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Using the analogy with stationary axisymmetric solutions, we present a method to
generate new analytic cosmological solutions of Einstein’s equation belonging to
the class ofT® Gowdy cosmological models. We show that the solutions can be
generated from their data at the initial singularity and present the formal general
solution for arbitrary initial data. We exemplify the method by constructing the
Kantowski—Sachs cosmological model and a generalization of it that corresponds
to an unpolarized® Gowdy model. ©2004 American Institute of Physics.

[DOI: 10.1063/1.1695448

[. INTRODUCTION

Gowdy metrics;? which are exact solutions of Einstein’s vacuum field equations, represent
cosmological models with various possible topologig$, &' x S?,T7%) and are spatially compact
inhomogeneous space—times admitting two commuting spacelike Killing vector fields. They are of
special importance for the study of formation of singularities in general relativity. Many éffbrts
have been made in order to derive and analyze these types of solutions, especially by using
numerical methods. The physical structure of these metrics is sufficiently simple to expect that the
singularities can be analyzed in detail, but their mathematical structure is sufficiently complicated
so that the global dynamical behavior is still far from being completely understood. One of the
most intriguing questions concerns the structure of the curvature singularity that is expected to
appear at certain spacelike boundary of the associated space—time. Many studies have been de-
voted to the so-called “asymptotically velocity term dominatéd¥/TD) behavior which states
that near the singularity each point in space is characterized by a different spatially homogeneous
cosmology’ The idea of AVTD behavior was originally proposed in Ref. 9 more than 30 years
ago, but is still being debated. Numerical analysis of the Gowdy models have shown that they do
become AVTD near the singularity, except at a set of isolated points, where there are “spikes” in
the behavior of the metric functions. The origin of these spikes is investigated in Ref. 6. Gowdy
metrics have been also analyzed as toy models in quantum midisuperspace’gravity.

Numerical methods have been extensively used to investigate Gowdy models, but only re-
cently it has been argued that solutions generating techniques can be applied in tis'tase
generate new solutions and that even a “simple change of coordinates” can be applied to reinter-
pret certain stationary axisymmetric solutions $s< S> Gowdy cosmological modelfS. The
reason why these methods can be used also in this case is due to the well-known fact that the
solution generating techniques are applicable to any space—time which admigsotwmuting
Killing vector fields. In this work, we will concentrate 6 Gowdy cosmological models and
will see that a complex coordinate transformation, together with a complex change of metric
functions, allows us to apply in a straightforward manner the well-known solution generating
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12, 2004.
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techniques that have been intensively used for stationary axisymmetric solutions.

This paper is organized as follows: In Sec. Il we derive the “transformation” that relates
stationary axisymmetric solutions with Gowdy models. We will show that due to this analogy,
the AVTD behavior in GowdyT? is mathematically equivalent to the behavior of stationary
asixymmetric solutions near the axis of symmetry. In Sec. Ill we show that Sibgatullin’s method
for constructing solutions can be applied in the case of GoWdlynodels and in Sec. IV we
present several examples of exact solutions generated by using this method. Finally, Sec. V is
devoted to the conclusions and some remarks about different possibilities of generalizing the
results derived in this work.

Il. STATIONARY AXISYMMETRIC SOLUTIONS AND GOWDY T3 MODELS

Consider the line element for stationary axisymmetric spacetimes in the Lewis—Papapetrou
form**

ds’=—e?(dT+ wdg)?+e 2" e?Y(dp?+dZ?) + p?d¢?], (1

where ¢, o, andy are functions of the nonignorable coordinageandz. The ignorable coordi-
natesT and ¢ are associated with the two Killing vector fielgg= 0/dT and n, = d/ d¢. The field
equations take the form

1 e L,

¢pp+;¢p+lpzz+2_p2(wp+wz)zoy (2)
1

wpp—;wp+wzz+4(wp¢p+wzl/fz)=0, 3

2 2 e4¢ 2 2
'}’p:P(‘/’p_'//z _4_p2(wp_wz)1 (4)

