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a b s t r a c t

Many planetary bodies undergo forced longitudinal librations [Williams, J.G., Boggs, D.H., Yoder, C.F.,
Ratcliff, J.T., Dickey, J.O., 2001. Lunar rotational dissipation in solid body and molten core. Journal of
Geophysical Research-Planets 106 (E11), 27933–27968; Comstock, R.L., Bills, B.G., 2003. A solar sys-
tem survey of forced librations in longitude. Journal of Geophysical Research-Planets 108 (E9); Margot,
J.L., Peale, S.J., Jurgens, R.F., Slade, M.A., Holin, I.V., 2007. Large longitude libration of mercury reveals
a molten core. Science 316 (5825), 710–714]. Yet few studies to date have investigated how longitu-
dinal libration, the oscillatory motion of a planet around its rotation axis, couples with its interior
planetary fluid dynamics [e.g., Aldridge, K.D., Toomre, A., 1969. Axisymmetric inertial oscillations of
a fluid in a rotating spherical container. Journal of Fluid Mechanics 37, 307; Tilgner, A., 1999. Driven
inertial oscillations in spherical shells. Physical Review E 59 (2), 1789–1794]. In this study, we inves-
tigate, via laboratory experiments, the viscously driven flow in a spherical librating fluid cavity. We
focus on libration frequencies less than or equal to the planetary rotation frequency (frequency ratios
f ∗ ≤ 1), moderate rotation rates (Ekman numbers E = 10−4 to 10−5) and a relatively broad range
of librational amplitudes (libration amplitudes 10◦ � �� � 200◦; Rossby numbers 0.03 � Ro � 5). In
addition we model flow in three different core geometries: full sphere, rinner � 0.6router and rinner �
0.9router.

Direct flow visualizations in the laboratory experiment allow us to identify three distinct librationally
driven flow regimes. The transitions between these regimes are governed by critical values of the outer
boundary layer Reynolds number, Re. For Re � 20 the flow is dominated by inertial modes. For 20 � Re �

120 the system becomes unstable to longitudinal rolls that form beneath the outer boundary. This laminar
instability initiates near the equator and is qualitatively similar to Taylor-Görtler instabilities. For Re � 120
the flow in the vicinity of the outer boundary becomes turbulent.

For several librating planets with an internal fluid layer, estimates of Re and f ∗ lie in the range of
values accessible in our laboratory experiment. Our results suggest that Mercury, Io, Europa and Titan
may undergo boundary layer turbulence, whereas Earth’s moon, Callisto and Ganymede may become
unstable to laminar longitudinal rolls.
. Introduction

Longitudinal librations are time periodic variations in a plane-
ary body’s axial rate of rotation. Solar system bodies that undergo

orced longitudinal librations include Mercury; the Earth’s Moon;

ars’ moons, Phobos and Deimos; the four Galilean satellites of
upiter; and many of the moons of Saturn (Yoder, 1995; Comstock
nd Bills, 2003). Of these bodies, Mercury (Hauck et al., 2004;

∗ Corresponding author. Tel.: +1 310 825 9296; fax: +1 310 825 2779.
E-mail address: jerome@ess.ucla.edu (J. Noir).

031-9201/$ – see front matter. Published by Elsevier B.V.
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Margot et al., 2007; Breuer et al., 2007; Williams et al., 2007), the
Moon (Williams et al., 2001), Io, Europa and Ganymede (Anderson
et al., 1996, 1998) are believed to have partially molten, central iron
cores. Bodies that may have subsurface oceans include Europa, Cal-
listo, Ganymede and Saturn’s moons Enceladus and Titan (Anderson
et al., 2001; Spohn and Schubert, 2003; Van Hoolst et al., 2008;
Lorenz et al., 2008).
Orbital dynamics studies have shown that the following condi-
tions are necessary for gravitational interactions to drive planetary
libration (Murray and Dermott, 1999): (1) The planet must have
an equatorially asymmetric mass distribution. (2) Its orbit must
have a non-trivial eccentricity. (3) Its spin and orbital rates must

http://www.sciencedirect.com/science/journal/00319201
http://www.elsevier.com/locate/pepi
mailto:jerome@ess.ucla.edu
dx.doi.org/10.1016/j.pepi.2008.11.012
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e commensurate. The equation for the axial torque on a body with
oments of inertia A < B < C that is orbiting about a more massive

ody of mass M is

= −3
2

GM(B − A)
r3

sin 2� , (1)

here r is the distance between the two bodies and � describes
he angle between the long equatorial axis of the smaller body and
he line connecting it to the body it orbits. If the planet’s mass dis-
ribution is symmetric about the equator, then B − A = 0 and there
ill be no axial torque on the body. If orbital and rotational rates of

he body are not commensurate, then � will vary so that the torque
veraged over an orbital cycle is effectively zero (Comstock and Bills,
003). For the case of an eccentric, synchronous orbit, the body’s

ong equatorial A-axis will undergo quasi-periodic misalignments
rom the line perpendicular to gravitational equipotential surfaces.
n a body with its rotation axis parallel to its orbit normal, the result-
ng axial torques tend to drive an oscillation superposed on the
ody’s mean rotational rate (Balogh and Giampieri, 2002). Thus,
t leading order, a body in synchronous orbit will typically librate
nce per orbital cycle. At the next order, the libration is an order
f magnitude smaller in amplitude and oscillates twice per orbital
ycle. Such higher order librational modes will not be considered
ere.

Angular momentum exchange between a planet’s solid shell and
surrounding atmospheric envelope can also generate a planetary

ibration. For instance, on Earth, seasonal variations in atmospheric
ngular momentum produce observable changes in the planet’s
ength of day (LOD) (Wahr, 1988). The seasonal LOD variations
orrespond to a small � 0.3 arcsecond librational motion, with a
early yearly oscillation period. In contrast, a much larger seasonal

ibration may occur on Titan, which has a relatively massive atmo-
phere and strong seasonal zonal wind variations. Recent Cassini
nd Hubble Space Telescope measurements reveal that Titan’s rota-
ion rate is varying over a roughly year time-scale (e.g., Lorenz
t al., 2008). These measurements indicate that Titan’s May 2007
otation rate is +0.36◦/year greater than its rotation rate mea-
ured in October 2004. This super-rotation is likely due to libration
f Titan’s outermost solid shell, driven by seasonal variations in
ts atmospheric zonal wind field (Tokano and Neubauer, 2005).
iven a seasonal libration period of 14.75 years and assuming a
imple, constant prograde rotation rate of +0.36◦/year for half a
ibration period, we arrive at an estimated libration amplitude
f �� � 2.5◦ for Titan. Although this crude amplitude estimate
ikely represents an upper bound (Van Hoolst et al., 2008), it
hows that seasonally driven librations can be substantial on this
ody.

