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ABSTRACT 

 
 

Flexible Transmission in the Smart Grid 
 

by 
 

Kory Walter Hedman 
 

Doctor of Philosophy in Engineering – Industrial Engineering and Operations Research 
 

University of California, Berkeley 
 

Professor Shmuel S. Oren, Chair 
 
 
There is currently a national push to create a smarter electric grid; introducing new 

technologies that will create a more controllable and flexible grid is part of the smart grid 
concept and integral to its success. The full control of transmission assets are not currently 
built into electric energy dispatch optimization models. Optimal transmission switching is a 
straightforward way to leverage grid controllability: to make better use of the existing system 
and meet growing demand with existing infrastructure. Previous research has shown that 
transmission switching as a corrective mechanism can help relieve line overloading, voltage 
violations, etc. However, there has been limited focus on the use of transmission switching as 
a means to improve the economic efficiency of the network by incorporating the control of 
transmission assets into the overall economic dispatch problem.  

This research discusses the ways that the modeling of flexible transmission assets can 
benefit the multi-trillion dollar electric industry. It presents and analyzes novel formulations 
by which the operator can incorporate this flexibility into the economic dispatch formulation. 
This research focuses on modeling transmission assets so that they can be temporarily taken 
out of service, i.e., by opening breakers, or kept in service, i.e., by keeping the breakers 
closed. By incorporating this control into the network optimization problem, this provides the 
ability for the operator to consider the state of a transmission line as a decision variable 
instead of treating it as a static asset, which is the current practice today. The possible 
benefits demonstrated from this research indicate that the benefits to society are substantial. 
On the contrary, the benefits to individual market participants are uncertain; some will 
benefit and other will not. Consequently, this research also analyzes the impacts that optimal 
transmission switching may have on market participants as well as the policy implications. 
Methods to improve the solution time of this difficult problem are discussed as well. 
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CHAPTER 1: INTRODUCTION 
 

1.1 OVERVIEW 
The physics that govern electrical networks make them unique among network flow 

problems. The flow of electricity across the network follows Kirchhoff’s laws. These unique 
physical laws imply that switching a line out of service changes the power flows throughout 
the network. Moreover, electric energy is instantaneously consumed and very expensive to 
store. These factors, along with the many stability constraints, reliability constraints, 
generator dispatch constraints, etc, make this a very difficult network flow problem. In 
practice, the modeling of the network, however, is not as complex as it could be and various 
control mechanisms have yet to be harnessed in an automatic setting.  

Transmission elements (lines or transformers) in electrical networks are traditionally 
characterized as static assets with random outages over which the system operator dispatches 
generators to minimize cost while ensuring that reliability standards are met. This traditional 
view does not describe them as assets that operators have the ability to control. However, it is 
acknowledged, both formally and informally, that system operators can and do change the 
grid topology to improve voltage profiles or increase transfer capacity. These decisions are 
made at the discretion of the operators, rather than in an automated or systematic way. 
Furthermore, such flexibility is not incorporated into dispatch optimization problems today. 
This is a shortcoming regarding today’s electric grid operations because it is extremely 
unlikely that there is a single optimal network topology for all periods in the time horizon 
and/or for all possible market realizations. 

The electric grid is built to be a redundant network in order to ensure mandatory reliability 
standards; however, it is well known that these network redundancies can cause dispatch 
inefficiency. Consequently, due to the interdependency between network branches 
(transmission lines), it is possible to temporarily remove a branch during certain operating 
conditions and improve the efficiency of the network. Past research has already identified 
how the control of transmission assets can be used to benefit the network. These papers have 
generally focused on the switching of transmission lines when a line is overloaded, when 
there are voltage violations, as well as other factors related to using the control of 
transmission lines to alleviate an active network constraint. Few of these approaches attempt 
to use the control of transmission lines optimally to benefit the network and none of them 
introduce the control of transmission lines into the overall network optimization problem for 
the purpose of co-optimizing the network topology with the generation dispatch.   

 There is a national push to model the grid in a more sophisticated, smarter way as well as 
to introduce advanced technologies and control mechanisms into grid operations. One aspect 
of the smart grid aims at making better use of the current infrastructure as well as additions to 
the grid that will enable a more sophisticated use of the network. This research examines the 
smart grid application of harnessing the full control of transmission assets by incorporating 
their discrete state into the network optimization problem and it analyzes the benefits and 
policy implications of this concept. 
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1.2 RESEARCH FOCUS 
This research is broken down to include three main areas. The first and core part of this 

research focuses on incorporating the control of the transmission elements into the traditional 
electric network flow problem. The actual constraints that govern the flow of electricity are 
non-linear and create a difficult non-convex optimization problem; this problem is referred to 
as the Alternating Current Optimal Power Flow (ACOPF) problem. Therefore, this research 
starts by focusing on incorporating transmission switching into a common approximation, the 
Direct Current Optimal Power Flow (DCOPF) problem, of the actual electric network flow 
problem, which is the ACOPF. With the assumption that generators have linear production 
cost functions, the DCOPF is a linear program (LP) and once transmission switching is 
introduced into the formulation, it is then a Mixed Integer Linear Program (MIP). The 
research progresses by then applying transmission switching to more advanced models of the 
electric transmission network flow problem. There are three main dispatch optimization 
problems that are analyzed and studied with the optimal transmission switching concept: the 
DCOPF, the N-1 DCOPF, and the unit commitment problems.  

The second part of this research then focuses on the economic and market implications on 
society as well as on individual market participants when these optimization models are 
modified to include the control of transmission assets. While optimal transmission switching 
can improve economic efficiency of grid operations, such practice may have unpredictable 
distributional effects on market participants and undermine some prevalent market design 
principles that rely on the premise of a fixed network topology. By introducing optimal 
transmission switching into the traditional electric network flow problem, the total social 
welfare is guaranteed not to decrease and, usually, it increases substantially. For market 
participants within the electric power industry, i.e., generators, transmission owners, and 
consumers, the results are unknown as there is no way to predict who will win and who will 
lose. Furthermore, co-optimizing the network topology with generation for the common good 
may interfere with some of the underlying assumptions that facilitate a side financial market, 
the Financial Transmission Rights (FTRs) market. FTRs are used in the electricity markets as 
a hedging instrument and these rights are paid off by excess market surplus, which is 
collected by the Independent System Operator (ISO). By implementing optimal transmission 
switching, it is possible that the grid operator does not collect sufficient surplus to 
compensate the FTR owners since there is an underlying market design mechanism for the 
FTR market that assumes the grid topology is not modified. 

The last part of this research addresses the complexity of this problem and improving the 
solution time by applying operations research techniques. This research includes a discussion 
on valid inequalities and how they can help reduce the solution time of the generation unit 
commitment problem as well as a discussion on the various ways that this mixed integer 
program can be formulated and solved, which includes discussion on potential future 
research on solving this problem.   

1.3 SUMMARY OF CHAPTERS 
Chapter 2 provides a literature review. A thorough review of past transmission switching 

research is presented. However, these methods have mainly focused on transmission 
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switching as a corrective mechanism whereas this research focuses on incorporating the 
control and flexibility of transmission assets into the forward dispatch optimization models.  

Chapter 3 presents an overview of electric energy dispatch problems. In particular, it 
discusses the formulation for the ACOPF problem as well as a common approximation of the 
ACOPF, the DCOPF problem. A discussion of the unit commitment problem as well as 
analysis of varying unit commitment formulations is presented. Finally, a discussion of 
reliability requirements in the electric transmission grid is provided.  

Chapter 4 presents the optimal transmission switching problem for the DCOPF 
formulation. It also includes a discussion on the policy implications of transmission 
switching, how market participants may be affected, sensitivity studies for the chosen test 
cases, and economic analysis of the test cases. Studies were conducted on the IEEE 118-bus 
test case, see UW (2010), and on a large-scale test case provided by the Independent System 
Operator of New England (ISONE).  

In Chapter 5, the optimal transmission switching model is expanded to include N-1 
reliability constraints and a discussion on how this concept can affect reliable operations is 
provided. The results demonstrate that optimal transmission switching can reduce operational 
costs without any reliability degradation. The results are based on two test cases: the IEEE 
118-bus test case and the RTS96 (IEEE 73-bus) test case, see UW (2010). 

Chapter 6 extends the optimal transmission switching model to a multi-period problem, the 
unit commitment problem. The focus in this chapter is on understanding how optimal 
transmission switching can affect the unit commitment schedule as well as how the network 
topology solutions vary over different market conditions, i.e., over different hours and 
generator commitments. The results for this study are based on the RTS96 test case, see UW 
(2010).  

Chapter 7 focuses on the economic and market implications due to the incorporation of 
optimal transmission switching. Though optimal transmission switching improves the social 
welfare, it affects individual market participants as well as groups of participants, i.e., 
generators or the load, in various ways as it can create winners and losers. Optimal 
transmission switching has a substantial impact on a side financial market that is important in 
the electric industry, the FTR market; therefore, the effects on the FTR market are examined. 
This chapter contains both theoretical 3-bus examples that demonstrate the potential impact 
on the FTR market as well as studies from the IEEE 118-bus test case, see UW (2010).  

Chapter 8 concludes this dissertation and discusses potential future research that is 
connected with the main theme of this dissertation, developing a more flexible electric grid. 
In particular, extensions to the optimal transmission switching concept are presented (how 
transmission switching affects transmission planning, discussion on optimal transmission 
switching with an ACOPF formulation, discussion on a new concept called just-in-time 
transmission, etc.) along with additional research that concerns modeling of transmission line 
overloading.  
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CHAPTER 2: LITERATURE REVIEW 
 

2.1 INTRODUCTION 
The motivation of this research is to develop ways to utilize the control and flexibility of 

the electric grid topology. In particular, the concept of optimal transmission switching is 
proposed and examined. Previous research has identified transmission as a valuable asset that 
can be controlled and used for a variety of concerns. This chapter presents a thorough 
literature review on the motivation for this research, past related research on transmission 
switching, and an overview of ad-hoc procedures and operations where transmission control 
is utilized in the industry today. 

2.2 NATIONAL DIRECTIVES 
This research is motivated by the national push to create a smarter, more flexible electrical 

grid. In particular, there are national directives that call on researchers to examine topics in 
this general area of research. The US Energy Policy Act of 2005 includes a directive for 
federal agencies to “encourage…deployment of advanced transmission technologies,” 
including “optimized transmission line configuration.”1 This research is also in line with 
FERC Order 890: to improve the economic operations of the electric transmission grid. It 
also addresses the items listed in Title 13 “Smart Grid” of the Energy Independence and 
Security Act of 2007: (1) “increased use of… controls technology to improve reliability, 
stability, and efficiency of the grid” and (2) “dynamic optimization of grid operations and 
resources.” 

Building a more flexible grid from the supply side, i.e., the generation, to the consumption 
side will be beneficial for a variety of reasons including improved economic efficiency as 
well as building a more reliable, robust system. One additional reason why there is such a 
push to create a smarter and more flexible grid is due to the USA’s strong desire to 
incorporate new resources into this supply chain. In particular, there is a strong push to 
incorporate more renewable resources, e.g., wind energy. Past and current grid operations 
relied almost entirely on the flexibility from the generation resources while all other 
resources, e.g., transmission, distribution, and consumption, are traditionally viewed as 
inflexible resources. The flexibility in generation is also crucial since electric energy is 
instantaneously consumed and it is not economical, not yet at least, to store electric energy. 
These facts place a significant importance on the generation providing the necessary 
flexibility so that the grid can achieve required reliability standards.  

Unlike fossil fuel power plants and hydroelectric plants, wind energy is inflexible. If the 
national goals of reaching a significant percentage of wind energy penetration are to be 
achieved, then this inflexibility of wind energy must be balanced with investments in 
additional resources, e.g., building more transmission lines, building more traditional power 
plants, and/or obtaining additional flexibility from other current resources. Much of the smart 
grid research is focused on capturing flexibility from the consumption side, from plug-in-

                                                 
1 See Sec.1223.a.5 of the US Energy Policy Act of 2005. 



5 

hybrid vehicles to coupling deferrable load with wind energy production. Limited research 
has focused on harnessing the control of the transmission grid, which is the motivation of this 
research. Harnessing the control of the transmission grid cannot be used to balance out the 
uncontrollable fluctuations in wind energy production but it can be used to improve the 
economic efficiency of the electrical grid and it can help operators avoid network constraint 
violations that may occur due to the unexpected fluctuations in wind energy production. This 
latter option is not a focus of this research but is something that should be investigated by 
future research.  

2.3 TRANSMISSION SWITCHING AS A CORRECTIVE MECHANISM 
Past research has explored transmission switching as a control method for a variety of 

problems. The primary focus of past research has been on proposing transmission switching 
as a corrective mechanism when there is line overloading, voltage violations, etc. While this 
past research acknowledges certain benefits of harnessing the control of transmission, they 
do not use the flexibility of the transmission grid to co-optimize the generation along with the 
network topology during steady-state operations. Such co-optimization, as will be shown in 
this dissertation, can provide substantial economic savings even while maintaining N-1 
reliability standards. Furthermore, the use of transmission switching as a corrective 
mechanism to respond to a contingency has been acknowledged in some of the past research 
to have an impact on the cost of generation rescheduling due to the contingency. However, it 
has not been acknowledged that such flexibility should be accounted for when solving for the 
steady-state optimal dispatch.  

Glavitsch (1985) gives an overview of the use of transmission switching as a corrective 
mechanism in response to a contingency. He discusses the formulation of such a problem and 
provides an overview on search techniques to solve the problem. Mazi et al. (1986) propose a 
method to alleviate line overloading due to a contingency by the use of transmission 
switching as a corrective mechanism. This method is limited since it is a heuristic technique, 
which does not consider all possible transmission switching solutions and it does not co-
optimize the topology with the generation. Gorenstin et al. (1986) study a similar problem 
concerning transmission switching as a corrective mechanism; they use a linear approximate 
Optimal Power Flow (OPF) formulation and solve the problem based on branch and bound. 
Bacher et al. (1986) further examine transmission switching in the AC setting to relieve line 
overloads; however, they assume that the generation dispatch is already determined and fixed 
thereby not capturing the benefit of co-optimizing the network topology with generation. 
Bakitzis et al. (1987) examine transmission switching as a corrective mechanism both with a 
continuous variable formulation for the switching decision as well as with discrete control 
variables.  

Schnyder et al. (1988, 1990) proposed a fast corrective switching algorithm to be used in 
response to a contingency. The benefit of this algorithm over past research is that they 
simultaneously consider the control over the network topology and the ability to redispatch 
generation whereas other methods would assume that the generation is fixed when trying to 
determine the appropriate switching action. Due to the complexity of this problem for its 
time, this method does not search for the actual optimal topology but rather considers limited 
switching actions. Rolim et al. (1999) provide a review of past transmission switching 
methods, the solution techniques used, the objective at hand, etc. Shao et al. (2005) 
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continued previous research on the use of transmission switching as a corrective mechanism 
to relieve line overloads and voltage violations. They propose a new solution technique to 
find the best switching actions. Their technique employs a sparse inverse technique and 
involves a fast decoupled power flow in order to reduce the number of required iterations. In 
Shao et al. (2006), a binary integer programming technique is used for the same motivation: 
to use switching actions as a corrective mechanism to relieve line overloads and voltage 
violations.   

2.4 TRANSMISSION SWITCHING TO MINIMIZE LOSSES 
In Bacher et al. (1988), they propose switching to minimize system losses. This paper 

demonstrates that contrary to general belief, it is possible to reduce electrical losses in the 
network by temporarily opening a transmission line. Fliscounakis (2007) proposed a mixed 
integer linear program to determine the optimal transmission topology with the objective to 
minimize losses. Unlike past research, this model does search for the optimal topology but it 
does not consider the impact on generation and, therefore, their method does not provide the 
true social welfare maximizing solution that is desired by co-optimizing the generation along 
with the transmission topology. It is in fact possible that the true social welfare maximizing 
solution may have an increase in losses but by accounting for the influence between 
generation and transmission, the overall costs may still be lower. This possibility further 
emphasizes the need to co-optimize the generation with the topology and that the objective 
should not be to minimize losses but rather to maximize the total social welfare, i.e., the 
market surplus. In contrast to these approaches, the optimal transmission switching concept 
maximizes the market surplus by co-optimizing the transmission topology along with 
generation.  

2.5 TRANSMISSION SWITCHING AS A CONGESTION MANAGEMENT TOOL 
Granelli et al. (2006) propose transmission switching as a tool to manage congestion in the 

electrical grid. They discuss ways to solve this problem by genetic algorithms as well as 
deterministic approaches. This approach attempts to minimize the amount of overloads in the 
network since they are not co-optimizing the generation with the topology. Thus, this is an 
after the fact approach where generation is first dispatched optimally but then this method is 
employed to reduce network congestion. Once again, the optimal transmission switching 
concept goes further than this concept since it co-optimizes the generation with the network 
topology in order to maximize the market surplus.  

2.6 AD-HOC TRANSMISSION SWITCHING PROTOCOLS 
The effect of a transmission line’s impedance on the electrical network can vary for 

different network conditions. One of the most common industry practices of transmission 
line switching involves the common protocol to switch specific lines offline during lightly 
loaded hours. The capacitive component of a transmission line is the predominant component 
during low load levels whereas the reactive component is predominant at higher load levels. 
Consequently, during low load levels there can be situations where the capacitive component 
of the transmission line causes voltage violations in the network, i.e., the voltage levels are 
too high. Therefore, one simple protocol that operators are aware of is to select key 



7 

transmission lines that are not currently needed for reliability considerations and they take 
these lines out of service. This reduces the capacitance and can help alleviate voltage 
violation concerns. Such a protocol is acknowledged as a procedure within the PJM network, 
see Ott (2008), and by Excelon, see Nauman (2008). Likewise, the Northeast Power 
Coordinating Council includes “switch out internal transmission lines” in the list of possible 
actions to avoid abnormal voltage conditions, see NPCC (1997) and ISONE (2007). 

Another ad-hoc transmission switching protocol that is at times used by grid operators is to 
identify key transmission lines that can be taken out of service in order to improve the 
transfer capacity on other high voltage transmission lines. As will be discussed later in this 
dissertation, based on the unique laws that govern the flow of electricity across the grid, a 
line’s characteristics can affect flows throughout the network. Therefore, by opening a line 
temporarily there are situations where the transfer capability on other lines may increase. 
This is a protocol implemented in the PJM network, see Ott (2008).  

2.7 IMPLEMENTATION OF TRANSMISSION SWITCHING IN SPECIAL PROTECTION SCHEMES 
Special Protection Schemes (SPSs), also referred to as Special Protection Systems, are 

becoming a mainstream protocol in electric grid operations. Grid operators identify specific 
grid conditions where it can be advantageous to implement an automatic, predetermined 
corrective action in response to specific abnormal grid operations. SPSs can be used to solve 
a variety of issues from maintaining voltage stability to the implementation of a corrective 
action that is taken once a specific contingency occurs; the main motivation is to maintain 
proper reliable operations of the grid. These actions may involve changes in generation, 
reduction in load if necessary, as well as grid topology modifications. The PJM system uses 
SPSs to implement transmission switching protocols; this includes both pre-contingency 
transmission switching as well as post-contingency transmission switching. There can be 
situations where the operator will take a line out of service temporarily during steady-state 
operations but may switch the line back into service once a specific contingency occurs. 
Likewise, there are situations where opening a transmission line once there is a contingency 
can help the system recover from the contingency without causing a blackout. Further 
information on SPSs that implement transmission switching can be found in PJM (2009).    

2.8 TRANSMISSION LINE MAINTENANCE SCHEDULING 
The focus of past transmission line maintenance scheduling was on the effect on reliability. 

However, just as transmission lines affect reliability they also affect the operational costs of 
the electrical grid. Operators are now acknowledging the importance of transmission line 
maintenance scheduling not only regarding its affect on reliability but on operational costs. 
For instance, ISONE recently released a report stating that they saved $72 million in 2008 by 
considering the impact of transmission line maintenance scheduling on the overall 
operational costs, see ISONE (2010).   

2.9 DISPATCHABLE NETWORKS 
The initial concept of a dispatchable network was first proposed by O’Neill et al. (2005a). 

Fisher et al. (2008a) further developed and examined the concept of incorporating the control 
of transmission assets into dispatch optimization formulations. This research is a continuation 
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of these earlier papers and this research has been a joint collaboration with Dr. O’Neill and 
Dr. Fisher.  
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CHAPTER 3: OVERVIEW OF ELECTRIC ENERGY DISPATCH PROBLEMS 
 

3.1 OVERVIEW OF THE ELECTRIC INDUSTRY 
Figure 3-1 shows a simple picture of the supply chain structure that exists in the electric 

industry; there is the generation, the transmission, the distribution, and the load or 
consumption. Grid operations today, as well as in the past, typically only treat and utilize the 
generation as a flexible asset. With the current national push to create a smarter, more 
flexible grid, research today has focused on flexibility within the load side, e.g., plug in 
hybrid vehicles. Limited research has focused on exploiting the flexibility within the 
transmission grid, which is the focus of this dissertation research. 

 

 
Figure 3-1. Electric industry overview 

 
Two common market structures exist today in the electric industry. Before deregulation, 

the most prevalent structure was vertical integration, where an entity would own as well as 
control the generation, transmission, and distribution and this entity would be regulated to 
serve the load at least cost. This structure still exists today in some parts of the USA. Since 
deregulation, or re-regulation, many regions in the USA, as well as in other parts of the 
world, follow a market design where single entities cannot control generation, transmission, 
and distribution. This market design is represented by regions in the USA controlled by what 
are called Independent System Operators (ISOs).  

In these markets, the generation side is competitive, the Federal Energy Regulatory 
Commission (FERC) regulates the transmission and the transmission is controlled by the 
ISO, and the distribution is state regulated. These markets also commonly operate on what is 
called a nodal pricing system, or more precisely, they use Locational Marginal Prices 
(LMPs). With a nodal pricing system, each entity is paid the LMP at their location for 
producing or pays the LMP at their location for consuming one MWh. The LMPs are dual 
variables, i.e., shadow prices, of the node balance constraints within the OPF problem, which 
is discussed in Section 3.4. The main concept presented in this dissertation, optimal 
transmission switching, can be implemented in either market setting. However, the focus in 
this dissertation will be on the ISO market structure since there are by far fewer market 
implications if this method is implemented in a vertically integrated setting versus in the ISO 
market setting.  
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3.2 UNCONSTRAINED ECONOMIC DISPATCH PROBLEM 
The unconstrained economic dispatch problem is a very standard dispatch optimization 

problem. The only constraints considered are generator minimum and maximum operating 
constraints as well as the fact that the total supply must equal the total demand. This problem 
does not incorporate network constraints as is done in an OPF problem. Consequently, the 
unconstrained economic dispatch problem produces a lower bound on OPF problems.  

Generator production costs are generally fitted with a convex quadratic function; it is 
common to use quadratic cost functions for generators in literature. It is also common to 
assume the generator cost curve is piecewise linear, thereby creating an increasing staircase 
marginal cost function. This is a common assumption both in academic literature as well as 
within the industry since, in the energy markets, generators submit fixed marginal cost bids 
for blocks of energy. By assuming that generators have a linear cost function, the 
unconstrained economic dispatch problem is a Linear Programming (LP) problem. 
Throughout this research, it is assumed that the generator cost function is linear in order to 
resemble the actual functional form that is submitted by the generators to the grid operators. 

3.3 OPTIMAL POWER FLOW PROBLEM 
The majority of the electric grid operates based on an Alternating Current (AC) setting; 

however, there are a few high voltage Direct Current (DC) lines in the electric grid. The flow 
of electric energy follows Kirchhoff’s laws. The Alternating Current Optimal Power Flow 
(ACOPF) problem is the optimization problem that models how electricity flows across the 
AC electric grid and it is used to dispatch generation optimally. The ACOPF optimization 
problem is, however, a very difficult problem to solve since it is a non-convex optimization 
problem, which contains trigonometric functions in some of the constraints. Equations (3-1) 
and (3-2) represent the equations for the flow of electric power into bus n from transmission 
line k (line k is connected from bus m to bus n), see Bergen et al. (2000). 

  

 ( ) kBGVVGVP nmknmknmkmk ∀−+−−= ,)sin()cos(2 θθθθ  (3-1) 

 ( ) kVBBGVVQ mknmknmknmk ∀−−−−−= ,)cos()sin( 2θθθθ  (3-2) 
 
Pk is the real power flow and Qk is the reactive power flow. Vn, Vm, θn, and θm are all 

variables and they represent bus voltages and phase angles respectively for the two buses. 
Equations (3-1) and (3-2) are the power flow equations. Additional constraints that are 
required for the ACOPF problem include the constrains on the magnitude of the voltage 
variables, constraints on the angle difference between two connected buses, operational 
constraints on the generators, capacity constraints on the transmission lines, and node balance 
constraints. The non-linearity that these equations create significantly complicates the 
optimization problem.  

It is common, both in academic literature and in the industry, to use a linear approximation 
of the ACOPF problem. The first assumption concerns the voltage variables, Vn and Vm. The 
voltage levels are generally very close to one since they are based on a per unit calculation; 
thus, all voltage variables are assumed to have a value of one. This removes one of the non-
linearities within (3-1) and (3-2).  
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The next assumption comes from the fact that the angle difference between two connected 
buses is typically very small. This then allows one to approximate the Sine of a small angle 
difference by the angle difference itself and the Cosine of a small angle difference is 
approximately one. These two assumptions cause the Gk terms in (3-1) to cancel and the Bk 
terms in (3-2) to cancel.  

The next simplification is that the remaining reactive power term, Qk, is ignored. Finally, 
the resistance is assumed to be zero thereby making the susceptance equal the inverse of the 
reactance. As a result, the traditional DCOPF formulation is a lossless model; however, there 
are ways to modify the traditional DCOPF formulation to account for losses. Throughout this 
dissertation, the DCOPF problem is assumed to be a lossless model.  

All of these assumptions then produce the linear approximation of the ACOPF problem, 
which is known as the Direct Current Optimal Power Flow (DCOPF) problem. By assuming 
that the generator cost function is linear as described in section 3.2, the DCOPF problem is a 
linear program so it is much easier to solve than the non-convex ACOPF problem. With these 
assumptions, (3-2) is ignored and (3-1) collapses into (3-7) below for the DCOPF. 

The ISO is an independent entity. Its objective is to maximize the social welfare of the 
system, i.e., the market surplus. With the assumption that demand is perfectly inelastic, 
minimizing the total generation cost achieves the same objective as maximizing the market 
surplus. The DCOPF optimization problem is defined below. 

 
Minimize: ∑

g
gg Pc  (3-3) 

 s.t. 

 kmn ∀≤−≤ ,maxmin θθθθ  (3-4) 
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 (3-5) 

 kPPP kkk ∀≤≤ ,maxmin  (3-6) 

 kBP mnkk ∀−= ),( θθ  (3-7) 

 gPP gg ∀≤≤ ,0 max  (3-8) 
 
Constraint (3-4) restricts the difference of the bus voltage angles for any two buses that are 

connected by a transmission element. This constraint is necessary, as the angle difference 
between the generators cannot differ too significantly in order to avoid a system collapse; 
there is no perfect way to model the mathematical relationship between generators’ angle 
separation in the electric grid so this constraint, (3-4), is created as an approximate way to 
ensure generator angle stability. A less common approximation approach that is used at times 
is to place a limit on the absolute bus voltage angle. 

Constraint (3-5) is the node balance constraint that specifies that the power flow into a bus 
must equal the power flow out of a bus. Generator supplies at a bus are injections while the 
load is a withdrawal. Constraint (3-6) represents the capacity constraint on transmission line 
k; it is generally the case that Pk

max = -Pk
min. Constraint (3-7) is the approximation of the 

constraint (3-1), which represents the equation for the flow on transmission line k relative to 
the susceptance of the line and the angle difference across the line.  
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Since Pk equals the susceptance times the angle difference, a limit on the angle difference 
is equivalent to a limit on Pk. Therefore, by linearizing (3-1), there is no longer a need to 
include the angle difference constraints, (3-4). Instead, the lower and upper bounds of (3-6) 
can be adjusted to reflect whatever constraint produces a tighter bound on Pk: the thermal 
capacity of the line or the limit on the voltage angle difference across the two connected 
buses.  

Constraint (3-8) specifies the operational constraints for generator g; for the basic DCOPF 
formulation, it is assumed that the minimum operating level for the generator is zero even 
though most generators do not have a zero minimum operating level. In order to enforce the 
true minimum operating levels of generators, i.e., if their minimum operating level is not 
zero, requires the use of a binary unit commitment variable thereby changing the linear 
program into a mixed integer linear program.  

The DCOPF is a crude approximation of the ACOPF. Though this is the case, the DCOPF 
is commonly used throughout the industry as well as in academic settings. Many 
optimization problems that must be solved by electric grid operators involve integer 
variables; it is rare for grid operators to solve a large-scale dispatch problem with the ACOPF 
formulation if the optimization problem involves integer variables. Instead, the electric 
industry typically first solves the integer programming part of the problem with a DCOPF 
formulation. They generally use such a solution as a starting point for the ACOPF problem; 
the integer variables are fixed to their solution values resulting from the mixed integer 
programming problem and then the problem is fed into an ACOPF solver to find a local 
optimal solution. If a local optimal solution is not found within the timeframe available to 
solve the problem, they use their best-found feasible solution.  

Another formulation that is commonly used for the DCOPF is to use Power Transfer 
Distribution Factors (PTDFs), which would be used instead of (3-7). However, PTDFs are 
not used in this research since they depend on the topology of the network. If certain lines are 
not in service then the PTDFs change. It would be a significant computational challenge to 
have to recalculate PTDFs for each possible network topology and then be required to check 
to see which topology is preferred. Therefore, throughout this research, the formulation 
shown by (3-7) is used instead since this research focuses on the choice to have a line in 
service or out of service. The formulation presented is much easier to modify to incorporate 
the control of a transmission asset versus the PTDF format and the computational 
performance is better with this formulation. 

3.4 THE DUAL OF THE OPTIMAL POWER FLOW PROBLEM 
The DCOPF is a linear program assuming linear cost functions for the generators. Most 

electric energy markets operate based on a nodal pricing system, i.e., based on LMPs. LMPs 
are the dual variable, i.e., shadow price, on the node balance constraint in the OPF 
formulation. There are certain quantities that are important for particular market participants 
in the electric energy markets: load payment, the generation revenue, the generation rent, and 
the congestion rent. The load payment is the sum of each load times its LMP. The generation 
revenue is the sum of each generator’s output times their LMP. The generation rent is the 
generation revenue minus the generator cost. Note that the term that appears in the dual that 
represents the generator rent varies based on the assumption on generator costs in the 
DCOPF’s formulation; the formulation presented in section 3.3 assumes generators have 
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linear costs, which changes the representation of the generation rent term in the dual 
formulation. The congestion rent is the sum of each line’s flow times the shadow price, i.e., 
dual variable, on its capacity constraint, (3-6).  

