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IDEAL PROJECTIONS AND FORCING PROJECTIONS

SEAN COX AND MARTIN ZEMAN

Abstract. It is well known that saturation of ideals is closely related to the “antichain-catching”
phenomenon from Foreman-Magidor-Shelah [10]. We consider several antichain-catching properties that
are weaker than saturation, and prove:

(1) If Z is a normal ideal on w, which satisfies stationary antichain catching, then there is an inner

model with a Woodin cardinal;

(2) For any n € w, it is consistent relative to large cardinals that there is a normal ideal Z on w,

which satisfies projective antichain catching, yet T is not saturated (or even strong). This provides
a negative answer to Open Question number 13 from Foreman’s chapter in the Handbook of Set
Theory ([7]).

81. Introduction. The notions of antichain catching and self-genericity first
appeared in Foreman—-Magidor—Shelah [10] and were used extensively by Woodin
in his stationary tower arguments (see [18] or [7]): these topics are explored in detail
in [7]. We consider several properties of ideals on uncountable cardinals related to
antichain catching; these properties lie between saturation and precipitousness. For
a normal ideal Z on a regular uncountable x, the main property of interest—which
we call ProjectiveCatch(T)—is equivalent! to the statement that there is a normal
ideal J C p(P.(Hy)) (where 0 is large relative to Z) such that:

J projects canonically to Z in the Rudin—Keisler sense, and the
canonical Boolean homomorphism

hr.g:9(k)/T = o(P.(Hp))/T

is a regular embedding.

(1)

In the case where the completeness of 7 is at least w,, we also consider the “starred
version” ProjectiveCatch™ (Z). which additionally requires that the dual of the ideal
J from (1) concentrates on sets whose intersection with ORD is w-closed.

In addition to ProjectiveCatch(Z), we also consider the stronger property
ClubCatch(Z) and the weaker property StatCatch(T). The property ClubCatch(T)
is equivalent to saturation of Z (by Foreman [7]; see Theorem 3.2 below). The
property ProjectiveCatch(T) implies that Z is precipitous:? if Z is an ideal on w;.

Received May 1, 2013.
By Lemmas 3.4 and 3.11.
2And StatCatch(T) implies there exists some 7 € Z such that Z | T is precipitous.
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1248 SEAN COX AND MARTIN ZEMAN

ClubCatch(Z) <——— Saturated(Z)

ProjectiveCatch(Z) ——+——— Strong(Z)

StatCatch(Z) ifuniv(Z)C[V]”

Precipitous(Z) ifuniv(Z)C[V]”

(3T € Z7)(Z | T is precipitous)

FiGure 1. Implications and nonimplications.

then the converse also holds (see Theorem 3.8 below; we thank Ralf Schindler for
pointing this out to us).

Figure 1 summarizes the implications and nonimplications among these concepts,
which are proved in the present paper.

Theorems 1.1 and 1.2 below are the main results of the paper.

THEOREM 1.1. If there is an T such that StatCatch* (Z) holds. then there is an inner
model with a Woodin cardinal.

THEOREM 1.2. Suppose k is d-supercompact for some inaccessibled > k. Let u < k
be regular. Then there is a forcing extension where k = u™, ProjectiveCatch(Z) holds
for some ideal T on k (and in fact the starred version ProjectiveCatch™(T) holds in the
case where > ). yet T is not a strong ideal > in particular, T is not presaturated.

One corollary of Theorem 1.2—see Section 5.5—is that for any regular uncount-
able k. we have a negative solution to the n = 0 case of Open Question number 13
from Foreman [7], which asks:

QuEsTION 1.3 (Foreman). Suppose that J is an ideal on Z C (k")) and
T is the projected ideal on the projection of Z to Z' C (k™). Suppose that the
canonical homomorphism from (Z')]T to o(Z)/J is a regular embedding. Is T
k) saturated?

Also. Theorem 1.1 and relative consistency results from [15] and [12]* imply that,
unlike the case for ideals on w;, precipitousness of an ideal Z on w, does not in
general imply ProjectiveCatch*(Z) (or even StatCatch™(I)).

3An ideal 7 is strong iff it is precipitous and Bz forces that the generic embedding sends u to utV,
where u is the completeness of Z. Every presaturated ideal on a successor cardinal x is a strong ideal.

4Where it was shown. respectively. that precipitousness of NS | S 12 can be forced from a model with a
measurable cardinal and that precipitousness of NS | w; can be forced from a model with a measurable
cardinal of Mitchell order two.



IDEAL PROJECTIONS AND FORCING PROJECTIONS 1249

Claverie-Schindler [21] proved that if there is a strong ideal then there is an
inner model with a Woodin cardinal; this improved the earlier result by Steel [22],
which reached essentially the same conclusion from a presaturated ideal. Theorem
1.2 shows that StatCatch*(Z)—the assumption used in our Theorem 1.1—does not
imply that 7 is a strong ideal; so in particular, our Theorem 1.1 is not a special case
of the result from [21].

The paper is organized as follows: Section 2 provides background and notation;
Section 3 introduces StatCatch and ClubCatch and proves some basic facts about
them; Section 4 proves Theorem 1.1; Section 5 proves Theorem 1.2 and the negative
solution to Foreman’s question: and Section 6 lists some open questions.

§2. Preliminaries. Unless otherwise indicated, all notation agrees with Fore-
man [7]. If  is regular and  C H, then [H]<* will denote {M C H | |[M| < u}
and p, (H) will denote {M € [H]* | M Nu € u}.

2.1. Ultrapowers. We will use some basic facts about ultrapowers:

Fact 2.1. Suppose V is a model of set theory, Z € V isaset,and U C p(Z)NV
is an ultrafilter which is fine> and normal with respect to functions from V:* we do
not require that U € V. Let H := | Z and suppose H is transitive. Let jy : V —y
ult(V, U). and suppose the wellfounded part of ult(V. U) has been transitivised. Also
assume that each element of Z is extensional (so that it has a transitive collapse).
Then:

o jiH € ult(V.U) and is equal to [id | Z]v:

o ju | H cult(V.U) and is equal to [M > oy|y. where ayy is the inverse of the

transitive collapse map of M

The following fact is about projections of ultrafilters and the resulting commu-
tative diagram of ultrapowers; for more details (and much greater generality) see
Section 4.4 of [7].

FAcT 2.2. Same assumptions as Fact 2.1. If Z € V is another set such that
UZ € UZ and the map n : Z — Z is defined by M — M 0 (JZ), then U :=
{AeVneZ)|n "4 c U} is an ultrafilter on (Z) NV which is normal with
respect to functions from V. Given any f : Z — V (from V), let Fp:= fom.
Then the map kg ;= ult(V. U) — ult(V. U) defined by [ f 15 — [F]u is well defined,
elementary, and the following diagram commutes:

v 4 ult(V. U)

Ju
X kgu

ult(V, U)

We also remark:

FacT2.3. Same assumptions as Fact 2.2. Set H := | J Z. Assume that o(Z) € M
for U-many M.” For each such M let Hy denote the transitive collapse of M

Le. foreverya € |JZ theset {M € Z | a € M} is an element of U.

Le.if / : S — V is a regressive function with f € V and S € U, then f is constant on a set
from U.

"For example. if U is fine and Z = p,(H;) and Z = p,(H;) for some 2 >> 7.
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and oy Hy — M denote the inverse of the collapsing map. Let Zy = JA}l(Z)
and set

Z/_{M = {C_l c Hy ﬂp(Z_M) | Mﬂ[‘_l S O'M(d)}
Then U € ult(V, U) and is equal to [M — Uy]v.

2.2. Ideals, ideal projections, and antichain catching. Suppose Z is a set and
F C p(Z) is a filter. The universe of F (univ(F)) is the set Z. and the support of
F (supp(F)) is the set |J Z. For example: suppose u < 6 are regular cardinals,
let Z := p,(Hy) (note | JZ = Hy). and let F be the collection of D C Z which
contain a club; then F is a normal filter with support Hy. For the remainder of the
paper, filter will always refer to a normal?® fine® filter; similarly ideal will refer to
a normal, fine ideal. Note that fineness of a filter implies that the support can be
computed from the filter (i.e., if F is fine then supp(F) = JUUF). If F is a filter
then F denotes its dual ideal; similarly if 7 is an ideal then T denotes its dual filter.
If T is a class, we say that a filter F concentrates on I iff there is an 4 € F such that
A C T;if 7 is an ideal we say that Z concentrates on T iff its dual filter concentrates
onT. AsetS C Z is Z-positive (written S € Z+) iff S ¢ Z.If S € Z+ then Z | S
denotes Z N p(S). NS refers to the class of (weakly) nonstationary sets; that is,
A € NS iff there exists an F : [|J A]<” — |J 4 such that no element of A4 is closed
under F; in many natural contexts this coincides with the notion of generalized
(non)stationarity from Jech [14] (see [7] for more details on when these two notions
coincide). Given a stationary set S. NS | S denotes NS N p(S).

DEFINITION 2.4.  Suppose T' is an ideal with support Z' .\ Z C \J Z', and the map
gz Z — pUZ)isdefinedby M’ — M' N (| Z). The canonical ideal projection
of T'to Z is

{ACZ|n,},"AeT'}

EXAMPLE 2.5. Let A < A be an uncountable cardinals, Z' := @,,(H;/), Z =
9o, (H;), and T', T be the collection of nonstationary subsets of Z', Z respectively.
Note that H;» = supp(Z') = \J Z' and H; = supp(Z) = \J Z. Then T is the canonical
projection of ' to g, (H;).

EXAMPLE2.6. LetT' beasin Example2.5. Let Z := w\ and T be the nonstationary
ideal on w,. Then T is the canonical ideal projection of T' to w;. Note here that
univ(ZT) = support(I) = w1, which was not the case in Example 2.5).

We caution thatif u <A< 2.7 p,(Hy) — p,(H;) is themap M — M N H;.
and S’ C p,(H, ) is stationary, then it is not true in general that the canonical
projection of NS | S’ via z is equal to NS | #”/S’; in fact this canonical projection
of NS | S’ can even be the dual of an ultrafilter (see Fact 2.10 and Remark 2.11
below, and Section 4.4 of [7]).

If 7 is an ideal with universe Z, define an equivalence relation ~7 on p(Z) by
S~z T iff the symmetric difference of S with 7 is an element of Z. Define a relation
<zonp(Z)by: [Slz <z [Tz iff S — T € T: it is easy to check this is well-defined

8 F is normal iff for every regressive g : Z — V thereisan S € FT such that g | S is constant.
°Le., for every b € supp(F) there is an A € F such that b € M forall M € A.
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and that Bz := (p(univ(Z))/Z.<z) is a boolean algebra; Bz is forcing equivalent
to the nonseparative poset (Z*, C).1°

Fact 2.7. If T is a normal ideal on k then Bz is a k™ -complete boolean algebra.
Namely, if Z C Bz is a set of size k, then “the” diagonal union of Z does not depend
(modulo =7) on the particular enumeration of Z used to form the diagonal union, and
this diagonal union is the least upper bound of Z in Bz.

If G is (V. Bz)-generic then G is essentially an ultrafilter on p(Z) N V', which

is normal with respect to functions from V' (assuming Z is normal, as we do
throughout the paper).

Fact 2.8. If J projects canonically to T then the map
hI‘j . BI — BJ

defined by
[S1z — [{M | M N supp(Z) € SH7

is a boolean homomorphism.

Suppose J projects canonically to Z and that G C B is generic; we will often
identify G with {S | [S]7 € G}. Now G is a normal ¥ -ultrafilter, and the upward
closure of h }[G] is always a normal V -ultrafilter extending the dual of Z; let
proj(G) denote this ultrafilter. However, proj(G) is not necessarily generic for Bz:
in other words, the map /7 7 is not necessarily a regular embedding. The regularity
of hz 7 is the central issue of this paper, which we will return to in Section 3.

Burke [3]. building on work of Foreman (in the special case where Z is maximal),
shows that for any normal ideal Z and any sufficiently large regular Q. there is
a smallest normal ideal 7 with support Hg such that Z is the canonical ideal
projection of J to supp(Z). Moreover, this J is easy to describe: for an M <
(Hq. €. {T}). say that M is Z-good iff M N supp(T) € C forevery C € M N7I: then
the J mentioned above is just the nonstationary ideal restricted to the collection of
Z-good substructures of Hg (where Q is sufficiently large relative to 7). We refer the
reader to [7] for more information about the next few definitions and theorems.

DEFINITION 2.9. For a regular Q and an ideal T with transitive support, set:
S¢E? .= {M < (Ha.€.{Z}) | M is T-good}

Define
Q(I) = (2univ(I))+ (2)

Good Good
S7° denotes SITQ@).

The following fact is proved in Proposition 4.20 of [7]:

Fact 2.10. If T is an ideal then S$°°¢ is stationary, and NS | S$°°¢ projects to
T canonically and is the smallest such ideal (with universe SIG}‘;{’I)) which has this
property.

10The latter is nonseparative because if S € Z+ and T = § — {x} for some x, then typically T’ € Z+
yet every subset of 7 in Z7 is still compatible with S in (ZF. C).
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REMARK 2.11. We caution that Fact 2.10 is quite special; it is not true in gen-
eral that: if S C S$°¢ is stationary, then NS | S projects canonically to T |
{M Nsupp(T) | M € S}.1

DEFINITION 2.12. NS | §¢°°¢ is called the conditional club filter relative to Z.

