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Abstract 

We have made the first direct measurement of the quantum susceptance which arises 

from the reactive part of quasiparticle tunneling in a superconductor-insulator-superconductor 

junction. The junction is coupled to an antenna and a superconducting micros trip stub to form a 

resonator, the resonant frequency is measured from the response of the junction to broadband 

radiation from a Fourier transform spectrometer. A 19% shift of the resonant frequency, from 

73 GHz to 87 GHz, is observed that arises from the change of the quantum susceptance of the 

junction with de bias voltage. The measured shift is in excellent agreement with Wenharner­

Tucker theory, which includes the quantum susceptance. This quantum susceptance should 

exist in other tunnel devices such as quantum well structures whose nonlinear I- Y 

~.:i· characteristics are due to elastic tunneling. 

PACS numbers: 74.30. Gn, 74.50. +r, 84.40. -x, 85.25. -j 
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Superconductor-Insulator-Superconductor (SIS) junctions carry tunneling currents due 

both to Cooper pairs from the superconducting ground state and to quasiparticles excited from 

the ground state. The tunneling current for each type exhibits both resistive (in-phase) and 

reactive (out-of-phase) response to an ac drive. These two components are related through a 

Kramers-Kronig transform as is required for any causal linear response. For Cooper pair 

tunneling, the in-phase component is the Josephson cos<j> term, 1,2 while the out-of-phase 

component is the Josephson sin<!> term.l,2 For quasiparticles, the quantum expression for the 

in-phase component depends only on the de quasiparticle I-V characteristic, while the out-of­

phase component is the so-called quantum susceptance or quantum reactance.l-3 The reactive 

quasiparticle tunneling current is a result of virtual photon-assisted-tunneling. The 

quasiparticles slosh back and fonh between the two sides of the SIS junction by absorbing and 

emitting vinual photons.4 

While both phases of Josephson tunneling and quasiparticle resistive tunneling have 

been studied extensively, the quantum susceptance has been largely ignored. The contribution 

from the quantum susceptance to the tunneling current is only significant at frequencies fi(l)/e ~ 

tl V. where D.. Vis the voltage range of nonlinearity) Available junctions with well defined 

quasiparticle I-V curves generally have too rriuch shunt capacitance to penn it direct 

measurement at such high frequencies. Quantitative investigations of the performance of SIS 

quasiparticle direct detectors and mixers have raised questions about the imponance of the 

quantum susceptance. As in the case for the Josephson cos<j> term,5 however, the effect of the 

quantum susceptance is subtle even at frequencies comparable to the gap frequency. The 

argument has been made6 that it would be very difficult to distinguish the effect of quantum 

IJ susceptance from other effects. In this letter, we repon a direct experimental measurement of 

the quantum susceptance of an SIS junction. This measurement is based on a measurement of 

the bias dependence of the resonant frequency of a circuit which contains the SIS junction. 

This shift of the resonant frequency is due to the change of the quantum susceptance with the 

de bias voltage across the junction. 
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At frequencies lic.o/e > .1 V, where~ Vis the voltage range of the nonlinearity near the 

sum gap, the response of SIS junctions must be treated quantum mechanically .3 In the small 

signal limit, the induced RF current Iro and the RF voltage V ro are related through an 

admittance Y(ro) which is a function of frequency due to the non-local current-voltage relation. 

The real (dissipative) part of Y(c.o), which we call the quantum conductance GQ(Ol), is given 

by,3 

e 
GQ(C.O) = Re[Y(c.o)] = -[Idc(V0 + fic.o/e) -ldc(Vo- tiro/e)]. 

21ic.o 
(1) 

Here Idc(V0 ) is the de quasiparticle I-V characteristic. This characteristic can be conveniently 

obtained from a measurement such as the one shown in Fig. l(a). In Eq. (1), GQ(W) reduces to 

the classical limit di/dV at low frequencies, and approaches the inverse of the normal resistance 

1/Rn at frequencies far above the gap frequency. The response of an SIS junction is like a 

classical diode at low frequencies, and becomes Ohmic when the photon energy Js much 

greater than the gap energy. Experimental evidence for this quantum conductance has been well 

established and it has been utilized in SIS quasiparticle direct detection. 7 

The quantum susceptance BQ(C.O), which is the imaginary part of Y(w), should be 

related to GQ(C.O) through a Kramers-Kronig transform. as is required for any causal. linear 

response,8 

B (c.o) = lm[Y(c.o)] = P dc.o Q , f
._ , G (ro') 

