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Optimal experiment design (OED) aims to optimize the information content of experimental observa-
tions by designing the experimental conditions. In Bayesian OED for parameter estimation, the design
selection is based on an expected utility metric that accounts for the joint probability distribution of the
uncertain parameters and the observations. This work presents solution methods for two approximate
formulations of the Bayesian OED problem based on Kullback-Leibler divergence for the particular
case of Gaussian prior and observation noise distributions and the general case of arbitrary prior
distributions and arbitrary observation noise distributions when the observation noise corresponds
to arbitrary functions of the states and random variables with an arbitrary multivariate distribution.
The proposed methods also allow satisfying path constraints with a specified probability. The solution
approach relies on the reformulation of the approximate Bayesian OED problem as an optimal control
problem (OCP), for which a parsimonious input parameterization is adopted to reduce the number
of decision variables. An efficient global solution method for OCPs via sum-of-squares polynomials
and parallel computing is then applied, which is based on approximating the cost of the OCP by
a polynomial function of the decision variables and solving the resulting polynomial optimization
problem to global optimality in a tractable way via semidefinite programming. It is established that
the difference between the cost obtained by solving the polynomial optimization problem and the
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globally optimal cost of the OCP is bounded and depends on the polynomial approximation error.
© 2022 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The optimal selection of conditions under which experiments
are conducted is crucial for maximizing the information content
of data for inference and prediction, in particular when exper-
iments are time-consuming or resource-intensive to perform.
Optimal experiment design (OED) uses a system model to system-
atically select experimental conditions or designs by maximizing
the information content of observations for parameter inference
or model discrimination [ 1-6]. Other formulations include the de-
sign of experiments such that the experimental cost is minimized
subject to bounds on the model uncertainty or other constraints
related to application performance, typically in the context of use
of the model for control [7,8].

This paper focuses on OED for parameter estimation, which
has been extensively studied in the classical frequentist frame-
work. Classical OED formulations are based on scalar metrics of
the Fisher information matrix (FIM) such as the alphabetic opti-
mality criteria [9-11]. On the other hand, the design criteria in
Bayesian OED approaches are defined in terms of expected utility,
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which is often expressed in terms of prior and posterior distribu-
tions of the parameters [12,13]. Generally, Bayesian OED can be
useful when the system observations are noisy, incomplete, and
indirect since the use of prior knowledge allows alleviating the
lack of informative observations [14].

A common choice for the expected utility is the mutual infor-
mation between parameters and observations, defined in terms of
the Kullback-Leibler (KL) divergence from the prior to
the posterior parameter distributions [15,16]. As no closed-form
expression exists for the expected utility for general nonlin-
ear systems [17], a key computational challenge in Bayesian
OED arises from numerical evaluation of the expected utility
using Monte Carlo-based methods [18]. Due to this sample-based
evaluation of the expected utility, Bayesian OED is naturally
formulated as a stochastic optimization problem, which can be-
come prohibitively expensive to solve for OED problems with
large design spaces. Alternatively, gradient-based optimization
approaches such as stochastic approximation [19] and sample
average approximation [20] methods can be used to attain lo-
cally optimal designs. The gradient-based optimization methods
generally require fewer iterations and are potentially much less
expensive than stochastic optimization approaches to Bayesian
OED. However, sample-based approximations of the expected
utility and its gradients via nested Monte Carlo integration over
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the joint observation and parameter space can be prohibitively
expensive, even if importance sampling is used [21,22]. Other
types of approximation such as Laplace approximation are less
computationally demanding but can lead to bias [23]. These chal-
lenges have been addressed by constructing surrogates for the
model outputs based on polynomial chaos expansions [13,24,25].
For the case of OED for model discrimination, surrogate models
based on Gaussian processes have also been proposed [26]. De-
spite these advances, gradient-based methods cannot guarantee
the global optimality of the selected designs in a general context.
For the related problems of design of the optimal input spectrum
in the particular case of linear dynamical systems and design of
the optimal input among the particular class of realizations of a
stationary process in nonlinear dynamical systems, convex prob-
lems have been formulated [27,28]. Furthermore, the handling of
chance path constraints remains a relatively unexplored topic in
OED, with few exceptions [25,29]. The previous remarks show
that, although OED is a well-established technique that has been
abundantly addressed in the literature, including textbooks [30],
significant challenges remain for general nonlinear dynamical
systems subject to probabilistic constraints.

This paper presents a tractable approach for obtaining glob-
ally optimal solutions to Bayesian OED for constrained nonlinear
dynamical systems with probabilistic uncertainty in model pa-
rameters. We express the expected utility in terms of the KL
divergence from the prior to the posterior parameter distribu-
tions. In our recent work, we studied the approximation of the
OED problem as Bayes D-optimality of the FIM for the special
case of Gaussian prior and observation noise distributions [31].
Here, we extend this work to the general case of arbitrary prior
and observation noise distributions via approximation of the OED
problem as Monte Carlo integration in the observation space. In
addition, we propose a method to ensure that the selected design
satisfies path constraints with a specified probability. To this end,
we propose a moment-based reformulation of chance path con-
straints. A sample-based approach is then utilized to compute the
expected utility and the moments for a given design. To this end,
a sparse stochastic collocation scheme for numerical integration
over the domain of uncertain parameters is used. The quadrature
rule is built upon the notion of orthogonal polynomials, which has
been extensively used in the approximation of functions of ran-
dom variables [32]. This novel use of sparse stochastic collocation
in the context of Bayesian OED represents an improvement with
respect to the performance of previous sample-based methods
in terms of number of quadrature points. Moreover, it is known
that the complexity of optimization problems in a nonconvex
and global optimization framework scales exponentially with the
number of decision variables. This is particularly difficult in OED
problems for dynamical systems since the corresponding designs
include time-varying inputs, which result in infinite-dimensional
decision variables. Thus, we look to formulate the problem in
terms of as few as possible decision variables to enable tractable
solutions. This goal is achieved by the reformulation of the OED
problem as an optimal control problem (OCP) and the use of a
parsimonious input parameterization, which has been shown to
reduce the number of decision variables in OCPs without causing
any loss of optimality [33,34]. This can be especially useful for
OED problems related to dynamical systems since they typi-
cally result in a large number of design variables. Owing to this
parameterization, a generic polynomial mapping of the design
variables to the expected utility is established. Based on this
mapping, the OCP in terms of few decision variables that results
from Bayesian OED is approximated as a polynomial optimization
problem. The approximation method and the establishment of a
quantifiable bound for the error between the solutions to both
problems is a main contribution of this paper. This approximation
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leads to a convex problem via the concept of sum-of-squares
polynomials and semidefinite relaxations for which the solution
can be attained in a tractable way with global optimality cer-
tificates [35]. This method for tractable computation of global
solutions is another contribution of this work with respect to
previous optimization methods for Bayesian OED. The proposed
approach is demonstrated on a Lotka-Volterra problem, for which
different scenarios are considered, including non-Gaussian prior
distribution, state-dependent observation noise, and chance path
constraints.

Notation. Matrices are denoted by uppercase and boldface
Latin or Greek symbols. Vectors are denoted by lowercase and
boldface Latin or Greek symbols. Scalars are denoted by italic
Latin or lowercase Greek symbols. Sets are denoted by upper-
case Greek or calligraphic symbols. The superscripts (-)~! and
()T denote the matrix inverse and the matrix transpose, det(-)
denotes the matrix determinant, tr(-) denotes the matrix trace,
the superscript (-)* denotes an optimal solution, ||v|y = vVIMv
and |v|]| = Vv denote norms, v; denotes the ith element of
the vector v, M;; denotes the element (i, j) of the matrix M, I,
denotes the identity matrix of dimension n, 0, and 1, denote the
column vectors of zeros and ones of dimension n, p(-) denotes
a probability density function, P[-] denotes the probability of an
event, E[-] and V[-] denote the expected value and variance of
a random variable, and Ny denotes the set of natural numbers
including zero.

2. Problem statement

Consider the continuous-time dynamical system given by
&6 0) = f(x(t: 0), 6, u(t)), x(to; ) = X0 (6, b), (n

where X(t; 0) is the ny,-dimensional vector of states that depend
on the ny-dimensional vector of uncertain parameters § € ©
and the n,-dimensional vector of manipulated inputs u(t) €
u, f(x, 0,u) is an ny-dimensional smooth vector function, and
Xo (0, b) are the initial states that depend on #. The dependence
of the system on the n, manipulated parameters b € B, which are
constant in contrast to the time-varying inputs u(t), is established
by making the initial conditions depend on b. The input set
U restricts u(t) to lie between a lower bound u and an upper
bound u. In addition, the system is subject to the path constraints
h(x(t; #)) < 0,,, where h(x) is an n,-dimensional smooth vector
function with h((x, 6, u) := 2 (x)f(x, 0, u) that depends explic-
itly on u. The collection of manipulated variables that comprises
the inputs u(t) and the parameters b is denoted asd € D = U/ x B.
Noisy measurements y := (y(t1), ..., Y(tr)) € Y are collected at

T instants tq, ..., tr as
y(t) = c(X(t; 0)) +e(te), k=1,...,T, (2)
where e = (e(ty), ..., e(tr)) is additive measurement noise and

c(x) is a smooth scalar function of the states.

We aim to optimally design d by maximizing the information
content of the observations y for estimation of the unknown
parameters 6. To this end, we adopt a Bayesian perspective. Under
a given design d and a realization of the observations y, the
change in the information about @ between a prior probability
density function (pdf) p(@) and a posterior pdf p(@ly, d) is given
by Bayes’ rule [36]

__ b(yl6.d)p(0)
p(oly, d) = 20.ani) (3)

where p(y|6, d) denotes a likelihood function, which results in the
evidence

p(yld) = Sop(y|0. d)p(6)d6. (4)
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In Bayesian OED, the optimal design d* € D is chosen by
maximizing a so-called expected utility [13]

u(d) :== [oU(6, d)p(6)do, (5)
with the utility function defined as
U@, d) = /,G(0,y,d)p(yl6, d)dy, (6)

where G (0, y, d) denotes a gain function that quantifies the gain
in reduction of uncertainty of the parameters # based on the
observations y under the design d [12]. The optimal design is also
subject to chance path constraints that specify a probability of
violation 0 < By < 1 for each path constraint

Qlt:d) > 1— 6, k=1,...,np (7)
with qi(t; d) := P[h(x(t; 8)) < 0] = E[H(—h(x(t; #)))] and the
unit step H(x). The last equality implies that

q(t; d) = [oQu(t; 6, d)p(0)d0, k=1,...,np, (8)

with Q(t;0,d) = H(—hc(x(t;6))). Note that q(t;d) is an
integral of a nonsmooth function.

Since the goal is to design d so as to maximize the mutual
information between 6 and y for estimation of the unknown
parameters @, we define the gain function as

Gk (0,y,d) = log (p(g‘({;’)")> =log (pf)‘(’}‘,f&‘;)) , (9)

which implies that U(#, d) becomes the KL divergence from the
evidence to the likelihood function

Ua(8, d) = [ log (299) p(yl6, d)dy. (10)
Accordingly, we formulate the Bayesian OED problem as
djy = argmax ua(d) = o U (0. d)p(0)d6, s.. (7). (11)

Remark 1. The design dj; maximizes the expected utility in
terms of the KL divergence from the prior to the posterior dis-
tributions as well as the expected gain in Shannon information
between the distributions, as shown in Appendix A. Hence, a large
KL divergence from the prior to the posterior distributions implies
that the data y are more informative for parameter estimation.

