
UCLA
UCLA Electronic Theses and Dissertations

Title
A Modified Expectation-Maximization Algorithm for Accelerating Item Response Theory 
Model Estimation with Large Datasets

Permalink
https://escholarship.org/uc/item/5n1563r8

Author
Feng, Tianying

Publication Date
2025
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/5n1563r8
https://escholarship.org
http://www.cdlib.org/


UNIVERSITY OF CALIFORNIA

Los Angeles

A Modified Expectation-Maximization Algorithm for Accelerating Item Response

Theory Model Estimation with Large Datasets

A thesis submitted in partial satisfaction

of the requirements for the degree

Master of Science in Statistics

by

Tianying Feng

2025



© Copyright by

Tianying Feng

2025



ABSTRACT OF THE THESIS

A Modified Expectation-Maximization Algorithm for Accelerating Item Response

Theory Model Estimation with Large Datasets

by

Tianying Feng

Master of Science in Statistics

University of California, Los Angeles, 2025

Professor Yingnian Wu, Chair

The Expectation-Maximization (EM) algorithm is widely used for parameter estimation

in item response theory (IRT) modeling. Despite its utility, when applied to datasets

with large numbers of individuals and items, the standard EM algorithm can be slow

to converge, with computationally expensive E-steps. This study proposes a modified

EM algorithm with a two-stage structure that capitalizes on data subsets to accelerate

estimation for unidimensional two-parameter logistic (2PL) IRT models. Two simulation

studies evaluated the reduction in convergence time, bias and root mean squared error

(RMSE) of parameter recovery, and bias and RMSE of standard error (SE) estimation

under the proposed algorithm. The proposed algorithm was also compared to standard

EM across varying subset sizes and item set lengths. Results showed that (a) parameter

recovery differed between types of IRT parameters and between moderate and extreme

parameter values; (b) recovery improved with larger subset sizes; (c) reduction in time

was more pronounced with a larger item set; and (d) a small upward bias and RMSE in

SE estimates were observed compared to standard EM, though both metrics remained

modest in all conditions. Overall, the proposed algorithm improved computational ef-

ficiency while maintaining comparable estimation accuracy and precision under larger

item sets and moderate-to-large subset sizes. The study concludes with future applica-
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tions in large-scale operational contexts with large volumes of examinees and moderate

to large item pools, and potential extensions to multidimensional IRT settings.
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CHAPTER 1

Introduction

The Expectation-Maximization (EM) algorithm (Dempster et al., 1977) is an iterative

procedure for finding maximum likelihood estimates when some data or variables are

unobserved. It has been widely used for marginal maximum likelihood estimation in

item response theory (IRT) modeling (Baker & Kim, 2004; Bock & Aitkin, 1981; von

Davier, 2016).

Despite its utility, the EM algorithm can be slow to converge, with diminishing im-

provements as the estimates approach the solution (Baker & Kim, 2004; Bock & Aitkin,

1981; also see discussant comments in Dempster et al., 1977). Moreover, computing the

E-step becomes computationally expensive as the sample size grows or the number of

dimensions requiring integration increases.

1.1 Existing Extensions on Accelerating the EM Algorithm

1.1.1 Partial E-Steps

Variants of EM that modify the E-step to accelerate convergence have a long history in

parallel computing and machine learning (Cappé & Moulines, 2009; Liang & Klein, 2009;

Neal & Hinton, 1998; Thiesson et al., 2001; Yin et al., 2018). These algorithms partition

the data into disjoint subsets but differ in how they store and update key statistics after

each partial E-step.

One strategy is to parallelize the partial E- and/or M-steps (e.g., parallel-E parallel-M;

von Davier, 2016). When parallelizing only the E-step, the algorithm computes subset-
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specific expected statistics in parallel and aggregates them. The M-step is performed as

in the standard EM algorithm, executed once after aggregating subset-specific results.

Another strategy is to incrementally update the key statistics as the algorithm pro-

cesses each subset. For example, the incremental EM algorithm (Neal & Hinton, 1998)

tracks both the overall and subset-level expected sufficient statistics. With each partial

E-step, it updates the overall statistics by subtracting the old subset values and adding

the newly computed ones. The stochastic approximation EM algorithm (SAEM; Cappé

& Moulines, 2009; Delyon et al., 1999) uses a weighted interpolation between the current

and subset-level statistics, with the weighting controlled by a step size parameter.

1.1.2 Partial M-Steps

The M-step of the EM algorithm can be modified to improve computational efficiency.

The generalized EM algorithm (GEM; Dempster et al., 1977) relaxes the standard EM’s

requirement of maximizing the log-likelihood in the M-step by allowing for a compu-

tationally more efficient update that improves the log-likelihood. A subclass of GEM,

the expectation-conditional maximization algorithm (Meng & Rubin, 1993), replaces the

M-step of standard EM with multiple conditional maximization steps.

1.2 Features of Partial-Step Schemes

With partial steps, parameters are updated more frequently with reduced computation

per pass through the data. This frequent updating allows subsequent steps to leverage

more up-to-date parameter estimates, leading to faster convergence. The difference be-

tween partial EM and standard EM can be likened to hill climbing. In a partial-step

scheme, each iteration of the algorithm takes several noisier but faster and computation-

ally cheaper steps toward a local peak, with each step pointing in the right direction. In

contrast, the standard EM algorithm computes the expected complete data log-likelihood

using the whole dataset and update the parameters once per iteration, making one more

2



accurate but slower step toward the peak.

While noise from partial updates can help algorithms make rapid progress and es-

cape poor stationary points (e.g., saddle points), excessive noise from stochastic updates

can cause the iterates to converge to a ”noise ball,” wherein they fluctuate around the

solution rather than converging to it (Gower et al., 2020). Several techniques can mit-

igate this issue, including using a sequence of decreasing step sizes that satisfy the

Robbins-Monro conditions (Robbins & Monro, 1951), increasing the subset size, com-

puting weighted averages, or incorporating infrequent full-data updates to reduce the

variance of subset-driven updates (Chen et al., 2018; Johnson & Zhang, 2013).

1.3 This Thesis

In this thesis, I propose a modified EM algorithm for computationally efficient estimation

of unidimensional IRT models, an area that remains underexplored. The modifications

are straightforward to implement on top of an existing EM routine and offer computa-

tional benefits when applied to large datasets.

The remainder of this thesis is organized as follows. Chapter 2 introduces the two-

parameter logistic IRT model, the standard EM algorithm for unidimensional IRT param-

eter estimation, and specific components of EM estimation that motivate the proposed

modifications. Chapter 3 describes the proposed algorithm that uses a two-stage struc-

ture. Chapter 4 presents two simulation studies that evaluate the proposed algorithm

against standard EM in terms of convergence time, parameter recovery, and standard

error estimation across a range of data conditions. Chapter 5 discusses the simulation

findings and concludes with key considerations for implementing and improving the

proposed algorithm.
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CHAPTER 2

The Standard EM Algorithm for IRT Estimation

2.1 Unidimensional Two-Parameter Logistic IRT Models

We focus our discussion on unidimensional two-parameter logistic (2PL) IRT models that

are not members of the exponential family. Let η denote a standard normally distributed

latent variable. Let i index the items (i = 1, . . . , I), and let yip, coded as 0 or 1, denote

Person p’s dichotomously scored response to Item i. Using ϕi to collect the two item-

specific parameters ai and ci, the conditional probabilities are

Pi(ηp) := P(yip = 1 | ηp, ϕi) =
1

1 + exp [−zip]
=

1
1 + exp [−(aiηp + ci)]

(2.1)

Qi(ηp) := P(yip = 0 | ηp, ϕi) = 1− Pi(ηp) (2.2)

The linear predictor z in Equation 2.1 is expressed in the slope-intercept form rather

than the discrimination-difficulty form that one might be more familiar with. The two

forms are related. The slope ai is the discrimination parameter, which quantifies how

sensitive an item is to slight differences in individuals’ latent scores: the greater the

sensitivity, the higher the discrimination value. In unidimensional IRT, the intercept pa-

rameter is the negative product of the slope and the difficulty parameters: ci = −aibi.

The difficulty parameter bi locates the point on the latent continuum at which the prob-

ability of responding 1 is .5, assuming no guessing.

Furthermore, let yp denote Person p’s response vector containing responses to I

items. Under the assumption of local independence, the probability of observing yp

4



conditional on ηp and ϕ is

P(yp | ηp, ϕ) =
I

∏
i=i

Pi(ηp)
yip ·Qi(ηp)

1−yip (2.3)

The marginal probability of yp is

P(yp | ϕ) =
∫

P(yp | η, ϕ)h(η)dη (2.4)

where h(η) is the standard normal density function for variable η.

Under the assumption of P independent individuals, the marginal log-likelihood for

P response vectors collected in matrix Y is

l(ϕ | Y) =
P

∑
p=1

log P(yp | ϕ) (2.5)

2.2 Parameter Estimation with the Standard EM Algorithm

With the standard EM algorithm (Bock & Aitkin, 1981), the integration in Equation 2.4 is

numerically approximated by a weighted sum over K quadrature nodes η = [η1, . . . , ηK]
′.

