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ABSTRACT OF THE DISSERTATION

Essays on Strategic Behavior with Information Goods

by

Lucas Siga

Doctor of Philosophy in Economics

University of California, San Diego, 2013

Professor Joel Sobel, Chair

This dissertation contains two chapters of my research.

Chapter 2 studies whether prices aggregate private information in large

competitive markets. To demonstrate the existence of fully revealing equilibrium

prices, the literature on common-value auctions typically assumes that the information

structure satisfies a strong ordering, the so-called monotone likelihood ratio property.

This assumption rules out a large number of market situations — for instance, when

signals come from different sources, and thus, the signals are multidimensional. This

paper provides necessary and sufficient conditions for the existence of equilibria that

fully aggregate information. These conditions are an ordering on the information

structure, although sufficiently weak to allow for multidimensional signals to fit

naturally. In addition, the paper shows that informative equilibria exist generically
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whenever signals are at least as numerous as values. On the other end, when signals

are scarce, relative to the values, the reverse result holds. In a context where the

object has multiple characteristics and signals are specialized to specific characteristics,

informative equilibria are generic as long as signals are sufficiently rich for each

characteristic.

Chapter 3 extends the Crawford and Sobel (1982) (CS) cheap talk model, by

allowing for the possibility that the message sent by the informed expert never arrives

to the decision maker. This feature introduces a novel strategic consideration because

when a message does not arrive, the receiver does not know whether the message was

sent and lost, or not sent at all. The paper studies equilibria under quadratic preferences.

In contrast to Blume et al. (2007), equilibria continue to have the partition structure

of CS when there are finitely many ways in which messages can be misinterpreted.

Furthermore, this mechanism achieves the upper bound on efficiency as in the mediated

mechanism by Goltsman et al. (2008).
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Chapter 1

Introduction
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My dissertation studies problems where strategic agents, possessing private

information, interact to attain a favorable outcome. The key challenge is to understand

whether the information can alter this outcome. Chapter 2 contributes to the literature

on price formation and the goal is to understand whether competitive market prices can

incorporate the information that is available but dispersed in the population (that is:

information that is privately held by the agents). This problem is commonly referred

as problem of information aggregation and it is key to understanding price efficiency

as, for example, it is asserted by the efficient market hypothesis. Within this topic,

my paper belongs to a branch of the literature that has focused attention to auctions.

The most important feature of this model is that the agents are bidding over a large

quantity of the same object — for example, U.S. Treasury bills — but they do not know

the value of the object (assumed identical for all agents) and this is where the issue of

information aggregation becomes relevant: Agents are assumed to be privately endowed

with a noisy signal that is associated with this unknown value. The key question is to

understand whether the auction mechanism will be able to incorporate this information

to the price of the object.

The most important contributions of chapter 2 are to provide the necessary and

sufficient conditions for existence of fully informative equilibria in economies with a

large population and, informally, to quantify whether these conditions are likely to occur

or not. The novelty of this result can be summarized by the word necessary. The existing

literature relies on strong, and only sufficient, conditions that are suited for environments

where the signals are unidimensional — for example, different quantities of a forecast

of the GDP figure in country A. However, when signals are multidimensional — such as

in an environment where, for example, the signals are not only quantities of a forecast

of the GDP figure in country A, but perhaps also forecasts of the election results in

country B — the literature does not provide any prediction. Chapter 2 shows that

informative equilibria exists for a much wider range of environments than anticipated

by the literature, including a large class of environments with multidimensional signals.

The paper shows that whether the informative environments arise generically or not

depend on the size of the space of signals relative to the the space of possible values.

When the information set is rich relative to the state of the world informative equilibria
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arise generically. On the other end, when the information set is poor, relative to the

possible states the reverse occurs, what happens generically is the failure of informative

equilibria.

Chapter 3, on the other end, focuses on an information problem that belongs to

the literature on cheap talk models pioneered by Crawford and Sobel (1982) (CS). In

these problems, informally, the main goal is to understand how an uninformed decision

maker can take advantage of communicating with a biased expert to take the most

efficient action. This literature has been able to capture most of the relevant factors

involved in strategic communication. Their paper showed that, essentially, the biased

expert is willing to provide a vague message to the decision maker in equilibrium.

How much vagueness is in the message is a function of the bias of the agent. The

most efficient equilibrium for the decision maker is also optimal for the expert. In

chapter 3, I extend the CS cheap talk model, by allowing for the possibility that the

message sent by the informed expert never arrives to the decision maker. This feature

introduces a novel strategic consideration because when a message does not arrive, the

receiver does not know whether the message was sent and lost, or not sent at all. This

addition imposes an external source of disruption in the communication channel that

no agent has control over. What is interesting in these environments is that, contrary

to an immediate intuition, this layer of complexity can enhance communication. The

external perturbation of the message has two effects: On one end, there is a loss in

communication associated with the fact that with positive probability the message is lost.

Therefore no communication will happen. On the other end, this probability of message

disruption implies that the expert can take advantage of this consideration and, in certain

favorable circumstances, pretend that the message is lost by not sending a message. The

decision maker will update on this potential strategic advantage of the expert but not

completely, because it is possible that the message lost happens for external reasons. It

turns out that when the external disruption is sufficiently small, the later effect increases

communication and also efficiency for the decision maker! In contrast to Blume et al.

(2007), the results from chapter 3 imply that there are, at most, finitely many messages

sent by the expert in equilibrium, which is the same partition structure as in CS. The

difference is that in some circumstances there are more distinct messages sent, and with
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small external disruptions, better communication. What is interesting is that whenever

preferences are quadratic, the mechanism with external disruptions achieves the upper

bound on efficiency as in the mediated mechanism by Goltsman et al. (2008).



Chapter 2

Complex Signals and Information

Aggregation in Large Markets
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Abstract

This paper studies whether prices aggregate private information in large

competitive markets. To demonstrate the existence of fully revealing equilibrium

prices, the literature on common-value auctions typically assumes that the information

structure satisfies a strong ordering, the so-called monotone likelihood ratio property.

This assumption rules out a large number of market situations — for instance, when

signals come from different sources, and thus, the signals are multidimensional. This

paper provides necessary and sufficient conditions for the existence of equilibria that

fully aggregate information. These conditions are an ordering on the information

structure, although sufficiently weak to allow for multidimensional signals to fit

naturally. In addition, the paper shows that informative equilibria exist generically

whenever signals are at least as numerous as values. On the other end, when signals

are scarce, relative to the values, the reverse result holds. In a context where the

object has multiple characteristics and signals are specialized to specific characteristics,

informative equilibria are generic as long as signals are sufficiently rich for each

characteristic.
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2.1 Introduction

A central question from an efficiency point of view is whether market prices

embody all the information that is dispersed among the participants. For instance,

the notion of laissez faire assumes that prices are good aggregators of information and

thus point agents in the direction of efficient action. Likewise, in the finance literature,

the efficient markets hypothesis builds on the idea that prices incorporate all available

information in the market.

This paper provides necessary and sufficient conditions under which prices can

aggregate private information in large competitive markets. The argument builds on the

literature on common-value auctions to show the existence of informative equilibria.

Focusing on auctions has several advantages: First, auctions are widely used — for

instance, for government bonds, equities, livestock, collectibles, everyday objects via

the internet, etcetera. Second, they are analytically tractable. Third and finally, they

share many common characteristics with other decentralized market institutions.

The literature on common-value auctions has provided some of the best

microfoundations to the efficient market hypothesis, that has played an important

role in advancing the idea that decentralized decisions can lead to efficient outcomes

Pesendorfer and Swinkels (1997) show that in auctions with many identical objects of

unknown value, and with privately and partially informed agents, the price converges

to the true value as the population grows large. This result is commonly referred as

(full) information aggregation. However, Pesendorfer and Swinkels’ result and the later

literature impose two restrictions on the information structure to show that information

aggregation exists. The first and most restrictive condition, known as the monotone

likelihood ratio property (MLRP), links agents’ private signals to the value of the object.

The MLRP is an ordering condition where a fully ordered space of signals imposes a

strong ordering on the space of joint distributions of signals and states of the world.

Informally speaking, the MLRP states that increases in signal strength make agents

uniformly more optimistic about the (posterior) distribution of the value of the object.

There are important drawbacks in assuming the MLRP. In settings in which

information comes from many different sources, signals are better described in

multidimensional spaces. Therefore, a full order on a multidimensional signal space
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is not defined and, therefore, a full order satisfying the MLRP will be arbitrary. To see

this more clearly, consider an example where the object of interest is a share on a mutual

fund, and the value of the share is the present value of the future returns on the asset.

Suppose that the fund has interests in two countries, A and B. Let a set of signals be

the possible forecast values of the GDP growth in country A. In some circumstances it

will not be unreasonable to state that larger values of this forecast will be associated with

“better” predictions of the value of the share, in the MLRP sense. However, suppose that

we introduce the prediction probabilities for candidates of an election results in country

B. Assuming that different candidates are associated with different economic outlooks

of country B, this addition creates a problem. The signal space is, in this example, the set

of both types of signals, GDP forecasts in country A and election predictions in country

B. The ordering on the space of signals does not arise naturally and, more importantly,

the distributions associated to signals from different sources need not have any type of

relationship. If, for simplicity, we assume that the GDP in A and the election result in

B are unrelated, the MLRP has no economic grounds and can only hold by accident.

This idea applies to other financial assets and more generally, one can argue that agents’

private knowledge is typically specialized to particular aspects of the markets (regions,

industry, etcetera). Such specialization is quite common in markets for goods that have

a minimal degree of complexity or are traded in large markets, where information may

come from sources that do not necessarily relate to each other.

There are also drawbacks in assuming the MLRP in unidimensional signals

spaces as well. For example, a family of normal distributions with unknown mean

is known to satisfy the MLRP, but only when the variance is constant. De Castro

(2010) also provides a comprehensive analysis of the most widely accepted stochastic

association conditions used in economics, and asserts that the MLRP is the strongest

among them, and it has undesirable properties.

The second restriction imposed by the existing literature is the assumption that,

conditional on the value of the object, signals are just random noise. This restriction

implies that there is only one way in which a value is realized, and it rules out cases

where there are different economic conditions leading to the same value of the object.

For example, in the case of the above example, it may be the case that the value of
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the object is the same under either good conditions in country A and bad conditions in

country B or vice versa.

Since these restrictions are are very stringent there is a wide range of information

structures associated to real life economic problems where the literature has no

prediction on whether markets can incorporate dispersed information.

This paper fills this void by fully characterizing information aggregation

equilibria. It presents a model containing a finite number of signals and states of the

world and a continuum of agents. The two finiteness assumptions allow the use of

linear programming tools and provide a geometric interpretation of the results; and

the assumption of a continuum of agents avoids some of the problems found in finite

economy models because, in a continuum, an agent’s decision cannot unilaterally affect

the outcome. The continuum assumption was made popular by Aumann (1964), and

it has been widely used as an approximation of a large economy. Within the auction

literature, it has been mostly used in the context of double auctions.

The main findings of the paper are as follows. First, it provides the necessary

and sufficient conditions for the existence of information aggregation. These conditions

are also an ordering on the space of distributions of signals conditional on states of

the world. This ordering is a consequence of an auxiliary result: A fully informative

equilibrium requires that the price is the value of the object. Therefore, states with

higher values need to have higher prices, and this turns out to force an ordering on the

conditional distributions of signals. However, in this ordering, different signals need not

be associated with a sense of how optimistic they are on the value of the object. This

ordering is generally much weaker than the MLRP and the second main finding of the

paper provides a quantifier for this assertion.

Second, when the number of signals is at least as large as the number of states

of the world, information aggregation is generic. On the flip side of the previous

finding, the probability of selecting an information structure that aggregates information

becomes arbitrarily small whenever the number of states of the world is sufficiently large

relative to the number of signals.

Third, the paper uses these findings to answer whether informative equilibria

can arise in an environment with multidimensional signal that generalizes the above
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example. More concretely, the paper assumes that the object’s value is a function of

multiple characteristics. Each agent receives a signal that is associated with a single

characteristic.