Although the Bayesian OED problem (11) provides a relevant
design with respect to information content, the main challenge
in this problem is its high computational cost relative to classi-
cal OED approaches [18]. For the general nonlinear system (1),
closed-form expressions do not exist for the expected utility
ug(d) [17], which generally makes the OED problem (11) com-
putationally intractable in its original form. This computational
challenge arises from the numerical evaluation of the expected
utility in (11). In general, ug(d) must be approximated using
nested Monte Carlo integration over the joint observation and pa-
rameter space, which can become prohibitively expensive [21,22,
25]. The chance path constraints (7) are also intractable in their
original form. Due to the formulation of gi(t; d) as an integral of a
nonsmooth function, its approximation is typically performed via
Monte Carlo integration, which is computationally costly [37].

The goal of this paper is to present a solution method for the
Bayesian OED problem (11) by approximating it as an optimiza-
tion problem that can be efficiently solved to global optimality. To
this end, we first approximate the expected utility ug (d) and the
chance path constraints (7) in (11) for the two cases of Gaussian
prior and observation noise distributions and arbitrary prior and
observation noise distributions. We then use multivariate inte-
gration based on Gaussian quadrature for efficient sample-based
evaluation of the approximate versions of both the expected
utility and the chance path constraints. Finally, the resulting
constrained optimal control problem is reformulated as a convex
problem via polynomial optimization, which enables the tractable
computation of solutions with global optimality certificates.
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3. Approximation of Bayesian OED

To address the computational challenge posed by the numeri-
cal evaluation of ug (d), we approximate the expected utility in
(11) in two cases. Stricter assumptions related to normality of
the prior pdf and observation noise are required in one case,
while only relatively mild assumptions about the prior pdf and
observation noise are required in the other case, as described
in the next subsections. Lastly, we approximate the chance path
constraints (7) to circumvent the numerical evaluation of q(t; d).

3.1. Expected utility for Gaussian prior pdf and noise

We first address the approximation of the expected utility
ug(d) in (11) in the case of Gaussian prior pdf and observation
noise according to the following assumptions.

Assumption 1. The noise realizations e(t1), ..., e(tr) are in-
dependent and identically distributed (i.i.d.) and drawn from a
normal distribution with zero mean and variance o2. Let g(6, d)
be a T-dimensional vector with g(6,d) = c(x(t;; 9)) for k =
1,...,T.Sincey = g(6, d)+e, the likelihood function in (3) takes
the form

p(yle, d) = f(ylg(6, d), o*Ir), (12)
where f(x|X, Xy) is the pdf of a multivariate normal distribution
with mean X and covariance ¥\.

Assumption 2. The prior distribution of the parameters 6 follows
a multivariate normal distribution with pdf

p(0) = f(616, ), (13)
for some mean vector @ and some covariance matrix Y.

These assumptions lead to the following remark.

*

Remark 2. Under Assumptions 1 and 2, di; can be approximated
as the design that maximizes the scalar metric of the FIM for
Bayes D-optimality

dj, .= arg Tax up(d) = foUp(0, d)p(0)dl, s.t. (7), (14)
€D

which corresponds to the utility function

Up(0, d) = log (det(I((), d) + Z‘,,‘])) , (15)

where Z(6, d) is the FIM defined as

(6.d) = [, 3 logp(y|6,d) T 3 log p(y|0.d) p(yl6, d)dy

a6 a6
E —1 -
=200.d)" (o’lr)" 2(6,4d), (16)

where the last equality results from the fact that 21°2Wif.d) l°gg%"0'd) =
(y—g0,d)’ ((721T)_1 %29, d) according to Assumption 1. The
approximation error due to the approximation of dy; by dj de-
pends on the nonlinearity of g(#, d) with respect to # and van-
ishes for g(@, d) linear in #, as shown in [30]. More specifically,
the approximation error will be small if the following conditions
hold, as shown in Appendix B:
1. The first condition is || ( fég—gw—kt(@]—o), d)de— (6, d)) (6—
0)ll/o < 1forall @ such that | X, % (0—0)? < FX—; (o) and
g

for all @ such that || /5 35(0 + (8 — 6), d)dt(8 — 0)|?/0? <

FX’;(a), with F;Z] and FX’; denoting the inverse cumula-
oo K AT . .
tive distribution function of the chi-squared distribution
with n, degrees of freedom and T degrees of freedom,
respectively, and o denoting a confidence level.
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N(zo, )+ 2, —

|| « 1for all @ such that 13,7 (60—

2. The second condition is || X,
=, (z6.d)+ 2,7)
9)1? < FX—; ().
ny
Both conditions express a mild nonlinearity of g(é, d) with
respect to 6. In particular, the conditions are satisfied (with « 1

replaced by = 0) for g(0, d) linear in 6, which again implies that
the approximation error vanishes, as shown in Appendix B.

The FIM depends on the sensitivities described by
i (B 0) = S (x(t: 0), 0, u(t)) F5(t; 6)

+ B (x(6:0),0,u(0)),  x(t; ) = T3 0. b), (17)
since
%9, d) = 3 (x(te; 0)) 2(t: 0), k=1,...,T. (18)

Then, the augmented dynamics of the system states and their
sensitivities are described by

X(t;:0) = F(X(t: 0), 0, u(t)), X(to; 0) =Xo (8, b), (19)
with the n, (ny + 1) augmented states and initial conditions
X(t;0) = [x(t; 0) 2(t;0)],

Xo(6.b) = [x0(8,b) 29 (9,b)]. (20)

Remark 3. Bayesian OED problems related to different Bayes al-
phabetic optimality criteria could be solved by replacing Up(6, d)
by other functions of the FIM [12].

Remark 4. Another possibility to compute 22(6,d) for k =

30
1, ..., T would be to compute adjoint sensitivities instead of the
forward sensitivities g—;(tk; #), which would require solving one

system of n, differential equations and T systems of ny, + ng
differential equations instead of one system of n, (ny + 1) differ-
ential equations. However, as described later in the paper, adjoint
variables are used in this paper to compute sensitivities of the
expected utility up(d) with respect to the design d, which requires
expressing up(d) directly in terms of a set of (augmented) states.
For this reason, the forward sensitivities M(tk, 0) are considered
for the computation of up(d).

3.2, Expected utility for arbitrary prior pdf and noise

Now, we address the approximation of the expected utility
ug(d) in (11) in the case of arbitrary prior pdf and observation
noise according to the following assumptions.

Assumption 3. The noise realizations e are given by
e(ti) = w(x(t; )&, k=1,....T, (21)

with § € X drawn from an arbitrary multivariate distribu-
tion with pdf w(&|Xx, X¢), where X is a sample space and X
and Yy are the mean and covariance of & Let g(f#,d) be a
T-dimensional vector and J(#,d) be a T-dimensional diagonal
matrix, with gi(0, d) := c(x(ty; 8)) and Ji (0, d) := w (X(t; 6)) for
k=1,...,T.Sincey = g(0,d) + J(0, d)&, the likelihood function
n (3) takes the form

7 (6.4 (y-g(6.d)I%, ¢ )
det(J(6.d)) ’

p(yl6,d) =

which can be replaced in the expressions for p(y|d) in (4) and
Uk(0, d) in (10).

(22)

Assumption 4. The prior distribution of the parameters 6 follows
a multivariate distribution with mean 6.
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These assumptions lead to the following remark.

Remark 5. Under Assumptions 3 and 4, di, can be approximated
as the design

dyyc = argmax upc(d) = [oUnc(9, d)p(6)d, s.t. (7), (23)

which corresponds to the utility function

1 det(J(6.d))~ ' (¢ % Zp)
Unc(8. d) = Z N ( p(g(6.d)+)(0. ) [d) ) ’ (24)
where the points &, ...,§,, are obtained by sampling in X
according to the pdf m(&|x, X'¢) and independently of the prior

pdf p(@), and the evidence p(g(@, d) + J(0, d)&,|d) is computed as
in (4) from the likelihood function in (22), that is,

p(g(60,d)+)(8, d)E: |d) P(g(0.d)+H)(0.d)5,0.d) A\ 15
det(J(0.d))— —=Jo det(J(0.d))~1 p(9)de, (25)
with

7 (100.0)1 (g(6.4)-+30.4)6,—5(0.0)) k. T )
det(J(9,d))~ 1 det(J(8.d))

where the only approximatrinon is the Monte Carlo integration
Sxf(E)m(E|X, X¢)dE ~ mifzk;f(gk) in the observation space for
some function f(&), as shown in Appendix C.

p(g(0,d)+)(0, d)‘s’kl" d _

det(J(6.d))~! ’ (26)

Remark 6. As described in Assumption 3, the concept of ar-
bitrary observation noise in this paper amounts to considering
observation noise e(ty) at each instant t; that corresponds to the
product of an arbitrary function w(x(t; 8)) of the states x(t; 6)
and an element & of a vector-valued random variable & drawn
from an arbitrary multivariate distribution, which is a rather
general case and encompasses a special but relevant case of state-
dependent noise. The slightly more general case of observation
noise e(ty) at each instant t; that corresponds to an arbitrary
function Wi (x(ti; 0), ) of both the states x(t; 8) and the vector-
valued random variable & drawn from an arbitrary multivariate
distribution, where Wi (X(ty; 6),£) is an element of a vector-
valued function W(x(tl; 0)....,x(tr; 0), §), could be handled in
a similar way. If W is a bijective and contmuously differentiable
function of £ with invertible Jacobian ¢ F3 ( x(t1;9), ..., x(tr; 0), §)

and inverse function W' (x(t1; 8), ..., X(tr; 6), e), then J(, d)&,
J6,d)""e, 7 (&%, X¢) det(J(0, d))"! in the previous equations
would be replaced by W(x(t1; ), ..., x(tr; 0), &), W' (x(ty; 0),

L X(tr:0).€), 7 (EIX. Z'E)det(dw( (tr: 0), ..., X(tr: 0), g))f,

respectively. However, this more general case is not covered in
more detail in this paper for improved clarity.

3.3. Chance path constraints

The chance path constraints (7) can be approximated in terms
of the first two moments of hi(x(t; 8)), that is,
E[hi(x(t; 0))] + riy/ V[ e (x(t; 0))] < 0
k=1,...,n, (27)

with the back-off parameter r. Since V[h(x(t;0))] =
he(x(t; 0))°]  —  E[he(x(t; 0))]2, and assuming that
E[hi(x(t; 8))] < 0, (27) is equivalent to

2 2
13,3 mi(t; d) — (m(t;d))” <0, k=1,...,ny, (28)
with mi(t; d) := E[h(x(t; 8)) ], m}!(t; d) == E[he(x(t; 0))2], which
implies that
my(t;d) = [oM(t; 0,d)p(0)dd, k=1,... 10y, (29)
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Mg,
m(t;d) = k=1,..., np, (30)

with Mi(t; 0, d) = hk(x(t; 0)), M(t; 0,d) = hk( )) [38].
Note that the moments mi(t; d) and mj(t;d) are 1ntegrals of
smooth functions, in contrast to q(t; d).

One can ensure satisfaction of the chance constraints (7) for
any distribution of hk(x(t; 0)), including a heavy-tail distribution,
via the Cantelli-Chebyshev inequality by enforcing the moment
constraints (28) with r, = 1ﬁﬂk where B is the probability

of violation for each constraint in (7) [39]. However, this ap-
proximation of the chance constraints is generally known to be
conservative [40]. On the other hand, assuming that hk(x(t; 0))
is normally distributed, a tighter approximation is given by r, =
¢~ (1 — By), where ¢! denotes the inverse cumulative distri-
bution function of the standard normal distribution. However,
the assumption of normal distribution of hy(x(t; #)) may be too
strong.