Measuring a planet’s libration can provide constraints in mod-
ls of its interior structure (Peale and Boss, 1977; Wu et al., 1997;
eale et al., 2002; Margot et al., 2007; Van Hoolst et al., 2008). For
xample, Margot et al. (2007) have shown that Mercury’s libration
mplitude can be explained by a mantle decoupled from the deep
nterior by a liquid shell. Van Hoolst et al. (2008) have proposed a
ynamical libration model of Europa, for which the measurement of

ts librational parameters can provide constraints on the existence
f a subsurface ocean and on the thickness of the surrounding ice
hell. However in such models, it is typically argued that the liquid
hell is only coupled to the overlying solid spherical shell through
laminar viscous boundary layer (e.g., Peale and Boss, 1977; Van
oolst et al., 2008) and that the interior of the fluid layer remains

n solid body rotation. Such a coupling does not produce significant

nternal dissipation and is therefore neglected in the energy budget
f the planets.

In contrast, it has been proposed by Kerswell and Malkus (1998)
hat librationally driven flows inside Io’s liquid outer core may be
esponsible for its magnetic signature. Kerswell and Malkus argue
etary Interiors 173 (2009) 141–152

that the estimated equatorial ellipticity of Io’s CMB is sufficient to
produce elliptical instability, a pairwise resonance of inertial waves
(Kerswell and Malkus, 1998). In the presence of Jupiter magnetic
field the flow associated with the elliptical instability inside the
molten core will generate an induced magnetic field. However, the
typical magnetic field signature as well as the detailed structure
of the librationally driven elliptical instability have yet to be deter-
mined.

In general, the solid boundary surrounding an internal liquid
layer of a planet is a triaxial ellipsoid. Both pressure and viscous
coupling between the librating solid boundary and the liquid layer
can generate secondary fluid motions. A fundamental difference
between the pressure and the viscous forcing is their azimuthal
symmetry, respectively, m = 2 and m = 0 (axisymmetric). Thus, the
pressure and viscous torque are expected to produce very different
dynamics. In order to separate the flow in the liquid layer driven by
each forcing we must consider the following two cases. In the first
case, which is the purpose of the present study, the shell is spherical
and the only coupling between the longitudinally librating outer
solid shell and the liquid layer is viscous. In the second case, the
equatorial ellipticity is large enough so that the pressure coupling
between the surrounding longitudinally librating solid shell and
the liquid dominates. The second case is beyond the scope of the
present paper and will be investigated in a future experimental
study.

The flow induced inside a rapidly rotating, spherical fluid cavity
by the libration of its container has been investigated by Aldridge
(1967), Aldridge and Toomre (1969), Aldridge (1975) and Tilgner
(1999). Tilgner (1999) investigated the linear response of a fluid
spherical shell with various inner core radii via a suite of numeri-
cal simulations. He showed that the linear response to librational
forcing is comprised of inertial modes, which are the eigenmodes
of a rapidly rotating fluid cavity (Greenspan, 1968). For moder-
ate inner core sizes, Tilgner demonstrated that the presence of an
inner core only marginally modifies the resonance frequencies and
other global observables, such as kinetic energy density. Aldridge
and Toomre (1969) carried out laboratory experiments to investi-
gate the librationally driven flow in a spherical fluid cavity. Using
pressure differences between two points on the axis of rotation,
they identified resonances of axisymmetric inertial modes at oscil-
lation frequencies predicted theoretically by Greenspan (1968). In
addition, Aldridge (1967) reported that axisymmetric vortices with
vorticity in the azimuthal �̂-direction – so-called ‘longitudinal rolls’
– develop near the outer boundary of the cavity at higher libration
amplitudes.

We investigate the simplest model of flow inside a liquid
layer (outer core or subsurface ocean) driven by the forced lon-
gitudinal libration of a solid outer spherical shell (mantle or ice
shell). In particular, we focus on the viscous coupling between
the underlying liquid and the surrounding shell in a range of
boundary layer Reynolds numbers that are relevant to planets (see
Table 2).

We present the results of a systematic study of librationally
core-flow in spherical geometry that seek to expand upon these
earlier studies. In particular, we determine the transition between
the regime dominated by inertial modes in the bulk of the fluid (e.g.,
Tilgner, 1999), the longitudinal roll regime first noted by Aldridge
(1967) and a librationally driven turbulence regime that has not
been previously reported.

The paper is organized as follows. In Section 2 we present the
governing equations and the control parameters. Section 3 presents
the laboratory setup and the numerical model that we use to illus-
trate the fundamental flows that arise in our laboratory experiment.

The results are presented in Section 4. In Section 5 we discuss how
to extrapolate our findings to planetary core conditions. Finally, a
synopsis of our findings is given in Section 6.
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Table 1
Physical and dimensionless parameter definitions and their typical values in the
laboratory experiment.

Parameter Definition Experiment

ro Outer boundary radius 8.5 cm
ri Inner boundary radius 0, 5.1 cm, 7.65 cm
�/2� Mean rotation rate 5–60 rpm
ωL/2� Libration frequency 0.1–2 Hz
�� Angular displacement 0–180◦

� Kinematic viscosity 10−6

� ri/ro 0, 0.6, 0.9
2 −5 −3
J. Noir et al. / Physics of the Earth an

. Governing equations and control parameters

In the present study we consider a spherical fluid cavity of outer
adius ro and an inner core of radius ri. We assume the fluid to be
lectrically non-conductive. The equations governing the motion of
n incompressible, homogeneous fluid in a rotating spherical shell
re

∂u
∂t

+ u · ∇ u + 2�ẑ × u = − 1
�

∇p + � ∇2u, (2)

· u = 0, (3)

here �u is the velocity measured in the rotating reference frame;
ẑ is the mean angular velocity vector; � denotes the constant fluid

ensity; p is the modified pressure that contains the gravitational
nd centrifugal potentials; and � is the fluid’s kinematic viscosity.

