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TRANSITION RADIATION
Joseph V. Lepore and Robert J. Riddell, Jr.
Lawrence Berkeley laboratory
- ) University of California
Berkeley, California 94720

August 7, 1972

ABSTRACT: When a charged particle travels through a material medium
Cerenkov radiation is emitted if the velocity of the particle is
greater than that of light in the medium. An accompanying effect is
radiation emitted when the particle enters or leaves the medium. This
is calied transition radiation. In this papef the ‘theory of»transition
radiation is presented in considerable detail. The work constitutes a
review of earller studies but so@e new results are presented. In
particular, the case in which the particle enters the medium obliquely
is treated and equations are developed for the situation where the
boundaries of the medium are not sharp; These equations are then used
to show that the sharp boundary approximation is always wvalid for
relativistic particles since the distance over which the radiation

develops is always large compared to the thickness of the boundary.

This work was supported by the U. S. Atomic Energy Commission.
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1. Introduction

The Cerenkov radiation which can be emitted when a charged
particle moves with constant velocity through a material medium occurs
because of the acceleration of the bound charges in thé medium by the
forces exerted by the particle as it passes by. Transition radiation,
which was predicted by Ginzburg and Frank') in 1046, arises for similar
reasons when a particle crosées & boundary between differént media.,
Much of the later work on transition radiation has been carried out by
Garibian, although many other authors have contributed to its theoret-

n2) has written an excellent review of the

ical development. Garibisa,
subject which contains an exhaustive list of references to other work
on transition radiation. This paper is strongly recommended to the
reader.

The transition radiation is of great interest to high energy
physicists since it depends on the energy (y) of the charged particle
rather than its velocity as in the Cerenkov radiation. Furthermore,
over an interesting range of energies (7's in the tens of thousands
range) the radiation is approximately'proportional to 7 . It thus
offers a useful method for partiqle detection thch is beiné widely
studiedi).

In view of the widespread interest and the potential of methods
using this phencmenon for experimental purposes, tﬁe theory of transi-
tion radiation is presented in considerable detail in the following
sections so that it may be as widely accessible as possible., The case
of arbitrary particle.incidence angles on the interface between two
media is presented and this is then used to study the radiation from &

slab imbedded in another medium. It is shown that the radiation



-3-

vanishes as the slab thickness goes ‘to zero, due to cancellation of
the fields radiated from the two surfaces. The significance of the
so-called "formation zone" for transition radiation is also discussed.

Since there has been considerable interest in the question of
modification of the theory when the boundaries are not sharp, equations
which cover this casé are developed in Section 8 and 1t is showm that
due to the size of the formation zone the sharp boundary theory remains
applica.ble. |

2. Equations and boundary conditions

We begin by considering the radiation emitted at the interface

of two different media (1 and 2) by a charged particle traveling from

the left in medium 1 across the boundary into medium 2. The charge and

current densities of the particle are

o(r,t) = e 5(r - vt)
(1)

-,
i(r,t)

e v5(T - vt),

where © 1s the Dirac delta function, _1; is the particle velocity and
e 1is 1its charge. These densities have been chosen so that the pé.rticle
crosses the interface point, taken as the origin of the spafial coord-
inate system, when t is zero. ‘

The Maxwell equations, which govern the process, are:

=2 1B , k-~ N
V"H—c5€+cj .Ve«eB = 0
(2)
s _ 138 > .
VXE—-CE VD = bnp.

The Gaussian system of units is employed.

are expressed in terms of spectral components, so we first

.

The constitutive relations between E and B, and B and H

decomposition:
3@,t) = f 3E0) LET) Sy gy
3G - | SGe) LEF) Py a
g(;,t) = j_ﬁ(i,m) ei(i';-wt') dakdm
BEt) = j BEw) ot ET0E) Sy g,

For convenience

Fourier

meke this

(3)

we have used the same label for a function and :Lts

transform. All integrals are over the infinite domain.

The constitutive relations are

_ﬁ(i;w) = 6(-1;:(9) .ﬁ(i)w) '
_ﬁ(k)w) = u(i,(b) ﬁ(i:w):

()

where € and p represent the dielectric constant and permeability

of the medium in question [either (El, pl) or (62, p.2)]b.

p(-f,a))

-,
j(k,(b)

so that

The spectral decomposition of the charge and current gives

(—%H jo(?,t)e'i(i';'wﬂ) &r at =
2n

— b fg(;,t) e-i(k'-r-wt) &Or at =
(ex)

the Maxwell equations become:

d &(w -vi’--\;)
(ex)
(:;;5 8w - x-v)

(5)
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i§¥§=-1%.€§+h—g;p ik« (pH = 0
' : : (6)
1ExE = 15 pE - 1%+ (¢ B) = bnp .

Jhe equation for E obtained by combining these equations in the usual

fashion is

4 2 - ‘
2 w > Yedp [ > v
<k-p._€ -—2->E=_€-k+€p.2>. (7)
c c
‘Solutions of this equation correspond to a linear combination of the
field due to the charge and a field of plane waves which satisfy the
" homogeneous eq_uations. These must be suitably chosen to satisfy the
boundary conditions at the imterface. The field due to the charge is
- 1
ﬁo=i’%3<”-><"—w-> 5t (8)

2
c .

where we have set |

X = € U

and (9)
’ 2

A X(w/c)é - X .

"

The plane waves which make up the solution of the homogeneous equation
have a propagation vector which satisfies

¥ = X(w/c)2 . (10)

The equation for the magnetic field E obtained from equation

6 is -
2 — -
(%X-%ﬁ:--lﬂi‘—e(kxv). (11)
R |
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This has a particular solution

-
H =

b = @ xF) ST (12)
c

due to the charge as well as plane wave solutions satisfying equation
10.

Let us now cpnsider the boundary conditions to be imposed., We
first note that there mﬁst be ﬁo radiation coming from * in any
direction. In addition, at a plane bomaary between the two media
passing through the origin and perpendicular to the 2z axis we have

the usual electromagnetic continuity conditions across the boundary:

B), = (&)
. (13)
(®); = (3.
By = (5 -
The subscripts 4 and i refer to the components perpendicular an& E

parallel to the boundary. These imply that no surface charges or

currents are present.

3. Determination of the electric and magnetic fields

Let us now consider the electric field in medium _1 as inferred

from equations 3 and 8, TFirst, the field due to the charge is

i'So(l)(;,t) N ;;—e f’(ﬁ -}V ) Al-l o7 - 0)
_ € c .
1 .
X ei(k-r-wt) Ox o . (14)
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We divide k into a component : lying parallel to the plane of the

boundary and a component kz lying perpendicular to it. Thus
5 a 2 . N
@k = dk dk . (15)
The integration over 'kz mey be carried out to give

1(k 7, +k_z~t)
- (1)~ - - -
Eo( Y@ty - lmle ](k -x, V& ate T AR
wi

¢ ' Yy
(16)
 In this expression kz has the value
W - P : B _
k, = =/ : (aT)
z
" We thus write
- (1)~ (1) 1(k-x, +k z-wt)
Eo( )(r,t)- = fgo (r,) e z &x ;’@ (18)
z

(1) -
where g o (n,a)) is easily obtained from equation 16. For the

radia.tion field, in which
K2+ 1&22 - )(l(a)/c)2 =0 ' : (19)

‘we have a corresponding expression:

1 0gy - [EVge S 2w (20)
‘r

vz
(1) .
This expression defines 6 (K a)), which must yet be determined.
Similar equations hold in medium 2 for Eo(e) and Er(2 ), witn K,

replaced by k2z . The total field in medium 1 is thus

-8~

W - | (5‘ () 5, gyet 527 m)

. 5 (1)(%’m)e1{K-zg_+§zz-wt)> £« gg 21)
2z

-

' (2) (2) '
and a similar expression involving 5 s 5 and kzz holds
in the second region for E(a)(r,t). v

The boundary conditions which E and D must satisfy at

z = 0, equation 13, yileld

(1) ' (2) (1) = (2)
1 Erz - % 81'2 =4 6Oz T % 502 :
(22)
0

(1) 5 @,y %, (éo(l) - L

The second of this pair may be combined with the radiation conditions

Er(l) + k_Lz é;z(l? -0
(23)

(2) (2)
o 51' + kQZ 81‘2

1l
o

to give '

(1) (2) - oz (1) (2)
-klz srz z ‘8;:'2 = =K (6 8

o

(k)

Equations 22 and 24 may now be solved for the radiation fields,

éi-z(l) and 61'2(2)' One finds:

‘



5 (1) _
o 2“2(61 Ky = ;)

T

3

e

Y

e

-ie

S RO (Y COREaS RECY L e Cai i
: X GF/CZ 2

) -k

(/o) [ 1,Ge) - 2 v, ] + [ - x o(k3)/E]

X (.02/02 - k2 J (@)

2

and

& (2) _ . ie
2z

2 (o) By, - & Xy,

()5, ) - @ v ]+ (/e[ - %, @)/

X5 we/ce- - k2

(klz/w){kz('i§3) - & Vz] + [@ - %, w(_'z'_\;)/ce]

- . (26)
% Fle® - W

" The reader may note that 51'2(2) may be obtained from 51;2(1)

simply by exché.nging the labels 1 and 2.