The paper shows that existence of informative equilibria is generic as long as,

for each characteristic, the number of possible values of a characteristic is no larger than

the number of possible signals associated to it. This result is remarkable because even

if we assume that signals within characteristics are associated by the MLRP (which,

arguably, it is the strongest condition we can economically impose), we can construct

examples where information aggregation fails. Economically meaningful stochastic

conditions are therefore not sufficient to guarantee that informative equilibria will arise

and therefore, the genericity of informative equilibria appears somehow as a surprise.

Also, relative to the previous finding, in the presence of many characteristics, the number

of states of the world will be much larger than the total number of signals, and yet

nevertheless, information aggregation exists. The result departs from the general model

in two respects: (1) Agents learn nothing about other characteristics, and this cannot be

good for information aggregation, but (2) the value of the object is a specific function„

of the characteristics, which limits the range of possible configurations of values. The

result shows that the latter force is stronger.

Finally, the paper concludes by showing that the informative equilibria of these

large games with a continuum of agents are also ε-equilibria of games with sufficiently

large but finite population, for arbitrarily small ε . This provides the connection with

economies that are large but finite.

The paper proceeds as follows: a brief discussion of the related literature; the

formal model; the main results; a demonstration that information aggregation is generic

for a large class of these games; and a discussion of the relationship between the

results of the paper and those of a finite economy using the notion of ε-equilibria.

Before concluding, the paper presents the implications of conditional independence and

considers how the results might apply to other environments.
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2.2 Related literature

The related literature on information aggregation, covered in detail in Vives

(2008), is discussed briefly here. Wilson (1977) pioneered the study of information

aggregation in auctions. He provided sufficient conditions for information aggregation

in a first-price auction with common value, a standard commonly referred as the mineral

rights model.

Milgrom (1981) provides a more suitable case for models embodying rational

expectations equilibria. He generalizes previous results by analyzing an auction that

contains not one object but k identical objects and formally introduces the MLRP. The

main advantage of this model is that it better represents a competitive market. That is, n

bidders are interpreted as being the demand part of the market, while the k objects are

the supply side. These results are restrictive, however, requiring strong conditions on

the information structure to compensate for what it is known as the “winner’s curse.”

The winner’s curse refers to the winner’s concern that n− k bidders are less optimistic

than the winner about the value of the object. As the number of bidders becomes

large, the winner’s curse (the negative information) becomes arbitrarily strong. Thus,

to sustain information aggregation, the negative information must be counteracted with

an arbitrarily strong signal received by the agents winning the bid.

Pesendorfer and Swinkels (1997) (PS) argue that this result is rather pessimistic

about markets’ ability to aggregate information. They investigate the case in which the

number of objects, k, is not fixed. The introduction of a supply that grows with demand

changes the predictions dramatically. Assuming the MLRP holds, they demonstrate that,

as long as the number of objects goes to infinity and the number of bidders in excess of

the number of objects also goes to infinity, information aggregation equilibria exist even

if individual agents have only minimal information. The argument relies on the fact that

the pivotal bidder not only learns that a large population is less optimistic (the winner’s

curse) but also that there is an optimistic large population. They refer to this effect as

the “Loser’s curse”. Moreover, they show that the symmetric equilibrium described by

Milgrom (1981) is unique in the class of symmetric equilibria, though they are not able

to determine whether other equilibria exist when relaxing the symmetry assumptions.

Thus, in contrast to the previous results, they provide a compelling example of the
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advantages of competitive markets.

A large literature builds on PS. For example, under the same setting, Kremer

(2002) provides a simple approach to the existence of information aggregation and

extends the result to a variety of mechanisms in auctions. In the context of auctions with

both private and common components, Jackson (2003) shows that when introducing

costly information, uniform price auctions do not generally aggregate information.

Harstad et al. (2008) investigate the effects of an uncertain number of bidders. They

show that information is aggregated as long as the uncertainty about the number of

winning bidders shrinks with the number of bidders. Hong and Shum (2004) study rates

of convergence.

Reny and Perry (2006) also contribute to this strand of literature by incorporating

strategic sellers. They focus on double auctions and, assuming the MLRP holds,

also show that information is aggregated. By focusing on this type of auction, they

address the important concern that strategic sellers are needed if the models are to better

represent competitive markets. Their results, however, deviate from pure common-value

environments: To avoid problems related to the so-called no-trade theorem typical of

double auction environments, their model requires a private-value component to agents’

preferences.

Kremer and Skrzypacz (2003) study how the information content of the order

statistic relates to information aggregation. They also investigate the role played by

the assumption that signals are independent conditional on the value of the object

(introduced by Wilson, 1977). They provide an example in which an unobserved noise

variable shifts the distribution of signals independently of the state of the world; in such

an environment, even if the MLRP holds, information aggregation fails.

Investigating the commonly used assumptions of dependence among random

variables, de Castro (2010) argues that that the MLRP is the most restrictive among

them. Serrano-Padial (2011) incorporates so-called behavioral, or noisy, agents in

a double auction setting with a continuum of agents and shows that, as long as the

population of rational agents is large enough relative to the population of noisy ones,

information is aggregated. Bodoh-Creed (2010) sets conditions so that the equilibria

of large games arise as the limit of a sequence of finite games. Applying his result
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to an auction framework with multiunit demand, he shows that MLRP implies that

information aggregation is the unique outcome in a large game.

Similar to this paper, Ostrovsky (2009) studies an environment with multiple

characteristics. However, the market structure and the nature of information aggregation

are different. He focuses on a finite economy where agents interact repeatedly.

Information aggregation surges as agents update from observing repeating transactions.

Ostrovsky’s paper considers a large market and the transaction time is instantaneous

before knowing anything about other agent’s effective actions.

2.3 The Model

The paper begins by first, presenting a model with finite agents to introduce the

main componentes of the game, as well as to introduce the notation to show that the

continuum economy is well approximated by its finite counterpart through ε-equilibria.

2.3.1 The finite game

Consider a sealed bid auction with n agents and kn objects. The agents’ actions

are bids in A⊂ R. The kn agents with the higher bids win, each, a single object and pay

the kn +1 highest bid. Let Ω×Sn be the set of states of nature. Let #Ω = m, and #S = q,

where # indicates the number of elements of a set, with m, q. This space is governed

by a probability function Pn that is common knowledge. We interpret Ω as the set of

payoff-relevant possible states of the world, and S as the set of possible signals. Given

a realization (ω,s) ∈ Ω× Sn, agent i observes the ith element of the vector s, s(i) ∈ S ,

when deciding on what to bid. Let a mixed strategy profile be σn with typical element

σ(i) representing the strategy for agent i. Thus, σ(i) is an element of ∆(A), the set of

Borel probability measures on A. For convenience we will impose symmetric bidding

profiles so that σ(i) = σ( j) for all i, j.1

1Imposing symmetric strategies is not necessary but without this assumption one has to impose some
type of regularity conditions so that as n grows large, there is a convergence in the aggregate agent’s
behavior. Otherwise bayesian inference in the limit is not well defined. The continuum game, on the
other hand, only imposes that aggregate behavior exists.
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Given a state of the world, ω; and a realization of the price, p̂, the payoff for an

agent winning the object is given by v(ω)− p̂, where v : Ω→ R.2 An agent who loses

gets zero. Whenever the kn + 1 highest bid is equal to the kn highest bid, there are ties

and the outcome is undefined as it stands. This paper imposes the usual tie-breaking

rule, in which the winner of the object has equal weight among agents with the same

bid. Finally, agents are expected utility maximizers. This defines a standard Bayesian

game that is denoted by Γn.

2.3.2 The large game

Following Aumann (1964), the core of this paper focuses on a continuum of

agents as an approximation of a large economy. The following assumptions ensure that

a game with a continuum of agents, Γ̃, is a good limit approximation to the large, but

finite, game.

Assumption 1. kn/n→ κ ∈ (0,1).

Assumption 2. Pn(s|ω) = P(s(1)|ω)P(s(2)|ω)...P(s(n)|ω), for some P(.|.)
independent of n, for all ω ∈Ω.

Assumption 1 sets the supply for the large game. The price is given by the 1−κ

quantile of the distribution of bids, and it is the continuum equivalent of the kn + 1

highest order statistic of the finite game. Assumption 2 states that agents’ signals are

independent, conditional on the state of the world, and drawn from a distribution P(.|ω).

Let zω = (P(s1|ω),P(s2|ω), ...P(sq|ω)) be the distribution of signals in state ω , where

all agents draw a signal from. zω ∈ ∆q, where ∆q = {z : z ·e = 1,z≥ 0,z∈Rq} is the unit

q-simplex, e is a vector of ones, and · is the inner product. We refer to z = (zω)ω∈Ω ∈
∆m

q as the information structure of the game, and Assumption 2 guarantees that it is

independent of the number of agents, n. Agents’ actions are contingent on their own

signals only, and, together with Assumption 2, it implies that agents cannot correlate

their actions.

In the game Γ̃, agents are points in the unit interval. The supply of objects

is given by κ . In state of the world ω , there is a continuum of agents drawing
2As will be evident later in the paper, the risk neutrality assumption is made only for ease of notation.
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independent signals from the distribution zω . This approach for a large game entails

a technical challenge, documented in Judd (1985). There is a continuum of random

signals (corresponding to each agent’s draw). Each agent randomizes according to a

mixed strategy, producing a continuum of random variables. The law of large numbers

(LLN) is not guaranteed to work with uncountable random variables, so the aggregate

actions of the agents (the distribution of bids in a state ω) are not well defined. The

standard path to bridge this problem is to impose the LLN, but that comes at the cost

of obscuring the connection between the continuum and its finite counterpart (which is

the more economically meaningful environment). This paper follow this line of work.

The problem of following this path is that it is unclear how the finite and the continuum

economy relate. Although this paper imposes the LLN, it addresses the problem by

showing that the results of this paper for the continuum economy are well approximated

by a sequence of finite games using the “near” equilibrium concept of ε-equlibria.

Thus, zω represents not only the distribution of signals in state ω where agents

draw signals from but by imposing the LLN it also it represents the mass of agents

receiving each signal in state ω .

The space of feasible pure strategies in this setting is clear, but unfortunately,

equilibria with finite states of the world in this model generally require mixed strategies.

This implies that there may also be an uncountably infinite number of random variables

representing each agent’s mixed strategy. Thus, the strong LLN is also assumed

restricting the space of strategies. As a consequence of this assumption, for a signal

s and some strategy profile σ , there is a fixed number, Fσ (b|s), that represents the mass

of agents bidding up to b among the pool of agents observing signal s.

These assumptions guarantee that, given ω and σ , there is a well defined

distribution of bids, Fσ (b|ω), and therefore a specific value for the (1− κ)-quantile

of the distribution. This quantile is denoted by pσ (ω), and defines the price paid by the

agents. Finally, the model assumes that in the scenario, in which exactly 1−κ mass of

agents are bidding up to a certain value, only those agents bidding above that value get

the object. This assumption represents a minor adjustment to relate this game to its finite

counterpart, in which the kn +1 highest bid sets the price but does not get the object. In

terms of payoffs, the difference between the finite game and its large counterpart is that,
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in the large game — and conditional on a strategy profile — prices are a nonstochastic

function of states of the world and independent of any individual agent’s action.

With this structure, we are ready to introduce the notion of information

aggregation. The following are two related definitions that mimic those of Kremer

(2002) for a continuum game.

Definition. A strategy profile σ aggregates information if pσ (ω) = v(ω) for all

ω ∈Ω.

Definition. A strategy profile σ is informative if there exists a function f such

that f (pσ (ω)) = v(ω) for all ω ∈Ω.

The first definition is the standard notion of information aggregation in the

context of a large game. A strategy that aggregates information is an equilibrium

strategy since the price paid always equals the object’s value, and thus — regardless

of the action — profits are always zero. This definition imposes both, that the price

is sufficient to learn the value, as well as the exact relationship between price and

value. The second definition is weaker, and it has the advantage of focusing only on the

information incorporated in the price. In some sense this definition is the most relevant

for studying the information transmission property of prices. Much as in Kremer (2002),

the two definitions are interconnected, but in the limit game the relationship is stronger.

