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Abstract. I show that early-time (pre-recombination) solutions to the Hubble tension are
generically expected to increase the preferred baryon density wp. This puts these models
in tension with Big Bang Nucleosynthesis (BBN), as measurements of primordial deuterium
constrain wy at percent level. I show that existing analyses are in tension with the BBN
determination of wp, and that including a likelihood component for primordial deuterium
deters two representative models from recovering a high Hyp.
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1 Introduction

The Hubble tension remains a persistent challenge to the consistency of Lambda Cold Dark
Matter (ACDM) cosmology. The Cosmic Microwave Background (CMB), which is sensitive
to Hy through its impact on the comoving distance to recombination, tends to prefer a smaller
Hj than that preferred by late-time measurements of Hy using the cosmic distance ladder
and Type Ia supernovae. Indeed, the determination of Hy by the Planck CMB satellite [1] is
~ 50 below the value preferred by the SHOES cosmic distance ladder survey [2, 3].

Early-time solutions to the Hubble tension argue this discrepancy can be traced to
dynamics and degrees of freedom [4-7], classical fields [8], or other effects [9, 10] missing
from ACDM. Detailed numerical analyses of models like these show that the CMB can be
made to prefer a large Hy, in better agreement with the determination of Hy from supernovae
alone. These models have been tested against multiple CMB, Baryon Acoustic Oscillation
(BAO), galaxy clustering, and supernova datasets and catalogs (including but not limited to
Planck, ACT [11], SPT [12], BOSS [13], DES [14], DESI [15], SHOES, and Pantheon [16, 17]),
and often provide better fits to these combined datasets than ACDM.

Many such models also claim consistency with constraints from Big Bang Nucleosynthe-
sis (BBN). BBN is sensitive to conditions in the early universe that affect the expansion rate,
and so the common wisdom is that the effects of early-time solutions to the Hubble tension
must not manifest until after BBN. Some analyses have put forth explicit mechanisms to
ensure these models do not meaningfully change the expansion history during BBN [18, 19].

The models discussed above do not directly influence the baryon density, ,h? (here-
after wp), meaning they do not, e.g., inject additional baryons or photons into the Standard
Model plasma. However, numerical analyses of these models report best-fit w, values much
larger than the value preferred by BBN in ACDM (e.g., refs. [4-8, 20-23]). BBN provides a
stringent constraint on wy; the primordial deuterium abundance is measured to percent-level
precision [24], and provides sensitivity to the value of the baryon density at a similar level of



precision due to the strong scaling of the deuterium yield per hydrogen D/H ~ w, 165 [95].

This sensitivity is owed to efficient processing of deuterium into heavier nuclei when baryons
are more abundant relative to photons. While noted in some contexts [26-31], this constraint
from BBN, and indeed this preference for large wy, has been overlooked in many analyses of
early-time solutions to the Hubble tension involving CMB data.!

In this work, I show early-time solutions to the Hubble tension generically prefer large
wp. I show that this is in tension with the primordial deuterium abundance, and that consid-
ering a likelihood component for BBN in analyses with CMB data leads to a lower Hy than
preferred in analyses without BBN. Below I construct a parametric argument for why the
baryon density tends to increase with Hy in the CMB. I perform a simple analysis of two rep-
resentative models, and find including this likelihood component prevents concordance with
SHOES. I therefore show consistency with BBN is required to rectify the Hubble tension.

2 Early-time solutions to the Hubble tension prefer large w,

In this section I argue why one should expect large wy in cosmologies where the CMB prefers
large Hp.

There are four independent angular scales measured by the CMB [35]; the three most
relevant for determining the scaling of Hy with wy are £4 (the extent of the sound horizon
at decoupling), leq (the extent of the particle horizon at matter-radiation equality), and ¢4
(the damping scale). A discussion of the qualitative features of the CMB that each scale
determines is available in ref. [36]. A complementary discussion of the power of these angular
scales in shaping, categorizing, and assessing solutions to the Hubble tension appears in
ref. [37]. Here, I focus explicitly on the role of the baryon density in fixing these angular
scales while modifying Hy.

