
UC Merced
Proceedings of the Annual Meeting of the Cognitive Science 
Society

Title
How Mathematicians Prove Theorems

Permalink
https://escholarship.org/uc/item/5px02852

Journal
Proceedings of the Annual Meeting of the Cognitive Science Society, 16(0)

Author
Melis, Erica

Publication Date
1994
 
Peer reviewed

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/5px02852
https://escholarship.org
http://www.cdlib.org/


H o w Mathematician s Prov e T h e o r e m s 

Eric a Melis ' 
Schoo l  o f  Compute r  Science ^ 
Carnegi e Mello n Universit y 

Pittsburgh .  P A 1521 3 
email :  melis@cs.cmu.ed u 

Abstrac t 

This paper analyzes how mathematicians prove theorems. The 
analysi s i s base d upo n severa l  empirica l  source s suc h a s re -
port s o f  mathematician s an d mathematica l  proof s b y analog y 
I n orde r  t o combin e th e strengt h o f  Uaditiona l  automate d theo -
re m prover s wit h human-lik e capabilities ,  th e question s arise : 
Whic h proble m solvin g strategie s ar e appropriate ? Whic h rep -
resentation s hav e t o b e employed ? A s a  resul t  o f  ou r  analysis , 
th e followin g reasonin g sû tegie s ar e recognized :  proo f  plan -
nin g wit h partiall y  instantiate d methods ,  structurin g o f  proofs , 
th e transfe r  o f  subproof s an d o f  reformulate d subproofs .  W e 
discus s th e representatio n o f  a  componen t  o f  thes e reasonin g 
suategies ,  a s wel l  a s it s  properties .  W e find  som e mechanism s 
neede d fo r  theore m provin g b y analogy ,  tha t  ar e no t  provide d 
by previou s approache s t o analogy .  Thi s lead s u s t o a  compu -
tationa l  representatio n o f  ne w component s an d procedure s fo r 
automate d theore m provin g systems . 

I n t roduc t i o n 

Automated  theorem proving is a well-established area of Arti-
ficial  Intelligence ,  no t  leas t  becaus e reasonin g i n mathematic s 
i s a  poten t  specia l  cas e o f  huma n reasonin g tha t  lend s itsel f 
particularl y wel l  t o mechanizatio n an d compute r  support .  Au -
tomate d theore m provin g system s hav e attaine d a  remarkabl e 
strengt h whe n i t  come s t o pur e deductiv e search .  The y are , 
however ,  stil l  wea k wit h respec t  t o a  comprehensibl e presen -
tatio n o f  computer-generate d proofs ,  t o lon g rang e plannin g 
or  othe r  globa l  searc h an d contro l  issues .  Therefor e meth -
ods an d technique s becom e mor e prominen t  agai n tha t  mor e 
closel y follo w th e reasonin g pattern s observe d i n humans ,  e.g. , 
by Alle n Newel l  [Newel l  1981 ]  and ,  mor e recently ,  b y Ala n 
Bund y [Bund y 1988] .  T o combin e th e strengt h o f  traditiona l 
automate d theore m prover s wit h human-lik e capabilities ,  th e 
question s arise :  Whic h proble m solvin g strategie s ar e appro -
priate ? Whic h representation s hav e t o b e employed ? 

Thi s pape r  addresse s thes e question s b y analyzin g huma n 
mathematica l  theore m proving ,  an d b y drawin g conclusion s 
fo r  th e desig n o f  a  ne w generatio n o f  automate d an d inter -
activ e theore m provers .  Firs t  w e presen t  an d analyz e som e 
report s o n huma n mathematica l  theore m provin g an d text -
boo k proofs ,  the n w e summariz e requirement s fo r  ingredient s 
of  theore m provin g systems ,  an d finally  w e sugges t  computa -
tiona l  representation s whic h mee t  thes e requirements . 

E m p i r i c a l  E v i d e n c e 

The hypothesi s i s tha t  th e traditiona l  wa y o f  automate d theo -
re m proving ^  (a s capture d i n mos t  o f  today s textbooks ,  e.g. , 
[Boye r  an d Moor e 1979] )  doe s no t  reflec t  h o w human s find 
and presen t  mathematica l  proofs .  Also ,  previou s technique s 
of  computationa l  analog y i n theore m provin g which ,  i n a  nut -
shell ,  ar e symbo l  mappin g an d transfe r  o f  singl e proo f  steps , 
ar e inadequate . 