The following definitions go back to [10], and are explored in detail in [7].

DEFINITION 2.13. Suppose T is an ideal with support H and M < (Hgq. €,{Z})
for a regular Q.

o If A is a maximal antichain in T+, we say M catches A iff thereisan S € AN M
such that M NH € S.

Given a substructure M < (Hg. €.{Z}) such that M N supp(Z) € univ(Z).!?
let opy : Hy — M < Hg be the inverse of the transitive collapse of M, let
Z = univ(T), Zy = 0, (Z), Tns = 7,,'(T), and

Uy :={a € Hy Np(Zy) | M Nsupp(Z) € oy (a)}.

It is straightforward to check that i/, is an ultrafilter on Hy N p(Zy). and is
normal with respect to functions from Hys. Let jiy,, @ Hy —u,, ult(Hy Un)
be the ultrapower embedding and define ky, : ult(Hy,Uy) — Hg by [flu, —
om (f) (M Nsupp(Z)). It is routine to show that k), is well-defined, elementary, and
aMl =k o ju, . M is called Z-self-generic iff Uy, is generic over Hy, for the poset
Oy (Bz).

DEFINITION 2.14. For a regular Q and an ideal T, set
SSelfGen o . .
7o =AM < (Hq.e€.{Z}) | M is I-self generic}.
Sg%fG‘)"’* = nggcm N{M | M N ORD is w-closed}.

S;elf Gen und S;glf Genx denote S;gg;g)e" and S;eggg)en‘*, respectively.!3

Finally, we recall the relationship between goodness, self-genericity, and antichain
catching:

FAcT 2.15. Suppose T C p(Z) is an ideal. Fix any regular 0 >> |p(Z)| and
M < (Hy,e.{Z.Z}) with M N supp(Z) € Z. Then:

o [f M is I-self generic, then M is I-good.
e The following are equivalent:

(1) M is I-self generic.
(2) M catches every maximal T antichain which is an element of M .

Note that if T is an ideal on w;, then S‘IW"G”"* = 0 because elements of S¢°°¢

cannot have w-closed intersection with the ordinals.**

Tt might happen that there is a stationary S C Sg""d and some T C {M Nsupp(Z) | M € S} such
that T € Z*.yet {M € S| MNsupp(Z) € T}isnonstationary (though {M € S$°°¢ | MNsupp(Z) € T}
is stationary, by Fact 2.10).

12For example, if 7 is an ideal on @ this would just mean that M N w; € w,.

3Recall Q(Z) was defined in (2).

14Because if M € Sg"”d then in particular M Nw; € wy, so M N ORD cannot be w-closed.
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We recall the following definitions:
DEFINITION 2.16. Let T be a normal, fine ideal.

e T is precipitous iff kg, “ult(V. G) is wellfounded”.
o 7 is saturated iff Bz has the |H|"-chain condition, where H is the support of T
(s0Z C p(Z) where H = Z).

o SupposeZLisanideal on k. T is strong iff Z is precipitous and g, “j: (k) = 6777

Saturation and precipitousness are properties, which occur frequently in the
set theory literature. Strongness (of an ideal) was introduced in Baumgartner—
Taylor [2]; saturation (even presaturation) of Z implies that Z is a strong ideal.
Baumgartner and Taylor conjectured that a strong ideal on w; has the same con-
sistency strength as a saturated ideal on w; (namely, a Woodin cardinal). Their
conjecture was recently confirmed in Claverie—Schindler [4], where it was shown
that if there is a strong ideal on w; then there is an inner model with a Woodin
cardinal. Shelah (see [23]) had shown that one could force over a model with a
Woodin cardinal to obtain a model where NS,,, is saturated (and thus strong). We
caution that strongness in the sense of Baumgartner—Taylor [2] is not to be confused
with the notion of « being ideally strong, which was introduced in Claverie’s PhD
thesis and involves a sequence of ideals resembling an extender (the Claverie defini-
tion bears more resemblance to strong cardinals than does the Baumgartner—Taylor
definition).

2.3. Duality Theorem. We will use a special case of Foreman’s Duality Theorem
([7]). Suppose & is regular and uncountable, Q is a partial order, and U is a Q-name
for a V' -normal measure on . In V define F(U) by:

SEF(U) < SCkand g S € U.
It is straightforward to check that F(U) is a normal filter on «. The following is
Proposition 7.13 of Foreman [7]:

THEOREM 2.17 (Foreman). Suppose k is a regular uncountable cardinal, Q is a
poset, and U is a Q-name for a V -normal ultrafilter on k such that

g ult(V. U) is wellfounded .

Assume also that there are functions fq, (f¢)geq. and f & with domain & such that
whenever G is (V,Q)-generic and U := Ug then:

o julfo)lk) =Q.
o julfe)lr) =G.
o Foreachq € Q: ju(fy) (k) =q.
Then, the map
[S1r) = [S € Ulrow
is a dense embedding from B ;) — RO(Q). Also the map
g~ [Sy1,,

is a dense embedding from Q — By, where

Sy ={E<k]| fy(&) e fe:(O)}.
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83. Catch(J.T), StatCatch(Z), and ClubCatch(Z). The following definitions
each say that, in some sense, the set Sg"lf Gen is large (recall Sg"lf Gen \was defined in

Definition 2.14):
DEFINITION 3.1. Let T be a normal fine ideal. We say:

e ClubCatch(T) holds iff S5°" is in the conditional club filter relative to T."

e ProjectiveCatch(T) holds iff S;elfGe" “is positive over every L-positive set”; that
is, for every L-positive set T, the set

SSUCn T = (M | M € S5V and M N supp(T) € T}

is stationary.
o StatCatch(T) holds iff 57" is (weakly) stationary.'

If the completeness of T is at least w,, define ClubCatch*(ZI), StatCatch™(Z), and
ProjectiveCatch™(I) similarly, except using S‘Igdf Gen* instead of S‘Igdf Gen,

The following is just a reformulation of Lemma 3.46 of [7] to conform to the
terminology of this paper:

THEOREM 3.2. T is saturated <= ClubCatch(T) holds.

There is an important difference between ProjectiveCatch(Z) and StatCatch(T).
StatCatch(T) means that Sg"lfG"” is stationary; but by Remark 2.11, this does
not imply that NS | Sgdf Gen projects canonically to Z. However, if the stronger
ProjectiveCatch(Z) holds, then NS | Sgdf Gen does project canonically to Z. This is
due to a more general fact: suppose J is an ideal which projects canonically to Z,
and that S is a J-positive set. If S is projective over Z—i.e. S \, T, is J-positive
for every Z-positive set 7—then J | S projects canonically to Z.

Let us define:

DEFINITION 3.3. Suppose I is a canonical ideal projection of some ideal J (in the
sense of Definition 2.4). We say that J catches T and write catch(J.T) iff:

e the support of J contains Ho 7" and
° SSdfGen
Z.supp(T

Observe that the definition of Catch(J, T) requires that the support of 7 be large
relative to Z; in particular catch(Z, T) can never hold.

) € J: that is, there are J *-many I-self-generic structures.

Lemma 3.4. Let T be an ideal. The following are equivalent:

(1) ProjectiveCatch(T).
(2) There exists an ideal J such that Catch(J,T) holds.

Proor. First assume ProjectiveCatch(Z) holds and set 7 := NS | S;df % The
definition of ProjectiveCatch(Z) easily implies that Catch(J,Z) holds.

Now assume there exists an ideal 7 such that Catch(7.Z) holds. Let T € Z+: by
definition of Catch(J.T):

SelfGen o SelfGen
ST applr) N T = {M € ST cup( ) | M Nsupp(Z) e T} € ™.

15See Definition 2.12 for the meaning of conditional club filter relative to Z.
16See the introduction to Section 2.2 for the definition of weakly stationary.
17The cardinal Q(7) is defined in (2).
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Recall that by “ideal” we always mean a normal, fine ideal; this implies that every
setin J* is stationary. So in particular, Sg"lf Gen ~, T is stationary and the proof is
finished. B
There is a similar characterization of ClubCatch(T):
Lemma 3.5. Let T be an ideal. The following are equivalent:

(1) ClubCatch(T) (recall this is equivalent to saturation of T by Theorem 3.2).
(2) Catch(J.I) holds, where J is the dual of the conditional club filter relative
toT.

The following is a well-known argument:

LEMMA 3.6. ProjectiveCatch(ZT) implies that T is precipitous. Stat Catch(T) implies
that there is some T € IV such that T | T is precipitous.

Proor. First assume ProjectiveCatch(Z). Suppose for a contradiction that Z is
not precipitous; then there is some 7' € Z* which forces the Z-generic ultrapower to
be ill- founded. By definition of ProjectiveCatch(T). Sgdf Gen N, T is stationary. Now
H v+ is correct about the fact that 7 forces an illffounded generic ultrapower. Fix

an M € SgelfGe" N\ T such that M < (Hy,€.{Z,T}). Asusualletay : Hy — Hy
be the inverse of the Mostowski collapse of M. Set T := U;I] (T) = TN M and
7 := a,,'(T). By elementarity of oy, Hys believes that T forces the P;-generic
ultrapower to be illfounded. But M € Sg"lf Gen 5o the Hy-ultrafilter derived from
o is (Hy . Pz)-generic and ult(Hy, U) is wellfounded. Note also that T € U
(since M Nsupp(Z) € T = o3(T)). Contradiction.

Now assume only that StatCatch(Z) holds; we want to show that there exists
some T € Z7 such that Z | T is precipitous. Suppose this failed; then 1 IFg, “the
generic ultrapower is illfounded”. Pick any M € Sg‘)lf Gen Then, Hy, believes all
generic ultrapowers are illfounded, contradicting that ult(Hy; .Uy, ) is wellfounded
and U, 1s generic over Hy;. -

The following lemma says that if StazCatch holds on some restriction of Z then
it holds on all of Z; in some sense this makes StatCatch much less interesting than
ProjectiveCatch:

Lemma 3.7. StatCatch(Z) holds <=  StatCatch(Z | S) holds for some
T-positive S.

Proor. To see the nontrivial direction: suppose S € Z* and StatCatch(Z | S)
holds. We show:

SPUC (M | M < (Hy.€.{T.S})} C 557" (3)

Suppose M is a model from the left side and 4 € M is a maximal antichain for Z.
Then M sees that 4 can be refined to a maximal antichain of the form Ag U Age,
where Ag is a maximal antichain in Z [ S and Agc is a maximal antichain in
Z 1S Since M € S;‘FIJS(G‘*" and Ag € M then there is some T € M N Ag such
that M Nsupp(Z | S) = M Nsupp(Z) € T.But then M Nsupp(Z) € T’, where T is
the unique element of A4 above T'; note T’ € M. So we have shown that M catches
all of its Z-maximal antichains. -

8This is just a basic fact about boolean algebras: if 4 is a maximal antichain and b is an element of
the boolean algebra, then {a € 4 |a < b} U {a € A|a < b°} is also a maximal antichain.
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We thank Ralf Schindler for giving us permission to include the following theorem
and proof, which in particular implies that the converse of Lemma 3.6 holds for
ideals on ;. We discovered later that (unknown to Schindler) a special case of the
theorem also essentially appeared in Ketchersid—Larson—Zapletal [17]:

THEOREM 3.8 (Schindler; Ketchersid-Larson—Zapletal [17]). Let Z be a normal
ideal such that univ(T) consists of countable sets.\° Then. T is precipitous if and only
if ProjectiveCatch(T) holds.

Proor. Assume that 7 is precipitous: the other direction (that ProjectiveCatch(T)
implies precipitousness of 7) was already taken care of by Lemma 3.6. First we prove:

CramM 3.9. Let T be an ideal such that univ(T) consists of countable sets. Suppose
H is a transitive set such that <*H C H (typically H will be a transitive ZF ~
model), let F : [H]<” — H. and let ¢ be a function with domain w such that
range(¢) € univ(Z). Then there is a tree Typr C <PH such that: Ty pz has an
infinite branch iff there exists an N € S‘Igdf S such that N 0\ supp(T) = range(¢) and
N is closed under F'. Moreover, the construction of the tree Ty 7 is absolute between
any transitive ZF ~ models which have ¢. F , and T as elements.

PrOOF. (of Claim) Set x := range(¢). Let Ty pz be the set of all sequences
{ag,ay,....a,) such that n € w and:

(1) a; € H and q; is finite, foreach i < n

(2) ¢(i) € a; for each i < n (to ensure that a cofinal branch will contain x)

(3) supp(Z) N (apUa; U---Ua,) C x (to ensure that a branch will not contain
any points in supp(Z) — x).

(4) Forevery j <nandevery v € S/(agUa; U---Ua;): F(7) € a4 (to ensure
that the branch is closed under F)

(5) For each i < n: if a; is a maximal Z-antichain then there exists a S € a;;
such that x € S and S € a; (to ensure that the branch is Z-self generic)

(6) Foralli <n:agyUa; U---Ua; C a4 (to ensure that the union of nodes in
the branch will include the witnesses built in by the previous bullets).