More concretely, the angular scales are

D 4(24)
(4= T2
rs(24)
geq = kquA(Z*)
fd = deA(Z*). (2.1)

D 4(z4) is the angular diameter distance at the redshift of decoupling z,, given by
1 o dz
(142 Jo H(z)

where H(z) is the Hubble parameter. r4(z,) is the sound horizon at decoupling, and can be
written

Da(z) =

> cs(2)
= H(z)
with ¢,(z) the fluid sound speed as a function of redshift. kg is the wavenumber corresponding
to the horizon size at matter-radiation equality. kg = 7/rq, where 74 is the root mean squared
diffusion distance and can be estimated analytically by [38-41]

odp RP+5(1+R)
2 2 dl i
x) = . 2.
ra(2) 7r/0 acrne  6(1+ R)? 23)

!The role of BBN in determining Hy in BAO+BBN analysis—independent of the CMB—has been explored
extensively (see, e.g., refs [32-34]). The baryon density enters only weakly as a calibration of the sound horizon
in these analyses, though this combination still prefers a low Hp.

rs(z*) = dZ, (2'2)




o7 is the cross section for Thomson scattering and R is the baryon drag term 3p,/4p. for
baryon energy density p, and photon energy density p,. ne = zeng ~ zo(l — Yp)w, for
free electron fraction x., hydrogen number density ng, and helium-4 mass fraction Yp.
dn = dt/a = da/(a®>H) for scale factor a and time ¢, and 7, is the horizon size at decoupling.

rs(2) depends strongly on H, and so adjustments to Hy to solve the Hubble tension
should be compensated by a corresponding shift in D4 to preserve £4 [42]. However, as is
made clear by Eq. (2.1), doing so shifts all angular scales of the CMB, and so either the
variation of D4 must be tempered, or other parameters must shift in response.

In practice, consistency with data is maintained by some combination of these two
options. I will assume a flat universe and ignore late-time effects from dark energy. Then keq
is given by
Q2

o

where w, = Q,h? is the energy density in radiation and h is the dimensionless equivalent of
the Hubble constant. I leave the matter density explicit as ,,h? so the h dependence can
be isolated below. The D4 integral is largely dominated by the €, contribution to H(z), so
I estimate

keq = teqH (aeq) ~

1
h/Qm

Assuming fixed Toymp and Neg (e.g., fixed w,),

Dy~

Aleg Al AQ,,
~ ST b5
o P00,

The scalings of £4 and ¢4 are more difficult to estimate: ¢4 because of the sensitivity to
the integrated history of H and the nontrivial dependence of ¢5(z) on wy, and ¢4 because of
its dependence on the integrated history of x. through n. and the complicated function of

the drag term. One can estimate (see Appendix A) ry ~ Q;nl/ -1/ 2 and therefore
Aly Ah AQy,
— ~ —0.5— —0.25
4 h O

though this neglects the (subdominant) scaling with wp.

For ¢4, I estimate the diffusion distance as rqy ~ \/(axorne)~'n. [43]. The integral
in Eq. (2.3) is dominated by redshifts close to recombination, and so it is appropriate to
estimate 7, ~ Hy 19;11/ 2, yielding an estimate for ¢4

Al Awp Ah AQ,,
— ~ 02— - 0.5— - 0.2 ——
éd Wp h Qm ’

where I have assumed Saha equilibrium dominates the scaling of x. with wp, and have ne-
glected the subdominant scaling of the function of R in the integrand of Eq. (2.3) with
Wp.