The first result of the paper formalizes this stronger connection.

2.4 Results

Clearly, information aggregation implies informativeness. The following result

shows that, in equilibrium the reverse direction also holds.

Theorem 1. An informative equilibrium strategy aggregates information.

The proof of this and all the remaining results are relegated to Appendix 2.10.

This result says that a strategy can be informative in equilibrium only if it aggregates

information. This result has an important consequence: In an informative equilibrium

there is no risk involved. Therefore, the risk neutrality assumption is innocuous in

characterizing equilibria that aggregate information.
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Given this result, the following observation shows that focusing on symmetric

strategies is without loss of generality for information aggregation. In state ω , the mass

of agents bidding b in state ω and a generic strategy σ is given by ∑s Fσ (b|s)P(s|ω) =

Fσ (b|ω) (provided, the LLN is assumed to hold). For any arbitrary equilibrium strategy,

σ , that aggregates information, we can construct a symmetric strategy, σ̂ , where every

agent observing s, bids according to the distribution Fσ (b|s). Therefore, Fσ̂ (b|ω) =

Fσ (b|ω) for all b and all ω . Therefore, σ̂ aggregates information as well. Since the

focus of this paper is the behavior of prices that are just a function of Fσ (b|ω), it is

without loss of generality to focus attention to symmetric strategies only.

2.4.1 Characterization

Define the ordered set of possible values by V = {v1,v2, ...,vm̂}, where i < j

implies vi < v j, and for all i, vi = v(ω) for some ω ∈ Ω. Then, m̂ ≤ m, since there

cannot be more than one distinct value for each state of the world. Let Z−(vi) = {zω :

v(ω)≤ vi,∀ω ∈ Ω}. This is the set of signal distributions associated with values equal

to or smaller than vi. Analogously, Z+(vi) = {zω : v(ω) > vi,∀ω ∈ Ω} is the set of

distributions associated with values above vi. Let H(α,β ) = {z : α · z = b}, H∆(α,β ) =

H(α,β )∩∆q, and H+(α,β ) = {z : α · z ≥ β}∩∆q. If β = 0, we simply write H(α),

H∆(α), and H+(α) respectively.

Theorem 2. There exists an equilibrium that aggregates information if and only if there

are points α1, ...,αm̂−1 ∈ Rq, such that (i) for all i < m̂, Z−(vi) ⊂ H+(αi), Z+(vi)∩
H+(αi) = /0, and (ii) the sets H+(αi) are nested.

The main advantage of this result is that it tells us what information

configurations allow for information aggregation. However, as opposed to the results

of the literature that impose MLRP, it is not immediately clear from the theorem what

the strategies that aggregate information should look like. If the MLRP holds there is

a simple interpretation of the agents’ bids: They are the expected value, conditional on

the agents’ own signals being pivotal. Theorem 2 imposes a nesting condition on the

space of conditional distributions of signals. This condition is indeed an ordering on the

space of signals, and it is the weakest ordering that allows for information aggregation.
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Because this ordering is abstract, strategies will not generally have an immediately

evident interpretation.

Before providing an intuition of the result it is convenient to present some

examples that illustrate these conditions. Refer to Theorem 2’s conditions (i) and

(ii) as separation and nesting respectively. The two conditions are restrictions on the

information structure z. Consider an environment containing only three possible signals,

{L,M,H}, so that the unit simplex of conditional distributions can be represented by

a triangle, as shown in the following figures. Therefore, a point in the triangle is a

representation of some distribution zω ∈ ∆3, for some ω ∈ Ω. Let the y-axis be the

probability (or mass) of the signal M conditional on the state of the world, and the x-axis

the equivalent for the signal L. To keep track of the value of the object, the number

adjacent to a point in the triangle is the value associated to the state of the world. An

information structure is thus a configuration of the states of the world (the points) in the

unit simplex (in this case, the triangle).

The triangles in Figure 2.1 are an example of an information structure that

aggregates information. The y-axis of the point labeled 2, for example, is P(M|ω̂),

and the x-axis is P(L|ω̂), for v(ω̂) = 2. Figure 2.1(a) shows the first separation line and

highlights the set generated by the upper half-space of the hyperplane defined by the

line. Figure 2.1(b) introduces the second separation line. This second line generates a

new set (the shaded area), which by the nesting condition must superimpose the shaded

region in figure 2.1(a). Figure 2.1(c) iterates this process further. In this example, the

hyperplanes intersect outside of the triangle showing that the lines need not be parallel.

Clearly, there are infinitely many other sets of lines that also do this job. Theorem 2

requires only that there is at least one way to achieve the slicing.

In contrast, Figure 2.2 shows information structures that do not allow for

information aggregation. Figures 2.2(a) and 2.2(b) illustrate the same condition. The

point labeled 1 is in the convex hull of the higher value points. Thus, no hyperplane can

separate point 1 from the rest, a situation that violates the separation condition.

Figure 2.2(c) fails the separation condition, but for a different reason. Although

no point is in the convex hull of the other in this case, the convex hull of points 1 and

2 intersects the convex hull of points 3 and 4, and therefore these two groups cannot
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Figure 2.1: Example of information aggregation
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Figure 2.2: Examples of failure of information aggregation
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be separated. Lastly, Figure 2.2(d) shows a case that satisfies the separation condition

but fails nesting condition. The figure shows that the line separating point {1} from

{2,3,4}, and the line separating {1,2,3} from {4}, will necessarily intersect within the

simplex. The respective upper half-spaces cannot be nested within the simplex.

2.4.2 Informal proof

The intuition of the proof requires the understanding of the connection between

the (1−κ) quantile of the distributions of bids, in every state of the world, and the role

of the separating hyperplanes.

The necessity part is simple but requires to consider the implications of

information aggregation at the quantile of distributions of bids. We do so with the help

of Figure 2.3. Consider a strategy, σ , that aggregates information. Since there is a mass

κ of objects, and a mass 1 of agents, the price is defined by the (1−κ) quantile of bids.

Consider the states of the world ω , ω ′, and ω ′′, such that v(ω) < v(ω ′) < v(ω ′′).

1− κ

bidsv(ω)

Fσ(.|ω)

Fσ(.|ω′)

Fσ(.|ω′′)

αω′ · zω

αω′ · z′
ω

αω′ · z′′
ω

1
(a)

L

M

H

ω

ω′

ω′′

H(αω ′, 1− κ)

1
(b)

Figure 2.3: Sketch of the proof

Figure 2.3(a) illustrates a requirement of information aggregation on the

distributions of bids, at a specific value, v(ω ′). For exposition, these distributions

are assumed to be strictly increasing but the intuition holds generally. Information
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aggregation implies that pσ (ω ′) = v(ω ′), so Fσ (v(ω ′)|ω ′) = 1− κ . Furthermore, the

distribution associated to a lower value, ω , must be above 1− κ at a point v(ω ′),

because 1− κ = Fσ (v(ω)|ω) < Fσ (v(ω ′)|ω), since σ aggregates information. Using

the same reasoning, the reverse holds for distributions associated to ω ′′. This simple

observation is at the core of the separation condition. Note also that this argument

implies that (at a particular quantile) the distributions of bids, for different states, must

be fully ordered. We next discuss what are the implications of this necessary order,

on the distributions of signals. The following step is to show that there is a simple

geometric connection between the above remarks, summarized in Figure 2.3(a), and

the unit simplex of the conditional distributions of signals. Suppose again there are

only three possible signals {L,M,H}, and let Figure 2.3(b) represent the respective

points {zω ,z′ω ,z′′ω}. We need to define an object that plays a fundamental role: αω =

(Fσ (v(ω)|L),Fσ (v(ω)|M),Fσ (v(ω)|H)), where Fσ (.|s) is the mixed strategy for type

s. Then, 1− κ = Fσ (v(ω ′)|ω ′) = αω ′ · zω ′ . Similarly, for ω , 1− κ < Fσ (v(ω ′)|ω) =

αω ′ · zω ; and for ω ′′, 1−κ > Fσ (v(ω ′)|ω ′′) = αω ′ · zω ′′ . Then, αω ′ represents the norm

of the hyperplane, H(αω ′,1−κ) illustrated in Figure 2.3(b). This hyperplane separates

states with lower values ω and ω ′, from states with higher values, ω ′′ in this case.

Therefore there is a sequence of α’s that produces an appropriate separation.

The nesting condition can be show to hold by introducing αω ′′ . By definition,

αω ′′ ≥αω ′ ≥ 0, and αω ′′ 6= αω ′ , since v(ω ′′) > v(ω ′). If the two hyperplanes, H(αω ′,1−
κ) and H(αω ′′ ,1−κ), intersect within the simplex, there exists z∈∆3 such that αω ′′ ·z =

αω ′ · z. This is not possible since z≥ 0, and z 6= 0. Therefore, a strategy σ contains the

vectors that satisfy the conditions from Theorem 2.

The argument that shows that the order condition from the theorem is sufficient

is is more involved and provides little intuition. Essentially, it states that if there exists

a sequence of hyperplanes that satisfy the conditions of the theorem, there is an afine

transformation of their respective norms, such that the graph is unmodified, and the

transformed norms are the elements of a mixed strategy that aggregates information.

Two lemmas in the proof connect the hyperplanes generated by the points αi’s with the

equilibrium strategy profile. Lemma 1, says that, for any hyperplane H∆(α,β ), there is

an equivalent representation by any afine transformation on α,β . Lemma 2 implicitly
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says that, for any two nonintersecting hyperplanes, an afine transformation exists such

that the norms of the hyperplanes can be ranked by an element-wise inequality. The

reminder of the proof focuses in showing that given a ranked sequence of norms there is

a further afine transformation, that keeps the rank and achieves information aggregation.

Given the abstract character of the conditions of the theorem, it is valid to

ask how they relate to the standard MLRP. The next section exploits the geometry of

environments with three signals to highlight its distinguishing features.

2.4.3 Separation and Nesting vs MLRP

In this section I contrast the conditions imposed in the theorem with the

restrictions associated with the MLRP. I also compare the results with the widely used

FOSD given its resemblance with the local flavor imposed by the equilibrium.

To understand the role of the conditions from the theorem relative to the

literature, this section further assumes that v : Ω→ R is a bijection. This assumption

implies that for every value of the object, there is a unique point in the simplex. Together

with Assumption 2, this assumption is equivalent to the conditional independence

assumption from PS. Therefore, under this assumption, there is no distinction between

states of the world and value of the object. With this in hand, we are ready to formally

state the MLRP and FOSD for discrete probability functions.

Definition. Consider two ordered sets Ω and S . A family of probability

mass functions satisfies the monotone likelihood ratio property if the likelihood ratio

P(s|ω ′)/P(s|ω) is increasing in s ∈ S for all ω ′ > ω , with ω,ω ′ ∈Ω.

Let F(s|ω) be the cumulative distribution of signals conditional on ω . Then,

Definition. F(.|ω) first-order stochastic dominates F(.|ω ′) if for all s ∈ S ,

F(s|ω)≤ F(s|ω ′).
Figure 2.4 compares the restrictions imposed by MLRP and FOSD with the

conditions from the theorem in a unit 3-simplex. The interpretation is the same as in the

previous figures: There are 3 possible states with values {1,2,3} and 3 possible signals,

low (L), medium (M), and high (H). A point in the simplex represents a particular state

of the world, and the number adjacent to the point is the value associated to the state.

Finally, the coordinates of a point are the conditional probabilities for each possible
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signal. The figure shows the states with values 1 and 2, and also shows, in shaded, the

areas where a state with higher value is permitted, by each particular condition. In figure

2.4(a), the slope of the line from the origin, intersecting each point, is the likelihood ratio

between the L and M signal. Analogously, the likelihood ratio of the M and H signals

is constant along the lines with origin on the right end of the triangle, the ratio of the

medium and high signals is constant. The MLRP imposes that higher values move in

the direction of the arrows.