Q ~ ~·-c.o 
(2) 

-
where P stands for principle value. From Eq. (2), we can show that the quantum susceptance 

BQ( c.o) can be expressed as, 

e 
BQ(C.O) =- [IKK(V0 + ficu'e)- 21KK(V0 ) + IKK(Vo- fiw/e)] 

2lic.o 
(3) 
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Where IKK(V) is the real part of the quasiparticle response function at frequency w = e(V­

V 0 )/ti.l-3 It can be expressed as a voltage Kramers-Kronig transform of Ictc(Y), 

+-

1 (V) = p dV' de - n f 
I (V') V'!R 

KK 1t V'- V 
(4) 

-
An example of IKK is shown in Fig. 1 (b). The result (3) was derived previousJy9 from 

Tucker's theory3 by expanding the local oscillator-induced current to first order in V w­

According to .this theory, the measured quasiparticle de 1-V curve IctcCY 0 ) contains all the 

information about the high frequency response of the quasi particles in an SIS junction, 

provided that only elastic tunneling contributes to lctc(V0). 

Equation (3) has a very.clear geometric meaning: BQ(W) is a measure of the curvature · 

of the three points lKK(V0 + fiw/e), IKK(V0 ), and IKK(V0 - I1w/e). When the curvature is 

--~pward, the quantum susceptance BQ is positive; when the curvature is downward, the 

quantum susceptance is negative. It can be seen from Fig. l(b) that as we increase the de bias 

voltage V0 from zero, the curvature changes from positive to negative and back to positive. 

This implies that the quantum susceptance changes from capacitive to inductive and back to 

capacitive as is shown in Fig. l(d). Note that BQ has the largest capacitive value at one photon 

voltage fiw/e below the sum gap voltage V g because the curvature has the largest positive value 

, at this point. BQ has the largest inductive value at V g because the curvature has the largest 

negative value at this point. The physical explanation of the voltage dependence of BQ will be 

discussed based on a model of a two-level system in a forthcoming paper.IO In Fig. 1 (c), we 

also plot the quantum conductance GQ as a function of bias voltage. There is a well defined 

" 
maximum in GQ over the voltage range for which a quasiparticle can tunnel by absorbing or 

emitting one photon. 

We have measured the voltage dependence of the quantum susceptance by observing 

the voltage dependent shift of the resonant frequency of a circuit consisting of an SIS junction 

and a superconducting microstrip stub. The resonator is excited by the chopped output of a far-
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infrared Fourier transform spectrometer (FfS) which is coupled using a planar lithographed 

antenna. The excitation level of the circuit is obtained from the chopped component of the de 

current of the junction, which is operated as an SIS direct detector. 7 A picture and a schematic 

drawing of the SIS junction with the microstrip stub located at the center of a log-periodic 

antenna are shown in Fig. 2(a) and (b). The response of this resonator to a small RF signal 

can be analyzed by using the equivalent circuit shown in Fig. 2(c). The signal source is 

represented by an RF current source in parallel with the real antenna admittance Y A· The SIS 

junction is represented by the parallel combination of the quantum conductance GQ(W), 

quantum susceptance BQ(W), and the geometric capacitance C. The superconducring microstrip 

stub is assumed to be lossless and is represented by a susceptance Bstub(W). The imbedding 

susceptance BIMB· which is defined as the total susceptance that is independent of de bias 

voltage, is just the sum of the susceptances of the junction capacitance wC and of the micros trip 

stub Bstub(W). The resonance of the equivalent circuit of Fig. 2(c) corresponds to the condition 

BtotaJ = BQ(W) + BIMB(W) ::£:: 0. Without the quantum susceptance BQ. the resonant frequency 

COo would be independent of bias voltage. Since BQ changes rapidly with de bias voltage V 0 as 

shown in Fig. 1 (d), however, we expect that Wo will change as V0 is changed. 

Each part of this experiment was designed to minimize the effect of standing wave 

resonances which could diston the measurement, especially at bias voltages above V g- fiWo/e 

where the resonant Q is low. An FfS was used as a signal source, rather than a coherent 

microwave oscillator because the poor spatial coherence helps to average over standing waves. 