1 ay

'}’zzzp‘r//p‘r/fz_ze w,0z, 5

where the lower indices represent partial derivative with respect to the corresponding coordinate.
Consider now the following coordinate transformatignt] — (,0) and the complex change
of coordinates §,z)— (4, x) defined by

p=e 7, T=o, z=iyx, ¢=ié, (6)

and introduce the functionB, Q, and\ by means of the relationships

1 P . 1 5 N T ;
y=5(P-7), Q=iw, y=5|P-5-7]. @)

Introducing Eqs(6) and(7) into the line elemen({l), we obtain
—d?=e Me™(—e 2d7?+dy?) +e TeP(do+Qds)%+e Pds?]. (8)

Let us taker=0 (what seems reasonable in virtue that the radial coordipate” "=0) and
“compactify” the new coordinates as@y, o, §<2 (a less reasonable condition since in gen-
eral—owo<z<+w andT=0). The line element8) with the coordinates, x, o, anddin the range
given above is known as the line element for Govildycosmological model® Furthermore, one
can verify by direct calculation that the action of the transformati@)sand (7) on the field
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equations(2)—(5) yields exactly the field equations for the Gowdy cosmological models which
after some algebraic manipulations can be written as a set of two second order differential equa-
tions forP andQ,

—-27 2 2 —27\2\
P.,—e PXX_e P(Qr_e QX)_Or (9)
Q..—e ?Q,,+2(P.Q,—e *P,Q,)=0, (10
and two first order differential equations far
N, =PZte 2P2+e?(QZ+e 27QY), (11)
\,=2(P,P,+e*"Q,Q,). (12

It should be emphasized that this method for “deriving” the Gowdy line element from the sta-
tionary axisymmetric one involves real as well as complex transformations at the level of coordi-
nates and metric functions. It is, therefore, necessary to demand that the resulting metric functions
P, Q, and \ be real. That means that in general it is not possible to take an axisymmetric
stationary solution and apply the transformations to obtain a Gowdy cosmological model. If the
resulting functions are not real, they cannot be physical reasonable solutions to the real equations
(9)—(12). These transformations can be used only as a guide to get some insight into the form of
the new solutions. In any case, the corresponding field equations have to be invoked in order to
confirm the correctness of the solution.

A very useful form for analyzing the field equations of space—times with (s@onmuting
Killing vector fields is the Ernst representation. In fact, this convenient form for the field equations
was first proposed for axisymmetric stationary solutibhsut since then it has been applied in
many different configuration$-*®Here we will present the Ernst representation of the main field
equationg9) and(10) which is especially adapted to the coordinates used here. To this end, let us
introduce a new coordinateand a new functiolR=R(t,x) by means of the equatiotfs*®

t=e”", R=te’Q,, R,=te’FQ,. (13

Then, the field equatiof®) can be expressed as

+e ?P(RI-R%)=0, (14)

tz(P +1P -P
tt t t XX

whereas Eq(10) for the functionQ turns out to be equivalent to the integrability conditigy,
=R,;. However, an alternative and convenient equation is obtained by introducing18q.
directly into Eq.(10). So we obtain

teP —2[(teP)R—(teP) R, 1=0, (15)

1
Rt TR~ Ry

an equation which of course becomes an identity if the integrability condRjor R, is satis-
fied. We can now introduce the complex Ernst poteriiand the complex gradient operafdras

E=teP+iR, and Dz(iii) (16)
1 at’ aX!

which allow us to write the main field equations in tBenst-type representation

1
Re(E)(D2E+ Dt DE) —(DE)?=0. (17
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It is easy to verify that the field equatiof&4) and(15) can be obtained as the real and imaginary
part of the Ernst equatiofl7), respectively. For the sake of completeness, we rewrite the system
of first order, partial, differential equatioril) and(12) in terms of the Ernst potential:

t
)\tz—E(C+C’;+C,C’i), (18
t * *
)\X=—§(C+C+—C,C,), (19
where
C ——1 E.xE ! 20
i_RdE)( t— X)_Tl ( )

and the asterisk denotes complex conjugation.