The dual of the DCOPF is presented below. Based on strong duality, it is known that the 
primal’s optimal solution will equal the dual’s optimal solution if there exists feasible 
solutions for both the primal and the dual problems. The DCOPF primal problem is a 
minimization problem that is bounded below by zero. By duality theory, it is known that if a 
primal is bounded and feasible, then the dual is feasible. With the simple assumption that the 
primal is feasible, there exists an identity, which states that the generation cost is equal to the 
load payment minus the generation rent minus the congestion rent. This creates another way 
of interpreting the congestion rent: the congestion rent is the difference between what the 
load pays for consuming and what the generators are paid. Therefore, the congestion rent can 
be defined as the sum of all point to point contracts times the price difference between the 
defined sink and source locations. This creates yet another way to define the congestion rent, 
as the sum of the price difference across each transmission line times the line’s flow.  

The DCOPF is rewritten below; note that (3-4) is not included since this constraint can be 
subsumed by (3-6) since placing a bound on the angle difference translates into a bound on 
the line’s power flow, Pk. Therefore, if the angle difference constraint is a more binding 
constraint than (3-6), then the lower and upper bounds of (3-6) can be updated to reflect this 
tighter bound; otherwise, there is no need to include (3-4) in the formulation.  

The corresponding dual variable is listed for each constraint. The dual variable on (3-5) is 
known as the LMP, which reflects the cost to the system to deliver another MW of real 
power to that node in the network. The dual variables on (3-6a) and (3-6b) are known as the 
Flowgate Marginal Prices (FMP); the sum of F +

k and F -
k reflects the benefit to the system if 

the line’s thermal capacity constraints are relaxed by a MW, i.e., the line is allowed to 
transfer another MW across the line in either direction. The previous formulation had a lower 
bound of Pmin

k and an upper bound of Pmax
k whereas this formulation uses -Pmax

k to represent 
the lower bound; such a formulation is possible as it is almost always the case that -Pmin

k = 
Pmax

k.  
The dual variable on the constraint (3-7a), which is the approximation of the earlier AC 

line flow constraint, is often referred to as the admittance price. This term is used to reflect 
the fact that it is at times not possible to send another MW across a line even though it would 
benefit the system and even though the line is not constrained at its capacity because doing so 
would require a constraint violation elsewhere in the network. This is caused by the 
relationship between lines due to their admittance; thus, it can be beneficial at times to 
change the admittance of the line in order to reduce the total cost. This generally does not 
happen, however, since it is not possible to change the admittance of a line. Only when a line 
has a variable admittance device attached to it would this be possible.   

 
Primal Problem: 
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 kPP kk ∀−≥− ,max  (F +
k) (3-6a) 

 kPP kk ∀−≥ ,max  (F -
k) (3-6b) 

 kPB kmnk ∀=−− ,0)( θθ  (Ak) (3-7a) 

 gPP gg ∀−≥− ,max  (αg) (3-8a) 

 Pg ≥ 0; θn, Pk free  (3-9) 
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k, αg ≥ 0; LMPn, Ak free  (3-14) 
 

The load payment is easy to identify; it is the first term in the dual’s objective, the sum of 
the load consumption times the LMP for all nodes. By definition, the congestion rent for a 
specific line is that line’s flow times the dual variable on its capacity constraint. With the use 
of complementary slackness for (3-6a) and (3-6b), it is easy to identify the second term in the 
dual’s objective as the system congestion rent. Likewise, the generation rent can be identified 
by the use of complementary slackness. The complementary slackness condition from (3-12) 
is written as (3-15) below; this relationship is a result of assuming that all generators have 
linear costs. Likewise, (3-16) is the complementary slackness condition for (3-8a). With 
these two equations, there exists the relationship defined by (3-17). The right hand side of (3-
17) represents the generation rent for generator g, which shows that the third term in the 
dual’s objective is the total generation rent for the system.  
 
 ( ) gPcPLMP ggggn ∀=− ,α   (3-15) 

 gPP gggg ∀= ,maxαα   (3-16) 

 ( ) gPcLMPP ggngg ∀−= ,maxα   (3-17) 
 

3.5 GENERATION UNIT COMMITMENT 

3.5.1 Overview of Generation Unit Commitment 
Generation unit commitment is a well-known, difficult multi-period mixed integer 

programming problem to solve within the electric industry. The unit commitment problem is 
a day-ahead scheduling problem where the operator forecasts the state of the network for the 
following day and solves for the optimal commitment schedule for generators. Most 
generators have non-zero minimum operating levels, which is a characteristic that requires a 
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binary variable to model the state of the generator. This binary variable is referred to as the 
unit commitment binary variable, ug,t, and it takes on a value of one when the unit is on and 
zero when the unit is off. Generators also have minimum up and minimum down time 
constraints. The minimum up (or down) time constraint states that once a generator is turned 
on (or off) it must remain on (or off) for a certain number of periods. This operational 
restriction for generators also requires the inclusion of a binary variable to model the state of 
the generator. It is possible to formulate the minimum up and down time constraints with just 
the use of the unit commitment binary variables; however, it will be discussed in subsequent 
sections how it can be beneficial to incorporate additional binary variables into the unit 
commitment formulation in order to generate a stronger representation of the minimum up 
and down time constraints.  

Generators can also have startup and shutdown costs. Startup costs and shutdown costs can 
be modeled without startup and shutdown binary variables; as a result, some unit 
commitment formulations do not include startup or shutdown binary variables. However, it 
will be shown in subsequent sections as to why the inclusion of these binary variables is 
beneficial in solving the unit commitment formulation. Even if startup and/or shutdown costs 
are not necessary for a particular generator, for instance, hydroelectric plants do not have 
startup or shutdown costs, it may still be advantageous to include startup and shutdown 
binary variables in the formulation. Consequently, startup binary variables, vg,t, and shutdown 
binary variables, wg,t, are included. The startup binary variable takes on a value of one when 
the unit is turned on in period t and it takes on a value of zero otherwise. Similarly, the 
shutdown binary variable takes on a value of one when the unit is turned off in period t and it 
takes on a value of zero otherwise.  

3.5.2 Overview of Generation Unit Commitment Solution Techniques 
There are various proposed ways to solve generation unit commitment problems; Sheblé et 

al. (1994), Padhy (2004), and Yamin (2004) presented literature synopses on unit 
commitment solution techniques. For this research, the focus is on the use of Mixed Integer 
Programming (MIP) to solve unit commitment since the use of MIP within the electric 
industry is growing. Recently, PJM switched from a Lagrangian Relaxation (LR) approach to 
a MIP approach for their generation unit commitment software, see PJM (2007), and for their 
real-time market look-ahead, see Ott (2008). These changes are estimated to save PJM over 
150 million dollars per year, see PJM (2004), PJM (2007), and Ott (2008). CAISO is 
planning to switch from LR to MIP as well; they estimate the savings to be in the millions, 
see Rothleder (2007). Furthermore, most US ISOs are testing and planning to switch to MIP 
in the near future, see O’Neill (2007).  

Published in 2005, Streiffert et al. (2005) discuss the tradeoffs between LR and MIP for 
PJM and a more recent presentation by Ott (2007) presents the implementation of MIP in 
PJM. There also have been improvements in MIP software. In particular, CPLEX has shown 
improvements; O’Neill (2007) provides an overview of how CPLEX has progressed over the 
years for basic generation unit commitment models. 

With this increased emphasis on MIP for generation unit commitment, the next sections 
examine various published valid inequalities used within generation unit commitment 
models. In particular, the minimum up and down time constraints are one key complicating 
source within the generation unit commitment problem. For this reason, the use of valid 
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inequalities and facets for the minimum up and down time constraints is investigated as these 
inequalities can help improve the computational time and the lower bound associated with 
the generation unit commitment problem; for further information on valid inequalities, facets, 
and mixed integer programming refer to Nemhauser et al. (1999). The following sections 
also present a proof on how it is possible to relax the integrality constraints of the startup and 
shutdown binary variables as well as a discussion on the different ways to formulate ramp 
rate constraints. 

3.5.3 Relaxation of the Startup and the Shutdown Binary Variables’ Integrality 
Constraints 

Incorporation of binary variables typically complicates an optimization problem. Unit 
commitment formulations require a unit commitment binary variable, ugt, to represent the 
status of the generator. Generator startup, vgt, and shutdown variables, wgt, represent binary 
states but these variables are not necessary in unit commitment formulations as there are 
ways to write the unit commitment formulation without startup or shutdown binary variables. 
As a result, many published unit commitment formulations do not include startup or 
shutdown variables in their formulations even though these variables can be used to create 
stronger constraint formulations; it is assumed that the inclusion of these binary variables 
will complicate the MIP formulation, i.e., increase the solution time. However, if the 
relationship between the unit commitment binary variables, the startup binary variables, and 
the shutdown binary variables is properly understood, it is possible to relax the integrality 
constraints of the startup and shutdown binary variables while still being able to guarantee 
obtaining the global optimal solution to the original MIP problem.  

With a complete unit commitment schedule defined, the startup and shutdown binary 
variables are always uniquely determined based on their definitions. Thus, with the 
appropriate inequalities, the integrality constraints on the startup and shutdown binary 
variables can be relaxed, thereby allowing these variables to be modeled as continuous 
variables instead of having to model them as binary variables. With the following constraints, 
all feasible solutions for the startup and shutdown variables are binary regardless of what 
other constraints are within the optimization model. 

   
 tguuwv tggtgtgt ,,1, ∀−=− −  (3-18) 

 tguv tggt ,,1 1, ∀−≤ −  (3-19) 

 tguw tggt ,,1, ∀≤ −  (3-20) 

 tgvgt ,,10 ∀≤≤  (3-21) 

 tgwgt ,,10 ∀≤≤  (3-22) 

 tgugt ,},1,0{ ∀∈  (3-23) 
 

It can be advantageous to include the startup and shutdown binary variables in the unit 
commitment formulations; they are helpful if there are startup and/or shutdown costs, they 
can help formulate stronger valid inequalities for the minimum up and down time constraints, 
and they can help formulate stronger valid inequalities for the ramp rate constraints. This is 
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discussed in the following sections; first, the proof that the integrality constraints of the 
startup and shutdown binary variables can be relaxed is presented.  

Constraint (3-18) is the traditional constraint that models the relationship between the unit 
commitment variables and the startup and shutdown variables; this constraint can be found in 
papers that were published almost fifty years ago, see Garver (1962). Constraint (3-19) is a 
valid inequality and states that the startup variable cannot have a value of one if the unit is on 
in the previous period. Constraint (3-20) is a valid inequality and states that the shutdown 
variable cannot have a value of one when the unit is off in the previous period. Examining 
periods t and t-1, there are four possibilities for the unit commitment variables: 
 
Case a: ug,t = 0, ug,t-1 = 0 
Case b: ug,t = 0, ug,t-1 = 1 
Case c: ug,t = 1, ug,t-1 = 0 
Case d: ug,t = 1, ug,t-1 = 1 
 

For the following analysis, it will be assume that (3-21)-(3-23) are already enforced and the 
effects of (3-18)-(3-20) on the feasible solutions for the startup and shutdown binary 
variables will be analyzed. For case a, (3-18) specifies that v-w = 0 and (3-20) forces w = 0, 
which then requires v = 0 due to (3-18) and (3-20) combined. For case b, (3-18) states that v-
w = -1. Therefore, (3-18) by itself forces v = 0 and w = 1. For case c, (3-18) states that v-w = 
1. Therefore, (3-18) by itself forces v = 1 and w = 0. For case d, (3-18) states that v-w = 0 and 
(3-19) forces v = 0, which then requires w = 0 due to (3-18) and (3-19) combined.  

These four cases cover all possible outcomes for ut and ut-1. With constraints (3-18)-(3-23), 
the only feasible solutions for the startup and shutdown variables are binary solutions even 
though they are modeled as continuous variables. These constraints cut off all possible non-
integer solutions for the startup and shutdown variables. For any feasible u solutions (binary), 
the v and w variables are uniquely determined and they must be binary. 

Any additional constraint added to the model can only reduce the feasible region. 
Therefore, any unit commitment optimization formulation that enforces (3-18)-(3-23) can 
model the startup and shutdown binary variables as continuous variables no matter what 
additional constraints are built into the optimization formulation.  

Note that with the equality constraint (3-18), there is no requirement to have both startup 
(v) and shutdown (w) variables. It is possible to choose a formulation with either the u and v 
variables or the u and w variables. To formulate the problem with only u and v (or u and w) 
variables, (3-18) can be used to replace w (or v) wherever w (or v) is present. Constraints (3-
18)-(3-20) would be replaced by (3-18a)-(3-20a) if the u and v variables are kept; (3-18b)-(3-
20b) would replace (3-18)-(3-20) if the u and w variables are kept. With these sets of 
constraints, i.e., (3-18a)-(3-20a) or (3-18b)-(3-20b), the proof that the integrality constraints 
on the startup or shutdown binary variables can be relaxed while still ensuring their solutions 
are binary still holds.  
 
 tguuv tggtgt ,,1, ∀−≥ −  (3-18a) 

 tguv tggt ,,1 1, ∀−≤ −  (3-19a) 

 tguv tggt ,,, ∀≤  (3-20a) 
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 tguuw tgtggt ,,,1, ∀−≥ −  (3-18b) 

 tguw tggt ,,1 , ∀−≤  (3-19b) 

 tguw tggt ,,1, ∀≤ −  (3-20b) 
 
It is common to model the startup and shutdown variable as (3-18a) and (3-18b) above. 

Rajan et al. (2005) showed that (3-18a) is a facet for the u, v projection of the generation unit 
commitment problem. If a unit commitment formulation uses only the unit commitment and 
startup (or shutdown) binary variables, then (3-18a) (or (3-18b)) should be used. However, if 
the formulation includes both the startup and shutdown binary variables, then it can easily be 
seen that (3-18) is a stronger constraint than (3-18a) and (3-18b) combined.  

3.5.4 Minimum Up/Down Polytopes 
Generators have minimum up and down time constraints; once unit g is turned on, it must 

stay on for at least UTg periods and once unit g is turned off, it must stay off for at least DTg 
periods. There are different mathematical ways to model this relationship. With MIP, the 
chosen formulation can have a significant affect on the computational results so it is 
important to understand what formulations are preferred and how to analyze these 
formulations.  

Two papers investigated and proved that they have determined facet defining valid 
inequalities for particular projections of the generation unit commitment problem. Lee et al. 
(2004) define the alternating up/down inequalities for the minimum up and down time 
constraints. These inequalities are facets for the projection of the u variables from the 
generation unit commitment problem. Lee et al. (2004) did not consider startup or shutdown 
costs so they did not incorporate the startup and shutdown variables. To define the 
alternating up inequalities, first choose a set of 2k+1 indices over the interval [1,..,T] such 
that (3-24) and (3-25) hold. Call this set Ω. For the alternating down inequalities, the set of 
indices must satisfy (3-24) and (3-26). Let this set be listed as Ω. Based on these sets of 
indices, the alternating up inequalities are defined by (3-27) and the alternating down 
inequalities are defined by (3-28). Due to the number of constraints that are required to 
produce the alternating up/down inequalities, Lee et al. (2004) also presented an efficient 
separation algorithm to solve this problem. 
 
 )1()()(...)2()2()1()1( +<<<<<<< kkk φψφψφψφ  (3-24) 
 gUTk ≤−+ )1()1( φφ  (3-25) 

 gDTk ≤−+ )1()1( φφ  (3-26) 

 g
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jg guu Ω∀≤+− ∑∑
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,  ,0
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1

1
)(, ψφ  (3-27) 

 g

k

j
jg

k

j
jg guu Ω∀≤−∑∑

=

+

=

,  ,1
1

)(,

1

1
)(, ψφ  (3-28) 

 
Rajan et al. (2005) examined the minimum up and down time constraints assuming there 

are startup and shutdown costs. They define the turn on/off inequalities, which are facets for 
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the projection of the u and v variables from the generation unit commitment problem. Rajan 
et al. (2005) also proved that these inequalities dominate, i.e., they are stronger valid 
inequalities, the alternating up/down facet defining inequalities from Lee et al. (2004), for 
the generation unit commitment problem with startup and shutdown costs. The turn on/off 
inequalities, along with other trivial facet defining inequalities, produce the convex hull of 
this u, v projection. Note that the set of facets in Rajan et al. (2005) produce the convex hull 
of a projection of the generation unit commitment problem; they do not produce the convex 
hull of the entire generation unit commitment problem.  

The turn on/off inequalities are defined by (3-29) and (3-30). By using (3-18), (3-28) and 
(3-30) can be re-written into (3-29a) and (3-30a). This can be useful since it is then possible 
to use only the unit commitment and startup (or shutdown) variables in the formulation. 
Equations (3-29) and (3-30) are not repeated for all periods but for the periods t ∈  {UT,..,T} 
and t ∈  {DT,..,T} because Rajan et al. (2005) proved that the remaining inequalities are 
dominated by (3-29) and (3-30). Further information, along with computational results, on 
the turn on/off inequalities can be found in Rajan et al. (2005). 

 

 },..,{,  ,,
1

, TUTtguv gtg

t

UTtq
qg

g

∈∀≤∑
+−=

 (3-29) 
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1

, TDTtguw gtg
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, ggt

DTt

tq
qg DTTtguv −∈∀−≤∑
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 (3-30a) 

 
In section 3.5.3, a proof is given as to the ability to relax the integrality constraints on the 

startup and shutdown binary variables. With the facet defining valid inequalities (3-29) and 
(3-30), along with the identity (3-18), it is straightforward to show that (3-18), (3-29), and (3-
30) together dominate (3-18)-(3-20), i.e., (3-18), (3-29), and (3-30) enforce (3-18)-(3-20) and 
produce a tighter formulation. With (3-18), (3-21)-(3-23), (3-29), and (3-30) in the unit 
commitment formulation, it is still possible to relax the integrality constraints on the startup 
and shutdown binary variables even though (3-19) and (3-20) are not included in the 
formulation.  

To demonstrate this, note that (3-29) and (3-30) ensure that vt ≤ ut and wt ≤ 1-ut; by 
substituting (3-18) into vt ≤ ut and wt ≤ 1-ut for v and w respectively, this substitution 
produces (3-20) and (3-19) respectively for the periods that (3-29) and (3-30) are defined for. 
For the remaining periods, since (3-18), (3-29), and (3-30) enforce (3-29a) and (3-30a), it is 
then easy to verify that (3-18), (3-29), and (3-30) enforce (3-18)-(3-20) for the periods that 
(3-29a) and (3-30a) are defined for; this then proves that (3-18), (3-29), and (3-30) enforce 
(3-18)-(3-20) for all periods.  
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3.5.5 Analyzing Valid Inequalities of the Unit Commitment Problem 
Since a generator cannot be turned on and turned off during the same period, another 

inequality that is commonly used, see Li et al. (2005) and Chang et al. (2004), is (3-31). 
Adding (3-19) and (3-20) together or adding (3-19b) and (3-20a) together will produce (3-
31). This clearly demonstrates that (3-31) is dominated by these stronger valid inequalities as 
whatever is satisfied by (3-19), (3-19b), (3-20), and (3-20a) will be satisfied by (3-31) but not 
vice versa. Furthermore, (3-18), (3-29), and (3-30) dominate these sets of inequalities, i.e., 
(3-19), (3-19b), (3-20), and (3-20a), which means that (3-31) is an unnecessary constraint 
that does not help provide a tighter formulation for unit commitment formulations that 
include (3-18), (3-29), and (3-30). 
 
 tgwv tgtg ,  ,1,, ∀≤+  (3-31) 

 
Many papers use the valid inequalities (3-34) and (3-35) as ways to enforce the minimum 

up and down time constraints, e.g., see Takriti et al. (2000a) and Takriti et al. (2000b). The 
equations state that once the generator is turned on (or off) in period t, the following u 
variables corresponding to the minimum up (or down) time constraint must be equal to one 
(or zero) as well. This formulation is often used since it does not incorporate startup or 
shutdown binary variables since there is a tendency to avoid the use of these additional 
binary variables. This is often done since it is not acknowledged that these binary variables’ 
integrality constraints can be relaxed and that they help formulate stronger valid inequalities 
for the minimum up and down time constraints as well as the ramp rate constraints. 

 
 { } tgTUTtt gtg ,  ,),1min(,..,1, ∀−++∈τ  (3-32) 
 { } tgTDTtt gtg ,  ,),1min(,..,1, ∀−++∈τ  (3-33) 

 tguuu tggtgtg tg
,,  , ,,1,, ,

ττ ∀≤− −  (3-34) 

 tguuu tggtgtg tg
,,  ,1 ,,,1, ,

ττ ∀−≤−−  (3-35) 

 
For generation unit commitment problems that do include startup and shutdown binary 

variables, it would be preferred to modify (3-34) and (3-35) as shown below by (3-34a) and 
(3-35a). First, it is essential that (3-34a) and (3-35a) are still valid inequalities to the 
generation unit commitment problem. This is easily verified since v and w will take on the 
exact same value as the left hand sides of (3-34) and (3-35) respectively when the unit 
commitment variables are integers if the left hand sides are non-negative. When the left hand 
sides of (3-34) and (3-35) are negative, v and w will just be zero, which still produces valid 
inequalities. Equations (3-34a) and (3-35a) are preferred because they are stronger valid 
inequalities than (3-34) and (3-35) since the left hand side of (3-34a) and (3-35a) can be 
larger than the left hand sides of (3-34) and (3-35). Note that τ and τ are updated to include t 
within (3-32a) and (3-33a) as this is permissible since the left hand side of (3-34a) and (3-
35a) now include v and w.  
 
 { } tgTUTtt gtg ,  ,),1min(,..,, ∀−+∈τ  (3-32a) 
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 { } tgTDTtt gtg ,  ,),1min(,..,, ∀−+∈τ  (3-33a) 

 tguv tggtg tg
,,  , ,,, ,

ττ ∀≤  (3-34a) 

 tguw tggtg tg
,,  ,1 ,,, ,

ττ ∀−≤  (3-35a) 

 
Similar to (3-34a) and (3-35a), the valid inequalities that are listed by (3-38) and (3-39) can 

be created. Using similar logic as before, (3-38) is created since it is known that if a unit is 
turned off in period t, it must have been on for the previous UTg periods; this enforces the 
minimum up time constraints. Likewise, (3-39) is another way to enforce the minimum down 
time constraints. When v has a value of one for period t, then the unit must be off for at least 
the previous DT periods.  

 
 { } tgtUTt gtg ,  ,1),..,1,max(, ∀−−∈Γ  (3-36) 

 { } tgtDTt gtg ,  ,1),..,1,max(, ∀−−∈Γ  (3-37) 

 tguw tggtg tg
,,  , ,,, ,

Γ∀≤ Γ  (3-38) 

 tguv tggtg tg
,,  ,1 ,,, ,

Γ∀−≤ Γ  (3-39) 

 
These equations, (3-32a)-(3-39), can be rewritten as (3-40)-(3-47). The left hand side of (3-

42) can be summed from t-UT+1 to t, i.e., for all values of τ, and this sum would still be less 
than or equal to u. This is still a valid inequality because there can never be more than one v 
variable that has a value of one over any UT consecutive periods. In addition, any time that 
the u variable has a value of zero, all v variables must have a value of zero over the last UT 
periods. By summing up only the left hand side of (3-42) over τ, (3-29) is reproduced. 
Likewise, one can easily create (3-30) from (3-43), (3-29a) from (3-46), and (3-30a) from (3-
47). This demonstrates where the turn on/off facet defining valid inequalities come from and 
it demonstrates that they dominate any formulation using (3-32)-(3-47).  

 
 { } tgtUTt gtg ,  ,),..,1,1max(, ∀+−∈τ  (3-40) 

 { } tgtDTt gtg ,  ,),..,1,1max(, ∀+−∈τ  (3-41) 

 tguv tgtgg tg
,,  , ,,, ,

ττ ∀≤  (3-42) 

 tguw tgtgg tg
,,  ,1 ,,, ,

ττ ∀−≤  (3-43) 

 { } tgtUTt gtg ,  ,),..,1,1max(, ∀+−∈Γ  (3-44) 

 { } tgtDTt gtg ,  ,),..,1,1max(, ∀+−∈Γ  (3-45) 

 tguw tgUTtgg gtg
,,  , ,,, ,

Γ∀≤ −Γ  (3-46) 

 tguv tgDTtgg gtg
,,  ,1 ,,, ,

Γ∀−≤ −Γ  (3-47) 

 
Another possible formulation, see Carrion (2006), is listed as (3-34b)-(3-35c); these are 

listed in reference to (3-34) and (3-35) because it can be shown that these constraints are 
summations of the constraints (3-34) and (3-35) over their defined sets. Equations (3-34c) 
and (3-35c) are included to capture the changes in the equations when the current period is 
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close to the final period. Otherwise, by examining (3-34b) and (3-35b), it can be seen that 
summing the right hand side of (3-34) and (3-35) over the defined sets in (3-32) and (3-33) as 
well as adding the trivial constraints: ug,t – ug,t-1 ≤ ug,t to (3-34) and ug,t-1 – ug,t ≤ 1-ug,t to (3-
35), that this will produce (3-34b) and (3-35b). Note that including these last inequalities 
does not improve the formulation as all they state is that ug,t-1 ≥ 0 and ug,t-1 ≤ 1, which are 
constraints that are already captured by the modeling of u as a binary variable. When there is 
a problem that has x ≤ α and y ≤ β, it is trivial to show that these two inequalities are stronger 
when written separately rather than summing them together as x + y ≤ α + β. Whatever is 
satisfied by the first two inequalities will be satisfied by this summation inequality but not 
vice versa. The two inequalities, therefore, dominate the latter inequality and produce a 
tighter polyhedral representation than the latter inequality. As a result, it is clear that (3-32)-
(3-35) dominate the formulation (3-34b)-(3-35c) in terms of producing a tighter polyhedral 
representation of the minimal convex set of the unit commitment problem. 
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=
∑ gtgtg
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tq
qg DTTtguutTu  (3-35c) 

 
There are many different ways to write the minimum up and down time constraints. Li et 

al. (2005) and Chang et al. (2004) use (3-48) and (3-49) to enforce the minimum up and 
down time constraints. However, it can be shown that (3-48a) and (3-49a) are also valid 
inequalities for the minimum up and down time constraints and these inequalities dominate 
(3-48) and (3-49). First, it is easy to prove that both summation terms in (3-48a) and (3-49a) 
can never exceed a value of one. Over any consecutive UT+DT periods, there can never be 
more than one startup variable that is equal to one; once the generator is turned on it must be 
on for at least UT periods and it must be off for at least DT periods before it can be turned on 
again. A similar logical explanation applies to the shutdown variables, that there cannot be 
more than one shutdown variable that is equal to one over any UT+DT consecutive periods. 
This proves that both summation terms are always less than or equal to one since both 
summations include only UT+DT-1 periods.  

Next, it will be proven that the summation terms for (3-48a) and (3-49a) must be zero if vt 
= 0 or if wt = 0 respectively. If v takes on a value of one for period t, then the shutdown 
variables for the preceding DT-1 periods must be zero since the unit must be offline for a 
minimum of DT periods before it can be turned on. Furthermore, when v has a value of one 
for period t, then the shutdown variables for the subsequent UT-1 periods must be zero since 
the unit must be on for the following UT-1 periods. Finally, it is not possible for v and w to 
have a value of one in the same period so wt must be zero as well when vt = 1. This proves 
that the summation term in (3-48a) is zero when vt = 1. Whenever wt = 1, the UT-1 preceding 
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v variables, the vt variable, and the DT-1 subsequent v variables must all be zero. This proves 
that the summation term in (3-49a) must be zero when wt = 1. Therefore, both (3-48a) and (3-
49a) are valid inequalities that enforce the minimum up and down time constraints. 
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It is also interesting to note that (3-48a) and (3-49a) are valid inequalities that are 

dominated by (3-29)-(3-30a). By using (3-18) to substitute out v in (3-48a) and w in (3-49a) 
and by expanding these equations, it is possible to create (3-48b) and (3-49b). It is then easy 
to see that they each become the sum of two of the facet defining valid inequalities listed by 
(3-29)-(3-30a) once the index for the parts in parentheses are adjusted. This demonstrates 
how these published inequalities can be easily enhanced and this further demonstrates that 
they are indeed dominated by the facets defined in Rajan et al. (2005). 
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3.5.6 Analyzing Ramp Rate Constraints 
There are many ways to write ramp rate constraints. A common formulation is (3-50) and 

(3-51). A less common way of writing the ramp rate constraints would be by (3-50a) and (3-
51a). These constraints are still valid inequalities though they have been modified. It is 
known that ut-1 + vt ≤ 1 since the startup variable cannot take on a value of one unless the unit 
is off in the previous period. However, ut-1 + vt can at times be strictly less than one since vt 
also has to be less than or equal to ut. Therefore, if ut < 1-ut-1, then the right hand side of (3-
50a) will be strictly less than the right hand side of (3-50), which will then place a tighter 
bound on the two continuous variables on the left hand side. Therefore, (3-50a) provides a 
tighter representation than (3-50). The same is true for (3-51) and (3-51a). The sum ut + wt 
must always be less than or equal to one since the shutdown variable must be less than or 
equal to 1-ut. However, it is known that wt ≤ ut-1 and since wt-1 ≤ 1-ut, then (3-51a) provides a 
tighter formulation than (3-51).  
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 tgRPP gtgtg ,,1,00 ∀≤− +

−  (3-50) 

 tgRPP gtgtg ,,,01,0 ∀≤− −
−  (3-51) 

 tgvuRPP tgtggtgtg ,),( ,1,1,00 ∀+≤− −
+

−  (3-50a) 

 tgwuRPP tgtggtgtg ,),( ,,,01,0 ∀+≤− −
−  (3-51a) 

 
The ramp rate constraints above, however, do not account for a distinction between when a 

unit is on in consecutive periods, when it is turned on, and when it is turned off. To account 
for these different situations, intertemporal ramp rate constraints (3-52) and (3-53) can be 
used, see Arroyo (2000). Constraints (3-52) and (3-53) allow for the inclusion of startup and 
shutdown ramp rates, which may not be the same as the operational ramp rates. If a unit 
commitment formulation does not include the startup or shutdown binary variables, it is still 
possible to include intertemporal ramp rate constraints as is shown by (3-52a) and (3-53a). 
However, since vt must be less than or equal to 1-ut-1, (3-52) is a tighter formulation than (3-
52a) since the right hand side of (3-52) must be less than or equal to the right hand side of (3-
52a). In addition, vt must be less than or equal to ut; consequently, if ut < 1-ut-1, then the right 
hand side of (3-52) will be strictly less than the right hand side of (3-52a), thereby creating a 
tighter bound for the Pg variables on the left hand side. A similar argument applies for (3-53) 
and (3-53a); wt must be less than or equal to 1-ut and less than or equal to ut-1, which 
translates into (3-53) providing a tighter inequality than (3-53a). Therefore, since the startup 
and shutdown binary variables can be modeled as continuous variables, it is preferable to use 
(3-52) and (3-53) since these inequalities dominate (3-52a) and (3-53a).  
 
 tgvRuRPP tg
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+
−  (3-52) 

 tgwRuRPP gt
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−  (3-53) 
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gtggtggt ,  ),1( 1,1,1, ∀−+≤− −−

+
−  (3-52a) 

 tguRuRPP tg
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−  (3-53a) 
 

3.6 RELIABILITY STANDARDS AND ANCILLARY SERVICES 
The typical reliability standard that is enforced for operations is known as N-1. This 

standard specifies that the system must be able to withstand the loss of any single element 
(generator, transmission line, and transformer), i.e., the system must be able to respond to the 
outage in order to avoid a blackout. When an element is forced out of service by a 
disturbance, the operator will take certain prescribed procedures in order to avoid a blackout. 
N-1 is a mandatory standard in the USA.  