At this point, we may also note that for normal incidence of
the pa.rticlé, Erz fully determines ti_le Poynting vector. This is
easily seen by observing that the magnetic _apglogs of eciuations 22

and 24 (eq_uations 30 and 32)‘ have zero on the right-hand side because

=10~

- - - ~> -
then Hy o [k x v] = [k x v] . Therefore H., =0, and from
the arthogonality of k, E, and L in the radiation field, E is in
the plane of T< and 2z, and

5 @) &L 5 @)
. IE - E ’
r klz rz
with a similar result for medium 2, Thus, since € E2 =W H2 for
plane waves, the magnitude of the Poynting vector, S , in region i

is

s = (ei/lii)l/2 (c/kx) (g/kizg) Ez(':)e :

Thus, if the reader is not interested in oblique incidence the balance
of this section may be ignored.

We now turn to the determination of the magnetic fields B
and H . We first write, in analogy with equation 16

- —
1(Kkery +k_z-wt)
Hy (r,t)=-2_g (k x v)Al e dx;,:. (27
. 2ne .

In this eipression kz is given by eq_uafion 17. We then define Ho(l

by
- e~ - - i(}‘; +k 1A
EACHERY =f3:lo(l)(x,w) SR o b, | (28

Z
The radiation fiel&, which satisfies equation 19, is defined in

analogy with equation 20 by

- -
i(Ker +k. z-~wht)
1Ly, 2w (29

Z

<

[ 500
- - (2
Smilar expressions for :Ho(a) and Hr( )

8z, ¢)

hold in region 2.
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The boundary conditions which -ﬁ and -ﬁ must‘ satisfy at

z =0, eqﬁa.tion 13, lead to

(1) (2) (1) @)
plzurz - |’12:Hrz = 'HIZHOZ * My :HOz
(30)
(l) (2) Q) =@
K-(:ﬂ r ) = -K'(:H -HO ).
Again the radiation conditions analogous to equation 23,
L@ 1)
Bty -0
L2 @) (2)
K.Nr by, Hrz = 0
may be combined with the second member of equation 30 to give ’
X, IH +xk, M7 = (IM @) _F (2)) (32)
( ) Equations 30 and 32 may be solved for the radiation fields
1
H and - 3’[ . One finds
rz
y) etk X v, P T Y
T 2ol i) | E/E) E ) - o
and
(o | eV, gl ok G o)y
rz 2“2°(“1k2z' “ek.l.z) { xz(a'?/ca) ¥ X (w /c ) - K
3k4)
: H(é)
As in the case -of the electric fields, re may_be obtaiged from

:ﬂ(l)

o by interchanging the labels 1 and 2.
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-

We must now find the other components of QC and H . It is

convenient for this purpose to introduce the set of unit vectors

~ A ~

Z, K, Z %X X along the ;, * directions and the direction mutually

perpendicular to them. We thus have for the radiation field in region 1

n

k = K+klzz. (35)

The Maxwell equation 6 may thus be written

z x gr(l) - 7 x gr(l) '*'k_‘_z’z\ x I‘(1) - %ﬁr(l)-

Upon taking the scalar product of this equation with 2 one finds
& (1)
-
1
o< E

= (1)
Thus the component of Er

A @ (1) . _
c% z 'Mr : %Earz" (37)

along the unit vector £ X R is

& (1) 1)

cK rz

e xnE - 2w, (58)

where K 1is the magnitude of k . The component parallel to R is

given by equation 23 and is

> (1) (1) :
2o € - g | (59)

Iz
One thus f£inds

= o ™
EM g, Mgl e o, (10)

The remaining fields may be obtained in an identical manner. One finds

)
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N ’ ou, (2
EF - &% - 2l v Bl ern. W

The magnetic fields may be obtained similarly by using equation 6 for

smedium 1, i.e.,
.->
W e g, 20
¢35 [

One thus finds for the magnetic fields,

> (1) (1) . b, (1) we (1),
W =Hrzz_.TzHrz?-c—Kl-5rz(zx’k) |
(%)
= (2) @), Ik, (2) wey o(2)
R AR W P 3 ;7.5” 2 x R).

This completes the determination of the electric and magnetic fields.

4, Wave zone fiélds for a particle normal to media interface
In order to obtain the energy radiated in the transition
radiation process, it is necessé.ry to integrate the results of the
rrevious section using equatioﬁs 18 and 28 when r, t > . The
general, oblique-incidence case will be dealt with in Appendix A,
while in this section we review in detail the case of normal incidence
similar to that treated by Ga.ribianh) except that we choose to evaluate

the radiation in medium 2. Thus it is necessary to evaluate the fields

- - = (2) 1(k T4k, z-wt) . C
_Er(e)(r,t) - /51, (% o) . T, de%z:_ )

and

<1k~

‘ﬁr(E)_(;’t) = j.}:lr(z) g

for large values of l;f . This analysis will be ca.rriet_i' out in the

1(7<'_1:+k22z-wt) o
K

(k) e d (4h)

w8

conventional way using the method of steepest descent.

Tt is convenient to introduce a rectangular coordinate system

" specified by unit vectors %, 5, £, with its origin at the interface

of the two media. The vectars 1, ; and their projections on the

?c, ¥ plane are illustrated in fig. 1. In this case one has cylind.ricgl
symmetry so tk;ere is no loss of generality in choosing the observation
vector * in the %, £ plane with p its projection along the %

axis. Following Garibian we write

P = rsine ¥
(%)
z = r cos © 2
and we take the angle between —;; .and K to be _§ . o
: ‘ .
Consider now the components of the electric field vector ‘br ‘
These are
(2) (2)
3
8rx = T T 8rz cos §
(2) =(2)
A S Ay (46)
Ty P Tz
2
81(2) fe K (e/ey) -k, vfo 1-%, v o
= T 2,2 2 |
z 2 N X 2y _ ¥ X (?/e?) - K
o (e, - y,) [ Xp(@y/e) _ ¢ ]
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These are to be substituted into equation 43. The integral over « .
may be written with surface element: « dk d_g, so since the expo-
nential is an even function of § only the terms involving cos _5

make any contribution. Thus Ex('fr) vanishes and

Iz

i ~wt
El(‘i) = -f :2_2. (2) cos_§ e (e cos ﬁkzzz ) ax dfdw (47)
2 .