The librational forcing enters the problem through the velocity
oundary condition on the outer boundary ro,

�(ro) = (ro cos 	)[(��ωL) sin(ωLt)]. (4)

ere 	 denotes latitude, �� is the angular amplitude of libration
n radians and ωL is the angular velocity of libration in rad/s. We
efine the retrograde phase of the libration cycle as the period dur-

ng which u�(ro) < 0 and the prograde phase as the period during
hich u�(ro) > 0. This sinusoidal motion of the container mechan-

cally forces flow in the underlying fluid through viscous boundary
tresses.

.1. Dimensionless equations and control parameters

Eqs. (2)–(4) are non-dimensionalized using �−1 and the outer
adius ro, as the respective units of time and length. The non-
imensional form of the equations then becomes

∂u
∂t

+ u · ∇ u + 2ẑ × u = −∇p + E∇2u; (5)

· u = 0; (6)

ubject to

�(ro) = Ro sin 	 sin(f ∗t). (7)

he Ekman number, E, is a measure of the ratio of the viscous and
he Coriolis forces:

= �

�r2
o

. (8)

he Rossby number, Ro, measures the relative strength of the libra-
ional forcing to the Coriolis force:

o = ��f ∗, (9)

here the frequency ratio

∗ = ωL

�
(10)

s the ratio of the libration and the background rotation frequencies.
astly, the radius ratio

= ri

ro
(11)

escribes the spherical shell geometry.

.2. Boundary layer Reynolds number
The flow inside the fluid cavity is effectively inviscid; at first
rder the differential motion between the librating shell and the
otating fluid is accommodated in a thin viscous boundary layer
eneath the outer wall, which is called the Ekman boundary layer.
nticipating the relevance of non-linear terms in this outermost
E �/�ro 10 − 10
f ∗ ωL/� 0.4–1
Ro ��f ∗ 0.03–5
Re Ro E−1/2 0–400

region of the fluid, we introduce the outer boundary layer Reynolds
number, Re. This parameter measures the relative strength of iner-
tial and viscous forces in the Ekman boundary layer. It is defined as

Re = uı

�
,

where we use the Ekman boundary layer thickness ı = (�/�)1/2 =
E1/2ro (Greenspan, 1968) as the characteristic length scale and the
peak equatorial velocity of the shell u = ��ωLro as the character-
istic velocity scale. This yields

Re = ��ωL ro

(��)1/2
= ��f ∗E−1/2

= Ro E−1/2.

(12)

Note that Re is independent of the size of the inner core in expres-
sion (12). Thus, we expect an inner core to have no significant effect
in systems where Re controls the instabilities in the outer boundary
layer.

Typical laboratory values of the parameters introduced above
are given in Table 1, planetary counter part are given in Table 2. For
example, we estimate E ∼ 10−13; Ro ∼ 10−4; f ∗ = 2/3; and Re ∼ 500
for Mercury. In comparison, our laboratory and numerical experi-
ments are carried out at 10−5 � E � 10−4; 0.03 � Ro � 5; 0 < f ∗ <
1; and 10 � Re � 400. Thus, our experiments can match the f ∗ and
Re values typical of librating planets (Tables 1 and 2). However, due
to the moderate Ekman number values accessible in our present
experiments, these Reynolds numbers can be reached only by using
libration amplitudes (0.2 � �� � 3.5 rad) that greatly exceed plan-
etary values (10−6 � �� � 10−4 rad).

3. Methods

3.1. Laboratory experimental set-up

Fig. 1 shows a schematic view of the apparatus used in the
present study. The acrylic container consists of a right cylinder (9.9
cm outer radius) with an internal spherical cavity (8.5 cm radius).
The cavity is filled with room temperature water. The librational
motion of the outer shell is simulated using two motors. The tor-
sional oscillation of the acrylic container is directly driven by a
400 W ring-style servomotor (Yaskawa SGMCS-10C3B11). We use
a motion control card (Trio MC202) to set the sinusoidal oscillation
of the servomotor. The container and the ring-servo are centered
on the upper deck of a 1 m diameter turntable, which simulates the
mean rotation rate of the planet. The rotation rate of the turntable

is belt-driven by a one horse-power DC motor (Marathon Black-
max Y535) with a 6:1 gear-head reducer and an inverter drive
(Yaskawa CIMR-F7U20P71). The servo motor is capable of oscil-
lating the container at frequencies, fL = ωL/2�, between 0.1 and
2.0 Hz with an angular amplitude, ��, that ranges from 2.5◦ to 360◦
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Table 2
Physical and dimensionless parameters values for planets, listed from top to bottom in terms of increasing boundary layer Reynolds number value. Titan(Grav) and Titan(Atm)
correspond to Titan’s forced longitudinal librations driven, respectively, by gravitational coupling and by atmospheric circulation. The anagram SO and LC stand for subsurface
ocean and liquid metal core. Unless specified, the amplitudes of libration are from Comstock and Bills (2003). We use viscosities � = 10−6 and � = 3−7 m2/s, respectively, for
subsurface oceans and molten iron rich core. Tspin is the rotational period of the planet.

Planets Internal layer ro (km) ri (km) Tspin (day) f ∗ �� (rad) E Ro Re

Callisto a,b SO ∼2300 2000–2300 16.68 1 4.22 × 10−6 4 × 10−14 4.22 × 10−6 ∼20
Ganymede c,d LC ∼800 0–500 7.15 1 5.64 × 10−6 4 × 10−14 5.64 × 10−6 ∼25
Earth’s moon e LC ∼350 0–150 27.3 1 7 × 10−5 10−12 7 × 10−5 ∼73
Titan(Grav) f,g SO ∼2500 2350–2450 15.95 1 2.3 × 10−5 3.5 × 10−14 2.3 × 10−5 ∼123
Mercury h LC ∼1800 0–1700 58.6 2/3 2 × 10−4 h 7.5 × 10−14 1.33 × 10−4 ∼490
Titan(Atm) f,g SO ∼2500 2350–2450 15.95 3 × 10−3 4.36 × 10−2 f 3.5 × 10−14 1.3 × 10−4 ∼690
Io i LC ∼500 – 1.77 1 1.3 × 10−4 3 × 10−14 1.3 × 10−4 ∼800
Europa j SO ∼1450 1300–1400 3.55 1 2 × 10−4 j .23 × 10−14 2 × 10−4 ∼1300

a Kuskov and Kronrod (2005).
b Spohn and Schubert (2003).
c Hauck et al. (2006).
d Sohl et al. (2002).
e Williams and Dickey (2002).
f Lorenz et al. (2008).
g

(
t
t
f
(
s
t
c
e
t
a

s
2
h
u
w
a
s

Tobie et al. (2005).
h Margot et al. (2007).
i Anderson et al. (2001).
j Van Hoolst et al. (2008).