When there is an emergency, the flow of electricity on transmission lines is allowed to 
exceed its steady-state thermal capacity limit and reach up to its emergency thermal capacity 
limit. The operator may also change the network topology in order to respond to a 
contingency; section 2.7 discussed how this is a current industry practice today. Likewise, 
when there is an emergency the system operator instructs the generators to change their 
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dispatch levels in order to avoid network constraint violations. However, there are constraints 
related to how fast the generators can change their outputs as well as which generators are 
online and available to respond during a contingency.  

The electric industry also uses ancillary services to protect against contingencies, i.e., a 
fault on a line or a loss of a generator, as well as unexpected load fluctuations. There are four 
types of ancillary services: regulation reserve (some markets specify regulation up and 
regulation down), spinning reserve, non-spinning reserve, and replacement reserve. 
Regulation reserve is used as a load following resource, to account for the changes in the 
load and minor fluctuations. Regulation reserve is deployed based on automatic generation 
control (AGC) and it is replaced by spinning reserve after a short time interval so that the 
regulation reserve output, the regulation up and regulation down, average to zero. Though 
spinning reserve can be used to replace regulation reserve, its primary purpose is to be 
available, within a specified amount of time, if called upon to help prevent a blackout when 
there is a contingency. Similar to spinning reserve, the primary purpose of non-spinning 
reserve is to be available, within a specified amount of time, if called upon to help prevent a 
blackout when there is a contingency. The primary difference between spinning and non-
spinning reserve is that non-spinning reserve is not required to be online, i.e., in-sync, with 
the grid. The purpose of replacement reserve is to replace spinning and non-spinning reserve 
thirty minutes after a contingency occurs and help the system reach an N-1-1 state. 

Spinning and non-spinning reserves are commonly modeled within unit commitment 
formulations. Unit commitment is a difficult MIP problem to solve so operators do not 
enforce strict N-1 within these models since the problem would be too large and complex to 
solve. As a result, reserve constraints are included in unit commitment formulations as they 
are a surrogate way to represent the need for additional generation capacity to be available in 
order to respond to a contingency. Further discussion on the ability of reserve constraints to 
be used as a proxy for N-1 with transmission switching models is included in section 6.2.6.   
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CHAPTER 4: OPTIMAL TRANSMISSION SWITCHING 

 

4.1 OVERVIEW OF OPTIMAL TRANSMISSION SWITCHING 

4.1.1 Introduction 
It is well known that the redundancy built into the electrical grid in order to handle the 

multitude of contingencies over a long planning horizon can, in the short run, create 
congestion and necessitate costly out of merit dispatch. While it is quite common for 
operators to occasionally open lines, such practices are employed on an ad hoc basis and are 
not driven by cost considerations. Furthermore, as indicated by the literature review in 
Chapter 2, transmission switching has been identified as a valuable corrective mechanism for 
a variety of issues including voltage violations, line overloading, loss reduction, system 
security, congestion management, etc. Nevertheless, recognition regarding the potential 
benefits of incorporating the control of transmission assets in classical dispatch optimization 
problems common in system and market operation procedures employed by vertically 
integrated utilities and Independent System Operators (ISO) has been limited. 

Optimal transmission switching incorporates the control of transmission assets into the 
optimal power flow (OPF) formulation in order to co-optimize the network topology 
simultaneously with the generation. Adding another level of control to this traditional 
problem creates a superior optimization problem, one that outperforms the traditional 
formulation. More precisely, by harnessing the control of transmission and co-optimizing the 
electrical grid topology with the generation, the optimal transmission switching problem 
guarantees a solution that is at least as good as the one obtained by the traditional dispatch 
formulation. In fact, as is shown in this chapter as well as subsequent chapters, the 
improvement on the dispatch, i.e., the reduction in operational costs, is substantial due to the 
implementation of this concept.  

It is often assumed that taking a transmission line out of service results in degrading system 
reliability. The optimal transmission switching concept does not ignore the importance of 
reliability standards or suggest co-optimizing the transmission topology with generation for 
economic gains at the expense of reliable network operations. Rather, within this chapter, the 
focus is on how to implement the control of transmission assets into the traditional DCOPF 
formulation, how it affects the total generation costs, and on its affect on market participants. 
The formulation presented in this chapter does not enforce reliability constraints. Though this 
means that these savings may not be obtainable, the model and results are still very 
informative since they demonstrate that the redundancy in the electrical grid does indeed 
cause significant dispatch inefficiency. Furthermore, the results provide a basis to understand 
how the potential economic savings can vary when reliability is not enforced as compared to 
when reliability standards are enforced, which is the topic covered in Chapter 5 of this 
dissertation. Moreover, these results provide a basis for potential economic savings for a 
different concept, just-in-time transmission, which is discussed in the future research chapter 
under section 8.3.3.  
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The following section, section 4.1.2, discusses how harnessing the control of transmission 
influences the set of feasible dispatch solutions. Section 4.1.3 provides a discussion on 
transmission expansion planning and optimal transmission switching and it explains why 
optimal transmission switching can be beneficial even with a perfectly planned grid. Section 
4.2 presents the optimal transmission switching formulation and describes how the traditional 
DCOPF is modified to incorporate transmission switching. The remaining sections present 
results based on two test-cases: a standard IEEE test case, the IEEE 118-bus test case, see 
UW (2010), and a large-scale, real world model provided for this research from the 
Independent System Operator of New England (ISONE). By changing the traditional OPF 
formulation to incorporate the control of transmission, this can have an affect on nodal prices 
and, thus, affect market participants; a discussion on the impact on load payment, generation 
rents, congestion rents, and flowgate prices is presented in these sections as well. Chapter 7 
provides further discussion on the market implications of transmission switching and, in 
particular, the impacts on the Financial Transmission Rights (FTRs) markets.  

4.1.2 Optimal Transmission Switching’s Influence on the Feasible Set 
To motivate the optimal transmission switching concept, a simple 3-bus example is used to 

illustrate the potential gains from such a concept. This example demonstrates how optimal 
transmission switching expands the feasible set and thereby enables an economically superior 
dispatch. In Chapter 5, a similar example will be presented that discusses how optimal 
transmission switching may affect reliability.  

If the impedance of a transmission element is changed, this changes where the power flows 
in the electrical grid and it may allow previously infeasible dispatches to become feasible by 
expanding the feasible set of solutions. Below is a simple 3-bus example shown by Figure 4-
1. All of the transmission lines in that example have the same impedance but their thermal 
capacities differ as marked in the figure. The feasible sets in Figure 4-2 are defined by 
transmission constraints. For the original topology, three equations represent the network 
constraints, (4-1)-(4-3). Opening any line will change these constraints and, thus, change the 
feasible set of dispatch solutions. With all lines closed, the feasible set is defined by the set of 
vertices {0, 1, 2, 3} in Figure 4-2. If line A-B is opened, the feasible set is {0, 4, 5, 6}.  
  

 
Figure 4-1. 3-bus example 
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Figure 4-2. Feasible sets for gen A and gen B 
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Modifying the topology changes the feasible set. By incorporating the control of 

transmission assets’ state by transmission switching, the feasible set is {0, 1, 7, 5, 6}, which 
is a non-convex set. Since it is always possible to choose the original topology, there is the 
guarantee that the objective will never be worse than before. This demonstrates that 
harnessing the control of transmission elements can be beneficial for a wide variety of 
reasons. The motivation behind this research is to maximize the market surplus, which is the 
correct economic motivation, i.e., to maximize social welfare.  

If the objective for the above example were to minimize the total dispatch cost, the original 
solution would be located at {2}. By opening line A-B, there is a new feasible solution {8}, 
which is optimal with a lower cost. With transmission switching as an option, any solution is 
feasible from both sets thereby giving the choice to stay with the original optimal solution or 
switch to a new topology, which increases the market surplus for the network.  

4.1.3 Discussion of Optimal Transmission Switching and Transmission Planning 
Optimal transmission switching differs from transmission planning since its purpose is to 

solve for the optimal network topology for given network conditions for a given period. 
Conversely, transmission planning is a long run decision problem that tries to determine the 
optimal network, while satisfying reliability requirements, over a long time horizon for 
multiple periods. As network conditions change, i.e., load, generation, transmission, etc., the 
optimal topology may change from one period to the next. There is no guarantee that there is 
one perfect topology for all hours, for all possible market realizations, throughout all of time. 
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Applying transmission switching to reduce costs may seem counter-intuitive as it seems to 
contradict the purpose of transmission planning, which is to build new lines for either 
economic or reliability purposes. If transmission switching were never beneficial and 
feasible, such a result would mean that there exists a single optimal topology for every 
possible network condition for every hour. However, for there to be a single, perfectly 
planned topology that is optimal for all of these vast possibilities is highly unlikely. With n 
transmission branches in the network, there would be 2n

 possible network configurations; 
with most real world networks consisting of thousands of transmission links, the number of 
potential network configurations is immense.  

The most obvious reason as to why transmission switching may be beneficial is due to sub-
optimal transmission planning. Transmission planning is a very granular process that relies 
on many simplifications and assumptions to the point that it is impossible to guarantee 
optimality of the solution. In addition, there is so much uncertainty involved with future 
network conditions that it is impossible to model all possible situations. Furthermore, even if 
all uncertainties can be captured, the likelihood that there is one optimal network topology, 
which would never involve any switching actions, for all possible future network conditions 
is practically impossible. 

Even if the network is planned optimally, there are other reasons as to why transmission 
switching may be beneficial. First, the basis for optimality of transmission expansion 
planning is the aggregate of benefits from the transmission element over the lifecycle of the 
element; there is no guarantee that the element is beneficial for every period within its 
lifecycle. Simple optimization theory states that an optimal solution to an aggregate problem 
need not be the optimal solution for all individual periods within this problem. Consequently, 
the fact that transmission switching may be beneficial and feasible does not guarantee 
inefficient transmission planning.  

Even when considering reliability requirements, such as the N-1 security criteria, 
transmission switching may be beneficial. The network is built so that it is able to handle 
various contingencies, load levels, generator levels, etc. Such situations do not all exist at the 
same time. A line that is required to be in service to meet N-1 standards for one particular 
network condition may not be required to be in service for other network conditions. 
Likewise, a line that was once required for reliability reasons may not be necessary once 
there are future upgrades. As a result, transmission switching can be feasible even while 
satisfying the N-1 standards. After a contingency occurs, the system must be reconfigured to 
ensure it can survive another contingency in 30 minutes. This reconfigured topology is not 
considered within planning, which is another reason why transmission switching should be 
considered. Therefore, for the reasons cited above, transmission switching can be beneficial 
in both transmission planning and operations. 

4.2 OPTIMAL TRANSMISSION SWITCHING FORMULATION 
The Direct Current Optimal Power Flow (DCOPF), which is a linear program, is a 

commonly used linear approximation of the Alternating Current Optimal Power Flow 
(ACOPF) since the ACOPF is a very difficult non-convex optimization problem that involves 
trigonometric functions and other non-linear functions. Fisher et al. (2008) showed how the 
traditional DCOPF can incorporate transmission switching into the formulation. 
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Incorporating optimal transmission switching into the DCOPF formulation takes a linear 
program and then creates a mixed integer linear program.  

The objective of the optimization problem is to minimize the total generation cost. Since 
the demand is perfectly inelastic, minimizing the total cost is the same as maximizing the 
total social welfare. This objective is valid for systems where generation dispatch is a 
centralized process in which all operating costs are known. For systems where a centralized 
grid operator determines the dispatch based on bids, then the objective would be to optimize 
the bid surplus. In further discussion, it will be assumed that all bids are marginal costs.  

The constraints represent the traditional power flow constraints that follow Kirchhoff’s 
Laws, except for the modifications made to incorporate transmission switching. This is a 
lossless model, which is why only one variable is used to represent a transmission element’s 
power flow, Pk. Therefore, the node balance constraints, (4-6), account for the set of Pk 
variables connected to bus n, i.e., k(n,.), which are injections, the set of Pk variables 
connected from bus n, i.e., k(.,n), which are withdrawals, and the supply injections by the set 
of generators at bus n, i.e., g(n). If this were a lossy model, losses may increase or decrease 
due to transmission switching. It may be the case that losses increase thereby requiring more 
generation. However, it is possible to have a decrease in total cost with an increase in losses 
since transmission switching allows previously infeasible dispatches to become feasible once 
the topology is changed. It is also possible to have the losses decrease, see Bacher et al. 
(1988) and Fliscounakis et al. (2007), which is yet another possible benefit of transmission 
switching. Injections into a bus are positive (generator supply, power flow to bus n) and 
withdrawals are negative (load, power flow from bus m). The nomenclature is listed in the 
Appendix. 
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First, a binary variable, zk, is added to the OPF formulation to reflect the binary state of the 
transmission element. When zk = 0, the transmission element is open, i.e., out of service, and 
when zk = 1, it is closed, i.e., in service. Constraints (4-7), (4-8a), and (4-8b) are modified to 
incorporate the decision to have a transmission element in service or out of service in the 
network. The first modification is made to the lower and upper bounds on the transmission 
elements’ capacity constraints, see (4-7); by multiplying the bounds by zk, Pk will be zero as 
desired when zk is zero. Constraints (4-8a) and (4-8b) are modified to ensure that if a 
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transmission element is opened, these constraints are satisfied no matter what the values are 
for the corresponding bus angles, θn and θm.  

In (4-8a) and (4-8b), Mk is often called the “big M” value where Mk is large enough to 
make the constraints nonbinding. Mk must be a large number greater than or equal to |Bk(θmax 

- θmin)|. When zk = 0, Pk is zero and the value of Mk ensures that (4-8a) and (4-8b) are 
satisfied regardless of the difference in the bus angles. Without this adjustment to the power 
flow equations, the buses that were connected to this opened transmission element would be 
forced to have the same bus angle, which is not desired. With this adjustment, the solution 
corresponds to the case when the transmission element is open in the network, as desired.  

ACOPF formulations include constraints on the angle difference between two connected 
buses; these constraints ensure angle stability. However, in a DCOPF model, an angle 
difference constraint would be redundant vis a vis the line flow capacity constraint, (4-7). 
Restricting the angle difference between connected buses is the same as placing a bound on 
the power flow on that line, Pk. Thus, it is unnecessary to include both bus angle difference 
constraints and power flow constraints in a DCOPF formulation; instead, the power flow 
constraint can implicitly contain the limit on angle difference. If the physical limit on the 
angle difference is below a line’s rated flow capacity, then the capacity limits can be adjusted 
to enforce the angle constraints. This formulation presents a more robust formulation since 
there is also a constraint on the absolute value of the bus voltage angle. Constraints on bus 
voltage angles are necessary to ensure generator stability in the network so incorporating this 
constraint further ensures stability. It is also useful since it conveniently provides a lower 
bound on the big M value, Mk.  

It is computationally better for Mk to be as small as possible, which would be |Bk(θmax - 
θmin)|. A similar MIP optimization model, see Binato et al. (2001), is used for transmission 
expansion planning in which a shortest path problem is formulated to determine the 
minimum Mk value. Their expansion model reflects the traditional form where all currently 
built lines are assumed to be in service, i.e., they are modeled as static assets, and only 
candidate lines’ states are modeled by binary variables. This results in preserving all original 
existing paths between any two buses. With the optimal transmission switching model, the 
original topology can be altered by the opening of lines thereby removing previously existing 
paths between buses. Using this shortest path problem to determine the minimum Mk value 
for an optimal transmission switching model would require Mk to be a variable rather than a 
parameter. Likewise, the shortest path problem would have to be resolved for each possible 
network configuration to determine the new value of Mk. This would significantly increase 
the complexity of this problem, which is why this shortest path problem is not used within 
this problem.  

4.3 IEEE 118-BUS TEST CASE RESULTS AND ANALYSIS 

4.3.1 System Cost, Revenues, Rents, and Load Payment 
The optimal transmission switching problem was written in AMPL, and solved with 

CPLEX version 10.1. Data for the IEEE 118-bus test case was downloaded from UW (2010); 
transmission element characteristics and generator variable costs were taken from the 
network as reported by Blumsack (2006).The system consists of 118 buses, 186 transmission 
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elements, 19 generators with a total capacity of 5,859 MW, and 99 load buses with a total 
load of 4,519 MW. Table 4-1 provides an overview of the components that are modeled 
within the IEEE 118-bus test case. Since the formulation in this chapter does not include 
generation unit commitment, all generators are assumed to have a minimum operating 
capacity of zero MW.  

 
Table 4-1. IEEE 118-bus test case data 

  Capacity (MW) Cost ($/MWh) 
 No. Total Min Max Min Max 
Transmission  186 49,720 220 1,100   
Generators  19 5,859 100 805 0.1897 10 
Load  99 4,519 2 440   

 
Most of the generator costs, see Blumsack (2006), are around $0.50/MWh. A few 

generators have costs above $2.00/MWh. The DCOPF solution with the original network is 
$2054/h for a 4519MW load. This places the average cost of energy at $0.455/MWh, which 
is about 1/50th of typical average costs for systems. The generator costs are abnormally low; 
thus, instead of focusing on the dollar savings from transmission switching, the focus is on 
the percent savings.   

The optimization problem was solved multiple times allowing for different number of 
transmission elements to be taken out of service. In particular, optimal solutions were found 
for J={0,…,10}, where J is the number of opened transmission elements, which is imposed 
by an artificial constraint, see (4-11), that restricts how many lines can be opened. This is 
done merely for the sake of studying and comparing various network topology solutions; the 
use of this constraint is not suggested for practical implementation. 

 
 Jz

k
k =−∑ )1(  (4-11) 

 
In the J = 0 case, no transmission elements are opened and the system cost of meeting the 

load is $2,054/h. Two of the 186 transmission elements are fully loaded, or thermally 
constrained. The optimal transmission switching solution for this test case without a 
restriction on how many lines can be opened has a cost of $1542/hr with 38 transmission 
elements removed; this solution is labeled as “best” throughout these results. For the DCOPF 
IEEE 118-bus test case results, Figure 4-3 shows the ten best lines to open. 
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Figure 4-3. IEEE 118-bus test case with ten best lines opened 

 
Figure 4-4 displays the fluctuations in generation cost, generation revenue, generation rent, 

congestion rent, and load payment for various solutions to the transmission switching 
problem for varying values of J as well as two sensitivity cases discussed in later sections 
and the best, i.e., optimal solution. Case 1 reflects a solution when a stopping time of 120 
minutes is enforced while restricting the number of open lines to be less than or equal to 40. 
Case 2 reflects the solution when a heuristic approach is used to find a good solution fast. 
These sensitivity cases are presented here to increase the data for comparison. Further 
discussion on these sensitivity studies, i.e., case 1 and case 2, can be found in Hedman et al. 
(2008). The values in the figure are displayed as percentages of results from the J = 0 case, 
i.e., the percent values reflect the specific case’s value divided by the J = 0 case value. For 
example, generation rent is $1795/hr for J = 0 and 122% of that, or $2192/hr, for J = 3. 
Because these are percentages, the values shown do not add up in the same way the actual 
values would add up; thus, the percentage value for generation rent plus cost does not add up 
to the percentage value for the generation revenue.  

The case where J = 0 has a generation cost of $2054/hr, generation revenue of $3850/hr, 
generation rent of $1795/hr, congestion rent of $3907/hr, and load payment of $7757/hr. 
Note that the congestion rent is unusually high. The optimal solution reduces operating cost 
to $1542/hr, which is 75.1% of the J = 0 cost of $2054/hr.  
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Figure 4-4. Generation cost, generation rent, congestion rent, and load payment for various transmission 

switching solutions 
 

Results from Figure 4-4 indicate that for the majority of cases both the generators and the 
consumers are benefiting in comparison to the case with no open transmission elements. The 
generation rent is typically higher while the load payment is usually lower than in the J = 0 
case. The load payment only increases in the J = 7 case and in the optimal solution. 
Congestion rent, in contrast, is generally lower than the congestion rent collected in the J = 0 
case. One key result is that generation revenue, congestion rent, load payment, and 
generation rent fluctuate dramatically as J changes. Figure 4-5 displays the differences, from 
all cases as described above, in generation cost, generation rent, and congestion rent; the load 
payment equals the sum of those three terms.  

Although the best found solution occurs when 38 transmission elements are opened, the 
majority of savings in generation cost can be realized when restricting J to a very small 
value, J = 3. This suggests that a solution with significant savings can be obtained in a short 
amount of computational time. However, the preferred stopping criteria would be to allow 
the transmission dispatch program to run for the entire amount of time available. This is a 
potentially controversial choice precisely because of the fluctuations in payments. Take, for 
example, the significant differences in wealth transfers between cases J = 6 and J = 7 as 
shown by Figure 4-5. Even though there are only minor differences in the generation cost 
between solutions, the load payment, the generation revenue, and the congestion rent vary 
significantly between solutions. The load would prefer J = 6 to J = 7, because they save 
nearly $2500/hr, yet generators would prefer J = 7 to J = 6, since the generation rent is 
higher.  

Likewise, there are significant differences in wealth transfers between case 2 and the 
optimal solution. Case 2 has a much lower load payment than the optimal solution while the 
optimal solution is only $4/hr cheaper. Case 2 also has only 15 open transmission elements as 
compared to the 38 open elements for the optimal solution. Further information on this test 
case as well as additional sensitivity studies can be found in Hedman et al. (2008).  
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Figure 4-5. Load payments and wealth transfers 

4.3.2 Affect on LMPs 
Figure 4-6 shows the average and extreme percent changes for the LMPs for J = 1 through 

J = 10 as compared to J = 0. For J = 7, the LMP for bus 77 changed from $0.16/MWh to 
$3.69/MWh, a 2159% change in LMP that is not shown in the figure. The optimal solution 
had a 2271% change in LMP for bus 77; this result is not shown in Figure 4-6. Bus 77 has a 
load of 61 MW. Negative percent changes occur when the LMP decreases but also when 
there is a change in the sign. Negative percent changes greater than 100% reflect instances 
when the LMP sign changes; the percent change is calculated as the difference between the 
new LMP and the base (J = 0) LMP divided by the base LMP.  
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Figure 4-6. Maximum, average, and minimum change in LMP 
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Figure 4-7 shows the dispatched generator and load bus with the largest variance in LMP. 

The MW size of the load and generator are listed. The generator has an LMP of $0.95/MWh 
in the base case but has an LMP that is more than 250% higher for J = 7. This generator is 
the second largest generator and is fully dispatched, making the variation in LMP even more 
significant. The LMP at the load bus fluctuates from over $6/MWh to -$0.37/MWh. An LMP 
of $6/MWh is high for this network, so this load may go from being charged one of the 
higher LMPs to being paid to consume. 
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Figure 4-7. Dispatched generator and load bus with largest LMP variance 

 
Figure 4-8 shows the LMPs for the buses that have some of the highest variances in LMP 

over values of J. Bus 83 experiences a $3.16/MWh increase in LMP for J = 6 but has a 
$1.84/MWh decrease in LMP for J = 7; these two solutions differ by $5/MWh. Thus, bus 83, 
which is a load bus, faces a difference of $5/MWh, and a difference in total payment of 
$100/h, between these two solutions.  
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Figure 4-8. Change in LMP values 
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4.3.3 Affect on Flowgate Marginal Prices 
Only seven unique transmission elements are congested in all cases J = {0…10}. In cases J 

= 0 through J = 3 the transmission element connecting bus 77 to bus 82 has a relatively high 
FMP, then the transmission element is uncongested for J = 4 through J = 6, and is congested 
again for J = 7 and higher. Another interesting result is the change in FMP for the 
transmission element connecting buses 92 and 89. The FMP stays relatively high at first but 
drops significantly for J = 4 through J = 6 and then becomes one of the larger FMPs again 
from J = 7 on. These examples demonstrate the uncertainty in FMPs when the topology is 
changed as well as the variation in results from one minor change in topology to the next. 

4.3.4 Computational Statistics 
Generally, large production systems cannot be solved to optimality or optimality cannot be 

proven even if the best solution found is the optimal solution. The IEEE 118-bus test case 
could have 2186 (or approximately 1056) alternative topologies. Even if each problem could be 
solved within one pico second, it would take 1027 billion years to solve the IEEE 118-bus test 
case to optimality by complete enumeration. Nevertheless, solutions that improve on the 
static case can be found in reasonable time. The practical implementation of transmission 
switching would be to allow the solver to find the best solution within the full time available. 
Since finding and especially proving optimality is unlikely, this creates the need to analyze 
the intermediate, suboptimal results that improve on the static topology.  

Table 4-2 lists the number and type of variables and constraints within this problem. The J 
= 0 case is a linear program (LP) while the rest of the test cases, J = 1 through J = 10, have 
the same number of variables and constraints and are mixed integer programs (MIP). 
Redundant variables and constraints are eliminated during the presolve phase of the problem, 
conducted automatically by AMPL. The residual variables and constraints are identified in 
Table 4-2 by “post presolve.” The computer specifications are listed in Table 4-3. 

 
Table 4-2. LP and MIP variables and constraints 

IEEE 118-Bus Test Case LP MIP 
Total Variables: 323 509 

Binary Variables: 0 186 
Total Linear Constraints: 627 1000 

Upper or Lower Bound Constraints: 323 509 
Total Variables (Post Presolve): 315 492 

Binary Variables (Post Presolve): 0 177 
Linear Constraints (Post Presolve): 482 833 

 
Table 4-3. CPU specifications 

 Type 1 Type 2 Type 3 
No. processors 2 2 4 
CPU speed 3.4 GHz 2.8 GHz 2.8 GHz 
Total memory 1.0 GB 2.1 GB 2.1 GB 

 
Figure 4-9 displays the computational statistics, which includes solution time, the total 

number of simplex iterations, and the number of branch and bound nodes for solving the J = 
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0 through J = 10 problems to optimality.2 The computational statistics for the best found 
solution are listed by Fisher et al. (2008a). J = 0 is an LP so the number of branch and bound 
nodes is zero; this value is not shown on Figure 4-9 as it is in a log scale.  
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Figure 4-9. Computational statistics 

4.3.5 Off-Peak Load Analysis 
Sensitivities at 10% below and 10% above the base load for the IEEE 118-bus test case 

were presented by Fisher et al. (2008a). The off-peak load produced a 17% savings with 4 
transmission elements opened and the peak load produced 12% savings with 5 transmission 
elements opened. If the load was decreased by 20%, the IEEE 118-bus test case produces a 
DCOPF solution of $875.61/hr. This solution is only $4/hr higher than the unconstrained 
economic dispatch solution for this load level, which is $871.63/h. Transmission switching 
adds flexibility to the optimization problem in order to decrease the cost but the 
unconstrained economic dispatch solution is a lower bound to the optimal transmission 
switching problem. Transmission switching brings the network to the unconstrained 
economic dispatch solution by opening just two transmission elements, which saves 0.5% of 
the DCOPF solution when the load is decreased by 20%.   

For this lower load level, it seems that transmission switching has little value. This, 
however, is a result of this particular IEEE test case as the DCOPF solution for practical 
networks is usually not this close to the unconstrained economic dispatch solution, even at 
the lowest load levels. For instance, the network model that is examined in the following 
section, which comes from the ISONE, has its unconstrained economic dispatch solution at 
55% of the DCOPF solution when the load is at 80% of the peak load level. Therefore, there 
is still a strong potential for transmission switching to provide savings even at lower load 
levels. 

                                                 
2 Note that these results are run on various shared computers that face different loading levels at different times 
so the CPU time may not be the best indicator of the difficulty of the problem; total simplex iterations and 
branch and bound nodes are also indicators of the difficulty of the problem. 
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4.4 ISONE TEST CASE 

Two ISONE test cases were studied; the first is referred to as the summer peak test case, 
which ISONE used to run economic studies. The second network model was used by ISONE 
to determine import levels into Connecticut (CT). Each ISONE network model contains the 
ISONE area, the New York Independent System Operator (NYISO) area, the Nova Scotia 
(NS) area, and the New Brunswick (NB) area. Each network model has over 4,500 buses. 
The base model, i.e., without transmission switching, is a DCOPF problem. 

Table 4-4 lists information regarding the transmission elements, the generators, and the 
load for the summer peak test case. The Connecticut import test case is similar in size to the 
summer peak test case; it has 400 fewer buses, 5% higher load level, and 550 fewer 
transmission elements. Many generators have a zero production cost as these units either 
have a zero cost like hydro or the generators are outside the ISONE area. The generators that 
have a zero production cost represent 63% of the generation capacity and 74% of all 
generators.  

 
Table 4-4. ISONE summer peak test case 

  Capacity (MW) 
 No. Total Min Max 
Transmission Elements 6652 2,663k 2 9,999 
Generators 689 69,078 0.07 1,500 
Load  2209 57,888 -19.06 551 

 
Table 4-5 lists the number of variables and constraints for the summer peak test case for the 

LP base model, i.e., all transmission elements are in service and treated as fixed assets, and 
for the mixed integer programming (MIP) problem when transmission switching is 
introduced into the DCOPF. The model is written in AMPL and CPLEX is the chosen solver. 
Before the problem is sent to CPLEX, AMPL performs a presolve routine that eliminates 
redundant and unnecessary variables and constraints. The residual variables and constraints 
are listed in Table 4-5 and are denoted by “post presolve.” The results presented in this paper 
reflect one hour. The CPU specifications are: duo-core processor, 3.4GHz, and 1GB ram. 

 
Table 4-5. ISONE summer peak test case: variables and constraints 

ISONE Summer Peak Test Case LP MIP 
Total Variables: 12,237 18,889 

Binary Variables: 0 6,652 
Total Linear Constraints: 23,786 37,090 

Upper or Lower Bound Constraints: 12,237 18,889 
Total Variables (Post Presolve): 11,101 16,701 

Binary Variables (Post Presolve): 0 5,600 
Linear Constraints (Post Presolve): 17,063 27,441 

4.4.1 Results and Analysis 
As shown previously by Table 4-5, this MIP has over 6,600 binary variables. With such a 

large and complex mixed integer program, the branch and bound tree reaches a size that 
exhausts the memory of the computer when trying to solve for the optimal solution. 
However, the motive is not to prove optimality. Operators do not prove optimality today but 
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rather find the best feasible solution within their available timeframe. For this research, the 
motivation is to show that there can be substantial savings obtained by transmission 
switching with an ISO network  

Equation (4-11) is once again used to see the progression of the savings as the number of 
allowable open lines increases. The ISONE summer peak test case was first tested for a 
single peak hour. Before any lines are allowed to be opened, the DCOPF optimal solution has 
a generation cost of $523k/hr for the original network topology; with all lines forced to being 
in service, this problem is a linear program. For J = 1, the solution time to find the single 
best line to open took two hours and provided a 4% savings. The J = 2 solution took 58 
hours, provided a 5.5% savings, and had a 3.9% optimality gap. The J = 4 solution took 82 
hours, provided a 6% savings, and had an 8.9% optimality gap.  

