be correct: 

macroscopic variables do obey quantum mechanics. 
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APPENDIX A. THE CUBIC POTENTIAL APPROXIMATION 

The potential well from which o escapes is shown in this appendix 

to be accurately given by the cubic potential for I + Io. This result 

will be shown to be valid even if a more general form for the de 

Josephson relation is used than that given by Eq. (2.1); the only 

assumption is that the de Josephson relation be a smooth function of o. 

We start with the potential U(o) = u(o) (I~o/2~)o, where u(o) is 

an arbitrary smooth potential that is obtained from the integral over o 

of an arbitrary smooth de Josephson relation. The second term is the 

tilt of the potential due to the current bias I. In Fig. Al we plot 

du/do vs. o and the line d(oi~o/2~)/do = I~o/2~, for an arbitrary 
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potential u. The intersection of these two curves is where the net 

force is zero, and thus gives the (metastable) equilibrium position of 

o. The value of o found in this way is· at the potential well minimum of 

U(o). The value of bias current in which the potential well height 6U 

reduces to zero is defined to be the value Io for which Io~o/2~ = 

du/dolmaximum .. Fo. This occurs at o = oo. Since the potential is 

smooth, a Taylor series expansion for U(o) can be made around o = o0 • 

One finds 

dU(o)/do .. Fo - d(o-o 0)2 - I~012~ , ( A.1) 

where d is a constant obtained from the curvature of du/do at o0 • 

Integrating Eq. (A.1) one finds a cubic potential. The potential height 

and plasma frequency are 

6U .. (4/3d1/2)(Io~o/2~)312(1-I/Io)3/2 

wp « l<d2Uido 2)dU/do=ol 112 

« 2112(dio~o/2~)114c1-I/Io)114 • 

(A.2) 

(A.3) 

For the de Josephson relation of Eq. (2.1)p the above expressions reduce 
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Fig. A1. du/do vs. o for an arbitrary smooth de Josephson relation. 
The intersection of this curve with the line at I~o/2~ at point a gives 
the metastable-state equilibrium position. 
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to the result of Eqs. (2.9) and (2.10). 

The exponents 3/2 and 1/4 of the power law expansions in (1-I/Io) 

are independent of the detailed shape of U(o). Since the determination 

of Io from the plot of Fig. 12 depends crucially only on the 3/2 

exponent of ~U, the determination of Io does not depend on an assumption 

of a sin(o) form of the de Josephson relation. Since the factor d-1/2 

enters in the cubic potential expression for ~U, the fact that agreement 

is obtained between the experimental escape rates and the thermal 

activation theory implies that the value of d that enters into the 

thermal predictions arises from Eq. (2~1). This provides strong 

experimental evidence that the tilted cosine potential is valid for the 

junction that was measured. 
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APPENDIX B. THE MODULATION OF Io WITH A MAGNETIC FIELD 

In this appendix we compute the effect of an external magnetic 

field H on the de Josephson relation. We consider a Josephson junction 

with spatial extent much smaller than the Josephson penetration depth 

(the current that flows through the junction produces a flux through the 

junction much less than ~0 ). The current flowing through the junction 

(B.1) 

where ij(A) is the local critical current density at the point in the 

junction area labeled by A, oH(A) is an arbitrary phase shift in o 

produced from the magnetic field H at A, and the integral is taken over 

the entire junction area. · By using simple trignometric identities one 

finds 

... sin(o) Io H ' 'cos + cos(o) Io,H,sin 

(B.2) 

where Io,H,cos and Io,H,sin are constants defined by the integrals of 

the first equation, Io,H = [(Io,H,sin) 2+(Io,H,cos) 2J112, and tan(oH) 

Io,H,sin/Io,H,cos· The potential that is obtained from Eq. (B.2) is 

U(o) ~ (Io,H~o/2~) cos(o+oH). The constant phase shift oH has no 

physical importance. 
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APPENDIX C: RESONANT ACTIVATION 

To obtain insight into the theory of resonant activation, in this 

appendix we present a simple theory of resonant activation for the case 

of a parabolic potential of natural oscillation frequency wp/2n that is 

truncated at a height ~U to make it metastable. The results are given 

for the case where the excitation frequency w/2n causes only a small 

change in the escape rate r. 