Clearly T 7 is a tree. It is straightforward to prove the claim now. -

We now return to the proof of Theorem 3.8. Set Z := univ(Z). Let 6 >> |Z],
F : [Hy]*” — Hy,and T € Z" be arbitrary. We need to find an N € [Hy]®” such
that N is closed under F, N is Z-self generic, and N Nsupp(Z) € T. Let G C Bz be
generic with 7 € G, and j : V —¢ ult(V, G) the well-founded generic ultrapower.
Set 7' := j(Z). H' := j(Hy). and F' := j(F). By elementarity of 7. it suffices
to show that u/t(V, G) believes there is an Z’-good, self-generic N € [H']® which
is closed under F’ and such that N N supp(Z') € jo(T). Now WLOG supp(Z) is
transitive and so x := jlsupp(Z) = [id | Z]g is countable in ult(V. G) (since we
are assuming that Z consists only of countable sets); fix some ¢ € ult(V, G) such
that ¢ : @ — x is a bijection. Note also that since T € G, that x € js(T). By
Claim 3.9 it suffices to prove that the tree T} ;7 has an infinite branch in ult (V. G );
and since ult(V, G) is wellfounded, it in turn suffices to prove that T, o.F 7 has an
infinite branch in V[G]. Set N := j”H) € V[G]. It is easily checked. using Los

19For example, if 7 is a normal ideal on e . or if Z is a normal ideal on [Hy]®.
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Theorem, that N is Z’-self-generic.?’ is closed under F’. and N N supp(Z') = x.
Then by Claim 3.9, Ty ¢+ 7/ has an infinite branch in V' [G]. —|

Theorem 3.8 gives a nice characterization of precipitousness for N.S,,, :>!
COROLLARY 3.10. LetZ := NS, . Then:

T is precipitous — Sgdf Gen is projective stationary
T is somewhere precipitous — Sgdf Gen is stationary

The following (which essentially appears in [7]) is a standard application of £.o$
Theorem:; it says that if catzch(J,T) holds then generics for B project canonically
to generics for Bz, and that this projection is an element of the generic ultrapower
of V' by J.

Lemma 3.11. Suppose J projects canonically to T and that He 7y C supp(J ). Let
hr.7 : Bz — By be the canonical boolean homomorphism from Fact 2.8. Then, the
following are equivalent:

(1) catch(J.T).

(2) Whenever G is B s-generic, then U = hI_}[G] is (V. Bz )-generic.

(3) hz.7 is a regular embedding.

ProoF. The equivalence of item 1 with item 2 is a standard application of Los’
Theorem, using Facts 2.1 and 2.3. The equivalence of item 2 with item 3 is a standard
forcing fact. "

COROLLARY 3.12. Suppose J» projects canonically to [Ji, and that [J, projects
canonically to Jy. Let h; j : By, — B, be the canonical boolean homomorphism ( for
i < j): note these maps commute. If Catch(Js. Jo) holds then ho» and ho.1 are each
regular embeddings.

ProOF. That 7, is a regular embedding follows from Lemma 3.11 (where />
plays the role of 7 and J, plays the role of Z). This, in turn, abstractly implies that
ho.1 is a regular embedding (if /* and g are boolean homomorphisms and f o g isa
regular embedding, then g is also a regular embedding). -

Finally a brief remark about the relationship between StatCatch(Z) and the
Forcing Axiom for Bz; roughly, StatCatch(Z) is the requirement that the Forcing
Axiom for Bz holds in a very nice way. For a poset P, FA,(IP) means that for every
u-sized collection D of dense subsets of P, there is a filter on P which meets every
element of D. Note that FA4,(P) is trivially true if 4 = .

LeEMMA 3.13. Suppose T is an ideal on u* where u is regular. Then:
StatCatch(I) —> FA,(Bz). (4)

ProoOF. Suppose StatCatch(T) holds, and let D be a u-sized collection of dense
subsets of Bz. Pick any M < (Hy, €,{Z.D}) such that M € SgdfG”' and u C M.
Since M € S5%" then the filter g := {T € M Np(u™) | M Nu € T}is (M.Bz)-
generic (i.e, g N D N M # () for each dense D € M). Since u C M and D € M,
then D C M and so in particular g " D N M # () foreach D € D. -

20Because G is the ultrafilter derived from the transitive collapse of N and is generic over Hj for Br.
2INote the <= directions of Corollary 3.10 are due to Lemma 3.6.
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RemARK 3.14. Starting from just one measurable cardinal, Jech—Magidor—
Mitchell-Prikry [15] proved that one can force By, s2 10 have a a-closed dense subset.
Since FAy, (a-closed) is a theorem of ZFC . then FA,,, (B ys [Slz) holds in their model **
Combined with Theorem 1.1 of the current paper, it follows that the existence of an
ideal T on wy such that StatCatch™ (T) holds is much stronger (in consistency strength)
than the existence of an ideal T on w, such that FA,, (Bz) holds.

§4. Lower consistency bound of StatCatch*(Z). In the following we focus on
ideals on m,. Given a cardinal Q and a structure M C Hq. write

e ay = M Nw,, and

o Ty = sup(M Nws).
We will focus on situations where )y € w, and Ty, € ws. The following theorem
implies Theorem 1.1.

THEOREM 4.1. Let T be a normal fine ideal on w, concentrating on w, N cof{wy)
and for sufficiently large Q let

ST = the set of all M < Hq satisfying the following requirements

(a) M is self-generic with respect to T.
(b) oy € wy and Ty € ws.
(C) Cf(OLM), Cf(fM) > .

If' S is stationary then there is a proper class inner model with a Woodin cardinal.

PrROOF. Assume there is no proper class inner model with a Woodin cardinal. We
will use the core model theory as developed in [22]. In particular, we will assume
that there is a measurable cardinal in V in order to simplify the situation.

As usual, instead of K we will work with a soundness witness W for K || ws. Thus,
W is a thick proper class extender model, and K || w3 is contained in the £/”-hull of
any thick class in . We will make a substantial use of the following observation
from [4].

If U is generic for Pz over Vand M = Ult(¥, U) is well-founded then (5)
W and j(W) agree on the cardinal successor of w.

We briefly sketch the proof of this fact. The point is that since Pz is a small forcing,
W is still thick in V[U] and witnesses the soundness of (K || w3)Y. And since j is
the ultrapower map associated with Ult(V, U). also j(W) is thick. Now W has the
definability and hull property up to w;, so the same is true of j (W) as the critical
point of j is w,. All of the above implies that W and j(W) coiterate to a common
proper class extender model with no truncations on either side, and the critical point
on the main branches of both sides of the coiteration are at least w».

For each M € S7 let H), be the transitive collapse of M, oy : Hy — Ho
be the inverse to the Mostowski collapsing isomorphism, W), be the collapse of
W Q,and 1) = a,TlW‘” , where o), was introduced above. We also write 7 for wz’ .

22Moreover the measurable cardinal is optimal; if Z is an ideal such that B has a o-closed dense
subset. then Z is precipitous, which implies there is an inner model with a measurable cardinal. In fact
Gitik—Shelah [13] showed that if Bz is a proper poset then Z is precipitous; and Balcar-Franek [1]
showed that if B7 is w;-preserving then Z is somewhere precipitous.
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We note that by Theorem 0.3 in [4]. 7 = w3. We will not need this fact, but we bring it
to the attention as this fact is responsible for the need of our additional assumption
that 75, has uncountable cofinality.

Let Uy be the Hys-ultrafilter derived from the map oy : Hy — Hg. By our
assumption on the self-genericity of M with respect to Z, the ultrafilter Uy, is
generic over H), for the poset PY = 0';41 (Pz). Let Hy = Ult(Hy. Uy) and
ju  Hy — H)s be the associated ultrapower map. We have cr(jy) = au.
Finally, let ky, : Hy — Ho be the factor map between g, and jjs, that is,
kM : [f]UM — O'M(f)(aM). Since, oy = (CL)IV)+HM we have jM (aM) = (COY)+HM,
and since ks | (aps +1) = id | (apr +1) the critical point of kjy is at least ju (car).
Write Ay for jas(aar).

The statement in (5) can be expressed as a statement in the forcing language for
Pz in parameters W, [Pz and w;. (Here we actually replace W with its sufficiently
long initial segment, in order that the parameter is an element of Hg.) By the ele-
mentarity of jj . the same statement in the forcing language for P holds in Hy, at
parameters Wy, ]P’%’I and ayy. Since Uy, is generic for ]P’%’I over Hy,.the models Wy,
and Wy = ju (W) agree on the cardinal successor of apy. 5o aLWM = 75. By the
condensation properties of extender models we have Wy, || 73y = Was || Tar. so in
particular the models W), W), have the same subsets of ;. This in turn implies
that ay is inaccessible in Wy, and hence, 1, is inaccessible in W), . (More is true,
see for instance [4], but we will not need more in our argument.) Now since k; is
the identity on 4) the ordinal 4y is a limit cardinal in W, o) = ky(ty) = i1,
and W ||ty = War ||t = War || 7ar. Let Fyy be the Wy-extender at (apr. Ayr)
derived from o). Then, F), is actually a I -extender, that is, it measures all sets in
Plapr) N W. We prove

Fy e W, (6)
This will yield a contradiction as follows. Since kj; | Ay is the identity, Fy, is
also the extender at (a. Ay) derived from jj . The ultrapower map associated
with Ult(Wyy., Fyr) agrees with jy on Wiy lltyy = W |ty so H}Z = H}Z C
Ut(War || tars Far) = UI(W || Tar, Far). This says that Fy, is a superstrong extender
in W, which is impossible.

To see (6), we prove that for all but nonstationarily many structures M € S the
following holds.

The phalanx (W, Ult(W, Fy). Ay ) is iterable. (7)

Here it is understood that wellfoundedness is part of the definition of iterability. The
conclusion (6) then follows from the core model theory folklore that any extender
that coheres to W and satisfies (7) is actually on the W -sequence. This is an instance
of theorem 8.6 in [22]. That F); coheres to W follows from the facts F; coheres to
WM, cr(k) > Zjr. and from the condensation properties of extender models which
imply that the extender sequences of Wy, and W agree up to /”LLW o= jar(Tar).
The proof of (7) is a straigthforward adaptation of the frequent extension argument
from [19] or its more specified instance in [20], and we will sketch the essentials of
this adaptation below.

Let us recall the following terminology. Given two phalanxes (P, Q.2) and
(P'.Q', ') we say that a pair of maps (p.c) is an embedding of (P, Q. 1) into



1260 SEAN COX AND MARTIN ZEMAN

(P.Q".X)ifand only if p : P — P’ and ¢ : Q — Q' are X,-preserving and
cardinal-preserving embeddings such that p | A=0¢ [ 1.6”A C A, and a(4) > X'.
In our argument below we will only make use of y-embeddings, as we will only be
concerned with Xy-iterability. A straightforward copying construction yields the fol-
lowing: If P, Q are 1-small premice. (p. o) is an embedding of the phalanx (P, 0. 1)
into (P’. Q’. '), and T is an iteration tree on (P, Q. 1) then T can be copied onto
an iteration tree 7’ on (P, 0. A) via (p, o) (of course, we only consider normal trees
here). Thus. if (P’. Q. /') is iterable. then so is (P, 0. A).

Instead of (7) we actually prove a stronger statement that for all but nonstation-
arily many M € S; the phalanx

(W, UIt(W, Gyr), ) is iterable (8)

where G, is the Wy, -extender at (ays. w,) derived from ;. So assume for a contra-
diction that there is a stationary set S C S such that for all M € S the conclusion
(8) fails, and let T3, be an iteration tree on (W, Ult(W, Gyr), w») that witnesses the
failure of iterability. Let { be large enough so that for each M € S the failure
of iterability is already witnessed by N = W ||{. that is, when we view Ty, as an
iteration tree on (N, Ult(Nys, Gar). w>) then either T, has a last ill-founded model
or Ty is of limit length and does not have a cofinal well-founded branch. Also, pick
{ to be a successor cardinal in 1 in order to simplify the calculations.

Let 0 be a large regular cardinal such that the entire situation described above
takes place in Hy, and for each M € S let Z); < Hy be a countable elementary
substructure such that Gy, Ty € Zy,. Fix the following notation.

o H fl is the transitive collapse of Z, and pys : H fl — Hpy is the inverse to the
Mostowski collapsing isomorphism.

o Ny Tor. Gur. G, Tar.Opr are the inverse images of Ny, Tor. Gar. cag. Tar. @2
under pyy.

Inside the structure H{; the tree 7, witnesses the noniterability of the phalanx
(N M UIt(N M GM), 5_M). Since all premice we work with are 1-small, the argument
from the proof of Lemma 2.4(b) in [22] shows that T witnesses the noniterability
of (N, Ult(Nys. Gar).dy) in the sense of V.

Recall that 7 = w5 " and £y = sup(a};7ar). Let S’ be the set of all M’ < H,
such that M’ N Hg € S. Then, S’ is a stationary set, and so is S1 = {M’' N Hq |
M' € S'}. Given a model M € S; we show that there is a set ¢ € M such that
Yu =ay,(ZNW ||ty) € a C M. Obviously, Yy, is a countable subset of W || Ty
and Ty < 7. If © < ws then there is a surjection f : wp, — W ||t such that
f € M. Otherwise, we use our assumption that 7,, has uncountable cofinality, so
sup(Yas) < Tar. In this case pick any " € M N ws such that " > sup(Y,,); then
again there is some surjection f : w, — W || 7/ such that f* € M (see our comments
at the beginning of the proof. The case © < w3 is actually vacuous, but we chose
to include it here in order to demonstrate that the argument does not rely on the
knowledge that w5 K — w3). Since Yy, C M is countable and a;; has uncountable
cofinality, there is some f§ < ay, such that Yy, C f”f. Letting a = f”f. it is
clear that a satisfies the above requirements. Notice also that the conclusion ¢« C M
follows immediately from the facts that a € M. card(¢) = w;, and w; + 1 C M.
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Working in Hy. assume M € S is of the form M’ N Hg for some M’ € §’.
Then, letting a be as in the previous paragraph, the set M witnesses the existential
quantifier in the following statement.