M

L

12

H

(a)

M

L

12

H

(b)

M

L

12

H

(c)

Figure 2.4: Standard monotonicity and with 3 values
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The lines in figure 2.4(b) are the restrictions imposed by FOSD, known to be

weaker than the MLRP. As the value increase, the mass on the L signal has to decrease.

This is represented by the vertical lines and arrow pointing to the left. Also the mass on

the sum of the low and medium signals must decrease as well. This is represented by

the diagonal lines and the arrows pointing to the bottom-left direction.

Finally, for the conditions of Theorem 2, when there are only three values and

three signals the restrictions are minimal. In particular, it is required that the point

associated to a higher value is not in the convex hull of the other lower valued points.

In the case where there are only two states of the world (and therefore only two

points) no condition is truly binding. Figures 2.4(a) and 2.4(b) suggest the opposite but

as long as we able to relabel signals, the conditions imposed by the MLRP and FOSD are

always satisfied. Thus, for two states of the world, the three conditions are essentially

equivalent. This is no longer true when there are more than two states. The existence of

two points impose a specific order that a third point will need to follow.

Figure 2.5 introduces a third point with value 3 and shows, in shaded, the feasible

region for a state with yet a higher value. The mechanics in the first two graphs are

unchanged (except for the fact that the feasible region shrinks). The shaded region in

Figure 2.5(c) is more involved as the configuration of points introduces new restrictions.

A careful observation of the separation and nesting conditions should convince the

reader about the feasibility of any point in the shaded area.

The most important feature to take from this figure is that, contrary to the

previous figure, no condition is generic any longer. This is discussed in detail in the

next section.

Figures 2.4 and 2.5, suggest a relationship between these three conditions. This

observation is formalized in the following result.

Theorem 3. Suppose v : Ω→ R is a bijection. Then, MLRP implies FOSD and FOSD

implies separation and nesting.

The first part of this result is a well established property and the proof focuses

only on the second part of the theorem. Finally, without the bijection assumption, neither

the illustrations from this section nor the relationship from Theorem 3 apply. Section

2.7 discusses the relevance of this assumption.
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Figure 2.5: Standard monotonicity conditions versus the theorem with 4 values
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2.4.4 Measure of informative environments

Having a full characterization of the conditions for information aggregation

provides us with a tool to understand how often these conditions are satisfied. The

following results answer these questions. Fix the number of states, m, and the number of

signals, q. An information structure z is an element of the space ∆m
q . Let the information

structures that violate the conditions for information aggregation be ZNIA.

Theorem 4. The set ZNIA has Lebesgue measure 0 on Z if and only if m≤ q.

The result for q = 3 is immediate from Figure 2.4(c). The general principle is

that whenever the number of signals is large enough relative to the possible states of the

world, there is almost always some hyperplane that “helps” ordering all the states of the

world. This ordering is a function of the distance of the elements zω ’s to the hyperplane.

Furthermore, this is true for any possible ordering on states of the world since each point

lies in a different dimension. Thus, if this hyperplane exists, we can apply Corollary 1,

in Appendix 2.10, to show that the separation and nesting conditions from Theorem 2

are easily generated with parallel shifts of this hyperplane.

This result highlights one of the contribution of this paper and shows its contrast

with the results of the existing literature. Consider an environment with q signals and

assume that we take m iid points from the unit q-simplex. Figure 2.4 highlights the

contrast when q = 3 but it is not immediate whether, for large m, the probability of

satisfying separation and nesting will be meaningfully different from the probability of

satisfying the MLRP. After all, if we randomly add points to the triangle, the probability

of satisfying both, the MLRP, and the separation and nesting, should get arbitrarily close

to zero for a sufficiently large m; as we introduce more states, and therefore, restrict the

space furthermore with each draw. However, letting q be large as well, does not change

the argument substantively for the MLRP. Figure 2.5(a) can be used again to understand

this point. Suppose that q > 3, and let the vertical and horizontal axes of the figure be

defined as before. The MLRP still implies the same conditions regarding the lines with

positive slope in the figure. The interpretation is the same as above. The lines with

negative slope are now meaningless. Therefore, a point with value 4 must be above

the line from the origin to the point 3. As we introduce more points in the simplex,
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the probability of failure of the MLRP will necessarily get arbitrarily large, as the lines

get steeper. This is regardless of the number of signals. This simple illustration shows

as m grows to infinity, failure of MLRP is generic, while the separation and nesting

conditions are generic as long as q is large too.

Another advantage of a full characterization is to be able to answer the opposite

question: Under which environments information aggregation is doomed to fail? Again,

assume that we take m iid points from the unit q-simplex. The following theorem

provides an upper bound on the number of states needed relative to the number of

signals so that the probability that the information structure fails with arbitrarily large

probability.

Theorem 5. Given δ > 0, a number of signals q and suppose that states are added

randomly. There exists number of states m(q) such that the probability that an

information structure aggregates information when there are m > m(q) states is less

than δ . Furthermore, limsupq→∞ m(q)/q is bounded.

The intuition behind this result can be seen again, by considering q = 3 and

thinking about the triangle of conditional distributions. Consider introducing random

points in the triangle. The probability that there is a point “near” every corner of the

triangle is arbitrarily large for a sufficiently large number of points, m. The term“near”

can be made as precise as we need in probability by increasing m. Then, by further

adding more points to the triangle, we guarantee that, eventually, the probability that a

point is in the convex hull of the three corner points is also arbitrarily large. The proof

extends this argument to any arbitrarily large simplex, and it shows that the upper bound

of points needed are a linear function of the dimensions of the unit simplex (or possible

signals).

That is, in the economic environments where signals are not very rich, relative

to the possible values, we are confident that information aggregation can only exist by

accident.
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2.5 Multidimensional Signals

Recall that the motivation of this paper hinges on the the intricate nature of

information by emphasizing the multidimensional nature of information in markets.

The setup of the model does not restrict the space of signals. Thus, the above results

fit, both environments with unidimensional and multidimensional signal spaces. By

incorporating more structure we can further understand specific scenarios. Consider the

case of U.S. Treasury bills. These assets are traded in sealed bid auctions as described

by the model. A common approach in finance is to describe all the relevant information

for predicting Treasury security yields in terms of a principal components analysis

comprising three factors: (1) the average value of all yields, often referred to as the

level factor; (2) the slope of the yield curve; and (3) the curvature of the yield curve. By

definition, these factors are independent. Imagine that different agents observe noisy

signals on these factors. Pushing this example a bit further, suppose that an agent

observes a signal on a particular factor only. At the end of this section we discuss

the implications of this assumption.

This section models this type of environment with multidimensional signals and

specialized agents. In particular, consider an environment where agents are bidding

on an object that is a function of c different characteristics. Let the space of states

of the world be Ω = Πc
i=1Ωi, where #(Ωi) = mi is the number of distinct values for

characteristic i. A state of the world is a c-tuple ω = (ω1, ...ωc), where ωi ∈Ωi. Assume

the characteristics are mutually independent. The function v : Ω→ R defines the value

of the object as before. Independently of other agents, with probability πi an agent

receives a signal on characteristic i. This signal is drawn from a distribution zi
ωi

, and it

only depends on characteristic i (ωi). More precisely, an element of zi
ωi

is a probability

P(s|ωi), where s ∈ Si is a signal on characteristic i. Let #(Si) = qi, and Si ∩ S j = /0

whenever i 6= j. The signals for each characteristic are distinct so the agents know

the which characteristic they are learning about. ∑πi = 1. Here again, the LLN is

imposed so that πi, effectively, also represents the mass of agents observing signals on

characteristic i. Therefore, in state of the world ω = (ω1, ...,ωc), an ex-ante distribution

of signals is zω = (π1z1
ω1

, ...,πczc
ωc

).

There is a substantial challenge. Consider the relevant primitives of the model:
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The conditional distributions for each characteristic, zi
ωi

’s, and the function v that groups

all these characteristics together. Ideally we would hope finding conditions on these

primitives for information aggregation equilibria, much in the same spirit of Theorem

2, as well as in the literature. However, this approach is unappealing and the following

example helps illustrating this point.

0

H'

H

1

3

1

2

4

4

5

7

Figure 2.6: Example with 2 characteristics and binary signals

Example 1. Suppose c = 2, Ω1 = {0,1,4}, Ω2 = {0,1,3}, v(ω1,ω2) = ω1 + ω2, and

let the support of the signals distributions for characteristics 1 and 2 be {L,H}, and

{L′,H ′} respectively, so that each characteristic has binary signals. Suppose that

characteristics and their signals are associated by the MLRP. Let π1 = π2 = 1/2.

Notice the following convenient fact. Given a state ω , by knowing the mass of agents

observing H and H ′ we know the distribution of signals. Thus, we can represent states

of the world much in the same fashion as in the figures of previous sections. Figure

2.6 summarizes a specific information structure satisfying the above conditions. The

horizontal axis represents the mass of agents observing signal H, and likewise, the

vertical axis represents the mass of agents observing signal H ′. Consider the point

0. This point is the distribution associated to (ω1,ω2) = (0,0). Similarly, the point 4,
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with (ω1,ω2) = (4,0) keeps the probability of signal H ′ constant while increasing the

chance of signal H. This is a consequence of the independence of the characteristics.

More generally, all points in the triangle represent all the possible combinations of Ω1

and Ω2. Due to a reduction of degrees of freedom by 2 in a model with 2 characteristics,

the separation condition has the same geometric interpretation in this triangle. Note

that the point 2 is in the convex hull of higher values states, and therefore, information

aggregation fails.

Clearly, by just changing probabilities the example can be adjusted so that

information aggregation exists. But the point to take from this example is that

guaranteeing information aggregation requires a control over the magnitudes, both for

the elements of Ωi’s as well as their conditional probabilities. Furthermore, different

functions v’s will require different adjustments — for example, suppose that f (ω1,ω2) =

ω1ω2. That is, an ordering such as the MLRP on its characteristics is not sufficient to

guarantee information aggregation. Imposing stronger conditions will be generally of

very limited predicting power from an economic standpoint. This presents an important

challenge and suggest that there is little hope for informative equilibria, considering that

we have little control even over simple examples such as this one.

Fortunately, the following strong prediction for these environments with multiple

characteristics is a consequence of theorem 2 and help us bridging these types problems.

For simplicity, fix the πi’s. An information structure z with the above restrictions is an

element of a space that is isomorphic to ∆
m1
q1 ×∆

m2
q2 × ...×∆mc

qc
= ∆̃ (informally, we can

think of a separate information structure for each characteristic). Let Zc
NIA ⊂ ∆̃ be the

set of information structures that do not have informative equilibria.

Theorem 6. Let mi ≤ qi for all i, and for all ω = (ω1, ...,ωc) ∈ Ω assume ψ(v(ω)) =

φ1(ω1) + ... + φc(ωc) for some increasing function ψ : R+ → R+, and arbitrary

functions φi : Ωi→ R. Then Zc
NIA has Lebesgue measure 0.

In words, this result says that if the function v() is separable under a monotone

transformation, and there are as many signals for each characteristic as the values that

each can take information aggregation is generic. This is remarkable given that theorem

4 requires m≤ q while this result implies that, even if there are m1×m2× ...×mc distinct
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values and only m1 + ...+ mc distinct signals, equilibria that aggregates information is

generic. This is true for a large class of functions v’s (e.g. v(.) = ω1 + ω2, or v(.) =

ω1ω2).

The intuition of this result is not immediate. We can be confident that this is

true when c = 2 and m1 = m2 = q1 = q2 = 2 because there are only 4 points and we

can represent this with a triangle. However, a binary example does not lend itself to

generalizations and unfortunately, a more substantive example would immediately lose

tractability. This result has more subtle interpretation. This environment imposes a set

of restrictions on the general model. First, agents are somehow less informed overall,

since the mass of bids for agents informed on characteristic i will be independent of any

change in any other characteristic. This can not be good for information aggregation.

On the other end, the function v restricts how these characteristics interact, imposing

certain monotonicity condition. This this good for information aggregation because it

limits the arrangements of possible values. As it turns out, the later effect dominates.