To obtain more precise scalings, I use the public Einstein-Boltzmann solver ABCMB [44]
to compute the relevant Jacobian factors using forward autodifferentiation. In the vicinity



of the reported best-fit from Planck 2018 TT,TE,EE+lowE, I find

Al AhAQ,
~ 1.01— 66—
ot LS 065
Aly Aw, Ah AQ,,
20 0.082% _ 482t _pq5eim
s 0.08 o 0.48 W 0.15 o,
Aly Awy Ah AQ,,
— ~028— - 044— - 0.12—— 2.4
Ly wp h Qn (2.4)

in general agreement with intuition and the naive scalings of Eq. (2.1) with these parameters.
The largest corrections arise from including the dependence of ¢s on w, and the correction
to the scaling of D4 with Q,,.

These scalings are in good agreement with those reported in Appendix A of ref. [45],
despite a slightly different fiducial cosmology and a different methodology employed for com-
puting the relevant Jacobians. If I assume pairs of scales are measured perfectly, I can solve
Egs. (2.4) for the scaling of h (or equivalently Hp) with wp to find

1.18
HO ~ wb ed ,feq
0.35

HO ~ Wy éA»éeq
Ho~wy® L, L, (2.5)

giving the range of scaling exponents one might expect to find in CMB data depending on
the relative precision with which different angular scales are measured.

All of the scalings in Eq. (2.5) are positive—that is, no matter the relative precision,
one should expect positive scaling of Hy with wy, (though this does not account for differences
in initial conditions; see Appendix B.2). I check the scaling using Planck data numerically
in Appendix B, finding a local degeneracy Hy ~ w8'97 in the vicinity of the Planck mean
parameter values. This fits well within the range of expected scalings from Eq. (2.5).

New physics can alter this relationship, though avenues to do so are limited. Some of
the most obvious pathways to do so are already exploited in the literature, e.g., varying the
effective number of neutrinos Neg to disrupt the scaling of £¢q, modifying the recombination
history to obtain a different scaling in ¢4, or adding new dominant components to modify
the integrated H in £4. However, extreme modifications of these scalings risk producing
cosmologies that are not in good agreement with data at any parameter values, and so
careful, detailed intervention is required to change these scalings significantly from ACDM.

The relationships in Eq. (2.5) are toxic to BBN. Insisting on a larger CMB Hj will also
raise the CMB’s preferred wp. But the primordial deuterium abundance tightly constrains
the baryon density [46-48], preventing concordance.

This situation is summarized in Figure 1. I show four models that can alleviate the
Hubble tension in the wp, — Hy plane. Despite varying mechanisms for achieving a large Hy,
and varying datasets used in these analyses, the trend is clear, illustrating the generic effects
revealed by Eq. (2.5).

2A curious exception appears to occur in ref. [51], where, even though the positive correlation between
wy and Hy persists, some analyses nevertheless recover a smaller w, than ACDM in an Early Dark Energy
cosmology. However, this unusual relationship reflects the low-w,-high-n, preference unique to ACT DRA4 [52],
ns the scalar spectral index. This behavior is only realized when Planck data are excluded above £ = 650,
and the high- Ho-high-wy trend is recovered when high-¢ Planck data are included.
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Figure 1. 1 and 20 contours in the w, — Hy plane for ACDM and early-time solutions to the Hubble
tension, excluding a BBN likelihood in all analyses. Each contour includes some combination of
Planck CMB, Pantheon, SHOES, and BAO—see Appendix C for more information about each data
combination. The BBN determination of the baryon density from ref. [48], using the PRIMAT reaction
network [25], is shown at 1 and 20 in shades of gray. The SHOES mean +1 and 20 Hy [3] are shown
in light blue. The blue dashed line is the numerically-determined scaling Hy ~ w2'97, for ACDM and
Planck CMB, centered on the ACDM contour for reference. The ACDM contour includes SHOES,
hence its small size and exaggerated discrepancy with BBN (though a mild discrepancy persists
even without SHOES). Other models shown are Early Dark Energy (EDE) [4], Wess-Zumino Dark
Radiation (WZDR) [5], Stepped Partially Acoustic Dark Matter including three extra fermion flavors
(SPartAcous) [49], and primordial magnetic fields (B fields) [8]. Only the mean +20 1D parameter
values are available for SPartAcous from ref. [49] and for B fields from ref. [50]. Residual Hy — wy
degeneracy remains in all cases.