Hy = (Jv e S)(a ev).

Since M’ < Hy, there is some M € S such that ¢ € M. The last sentence in the
previous paragraph applied to M in place of M yields @ € M. Thus, Yy C M.
It follows that there is a regressive map g : S1 — S such that Y3 C g(M) for all
M € S). Press down and obtain a stationary S* C S and a structure M* € S such
that g(M) = M* for all M € S*. We thus have the following: the structure M *
is an element of S, the set S* C S is stationary, and Yy C M* C M whenever
M € S*. In the following we write a* for aps-.

Given two structures M, M’ € S such that M € M’ there is a partial elementary
map oy = aAjII, ooy from M into M'. For M € S* let

Ty = Sup((ﬂﬂ}?M) o pu)'Tm).

By the construction of M* the map

Tarear © Py | (Nag [Tar) : Nog | s — Ware | T3y
is total. (Recall that R | # denotes the initial segment of R of height # without the
extender £ g as its top predicate, whereas R || # denotes the corresponding initial
segment with E ﬁ as a top predicate.) Moreover, this map is Xy-preserving and cofi-
nal. We can now apply the argument in the proof of the interpolation lemma (see
[24]. Lemma 3.6.10) to construct a premouse N}, such that Wy |7}, < N}, and
ti, = (a*)*Vu, along with Zo-preservingmaps o3, : Ny — Ny andal, : N, — N
such that g3, extends GAQI*M opu | (Nar|Tm). oy extends aprear | (War- | T5),
and ¢}, 0 6}, = py. Let us merely mention here that N, is the ultrapower of Ny,
using the map O'A}{«‘M opm | (Ny||%x). and g}, is the corresponding factor map.
Here all premice are passive ZFC™-models, so N, is a premouse. and both ¢}, and
o}, are actually fully elementary. Also. the map o},. when viewed as a map from
Nj; into W, is Xy-preserving.

Given a phalanx (W, Q. a*) and a premouse (possibly a proper class one) Q’, we
write Q' <s Q if and only if there is a normal iteration tree on (W, Q. a*) such that
Q' is an initial segment of the last model M of 7", and one of the following holds.

(a) W is on the main branch of 7.

(b) Q is on the main branch of 7 and there is a truncation on this main branch.

(c) O is on the main branch of 7, there is no truncation on this main branch,
and Q' is a proper initial segment of M.

We will make heavy use of the following essential result; see [19]. Lemma 3.2 or [20],
proof of Theorem 3.4.

The relation <s is well-founded below W . 9)

That is. if we let Oy = W then any sequence of models Q, such that 0,1 <s O,
is finite. Let us just stress that the conclusion in (9) may not be true for a general
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extender model I, butit is based, in a crucial way, on the fact that ¥ is a soundness
witness for an initial segment of K, which is embeddable into K¢.

Our initial assumption (precisely the fact that M * € S) guarantees that the pha-
lanx (W, UIt(W,Gyr+). wy) is not iterable. By (9) fix an <s-minimal premouse Q
below W with respect to <s witnessing the noniterability of (W, UIt(Q, Gy+), @2).
That is, following hold.

(a) (W, Q,a*)isiterable and (W, UIt(Q. G+ ). ws) is not iterable.
(b) If Q' <s Q then (W, UIt(Q’, Gas+). wy) is iterable.

Notice that Q is a set size model, as the noniterability of a proper class model is
witnessed by some if its proper initial segments. B

By the construction of M*, N;, and the maps ¢},.d},. for every a € [0)/]<® and
every x € [@y]“ the following are equivalent for any M € S*.

€ (Gur)a-

(X) (Gar) oy (a)-

put(a) € oy (par (X)),
pu(a) € o (a3, (x)).

GM( ) € (Gar) pyy(a)-

The usual copying argument then yields that p), : [a. f1s, — [pm(a). a3, ()]G,
is a Xg-preserving cardinal-preserving embedding from Ult(Ny. Gy ) into
UIt(N ;. Gar-): moreover py, | o = pu | ou and py o ng = 7G,. © oy
where 7z - and 7,,. are the corresponding ultrapower embeddings. Note also that

Py (Op) = wy. Tt follows that the pair (pyr, pj,) is an embedding of the phalanx
(Nar. Ult(Nys. Gag).dar) into (W, UIt(N},. Gar+). w>). This proves:

The phalanx (W, Ult(N},. Gy+). w2) is not iterable. (10)

Notice also that the phalanx (W, Nj;. a*) is iterable, because the pair (id, o}, ) is an
embedding of (W, Nj,.a*) into W.

The following reflection argument shows that the extender G+ can be replaced
with an extender with shorter support: this will be needed below. Let 0’ be large
enough such that in Hy, there is an iteration tree R witnessing the noniterability
of the phalanx (W || C.UIt(Q. Gyg+), ) for a suitable . Pick some countable ele-
mentary substructure X of Hy such that R € X let H be the transitive collapse
of X and ¢ : H — Hy be the inverse to the Mostowski collapsing isomorphism.
Then, R’ = ¢~ !(R) witnesses the noniterability of the phalanx (W’ Ult(Q’. G'). f')
where, a(W'. Q". ') = (W || . Q. w,). again by the proof of Lemma 2.4(b) in [22].
Pick M € S* such that a3y > sup(X N ;). and let G = G+ | apr. By the con-
struction of the map o}, and by our choice of Q. the restriction of G to sets in
O agrees with the Q-extender derived from the map o¢j,. Since x € G/ implies

ala) 6 G, forall a € [f'1<* and x € P([a/]l) N Q. where o’ = o~ (). the
map o’ : [a f]G/ — [o(a),a(f)]¢ maps Ult(Q’, G’) into UIt(Q, G) elementarily,

"IV B =0 | B Cay.and o’ (B') = ng(a*) > aur: here of course g is the ultra-
power embedding associated with Ult(Q. G ). The pair (o, ¢’) is thus an embedding
of the phalanx (W', Ult(Q’. G'). ') into (W || {. UIt(Q. G). apr). witnessing that

The phalanx (W, Ult(Q. G). ayr) is not iterable. (11)
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From now on the proof follows very closely the final argument in [19]. We work
with M and Q picked above. Let (1. V) be the pair of iteration trees coming from
the terminal coiteration of (W, Q. a*) against (W, N},,a*), where U is on (W, Q. a*)
and Vison (W, N Ao o*). The extender model W is thick as it is a soundness witness
for an initial segment of K, so ¥ cannot be on the main branch on both sides of
both trees.

We first argue that Q must be on the main branch #% of U. Otherwise, MY <s Q.
and Nj, is on the main branch 5 of V. By the <s-minimality of Q the phalanx
(W Ult(MY, Gyr+), ) must be iterable. As W is thick there is no truncation on bY
and MY < MY . The critical point of the iteration map 7, along the main branch
of V is at least a*, so the map k : Ut(N},. Gy+) — Ut(MY. Gy+) defined by
k :la. flg,. — la.mw(f) | [@*]“]g,. is an elementary embedding with criti-
cal point strictly above w,. witnessing that the pair (id. k) is an embedding of the
phalanx (W, UIt(N},. Gy~ ), @2) into (W, Ult(MX. G+ ), 7). As we proved above
that the former phalanx is not iterable, this shows that the latter phalanx cannot be
iterable either, a contradiction.

Recall again that the pair (id, g},) is an embedding of the phalanx (W, N}, a*)
into W. Let V' be the iteration tree on W obtained by copying V via the pair
(id.a},). and let oo, : MY — MY be the map between the last models of V and
V’. Obviously, V' is a normal iteration tree on W with iteration indices strictly
above oy . By the agreement between the copy maps, oo | v = g}, | v, where v
is the first iteration index used in V. In particular, 0., agrees with ¢}, on all sets in
P([@* 1<) N N/ || v.

We next show that either there is a truncation on b or MY is a proper
initial segment of MY . Otherwise, MY < MY and we have the iteration map
mu : Q — MY along the main branch of ¢/. The critical point of myu is at least
a*, 50 P([a*]<?) N Q = P([a*]<?) N MY . As pointed out above, the extender G
restricted to the sets in Q agrees with the Q-exteder derived from ¢},. so the same
also holds when we replace Q with MY and ¢, with 5. Let Wo = 00 (MY).
Standard arguments then show that the map k : Ut(MY.G) — W, defined by
k :a. fle = 0so(f)(a) is a Zo-preserving cardinal preserving embedding with
critical point strictly above ayy. (We of course let Wo, = MY if MY = MY ) 1t
follows that the pair (id. k) is an embedding of the phalanx (W, Ult(MY. G). ar)
into (W, Wa. ar). Now W is an initial segment of the last model on the normal
iteration tree V' on W with indices strictly above ay,. and W, being a sound-
ness witness for an initial segment of K. is embeddable into K¢. It follows that
the phalanx (W, W.,.ays) can be embedded into a K¢-generated phalanx, which
is iterable by Theorem 6.9 in [22]. Hence. (W, W, ays) is also iterable, and so is
(W Ult(MY . G). apr). On the other hand, an argument similar to the one above in
the proof that Q is on the main branch of U/ shows that, letting k& : Ult(Q. G) —
Ult(MY. G) be the map defined by k : [a. f1c — [a.mu(f) | [@*]“G. the pair
(id.k) is an embedding of (W, Ult(Q.G).ay ) into (W UIt(MY.G). ap). As we
have seen that (W, UIt(Q. G). ays) is not iterable, neither is (W, Ult(MY. G), ayr).
This is a contradiction.

To summarize, we arrived at the conclusion that Q is on the main branch of i/, and
either there is a truncation on the main branch 5% or MY is a proper initial segment
of MY . This means that MY <s Q. hence the phalanx (W Ult(MY . Gy+), w2)
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must be iterable by the mininality of Q. On the other hand, we have seen in (10)
that this phalanx is not iterable, which yields our final contradiction. -

85. Forcing models of ProjectiveCatch. In this section we investigate variations
of the Kunen and Magidor constructions of saturated ideals from huge and almost-
huge cardinals; in particular, what happens when their large cardinal assumptions
are significantly weakened (roughly, weakened to slightly more than a supercompact
cardinal). We ultimately prove that, starting from a & which is §-supercompact for
some inaccessible § > k. we can produce models of Pro jectiveCatch(Z) (where Z is
nonstrong) on any successor of a regular cardinal (See Theorem 5.37).

5.1. Towers of supercompactness measures. First a few basic facts about towers
of supercompactness measures (see e.g., Kanamori [16] for more details). Note that
the definition of tower below allows for the possibility that the height of the tower
is a successor ordinal; this is done in order to keep a uniform terminology for some
of the later theorems.

DEFINITION 5.1. Let 0 be an ordinal. A sequence U = (U, | y < 6) is called a
P,.(—)-tower of height ¢ iff:

(1) Foreachy < &: U, is a normal measure on P(y).
(2) Foreachy < y': U, is the projection of U, to y.

If U is a P.(—)-tower of height J. there is a natural directed system and direct
limit map j 5 : V — 5 ult(V.U).

REMARK 5.2. If the height of U is a successor ordinal  + 1, then the ultrapower
by U is just the same as the ultrapower by the largest measure on the sequence: i.e.,
the ultrapower by Ug.

DEFINITION 5.3. A P,.(—)-tower U of height § is called an almost huge tower iff'd
is inaccessible and j (k) = 0.

We list some basic facts about towers; more details can be found in Kanamori[16].

FACT 5.4. Suppose U is a P.(—) tower of height 8. Then,

(a) & = crit(jg). jg(k) > 8. and ult(V.U) is closed under < cf (5)-sequences
(so in particular is wellfounded if ¢ f (§) > ).

(b) If6 = Ih(U) is inaccessible, then the following are equivalent:

o j is an almost huge embedding.
o ji(k)=0.

(¢) If 6 is inaccessible then j;“Hs € Hy-: .

(d) If U is a normal measure on P.(6) for some inaccessible 6 > k. then the
projections of U to P(A) (for i < ) form a tower of height 6. If § is, for
example, the least inaccessible or least weakly compact cardinal above k. then
this tower will not be an almost huge tower (i.e.. j;(k) > 0).

() If j : V — N is some almost huge embedding with critical point k such
that j(k) = 0. then there is an almost huge tower U of height 6 and a map
k:ult(V,U) = N such thatk o jg = j.

(f) If 6 is regular then j; is continuous at 6.