In its quadrature form, the marginal log-likelihood can be written as follows (Baker &

Kim, 2004; Weissman, 2013):

l(ϕ | Y) =
P

∑
p=1

K

∑
k=1

g(ηk | yp, ϕ)

[
I

∑
i=i

log L(yip | ηk, ϕi) + log h(ηk)

]

−
P

∑
p=1

K

∑
k=1

g(ηk | yp, ϕ) log g(ηk | yp, ϕ) (2.6)

where

g(ηk | yp, ϕ) =
∏I

i=i L(yip | ηk, ϕi)h(ηk)

∑K
m=1 ∏I

i=i L(yip | ηm, ϕi)h(ηm)
(2.7)
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is the posterior probability that the latent score of Person p is ηk.

By comparing Equation 2.6 to Equation 3.21 in Dempster et al. (1977), we observe

that the two terms correspond to functions Q(·) and H(·). For Item i, the E-step then

amounts to computing the Q function, that is, computing the expectation of the complete

data log-likelihood with respect to the posterior distribution of ϕi defined in Equation

2.7 and the current parameter estimates ϕ
(t)
i . The M-step amounts to finding ϕ

(t+1)
i by

maximizing the expectation computed in the E-step.

Q(ϕi | ϕ
(t)
i ) =

K

∑
k=1

P

∑
p=1

{
g(ηk | yp, ϕ(t))

[
yip log Pi(ηk) + (1− yip) log Qi(ηk)

]}
(2.8)

Furthermore, the summation over p in Equation 2.8 can be condensed into one sum-

mation over the 1 responses and another over the 0 responses:

r̃1ik =
P

∑
p=1

g(ηk | yp, ϕ(t))yip (2.9)

r̃0ik =
P

∑
p=1

g(ηk | yp, ϕ(t))(1− yip) (2.10)

where r̃1ik and r̃0ik denote the expected counts of 1 and 0 responses at quadrature node

ηk for Item i.

In the standard EM algorithm, the E-step at Iteration (t + 1) uses Equations 2.9 and

2.10 to compute r̃1ik and r̃0ik. The M-step then maximizes Equation 2.8 that simplifies to

Q(ϕi | ϕ
(t)
i ) =

K

∑
k=1

{
r̃1ik log Pi(ηk) + r̃0ik log Qi(ηk)

}
(2.11)

In the GEM algorithm (Dempster et al., 1977), a modified version of the M-step finds

parameters ϕ∗ such that Q(ϕ∗ | ϕ(t)) ≥ Q(ϕ | ϕ(t)), instead of maximizing Equation

2.8. In other words, GEM proposes a more relaxed M-step that only needs to improve

1L(ϕ′) = Q(ϕ′|ϕ)− H(ϕ′|ϕ)
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the log-likelihood.

2.3 Features That Motivate the Proposed Modifications

2.3.1 Assumption of Conditional Independence

The observed responses are conditionally independent given the latent variable. Un-

less otherwise specified by design, responses from different individuals are also as-

sumed to be independent. These two types of independence allow the complete-data

log-likelihood to be expressed as a sum over independent person-level (or item-level)

contributions. This structure motivates the use of partial E-steps, where expectations are

computed over randomly sampled data subsets (without replacement). This approach

reduces the per-iteration computational cost without requiring significant changes to the

underlying estimation logic.

2.3.2 Shape of the Log-Likelihood Surface Near the MLE

The log-likelihood surface near the MLE tends to be smooth and locally quadratic. When

using Newton-style updates with a small fixed step size, noise introduced by partial

E-steps causes the parameter iterates to fluctuate around the MLE within a bounded

neighborhood. This characteristic behavior, visualized as a point cloud or noise ball, has

been documented in the stochastic optimization literature (Gower et al., 2020). Averaging

(Polyak & Juditsky, 1992) is a common heuristic to reduce this variability and improve

estimate precision. A key consideration is whether the iterates have exited the initial

phase and entered the noise ball region, where averaging becomes effective. The next

chapter describes how to adaptively detect this transition and presents components of

the proposed algorithm.
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CHAPTER 3

The Modified EM Algorithm

This chapter introduces modifications to the standard EM algorithm for IRT estimation.

In the standard formulation, maximizing Equation 2.11 involves maximizing some form

of expectation over a data-defined distribution. Many properties of the log-likelihood

function, such as the gradients, are also sums. When applied to large data sets, these

operations become computationally expensive, as the algorithm must iterate through all

observations before performing a single parameter update.

A more efficient approach is to sample smaller subsets of the data and perform the

same operations on each subset, yielding noisier yet ”good enough” estimates. This

motivates a partial E-step strategy, where the E-step is performed on data subsets to

compute subset-specific expected counts. Moreover, the M-step can be relaxed as in

GEM, where parameters are updated incrementally using partial information—such as

gradients or Hessians based on subset-specific expectations—rather than solving for an

exact M-step solution. These two modifications—(a) performing partial E-steps and

(b) updating parameters incrementally in the M-step—form the basis of the proposed

algorithm.

3.1 Overview

The proposed algorithm consists of two stages to obtain the point estimates. In Stage 1, it

uses the standard EM algorithm to move parameter estimates toward the neighborhood

of the MLE. Once a pre-specified stability criterion is met, it transitions to Stage 2 to

operate on data subsets to accelerate convergence. Also during Stage 2, it incrementally

8



constructs a cross-product approximation of the information matrix, which stabilizes

upon convergence and is then used to compute standard errors.

3.1.1 Pattern-Based Representation of Item Response Data

The item response matrix for P individuals can be compactly represented by R unique

response patterns and their associated frequencies. Let ur = [u1r, u2r, . . . , uIr]
′ denote the

r-th pattern and fr denote the frequency of ur. Previously, we have also defined Pi(ηk)

to be the probability of a correct response to item i given node ηk, and h(ηk) be the prior

standard normal density at node ηk.

3.2 Parameter Estimation: A Two-Stage Approach

3.2.1 Stage 1: Moving Iterates Toward the MLE

Recall that the standard EM algorithm is efficient in early iterations, making substantial

improvements to parameter estimates. However, as the iterates approach the MLE, the

algorithm continues to process the full dataset in each iteration while yielding diminish-

ing improvements, making later updates computationally more expensive.

The proposed algorithm addresses this inefficiency by exploiting the early perfor-

mance of standard EM and then switching to a more computationally efficient approach.

To determine when to transition from full-data standard EM (Stage 1) to a subset-based

modified EM (Stage 2), it uses a log-likelihood-based switching rule similar to Tian et

al. (2013, p. 423). This rule detects when the iterates have ”gotten over the hump”—

that is, when they have moved past the initial large updates and roughly entered the

neighborhood of the MLE. This ensures that major updates driven by full-data EM have

taken place before transition, and allows Stage 2 to refine parameter estimates with

lower computational and time costs. Pseudocode 1 provides an overview of Stage 1’s

implementation.

9



Pseudocode 1 Overview of Stage 1

1: U: response pattern matrix based on the full data
2: f : vector of pattern frequencies
3: η: vector of quadrature nodes (default: 121 evenly spaced points in [−6, 6])
4: delta thr: threshold for Stage 2 transition (default: 0.99)
5: LL: observed (marginal) log-likelihood
6: tol: convergence threshold for parameter changes (default: 10−6)
7: sample size: number of individuals in full dataset

8: Initialize a(0) ← 1I , c(0) ← 0I , LL(j−1) ← None

9: for each Iteration j in Stage 1 do
10: (r(j)

0 , r(j)
1 , LL(j))← run estep(a(j−1), c(j−1), U, f , η)

11: (a(j), c(j))← run mstep full(a(j−1), c(j−1), r(j)
0 , r(j)

1 , η)
12: δ(j) ← get exp diff(LL(j), LL(j−1), sample size) ▷ See Equation 3.1
13: converged← max |a(j) − a(j−1)| ≤ tol and max |c(j) − c(j−1)| ≤ tol

14: if converged then
15: Exit Stage 1
16: if running Stage 2 and δ(j) ≥ delta thr then
17: Exit Stage 1 (and enter Stage 2)

3.2.1.1 Adaptive Transition to Stage 2

The switching rule defines δ(j) as an exponentiated difference between successive aver-

age log-likelihood values

δ(j) = exp

[
−LL(j) − LL(j−1)

N

]
(3.1)

where N is the sample size, and LL denotes the observed log-likelihood obtained from

the E-step at Iteration j of Stage 1. When δ(j) exceeds a predefined threshold (e.g., 0.99),

the algorithm transitions to Stage 2. In the implementation, δ(j) is set to 0 at the first

iteration where LL(j−1) is not yet defined.

3.2.1.2 Early Stopping Condition

When only Stage 1 is run, convergence is determined based on the maximum absolute

change in parameter estimates between iterations. Specifically, the algorithm checks

10



whether the largest absolute changes in A estimates and in C estimates both fall below

a predefined threshold (e.g., 10−6). Once this condition is satisfied, the algorithm exits

Stage 1.

3.2.2 Stage 2: Accelerating Updates with Data Subsets

In Stage 2, the algorithm partitions the data into subsets and iterates through them to

perform a partial E-step and a modified M-step. Pseudocode 2 provides an overview of

Stage 2’s implementation.