Reports of Mathematicians 

I n th e earl y 80ie s th e Germa n mathematicia n Ger d Falling s 
solve d a  mathematica l  problem ,  calle d Mordell' s  Conjecture'' . 
Mordell' s  Conjectur e ha s bee n considere d a  har d mathemat -
ica l  proble m an d i t  too k ove r  6 0 year s t o solv e it .  Falling s 
gav e a n intervie w t o a  Germa n scientifi c  journa l  [Falling s 
and Decke r  1983 ]  informall y explainin g th e wa y h e solve d 
th e problem .  Thi s intervie w provide s severa l  genera l  insight s 
int o proble m solvin g an d proo f  mechanism s i n mathematics . 
Hence ,  i t  i s  als o a  matte r  o f  interes t  fo r  th e desig n o f  automate d 
theore m provin g systems .  Falling s reported : 

•  "Ic h muf i  sagen ,  daf i  ei n wesentliche r  Tei l  de s Beweise s i m 
Prinzi p scho n d a war ,  de n ic h nu r  entsprechen d ubertrage n 
habe " 
Translated :  I  shoul d sa y tha t  basicall y a n importan t  par t  o f 
th e proo f  wa s alread y there ,  an d I  onl y transferre d thi s 
par t  appropriately . 

•  " M a n ha t  Erfahrungen ,  daf i  bestimmt e Schliiss e unte r  bes -
timmte n Voraussetzungenfunktionieren .  Al s erste s Uberleg t 
m an sic h daher ,  wi e de r  Weg aussehe n konnte .  M a n 
uberleg t  sic h als o i m Groben :  Wen n ic h da s habe ,  konnt e 
ic h da s zeige n un d dan n da s ndchste .  Hinterhe r  muf i  ma n 
di e Detail s einfUge n un d sieht ,  o b m a n e s auc h wirklic h s o 
machen kann. " 
Translation :  W e kno w fro m experienc e tha t  certai n infer -
ence s ar e usuall y successfu l  unde r  certai n prerequisites .  S o 
first  w e ponde r  abou t  a  reasonabl e wa y t o procee d t o prov e 
th e theorem .  I n othe r  words ,  w e roughl y plan :  I f  w e ge t 
a certai n resul t  th e nex t  resul t  wil l  follo w an d the n th e nex t 
etc .  Afterward s w e hav e t o fill  i n th e details ,  an d t o chec k 
whethe r  th e pla n reall y works. " 

•  "E s kommt  abe r  auc h durchau s vor ,  daf i  m a n ma l  d a sitzt , 
nich t  meh r  weite r  weif i  un d dan n probiert ,  wohi n de r  Weg 

'Thi s wor k wa s supporte d b y th e Ma x Kad e Foundatio n 
^On leav e fro m Universit y o f  Saarbriicken ,  German y 

'whic h i s characterize d b y a  stepwis e an d Hnea r  applicatio n o f 
basi c mles , 

^Mordell' s  Conjecture :  Algebrai c curve s o f  orde r  2  o r  mor e hav e 
finitely  man y rationa l  points . 
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fuhrt. " 
Translation :  I t  sometime s happen s tha t  ther e i s n o othe r 
way tha n tria l  an d error . 

These quotations not only characterize ways of proving ex-
traordinaril y  difficul t  mathematica l  theorems ,  bu t  als o high -
ligh t  som e c o m m o n mathematica l  theore m provin g proce -
dures . 

An additiona l  featur e o f  mathematica l  theore m provin g 
shows u p i n th e repor t  [Lero n 1983 ]  o f  a  mathematica l  journal . 
There ,  Ur i  Lero n shows ,  h o w proof s ar e bette r  comprehensi -
bl e (an d easie r  t o find  -  E.M. )  b y structurin g the m int o differen t 
levels .  H e describe s a  c o m m o n procedur e t o presen t  proof s 
of  mathematica l  theorem s tha t  ca n b e seen ,  fro m ou r  poin t  o f 
view ,  a s a  procedur e supportin g proof s o f  theorems : 
-  Star t  wit h a  to p leve l  partia l  proo f  tha t  give s th e essenc e o f 
th e proo f  ("proo f  idea") -
-  A  secon d leve l  the n supplie s (partial )  proof s fo r  un -
substantiate d statements ,  detail s  fo r  genera l  descriptions ,  spe -
cifi c  construction s fo r  objects ,  whos e existenc e ha s bee n 
merel y asserte d etc .  I f  som e subproo f  i s itsel f  complicated , 
we ma y choos e pushin g th e detail s furthe r  d o w n t o lowe r  lev -
els .  An d s o w e continuedow n th e hierarch y o f  subprocedures . 
Her e i s on e o f  hi s examples : 

T H E O R EM 1 :  Ther e exis t  infinitel y man y triadi c prime s (i.e. , 
number s o f  th e for m 4k-h3) . 