(g) If U is almost huge and & is Mahlo, then for almost every inaccessible y < 9,
the system U | y is almost huge.
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(h) If U’ is a strict end-extension of U then there is a natural map k = k g.o -
Ny — Ny, such that j iz, =k o jz. Let 6 == ht(U): if 8 is inaccessible then:

crit(k) € {6.0™v}. (12)
Furthermore for any y < 6 and any F : P.(y) — V:
k(ig(F)Gg“r) = Jg(F)ig 7). (13)

Proor. These facts are well-known, and we refer the reader to Kanamori [16].
Items (f) and (h)are very important for this paper, so we provide brief explanations.
To seeitem (f):letny < j7(6). Then. since ult(¥, U) is a direct limit, there is some 4 <
J such that 7 € range(k, 7). where k; 7 is the map from ult(¥. U;) — ult(¥. U)
in the direct limit diagram. Now ¢ is a fixed point of the map jy,; so k; U(;y) < 9.

So pick any ¢ € (k' ;(1).9): then j(0) € (. j7(9))-

_To see_’item (h): it is straightforward to see (by examining the directed systems for
U and U’) that crit(k) > 6, where k := k7 7, is the natural map from ult(V, U) —
ult(V, U ): note that k is not to be confused with kyi g 23 Moreover, since U’ has
height > J, then N, computes 6% correctly, whereas N does not (by item (c)).
This implies that crit(k) < 67N Since crit(k) must be an N 7-cardinal, this leaves
6 and 67V¢ as the only possibilities for crit(k). Each of these possibilities occur in
nature.?*

To see (13): fix some y < & and note that

oM =y
which is < crit(k) by (12). So k(j;<7) = k“(j ;7). Then
k(Ga(F)Gg“) =kGg(F) (kG y) = jg (F)K“Gg ) =g (F)Gg )

5.2. Review of regular embeddings. For a suborder R of a partial order P, we say
that R is a regular suborder of P iff <g agrees with <p, 1 g agrees with Lp, and every
maximal antichain in R is a maximal antichain in P. It is well-known that this is
equivalent to a X, statement about R and P. Namely, given p € P and r € R, we
say that r is a pseudoprojection of p on R iff #’||pp for every 1’ <g r. Then:

Fact 5.5. For a suborder R of P, the following are equivalent:

(1) Ris a regular suborder of P.

(2) For every p € P there exists an r € R such that r is a pseudoprojection of p
on R.

In particular, the statement “R is a regular suborder of P” is Xy and thus, absolute
across transitive ZF — models.

23The domain of k = k(7 o is the direct limit ult(¥, 17), whereas the domain of kU{ g is the
. 1,
d-supercompactness ultrapower ult(¥, U{).
2For example, if U’ is almost huge of height ¢’, then crit(klj/ F5-l7/) = ¢ for almost every strong limit

6 < &'. On the other hand, if 6 is the first inaccessible above x and U’ is a tower of height 6’ > &, then
kg ys 00 fixes o (because Ny, models “0 is the least inaccessible above ) and so crit(k g, Fé.U/) must

bes Vo,
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The following convention will justify the notation in Theorem 5.12 and
elsewhere.?

Fact5.6. SupposeR, P are partial orders and R is a regular suborder of P. Suppose
D is a dense subset of P. Let G C R be generic. In V[G] define % ={p eP|p|lpG}.
and 2 := {p € D | p|[pG} (here p||pG means that p is P-compatible with each
member of G). Then % is a dense subset of%.

PrOOF. Let p € £. Let G be a (V[G]. %)-generic such that p € G: it is standard
that G C G and that G is (¥, IP)-generic. This implies that G meets the set D N p |p
(because that set is dense below p and p € G). Pick anyd € G N D N p |p. Then
d, being in GOGis compatible with each member of G’. Thus d is an element
of Zandd <g. +

We also use:

FacT 5.7. Suppose P is a poset, Q and R are P-names for posets, é is a P-name,
and

lFp é is a regular embedding from Q — R.
Define £ :P+xQ — P« R by

(p.4) = (p.é(g)).
Then £ is a regular embedding.

Proor. It is easy to see that £ is < and L -preserving. To see regularity: let (p. i)
be an element of P R. Then p forces that i has a pseudoprojection via é; so let ¢;
be a name for this pseudoprojection. Now check that (p. ¢;) is a pseudoprojection
of (p.7) via£:let (p'.q") < (p.q:). We need to show that £(p’. ") = (p’.é(¢")) is
compatible with (p. 7). Let g be generic for P with p’ € g. let r := (F)g. ¢r := (G7)q.
q" = (¢')s. and e := é,. In V[g]. since ¢’ < ¢, and ¢, is a pseudoprojection of r
via e, then e(g’) is compatible with r, as witnessed by some ¢. Then (p’, f) witnesses
that £(p’.¢’) = (p’.é(4")) is compatible with (p. 7). =

5.3. Generalization of Magidor’s argument, and duality. Building on earlier work
of Kunen and Laver (who used huge cardinals to produce saturated ideals on
successor cardinals), Magidor proved that if u < & is a regular cardinal and U is an
almost huge P, (—)-tower of height J, then letting P be the appropriate < u-closed
Kunen collapse which turns & into u™. there is a saturated ideal on & in the model
JBxCol(5.<0) Recall that saturation of Z is equivalent to ClubCatch(Z).

We aim to salvage much of the Magidor argument in the case where U is not
necessarily almost huge. This serves several ends; it will enable us to:

(1) force instances of ProjectiveCatch(Z) for ideals on any successor cardinal
from much weaker large cardinal assumptions than those used to force
instances of ClubCatch(Z) (i.e., saturation of 7). Namely: whereas the only
known models of saturated ideals on w; start with almost huge embeddings,
we will produce a model of ProjectiveCatch(Z) for an ideal Z on w;, starting
from only a x which is supercompact up to (and including) an inaccessible.

25Tn Theorem 5.12 we have a regular embedding : whose range is contained in RO (j(PP)) for some
separative partial order j(IP). Fact 5.6 justifies dropping the RO" part when forming quotients.
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(2) Provide a general theory of ideals obtained from tower embeddings, where
the height of the tower is turned into a successor cardinal.

The following assumptions are fixed for the remainder of the paper.

HYP 1. U is a P,(—)-tower of inaccessible height 8, and j : V — 5 N is the
ultrapower embedding.

HYP 2. P C Vi is a k-cc poset, u is a regular cardinal below « which remains a
cardinal in V¥, and \rp k = ut. If U is not almost huge, we also require that P is
< u-distributive.

HYP3. InN thereis aregular embedding 1 : Px Col (k, < &) — RON(j(P)) such
that 1 is the identity on P2

HYP4. Gx* H isa (V,Px Col(k, < J))-generic.

If U is almost huge. then the standard example of such a PP is the universal < u-
closed Kunen collapse obtained via an amalgamated forcing; see Cummings [6] for
details. If U is not almost huge—i.e.. if j(k) > 0—then one could still use the
< u-closed universal Kunen collapse; but in this case P := Col (1, < k) would also
work, since in that case Col(u.< k) * Col(k.< J) is a < u-closed poset of size
< j(k). and j(k) is inaccessible in N: so by standard absorption techniques of
Levy collapses, N would have an 7 as in HYP 3. For some of the later theorems
dealing with Pro jectiveCatch we will place additional requirements on the poset P
and the regular embedding 7.’

THEOREM 5.8. Suppose G is (V[G][H]. j(P)/i1“G * H))-generic. Then, in V[G]
there is an H which is (N[G]. ColNC1(j (k). < j(0)))-generic and an elementary
embedding

je : VIGIH] — NIGIH]
which extends j.

REMARK 5.9. Theorem 5.8 is a slight improvement over the existing literature
because:

(1) U is not required to be almost huge. )

(2) The H constructedin V[G]is really an (N[G]. ColNC)(j(k). < j(9)))-generic
object containing j“H 2 In the authors’ view, this makes the subsequent “dual-
ity” computations conceptually simpler than the arguments in [11], [7], and [8].
In those papers. instead of finding an H € V[G] as in Theorem 5.8, a so-called
“pseudo-generic tower” of conditions from ColN1®)(j(k). < j(6)) is defined in
V[G] in a way which decided enough of the generic embeddings—embeddings
which they view as appearing in V[(A?]C"IN[G](/' (®)-</O) but not necessarily in

VG 1—in order to define a V|G| H ]-normal ideal and compute its correspond-
ing boolean algebra. However, both arguments ultimately provide liftings of
embeddings in some small generic extension of V[G][H].

26More precisely: we require that 1(p, 1) = p for every p € P.

2TNamely we will eventually add the following additional requirements (which are superfluous in the
case where U is almost huge. i.e.. when j (k) = 6). We will require that range(1) C j(P) N (Hy+ )", that
Jj(®) N (Hy+ )N is regular in j(P), and that 7 believes any generic for j(P) N (Hy+ )Y will be extendable
to an N-generic for j(P). These additional requirements do hold for the examples of P given above.

Bwhere / : V[G] — N[G]is the intermediate lifting which exists because j“G C G.
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Theorem 5.8 does not quite seem to suffice for our applications in Section 5.4,
so we prove a more general version (Theorem 5.12) below. The generalized version
uses the following technical definition:

DEerFINITION 5.10. Given a transitive model W of ZFC, we will say that W
resembles 1/ (E)/GH gy
(1) j is definable in W and there is some ¢ € W which is (N[G][H], j(P)/1“G *
H)-generic (though & is not necessarily (V[G1[H). j(P)/1“G = H)-generic).
(2) If U is almost huge then N[8] is < -closed from the point of view of W .
(3) If U is not almost huge then N[g] is < u-closed from the point of view of W .

We will say that such a g witnesses the resemblance of W to VJ/E)/1"G+H

REMARK 5.11. If G is (V[G|[H]. j(P)/1“G % H)-generic.”® then G witnesses that
W = V[G] resembles VI E)/“C<H iy the sense of Definition 5.10. Thus, Theorem 5.8
is a special case of Theorem 5.12.

ProoF. If U is almost huge then j(P) is 5-cc in V', and standard arguments show
that N[G]is < d-closed from the point of view of V' [G].

If U is not almost huge then the < u-distributivity requirement in the Background
Hypotheses from page 1267 implies that N[G] will be < u-closed from the point of
view of V[G]. -

For expository purposes, uppercase letters will be reserved for filters which are
generic over V[G][H], whereas lowercase letters are allowed to be merely generic
over N or extensions of N. Also “hats” will typically indicate that the filter is on the
Jj-image of posets. In later sections we will be compelled to work with some g € VIG]
which may not be generic over V[G][H]. so we state the following theorem in its
full generality:

THEOREM 5.12. Suppose W resembles V)"0 (in the sense of Definition
5.10) and let § € W witness this resemblance. Then in W there is an h which is
(N[g]. ColNE(j (k). < j(0)))-generic and an elementary embedding

Je : VIGIH] — N[glh]

which extends j.

Proor. (of Theorem 5.12) We work inside W for the entire proof. Note that
G = H is the pointwise preimage of ¢ via :. Then, G « H € N|[g], since ¢ and 1 are
elements of N[g]. Also our assumptions on 7 guarantee that

JG g
and thus there is an elementary
J: VIG] = N[g]

which extends ;.
For each ordinal y < 6 let H |y denote H N Col (k. < y) and set

mit = J(F“H]y).

29Recall that even though the range of  may not be literally contained in j(P). Fact 5.6 allows us to
write j(P)/1“G * H instead of the more cumbersome RO (j(P))/1“G * H.
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Since G * H € N[g]and j | V, is an element of N forevery y < . it follows that:

Yy <o V,[G ]EN[g]andmA € N[g]. (14)
2|71 < k (by definition of the Levy collapse) and k =
crit(f). so

(Vp <0)(¥p € H|y)(j(p) = j”pand |j(p) " < k). (15)

It follows that [m |NE = [|J(j”H|y)[NVE < || V&) VIE) < j(k). So
(vy <0)(m]" € Col™&I(j(x), < j(1))). (16)
Cram 5.13. For eachy < 9: dom(m./H) = Kk X j“y. Moreover, for any y <y’ < 9:
myy | (j(&) x j(7) =m] | (& x j7y) =m]. (17)
Proor. These follow straightforwardly from (15). -

Note that <m7H | » < o) is a descending sequence. It has the following important
property:

CLAIM 5.14. Foranyy <d andany r € CoZN[g( (k). < j(y)) such that r < m:
). < J (")

Proor. This follows immediately from Clalm 5.13. —

for every y' € [y.6): r is compatible with m!l y in Col V& (j(k

CLam 5.15. N[g] is closed under < ¢ " (6) sequences from W . Moreover:

o If U is not almost huge then |0| = cf(0) = u from the point of view of both W
and_‘N 2]
e If U is almost huge then o is regular from the point of view of both W and N|[g].

PROOF. Suppose first that U is not almost huge: i.c.. Jg(k) > 6. Then,
cfNE(§) = u. By Definition 5.10, N[¢] and W have the same < u sequences. So
cf M (0) = cf V).

If U is almost huge thend = j;(x) is regularin N and thusin N[¢]. By Definition
5.10, N[g] is closed under < J sequences from W, so ¢ is regular in W as well.

For each 7 < j(6) let R, := ColMé(jj(k). < 5)). In N[g] let
A:={4 CR_j4) | 4 is a maximal antichain}.

Since N[g] believes that R_;(; has the j(d)-cc and has cardinality j(d). then
|AINE = j(5). For each 4 € Alet Dy := {r € R_j5 | Ja € A r < a}: now
set D:={Dy| A€ A}. SoD € N[g]is, in N[g]. a j(6)-sized collection of all
the relevant dense subsets of R_;(5 (“relevant” in the sense that for a filter to be
(N[Z].R. J(5))-generic, it suffices that the filter meets each element of D).