Pseudocode 2 Overview of Stage 2

1: rnd seed: random seed for reproducible subset sampling
2: subset size: number of individuals per subset
3: Y : full item response data matrix
4: η: vector of quadrature nodes (default: 121 evenly spaced points in [−6, 6])
5: γ: fixed step size for M-step update (default: 0.5)
6: tol: convergence threshold for parameter changes (default: 10−6)

7: Given a(t−1) and c(t−1) from Stage 1
8: for each Iteration t in Stage 2 do
9: subsets← create subsets(Y , rnd seed, subset size)

10: for each (U(s), f (s)) in subsets do
11: (r(t,s)0 , r(t,s)1 , LL(t,s))← run estep(a(t−1), c(t−1), U(s), f (s), η)

12: (a(t), c(t))← run mstep subset(a(t−1), c(t−1), r(t,s)0 , r(t,s)1 , η, γ)
13: (ã(t), c̃(t))← update sma(a(t), c(t)) ▷ See Pseudocode 3

14: converged← max |ã(t) − ã(t−1)| ≤ tol and max |c̃(t) − c̃(t−1)| ≤ tol

15: if converged then
16: Break both inner and outer loops and exit Stage 2

3.2.2.1 Creating Data Subsets

Shuffling. The row indices of the full item response data data are shuffled to mimic

random selection and minimize data-ordering effects (Goodfellow et al., 2016). Faster

convergence has also been observed if the data subsets were randomly ordered for each

iteration (Bengio, 2012).
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Partitioning. The vector of shuffled indices is partitioned into M subsets, where each

subset indexes the corresponding rows in the full data. For example, 5% of 10,000

translates to a subset size of 500 and a M of 20. In the case where the sample size

is not divisible by the subset size, the remaining data will be its own subset. Each subset

is then summarized into response pattern matrix U and frequency vector f .

3.2.2.2 Partial E-Steps

The computation of the E-step follows the same procedure as in the standard EM al-

gorithm. The difference is that each E-step is performed on a subset s, consisting of

response pattern data U(s) from P(s) individuals randomly drawn from the full set of

P individuals. Each partial E-step yields subset-specific expected counts of 1 and 0 re-

sponses for I items across K quadrature nodes:

r̃(t,s)1ik = ∑
r

f (s)r · g
(

ηk | u(s)
r , ϕ(t)

)
· u(s)

ir (3.2)

r̃(t,s)0ik = ∑
r

f (s)r · g
(

ηk | u(s)
r , ϕ(t)

)
·
(

1− u(s)
ir

)
(3.3)

where f (s)r denotes the frequency of the r-th pattern in Subset s.

3.2.2.3 Modified M-Steps

Each partial E-step is followed by a modified M-step that performs a Newton-style up-

date for Item i’s parameters:

ϕ
(t+1)
i = ϕ

(t)
i + γ

(
H(t)

i

)−1
g(t)i (3.4)

In Equation 3.4, g(t) and H(t) denote the gradient and Hessian of the expected complete

data log-likelihood at Iteration t. The fixed step size γ controls the update magnitude.1

1An alternative expression of Equation 3.4 is minimizing the negative log-likelihood, which is the de-
fault behavior for optimizers such as nlm() or optim() in R and scipy.optimize.minimize() in Python.
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Gradients of Expected Complete-Data Log-Likelihood. For Item i, the gradients of

Equation 2.11 with respect to the item parameters are

∂Q
∂ai

= ∑
k
[r̃1ik − (r̃1ik + r̃0ik)Pi(ηk)] ηk

= ∑
k
[r̃1ik − ñikPi(ηk)] ηk (3.5)

∂Q
∂ci

= ∑
k
[r̃1ik − (r̃1ik + r̃0ik)Pi(ηk)]

= ∑
k
[r̃1ik − ñikPi(ηk)] (3.6)

where Pi(ηk) denotes the response function (Equation 2.1) evaluated at ηk, and ñik =

r̃1ik + r̃0ik denotes the expected number of individuals at ηk.

Hessian of Expected Complete-Data Log-Likelihood. Elements of the Hessian matrix

are given by

∂2Q
∂a2

i
= −∑

k
ñikPi(ηk)Qi(ηk)η

2
k (3.7)

∂2Q
∂c2

i
= −∑

k
ñikPi(ηk)Qi(ηk) (3.8)

∂2Q
∂ai∂ci

= −∑
k

ñikPi(ηk)Qi(ηk)ηk (3.9)

where Qi(ηk) = 1− Pi(ηk), as defined in Equation 2.2.

Iterates Averaging. With unidimensional 2PL IRT models, the log-likelihood surface

near the MLE is approximately quadratic. Within this region, M-step updates with a

fixed step size tend to oscillate around the MLE. Instead of tuning the step size, the

algorithm approximates the MLE by taking simple moving averages of recent parameter

values to track the center of the oscillation. Averaging starts after a fixed warm-up

period. Once the average stabilizes, it is no longer updated, and the most recent value
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is retained. Stability is determined by whether the variance of recent averaged values,

computed over a moving window, falls below a predefined threshold. Pseudocode 3

outlines two core functions used for averaging and checking stability.

Pseudocode 3 Simple Moving Average: update sma() and check stable()

1: Internal variables:
2: est vals: list of input estimates
3: center vals: list of moving averages
4: wait: number of values before averaging starts (default: 30)
5: window check: number of recent averages used to check stability (default: 5)
6: tol: threshold for stability check (default: 10−6)
7: stabilized: boolean flag indicating stability

8: function check stable

9: if length of center vals < window check then
10: return False

11: δ← variance of last window check values in center vals

12: return δ ≤ tol

13: function update sma(est new)
14: Append est new to est vals

15: if stabilized then
16: return last value in center vals

17: center← mean of est vals

18: Append center to center vals

19: if length of est vals < wait then
20: return est new

21: stabilized← check stable

22: return center

3.2.2.4 Early Stopping Condition

Stage 2 includes a convergence check similar to that used in Stage 1. Specifically, if the

largest absolute changes in the smoothed A and C parameters fall below a predefined

tolerance (e.g., 10−6), the algorithm exits Stage 2.
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3.3 Standard Error Estimation

The EM framework does not produce the parameter information matrix or error covari-

ance matrix, and hence provides no standard errors (SEs) upon convergence.

3.3.1 Computing SEs Based on the Empirical Cross-Product Information Matrix

One solution is the empirical cross-product (XPD) approximation, which computes the

information matrix as the outer product of the score function of the marginal log-

likelihood. In the proposed algorithm, the XPD matrix is computed incrementally during

Stage 2 by accumulating score outer-products over disjoint data subsets. Upon conver-

gence, the inverse of the final XPD matrix yields the parameter error covariance matrix.

SEs are then obtained as the square roots of the diagonal elements of the covariance

matrix. The subsections below present key numeric results. Pseudocode 4 outlines the

implementation for accumulating the XPD information matrix and computing standard

errors.

3.3.1.1 Gradients of Marginal Log-Likelihood

The gradients with respect to Item i’s parameters are:

∂lr
∂ai

=
K

∑
k=1

gkr [uir − Pi(ηk)] ηk (3.10)

∂lr
∂ci

=
K

∑
k=1

gkr [uir − Pi(ηk)] (3.11)

where gkr denotes the posterior probability g(ηk | ur, ϕ), defined analogously to Equa-

tion 2.7.
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3.3.1.2 XPD Information Matrix

Let the sample gradient vector for Pattern r be

vr =

[
∂lr
∂a1

,
∂lr
∂c1

, . . . ,
∂lr
∂aI

,
∂lr
∂cI

]′
(3.12)

The XPD information matrix is then approximated by

Ixpd(ϕ) =
R

∑
r=1

fr
[
vr (vr)

′] (3.13)

Pseudocode 4 Accumulating the XPD Information Matrix and Computing SEs

1: get se: boolean flag indicating whether SEs should be computed

2: Initialize XPD← 02I×2I
3: for each iteration in Stage 2 do
4: Create data subsets
5: for each subset do
6: Run one partial E-step
7: if get se then
8: XPD← XPD + compute xpd(U(s), f (s), η)
9: Run one modified M-step

10: if converged then
11: Break both inner and outer loops and exit Stage 2
12: if get se then
13: COV← inverse(XPD)
14: SEs←

√
diag(COV)

3.3.2 Computing SEs Based on the Fisher Expected Information Matrix

To evaluate the bias and RMSE of XPD-based SE estimates in later simulation studies,

an additional set of SEs is computed from the Fisher expected information (FIS) matrix

evaluated at the true parameter values. These serve as a theoretical benchmark or gold

standard for comparison.
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3.3.2.1 FIS Matrix

The FIS is defined as

F (ϕ) = J (ϕ)′ {diag[π(ϕ)]}−1 J (ϕ) (3.14)

In Equation 3.14, ϕ is a vector collecting all item parameters. The matrix J (ϕ) contains

the gradients of the marginal log-likelihood, where each row corresponds to a response

pattern and each column to a model parameter. Each non-zero entry in the diagonal

matrix diag[π(ϕ)] shows the probability of observing a given pattern under the 2PL

IRT model. The number of unique response patterns increases exponentially with the

number of items, following 2I where I is the number of items. For example, 12 binary

items yield 212 = 4096 possible patterns.