A very broadband antenna design was used. The stub design was chosen to minimize the 

frequency dependence of the stub susceptance. The use of the internal detection mechanism in 

the SIS junction avoids the possibility of standing waves that can arise in the coupling to an 

external detector. 

The apparatus used in this experiment is essentially the same as was used in our 

quasioptical SIS mixer experiments.ll The output of the step-and-integrate FTS is connected to 

the cyrostat through a 11-mm diameter light pipe. Inside the cryostat, the signal beam is 
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focused by a f/0.85 TPX lens, and then by a hyperhemispherical quartz lens to a f/0.5 

converging beam. The log-periodic antenna is centered on the flat side of the 

hyperhemispherical quartz lens. The quartz lens is heat sunk to the 4.2 K liquid helium through 

a copper support. 

Examples of the measured detector output 6ldc as a function of the path difference of 

the FfS are shown in Figs. 3(a) and (b). Figures 3(c) and (d) show the spectral response of 

the circuit obtained by averaging 5 to 10 Fourier transforms of such interferograms and 

correcting for the spectrometer efficiency. Figures 3(a) and (c) were measured with Y0 = 2.350 

m V which is far enough below V g that the resonance peak is narrow and not fully resolved. 

Figures 3(b) and (d) are for V 0 = 2.500 m V, where the resonance peak is wide due to the large 

value of quantum conductance GQ seen in Fig. 1 (c) and is essentially fully resolved. The 

interferogram (b) has been truncated so as to filter out fringes which arise from standing waves 

in the quasioptical system. 

Since the antenna-coupled SIS direct detector sees only a single elecrromag~etic mode, 

the spectral intensity of the output of the FfS is the frequency independent Rayleigh-Jeans 

spectrum multiplied by the frequency dependent beamsplitter efficiency.l2 After normalizing 

these spectra over the beamsplitter efficiency, we obtain the resonant frequencies by least­

mean-square fitting the top half of the resonance peaks to 2nd to 4th order polynomials. The 

degree of the polynomials required in the fitting is determined by the asymmetry of the peak. 

The estimates of possible errors in the measured resonant frequencies are chosen as the 

frequency ranges over which the fitted polynomials have more than 90% of their peak values . 

The result is plotted in Fig. 4(a) as a function of de bias voltage. Below 2.150 mY and above 

\.J 2.650 mV, the signal/noise ratio of the spectra is too poor to obtain reliable information on the 

resonant frequencies. The error bars are larger for Y0 > 2.450 mV where the peaks are broad. 

The measured resonant frequencies clearly show a smooth shift as the de bias voltage changes. 

The most dramatic change of the resonant frequency takes place in the voltage range from 

7 



2.400 to 2.650 mY. where the quantum susceptance BQ changes rapidly from capacitive to 

inductive. 

A quantitative comparison of the measured bias dependent frequency shift of our circuit 

with theory requires a precise evaluation of all circuit parameters. The log-periodic antenna 13 

used in this experiment has a real and frequency-independent admittance, 14 YA = 

((1+£)/2)112J189 Q-1. For quartz substrates,£= 3.85, soYA= 8.3x1Q-3 Q-1. The SIS junction 

is a Nb/Al203/Nb sandwich made using the tri-layer process.15 Its I-V curve in Fig. l(a) 

shows a low leakage current and a sharp gap structure even at the estimated temperature of 4.5 

K. The jun~tion area is estimated to be 2.5x2.5 j.J.m2, which gives a geometric capacitance of 
,, 

0.28 pF if we assume a specific capacitance value of 45 fF/J..I.m2.16 

The microstrip stub shown in Figures 2(a) and (b) is made out of Pb-In-Au alloy that is 

separated from the Nb ground plane by a layer of insulati~g SiO. The stub consists of a narrow 

section (1) with width WI = 6 J..1.ID and length /1 = .135 J..1ffi and a wide section (2) with w2 = 40 

JJ.m and /2 = 260 J..l.Ill. The phase velocity in the microstrip line is v = 1/(L5C5) 112, where Ls = 

(J..I.o/kw)[t + A.tcoth(ttfAt) + A.2coth(t2fA2)] is the inductance per unit length,1 7 and Cs = 

k£r£0 w/t is the capacitance per unit length.l7 Here t and Er are the thickness and the relative 

dielectric constant of the insulating layer of SiO, tt,2 and A. 1.2 are the thicknesses and the 