Within the space of any individual characteristic i, and since ni ≤ mi, there exists a

well ordered bidding scheme for agents observing i (almost surely, by Theorem 4). The

independence of the characteristics and the monotonicity of v take care of the rest.

This in turn reflects on an issue related to the mutual independence assumption.

If signals on different characteristics have minimal correlation this result will not be

affected. As the correlation increases the result will no longer be valid. This should

be of little surprise. Theorem 4 provides the measure for general information structure

with correlated signals and on the other end, the model with characteristics assumes that

some signals are orthogonal to others. Models with some degree of arbitrary correlation

should fall in between these two results. Therefore, partial correlation environment will

require special treatment.

2.6 Finite Population

The paper introduces the continuum game as a limit approximation of a large

but finite game. This section shows that whenever the information structure aggregates

information in the limit game, there exists a “near” equilibrium strategy that aggregate
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information in a sufficiently large but finite game.

A fundamental question that has to be addressed is whether the results using the

approximation game with a continuum of agents hold in an environment with finitely

many agents. The answer is not immediate since, through out this paper, the LLN is

imposed rather than deduced. The reason why this is important is because we know

that the set of equilibria in the approximation game do not generally coincide with the

set of equilibria in the large, but finite, economy. For example, the finite game has the

following type of, undesirable, degenerate equilibrium. For a given quantity of objects

k, suppose that exactly k agents invariably bid the highest possible price the object can

take, v, while the rest of the population bid always zero. In this equilibrium, those

agents bidding the high price will get the object and pay zero. This equilibrium is

sustained because the agents bidding zero are pivotal. These agents can only change

her outcome by, instead, bidding v. But then, the pivotal price will be v always, which

is above the expected value of the object. In a continuum economy, agents can not

affect prices individually because they have zero mass, and therefore, an agent bidding

zero can change her bid without influencing prices. Thus, this type of strategy is not an

equilibrium in a continuum game.

On the other end, imagine an equilibrium of the continuum economy where the

strategy is symmetric and fully mixed as described in the proof of Theorem 2. In a

finite game, profits are not going to be zero always due to the stochastic nature of the

game. If the likelihood ratios of the signals are not monotone, potentially, there may be a

sufficiently optimistic signal such that the agent’s posterior implies that the expectation

of bidding a high value is positive and thus the agent will choose not to follow the

prescribed mixed strategy. The same type of deviation can happen with pessimistic

signals. Thus, it is not difficult to construct scenarios of this sort, and therefore, a

equilibrium strategy profile of the continuum economy will not be, necessarily, an

equilibrium of the finite economy. This later example is not fully conclusive, since there

is still room for an approximation by consider sequences of strategies that may converge

to the limit economy. The point in this example is that we can not rule these cases

out unless we where able to fully characterize finite equilibria. This is, unfortunately,

very difficult. The difficulty in answering this question is that finding the set of



34

equilibria of the finite economy is, for most parts, unfeasible. In certain environments

the literature has been able to characterize certain type of equilibria. For example,

equilibria in symmetric strategies, when the signals and values are associated by the

MPRP. But generally, the strategic considerations are too complicated to be tractable

and understanding the set of finite equilibria without the usual tools is beyond the scope

of this paper. An alternative to this is to consider the notion of ε-equilibria. This notion

requires that the incentives to deviate from a strategy that aggregates information in the

limit game are not too large.

Consider a finite game Γn. Let π(s,σi,σ−i) be the expected payoff for agent i

with signal s, and strategy σi , given that the rest of the population is bidding according

to σ−i. Assume that bids are bounded so that there is an upper bound on π(.).

Definition. A strategy profile σ is an ε-equilibrium for some ε > 0 if for all i,

all s ∈ S ,

π(s,σi,σ−i) > π(s,σ ′i ,σ−i)− ε, for all σ
′
i ∈ ∆(A).

Before proceeding with the main result of this section there is a subtle issue that

has to be addressed. The set of hyperplanes with the separation and nesting properties

are informally, just a representation of a symmetric mixed strategy profile that aggregate

information. It is feasible that a hyperplane pass through some point, say state ω . A

symmetric strategy σ constructed as in the proof of theorem 2 implies that the proportion

of agents bidding above v(ω), ∑s Pσ (b > v(ω)|s)P(s|ω) will be the same as the mass of

objects 1−κ , where Pσ (b > v(ω)|s) the probability that the agent observing s bids above

v(ω) in a symmetric strategy σ . Thus, in state ω , there are exactly as many objects as

agents bidding above the price so the quantile of the price hit exactly at a jump point of

the distribution of bids. In other words, this is a case where there are no ties so in state

ω , agents bidding v(ω) will never get the object. In this case, there are generally no

approximation games with the properties we are looking for. This is because for a finite

game and regardless of n, whenever bids are stochastic, there will be a non vanishing

probability that the price jumps.

Fortunately, the conditions of the theorem 2 imply a strict separation between

points, so that if the information structure allows for information aggregation there must

exist a set of hyperplanes that do not intersect any point. A strategy profile σ̂ generated
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by these hyperplane will satisfy that for every ω , ∑s Pσ̂ (b ≥ v(ω)|s)P(s|ω) > 1− κ .

Thus, without loss of generality, the following result focus on these strategies only.

Theorem 7. Let σIA be a symmetric strategy profile that aggregates information on Γ.

Then for any ε > 0, there exists a sufficiently large N such that for all n > N, σIA is an

ε-equilibrium of Γn.

The proof of this result is an application of the Glivenko-Cantelli theorem. The

probability that the price differs from the value goes to 0, and thus, this result implies

that we can approximate a full information aggregation result as much as we need with

the same symmetric strategy and a sufficiently large N.

2.7 Conditional independence

This paper assumes that given a state of the world, ω , signals are drawn

independently (Assumption 2). This assumption essentially states that, ex-ante, agents

are identical. This is generally non controversial, and it is weaker than the conditional

independence assumption used in PS and related literature. The difference is that the

literature does not make a distinction between state of the world and value which, in

our environment, translates to further assuming that v : Ω → R is a bijection. The

bijection prevents scenarios where the same value arises in different states of nature

and the multidimensional environment from section 6 provides an example where

this assumption is not appropriate (for example, if the value is a function of two

characteristics, it is feasible that one characteristic is low and the other is high and

vise-versa, which corresponds to different states of nature with the same value).

The bijection assumption is fundamental to be able to draw contrast between

the MLRP and the necessary conditions from the theorem 2. Indeed, without this

assumption, the MLRP is not even a sufficient condition for information aggregation.

The following example is inspired by an example from Kremer and Skrzypacz (2003)3

and shows a case where the MLRP holds, but v is not a bijection and information

aggregation fails.
3Their example is no longer present in newer versions of the paper.
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Example 2. Let S = {L,M,H}, and Ω = Θ×Λ, with Θ = {0,1}, and Λ = {0,1}. For

all ω = (θ ,λ ) ∈ Ω, let v(ω) = θ . Thus, Θ is the set of values of the object and Λ

is interpreted as an independent and unobservable noise. Let Z(0,0) = (3/4,1/4,0),

Z(1,0) = (1/4,3/4,0), Z(0,1) = (0,3/4,1/4), and Z(1,1) = (0,1/4,3/4). Consider

uniform priors. In words, the value λ shifts the support of the distributions by 1.

M

L

0

0

1

1

1/4

1/4

3/4

3/4

H

(a)

Figure 2.7: The problem of an unobserved common noise

Figure 2.7 illustrates this example on the unit simplex. In the presence of a

common and unobserved random shock affecting the signals, agents’ values will be

reversed. Thus, no information aggregation will be possible. It is a simple computation

task to show that the MLRP is satisfied. Unfortunately, since v is no longer a bijection

the unit simplex is no longer useful in providing a visual illustration of the condition.

This does not mean that a bijection assumption is necessary for existence of

information aggregation, since the theorem 2 does not require to separate different points

with the same value. With this observation in mind, we can note that nor MLRP, nor

the conditional independence from the literature are sufficient conditions by themselves.

Only the two conditions together can get to work to achieve information aggregation.

Finally, there is a sense in which the conditional independence assumption is
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less central relative to the discussion on the MLRP. To see this consider the following

thought experiment. Suppose that we are given a finite number of states of the world,

and the values associated to these states are chosen at random from a finite interval on R.

Clearly, with probability 1 there will be no repetitions in the values picked so assuming

a bijection is generic. This is not true for the MLRP with finite states and signals.

2.8 Extensions

The results of this paper are also valid in the context of a double auction as in

Serrano-Padial (2011), without naive bidders. This is possible because the price, in a

double auction environment, is also defined by a quantile of bids (no matter whether

these are ask or buyer bids). The only difference is that we interpret κ as the proportion

of sellers and 1−κ as the proportion of buyers. In this type of setting it very important

to consider environments beyond the MLRP because there are two type of distinct

agents (sellers and buyers). Their signals may come from different sources and therefore

ordering signals between buyers and sellers is challenging.

Another branch of the literature focuses on environments where the value

has also a private value component. Introducing a private value component in our

environment is not innocuous. The reason is that the agent will get an idiosyncratic

risk (although this depends on how the private value components are distributed among

the population) that do not exist in the context of common-value environments alone.

Therefore, the results of this paper do not generally apply to auctions where the value

is private. Nevertheless, there is an alternative mechanism that can achieve some form

of information aggregation. Suppose that each agent submits two bids: a bid for the

private value component and a bid for the common-value component. Let a strategy be

to bid the true private value and a bid based on the rules defined in the previous sections

for the common-value component. The auctioneer choose the winning bidders based on

the private value component only, and the winning agents are required to pay according

to the 1−κ quantile of the private value component plus the price given by the highest

1−κ quantile from the common-value bids. This will ensure that: (1) The agents with

the highest private value obtain the object, and (2) agents do not overpay.
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2.9 Conclusions

The contribution of this paper is to characterize the information structures that

allow for information aggregation equilibria in large competitive markets. The existing

literature focuses only on information structures satisfying both the monotone likelihood

ratio property (MLRP) and a strong assumption of conditional independence . The paper

complements this literature by showing that information aggregation equilibria exist

beyond these environments, an important result given the generally intricate nature of

information in economic environments.

The characterization allows us to go further, and to answer how common are

those environments that allow for information aggregation equilibria. The paper arrives

at two conclusions in that regard: (1) As long as the signal space is sufficiently rich,

information aggregation equilibria fail to arise only in nongeneric situations. (2) But

if the signal space is limited relative to the number of states of the world, the opposite

result holds: Failure of information aggregation equilibria can becom.

These two results give us an additional analytical tool to assess economic

environments without necessarily having much knowledge of the information structure.

We can assess the likelihood of efficient prices by comparing the space of signals to the

space of states of the world. Deciding whether one or the other environment is the more

likely then becomes a matter of economic judgment, but that does not mean that we

will discard valuable knowledge on the specifics of the economic setting—there may be

strong evidence of environments that do not fit these cases. For example, the economic

conditions may well be such that the MLRP holds even in nongeneric environments.

Generally, however, even when the specific conditions may be unknown, we can still

make a strong prediction.

Finally, the paper focuses on special cases in which agents are specialists

in particular aspects of the object and multidimensional signals exist. Surprisingly,

information aggregation equilibria are generic in a wide range of these situations.

The context of the argument is a large competitive market that is approximated

through the assumption of a continuum of agents. The assumption avoids the complex

array of strategic interactions that occur in games with finitely many agents and an

information structure that does not satisfy the MLRP. But since a large economy is
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still naturally finite, the paper concludes by showing that the information aggregation

equilibria of the continuum game can be arbitrarily well approximated by a sufficiently

large but finite economy using ε-equilibria. That is, for any ε > 0 a sufficiently large

population exists such that a strategy that aggregates information in the lcontinuum is

an ε-equilibrium of the finite game .

In conclusion, the paper provides two complementary perspectives on the

question of price efficiency. First, it shows that information aggregation holds generally

in a much broader set of information structures than previously thought; that finding

can be seen as strengthening the support for the concept of a rational expectations

equilibrium . Second, it is quite widely accepted that prices often depart from their

fundamentals; the findings here suggest that a justification of inefficiency may need to

go beyond information-related issues.