Also, since j(J) is inaccessible in N[¢] then N[g] believes that Col/V8(j (k). <
j(6)) has the j(6)-cc. so:

VD € D Up :={n < j(6) | D NR, is dense in R, } is unbounded
(in fact club) in j(5). (18)
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Using the following facts:

Jj(0) € [0.677)°

J < j(k):

j(P) adds a surjection from u onto every ordinal < j(k):
j is continuous at §:3' and

Jj is definable in W (by definition of resemblance).

it follows that:

L= O = )" = ef " 6) = cf " (j(5)). (19)

Recall we are working in . We now construct a descending sequence (r; | i < 1)
in R_;(5 which will generate a (N[g].R_;(;))-generic ﬁlte{ which contains j“H'
note that, in order for the filter generated by 7" to contain j“H as a subset, it will
suffice to arrange that m/H is in the filter generated by 7 for cofinally many y < J.

Let (D) | k < A) enumerate D. Recursively construct a descending sequence
(re | K < 2) in R_;(s and an increasing (not necessarily continuous) sequence
(nk | k < A) of ordinals in j(J) as follows. We maintain the following induction
hypotheses:

1 € D MR (-1, (20)

<mi,. .
Pie S M =1y,

Base step:

e Using (18). let 779 be some ordinal < j(J) such that Dy N R, is dense in R, .
o Observe that mJ’ . =€ Reg(j7(j-17p)) S Ray- Let 7o be some condition in
Do N Ry, such that rog < mj—i», .

Successor Step: Suppose k < Zand (r; | i < k)and (5; | i < k) have been defined.

e Using (18). let 7741 be some ordinal < j () such that Dy N R, is dense
in R, , and such that 7,41 > sup({n; | i < k}).?

e By (20). (21). and Claim 5.14. r; and m;-:~, _, are compatible in R, ,: let
Fr+1 be a condition in Dy NR.,, ., below both of them. Clearly, the inductive
hypothesis (21) is maintained. Also j(j~'"ni+1) > #x41 so the induction
hypothesis (20) is also maintained.

Limit Case: Suppose k is a limit ordinal < 4 and that (r, | £ < k) and (5, | £ < k)
have been constructed. Note that by Claim 5.15, these sequences are each elements
of N[g]. Set r := U,y re and B := sup,;j(j~'"n¢). Then, by the induction
hypotheses (20) and (21):

r € Reg.sodom(r) C j(k) x p. (22a)
r2 U mitiny,. (220)
<k

30By item (c) of Fact 5.4.
3By item (f) of Fact 5.4.
32Note this supremum is < j(6) because k < 1).
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Using (18), let 77, be some ordinal < j(d) such that Dy N R, is dense in R,
and such that n, > sup{#, | £ < k}. Note that m;’_,,,qk [ (k) X B =Upp mj-17y,
this fact combined with (22a) and (22b) imply that r is compatible with mf.’,l,ﬂm
Let r; be some condition in D N R, which is below both r and m ST

This completes the construction of the sequences 7~ and 77. Note thdt (e | k< A)
will automatically be cofinal in j(J). since for every { < j(J) there is some D € D
such that no r € D is an element of R<c.33 This, along with (21). guarantees that
the upward closure of 7" contains every m}H . Thus, the upward closure of i contains
JeH. —|

There is some freedom in Theorem 5.12 (depending on the enumeration of the
dense sets in the proof). so for each ¢ we just fix one lifting:

DEFINITION 5.16. Givena W anda g € W as in the hypotheses of Theorem 5.12.
we fix some hg and jg as given by the conclusion of Theorem 5.12. We will often refer
to j; as “the” lifting given by Theorem 5.12.

DEFINITION 5.17. Supposey < and F € V is some function with domain P, (y).
In V[G][H] pick any ¢ which is a surjection from k —ono y. and define fry : & —
VIGI[H] by:

¢ F(©E)
for any & where this is defined.

LEMMA 5.18. Let y < 6 and F € V be any function with domain P.(y). Set
z:= j(F)(j“y). Let ¢ € V[GI[H] be any surjection from & —on y and let f gy be
as defined in Definition 5.17.

Then for any model W which resembles V7 F)/“CH (in the sense of Definition 5.10)
and any § € W which witnesses this resemblance, if | = fg is the embedding given by
Theorem 5.12, then:

z = J(fEs) (k).
PROOF. Fix such a model W and a ¢ € W, and let j := J; be the lifting of j. It
is easy to see that j(¢)“k = j“y. So:

J(FEs)(R) = [ ip) jio) (k) = J(F)(j(8)“) = J(F)(j*y) = j(F)(j*7) =z +

DEFINITION 5.19. Let z € N. Pick any representation z = j(F)(j“y) of z. In
VIGI[H] pick any surjection ¢ : & —ono y and set f- = frg.

Note that by Lemma 5.18, the choice of F' and ¢ in the definition of /. will
not matter in terms of j;(f.)(xk) (where ¢ € W and W is any model resembling
i (B)/i°G+H i the sense of Definition 5.10). The following lemma is used in the next
section:

LEMMA 5.20. Suppose U’ is an end extension of U and k - Ny — Ny, is the
Sunction given by Fact 5.4: let j' : V' — 3, N, be the ultrapower embedding. Suppose
JVIGIH] — Ny, [Q’][iz’] is an elementary embedding which extends j'. Then for
every z € N:

J(f)(k) =k(z). (23)

BE.g., let E be the dense set {r € R_ ;i) | ¢ € proji(dom(r))}. let A be a maximal antichain in E:
then 4 € A so D, is the desired element of D.
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where f . is the function in V[G]|[H] as defined in Definition 5.19.
PrOOF. Say z = j(F:)(j”y) and let ¢, € V[G][H] be a bijection from x — .

e

Note that since the critical point of j” is & then j'(¢,)“s = j’*y. and so:

J'(f)) =T (F)G" (@) k) = j' (F) (") = k(G(F)(j*p)) = k(z).  (24)
where the second equality uses the fact that j’ C j” and the next-to-last equation is
by item (h) of Fact 5.4. 4

In particular, if k(z) = z then the function f.—although it is defined according to
the map j;—will also represent z in ultrapowers derived from liftings of the map ;.

We also see that the tower embedding by U is turned into a simple ultrapower
embedding by a measure on «:

COROLLARY 5.21. Let W ;:esemble yI®)/GH 6 \witnessed by & € W, and let
J = fg : VIG][H] — NI[g1[h] be the embedding given by Theorem 5.12. Then j is
an ultrapower embedding by its derived measure on k: i.e.

NI&Ih = {j(f)(x) | f € VIGIH]N"VIGIH]}.

Moreover, for any b € N[G][H] there is a function [, € V[G][H] that will always
represent b in any such ultrapowe:r; i.e.. whenever W and § € W are as above then it
will always be the case that b = jz(fp)(K).

Proor. Consider an arbitrary element (j(F)(j“y)),,; of NI g1[h]. where F :

P,.(y) maps into the P * Col(k, < &) names. In V[G][H] pick any surjection ¢ :
K —onto 7 and define the function /iy : Kk — V[G][H] by:

& (F(9E))Gam
Note that j(G « H) = & = h by elementarity of j. Also j(¢)“k = j“y and so

J () () = ()N ) = (FOF)F(@)“8)) 36wy = U (F)G*9)) g

Thus, our arbitrary element of N [§][fz] has the correct form.

To see the “moreover” part of the corollary: let b € N[G][H]. say b =
(j(F)(j7y)G«m and let ¢ € V[G][H] be a bijection from x — p. Recall the
regular embedding 1 : P x Col(k.< 6) — j(P) is assumed to be an element of
N:let f, € V[G][H] as defined in Definition 5.19. In V[G][H] define a function
Sb & — V[G]|[H] by

& (F(9E) 1016 (25)

Then if W resembles V/(F)/"G+H 5 witnessed by some g, then letting j := /. i

J(fp)(r) = (fj(b))N[é][il](fi) = (j(F)(j(‘f’)”’f))j(f‘)(,i)—l”j(c)
=UE)G)i000-156) = GEIGY)=1056) = GE)G7))i
= (](F)(]”y))G*H =b. 4

The following definition is how we define an ideal in V' [G][H] using some poset
whose forcing extension resembles 7/ (F)/“G+H Of course, the most natural example

of such a poset is
section.

G* H but we will need a more general definition for the following
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DEFINITION 5.22. SupposeR € V[G][H]is a poset such that V[G][H 1® resembles
VI ®)/EGH iy the sense of Definition 5.10; let & be a R-name witnessing this fact.

In V[G][H] define F; C PVICWM (k) by: S € F; iff s € ]gom( ) for every Gg
which is (V[G][H], R)-generic:* i.e.
SeF;, < k€ (om = e (26)

It is routine to see that F’ 3 is a normal filter on . We will use B F, to denote the
boolean algebra PV IC1(k) /F; .

We will need the following ad-hoc definition. Note the special case of the following
definition, where R = G@H unfortunately, this special case would not suffice for
the arguments in the next section, so we must state the general version:

DEFINITION 5.23. Given a poset R € V[G][H], we will say that R is nice iff

R € N[G][H]. R is a regular suborder of - G<*H and there is some R-name &, some

b € N[G][H]. and some formula ¢ such that 1g forces (over V[G|[H]) that:
(1) & witnesses the resemblance of VIGIHT® to Yy i®)/"G+H
(2) Gg is an element of N [§][/A1] and is definable there via the formula ¢ and
parameters &. b (i.e.. Gg is the unique element y such that N[gf][iz] E
$(y.2.b)).
We will say that g, b, and ¢ witness the niceness of R.

The following lemma gives a sufficient condition to apply Foreman’s Duality
Theorem.

LEMMA 5.24. Suppose R € V[G1[H] is nice. as witnessed by g. b. and ¢ (as in
Definition 5.23). Thenin V[G][H] therearefuncllonsf e S (S )peﬂ,fg*ﬁ,
UG« H
& (f1)rer. and [ G,. each with domain k. such that Whenever Gr is (V[G][H].R)-
generic then letting & ‘= g¢,:

(1) J(f e )(k) = %

(2) j(fe)k) =2¢.

(3) J(fp)(K) = pforeach p € it
@) j(fosn)(k) = G+ H.

(5) J(fr)(x) =R,

(6) j(fr)(k) =r foreachr € R,

(7) (fG]R)( ) G]R

Proor. The existence of the functions f e . (f, )pE yes . fewm. fr.and (f))rer
G H

are guaranteed by the “moreover” part of Corollary 5. 21 smce the relevant objects
are elements of N[G][H] (recall part of the definition of niceness of R is that
R € N[G][H]). The function f; is defined to be the constant function with value G
then for any lifting ;. the function j( ¢) is the constant function with value J(G) =
£ (so in particular j(f;)(k) = &).

To define the function fg,. Let f), € V[G][H] be the function given by the
“moreover” part of Corollary 5.21. and let f'; be as defined in the previous para-
graph. In V[G][H] define f ¢, : Kk — V[G][H] by sending ¢ to the unique y such

34Here we are implicitly fixing a R-name for a particular lifting ;. 5 as in Definition 5.16.
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that ¢(y, f5(&). f¢(£)). Then, for any Gg which is (V[G][H].R)-generic, letting
¢ = gc, and J := j; be the lifting of j, then by elementarity, j(f,)(x) is the
unique element of N[g][/] such that N[g][A] = ¢(y. [ (f)(k). J(fs)(k)): ie.. the
unique y such that N [Q][iz] E ¢(y.b.g). Of course, this unique element is, by
assumption, Gg. -

COROLLARY 5.25. Assume R € V[G][H] is nice, as witnessed by g.b.and ¢. Let
F; I?e the filter from Definition 5.22. Let j; be the R-name for the embedding from
Definition 5.16.

Then in V[G][H] the map n : Br, — RO(R) defined by

[S1r, = [k € fg(S)]]RO(R)

is a dense embedding.
There is also a natural dense embedding in the other direction: for each r € R define

S={¢<k|fr(&) e f6(E)}. (27)

where f, and f G, are the functions given by Lemma 5.24. Then the map o defined by
r =[S, isa dense embedding from R — Bp,.