0.04 to 3.14 rad, respectively). We monitor the oscillation using
he ring-servo’s optical encoder. The oscillatory motion follows a
rue sinusoid to within ±0.25% for typical runs (�� = 15 − 45◦;
L = 0.05 to 1.0 Hz) and to within ±1.5% for the most extreme cases
�� = 140◦; fL = 2.0 Hz). The rotation rate of the turntable can be
et from 1 to 60 rpm (0.017 to 1 Hz, respectively) and is stable to bet-
er than ±0.5%. Some of the experiments use a solid acrylic inner
ore. The two inner core sizes used are ri = 5.1 and 7.65 cm. In all
xperiments, only the outer shell librates; the inner core rotates at
he constant background angular velocity �. The parameter values
ccessible with this device are given in Table 1.

In our experiments the working fluid is seeded with Kalliro-
cope flakes to visualize shear zones in the fluid (e.g., Noir et al.,
001a). Boundary layer flow characterizations are carried out with
igh concentrations of Kalliroscope flakes, which make the vol-

me of fluid opaque except for the first mm or so near the outer
all. For outer boundary flow visualizations, photographic flash

nd high intensity LED’s (Luxeon III’s) are used as light sources for
till images and movies, respectively. Shear zones in the fluid inte-

Fig. 1. Schematic view of the laboratory experiment.
rior are visualized using a 1/1000 solution of Kalliroscope and a
light sheet produced by a 24 mW diode-laser (Roithner LaserTech-
nik). Flow visualizations are made with cameras and lights sources
in the rotating frame. Still images are acquired using a standard
digital SLR (Canon EOS Rebel). Movies are made using a high sen-
sitivity CCD camera (Watec WAT-902H2). The analog movie signal
is sent via a wireless system from the rotating frame to an analog-
to-digital video converter (Canopus ADVC-110) in the laboratory
frame. The output from the converter is then fed into a data acqui-
sition computer, which records the movies at 30 frames per second
(BTV Pro software). This imaging system is a modified version of
that described in Baca et al. (2005).

Each libration experiment follows a similar protocol. First the
turntable rotates for ∼ 5 to 15 min to enable the fluid to spin-up
to solid body rotation. Then, the ring-servo is activated to oscillate
the acrylic container. The resulting flow inside the cavity typically
equilibrates within ∼ 10 oscillation periods. Flow imaging is then
carried out.

3.2. Numerical modeling

In addition to the laboratory experiments, we have carried out
two numerical simulations of flow driven by outer-boundary libra-
tional motion. We use a modified version of the code MagIC3.16
(Wicht, 2002) to numerically solve Eqs. (2)–(4). This fully non-
linear, three-dimensional code makes use of the pseudo-spectral
methodology first introduced by Glatzmaier (1984). It has been pre-
viously used to simulate thermal convection and dynamo action
in rapidly rotating spherical shells of Boussinesq fluid (e.g., Wicht,
2002; Heimpel et al., 2005; Aurnou et al., 2007). A detailed descrip-
tion of this model is given in Christensen and Wicht (2007).

The two simulations are carried out at an Ekman number of
E = 10−4, a libration frequency of f ∗ = 2/3, a spherical shell radius
ratio of � = 0.35, and Rossby numbers of Ro = 0.1 and 1, corre-
sponding to Re = 10 and Re = 100, respectively. Both simulations
use a grid having 61 radial levels, 64 points in colatitude and 128
points in full azimuth. The associated spectral space contains spher-

ical harmonics up to degree and order of 42 and 40, respectively,
and 59 Chebyshev polynomials in radius. In order to increase our
computational efficiency, we use an 8-fold azimuthal symmetry to
solve the equations (e.g., Al-Shamali et al., 2004). The mechanical
boundary conditions are no-slip on ri and ro. Each simulation is
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nitialized with a small, random velocity field perturbation from
hich instabilities may develop. The outer shell librates while the

nner core rotates at the background rotation rate. Thus, viewed
n the rotating frame, the inner core is fixed while the outer shell
scillates.

. Results

Our laboratory models of librationally driven flow have been
arried out over approximately one decade of Ekman numbers,
× 10−5 < E < 10−4. In this section, we report laboratory observa-

ions for E = 2 × 10−5 and increasing values of the Rossby number.
owever, the same succession of regimes is observed at all values
f the Ekman number investigated.

In the laboratory experiments we observe three different
ibration-driven flow regimes. For weak librational forcing, no insta-
ilities are observed in the interior or near the container boundary
stable regime). For moderate forcing, we observe longitudinal
olls forming just beneath the outer boundary (longitudinal roll
egime). For large librational forcing, turbulence develops in the
utermost region of the fluid (boundary turbulence regime). The
wo numerical simulations we carry out at Re = 10 and Re = 100
re, respectively, in the stable and longitudinal roll regimes.

.1. The stable regime

The numerical simulations carried out at low librational forcing
E = 10−4, Ro = 0.1, Re = 10) reveals oblique oscillatory shear lay-
rs in the fluid interior characteristic of inertial waves (Fig. 2a–c),
n agreement with Tilgner (1999). The oscillating shear layers arise
ue to a local breakdown of the Ekman boundary layer at the
o-called critical latitude, which results in a discontinuity of the
elocity field. The discontinuity propagates inside the volume along
onical shear layers aligned with the axis of rotation. In a meridional
lane the intersected conical structures form a ray pattern as seen

n Fig. 2a–c (e.g., Tilgner, 1999; Noir et al., 2001b). The critical co-
atitude 
c and the angle between the axis of rotation and the shear
ayer � depend on the dimensionless oscillation frequency f ∗ as:

os 
c = sin � = f ∗

2
.

he thickness of the internal shear layer scales as E1/5 and the asso-
iated tangential velocities scale as RoE2/5 (Stewartson and Roberts,
963; Noir et al., 2001b), both of which are small at planetary
onditions. Thus, we do not expect these oblique shear layers to
ontribute significantly to global observables such as the kinetic
nergy and the viscous dissipation.