(2)
jg}z_ ei(Kp cox_f+kzzz-<nt) cocFan. (18)

2(2)
rz
The electric field thus 1ies in the plane including the vector to the
point of observation and the velocity. As we shall soon see it is, of
course, perpendicular to the direction of observation, '

The integrals over the azimuthal angle _5 may now be carried

out using the integral representation for the Bessel f\;lnci'.:l.c:»:x,5 ) Jn’

v
Z

- . [ 4z cos P '
Jn(z) = -i—n— / e . cos nf af . - (W)
0
We thus find
i(k, z-wt)
El(_i) = enij % gfj) 3 (kp) e 2z dk am , - (50)
o (ED e
E. = 2:rj - go(kp) e °F K Ak do . - (51)

Tn order to find the wave zone fields we must evaluate these equations
for very large values of r. This may be done by using the asymptotic

6
formulae for the Bessel functions ):

-16-
Jn(Z) ~ ( % ) cos (z - mf2 - :t/h) . (52)
We thus have
z 1 i( -wt
Eéi) = - %? E ‘/°° SEE éféi) k"2 cos(kp - 3n/k)e 2u" )dK dw
- .2
° (53)
z ,® ) i(k, z-wt)
Eii) - (&Y T IZ 2 cos(kp - n/l)e 2z Ak .
L v, .
© (54)

Following Garibian, we now express the cosines in the integrand in

terms of exponentials so that for Eg‘;) we have

. K
TZ

1 (o o B
(2) L ox (2 kK (2) -
@ -z [ B E

0

i 1(kp-37/14)

’ {e . e-i(kp-}n/k)} ei(kazz«wt)

‘ ! dK am .
: - 4 - (55)

~ As one sees from equations 19, 26, 53, and 54, our integrand contains

both branch cuts and poles so we now turn tb a discussion of how
these are to be treated. The branch points are determined by
K? - X'l 032/c2 , .

R o6)

K = O,‘
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while the poles are given by
2 2
= @ y_ o
) & - s (% F -1,
v c
or (57)
. K2 a.se v2
=5 (= - 1),
v )

where <, is the speed of light in the medium,

ey = c2/X2 . - » (58)

Consider now the pole contributions only and imagine that we are to
carry out the integration over w first. We are, of course, interested
in the retarded fields ; 1.e., for t = -00 the field must vanish. The

pole contributions to the integrand given by equation 57 are at either

‘real or imaginary values of o according to whether the speed of the

particle _exceeds or is less than the speed of light in the medium. In
the latter case, one easily finds that the-f'ield is exponentially small
as |t| - oo, In the former case, however, as is well knowp, if

t <v 0 the field will vanish if the contour is taken above the poles
and this, then, is the desired integration path for the retarded

solution. In the latter case we have

1+
[}
(Mg

ik vz(l - vze/coz)
or _ (59)

(- VZQ/COE) ’

Py

il

+1
N

[¢3)
i —
v
z

while in the former case »

2l - 1) . | (60)

With this requirement established, let us now return to the
evaluation of 1_:he integral over « in equation 55. As we have .just
seen, an off-the-real-axis pole does not contribute to the radiatiom.
On the other hand, a pole on the positive reé.l Kk axis does contribute
and for positive « one readily finds that a contour in « which
goes above the pole translates into a contour in K which goes below
the pole. This term gives the Cerenkov radiation.

We now turn to the question of the branch points enco_unfered
in the integrand of equation 55. First, if the integral over K is
to converge, the value of k2z on the real axis when K is large

must be given by
1
2
K, = (&% /") . - (61)

Cuts associated with the branch points of this function at
k=t XQ% wfe mé.y be taken along ‘the real axis to ¥ oco.

| Branch points and cuts assoclated with klz may be dea.it with
in a similar manner but 'Ehe reader must be careful to note that since
k.l.z represents é. reflected wave its value between fh‘e branch points,
t Xl% wfc , is negative, in contrast to k. which is positive betweer

the branch points. Unfortunately, the arguments used for the pole and

‘the branch point in k2z do not apply to the branch poipt in k.l.z .

We have already deduced that the path of integration in K around the

pole and the branch point from kEz must go below the singularities.
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To deduce the requirement for the k1z branch point, we introduce the
physical argument that, because of radiation damping effects in the
medium, X will in fact be complex rather than real, so that the
singularitles are slightly displaced from the real axis. When it is

noted that Im(wX) > O, the previous results are obtained, and in

addition one finds that the contour desired goes below the klz branch

»point as well. Except for the efféct of defining the path, the imag-
inary part of X 1is negligibly small in the region of interest, so we
will assume X d1s real from this point on. Finally & cut may be
placed along the negative real K axls to deal with the branch point
assoclated with -k%.

V - An integral of the form encountered in eqpation 55 may now be
evaluatgd by deforming our integration path to the path of steepest
descent. in wﬁat follows the poles corresponding to the Cerenkov
radiation will be ignored and only the transition radiation will be
treated. |

The functions in the exponential of the two terms in the

integrand of equation 55 are

£(x)

ir(k sin 6 + k,, cos e)

| (65)
1&(-K sin 8 + k, cos e) .

g(k)

Consider now the integration of each term separately. Saddle ﬁoints

for these terms are determined by

-20-
ar
ir - ir(sin 8 - —— cos 6)
z
and
dg _ - - K
ix = ir(-sin © cos 9)».

In the first case
K =
k2z tan 6
so that « and kEz have the same sign, while i the second
K = 'kéz tan © .
In either case it 1is easy to see that

1
k2 = %2 Qcos 6.
b4 2 c

(64)

(65)

(66)

67)

When equation 65 holds, the saddle point is on the positive « axis at

[N

K = +%

> sin © ,

while if equation 66 holds it lies on the negative K axis at

[N

w
K = -X2 by sin 6 .

(69)

(70)

The values of the functions £ and g at their respective

saddle points are equal and are

f = g = ir X-22 wfe . -

This implies that in the « integration only the retarded time,

1
T =t - X22 rfe,

occurs. Note that the values of the second derivatives ét either

saddle point are

(1)

(12)
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RH 1"

£ = g = -ire/(X,

L 3 .
2 @ cos’ ©) . o (13)
The paths of steepest descent through the saddle points thus make an
angle of -n/4 with the real X axis.

Let us now concentrate on the integral involving f. Note that

the value of f at the origin is pure imaginary

+ir X 2 (a)/c_) cos 8, (74)

£(0) .

and that in the neighborhood of the orizin

(k) = ir lXE%(w/c)cos 8+ k sin 8 - k> cos 9/(2X2% m/c)] . (B

A path of constant phase (steepest descent) is thus given by

[t

: L
'Re[K sin & - ('(2 ¢ cos §/2 X22 w)l = 0 ‘

or
2

(KR - tan 0 X, a.)/c)2 - K= tan © X2 a)e/ce (76)

where Ky and Kg ‘are the real and imaginary parts of K.

The branch of this hyperbola which passes ihrough the origin
lies on a path of steepest descent which goes to oo along the upper
side of the 1eft-br€nch cut. Sée fig. 2. To obtain a.path which
finally ends at +o under the right-hand cut a possible path of integra-
tion is along OABS. The cont;‘ibution Ez('i) from _OA(EOA) (since
only small values of k contribute, we use only the small « approx-

imation for the integrand) is proportional to the integral

: 1 1 ikr sin ©
EOA ~ -——l"~ T r 55/2 e de . (77 )
- (r sin )2 j ,

0

. =22

It thus falls off as -r-5 and makes no contribution to the wave zone
fields. DNext, the contribution of the path AB is also small since
the real part of the integrand is small and slowly varying while the
phase is rapidly varying. Let us now examine the main confribution
from the path; i.e., the part through the saddle point (FE]vas). Near the

saddle point we have approximately

~(2) 1
1 - 1 2 S (t-X 2 / )
.2 {~ - -at i in r/c
EB ~ i <2_“. ) / EZ__Z___I‘Z__ K e e dt e . 2 dat dw,
S p - v, : ) .
(78)
where
- .
a = T ) » (79)
2 X22(a> cos™ 8)/c
and all slowly varying quémtities can be evaluated at KO' We have
also written
K = et /b (80)

* Upon integrating over the saddle point from -o0 to o we find

EI('}2() - _e_s_i_:.%_c_ﬁ?j. [g(w) e-iw(t-xe r/c)dw (81)
where
o PR Ty

(lel k, - % ]ﬁz ) Lxg(w2/c2) . KE _ w2/vz2

-k, vz/co

x (F/P) - ¥ 2 - /v 2

(82)
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and
k2z = + XQ% (w/c) cos O
(83)
K, = (o)X - %, si® 6)° .