In simulation studies, FIS can be evaluated at the true parameter values, denoted

by F (ϕ0). Given a sample size of N, the matrix [NF (ϕ0)]
−1 is the parameter error

covariance matrix. The square roots of its diagonal elements provide the gold-standard

SEs (Cai, 2008; Tian et al., 2013). Appendix A provides a R function for computing

FIS-based SEs using output from flexMIRT 3.72 (Cai, 2024).
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CHAPTER 4

Simulation Studies

4.1 Simulation Study 1

The first simulation study evaluates the effectiveness of the proposed algorithm in re-

ducing time to convergence and recovering item parameters under different subset sizes

and item set lengths.

4.1.1 Simulation Conditions

Study 1 varied two factors: (a) percentage subset size (10%, 20%, 30%, 50%, or 100% of

the total sample size) and (b) number of items (18 or 36). When the percentage was 100%,

item response data from all individuals were used, and the standard EM algorithm was

applied by running only Stage 1, without the adaptive transition described in Chapter 3.

Each condition was replicated R = 100 times; all replications were run until convergence.

For each replication, binary responses were simulated for N = 60, 000 individuals

under a unidimensional 2PL IRT model, given true item parameters and a standard nor-

mal distribution for the latent variable. Table 4.1 summarizes the simulation conditions.

The next section describes how the true item parameters were generated.

4.1.2 Grid Sampling of True Item Parameters

The true A (slope) and B (difficulty) parameter values were randomly sampled at three

levels: low, medium, high. The levels of A were selected based on literature suggesting

that reasonably ”good” values tend to fall between 0.8 and 2.5 (Baker & Kim, 2004; de
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Table 4.1. Study 1: Simulation Conditions (N = 60, 000)

Condition Subset % Subset size No. of items
1 10 6,000 18
2 10 6,000 36
3 20 12,000 18
4 20 12,000 36
5 30 18,000 18
6 30 18,000 36
7 50 30,000 18
8 50 30,000 36
9 100 60,000 18

10 100 60,000 36

Ayala, 2009). The levels of B were selected considering that approximately 99.73% of

cases fall within ±3 standard deviations of a standard normal distribution. Table 4.2

shows the sampling ranges for these levels.

These levels formed a 3-by-3 grid sampling space. Within each cell of the grid, an

equal number of item parameters was sampled from an uniform distribution based on

the specified ranges. For example, with 18 items, two items from the Low A and Low B

cell were sampled, and this process was repeated for the remaining eight cells. Similarly,

for the 36-item case, six items were sampled per cell.

Table 4.2. Study 1: Level Ranges for Item Parameters

Item parameter Low Medium High
A (discrimination/slope) [0.50, 1.50) [1.50, 2.50) [2.50, 3.50]
B (difficulty) [-3.00, -1.50) [-1.50, 1.50) [1.50, 3.00]
C (intercept) [-10.50, -3.75) [-3.75, 3.75) [3.75, 10.50]

The true A and B values were used to compute the true C (intercept) values using the

formula C = −A× B. The full range of possible C values, [−10.50, 10.50], was derived

from the outer bounds of A ∈ [0.50, 3.50] and B ∈ [−3.00, 3.00]. The cutoffs at ±3.75

divide this range into three approximately equal-width intervals for use in descriptive

summaries and subgroup analyses. As a reminder, the A and C parameters are those

being estimated. Table 4.3 and 4.4 present the true A, B, and C parameters used in the

18-item and 36-item conditions.
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Table 4.3. Study 1: True Item Parameters for 18-Item Conditions

True value Level
Item A B C A B C

1 0.64 −1.67 1.06 low low med
2 1.43 −2.33 3.34 low low med
3 0.89 −0.73 0.65 low med med
4 1.16 −0.02 0.03 low med med
5 1.46 2.70 −3.96 low high low
6 0.96 2.70 −2.58 low high med
7 1.54 −1.85 2.85 med low med
8 1.50 −2.56 3.85 med low high
9 2.11 1.24 −2.62 med med med

10 1.80 −0.75 1.36 med med med
11 2.17 2.98 −6.46 med high low
12 1.97 1.68 −3.32 med high med
13 3.42 −1.58 5.40 high low high
14 2.78 −2.22 6.17 high low high
15 2.65 −1.46 3.87 high med high
16 2.82 1.47 −4.16 high med low
17 3.01 2.81 −8.48 high high low
18 2.57 1.93 −4.95 high high low

Note. C = −A× B. Parameter levels are based on cutoffs
in Table 4.2.

4.1.3 Evaluation Criteria

The proposed algorithm was evaluated using two sets of criteria: reduction in time to

convergence and parameter recovery performance. The latter includes bias and root

mean square error (RMSE).

Time to Convergence

Tm =
∑R

r=1 Timer

R
(4.1)

% Time Change =
Tm − T f

T f
× 100 (4.2)

where T f is the mean time based on the full-data standard EM, and Tm is the mean time

based on the proposed algorithm. All times are in seconds. r denotes the rth replication,
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Table 4.4. Study 1: True Item Parameters for 36-Item Conditions

True value Level
Item A B C A B C

1 0.64 −1.67 1.06 low low med
2 1.43 −2.33 3.34 low low med
3 0.89 −2.61 2.32 low low med
4 1.16 −2.26 2.62 low low med
5 1.46 0.90 −1.32 low med med
6 0.96 0.90 −0.86 low med med
7 0.54 0.81 −0.44 low med med
8 0.50 −0.62 0.31 low med med
9 1.11 2.87 −3.19 low high med

10 0.80 1.87 −1.50 low high med
11 1.17 2.98 −3.48 low high med
12 0.97 1.68 −1.63 low high med
13 2.42 −1.58 3.82 med low high
14 1.78 −2.22 3.95 med low high
15 1.65 −2.98 4.93 med low high
16 1.82 −1.51 2.76 med low med
17 2.01 1.13 −2.27 med med med
18 1.57 −0.65 1.01 med med med
19 1.97 0.79 −1.55 med med med
20 2.42 −0.32 0.78 med med med
21 2.43 2.25 −5.46 med high low
22 2.30 2.84 −6.55 med high low
23 1.98 2.77 −5.49 med high low
24 1.78 2.01 −3.57 med high med
25 2.61 −2.22 5.77 high low high
26 3.15 −1.65 5.20 high low high
27 2.60 −2.53 6.59 high low high
28 2.58 −1.59 4.11 high low high
29 3.46 −0.93 3.20 high med med
30 3.45 −0.17 0.58 high med med
31 2.76 0.51 −1.41 high med med
32 2.88 1.46 −4.19 high med low
33 3.17 2.99 −9.46 high high low
34 3.47 1.77 −6.16 high high low
35 2.94 2.51 −7.38 high high low
36 3.15 2.07 −6.54 high high low

Note. C = −A× B. Parameter levels are based on cutoffs
in Table 4.2.
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and R is the total number of replications.

Parameter Recovery

Bias
(
ϕ̂
)
=

∑R
r=1

(
ϕ̂r − ϕ

)
R

(4.3)

RMSE
(
ϕ̂
)
=

√
∑R

r=1
(
ϕ̂r − ϕ

)2

R
(4.4)

where ϕ is the true parameter generated following Section 4.1.2, and ϕ̂r is the parameter

estimate from the rth replication.

4.2 Simulation Study 2

The second study evaluates the applicability and performance of SE estimation under

the proposed algorithm. The methods for computing SEs—based on the Fisher expected

information matrix (FIS) and the empirical cross-product approximation (XPD)—are de-

scribed in Section 3.3.

4.2.1 Simulation Conditions

Study 2 varied the percentage subset size (20%, 30%, 50%, or 100%).1 Each condition

had data from 60,000 individuals (N = 60, 000) and 1,000 replications (R = 1, 000).

All replications were run until convergence. Table 4.5 summarizes the four simulation

conditions.

Table 4.6 presents the true parameter values and their FIS-based SEs. Given the

true parameters, dichotomously scored item responses to 12 items were simulated for

60,000 individuals in each replication, assuming a unidimensional 2PL IRT model and a

1The 10% condition was omitted due to the high variability in parameter estimates observed in Simu-
lation 1.
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standard normal distribution for the latent variable.

Table 4.5. Study 2: Simulation Conditions (N = 60, 000)

Condition Subset % Subset size
1 20 12,000
2 30 18,000
3 50 30,000
4 100 60,000

Table 4.6. Study 2: True Item Parameters and Standard Errors

Item A SE(a) C SE(c)
1 0.68 0.015 1.60 0.014
2 1.27 0.022 2.24 0.021
3 1.56 0.026 2.39 0.024
4 1.22 0.019 1.57 0.016
5 1.38 0.020 1.14 0.015
6 1.80 0.025 0.21 0.014
7 1.33 0.018 −0.16 0.012
8 2.02 0.029 −1.19 0.018
9 1.16 0.018 −1.23 0.014

10 1.11 0.019 −1.70 0.016
11 0.94 0.017 −1.66 0.015
12 0.80 0.017 −1.83 0.015

Note. Given B = −C/A, the range of B values
(item difficulties) is from -2.35 to 2.29.