London penetration depths of the ground (Nb) and top (Pb-In-Au) planes, and k is a fringing 

factor that is close to unity. Using the designed values, Er = 5. 7,18 t = 3000 A, [J = 2000 A. t2 

= 4250 A, ANb = 850 A,I8 APb-In-Au = 1450 A,I8 the phase velocity is v = 0.30±0.01 c. The 

length of the wider section is /J4 at 87 GHz, so this section transforms an RF open circuit at 

point A to an RF short circuit at point B.l9 This design gives a slower variation of the 

susceptance as a function of frequency than that for an open-ended stub.20 The length of the 

narrow section is /J8 at 85 GHz which transforms the RF short to an inductive admittance. The 

total susceptance of the two-section stub is given by19 
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B = YI[Y2 tan(Pl2) + yl tan(Plt)] 

stub Y 
1 

- Y 2 tan(Pl
1
) tan(Pl2) 

(5) 

where p = ro/v, and the characteristic admittances Y = (CsfLs) 1/2 of the narrow and wide 

v sections of the stub are Y1 = 0.124 Q-1, and Y2 = 0.637 n-1 respectively. The induced de 

... 

current per unit available RF power P A at the antenna tenninals as a function of RF frequency 

is given by, 

(6) 

Where Y1 = GQ + i(BQ +roC+ Bstub) is the total admittance of the SIS junction and the stub. 

The current responsivity Sr(ro) of the SIS direct detector is given by3 

(7) 

where Pro= Iro V ro/2 is the coupled RF power. Because the reactive quasi panicle response 

function lKK does not appear in Eq. (7) the quantum susceptance does not affect this 

responsivity. Since Sr(ro) is a smooth function of frequency, except at e(V g - V0 )/fi, the 

frequency which corresponds to the maximum ~Ide is mainly determined by the resonance 

condition of the circuit, Im(YJ) = BQ +roC+ Bstub = 0. 

In order to make an accurate comparison between theory and experiment, we calculated 

theoretical estimates of the detector output and analyzed them by the same procedures used for 

the experimental data First, we computed the induced de current as a function of RF frequency 

using Eq. (6). Second, we convolved these computed specrra with the Fourier transform of the 

apodization function which was used for the experimental interferograms.21 The calculated 

results (dashed lines) are compared with the experimental results (solid lines) in Fig. 3(c) for 
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V 0 = 2.350 m V and 3(d) for V 0 = 2.500 m V. The calculation reproduces most imponant 

features of the data. For example, the shoulder on the high frequency side of (c) arises from the 

frequency dependence in Eq. (7). Third, we fitted the same number of computed data points at 

the same discrete frequencies with the same order of polynomials as we did from the 

experimental data. The theoretically calculated curve of the resonant frequency as a function of 

V 0 is shown in Fig. 4(a) as the solid line. It is in excellent agreement with the experimental 

result As a comparison, the dashed line, which is essentially flat and obviously differs from 

the experimental results, is the voltage dependence of the peak frequency of the resonance 

without the quantum susceptance Bo. The weak voltage dependence of the dashed line is due 

to the change of the current responsivity S1(ro) in Eq. (7) with the bias voltage V0 . Clearly, the 

experimental results provide decisive evidence for the quantum susceptance. 

We would like to emphasize that the values of two key parameters, the junction 

capacitance C = 0.275 pF, and the phase velocity v = 0.286 c, which were used in our 

theoretical computation, are essentially the same as the ones we estimate from the geometric 

dimensions, 0.28 pF and 0.30±0.01 c. As a check on these parameters, we have measured the 

resonant frequency at 0.158 mY where the responsivity of the junction contains a sharp peak 

that arises from the nonlinear interaction of the Josephson oscillation with the resonant 

circuit.lO The quantum susceptance BQ from Fig. l(d) is negligible at this low bias voltage. 

The measured resonant frequency of 77 GHz coincides with the dashed line in Fig. 4(a), which 

is the theoretical prediction for Bo = 0. This essentially perfect agreement verifies the values of 

C and v which were used in our theoretical calculations. 