The system that is considered here is similar to the electrical 

system of Fig. 1(c), but the Josephson junction is replaced by an 

inductor L = 1/wp2c that produces a parabolic potential: the truncation 

of the-potential occurs at the current through the inductor Itr such 

that Lit~/2 = ~U. A time dependent current-bias source Iwsin(wt) 

represents the microwave excitation signal. 

We first consider the case where Iw = 0. Johnson noise from the 

resistive shunt produces a noise current through the inductor. In the 

absence of the truncation of the potential the system is linear, and the 

probability of obtaining a noise current IL,n through the inductor, 

Pr(IL,n), is given by the Boltzmann factor 

Pr(IL,n) ~ exp(-LIL,n2/2kaT) • (C.1) 

If the approximation is made that the escape rate is given by an attempt 

frequency wp/2n multiplied by the probability of finding IL,n equal to 

Itr• one finds 

(C.2) 

This corresponds to the usual formula for the escape rate out of a 

potential well r ~ exp(-~U/kaT). 

For the case where Iw ~ 0, the linearity of the system is used to 

find that the total current flowing through the inductor IL is given by 



the noise current IL,n added to the current from to the current-bias 

source Iwsin(wt): 

IL,w = Iw sin(wt-$)/{[1-{w/wp)2]2+[w/wpQJ2}1/2 (C.3) 

and tan(~) = {[w/wpQ]/[1-(w/wp) 2J}. Since IL,n = IL- IL,w and the 

probability distribution of IL,n is given by Eq. (C.1), then Pr(IL) a: 

exp(-L(IL-IL,w)2/2kaT). The escape rate with the current-bias source 

Iwsin(wt) is then time dependent and given by 

(C.4) 

The effect of IL,w is to modulate Itr• Since the phase of the 

excitation current is not known in the experiment, the time average of 

Eq. (C.4) must be taken to obtain the average escape rate. 

The time average of the following function, computed to second 

order in E, will be used to evaluate Eq. (C.4) 

<exp{-a[1+Esin(wt)]2}>t 

m exp(-a) <exp[-2aEsin(wt)-aE2sin2(wt)J>t 

• exp(-a) <1 - [2aEsin(wt)+aE2sin2(wt)] + [2aEsin(wt)]2/2>t 

a exp(-a) [1 + a(a-1/2)€2] ' (C.5) 

where < >t denotes the time average. 

From Eqs. (C.4) and (C.5) one finds 

Wp flU 1 Liw2 flU 
<r(t)>t .. 2if [1 + (kaT- 2) 2kaT exp( kaT) • 

[1-(w/wp)2]2+[w/wpQJ2 

(C.6) 

We define P ~ Riw2/2, and r(P) to be the escape rate with the current-
/ 

bias source Iwsin(wt)~ Then one obtains 

P/Qwp 
[r(P)-r(O)]/r(O) .. (flU - .!.) --------

kaT 2 kaT 
(C.7) 
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The first term indicates that the relative effect of the power P becomes 

more important as the thermal noise decreases, the second term is a 

dimensionless power, and the last factor describes the response of the 

driven damped harmonic oscillator at frequency w. 



APPENDIX D. THE EFFECT OF ARBITRARY LINEAR DISSIPATION ON QUANTUM 

ENERGY LEVELS 
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In this appendix, we calculate the complex energy-level shifts for 

a one-dimensional system subject to arbitrary linear dissipation and 

dispersion.29,30 The results are obtained in perturbation theory and 

are given as a function of the parameters that describe the classical 

equation of motion. These results are applied to the energy levels of a 

macroscopic system, the zero-voltage state of a current-biased Josephson 

junction in parallel with an arbitrary admittance. 

Introduction 

Whereas dissipation in an atom is fixed by the interaction between 

an electron and the radiation field and cannot be predicted from 

measurements in a classical regime, dissipation in a macroscopic system 

such as a Josephson junction is dependent on the particular experimental 

configuration. As a result, the dissipation can only be known from 

classical measurements of the system. Thus, as already stressed by 

Leggett1,23 in the case of tunneling, one is not faced with a first 

principle microscopic calculation like in the Lamb shift problem, but 

rather with the establishment of a correspondence between the classical 

and quantum behavior of the system. 