2.10 Appendix

2.10.1 Lemmas

First I present several lemmas used to prove the theorems. The following lemma

is a simple consequence of hyperplanes lying on the simplex. The first part is a trivial

and well known property of hyperplanes in general.

Lemma 1. For any c ∈ R, c 6= 0: 1. H∆(cα,cβ ) = H∆(α,β ), and 2. H∆(ce + α,c +

β ) = H∆(α,β ).

Proof.

1. H∆(cα,cβ ) = {z : cα ·z = cβ}∩∆q = {z : α ·z = β}∩∆q = H∆(α,β )

2.
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H∆(ce+α,c+β ) = {z : (ce+α) · z = c+β}∩∆q

= {z : (ce+α) · z = c+β ,z · e = 1,z≥ 0}
= {z : ce · z+α · z = c+β ,z · e = 1,z≥ 0}
= {z : c+α · z = c+β ,z · e = 1,z≥ 0}
= {z : α · z = β ,z · e = 1,z≥ 0}
= {z : α · z = β}∩∆q

= H∆(α,β )

The following lemma is at the heart of the proof of theorem 2 and it is required

to show that the points α’s can be manipulated to generate an increasing sequence of

points with the same separation properties.

Lemma 2. Let α,α ′ be such that H+(α ′) 6= ∆q. Then there exists λ > 0 such that

λα ′ ≥ α if and only if H+(α)⊂ H+(α ′).

Proof. (If) Here we prove the contrapositive. Suppose there is no λ > 0 such that α ′ ≥
λα . Then we want to show there exists some z ∈ ∆q with z ·α ≥ 0 and z ·α ′ < 0. Note

that α ′ /∈Y = {y ∈Rn : y≥ λα, for some λ > 0}. Since Y is closed and convex, by the

separating hyperplane theorem there exists some z∈Rm such that z ·α ′ < 0 and z ·α ≥ 0

for all y ∈ Y . Furthermore, it must be that z≥ 0. If not, then suppose z · ei < 0 for some

i and argue to a contradiction: If y ∈ Y , then y′ = y+ kei ∈ Y for k > 0. But z · (y+ kei)

can be made arbitrarily small by increasing k, which is a contradiction to z ·y′ ≥ 0. Since

z≥ 0, z 6= 0, we can normalize z so that z ·e = 1. For the normalized z, z ∈ ∆q; z is in the

upper half plane of a · x = 0 (z≥ λα for some λ > 0); z ·a′ < 0.

(Only if) Suppose λα ′ ≥ α for some λ > 0. It suffices to prove λα ′ · z ≥ 0

whenever z ∈ H+(α). To see this, note

λα
′ · z = α · z+(λα

′−α) · z≥ 0

The first term is non negative since z ∈ H+(α) so α · z ≥ 0 and in the second term

(λα ′−α) ≥ 0 by assumption and z ≥ 0 so the second term is non negative as well.

Then z ∈ H+(α ′).
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Finally, this lemma provides the tools to investigate the measure of the equilibria

that aggregate information and it is at the heart of the proofs.

Lemma 3. Fix b1, ...,bm ∈ R. For almost all x1, ...,xm ∈ Rq there exists α ∈ Rq such

that α · xi = bi if and only if m≤ q.

Proof. (If) Let m ≤ q and note that the points xi’s are linearly independent almost

always. The linear combination of m−1 points form a hyperplane of dimension m−1 on

Rq and therefore this hyperplane has measure zero whenever m≤ q. Thus, for any point

b ∈ Rm there exists a linear combination of the points xi’s of the form (x1, ...,xm)′ = b

for some α ∈ Rm. Letting bi be the ith element of the vector b the result follows.

(Only if) If we can represent any point in Rn by a linear combination of xi’s

it must be the case that the xi’s form a basis for Rn and therefore they are linearly

independent so the system (x1, ...,xm)α = b can not be overdetermined. Then m 6≥ q.

2.10.2 Proofs of the the Theorems

Proof of Theorem 1. Suppose there exists an informative equilibrium strategy

σ and let Ω̃ = argmaxω {v(ω) : v(ω) 6= pσ (ω),ω ∈ Ω}. Consider a state of the world

ω ∈ Ω̃. Suppose pσ (ω) < v(ω), then for some small ε > 0, there is a mass of agents

bidding on the range [pσ (ω)−ε, pσ (ω)]. This is true because, otherwise pσ (ω) cannot

be the 1− κ quantile of Fσ (.|ω). These agents can increase their payoffs by instead

bidding pσ (ω)+ ε .

On the other end, if pσ (ω) > v(ω), a mass of 1−κ agents bids pσ (ω) or above.

In state ω , these agents receive a negative profit with positive probability. For agents

bidding above pσ (ω), the loss has probability one in state ω . For agents bidding pσ (ω),

the loss is in probability (given by the odds used by the tie breaking rule). For both

types of agents, bidding pσ (ω)− ε instead eliminates the loss associated with the state

ω . Thus, Ω̃ is empty, so pσ (ω) = v(ω) for all ω ∈Ω.

Proof of Theorem 2. (If) Consider points α1, ...,αm̂−1 satisfying the

assumptions from the theorem. Condition (i) implies that Z+(vm̂) 6⊂ H+(αm̂−1) and
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so, for all i, H+(αi) 6= ∆q, since by condition (ii), H+(αm̂−1) is the most inclusive of

these half-spaces.

Let α̂1 := α1 and define α̂i recursively as follows. From condition (ii), and by

lemma 2, there exists some λi such that λiαi ≥ α̂i−1, for i = 2, ..., m̂−1.. Let α̂i := λiαi.

From lemma 1 we know H+(α̂i) = H+(αi). This recursion implies that α̂1≤ ...≤ α̂m̂−1.

Choose some ε > 0 sufficiently small so that for all i, 0≤ εα̂i +(1−κ)≤ e. Existence

of ε is guaranteed since m̂ and q are finite and κ < 1. Let α̃i = εα̂i +(1−κ). By parts

1 and 2 from lemma 1, for all i, H+(α̃i,1−κ) = H+(α̂i) = H+(αi).

Define a symmetric mixed strategy profile, σ , as follows. Let α̃0 be a vector of

zeros. For j = 1, ..., m̂− 1 and for all i, let the probability of bidding v j conditional on

observing a signal si be P(b = v j|si) = α̃ j(i)− α̃ j−1(i), where α̃ j(i) is the ith element

of the vector α̃ j, and so forth. Finally, P(b = vm̂|si) = 1− α̃m̂−1(i). Therefore, the

cumulative distribution of bids given a signal si is Fσ (v j|si) = α̃ j(i) for j < m̂ and

Fσ (vm̂|si) = 1.

It remains to show this strategy profile aggregates information. Let Ω̂i = {ω ∈
Ω : v(ω) = vi}. Condition (i) implies that for all ω ∈ Ω̂1, zω ∈ Z−(v1) ⊂ H+(α1) =

H+(α̃1,1−κ) and therefore,

1−κ ≤ α̃1 · zω = [Fσ (v1|s1)...Fσ (v1|sq)]


P(s1|ω)

...

P(sq|ω)


= Fσ (v1|ω)

were Fσ (v1|ω) is the mass agents bidding up to v1, under strategy σ , when the state of

the world is ω . Since v1 is the lowest bid, it must be the case that v1 is also the 1−κ

quantile of the distribution of bids. Then pσ (ω) = v1 = v(ω).

Fix i > 1, i < m̂. Focus on ω ∈ Ω̂i. Since vi > vi−1, then zω ∈ Z+(vi−1) by

definition. Thus, by (i), zω /∈ H+(αi−1) = H+(α̃i−1,1−κ) so
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1−κ > α̃i−1 · zω = [Fσ (vi−1|s1)...Fσ (vi−1|sq)]


P(s1|ω)

...

P(sq|ω)


= Fσ (vi−1|ω)

Similarly, zω ∈ Z−(vi). By (i), zω ∈H+(αi) implying zω ·αi = Fσ (vi|ω)≥ 1−κ

and therefore pσ (ω) = vi = v(ω).

Finally consider ω ∈ Ω̂m̂ Then, zω ∈ Z+(vk−1), and therefore, by (i), zω 6∈
H+(αk−1). Thus, using the same argument as above, Fσ (vm̂−1|ω) < 1−κ . Since every

agent bids at most vm̂, it is clear that pσ (ω) = vm̂ = v(ω).

Therefore, for all ω ∈Ω, pσ (ω) = v(ω). Since profits are zero regardless of any

possible deviation this is an equilibrium. This finishes the (if) part.

(Only if) Fix a symmetric strategy profile, σ , that aggregates information. Then,

for all ω ∈ Ω̂i,

Fσ (vi|ω)≥ 1−κ, (2.1)

lim
x→v−i

Fσ (x|ω) < 1−κ. (2.2)

Define α̃i := Fσ (vi|s j) for all i = 1, ..., m̂−1. Thus, for all ω ∈Ω,

Fσ (vi|ω) =
q

∑
j=1

Fσ (vi|s j)P(s j|ω) = α̃i · zω .

Fix ω ∈ Ω̂1. From (2.1), α̃i ·zω ≥ 1−κ . Then, zω ∈H+(α̃i,1−κ) for all i (since

by construction, the α̃i’s are increasing in i).

Fix j > 1. Consider ω ∈ Ω̂ j. From (2.2), for all i < j, α̃i ·zω < 1−κ . Then, zω 6∈
H+(α̃i,1−κ). From (2.1), for all i≥ j, α̃i · zω ≥ 1−κ . Therefore zω ∈ H+(α̃i,1−κ).

Let α̃i = α̃i− 1 + κ . Then, H+(αi) = H+(α̃i,1− κ). The separation condition (i) is

satisfied since for all i, H+(αi) = H+(α̃i,1−κ).

The nesting condition (ii) holds by construction. α̃1 ≤ ...≤ α̃m̂. Then α1 ≤ ...≤
αm̂. Then for any z ∈ ∆q, if αi · z≥ 0, then, αi+1 · z≥ 0 (since z≥ 0).

The following is an auxiliary result used for Theorems 3 and 4.
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Corollary 1. Let α ∈Rq be such that for ω,ω ′ ∈Ω, if v(ω) < v(ω ′) then α ·zω > α ·zω ′ .

Then, there exists an equilibrium that aggregates information.

Proof. Define ω̂i = argminω{α · zω s. t. v(ω) = vi} for all i < m̂. Choose numbers

ε1 < ε2 < ... < εm̂−1 such that (α +ε1) ·zω̂1 = (α +ε2) ·zω̂2 = ... = (α +εm̂−1) ·zω̂m̂−1 = 0.

Then the points {α + εi}m̂−1
i=1 define hyperplanes satisfying condition (i) and (ii) from

Theorem 2.

Proof of Theorem 3. The implication MLRP⇒ FOSD is a well known result.

Suppose FOSD holds and consider a vector α = (1,1/2,1/22, ...,1/2q−2,0). This vector

assigns a decreasing weight on each consecutive signal. Without loss of generality, let

vi = ωi (since there is a one to one mapping between the elements of the two sets). Then,

FOSD implies that α · zω1 > α · zω2 > ... > α · zωm̂ . To see this, consider two states ω,ω ′

such that ω < ω ′. For all j, F(s j|ω) = ∑
j
i=1 zω(i) ≥ F(s j|ω ′) = ∑

j
i=1 zω ′(i) by FOSD,

where z(i) denotes the ith element of the vector z. Therefore, if zω 6= zω ′ , it must be true

that α · zω = ∑
q−1
j=1 2− j

∑
j
i=1 zω(i) > ∑

q−1
j=1 2− j

∑i zω ′(i) = α · zω ′ . The proof is complete

by applying corollary 1.

Proof of Theorem 4. (If) Without loss of generality let Ω = {ω1, ...,ωm} be such

that v(ωi)≤ v(ω j) if i < j. Let b be a vector with element i equal to v(ωi). From lemma

3, for almost all zω1,zω2, ...,zωm ∈ Rq there exists some α , such that α · zωi = v(ωi).