Not all early-time solutions to the Hubble tension come under pressure from this argu-
ment. There is potential to rectify this disagreement by, perhaps counterintuitively, allowing
these models to thermalize or otherwise manifest during BBN, especially if these models
involve changes to Neg. A large Neg can increase the primordial deuterium abundance, and
if Neg were to increase late in BBN, there is an opportunity to fix the deuterium predic-
tion without affecting the helium-4 prediction [53]. However, increasing Neg and increasing
wp both have the effect of increasing Yp, and in light of recent precision measurements of
Yp [54], it is unclear whether there remains any parameter space to fix the deuterium pre-
diction, preserve the helium-4 prediction, and still resolve the Hubble tension. Models with
additional components may instead be required; an exploration of all of these effects is left
to future work.

Instead, in the next section I illustrate that models whose effects manifest after BBN
provide a poor fit to CMB, BBN, BAO and supernova data when I include a full BBN
likelihood.



3 Analyses with a full BBN likelihood

As demonstrated in Figure 1, reported results are often in significant tension with the BBN
determination of the baryon density. In this section, I re-analyze two widely-studied models
proposed to resolve the Hubble tension, but including a BBN likelihood in addition to CMB,
BAO, and supernovae.

Throughout, my BBN likelihood is

2
Yp(wp, N, - Yp®
2 log Lrmy — p(wy, Nefr, vBBN) — YP
UY%bs

2

D/H(wy, N, — D/H°

n /H(wp, Net, VBBN) / 3
UD/Hobs

where

D/H = 2.527 x 107° o yone = 0.030 x 107°
Y = 0.2449 Tygps = 0.004.

Despite new, precise measurements of the primordial helium-4 abundance [54], I choose
to use the older result from ref. [55] to illustrate that the effects from including BBN are
primarily driven by the inclusion of primordial deuterium in the BBN likelihood. Given the
weak scaling of Yp with wy, this choice makes negligible difference in the final results. The
deuterium measurement used is from ref. [24].

vppN are BBN nuisance parameters—they encapsulate the uncertainties on nuclear
reaction rates relevant for BBN, and on the neutron lifetime (see refs. [48, 56] for more
discussion). I therefore use the BBN code LINX [56] for BBN calculations, as it allows the
user to marginalize over these parameters without hampering analysis runtime. I use the
reaction network from the BBN code PRIMAT [25]. This reaction network is known to
predict a primordial deuterium abundance that is mildly discrepant with measurement [46].
However, recent work in ref. [57] recovers this discrepancy at fixed wp, so I therefore take
this reaction network as fiducial. This has the effect of making large w;, even more penalized,
since wy preferred by Planck alone in ACDM is already slightly too large in light of this data.
If future work pushes the ACDM deuterium prediction to a larger value without a substantial
reduction in the prediction error, the corresponding BBN constraints on early-time solutions
to the Hubble tension will weaken.

I perform two analyses, using the same data combination for each. The first analysis is
inspired by ref. [5], where I test the Wess-Zumino Dark Radiation (WZDR) model proposed
therein. I use their D+ data combination, including Planck 2018, TT, TE,EE+lowE, Planck
2018 lensing, BAO from BOSS DR12 [13], 6dF [58], and MGS [59], and cosmic distance
ladder measurements from Pantheon [16] and SHOES [2], in addition to the BBN likelihood
described above. I assume new species thermalize after BBN, e.g., there is no change to
Neg before or during BBN. I use ABCMB for CMB predictions, using OLE [60]* to train
an emulator on the ABCMB output and speed up the sampling procedure using ordinary,
non-differentiable Markov Chain Monte Carlo (MCMC).