Hence, an approach to determine the correct value of the
back-off parameter r, proceeds as follows [25,41]: (i) choose
an initial guess for ry; (ii) determine the design that maxi-
mizes the approximate expected utilities up(d) or upyc(d) subject
to the moment constraints (28); (iii) for that design, compute
h(x(t; 61)), ..., he(X(t; O, )), where the points 61, ..., 0, are
obtained by sampling in @ according to the pdf p(#), and estimate
the minimal Hy such that P[h(x(t;0)) < H] > 1 — B (iv)

—1
compute r;, = min, ng—E[hk(x(t; 0))])( V[ hi(x(t; 0))]) ,and
return to step (ii) if r, changes more than a specified tolerance.
Note that, even if the computation of hy(x(t; 8)) in step (iii) is
performed for a large number of samples 0, this does not lead to
a major computational burden since it is done for a single design,
in contrast to the multiple designs that must be evaluated in any
optimization procedure.

In the remainder, we aim to determine the design that maxi-
mizes the approximate expected utilities up(d) or upc(d) subject
to the moment constraints (28). A computational challenge that
arises from (14) and (23) is the multivariate integration over ©,
which is addressed next.

ToMi(t; 6, d)p(8)de,

4. Tractable formulation of the approximate Bayesian OED
problem

This section presents tractable formulations of Problems (14)
and (23). We first express the expected utilities up(d) or upc(d)
and the constraint moments mi(t; d) and m}(t; d) in terms of
multivariate integration in the space of parameters. Then, we
compute up(d) or uyc(d) and mi(t; d), mi(t; d) and formulate
tractable optimal control problems (OCPs).

4.1. Multivariate integration in the space of parameters

To compute a function given by

v(y. d) = foV(0.y. d)p(0)do, (31)

an integral of V(0,y,d) over ® is computed by sampling ac-
cording to the pdf p(#). However, this integration typically re-
quires computing V(0, y, d) for a very large number of samples
to achieve accurate uncertainty propagation, which can become
computationally prohibitive when this procedure is repeated for
different values of y or d [25].

Thus, we compute v(y, d) by selecting my, quadrature points
01, ...,0,, and expressing v(y, d) approximately as

vy, d) ~ d(y. d) = Y w V(6. y. d) = wipy(y, d), (32)
with the vector w of my weight factors and

(pV(ya d))l = V(ola y. d)v I= 17 cee, M. (33)
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We seek to construct an integration rule for the multivariate
integral (31) based on as few quadrature points as possible. It
is known that, even in the univariate case, methods based on
Gaussian quadrature minimize the number of points needed for
exact integration of polynomials of a given degree n [42]. Here,
we use an efficient approach that corresponds to sparse stochas-
tic collocation and is the multivariate equivalent of Gaussian
quadrature [43].

We express V(60,y, d) as

V(B y. d) = 3 i (ey(y. d))ic ¥ (46%) + Ry (0. y. d)
= a@(o)TcV(ya d) + RV(07 y, d)v (34)

where cy(y, d) is the vector of polynomial coefficients of V(6,y,
d), lI/(AOk) denotes the first polynomial that contains the mono-
mial A6¥ in the sequence of orthogonal polynomials with respect
to the prior pdf p(@) (that is, under the inner product (f,g) =
Sof(0)g(0)p(0)dd), with k being the vector of monomial powers
in the set K’ € K7 == {(ki, ..., kn,) € N" 10 < ky+ - +kn,
< ﬁ} in the case of a polynomial of degree n and the defi-
nitions of A@ = @ — @ as the deviation of @ around 6 and
N (I él)k1 o (6ng — Ony) ™, a(6) is a vector with el-
ements (a5(9)), = ¥(a6¥) for k € K;’, and Ry(6,y,d) is
the orthogonal part with respect to ay(#). For example, in the
case of statistically independent parameters 6, the polynomials
in ag(#) are Hermite polynomials for a normal prior pdf and
Jacobi polynomials for a beta prior pdf [44]. In the general case of
correlated parameters @ or an arbitrary prior pdf, the polynomials
in ag(#) can be obtained via the Gram-Schmidt process [45].
The number of polynomials in ay(@) is equal to the cardi-
nality |K;’| of the set K3’. As shown below, the number my
of quadrature points for the integration rule depends on |I€g" |
Given the fact that ;' < K3’ and the definition of K’, we
know that K| < |K3'| = (”‘;:”) However, while |K;’| grows
quickly with the dimension ny, we aim to keep m, small even
when 1y is large. Hence, we assume that Iﬁg" is given by a max-
imum interaction or hyperbolic truncation scheme to introduce
sparsity when ny is large [46]. For example, in the case of a
maximum interaction scheme with up to p, interaction terms,
Ky =K’ N {(ki, ... kny) € Ng' :limg_o >, k! < pp}, and in
the case of a hyperbolic truncation scheme with a g-norm of the
monomial powers up to py, Ki’ = K’ N [(Iq, k) € Ny

(>, kl)l/ < pg}. Such schemes for introducing sparsity can

potentially eliminate many elements of Icg" from Iﬁ?f in the case
of large ny. Since the polynomials in ag(@) are orthogonal with
respect to p(@), l"ifjgl = [oay(0)ay(0)"p(6)dé holds. This implies
that !

[1 O\T/C?ﬁ\fl] = [0a9(8)"p(0)do. (35)

For some my, we can choose a diagonal matrix W of dimension
my and points 4, ..., O, such that

Joa4(8)'p(6)de, (36)

with (Ag); = (@9(8))) for [ = 1,...,my and k € K’. Suppose
that (ny + 1)my > |I€g‘9| and W and 61, ..., 0, are chosen such
that they satisfy (36). Then, since
u(y. d) = [oa(0) cy(y, d)p(6)d6 + [oRy(0,y, d)p(6)do

=1, Wpy(y. d) — 1, W (py(y, d) — Aycy(y, d))

+ JoRv(0,y, d)p(6)d6

= 13, Wpy(y, d) — 1}, Wpg, (y, d) + [oRv(0, y, d)p(6)d0,

(37)

1, WA, =
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with (pg,(y.d)), = Ry(61,y.d) for | = 1,...,my, the integral

v(y, d) can be approximated as
iy, d) = 1, Wpy(y. d). (38)

It follows that (32) with w' = 1;, W holds and the approxi-
mation error d(y, d)—v(y, d) vanishes when Ry (0, y, d) = 0. More
generally, the approximation error v(y, d) — v(y, d) will be small
if Ry(0,y, d) is small, that is, if V(0, y, d) is well approximated by
a polynomial ay(#) cy(y, d) of degree 1 for some vector cy(y, d)
of polynomial coefficients. This can be the case if V(0,y, d) is
a sufficiently smooth function of @, but not if V(0,y,d) is a
nonsmooth function of 6. Hence, this method for multivariate
integration based on Gaussian quadrature is effective for smooth
functions of @ but less appropriate for nonsmooth functions of 6.

Remark 7. A method based on polynomial chaos expansions
could also be used for approximation of multivariate integrals [ 13,
25]. Then, the question is how the approximation of v(y, d) in
(38) compares to the one obtained by integrating a polynomial
approximation of V(6,y, d). It turns out that this approximation
requires my > |I€g"| quadrature points. Hence, we propose the
use of the approach based on Gaussian quadrature since it needs
fewer quadrature points and does not require any regression.

4.2. Approximation of expected utility and constraint moments

We now use the previous results to approximate the expected
utilities up(d) and uyc(d), as well as the constraint moments
mj(t; d) and m}l(t; d), that will be used in the remainder of the
paper. We first apply the approximation in (32) for multivariate
integrals of the form in (31) to up(d) in (14), which yields

up(d) ~ dip(d) = )% wiUp(8;, d) = w'py,(d). (39)

Also, we apply the approximation in (32) for multivariate
integrals of the form in (31) to upc(d) in (23), which yields

upc(d) ~ fyc(d) = X1 wilnc(6), d) = WTPUMC(d)- (40)

To compute the function Uy(@, d), one needs to compute the
evidence p(y|d) for different y. Again, we apply the approximation
in (32) for multivariate integrals of the form in (31) to p(y|d) in
(4), which yields

plyld) ~ p(yld) = >\ wip(yl6;, d). (41)

Note that this approximation of p(y|d) is particularly accurate
in the case of large observation noise or small amount of data for
which Bayesian OED is most useful, since the likelihood function
p(y|0, d) is not concentrated in a small region of the parameter
space in this case. This results in the approximation of the utility

function
mg det(J(0.d)) ' m (&%, X'g)
Unmc(6, d) ~ Uqg(0,d) = 721( (W
_ iy g, det()(6.d)~ ' (£ X, ) 4
mg 2 =1 10g (Z, wip(g(0,d)+)(0.d)g;16,.d) /] (42)
where w is obtained by replacing 8 with 6, in (26)

and computmg tf‘ne pdf 7(-|X, X¢), and the approximation

Umc(d T UQ(d Z w[UQ 0[, d) w pUQ(d) (43)

Note that the computation of il (d) implies computing the pdf
m(-|X, X¢) myme(1+my) times but uses only my different values
of 6.

Lastly, we apply the approximation in (32) to mL(t; d) and
mj(t; d) in (29) and (30), which yields the constraints

— (l(t; @) <

k=1,..., 0, (44)
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with the approximations of the moments

mi(t: d) ~ it d) = 3 wiM(t: 6, d) = Wpy (£ d),
k=1,...,n,, (45)

me(t; d) ~ myi(t; d) = > szk (t: 6, d) = w'pyn(t: d),
k=1,...,n. (46)

Remark 8. In theory, one could directly apply the approximation
in (32) to qx(t; d) in (8) since qi(t; d) is a multivariate integral
of the form in (31). However, since Qi(t; #, d) is a nonsmooth
function of @, the method for multivariate integration based on
Gaussian quadrature is not appropriate for Q(t; 6, d). In con-
trast, the method based on Gaussian quadrature is effective for
smooth functions of @ such as M(t; 6,d) and M;(t; 0, d). For
this reason, we propose to first reformulate the chance path
constraints (7) with (8) as (28) with (29) and (30) and then apply
the approximation in (32) to mi(t; d) and mj(t; d) in (29) and
(30).

4.3. Reformulation of OED as an optimal control problem

This subsection proposes the explicit reformulation of the
approximate Bayesian OED problem as OCPs for the two cases
considered previously. In the case of Gaussian prior pdf and noise,
we maximize the approximate expected utility iip(d) in (39) sub-
ject to the path constraints (44) with the approximate constraint
moments m}(t; d) and m}l(t; d) in (45) and (46). On the other
hand, in the case of arbitrary prior pdf and noise, we maximize
the approximate expected utility fig(d) in (43) subject to the
path constraints (44) with the approximate constraint moments
i (t; d) and my(t; d) in (45) and (46). As shown below, these
two cases involve a different number of differential equations
and states in the OCP. In both cases, the reformulation of the
approximate Bayesian OED problem as OCPs with a finite number
of states is enabled by the approximation in (32) for multivariate
integrals of the form in (31).

4.3.1. Reformulation for Gaussian prior pdf and noise
The approximate expected utility iip(d) in (39) can be writ-
ten as an explicit function of the states X(t; 61), ..., X(t; 0m,)
from (15), (16), (18), and the same is valid for the approximate
constraint moments i (t; d) and m}(t; d) in (45) and (46). Thus,
these approximations involve the dynamics
F (X(t; 61), 01, u(t))
R(S(t), u(t)) := vec : , (47)
F (X(t: O,y ). Omg . (1)

for the ng := n, (ny + 1) my states and initial conditions

X(t; 61) Xo (61, b)
S(t) := vec : , So(b) := vec : . (48)
X(t: O, ) Xo (6. b)
Hence, we define
ép(S(t1), ..., S(tr)) = 1, Wpy,(d), (49)
Ho.k(S(E)) = ]Z;z 1, Woy (6 d) — (15, Wpy (65 ),
k=1,...,np. (50)

Accordingly, the Bayesian OED problem (14) can be approxi-
mated by the OCP

d; = arg max ip(d) = ¢p(S(t1), . ... S(tr)), (51a)
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s.t. S(t) = R(S(t), u(t)), S(to) = So(b), (51b)
Cil(es d) = (6 @) = woi(S(0) < 0.
k=1,...,ny, (51¢)

(15), (16), (18), (51d)

where ug)(s, u) = d"D(S)R(S u) depends explicitly on u.