Further information is provided in Figure 4-10 along with the impact on generation rent, 
generation revenue, congestion rent, and load payment. The values are presented as 
percentages of the LP base DCOPF solution, which is the J = 0 solution. Since not all of the 
solutions reached optimality, Figure 4-10 also lists the greatest lower bound for each 
corresponding problem. Figure 4-11 shows the computation statistics along with the 
optimality gaps. All solutions have a reduction in congestion rent, load payment, and 
generation rent; however, the only guaranteed result is that the generation cost will not 
increase. 

There is no guarantee that optimal transmission switching will provide more economic 
savings for network that are heavily congested as compared to network that are not heavily 
congested. It is possible for a solution that increases the market surplus by transmission 
dispatch to have more congestion rent than the solution for the original topology, as was 
shown to be the case with the optimal solution presented in Figure 4-4. Thus, it is not 
possible to guarantee that other ISO networks that are more or less heavily congested than 
ISONE will obtain more or less savings.  
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Figure 4-10. ISONE summer peak test case results 

 
One interesting result is that a few LMPs are above $1000/MWh. Such a high LMP seems 

to be extreme but further analysis showed that this is based on enforcing thermal constraints 
for all of the lines and transformers. All of the high LMPs come from lower voltage buses in 
tightly constrained areas where an additional MW results in a large redispatch of the system. 
When thermal constraints of the lower voltage lines and transformers are not enforced, as 
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ISONE does when using this model, the high LMPs disappear. Section 4.5.4 presents results 
from a study where the capacity constraints for the lower voltage transmission elements are 
not enforced. 
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Figure 4-11. ISONE summer peak test case computational statistics 

4.4.2 Heuristic Techniques 
The previous section presented results where optimality was not proven even when 

allowing only a few transmission elements to be opened. Finding the single best transmission 
element to open took roughly two hours; after 50 hours, optimality was not achieved when 
trying to find the two best elements to open for the summer peak test case.  

Two simple heuristic methods are used to demonstrate that, with even a simple heuristic, 
the performance can be substantially improved; these methods do not guarantee optimality 
but they find good feasible solutions fast. The first heuristic is called the iterative approach. 
Starting with no lines open, in each iteration, the single best line to open is determined and 
then it is forced to be open in all subsequent iterations; the process is then repeated. When 
this approach is implemented, partitioning is also applied at each iteration. Partitioning takes 
the set of possible solutions and divides it into multiple subsets that are mutually exclusive 
and collectively exhaustive. Each subset contains a different set of possible network 
topologies for that iteration. Finally, the overall optimal for that iteration is determined by 
comparing the optimal solutions from all subsets. These partitioned sets can be solved in 
parallel, i.e., solve these subsets at the same time on various computers; however, parallel 
computing was not employed for this study and so the solution time reflects the aggregate 
run time for all iterations.  

This technique was used for the summer peak network. Using the partitioning technique 
worked extremely well for this particular MIP problem. Without using this partitioning 
technique, the total solution time for the solution in Table 4-6 would be 42 hours; with the 
partitioning technique, the solution time was reduced down to 6.3 hours. Using this heuristic 
technique 20 elements were opened faster than the J = 2 solutions in section 4.5.1 with more 
savings as well. Results are displayed in Table 4-6 for 20 iterations. The base generation cost 
was $523k/hr, which reflects the base LP DCOPF solution with no lines opened. With a 12% 
savings, transmission switching has saved over $60k/hr. Since this method does not 
guarantee optimality, the true optimal solution may provide much more savings. Of the 20 
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elements that were opened, 15 were lines of at least 115kV; the most common lines opened, 
seven in total, were 345kV lines. The lowest voltage lines opened were 69kV and three 
transformers were opened. There was a 69kV parallel line and an 115kV parallel line that 
were opened. 

 
Table 4-6. Summer peak test case: best feasible solution 

Percent of Original Dispatch Cost 0.881 
Savings ($/hr) 62k 
CPU Time (hr) 6.3 

 
For the solution in Table 4-7, a different heuristic technique was used. This second 

approach uses past information to improve the solution and solution time, which will be 
referred to as the intelligent learning heuristic. The intelligent learning technique is meant to 
reflect practical methods that operators can use to improve the solution based on past 
information. Specifically, operators can consider past transmission switching solutions and 
use that information to focus on key transmission lines in future studies. The transmission 
switching solutions will vary as network conditions vary but it is possible that there are key 
lines that are opened from time to time. Out of 6,600 lines in this network, only 51 are 
allowed to be switched for this study, which is on the Connecticut import test case. The 
choice in which lines to allow to be switched was based on various solutions obtained from 
the other ISONE test case, the summer peak test case. The DCOPF solution with all lines 
treated as fixed assets, which is an LP, has a $474k/hr cost. The best found feasible solution 
provided a 13% savings in 3.2 hours; since this method cannot guarantee optimality, the true 
optimal solution may provide much more savings. The results are in Table 4-7. 

   
Table 4-7. Connecticut import test case: best feasible solution 

Percent of Original Dispatch Cost 0.87 
Savings ($/hr) 61k 
CPU Time (hr) 3.2 

4.4.3 Fixed Net Imports 
The ISONE model does not contain generator cost information for generators that are 

outside of the ISONE region. The network model includes the ISONE, NYISO, NB, and NS 
areas. ISONE specified the scheduled net imports for the areas that are connected to the 
ISONE region. This sensitivity study analyzes the impact of fixing net imports for each area 
by fixing these outside generators. For the summer peak test case, an optimal solution was 
found for the LP base test case with no transmission elements opened that provided 300MW 
of export from ISONE. This solution is used as the LP base solution for this summer peak 
test case sensitivity study; it has a generation cost of $660k/hr. The generators outside of 
ISONE are then fixed based on this LP DCOPF solution for the transmission switching 
sensitivity study. The same sensitivity study was performed for the Connecticut import test 
case as well; the LP base solution, i.e., no transmission elements opened, has a generation 
cost of $485k/hr. The results for both studies are in Table 4-8. 
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Table 4-8. Sensitivity study: fixed net imports 
 Summer Peak  CT Import  
Percent of LP Base Solution 88.9% 94.1% 
Savings $/hr 73k 28k 

 
Fixing the generators outside ISONE for the summer peak test case did not have much of 

an affect on the overall savings as shown by the results from Table 4-6 and Table 4-8. For the 
CT import test case, fixing the generators outside ISONE provided a lower percent savings as 
compared to the case when the generators are not fixed. The best found solution for this 
study has a 6% savings as compared to the 13% savings in section 4.4.2 when the outside 
generators are not fixed. It appears as though the outside generators may have influenced the 
results in section 4.4.2; however, this is not known for sure, as neither problem has been 
solved to optimality.  

4.4.4 Fixed Net Imports and Capacity Constraints for Transmission Elements Below 
115kV Not Enforced 

In this section as well as the next section, sensitivity studies are presented where the 
capacity constraints for lower voltage transmission lines, i.e., lines below 115kV, are not 
enforced. These two sensitivity studies are included as a way to build insight as to what may 
or may not cause such economics savings. In particular, the results demonstrate that the 
potential transmission switching savings are not purely a result of alleviating congestion in 
the lower voltage network.3  

For this sensitivity study, the net imports are fixed as was done in the previous section. For 
the summer peak test case, the transmission switching savings are not as significant in this 
study as previous studies, though the savings are still substantial at 5%. For the CT import 
test case, there is a 9.3% savings for this study; this is higher than the savings presented in 
section 4.4.3 where all lines’ capacity limits were enforced.  

4.4.5 70% of Peak Load 
This sensitivity has the net imports fixed, the capacity constraints are not enforced for 

transmission elements below 115kV, and the load is reduced by 30% to analyze the effect of 
an off-peak hour. It follows the same setup as in section 4.4.4 except that the load has been 
reduced by 30% and the net export level for ISONE has been reduced by 30%. This 
sensitivity was tested on the Connecticut import test case. 

The LP DCOPF solution for the original network topology is $132k/hr. The best found 
feasible solution provided a 7.4% savings. Note that these percent savings are not far off 
from the 9% savings presented in section 4.4.4 for the Connecticut import test case. Further 
investigation may produce solutions with similar savings found in section 4.4.4.  

The two ISONE test cases that have been studied differ in load by 5% but both produce 
substantial savings. This factor along with the sensitivity results within this section suggest 
that it is possible to obtain substantial savings from transmission switching for various load 
                                                 
3 When conducting certain economic studies, ISOs may not enforce the capacity constraints for lower voltage 
transmission lines; this is done at times to improve solution time of large studies, e.g., transmission expansion, 
if the accuracy of the results is maintained. In particular, ISONE did not enforced capacity constraints for lines 
below 115kV when using these test cases. 
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levels. This may not be the case for all practical networks but the results suggest that it is 
indeed possible to obtain substantial savings at varying load levels for a large-scale ISO 
network.   

4.5 POLICY IMPLICATIONS 
The results thus far demonstrate the uncertainty and potential variability in the total and 

individual values of generator revenues and rents, congestion rents, and load payments, even 
when the total generation costs differ only slightly. LMPs are sensitive to the particular 
topology selected and the selected topology depends on the stopping criteria and solution 
heuristics.  

Since individual bus LMPs may change dramatically between solutions, the chosen 
network dispatch may cause significant wealth transfers between market participants. 
Determining the optimal topology for a practical network is likely to be extremely time 
consuming, if not impossible; thus, a certain amount of discretion will exist in choosing the 
solution, e.g., when to stop, how many transmission elements to open, etc. The opportunity 
exists to change the topology of the grid strategically to make one participant better off while 
making others worse off. Consequently, an independent party with no financial interest in the 
settlement should make these topology decisions, e.g., ISOs.  

Even still, determining a stopping criterion may be a very sensitive topic. An operator may 
have a choice between solutions with system costs that differ by a trivial amount but have 
significant wealth transfers, as was evident in Figure 4-11 with case 2 as compared to the 
optimal solution. This hypothetical situation raises the question as to whether an operator 
should care only about minimizing generation cost. Perhaps there should be additional 
objectives, such as minimizing the number of open transmission elements or the load 
payment. Identifying additional objectives is a job for policy-makers and would depend on 
societal values or on the objectives of the system operator. 

Another implication of these potentially volatile and unpredictable prices is the need for a 
forward market in which to hedge the real-time prices. Real-time prices are useful as 
marginal indicators, sending financial signals to users and suppliers to alter behavior based 
on real-time conditions. However, it is likely that most risk-averse market participants will 
want to hedge the risk of volatile real-time prices by trading in longer-term forward markets 
in which the negotiated or clearing price will be less uncertain. Forward contracts can also 
help to suppress the ability and incentive to exercise market power, see Allaz and Vila 
(1993).  

Volatile LMPs may not be altogether negative. Not only do they create an incentive for 
market participants to hedge and sign long-term contracts, they may also make strategic 
behavior more difficult. In a sense, transmission dispatch allows transmission elements to 
compete in the market dominated by generators; furthermore, transmission switching would 
be controlled by the ISO and, thus, such additional competition would be used to maximize 
the market surplus. The introduction of additional competitors can inhibit existing market 
participants’ ability to exercise market power.  

Ultimately, optimizing the transmission network can result in a more economically 
efficient system; otherwise, the network will not be altered. A more efficient system dispatch 
produces more surplus, and with more surplus, it is possible for the ISO to implement wealth 
transfers that result in Pareto improvements for all market participants. Such concerns, 
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however, are not a concern for vertically integrated utilities since all surplus accrues to the 
utility. 

4.6 CONCLUSIONS 
The full control over transmission assets is not currently incorporated into dispatch 

optimization problems even though previous research has documented a wide range of 
potential benefits due to transmission switching. This chapter presents the optimal 
transmission switching DCOPF problem and tests it on the IEEE 118-bus test case and two 
large-scale 5000-bus test cases provided by ISONE. Results show that, indeed, network 
redundancies can cause severe dispatch inefficiency. The optimal transmission switching 
problem provided savings as high as 25% for the IEEE 118-bus test case and savings as high 
as 13% for the ISONE test cases. 

The objective of the optimal transmission switching problem is to maximize the total social 
welfare; even though this new technology benefits society as a whole, it can create 
significant winners and losers for individual market participants. Furthermore, the LMPs can 
vary dramatically between topology solutions that differ in objectives by trivial values. These 
findings imply that (1) an unbiased and independent entity with no financial interest in 
market settlement should be in charge of determining topology to avoid intentional 
manipulation, i.e., the ISO should determine the optimal topology, and (2) hedging will be 
more important for market participants. One main setback of this concept is the 
computational performance. However, it was shown that very simple heuristic techniques can 
produce very good solutions very fast; with these findings and the potential of future research 
to enhance the performance of this problem, there is an optimistic outlook regarding the 
potential for this concept to be implemented in the future.  
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CHAPTER 5: OPTIMAL TRANSMISSION SWITCHING WITH CONTINGENCY 
ANALYSIS 

 

5.1 OVERVIEW OF OPTIMAL TRANSMISSION SWITCHING AND RELIABILITY 

5.1.1 Introduction 
 Even though past research has identified the benefits from harnessing the control of 

transmission assets as a corrective mechanism, traditional security constrained economic 
dispatch of electricity resources still treats the transmission network as a fixed, static 
topology while optimizing deployment of generation assets. This may be a result of the 
common misconception, which states that taking a transmission line out of service must 
result in a degradation of system reliability. Often it is the case that the system is less reliable 
if a line is taken out of service; however, there is no guarantee that this is true. System 
reliability is not determined based purely on the topology of the grid but it also depends on 
the generation dispatch solution as well as the current load. The electric grid is a very 
complex system and it is not possible to pull away from this system only the network 
topology and then judge whether one topology is best (reliability wise) for every different 
possible operational situation that will exist. Furthermore, though the use of transmission 
switching today is limited, its use as a corrective mechanism in SPSs, see PJM (2009), 
demonstrate that transmission switching is not be definition incompatible with reliable 
operations of the transmission grid. 

The previous formulation presented in Chapter 4 did not enforce reliability standards. In 
this chapter, the example in section 5.1.2 first establishes that it is indeed possible to improve 
system reliability with transmission switching. The N-1 reliable optimal transmission 
switching formulation is then presented in section 5.2; by explicitly enforcing N-1, the 
optimal network topology and generation dispatch must be able to survive the loss of any 
single transmission element (line or transformer) or generator outage. Section 5.2 also 
discusses the heuristic techniques used for the computational testing. Results demonstrating 
the potential for optimal transmission switching to reduce operational costs substantially 
even while maintaining N-1 reliability standards are presenting in subsequent sections.  

5.1.2 Optimal Transmission Switching May Improve System Reliability 
Transmission switching could not be implemented if it were to violate established 

reliability requirements. The example in section 4.1.2 demonstrated how utilizing the control 
of transmission elements is beneficial by expanding the feasible set of dispatch solutions but 
that example does not enforce reliability requirements. Thus, while this example is useful in 
illustrating potential economic gains from transmission switching, the superior economic 
solution that is obtained once the topology is optimized could not be implemented due to 
violation of conventional reliability criteria. However, in general, temporarily removing a 
transmission line does not necessarily degrade reliability. Furthermore, the true concern is 
whether the specified reliability requirements are met and not whether the reliability of the 
system is diminished as compared to the case with all lines in service.  
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There are set reliability requirements and the objective of the operator is to maximize the 
market surplus subject to the operational and reliability requirements. With multiple 
generator dispatch solutions that all meet the reliability requirements, the operator chooses 
the one that maximizes the market surplus. The operator does not choose the most reliable 
dispatch; if operators had the objective to maximize reliability then every available plant 
would always be running in order to provide as much available capacity as possible.  

If transmission switching can increase the market surplus while meeting the reliability 
requirements, then implementing transmission switching is the right decision. For instance, 
maintaining N-4 reliability, i.e., the simultaneous loss of any four elements in the network, is 
not a requirement. If the system was initially N-4 reliable but with the transmission switching 
solution it is only N-3 reliable, then no reliability requirement would have been violated 
meaning the superior economic solution, the transmission switching solution, should be 
chosen. Even if a line is opened during steady-state operations, with a truly smarter, more 
advanced grid, the opened lines could be put back into service once there is a contingency; 
this concept is further discussed in the future research chapter, section 8.3.3. Similar 
practices exist today in ISOs that implement SPSs that involve pre- and post-contingency 
switching, see PJM (2009).  

In addition, it is possible that taking a line out of service can actually improve reliability 
under certain market conditions. The electric grid is a very complex system and it is not 
possible to judge reliability purely on the topology of the network alone. The reliability of the 
grid depends on the topology, whether the load is completely inflexible, the generator 
commitments, the generator ramping abilities, available generation capacity, etc. These 
conditions are always changing and it is not guaranteed that one network topology is the 
most reliable for all possible network conditions.  

Transmission switching allows for previously infeasible generator dispatch solutions to 
become feasible. One of these previously infeasible generator dispatch solutions that is 
feasible with transmission switching may in fact be more reliable than the optimal dispatch 
solution when all lines are in service. Perhaps this previously infeasible dispatch solution 
may have different generators committed that have faster ramping capabilities as well as 
more available capacity. Consequently, examining the grid topology alone is insufficient in 
regards to judging the reliability of the system; therefore, it is possible that transmission 
switching will allow one to obtain a more reliable generation dispatch solution.  

The following 3-bus example demonstrates that with transmission switching it is possible 
to have a more reliable system for certain market conditions due to the ability to choose 
additional generator dispatch solutions. For this example, N-1 reliability is enforced; the 
system must be able to survive the loss of any line or generator. This is a one-period unit 
commitment problem with startup costs and generator ramp rates. Adequate ten minute 
spinning reserve is required to be available in order to survive any contingency. The diagram 
for the 3-bus example is displayed by Figure 5-1 and the generator information is listed in 
Table 5-1. Tables 5-2 and 5-3 present the optimal dispatch solutions without and with 
transmission switching respectively.  
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Figure 5-1. 3-bus reliability example 

 
Table 5-1. 3-bus reliability example: generator information 

 Gen 1 Gen 2 Gen 3 Gen 4 Gen 5 
Cost $/MWh 25 20 80 80 100 
Startup Cost $ 100 100 300  500  400 
Gen Min MW 50 50 10 50 10 
Gen Max MW 400 100 250 100 150 
Ramp Rate MW/10 min 200 100 50 50 150 

 
Table 5-2. Case 1: optimal solution without transmission switching 

 Gen 1 Gen 2 Gen 3 Gen 4 Gen 5  Total Dispatch Cost: 
Optimal Dispatch MW Offline 100 40 100 20  $16,900 

 
Table 5-3. Case 2: optimal solution with transmission switching (optimal topology has line A-C open) 

 Gen 1 Gen 2 Gen 3 Gen 4 Gen 5  Total Dispatch Cost: 
Optimal Dispatch MW 160 Offline 10 80 10  $13,700 

 
The first solution with all lines in service is N-1 compliant but it would not be able to 

handle the loss of both generator 3 and generator 4; this is not problematic because there is 
no regulatory requirement stating that the system must be capable of surviving the loss of any 
two generators. The solution with line A-C open is also N-1 compliant and it has a lower 
total cost. The transmission switching solution can also survive the loss of both generator 3 
and generator 4, unlike the solution with all lines in service. This example demonstrates that 
merely opening a line does not mean that the system is less reliable. This solution is more 
reliable with line A-C open than the optimal dispatch solution with line A-C in service; 
changing the topology of the grid changes what dispatches are possible and reliability is 
dependent not only on the topology of the network but also on the generation dispatch. 
Furthermore, with more advanced grid operations, lines that are temporarily taken out of 
service during steady-state operations may be switched back into service once there is a 
contingency; this concept is further discussed in section 8.3.3.  
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5.2 N-1 DCOPF OPTIMAL TRANSMISSION SWITCHING PROBLEM 

5.2.1 N-1 DCOPF Optimal Transmission Switching Formulation 
The N-1 DCOPF formulation ensures that the system will survive the loss of any single 

element in the system: a (non-radial) transmission element (line or transformer) or generator. 
For each single contingency state, there is a set of variables and constraints representing that 
state. All contingency states are tied back to the steady-state variables based on the 
assumptions as to how the system responds to a contingency once it occurs as well as 
restrictions on a generator’s ability to adjust its output in order to respond to a contingency. 
The objective is to minimize the total generation cost subject to physical constraints of the 
system, Kirchhoff’s laws governing power flow, and reliability requirements. These 
constraints must be satisfied for all states. The optimization problem is defined below. 
 
Minimize: ∑g gg Pc 0  (5-1) 

 s.t.  
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5.2.2 Contingency Modeling 
Each decision variable, as defined in the nomenclature (see the Appendix), has a new 

variable for each state c, except for zk. State c = 0 represents the no-contingency, steady-state 
variables and constraints whereas all other states represent single generator or (non-radial) 
transmission element contingencies. 

A binary parameter for state c and element e, N1ec, is introduced. N1kc = 0 represents the 
loss of transmission element k; N1gc = 0 represents the loss of generator g. For c = 0, N1e0 = 1 
for all e as this state reflects steady-state operations. There are N (transmission element or 
generator) contingencies. For c > 0, 
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The binary parameter forces the transmission element’s flow to be zero if it is the 

contingency within (5-4); likewise, (5-6) forces a generator’s supply to be zero if it is the 
contingency. When there is a generator contingency, the system is allowed to be re-
dispatched in order to meet load during this contingency; a committed generator can be re-
dispatched at any level while satisfying (5-6). The associated cost of this re-dispatch is not 
included in the objective function since the objective of this model is to minimize the steady-
state forward dispatch cost and not the expected redispatch cost if a contingency were to 
occur. Since the probability of an outage is low, the motive is to ensure feasibility of 
surviving a contingency and less concerned about the cost of operating during a contingency.  

When there is a transmission contingency, generators must maintain their steady-state 
operating level. Thus, there are no new generator dispatch variables for transmission 
contingencies. For any contingency, i.e., c > 0, the thermal ratings for transmission elements 
are based on the emergency ratings, i.e., rate C. The generator min and max operating levels 
are the same whether the generator is operating during steady-state operations or during an 
emergency state, i.e., a contingency. 

A transmission element can be out of service either because it is chosen to be out of service 
in the solution, i.e., zk = 0, or it is the contingency during a specific contingency state, i.e., 
N1kc = 0. Chapter 4 already discussed how transmission switching can be incorporated into 
the traditional DCOPF problem. In the exact same way that zk is used in the formulation to 
allow a transmission element to be taken out of service, the contingency parameter, N1kc, is 
incorporated into the DCOPF formulation in the exact same way for contingency modeling.  

All solutions from the N-1 DCOPF transmission switching problem must satisfy the N-1 
standards. The model does not prevent a generator from being isolated from the network. If 
there exists a feasible solution with an isolated generator, the solution is always non-unique 
and there will be an equivalent solution where the generator is not isolated. A generator 
connected to the network by a radial line, which has no power flow, is equivalent to a 
generator that is isolated from the network. Therefore, if it is ever beneficial and N-1 feasible 
to isolate a generator from the network, the same solution can always be obtained by leaving 
the generator connected to the network via a radial line; thus, there is no reason to isolate a 
generator from the network.  

There is the possibility of the new topology creating islands; however, this cannot happen 
unless the islands are individually N-1 compliant and operate at least cost. Furthermore, 
anytime there is an optimal topology solution that contains islands the solution will always be 
non-unique. There will always exist a path between the separated regions that can be 
reconnected by not choosing to take certain lines out of service. The flows on these lines, 
however, would be zero since the dispatch solution would be such that the two separated 
regions were previously individually balanced with no net exports. Contingencies may also 
create islands; this is possible as long as each individual island satisfies all constraints. 

It is not possible for any load bus to be isolated from the network by transmission 
switching, unless there is sufficient generation at that load bus and this generation can 
withstand all contingencies while meeting the load. The node balance constraints for the no-
contingency and the contingency states ensure that all load is met for steady-state and all 
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single contingency states. Therefore, this model does not allow load shedding. There may be 
load shedding due to the one day in ten year outage criteria that is permissible within electric 
transmission networks due to uncertainties that are not modeled in the traditional dispatch 
optimization problems but there is no load shedding as a result of the optimal transmission 
switching concept. 

5.2.3 Nodal Pricing 
This is a mixed integer linear program and the dual of a MIP is not well defined. By setting 

the integer variables to their values from the best solution found, the resulting problem is a 
linear program and the resulting dual is well defined, see O’Neill et al. (2005b). Since there 
are constraints reflecting the contingencies and steady-state operations, each bus has N+1 
node balance equations, (5-3a) and (5-3b), and each equation has a corresponding shadow 
price, or dual variable. With all integer variables fixed to their optimal values, let λnc 
represent the dual variable of (5-3a) and (5-3b) for bus n and state c. The LMP for bus n, 
shown by (5-11), is then equal to the sum, over all c, of the dual variables from (5-3a) and (5-
3b) for bus n. This includes the steady-state dual variable, i.e., c = 0, and all of the 
contingency dual variables. 

 
 nLMP

c ncnn ∀== ∑ ,λλ  (5-11) 

  

5.2.4 Heuristic Techniques 
Although the overall goal is optimality, in a practical setting, proving optimality is less 

important than improving the solution. The objective is to find the best solution within the 
available timeframe. For this reason, the focus is not on proving optimality; rather, the focus 
is on finding the best solution within a reasonable timeframe with bounds on possible 
improvements. 

Transmission switching is an NP complete problem. Without any restrictions on the 
number of transmission elements that can be opened, after almost 143 hours the best found 
solution provides a savings of only 3.3% and the optimality gap is 60% for the test case 
presented in section 5.3.3. The gap between the linear relaxation of the transmission 
switching problem and the N-1 DCOPF optimal solution without transmission switching is 
66%. Thus, the optimality gap has only improved by 6% after 143 hours.  

Since this problem is hard to solve, heuristic techniques are needed to speed up the 
computational time and improve the solution. Constraint (5-12) is introduced into the 
formulation in order to study multiple solutions for this research as well as to ensure that 
good solutions are found in a reasonable timeframe. An equality constraint is used rather than 
an inequality constraint as it reduces the complexity of the problem. The use of (5-12) is not 
suggested in a practical setting; it is only used to study this problem. Since (5-12) is an 
equality constraint, J represents the number of opened transmission elements within the 
solution. For J = 0, all transmission elements are in service.  

 
 ( ) Jz

k
k =−∑ 1  (5-12) 



52 

 
A simple heuristic technique, the “iterative” approach, is used to improve the solution time. 

It determines the best transmission element to open (J = 1); with this transmission element 
forced open, it finds the next best transmission element to open (J = 2), opens it, and the 
process is repeated.  

When the “iterative” approach is used, “partitioning” is also applied. Partitioning takes the 
set of solutions and divides it into multiple subsets that are mutually exclusive and 
collectively exhaustive. Each subset contains a different set of possible network topologies 
and each subset is solved independently of the other subsets. Finally, the overall optimal is 
determined by comparing the optimal solutions for all subsets. By doing this, it is possible to 
solve these subsets in parallel, i.e., solve these subsets at the same time on various computers. 

The “intelligent learning” heuristic is another heuristic approach used in this study. 
Operators can take into consideration past transmission switching solutions. The transmission 
switching solutions will vary with the changing conditions within the network; however, it is 
likely that there are specific transmission elements that are commonly chosen to be opened. 
The operator could then focus on these elements when running the program in order to find 
good feasible solutions in reasonable time. This is what the intelligent learning heuristic 
does; it allows only a chosen subset of elements to be switched. More specifically, (5-12) is 
replaced with an inequality constraint with H representing the maximum number of 
transmission elements that can be opened: ∑ ≤−

k k Hz )1( . Of course, for this method to work 
there must have been previous studies performed on the network or knowledge about which 
lines are key candidate lines to be switched. Whatever method or heuristic is used, unless 
optimality is proven, it is always best to use up whatever time is available. If a heuristic 
method were to find a good solution and terminate before the timeframe is up, the method 
should be modified so that it can continue searching for better solutions since there is time 
remaining. To solve this problem to optimality, (5-12) would not be present.  

5.3 IEEE 118-BUS TEST CASE: RESULTS AND ANALYSIS 

5.3.1 Hardware and Software Description 
The model is written in AMPL, which calls the CPLEX optimizer. AMPL has a presolve 

routine that eliminates redundant and unnecessary variables and constraints. The term “post-
presolve” reflects the number of variables and constraints that are not eliminated by this 
presolve routine. The computer specifications were previously listed in Table 4-3. 

5.3.2 Network Overview 
The IEEE 118-bus test case data presented in UW (2010) does not include generator cost 

information. The generator cost information used in the IEEE 118-bus test case is taken from 
Blumsack (2006), which is the same information as what was used in Chapter 4. Refer back 
to section 4.3.1 for more information on the IEEE 118-bus test case. Table 5-4 identifies the 
variables and constraints for both the basic DCOPF as well as the N-1 DCOPF problem.  

More binary variables are eliminated by presolve for the N-1 DCOPF formulation than for 
the DCOPF formulation; there are 177 post-presolve binary variables for the DCOPF 
whereas there are only 97 for the N-1 DCOPF. With fewer binary variables, the problem 
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contain fewer potential network topology solution and, thus, the problem is less complex and 
this may reduce the computational time or it may produce a better solution within a fixed 
timeframe. Reducing the computational time is crucial for practical implementation of 
transmission switching.  

The IEEE 118-bus test case has a generation capacity that is 130% of the load. For sections 
5.3.3 and 5.3.4, it is assumed that two of the generator units are not committed to analyze the 
case where the capacity is closer to 115% of the load, which is closer to common total 
capacity percentage of peak load for practical networks. The uncommitted units are the 
550MW unit at bus 10 (unit 1) and the 136MW unit at bus 111 (unit 19).   

 
Table 5-4. IEEE 118-bus test case: LP and MIP variables and constraints 

 DCOPF N-1 DCOPF 
 LP MIP LP MIP 

Total Variables: 323 509 63k 63k 
Binary Variables: 0 186 0 186 

Total Linear Constraints: 628 1000 126k 202k 
Total Variables (Post Presolve): 315 492 60k 61k 

Binary Variables (Post Presolve): 0 177 0 97 
Linear Constraints (Post Presolve): 482 833 98k 137k 

 
The IEEE 118-bus test case information in UW (2010) does not contain emergency ratings, 

i.e., rate C, for the transmission elements. It is assumed that the emergency thermal rating for 
transmission elements is 125% of the steady-state operating limit, i.e., rate A.  

5.3.3 Results and Analysis: Gen Units 1 and 19 Not Committed 
Prior to introducing transmission switching, the system was checked for compliance with 

the N-1 contingency requirements. Note that radial transmission elements are not subject to 
reliability standards as defined by FERC.4 These elements are not included in the N-1 
contingency list. The system could not satisfy N-1 standards without modifications; it could 
not survive the loss of either of the two largest generators as well as any of three key 
transmission elements. Once these items were removed from the N-1 contingency list, the 
system was N-1 compliant according to this modified contingency list. The transmission 
elements and generators removed from the contingency list are listed in Table 5-5. Since the 
system is not initially N-1 compliant, the results demonstrate that the initial system reliability 
level can be maintained while incorporating transmission switching and improving the 
network efficiency. 