4.2.2 Evaluation Criteria

For each true parameter, the FIS-based standard error SEfis(ϕ) was computed. For each

condition, the mean of XPD-based estimated SEs across replications was computed. The

following metrics quantify the difference between SEfis(ϕ) and the estimated SE:

Bias [SE(ϕ)] = ∑R
r=1 SE(ϕ̂r)

R
− SEfis(ϕ) (4.5)

RMSE [SE(ϕ)] =

√
∑R

r=1
[
SE(ϕ̂r)− SEfis(ϕ)

]2

R
(4.6)
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CHAPTER 5

Results and Discussion

5.1 Study 1 Results

5.1.1 Reduction in Time to Convergence

The results presented in Table 5.1 compare the time to convergence under the proposed

algorithm against the standard EM algorithm across two item conditions: 18 items and

36 items.1 In the 18-item condition, the proposed algorithm achieved a lower time to

convergence than standard EM only when using the 10% subset, with a 10.39% reduction

in time. As the subset size increased, the time to convergence also rose. At 20%, the time

was slightly higher, and this trend continued at 30% and was most pronounced at 50%

where the time to convergence was nearly double that of standard EM.

In contrast, the proposed algorithm consistently had lower convergence times than

standard EM in the 36-item condition. With the 10% subset size, the time was reduced by

78.68%, and with the 50% subset size, it remained 24.14% lower than that of the standard

EM. These findings suggest that the proposed algorithm is more efficient when applied

to larger item sets. This may be because, as the number of items increases, the cost of

summing over response patterns in each EM iteration becomes more pronounced. In

such cases, a subset-based approach reduces the per-iteration computational cost. This

is particularly advantageous when the response pattern matrix begins to resemble the

full item response matrix. With larger item sets, individuals are much more likely to

produce unique or near-unique response patterns, leading to a substantial increase in

1Values in Table 5.1 and later tables are shown with rounding; minor differences may occur.
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the size of the response pattern matrix.

Table 5.1. Study 1: Mean and SD of Time to Convergence in Seconds

18 Items 36 Items
Subset % M SD Change % M SD Change %

10 2.67 0.48 −10.39 26.02 3.17 −78.68
20 3.10 0.40 4.07 40.02 1.43 −67.21
30 3.79 0.58 27.16 51.16 4.79 −58.07
50 5.78 0.20 93.92 92.58 10.83 −24.14

Standard EM 2.98 0.07 0.00 122.03 12.62 0.00

5.1.2 Bias and RMSE of Estimated Item Parameters

Figure 5.1 presents bias and RMSE values, broken down by subset size, parameter type,

and parameter magnitude levels defined in Section 4.1.2. In the figure, gray hollow

circles show individual values, red diamonds indicate the mean for each condition, and

the number of items whose A or C parameters were categorized as low, medium (med),

or high is noted in each panel.

Several observations can be drawn from this figure. First, subset sizes of 20% and

above had bias and RMSE values much closer to those of standard EM. Second, regard-

less of the number of items, the true slope parameters (A) were easier to recover than the

intercept parameters (C), as indicated by the lower and less dispersed bias and RMSE.

Third, parameters with extreme values were more challenging to estimate compared to

parameters with moderate values. This was particularly evident when both the slope (A)

and difficulty (B) parameters were high, resulting in extreme and hard-to-estimate inter-

cept parameters (C). Estimation in these cases was challenging because the items were

highly sensitive to differences in the latent score, but only for individuals at the extremes

of the distribution, where few are located under a standard normal distribution.

To complement results shown in Figure 5.1, Tables 5.2 to 5.6 report mean estimate,

standard deviation, bias, and RMSE by individual parameter under the 36-item condition

and five different subset sizes. All values were computed using unrounded data but are
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Figure 5.1. Study 1: Distribution of Bias and RMSE of Parameter Estimates

reported to two decimal places for readability. The patterns described for Figure 5.1 and

observed under the 18-item condition are similarly reflected here. Larger bias and RMSE

values tended to occur for parameters with extreme true values, particularly among the

C parameters. For example, Item 33’s parameters (Atrue = 3.17, Ctrue = −9.46, Btrue =

2.98) were the hardest to estimate accurately and precisely.
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Table 5.2. Study 1 (10% Subset Size + 36 Items): Bias and RMSE by Parameter

Parameter A Parameter C
Item True value Mest SDest Bias RMSE True value Mest SDest Bias RMSE

1 0.64 0.64 0.02 0.00 0.02 1.06 1.06 0.02 0.00 0.02
2 1.43 1.44 0.04 0.00 0.04 3.34 3.34 0.05 0.00 0.05
3 0.89 0.89 0.03 0.00 0.03 2.32 2.32 0.03 0.00 0.03
4 1.16 1.15 0.03 −0.01 0.03 2.62 2.62 0.03 0.00 0.03
5 1.46 1.46 0.03 0.00 0.03 −1.32 −1.32 0.02 0.00 0.02
6 0.96 0.96 0.02 0.00 0.02 −0.86 −0.86 0.02 0.00 0.02
7 0.54 0.54 0.02 0.00 0.02 −0.44 −0.44 0.02 0.00 0.02
8 0.50 0.50 0.02 0.00 0.02 0.31 0.31 0.02 0.00 0.02
9 1.11 1.10 0.04 −0.01 0.04 −3.19 −3.18 0.04 0.01 0.05

10 0.80 0.80 0.02 0.00 0.02 −1.50 −1.50 0.02 0.00 0.02
11 1.17 1.17 0.03 0.00 0.03 −3.48 −3.48 0.05 0.00 0.05
12 0.97 0.97 0.02 0.00 0.02 −1.63 −1.63 0.02 0.00 0.02
13 2.42 2.41 0.05 −0.01 0.05 3.82 3.81 0.06 0.00 0.06
14 1.78 1.78 0.05 0.00 0.05 3.95 3.96 0.07 0.01 0.07
15 1.65 1.65 0.07 −0.01 0.07 4.93 4.92 0.11 −0.01 0.11
16 1.82 1.83 0.04 0.00 0.04 2.76 2.76 0.04 0.00 0.04
17 2.01 2.02 0.04 0.00 0.04 −2.27 −2.27 0.03 0.00 0.03
18 1.57 1.57 0.03 0.00 0.03 1.01 1.01 0.02 0.00 0.02
19 1.97 1.97 0.03 0.00 0.03 −1.55 −1.54 0.03 0.00 0.03
20 2.42 2.42 0.04 0.00 0.04 0.78 0.78 0.03 0.00 0.03
21 2.43 2.42 0.07 −0.01 0.07 −5.46 −5.44 0.12 0.03 0.12
22 2.30 2.28 0.11 −0.02 0.11 −6.55 −6.52 0.20 0.03 0.20
23 1.98 1.97 0.08 −0.01 0.08 −5.49 −5.47 0.12 0.03 0.12
24 1.78 1.78 0.04 0.00 0.04 −3.57 −3.58 0.06 0.00 0.06
25 2.61 2.61 0.07 0.00 0.07 5.77 5.77 0.11 0.00 0.11
26 3.15 3.16 0.07 0.01 0.07 5.20 5.22 0.10 0.02 0.10
27 2.60 2.60 0.09 0.00 0.09 6.59 6.59 0.16 −0.01 0.16
28 2.58 2.57 0.05 0.00 0.05 4.11 4.10 0.07 0.00 0.07
29 3.46 3.46 0.06 0.01 0.06 3.20 3.21 0.05 0.01 0.05
30 3.45 3.47 0.04 0.02 0.05 0.58 0.59 0.03 0.01 0.03
31 2.76 2.76 0.05 −0.01 0.05 −1.41 −1.40 0.03 0.01 0.03
32 2.88 2.87 0.07 0.00 0.07 −4.19 −4.18 0.08 0.01 0.08
33 3.17 3.12 0.19 −0.05 0.19 −9.46 −9.36 0.40 0.10 0.41
34 3.47 3.48 0.10 0.00 0.10 −6.16 −6.15 0.14 0.00 0.14
35 2.94 2.92 0.11 −0.02 0.11 −7.38 −7.33 0.21 0.05 0.21
36 3.15 3.15 0.10 0.00 0.10 −6.54 −6.54 0.15 0.00 0.15
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Table 5.3. Study 1 (20% Subset Size + 36 Items): Bias and RMSE by Parameter

Parameter A Parameter C
Item True value Mest SDest Bias RMSE True value Mest SDest Bias RMSE

1 0.64 0.64 0.01 0.00 0.01 1.06 1.06 0.02 0.00 0.02
2 1.43 1.43 0.03 0.00 0.03 3.34 3.34 0.04 0.00 0.04
3 0.89 0.89 0.02 0.00 0.02 2.32 2.32 0.02 0.00 0.02
4 1.16 1.16 0.03 0.00 0.03 2.62 2.62 0.03 0.01 0.03
5 1.46 1.46 0.02 0.00 0.02 −1.32 −1.32 0.02 0.00 0.02
6 0.96 0.95 0.01 0.00 0.01 −0.86 −0.86 0.01 0.00 0.01
7 0.54 0.54 0.01 0.00 0.01 −0.44 −0.44 0.01 0.00 0.01
8 0.50 0.50 0.01 0.00 0.01 0.31 0.31 0.01 0.00 0.01
9 1.11 1.11 0.03 −0.01 0.03 −3.19 −3.18 0.04 0.01 0.04