31 modified OLE and its dependencies for compatibility with JAX 0.8, as is required for ABCMB.
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Figure 2. Results from the WZDR (left) and EDE (right) analyses described in text, with BBN
(darker) and without BBN (lighter). Results are shown at 1 and 20. Both analyses include a SHOES
likelihood. The SHOES measurement of Hy is shown in light blue at 1 and 20. When BBN is included,
neither model can achieve as high a mean Hj as without BBN.

In the second analysis, I use the same datasets to sample an n = 3 Early Dark En-
ergy (EDE) cosmology, in an analysis inspired by ref. [4]. I use the CLASS [61-64] fork
AxiCLASS [65, 66] for CMB in this analysis, using the same dataset combination as for the
WZDR analysis.

I manage datasets and likelihoods with Cobaya [67], and run four MCMC chains until
the Gelman-Rubin convergence test is passed at |[R — 1| < 0.05. I run a ACDM analysis
with the same datasets as described above, and for each cosmology (ACDM, WZDR, and
EDE), I perform an analysis with and without the BBN component of the likelihood. T use
massless neutrinos throughout for computational efficiency—while this choice does have a
non-negligible impact on the late universe through changes to €,,, these effects are not large
enough to change the conclusions of this analysis.

Results from these analyses are summarized by Figure 2. The effect of adding the BBN
likelihood confirms expectations set by the scaling arguments: since BBN constrains wy, the
parameter degeneracy between w, and Hy forbids these models from recovering as high Hy
as preferred in analyses without BBN. Additional results from these analyses are provided

in Appendix D.

4 Discussion

I have shown that attempts to increase the CMB-preferred value of Hy will typically lead the
CMB to also prefer a large w,. This leads early-time cosmological solutions to the Hubble
tension to disagree with BBN, and additional modifications or interventions are required to
recover high Hy.

The explicit analyses above only considered two representative models, and did not
consider effects from massive neutrinos or the combination with additional datasets. Inves-
tigation of these effects and others is left to future work. However, the scaling argument
presented above is related to that discussed in refs. [68, 69], which fixes wp and instead com-
pensates high Hy with Yp. wp, impacts CMB angular scales other than the damping scale,



and so those arguments do not map exactly to the one considered here, but the results of
this analysis are also driven in large part by the damping scale. The conclusions, therefore,
are similar: the most promising solutions to the Hubble tension are those that impact the
physics of recombination (to avoid driving wy, or Yp to tension with BBN measurement), and
those that explicitly modify BBN to offset CMB degeneracies exploited to achieve large Hy.
Indeed, analyses of some models that modify recombination estimate [70-72] or find [73] a
weaker (but still positive) scaling between wy, and Hy.

Other work has also put increasing pressure on late-time solutions to the Hubble ten-
sion. Ref. [74] presents a clean scaling argument demonstrating why late-time solutions to
the Hubble tension are generally more difficult to realize than early-time solutions (though
exceptions have been found, e.g., ref. [75]). The combination of the results from the present
work and refs. [68, 69, 74] therefore strongly constrains the space of possible solutions to
the Hubble tension. Concordance with all existing datasets will require awareness of these
constraints.
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A Estimation of scales

In this Appendix I detail the scaling arguments used to estimate the scaling of £, with h and
Q,, in the main text. The main difficulty in performing this estimate analytically is that the
integral appearing in Eq. (2.2) of the main body

Qx da

is sensitive to both the epochs of radiation and matter domination. To estimate the scaling
of this integral with cosmological parameters, I first note

(aH)? ~ wpa™? + wpa™,

neglecting the very small contribution from dark energy, and now using the notation w,, =
Q,,h2. Introducing the variable y = a/aeq and noting aeq = wy /Wy, I rewrite the above as

w14y

H)? ~
(aH) wr Y2

; (A2)

where no new approximations have been introduced between Egs. (Al) and (A2). I then
rewrite Eq. (A1) as

I—‘/wT v dy
7wm 0 \/1+y7

where y, = a./aeq ~ 3. Note this integral over y can be evaluated analytically:

/W _ /W
1:27\/1+y|§:g* ~ 2 . (A3)

Wi
Let F(y.) = fo “dy/+/1+y. In order to find the scaling of 75 with w,,, I need the scaling

ol OmYE 9 F(y) dlny,

dlnwy, - dlnwy, Olny, Odlnw,

_ Y=
B 1+V1+y*F(?J*)’ (A4

where y, ~ wy, follows from the definition of y and the assumption that a, depends only
weakly on cosmological parameters [45].