Then α · zωi ≤ α · zω2 ≤ ... ≤ α · zωm , with strict inequality whenever v(ωi) < v(ωi+1).

By Corollary 1, the result follows.

(Only if) This is also a consequence of lemma 3. And this is readily seen by

noting that whenever m > q, for almost all points z1, ...,zm ∈ ∆q, the convex hull of

m− 1 has positive measure. Thus, there is a non-zero measure of events where the

separation condition fails.

Proof of Theorem 5. Adding a state adds a random point to the simplex. If the

point is in the convex hull of existing points, then information aggregation is impossible.

The proof has two steps. The first step finds bounds on the number of states needed to

make the probability that there is a point ÒnearÓ each corner of the simplex is less than
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δ/2. The second step finds bounds on the number of states needed to introduce, given

that there is high probability that there are states near each corner, to guarantee that some

further state is in the convex hull of the corner points with probability less than δ/2.

1st Step: Let ε > 0 be given. Probability of at least one signal within ε of each

of the q vertices of the simplex. The probability that this fails is

(1− ε)m +m(1− ε)m−1
ε + ...+

(
m

q−1

)
(1− ε)m−q+1

ε
q−1,

which is bounded above by (1−ε)m−q+1q2 provided that mε ≤ q. (If nε ≤m, then each

term in the sum is less than q.) Therefore, provided that we can hold mε ≤ q, we want

1−q2(1− ε)m−q+1 ≥ 1−δ/2.

This condition will hold if

m−q+1≥ 2logq+ log2− logδ

ε
≥ 2logq+ log2− logδ

− log(1− ε)

so it suffices to find conditions under which

ε(m−q+1)≥ 2logq+ log2− logδ

which will hold if mε = q and q is large enough. Hence for the first part we can take

m1(q) = q/ε .

2nd Step: After m1(q) states have been added, the convex hull of existing states

covers at least the fraction (1− ε)q of the simplex with probability 1− δ/2. We want

to find an r = m2(q) such that (1− (1− ε)q)r < δ/2. It is sufficient therefore for m2 to

satisfy:

m2 >
− log(δ/2)
(1− ε)q >

− log(δ/2)
− log(1− (1− ε)q)

.

It is clear that when ε > 0 is small, then there exists a C(δ ) such that the inequality holds

if m2 = Cq/ε . Finally, let m(q) = m1(q)+m2(q) which completes the proof.

Proof of Theorem 6. Consider characteristic i. Let Ωi = {ω1
i , ...,ωmi

i } . There

are mi ≤ qi points in a simplex ∆qi . From lemma 3, for almost all z
ω1

i
,z

ω2
i
, ...,zωm

i
∈ Rq

there exists some αi ∈ Rq, such that αi · zω
j

i
= φ i(ω j

i )/π i. Define a vector α =

(α ′1, ...,α
′
c)
′. Then, for all ω = (ω1, ...,ωc) ∈ Ω, α · zω = φ 1(ω1) + ... + φ c(ωc) =
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ψ(v(ω)). Since ψ(.) is strictly increasing, then α · zω has the same ordering as v(.)

over ω and, by lemma 1, −α · zω has the reverse order. By applying corollary 1 the

result follows.

Proof of Theorem 7. In a strategy σIA, let FσIA(vi|s) be the cumulative

probability that an agent bid vi or less when observing s. Then, FσIA(vi|ω) =

∑
q
1 FσIA(vi|si)P(si|ω) is the mass of agents bidding vi or less in state ω . By assumption,

for all ω ∈ Ω̂i = {ω ∈Ω : v(ω) = vi}, we know that there are more agents winning the

objects than objects so,

FσIA(vi|ω) > 1−κ, (2.3)

lim
x→v−i

FσIA(x|ω) < 1−κ. (2.4)

Consider a finite game, Γn, and suppose that agents bid according to σIA.

Given ω , the Glivenko-Cantelli Theorem implies that the empirical distribution of bids

converge uniformly to the true distribution FσIA(.|ω). More importantly, since (2.3)

holds with strict inequality, the (1− kn/n) quantile of the empirical distribution of bids

converges uniformly to the (1− κ) quantile of FσIA(.|ω). This implies that the price

converges to the value uniformly. Then, the expected payoff for every agent converges

to zero since bids are bounded and probabilities of prices differing from the value

vanishes.
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Abstract

I extend the Crawford and Sobel (1982) (CS) cheap talk model, by allowing for

the possibility that the message sent by the informed expert never arrives to the decision

maker. This feature introduces a novel strategic consideration because when a message

does not arrive, the Receiver does not know whether the message was sent and lost, or

not sent at all. I study equilibria under quadratic preferences. In contrast to Blume et al.

(2007), equilibria continue to have the partition structure of CS when there are finitely

many ways in which messages can be misinterpreted. Furthermore, this mechanism

achieves the upper bound on efficiency as in the mediated mechanism by Goltsman

et al. (2008).
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3.1 Introduction

The problem of information transmission originated in the canonical model

introduced by Crawford and Sobel (1982), here after CS, has been extensively and

intensively studied. The essence of the model is to capture rational behavior in

communication between agents with private information and conflict of interest. This is

a ubiquitous topic with vast applications and has been the focus of study in many areas

such as theory of the firm, advertising, finance, political economy, and disciplines such

as political sciences, and biology (Sobel, 2009). This literature can be categorized in

two main groups of study. Much of the work has been devoted to expand the set of

equilibria by introducing more structure in the model. Anothe branch of the literature

has focused on equilibrium selection. In both cases, the literature has also explored

behavioral economic aspects and answers to stylized facts in cheap talk settings.

This paper discusses a variation that extends the set of equilibria in CS by

allowing the possibility that, for exogenous reasons, the message sent by the informed

expert never arrives to the decision maker. Furthermore, the decision maker can not

distinguish whether the message was never sent (purposely) or it was sent and got lost1.

Thus, this gives the expert the freedom to decide not to send a message and obtain

the payment associated with the action taken by the decision maker when no message

was received. This work contributes to the cheap talk literature by characterizing the

equilibrium outcomes in the strategic interaction between these agents.

The motivation behind this setup is straightforward and can be found in many

real-life settings. For example, an e-mail or fax can get lost, or purposely not be

sent, or a sender can present some information in ambiguous terms intentionally, or

unintentionally. Furthermore, imagine an employee who has to present results to some

audience (manager, colleagues, etc.). The sender’s objectives are to convey results from

her work, and up to some level, obtain approval from the audience. The audience, on

the other hand, is interested in understanding the results presented and approve the work

1This implies that the sender can choose not to send a message. The case where the sender can not
choose to send an “error” message is trivial since we can easily characterize the game by noticing that
the players are in a no communication game with some ε probability and in a no noise game with 1− ε

probability. In the former game the receiver chooses some action maximizing her expected utility since
no information is transmitted, while in the later the solution is the CS solution.
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only if it has certain level of quality. Note that the time to present the results is limited,

so the presentation might not be fully informative depending on the person’s ability to

present. Assuming that the audience knows the presenter’s ability, upon knowing her

own limitations, she may have the incentive to be confusing when the product is bad.

The following section briefly discuses the related literature related to this topic.

Section 3 presents the general model and defines the notion of equilibrium to be

considered in this paper. Section 4 states the main results of the model by first providing

a result under general preferences and by providing a way to characterize equilibria

under the widely used quadratic case. And finally section 5 presents some concluding

remarks and points out on directions for improvements and future research.

3.2 Related Literature

Following Aumann and Hart (2003) we can classify the literature in two different

branches, refinements and extensions. Refinements are concerned with conditions that

select equilibria and are discussed by Chen et al. (2008). This paper belongs to the

literature on equilibria extensions by imposing more structure to the model in order to

reduce inefficiencies. In particular, several papers focus on introducing perturbations

in communication in several different scenarios. The model presented in this work

complements the findings by Blume et al. (2007). They study equilibria by introducing

the possibility that the message sent has an ε probability of being confounded with a

uniform distribution over the whole message space. They exclusively restrict attention

to quadratic utility functions and show that communication may improve with the

introduction of noise of this sort. They also show that it is even possible to get infinite

partition equilibria, both countable and uncountable. We present a result on general

preferences that shows that the existence of infinite partition is only possible when the

subset of signals that are not distinguishable with noise is infinite. Thus, if this set is

finite the equilibrium can not have infinite partitions. The infinite nature of the partitions

is rather a technical result that relies on having large noisy sets. We also present results

on quadratic preferences but focusing on the case where, when the message is lost,

only one element of the signal space is sent. From the economic perspective this has
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the advantage that it is easier to incorporate a sensible story. We suggest that having

a large set of noisy messages does not seem to contribute substantially and introduces

significant complications. The underlying motivation in their paper seems more in line

with a mechanism design approach to find pareto superior equilibrium to CS while we

focus trying to characterize an economic phenomenon. However, we show that for

any equilibrium there is an equivalent outcome equilibrium that can be obtained under

Blume et al. (2007) and thus, from an outcome point of view, their result is more general.

Aumann and Hart (2003) characterize the set of equilibria by allowing agents

to communicate for several rounds (technically an infinite number of rounds). What is

remarkable is that even though the decision maker does not have private information

regarding the true state, multiple rounds of communication indeed can improve the

informativeness of equilibria. The crucial aspect of the model that permits better

communication is a round in which both players play a mixed strategy in sending

messages creating a joint lottery that incorporates randomness in the model. This creates

an endogenous alternative for a perturbation that expands the set of equilibria outcomes.

The caveats to this model are that this is considered to be rather abstract and too general

in some sense, and also that this is designed for a finite state space setting as a contrast

with CS and literature thereafter. Also, this model seems more in line with a mechanism

design approach to cheap talk settings.

Closely related to this work is Krishna and Morgan (2004) who in the context

of CS model, allow for more extensive communication. They include communication at

multiple stages (face-to-face conversation followed by a written report from the expert)

and active participation by the decision maker, which introduces randomness into the

conversation and will improve payoffs when the parties are sufficiently risk averse. They

find that this new communication structure improves information transmission since it

leads to greater information disclosure by the expert, benefiting both parties in terms of

payoffs. Furthermore, in almost all cases they show that there exists an equilibrium that

ex ante dominates all of the equilibria found by CS.

Less related to this literature, there are other papers that takes advantage of

the introduction of randomness in communication. Li and Madarasz (2006) shows

an increase in communication by introducing uncertainty in the sender’s bias from the
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receiver’s perspective. They show that under some conditions and a precise type of

uncertainty, there can be a portion of the state space that has a one to one mapping with

the message space. More importantly, they achieve better communication and welfare

gains with respect to CS.

Recently, there has been attention devoted to answer the question on which

type of noise is the most effective. In particular, Goltsman et al. (2008) explore

different mechanisms that are welfare maximizers for the decision maker under

quadratic utilities. They focus on implementation under arbitrage, mediation and

negotiation. Following a different approach, Kovac and Mylovanov (2007) study

arbitrage, also for quadratic utilities, in stochastic and deterministic mechanisms and

find that deterministic mechanisms are more efficient. This contrast the intuition

deduced from this paper in which an optimal mechanism will have some exogenous

noise (under certain circumstances). The difference is that under arbitration, the decision

maker is able to commit ex-ante and thus we are relaxing her incentive constraints.

3.3 Model

3.3.1 Framework

There are two agents, the sender and the receiver. At time 0, Nature chooses a

state (or type) s∈ [0,1] from a distribution F(s) that is common knowledge and privately

observed by the sender. In period 1 the sender chooses a message m ∈ R. In period 2,

Nature transmit m to the receiver with (1−ε) probability and θ ∈Θ instead with epsilon

probability where Θ ∈ [0,1]. Most of the paper focuses on the case where Θ = {0} but

the first result is more general and helps understanding the findings in Blume et al.

(2007) The receiver can not tell apart whether 0 was sent intentionally by the sender

or distorted by Nature. In period 3, the receiver takes an action a ∈ R. The players’

payoff functions are UR(s,a) for the receiver and US(s,a,b) for the sender with the

same properties as in CS2. Thus the parameter b represents the degree of misalignment

of the agent’s optimal actions and will be clear in the quadratic utility case developed in

2The preference functions are twice continuously differentiable von Neumann-Morgenstern,
U i

2(s,a) = 0 for some a, U i
22(.) < 0 and U i

12(.) > 0 for i = S,R.
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section xx.