Recently, the effect of arbitrary dissipation and dispersion on 

quantum tunneling has been calculated,23 with the effects expressed in 

terms of parameters describing the classical equation of motion. 

Similarly in this way, this appendix calculates the effect of arbitrary 

dissipation and dispersion on quantized energy-levels. The complex 

energy-level shift that is found in the calculation predicts the 

lifetime and shift in energy of each energy level. Since the complex 
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energy-level shifts are related to the phenomena of resonant absorption, 

it will also be of interest to compare the quantum and classical 

behavior of this phenomena. 

Finally, the idea of expressing quantum mechanical results in terms 

of classical parameters may be useful for microscopic systems as well. 

For example, there has been recent interest in the energy-level shifts 

of an atom in a resonant cavity:31 it should be possible to formulate 

these results for the energy-level shifts in terms of an expression 

involving the classical radiation impedance of the atom in the cavity. 

The Classical Description of the System 

We consider a single degree of freedom X with potential energy 

V(X), kinetic energy (dX/dt)2/2, and subject to an arbitrary dissipative 

and dispersive element that arises from the coupling of the system to 

the many degrees of freedom of a large energy reservoir. In the 

classical regime, the coordinate X obeys the equation 

d2Xtdt2 + K{X(t)l • -av<x>tax , (0.1) 

... 
where K is a linear operator on X subject to causality requirements 

which describes the arbitrary dissipative and dispersive element. 23 The 

Fourier transform K(w), defined by K(w)X(w) = J_: K{X(t)}e-iwtdt, is 
A 

analytical in the lower half complex plane. Another requirement of K is 

that K(O) • 0, which simply states that the equilibrium value of X is 

not affected by this term. For the Josephson junction system, X is the 
A 

macroscopic degree of freedom of the phase difference, and K can 

therefore be obtained experimentally by direct observation of the 

classical behavior of X. 

We first need to obtain a Hamiltonian H for the system. Following 

the approach of Caldeira and Leggett,1 1 H can be taken as the sum of a 
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bare Hamiltonian Ho and the Hamiltonian He of a set of harmonic 

oscillators of coordinates xj which are linearly coupled to X 

Ho = p2/2 + V(X) , 

He = L [ Pj 2/2 + (wjXj-cjX/wj) 2/2 ] 
j 

(0.2) 

(0.3) 
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The coordinates P and Pj are the conjugate momenta of X and xj, 

respectively. The symbols Wj and cj refer to the frequency and coupling 

strength of the j-~ oscillator, respectively. The spectral density 

J(w) of the set of oscillators is defined by 

J(w) = (1f/2) L (cj 21wj) o(w-wj) • 
j 

(0.4) 

In order for this bath of harmonic oscillators to describe the classical 

response function K in Eq. (0.1), J(w) is chosen according to the 

relation23 

J(w) • Im[K(w)] • (0.5) 

The analytic continuation of J(w)/w into the upper half complex plane is 

given by (where € + o+)23 

* 2 Jco J( W') K (w+id • -(2w /1r) dw' , 
o w'[w'2-(w+i£)2] 

(0.6) 

Calculation of the Energy-Level Shifts 

The Hamiltonian of Eqs. (0.2) and (0.3) can be "quantized" by using 

the commutation relations between X and P, and Xj and Pj· Our method of 

solution will treat the coupling of the harmonic-oscillator bath that 
... 

describes K as a perturbation to Ho. We will assume the non-degenerate 

eigenenergies En and eigenstates In> of Ho are known. The Hamiltionian 

H of Eqs. (0.2) and (0.3) can be rewritten as 

H = Ho + L (pj 212+wj 2xj 212) - X L CjXj + (X2/2) L (cj 2/wj 2) • 
j j j 

(0.7) 
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We note that this Hamiltonian is similar to the Hamiltonian of an atom 

coupled to the radiation field except that the coupling here involves 

the position coordinate X and an extra potential term which is quadratic 

in X. 