If the Ernst potentiaE is known, then it is easy to recover the metric functiéhsQ, and\
which enter the line eleme(®) of Gowdy T2 cosmological models. In fact, from E€L6) one can
algebraically construct the functiosandR. Then the functior@ can be obtained by solving the
system of two first order partial differential equations giver(if). Notice that the integrability
condition of this last system is satisfied by virtue of ELj7). Finally, the systenil18) and(19) for
the function\ can be solved by quadratures since its integrability condition coincides with the
Ernst equatiori17). Consequently, all the information about any Govidycosmological model is
contained in the corresponding Ernst potential.

One of the most important properties of the Ernst representétifnis that it is very appro-
priate to investigate the symmetries of the field equations. In particular, the symmetries of the
Ernst equation for stationary axisymmetric spacetimes have been used to develop the modern
solution generating techniquédlike the Baklund method, Belinsky—Zakharov inverse scattering
method, the Hoenselaers—Kinnersley—Xanthopoulos method, and ¢fitvees introductory re-
view and detailed references, see Ref. 20 all these methods it is necessary to start from a given
“seed” solution which has to be specified in the whole space—tiemxeept, perhaps, in the regions
where the metric possesses true curvature singularifesalternative approach for exploring the
symmetries inherent in the Ernst equation was explicitly developed by Sibg&tualtid consists
of constructing exact solutions to the Ernst equation from initial data specified only on certain
hypersurfacdsubmanifold of the space—time. For instance, in the case of stationary axisymmet-
ric space—times, Sibgatullin’s method allows one to construct exact solutions from their data on
the axis of symmetry. In the following sections we will show that Sibgatullin’s method can be
applied in the case of Gowdy cosmological models and will present several examples of its
application.

[II. CONSTRUCTING SOLUTIONS FROM AVTD DATA

As we have mentioned above, an important property of Gowdy cosmological models is its
AVTD behavior near the initial singularity. In the case Bt models it can be shown that the
singularity is approached in the limit—c. The AVTD behavior implies that at the singularity all
spatial derivatives of the field equations can be neglected and only the temporal behavior is
relevant. On the other hand, the transformatiénindicates that the limitr—co is equivalent to
the limit p—0; however, this is true only at the level of coordinates and a more detailed analysis
is necessary to make sure that this analogy is also valid at the level of explicit solutions. To this
end, let us consider the system of partial differential equationg/fand » given in Egs.(2) and
(3). If we neglect the spatial dependencezmmwhich accoring to the transformati@) is equiva-
lent to the spatial dependence gnin Gowdy models, then we obtain a system of differential
equations which can be solved by quadratures and yields
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ib _
a(p1+c+ b2plfc) +|d'

g=zInfa(p"°+b%p' 9], w= (21)

wherea, b, ¢, andd are arbitrary real functions & Clearly, this solution is meaningless when
considered as a stationary axisymmetric spacetime. However, if we now follow the prescription
given in Egs.(6) and (7) for obtaining Gowdy models, we will find that solutid@1) “corre-
sponds” to the Gowdy model

b
P=In[a(e_”+ bZGCT)], Q= m‘*’d, (22)

where nowa, b, ¢, andd are to be considered as arbitrary real functions of the coordjpdte

is straightforward to verify that the expressions given in 8) satisfy the Gowdy field equations

(9) and(10) in its “truncated” form, i.e., when the spatial derivatives are neglected. The solution
(22) is known in the literature as the AVTD solution for Gowdy model§ and dictates the
behavior of these models near the singularityo. Thus, we have “derived” the AVTD solution
starting from its stationary axisymmetric counterpart. This is a further indication that the behavior
of Gowdy models at the initial singularity is mathematically equivalent to the behavior of station-
ary axisymmetric solutions at the axis. For the sake of completeness we also quote here the value
of the function\ corresponding to the AVTD solutiof22) that can be obtained by integrating Eq.