3.3.2 Equilibrium

The perfect bayesian equilibrium is defined as: When the receiver observes a

message m ∈ R chooses an action a according to:

a(m) = argmax
a

∫ 1

0
UR(s,a)P(s|m) ds, (3.1)

where P(s|m) is formed by the receiver using bayes rule whenever possible by

P(s|m) =


P(m|s)P(s)∫ 1

0 P(m|s)P(s) ds
for m ∈ (0,1],

[(1−ε)P(m|s)+ε]P(s)
(1−ε)

∫ 1
0 P(m|s)P(s) ds+ε

for m = 0.

The sender chooses the probability distribution σ(s) with support over the

message space to maximize EUS(s,a(m̂),b). And m̂ is a random variable that with

probability (1− ε) takes the value m chosen by the sender and 0 with probability ε .

3.4 Results

3.4.1 General results

We first present a result for general preferences and a rich set of noisy messages.

Suppose that the error message is independent of the signal sent so the distribution of

messages in Θ is some F(θ) such that
∫

Θ
dF(θ) = 1. The following is a modified

version of CS Lemma 1. We need some further notation to state the results. Let E be the

set of actions induced in equilibrium and Ẽ ⊂ E be the set of actions that the receiver

takes upon observing a message that can be confused with noise. Define aS(s) and aR(s)

to be the optimal action for the sender and the receiver respectively in state s.

Claim 1. If aS(s) 6= aR(s) for all s and Ẽ is finite, then E is finite.

Proof. We just need to show that E \ Ẽ is finite. First notice that the agent induces a

lottery whenever she sends a message. When observing s, the sender’s expected payoff

is equal to the following expression:
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E[US(s,A,b)|m = m̂] = ε

∫
Θ

US(s,a(θ),b) dF(θ)+(1− ε)US(s,a(m̂),b) (3.2)

Given an equilibrium profile, the first element in equation (3.2) is constant to the

sender from the ex-ante point of view and independent of the message sent and so we

only need to focus on the second component of the equation. Note that the elements of

E \ Ẽ are the induced actions when the message is not distorted by Nature. To show that

this set is finite we just need to invoke the result from Lemma 1 in CS. For convenience

we replicate the steps here. Let u,v ∈ E \ Ẽ and notice that as in CS, by continuity, there

exist some s such that US(s,u,b) = US(s,v,b) and then we have that u < aS(s) < v.

Moreover, u is not induced by S-type agents s > s and v is not induced by S-type agents

s < s. Thus, u ≤ aR(s) ≤ v as well. Since by assumption aS(s) 6= aR(s) for all s,there

exists δ > 0 such that |aS(s)−aR(s)| ≥ 0 ∀s. Then v−u≥ δ so E \ Ẽ can have at most

int( |a
R(0)−aR(1)|

δ
) elements and the result follows.

Claim 2. If L is finite, Ẽ is finite.

Proof. This is immediate. Note that the set of actions induced by nosy signals can not

be larger than the set of noisy signals itself.

Together with claim 1 this result implies that the equilibria will have a finite

partition much like in CS, meaning that there is a finite partition over the type space S in

which the senders from each block are willing to inform the receiver just the block they

belong.

This result is more general than what we need for the model presented since we

just have Θ = {0} and allow us to understand better the nature of the equilibria derived

in Blume et al. (2007). One of their main contributions is the surprising result that

in the context of quadratic loss functions there exists parameters under which we can

achieve equilibria with countable infinite and even with uncountable infinite partitions.

However, claim 1 and claim 2 together show that their result heavily relies on having Θ

being big.

The next section investigates the nature of equilibria for the widely used

quadratic utility case and compares the results with Blume et al. (2007).
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3.4.2 Quadratic utility case

Due to its tractability, quadratic utilities are widely used in the literature. In this

section, we assume that the payoff functions are of the form UR(s,a) =−(s−a)2 for the

receiver and US(s,a,b) =−(s+b−a)2 for the sender. We also impose that Θ = {0}.
CS show that no informative equilibrium exists when b < 1

4 . The following result

shows that we can construct an informative equilibria even in some cases where babbling

is the only possibility in the CS setting. This helps to provide intuition on why welfare

can increase with an exogenous perturbation in communication.

Claim 3. For every b ∈ [0, 1
2) there exists an equilibrium that is pareto superior to

babbling equilibrium when ε ∈ (0,1).

Proof. To prove this claim we only need to construct a two partition equilibrium with the

two of them having probability measure greater than 0, since an informative equilibrium

can not under perform babbling. Let l and h be the actions taken by the receiver in

the low and high partition respectively and let s be the state dividing the partitions.

Moreover, assume that the receiver plays l when observing /0 and h otherwise. Thus, we

require that l solves:

l = argmax
a

1
(1− ε)s+ ε

[(1− ε)
∫ s

0
−(s−a)2 ds+ ε

∫ 1

0
−(s−a)2 ds]

which has as unique solution

l =
−s2− ε + s2ε

2(−s− ε + sε)
Similarly, for h we get:

h =
1+ s

2
,

To pin down s, as in CS the indifference condition derived from the continuity of the

utility function for the sender requires EUS(s, l,b) = EUS(s,h,b). Thus, the unique

solution with s≥ 0:

s = (ε−1)−1(−.25+b+ ε−bε− .25
√

1−8b+16b2 +8ε +8bε−32b2ε +16b2ε2)

It can be proved that this is a strictly increasing function in ε and s between 0 and 1

for any b ∈ [0, 1
2). The limit of s collapses to 0 when b−→ 1

2 . Thus, this constitutes an

informative equilibrium for b ∈ [0, 1
2) and proves the claim.
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The intuition behind this result is that when introducing noise in the message

sent, the receiver will adjust her strategy by the probability that the message may

have not be sent so there is some exogenous gravitating force toward choosing the

action 1
2 . Thus, there are sender types who would like to get confounded with this

“miscommunication” (the lower types in this case). As ε increases the amount of agents

that can be allowed to get confounded in equilibrium grows, however, the gain from an

increased partition will be counteracted by the information loss from a higher probability

that the message never arrived unintentionally. For b ∈ [1
4 , 1

2) the gain is immediate for

any ε , but for b ∈ [0, 1
4) the information loss due to an increase in ε can overcome any

gain from a partition equilibria.

This result sheds light on the nature of a more informative equilibrium. We

can start with ε = 0, some b ∈ [0, 1
4) and think on the largest partition equilibrium,

characterized in CS. When ε is small but larger than 0 this partition can no longer be an

equilibrium since there will be some types that will instead prefer to get confounded with

the “miscommunication”3. This forces a new partition that will push the boundaries of

the other partition including those types that would be better off not sending any message

(in equilibrium).

This can be illustrated by presenting a simple case. Let b = 1
10 . In this case,

the only informative equilibrium in CS setting is a partition equilibrium of size 2. We

conjecture that we can introduce a third partition by letting ε > 0. In particular, we

assume that the middle partition is the one that does not send a message and build up

the equilibrium based on this. Thus, the receiver takes the actions l, m, and h for the

low, medium and high partitions which are separated by s and s and by optimality of the

receiver’s strategy will satisfy:

l =
s
2
,

m =
−s2 + s2 + ε + s2ε− s2ε

2(−s+ s+ ε + sε− sε)
, and

h =
1+ s

2
3This will occur unless one of the original equilibrium partition actions is equal to 1

2 , and thus the noise
would not induce any agent to change their strategy. However, this is a rare case that can be considered a
coincidence and probably can occur at most for a countable subset of b’s
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For these actions to be equilibrium actions we need to simultaneously satisfy the two
indifference conditions for the senders’ types s and s.

EUS(s, l,b) = EUS(s,m,b) :−(1− ε)(q+b− l)2− ε(q+b−m)2 =−(q+b−m)2

EUS(s,m,b) = EUS(s,h,b) :−(w+b−m)2 =−(1− ε)(w+b−h)2− ε(w+b−m)2

which has a solution of the form:

s =
1

30
(7− 9

1+8ε
)

s =
4+68ε

15+120ε

Figure 1 presents the equilibrium s and s as a function of of ε with s represented by a

solid line and s represented by a dashed line. We can notice that there is a minimum

ε such that a three partition equilibrium is possible. Note that this does not inform us

Figure 3.1: Limits of a 3-partition equilibrium as a function of ε

whether the equilibrium is more or less informative than the two partition equilibrium

and for this we should perform a welfare analysis.

Next we formalize this notion that characterize the equilibria when ε > 0.

Proposition 1. Any informative equilibrium will be a finite partition equilibrium and

the most informative equilibrium will have at most N(b)+ 1 partitions, where N(b) is

the maximum partition size as defined in CS.
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This is an evident consequence of the claim 1. Finally, we draw a comparison

between these results and those obtained in Blume et al. (2007). In their model, any

message can be confused with some error chosen by Nature so they have Θ = R. The

following result simply says that Blume et al. (2007)can achieve outcome equivalent

results to any result under this model (for quadratic preferences).

Claim 4. Under quadratic preferences, every equilibria with Θ finite has an outcome

equivalent result when Θ = R.

Proof. By Claim 1 we know that we need a finite set of messages to be used in

equilibrium (including the error message) since the different sender types will pool

together in each block of the partition. Now we can think of the strategy played by

the receiver. Upon observing one of these finite messages she will play the optimal

action given the block indicated by the sender. To fully characterize the equilibrium

we need to set the action that the receiver takes when observing any other message (the

messages not used by the sender) and we can do this in many ways. One alternative is

that the receiver takes the action that would use when observing an error. Now, to mimic

this result under Θ = R game, choose a finite set of messages equal to the size of the

partition equilibria we want to create minus one. This set have probability 0 of being

observed in error4 so when observing a message from this set, the receiver is certain that

the message was sent on purpose. Now pool the reminder of the messages to signal the

block that is associated with the error message in the previous equilibrium. By choosing

messages and blocks appropriately the result follows.

3.5 Final Comments

This paper studies the main properties of the set of informative equilibria

in an extended CS setting by introducing a particular type of perturbation in the

communication process of agents. The goal is to improve communication among agents

by introducing a simple variation of the game that complements the findings by Blume

4It is implicitly assumed that Nature chooses a message from a full support distribution that has no
atoms.
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et al.. One of their main contributions is the surprising result that in the context of

quadratic loss functions, there exists parameters under which we can have equilibria

with countable infinite, and even with uncountable infinite partitions. However, claim 1

and claim 2 show that their findings rely heavily on having a large space of confounded

messages, Θ. In particular, there must be infinitely many ways in which the messages

can be misinterpreted. This result does not depend on the assumption that preferences

are quadratic. It implies that, generally, finite partitions are robust to noise. For

the quadratic utility case, I show that having some interference in communication

can increase efficiency by introducing an extra component to the maximum partition

equilibrium. I also show that by appropriately manipulating the message space, any

equilibrium outcome with finite Θ can be achieved with Θ = R. Although this statement

may seem obvious, the subtlety of this argument can be seen when considering Θ = {0}.
In this case, there is only one message that can be misinterpreted, while in the case

where Θ = R the receiver never knows whether the message was sent on purpose or

by mistake. Blume et al. take advantage of using measure zero sets in equilibrium to

help the receiver to be certain that a message received was indeed sent by the sender

(almost surely). Using elements in this measure zero sets the sender and receiver can

send messages to identify any finite partition equilibria. Their setting is more general

in the sense that any feasible partition outcome under my setting can be achieved by

proper manipulation of the message space under their model, though at the expense of

higher complexity. However, we know from Goltsman et al. (2008) that this framework

is sufficient for information efficency. There are open questions remaining for future

research. Although quadratic preferences are helpful to find equilibria, they are also

restrictive. A relevant avenue for further research could be to extend the results to

general preferences to answer whether small quantities of noise is generally beneficial

when preferences are not aligned.
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