4.3.2. Reformulation for arbitrary prior pdf and noise

Since the sample points &, ..., ‘g'mE can be chosen in advance,
the approximate expected utility {ip(d) in (43) can be written
as an explicit function of the states x(t; 6;), ..., X(t; 6,,) from
(26), (42), and the same is valid for the approximate constraint
moments m}(t;d) and m}(t;d) in (45) and (46). Thus, these
approximations involve the dynamics

f(x(t; 01), 01, u(t))
r(s(t), u(t)) = : , (52)
£ (X(t; Omy), Oy, u(t))
for the n, := n,my states and initial conditions

x(t; 0;) Xo (01, b)
s(t) := : , so(b):= : . (53)
X(t; Oy ) Xo (O, . b)
Hence, we define
o (s(tr), ..., s(tr)) == 17, Wpy, (d), (54)
2
po.k(s(t)) = 1+kr2 1;6WpM’1<1(t; d)— (1;6WpM’1<(t; d))°,
k=1,...,n,. (55)

Accordingly, the Bayesian OED problem (23) can be approxi-
mated by the OCP

d; = arg max fig(d) = ¢q (s(t1), ..., s(tr)), (56a)
s.t. () = r(s(t), u(t)), s(to) = so(b), (56b)

2
i l(e: d) — (i(r: )" = g .(s() < 0.

(56¢)
(56d)

k=1,...,n,

(26), (42),

where u(Q”(s, u) = ZL—SQ(s)r(s, u) depends explicitly on u.

For the sake of clarity, in the remainder we use the notation
ad), ¢(s(tr), ..., s(tr)), p(s(t)) in lieu of ip(d), ¢p(S(t1), -
S(tr)), mp.k(S(t)) as well as fig(d), ¢ (S(t1), - - -, S(tr)), g k(S( ))
but all the following developments are valld for both OCPs (51)
and (56).

5. Reformulation of the OCP as polynomial optimization prob-
lems

This section defines the proposed reformulation of the OCPs
(51) and (56), with the purpose of transforming these OCPs into
polynomial optimization problems that are amenable to global
optimality.

5.1. Solution approach

The inputs that represent the solution to the OCPs (51) and
(56) are composed of several arcs. For each input u;, each arc can
be of type (1) bang-bang, such that it is determined by an equality
U = y; or u; = U (2) active-state constraint, such that it is
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determined by an equality ,u(l)(s, u)=0forsomek=1,...,n,,
or (3) free, such that it is determined by an equality that stems
from the dynamics given by r(s(t), u(t)), also labeled as singular
in the relevant case of input-affine OCPs with r(s(t), u(t)) affine
in u(t) [34,47]. Hence, there is a finite number of arc types from
which arc sequences can be formed. If we consider as plausible
arc sequences only sequences with a number of arcs no larger
than some upper bound n, and without consecutive arcs of the
same type, it follows that the number of plausible sequences is
also finite. Suppose that we denote the bang-bang arcs as 1L or
1U, depending on whether they are determined by u; = u; or
u; = u;. Then, note that: (i) sequences with fewer than n, arcs
are particular cases of the sequences with 1, arcs where some
arcs vanish, and (ii) the sequences that end with an arc of type
3 are not plausible in input-affine OCPs according to Pontryagin’s
maximum principle [48,49]. Hence, by recalling that plausible arc
sequences do not have consecutive arcs of the same type, the
branching factor is 2 for each arc in a plausible sequence for a
single-input OCP, and the number of plausible sequences is equal
to 2% for an input-affine OCP or %2’_1“ otherwise. In addition,
one can note that the arcs of types 1L and 1U can be seen as
particular cases of arcs of type 3 since in arcs of types 1L and 1U
the input is constant, while in arcs of type 3 the input is assumed
to be approximated by a linear function. This implies that certain
arc sequences do not need to be considered. For example, for
ng, = 3, the sequence 1U-1L-1U does not need to considered
because it is a particular case of the sequences 1U-3-1U and 3-
1L-1U. However, it is not recommendable to express all the arc
sequences as particular cases of a hypothetical sequence with 1,
arcs of type 3 since the number of decision variables for that
sequence would be excessive.

Remark 9. The effect of non-optimal inputs is different for
arcs of different types: a non-optimal input in bang-bang and
active-state constraint arcs has an important effect on the cost
of the OCP, while a non-optimal input in free/singular arcs has
a negligible effect on the cost [47]. Hence, we use the fact that
a non-optimal input in free/singular arcs has a negligible effect
on the cost to assume that free/singular arcs are approximated
by linear functions of time throughout the paper. Even if the true
optimal input in a free/singular arc is not a linear function, its
approximation by a linear function does not have a significant
effect on the cost and leads to a small loss of optimality. On
the other hand, since a non-optimal input in bang-bang and
active-state constraint arcs has an important effect on the cost,
constraint handling is emphasized in the paper.

Parsimonious input parameterization is an effective approach
for describing the optimal inputs using only a few decision vari-
ables, in contrast to infinite-dimensional variables in the original
OCP [33,34]. For a given plausible arc sequence composed of n;+1
bang-bang and free/singular arcs, the inputs are defined by the
following decision variables: the switching times f, ..., fns to
arcs of types 1 and 3 and the initial conditions of the free/singular
arcs. The difference with respect to a switching point optimiza-
tion approach is precisely the inclusion of the initial conditions
of the free/singular arcs as decision variables, which allow rep-
resenting singular arcs in input-affine OCPs related to complex
nonlinear systems [50]. The final time t,.+1 = t; is not a decision
variable in this paper. The entry points in arcs of type 2 are given
by the n,-dimensional vector § = (71, . . ., 11, ), but the switching
to these arcs cannot occur at arbitrary times since it depends on
the states s. In this paper, we assume that u(!)(s, u) explicitly
depends on u because otherwise it would be impossible to ensure
that the state constraint j(s(t)) < 0 remains active for t > n
once an entry point 7 is reached such that ,uk(s(n)) = 0 for
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some k = 1, ..., n,. For example, suppose that u(!)(s) does not
explicitly depend on u but u®(s, u) := 3’,;—:)(s)r(s, u) explicitly
depends on u. Then, once an entry point 7 is reached such that
pk(s(n)) = 0 and ui”(s(n)) > 0 for some k = 1, ..., np, there
exists no u(t) that guarantees that 1(s(t)) < 0 for t > 7. In
contrast, if u(")(s, u) explicitly depends on u as assumed, once an
entry point n is reached such that (s(n)) = 0 for some k =

1, ..., ny, it is possible to choose u(t) such that M§<1)(s(t), u(t)) =
0, which ensures that the state constraint ,uk(s(t)) < 0 remains
active for t > n. Also, we assume that the optimal sequence
of arcs of types 1, 2, and 3 is known for each given sequence
of arcs of types 1 and 3 for clarity and convenience, that is, to
simplify the exposition in the remainder of the paper, although
this assumption is not a requirement.

We aim to apply the parsimonious input parameterization
approach and show how Bayesian OED problems reformulated as
(51) and (56) can be solved efficiently to global optimality. The
proposed approach for global optimality relies on determining: (i)
when and how the globally optimal switching between arcs takes
place for a given plausible arc sequence; and (ii) which sequence
provides the globally optimal solution. Then, addressing question
(i) consists in computing the globally optimal values of the deci-
sion variables for the given arc sequence. For this, we represent
the cost of the OCP as an explicit polynomial function since that
converts the OCP into a set of polynomial optimization problems
(POPs), one for each arc sequence, as shown next. Once question
(i) is addressed for each sequence via parallel computing, it is
trivial to answer question (ii) efficiently.

Hence, the remainder of this section shows how to reformu-
late the OCPs (51) and (56) as a set of POPs, one for each plausible
arc sequence.

5.2. OCP with new decision variables

For a given arc sequence, we describe the input in the ith
time interval [£i_, §;), for i = 1,..., ng + 1, by defining n ; new
states and initial conditions for this interval as z;(t) and z; o. One
can then combine all the states into a vector with a dimension
n; ==n, + nz1 +--+ Nz ng+1

=T
zy(t)
2(t) = | s(t)T : , (57)
Zp, (1)

with corresponding initial conditions zy(b).

The arc type determines the dimension and meaning of the
elements of z(t), z;o and their effect on the inputs u(t) given
by the control law u(t) = &(z(t)) and on the dynamics of z(t)
given by z(t) = q;(s(t), z(t)). For bang-bang arcs, z(t), z are
of dimension 0 and §(z(t)) = y; or &(z(t)) = u; for the jth
input. For active-state constraint arcs, z;(t), z;o are not needed
and G(z(t)) is such that ) (s(t), €(z(t))) = O for some k =
1, ..., n,. For free/singular arcs, since we assume that the jth
u;i(t)
Pj.i(t)

u;; . .
J1) are of dimension 2, where uj‘.)i and p;; are

input is approximated by a linear function, then z;(t) = [

and z;p =

']\l
the initial value and slope of the input and ii;;(t) is its value at
time f, which implies that &(z(t)) := i;;(t) and q;(s(t), z(t)) =
Pj.é)(t)]. The set {i : ith arc of u; is of type 3} is denoted as S,
which implies that n, ; + -+ + Ny 11 = 2 Z}Zl |Sil. This way
to deal with active-state constraint arcs avoids the need to check
that path constraints are satisfied at a finite number of points
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t, which typically requires solving a sequence of approximate
problems where the points and the approximations are updated
at each step [51].

Then, upon eliminating input dependencies and rewriting the
OCP in terms of the extended states z, one obtains
¢(z(t1), ..., z(tr)) = p(s(t1), ..., s(tr)) and the dynamics

@62y 1

r (s(t), &(zn))" : . (58)
Qng41 (S(), Znga(1))
Since the design parameters for the given arc sequence are

T = (f1,..., b Z1,0. - ., Zng41,0. b), the OCP can be reformu-
lated in terms of these new decision variables as
T* 1= argmax ¢(7) = (zty), . .., z(tr)), (59a)
T
st.tii1<t, i=1,...,ns+1, (59b)
u < w <7,
Uu; =< uﬁg +pj,s (Es - Es—]) =< ﬂj7 S e Sj, (59C)
a(t) = f(z(t)), z(to) = zo(b), (59d)

which is convenient for numerical optimization since there are
only N :=ng+n; 1+ - 4+ nzn,41 + np decision variables.

For each entry point 7)j(t) = 1, there exists k = 1,...,ny
such that fu(z(7;(t)7)) < 0, fu(2(7;(t))) = 0, which means that
fk(z(t)) == pk(s(t)) < 0 becomes active at t = ;.

5.3. Reformulation as polynomial optimization problems

We aim to reformulate the OCP for each arc sequence as a POP
that is amenable to global optimization. This entails expressing
the metricjﬁ(r) as a polynomial function [52,53]. To this end, we
compute ¢(t) and its first-order partial derivatives with respect
tot.