We compute the energy shift ~En of the n-th eigenstate due to the 

coupling to the set of harmonic oscillators. By using standard 

perturbation theory up to second order in the coupling constants Cj' one 

obtains 

~En = lim L I <n lxlm>l 2 Wnm L 
E+O+ m j 

(0.8) 

where wnm .. En~Em, and we have set M = 1. We have taken E-+ o+ because 

of the causality requirements of the harmonic oscillators. Equation 

(0.4) is then used to find 

J
OII 

~En .. -}: l<n1XIm>12 (wnmhr) lim+ -w~(w_nm...;.J...;.~:;;;;.;::....i-E""!"") dw. 
m E-+0 o 

(0.9) 

Because J(w) is a continuous function of w in the limit of an infinite 

number of reservoir oscillators» ~En is in general complex. We define 

~En • ~En ' + i ~En ' ' ( 0 • 1 0) 

The real part ~En' gives the shift in energy of the energy level. The 

imaginary part ~En'' gives the lifetime Tn of level n through the 

We can remove the poles appearing in Eq. (0.9) at w = wnm by 

treating seperately the contributions due to states with energies lower 

and higher than En, and by the use of Eqs. (0.5) and (0.6). One finds 

after some algebra the result 

Ln a L l<n1XIm>l 2 K*<wnm> , 
m<n 

(0.11) 

(0.12) 
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~ I I I 12 Jco Im[K(w) J Gn =- ~ <n X m> (wnml~) w(lwnml+w) dw 
m o 

(0.13) 

The term Ln is "local" in frequency in the sense that it involves only 

* the value of K (w) at the discrete transition frequencies to states of 

lower energies. The term Gn is "global" in frequency since it involves 

the values of Im[K(w)] over all frequencies. The real and imaginary 

part of AEn is thus 

AEn' = { L l<n1XIm>l 2 Re[K*<wnm)J } + Gn , 
m<n 

AEn'' = L l<n1XIm>l 2 Im[K*<wnm)J • 
m<n 

(0.14) 

(0.15) 

The imaginary part of the energy shift arises if there is a dissipative 

part to K(w). Equation (0.15) gives the usual prediction for the 

lifetime of a quantum state, where Im[K*(wnm)J corresponds to the 

coupling constant and density. of final states. Likewise, in Eq. (0.14) 

a dispersive contribution from K(w) produces a shift in energy of the 

energy level. The shift in the energy level also has a contribution 
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from the dissipative part of K(w) that arises from the term Gn (the Lamb 

shift). We note that this global term is divergent if Im[K(w)] behaves 

for large was wa when a~ 1. 

We now consider two illustrative examples. 

The Harmonic Oscillator 

When V(X) .. w02x2/2, Eqs. (0.12) and (0.13) give 

(0.16) 

The second term (the global term) can be divergent, but is indepedent of 

the level number n. Since the physically measureable quantities are 

energy-level differences, this divergence has no physical significance. 
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The change in the energy-level spacing is 

* 6En - 6En-1 = K (wo)/2wo • (D. 17) 

According to Eq. (0.1), the classical response function for the harmonic 

oscillator is 1/[wo2-w2+K(w)] = (1/2wo)/[wo+K(wo)/2wo-w], which implies 

a classical frequency shift K(wo)/2wo. Thus, the complex frequency 

shift of the resonance is the same in the classical and quantum regime: 

the. complex conjugate in Eq. (0.17) arises because K{X(t)} = 

(1/2~)J_: K(w)X(w)e+iwtdt, and the time dependence for the Schrodinger 

equation is -iHt e • 

The Case of Friction Proportional to Velocity 
... 