Proo f  i n th e structure d style : 
Leve l  1 :  Suppos e th e theore m i s fals e an d le t  pi ,  P2 ,  . .  P n 
be ai l  triadi c primes .  W e construc t  (i n leve l  2 )  a  numbe r  M 
havin g th e followin g properties : 
(a )  M a s wel l  a s al l  it s factor s ar e differen t  fro m pi ,  P2 ,  •  • .  Pn . 
(b )  M ha s a  triadi c prim e factor . 
Thes e tw o propertie s clearl y produc e a  contradiction ,  a s w e 
get  a  triadi c prim e whic h i s no t  oneofpi,p2,. .  .pn -
Leve l  2 :  Le t  p i  =  3  an d M =  p2,. .  .p n +  3 . 
(a )  ca n b e proved ,  sinc e non e o f  3 ,  p2,.. .  P n divide s M . 
(b )  ca n b e prove d indirectly ,  assumin g tha t  al l  o f  M' s prim e 
factor s wer e monadi c (i.e. ,  o f  for m 4k-t-l) .  The n M ,  a s a  prod -
uct  o f  monadi c numbers ,  i s  itsel f  monadi c (whic h i s prove d 
on leve l  3) .  Thi s yield s a  contradiction . 
Leve l  3 :  An y produc t  o f  monadi c number s i s monadic . 

Figur e 1  show s th e structur e o f  thi s proof .  Lero n mention s 
a theore m tha t  i s buil t  b y exchangin g "triadic "  b y "monadic " 
i n T H E O R EM 1 ,  an d whic h ca n b e prove d analogously .  Th e 
tw o proof s  ar e simila r  o n "top-level" ,  bu t  al l  lowe r  level s hav e 
t o b e modified ,  an d thi s modificatio n i s no t  eas y t o find.  O n 
th e othe r  hand ,  h e als o present s proof s whos e analogue s ar e 
simila r  dow n t o leve l  3 ,  whic h mean s tha t  onl y subproof s o f 
leve l  4  an d lowe r  hav e t o b e adjusted .  Fro m thes e example s 
and ou r  experienc e w e generaliz e tha t  proof s ca n b e analogou s 
at  differen t  level s o f  detai l  and ,  hence ,  analog y i s execute d b y 
transferrin g partia l  proof s  a t  differen t  levels . 

The analysi s o f  thes e tw o source s (othe r  example s ca n b e 
foun d i n [Poly a 1957 ;  Poly a 1954 ;  Hadamardl 9 45 ;  va n de r 
Waerdenl 9 64] )  suggest s a  chang e o f  th e traditiona l  theore m 
provin g paradig m an d highlight s th e followin g huma n prob-
le m solvin g strategies : 

1. Proof planning with partially instantiated methods, where 
als o incomplet e proo f  plan s ar e allowed .  To p leve l  method s 
ar e refine d b y lowe r  leve l  methods . 

leve l  I 

assume:  pi ptnit the only triadic primes 

PROVE:  ther e exist s M wit h 

(a) M and iu factors are different from pi p<i (LEMK|A 2.2) 

(b) M has a triadic prime factor (LEMMA 2.1) 

infer contradiction 

leve l  2il ) 

M = 4pl...pn+3 

assume: all prime factors of M are monadic 

PROVE:  M i s monadi c (LEMM A 3 ) 

infe r  contradicti c i 

leve l  2(2 ) 

M=4pl ...pn+3 

PROVE:  p 2 p n d o no t  divid e M 

3 does not divide M 

level } 

any produc t  o f  monadic s i s monadi c 

Figur e I :  Pla n o f  th e proo f  o f  T H E O R EM I 

2.  Structurin g o f  methods ,  a  process ,  whic h ha s t o b e em -
bedde d int o proo f  planning , 

3.  Tria l  an d error , 

4.  Analog y whic h i s embedde d int o proo f  planning .  Analog y 
include s th e transfe r  o f  proo f  ideas ,  partia l  proofs ,  an d 
methods . 