 
Table 5-5. Assets removed from the IEEE 118-bust test case N-1 contingency list 

Non Radial Transmission Elements [Radial Elements] Generators 
(82-83), (89-90), (91-92)  

[(8-9), (9-10), (12-117), (14-15), (16-17), (18-19), (29-31), (68-116), (71-73), (85-86), 
(86-87), (110-111), (110-112)] 

13, 14 

 
The N-1 DCOPF optimal solution without transmission switching, i.e., J = 0, for this study 

has an optimal cost of $3,323/h; without transmission switching the problem is then the basic 
                                                 
4 ERO Reliability standards, FERC Order 696, FERC (2007), (see standard TPL-002). 



54 

N-1 DCOPF, which is an LP. For the no switching (J = 0) solution, the generation revenue is 
$23,186/h, the generation rent is $19,863/h, the congestion rent is $4,467/h, and the load 
payment is $27,653/h. The LP relaxation of the N-1 DCOPF transmission switching 
formulation is a lower bound and it has a value of $2,006/h for this study, which is roughly 
60% of the no switching case (J = 0) optimal solution. 

The results presented in Figure 5-2 were obtained by the use of the two heuristic 
approaches discussed in section 5.2.4; the first ten transmission switching solutions in Figure 
5-2 correspond to the iterative heuristic and the last two correspond to the intelligent learning 
(IL) heuristic. These techniques do not guarantee an overall optimal transmission switching 
dispatch but good solutions fast. The J = 10 solution saves 15% of the generation cost.  

The “intelligent learning” heuristic was employed to arrive at solutions IL1 and IL2; only 
20 specific transmission elements for IL1 (H=20) and 30 for IL2 (H=30) are eligible for 
transmission switching. For the IL1 solution, there are 10 opened transmission elements; for 
the IL2 solution, there are 12 opened elements. The transmission elements allowed to be 
opened for the intelligent learning solutions are based on elements that were opened within 
the DCOPF solutions from solutions obtained from studies presented in Chapter 4 for the 
IEEE 118-bus test case. The results suggest that past information as well as heuristic 
techniques can be used to obtain good solutions within reasonable time.  

The computational statistics are displayed in Figure 5-3 with the units defined within the 
legend. The computational statistics for solutions obtained by the use of partitioning, J = 
{4…10}, are not presented. The CPU time for the intelligent learning solution 1 (IL1) was 
134 minutes; IL1 produced a 15% savings whereas the J = 1 solution took 453 minutes 
without the use of partitioning and produced only a 6.3% savings.  
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Figure 5-2. Costs and settlement payments for the IEEE 118-bus test case 
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Figure 5-3. Computational statistics for the IEEE 118-bus test case 

 
A histogram, Figure 5-4, presents the change in LMPs comparing solution J = 10 to J = 0. 

As can be seen, almost all LMPs decrease with only a few buses having a minor increase in 
LMP. For J = 3 through J = 9, the distributions of the change in LMPs are similar to that in 
Figure 5-4. For J = 1 and J = 2, there are more transmission elements that experience an 
increase in LMP as oppose to what is shown by Figure 5-4. Basic LMP statistics are 
presented in Figure 5-5. The relatively low LMP throughout all solutions is because a cheap 
generator cannot produce at its max due to a contingency constraint. 
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Figure 5-4. LMP change for J = 10 vs. J = 0 
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Figure 5-5. Max, average, and min LMP 

 
Very few generators saw an increase in LMP. The largest increase in LMP for a generator 

was $0.47/MWh. A few generators saw a large decrease in LMP. Three generators had a 
decrease of $3/MWh for most of the solutions and one had a decrease of at least $5/MWh 
and up to $7/MWh for some of the solutions. This largest decrease in a generator LMP 
corresponds to the largest generator of 805MW, which was always fully dispatched.  

Most load buses see a decrease in LMP but a few load buses receive an increase in LMP. 
Bus 80 experiences the highest increase in load payment, $60.48/h, for the J = 2 solution as 
the LMP increases by $0.47/MWh, which is the largest increase in LMP for a load bus for all 
solutions. All load buses have a decrease in LMP for at least one of the solutions but there is 
no single solution where all load buses have a decrease in LMP. 

5.3.4 Results and Analysis: 80% and 90% of Peak Load 
This section investigates the impact of transmission switching when the load is reduced by 

10% and 20%. For the 20% reduction, the system is N-1 secure except for radial transmission 
elements. Table 5-5 lists the radial transmission elements for the IEEE 118-bus test case.  

When the load is reduced by 20%, the DCOPF solution is only $4/h greater than the 
unconstrained economic dispatch solution, leaving little room for improvement from 
transmission switching. Though the N-1 DCOPF solution is not that close to the 
unconstrained economic dispatch, the IEEE 118-bus test case does not have a single 
transmission element that is thermally constrained at the 80% load level. With over 60,000 
thermal and bus angle steady-state and contingency constraints, only 10 of them are active (9 
thermal contingency constraints, 1 bus angle contingency constraint). The J = 1 solution 
produced a savings of only 0.1%. After 19 hours, the best found feasible solution for the J = 
2 solution had a higher total cost than the no switching case (J = 0) N-1 DCOPF solution, 
i.e., all transmission elements are in service, and the lower bound was 0.2% below the no 
switching case’s (J = 0) solution value.  

The IEEE 118-bus test case was also analyzed with the load reduced by 10%. Under this 
situation, one transmission element needed to be removed from the contingency list as well 
as one generator in order to obtain an N-1 DCOPF feasible solution without transmission 
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switching. All of the radial transmission elements were removed from the N-1 contingency 
list as well as a transmission element (bus 82 to bus 83) and generator 14. 

With a 90% load level, transmission switching achieves similar results to those found for 
the base load level in the previous section. With this N-1 DCOPF model, transmission 
switching provides a 13% savings for the best found solution, as is shown by Figure 5-6. The 
generation cost for the no switching case (J = 0) is $1,807/h, the generation revenue is 
$5,174/h, the generation rent is $3,367/h, the congestion rent is $4,013/h, and the load 
payment is $9,187/h. The LP relaxation of this study has an optimal cost of $1,284/h or 71% 
of the no switching case (J = 0) solution. Further savings may be obtained with further 
investigation since this best found solution has not been proven to be the optimal solution.  

Except for the no switching case (J = 0) solution, the solutions presented in Figure 5-6 were 
found by iteratively solving for the next best transmission element to open and by using 
partitioning. By partitioning the problem into two equally sized branch and bound trees, the 
computational time was approximately 2.5 hours with the partitioned problems solved in 
parallel. Other solutions were partitioned into 20 sets and took approximately 60 to 90 
minutes to solve sequentially or at most 10 minutes when solved in parallel.  
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Figure 5-6. IEEE 118-bus test case results: 90% load 

 
The generation rent for the J = 1 solution was higher than the generation rent for the no 

switching case (J = 0); the generation rent for the J = 2 and J = 3 solutions is about 50% of 
the no switching (J = 0) generation rent value. The initial increase is caused by the largest 
dispatched generator having an increase in LMP for the J = 1 solution but then its LMP 
decreases for J = 2 and J = 3. Another large generator also receives a much lower LMP for 
the J = 2 and J = 3 solutions as well, thereby adding to the decrease in overall generation 
rent. The LMP for the generator at bus 80 changes from over $3/MWh for the no switching 
case (J = 0) to about $0.65/MWh for J = 2 and J = 3.  

The generator at bus 69 produces at capacity (805MW) for J = 4 and J = 5; it has an LMP 
of $1.35/MWh for J = 4 and $1.09/MWh for J = 5. Its generation revenue differs by $214/h 
whereas the J = 4 and J = 5 total generation costs differ by only $4/h or 0.2%. It is possible to 
have solutions that have very similar objective values but have drastically different outcomes 
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for individual market participants, which is consistent with what is discussed by Sioshansi et 
al. (2008) for generation unit commitment methods.  

5.3.5 Results and Analysis: All Generators Committed 
The previous sections, 5.3.3 and 5.3.4, present results with less generation capacity by 

having two uncommitted units within the network. This section and the next section assume 
that all units are committed. The same modified contingency list is used for this study; the 
elements that are not a part of the contingency list are listed in Table 5-5.  

The base case N-1 DCOPF generation cost for the IEEE 118-bus test case with all 
generating units committed is $2,296/h, the generation revenue is $5,853/h, the generation 
rent is $3,557/h, the congestion rent is $4,067/h, and the load payment is $9,920/h. The 
generation cost savings from transmission switching for the N-1 DCOPF formulation is not 
as high as the DCOPF transmission switching savings found in Chapter 4 but it is still a 
substantial savings of over 8%. This solution, however, is not necessarily the optimal 
solution, as optimality was not proven. The gap between the best found solution, the J = 5 
solution, and the lower bound is 29%; the lower bound has a value of $1624/h and the J = 5 
solution has a value of $2104/h. The results are presented within Figure 5-7.  
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Figure 5-7. IEEE 118-bus test case results: all generation units committed 

 

5.3.6 Results and Analysis: Emergency Ratings at 113.6% and All Generators 
Committed 

The study in section 5.3.5 has all generation units committed but it assumes that the 
emergency thermal ratings (rate C) are 125% of the steady-state operating limits (rate A). 
Blumsack (2006) lists the emergency ratings to be 113.6% of the steady-state operating 
limits, which is the assumed emergency rating for this study. Like the previous studies on the 
IEEE 118-bus test case, it is necessary to create a modified N-1 contingency list since the 
original network topology cannot satisfy the N-1 standards for all elements. Further 
investigation found that the same transmission elements and generators removed from the 
contingency list for the study in section 5.3.3 are necessary to be removed for this study as 
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well. In addition, there was one additional generator, unit 17, which needed to be removed 
from this study’s contingency list in order for the static topology, i.e., no open transmission 
elements, to satisfy this modified N-1 contingency list. The N-1 DCOPF no switching (J = 0) 
solution has a generation cost of $2,435/h, the generation revenue is $5,993/h, the generation 
rent is $3,557/h, the congestion rent is $4,270/h, and the load payment is $10,262/h. The LP 
relaxation for this study has an optimal cost of $1,968/h, which is 81% of the no switching (J 
= 0) solution. 

The J = {1,..,4} solutions are found by taking an iterative approach by finding the next best 
element to open in the network. Partitioning was used to speed up the process. The results are 
shown in Figure 5-8. The study in section 5.3.5 had a solution with an 8% savings when the 
emergency ratings were 125% of the steady-state operating limit; with emergency rates at 
113.6% of the steady-state operating limit, transmission switching has provided a savings of 
5%. Note that a heuristic technique is used, which cannot guarantee optimality so the true 
optimal solutions may be better than these solutions. 
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Figure 5-8. IEEE 118-bus test case results: all generation units committed and 113.6% emergency ratings 

 
For J = 1, all terms increase except for the generation cost. Most of the LMPs have 

increased for the J = 1 solution. Most of the LMP changes between J = 0 and J = 1 are 
around $0.10/MWh. In addition, there are four buses that experienced an increase of roughly 
$8/MWh in LMP or more from J = 0 to J = 1. However, this sharp increase in LMP for these 
four buses for the J = 1 solution is not present for the subsequent solutions; the LMPs are 
only slightly different than the J = 0 solution for the J = {2,3,4} solutions. 

  

5.4 IEEE 73-BUS RELIABILITY TEST SYSTEM 1996 (RTS96): RESULTS AND ANALYSIS 

5.4.1 Network Overview 
The IEEE 73-bus network, also known as the reliability test system 1996 (RTS96), was 

created by a committee of power systems experts to be a standard for reliability testing, see 
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Grigg et al. (1999). The RTS96 test case includes many different configurations and 
technologies so that it can represent reliability situations found in most electrical systems.   

It is common to make modifications to the RTS96 test case, see McCalley et al. (2004) and 
Motto et al. (2002). In particular, McCalley et al. (2004) removed line (11-13), shifted 
480MW of load from bus 14, 15, 19, and 20 to bus 13, and added generation capacity at bus 
1 (100MW), bus 7 (100MW), bus 15 (100MW, 155MW), and bus 23 (155MW). Buses 14, 
15, 19, and 20 had an original total load of 820MW; the new total load is 340MW. Motto et 
al. (2002) decrease the thermal capacity of line (14-16) to 350MW in order to create 
congestion. For this study, the RTS96 test case is modified by incorporating the changes 
mentioned above from McCalley et al. (2004) and Motto et al. (2002). The RTS96 test case 
has three identical zones; the modifications for the first zone are listed above and the same 
modifications are applied to all zones. 

Table 5-6 provides an overview of the RTS96 test case data. All generators are assigned a 
minimum operating capacity of 0MW since this study does not incorporate unit commitment; 
the generator cost information is an average cost based on the heat rate data presented in UW 
(2010) and the fuel cost presented in Table 5-7. There is seasonal information for the hydro 
units within the RTS96 test case; all hydro units are assumed capable of producing at their 
full capacity. The RTS96 test case includes a yearly load curve. Within section 5.4.2, the load 
is set at the base load values defined in Bus Data Table-01 from UW (2010) for the RTS96 
test case. Table 5-8 describes the problem size for this study. 

Once again, there are fewer post-presolve binary variables for the N-1 DCOPF than the 
DCOPF transmission switching problem. Certain transmission elements cannot be opened 
while maintaining N-1 standards. Thus, the presolve routine fixes these binary variables to 1.  

 
Table 5-6. RTS96 test case data 

  Capacity (MW) Cost ($/MWh) 
 No. Total Min Max Min Max 
Transmission  120 44,747 175 722   
Generators  111 12,045 12 400 0.00 62.12 
Load  51 8,547 53 745   

 
Table 5-7. Fuel costs for the RTS96 test case 

#2 Oil #6 Oil Coal Uranium 
5.781 $/MBtu 4.034 $/MBtu 1.231 $/MBtu 0.60 $/MBtu 

 
Table 5-8. RTS96 test case: LP and MIP variables and constraints 

 DCOPF N-1 DCOPF 
 LP MIP LP MIP 

Total Variables: 304 424 57k 57k 
Binary Variables: 0 120 0 120 

Total Linear Constraints: 498 738 102k 158k 
Total Variables (Post Presolve): 301 421 57k 57k 

Binary Variables (Post Presolve): 0 117 0 89 
Linear Constraints (Post Presolve): 307 542 72k 75k 

5.4.2 Results and Analysis 
Unlike the IEEE 118-bus test case, the RTS96 test case is N-1 compliant so the N-1 

contingency list includes all elements. Since the RTS system is initially N-1 compliant, these 
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results demonstrate that transmission switching can improve the economic efficiency of an 
N-1 compliant system and maintain an N-1 secure network. The results are presented by 
Figure 5-9.  
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Figure 5-9. Costs and settlement payments for the IEEE RTS96 test case 

 
The best found solution, J = 5, provides a savings of 8% from transmission switching for 

the N-1 DCOPF model. For a DCOPF model, there is almost no savings from transmission 
switching thereby demonstrating that it is possible to obtain a higher percent savings with a 
more constraining OPF model. The longest solution took 20 minutes with most taking about 
10 minutes. The no switching case (J = 0) solution has a generation cost of $106k/h, the 
generation revenue is $184k/h, the generation rent is $78k/h, the congestion rent is $109k/h, 
and the load payment is $293k/h. The LP relaxation has an optimal cost of $85k/h or 80% of 
the no switching case (J = 0) optimal solution.  

There are multiple generators that are producing in the no switching case (J = 0) but are not 
producing once the topology is changed and vice versa. Previous results showed that there 
could be significantly different outcomes for market participants between two solutions that 
have objectives that differ by a small amount. For this study, most buses have LMPs that are 
very similar for J = 4 and J = 5 but there are a few buses that see an LMP change that is 
greater than $5/MWh. Some of the buses with the large LMP change are load buses but none 
are generator buses.  

Bus 38 has a load of 80MW and has the second highest LMP for the no switching case (J = 
0) with an LMP at $84.98/MWh. For the J = 1 and J = 2 solutions, it experiences one of the 
largest LMP increases for these two solutions. Most large increases in LMP are at load buses 
that initially had much lower LMPs for the no switching case (J = 0) solution. Bus 38 has a 
large increase in LMP when it had the second highest LMP for the no switching case (J = 0). 
However, for the J = {3,4,5} solutions, bus 38’s LMP decreases by $60/MWh down to about 
$20/MWh.  
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5.4.3 Results and Analysis: 70% and 90% of Base Load 
The RTS96 test case data in UW (2010) provided load information for the entire year. The 

previous results reflect the base load levels defined in Bus Data Table-01 from UW (2010). 
For this study, the load is reduced to 70% of the base load level. With the load at 70%, the 
savings were found to be about 0.5%, which is not very significant. This test case has only 40 
thermal and bus angle constraints that are active, all of which are contingency constraints, 
when there are over 40,000 thermal and bus angle constraints. For both test cases, the 
respective unconstrained economic dispatch solution, which is a lower bound to all OPFs, is 
only 11% below the N-1 DCOPF solution. With such a close lower bound, there is less 
possible savings from transmission switching. 

Even though the results suggest that transmission switching does not provide significant 
savings for lower load levels with an N-1 DCOPF, the same may not be the case for large-
scale networks. These results arise from IEEE test cases that are lightly congested at lower 
load levels. In section 4.4.5, even with a 70% load level for the ISONE test case, the optimal 
transmission switching solution still provided a substantial percent reduction in the total 
operating costs. 

Next, the RTS96 test case is studied at 90% of the base load level. For this study, there are 
substantial savings from transmission switching unlike the case when the load is at 70%. The 
results are presented in Figure 5-10. The optimal cost for the no switching (J = 0) N-1 
DCOPF solution is $79k/h; the generation revenue is $120k/h, the generation rent is $40k/h, 
the congestion rent is $76k/h, and the load payment is $196k/h. With the load reduced by 
10%, transmission switching saves 4% and there is a 9% optimality gap. This test case was 
solved by the iterative heuristic with partitioning applied.  
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Figure 5-10. Costs and settlement payments for the IEEE RTS96 test case: 90% load 

 
The J = 2, J = 3, and the J = 4 solutions from Figure 5-10 have generation costs of 

$77,412/h, $77,398/h, and $77,394/h respectively. The generation cost solutions differ only 
slightly whereas the congestion rent and the load payment both experience a large jump for 
the J = 3 solution. The congestion rent and load payment values are about the same for J = 2 
and J = 4. For J = 3, the load pays about $15,000/h more, which entirely shows up in the 
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congestion rent. This is partially caused by a load bus that has nearly a $70/MWh swing in 
LMP. For the J = 2 and the J = 4 solution, the LMP is roughly $17/MWh but for J = 3 it is up 
to $86/MWh. This result further demonstrates the LMPs’ sensitivity to the chosen network 
topology. 

5.5 CONCLUSIONS  
Chapter 4 examined the DCOPF optimal transmission switching problem, which does not 

enforce reliability requirements. There are concerns as to whether transmission switching 
will be a detriment to reliability. This chapter presents the N-1 reliable DCOPF optimal 
transmission switching problem. The results demonstrate that it is indeed possible to satisfy 
N-1 standards while cutting costs by co-optimizing the network topology with the generation 
dispatch. Substantial savings for the IEEE 118-bus test case were obtained due to 
transmission switching, savings as high as 15% of the generation cost with an N-1 DCOPF 
model. These savings are not as high as savings found in Chapter 4 that showed a savings of 
25% with a DCOPF model for the IEEE 118-bus test case. However, the 15% savings found 
is still a substantial economic savings. Savings of 8% for the RTS96 test case were obtained 
with the N-1 DCOPF model and all sensitivity studies presented in this chapter produced 
substantial economic savings as well.  

This research thus far has shown significant savings from optimal transmission switching 
even while satisfying reliability requirements. If the savings are even half of these current 
findings, such savings would still be huge for the multi-trillion dollar electric industry. With 
such substantial percentage savings even while enforcing N-1, these findings strongly 
advocate for further research on this topic in order to bring this concept into practical 
implementation. 
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CHAPTER 6: CO-OPTIMIZATION OF GENERATION UNIT COMMITMENT AND 
TRANSMISSION SWITCHING WITH N-1 RELIABILITY 

 

6.1 INTRODUCTION 
Chapter 5 proved that it is indeed possible to dispatch the network topology along with 

generation even while maintaining reliability standards. This chapter extends the formulation 
in Chapter 5 to a multi-period model by presenting a co-optimization formulation of the 
generation unit commitment and transmission switching problem while ensuring N-1 
reliability. The results demonstrate that, just as the optimal economic dispatch solution 
depends on the network topology so does the unit commitment schedule. Harnessing the 
flexibility of the network topology and co-optimizing it with unit commitment results in a 
different optimal unit commitment as compared to the solution if all transmission assets are 
assumed to be static assets. The results further confirm that there is not one single optimal 
network topology for all network conditions as the chosen network topology varies hour to 
hour.  

The remainder of this chapter is organized as follows. Section 6.2 discusses the model 
formulation, including a discussion on transmission switching, unit commitment, minimum 
up and down time constraints, etc. Section 6.3 discusses how the general model is modified 
for computational testing. A multi-period generation unit commitment optimal transmission 
switching model with N-1 contingency constraints is difficult to solve and, therefore, section 
6.3 discusses how this optimization problem is decomposed and solved for computational 
testing. Section 6.4 presents a network overview and the results and analysis for the RTS96 
test case. Section 6.5 discusses possible future work and section 6.6 concludes this chapter. 

6.2 MODEL FORMULATION 

6.2.1 N-1 DCOPF Optimal Transmission Switching and Generation Unit Commitment 
Formulation 

In this chapter, the formulation from Chapter 5 has been extended to incorporate unit 
commitment in order to analyze how transmission switching affects unit commitment and 
vice versa. Unit commitment is itself a difficult MIP. Just as in chapter 5, this formulation 
explicitly represents every single non-radial transmission element and generator contingency. 
Such a modeling choice is not adopted by the industry because doing so replicates this 
complex MIP problem once for each contingency modeled, thereby creating a much harder 
problem to solve. Instead, the industry practice is to replace N-1 reliability constraints with 
what are known as reserve requirements; this topic is discussed in more detail in section 
6.2.6.   

The objective of the unit commitment problem is to minimize total cost, which includes the 
generator production costs in the no contingency case, the startup costs, and the shutdown 
costs (6-1). The constraints (6-2) through (6-5b) represent the power flow constraints for the 
N-1 DCOPF transmission switching formulation, which was previously presented in Chapter 
5. Once again, by enforcing N-1, a solution is feasible only if it is possible for the system to 
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survive any single non-radial transmission element or generator contingency. Constraints (6-
7) through (6-17) represent the unit commitment constraints. Section 3.5 provides a thorough 
review on unit commitment formulations, which includes in depth analysis and comparisons 
of various valid inequalities used in unit commitment formulations. The formulation 
presented below employs the turn on/off facet defining valid inequalities presented in section 
3.5.4, see Rajan et al. (2005), which are listed as (6-8) and (6-9). Ramp rate constraints on 
the generators are modeled by (6-10) through (6-13). Further discussion on the unit 
commitment formulation can be found in section 3.5 and in sections 6.2.3 through 6.2.6. The 
nomenclature is listed in the Appendix.  
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6.2.2 Contingency Modeling 

The modeling of a contingency is very similar to what has already been discussed in 
section 5.2.2 except for one main difference, which is that there are now ramp rate 
constraints for the generators. It is assume that when there is a transmission contingency, the 
generator dispatch levels do not change, which is the reason for the formulation presented in 
(6-3a). When there is a generator contingency, all of the on-line generators are allowed to 
adjust their output while satisfying (6-6) and ramping constraints (6-12) and (6-13) in order 
to survive the contingency. For further discussion on contingency modeling, refer back to 
section 5.2.2.  

6.2.3 Generation Unit Commitment 

Generators are assumed to have linear generation costs, startup costs, and shutdown costs 
(6-1). Generators also have minimum and maximum operating levels, see (6-6), minimum up 
and down time constraints, see (6-8) and (6-9), and ramp rate constraints, see (6-10)-(6-13). 
The generator’s state is represented by a unit commitment variable ugt, which equals one (or 
zero) when the unit is on (or off). Offline generators cannot respond during a contingency. 
The startup binary variable is vgt. When the unit is turned on in period t, vgt = 1; otherwise, vgt 
= 0. The shutdown binary variable, wgt, equals one only when the unit is off in period t and 
on for period t-1. Constraint (6-7) defines the relationship between the unit commitment, the 
startup, and the shutdown binary variables. This constraint can be found in papers that were 
published over forty years ago, see Garver (1962). Based on the chosen formulation, it is 
possible to relax the integrality constraints of the startup and shutdown variables; the 
corresponding proof can be found in section 3.5.3. Thus, the ugt variables are modeled as 
binary variables, see (6-16), while the vgt and wgt variables are modeled as continuous 
variables, see (6-14) and (6-15). 

Note that with the equality constraint (6-7), there is no requirement to have both startup (v) 
and shutdown (w) variables within the formulation. The initial optimization formulation 
includes both startup and shutdown variables so that the construct of the constraints can be 
clearly understood. However, since only one of these sets of variables is required, it is 
possible to choose a formulation with either the u and v variables or the u and w variables. To 
formulate the problem with only u and v (or u and w) variables, (6-7) can be used to replace 
w (v) wherever w (v) is present. Constraint (6-7) is then replaced with (6-7a) if the v variables 
are kept; (6-7) would be replaced by (6-7b) if the w variables are kept. If the formulation is 
reduced to include only the u and v (u and w) variables, the guarantee that all feasible 
solutions for v (w) are binary still holds; thus, v (w) can still be modeled as continuous 
variables.  

 
 tguuv tggtgt ,,1, ∀−≥ −  (6-7a) 

 tguuw gttggt ,,1, ∀−≥ −  (6-7b) 

6.2.4 Minimum Up and Down Time Constraints 

MIP formulations can be compared based on computational results and/or compared by 
analyzing which formulation provides a tighter representation of the minimal convex set of 
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the MIP problem. In this section, formulations are compared based on which formulation 
provides a tighter polyhedral representation. For information on valid inequalities, facets, and 
the convex hull, refer to Nemhauser et al. (1999).  

The minimum up and down time constraints, (6-8) and (6-9), employ the turn on/off facet 
defining valid inequalities Rajan et al. (2005). Hedman et al. (2009a) investigated the use of 
valid inequalities and facets for the minimum up and down time constraints associated with 
the generation unit commitment problem and showed how valid inequalities for the unit 
commitment problem can be analyzed and improved. It also showed how constraints in 
alternative formulations, see Li et al. (2005) and Chang et al. (2004), can be improved.  

With the facets in Rajan et al. (2005) and other trivial inequalities, it is possible to generate 
the convex hull of the u, v projection, i.e., the minimal convex set of the u, v projection is 
completely represented by linear inequalities within this formulation. Many papers on unit 
commitment formulations do not employ facet defining valid inequalities for their minimum 
up and down time constraints.   

A recent paper on tighter unit commitment formulations, see Frangioni et al. (2009), which 
uses only unit commitment, u, variables within their formulation, does not use facet defining 
valid inequalities for the minimum up and down time constraints. However, Lee et al. (2004) 
has proven that their inequalities, which only involve u variables, are facets for the u 
projection; with their facets, they are able to define the convex hull for the u projection from 
the overall unit commitment problem. Thus, the formulation from Lee et al. (2004) provides 
a tighter formulation than what is presented in Frangioni et al. (2009). This formulation uses 
the facets defined in Rajan et al. (2005), which are the facets that create the convex hull for 
the u, v projection. The inequalities from Lee et al. (2004) are not facets for the u, v 
projection so the facets from Rajan et al. (2005) produce a tighter polyhedral representation 
than the inequalities from Lee et al. (2004) when startup variables, v, are included.  

One complicating factor with the facets listed in Lee et al. (2004) is the number of 
constraints that are required. To deal with this problem, Lee et al. (2004) proposed an 
efficient separation algorithm. Another option is to introduce startup and/or shutdown 
variables and then use the facets for the u, v projection listed in Rajan et al. (2005). Adding 
these binary variables is computationally conducive since they can be modeled as continuous 
variables and it is then possible to include the facets defined in Rajan et al. (2005), which are 
not problematic to generate. By adding these continuous variables, it is then possible to 
generate the convex hull (minimal convex set) of the u, v projection; additional discussion as 
well as computational results showing the performance of the minimum up and down time 
formulation used in this paper can be found in Rajan et al. (2005). 

6.2.5 Ramp Rate Constraints 

Intertemporal ramp rate constraints, (6-10) and (6-11), see Arroyo et al. (2000), are 
included in this formulation as well as ramp rate contingency constraints, (6-12) and (6-13). 
Constraints (6-10) and (6-11) allow for the inclusion of startup and shutdown ramp rates, 
which may be different than the ramp rates under continuous operation. Since startup and/or 
shutdown variables are included in this formulation, it is preferable to use (6-10) and (6-11) 
over other formulations such as (6-10a) and (6-11b) below, see Frangioni et al. (2009), 
because (6-10) and (6-11) are stronger valid inequalities than (6-10a) and (6-11b). It can be 
easily verified that the right hand side of (6-10) and (6-11) can be strictly less than the right 
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hand side of (6-10a) and (6-11b) thereby providing a tighter bound on the Pg variables. Since 
the startup and shutdown variables can be modeled as continuous variables as previously 
discussed, it is preferable to use these stronger inequalities 
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Since generators receive their unit commitment schedule well in advance, they can 
determine the appropriate time to start ramping up (or down) their unit when they turn it on 
(or off) in order to meet their obligated output. However, this flexibility may be limited due 
to their minimum up and down time constraints or current operations. As a result, it is 
possible for the maximum startup (or shutdown) ramp rate to be equal to the unit’s Pmax. This 
formulation is tested on the RTS96 test case, which does not define startup or shutdown ramp 
rates. Therefore, it is assumed that the maximum startup and shutdown ramp rates are equal 
to the unit’s Pmax. 

6.2.6 Reserve Requirements 

Reserve requirements, such as spinning and non-spinning reserve, are typically included in 
unit commitment models. Reserve constraints are not included in this formulation since this 
formulation explicitly enforces N-1. The primary purpose of spinning and non-spinning 
reserve is to ensure there is enough capacity online to survive a contingency; these 
constraints are used as proxies to enforce N-1 since it is typically too computationally 
challenging to list every contingency.  

Since the primary purpose is to examine the potential of this concept, co-optimizing the 
generation and network topology, in order to get more accurate results a more complex and 
robust problem where N-1 is enforced, versus using proxy (reserve) constraints, is studied. 
There is also the issue that reserve constraints are constructed based on the network 
configuration, e.g., zones. There is the question as to whether reserve constraints can still 
achieve the necessary reliability level if the network topology changes. These proxy 
constraints may work for the original topology but they may not work for the new network 
configuration; simple theoretical examples can demonstrate this as a possibility. By explicitly 
enforcing N-1 versus using reserve constraints, this is a much harder problem to solve, which 
is discussed in the next section. However, the benefit of solving such a more complex 
problem is that taking this approach ensures that reliability in its strictest sense is maintained 
whereas this would not be the case if reserve constraints are used instead.   