We consider the case when K is of the form Ad/dt, which yields K(w) 

= iAw. The quantity Ln is then purely imaginary and Gn is given by 

Gn ... -0/~) r l<n1XIm>l2 w feD 'dw 
m nm o I wnm I +w • 

(0.18) 

This term is divergent as w + ..,. To proceed, we introduce a cut-off 

frequency w0 to the upper bound of the integral. We then find 

Gn • -(A/~) L l<n1XIm>l 2 Wnm [ln(wc)-lniWnmiJ • 
m 

(0.19) 

Since In> is a non-degenerate bound state, one can f.tnd the sum-rule 

L l<n1XIm>l 2 Wnm a <niCHo,XJXIn> 
m 

• (i/2) <ni[P,XJin> 

• 1/2 , 

and hence 

Gn • -(A/2~)ln(wc) + (A/~) L l<n1XIm>1 2 wnm lnlwnml • 
m 

(D. 20) 

(0.21) 

The term containing the cut-off frequency is this expression is 

independent of n and thus does not contribute to a shift in the 

energy-level difference. 
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Quantized Energy-Levels of the Current-Biased Josephson Junction 

We consider the model for the junction that is given in Fig. 1(c) 

and in the limit in which the well is given by a cubic potential. Thus, 

we take Eq. (0.21) for Gn· We evaluate the magnitude of the energy

level shifts of the ground and first excited states for the 

experimentally relevent value of the well parameter ~U/Mwp = 1.4. 

The matrix elements and energies needed in Eqs. (0.12) and (0.13) 

were calculated by solving numerically the eigenstates of the cubic 

potential. A basis consisting of the first 30 eigenfunctions of the 

harmonic oscillator was used. In this basis, the matrix elements of the 

Hamiltonian for the cubic potential are known exactly and the 

eigenstates can be found using a simple diagonalization routine. This 

procedure gives a good precision for the quasi-bound states in the well 

and their energies. Also, the sum rule of Eq. (0.20) is verified with a 

2% accuracy. The continuum of states outside the well is, -however, 

sampled by a relatively small number of discrete states. This 

approximation is sufficient to compute the order of magnitude of ~En, 

which turns out to be only a small correction. 

We thus obtained the following estimate for the complex shift w1o = 

~w1o' + i~w1 o'' of the transition frequency between the ground and first 

excited states w1o = 0.84 wp, 

~w1o' ~ (-0.09 ± 0.05) wp/Q , 

~w10'' • -i1-1/2 m -(1/2) (1.08 ± 0.05) Wp/Q • 

(0.22) 

(0.23) 

The results are valid as long as a perturbative approach can be used, 

which occurs when Q >> 1. The results show that the linewidth of the 

transition between the ground and first excited states is approximately 

given by 1/Q, and the global term Gn induces a shift in the transition 
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frequency which is much smaller than the linewidth. 



• 
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FOOTNOTES 

(a). We believe we have chosen the macroscopic degree of the system to 

correspond with Leggett's concept of "disconnectivity11 .1 We have 

only considered the Cooper pairs that contribute to the tunneling 

for the following reason. Leggett has indicated that the quantum 

behavior of a harmonic oscillator system only implies an existance 

of states with a disconnectivity of two.1 Since any linear response 

can be represented through coupling to a bath of independent 

harmonic oscillators,11 then the contribution to the disconnectivity 

from the part of a system with a linear response is also two. The 

electromagnetic coupling of the Cooper pairs at the Josephson 

junction to those pairs away from the junction has a linear 

response, and thus is not included in an estimation of the macro

scopic degree. Thus, only the Josephson tunneling interaction, 

which produces the non-linear potential, should be included in this 

estimation. 

(b). An even more direct test would be to show that a superposition of 

states can exist between macroscopicallY distinct states (Macro

scopic Quantum Coherence). 1 Such an experiment may be possible for 

the system of the single junction SQUID. 1 

(c). Upon switching to the voltage state, the junction voltage increases 

until the steady state dissipation of energy equals the energy gain 

from the tilt in the potential. In our unshunted junctions, the 

damping at microwave frequencies is small enough so that the val tage 

increases until the superconducting gap voltage is reached. Large 

dissipation then occurs through pair breaking. The I-V characteris

tics thus correspond to the dissipation at a zero frequency voltage, 



and not to the dissipation at the microwave frequencies that are 

applicable to the escape processes from the zero voltage state. 
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(d). The cubic potential limit for the prefactor term was taken. Numer-

ical simulations presented in Fig. 5 of Ref. 21 indicate that their e 

constant a= 1.0 ± 0.05. Thus, we have set a= 1 in this prefactor 

term. A recent theoretical calculation predicts a= 1.47.32 

(e). The numerical approach of Chang and Chakravarty33 can be used to 

solve this problem exactly. 