In the main text, this result is used to estimate the scaling of s with w,, and therefore
h and Q. Using results from Eqgs. (A3) and (A4), I find

(A5)

1/dp—1/2

This suggests rs ~ Qp, , as used in the main text.



B Numerical degeneracy analysis

The goal of this appendix is to numerically verify the parametric scaling derived in the main
body. I provide the details of the numerical analysis used to estimate the local degeneracy
between Hy and wp in ACDM, using Planck TT,TE,EE+lowE data, where I reported in
the main body Hy ~ w(%". I also include a comparison of this scaling with that of other
parameters to illustrate the other available degeneracy directions to achieve a higher Hy.

I follow a procedure inspired by that in ref. [81], rather than full six-parameter principal
component analysis. Given that I am extrapolating these results to non-ACDM cosmologies,
and I am primarily interested only in pairwise scalings, this proxy is sufficient as a numerical
check of the intuition from the main body. First, in Appendix B.1, I transform the Planck
covariance matrix from its native parameterization (which uses 6yjc rather than Hp) into a
covariance over Hy directly, using a local Jacobian evaluated with CAMB. This transforma-
tion is performed in the natural, linear parameter space.

Second, in Appendix B.2, I extract the log-slope ¢ = d1n Hy/dInwy along the posterior
ridge. Since Hp ~ wj is only a linear relationship in log space, passing from the linear-
space covariance to ¢ requires the approximation éInz ~ dz/Z, which only holds when the
posterior is sufficiently narrow. I validate this assumption explicitly by drawing numerical
samples from the linear-space Gaussian, converting those individual samples to log space, and
then computing the log-slope directly from those samples. This procedure does not require a
narrow posterior, and its agreement with the estimate obtained from transforming the linear
covariance matrix directly confirms the posterior is sufficiently narrow for these estimates to
be accurate.

B.1 Covariance

I use the base plikHM_TTTEEE lowE.covmat covariance matrix provided by Planck [1] and
obtained from Cobaya [67].4 The reported covariances use the Cobaya 6yic parameter, and
so I use CAMB [82, 83] to convert these into entries in Hy. This section provides the details
of that transformation.

With the original parameter vector x = (wp, Qepmh?, OMC; Trcio, - - - ), and covariance
matrix C, = (dx6x7T), I define a new parameter vector y = (wy, Qcpmh?, Ho, Treios - - - )5
which is identical to x apart from the substitution of éy\ic with Hy. Hy is explicitly a
function of wy, Qcpmh?, and Hyc.

Locally, near a fiducial point X (here, the parameter means reported by Planck), this
change of variables is linearized as

6ya = Z Jai 5371'3

with Jacobian
_ O

Jﬁi‘i axi

X

The covariance matrix for the new vector y can be obtained from the first via

C,=JC, JT,

‘https://github.com/CobayaSampler/planck_supp_data_and_covmats/blob/master/covmats/base_
plikHM_TTTEEE_lowE.covmat

~10 -
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or in components,
Cov(Ya, yp) = Z Jai Cov(zy, ) Jy;.
]

Since all coordinates other than fy;c are unchanged, the Jacobian is the identity matrix
except for the row corresponding to Hy. Further, Hy only has explicit dependence on a subset
of the parameters in x. Dropping terms that are 0, I can write
0H,
9(ws)

so that the Hy row of J is

0Hy
9(Qcpmh?)