. * ’
This result is in complete agreement with the case considered in

X .
Garibian's paper ) (equation 27) in which the rarticle passes from -

* )
The reader will note that we have corrected a misprint since-

cos & should be squared in Garibian's equation 27.

medium to vacuum and when

& = €, _€2=u2§ul=1. (84)

The result is (not including the Cerenkov term),

E(2) _ 'Qﬁe sin 6 cos- © j -ia(t-r/c) . 1
= e

nr v
Z

€cos © + (€ = sin° 0)2

2 &
€+ B8(e - sin” 8)2 ' 1

x - o (85) -

L

2 L
l-B2 cos © 1 -8(e - 8in° 8)2

where B = vz/c. .
We now turn to the evaluation of the integral in equation 55,

which involves the function g(x). In this case, as we have seen, the

sé.ddle point is. on the negative « axis. Reaséning similar to that

in the fqregoing_ analysis leads to the picture of possible contours of

integration given in fig. 3.

24

In this case the path of steepest descent connecting the origin
to o follows along the branch of the hyperbola, through the origin,

which lies along the bottom of the cut in the right-half plane. Tt

gould ot te deformed to pass through the saddle point. Arguments similar =

*

to those given in the discussion of the contribution of the path OA
to the former integration involving f(k) show that, as in equation 77,
3

such contributions fall off as r ° and do not contribute to the

wave zone field., The entire radiation field is thus given by equation
81 since the g term does not contribute.

»The expression for ES) , equation 54, may be treated in a
similar manner but the calculation is unnecessary since we only need

to know the magnitude of ‘the radiation fleld EI(.E). This is related

(2)
to Erx by

Eﬁ) = EI(_E) cos O . (86)
.Thﬁs v
es cos -1o(t-r/c)
R al ECTI €
z

The magnitude of the magnetic field may also be evaluated

directly but it is easily obtained from the fact that for a radiation

field € E2 =Hu H2 Electric and magnetic fields in the wave zone
are, ‘of course, perpendicular to each other and to E .
In the case when the particle passes from vacuum into the

medium, equation 82 yields



y

054
2 i
-1 1+ Be(l - € sin” 9)°
F el 3 2 2
cose+e(1-esin2e)2 1 -8 €cos ©
2 3
€ + Be(1l - € sin” Q)

- . (88)
1-p2(1 - € sin® @)

This may be used to obtain the radiation field from the first surface.

.5. . The ra.diat.éd. energy
The total radiated energy is given by the time integral of the
Poynting vector, (c/ )-m)(ﬁ(z) x ﬁ(e)) . We thus have for the energy
radiated into a given solid angle

[e9)

le(@) P o (89)

1
aw c e2 s:Ln2 2] cc.vs2 2] (62/ )'2"
an 22 Ho
_ T v, )
0

For the case in which the particle passes from vacuum into the

medium, for which i, =1, We have

we find

2
1
L (e - 1)[1 - 62 - 535(1 - € sin2 6)2 - 626 c052 6_

{cos 0+ [e(l'-e sin‘e)] 2}(1- B82¢ c0s28)(1- B° + B°sin"0

J
(91)
The reader will note that in equation 89 the contribution from

negative ‘@ has been combined with that from positive «® so that the

integration goes from zero to infinity.

€=p,l:u2=l, €2=€ . (90)

.
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When the particle passes from medium to vacuum we find the

L),

result obtained by Garibian ‘:

[ .2 2 \2
2 b (¢ - 1) - p° - (e - sin"e)
s | = —E— ~ o)

Q - pPeos2e) [e cos 8 + (¢ - 51n°0)% | [1 - B(c - sinze)%] )

- (R)

6. The formation zone for transition radiation
In this section we consider the fields produced when a particle
passes through a strip of dielectric of thickness d , from vacuum to
It will be assumed that the dielectric

dielectric and back to vacuum.

constant differs but little from 1. We write

€ -1 = B, . (95)

Only the leading terms in 8 in the expressions for ¢ in terms of ©

will be retained, We find

1626 1-Bcose-52

2cos @) (1 -8 cos®™ 8)(1L -PB cos 9) ] :

where the upper sign is to be chosen for the forward field produced
in the dielectric at the vacuum-dielectric interface and the lower for
the forvard field produced in the vacuum at the second, dielectric-
vacuum interface,

| The field produced in the dielectric will be subject to many
internal reflections and transmissions all of which are determined by

7
the Fresnel formulae ¢ A backward field will also be produced at the
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_ . ' o . (2)
second interface and this will be _subject to the same phenomena. We We thus ﬁ'n_d that the total field, Erx » evaluated at the second
¥now, however, that when the dielectric thickness tends to zero the interface (z = d) is proportional to
total field must be zero. Equation 94 is the precise expression of . ‘
(2) i(n-p+k2 d-at) © 1(kep+ o wt)-] _ .
this fact in the limit in which the secondary fields are neglected. Erx ~ E e z - te v J s (97)
’ ]

The opposite signs of & given by equation ok give the required
The condition that the two fields will reinforce each other is

cancellation.
. that
Let us now turn to the case of finite thickness, 4, in the |
k 1
limit where 0 is very small so that ve may neglect the secondary sin‘-e—dF- [k.%z_ - E} -1 (98)

fields described above. Equation 47 describes the radiation field and

where k = u)/c. We thus find that
we shall base our discussion on it. As bas been shown the principal

contribution to the integrand comes from the saddle point, where . 1(.3) a4 = /2 -, (99)
is proportional to £ . We may thus write for the value of the field ' 1 - BYeE cos o Y
produced at the first ‘surface, _ 'When © is small and B 1s close to one this may be written é.s
| i 13 Bty 2 | SRS
=) - 'f<v_£ &(2)> cos § ’ ax af do - ) - 2 21
. T AT - 8+ 6T . : (100)

where the subscript denotes evaluation at the saddle point.

, : The "formation zone" for transition radiation is defined'by dp - As
The field produced at the second boundary is similar to this

. 2) _ will be seen in Section 9, there is a cutoff frequency in the radiation
except that the sign of 6rz is changed and the phase of the

_ spectrum where & Z - 1/72. Evidently for high emergies d will
exponential must be corrected, if our formulas are to be applic_:able, i . ‘

) be very large compared to the wavelerigth under consideration. For this -
since the formulas have been developed assuming that the surface of . .

. . reason, as we shall see in the last section; sharp dielectric bound-
discontinuity is at z = O, and the particle passes through it at . 4 P

aries require no special treatment when the wavelength of the radiation
t = 0, so that ’

being considered is comparable to the région over which the dielectric

d .
t -t - = . .
v, constant varies rapidly.

(%6)

z - z=4.
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7. Transition radiation from miltiple layered media

We now treat the case of transition radiation from N
dielectric layers of dielectric constent € and thickness 4
separated by vacuum regions of thickmess D. Our aim is to findrthe.
modification of lg IE whic‘h is to_ be substituted in equation 89, This
new factor will be denoted by IE ]2. +« The same approximetions which
hawe been used in the previous section will be used. As an example, we
consider the electric field ewvaluated at a distance 34 + 3D. The
six interfaces will contribute fields proportional to the exponential

factor in equation 95, where the phases, 25 , are (see fig. 4)

P P

52 = 2k, d + 3k D + kd + x,

el
i

}3 = 2kt + 2k D + k(da+D),
-51+ = kyd+2k D + k(24 +D) + =,

jo's = k,d + kD + k (2d +2D) ,

136 = k,D + k(3a+2D) + = . o (101)

If we introduce the notation
A= 1k, - k) . (102)

and

(o]
i
[ Y
L)
e

- kD ‘ | (103)

we find
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ER - [P [1 U A, MAB_ 2MB | 2M2B _ e3A+2B;}

This may be written as

. . 2
. 2 '
lzle _ |§!2 1 - A S AB e2(A+B) l )

If N dilelectric strips are considered and the field is evaluated at

N(d + D) we evidently have

2 . 2
= P la-ét aB L, S eB) | B

l+e +

Ha (104)

The first factor (1 - eA) is just that encountered in the previous
section dealing with the formation zone. ‘. The second factor may be
summed. We thus find

eN(A+B).