(12):

A=\o—C?Int, (23

where) is an additive constant. Furthermore, the corresponding AVTD Ernst potential can be
obtained by introducing Eq22) into Egs.(16) and(17). Then,

E=ale” (974 p%e (797 +iRM with R2"=—2abc. (24)
If we define
E(7—c,x)=e(x) (25

as the Ernst potential at the singularity, we see from(E4). that force (—1,1) only the imagi-

nary part remaine(y)=iR® This means that the real part efy) is arbitrary and sinc&

is given in terms of the real part it is also arbitrarycl& (—1,1), the Ernst potential diverges at
the singularity for arbitrary values of the functioasandb. In the limiting casec= * 1, the Ernst
potential at the singularity is regular, but again no conditions appear for the behavior of the
functionsa and b. Consequently, the AVTD behavior does not impose any conditions on the
functione(y). We will now see that it is possible to use this function to construct the correspond-
ing Ernst potentiakE (7, ).

Sibgatullin’s methot! has been developed to construct exact stationary axisymmetric solu-
tions starting from their data on the axis of symmetry. It is based upon the fact that the Ernst
equation possesses symmetry properties associated with an infinite-dimensional Lie group which
transforms one solution of this equation into another solution of the same equation. This implies
remarkable analyticity properties that make it possible to reduce the Ernst equation to a system of
linear integral equations which can be integrated explicitly if initial data is known, for instance, on
the axis of symmetry. It is clear that the Ernst-type representétiprpossesses similar symmetry
properties. On the other hand, we have shown that the behavior of stationary axisymmetric solu-
tions near the axis is mathematically equivalent to the behavior of G@wapsmological models
near the singularity. Thus, it should be possible to construct Gowdy cosmological models starting
from the value of the corresponding Ernst potential at the singularity. It turns out that Sibgatullin’s
method can be generalized in a straightforward manner to include the case of Gowdy models. A
detailed explanation of the procedure necessary to obtain the system of linear integral equations
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associated with the Ernst equation is given in Ref. 21. Here we will only quote the main steps of
the construction. Assume that the value of the Ernst potential is known at the initial singularity,
i.e.,e(y) is given. Then, the Ernst potential can be generated by means of the integral equation

! e(§)M(§)

E(t,x)= 26
where the unknown functiop(¢) has to be found from the singular integral equation
1 e*(n)+e
J’ u(é)e* () (f)] 0. @7
-1 (s—k)y1—¢8°
with the normalization condition
Lou(é)
ds=, 28
j—l\/l—sz i @89

whereé= y+ts, p=x+tk, with s,ke[—1,1].

Notice that for this method no condition is imposed on the behavioe(qf). This is in
accordance with the result obtained above about the AVTD behavior of the Ernst potential near the
singularity. Oncee(y) is given in any desired form, one only has to calculate the intdglto
find the Ernst potential. However, to calculate this integral one first has to find the fundion
by means of the singular equati@®7) and the normalization conditio(28). In practice, for a
given e(¢) one has to make a reasonable ansatzu@) such that it allows the existence of
solutions for the integral singular equati€2i’).

IV. EXAMPLES OF GOWDY T2 MODELS

The cases where the Ernst potential at the initial singularity behaves as a rational function are
relatively easy to analyze. In this section we will present two such examples. Let us consider the
following simple example of an Ernst potential at the singularity

—X
X+X

(X)— (29

where xq is a real constant. The first step of the construction is to find the unknown fungtion
according to Eqs(27) and (28). A reasonable ansatz is again a rational funéfion

A
m=Agt R (30)

where &, is the root of the equatiom(¢£)+€(£€)=0 (in this caseé;=xg) and Ay, A;, are
functions oft and . To handle the integrals which follow from the singular integral equation we
use the following standard formulas

(31

| =
-1 1—52_

1 ds T
fl(a+isb)\/1—32_ JaZ+ b2’ 32
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1 ds -
fl(s— (s Y-8 (k=y\y?-1' 33

wherea, b, andy are arbitrary constants.
Introducing Eq.(30) into the normalization conditiof28), we obtain