10 0.80 0.80 0.02 0.00 0.02 −1.50 −1.50 0.02 0.00 0.02
11 1.17 1.17 0.03 0.00 0.03 −3.48 −3.47 0.04 0.00 0.04
12 0.97 0.97 0.02 0.00 0.02 −1.63 −1.63 0.02 0.00 0.02
13 2.42 2.41 0.04 −0.01 0.04 3.82 3.81 0.05 0.00 0.05
14 1.78 1.78 0.04 0.00 0.04 3.95 3.96 0.05 0.01 0.05
15 1.65 1.65 0.04 0.00 0.04 4.93 4.92 0.07 −0.01 0.07
16 1.82 1.83 0.03 0.01 0.03 2.76 2.77 0.03 0.00 0.03
17 2.01 2.02 0.03 0.00 0.03 −2.27 −2.28 0.03 0.00 0.03
18 1.57 1.57 0.02 0.00 0.02 1.01 1.02 0.02 0.00 0.02
19 1.97 1.97 0.03 0.00 0.03 −1.55 −1.54 0.02 0.01 0.02
20 2.42 2.42 0.03 0.00 0.03 0.78 0.78 0.02 0.00 0.02
21 2.43 2.41 0.06 −0.02 0.06 −5.46 −5.44 0.09 0.03 0.10
22 2.30 2.29 0.09 −0.01 0.09 −6.55 −6.53 0.15 0.02 0.15
23 1.98 1.98 0.06 0.00 0.06 −5.49 −5.49 0.10 0.00 0.10
24 1.78 1.78 0.03 0.00 0.03 −3.57 −3.57 0.04 0.00 0.04
25 2.61 2.61 0.07 0.00 0.07 5.77 5.77 0.11 0.00 0.10
26 3.15 3.16 0.06 0.01 0.06 5.20 5.21 0.07 0.01 0.07
27 2.60 2.59 0.07 −0.01 0.07 6.59 6.57 0.12 −0.02 0.12
28 2.58 2.58 0.04 0.00 0.04 4.11 4.11 0.06 0.00 0.06
29 3.46 3.47 0.06 0.01 0.06 3.20 3.21 0.05 0.01 0.05
30 3.45 3.47 0.04 0.01 0.04 0.58 0.58 0.02 0.00 0.02
31 2.76 2.76 0.03 0.00 0.03 −1.41 −1.41 0.02 0.00 0.02
32 2.88 2.88 0.05 0.00 0.05 −4.19 −4.19 0.05 0.00 0.05
33 3.17 3.15 0.13 −0.02 0.13 −9.46 −9.40 0.30 0.06 0.31
34 3.47 3.47 0.07 0.00 0.07 −6.16 −6.15 0.11 0.00 0.11
35 2.94 2.93 0.09 −0.01 0.09 −7.38 −7.36 0.17 0.02 0.17
36 3.15 3.15 0.08 0.00 0.08 −6.54 −6.54 0.13 0.00 0.13
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Table 5.4. Study 1 (30% Subset Size + 36 Items): Bias and RMSE by Parameter

Parameter A Parameter C
Item True value Mest SDest Bias RMSE True value Mest SDest Bias RMSE

1 0.64 0.64 0.01 0.00 0.01 1.06 1.06 0.01 0.00 0.01
2 1.43 1.43 0.03 0.00 0.03 3.34 3.34 0.03 0.00 0.03
3 0.89 0.89 0.02 0.00 0.02 2.32 2.32 0.02 0.00 0.02
4 1.16 1.16 0.02 0.00 0.02 2.62 2.62 0.03 0.00 0.03
5 1.46 1.47 0.02 0.00 0.02 −1.32 −1.32 0.02 0.00 0.02
6 0.96 0.96 0.02 0.00 0.02 −0.86 −0.86 0.01 0.00 0.01
7 0.54 0.54 0.01 0.00 0.01 −0.44 −0.44 0.01 0.00 0.01
8 0.50 0.50 0.01 0.00 0.01 0.31 0.31 0.01 0.00 0.01
9 1.11 1.11 0.03 −0.01 0.03 −3.19 −3.18 0.03 0.01 0.03

10 0.80 0.80 0.01 0.00 0.01 −1.50 −1.50 0.02 0.00 0.02
11 1.17 1.16 0.03 0.00 0.03 −3.48 −3.48 0.04 0.00 0.04
12 0.97 0.96 0.02 0.00 0.02 −1.63 −1.63 0.02 0.00 0.02
13 2.42 2.41 0.04 0.00 0.04 3.82 3.82 0.05 0.00 0.05
14 1.78 1.78 0.03 0.01 0.03 3.95 3.96 0.05 0.01 0.05
15 1.65 1.65 0.04 0.00 0.04 4.93 4.93 0.07 0.00 0.06
16 1.82 1.83 0.03 0.00 0.03 2.76 2.76 0.03 0.00 0.03
17 2.01 2.01 0.03 0.00 0.03 −2.27 −2.27 0.02 0.00 0.02
18 1.57 1.57 0.02 0.00 0.02 1.01 1.02 0.02 0.00 0.02
19 1.97 1.97 0.03 0.00 0.03 −1.55 −1.54 0.02 0.00 0.02
20 2.42 2.42 0.03 −0.01 0.03 0.78 0.78 0.02 0.00 0.02
21 2.43 2.42 0.06 −0.01 0.06 −5.46 −5.45 0.09 0.01 0.09
22 2.30 2.30 0.09 −0.01 0.09 −6.55 −6.54 0.16 0.01 0.16
23 1.98 1.98 0.05 0.00 0.05 −5.49 −5.50 0.09 0.00 0.09
24 1.78 1.78 0.03 0.00 0.03 −3.57 −3.57 0.04 0.00 0.04
25 2.61 2.61 0.06 0.00 0.06 5.77 5.77 0.10 0.00 0.10
26 3.15 3.16 0.05 0.01 0.05 5.20 5.21 0.07 0.01 0.07
27 2.60 2.60 0.08 −0.01 0.08 6.59 6.59 0.14 −0.01 0.14
28 2.58 2.58 0.04 0.00 0.04 4.11 4.11 0.05 0.00 0.05
29 3.46 3.47 0.06 0.01 0.06 3.20 3.21 0.05 0.01 0.05
30 3.45 3.46 0.04 0.01 0.05 0.58 0.58 0.02 0.00 0.02
31 2.76 2.76 0.03 0.00 0.03 −1.41 −1.40 0.02 0.01 0.02
32 2.88 2.87 0.05 0.00 0.05 −4.19 −4.18 0.06 0.01 0.06
33 3.17 3.14 0.13 −0.03 0.14 −9.46 −9.39 0.29 0.07 0.30
34 3.47 3.48 0.09 0.01 0.09 −6.16 −6.16 0.12 −0.01 0.12
35 2.94 2.93 0.09 −0.01 0.09 −7.38 −7.36 0.17 0.02 0.17
36 3.15 3.15 0.07 0.00 0.07 −6.54 −6.54 0.11 0.00 0.11
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Table 5.5. Study 1 (50% Subset Size + 36 Items): Bias and RMSE by Parameter

Parameter A Parameter C
Item True value Mest SDest Bias RMSE True value Mest SDest Bias RMSE

1 0.64 0.64 0.01 0.00 0.01 1.06 1.06 0.01 0.00 0.01
2 1.43 1.44 0.02 0.00 0.02 3.34 3.34 0.03 0.00 0.03
3 0.89 0.89 0.02 0.00 0.02 2.32 2.32 0.02 0.00 0.02
4 1.16 1.16 0.02 0.00 0.02 2.62 2.62 0.02 0.00 0.02
5 1.46 1.47 0.02 0.00 0.02 −1.32 −1.32 0.02 0.00 0.02
6 0.96 0.96 0.01 0.00 0.01 −0.86 −0.86 0.01 0.00 0.01
7 0.54 0.54 0.01 0.00 0.01 −0.44 −0.44 0.01 0.00 0.01
8 0.50 0.50 0.01 0.00 0.01 0.31 0.31 0.01 0.00 0.01
9 1.11 1.11 0.03 0.00 0.03 −3.19 −3.18 0.03 0.00 0.03