Spinning reserve may also be used for load forecast error. The purpose of regulation 
reserve is for load following and forecast errors; only when regulation reserve cannot address 
a forecast error concern would spinning reserve be called upon to address forecast errors. 
Such a secondary requirement for spinning reserve would generally not compare to the 
stringent requirement of N-1; enforcing N-1 already ensures there is ample online capacity 
available to handle load forecast errors. 
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6.2.7 Nodal Pricing 

Section 5.2.3 discussed how the LMPs are calculated when there are contingency 
constraints incorporated into the traditional OPF formulation. For this formulation, the LMP 
is calculated the exact same way but the LMP is now indexed for each bus n and for each 
period t, see (6-18). Once again, this is a MIP problem and, thus, the dual variables are 
generated by setting the integer variables to their respective optimal solution values, which 
then creates a linear program, and resolving the problem.  

 
 tnLMP

c nctntnt ,,∀== ∑ λλ  (6-18) 

 

6.3 MODEL MODIFICATIONS FOR COMPUTATIONAL TESTING  
This problem formulation is a mixed integer linear program. The difficulties in solving 

these specific MIP problems arise in two independent ways. First, the treatment of multiple 
time periods with varying load levels make the problem size very large due to replications of 
variables across each load condition. Secondly, the choice of settings for the binary variables 
generates a combinatorial number of different problems, all of which need to be examined in 
order to guarantee a global solution.  

While the size issues typically result in solution times that grow at a quantifiable rate, the 
combinatorial issues are much harder to quantify and can lead to dramatically variable 
solution times. However, relaxing some of the binary restrictions can lead to (easier) 
problems whose solutions provide lower bounds on the optimal solution of the 
(minimization) mixed integer program, while feasible solutions provide an upper bound on 
its optimal solution value. With these two values in hand, a rigorous optimality gap can be 
calculated. While reducing this optimality gap to zero is an interesting academic issue, in 
practice, a feasible solution with a small optimality gap is typically adequate, particularly 
when the input data is not known with certainty. In an operational setting, proving optimality 
is less important than improving the current solution; the focus here is on finding the best 
feasible solution within a given timeframe and demonstrating the substantial savings that can 
be obtained by implementing this concept.  

Since the generation unit commitment optimal power flow problem is a very difficult 
problem to solve, it is a common practice within the electric industry to decompose it into 
sub-problems. A similar approach is taken to solve this problem: the problem is separated 
into two sub-problems, the main problem being the 24-hour unit commitment problem with 
the N-1 DCOPF formulation without transmission switching, i.e., all binary zkt variables are 
fixed to one. Since the unit commitment problem with fixed transmission binary variables 
does not decouple over time, it provides a distinct computational challenge. CPLEX 
incorporates a number of heuristics to determine appropriate binary values at the root node, 
which appear to work well in this case. The solution time took roughly 20 hours on a desktop 
workstation and provided a solution for this problem with a 1% or better optimality gap. Note 
that the long computation time is because this formulation incorporates a full N-1 DCOPF 
formulation along with the unit commitment problem. Most unit commitment models do not 
impose all N-1 contingencies along with an OPF model. Solving the unit commitment 
problem without including an N-1 DCOPF formulation takes only ten seconds. In order to 
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better analyze this new concept of co-optimization of unit commitment and network 
topology, a more robust optimization problem is chosen. 

Once the unit commitment problem with fixed transmission binary variables is solved, the 
next step is to solve the secondary sub-problem where the unit commitment variables, i.e., 
the integer variables, are fixed to their solution values from the first sub-problem and then the 
secondary sub-problem is solved to determine zkt. For the RTS96 test case, none of the ramp 
rate constraints are active; thus, this problem can be decomposed into 24 N-1 DCOPF 
optimal transmission switching sub-problems. Solving each period separately will produce 
the same optimal solution as when all periods are solved within one main optimization 
problem since the ramp rate constraints are inactive. If there are active ramp rate constraints, 
the N-1 DCOPF transmission switching problem can be decomposed by first initially 
ignoring the ramp rate constraints and solving the 24 sub-problems. Constraint violations are 
then applied in the next iteration. Any periods that are linked by active ramp rate constraints 
are combined into one sub-problem and resolved. This method will ensure optimality if 
repeated until no additional ramp rate constraints are active. Another method would be to 
remove the ramp rate constraints, solve for the optimal network topologies, fix the binary 
solutions, add the ramp rate constraints, and then solve for the generator dispatch variables to 
ensure ramp rate constraints are satisfied. This method would be faster but it will not 
guarantee optimality.   

The process of fixing the unit commitment variables, solving for the transmission switching 
variables, and then fixing the transmission switching variables to solve for the new unit 
commitment variables is repeated. By repeating this process, it is possible to determine 
whether the network topology can affect the unit commitment solutions and vice versa. This 
process can be repeated until there is no change in the solution or the solution time window is 
exhausted. This approach works well when a good feasible solution is needed in a limited 
time; the drawback is that optimality is not guaranteed.     

It is also possible to improve the performance of this model by utilizing various software 
options. For instance, the relaxation of this MIP tends to be dual degenerate, thereby 
requiring a large number of pivots even when the objective is close to the optimal value. As a 
result, it can be beneficial to use the barrier method as opposed to the CPLEX default option, 
the dual simplex method. Another way to improve the performance is to take advantage of 
CPLEX’s indicator constraint option. This option allows the program to choose from two 
different set of constraints based on a binary variable’s value. With this option, there is then 
no need to use a big M value in the formulation. Further information regarding the software 
options that can be used to solve this problem can be found in Hedman et al. (2010a). 

6.4 TEST CASE: IEEE 73-BUS (RTS96) TEST CASE 

6.4.1 Network Overview 

The IEEE 73-bus network, also known as the three area reliability test system 1996 
(RTS96), was created by a committee of power systems experts, see Grigg et al. (1999). It is 
common to make modifications to the RTS96 test case. The same modifications described in 
section 5.4.1 have been applied to the RTS96 test case for this study.  

Table 6-1 provides an overview of the RTS96 test case data. The generator cost 
information is an average cost based on the heat rate data presented in UW (2010) and the 
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fuel cost (Energy Information Administration, 2007 prices) presented in Table 6-2. The 
RTS96 test case includes startup costs; shutdown costs are not defined so they are assumed to 
be zero. There is seasonal information for the hydro units within the RTS96 test case, all of 
which are assumed capable of producing at their full capacity for this study. Table 6-3 
describes the problem size for this study. The RTS96 test case includes a yearly load curve. 
Table 6-4 shows the hourly load levels as percentages of the base load levels. The base load 
levels are defined in Bus Data Table-01 from UW (2010) for the RTS96 test case. 

 
Table 6-1. RTS96 test case data 

  Capacity (MW) Cost ($/MWh) 
 No. Total Min Max Min Max 
Transmission  117 44,747 175 722   
Generators  99 10,215 12 400 0.00 219.95 
Base Load  51 8,547 53 745   

 
Table 6-2. Fuel costs 

#2 Oil #6 Oil Coal Uranium 
15.17 $/MBtu 8.40 $/MBtu 1.78 $/MBtu 0.60 $/MBtu 

 
Table 6-3. Problem size and presolve statistics 

 LP Unit Commitment Transmission Switching 
and Unit Commitment 

Columns 1.8 Million 1.8 Million 1.8 Million 
Rows 3.9 Million 3.9 Million 3.9 Million 
Nonzeroes 10.6 Million 10.6 Million 10.6 Million 
Binary 0 2,376 5,184 
Presolve    
Columns 2.8 Million 1.1 Million 1.0 Million  
Rows 1.0 Million 1.3 Million 2.6 Million 
Nonzeroes 4.9 Million 4.4 Million 9.2 Million 

 
Table 6-4. Hourly load percentage levels  

HR1 HR2 HR3 HR4 HR5 HR6 HR7 HR8 
67 63 60 59 59 60 74 86 

HR9 HR10 HR11 HR12 HR13 HR14 HR15 HR16 
95 96 96 95 95 95 93 94 

HR17 HR18 HR19 HR20 HR21 HR22 HR23 HR24 
99 100 100 96 91 83 73 63 

6.4.2 Results and Analysis 

As previously stated, the main optimization problem that includes the generation unit 
commitment with the optimal transmission switching N-1 DCOPF formulation is 
decomposed into two sub-problems. A 24-period generation unit commitment problem with 
an N-1 DCOPF formulation is solved first. For this solution, all transmission elements are 
closed, i.e., zkt = 1 for all k and t. 

The generation unit commitment, N-1 DCOPF sub-problem produces a feasible solution 
with the objective value at $3,245,997; the optimality gap for this sub-problem is 0.33%. 
This solution will be referred to as the “base solution” and it is in bold within Table 6-5; the 
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percent savings in Table 6-5 are in reference to the base solution. Table 6-6 shows the base 
solution’s objective values for each period. 

Next, the ugt, vgt, and wgt variables from this generation unit commitment solution are fixed 
to their solution values and the 24 N-1 DCOPF optimal transmission switching problems are 
then solved with these unit commitment variables fixed. By optimizing the network topology, 
a solution of $3,165,824 is obtained, which results in a 2.5% savings as compared to the base 
solution when transmission switching is not performed; the optimality gap for this sub-
problem is 3%. 

The first generation unit commitment solution was solved when all transmission elements 
were closed. It is possible that the optimal unit commitment schedule will change once the 
network topology changes, and vice versa. Thus, all transmission elements from the first 
transmission switching solution are fixed to their resulting zkt values and then the unit 
commitment N-1 DCOPF problem is resolved. The results show that the optimal unit 
commitment solution depends on the chosen network topology. With the first transmission 
switching solution as the set network topology, a new unit commitment solution is obtained 
with a total cost of $3,161,354, see Table 6.5; the sub-problem optimality gap is 0.66%. 

The second unit commitment schedule would be more expensive than the first one if the 
network topology is not optimized. With all transmission elements in service, the total cost 
for the second unit commitment solution is $3,272,280, which is higher than the first unit 
commitment schedule’s cost of $3,245,997 when all transmission elements are closed. Once 
the topology is changed, a previously more expensive unit commitment schedule is now the 
preferred schedule.  

One key difference between the two generation unit commitment solutions is that the first 
solution has three peaker units that are committed for only period 10 (see Table 6-7). The 
second generation unit commitment solution never commits these units. The total startup cost 
for the first unit commitment solution is $56,263 versus the second unit commitment’s total 
startup cost of $49,157. The unit commitments are displayed in Table 6-7 through Table 6-
11.  

Next, the second unit commitment solution is fixed and the N-1 DCOPF optimal 
transmission switching problem is resolved. This produces a different solution than the first 
transmission switching solution, with a cost of $3,125,185 corresponding to a percent savings 
of 3.7% over the base case; the optimality gap for this sub-problem is 1.9%. However, this 
second transmission switching solution is better than the first transmission switching solution 
combined with either the first or the second unit commitment solution. This means that the 
first transmission switching solution was not optimal. The first transmission switching 
solution has a 3% optimality gap, indicating that sub-optimality is a possibility; the second 
transmission solution confirms this to be true. 

By decomposing this problem, a solution that saves 3.7% is found with a value of 
$3,125,185. The overall unit commitment and transmission switching optimization problem 
was found to have a lower bound at $3,024,989. The optimality gap is 3.2% for the best 
found feasible solution. Table 6-5 presents a summary of the solutions. 

Table 6-6 shows the individual period objective values for the base solution, i.e., the first 
unit commitment solution with the original network topology (no switching), the final 
solution, i.e., the second unit commitment solution with the second transmission switching 
solution, and the sub-problem optimality gaps for the final solution. Though the final solution 
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is cheaper overall, there are some periods where the costs have increased; these hours are in 
bold. The higher costs are a result of choosing a different unit commitment schedule. This 
result further emphasizes the benefit of co-optimizing the network topology with unit 
commitment over multiple periods.  

The final solution has an overall savings of 3.7% or over $120,000 for this single base load 
day. The RTS96 test case does not compare in size to large ISO networks. If the same 
savings were achieved for every day of the year, the savings would be over $44 million for 
this medium sized IEEE test case.  

 
Table 6-5. Generation UC and transmission switching solutions 

 No Transmission Switching 1st Switching Solution 
1st Generation UC $3,245,997 $3,165,824 
Sub-problem lower bound $3,235,285 $3,070,581 
% Savings  2.5% 
 1st Switching Solution 2nd Switching Solution 
2nd Generation UC  $3,161,354 $3,125,185 
Sub-problem lower bound $3,140,588 $3,065,427 
% Savings 2.6% 3.7% 

 
The most expensive units are roughly $220/MWh. Only three of these units, units 5, 71, 

and 72, are ever committed in the base solution and they are only committed in period 10, see 
Table 6-7. For the final solution, all of these units are offline, see Table 6-10. After these 
peaker units, the second most expensive units are roughly $100/MWh. It may be argued that 
the large spread in generator costs drives the savings. As specified, there is only one hour 
where these most expensive units were initially dispatched. If this single period is ignored, 
the savings from the other 23 periods still have a total savings of 3.6%. Thus, the spread in 
costs has an affect, but it is a minor affect for this test case. Table 6-11 shows the changes in 
unit commitment schedules; this demonstrates how changing the network topology can alter 
the unit commitment solution.   

Table 6-12 lists the second transmission switching solution. Transmission elements that are 
never opened are not listed in the table. The results show that the optimal network topology 
may vary as network conditions vary and may be part of improved planning protocols. The 
differences between the two transmission switching solutions are shown in Table 6-13.  

Transmission switching can have a variety of impacts on market participants. As the results 
have shown, it can alter the optimal unit commitment solution by turning off previously 
committed units and committing others. The only conclusion that is possible from 
transmission switching is that the total social welfare will not decrease.  
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Table 6-6. Base solution cost, final solution cost, and optimality gap 

HR Final Solution 
(Optimality Gap) 

Base UC 
Solution HR Final Solution 

(Optimality Gap) 
Base UC 
Solution 

1 $73,103 (0.17%) $70,899 13 $168,172 (1.94%) $175,941 
2 $67,159 (0.01%) $64,601 14 $168,172 (1.94%) $175,941 
3 $62,810 (opt) $60,368 15 $158,505 (4.61%) $164,116 
4 $61,364 (opt) $59,130 16 $163,351 (3.27%) $169,893 
5 $61,364 (opt) $59,130 17 $193,197 (0.14%) $205,439 
6 $62,832 (0.03%) $60,368 18 $200,193 (0.04%) $213,685 
7 $84,355 (1.36%) $82,221 19 $200,193 (0.04%) $213,685 
8 $124,346 (13.0%) $129,280 20 $172,192 (0.35%) $182,528 
9 $196,392 (0.82%) $207,444 21 $146,328 (6.29%) $152,407 
10 $178,792 (0.66%) $189,923 22 $110,333 (4.05%) $110,372 
11 $185,831 (0.44%) $203,567 23 $67,519 (1.36%) $68,355 
12 $168,172 (1.94%) $175,941 24 $50,509 (0.37%) $50,766 

 
Table 6-7. First generation unit commitment solution: ugt solution 

GEN/HR 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 
5     1                         
9   1 1 1 1 1 1 1 1 1 1 1 1 1   
10   1 1 1 1 1 1 1 1 1 1 1 1 1   
11   1 1 1 1 1 1 1 1 1 1 1 1 1   
12       1 1 1 1 1 1 1 1 1 1 1 1 
16 1 1 1 1                       
17 1 1 1 1                       
18 1 1 1 1                       
19 1 1 1 1                       
20 1 1 1 1                       
22   1 1 1 1 1 1 1 1 1 1 1 1 1 1 
43   1 1 1 1 1 1 1 1 1 1 1 1 1 1 
44   1 1 1 1 1 1 1 1 1 1 1 1 1 1 
46       1 1 1 1 1 1 1 1 1 1 1 1 
49 1 1 1 1                       
50 1 1 1 1                       
51     1 1 1 1 1 1 1 1 1 1       
52   1 1 1 1 1 1 1 1 1 1 1       
53     1 1 1 1 1 1 1 1 1 1       
71     1                         
72     1                         
76   1 1 1 1 1 1 1 1 1 1 1 1 1 1 
79       1 1 1 1 1 1 1 1 1 1 1 1 
84 1 1 1 1                       

 
Table 6-8. First generation unit commitment solution  

Generators Always Off: 1, 2, 6, 13-15, 34, 35, 38, 39, 47, 48, 67, 68, 80-83, 85, 86 
Generators Always On: 23-30, 33, 36, 40, 41, 54-66, 69, 70, 73, 74, 89-99 
Generators Off in HR 24 only: 3, 4, 7, 8, 31, 32, 37, 88 
Generators Off in HR 23 and 24 only: 42, 75, 77  
Generators Off in HR 22, 23, and 24 only:  21, 45, 78, 87 
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Table 6-9. Second generation unit commitment solution: ugt solution 
GEN/HR 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 
9  1 1 1 1 1 1 1 1 1 1 1 1   
10   1 1 1 1 1 1 1 1 1 1    
11  1 1 1 1 1 1 1 1 1 1 1    
12    1 1 1 1 1 1 1 1 1 1 1 1 
43  1 1 1 1 1 1 1 1 1 1 1 1 1 1 
44  1 1 1 1 1 1 1 1 1 1 1 1 1 1 
49 1 1 1 1            
50 1 1 1 1            
51 1 1 1 1            
52  1 1 1 1 1 1 1 1 1 1 1    
53 1 1 1 1            
76  1 1 1 1 1 1 1 1 1 1 1 1 1 1 
77  1 1 1 1 1 1 1 1 1 1 1 1 1 1 
79    1 1 1 1 1 1 1 1 1 1 1 1 

 
Table 6-10. Second generation unit commitment solution 

Generators Always Off: 1, 2, 5, 6, 13-20, 34, 35, 38, 39, 47, 48, 67, 68, 71, 72, 80-86 
Generators Always On: 23-30, 33, 36, 40, 41, 54-66, 69, 70, 73, 74, 89-99 
Generators Off in HR 24 only: 3, 4, 7, 8, 31, 32, 37, 88 
Generators Off in HR 23 and 24 only: 22, 42, 46, 75 
Generators Off in HR 22, 23, and 24 only: 21, 45, 78, 87 

 
Table 6-11. Generation unit commitment changes between solutions 1 and 2 

Units dispatched in fewer periods Units dispatched in more periods 
 Periods  Periods  Periods 

Generator UC1 UC2 Generator UC1 UC2 Generator UC1 UC2 
5,71,72 10 None 16-20, 84 8-11 None 22 9-22 1-22 

9 9-21 9-20 51, 53 10-19 8-11 46 11-22 1-22 
10 9-21 10-19 77 1-22 9-22    
11 9-21 9-19       
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Table 6-12. Second transmission switching solution (lines not listed are always closed): zkt solution 
HR/Line 15 20 23 41 54 63 64 69 72 73 75 91 108 109 
1   1     1 1 1 1 1 1 1   1 1 
2 1 1   1 1 1 1   1 1 1   1 1 
3 1 1   1 1 1 1   1 1 1   1 1 
4 1 1   1 1 1 1   1 1 1 1 1 1 
5 1 1   1 1 1 1   1 1 1 1 1 1 
6 1 1   1 1 1 1   1 1 1 1 1 1 
7   1       1 1   1 1 1   1   
8 1 1 1 1 1 1 1   1 1 1       
9   1 1 1 1     1 1 1         
10   1 1 1 1 1 1   1           
11   1   1   1 1   1 1 1   1 1 
12   1 1 1 1     1 1 1         
13   1 1 1 1     1 1 1         
14   1 1 1 1     1 1 1         
15   1 1 1 1 1 1   1 1         
16   1 1 1 1 1 1   1 1         
17   1 1 1 1     1 1 1     1 1 
18   1 1 1 1 1 1 1   1 1   1 1 
19   1 1 1 1 1 1 1   1 1   1 1 
20   1 1 1 1 1 1   1       1   
21   1 1 1 1 1 1   1 1 1       
22 1 1 1   1 1 1   1 1 1 1 1 1 
23 1 1   1   1 1 1 1 1 1 1 1 1 
24 1   1   1 1 1   1 1 1       
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Table 6-13. Changes between the first and second transmission switching solutions 
HR/Line 1 15 16 18 20 23 31 37 41 54 63 64 
1             
2             
3      *       
4   +          
5    +         
6 +            
7  *           
8             
9           * * 
10  *           
11      *       
12      + +   + * * 
13           * * 
14           * * 
15             
16  *           
17           * * 
18  *     +      
19  *     +      
20        +     
21             
22         *    
23          *   
24     *        
HR/Line 69 72 73 75 91 93 100 106 108 109 112  
1 +          +  
2     * +       
3     *     +   
4 *            
5             
6             
7 *            
8 *        * *   
9 +   *     * *   
10   * *     * *   
11        +     
12 +        *    
13    *     * *   
14 +  +     + * *   
15 *   *     * *   
16        + * * +  
17    *   +      
18 + *      +     
19 + *      +     
20    *     +    
21 *    *    * *   
22             
23             
24     *    * *   

+ Open in the 1st solution, closed in the 2nd solution; * closed in the 1st solution, open in the 2nd solution. 
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6.5 DISCUSSION AND FUTURE WORK 

The RTS96 test case is a standard IEEE test case. It is large enough to provide meaningful 
results but it is considerably smaller than the ISO’s large-scale network models. Solving this 
problem took large, specialized computer networks and even with this equipment solving the 
problems took well over 20 hours at each stage. For this method to be practically 
implemented, research on how to solve this problem faster for larger networks is needed.  

The large computational times do not suggest that this approach of co-optimizing 
transmission topology with generation unit commitment and dispatch is not possible. As 
previously mentioned, the main difficulty is that this formulation combines a unit 
commitment problem with a full N-1 DCOPF formulation, something that is not done in a 
practical setting. In operational networks, the operator may use a security constrained unit 
commitment (SCUC) with multiple stages that may include network constraints and chosen 
contingency constraints; however, the unit commitment stage still does not include a full N-1 
OPF formulation. The motive here is to study a more robust formulation in order to obtain 
stronger, more accurate conclusions. Future research should investigate how to best 
decompose this large optimization problem in the same way unit commitment is handled 
within a practical setting today. Furthermore, future research should consider whether reserve 
constraints are appropriate proxy constraints for N-1 within transmission switching models; 
if reserve constraints can still be used as proxies, then the difficulty of this problem will 
decrease dramatically and this problem will be much closer to being practically 
implementable. If reserve constraints are not adequate to ensure reliability requirements 
when the network topology is optimized, then it may be necessary to rethink the use of 
reserve constraints and construct a replacement for reserve constraints.   

6.6 CONCLUSIONS  
As computing power and optimization techniques improve, the multi-trillion dollar electric 

industry looks for ways to cut costs by taking advantage of these improvements. Viewing 
transmission elements as committable assets in an optimization framework is relatively new 
as such analysis was not possible in the past due to the complexity this added to an already 
challenging problem. As computing power increases and software improves, potential annual 
savings may be in the tens of billion dollars by improving the dispatch and making better 
investments.   

This chapter demonstrates the substantial savings that can be obtained when co-optimizing 
the network topology with unit commitment even while enforcing N-1. The results also show 
that changing the topology of the network can change the optimal unit commitment schedule 
generated when transmission assets are treated as static assets. Likewise, it is also possible 
that harnessing the flexibility of the network topology can replace the need to startup a 
generator. Substantial savings from transmission switching were shown for this medium 
sized IEEE test case, a savings of $120,000 for one day; therefore, savings for large-scale 
models would be much larger and could very well be up to a whole magnitude larger in 
value. Overall, this research has demonstrated the benefit of harnessing the flexibility of the 
transmission grid, the impact it has on the unit commitment schedule, the substantial 
economic savings it can create, and that there is not one single network topology that is 
optimal for varying load levels or market conditions. Such strong results should spawn 
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additional research on this concept and further help endorse this concept to be practically 
implemented.  
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CHAPTER 7: IMPLICATIONS OF OPTIMAL TRANSMISSION SWITCHING ON 
MARKET PARTICIPANTS AND PREVAILING MARKET DESIGNS 

 

7.1 INTRODUCTION  

The current push to create a smarter grid has brought to the forefront the possibility of co-
optimizing generation along with the network topology by incorporating the control of 
transmission assets within the economic dispatch formulations. Unfortunately, while 
transmission switching can improve economic efficiency of grid operations, such practice 
can create winners and losers among market participants and it can have unpredictable 
distributional effects on market participants. In addition, such co-optimization may be 
incompatible with prevailing market design practices; in particular, it undermines some 
prevalent market design principles that rely on the premise of a fixed network topology. 
Financial transmission rights (FTRs), which have been widely adopted in the USA as a 
mechanism for allocating property rights to the electricity grid, are particularly vulnerable to 
physical changes in the network topology. Modifying the transmission topology for the 
common good interferes with some of the underlying assumptions that facilitate financial 
transmission rights markets. Furthermore, such topology co-optimization has unpredictable 
effects on locational marginal prices (LMPs), generation rents, load payments, congestion 
rents, and payments to FTR holders.     

Point-to-point financial transmission rights are common in many restructured markets, and 
allow market participants to hedge forward contracts or speculate on price differences. FTRs 
are instrumental in the electric energy markets since they enable allocation of property rights 
to the electric power grid and management of congestion risk by energy market participants 
without inhibiting efficient operation of the grid by the system operator. An FTR entitles its 
holder to the difference in the Locational Marginal Prices (LMPs) for specific source and 
sink locations, i.e., the sink price minus the source price, times the quantity (in MW) of the 
FTR. In electricity markets that are based on the LMP paradigm, congestion charges for 
transferring one MW of power from an injection point to a withdrawal point equal the LMP 
difference between the two nodes. Hence, a one MW FTR between a source and a sink 
provides a perfect hedge against congestion charges for one MW of power transmitted 
between these two nodes. FTRs may be contracted to be two sided obligations or options, 
which can be forfeited if their payoff is negative, but they are typically defined as 
obligations; FTRs are assumed obligatory for this research.  

In typical restructured electricity markets in the USA, FTRs are allocated or auctioned so as 
to meet a simultaneous feasibility test (SFT). The SFT guarantees that if all the outstanding 
FTRs are exercised simultaneously to support physical transfers between their corresponding 
source and sink then the physical grid can support all these transactions, i.e., no transmission 
constraint will be violated. When the topology assumed for the SFT is the same as the 
topology used in the real time dispatch, it was shown by Hogan (1992) that under certain 
theoretical conditions, congestion revenues collected by the ISO will be “adequate” in the 
sense that they will be sufficient to cover the financial settlement of all outstanding FTR 
obligations. The proof of revenue adequacy is based on the “separating hyperplane principle” 
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of convex optimization and relies on the assumption that the SFT feasible set (nomogram) is 
convex. This convexity assumption holds for a DC load flow model where the SFT 
nomogram is represented by a convex polyhedron.  

In practice, however, FTR markets are often “revenue inadequate”, i.e., the ISO does not 
collect sufficient congestion rents to compensate the FTR holders. Such shortfalls are often 
due to changes in the network topology, see Alsac et al. (2004), which can occur when lines 
fail or are switched offline. Revenue inadequacy can also occur when lines’ thermal 
capacities are de-rated for various operational reasons, inaccuracies within PTDFs due to 
variable impedance devices like phase shifters, and it can also occur since the actual power 
flows are based on AC equations and not the DC approximation. Various ad hoc procedures 
have been adopted by the different ISOs to address such revenue shortfalls. Some ISOs 
uniformly discount payments to the FTR holders when revenue shortfalls occur. Such 
discounting obviously decreases the FTRs’ value; it also undermines the purpose of FTRs as 
a hedge against price risk. This research is based on the DCOPF model and the discussion on 
revenue adequacy in this chapter refers only to changes in the network topology and does not 
include these other possible causes mentioned above.  

This research explores, from an economic perspective, the potential of treating the grid as a 
flexible topology that can be co-optimized along with generation dispatch, subject to 
reliability constraints, so as to minimize the cost of serving load. An examination on the 
implications of such co-optimization by the system operator on various settlements and, in 
particular, on the financial transmission rights (FTR) market is presented.  

In section 7.2, an overview of optimal transmission switching is provided along with a 
review of previous results. In addition, section 7.2 also contains optimal transmission 
switching results from the IEEE 118-bus test case for the entire year and section 7.2 provides 
a discussion on the market implications that can arise due to transmission switching. In 
section 7.3, two three-bus examples are presented, which demonstrate how transmission 
switching affects revenue adequacy of FTRs; the IEEE 118-bus test case is also analyzed in 
section 7.3 to determine the worst possible revenue shortfall that is possible over a year. 
Section 7.4 presents a discussion of the policy implications regarding the implementation of 
transmission switching. Section 7.5 presents an optimization formulation that can ensure 
revenue adequacy of FTRs with optimal transmission switching but this is done at the 
expense of maximizing the market surplus. Finally, section 7.6 concludes this chapter. 

7.2 OPTIMAL TRANSMISSION SWITCHING 

7.2.1 Overview of Optimal Transmission Switching 

Previous chapters present how optimal transmission switching can be incorporated into the 
DCOPF optimization problem. However, the state of a transmission element can be 
introduced into the DCOPF problem by a variety of ways. This chapter’s results are based on 
a slightly different MIP formulation for the optimal transmission switching problem. 
Computational testing of the two varying optimal transmission switching DCOPF 
formulations on the IEEE 118-bus test case indicate that this formulation outperforms the 
previously presented formulation; for a variety of problems tested, this formulation 
outperformed the other formulation for each test problem and on average the solve time was 
one-third of the original formulation’s solve time. 
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Before the traditional DCOPF formulation is changed to incorporate transmission 
switching, the basic DCOPF line flow equation has been rewritten as (7-1) in order to 
introduce a new variable, φk, which represents the voltage angle difference for the two buses 
that are connected to transmission element k. The term Bkφk is then used to represent the real 
power flow for transmission element k throughout the optimization problem and, thus, Pk is 
no longer needed to represent the flow on transmission element k. With this change, (7-2) 
must be added in order to ensure φk is equal to the actual angle difference between buses n 
and m. Just as before, zk is a binary variable that represents the status of transmission line k; a 
value of one means the line is in service (closed) and a value of zero means the line is 
temporarily out of service (open).   