(f). This occurs because the derivation of Eqs. (3.6) and (3.7) assumes 

a Boltzmann population of the states in the well. This does not 

take into account the population depletion of the states near the 

top of the well that explains the results of Eq. (3.2). 

(g). In fact, one must measure the admittance loading over quite a large 

range tn (real) frequencies in order to use Eq. (3.5). 

(h). If one desires that the current-bias line has no zero frequency 

dissipation, the microwave properties of the line make it difficult 

to obtain a characteristic impedance loading greater than the 

free-space wave impedance of 377 0. 

(i). Since dissipation at the plasma frequency is dominated by losses in 

the mount, the temperature "seen" by the junction is that of the 

mount rather than that of the junction itself. Thus, the tempera

ture of the junction could, in fact, be raised significantly above 

the equilibrium value without changing the escape rate. 

(j). A definition of P can be made in terms of the model in Fig. 1(c), 

P • Iw2R/2, where Iwsin(wt) is the current-bias source at the 

microwave frequency. 

(k). We note that a plot similar to Fig. 9 but with [wp/w]5 replaced by 
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I 

[wp/w]6 would result in a change of less than 0.2% in the numerical 

constant in Eq. (5.3). Thus, the data analysis does not 

depend on an assumption that the dimensionless power term in Eq. 

(5.1) should scale as 1/wp; the shape of the resonance is affected 

primarily by the ~U term. The scaling on ~U has been verified in 

resonant activation simulations, and is also verified by this 

experiment since agreement with theory is seen. 

(1). Small deviations from the prediction of a smooth curve are seen in 

the experimental data (for example, at 8 GHz). The admittance 

across the junction is evidently more complicated than a resistor 

and capacitor in parallel. As will be discussed later, these 

deviations do not affect significantly the determination of Io. 

·(m). We suspect this occurs because the exponential factor in Eq. (7~4) 

grows larger as T becomes smaller. 

(n). It was possible to take only a single measurement of Io since Io 

varied with T (possibly due to the fact the 80 ~m long junction was 

sensitive to external magnetic field changes). Because the theory 

for the prefactor is uncertain at this intermediate temperature, we 

took it as unity. This is, in fact, a reasonable assumption based 

on the experimental data of Fig. 13 at intermediate temperatures. 

We took the uncertainty in r0 as the quantum correction factor Fqu, 

which corresponds to sinh(Hwp/2ksT)/sin(Hwp/2ksT) = 3. 

(o). Since the escape rate measurements are taken at roughly a constant 

range of r, the range of ~U/ksT also stays roughly constant with 

T. Thus, as Tis lowered, ~U becomes smaller (see Fig. 12). 

(p). We show in Appendix D that the effect of dissipation on the energy 

level spacings (the Lamb shift) is negligible. 



REFERENCES 

1. A. J. Leggett, Prog. Theor. Phys (Suppl.) 69, 80 (1980). 

2. A. J. Leggett, Contemporary Phys. 25, 583 (1984); J. Phys. Colloq. 

39, C6-1264 (1980); Essays~ Theoretical Physics in Honor of Dirk 

ter Haar (Pergamon, Oxford, 1984), p. 95. 

3. E. Schrodinger, Die Naturwissenschaften 23, 807 ~1935). 

4. B. d'Espagnat, Scientific American, 158 Nov. (1979). 

5. R. F. Voss and R. A. Webb, Phys. Rev. Lett. 47, 647 (1981). 

94 

6. L. D. Jackel, J. P. Gordon, E. L. Hu, R. E. Howard, L. A. Fetter, D. 

M. Tennant, R. W. Epworth, and J. Kurkijarvi, Phys. Rev. Lett. 47, 

697 ( 1981 ) • 

7. W. den Boer and R. de Bruyn Ouboter, Physi ca 98B, 185 ( 1980) • 

8. R. J. Prance, A. P. Long, T. D. Clarke, A. Widom, J. E. Mutton, 

J. Sacco, M. w. Potts, G. Megaloudis,. and F. Goodall, Nature 289, 

543 (1981). 