For this, it is essential to consider not only the extended states
z(t) and the extended adjoint variables

T

¢4(t)
s(t) = | A(e)T : , (60)
§n3+l(t)

but also the concept of modified Hamiltonian function H (z(t),

i) = f(z(t))Tz;(t). As shown in (59), the extended states z(t)
are described by the differential equations

%) = % (2(t), ¢(0) =F(2lt),  2lto) = zo(b). (61)

Likewise, the extended adjoint variables &(t) are described by
the differential equations

ey = —B(ge), &(6)) = — () ¢g(e), L) =0y,
£ty) = 8t) + s (2, ... 2(tr) . k=1,....T, (62)

and in addition, for each entry point 5 such that ji(z(t)) < 0
becomes active at t = n for some k =1, ..., ny, it holds that

t0) = st - 28 o L) <0, (63

Hi

where the last expression is known for the case of state con-
straints of first order, that is, if #(!)(s, u) := 2£(s)r(s, u) depends
explicitly on u as assumed, but is unknown for state constraints
of higher order, to the best of our knowledge.
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With thgse results, one can obtain the first-order partial deri-
vatives of ¢(t) with respect to

3%(1) = H(z(t"), ¢(&7)) — H(2(E), ¢(8)

S - _\T _ )
= (f@(i) ~ Fz®)) ¢@. i=1....n, (64)
e (r) = &ito) s i=1,m 1, (65)
% (7) = Mto)" 2(b). (66)
Then, suppose that there exists T such that, for all At € R,

A(T) = D e (€5), AT + Ry (), (67)
where < is the vector of polynomial coefficients of &(r), with
(¢3), = %g%’(i), k the vector of monomial powers in the set
KN = {(k,....ky) €NY :0 <ki+---+ky <n} in the case
of a polynomial of degree n, At := t — 7 the deviation of 7
around 7, k! == k!...ky!, AT¢ = (7 — )M (v — @),

gk gk1+-+ky

I = PR and R(;’(t) is the orthogonal part with respect

to the polimorr'lvial basis. )

An efficient approach to approximating ¢(z) as a polynomial
function consists in (i) computing the partial derivatives of ¢(t)
up to first order with respect to t and (ii) using multivariate
Hermite interpolation to obtain a polynomial of degree n > 1

that fits the value &(rl) and the partial derivatives %(rl) at the
sample points 7}, for [ = 1, ..., m; [54]. Note that this requires

no more than computing the extended states z(t) and adjoint
variables ¢(t) for ¢(z) that correspond to each point 7;, which
amounts to solving two systems of n, differential equations for
eachl=1,...,m,.

Remark 10. One could also avoid computing the partial deriva-
tives g—f(r,) and obtain a polynomial that fits only the value (2)(1,)
at the sample points t;, for [ = 1, ..., m,. This would require no
more than computing the extended states z(t) that correspond to
each point 7;, which would amount to solving one system of n,
differential equations for each [ = 1, ..., m.. Hence, this would
entail solving m, systems of n, differential equations to obtain
m, values for interpolation. In contrast, the approach proposed
in this paper requires solving only 2m, systems of n, differential
equations to obtain (N + 1)m, values and partial derivatives for
interpolation, owing to the computation of the extended adjoint
variables ¢(t). For this reason, the latter approach was chosen.

Hence, one can compute the coefficient vector éq; that mini-

. o A2 A .
mizes erzqv IP;., — Ac €y I%, where (¢;), is an approximation
of (c;),. for all k € k), and

(Pj.), = Gee(m), kexy, I=1,...m, (68)
k! K—k
—<_ AT k>«
A e ek,
( T'K)“‘ {0, otherwise, 1
I=1,....,m,, kekxh. (69)

The vector of polynomial coefficients ¢, is of dimension ¥,

while the number of value vectors p; , of dimension m, is N +
1. This means that the number m, of sample points must be
at least ~THLS, which is polynomial in N since n is typically
bounded to avoid an overfitting polynomial. In addition, recall
that N is typically small owing to the parsimonious nature of
the input parameterization. This way, although only the partial
derivatives of ¢(7) up to first order with respect to t at the points
7, are fitted, for [ = 1,...,m,, the interpolating polynomial
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approximates the partial derivatives of &(t) of higher order (up
to n) with respect to t in (67). )
This yields the polynomial representation of ¢(t)

pa,(‘t) = Zke’clr;l (éé,)kATk. (70)

Remark 11. The polynomial function pdg(t) is used to approxi-
mate a mapping between the decision variables T and a function
of the states s(t) at a finite number of times tq, ..., tr that do
not include the switching times ti, ..., t,, in 7. In other words,
no switching time f; is simultaneously related to the inputs and
outputs of the mapping that is approximated by the polynomial
function pa,(r). Hence, the polynomial function does not approx-
imate the dependence of any function of the states s(t) on the
generic time t < ;.

Remark 12. To avoid non-smoothness of (]3(1’) due to the exis-
tence of different sequences of arcs of types 1, 2, and 3 for the
given sequence of arcs of types 1 and 3, the sample points T,
must be restricted to the ones that correspond to the optimal
sequence of arcs of types 1, 2, and 3. The procedure is as follows.
For the given sequence of arcs of types 1 and 3, sample points t;
are chosen. Different points 7; will lead to different sequences of
arcs of types 1, 2, and 3, depending on (i) which state constraints
become active and result in arcs of type 2 and (ii) the order of
these arcs of type 2 with respect to the arcs of types 1 and 3.
For example, suppose that, for a given sequence 1U-3-1U of arcs
of types 1 and 3, it is known that the optimal sequence of arcs
of types 1, 2, and 3 is 1U-3-1U-2, where the arc of type 2 is an
arc with an active state constraint. In this example, some points
7; lead to the optimal sequence of arcs 1U-3-1U-2, while other
points may lead to other sequences such as 1U-3-1U (without
active state constraints) or 1U-2-3-1U (with a different order of
the arcs of type 2 with respect to the arcs of types 1 and 3),
among others. Then, only the points 7; that correspond to the
optimal sequence of arcs of types 1, 2, and 3 (the sequence 1U-
3-1U-2 in the example above) are used for the computation of
the polynomial approximation pé(r) in (70). This is done to avoid
the non-smoothness of (fb(r) that would occur if all the points T;
were used to construct the polynomial approximation regardless
of their sequences of arcs of types 1, 2, and 3. Hence, we consider
the problem only for the optimal sequence of arcs of types 1, 2,
and 3. To this end, we use a support vector machine p;,j(r) with
polynomial kernel to decide whether the points 7 are such that
each entry point 7;(t) in arcs of type 2 is placed with respect
to ty, ..., ty, according to the optimal sequence of arcs of types
1, 2, and 3. To construct the support vector machine, the points
1; are classified in two groups: the points z; that correspond to
the optimal sequence of arcs of types 1, 2, and 3 (the sequence
1U-3-1U-2 in the example above) are labeled with the value 1,
and the remaining points are labeled with the value -1. This is
done to prevent the POP from searching values of 7 for which
the corresponding sequence of arcs of types 1, 2, and 3 is not the
optimal one.

Hence, when the metric é&(r) is expressed as a polynomial
p(;,(t) in the variables t for a given arc sequence, the OCP for that
arc sequence is reformulated as the POP

min - —py(z), st Py(T) = Oy,
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W(z). j=1,....n,,
W, (2), =+ 1, 1y,

(b3(), = :]Z_ﬁw(r), j=ry + 1. 0y + |$|,_
Wa, o2 J= Ty +1SI+ 1, 7y +218],
b 2151 J =Tty + 211+ 1, 7ty +3]8],
R s, (T, =Ty +3ISI+1,....n,,

(71)
where ny, == n, +ns+ 1, n, = ny + 4[5,
hi(z) = psy(r), j=1,....n, (72a)
h(r)=F—fq, i=1....n+1, (72b)
W(r) =l —u, B() =1,
hi(e) =g + ps (& — Er) — 1,
Ef(r):ﬁ—u?—ps(fs—fs 1), $=Si,s€S (72¢)

and p(7) is defined as p;(7). Note that the case of a single input
is considered above for clarity.

Remark 13. The differential equations and initial conditions in
(59d) are removed from (71) since the approximated function
¢( ) is replaced by its polynomial approximation p¢(r ), which no
longer depends on any differential equations or initial conditions.

The POP (71) is solved efficiently to global optimality via
reformulation as a hierarchy of convex semidefinite programs
(SDPs) of increasing relaxation order using the concept of sum-
of-squares polynomials [35]. Although the method to solve such
problems to global optimality is out of the scope of the paper,
standard methods for this purpose are described in [52,53]. To
provide some key properties of this reformulation, we introduce
the following definitions:

o(r) =J(x)— &, J(1):= —py(7). (73a)
gi(t) = (p;,(t))]., ji=1...,n,, (73b)
G (T) =1 = 0 (e — T, (73c)

where r is a constant, ¢(t) is of degree 2vy or 2vy — 1 and gj(7)
is of degree 2v; or 2v; — 1, with ¢y = maxj=1,__, vj, and the
relaxation order d > v := maXj—o 1, .. . Vj.

Then, the POP (71) is equivalent to the problem of computing
the maximum & such that ¢(7) is strictly positive VT € K =
{r:g(r)=0,vi=1,....n,}. The problem of computing the
global minimum of J(t) subject to gj(r) > 0,forj =1, ..., n. can
be formulated as an SDP for some relaxation orderd > v = [n/2].
A certificate of the representation in terms of sum-of-squares
polynomials for the order d is obtained upon convergence of the
SDP, which is a certificate of global optimality of the solution t;
and the cost £&* = J*.

As for the complexity of this method, suppose that ¢; > 1 and
a global optimum is computed and certified for the relaxation

order d = 5. This 1mp11es that an SDP has been solved with
(") = ME0-0ED equality constraints, one linear matrix

(N+5)(N+4)(N+3)(N+2)(N+])

inequality (LMI) of size (") , and

ne. = n, + 1 LMIs of size (N+; ) < w Since
the complexity of SDPs is polynomial in their input size, that is,
the number of constraints and the size of the LMIs, it means that
a global solution 7 is computed and certified in polynomial time.

When the globally optimal cost is known for each arc se-
quence, one can check which sequence is the best one. As men-
tioned in Section 5.1, the number of plausible arc sequences in
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single-input input-affine OCPs is less than 2%. The number of
decision variables for each arc sequence is N = n; + 2|S| < 2n,.
This means that, even for a relatively large upper bound n, = 5,
less than 2% = 32 arc sequences would be considered, and the
problem for each sequence can be solved in parallel and involves
only N < 2n, = 10 decision variables.

5.4. Error due to polynomial approximation

Since the solution to the POP (71) is not exactly the same as
the solution to Problem (59) due to the fact that the polynomial
function —p&(r) is an approximation of the cost function —¢(7),
the question arises as to whether one can quantify the error in the
optimal solution and the optimal value of the cost of the POP.

Suppose that the global solution to the POP (71) is r;, for
which n, constraints —p;(z) < 0y, given by a selection matrix
S, are active with Lagrange multipliers v} > 0,,. The Karush-

p
Kuhn-Tucker (KKT) conditions for r; are

8p¢
T

Py ;s \TQT . %
— 55(7,) SV, = Oy,
—SaPp(T,) = Oy,

We aim to obtain explicit expressions for (i) the difference
d7 between 7, and t*, the KKT point of Problem (59) that cor-

responds to 7, and (ii) the difference 84) between p¢(t ) and

—¢>( *), the cost of Problem (59) at t*. It is impossible to obtain
exact and explicit expressions for these differences since that
would involve infinite series expansions around -r; and would
imply explicit solutions to high-degree polynomials for §z and
8¢ and the Abel-Ruffini theorem states that there is no closed-
form algebraic expression for the solution to general polynomial
equations of degree five or higher with arbitrary coefficients [55].
However, one can obtain explicit expressions for the approxima-
tions of 87 and §¢, as well as exact and implicit expressions that
consider the variations of the second-order derivatives of the cost
and Lagrangian functions and of the first-order derivatives of the
constraint functions, which is done in the following theorem.