In addition, Fig. 2b shows that libration of the outer shell induces
significant meridional circulation u	 in the Ekman boundary layer.
uring the prograde phase of the libration cycle, the Ekman circula-

ion in the boundary layer is directed from the poles to the equator.
uring the retrograde phase of the cycle, this circulation is directed
olewards.

For laboratory experiments at E = 2 × 10−5 and Ro � 0.1 (Re �
0), direct flow visualizations do not reveal oblique shear struc-

ures in the interior of the fluid. However, the rapidly oscillating
nertial waves are known to be difficult to observe in labora-
ory experiments which use Kalliroscope visualization (Noir et al.,
001a). Thus, it is likely that an inertial wave field exists in our

aboratory experiments that is similar to the numerical simula-
ion. Quantitative velocity measurements such as laser or acoustic
oppler velocimetry will allow for their detection in future labora-

ory experiments.
etary Interiors 173 (2009) 141–152 145

4.2. Longitudinal rolls

In laboratory experiments with E = 2 × 10−5, 0.1 � Ro � 0.8
(20 � Re � 120), and � = [0, 0.6, 0.9], the flow beneath the outer
boundary, at r = ro, is unstable periodically in time. The time evo-
lution of the system is illustrated in Fig. 3.

The flow beneath the outer boundary becomes unstable pre-
dominantly during the retrograde phase of the cycle, and then
relaminarizes during the prograde phase of each libration cycle.
Thus, this represents a transiently unstable system (e.g., Davis,
1976). This process is described in detail in the following para-
graphs.

Near the end of the prograde phase of each libration cycle,
two quasi-axisymmetric shear zones develop on either side of
the equator. During the retrograde phase of the libration cycle,
these shear structures travel symmetrically to higher latitudes
(Fig. 4). Movies of the interior flow suggest that each quasi-
axisymmetric shear zone is associated with a single roll with its
vorticity oriented in the �-direction. We refer to these quasi-
axisymmetric structures as “longitudinal rolls”. The region between
the equator and the initial poleward propagating longitudinal
rolls is referred to here as “the curtain” (Fig. 4b). We hypothe-
size that the poleward spreading of the curtain results from the
advection of the longitudinal shear structures by the Ekman circu-
lation.

Shortly after the curtain starts expanding poleward, we typi-
cally observe distinct longitudinal rolls that form within the curtain
region (Fig. 5a). For large enough angular displacements, these sec-
ondary roll structures are also advected poleward. As the container
enters the prograde phase of motion, the longitudinal rolls dis-
sipate, sometimes becoming wavy as they do so. The instability
pattern shown in Fig. 5a occurs during the retrograde phase of the
libration cycle. Secondary longitudinal rolls do not develop during
the prograde phase of the cycle.

The same transient instability process repeats during each libra-
tion cycle; the position at which the rolls form is consistent from
one cycle to another. The instability patterns are qualitatively sim-
ilar to Taylor instabilities in differentially rotating cylinders (Coles,
1965; Andereck et al., 1986) and spherical shells (Nakabayashi et al.,
2002), to Taylor-Görtler instabilities observed in cylindrical spin-
down experiments (Weidman, 1976a, b; Neitzel and Davis, 1981)
and in oscillating cylinder simulations (Blennerhassett and Bassom,
2007).

The longitudinal rolls are observed to develop only in the outer-
most region of the fluid. No such structures are detected in the fluid
interior. Instead, we observe steady vertical (geostrophic) shear
zones in the bulk of the fluid through the entire libration cycle.
Similar observations of steady geostrophic shear zones have been
reported by Malkus (1968), Vanyo et al. (1995) and Noir et al. (2001a,
b). They are interpreted as the results of non-linear interaction in
the Ekman boundary layer.

In order to investigate the effect of a solid inner core on the
longitudinal roll instability, we have carried out experiments with
three different non-librating inner cores (� = 0, 0.6 and 0.90). In the
range of parameters accessible with our device, we do not observe
any measurable effect of an inner core on the instabilities.

We have carried out a numerical simulation at Re = 100 with
E = 10−4, Ro = 1, f ∗ = 1 and � = 0.35 for comparison with our lab-
oratory results in the longitudinal rolls regime. Fig. 2d–f show
meridional slices of the azimuthally averaged velocity components
near the end of the retrograde phase of motion. Fig. 5b shows the

shear structures below the outer boundary at the end of the ret-
rograde phase of motion. The signature of the longitudinal rolls
is clearly identified in the radial component of the velocity field
shown in Figs. 2d and 5b. Numerical movies of the velocity field
reveal a poleward motion of the longitudinal rolls during the ret-
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ig. 2. Axisymmetric velocity fields in a meridional plane from numerical simulati
c, f) azimuthal velocities. All panels are snapshot of the velocity at a time correspo
e = 10; right panels (d, e, f) Ro = 1, Re = 100. The velocity scale bars are all in the n

ograde phase of the libration cycle for this simulation. In contrast

o the Ro = 0.1 simulation (Fig. 2a–c), inertial waves do not dom-
nate the interior flow field in the Ro = 1simulation. Furthermore,

comparison of panels 2b and e shows that the Ekman circula-
ion is significantly modified in the region where longitudinal rolls
evelop.
ith E = 10−4, f ∗ = 1, � = 0.35: (a, d) radial velocities; (b, e) colatitudinal velocities;
to the maximum retrograde rotation rate of the shell. Left panels (a, b, c) Ro = 0.1,
mensional units of u/�ro .

Note that the Ro = 1 simulation produces axisymmetric roll

structures, even though the code allows three-dimensional flows
(Fig. 5b). This differs from the laboratory experiments, which often
generate wavy roll structures near the end of the retrograde libra-
tion (Fig. 5a). The axisymmetric numerical results are likely caused
by the 8-fold azimuthal symmetry that we have imposed on the
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Re � 20 and Re � 120 (Fig. 7). The critical Re values are compara-

F
�

mental sideview images (b) of stable boundary layer flow during the prograde
hase of the libration cycle and (c) of the longitudinal rolls that develop during
he retrograde phase of the cycle.

olutions. Thus, the development of non-axisymmetric flow is
nhibited in our numerical simulations.