10 0.80 0.80 0.01 0.00 0.01 −1.50 −1.50 0.01 0.00 0.01
11 1.17 1.16 0.02 0.00 0.02 −3.48 −3.47 0.03 0.00 0.03
12 0.97 0.97 0.02 0.00 0.02 −1.63 −1.63 0.01 0.00 0.01
13 2.42 2.41 0.03 0.00 0.03 3.82 3.82 0.04 0.00 0.04
14 1.78 1.78 0.03 0.00 0.03 3.95 3.95 0.04 0.01 0.04
15 1.65 1.65 0.04 0.00 0.04 4.93 4.92 0.06 0.00 0.06
16 1.82 1.83 0.02 0.00 0.02 2.76 2.76 0.02 0.00 0.03
17 2.01 2.01 0.02 0.00 0.02 −2.27 −2.27 0.02 0.00 0.02
18 1.57 1.57 0.02 0.00 0.02 1.01 1.02 0.01 0.00 0.01
19 1.97 1.97 0.02 0.00 0.02 −1.55 −1.54 0.02 0.00 0.02
20 2.42 2.42 0.02 0.00 0.02 0.78 0.78 0.02 0.00 0.02
21 2.43 2.42 0.05 −0.01 0.05 −5.46 −5.44 0.07 0.02 0.07
22 2.30 2.30 0.08 0.00 0.08 −6.55 −6.54 0.13 0.00 0.13
23 1.98 1.98 0.05 0.00 0.05 −5.49 −5.49 0.07 0.00 0.07
24 1.78 1.77 0.03 0.00 0.03 −3.57 −3.57 0.03 0.00 0.03
25 2.61 2.60 0.06 0.00 0.06 5.77 5.77 0.09 0.00 0.09
26 3.15 3.16 0.04 0.01 0.05 5.20 5.21 0.06 0.01 0.06
27 2.60 2.60 0.06 0.00 0.06 6.59 6.59 0.11 0.00 0.11
28 2.58 2.58 0.03 0.00 0.03 4.11 4.11 0.05 0.00 0.05
29 3.46 3.46 0.05 0.00 0.05 3.20 3.21 0.04 0.01 0.04
30 3.45 3.46 0.04 0.01 0.04 0.58 0.58 0.02 0.00 0.02
31 2.76 2.76 0.03 0.00 0.03 −1.41 −1.41 0.02 0.00 0.02
32 2.88 2.88 0.04 0.00 0.04 −4.19 −4.19 0.04 0.00 0.04
33 3.17 3.16 0.12 −0.01 0.12 −9.46 −9.44 0.26 0.02 0.26
34 3.47 3.47 0.06 0.00 0.06 −6.16 −6.15 0.09 0.01 0.09
35 2.94 2.93 0.07 −0.01 0.07 −7.38 −7.35 0.14 0.03 0.14
36 3.15 3.15 0.07 0.00 0.07 −6.54 −6.54 0.11 0.00 0.11
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Table 5.6. Study 1 (100% Subset Size + 36 Items): Bias and RMSE by Parameter

Parameter A Parameter C
Item True value Mest SDest Bias RMSE True value Mest SDest Bias RMSE

1 0.64 0.64 0.01 0.00 0.01 1.06 1.06 0.01 0.00 0.01
2 1.43 1.44 0.02 0.00 0.02 3.34 3.34 0.03 0.00 0.03
3 0.89 0.89 0.02 0.00 0.02 2.32 2.32 0.02 0.00 0.02
4 1.16 1.16 0.02 0.00 0.02 2.62 2.62 0.02 0.00 0.02
5 1.46 1.47 0.02 0.00 0.02 −1.32 −1.32 0.01 0.00 0.01
6 0.96 0.96 0.01 0.00 0.01 −0.86 −0.86 0.01 0.00 0.01
7 0.54 0.54 0.01 0.00 0.01 −0.44 −0.44 0.01 0.00 0.01
8 0.50 0.50 0.01 0.00 0.01 0.31 0.31 0.01 0.00 0.01
9 1.11 1.11 0.02 0.00 0.02 −3.19 −3.18 0.03 0.00 0.03

10 0.80 0.80 0.01 0.00 0.01 −1.50 −1.50 0.01 0.00 0.01
11 1.17 1.16 0.02 0.00 0.02 −3.48 −3.48 0.03 0.00 0.03
12 0.97 0.97 0.02 0.00 0.02 −1.63 −1.63 0.01 0.00 0.01
13 2.42 2.41 0.03 0.00 0.03 3.82 3.82 0.04 0.00 0.04
14 1.78 1.78 0.03 0.00 0.03 3.95 3.95 0.04 0.01 0.04
15 1.65 1.66 0.04 0.00 0.04 4.93 4.93 0.05 0.00 0.05
16 1.82 1.83 0.02 0.00 0.02 2.76 2.76 0.02 0.00 0.02
17 2.01 2.01 0.02 0.00 0.02 −2.27 −2.27 0.02 0.00 0.02
18 1.57 1.57 0.02 0.00 0.02 1.01 1.02 0.01 0.00 0.01
19 1.97 1.97 0.02 0.00 0.02 −1.55 −1.54 0.02 0.00 0.02
20 2.42 2.42 0.02 0.00 0.02 0.78 0.78 0.02 0.00 0.02
21 2.43 2.42 0.05 −0.01 0.05 −5.46 −5.45 0.07 0.01 0.07
22 2.30 2.30 0.07 −0.01 0.07 −6.55 −6.54 0.13 0.00 0.13
23 1.98 1.98 0.04 0.00 0.04 −5.49 −5.49 0.07 0.00 0.07
24 1.78 1.78 0.03 0.00 0.03 −3.57 −3.57 0.03 0.00 0.03
25 2.61 2.61 0.05 0.00 0.05 5.77 5.77 0.09 0.00 0.08
26 3.15 3.16 0.04 0.01 0.04 5.20 5.21 0.05 0.01 0.05
27 2.60 2.60 0.06 0.00 0.06 6.59 6.59 0.10 0.00 0.10
28 2.58 2.58 0.03 0.00 0.03 4.11 4.11 0.05 0.00 0.04
29 3.46 3.47 0.05 0.01 0.05 3.20 3.21 0.04 0.01 0.04
30 3.45 3.46 0.04 0.01 0.04 0.58 0.58 0.02 0.00 0.02
31 2.76 2.76 0.03 0.00 0.03 −1.41 −1.41 0.02 0.00 0.02
32 2.88 2.88 0.04 0.00 0.04 −4.19 −4.19 0.04 0.00 0.04
33 3.17 3.16 0.12 −0.01 0.12 −9.46 −9.45 0.25 0.01 0.25
34 3.47 3.47 0.06 0.00 0.06 −6.16 −6.16 0.09 0.00 0.09
35 2.94 2.93 0.07 −0.01 0.07 −7.38 −7.36 0.13 0.02 0.13
36 3.15 3.16 0.07 0.00 0.07 −6.54 −6.55 0.11 −0.01 0.10
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5.2 Study 2 Results

5.2.1 Bias and RMSE of Estimated SEs

SEs were estimated using XPD and compared to gold-standard SEs derived from FIS.

Figure 5.2 shows the distribution of bias and RMSE values by condition. Under standard

EM, overall bias and RMSE were less than 0.01. Under the proposed algorithm (i.e.,

the 20% to 50% conditions), upward bias and increased RMSE were observed—most

noticeably for the 20% subset size and the C parameter—but the absolute magnitudes of

both metrics remained below 0.03 in all conditions.

Figure 5.2. Study 2: Distribution of Bias and RMSE of XPD-Based SE Estimates

Tables 5.7 to 5.10 report the gold-standard SE, mean estimated SE, bias, and RMSE by
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parameter under subset sizes of 20%, 30%, 50%, and 100%. All values were computed

using unrounded data but are reported to three decimal places for readability.

Table 5.7. Study 2 (20% Subset Size): Bias and RMSE by Parameter

Parameter A Parameter C
Item SEfis Mean SExpd Bias RMSE SEfis Mean SExpd Bias RMSE

1 0.015 0.029 0.014 0.015 0.014 0.026 0.012 0.013
2 0.022 0.042 0.020 0.021 0.021 0.040 0.019 0.020
3 0.026 0.049 0.024 0.025 0.024 0.046 0.022 0.023
4 0.019 0.036 0.017 0.018 0.016 0.030 0.015 0.015
5 0.020 0.038 0.018 0.019 0.015 0.028 0.013 0.014
6 0.025 0.047 0.023 0.023 0.014 0.027 0.013 0.013
7 0.018 0.035 0.017 0.017 0.012 0.023 0.011 0.012
8 0.029 0.056 0.027 0.028 0.018 0.035 0.017 0.018
9 0.018 0.034 0.016 0.017 0.014 0.027 0.013 0.013

10 0.019 0.036 0.017 0.018 0.016 0.031 0.015 0.015
11 0.017 0.033 0.016 0.016 0.015 0.029 0.014 0.014
12 0.017 0.032 0.015 0.016 0.015 0.029 0.014 0.015

Table 5.8. Study 2 (30% Subset Size): Bias and RMSE by Parameter

Parameter A Parameter C
Item SEfis Mean SExpd Bias RMSE SEfis Mean SExpd Bias RMSE

1 0.015 0.021 0.005 0.007 0.014 0.018 0.005 0.007
2 0.022 0.029 0.008 0.011 0.021 0.028 0.007 0.010
3 0.026 0.035 0.009 0.013 0.024 0.032 0.008 0.012
4 0.019 0.026 0.007 0.009 0.016 0.021 0.005 0.008
5 0.020 0.026 0.007 0.010 0.015 0.020 0.005 0.007
6 0.025 0.033 0.008 0.012 0.014 0.019 0.005 0.007
7 0.018 0.024 0.006 0.009 0.012 0.016 0.004 0.006
8 0.029 0.040 0.010 0.014 0.018 0.025 0.006 0.009
9 0.018 0.024 0.006 0.009 0.014 0.019 0.005 0.007