(7)) (74a)

(74b)

Theorem 1. For a first-order approximation of the KKT conditions
for Problem (59) and a second-order approximation of its cost, the
explicit difference between the KKT points is

Be
5t ~ (Lp ~LZ) (Z,L,Z]) ' Z,L, ) (2, (75)
while the explicit difference between the costs is
5 ~ () — ()8t — 187 TH, . (76)

with the Lagrangian £(z, v) = —&(r) — IS, (1), the approxima-
tion error €4(t) = —py(7) + ¢(t) for the cost, and the definitions

L = —2£(z2, v2)", 2, = S, 22(x}), and H, = —29(13).
Implicitly, the exact dlfference between the KKT points is
ot = (L — 12" (21Z")” ZL) S, 77)
while the exact difference between the costs is
5 = () — 2(x})8t — 187 HST, (78)
with the definitions
2
L= _( N gav)dg) , (79)
= fySa(z; - sar)ds, (80)
H—f0—2(1—$) (T —&87)dé. (81)
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Proof. The KKT conditions for the solution -r; — d1 to Problem
(59) are given by

3[,(

oz (Tps Vy )T+L 187 +Z'8v = 0y,

—Say(rp) +Zét =0,,.

(82a)
(82b)

Upon using the first-order approximation of these KKT condi-
tions, they become

a‘i( ) L ST+ Z)8 >~ Oy, (83a)
—SaP(T}) + Zp8T = 0y, (83b)

Hence, from (74), it holds that
L187 + 200 = S2(z3)T, (84a)
26t =0y, (84b)

which yields (77) by using the blockwise inversion formula, while
the approximation
—1 Teo . 9 4\T
p 0T +Z,0v > F(T;) ,
2,6t ~0,,,

(85a)
(85b)

yields the explicit expression for §t in (75) by using the blockwise
inversion formula.
Then, since the cost of Problem (59) at t* is given by

o Gy 3 x 18 T
—¢(t, — 87) = —P(7,) + 52(7,)0T + 587 Hér,
(78) holds and one can use the second-order approximation

o ~ Ok 3 18 T
—¢(z, — 87) >~ —P(7;) + 32(7,)8T + 50T Hpdz

to obtain the explicit expression for 8¢ in (76). O

(86)

(87)

Remark 14. Theorem 1 only provides an explicit expression for
the first-order approximation of the difference d= between 7, the
global solution to the POP (71), and t*, the KKT point of Problem
(59) that corresponds to 7. This means that 7, — §7 is a good
approximation for t* with an explicit expression. One can obtain
the exact KKT point t* of Problem (59) that corresponds to T, via
local optimization of Problem (59) with initial guess r; —dt.

Moreover, one can assess the quality of the solution * ob-
tained by solving the POP (71) to global optimality followed by
local optimization of Problem (59). To this end, the following
theorem shows that the difference between the cost —¢(t*) ob-
tained from (71) and the globally optimal cost of (59) is bounded
and depends on the polynomial approximation error € defined
in Theorem 1.
Theorem 2. If 5¢X<T is the maximum difference between the costs
of any KKT point of the POP (71) and any corresponding KKT point
of Problem (59), then the difference between —¢(t*) and the cost of
Problem (59) at its globally optimal solution is at most ¢XXT — §¢
and is bounded if the error €5 1s bounded.

Proof. The globally optimal solution to Problem (59) is a KKT
point 7T of Problem (59) that corresponds to some KKT point
7T of the POP (71), and (KT — (1) —8pKKT 156 < py(T o) —

p(;)( 7,) < 0 since 7, is the globally optimal solution to the POP
(71). In addition, from Theorem 1, 8¢X¥T and 8¢ depend on € O

6. Design requirements and computational complexity
In this paper, several steps are taken to allow obtaining a

tractable formulation of the Bayesian OED problem. In particular,
several functions are used as expected utilities:
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e The original expected utility ug(d) based on the utility
function Uy, (@, d) that corresponds to a KL divergence.

e The approximate expected utilities up(d) or uyc(d) based on
the utility function Up(@, d) that corresponds to a function
of the FIM or the utility function Uyc(0, d) that corresponds
to Monte Carlo integration in the observation space.

e The approximation #i(d) that is obtained when the mul-
tivariate integrals up(d), uyc(d), or p(y|d) in the space of
parameters @ are computed via Gaussian quadrature, which
results in a cost —¢(s(t1), ..., s(tr)) for the reformulation
as an OCP.

e The metric ¢(t) that is obtained when #(d) is restricted to
designs d that correspond to a certain arc sequence.

e The polynomial approximation pé(r) of ¢(7).

Also, several functions related to each chance path constraint
are used:

e The original function qi(t; d) that specifies the probability of
satisfaction of the path constraint hy(x (t' 9)) <

e The first two moments m}(t; d) and m}}(t; d) of hk( x(t; 0))
that express the moment-based approx1matlon of the chance
path constraint.

e The approximations mk(t; d) and m}\(t; d) that are obtained
when the multivariate integrals mk(t d) and m! (t d) in the
space of parameters @ are computed via Gau551an quadra-
ture, which result in a path constraint j(s(t)) < 0 for the
reformulation as an OCP.

Accordingly, the computational procedure can be summarized
as follows:

1. A set of plausible arc sequences is chosen for the solution
to the OCP that results from reformulation of the OED
problem, which includes only sequences with a number
of arcs no larger than some upper bound n, and with-
out consecutive arcs of the same type. Less than 2" arc
sequences would be considered for a single-input input-
affine OCP, and the problem for each sequence can be
solved in parallel. Note that, even for a relatively large
upper bound i, = 5, the problem involves only N < 2n, =
10 decision variables for a single-input OCP.

2. To compute a global solution 7; to the POP for a given
arc sequence, the polynomial approximation pé(r) must be

obtained. To this end, the value <2>(r,) and partial deriva-

tives Bi’(r,) are fitted at the sample points 7;, for [

1,. am, The number m, of sample points must be at
least n(,’(\’Ni"i),, which is polynomial in N since the degree n
of the polynomial approximation is typically bounded.

3. For each sample point 7, the extended states z(t) and
adjoint variables ¢(t) for ¢(t) are computed. This amounts
to solving two systems of n, differential equations for each
I = 1,...,m;, where n, = n, +nz1 + -+ + Nzne41,
g1+ -+ Ngpy1 = 2|S| < n, for a single-input OCP,
and n, = n,my, where n, is the number of states of the dy-
namical system Once the differential equations are solved

for a given 1, qb(t,) and ¢ (t,) are computed by evaluating
the pdf m(-|x, X¢) mgmg(l + my) times, where mg is the
number of samples used for Monte Carlo integration in the
observation space.

4, The number my of quadrature points must be equal to
K| =N . [ (ng+)!
ng+1 ng+1 - nl(ng+1)!

of polynomials of a given degree n using the multivari-
ate equivalent of Gaussian quadrature, where truncation
schemes can be used to introduce sparsity and to eliminate
many elements of £’ from K;’ in the case of a large
number ny of parameters.

—I for exact integration

n
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5. Once the polynomial approximation p 43(1) is obtained, the
global solution to the POP is computed by solving a hier-
archy of convex SDPs of increasing relaxation order, where
each SDP is solved in polynomial time with respect to N
and the relaxation order.

6. Finally, the exact solution * of the OCP that corresponds to
7, is obtained via local optimization of the OCP with initial
guess T, — 7, which requires an additional sample point
for each iteration of the local optimization solver.

From the procedure above, one can observe that the main
computational bottleneck is the solution of differential equations.
In total, at least 2,1(!'("N+ f{’)!nxmg differential equations must be
solved for each arc sequence, where N < 2n, = 10 for n, = 5.
On the other hand, the use of an efficient method for multi-
variate integration in the space of parameters based on sparse
stochastic collocation and Gaussian quadrature is an important
feature of the proposed approach since it reduces the number
my of quadrature points, particularly in the case of large ny, and

ensures that my < (g +)! -‘ In particular, my is much smaller

fil(ng+1)!
than what it would be i? Monte Carlo integration had been used
for multivariate integration in the space of parameters. Also, the
number of differential equations for each arc sequence does not
depend on the number T of time instants at which measurements
are available since T may only affect the number m; of samples
used for Monte Carlo integration in the observation space. In
turn, mg only affects the number mym;(1 + my) of times that
the pdf 7(-|X, X¢) is evaluated for each sample point 7;, which
is cheaper than the solution of 2n,m, differential equations. In
summary, the computational complexity for each arc sequence is
polynomial in N, ny, and ny for fixed n and n, and the problem
for each sequence can be solved in parallel, which makes the
computational procedure tractable.

7. Case study

The proposed methods for approximate Bayesian OED are
demonstrated on a Lotka-Volterra (LV) system represented by a
set of nonlinear differential equations that describes the interac-
tion of predator and prey populations. The LV system has been
used as a testbed for optimal control [56,57] and OED [25,58].
The nondimensional governing equations are given as

x1(t) = x1(t) — (1 4+ 61) x1(t)x2(t) — 0.4x:(t)u4(t), (88a)
X(t) = —x2(t) + (1 + 62) X1 (6)x2(t) — 0.2x5()us(8), (88b)

where t € [0, tf] is the integration time span, with t; = 12. The
differential states x; and x, describe the population of the prey
and the predator, respectively. The uncertain parameters, which
must be inferred from experimental observations, are denoted
by 6; and 6,. The system (88) is integrated using the initial
conditions Xq(f#) = [0.5,0.7]. It is assumed that we can mea-
sure the predator population at the final time step, i.e., y(tf) =
Xa(tr; 0) + e(ty). The designed input is allowed to attain values
in a predefined interval, ie., u;(t) € [0,1],Vt e [0, t]. Two
cases are studied: in the first one, the measurement error is state-
independent and normally distributed, the parameters follow a
normal prior pdf, and no chance constraint is considered; in
the second one, the measurement error is state-dependent, the
parameters follow a beta prior pdf, and a chance constraint is
considered.

7.1. Gaussian distributions with no chance constraint

In this first case, the measurement error e(ty) is state-indepe-
ndent and normally distributed, and its variance is assumed to be
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constant and equal to o2 = 0.1%. The uncertain parameters follow
a bivariate normal prior pdf p(8) = f(0|6, X'y) with mean § = 0,
and covariance Xy = 0.2°L,. For this case, which corresponds
to Assumptions 1 and 2, we consider the OCP (51) and use the
notation @(t) := ¢p(S(t1), . .., S(tr)).

When linear functions are used to approximate free/singular
arcs, a locally optimal solution consists of 3 arcs: the first arc is
free/singular with u; < uj(t) < u;, for which an approximation
by a linear function is used; in the second arc, uj(t) = uy; and
in the third arc, uj(t) = u,. This results in an input trajectory
described by the 4 decision variables t;, t, u?’], p1.1. The optimal
switching times are t} = 5.334, t; = 9.477. The optimal initial
conditions for the first arc are the initial value and the constant
slope of the linear function that describes u}(t) in this arc: uy*, =

0.482, p7; = —0.090. The optimal metric is (}(r*) = 11.6706.
The local optimality is indicated by the fact that the gradients
(64), (65) are equal to zero and the solution satisfies approxi-
mately the necessary conditions given by Pontryagin’s maximum
principle [49].