1 - eA+B»

—12 2 -
= - P l1-f L

If our basic variables are inserted in this expression it becomes

r

|E|2 - 4I§|2 sine (kz - kEz)d s}in2 ] !.(kz - k2z)d + (kz B k12)13} a
2 sin® ,[(kz - kzz)d + (1;Z - k]z)D}

(105)

NI M=

In the foregoing no account has been taken of absorption of
radiation. We may treat this case by writing

A+B = ia-b, » ’ (106)
where . -
a = 1 [(kz -k )+ (x, - kiz)D]‘ (107)

and
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P = aad. ' (108)

The absorption coefficient @ is expected to be a strong function
of frequency. If we neglect absorption in the first region and
assume the number of dielectric regions, N, to be very large we

find that |£[° must be replaced by

2 > o[ a\ . |cosk ¥ - cos Na
S P [ | 2 :

coshb - cosasa

(109)

This rea.uces exactly to the value given by equation 105 when absorption
is negligible (b = 0).
8. Continuously varying dielectric constant

In the foregoing sections we have employed the idealization
of a sharp dielectric boundary. This does not exist iﬁ nature so the
reader may enquire whether owr formulase must be significantly alf.ered
when the wavelength of the radiation becomes comparable to thg distance
over which the dielectric constant varies rapidly. (For high energy
applications, the wavelength of important radiation becomes of the
order of atomic sizes.) In what follows we will treat the case of
nofmal particle incidence at the dielectric boundary and, as a model,
the dielectric constant will ‘6e taken to be a continuous function .of z.
Oﬁe might question whether the medium can be treated as continuous, or
whether one must deal with a collection of electron-atom interactions.
If the formation zone is large as is true even when the important wave-
lengths ‘become small, it séems reasonable that such a collection of
atoms may be described in terms of space-time average Imopefties such

as the dielectric constant and the permeability. This belief is
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reinforced by the result from our model that the formation zone

provides the appropriate scale of length far evaluating the effects

-of diffuseness of a medium boundary. In our model we assume that the

change in the dielectric constant takes place in a dista.pce‘ + which
is small compared to the length of the formation zone. !
In our model, the permeability p will be taken to be unity.

Thus we write

p(r,0) = e(z,0) E(,0) . | (110)

The Maxwell equations, specialized to the case of frequency w, may

- - - .
then be combined to give differentisl equations for E and B. For

_ﬁ we find: _ .
2 > o >

$E+w_ €E+vﬁﬁ_€ = V(ﬂ)_ ).m%)ev, (111)
c2 € € ¢ .

In this equation

]
[}
o
"
o
‘(D;
(3]
N

p(r,w) o - . (112)
If we now write
Er,0) = | E(kwyz)e a°k , ' (113)

ve obtain the following equations for ﬁl(?,w,z) and Ez(-;,cn,z):

22 .

d°E 2 €' E - ik =z B
Ly (e I l(e)ﬁ + 1x Z = lpip, £ ¢ %, _ (114)
2 2 L € 0 € .

dz . c

and

- ' ik z - . 1k
2 Ez + (e af_ - 2)E + a : Ez = Urp 4 (e ‘ - ik Bee zz-,
2 2 et @ \Te )7 o [@\¢ z ©

(115) .
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In a similar manner,- one may obtain the equation for —ﬁ If the
direction of observation is taken to lie in the X,2 plane, the only

nonvanishing component of the magnetic field is then By:

5 _
a°B , dB 2 1k z
2y -%—-—X + (692—- n2)B = lmpoiﬁ K, e z o, (116)
dz dz c ¥
In the above equations,
-1 e g4
e =5, 0 and B=2. (u7)

o (211)3 v’

In principle, a discussibn of the emitted radiation may be
based elther on equation 115 or on equation 116, Eowever, in what
follows we wish to demonstrate the adequacy of the sharp boundary
'approxinia.;ion whén € is small, as is tme in cases of interest, and

when the fo}mp.tion zone is large compared to t. In making this

approximation we must be sure that the radiation field is divergenceless,

~i.e, (2)
=+{2) 4k,

E +
ri z

-
K

[o7]

= 0. | : (118)

. 2 . .

The reader will note that equation 26 for Ei'z) is proportional to n2
' 2

so that when &« = 0, Ef_z) vanishes. Our approximation must also lead

~ to this result since it follows generally that there is no radiation
as © - 0. We see that if we work with equation 115, care must be
taken to satisfy equation 118. On the other hand, if we choose to work
with equation 116 for By s the divergence condition for the radiation

field
- =
"’Br,], = 0 »

is automatically satisfied. When k = O, the right-hand side of

~3h-

equation 116 vanishes. For .this methodological reason we choose to
work with thé mgnetic field,

We now turn to a discus.sion of the solution of equation 117.
The direction of observation will be chosen in the x, z plane so we
will write « = Ky in the following. It will be assumed that € 1is
a continuous function of € which changes from unity in region 1ltoa

value € in region 2. If we define A\ by

2

2 @ 2

Moo= eTS -k, _ (119)
¢ .

then in region 1, A

. .
-IL_in and in regiqn 2, A= kEz' Since k.l.z »
is in fact -[(we/ c2) - K22 5 N is positive in both regions and has
a small change between the two regions. We then have

e 4B o ikzz.
5 -e——x+’~3y=“"°o“ﬁe . (120)

o
5

To solve this inhomogeneous equation we first construct a

Green's function, b s for which

2 ' : ' '
d_gl BECR T R I O (121)
dz .

dz

In this equation & represents the Dirac delts f‘u_nction,i and é - may

be constructed in terms of the two solutions Xl and X2 of the

homogeneous pa.rt of equation 121. These satisfy

.
X ' X -
Z__e - = gz_ + ¥2X = 0. (122)
VA

Because of the asymptotic behavior of X in regions 1 and 2 we write:
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Z

X = ;(z) exp(i [ x(z')dz'>.+ b(z)exp| -i f x(z')dz> .
0 0 :

(123)
Furthermore a and b are expected to be approximately constant in
the case of interest. Im calculating dX/dz (= X') we write

Z

. z
X' = 1‘)\Lexp,<if k(z_’)dz) - bexp(-ij )\.(z')dz') 5 (124)
l. 0

S0

and thus impose the condition that

a' exp <1fz X(z')dz") + b exp(—_i'jz x(z')d;>= 0.

(o 0
(125)
' We then find the equations for a and b:
. Z
1 ' E_' . 1 ' =
a' + §<r-€>a-bexp<-21[ }(z )dz> 0
. ' 0 : (126)

D'+ :-EL-<;%'— - 2—'> a exp <21j h(z')dz> - b} = 0
. o

vhere primes denote differentiation with respect to 2z. The substitu-

tions

Sae?
Nl

a = a(£)2, b = B ( (127)

>im

¥*
then lead to

*
The well-known W.K.B. approximation follows from these transforma-

" tions by 'noting that if h'/h << 1, a rapidly oscillating

exponential makes A, B approximately constant.
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N z :
bR e(afan) o
0
and o
z
B' = % <>>:_ 2— A exp (21 Jr Az!' )dz> ‘ (129)‘
0

Our object is to construct two linearly independent solutions

"of equation 122 from which we can obtain the Green's function. These

mey be defined by choosing solutions Xl and X2 of the form given

by equation 123 with

A (-0) = 1; B(-0) = 0, (130)
1 - 1
and
A2(-oo) = 0 : B2(-oo) = 1.
We note here that the Wronskian, v W, of these two solutions
) - N . -
W = (x x xexl) = 216( - AB ) (131)
has the‘va.lue
Vo= - 21e(z) . ' (132)