10 0.019 0.025 0.006 0.009 0.016 0.022 0.006 0.008
11 0.017 0.023 0.006 0.008 0.015 0.020 0.005 0.007
12 0.017 0.023 0.006 0.008 0.015 0.020 0.005 0.007

5.3 Discussion

5.3.1 Summary of Findings

Study 1 evaluated the modified EM algorithm against standard EM under 18- and 36-

item conditions across five different subset sizes. The results pointed to three main
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Table 5.9. Study 2 (50% Subset Size): Bias and RMSE by Parameter

Parameter A Parameter C
Item SEfis Mean SExpd Bias RMSE SEfis Mean SExpd Bias RMSE

1 0.015 0.020 0.004 0.004 0.014 0.017 0.004 0.004
2 0.022 0.028 0.006 0.006 0.021 0.027 0.006 0.006
3 0.026 0.033 0.007 0.007 0.024 0.031 0.007 0.007
4 0.019 0.025 0.006 0.006 0.016 0.020 0.005 0.005
5 0.020 0.026 0.006 0.006 0.015 0.019 0.004 0.004
6 0.025 0.032 0.007 0.007 0.014 0.018 0.004 0.004
7 0.018 0.024 0.005 0.005 0.012 0.016 0.004 0.004
8 0.029 0.038 0.009 0.009 0.018 0.024 0.005 0.005
9 0.018 0.023 0.005 0.005 0.014 0.018 0.004 0.004

10 0.019 0.024 0.005 0.005 0.016 0.021 0.005 0.005
11 0.017 0.022 0.005 0.005 0.015 0.019 0.004 0.004
12 0.017 0.022 0.005 0.005 0.015 0.020 0.004 0.004

Table 5.10. Study 2 (100% Subset Size): Bias and RMSE by Parameter

Parameter A Parameter C
Item SEfis Mean SExpd Bias RMSE SEfis Mean SExpd Bias RMSE

1 0.015 0.014 −0.001 0.001 0.014 0.012 −0.001 0.001
2 0.022 0.020 −0.002 0.002 0.021 0.019 −0.002 0.002
3 0.026 0.023 −0.002 0.002 0.024 0.022 −0.002 0.002
4 0.019 0.017 −0.002 0.002 0.016 0.014 −0.001 0.001
5 0.020 0.018 −0.002 0.002 0.015 0.013 −0.001 0.001
6 0.025 0.022 −0.002 0.002 0.014 0.013 −0.001 0.001
7 0.018 0.017 −0.002 0.002 0.012 0.011 −0.001 0.001
8 0.029 0.027 −0.003 0.003 0.018 0.017 −0.002 0.002
9 0.018 0.016 −0.002 0.002 0.014 0.013 −0.001 0.001

10 0.019 0.017 −0.002 0.002 0.016 0.015 −0.001 0.001
11 0.017 0.016 −0.002 0.002 0.015 0.014 −0.001 0.001
12 0.017 0.015 −0.001 0.001 0.015 0.014 −0.001 0.001

takeaways: (a) parameter recovery performance differed between slope and intercept

parameters, as well as between moderate and extreme parameter values; (b) recovery

improved with larger subset sizes; and (c) computational efficiency—measured by re-

duction in time to convergence—scaled with item set length. Overall, the proposed

algorithm offered greater computational advantages and maintained comparable esti-

mation performance in larger item sets.

Parameter recovery improved with subset sizes of 20% and above. True slope pa-

rameters (A) were generally easier to recover than intercept parameters (C), and extreme
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parameter values led to increased bias and RMSE, particularly for C parameters.

In terms of computational efficiency, the proposed algorithm showed clear gains with

36 items but not with 18. In the 18-item condition, the algorithm reduced convergence

time only at the smallest subset size (10%), while larger subsets led to slower perfor-

mance. In contrast, the 36-item condition showed consistent time savings across all

subset sizes. This difference may be explained primarily by the structure of the response

pattern matrix. With more items, individuals are more likely to produce unique re-

sponse patterns, increasing the size and complexity of the response pattern matrix. In

such cases, enumerating all response patterns becomes computationally comparable to

working with the full item response data, making a subset-based approach more ef-

ficient. By contrast, with fewer items (e.g., 18), the response pattern matrix remains

compact, and the overhead of managing subsets can outweigh potential time savings.

Study 2 examined the bias and RMSE of SE estimates produced via XPD under the

modified algorithm, using FIS-based SEs as the reference. On the one hand, the modified

algorithm introduced small upward bias and RMSE compared to SEs obtained under

standard EM (100% subset size). On the other hand, the magnitudes of these differences

remained below 0.03 in all conditions. Notably, the 30% subset condition kept bias below

0.010 and RMSE below 0.015, and the 50% subset condition kept both below 0.010.

5.3.2 Implications for Future Work

This work highlights several directions for future research and application. Standard

EM-based IRT estimation remains widely used in large-scale assessments and certifica-

tion exams. One example is the SAT, which collects item-level response data from mil-

lions of examinees annually (College Board, 2025). In such contexts, the computational

burden of full-data EM estimation for item calibration can be substantial. The proposed

algorithm provides an alternative that reduces computation time without compromising

estimation performance.

Another strength of this work is that the proposed modifications can be integrated
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into existing IRT pipelines with minimal changes to core procedures. Future work could

explore packaging them as modular add-ons to existing software to support adoption in

operational contexts. Empirical validation using real-world data could also help identify

practical limits and evaluate trade-offs between computational efficiency, accuracy, and

precision.

Future research could examine whether the proposed algorithm and its variants ex-

tend to multidimensional IRT settings. This includes investigating whether selectively

subsetting by item clusters or examinee groups yields similar or greater computational

benefits, given that the number of quadrature nodes evaluated during the E-step in-

creases exponentially with the number of latent variables. Another research direction is

to explore parallel computing and ensemble-styled extensions, such as running multiple

instances of the modified EM algorithm—or a combination of standard and modified

EM—in parallel to mitigate the impact of idiosyncratic error from a single run, assess

stability, and reduce overall runtime.
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A R Function for Computing SEs Based on the Fisher Expected Infor-

mation Matrix

1 #’ Compute SEs based on the Fisher expected information matrix (FIS)

2 #’

3 #’ Read a comma -delimited flexMIRT generated -cov.txt file based

4 #’ on a unidimensional 2PL IRT model and compute SEs based on

5 #’ the Fisher expected information matrix

6 #’

7 #’ The -cov.txt file is saved with the following settings in flexMIRT 3.72

8 # 1. N = 1

9 # 2. MaxE = 0

10 # 3. SaveCOV = Yes

11 # 4. Use the Value operator to constrain parameters to their true values

12 #’

13 #’ @param cov path:

14 #’ Path to the -cov.txt file.

15 #’ @param sample size:

16 #’ The total sample size.

17 #’ @param var digits:

18 #’ No. sig. digits to round the variance values. Default is 2.

19 #’ @param se digits:

20 #’ No. sig. digits to round the SE values. Default is 1.

21 #’

22 #’ @return A data frame with SEs computed based on FIS.

23 #’

24 #’ The example below replicates FIS -based SEs in Table 3 of Cai (2008)

25 #’ which used LSAT6 data: https://doi.org/10.1348/000711007 X249603

26 #’

27 #’ @examples

28 #’ \dontrun{

29 #’ result ← cov2Se("CAI2008 -cov.txt", sample size = 1000)

30 #’ print(result)

31 #’ }
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32

33 cov2Se ← function(cov path , sample size , var digits = 2, se digits = 1) {

34 # Load the -cov.txt file saved from flexMIRT

35 FINV ← as.matrix(read.csv(cov path , header = FALSE))

36

37 # Drop the last column if it’s fully NA

38 if (all(is.na(FINV[, ncol(FINV)]))) {

39 FINV ← FINV[, -ncol(FINV)]

40 }

41

42 # Scale to get covariance matrix

43 COV ← FINV / sample size

44

45 # Compute standard errors

46 SEs ← sqrt(diag(COV))

47

48 # Select indices: even positions for a, odd for c

49 selected indices ← c(seq(2, length(SEs), 2), seq(1, length(SEs), 2))

50

51 # Construct parameter names

52 num items ← length(SEs) / 2

53 param names ← sort(

54 c(outer(c("a", "c"), sprintf("%02d", 1:num items), paste0))

55 )

56

57 # Format variance without scientific notation

58 var formatted ← format(diag(COV)[selected indices],

59 digits = var digits ,

60 nsmall = 2,

61 scientific = FALSE)

62

63 # Format SE without scientific notation

64 se formatted ← format(SEs[selected indices],

65 digits = se digits ,
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66 nsmall = 2,

67 scientific = FALSE)

68

69 # Create results data frame

70 results ← data.frame(

71 Parameter = param names ,

72 Var Scaled = var formatted ,

73 SE = se formatted ,

74 stringsAsFactors = FALSE

75 )

76

77 return(results)

78 }
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