The presente d source s provide d detail s o n h o w mathemati -
cian s solv e problems .  Th e nex t  examine d sourc e i s a  text -
book .  Eve n thoug h w e don' t  believ e tha t  textbook s alway s 
reflec t  mathematician' s way s o f  proble m solving ,  th e analysi s 
provide s insight s  i n wha t  actuall y  i s considere d b y mathemati -
cian s t o b e a n analogy .  Th e examinatio n als o show s whic h 
mechanism s ar e involve d i n theore m provin g b y analogy . 

Textbook Analysis 

Theore m provin g b y analogy ,  a s sketche d i n figure  2 ,  mean s t o 
find  a  proo f  fo r  a  targe t  proble m o n th e basi s o f  a  give n proo f 
of  a  sourc e problem ,  whic h i s simila r  t o th e targe t  problem . 

Traditionally ,  th e analog y betwee n th e sourc e proo f  an d th e 
targe t  proo f  wa s realize d b y establishin g a  mappin g fro m th e 
primitiv e symbol s o f  th e sourc e theore m ont o th e symbol s 
of  th e targe t  theorem ,  an d b y extendin g thi s m a p suc h tha t 
i t  provide s a  proo f  o f  th e targe t  theore m whe n applie d t o th e 
singl e step s o f  th e sourc e proof .  Here ,  th e primitiv e symbol s 
ar e thos e symbol s o f  th e signatur e i n whic h th e theorem s ar e 
expressed .  I n othe r  words ,  traditiona l  approache s [Klingl 9 
71 ;  Munye r  1981 ;  O w e n 1990 ]  ar e centere d aroun d symbo l 
mappin g an d th e transfe r  o f  singl e proo f  steps .  The y d o no t 
tr y t o find  anothe r  representatio n of ,  say ,  th e sourc e theore m 
and are ,  thus ,  highl y dependen t  o n th e actua l  representatio n 
of  th e theorems . 

For  ou r  researc h o n automate d theore m provin g b y anal -
og y w e studie d th e mathematica l  textboo k "Halbgruppe n un d 
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sourc e proo f 

sourc e proble m targe t  proble m 

Figur e 2 :  Analog y i n theore m provin g 

Automaten "  [Deusse n 1971 ]  tha t  i s  common l y use d i n under -
graduat e classe s o n automat a theor y i n Germany .  Th e boo k 
i s divide d int o thre e chapters : 
Semi-group s an d Relation s 
Semi-group s an d Semi-modul s 
Automata . 
I n thi s boo k m a n y theorem s ar e prove d b y analog y t o theo -
rem s i n a  previou s chapte r  an d thi s give s som e o f  th e distinc t 
flavor  o f  thi s particula r  textbook .  So ,  w e scanne d an d an -
alyze d al l  analogie s mentione d i n thi s textbook .  W e foun d 
tha t  man y analogie s d o no t  fit  int o th e framewor k offere d b y 
traditiona l  approache s t o analog y i n theore m provin g (Fo r  a 
detaile d analysi s o f  th e analogou s proof s se e [Meli s 1993b ] 
and[Meli s 1993a]) : 

•  Fo r  som e analogie s (e.g. ,  theore m 5. 7 an d theore m 5.2' ) 
yo u first  hav e t o find  th e righ t  leve l  o f  abstractio n befor e 
any transfe r  o f  proofs . 

•  Reformulation s ar e involve d i n man y o f  thes e analogie s 
(e.g. ,  theore m 5. 7 an d theore m 6.9 )  tha t  ar e no t  jus t  symbol -
or  eve n ter m mappings .  A  strikin g exampl e fo r  a  mor e 
complicate d reformulatio n i s th e chang e o f  unary  function s 
t o binar y function s tha t  additionall y require s t o ad d certai n 
proo f  line s an d t o chang e others .  W e hav e foun d severa l 
classe s o f  reformulations ,  namel y 

-  Normalizatio n 

-  Abstractio n 

-  Direc t  reformulatio n 

•  M a n y proof s b y analog y (e.g. ,  theore m 4.8 )  resul t  fro m 
transferrin g part s o f  sourc e proof s t o part s o f  th e targe t 
proof .  I n orde r  t o obtai n appropriat e subproofs ,  w e hav e t o 
decompos e th e origina l  proofs . 

•  Ver y often ,  mathematician s describ e thei r  analog y pro -
cedur e a s applyin g th e sam e method ,  i n particula r  i f  th e 
metho d i s named ,  suc h a s th e wel l  know n Diagonalizatio n 
metho d o f  Cantor .  Otherwis e the y stat e tha t  th e targe t  proo f 
i s don e analogousl y t o th e sourc e proof . 