OPF formulations typically include lower and upper bound constraints on the voltage angle 
difference, θn - θm, for any two buses that are connected by a line, see (7-3). In the DCOPF 
formulation, such a constraint can be subsumed by (7-4), i.e., placing lower and upper 
bounds on the angle difference for a line places bounds on the power flow for that line. 
Therefore, the thermal capacity lower and upper bounds, Pmin

k and Pmax
k, can be replaced by 

Bkθ max and Bkθ min if those bounds are tighter than the thermal capacity constraints for the 
lines. Equation (7-3) is, thus, not included in the DCOPF formulation; instead, Pmin

k and Pmax
k 

are updated accordingly. 
The first modification is made to the transmission element’s thermal capacity constraints; 

constraint (7-4) shows the original formulation. To incorporate transmission switching, (7-4) 
is modified by multiplying the lower and upper bounds by the binary variable zk to force φk to 
be zero if zk is zero; this modification is shown by (7-6). The next change occurs with (7-2), 
which is rewritten as two inequalities, (7-7a) and (7-7b). With this change, when zk equals 
one, the line is in service and (7-7a) and (7-7b) will then enforce the relationship defined by 
(7-2). When zk equals zero, the line is out of service and, therefore, there should be no 
constraint that forces φk to be equal to θn - θm; this allows φk to be equal to zero when zk 
equals zero without forcing θn to equal θm. To properly model this relationship, a large 
multiplier, Mk, is used, which is commonly referred to as a big M value. When zk equals zero, 
(7-7a) and (7-7b) then become lower and upper bounds on the angle difference between 
buses n and m; Mk is chosen to be large enough such that these constraints are inactive when 
zk equals zero. The remaining constraints reflect those in the traditional DCOPF, which have 
been previously presented.  
 

 kBBP kkmnkk ∀=−= ,)( φθθ  (7-1) 

 kkmn ∀=− ,φθθ  (7-2) 

 kmn ∀≤−≤ ,maxmin θθθθ  (7-3) 

 kPBP kkkk ∀≤≤ ,maxmin φ  (7-4) 
 

Optimal Transmission Switching DCOPF Formluation: 
Minimize: ∑g gg Pc  (7-5) 

 s.t.: 
 kzPBzP kkkkkk ∀≤≤ ,maxmin φ  (7-6) 
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 ( ) kMz kkmnk ∀≤−−−− ,0)1(θθφ  (7-7a) 

 ( ) kMz kkmnk ∀≥−+−− ,0)1(θθφ  (7-7b) 

 ndPBB n
ng

g
nk

kk
nk

kk ∀=+− ∑∑∑
∀∀∀

,
)()(.,,.)(

φφ  (7-8) 

 gPP gg ∀≤≤ ,0 max  (7-9) 

 kzk ∀∈ },1,0{  (7-10) 
 

7.2.2 Review of Economic Savings 

Substantial economic savings as a result of implementing optimal transmission switching 
have been demonstrated by the research presented in previous chapters. Such research has 
analyzed transmission switching with a DCOPF, an N-1 DCOPF, and a unit commitment N-1 
DCOPF formulation with various test cases: the IEEE 73-bus RTS96 test case, the IEEE 118-
bus test case, and two large-scale, 5000-bus test cases provided by ISO-NE. Table 7-1 
provides an overview of the best found solutions for each of these test cases corresponding to 
the results in previous chapters. Many additional sensitivity studies were done with these test 
cases as well, see Fisher et al. (2008a), Hedman et al. (2008), Hedman et al. (2009b), 
Hedman et al. (2010a), and Hedman et al. (2010b). Of the solutions in Table 7-1, the only 
solution known to be the optimal solution is the IEEE 118-bus test case DCOPF result; 
consequently, the true optimal solutions for the rest of the test cases may provide even more 
economic savings. These results demonstrate the substantial societal benefit that can be 
obtained by this advancement in technology and grid operations; however, as will be shown 
in section 7.3, such a new technology undermines a basic assumption that the FTR markets 
rely on. 
 

Table 7-1. Overview of economic savings from transmission switching for various test cases and 
formulations 

Formulation:  IEEE 73-Bus (RTS96) IEEE 118-Bus ISONE 5000-Bus 

1HR DCOPF % Savings -- 25% 13% 
$ Savings -- $512 $62,000 

1HR N-1 DCOPF % Savings 8% 16% -- 
$ Savings $8,480 $530 -- 

24HR Unit Commitment 
N-1 DCOPF 

% Savings 3.7% -- -- 
$ Savings $120,000 -- -- 

7.2.3 Optimal Transmission Switching: IEEE 118-Bus Test Case Yearly Results  
Previous research in Chapter 4 presented results on the IEEE 118-bus test case for optimal 

transmission switching; however, such results were limited to only a few load levels. Using 
the slightly different MIP formulation presented in this chapter, the IEEE-118 bus test case 
was analyzed with a yearly load curve. Since the FTR markets are not settled on an hourly 
basis but rather on a monthly basis or longer, it is important to analyze optimal transmission 
switching affect on the FTR markets over a longer horizon. As a result, the economic impact 
of optimal transmission switching is presented in this section for the entire year and the 
impact on the FTR markets from optimal transmission switching for the entire year are later 
analyzed in Section 4.3.   
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The IEEE 118-bus test case does not have a defined load curve; thus, the load curve that is 
defined for the IEEE 73-bus test case, see UW (2010), is used instead. Figure 7-1 presents 
the load curve in terms of the percentage of the base load levels defined for the IEEE 118-bus 
test case; the lowest demand level is 34% of the base load and the highest is 100%. Figure 7-
2 shows that the original DCOPF solution is very close to the unconstrained economic 
dispatch solution. The unconstrained economic dispatch solution is a lower bound to both the 
DCOPF problem as well as the optimal transmission switching DCOPF problem. The 
maximum potential savings that can ever be obtained from optimal transmission switching is 
the gap between the DCOPF solution and the unconstrained economic dispatch solution. 
Consequently, the potential savings from optimal transmission switching are limited for this 
particular test case, the IEEE 118-bus test case, since the DCOPF solution is only a fraction 
more expensive than the unconstrained economic dispatch solution for most hours. For the 
entire year, the unconstrained economic dispatch solution is 3.078% less than the DCOPF 
solution; for most real world networks, this gap would be substantially larger and, thus, the 
potential savings from optimal transmission switching would be larger as well.   
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Figure 7-1. Yearly load curve 
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Figure 7-2. Optimal dispatch costs for all load levels 

 
The optimal dispatch costs for the DCOPF, the optimal transmission switching DCOPF, 

and the unconstrained economic dispatch problems are displayed in Table 7-2. The best 
found solution has a total dispatch cost that is 3.05% lower than the DCOPF solution; the 
optimality gap is 0.0083%. The unconstrained economic dispatch solution is 3.07% below 
the DCOPF solution so optimal transmission switching solution is almost as cheap as the 
unconstrained economic dispatch solution. For the DCOPF solution, i.e., without 
transmission switching, there was congestion in the network for each hour; by co-optimizing 
the network topology with generation, the optimal transmission switching solution produced 
the unconstrained economic dispatch solution for 8,451 hours or 96.4% of the time. This is 
most likely a unique result for this IEEE test case since the DCOPF solution was close to the 
unconstrained economic dispatch solution for most hours; such a result is not expected for 
practical networks. Figure 7-3 shows the percentage of economic savings by co-optimizing 
the network topology with generation for each load level in the year. The lowest percent 
savings for any hour was 0.05% and the highest was 29.6%. The optimal solution was 
obtained for 8,460 hours. There are 186 lines in the IEEE 118-bus test case; 148 of these 
lines are opened at least once during the year. One line in particular is opened up for 32 out 
of the 67 percent load levels and for 2,996 hours.    

 
Table 7-2. Dispatch cost for entire year 

 Optimal Dispatch Cost Percent Below DCOPF 
DCOPF $ 5,607,032.18 -- 
Optimal Transmission 
Switching DCOPF 

$5,436,071.51      
(optimality gap: 0.0083%) 3.05% 

Unconstrained 
Economic Dispatch $5,434,469.04 3.07% 
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Figure 7-3. Percent savings from optimal transmission switching for all load levels 

 

7.2.4 Review of Market Implications of Optimal Transmission Switching 
The objective of optimal transmission switching is to maximize the social welfare. Though 

this concept benefits society overall, it has substantial distributional effects on the market 
participants. Chapters 4 through 6 have already presented and discussed much of the market 
implications that can occur due to optimal transmission switching. As demonstrated by 
Figure 4-4, even though network topology solutions produce objectives that differ by trivial 
amounts, there can be substantially different results for individual as well as groups of 
market participants. These potential wealth transfers were further emphasized by Figure 4-5. 
These results all stem from the impact on the LMPs; Figure 4-6 as well as other figures 
demonstrated how the LMPs can drastically change between network topology solutions. In 
fact, though there was a cost reduction of 25% for the test case in Chapter 4.3, the average 
LMP increased by a factor of 100% as shown by Figure 4-6. It is even possible for all LMPs 
from the optimal transmission switching solution to be higher then the LMPs from the 
optimal dispatch for the static topology. Furthermore, situations can also exist where a load 
bus can have a very high LMP corresponding to the optimal dispatch solution for the static 
topology but then when transmission switching is introduced, the LMP is then negative 
meaning that the load is now being paid to consume energy. Results from Chapter 6 then 
showed how the introduction of this new transmission technology can affect the unit 
commitment schedules. Many generators that were committed in the optimal solution under 
the assumption of a static topology were committed during fewer hours or completely not 
needed to be committed for the optimal unit commitment schedule when assuming a flexible 
topology. The exact opposite occurred as well, that there were units that were committed 
much more frequently when the transmission was treated as a flexible asset as compared to 
when the topology was assumed to be static. All of these examples demonstrate the 
unpredictable distributional effects that can occur for market participants if this new 
technology is implemented. The following sections discuss a topic that has yet to be 
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presented: how optimal transmission switching affects the financial transmission rights 
market.  

7.3 TRANSMISSION SWITCHING AND REVENUE ADEQUACY OF FTRS 

7.3.1 Revenue Inadequacy Due to Transmission Switching 

Revenue adequacy for FTRs is maintained for the static DC network, see Hogan (1992), 
but it is not guaranteed if the network topology changes, see Alsac et al. (2004); further 
information on FTRs can be found in Hogan (2002). With optimal transmission switching, 
the topology of the network may be changed in order to increase the total market surplus. 
Even if the total market surplus increases due to transmission switching, it is still possible to 
have revenue inadequacy. The following example demonstrates this possibility. Figure 7-4 
shows a simple, theoretical 3-bus example where both lines A-B1 and A-B2 are opened to 
improve the market surplus of the system. Table 7-3 provides data for the optimal solution 
with all lines in service and Table 7-4 provides data for the optimal dispatch solution when 
the lines between buses A and B are opened. Table 7-5 provides a possible FTR allocation 
that meets the simultaneous feasibility test (SFT) and is revenue adequate with the original 
topology but this allocation is revenue inadequate for the modified topology, which provides 
a higher market surplus.  
 

 
Figure 7-4. Revenue adequacy 3-bus example 

 
 

Table 7-3. 3-bus example optimal dispatch results (no switching) 
Bus: Gen Pg: LMP: Gen Cost:  Transaction: MW: Cong. Rent: 
A 90MW $50/MWh $4,500  A – B 60MW $3,000 
B 40MW $100/MWh $4,000  A – C 30MW $750 
C 0MW $75/MWh $0  Total Congestion Rent: $3,750 

Total Generation Cost: $8,500     
 

Table 7-4. 3-bus example optimal dispatch results (lines A-B1 and A-B2 open) 
Bus: Gen Pg: LMP: Gen Cost:  Transaction: MW: Cong. Rent: 
A 100MW $50/MWh $5,000  A – B 70MW $3,500 
B 30MW $100/MWh $3,000  A – C 30MW $1,500 
C 0MW $100/MWh $0  Total Congestion Rent: $5,000 

Total Generation Cost: $8,000     
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Table 7-5. 3-bus example results: FTR settlements 

Source to 
Sink: 

FTR 
Quantity: 

FTR Settlements 
(No Switching): 

FTR Settlements 
(Lines A-B1 and A-B2 Open): 

A to B 45MW $2,250 (LMP gap: $50/MWh) $2,250 (LMP gap: $50/MWh) 
A to C 60MW $1,500 (LMP gap: $25/MWh) $3,000 (LMP gap: $50/MWh) 

Total FTR Settlements: $3,750 $5,250 
 
Figure 7-5 shows the feasible set of solutions for point to point transactions A-B and A-C 

when all lines are closed; the feasible set is represented by sets 1 and 2 in the plot. For 
simplicity, the feasible set within Figure 7-5 are restricted to consider only non-negative 
point to point transactions from A to B and A to C; the constraints that define the feasible set 
when all lines are closed are (7-11)-(7-13). The constraints that define the feasible set when 
the two lines between buses A and B are opened are (7-14)-(7-15). The grey circle at (60, 45) 
represents the FTR allocation listed in Table 7-5; this FTR allocation is on the boundary of 
the feasible set as the upper bound constraint of (7-11) is binding with this FTR allocation. 
The optimal solution with all lines in service is represented by the grey square. When the two 
lines between A and B are opened, the new optimal dispatch is located at the white square, 
which is a part of the new feasible set. The feasible set when these two lines are opened is 
represented by the light grey region in Figure 7-5 defined by the dashed line, i.e., sets 1 and 
3. The FTR allocation is no longer a part of this new feasible set; this FTR allocation passes 
the simultaneous feasibility test when all lines are closed but it would not pass the 
simultaneous feasibility test with the lines between buses A and B open. 

 

 
Figure 7-5. Feasible set of solutions for point to point transactions A to B and A to C with all lines in 

service and with lines between buses A and B open 
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 100
3
1

3
1100 ≤−≤− ACAB  (7-13) 

 
100100 ≤+≤− ACAB  (7-14) 

 
100100 ≤≤− AB  (7-15) 

 
The example above demonstrates that it is possible to change the topology to improve the 

market surplus and still have revenue inadequacy for FTRs. There is revenue adequacy with 
the original topology; with the new topology, the congestion rent is only $5,000 whereas the 
FTR holders are owed $5,250. Even if there is revenue inadequacy, since the total surplus is 
guaranteed not to decrease with optimal transmission switching, there is the possibility for 
Pareto improvements for all market participants. This raises the question about the 
appropriate settlement rules if revenue inadequacy occurs. 

7.3.2 Transmission Switching Can Help Restore Revenue Adequacy 

The example above demonstrates how taking lines out of service can cause revenue 
inadequacy. This can happen whether lines are deliberately temporarily taken out of service 
for economic reason, as is the case above, or the line fails due to a contingency. In this 
section, the results demonstrate that in case of a line failure, it may be possible to restore 
revenue adequacy by adjusting the topology through switching off additional lines. In other 
words, just as transmission switching can cause revenue inadequacy by changing the 
network, it can also help restore revenue adequacy, when a contingency occurs, while 
improving the market surplus.  

The results when all lines are closed are provided in Table 7-3 and the feasible set of 
solutions for point to point transactions for A-B and A-C is displayed by the sets 1, 2, and 4 
in Figure 7-6. When one of the lines between buses A and B is opened, the results are then 
given by Table 7-6, the feasible set is defined by set 4 in Figure 7-6, and the constraints that 
define the feasible set are (7-16)-(7-18). Table 7-7 provides an FTR allocation that would 
pass the simultaneous feasibility test when all lines are closed and when lines A-B1 and A-
B2 are open but this allocation causes revenue inadequacy when one of these lines between 
bus A and bus B is out due to a disturbance. This FTR allocation is located at the grey square 
in Figure 7-6 and the optimal dispatch for the original topology is located at the same grey 
square. When line A-B1 is opened, the optimal dispatch is located at the black square and 
when both A-B1 and A-B2 are opened, the optimal dispatch is located at the white square.  
 

Table 7-6. 3-bus example results (line A-B1 open) 
Bus: Gen Pg: LMP: Gen Cost:  Transaction: MW: Cong. Rent: 
A 65MW $50/MWh $3,250  A – B 35MW $1,750 
B 65MW $100/MWh $6,500  A – C 30MW $750 
C 0MW $75/MWh $0  Total Congestion Rent: $2,500 

Total Generation Cost: $9,750     
 

Table 7-7. 3-bus example results: FTR settlements (line A-B1 open) 
Source to 
Sink: 

FTR 
Quantity: 

FTR Settlement  
(No Switching): 

FTR Settlement  
(Line A-B1 Open): 

A to B 60MW $3,000 (LMP gap: $50/MWh) $3,000 (LMP gap: $50/MWh) 
A to C 30MW $750 (LMP gap: $25/MWh) $750 (LMP gap: $25/MWh) 
Total FTR Settlements: $3,750 $3,750 



90 

 

 
Figure 7-6. Feasible set of solutions for point to point transactions A to B and A to C 
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With one of the lines between buses A and B is opened due to a disturbance, the FTR 

holders are owed exactly the same amount as when all lines are in service since the LMPs 
have not changed between these two cases. However, congestion rents are insufficient to 
cover the FTR settlements when one of the lines between A and B is open. The FTR holders 
are owed $3,750 but the congestion rent was only $2,500.  

When line A-B1 is opened, this FTR allocation is no longer a part of the feasible set as is 
shown by Figure 7-6 and, therefore, it would fail the simultaneous feasibility test for this 
topology. However, if both lines between buses A and B are opened, this FTR allocation is 
once again revenue adequate and part of the feasible set; this is further confirmed by the total 
FTR settlements in Table 7-8 and the total congestion rent in Table 7-4. With both lines A-
B1 and A-B2 opened, the feasible set for point to point transactions A-B and A-C is 
represented by sets 1, 3, and 4 in Figure 7-6.  
 

Table 7-8. 3-bus example results: FTR settlements (lines A-B1 & A-B2 open) 
Source to Sink: FTR Quantity: FTR Settlements (Lines A-B1 & A-B2 Open): 
A to B 60MW $3,000 (LMP gap: $50/MWh) 
A to C 30MW $1,500 (LMP gap: $50/MWh) 

Total FTR Settlements: $4,500 
 
In this example, when both lines A-B1 and A-B2 are opened, the ISO has more congestion 

rent than the required FTR payments. The possibility of such a surplus is consistent with the 
theoretical result of Hogan (1992). The above example demonstrates that even if a forced 
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outage causes revenue inadequacy, it may still be possible to not only increase the market 
surplus but also regain revenue adequacy. If an outage causes revenue inadequacy, further 
grid modifications may regain revenue adequacy but there is no guarantee that this will be 
possible as this depends on the FTR allocation and the network conditions. 

7.3.3 Worst Case Analysis: IEEE 118-Bus Test Case 

The previous two sections present theoretical examples that build insight as to how optimal 
transmission switching can affect revenue adequacy in the FTR markets. In this section, 
results demonstrate how optimal transmission switching can affect a standard IEEE test case, 
the IEEE 118-bus test case, see UW (2010). The objective is to determine the worst case 
revenue inadequate situation that can potentially occur due to optimal transmission 
switching.  

The traditional SFT has the objective to maximize the bid surplus within the FTR auction. 
For this study, the sum of FTR payments, i.e., settlements, due to the FTR holders is 
maximized instead in order to determine the worst case revenue inadequacy that may occur 
due to optimal transmission switching. This study is based on the test case and results from 
section 7.2.3, which include optimal transmission switching solutions for each hour of the 
year. The LMPs from these solutions are used as inputs for this study as the LMPs are then 
used to define the total FTR settlement due to the FTR holders over the entire year if optimal 
transmission switching is implemented. This optimization problem, therefore, searches for 
the FTR allocation that passes the SFT for the original network topology with all lines in 
service while maximizing the total FTR settlement, which is based on the LMPs generated 
from the optimal transmission switching solutions. Based on this IEEE test case and based on 
the optimal transmission switching results presented in section 7.2.3, it is possible to have the 
FTR settlements be 59% higher than the total congestion rent collected by the ISO; these 
results correspond to the best found solution listed in Table 7-9 below. Thus, this study 
demonstrates that revenue inadequacy, even over a long period (a year in this case), can be 
substantial; however, there is no guarantee that the revenue inadequacy would be this severe 
as the underlying question is whether this particular FTR allocation is one that would ever be 
selected from the FTR auction.  

For this particular test case, multiple transmission switching solutions are very close in 
objective to the best found solution presented in section 7.2.3. In particular, the alternative 
solution presented in Table 7-9 is only 0.0096% away from the best found solution; however, 
this solution generates a different set of LMPs and, with this set of LMPs, the system would 
be revenue adequate for the year unlike the best found solution. The best found solution has a 
revenue shortfall of over $33,000; the alternative solution is revenue adequate and is only 
$520 more expensive than the best found solution. Such a result raises an interesting policy 
question: should the ISO choose a sub-optimal solution that is a fraction less than the optimal 
solution that does not cause a problem, i.e., revenue inadequacy, in this side financial market, 
the FTR market. This policy question and other issues are discussed in the following section.  
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Table 7-9. Revenue inadequacy study: IEEE 118-bus test case 

 Total Cost 
($): 

Percent 
Savings: 

FTR Settlement 
($): 

Congestion 
Rent ($): Ratio: 

Best Found Solution (Section 2.6) 5,436,071.51 3.05% 89,537.43 56,405.73 1.587 
Alternative Solution 5,436,593.46 3.04% 42,632.84 45,009.47 0.947 

 

7.4 POLICY IMPLICATIONS OF REVENUE ADEQUACY OF FTRS AND TRANSMISSION 
SWITCHING 

Generally, the role of the ISO is to maximize the market surplus (subject to reliability 
constraints); with demand modeled as being perfectly inelastic, minimizing the total cost 
achieves the same objective. Market participants whose revenues depend on locational 
marginal prices and on FTR settlements may object, however, to co-optimization of the grid 
topology with generation dispatch due to the unpredictable distributional effect of such an 
approach. The ISO itself may be conflicted in that regard since revenue inadequacy in the 
FTR market as well as the need for uplift payments are often misjudged as a market 
operation failure. This situation is a manifestation of the complexity associated with network 
effects in the electric power industry and the difficulties in creating market mechanisms that 
can deal with such complexity. This is an example where it is possible for the central system 
operator to achieve economic efficiency gains but those gains may have to be declined due to 
the distributional effects and the difficulty of finding a side payment scheme that will 
translate the system efficiency gains into Pareto improvements.  

One possibility of addressing this dilemma with respect to revenue adequacy in the FTR 
market is to augment the optimal transmission switching formulation so as to ensure that 
whatever topology is chosen, that it is also revenue adequate. Adding such a restriction may 
exclude, however, the true optimal network topology that maximizes the market surplus from 
being feasible, which amounts to “leaving money on the table.” Alternatively, revenue 
inadequacy can be resolved by de-rating FTR settlements, which is the current industry 
practice when revenue inadequacy is due to contingencies. Such de-rating has been a 
constant source of disputes, however, and it would be hard to explain to FTR holders that 
their income is being reduced because the system as a whole is better off with optimal 
transmission switching.   

If the ISO chooses to implement side payments, there is then the question as to how to 
determine the side payments. Should all market participants contribute to the revenue 
shortfall? Should a specific class of participants, for instance the consumers, cover the 
revenue shortfall? The results from Chapters 4 and 5 demonstrated that it is not possible to 
guarantee that any specific group of market participants will benefit from transmission 
switching. The only guarantee is that the market surplus will not decrease. It is possible that 
consumers end up, overall, paying more with the optimal network topology that maximizes 
the market surplus. Is it then fair to make them incur the cost of revenue inadequacy? Should 
the ISO instead charge the market participants that benefit from transmission switching? 
Identifying beneficiaries has been one of the major obstacles holding back transmission 
investments and is unlikely to work any better in the transmission switching arena. 

There is also the concern over how severe revenue inadequacy may become as a result of 
transmission switching. Since the market surplus increases there will always be enough 
additional surplus to compensate the losers but implementing side payments becomes a more 
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heated policy issue when the magnitude of wealth transfers are substantial, which was shown 
to be possible in section 4.3.  

Finally, one may raise the question as to whether side payments should happen at all and 
whether the fixed network topology paradigm is a proper benchmark for determining such 
side payments if at all. Alternatively, should the true, benchmark model be redefined to 
account for a flexible topology? Will the FTR markets and the clearing prices in the FTR 
auction adjust to reflect such flexibility, which increases uncertainty in FTR settlements and 
degrades the hedging quality of such instruments? Such policy questions do not have simple 
technical answers. Emerging changes in grid technologies under the umbrella of the “smart 
grid” and the integration of new resource types, such as renewable energy and storage, may 
necessitate rethinking of market design principles and market mechanisms that are made 
obsolete by such innovations.    

7.5 ENSURING REVENUE ADEQUACY OF FTRS WITH OPTIMAL TRANSMISSION SWITCHING 

The previous section emphasized the difficulty in dealing with the policy issues caused by 
revenue inadequacy due to optimal transmission switching. One potential solution is to alter 
the optimal transmission switching problem to choose only a topology that both increases the 
market surplus, as compared to the situation where transmission assets are treated as fixed 
assets, but also ensure that the FTR market is revenue adequate. This option, however, is a 
controversial option as the market participants would then be “leaving money on the table” in 
the sense that the independent system operator would then pass up a solution that provides 
more market surplus in order to ensure revenue adequacy in this side financial market, the 
FTR market. Such a decision by the operator would be economically inefficient. 
Nevertheless, this section presents this altered formulation to show how such a problem can 
be created if there ever is an operator that chooses to implement such an economically 
inefficient market protocol in order to avoid this revenue inadequacy problem in the FTR 
market.  

The optimal transmission switching problem is a MIP; the dual of a MIP is not well 
defined. In order to know if a solution is revenue adequate, it is necessary to know the dual 
variables that come from the OPF problem. The dual variables are obtained by setting all 
integer variables to their solution values thereby creating a linear program, which has a well 
defined dual.  

A solution is revenue adequate if the congestion rent is at least as large as the total 
payments owed to the FTR holders. Equation (7-19) can be used to test if a network is 
revenue adequate; the left hand side of (7-19) represents the load payment minus the 
generation revenue, which is equal to the congestion rent. The right hand side of (7-19) 
represents the FTR payment obligation where FTRnm

f reflects FTR contract f between the 
source bus m and the sink bus n.    
 
 ( ) ∑∑ ∑ −≥−
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The congestion rent is also defined as the line’s flow times the dual variable on its capacity 

constraint, which is also known as the flowgate marginal price. With this definition and by 
using complementary slackness, (7-19) can be rewritten as (7-19a) below. The left hand side 
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can also be identified as the congestion rent as it appears in the dual’s objective. The 
objective of the dual has the identity: load payment minus generation rent minus congestion 
rent. Each of these terms are easy to identify in the dual’s objective with the congestion rent 
defined as the left hand side of (7-19a). 

 
 ( ) ∑∑ −≥+ −+

f
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The LMPs, which are dual variables, are required in order to determine if a solution is 

revenue adequate. The transmission switching program is a MIP, which can be solved by 
branch and bound. It is possible to implement a test to check for revenue adequacy of a 
feasible solution in the branch and bound procedure but this would be difficult, as it would 
require every integer feasible solution that is encountered to be checked to see if it produces a 
revenue adequate solution. If it does not, then that solution would be considered infeasible; 
however, labeling that solution infeasible would not mean that nodes further down on that 
branch would not be feasible. This would require the algorithm to search further down a 
branch even when a parent node is deemed infeasible due to being revenue inadequate. When 
the integer feasible solution is revenue adequate, the branch and bound procedure would 
continue as normal.   

Due to the difficulty in implementing such an approach, another approach is proposed. 
Benders’ decomposition is a well known decomposition technique for MIPs; a description of 
Benders’ decomposition can be found in Nemhauser et al. (1999). This decomposition 
technique separates the MIP into a master problem, an integer program, and a sub-problem, a 
linear program. The master program will generate a solution for the binary variables and then 
pass that solution on to the sub-problem. The sub-problem is then the dual of the 
transmission switching DCOPF formulation with all binary variables fixed to the solution 
values generated from the previous master program solution. Figure 7-7 provides the outline 
of how the Benders’ decomposition technique can be modified to incorporate a test to check 
if a specific network topology is revenue adequate. If the dual sub-problem is unbounded, the 
typical Benders’ cut is applied and there is no need to check for revenue adequacy. If the dual 
sub-problem has an optimal solution, then the next step checks to see if (7-19a) holds; if (7-
19a) holds, this particular network topology solution is revenue inadequate. If it is revenue 
adequate, the Benders’ decomposition technique will continue as planned.  

If the solution is not revenue adequate, a cut is generated that will be applied to the master 
problem that makes that specific integer solution, i.e., that specific network topology, 
infeasible. The cut, (7-20), is based on the sets listed by (7-21) that are determined from the 
current master problem iteration. This process is repeated until the upper and lower bounds 
converge. Modifying the Benders’ decomposition technique in this way does not break the 
guarantee of convergence because whenever (7-20) is applied, that topology solution can 
never be chosen again by the master problem. In situations where the topology with all lines 
closed cannot be chosen, it is possible that no solution exists; only then is it possible for the 
algorithm to specify that the original MIP program is infeasible. 
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Figure 7-7. Benders’ decomposition technique to ensure revenue adequacy with optimal transmission 

switching 
  

The optimal transmission switching DCOPF formulation is rewritten below with the integer 
variables fixed to their optimal values and its corresponding dual is presented as well, which 
defines the sub-problem in the Benders’ decomposition technique outlined below, see (7-29)-
(7-33). The master problem for the Benders’ decomposition technique is presented by (7-23)-
(7-28). In the master problem, (7-24) is repeated for all i ∈  I, which references the 
combinatorial cut that is applied to the master problem each time there is a topology solution 
that is revenue inadequate; this cut that is applied to the master problem depends on the sets 
defined in (7-28). For each iteration where the network topology produces an optimal 
solution in the sub-problem and this particular network topology is revenue inadequate, sets 
K0i and K1i are generated and they represent the transmission elements that are opened and 
closed respectively. Each time the sub-problem has an optimal solution and the network 
topology is revenue adequate, or for each p ∈  P (p represents extreme point solutions from 
the sub-problem), then the traditional Benders’ optimality cut is applied as shown by (7-25). 
Likewise, whenever the sub-problem is unbounded, or for each r ∈  R (r represents 
unbounded rays from the sub-problem), the traditional Benders’ unbounded ray cut is applied 
to the master problem, as noted by (7-26). Note that there always exists a feasible solution to 
the sub-problem, as there is always a solution corresponding to allowing all dual variables to 
take on a value of zero since cg is non-negative. A description of each step in the Benders’ 
decomposition technique is listed after the sub-problem. 
 
Minimize: ∑g gg Pc  (7-5) 
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Master:  
Minimize: ω (7-23) 
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Sub-problem: 
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Step 1: Initialize 

• Set zk to current topology configuration (must be feasible) or zk = 1 ∀k 
• Upper Bound (UB) = infinity 
• Lower Bound (LB) = -infinity 

Step 2: Solve sub-problem for current fixed zk solution 
• Unbounded sub-problem: add unbounded ray Benders’ cut (7-26) to master problem 

and go to step 4 
• Bounded sub-problem: obtain optimal solution and go to step 3 

Step 3: Revenue adequacy check 
• If revenue adequate, i.e., if (7-19a) holds, apply extreme point Benders’ cut (7-25), 

update UB: UB = min(current UB, sub-problem optimal solution), and go to step 4 
• If revenue inadequate, define sets in (7-28) based on current fixed zk, apply cut (7-24) 

to the master problem, and go to step 4 
Step 4: Solve master problem 

• LB = new master problem optimal solution 
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• If UB-LB > epsilon, get new zk solution and go to step 2 
• If UB-LB < epsilon, stop 

 

7.6 CONCLUSIONS 
Traditional optimal power flow problems treat transmission as a static asset even though 

operators do have control over the transmission assets’ state. Harnessing the control of 
transmission has been shown to be beneficial for a variety of reasons including line 
overloading, loss reduction, reliability improvements, etc. Furthermore, research has shown 
that co-optimizing the grid topology with generation has the potential to provide substantial 
economic savings and these savings can even be achieved without any reliability 
degradation. Introducing the control of transmission into dispatch problems provides 
operators with another level of control and, as demonstrated by section 4.1.2, adding this 
flexibility expands the feasible set of solutions. However, co-optimizing the network 
topology with the generation has unpredictable distributional effects and, in particular, may 
cause revenue inadequacy in the FTR market.  