.3. Turbulence

In laboratory experiments with E = 2 × 10−5 and Ro � 0.8 (Re �
20), we observe complex non-axisymmetric structures below the
ontainer’s outer wall (Fig. 6). Kalliroscope movies show that these
tructures vary significantly both in time and space. We consider
uch flows to be turbulent. However, in the absence of quantita-
ive velocity data, determining the onset of boundary turbulence is
omewhat subjective.

For weakly turbulent cases, a set of longitudinal rolls form dur-
ng the retrograde phase of libration. These rolls first become wavy

nd then become unstable to smaller scale structures near the end
f the retrograde phase of the cycle. In addition, we observe the
estige of the longitudinal roll pattern throughout the retrograde
hase of the libration cycle. In these weakly turbulent cases, the

ig. 4. (a) Laboratory flow visualization using Kalliroscope showing curtain development
/3] and � = 0). (b) Schematic of curtain development.
etary Interiors 173 (2009) 141–152 147

flow relaminarizes completely during the prograde phase of each
libration cycle.

In more strongly forced cases, we observe that the longitudinal
rolls become unstable earlier into the retrograde phase of the cycle
(Fig. 6). In experiments carried out using large angular displace-
ments (�� � 50◦), a poleward advection of the turbulent structures
is also observed. At the peak of their development, the turbulent
structures no longer exhibit symmetry correlated with the longi-
tudinal roll pattern. The turbulent instability always peaks during
the retrograde phase of the libration cycle and decays during the
prograde phase. However, the turbulence does not completely dis-
sipate during the prograde phase and, thus, may persist throughout
the entire libration cycle.

Fig. 6b shows shear structures in a meridional slice for a full
sphere geometry (� = 0) in the turbulent regime. The turbulent
flow structures occupy the outermost portion of the fluid. In the
interior of the fluid, the flow remains predominantly laminar and is
characterized by vertical (geostrophic) shear zones, as in the longi-
tudinal rolls regimes. In further similarity to the longitudinal rolls
regime, the size of the inner core does not measurably affect the
boundary turbulence.

4.4. Regime diagram

Fig. 7 is a compilation of all the experimental observations made
in this study represented in a (E, Re) parameter space. We vary the
Ekman number by changing the rotation rate of the turntable and
we vary the Rossby number by adjusting the oscillation frequency
and the angular displacement of the ring-servo motor. Experi-
ments in the stable boundary layer regime are represented in blue
symbols; the longitudinal roll instability cases are represented by
green symbols; and the turbulent regime cases are represented
by red symbols. The different symbols shapes correspond to the
three inner core sizes used in the laboratory experiment. The � = 0
full sphere geometry cases are marked by circles (©); the � = 0.6
cases are marked by inverted triangles (�); the � = 0.9 cases are
marked by squares (�).

The results shown in Fig. 7 suggest that the onset of the longitu-
dinal roll and of the boundary turbulence regimes are consistent
with critical boundary layer Reynolds numbers, respectively, of
c1 c2
ble with those characteristic of Ekman boundary layer instabilities
with steady or oscillating forcings (Faller, 1963; Faller and Kaylor,
1966; Lilly, 1966; Tatro and Mollo-Christensen, 1967; Aelbrecht et
al., 1999). Due to the limited range of accessible Ekman numbers

in the outer boundary layer (E = 5 × 10−5 [� = 20 rpm], f ∗ = 2/3, Ro = 0.7 [�� =
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Fig. 5. Longitudinal rolls beneath the outer boundary. (a) Laboratory experiment at Re = 100 (E = 5 × 10−5 [� = 20 rpm], f ∗ = 2/3, Ro = 0.7 [�� = 60◦], and � = 0). (b) The
	̂-derivative of the radial velocity component, ∂ur /∂	 from the numerical simulation at Re = 100 with E = 10−4, Ro = 1, f ∗ = 1 and � = 0.35.

Fig. 6. Laboratory flow visualization using Kalliroscope in the boundary turbulence regime at Re = 134 (E = 10−4, Ro = 1.34, � = 0 and f ∗ = 1). (a) Boundary flow beneath
the outer wall; (b) interior flow along a meridional section of the fluid cavity.

Fig. 7. Compiled experimental results plotted in terms of Re versus E. Flow regimes: stable boundary layer (blue); longitudinal roll instability (green); outer boundary
turbulence (red). The symbol’s denotes inner core size: full sphere � = 0 (©); � = 0.6 (�); � = 0.9 (�). The critical boundary layer Reynolds number are represented by black
solid (Rec1 = 20) and dashed (Rec2 = 120) lines, respectively, for the onset of the longitudinal rolls and boundary turbulence. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of the article.)
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ig. 8. Latitudinal extent �	 as a function of f ∗ for fixed (Re = 60, �� = 40◦) in
he longitudinal roll regime; (Re = 150, �� = 100◦) and (Re = 200, �� = 90◦) in the
oundary turbulence regime. The dashed lines represent the mean value of each
ata set, respectively, 35◦ , 58◦ and 73◦ for Re = 60, 150 and 200.

nd to the subjectivity inherent to direct visualization we have not
onsidered higher order scaling laws, e.g. Rec = Ro˛Eˇ. Thus, the
alidity domain of these scaling laws will have to be ascertained in
uture work at lower E values.

.5. Latitudinal extent of instabilities

The results shown in Fig. 7 imply that Re controls the regime
ransitions in our laboratory experiments. We now seek to deter-

ine how the latitudinal extent of the unstable region evolves as
e lower Ro and E (towards planetary values) for fixed Reynolds
umbers. We define the latitudinal extent �	 as the maximum lat-

tude at which we observe structures characteristic of a particular
egime.

As we decrease E from 10−4 to 2 × 10−5, the Rossby number must
atisfy Ro = ReE1/2 in order to maintain a fixed value of Re. Using the
efinition Ro = ��f ∗, this can be achieved in two different ways.
irst, at a fixed amplitude of libration ��, this is accomplished
y lowering the frequency f ∗. Second, at fixed frequency f ∗, this

s accomplished by decreasing the amplitude of libration ��.