0Ho = 6 (wp) + §(Qcpmh®) +

86

L (8H0 OHy  OHy >
o (wp)” O(Qcpmh?)’ dbnic

in the appropriate columns i, with zeros elsewhere. Equivalently, the transformed covariance
elements involving Hy are

OH,
Cov(Ho, ) = Y - Cov(a, m),

and

Z 0Hy 0Hy

Var(Hy) = B —Cov(ac,, xj).

Transforming the provided covariance matrix boils down, then, to computing these
derivatives; I use finite differences about the Planck means for their TT,TE,EE+lowE analysis
for this purpose, computing Ho(ws, Qcpmh?, aic) with CAMB.

After constructing the covariance matrix, I run CAMB again at the Planck best-fit pa-
rameters to estimate the inferred Hy mean (from converting the Planck best-fit Oy, wp, Qcpmh?
directly to Hy with CAMB at its default settings) and uncertainty (using the derived co-
variance matrix). While this procedure is only approximate, it recovers the distribution
Hy = 67.25 £ 0.61km/s/Mpc, in good agreement with the Planck reported value of Hy =
67.27 + 0.60 km/s/Mpc.

B.2 Decorrelation

With the adjusted covariance matrix in hand, I use it to perform a degeneracy analysis
to determine numerically the local degeneracy of Hy and other ACDM parameters, in the
vicinity of the Planck best fit parameters. The goal is to find the exponent ¢ for which
the correlation between Hy/p® and p is 0, p the ACDM parameters apart from Hy. This
corresponds to the value of ¢ for which there is no residual degeneracy between Hy and p,
providing a good proxy for the local relative scalings of these parameters.

As discussed above, I perform two analyses in this section: one which assumes a nar-
row posterior and transforms the covariance matrix obtained from the previous section into
log space, and another that explicitly checks this assumption by sampling the linear-space
covariance matrix and converting samples to log space. I describe each procedure in detail
below.

— 11 -



For cach parameter p € (wp, Qcpnh?, Treio, s, As ), I truncate the adjusted covariance
matrix from the previous subsection to a 2 x 2 covariance in these parameters

o(Hop) _ ( Var(Ho) Cov(Ho,p)
fin Cov(Ho,p) Var(p) )

It is easier to characterize a local scaling Hy ~ p° in log space, where the relationship is
linear:
In Hy =~ ¢ Inp + const.

I therefore transform this into a covariance in log space, and I denote the covariance in the
linear parameters Cliy.

To transform the covariance matrix into log space, I assume the posterior is sufficiently
narrow that I can approximate

5Ho (5p
0ln Hy ~ —, dlnp~ —, B1
A 7 (B1)

where Hy and p are the Planck TT,TE,EE-+lowE means. I check this assumption numerically
below.
Then the Jacobian of the transformation to log space is

7= <1/fo 1317) ’

and the local log-space covariance is

Cl(ogoqp) ~ Jcl(if(hp) JT.

In components,

Var(In Hy) =~ M,

Var(Inp) ~

Cov(ln Hyp,Inp) & ————=

The decorrelation condition is easy to define in this space. The residual
r(c) =InHp —clnp

should have no dependence on In p when ¢ captures the dependence of In Hy on Inp. In other
words, the appropriate c is defined by

Cov (r(¢),Inp) = Cov(In Hp,Inp) — cVar(Inp) = 0,

which is solved by
_ Cov(In Hy,Inp)

Var(Inp) (B2)
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Parameter ‘ c Chnum

wy 0.966 | 0.969

Qcpmh? | -0.763 | -0.763

Treio 0.0158 | 0.0153

In (10"°4;) | 0.103 | 0.105
ng 141 | 141

Table B1. Scaling exponents ¢ and c¢,um between the cosmological parameters in the first column
and Hy. The agreement between the two estimation procedures is < 1%, confirming that the local,
linear, derivative estimation of ¢ is accurate.