A
Aot —=1, (39

wherer _=/(x— xo)?—t?, whereas the integral singular equati@) leads to

Ay(ro+r_) B

o (35)

0

The last two equations can be used to find the explicit valuesy,adind A; which then can be
replaced in the result of the integration of Eg6) and yield

A1—=2x0A0  2xo—T+—T-
ry 2xotri+r_’

E(t,x)=—Ao— (36)

wherer . = (x+ xo)?—12. It is easy to check that indeed this is a solution to the Ernst equation
(17). Since the resulting Ernst potential is real, the solution corresponds to a pola@ze@)(
Gowdy model. The expression for the metric functi®ran easily be obtained from the definition
(16) and Eq.(36), and the remaining functiok can be calculatefup to an additive constanby
quadratures from Eq$18) and (19):

1 (rer_)?

NI T T2

(37)

The physical significance of this solution becomes plausible in a different system of coordinates
which we introduce in two steps. Let us first introduce in thg)-sector of the line elemeri8)
coordinatex andy by means of the relationships

e =t = x5(1-x)(1-y?), x=XoXY, (38)
or the inverse transformation law

ry+r_ r,—r_
X= . y= , (39
2Xo y 2Xo

so that the metric functions become

1-x (x?—y?)?
=In .
XoV(1=x?)(1—y?)(1+x) xoV(1—x®)(1—y?)(1+x)*

The second transformation affects now all the sectors of the line ele@eand is defined by

P

. A=In (40

T
X=——1, y=cos#, o=r, 5=4do. (41)
X0

Then, after some algebraic manipulations, the metric can be written as

2
01| dr+ T2(de? +sirt 6d?), 42)

2 -1
—dszz—($—1) T2+
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an expression that can immediately be recognized as the Kantowski—Sachs cosmological
model?*?* Thus, we have shown that the Kantowski—Sachs metric can be constructed from the
value of its Ernst potential at the singularit9).

Consider now the more general case

Xo—X—ix1

—, 43
XotXxTix1 “3

e(x)=

where xo and y; are real constants. The unknown functieté) can be sought in the form

gt Ly P 44)
Aot e T G (

whereé; ,=*a==* \/on—le are the roots of the equati@(¢) + e* (£) = 0. Substituting Eq(44)
in the integral equatio27) we obtain the system

At R 0 (45)
" xotixite xotixi—a

A (a+i A(a—i
1( Xl) o Xl) —0, (46)

Cr_(xotixata) ri(xotixi—a)
wherer . = (y* @)?—t2. On the other hand, the normalization conditi@3) yields

A A

- +

an equation which together with Eq45) and(46) form a closed algebraic system that determines
the coefficients of the functiop:

B a(r+r_)+iy(ro—r_)
Ca(rFr ) tix(rio—r)+2ax,’

Ao

A r_(a—ixy))(xotix1ta) 48)
1 a(ry+r_)+ix(ro—r_)+2axo’

 r(atix)(xotixi—a)
a(r +r_)+ix(ry—r_)+2axq’

Az

Finally, we calculate the Ernst potential according to E%) and obtain

Ar(xo—ixi—a@)  Axlxo—ixita) 2axo—al(r +r_)—ixi(ro—r_)

r_(xotixi+a) ri(xotixi—a) 2“)(0"’a(r++r—)+i)(1(f+_r—)(' )
49

The calculation of the corresponding metric functions can be carried out as described in the last
section. When integrating the systems of first order differential equatid@gor Q and(18) and

(19) for \, constants of integration appear which we choose such that a simpler representation is
obtained in terms of the coordinates used. To write down the final form of the metric functions it
is convenient to use the coordinates ) as defined in Eq(39) with x, replaced bya. Then

E(t,x)=—Aot

2_ 2,2 2,2
Xo— a™X"— x1¥

P=In ,
a\(1=x) (1= y?)[ (xo+ ax)?+ x2y?]