In Fig. 8 we consider three different pairs of fixed (Re, ��) and
ary f ∗ and E in order to determine the dependency of the latitudi-
al extent of the instability on f ∗ as E is lowered toward planetary
onditions. The three cases are (Re = 60, �� = 40◦), (Re = 150,

ig. 9. (a) Latitudinal extent �	 in the longitudinal roll regime as a function of the libratio
	 in boundary turbulence regime as a function of the libration amplitude �� for Re = 20

.9) and Re = 150 (f ∗ = 0.96, � = 0). The dashed lines demarcate the maximum latitudina
y the latitudinal Ekman circulation.
etary Interiors 173 (2009) 141–152 149

�� = 100◦), (Re = 200, �� = 90◦). The first case at Re = 60 is in
the longitudinal roll regime, the second two cases are in the bound-
ary turbulence regime. We do not observe any significant variation
of the latitudinal extent of the unstable region, �	, with f ∗ in
either the longitudinal roll or the boundary turbulence regimes. The
dashed lines in Fig. 8 represent the mean values for each Re. Lower
values of f ∗ in each data set would require lower Ekman numbers
(i.e., faster turntable rotation rates) that are not accessible in our
device.

Fig. 9a shows the latitudinal extent of the unstable region, �	, as
a function of the libration amplitude �� for fixed f ∗ = 2/3 and Re =
60 and two inner core sizes, � = 0 and 0.6. In the range of parame-
ters accessible with this device we observe a decay of the latitudinal
extent in the longitudinal roll regime as we lower ��. We note that
a similar behavior was noted by Aldridge (1967) in a comparable
range of parameters but with f ∗ > 1. The size of the inner core has
only a marginal effect on the latitudinal extent of the instability.

In the boundary turbulence regime (Fig. 9b), we observe a sat-
uration of the latitudinal extent for large libration amplitudes,
respectively at �	 = 50◦ for Re = 150, �	 = 65◦ for Re = 165 and
�	 = 75◦ for Re = 175 and 200. For �� � 55◦, we observe that the
maximum latitudinal extent decreased with ��. Experiments con-
ducted at Re = 165 and 175 with two inner core sizes (� = 0 and
0.9) do not exhibit any measurable differences.

5. Discussion and planetary applications

In this study, we have found three different flow regimes induced
inside a liquid cavity by the librational motion of the surround-
ing shell: (i) the stable boundary layer regime; (ii) the longitudinal
roll regime; and (iii) the boundary turbulence regime. The onset
of the longitudinal roll and boundary turbulence instability are
governed by two critical boundary layer Reynolds numbers, respec-
tively, Rec1 � 20 and Rec2 � 120.

5.1. Instability mechanism

Our results show that the librationally driven instabilities are

confined to the outer region of the fluid and do not penetrate
the entire fluid volume. Furthermore, the flow patterns are qual-
itatively similar to Taylor and Taylor-Görtler instabilities, both of
which are associated with a local centrifugal instability mechanism
(e.g., Nakabayashi et al., 2002).

n amplitude �� for fixed Re = 60, f ∗ = 2/3 and � = 0 and 0.6. (b) Latitudinal extent
0 (f ∗ = 1, � = 0), Re = 175 (f ∗ = 0.96, � = 0 and 0.9), Re = 165 (f ∗ = 0.96, � = 0 and
l extent for structures formed in the vicinity of the equator and advected poleward
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Fig. 10. Longitudinal rolls in a librating cylindrical tank (H = 20 cm, R = 8.6 cm),
�� = 60◦ , f ∗ = 0.5, EH = 10−4, where EH is the Ekman number based on the radius
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We propose that the longitudinal roll instability results from a
entrifugal mechanism in the Ekman boundary layer, as first sug-
ested by Aldridge (1967). Fig. 3a schematically shows the angular
elocity of the overlying solid container. The fluid in the bulk of
he cavity follows a nearly solid body rotation at the table’s mean
ngular velocity �. In contrast, the fluid in the boundary layer is
spun-up” to faster rates during the prograde phase of the libration
ycle. Similarly, the fluid in the boundary layer is then “spun-down”
o slower rates during the retrograde phase of the libration cycle.
hus, a parcel of fluid displaced from the boundary layer to the
ulk will experience a greater outward centrifugal force than the
urrounding fluid during the prograde phase of the cycle. This will
esult in a stabilization of the system (Fig. 3b). In contrast, a parcel
f fluid is displaced from the boundary layer to the bulk will expe-
ience a weaker centrifugal force that the surrounding fluid during
he retrograde phase of the libration cycle. This will result in its
urther inward displacement. This “centrifugal instability” leads to
he formation of the longitudinal rolls predominantly during the
etrograde phase of each libration cycle (Fig. 3c).

.1.1. Latitudinal extent of the instability
A decrease of �	 is observed with decreasing amplitude of libra-

ion both in the longitudinal roll and boundary turbulence regimes.
n contrast, the frequency ratio f ∗ has a marginal effect on the
xtent of the unstable region. We discuss two possible models to
ccount for the latitudinal extent of the unstable region. In the
rst model, the instabilities always develop in the vicinity of the
quatorial plane and are advected by the poleward Ekman circu-
ation during the retrograde phase of the libration cycle. In this
odel the latitudinal extent is bounded by the maximum latitude
t which an equatorial structure can be advected poleward during
he retrograde phase. In planetary settings the Ekman circulation is
anishingly small. Therefore, this model predicts that librationally
riven instabilities are confined to the equatorial region.

ig. 11. Extrapolation of our results toward planetary conditions. Planetary Re and E-val
ircles; planets with a outer liquid core are represented by filled circles. The symbols and
of the tank. This image shows the roll instability at the peak retrograde displacement
of the tank (� � −60◦), as measured in the rotating reference frame.