This result is also the ordinary least-squares slope, with intercept, for regressing In Hy on In p,
or can also be obtained by minimizing the variance of the residual Var[r(c)] = Var(ln Hp) —
2¢ Cov(In Hp, Inp) + ¢*Var(In p) with respect to c.
The exponent ¢ extracted by this procedure has the local interpretation
- dln H()
€ dlnp

(B3)

along the marginalized posterior ridge in the (Hy,p) plane. It therefore provides a natural
quantity to compare against the parametric scaling argument of the form Hy ~ p° in the
main text.

The result in Eq. (B2) is the appropriate quantity to estimate the parametric scaling
between Hy and a parameter p, as it is the most natural local derivative-like quantity that
accesses the linear relationship between these parameters in log space. However, its validity
depends on the approximation in Eq. (B1). It is not a given that this local approximation is
actually accurate over the whole posterior width, as linearity of the map between the linear
parameters and the log parameters may not be a good assumption. To test the effect of the
linear-to-log map explicitly, I generate 200,000 samples from

(Ho.p) ~ N (B, Cii") .

lin

where p is a vector of Planck means for all of the ACDM parameters. I manually discard any
samples with non-positive entries, and compute the log of each sample to recover samples in
In Hp and In p. The resulting numerical

Covypum (In Hy, In p)

, = B4
Conum Varpum (hl p) ( )

should agree with the local result above if the posterior is sufficiently narrow and close to
Gaussian for the log approximation made in Eq. (B1).

Results from these procedures are tabulated in Table B1 for all ACDM parameters. The
two procedures used to estimate the scaling agree to better than percent-level, and so the
local, linear estimation of c¢ is sufficient despite the potential for nonlinearities. The linear
scaling falls within the range of predicted scalings from the main text.

The scalar tilt ng did not factor into the parametric argument in the main text, and
indeed I find an even stronger scaling of Hy with ng in Table B1. This trend is also broadly
observed in analyses of models intended to solve Hubble tension (e.g., refs. [5, 8, 49, 51]), and
indeed is observed in the analysis performed in the main body. However, ng is constrained
well enough that it cannot absorb all of the degeneracy between Hy and wy, as demonstrated
empirically in the analyses performed in this manuscript.

~_ 13—



C Datasets and analysis details for existing contours

Here I provide an accounting of the datasets used to obtain each result in Figure 1. The
ACDM, EDE, and WZDR contours are obtained in this work and use the same combination
of datasets used in analyses in the main body (Planck 2018, TT,TE,EE+lowE and lensing [1];
BAO from BOSS DRI12 [13], 6dF [58], and MGS [59]; and cosmic distance ladder measure-
ments from Pantheon [16] and SHOES [2]). The Stepped Partially Acoustic Dark Matter
with three extra fermion flavors (SPartAcous+3) mean +20 point uses a similar combination
to the other three, but also uses DES [14] and KiDS-1000 [84] galaxy clustering measure-
ments (from ref. [49]). The mean +20 point for primordial magnetic fields is from ref. [50],
and uses Planck, DESI BAO [85], Pantheon+, and SHOES. Despite the use of different data
combinations, the correlation between Hg and wy is manifest.

D Full results from numerical analyses

In this appendix I present full results from the two numerical analyses described in the main
body. A full corner plot for the two WZDR analyses is shown in Figure D1, and a full corner
plot for the two EDE analyses is shown in Figure D2. Full results are tabulated in Tables D1
(without a BBN likelihood) and D2 (with a BBN likelihood).

I also use Cobaya’s ——minimize option to find the best-fit/minimum x? points in each
analysis. I find that both the mean and best-fit Hy values across all analyses shift downward,
often by roughly lo, with the inclusion of a BBN likelihood. The statistical preference
(AAIC) for each model does not change appreciably across analyses (the modest improvement
in the EDE AAIC can be attributed to the poorer fit of ACDM to both Planck high-£
TTTEEE and SHOES in the combined analysis). The addition of a massive neutrino has
the potential to shift the means and best fits for each of these analyses—however, it is
unlikely that adding a massive neutrino will significantly change the qualitative aspects of
these results.
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