We use the my = 12 quadrature points and weights shown
in Fig. 1 to compute iip(d) via integration of Up(#, d). This cor-
responds to exact integration of Hermite polynomials (the or-
thogonal polynomials with respect to the normal distribution
of p(#)) up to degree n 7 using the multivariate equivalent
of Gaussian quadrature, with weights w and points 61, ..., 0,.
Note that, even for this problem with ny = 2 parameters, the use
of a univariate Gaussian quadrature followed by a tensor product
rule for the choice of points and weights would already require
16 quadrature points. The input uj(t) and the measured state
x;(t; 0) for the realizations 61, . . ., 6y, are shown in Fig. 2, which
indicates that x3(t; @) is sensitive to variations of 6.

The proposed approach for obtaining global solutions to
Bayesian OED problems is applied by investigating all the 6
plausible arc sequences with a number of arcs no larger than
iy = 3. Table 1 reports the execution time of the procedure on
an Intel Core i7 3.4 GHz processor, the optimal metric ¢(7*), and
the optimal values of the decision variables for these plausible
arc sequences. The execution time includes the evaluation of
m, = 2000 sample points to obtain a polynomial represen-
tation p&(r) of degree n 8 and the local optimization of

¢(t) with initial guess 7, needed to compute 7* for each arc
sequence. For the very last step of local optimization with an
initial guess that is already close to the solution t*, MATLAB's
fmincon function with optimality tolerance of 107! and step
tolerance of 10~ is used. For all the arc sequences, it is possible
to extract the unique solution ¥ to the POP for pé(r) from the
solution to the SDP for a low relaxation order and certify the
global optimality of z;. The duration of the formulation of the
SDP and the extraction and certification of the global solution is
much smaller than the execution time of the SDP solver MOSEK
9.2. The table is read as: for each arc sequence, the optimal
values ¢ = (£, ud%, pi;) of the decision variables allow
obtaining the optimal metric &(r*) = {ip(d*), where the design
d? corresponds to =* for each arc sequence. For the design dZ,
accurate approximations of up(d}) and ug (d}) are also computed.
One can observe that iip(d*) overestimates up(d*) and uy(d¥)
consistently. For comparison, a design dpggs corresponding to
a pseudorandom binary sequence (PRBS) of size 31 would al-
low obtaining significantly worse results: ip(dprss) = 8.9247,
UD(dpRB_g) = 8.9200, ZUKL(dpRgs) + K = 8.8370. Moreover, the
execution time is below 900 s for all arc sequences, and the
sequence with the best optimal metrics is 3-1U-1L (highlighted
in bold in the table), that is, the sequence of the locally optimal
solution. In addition, the globally optimal values &}, &5, ul*, p
of the decision variables for that arc sequence also correspond
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Fig. 1. Contour plot of the prior pdf p(f) in Section 7.1 and location of the my = 12 quadrature points (indicated by markers that consist of white crosses inside
black circles) used for integration via Gaussian quadrature. The marker size represents the weight of each point.
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Fig. 2. Optimal input trajectory (in blue) for the Bayesian OED problem in Section 7.1 with the approximation of the free/singular arc using a linear function. The

trajectories of the measured state (in red) are juxtaposed for the my = 12 realizations 6, ..

corresponds to the weights w of these realizations.

to the optimal values given by the locally optimal solution.
For this optimal design, the covariance matrix of the posterior
arameter distribution computed as in Appendix D becomes
0.01850 0.00938

000938 001569 | while for the design based on a PRBS

—0.01665
0.02566 |’

. . 0.01898
the covariance matrix would become [—0.01665
which is worse.

In summary, one can show that the locally optimal solution
to the Bayesian OED problem shown in Fig. 2 is also the globally
optimal solution with no more than n, = 3 arcs, and this only
requires solving 6 problems in parallel in less than 900 s. Based
on the computational complexity reported in Section 6, if the
method for multivariate integration in the space of parameters

13

., 0m, used for multivariate integration. The relative width of the lines

based on sparse stochastic collocation and Gaussian quadrature
is chosen such that the number my of quadrature points depends
quadratically on the number ny of parameters, a similar problem
with n, = 10 states of the dynamical system and ny, = 10 pa-
rameters could still be considered tractable on a standard laptop.
Recall that, if we had only used local optimization to compute
a local solution to (51), we could have obtained a local solution
worse than 7* and it would not have been possible to provide
any guarantee that the local solution is in any way close to the
globally optimal solution. For example, note that, since even the
approximation and reformulation of the Bayesian OED problem
results in an optimization problem with 4 decision variables, it
is impossible to show that 7* or any other local solution is the

~

globally optimal solution by simply plotting the cost —¢(t) in the
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Table 1
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Execution time, optimal metrics ¢(z*) = fip(d*), up(d?), 2u (d*) + K, where K = log (det(x;")), and optimal values &}, &, ul%, pi;
of the decision variables for the global solution to the Bayesian OED problem in Section 7.1, for different arc sequences and the
final time t; = 12. The arc sequence with the best optimal value of ¢(t*) is highlighted in bold.

Arc sequence Execution time (s) tip(d¥) up(d?) u (df) + K tr [ uf’; pi;

3-1L-1U 866 11.1308 11.0959 10.9337 2.320 12.000 1.000 0.000 (i=1)
3-1U-1L 876 11.6706 11.6309 11.4050 5.334 9.477 0.482 —0.090 (i=1)
1L-3-1L 716 11.5277 11.4599 11.1177 5.130 10.158 1.000 0.000 (i = 2)
1L-3-1U0 835 10.6843 10.6181 10.4023 4.978 12.000 1.000 —0.129 (i=2)
1U-3-1L 690 11.4730 11.4509 11.2201 1.794 9.260 0.000 0.134 (i=2)
1U-3-1U 779 11.1308 11.0959 10.9337 2.320 12.000 0.000 0.000 (i = 2)

1
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™
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Fig. 3. Contour plot of the prior pdf p(#) in Section 7.2 and location of the my = 19 quadrature points (indicated by markers that consist of white crosses inside
black circles) used for integration via Gaussian quadrature. The marker size represents the weight of each point.

4-dimensional space of decision variables, but the methods in this
paper guarantee that t* is indeed the globally optimal solution.

7.2. Arbitrary distributions with a chance constraint

In this second case, the measurement error e(t;) = (1 +
0.1x,(ty; 0))51 is state-dependent, &; is normally distributed, and
its variance is assumed to be constant and equal to 62 = 0.12.
The uncertain parameters follow a bivariate prior pdf p(6) =
[12,B(1/2 — 6ila, b), with @ = 2 and b = 2, where B(x|a, b)
is the pdf of a univariate beta distribution with parameters a
and b, which corresponds to a prior distribution with mean § =
0, and covariance 0.05I,. Furthermore, the approximate chance
constraint E[hy (x(t; 8))] 4 r1,/V[h1 (x(t; 8))] < 0 is enforced for
hy (x(t; 8)) = x;(t; 6) — X;, with X; = 6.6 and r; = ¢~'(0.95). For
this case, which corresponds to Assumptions 3 and 4, we consider
the OCP (56) and use the notation ¢(t) := ¢q (s(t1), . . .. s(tr)).

When linear functions are used to approximate free/singular
arcs, a locally optimal solution consists of the same 3 arcs as in
the first case. This results in an input trajectory described by the 4
decision variables £, &, u?,l, p1.1- The optimal switching times are
t* = 5.206, t; = 9.330. The optimal initial conditions for the first
arc are the initial value and the constant slope of the linear func-
tion that describes uj(t) in this arc: u?f] =0.538, p7; = —0.103.
The optimal metric is &)(t*) = 2.1724. The local optimality is
indicated by the fact that the gradients (64), (65) are equal to zero
and the solution satisfies approximately the necessary conditions
given by Pontryagin’s maximum principle [49].
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We use the my = 19 quadrature points and weights shown
in Fig. 3 to compute {ip(d) via integration of Uqy(6, d), which
requires the computation of p(y|d) via integration of p(y|é, d),
as well as m!(t;d) and m!l(t; d) via integration of M!(t; @, d)
and M{'(t; 0, d). This corresponds to exact integration of Jacobi
polynomials (the orthogonal polynomials with respect to the beta
distribution of p(#)) up to degree n 9 using the multivariate
equivalent of Gaussian quadrature, with weights w and points
01, ...,0n,. Note that, even for this problem with ny 2
parameters, the use of a univariate Gaussian quadrature followed
by a tensor product rule for the choice of points and weights
would already require 25 quadrature points. Also, note that a
larger polynomial degree is used in this case due to the nested
computation of multivariate integrals in (43). The input uj(t)
and the measured state x3(t; @) for the realizations 61, ..., 0y,
are shown in Fig. 4, which indicates that x;(t;; #) is sensitive to
variations of #. The mean =+ r; standard deviations of the state
xj(t; @) subject to the upper bound X; = 6.6 is also shown
in Fig. 4. One can observe that the upper bound is marginally
satisfied. As mentioned in Section 3.3, enforcing the approximate
chance constraint E[h; (X(t; 0)) ] + r1,/V[h1(x(t; 6))] < 0 for the
chosen value of r; does not ensure satisfaction of the chance
path constraint (7) for hy (X(t; 8)). To achieve this goal, one would
have to apply the iterative procedure proposed in Section 3.3
to determine the correct value of r;. However, here we only
show the result of the approach for obtaining global solutions to
Bayesian OED problems for the chosen value of r1, and the result
of the iterative procedure in Section 3.3 is not shown for the sake
of brevity.
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Fig. 4. Optimal input trajectory (in blue) for the Bayesian OED problem in Section 7.2 with the approximation of the free/singular arc using a linear function. The

trajectories of the measured state (in red) are juxtaposed for the my, = 19 realizations 61, ...

,0m, used for multivariate integration. The relative width of the lines

corresponds to the weights w of these realizations. The trajectory of the state subject to an upper bound (in green) is represented in terms of its mean (solid line)

+ ry standard deviations (dashed lines).

The proposed approach for obtaining global solutions to
Bayesian OED problems is applied by investigating all the 6
plausible arc sequences with a number of arcs no larger than
n, = 3. Table 2 reports the execution time of the procedure on
an Intel Core i7 3.4 GHz processor, the optimal metric (2)(1*), and
the optimal values of the decision variables for these plausible
arc sequences. The execution time includes the evaluation of
m, = 6000 sample points to obtain a polynomial representation
p;(7) of degree n 8 with an approximation error similar to

the previous case and the local optimization of (Z)(r) with initial
guess 7, needed to compute 7* for each arc sequence. For the
very last step of local optimization with an initial guess that is
already close to the solution ¥, MATLAB’s fmincon function with
optimality tolerance of 10~'2 and step tolerance of 10~ is used.
For all the arc sequences, it is possible to extract the unique
solution 7, to the POP for p;(z) from the solution to the SDP
for a low relaxation order and certify the global optimality of z}.
The duration of the formulation of the SDP and the extraction
and certification of the global solution is much smaller than the
execution time of the SDP solver MOSEK 9.2. The table is read as:
for each arc sequence, the optimal values t* = (£}, 5, u%*, p} ;) of
the decision variables allow obtaining the optimal metric (2)(1*)
lig(d*), where the design d¥ corresponds to t* for each arc
sequence. For the design d, accurate approximations of uy(d})
are also computed. One can observe that ilg(d¥) underestimates
ug(d?) consistently. For comparison, a design dpggs corresponding
to a pseudorandom binary sequence (PRBS) of size 31 would
allow obtaining significantly worse results: ilg(dprgs) = 1.1113,
ug (dprgs) = 1.2467. Moreover, the execution time is below
3600 s for all arc sequences, and the sequence with the best
optimal metrics is 3-1U-1L (highlighted in bold in the table), that
is, the sequence of the locally optimal solution. In addition, the
globally optimal values t}, 5, u}*,, p} , of the decision variables
for that arc sequence also correspond to the optimal values
given by the locally optimal solution. For this optimal design,
the covariance matrix of the posterior parameter distribution
0.02030 0.00812 hil
0.00812 0.01683 " V"€

computed as in Appendix D becomes [
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for the design based on a PRBS the covariance matrix would

become 0.02378 _0'021531, which is worse.