We choose to construct a Green's function which then gives a

rarticular solution of equation 120 for By in the form

B (2) f;b (z,2') R(z"')az’ | o (133)

where R(z') denotes the right-hand side of equation 120. The Green's

8)

function may be written as
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’K’ ( l) _ ( v) ' X [ X X (g ‘ ‘ ' ft r °
4 (2,2 = Flz Xl(z) 2(2 ) - 2(2) l(z )J , for z >z g = J [)\(zv) - k2z, 2! ., (139)
0
- (134)
A ] ] 4 .
< (z,2') = 0, for z<z' . A
; It is also useful to introduce the function.'{'A(z,z') , defined by
The function F 1is determined by the condition: _ £ 1T -
, of 1 = —— t - X X 1 .
o (y2") RO S ENOENCU IR RORNC )] (10)
dz = 1. (135) . i
2=z : When z becomes very large (z - o), "’A has the value
- 4 .
One finds that for our choice of X's, P = -W 1 , where W is the A 1 1kez(z-z') -ikez(z-z')
’ :Z,:'A(z,z') = 5| e - e - S, z>z',
Wronskian. Thus &/ 1is given by: V 2 (1)
'\)ﬁ (z,2') = - L l(z) X (z') - X (z) X (z )] (136) We now turn to the determination of the constant C, in
21 €(z .
equation 137. Consider the case when 2z - -co. Since € 1s constant

for 2z <0, and then A\ = 'klz , one easily finds that

The general solution of equation 120 may now be written as

[ 1 E : ¢, -ik) 2 c, +Hk oz
B (z) = (¢, %X (z)+cC, %,(z) | _['an(z,z') R(z')az' . (137) B(z) = | —2x e + —=— e |
y Lll 2 "2 J L (kl)z -(kl)a ‘
0 4
In this expression c v and C, are constants which must be chosen to
pres 1 2 1 ? [ -k, (z-2") iy (z-2")]
fit the boundary conditions. - 511—&— j [e - e ) R(z*)dz"' .
z
. . . [¢]
In what follows it will be convenient to introduce the (1k2)
- functions, XlA and X2A which fepresent the asymp#otic behavior of We now define
Xl' ‘and X2 for large positive values of z: ikzz' .
= ' . _ R(z') = r e : (1¥3)
2 i(o+k, 2z) -i(o+k, z)
€
= Al(m) e k2z + B () e kzz _ where
k., / L , 1 4 , :
- (138) r = Ubx %o ikB. ' (1h4)

=

-i(c+kzzz) E
i
- Equation 142 may be integrated to yield

=
L}

_ e \ i( ) _
o = <E2—z> Ae(oo) e “Hg" .+ Be(oo.) e

o

where
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z,z' > t. This will be shown in detail in what follows, but first let

Cl r 1 > _j_klzz us consider the contributions from ,jf,: A and the freé-field terms. to
B (Z) = T - e .
¥ x )2 2k t B (z):
( k.l.z) 1z kz * k.l.z 4 o }’( )
. ik 2 2 ) = o () + o (2) :
¢C T 1 Hk 2z z y
+ 2 . e Z r e (148)
3 , N - 1
2
('k.l.z) k. k2 (kz -k, )
When z is large we have
(145)
1
3 : i(o+k, _z) -i(o+k, z)
A € |2 k2
The terms in By(z ), in the order in which they appear, represent By (z) = ( kE— ) ¢, [Al(oo) e 2y Bl(a:) e o
. z
incoming radiation from z = -0 , outgoing radiation and the field of
ilo+k, 2z -i(o+k, 2z
the particle. Since there is no incoming radiation , e g-A () o (o¥ly,2) (o) o (o+k5,2) ] }
r 1 ( 14.6) .
c + r ° = 0. : 1 ) Z 1 AN [
1 T , (z-2") (z-2z')} ik z
2('k.|.z) k, * &, TR [ geikez - eikz ire 2 4z .
k’2z 0 L 1
. _ (149)
This determines the constant Cl . :
To determine the constant 02 it is necessary to consider the . In this equation we have written € for the value of the dielectric
field as z » m. Since we are interested here in the asymptotic , constant in the second medium. The integral for o (equation 139) is

fields it is convenient to write of the order 'l:/d.F s where dp is the "formation zone” length and so

i z ik z* by assumption is exceedingly small and may be neglected. We thus have
( 4 2 .
= 1 C % + dz' 1
By(z) | ¢ Xl(z) + G, 2(2)} j (z,8')r e z A . c % ik, 2 -ik, 2z
0 Bo(z) = (g—=) (C ia(o)e + B,(c0) e
%oz
ik 2z
ik 2 -1k, z“t z
Z
. ik z' 2 271 re
i + C @) e + B . (00) e -
[ ’é(z,z') - <,/ (z,2' ) re 2 az'. (147) - Q[AQ( ) 2( ) j}l (k2 i 2)
4 ‘ . . b4 k2z
O ~
' ik, 2 -k, 2
Between the two integrals, the major term in the asymptotic field is + r e _ r e (150)
2 k - 2 k +
%iven by the first integral involving ,!7 A’ since the difference i kZZ( z kEZ) k2z( z k’az)

! ;(z, ') - éA(z,z') vanishes when z and 2z' are in the region
<

P

a result which may be compared with equation 145. As there, the
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various terms represent incoming and outgoing radiation and the field

of the charge. '
The condition that there be no incoming radiation from +o 1is

1
(=0 [omo) + ea)] - ey = 00 @)
k?‘_z 11 272 21{2z kz + k2z
The field of the charge is again given by Boy (z) :

Boy(z) = -
and the radiation field, Bg)(z) , is

. % -1k 3z ‘
BI(;)(Z)’E (g;-) [ClAl(oo)e ez C, A2(oo)e }

»ikgzz
y =X &

21{2z(kz - k'ZZ)

Since a detalled comparison of these results would be both tedious and

(152)

unrewarding we now note _that two simplifications may be made. First,
for the case éf interest thé change in dielectric constant between the
. two media is extremely small and second, (kz + kzz) is very large
compared to kz - kzz. Accordingly the comparison which we shall make

between these two results will be to first order in &€ , the change in

. dielectric constants, and terms involving (kz + ]s,zz)-l will be

neglected.
Let us now consider the approximate solution of equations 128

and 129 for Al and Bl' The region over which A' 1is different

. assuming that B > O, and that A/¢ is monotonic decreasing.

T

from zero is t. It is easily seen that the quantity (A'/A - ¢€'/e)

is & monotonic function of z if ¢€(z) is monotonic. Therefore,

since
' et
(G _ Ly ],
we see that
@ o _L/a e,
dz ~ 2 \ A e)

The

latter is true if © < 45°, and for © > 45° the sign of the

inequality must be reversed. A similar relation holds for B. Both

A and B will be bounded if the inequalities are replaced by

equalities, in which case the equations can be integrated to obtain:

[ end 3
/N, € ;A A
it 0 0
A(Z) %Q ) + (—-—-}\O e) T s
and r 17 : (153)
i (x 2 | A, :
B(z) £ | 5 -

In this case we have assumed that Bo A similar resul_t holds if

A, =0, Since B reaches its final value B{mw) at t we have

e ()] e

0
may be written as

AR

B, (o)

The quantity '[kzz/(eklz)]e

- \2 P2 ]
&) - R s =
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so that B, is proportional to (¢ - 1) = 8¢, and -

2 o ,
(@) 2 1§§5ﬁéfé§§g : e
] |

Since B‘l is proporfional to ©€ it follows that the chanée in . Al,
8A,, is proportional to (E»E)2 and so may be neglected. A similar
result holds for A2 and ]32 with the roles of A and B inter-
c.mnged. Thus, to Pirst order in &€ we may take Al(o:)) = B2(oo) =1
’apd replace Bl(oo) = A2(oo) by the value given in equation 156,

With the approximtions, discussed above we find from equation
151 v |

¢, = B (w). . (157)

Thus 02 is of order B€ . If we now turn to the expression for
By(z), the term involving C,A, is proportional to (5€)2 and may be

neglected. Thus

% z ik2zz' ‘
(o) € S 211;2z (k: "%, (258)°

ne

B(E)(Z)
Ty

Upon combining this with equation 146 one finds

: | X
e e2 ik.
58 = = - lge%ﬂ

i k2z(kz - kEZ) (-k.l.z k2z).$_ (kz + k.\_z).i

(159)

It is interesting but not swrprising to note that the "backward"

radiation given in equation 145 is very small compared to the "forward"

radiation since it contains no small denominator like those in'equa.tion

.159. This completes the determination of B(2) .