(50
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_ 2x1x0(1=Y)(xo+ ax)
Xo— a?x*— xiy*

: (53

X5(x2—y?)?
A=In .
V=33 (1= yd)[(xo+ ax)?+ x2y?]?

This metric corresponds to an unpolarized generalization of the Kantowski—Sachs cosmological
model which is obtained in the limiting cagg=0.

It is easy to see that near the singularity{>) the general Ernst potentiéd9) approaches
the corresponding AVTD potential as given in E¢3). This could be interpreted as an indirect
proof of the AVTD behavior of the solution obtained here. A more direct proof can be given by
analyzing the hyperbolic velocity= \/PZT+ eZPQE (see Ref. 4 In terms of the coordinatesand
y, the hyperbolic velocity of the solutior{f80) and(51) is given as a rather cumbersome expres-
sion. Nevertheless, it is possible to perform an analysis of its behavior by considering the different
domains of the coordinates according to the definition equ&88n One can show that in general
O0=v <1 which according to Ref. 4 implies that the solution is AVTD.

An important property of the method presented here is that it allows us to calculate an
arbitrary GowdyT? cosmological solution with any degree of accuracy. To this end, let us expand
in Eq. (26) the value of the Ernst potential ¢) in Fourier series,

(52

e<§>=k§0 ex(t,x)cogke), (53

whereeg=e(x) and we have represented the parame&ss= cose. Then the unknown function
u(€) can be expanded in a similar way,

M(§>=k§0 it x)cogke). (54)

The normalization conditiori28) can easily be calculated and implies thaf=1. Furthermore,
the general solution of the integral equati@®) can be written &

o0

1
E(tx)=e(0)+ 5 2 e (55
k=1

According to Eq.(27), the coefficientsu, have to satisfy the following system of algebraic
equations:

oo

Zl i1~ €k T €l 1|~ Ek—1) = — 2€. (56)

Thus, once the value of the Ernst potential is given at the initial singulggty)=E(x,7
—o)] the general solution of the Ernst equation reduces to an infinite series with coefficients
satisfying a set of pure algebraic equations.

V. CONCLUSIONS

We have shown that it is possible to generate GoWdycosmological models starting from
their data near the initial singularity. To this end, we first show that the Gawdine element can
be obtained from the line element of stationary axisymmetric solutions by means of complex
transformation that involves the metric functions and the coordinates. The behavior of stationary
axisymmetric solutions at the axis of symmetry is shown to be mathematically equivalent to the

Downloaded 23 May 2005 to 132.248.29.168. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



1858 J. Math. Phys., Vol. 45, No. 5, May 2004 Sanchez, Macias, and Quevedo

behavior of GowdyT® models near the singularity. In particular, we have derived the AVTD
solution from its stationary axisymmetric counterpart. We then use the Ernst representation of the
field equations and apply Sibgatullin’s method to the Ernst potential which can be given at the
singularity as any arbitrary function of the angle coordingtén particular, we have shown that
the Kantowski—Sachs cosmological model can be derived in this manner by starting from a
specific form of the Ernst potential in terms of a rational function. We then have found an
unpolarized generalization of the Kantowski—Sachs cosmological model. This generalization has
been obtained in the same way as the Kerr metric is obtained from its value at the axis of
symmetry by using Sibgatullin’s methdd.t is possible to consider more general examples of
Ernst potentials at the axis in terms of rational functions. It turns out that the system of integral
equationg27) and(28) forms a closed algebraic system from which the value of the fungti@n
can be found and the expression for the Ernst potential can be calctidteid. method could also
be applied in the case of Gowdy cosmological models considered here.

By expanding the value of the Ernst potential at the singularity in terms of a Fourier series, it
is possible to write explicitly the general solution for this type of modg#isluding the unpolar-
ized casg by using only a recurrence algebraic formula. This is a result that could find some
application in numerical investigations since it allows us to “control” the accuracy of the analysis
by truncating the series at any desired level.
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