The objective of this research is to highlight the conflict that can arise between the ISO 
mandate to maximize the total market surplus and existing market design principles and 
mechanisms that are not equipped to handle potential gains enabled by technological 
innovation and rapid changes in the resource landscape. The primary focus in this work has 
been the FTR market, which is highly vulnerable to manipulation of the grid topology. 
Though there are many benefits from optimal transmission switching, it unfortunately 
undermines one of the core assumptions that the FTR markets are based on. As a result, there 
is the challenge of handling revenue inadequacy of FTRs. Hopefully, these observations will 
motivate research on new forms of transmission property rights and congestion hedging 
approaches as well as on side payment mechanisms that can distribute and convert efficiency 
gains due to transmission switching so as to achieve Pareto improvements. 
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CHAPTER 8: CONCLUSIONS AND FUTURE RESEARCH TOPICS 
 

8.1 CONCLUSIONS 
Previous research has demonstrated that harnessing the control of transmission assets can 

provide substantial benefits. The use of transmission switching as a corrective mechanism 
has been the most frequently proposed use of transmission control; such research has 
demonstrated its ability to help alleviate line overloading, voltage violations, as well as other 
constraint violations. Furthermore, past research has demonstrated the ability for 
transmission switching to help reduce system losses, increase transfer capability, and manage 
congestion. Even though past research has emphasized the substantial benefits that can be 
obtained from transmission switching, for the most part transmission assets are still viewed 
as static assets as transmission switching is primarily limited today to ad-hoc procedures and 
special protection schemes.   

There is currently a national push to create a smarter, more flexible electric grid. The true 
grid of the future should include advanced technologies, be more flexible, and include new 
operational protocols. This dissertation has proposed that the way in which transmission 
assets are viewed in economic dispatch optimization models should change, that the state of a 
transmission asset should be seen as a discrete decision variable in optimal power flow 
formulations. The main contribution of this work is to identify the potential to improve the 
dispatch efficiency by co-optimizing the network topology with the generation dispatch 
during steady-state operations.  

The concept of optimal transmission switching has been tested on three different dispatch 
optimization problems: the DCOPF, the N-1 DCOPF, and the multi-period unit commitment 
N-1 DCOPF problem. The results demonstrated that, indeed, the network redundancies that 
are built into the electrical grid, in order to survive a multitude of contingencies, cause 
economic dispatch inefficiency. By incorporating the control of transmission assets into OPF 
formulations, a superior optimization problem is created, as the feasible set of dispatch 
solution from the optimal transmission switching problem is a superset of the feasible set of 
dispatch solutions for the traditional OPF formulation. Moreover, by harnessing the control 
of transmission assets, redundancies that are not currently required to maintain reliability 
standards can be kept offline in order to improve dispatch efficiency.  

Furthermore, this research has demonstrated that the perception that taking a transmission 
line out of service must be a detriment to reliable operations is, indeed, a common 
misconception; optimal transmission switching has been shown to provide substantial 
economic savings even while satisfying strict N-1 reliability standards. The example in 
section 5.1.2 proved that it is even possible to improve reliability by taking a line temporarily 
out of service. Overall, this concept has been tested on a variety of standard IEEE test cases 
as well as on two real-world test cases provided by ISONE. All results demonstrate the 
potential of this concept to reduce operational costs significantly for the multi-trillion dollar 
electric industry.   

While the optimal transmission switching concept maximizes the benefits to society as a 
whole by maximizing the market surplus, it unfortunately can cause unpredictable 



99 

distributional effects for market participants and it can create substantial wealth transfers 
between market participants. Implementation of this concept will create winners and losers. 
Results in Chapter 4 demonstrated that LMPs can vary significantly between two network 
topology solutions even if their objectives vary by trivial amounts. As a result, 
implementation of this concept can have unpredictable effects on the generation rent, 
congestion rent, and load payment. It is even possible that the load ends up paying more even 
though the system as a whole is more economically efficient. 

In Chapter 6, the results demonstrated that by co-optimizing the topology with the unit 
commitment dispatch, the optimal unit commitment schedule can be drastically different than 
the optimal schedule obtained when treating transmission lines as fixed assets. In fact, by 
harnessing the control of transmission assets in the unit commitment formulation, it was 
shown that peaker units that would be turned on if all transmission lines were in service were 
not needed once the network topology was co-optimized with the generation. The results also 
further confirm the thought that, as network conditions change, so should the network 
topology; with varying load levels and generator dispatch schedules, the network topology 
varied hour to hour and there was no hour where the original network topology was chosen.  

Unfortunately, optimal transmission switching undermines a current market design 
protocol that relies on the assumption that the transmission grid is treated as a static asset; the 
implementation of optimal transmission switching has the potential to cause severe revenue 
inadequacy in the FTR market. This creates a conflict that can arise between the ISO 
mandate to maximize the total market surplus and existing market design principles and 
mechanisms that are not equipped to handle potential gains enabled by technological 
innovation and rapid changes in the resource landscape. As a result, emerging technologies 
that are to be implemented to create a smarter grid as well as the integration of new resource 
types, such as renewable energy and storage, may necessitate rethinking of past market 
design principles and market mechanisms that are made obsolete by such innovations. 

In summary, this research has demonstrated how to modify economic dispatch optimization 
problems to incorporate the flexibility of transmission assets’ states, i.e., in service or out of 
service. By doing so, there can be substantial economic savings since it creates a superset of 
feasible generation dispatch solutions as compared to traditional economic dispatch 
optimization problems. Furthermore, such savings can be obtained even while enforcing 
reliability standards. If the percentage savings are even a fraction of the current findings, this 
would still be huge for the multi-trillion dollar electric industry. The main drawbacks of this 
concept include the substantial wealth transfers among market participants that can occur as 
well as dealing with the computational complexity of this problem. The concept of optimal 
transmission switching is consistent with the national push to create a smarter electrical gird; 
it challenges traditional views and misconceptions held concerning transmission assets and 
how they should be treated in operational procedures. The results in this dissertation confirm 
that if a truly smarter grid is to be developed, the treatment of transmission assets must 
change.  
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8.2 FUTURE OPTIMAL TRANSMISSION SWITCHING RESEARCH AND NEXT STEPS 

8.2.1 Overview 

Before it is possible to harness the control of transmission assets in the smart grid, 
additional research is needed. The following sections outline the next research steps required 
for this concept to be implemented in a practical setting. Most of these steps involve practical 
barriers, which are discussed in the following sections.  

8.2.2 Transient Stability 

When a high-voltage circuit breaker is switched, there can be large electrical arcs that 
temporarily form across the switch. This can cause stress on the equipment and it can create 
transient stability concerns. The arcs can be limited if there is additional equipment in place, 
e.g., devices that blow large amounts of air over the switch can be used to break the arcs. 
Even if such devices are always used, transient stability studies are still needed to investigate 
how the system responds when multiple switching actions take place since flows throughout 
the network will change as a response to the change in the network topology.  

8.2.3 Breaker Cost and Maintenance 

Since optimal transmission switching increases the frequency of transmission switching 
actions, further research is needed as to the effect on breakers, whether there will be 
additional required maintenance, and whether more advanced, new breakers would be 
required to be installed. Any additional capital and maintenance costs should be considered 
in future research. Furthermore, since past operations have yet to implement switching 
breakers at the frequency proposed by this research, the true marginal cost of switching a 
breaker is difficult to quantify at this time, which is why this research assumed a zero 
marginal cost to switch a breaker. However, any such additional costs are likely to be minor 
in comparison to the substantial potential economic savings that have been demonstrated and, 
thus, such costs are unlikely to change the conclusions.  

8.2.4 ACOPF Optimal Transmission Switching Research 
The majority of the high-voltage electrical grid operates under an AC setting, expect for a 

few DC lines. This research is not based on the ACOPF formulation but rather it is based on 
an AC approximate formulation, the DCOPF. For the concept of optimal transmission 
switching to be practically implemented, it is imperative to examine its affect on the ACOPF. 
It is important to analyze the effects on reactive power, voltage stability, etc and research is 
also needed at varying load levels. Since the capacitive component of a transmission element 
is predominant at lower load levels and the reactive component is predominant at higher load 
levels, this causes different effects on the network when a transmission element is taken out 
of service during different load levels. 

The main difficulty in solving an ACOPF problem with transmission switching is because 
the ACOPF is an extremely difficult non-convex optimization problem itself; adding binary 
variables to this problem would increase the complexity of the problem immensely. With 
today’s optimization software, solving a large-scale mixed integer non-linear program 
containing trigonometric functions is very difficult. Mainstream MIP software today is 
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primarily limited to mixed integer linear programming, thereby indicating the significant 
practical challenge to incorporate non-linear functions into MIP. For that reason, operators 
today use the DCOPF formulation with unit commitment, which is an integer program, as 
opposed to an ACOPF. The MIP optimal solution, with the integer variables fixed to their 
optimal MIP solution values, is used as an initial solution that is fed into an ACOPF solver to 
obtain the best feasible AC solution possible. It is likely that a similar approach would be 
taken if transmission switching is to be implemented. By using such an approach, there is no 
guarantee that an AC feasible solution will be obtained when using an AC approximate 
formulation to produce an initial solution and, thus, future research is needed to investigate 
this concern. 

8.2.5 Optimal Transmission Switching with CO2 Constrained OPFs 

Just as optimal transmission switching must be tested with an ACOPF formulation, it is 
also necessary to test its affects on a CO2 constrained OPF formulation. The USA as well as 
many other nations will soon transition to a market structure that limits CO2 production. The 
most likely market structure would be that of a tax on CO2 production or the implementation 
of a cap-and-trade market. With either setup, the generators will now have a cost associated 
with the production of CO2; they would have to pay a tax or they would have to purchase 
permits to release CO2. Implementation of such advances in grid technologies like optimal 
transmission switching, which improves the market surplus, will be both crucial as well as 
valuable in market structures that capture the cost of CO2.  

8.2.6 Protective Relay Settings 

It is imperative to have protective relays set and function correctly if the grid is to be 
capable of surviving a contingency. Relay settings are used to trip, i.e., switch, specific 
circuit breakers when a fault is detected so that the fault can be cleared. It is essential that the 
relay settings properly identify the fault in order to trip the appropriate breakers. If either the 
wrong circuit breaker is tripped or no breaker is tripped when needed, then this can 
significantly complicate the situation and may even cause a blackout. If optimal transmission 
switching is implemented, then grid operators will have to examine whether the relay settings 
need to be adjusted based on the chosen topology. Similar operational procedures already 
exist today since relay settings are reset after a contingency occurs or when lines are down 
due to maintenance. However, future research is needed to address this practical barrier, to 
determine if operators will be able to conduct such studies on a more frequent basis and 
within a limited timeframe.  

8.2.7 Addressing Computational Performance 

 As more is learned about the network and transmission switching, operators will know 
which transmission elements are candidates for switching. It may not be necessary to 
represent every transmission element within the network with a binary decision variable 
reflecting whether the element will be in service or not. Rather, the operator may be able to 
focus on a subset of transmission elements that are key candidates for switching, which will 
greatly reduce the number of binary variables in the optimization problem and, thus, reduce 
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the computational complexity of the problem. Future research should focus on methods to 
identify key transmission elements in advance. 

The computational performance of the optimal transmission switching problem is most 
likely the most significant barrier that is keeping this concept from practical implementation. 
Chapter 4 presented the most common formulation on how to introduce the state of a 
transmission line into the OPF formulation; such mathematical modeling has been previously 
used in transmission expansion models as well as MIP corrective transmission switching 
models. Chapter 7 presented a variant way to formulate the optimal transmission switching 
problem and discussed computational results that suggest that the formulation in Chapter 7 is 
a better MIP formulation. Further research is needed into improving the computational 
performance of this MIP problem. One particular technique that should be investigated is 
Benders’ decomposition. Due to the structure of the optimal transmission switching MIP 
problem, the use of a big M value, Benders’ decomposition is a viable decomposition 
technique to be considered in order to improve the computational performance of this 
problem. Furthermore, there are ways to speed up the Benders’ decomposition technique, see 
Rei et al. (2008) and Codato et al. (2006). 

8.2.8 Software Development and Personnel Training 

Transmission switching exists today but to a very limited extent. Software development as 
well as personnel training will be required for such a change in grid operations to take place, 
as is the case with other new smart grid technologies that will be implemented in the future. 
The optimal transmission switching optimization problem cannot account for the exact 
operations that exist in the real world; lines will not be switched instantaneously and 
generator outputs will not change instantaneously to the new levels. New operational 
protocols will be needed to provide a systematic approach that grid operators can follow to 
ensure proper grid operations while transitioning from one operational state to another. 
Furthermore, grid operators will need to be provided information as to which lines are in 
service as well as out of service and they will need to ensure that other grid operations, e.g., 
relay settings, are in line with the current status of the network. Additional costs may be 
required to implement this new technology; these costs should be accounted for in future 
research. However, they are likely to be insignificant in comparison to the large savings 
presented in this research and, thus, any such costs are unlikely to affect the results presented 
in this dissertation.  

8.3  FUTURE RESEARCH ON THE FLEXIBLE TRANSMISSION GRID 

8.3.1 Transmission Expansion Planning 

Just as network topology optimization has a substantial impact on operations, it may also 
have an affect on investment planning; in particular, future research should consider 
incorporating transmission switching with transmission expansion planning. It is possible 
that by considering the possibility of transmission switching in the expansion problem, this 
may change which line is optimal to build or it can delay the need to build a new line. 
However, incorporating transmission switching into transmission expansion planning will not 
be easy. First, there is the problem with solving a transmission expansion problem. Since it is 
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such a hard problem to solve, many simplifications are made to make the problem more 
tractable. Adding transmission switching, an operations based model that should be solved on 
an hourly basis, to such a complex MIP problem would increase the difficulty immensely. 
Second, many approximations are made with transmission expansion planning since it is very 
difficult to predict future network conditions. These imprecise predictions may be more 
problematic for a transmission expansion with transmission switching model, as the 
transmission switching solutions may never be realized while the transmission expansion 
solution is likely to be heavily dependent on exactly which topology is used for actual 
operations.  

8.3.2 Transmission Line Maintenance Scheduling 

Just as this research has shown that the network topology should be considered as a 
controllable asset for grid operations, it is important, both for reliability and for economic 
operations, to optimally schedule when a transmission line should be taken down for 
maintenance. On the first page of the report from ISONE (2010), ISONE states that since 
they have begun to consider not only the impact on reliability but also the impact on 
economic operations by transmission line maintenance scheduling, they have saved roughly 
$72 million in 2008. The method used was an approximation and, thus, additional savings 
may be obtained with the implementation of an optimal transmission line maintenance 
scheduling formulation, which suggests that future research should address this topic.   

8.3.3 Just-in-time Transmission 

The optimal transmission switching concept presented in this dissertation is not 
incompatible with reliable grid operations as chapters 5 and 6 demonstrated that the network 
topology can be co-optimized with the generation while satisfying strict N-1 contingency 
constraints. The formulations presented assumed that if a line is chosen to be taken out of 
service temporarily for a specific hour during steady-state operations, then it will remain out 
of service if a contingency occurs during that period and the system must still be able to 
maintain N-1. More precisely, it was assumed that the operator would treat the transmission 
assets as flexible for steady-state operations but that the operator would not change the 
network topology after a contingency occurs.  

Just as it was pointed out that it is better to treat transmission as a controllable asset for 
steady-state operations, the exact same is true for emergency operations. Furthermore, it has 
already been established that there are SPS protocols in place in PJM where there are pre-
contingency and post-contingency switching actions in order to protect against a contingency 
as well as to respond to a contingency. These facts motivate this new concept called just-in-
time transmission; operators should co-optimize the electrical grid for any state of the 
network, be it for steady-state operations or for contingency-states, and transmission that is 
offline can be switched back into service just-in-time in order to respond to a contingency 
and return the network to its redundant structure.  

The electrical grid is built to be redundant in order to satisfy the reliability requirements 
that are established to make sure that blackouts are rare; however, these redundancies are 
known to cause dispatch inefficiency. With just-in-time transmission, transmission elements 
that are a detriment to dispatch efficiency can be kept offline during steady-state operations 
but they can be switched back into service if needed in case of a contingency, as in PJM’s 
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SPSs. Such an operation would require adequate ancillary services and generator ramping 
capabilities to be able to reach a feasible dispatch solution once the topology is changed after 
the contingency.  

The just-in-time transmission concept incorporates additional flexibility as compared to the 
optimal transmission switching with contingency analysis concept presented by Hedman et 
al. (2009b). It acknowledges, in the day-ahead optimization problem, the operator’s ability to 
implement a corrective switching action after a contingency occurs. In the day-ahead setting, 
the operator would co-optimize the generation and network topology for each steady-state 
period but would also simultaneously determine the required corrective switching actions to 
take if a specific contingency were to occur along with the required generator dispatches. By 
capturing this operational flexibility, the use of transmission switching as a corrective 
mechanism when there is a contingency, the operator can improve the economic efficiency of 
the system for steady-state operations as well as improve system reliability.  

Additional research is needed to further develop and test this concept with the main 
difficulty being the computational complexity of this problem. Optimal transmission 
switching is already a complex problem; just-in-time transmission switching would require 
many more binary variables as a binary variable would be needed for each transmission line 
as well as for each contingency state that is enforced. This creates an explosion of binary 
variables as compared to the optimal transmission switching problem. Though this problem 
may be hard to solve, the potential economic savings from this concept may be significant, as 
this concept would ideally allow the operator to optimize the topology while ignoring N-1 
reliability constraints knowing that the transmission can be put back into service if there is a 
contingency. The results in chapter 4 can be used as a rough estimate as to the potential 
economic savings from such an approach. 

8.3.4 Flexible Transmission in the Smart Grid and its Affect on Renewable Resources 
and Energy Storage 

There is currently an international push to increase reliance on renewable energy resources; 
this push is important for a variety of reasons, from reduction in emissions in order to help 
limit global climate change to energy independence. Optimal transmission switching 
advances the concept that grid operations should account for the flexibility that exists in the 
topology of the network. This dissertation does not examine how optimal transmission 
switching affects the integration of renewable resources, e.g., wind energy; rather, the focus 
is on harnessing the control of transmission to provide economic savings. However, 
harnessing the flexibility of transmission can help for a variety of reasons, which is 
confirmed by previous literature on past uses of transmission switching as a corrective 
mechanism.  

The main issue with wind energy is its intermittent nature. Just as transmission switching 
has been shown to be a valuable corrective mechanism, it can be used to alleviate constraint 
violations that occur due to unexpected fluctuations in wind energy production. Current 
operational protocols today require ample reserves to be on standby in case the wind energy 
production drops. Transmission switching cannot replace the total energy that is required to 
compensate for the fluctuations in wind energy production but it still helps operations since it 
allows for additional choices as to where these reserves may come from. Just as it was shown 
by Figure 4-2 that transmission switching expands the feasible set of dispatch solutions, the 
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same can be true for reserves. The additional flexibility that can be captured during real-time 
operations will also affect day-ahead dispatch possibilities and, thus, further improve the 
economic efficiency of grid operations.  

One setback to wind energy investment is the need to procure additional reserves, which is 
an additional cost if wind energy penetration is increased. By optimal transmission switching 
improving the economic efficiency of the system, this in turn will help reduce the operational 
costs required to integrate more wind energy and, thus, it will increase the incentive to invest 
in wind energy. The use of reserves to compensate wind energy fluctuations is a preventive 
approach that is used by the industry today; with the grid evolving to include more corrective 
approaches like transmission switching, the efficiency of the network can be improved 
thereby allowing additional integration of new resources like wind energy. Moreover, 
developing more sophisticated corrective approaches will add more operational flexibility 
and, thus, will allow the grid to absorb a higher wind energy penetration level. 

One drawback of transmission switching, especially if it is implemented on a much larger 
scale than it is today, is that the switching of lines will not be instantaneous and it can create 
stability issues in the network. If transmission switching is determined in a real-time setting, 
e.g., as a corrective mechanism, there will be a time lag since the appropriate switching 
action would need to be identified as well as the time required to coordinate and implement 
the switching action. Energy storage devices can be extremely useful and valuable under 
such circumstances since they have fast ramp rates. Coordinating energy storage devices to 
respond during such short intervals while the grid operators work to reconfigure the network 
as well as reschedule the generation can prove to be very valuable and could further facilitate 
the ability of transmission switching to become a mainstream action within grid operations. 
This time lag factor would make it more difficult to implement the just-in-time concept 
discussed in section 8.3.3; the inclusion of energy storage devices in the smart grid could 
prove to be very valuable in its ability to facilitate the implementation of such a valuable 
concept. Consequently, future research should examine the value of storage in connection 
with its ability to act as a corrective mechanism under similar short term situations. 

8.3.5 Flowgate Bidding 

Flowgate bidding is defined as allowing a transmission line’s flow to exceed its steady-
state rated thermal capacity for a set price and was presented by Hedman et al. (2010b). 
There are situations where there can be a large economic gain by temporarily allowing a line 
to be operated beyond steady-state capacity during normal grid operations. There can be 
situations where the difference between being required to start up a generator or not is based 
on the ability to operate a line beyond its steady-state capacity temporarily. The damage to 
the line is minimal, if at all, but the benefit is large enough to overcompensate for any costs 
associated with such practice. The cost of temporarily operating a line beyond steady-state 
capacity reflects the reduction in the life of the line. In situations where the dual variable, i.e., 
shadow price, on the capacity constraint is higher than the cost to operate the line beyond 
steady-state capacity, the optimal decision is to operate the line beyond its steady-state 
capacity temporarily as long as reliability standards are maintained.  

Operating a conductor beyond its steady-state capacity can cause creep, annealing, reduce 
its strength, reduce its residual life, and it can affect the characteristics, e.g., impedance, of 
the line as well. Morgan (1979, 1996) examines the loss of tensile strength from elevated 
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temperatures and due to annealing respectively. Harvey (1972) develops a model to estimate 
the remaining strength in a line due to elevated temperature operations. Havard et al. (1992) 
attempts to predict the residual life of an aged ACSR conductor. Harvey et al. (1972) 
examine the impacts on the sag of a conductor due to operating the conductor beyond steady-
state capacity. Additional work on how conductors can be affected by elevated temperature 
operations and the associated costs of such an action is needed. 

Many papers have previously discussed dynamic thermal line ratings. There is also 
research into developing adaptive emergency ratings, see Maslennikov et al. (2009), which 
adjusts the rating based on the time interval the line operates at the defined level and based 
on the initial temperature. Flowgate bidding is different than these methods that determine a 
rating such that there is no damage to the line; flowgate bidding has the objective to operate 
the line at a level that may incur costs due to reducing its lifecycle but these costs are always 
less than the benefit gained by choosing to perform such an operation.  

The flowgate bidding model has been approved by the Federal Energy Regulatory 
Commission (FERC), which approves reliability standards and monitors compliance. The 
Southwest Power Pool, SPP (2007), places a $2000/MWh price and the New York 
Independent System Operator, NYISO (2007), has a $4000/MWh price on operating 
flowgates beyond steady-state capacity. These high prices are a result of being overly 
cautious to maintain reliability. Statistics from the NYISO website indicates that the 
$4000/MWh price is incurred about 0.5 percent of the time. 

A transmission line’s sag will increase when the flow increases due to additional heating. It 
is not permissible to operate a line to a point where there can be a fault due to excessive 
sagging. Reliability requirements are not being ignored by this concept. Each line has an 
emergency rating that it is able to operate at without causing excessive sagging that would 
cause a fault. Such a rating can be used to place an upper bound on how much the line can 
temporarily operate beyond its steady-state capacity due to the flowgate bidding model.  

Line ratings can be set based on reliability standards, such as the sagging example 
previously described. Ratings are also placed on transmission lines so that the line will 
function as expected over its chosen lifecycle. The flowgate bidding model would account 
for both of these situations by properly identifying the incremental capacity that the line is 
allowed to be overloaded, which would ensure that operation beyond steady-state capacity 
does not result in a violation of reliability standards. Then, it is possible to make the optimal 
decision regarding whether to operate the line temporarily beyond its steady-state capacity.  

The cost of operating the line beyond steady-state capacity would depend on the current 
state of the transmission element, the duration of time the line is overload, the overload level, 
and the immediate past usage of the transmission element. Since the strength of the line 
would deteriorate over time, the cost to operate the line beyond its steady-state capacity 
would increase over time. Likewise, the damage may be more extensive when the 
transmission element has been operated beyond steady-state capacity in recent hours as there 
is a time lag with the temperature of the transmission element since it does not immediately 
cool down to normal operating temperatures once the operation beyond steady-state capacity 
stops. Incorporating a cumulative cost function is important in order to ensure the loading of 
the transmission element returns to its steady-state operating level before reliability standards 
are violated. 
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SPP and NYISO place a high, fixed price on operating lines beyond their steady-state 
capacities so that the operation beyond the steady-state capacity will be short lived and the 
high price drives the operation back to steady-state before there is any severe damage or 
impact on system reliability. Modeling the thermal dynamics as previously discussed would 
achieve the same by having the cost increase in order to force the transmission element’s 
power flow back to its steady-state operating limit. The difference would be that the price is 
more reflective of the true costs of operating the line beyond its steady-state capacity.  

Future research is needed to develop such thermal dynamic characteristics. Future research 
should examine the marginal affect on operating lines beyond their steady-state capacities 
during normal operations, including a method to determine the safe operating level given the 
current state of the line and the cost associated with operating the line beyond its steady-state 
capacity. Without this additional research, there is the tendency to take a worst case 
approach. In part, this is the reason behind the choice in costs for the SPP and the NYISO.  

Flowgate bidding could also be of particular interest for wind farms. Wind farms typically 
do not reach a power output that is close to their capacity. There is then the question as to 
what is the appropriate line capacity that should be connected to the wind farm. Building a 
line with a capacity that matches the wind farm’s total capacity may result in additional 
transmission line capital costs that may not be necessary. If the line has less capacity than the 
wind farm’s capacity, there can be spillage. There is then the question as to what is the 
optimal transmission line capacity for a radial line to a wind farm. By incorporating the 
ability to operate lines temporarily beyond their steady-state capacities, the flowgate bidding 
model could provide savings in transmission line capital costs, a topic that warrants 
additional research. 
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APPENDIX 
 
Nomenclature 
 
Indices and Sets 
c:  Operating state; c = 0 indicates the no contingency state (steady-state); c > 0 is 

a single contingency state. 
g: Generator. 
g(n): Set of generators at bus n. 
k: Transmission element (line or transformer). 
k(n,.): Set of transmission assets with n as the ‘to’ node. 
k(.,n): Set of transmission assets with n as the ‘from’ node. 
K0 i: Set of transmission elements that are open, i.e., zk = 0, for network topology 

solution i that has an optimal solution in the sub-problem from the Benders’ 
decomposition technique but yet is revenue inadequate. 

K1 i: Set of transmission elements that are closed, i.e., zk = 1, for network topology 
solution i that has an optimal solution in the sub-problem from the Benders’ 
decomposition technique but yet is revenue inadequate. 

m, n: Buses (nodes). 
t: Period.  
 
Parameters 
Bk: Susceptance of transmission element k. 
cg:  Production cost for generator g. 
c SD

g: Shutdown cost for generator g. 
c SU

g: Startup cost for generator g. 
dn: Real power load at node n. 
dnt: Real power load at node n for period t. 
DTg, UTg: Minimum down time and minimum up time for generator g. 
FTR nm

f : Financial transmission right contract f  between sink bus n and source bus m. 
Gk: Conductance of transmission element k. 
H: Maximum number of transmission elements allowed to be switched. 
J: Number of open transmission elements. 
Mk: Big M value for transmission element k. 
N1ec: Binary parameter that is 0 when the element e is the contingency and c > 0, 1 

otherwise. 
P max

g, P min
g: Max and min capacity of generator g. 

Pmax
gc, P min

gc: Max and min capacity of generator g in state c. 
P max

k, P min
k: Max and min capacity rating of transmission element k. 

P min
kc, P max

kc: Max and min capacity rating of transmission element k in state c. 
R +

g: Maximum ramp up rate for generator g. 
R -

g: Maximum ramp down rate for generator g. 
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R +c
g: Maximum ramp up rate for generator g during a contingency state. 

R -c
g: Maximum ramp down rate for generator g during a contingency state. 

R SD
g: Maximum shutdown ramp rate for generator g. 

R SU
g: Maximum startup ramp rate for generator g. 

T: Number of periods. 
θ max, θ min: Max and min bus voltage angle difference. 
 
Variables 
Ak: Dual variable on transmission line k’s power flow constraint (admittance 

price). 
F +

k, F -
k: Dual variables on transmission element k’s capacity constraints, upper bound 

and lower bound respectively (flowgate marginal prices).  
LMPn: Dual variable on bus n’s power balance constraint (locational marginal price). 
Pg: Real power supply from generator g at node n. 
Pg0: Real power supply from generator g at node n for state c = 0 (steady-state). 
Pgc: Real power supply from generator g at node n for state c.  
Pgct: Real power supply from generator g at node n for state c and period t.  
Pk: Real power flow from node m to node n for transmission element k. 
Pkc: Real power flow from node m to node n for transmission element k for state c.  
Pkct: Real power flow from node m to node n for transmission element k for state c 

and period t. 
Qk: Reactive power flow from node m to node n for transmission element k. 
ugt: Binary unit commitment variable for generator g and period t (0 offline/down, 

1 online/operational). 
vgt: Startup variable for generator g and period t (1 for startup, 0 otherwise). 
Vn: Bus voltage at node n. 
wgt: Shutdown variable for generator g and period t (1 for shutdown, 0 otherwise). 
zk: Binary variable for transmission element k (0 open/not in service, 1 closed/in 

service). 
zkt: Binary variable for transmission element k and period t (0 open/not in service, 

1 closed/in service). 
αg: Dual variable on generator g’s capacity constraint (upper bound). 
θn: Bus voltage angle at node n. 
θnc: Bus voltage angle at node n for state c. 
θnct: Bus voltage angle at node n for state c and period t. 
λnc: Dual variable on bus n’s power balance constraint during state c. 
λnct: Dual variable on bus n’s power balance constraint during state c and period t. 
μ +

k, μ -
k: Dual variables on the relationship between φk, θn, and θm. 

φk: Bus voltage angle difference across transmission element k. 
ω: Master problem objective in the Benders’ decomposition technique. 
 