As a further check on the circuit parameters used in our theoretical simulation. we have 

independently deduced values of C = 0.275 pF and v = 0.272 c by fitting pumped I-V curves 

using the method published previously.9 The small differences between these two estimates 

correspond to an overall venical shift of the solid theoretical line in Fig. 4(a) by about 3 

GHz.IO 
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We also investigated the possibility that Josephson response has an effect on the shift 

of the resonant frequency by applying a magnetic field to change the Josephson critical current. 

We did not see any change of the resonant frequency within our experimental accuracy up to a 

field corresponding to several magnetic flux quanta in the junction. This is not surprising since 

in our bias voltage range (2.15 - 2.65 mY), the Josephson current oscillates at frequencies 

above 1 TIIz, which are effectively shunted by the capacitance. 

In Fig. 4(b), we plot the 3-dB linewidths ~f of the resonance peaks as a function of the 

bias voltage. The experimental values of ~f were obtained from the best fit polynomials. The 

solid line is the calculated one. Again, the agreement between experiment and the theory is 

excellent. The s~arp increase of ~f at 2.45 mY corresponds to the sharp increase of the 

quantum conductance GQ at one photon voltage tiw/e below the gap voltage V g· Note from 

Fig. l(d) that the quantum susceptance has the largest capacitive value at this v~lcage, V g­

tiw/e, so the resonant frequency is the lowest as shown in Fig. 4(a). There is. some 

disagreement between the theoretical and experimental values of ~f near Y0 = 2.5 mY. This 

discrepancy arises because the experiment probes the region of the I-Y curve around Y0 + fico/e 

which lies just above the sum gap voltage. Like most Nb-based junctions, our junction has a 

negative resistance in this region due to the proximity effect which is not correctly reproduced 

by our measurement system. 

In conclusion, we have made the first direct measurement of the quantum susceptance 

by measuring the shift of the resonant frequency of a resonator which contains an SIS junction. 

The observed shift, from 73 GHz to 87 GHz, and the excellent agreement with Werthamer­

Tucker theory, is clear evidence of the existence of the quantum susceptance. Our result has 

therefore, directly verified one of the important aspects of the above theory. This aspect, the 

existence of a reactive component which is associated with a nonlinear tunneling I-V 

characteristic, should apply to other tunnel devices such as the quantum well structures.22 The 

nonlinear de I-Y curves of those devices are due to elastic tunneling, so their RF admittance 

Y(w) is given by Eqs. (1) and (3) which can be obtained entirely from their de 1-V curves. 
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Figure Captions 

Figure 1. (a) Measured de I-V curve at T- 4.5 K of the Nb/Al203/Nb SIS junction 

studied in this letter. (b) Kramers-Kronig transform of Ictc calculated using Eq. (4). (c) 

Quantum conductance Go at rof]:rt = 77 GHz calculated from Eq. ( 1) using the Ictc(Y0 ) in Fig. 

l(a). (d) Quantum susceptance Boat 77 GHz calculated from Eq. (3) using the IKK(Y0 ) in 

Fig. l(b). 

Figure 2. (a) Photograph of a log-periodic antenna with a microstrip stub. the SIS 

junction is located at one end of the stub and at the center of the antenna. (b) Schematic of a 

two-section microstrip stub. The open circuit at point A is transformed to a short circuit at point 

B by the ')J4 stub. (c) Equivalent circuit of a resonator which includes a microsoip stub Bstub • 

. ajunction capacitance C, the quantum susceptance Bo, and the quantum conductance GQ. Both 

BQ and Go are functions of de bias voltage. The radiation source and the antenna are 

represented with an RF current source in parallel with the antenna admittance Y A· 

Figure 3. Interferograms measured with a Fourier·transform spectrometer. (a) at Y0 = 

2.35 mY, (b) at V0 = 2.50 mV. Spectra after correcting for beamsplitter efficiency 

corresponding to the above interferograms, (c) at 2.35 mV, (d) at 2.50 mY. The dashed lines 

in (c) and (d) are the computed spectra. 

Figure 4. (a) Resonant frequency as a function of de bias voltage. The dots are the 

experimentally measured results; the solid line is calculated theoretically; the dashed line is the 

calculated result without including the quantum susceptance. Note the dashed line is essentially 

· flat vs. V0 • (b) Linewidth of the resonance as a function of V. The dots are the experimental 

results and the solid line is calculated. wof2rt = 77 GHz is the resonant frequency of the 

imbedding susceptance without the quantum susceptance BQ. 
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