—0.02153  0.03162

In summary, one can show that the locally optimal solution
to the Bayesian OED problem shown in Fig. 4 is also the globally
optimal solution with no more than n, = 3 arcs, and this only
requires solving 6 problems in parallel in less than 3600 s. Based
on the computational complexity reported in Section 6, if the
method for multivariate integration in the space of parameters
based on sparse stochastic collocation and Gaussian quadrature
is chosen such that the number my of quadrature points depends
quadratically on the number ny of parameters, a similar problem
with n, = 10 states of the dynamical system and ny, = 10 pa-
rameters could still be considered tractable on a standard laptop.
Recall that, if we had only used local optimization to compute
a local solution to (56), we could have obtained a local solution
worse than * and it would not have been possible to provide
any guarantee that the local solution is in any way close to the
globally optimal solution. For example, note that, since even the
approximation and reformulation of the Bayesian OED problem
results in an optimization problem with 4 decision variables, it
is impossible to show that z* or any other local solution is the
globally optimal solution by simply plotting the cost —¢(t) in the
4-dimensional space of decision variables, but the methods in this
paper guarantee that t* is indeed the globally optimal solution.

8. Conclusions

This paper presented solution methods for obtaining glob-
ally optimal solutions to approximate Bayesian OED problems
for two cases: normal prior and observation noise distributions,
and arbitrary prior and observation noise distributions. The ex-
pected utility for KL divergence was approximated as a Bayes
D-optimality criterion in the former case and as Monte Carlo
integration in the observation space in the latter case. The pro-
posed methods also deal with designed initial conditions and
chance path constraints. Numerical tractability was reinforced by
a sparse stochastic collocation scheme that required only a few
points in the parameter space for approximating the expected
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Table 2

Execution time, optimal metrics (i(r

*) is highlighted in bold.

Journal of Process Control 116 (2022) 1-18

*) = fig(d}), ux.(d;), and optimal values t}, £, ul%, p}; of the decision variables for the global
solution to the Bayesian OED problem in Section 7.2, for different arc sequences and the final time t; = 12. The arc sequence with
the best optimal value of @(t

Arc sequence Execution time (s) flo(d?) g (d¥) tr t; ud* pi;

3-1L-1U 2666 1.9924 2.1845 2.251 12.000 1.000 0.000 (i=1)
3-1U-1L 3254 2.1724 2.3451 5.206 9.330 0.538 —-0.103 (i=1)
1L-3-1L 2559 2.1053 2.2603 5.116 10.341 1.000 0.000 (i = 2)
1L-3-1U 2563 1.8626 1.9318 5.378 12.000 1.000 —0.051 (i=2)
10-3-1L 2701 2.1318 2.2703 1.556 9.324 0.104 0.115 (i=2)
1U-3-1U 2613 2.0046 2.1118 2.189 12.000 0.236 —0.024 (i=2)

utility as the cost of an OCP. The approximation of this cost as
an explicit polynomial function of the decision variables allows
for reformulation of the OCP as a set of polynomial optimization
problems, which can be solved to global optimality in a tractable
way via the concept of sum-of-squares polynomials. The paper
showed that the difference between the cost obtained by the
proposed approach and the globally optimal cost of the OCP is
bounded and depends on the polynomial approximation errors.
Moreover, the execution time of the optimization procedure for
each arc sequence considered for the OCP in a relevant case study
indicates that a global solution can be obtained in a tractable way
via a convex SDP.
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Appendix A. KL divergence and Shannon information

In this appendix we present some evidence about the state-
ment in Remark 1.
The posterior expected gain is defined as

while the definition of the expected utility (5) based on the
posterior expected gain is given by

ud) = [5/G(0,y.d) p(yl|0, d)dyp(6)dé
= [y/6G(0,y, d)p(0ly, d)dp(y|d)dy
= [yu(y, d)p(y|d)dy.

(A1)

(A.2)
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The posterior expected gain that corresponds to the gain func-
tion Gy (0,y, d) in (9) is the KL divergence from the prior distri-
bution to the posterior distribution

va(y, ) = fo log (X050 ) p(6ly, d)do

Then we show that the design dj; that maximizes the ex-
pected utility for the KL divergence v (y, d) also does so for the
expected gain in Shannon information (SI)

Jolog (p(Oly, d)) p(6ly, d)dé
— Jo log (p(0)) p(0)deo

since [y,p(yld, d)dy =
which implies that

dy, =arg max JyJo log (p(fly, d)) p(fly, d)dép(y|d)dy

— [y So log (p(0)) p(0ly, d)ddp(y|d)dy, s.t. (7)

= argmax JyJo log (p(fly, d)) p(fly, d)dép(y|d)dy
— Jo/yp(yl0, d)dylog (p(0)) p(#)dl, s.t. (7)

= argmax JyJolog (p(fly, d)) p(fly, d)dép(y|d)dy
— Jo log (p(6)) p(6)de, s.t. (7)

= argmax JyJSeo log (p(fly, d)) p(fly, d)dép(y|d)dy
— [y Se log (p(0)) p(6)dép(yld)dy, s.t.(7)

= argmax Syvsi(y, d)p(yld)dy, s.t. (7).

(A.3)

us(y, d) =
(A.4)

1 and fyp(yld)dy = 1 regardless of d,

(A.5)

Appendix B. Approximation of design for Gaussian prior and
noise distributions

Under Assumptions 1 and 2, for a given 6 obtained by sampling
in @ according to the pdf p(#) and y obtained by sampling in
according to the pdf p(y|0, d), p(y|d) can be approximated as

p(yld) = [of (vig(0. d) + /5350 + (6 — 6), d)dt (6 — 6),
oI )p(8)dd
= Jof (el/355(6 + (8 — 0), d)dt (6 — 6),
oIr)p(8)dd
—f()f(e|ag 0,d (é
= f(ylg(6, d) + 55 (6,
o’Ir + 2(0, d) 0220,

). o1
-9
d)h), (B.1)

which results in a small approximation error if || (/g 35(0 +t(0 —
1

0), d)dt — f(e d))(6 - 0) ll/o < 1 for all 8 such that | X, ? (6 —
0)|? <F, ( ) and for all @ such that ||f08g(0+t(0 0), d)dr(é—

)|| Jo? < F (), with FX‘2 and F ! denoting the inverse cumu-

lative CllStI‘lbuTthIl function of the ch1 squared distribution with n,
degrees of freedom and T degrees of freedom, respectively, and «
denoting a confidence level, and no approximation error if g(#, d)
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is linear in @ since || (fé%w—}—t(@—a) d)dt— —(
0 in this case. Furthermore,

A AN

det(ale)

= det(ly + ﬁgg(o d)3 %9, d)")
= det(I,, + -5 X928 (6, d)' 35(6, )
det(z (0,d)+29 )

det(3,7)

d)(6-6)ll/0 =

det(o21 +

, (B.2)

and
0, d) (0%l + 2(0,d)%
250, d) (%w,d)zo ‘2 wo.a +

%9, a)") "
- )

500, d)

0.
3—3(0, d)

1

( Z(0,d) g+ 1) ULB(O a'?
Jl(ze,d)+ 2,7

:2(;] -z, (2, d)+20 ) 2,;1. (B.3)

Then, for a given @ obtained by sampling in & according to the
pdf p(@), Uk (0, d) in (10) can be approximated as

Ure(0, d)

~ 1

Jylog (f(y\g(e,cn
f(ylg(6. d), 2Ir)dy

_ log det(o217+ 25(0.0)2, 25 (0.0)7)
2 det( 2[-[)

+ 301550, )0 - 6)12

f(ylg(0,d), Gzlr)
£ (6.)(0—6).0217+25(0.d) Xy 22 (6.d)T)

(24 B(0.0)50 B0.07)

1
= 3ot = (1 + L0, 02, %0.97) )
g ER) )

1 _
2 0—0 ”2
( ) lnH—Z‘;%(I(O.d)+Z‘;1)7]E;

41z, %

_1 11
(- 2, @60+ ;) 5,7
log (det(I(O,d)+291)>

det(x,")

+ 3o, - 25" (20 )+ 2;") )

(57'(0-8)(6-0) —1,)).

where the first approximation follows from the approximation of
p(yld) in (B.1) and the second one results in a small approxima-
tion error if | 2, ' (Z(6, d) + 2—1)‘1 -z (b, )+ =)
<« 1 for all 6 such that | X,2(6 — 0)]> < F (), with F. )

denoting the inverse cumulative distribution functlon of the ch1—
squared distribution with ny degrees of freedom and « denoting a
confidence level, and no approx%mation error if g(0, d) is li{lear in
9 since | X, (z(0.d)+ X,') — X, (z(0. )+ X,") =0
in this case. Thus, the corresponding OED can be approximated
as

(B.4)

det(z(0.0)1 3, )
7@(251) )p(G)dO, s.t. (7)

_ -1
= arg rgleaz))(f@ log (det(Z(0, d) + X, ")) p(6)de, s.t. (7)
_d

d; :argx(}qe%f@%log<

(B.5)
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Appendix C. Approximation of design for arbitrary prior and
noise distributions

Under Assumptions 3 and 4, Uy (@, d) in (10) becomes

) n(ER, Se)dE.

The utility function Uy (@, d) in (C.1) is a multivariate in-
tegral that can be approximated via Monte Carlo integration
Sf () (EIX, Xe)dE =~ misz;fjlf(‘;‘k) in the observation space
for some function f(£) using the points &, ..., §,, that are ob-
tained by sampling in X according to the pdf n(§|x, ¥¢) and
independently of the prior pdf p(@). Then, Ug/(0, d) in (C.1) can
be approximated as

1 e det(J(8.d))~ ' (§ %, X¢)
U8, d) >~ 7-372; 1o (mew

det(J(0.d))" " m (£I%. X)

p(g(0.d)+)(60.d)é|d) (C1)

Uki(0,d) = [ x log (

= Upc(0, d), (C2)

where the evidence p(g(8, d) + J(0, d)§,|d) is computed as in (4)
from the likelihood function in (22), and the corresponding OED
can be approximated as

dy, >~ arg rglesg( SoUnc(0, d)p(8)de, s.t. (7)
=dj. (C3)

Appendix D. Computation of the posterior covariance

The covariance matrix of the posterior parameter distribution
is computed as follows:

Jyp(yld)fe (0 — (o0p(6ly, d)d6))

X (6= (/o 0p(6ly. d)d6)" p(6ly. d)dody
= JypyId) (006" p(6ly. d)db

~ (Jo0p(0ly. d)0) (/o 0p(6ly. d)d0)") dy
= Jyp(y1d) (/006" AP0 g

T
p(yl0.d)p(6) p(yl6.d)p(6)
(foo p(yld) d‘)) (f@o pyid) do) )dy

= fyf@%Tp(yIO, d)p(0)do — [y, (fop(yl0, d)p(g)do)fl
(o 0p(yl6, d)p(0)d0) (/- 0p(y16, d)p(6)d6)" dy

=y 00T”(J(‘*d)’l(y—gw,d))\i,zs)
=Jyle

det(J(6,d))
7 (J0.d)~ (y—g(0.d) %, X
(5 >
7 ()0.4)~ (y—g(6.4)I%. ¢ )
Job det(J(0,d))

det(J(,4))
b
X | fol
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