Ty
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We may now f£ind El('i)(z) using the Maxwell equation for

- radiation as used to obtain equation k2, to obtain

£2) | _xe @)
Iz € w rz

The final result is

b kY L}%z(kz - k22) (-gk.l.zkh )% (kz ,+ lﬁ.z)

(160)
This is now to be compared with the result, for this case, which |
follows from equations 20 and 26:
E(z)(z)= ie na 1 ] (-l/e)(kz - €klz) N 1 .%
e QﬂEVZkZ (kEZ - ek.l.z)_; L (k22 - k222) kZ * k.l.z —;
(161)

To make the comparison, we note that kz, 'klz

approximately equal. Furthermore, &€ = - mpe/ w2 where wp is the

and k2z are

plasma frequency for the atomic electrons, and, as will be shown in
the next section (see equations 174 and 175), the important frequency
region for the radiated power lies below 7wp, so that in this region
lse| > 7'2, and as |6¢| - 7'2 the radiation falls to an insignif-
icant value.
We now consider the terms (kz + klz) and (kz - kzz) in |
either of the above expressions. We have, since Ko' = (€2 w/c)sin e,
272c
o1 + 726°)

ne

(k, 2,7

and
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-1 oe
) -2

ne

v (kz - kEZ

a(y

. » -1
Thus the terms involving (kZ + k.Lz)

+ 86+ &)

are much larger than those

‘involving (kz - k‘Ez“)-l and we conclude that equations 160 and 161

agree to a high degree of precision. This is the major result of this

section.

Our remaining task is to justify the neglect of the terms in

I3

equation 146 which involve [{ (z,2') - .,gx,f"‘l;(z,z')J . These are given by

c
H

| .
BNz = NCACED -af;:’A(z,z')}r e a

(162)

Consider a typical term in this expression:

I = - -
21 ) L) €
0

. z . . :
XQ(Z) { j'Xl(z.') : X]A(Z') }r eikzzt . o

(163)

If we now use equations 123 and 138, I may be written as

—

21 i
L

£ : _ :
%, (z) NG £
- ){qz-)x(z')} - (+ ] )
o | 0

Z'
+ Bl(z') exp (—i j )x(z")dz")J
0

: a3 >_ gt a ._ t } '
_ (q‘ez) E[Al(m) ei(c+l%zz ) . Bl(oo) . i(c+k22z )§ . eikzz

-

R (164)

It is to be noted that the integral extends only to z =t since the

integrand venishes beyond that point.

Consider first the term Il
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arising from the A's in equation 16k4:

1

%) NN | \ ] . y
Il = o1 {e(z Wz )] Al(.z )exp:i< o )\.(z Jaz"-a - kzzz‘ ‘;
o Lo\ 4

- (e k2z)-§ Al(oo) r e:gp[i(kzz’+k2zz'+ o) ]dz' .
i (165)

We see that the terms in the exponential multiplying Al(z') are

negligible if the formation zone is large so that

. v +
%,(2) l'
1 21
: Jo.

3

v

e(z' \Mz") %5 A (z") - (e kzz)-E A (o)

H
n

Prortinan

ik z' C
e (g o) az' . (166)

X r

As kz - becomes small compared toi t, this term will become very small
because of -the cancelling oscillations associated Vith the exponential.
Even if the cancellations are ignored, however, in this expression one
can demonstrate that €(z) ;\(z) is monotonic in €, and thus thé
integrai is less than X ﬂ,(-klz)-% - (e kzz)'%}rt . Compared to
the corresponding terms in B A , this term is of order %€ whereas

Y
the other is of order dF 8€ . Hence the integral is small compared .

- to those terms which have been discussed above and so may be neglected.

Next consider the terms, I,, arising from the B's in equation 16h.
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XE(Z) J {' , ' _% ' !- fv o |
L, = 331 i f(z Mz )} Bl(z )expl-i< Mz")az" +k, 2" -0
, 5 _

0]

"

W=

- (ék2z)-

Bl(oo) r exp{i(kzz'-l{ézz'- o)]dz' .

(167)
Using the same approximations which led to equation 165 we have
%)y a
~ 1 t 1
ot E [ [enen)] T e
(@
’ 3 i 1(x -k, )z’
2 Z 22 R
- (ek,,) Byw))r e ° dz . (168)

The exponentisl hay be set equal to one since it depends on the

formation zome d . Further, since b€ << 1, ‘and B

d¢ , the remaining integral is of order +%¢ and hence can be

is of order

neglected as well. Corresponding arguments can be applied to the other

parts of ByA to show that they too are negligible in our approx-
imation. We thus conclude that when the formation zone is large
compared to the region over which the dielectric constant varies, the

simple result, obtained by assuming a sharp dielectric boundary, is
valid. '

’ *
9. The dependence of transition radiation on particle energy

To determine the total energy radiated into a given frequency

range, du, when the particle passes from vacuum into a medium we must
¥ .
‘ A1l the results of Section 9 are contained in ref. 2. We include

them here for completeness.
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. i 2
integrate equation 90 .using the expression for fg(w)l in equation

91l. TFor an extremely relativistic particle we may take v, = ¢, and

-

we expect that radiation will be mainly confined to small angles

because of the terms, (1 - Be € cos2 6) and (1 - 62 + € 62 sin2 8)

in the denominator of £ , which become very small in the forward

direction. 1In all but these rapidly varying factors we take © .to be -

zero. Also since & 1is proportional to %€ we set € =1, except in

these rapidly varying factors. We thus have

1
1-8° g - € sin® )2 - B%c cos® & ¥ -2,

and
14
2 4y ¢
cos 8 + {6(1 -esin"8)] T 2,
b
so that
2e2 ® d 3 2
W’E”—E f da)fdesin ® cos O °
0 o]
2
(c-1)
x : .

(1 - 8%¢ cos® 6)(1 - B° + € 6% six” @)
(169)
To further simplify this integral one may write
sin @ : e,

(1 -8%ccos? 0) T (1-p2e+6),

ne

(1-52+e5251ne) (1-52+62).

With these approximations W is given by

-



.. ® le
0 P [0 o] . 3 (€ - 1) .
WY = .{ dw j' e’ ae 5 5 — .
e ) (1-p%€c+6°)1 -8 +6)
(o) 0

(170)

In the X-ray frequency range € may be expressed as

. » 2 ’

¢ -1- (2) )

where wp is the plasma frequency

hthez

w = ———

P m

In this_expi‘ession, N is the number of electrons per unit volume
and e and m are the electron charge and mass, respectively. Since
the imaginary part of € 1is negligible the absolute value -signs in
equation 170 may be ignored and the integration over € may be
carried out to yield

@ : 2 2
: 2 f 2 2 B w ~ . |
N ;+u1_-u] Y LA S U O

.oTe . 2 B2 ® 2
o . P

Before ca.rryi.ng.out the integration over ® we note that equation 172
holds only when o >> a)p . In the X-ray region @~ 103 wp . There

will also be a selection or. cut-off effect at the lower limit because
of the X-ray detecﬁor efficiency. Beyond this we note that there is a

high energy cut-off frequency, @, in equation 172
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o = —2 . - (173)
@)

When w << o, the Integrand behaves as

LS 2e2 “e ' .
dw = ;C—- in (l)— s . » . (17)4')
while when w >> a)c it becomes
o ) , ‘
2 [
v _ e e
do ~ Gre (a) ) : 1)

Since the low frequency part of the integral contributes little and
because of the natural high frequency cut-off, we conclude that
equatioh 174 may be integrated to give the radiatéd energy,

2

W= ;—c a)é . v : v (176)

. . ’l> :
-3
Thus -W 4is proportional to (1 - 62') or the ratio E/m for the
incident particle. This is the basis for studies of the use of
9)

transition counters”’’ in high energy physics. It should be noted that

this result assumes thai.; the X-ray detection efficiency is unity. If
the detector becomes inefficient for an ® < @, the total transition
radlated energy detected will only be pz'oportional to log 7y , rather
than 7 , as given in equation 176.
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APPENDIX
In this appendix we will complete our treatment of the case
when the particle is not incident normally to the dielectric boundary.