ProoF. This follows directly from Foreman’s Theorem 2.17 (viewing V [G][H] as
the ground model) and the existence of the functions fr. (f,),er. and fg, from
Lemma 5.24. —

Note that in the context of Corollary 5.25, the dense embedding ¢ : R — Br,

can be used (inside V[G][H]) to characterize self-genericity as follows: for any
M < (Hy.€.{o. Fé,R}) with ay ;= M Nk € k:

M e S}?:;elfGen
W :={S,|re MNRand ay € S,)} generates a (M, BFQ)-generic —

o "W is (M. R)-generic <=
{re M NR| f,(am) € fou(an)}is (M, R)-generic (28)

COROLLARY 5.26. Assume R € V[G][H] is nice, as witnessed by & (and ¢). Then,
the following are equivalent:
(1) F; is saturated.
2) Fj is strong.
3) B, preserves k™.
4) U is almost huge.
1

l,/éE:)H and § is the canonical name for the

(
(
(
(

n particular, this holds when R =

z’;/GOz)H -generic object.)
ProoF. If U is almost huge. then z”]éﬁj)ﬂ has the § = xTV1¢H]_¢c (from the point
of view of V[G][H]). By the assumed regularity of e : R — z’;/GOz)H (from Definition

5.23), then R also has the d-cc. Then the dense embedding from Br, — RO(R)
given by Corollary 5.25 guarantees that B F, also has the d-cc: so Fj is saturated.
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Now suppose U was not almost huge: then
J(k) > 0. (29)
By Corollary 5.25, generic ultrapowers of V[G][H] by B, are exactly those liftings
of j of the form, j; where ¢ = (¢)g, for some (V[é][H],R)—generic Gr. In

particular, by (29). such liftings always send « strictly above = x*"II] So F,
is not a strong filter in this case. -

We will also use the following Lemma 5.27, which is simply a supercompact varia-
tion of Kunen’s original construction of a saturated ideal from a huge cardinal. The
proof of Lemma 5.27 is much simpler than the proof of Theorem 5.12 because of the
presence of strong master conditions. Both Theorem 5.12 and Lemma 5.27 provide
generic elementary embeddings with domain V'F*C0/(5<9) The main difference is
that in Theorem 5.12. 6 was exactly the height of the tower whose embedding we
were trying to lift; whereas in Lemma 5.27, J is strictly smaller than the height of
the tower whose embedding we are trying to lift.

For uniformity we still keep the hypotheses in our Background Hypotheses from
page 1267, though most of them are irrelevant to this lemma. Namely, we only
consider the objects § = Ih(U). P, and G = H from those hypotheses.

LEMMA 5.27. Suppose U’ is a P.(—)-tower of height strictly greater thand.3% Let
J' V=g N’ be the ultrapower.
Assume there is some r € N' such that

r:Px Col(k, <) — ROV (j'(P))

is a regular embedding and is the identity on P.3

Let G' be (V[G][H]. )]’G(IEL )-generic (recall G x H was fixed in the Background

Hypotiieses on page 1267). R
Let j' : V]G] — N'[G'] be the lifting of j' which exists because j'“G C G'. Then:

J'“H € N'[G"] (30)

and
m'y =/ H € CotM1(j' (k). < j'(0)). (31)

A

It follows that if H' is a(V[G'], ColNI[G:](j’(n), < j'(0)))-generic which has m' i as
an element, then in V[G'|[H'] the map j' can be lifted to an elementary

A A

J' VIGIH] = N'[G'I[H"].
Finally:

VZ € (Hs)VIOIHY : jre7 ¢ N'[G'I[H ). (32)

Proor. First note that N’ is closed under ¢ sequences, sO j' I W € N’ for any
W e H(;K. Second, G * H is computed from G’ via the map r and r € N’, so
G * H € N'[G']. From this it follows that, letting ;” denote the intermediate lifting

from V[G] — N'[G']:
7' WG] € N'[G'] forany W € HJ.. (33)
35Recall we allow the possibility that height(U’) = 6 + 1. so that U’ is essentially a single normal

measure on Py ().
36More precisely: we require that r(p. 1) = p for every p € P.
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Then (30) follows immediately. To see (31):each s € H hassize < u.so J'(s) = j"“s.
Thus |j(s)| < « foreach s € H and so in N'[G']:

'y = |7 “H| = 0] - |s| = 0] < j'(x)

(the last inequality is because § < /4(U’)). So m’ i has the right size in N'[G'] to be
a condition in the Levy collapse Col(j'(k),< j'(5)). It is easily checked that m'g
is a function of the right form to be in this Levy Collapse.

Now let H' be (V[G']. ColN'1¢1(j'(k). < j'(J))-generic with m’y; € H’. Then
J'“H C H'so j' can be extended to the map ;” as claimed. The map ;' | W[G][H]
will be an element of N'[G'][H] for any W € Hy.. This completes the proof. -

5.4. Interpolating posets and Pro jectiveCatch from supercompact towers. Recall
we are still assuming the Background Hypotheses from page 1267. Suppose R €
V[G][H] is any poset and § is a R-name as in the assumptions of Lemma 5.24: for
example, R could just be ,JG(IE)H and g could be the canonical name for the z’;/GOz)H -
generic object. Let F' := Fj be the ideal on (in V[G][H]) defined in Definition
5.22. Recall from Corollary 5.26 that F is saturated <= F is strong <=
U is almost huge. Therefore. if we want to obtain a situation where V[G][H] =
“ProjectiveCatch(F) holds and F is not strong” then we must necessarily assume
U is not almost huge. There is another reason for working with nonalmost huge U:
we would like to show that the large cardinal upper bound for ProjectiveCatch for
ideals on > is significantly weaker than an almost huge cardinal (which is the best
known upper bound for a saturated or even presaturated ideal on w;).

So assume U is not almost huge. In V[G][H] consider some algebra A =
(Hp[G1[H]....). We would like to find, in V[G][H]. an F-self-generic substruc-
ture of A. The idea is to take a generic ultrapower j : V[G][H] — N[g][h] (recall
by Corollary 5.25 that all generic ultrapowers of V[G][H] by F are of this form)
and find a j(F)-self-generic structure in N [g][fz].

First we briefly describe the most natural attempt—namely, considering
Sk’ A (j7y) for some y < d—and show why such a structure cannot be j(F)-
generic in the case where U is not almost huge. So assume U is not almost huge; this
implies that, in V[G][H], there is some R-name i for a surjection from g —onto 0.
Fix a y < § and WLOG assume A extends (Hy, €. {y,R}). Suppose toward a
contradiction that M’ := Sk/A(j”y) were j(F)-self-generic in N[¢][/4]. Then
M’ N j(k) = k. and by (28) and elementarity of ], N[g][k] believes that the
following set is (M’, j(R))-generic:

K= ' e M0 R) | 10 0) € 1 Y0 ). (34)
i

Note that M’ = j[Sk*(y)]; in particular K’ C range(/) and so:

K'={j(r)|r € Rand f;v(,[j;ﬂ”;](m) € f;v([gk]gh](m)} nM'
={j(r) |r eRand j(f)(k) € j(f¢)(k)} N M’
={j(r)|reRandr € Gg} N M’
= JIG=]N JISKA(7)].
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Since K’ is (j[Sk™(y)]. 7 (R))-generic, then Gg N Sk*(y) is (Sk(y), R)-generic.
Since y € SkA(y). dom(y) = u <y € Sk*(y). and Gg is (SkA(y).R)-generic, it
follows that = range(y) C Sk“(y). But this is a contradiction, since

[SKA()|V1OWN — [y 1M <

We will instead find self-generlc structures as follows. We know by Corollary 5.25
thatif / : V[G][H] — N[¢][/] is the lifting from Definition 5.16, then. the derived
ultrafilter on « is (V[G][H].Br)-generic. This implies that j“W is a j(F)-self-
generic structure (from the point of view of V'[G]). where W € V[G][H] is any
transitive ZF ~ model with F € W and P(k) C W. However, due to the limited
closure of N, the object j“W is not an element of N[g][fz], so it is not clear if
N[g][h] has any ] (F)-self-generic structures; thus it is not clear if ¥’ [G][H] has any
F -self-generic structures.

The idea for dealing with this issue is to assume there is a tower U’ which prop-
erly end-extends U, and somehow use the lifting j’ of the stronger embedding
j': V =g N’ given by Lemma 5.27 to obtain j’(F)-self-generic structures inside
N'[¢'][H'].Y” whose existence can then be pulled back to V' [G][H] via the elemen-
tarity of /. More precisely, we would like to show that the ultrafilter on P" 111 (k)
derived from ;" is generic for By, because this would guarantee that ;/“W is j'(F)-
self-generic (where W is as in the previous paragraph): and then, due to the high
degree of closure of N’, the object /'“W would be an element of N'[¢'][H’] and
thus we could pull back via ;' to get the existence of F-self-generic structures inside
VIGIH]. N

Showing that the ultrafilter derived from ;' is generic for Bx seems to require some
sort of interpolation between the poset j(IP) and j/(P). If U is almost huge. then
j(P) is an initial segment of j’(P) and the interpolation is straightforward; namely,
themap k : N — N’ can be lifted to the relevant generic extensions; this was the key
to the construction in [11] of layered ideals. However in our situation where U is not
almost huge. k& cannot be lifted to have domain N/), because crit(k) € {5.0"V}
is not even a cardinal in N/(®) 3 The following definition provides a way around
this issue.

DEFINITION 5.28. Working in V., suppose U’ is a proper end-extension of U. Let
j':V =y N andk : N — N’ be the map from Fact 5.4.

Let Q be a partial order. We will say that Q interpolates j(P) and j’(P) with
respect to ¢ iff:

(1) Q € N and is a subset of (Hs+ )" in our application below it will actually be
an element of (Hs+ )N .

(2) Q is a regular suborder of RO™ (j(IP)).

(3) The map 1 from Hypothesis 3 on page 1267 maps regularly into ROV (Q).

(4) Whenever G « H is P x Col (k. < 0)-generic. letting R := —z= (note this
quotient makes sense by requirement 3 and Fact 5.6) then there is some R-name
& such that:

3Where H' is generic for j7(Col (k. < d)), as in Lemma 5.27.
38Because j (k) is the cardial successor of u in N/
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(a) & witnesses that V[G|[H]® resembles VI(E)/7"G*H
(b) 1 forces that Gg = & NR.

(5) k | Q is an element of N' and maps Q regularly into ROV (j'(P)). Note this
is the only clause of the definition which mentions j' or N'.

_REMARK 5.29. If U is almost huge and P C V,, is k-cc. then for any end-extension
U’ of U, the poset j(P) interpolates itself with j'(P) with respect to the map 1. The
main interest in interpolating posets is when U is not almost huge.

LemMma 5.30. Suppose Q interpolates j(P) and j'(P) with respect to 1. Then:

(1) N = “Q has the crit(k)-cc”.

(2) Ifcrit(k) = 6N then k“Q = Q.

(3) k o1 maps P x Col(k.< 8) regularly into RON' (j'(P)) and is the identity on
IP; so the hypotheses of Lemma 5.27 are satisfied.

ProoF. If Q did not have the crit(k)-cc in N, then there would be a maximal
antichain 4 C Q in N of N-size crit(k); thus k(A4) 2 k*“A. Then k(A) would be a
maximal antichain in j’(P) properly containing k4, contradicting the assumption
that k maps Q regularly into j’(PP).

If crit(k) = 6+V then, since we assume Q C (Hs+)V. k | Q = id.

Item 3 just follows from the assumption that z is the identity on P, that Px Col (k, <
J) C Vs, and that crit(k) > 6 (by Fact 5.4). =

The “starred” version of the function fg, and the set S, appearing in the follow-
ing lemma will turn out to be equivalent (modulo the relevant filter) to the unstarred
versions from Lemma 5.24 and Corollary 5.25 (respectively). The purpose of intro-
ducing the starred versions is that they are more easily amenable to the elementarity
arguments in Lemma 5.33 and Corollary 5.34 below.

Lemma 5.31. Suppose Q interpolates j(IP) and j'(IP) with respect to1. Let G + H be
(V.Px Col (k. < 8))-generic and R = l,,G(QiH . Then R is nice (in the sense of Definition
5.23).

Furthermore, the function f ¢, defined by:

&GN fol) (35)

is Fy-equivalent to the function f g, from Lemma 5.24 (they both always represent Gg
in generic ultrapowers using F’ §)-
Finally, for any r € R let

Sr={¢<n ] fi(&) €[5, (O} (36)

Then [S;1r, = [Si]F,. where S, is the set defined in (27).
Proor. Since Q and : are elements of N, then R € N[G][H]. Moreover, by
requirement 4 in Definition 5.28, whenever Gy is (V' [G][H]. R)-generic then Gr =
g NR (soin V[G][H] the triple g. R, and ¢ witness niceness of R, where ¢(y. u, v)

is the formula y = u Nwv).

To see that /¢, and fg, always represent the same object—namely Gr—in

_Q
"GxH

generic ultrapowers by F;—let Gg be an arbitrary (V[G][H].R = )-generic,

§ = &c,.and j := j;. Then
Jfe) k) =g Nj(fo)ls) =¢NnQ. (37)
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Also, ¢ is afilter for l,;fG(Iz)H : this means that each element of ¢ is j (P)-compatible with

each element of 1”G * H . Since 1 g and L ;) agree and since 1 maps into RO(Q) (by
requirements 2 and 3 of Definition 5.28, respectively). then each element of § N Q
is Q-compatible with each element of :”G * H . It follows that

QL
§NQ=¢n—~=—=¢NR=0Gr (38)

Combining (38) with (37) yields
J(f6)(k) = Gr. (39)
Finally, [S71E, = [Si]F, follows from the definitions of S,, S; and the fact that
fr=r, [ E

COROLLARY 5.32. If'the hypotheses of Lemma 5.31 hold, then the map

r e[S, (40)

is a dense embedding from R — B Fy-

In other words. the statement of Corollary 5.25 still holds when the set S, from (27)
is replaced by the set S} from (36).

LeMMA 5.33. Suppose Q interpolates j(P) and j'(P) with respect to 1. Let G * H
be (V.P x Col (k, < 0))-generic and set R := l,,éQ;H.