9. S. Washburn, R. A. Webb, R. F. Voss, and S. M. Faris, Phys. Rev. 

Lett.~. 2712 (1985). 

10. D. B. Schwartz, B. Sen, C. N. Archie, and J. E. Lukens, Phys. Rev. 

Lett • 2,?_, 1 54 7 ( 1 985) • 

11. A. 0. Caldeira and A. J. Leggett, Ann. Phys. (N.Y.) 149, 374 (1983). 

12. C. G. Callan and S. Coleman, Phys. Rev. D ~. 1762 (1977). 

13. A. I. Larkin and Yu. N. Ovchinnikov, Phys. Rev. B 28, 6281 (1983); 

U. Eckern, G. Schon, and V. Ambegaokar, Phys. Rev. B 30, 6419 (1984). 

14. M. H. Devoret, J. M. Martinis, D. Esteve, and J. Clarke, Phys. Rev. 

Lett. 53, 1260 (1984). 

15. J. M. Martinis, M. H. Devoret, and J. Clarke, Phys. Rev. Lett. 55, 

1543 (1985). 

• 



95 

16. M. H. Devoret, J. M. Martinis, and J. Clarke, Phys. Rev. Lett. 55, 

1 908 ( 1 985) • 

17. B. D. Josephson, Phys. Lett. l· 251 (1962). 

18. w. c. Stewart, Appl. Phys. Lett. g. 277 ( 1968); D. E. McCumber, J. 

Appl. Phys. 39, 3133 (1968). 

19. T. A. Fulton and L. N. Dunkleberger, Phys. Rev. B 2_, 4760 (1974). 

20. H. A. Kramers, Physica (Utrecht) 1• 284 (1940). 

21. M. Buttiker, E. P. Harris, and R. Landauer, Phys. Rev. B 28, 1268 

(1983). 

22. See Ref. 11, page 387. 

23. A. J. Leggett, Phys. Rev. B 30,1208 (1984). 

24. P. Hanggi and U. Weiss, Phys. Rev. A 29, 2265 (1984). 

25. V~ I. Gol'danskii, Dokl. Akad. Nauk SSSR 124, 1261 (1959); I. 

Affleck, Phys. Rev. Lett. 46, 388 (1981). 

26. H. Grabert and U. Weiss, Phys. Rev. Lett. 53, 1787 (1984). 

27. H. Grabert, U. Weiss, and P. Hanggi, Phys. Rev. Lett. 52, 2193 

(1984). 

28. T. Fonseca, P. Grigolini, submitted to Phys. Rev. A; A. I. Larkin, 

Yu. N. Ovchinnikov, to be published; M. H. Devoret, J. M. Hartinis, 
( 

D. Esteve, and J. Clarke, to be published. 

29. D. Esteve, M. H. Devoret, and J. M. Martinis, to be published. 

30. As this work was completed, we received two preprints by W. Bialek, 

S. Kivelson and S. Chakravarty, and by s. Chakravarty and A. Schmid. 

These athors are approaching differently the problem addressed in 

this appendix, and get similar results concerning the smallness of 

the global term Gn· 

31. D. Kleppner, Phys. Rev. Lett. 47, 233 (1981); G. Gabrielse and H. 



Dehmelt, Phys. Rev. Lett. 55, 67 (1985). 

32. H. Risken and K. Voigtlaender, J. Stat. Phys. ~' 825 (1985). 

33. L. D. Chang and S. Chakravarty, Phys. Rev.~ 29, 130 (1984); ~ 30, 

1566 (1984). 

l 

96 



... 

This report was done with support from the 
Department of Energy. Any conclusions or opinions 
expressed in this report represent solely those of the 
author(s) and not necessarily those of The Regents of 
the University of California, the Lawrence Berkeley 
Laboratory or the Department of Energy. 

Reference to a company or product name does 
not imply approval or recommendation of the 
product by the University of California or the U.S. 
Department of Energy to the exclusion of others that 
may be suitable . 



•MIIIM __.., 

LAWRENCE BERKELEY LAB ORA TORY 
TECHNICAL INFORMATION DEPARTMENT 

UNIVERSITY OF CALIFORNIA 
BERKELEY, CALIFORNIA 94720 

··?~ 