In the second model, the centrifugal destabilization arises at all
latitudes where the local boundary layer Reynolds number is above
its critical value. Although the poleward Ekman circulation during
the retrograde phase may still play a role in this second model, it
no longer provides an upper bound on the latitudinal extent of the
unstable region. In contrast to the first model, this local instability

model predicts a finite latitudinal extent of the unstable region at
planetary settings. We now seek to determine which model best
describes our results.

ues are given in Table 2. Planets with a subsurface ocean are represented by open
colors for the experimental data at E > 10−5 are the same as in Fig. 7.
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At first order, we calculate the Ekman circulation and the 	-
ependent Reynolds number based on a linear steady Ekman layer.
ollowing (Greenspan, 1968) the Ekman boundary layer thickness
s given by:

(	) ∝ E1/2ro cos 	 (13)

xcept at the equator and at the critical latitude in both hemispheres
here it becomes singular (Roberts and Stewartson, 1963; Noir et

l., 2001b). The horizontal components of the non-dimensionalized
elocity in the Ekman boundary layer scales as (Greenspan, 1968):

	(	) ∼ u�(	) ∝ ��f ∗ cos 	 sin(f ∗t). (14)

ecent analytical work by Zhang and Liao (2008) have argued that
he Ekman boundary layer thickness may not follow a E1/2 scaling
aw for an oscillatory perturbation. However, a different scaling of
he boundary layer thickness would still yield u	 ∼ u� ∝ �� in the
oundary layer in order to conserve mass.

From (14), we expect the latitudinal advection of flow structures
n the Ekman boundary layer to be proportional to ��. Further,
he values of �� will provide an upper bound on the latitudinal
dvection as u	 cannot be larger than u� , which is the source of the
kman circulation. Integrated over a libration cycle, (14) shows that
he net latitudinal advection should be independent of f ∗, which is
n agreement with our results (Fig. 8). Thus, �	 = �� will provide
n upper bound on the latitudinal extent, �	, in the first model. We
efer to this limit as the advective upper bound.

We now define a 	-dependent Reynolds number, Re(	), from (13)
nd (14), which now includes the latitude variations of the Ekman
oundary layer thickness, ı(	) = E1/2ro cos 	, and of the maximum

ocal value of the shell’s azimuthal velocity, u�(	) = ��ωL cos 	:

e(	) = ��f ∗E−1/2 cos2 	. (15)

f the onset of the instability is driven by a local destabilization of
he boundary layer, the extent of the unstable region in the absence
f advection can be defined by the maximum latitude 	max at which
e(	max) = Rec .

The dashed lines in Fig. 9 denote the upper bound of �	 for
he latitudinal advection model. In the longitudinal rolls regime the
atitudinal extent never exceeds the advective upper bound. In con-
rast, in the boundary turbulence regime, we observe instabilities
t latitudes greater than the advective upper bound. This implies
hat the turbulent structures must have formed at finite latitudes
bove and below the equatorial plane before they were advected
oleward. This supports a local destabilization mechanism, as in
he second model, for Re � Rec2.

To further test the second model we have carried out a set of pre-
iminary experiments in a right cylindrical tank of radius R = 8.6 cm
nd of height H = 20 cm. In this geometry the sidewall Reynolds
umber is independent of the vertical coordinate. Thus, if longi-
udinal rolls result from a local destabilization mechanism they
hould form simultaneously at all locations along the vertical side-
all. Fig. 10 shows longitudinal rolls in the cylinder experiment

or �� = 60◦, f ∗ = 0.5, EH = 10−4, where EH is the Ekman number
ased on the radius of the tank. This image shows the roll insta-
ility at the peak retrograde displacement of the tank (� � −60◦),
s measured in the rotating reference frame. In agreement with a
ocal destabilization mechanism, we observe that longitudinal rolls
orm simultaneously at all location along the vertical sidewall with
o significant poleward advection.

From the results of Figs. 9 and 10, we argue that the libra-

ionally driven instabilities develop from a local destabilization in
he Ekman boundary layer at latitudes where Re(	) > Rec . In our
aboratory experiments, which are carried out using large libra-
ion amplitudes (�� ∼ 30◦ to 200◦), the poleward advection by
he Ekman circulation contributes to the latitudinal extent of the
etary Interiors 173 (2009) 141–152 151

unstable region. In contrast, in planetary settings, where libration
amplitude and Ekman circulation are small, we expect that the lat-
itudinal extent of the unstable region is controlled by the value of
the local boundary layer Reynolds number, Re(	).

5.2. Planetary applications

For librating planets that are believed to have internal fluid lay-
ers, the boundary layer Reynolds number can be estimated using
(12). These Re estimates are given in Table 2. In Fig. 11 we extrapo-
late the critical values of Re found in our experiments to planetary
parameter values. The estimates of Re for Mercury, Io, Titan and
Europa are above Rec2 � 120, whereas estimates for the Earth’s
moon, Ganymede and Callisto are between Rec1 � 20 and Rec2 �
120. Thus, our results suggest that boundary layer turbulence may
exist in the molten cores of Mercury and Io and in the subsurface
oceans of Titan and Europa. Using the proposed local destabilization
model, we estimate the latitudinal extent of the turbulent region to
be �	 ∼ 60◦ for Mercury, �	 ∼ 65◦ for Titan and Io, and �	 ∼ 70◦

for Europa. For these planets, librational enhancement of viscous
dissipation and of turbulent boundary stresses may be significant.
In contrast, we predict that laminar longitudinal rolls exist in the
molten cores of Earth’s moon and Ganymede and in Callisto’s sub-
surface ocean. Thus, librationally enhanced viscous dissipation is
less likely to produce a significant contribution to the energy bud-
gets for these planets.

6. Conclusions and perspectives

In this paper we report that a spherical fluid cavity undergoing
longitudinal forced libration is subject to both longitudinal roll and
boundary turbulence instabilities. We show that the onset of the
instabilities may be characterized by two critical boundary layer
Reynolds numbers, respectively, Rec1 � 20 and Rec2 � 120. In addi-
tion, the instabilities are observed to be transient: they develop
predominantly during the retrograde phase of the libration cycle
and dissipate during the prograde phase. Both the longitudinal
roll and turbulent instabilities develop in the vicinity of the outer
boundary. We propose that these instabilities are primarily driven
by a local centrifugal mechanism in the Ekman boundary layer. In
further support of a local boundary layer mechanism, we find that
the presence of a non-librating inner core of radius of up to � = 0.9
does not produce any measurable effect in our experiments.

Our results imply that librationally driven boundary layer turbu-
lence may exist up to high latitudes in the subsurface liquid regions
of Mercury, Io, Titan and Europa; longitudinal rolls may exist in the
liquid interior portions of the Earth’s moon, Ganymede and Callisto.
Thus, turbulent dissipation and coupling are likely to be relevant for
Mercury, Io, Titan and Europa, but are less likely to be significant on
the Earth’s moon, Ganymede and Callisto.
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