Letr:=koi. Then

Jj'(P)
"G+ H (ko1)”G*H"
Let [, be the function defined in the statement of Lemma 5.31. Suppose J

VIGI[H] — N'[G'|[H'] is some elementary embedding which extends j' and such
that:

k maps R = regularly into (41)

Jj(G) =6 (42)
For each b € N let f be the function in V[G][H] given by Definition 5.19.%
Define Gg := QN k~'“G". Then:

If G is (V, j'(P))-generic then Gy is (V[G][H].R)-generic. (43)
J'(fs)(k) =k(b) forallb € N, (44)
J'(f5) (k) = G Nk(Q). (45)

Moreover, if we also assume Q € (Hy+ )N and crit(k) = 6™ then k(Q) = k“Q = Q
and

Gr=QnG', (46)
7' (f) (&) =rforallr € R (NoteRC Q C N), (47)
J'(f5.)(k) = Gr. (48)

ProoOF. The statement (43) follows from (41). which in turn follows from
requirements 3 and 5 of Definition 5.28. Equation (44) follows from Lemma 5.20.

¥Note that even though f, is defined even for b € N[G][H] by Corollary 5.21, the expression k (b)
will only make sense for 5 € N because, as remarked above, k cannot be extended to have domain
N[G][H] in the case that U is not almost huge.
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Since the function /' is defined (in V[G][H]) by

& f2(E)N folé) =GN folé) (49)
then by (42) and elementarity of ;’:
J'(f6)(r) = 6'0J(fa)x) = G' Nk(Q) (50)

where the last equation is by Lemma 5.20 (note Q is an element of N). This
proves (45).

Finally, suppose we also assume that k(Q) = Q and k | Q = id. Then clearly
(44) implies (47), and moreover

G'Nk(Q=6G'""nQ=Qnk“G". (51)

This. combined with (43), implies (46). Also (50) and (51) imply (48). =

The following corollary is the key point of interpolating posets; it essentially says
that liftings by j and liftings by j’ yield the same ultrafilters on " [?11#](k):

COROLLARY 5.34. Suppose Q interpolates j(P) and j'(P) with respect to 1 and that
Q € (Hs )N and crit(k) = oV (52)

Let G « H be (VP Col (k. < 6))-generic and R := * be
the subset of k defined in (36).

Let:

o GR be( [G][H]. R)-generic.

° g = gG]R (where g is the R-name witnessing resemblance of V[G[HI® to

P)/r G*H)

° /~ = fg :VIG][H] — N[g]llh ]be the lifting as in Definition 5.16.

e G’ be (V[GI[H][Gr]. %) -generic (note R is a regular subalgebra of
J'(P)/1”G * H by assumption (52) and Lemma 5.30).

o H’ be (AV[G’],QOZN/[G/](]"(&) < j'(0)))-generic with U/ “H € A'. and in
VIG'NH'] let | : V[GI[H] — N'[G'N[H'] be the lifting of j' given by
Lemma 5.27.

Then for any r € R:

k€ J(S) < reGp «— ke j(S). (53)
It follows that the ultrafilter on P VIGIH () derived from J is the same as the ultrafilter
derived from j' and. furthermore, this ultrafilter is (V[G][H]. Br, )-generic.

ProoF. Corollary 5.32 implies that r € Gr <= & € 7(5%). Items (47) and (48)

of Lemma 5.33 imply thatr € Gg <= & € j'(S}). 4

Finally we give examples of interpolating posets.

LeMMA 5.35. Suppose P = Col(u. < k). Let Q := Col(u. < 6 +1).%

Then:

(1) We can WLOG assume that the 1 € N from Hypothesis 3 on page 1267 maps
regularly into Q.

(2) Q satisfies item 4 from Definition 5.28.

40This poset is forcing equivalent to Col (u.9).
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ProOF. If U is almost huge then the lemma is trivial (since Q is a regular end-
extension of j(IP) in that case). So assume that U is not almost huge. First we show
the “WLOG” part; i.e., it can be arranged that 1 maps into ROY(Q) and be the
identity on P. Note that

Q~P x Col(u.[k.6 +1)) (54)

and that each factor is computed the same in ¥ and VF. Also. by standard
absorption theory for Levy collapses:

e Col"" (k, < &) regularly embeds into RO (Col (u.[r,6 + 1))). (55)

Let 7 be a P-name for a regular embedding witnessing (55). Then, by Fact 5.7.
the map

¢:PxCol” (k<) = Px ROV (Col(u,[k. +1)))
defined by
(p.4) = (p.7(q))
is a regular embedding.
Let D :={(p.q) | g € Col(u.[r.6 +1))}. D is dense in the target poset of £, i.e.,
D isdensein P x RO(Col(u.[r.5 + 1))). Define £ : P+ Col"” (k. < §) — D by

(p.q) — sup({d € D | £(p.q) > d}).

Note that D is closed under arbitrary suprema in the poset Px RO (Col (u, [k,5+1))):
this is just due to the fact that the underlying set of Q is closed under arbitrary
intersections.*! So £j is well-defined, maps into D, and is a regular embedding.
Moreover. it is easy to see that £p acts as the identity on P; i.e.. £p(p.1) = (p.1)
forall p € P. Let ¢ : D — Q be the isomorphism defined by (p. §) — p U q. Then,
¢ o ¢ is a regular embedding from P * Col”” (k. < 5) — Q such that ¢(p.1) = p
forall p € P.

To see that Q satisfies item 4 from Definition 5.28: Let Gg be (V[G][H]. l“é%)-
generic. Since N is closed under < J sequences and Q is < u-distributive, then:

V[Gg] = N[Gg] is closed under < u sequences. (56)

Consider the poset Q' := Col(u.[6 + 1, j(x)); this is computed the same in all
models and

A= {4 € N[Gg] | 4 is maximal antichain in Q'}

has size j(x) in N[Gg] and thus size u in V' [Gg] (since j(k) > ). Then V[Gg] can
pick a u-enumeration of A and use (56) to construct a gg- which is (N[Gg], Q')-
generic. Thus, by the Product Lemma, Gy x go/ is (N, Q x Q')-generic. Let ¢ :
Q x Q' < Col(u,< j(k)) be the standard isomorphism given by (¢.¢’) — q U q’.
Then g := ¢“(Gg x gor) is (N, Col (u, < j(k))-generic and ¢ N Q = Gg. -

LeEMMA 5.36. Suppose U’ is a proper end-extension of U. Let J 'V =g N and
k : N — N’ be the map from Fact 5.4. Let P = Col(u,< k) and1 € N be as in

4 e.. if Z C D. then the supremum of Z in P x RO(Col (u.[k.0 + 1))) is exactly (p*. ¢*) where p*
is the intersection of all the first coordiantes of elements of Z and ¢* is the intersection of all the second
coordinates of elements of Z.
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Lemma 5.35. Let Q := Col(u.< 6 + 1). Suppose U is not almost huge. and that
crit(k) = 6N, Then Q interpolates j(P) and j'(P) w.r.t. 1.

Proor. Q € (Hs+ )" and is a regular suborder of Col(u, < ) for any y > 6 + 1.
Since crit(k) = 6V then k(Q) = Q is a regular suborder of Col(u.< j'(k)) =
j'(IP). That Q satisfies the other requirements of interpolation was proved in Lemma

5.35. .
Finally we use these to prove the main theorem of this section:

THEOREM 5.37. Suppose k < o are inaccessible, k is o-supercompact, and J is
the least inaccessible cardinal above k. Let 11 < k be a regular cardinal. Then the
model V Colln-<k)<Col(5.<0) polieyes there is a normal ideal F on k = u* such that
ProjectiveCatch(F) holds and F is not a strong ideal.

If u > w then the starred version ProjectiveCatch®(F) holds.

PRrOOF. Let U be a normal measure on P, (d). Let U be the projection of U to
a tower of height 5. To conform to the terminology above. let U’ := U U {(6. U)}
(so ultrapowers by U are the same as ultrapowers by U’). Let j : V —g N.
Jj':V =g N'.andk : N — N’ asusual. Since N and N’ are both correct about &

being the least inaccessible cardinal above &, then k() = 4. U is not almost huge,
and:

crit(k) = o™V, (57)

Let u be any regular cardinal below ., and let P := Col(u.< k). Let1 € N
be a regular embedding from P x Col (k. < §) — RO (Col(u.< & + 1)) given by
Lemma 5.35. Let Q := Col(u, < J + 1). By Lemma 5.36, Q interpolates j(IP) and
j'(P) w.r.t. the map 1.

Let G * H be (V.P x Col(k. < J))-generic and R := l,,éQ*H. Let F := F;, where

¢ is from Definition 5.28. Let S € V[G][H] be F-positive. By Corollary 5.32 there
isanr € Rsuch that 0 < [S}]x < [S]r.

In V[G][H] consider an arbitrary algebra A = (Hs-[G][H].€.{Bx}...). We
need to show that, in V[G][H]. there is some M < A such that M Nk € S and
M is F-self-generic.

Let Gg be (V[G][H].R)-generic with r € Gg. Now pick any G’ which is
(V[G][H][GR],%)-generic and let A’ be (V[G']. ColN' 19 (j' (k). < j'(5)))-
generic with |J //“H € H’. and in V[G'|[H'] let ;' : V[G][H] — N'[G'][H]
be the lifting of j’ given by Lemma 5.27. Then x € ;’(5*). and by (57) and
Corollary 5.34:

The ultrafilter on P"I9IH](k) derived from j is (58)
(V[G][H]. BF)-generic.

In V[G][H] fix some transitive W such thatd € W < A [W| = ¢, and
W c W2 Set M’ := j'[W]. Then M’ < j'(A), and M' N j'(k) = k. Also. by
(58) the ultrafilter derived from j” is (W, B )-generic; this is equivalent to saying

42This is possible because 0° = ¢ in V[G][H].
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that M’ is j'(F)- self-generlc Thus V[G'][H'] models:
< J'(A).
M'is j'(F)-self-generic. (59)

M'nj'(k) € J(S)).

Since |W| = 6 then M’ = j/[W]is an element of N'[G'][H']: furthermore
the statements appearing in (59) are just X, statements, so they are also true in
N'[G'][H’]. So by elementarity of ;'

VIGIH] E 3M)(M < A& M is F-self-generic & M Nk € S)).

Finally. note that in the case where # > . then crit(;’) > 2¢. In this case the
w-closure of W transfers over to w-closure of M’ from the view of N'[G'][H’].
It follows that in V[G][H] we would obtain ProjectiveCatch™(F), not merely
ProjectiveCatch(F). -

5.5. Negative solution to Open Question 13 from[7]. Theorem 5.37 of the previous
section implies that the hypothesis of the following lemma is consistent (relative to
large cardinals), for any regular uncountable «:

Lemma 5.38. Suppose Ty is a normal ideal on a regular uncountable x such that:

e ProjectiveCatch(Jy) holds: yet
e Jy is not a strong ideal.

Then, there is a normal ideal [T, projecting to [Jy such that the pair 7y, Jy witnesses
a “no” answer to Open Question number 13 from Foreman [7]. More precisely, J, C
pp(k™), T projects canonically to Jy, the canonical homomorphism hg, 7, : Bg, —
B, is a regular embedding, yet [Jy is not saturated.

ProoF. By Lemma 3.4, there is a J> (with a large support relative to J) such
that Catch(J>. Jo) holds. Let 7, be the canonical projection of 7> to k*. Then, J»
projects canonically to 71, and ) projects canonically to 7. By Corollary 3.12, the
canonical homomorphism from B 7, — B, is a regular embedding. Since Jj is not
strong, then it is not saturated. -

REMARK 5.39. For the special case where k = w1, the negative answer to Foreman’s
question also follows from Theorem 3.8 and the fact that precipitousness does not imply
strongness. More precisely: if Jy is a precipitous ideal on w1 ., then ProjectiveCatch(Jo)
holds by Theorem 3.8: so if Jy is not strong™® then [J, satisfies the hypotheses of Lemma
5.38.

86. Concluding remarks and questions.

QUESTION 6.1. The Proper Forcing Axiom (PFA) implies there is no presaturated
ideal on w; (Foreman-Magidor [9]). Is PFA consistent with an ideal I on w, such that
StatCatch(I) or ProjectiveCatch(Z) holds? It is known (see Cox [5]) that. relative
to a huge supercompact cardinal, PFA is consistent with an ideal T on [A]”" (with
completeness w,) such that ProjectiveCatch®(Z) holds.

43The Jech-Magidor—Mitchell-Prikry example of a precipitous ideal in ¥ €o/(@<r) where & is
measurable is not a strong ideal.
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QUESTION 6.2. Set S? := wy N cof (w1). Building on work of Kunen and Magi-
dor, Woodin proved that it is consistent relative to an almost-huge cardinal that
NS | S is saturated for some stationary S C S3. It is a well-known open prob-
lem whether NS | S} can be saturated. Since ProjectiveCatch is a weakening of
saturation, it also makes sense to ask: Can ProjectiveCatch(NS | S?) hold? What
about ProjectiveCatch*(NS | S?)?

QUESTION 6.3. By a well known theorem of Shelah, if T is an ideal whose dual
concentrates on wyNco f (w), then I is not presaturated. Can ProjectiveCatch(ZI) hold
for such an I? What about when T is the nonstationary ideal restricted to wyNco f (w)?

Note that the answer to Questions 6.2and 6.31s “yes” if we replace ProjectiveCatch
with StatCatch; this is because of Lemma 3.7 and the fact that it is consistent (by
Woodin; see [7]) for some restriction of NS,,, to be saturated.
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