Consider the expression for E (2)

g 2 €Quation 43, The

integrand is a function of cos P and x so ve may write (fj_g; la)

: c 7 |
E:E.i) = [ dw fp dk f dj G(x, cos §)
' 0]

-0 0

. | "X exp [i(nr sin 6 cosj + l%zr cos & - cut)] . (A1)

where G 1is given by (we choose W o= Wy = 1).

Z CcV, rz
vZ Z

G(k, cos}) = -kiz- 81(\2) cos § - —w— 3’1(2) sinf.' (a2)

We have supﬁ’eésed the dependence of G on @ Q, P for convenience.

The integrations over both ﬁ and « will now be carried out using
the saddle-point method described in the main pert of this paper.

Consider first the _5 integration denoted by I :

n o iz cosﬁ . _ )
I = f af ek, cos §) e . (a3)
5 .
Here 2z 1is given by
z = krsine. ’ A (A4)
If I is divided into two parts, Il and 12',
X iz cos § ' - :
I, = f G(x, cos f) e ag , _ (a5)
o

and
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I, =

2

2% iz cos_ﬁ :
] a(x, cos B) e f (46)
T

we see that upon changing f to ﬁ + @, 12 is given by

' : -iz cos f
I, = g(n, -cos f) e ag. (A7)
0
We thus éee that
. T y
* iz cos ﬁ :
I, = f G(x, -cos f) e djq . ) (48)
5 ' .
Let us now apply the saddle-point method to evaluate Il' - If
we write '
v(@) = 1z cos §, (49)
then ' o
% = -1z sin P . ' - (ax0)
The saddle points are located at
.5 =0, 1, 2, *c . (a11) _-

Our region of integration thus begins and ends at a saddle point. The
second derivative of V¥ 1is

2 i ’

d¥ - | iz cos ] (A12)

f

so we may write for the contribution from the saddle points
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T 2 e 31§
I, T e G(n,l)j e cdf + e Glk,-1) ]e ag .

1 (een/y) -1(z-n/4) 1
I = {(2n/z) e G(ky,1) + e G(x, -l)J . (Al'?)
- . (m13)
] : The expression for Ex(.i) becomes
- Upon writing o : _ o .
' -i:r/ L i
N = e t, 2) % (oo ® . 4
- E = Qﬁ/r sin © f dw f koK
. . TX ,
in the first integral of this equation and . ' - 0
in/b
5 - v i(kr sin 0 - n/L) -1(kr sin 6 -n/4)
: x le G(k,1) + e G{x, ~-1)
=g in the second we have . _ :
2
EE 1(z-n/4) P Bzt 1(k,,r cos 6 - at)
I, T e G(k,1) ] e at ' X e . (a18)
- 3 | v ‘
<3 5 This result may be compared with equation 55 of the main part of this
~i(z-n/4) P -3zt e o '
- + e G(x,-1) / e at . : raper. The more detailed arguments given there show that only the
o -® (A1) first term in the integrand of equation A18 will contribute to the
. ' asymptotic behavior of Ez(-i)
M3 Thus: ) ’
. In what follows we must take care to note that kz is given
e : ' -
. 1| i(z-n/}4) -1(z-n/k)
.~ X (en/2)? |e G(k,1) + e 7 Gle,-1) ] . now by
T 1 2 _ o -
’ : ‘ (A15) k = &L-r¥v ,
. . b4 v
o z
: : , or
T When the same method is applied to equation A8 we find » ® - KV
| | | kK, = —=, | (a19)
. ’ . . ) Z
. : - 1 1(z-n/4) -i(z-n/4)
I* ~ % (2x/z) e G(k,-1) + e Gk, 1) | .
2 = 2 i _ ’ when f is set equal to zero.
: : - Since only the terms involving _§ = 0, t contribute to El(.i)
Thus
. 2 .
’ (A16) we see that the term in ‘equation A2 involving :ﬂl(_z) does not contribute
I, = I : : : ! :
: 2
2 1 to the radiation field, Ez(-x) .

and
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The saddle-point method used to evaluate the «k integration
in equation 55 may be also used to ewvaluate equation A18. We thus

find the anpalogue of eguation 81

. 2
(2) _ e sin 6 cos © 3
E = - v E(w) exp | -1t - X22 r/e) |aw

(a20)

where £ is now given by

o |
9 M Yl G, g)
_ ee - 5 22

(w/e)? X23/2 .

(elkEZ - -€2k.|.z) X2(w2 c2) -

- , <25 (421)
X, (Bf?) - ¥

This reduce“s’to equation 82 when vy is zero.

We now turn to a new facet of our problem. Since it no longer

has axial symmetry a.'bdut the direction of the particle velocity, Ex('fr)

does not vanish. For E:E'i) we find an expression identical in form to

equation Al but with G replaced by

o
re

G(;c;'icosﬁ) = - l‘iﬁ 5(2) sin § HS) cos § . _ (a22)
z .

’ - (2)
The expression for 'Hrz , equation 34, is proportional to

[i;’x;] -4 = n[vycosf - v, siﬁﬁ] . . (a23)

Since terms in sin _5 do not contribute, El(_i) is proportional to
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;cvy . For the case when‘ By =By = 1, G may therefore be replaced by

2 .
o(x, cos ﬁ) R ienvym}(kz - k.l.z) . (€2 - el) cos ﬁ

2:12vzc3(k1z - kzz) [el(we/ca) - k2][§2(w2/c2) - ¥ b

»

(A2k)
" Evaluation of the expression for Ef’?r) leads to the analog of
equation A18
1 ® © 1
El(,i) = (2n/r sin 8)? / dw / k2 dr
- o
. 8
i(kr sin © - n/h) -i{xkr sin & - n/4) i
x {e G(k,1) + e : : G(n,-l)j
i{k. r cos 8- wt) .
X e 2z . (a25)

As before we apply the saddle-point method to carry out the integration'

over k and £ind

e

. v- " E% _
E(2) _ = io(t r/c)
Ty = v,

where 1 is given by

(e € (e -1, - x,) |
n = 2,2 2z kl; 2 2, ° (427)
. (k.l.z'k2z)[(w/c ) - k] [e(a/fe®) - )

The integral for Ef‘i) mé.y be similarly ew.luated.. We find

1
F (- € r/c) '
.-l [ W @,
2

-

;l cos © jn(w)_e ] dw (A26)



st

-
P

o7

=

-57-
where { 1is given by

1 (i, /) {kz(."{-z) - ¥y, ]+ T8 eo(7.3)/32]

t(w) =
(5, - & ,) e(of/®) -

g /o), G - v, | e (8- e ]

{, 2,2 27 4
{( /7)) - K ]
(429)
The foregoing equations allow us to calculate Era. Aé before Hr2

may be calculated by using the relation, valid for radiation fields,

The magnitude of the Poynting vector is therefore
s .
Bl - 4 2
- ' r °

In view of the complicated equations for the components of Er - we will

not preserit an analytic expression for l_é .~ The evaluation of the
radiated energy using our equations is best handled directly by

computer.

1)

3)

)

5)

6) "

7
8)

2
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FIGURE CAPTIONS
The wave number X , observation vector r , and their
projections -»: and -5 on the ?c, § Pplane. -w; is normal
to the X, § media interface.

Shows saddle point, paths of steepest descent (arrows show

‘direction of the increasing f‘unction), branch points and

values of kzz’ along the real axis, all involved in

integration of f term.

Shows saddle point, paths of steepest descent (opposite to

-arrows), branch points and values of k,,» 8long the real

axis, all involved in integration of g term.

Shows three dielectric media. Field is evaluated at a
distance D from the last dielectric slab, the point P.
Shows the various angles involved when the particle is not
normally incident on the dielectric boundary. The vélocity
is»described by polar a.ngle o and aximuth B. vThe other

angles are the same as for the case of normal incidence.
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