Design Requirements 

Th e abov e analysi s suggest s th e followin g strategie s fo r  the -
ore m proving : 

•  a  plannin g framewor k tha t  employ s (partiall y  specified ; 
method s an d subproof s 

•  decompositio n o f  proof s 

•  analogica l  transfe r  o f  subproof s foun d b y decompositio n 

•  analogica l  transfe r  base d o n som e reformulation ,  rathe r 
tha n jus t  b y symbo l  mappin g 

Sinc e ou r  ai m i s t o automat e theore m proving ,  w e nee d 
a computationa l  simulatio n o f  th e strategie s an d a  computa -
tiona l  representatio n o f  thei r  ingredients .  Plannin g i s a  field  o f 
Artificia l  Intelligenc e an d w e ca n us e a  plannin g framewor k 
and it s ingredients ,  namel y operators ,  fo r  proo f  planning^ . 
The n theore m provin g b y analog y can ,  i n principle ,  b e mod -
elle d a s derivationa l  analog y (se e [Carbonel l  1986]) .  Th e 
model  fo r  analogy-drive n proo f  pla n construction ,  give n i n 
[Meli s 1993b ;  Meli s an d Velos o 1994] ,  employ s plannin g 
operators ,  define d a s methods ,  an d require s meta-method s i n 
orde r  t o chang e thes e operators .  N o w w e presen t  a  represen -
tatio n fo r  bot h operator s an d meta-methods . 

Operator s Accordin g t o th e previou s sections ,  th e repre -
sentatio n o f  plannin g operator s shoul d mee t  th e followin g 
conditions : 

•  Operator s mus t  hav e pre -  an d postconditions ,  a s usua l  i n 
planning ,  whic h contai n problem s t o b e subgoale d on . 

•  The y shoul d contai n constraint s t o restric t  th e searc h fo r 
operators . 

•  Operator s shoul d cove r  mathematica l  methods ,  suc h a s th e 
Diagona l  method . 

•  Operator s mus t  b e abl e t o represen t  partiall y  unspecifie d 
methods ,  an d incomplet e proofs ,  i.e. ,  th e languag e fo r  oper -
ator s shoul d contai n variable s fo r  method s an d parameters . 

•  Operator s shoul d b e read y fo r  reformulatio n an d restruc -
turing . 

Th e las t  requiremen t  ca n b e satisfie d b y splittin g th e rep -
resentatio n o f  a n operato r  int o a  declarativ e part ,  suitabl e fo r 
reformulations ,  an d a  procedur e tha t  interpret s th e declarativ e 
part .  W e sugges t  t o represen t  operator s b y method s whic h 
ar e frame-lik e structures ,  wher e al l  slots ,  bu t  procedure ,  hav e 
declarativ e fillers  (se e als o [Huang ,  Kerber ,  an d Kohlhas e 
1992]) ;  th e slot s o f  method s are : 

•  parameter s whic h can  b e instantiated . 

•  precondition s whic h ar e input s tha t  specif y  th e applicabilit y 
of  a  method . 

•  /jojfcortd/fj'onjwhic h ar e outputsofth e metho d application , 
e.g. ,  a  derive d problem . 

•  constraint s t o restric t  th e searc h fo r  methods . 

•  proo f  schem e whic h i s a  declarativ e proo f  schem e an d con -
tain s line s o f  a  partia l  proof^ ,  mayb e wit h variable s fo r 
terms ,  formulas ,  an d eve n fo r  th e justifyin g metho d (th e 
most  righ t  entr y o f  a  line) . 

•  procedur e whic h i s a  schema-interpretin g procedur e tha t  i s 
applie d t o th e scheme . 

•  histor y whic h contain s a  trac e o f  certai n change s o f  th e 
method ,  particularl y abstractions ,  fo r  th e purpos e o f  thei r 
revision . 

'Th e number s follo w th e origina l  numberin g o f  theorem s i n 
[Deusse n 1971] . 

*Thi s ha s als o bee n propose d b y Ala n Bund y i n [Bund y 1988] . 
Î n th e Natura l  Deductio n calculus . 
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Method :  D i a g o n a l 

paramete r 

precondition s 

postconditio n 

constraint s 

proo f  schem e 

procedur e 

histor y 

F,  c ,  no n :  function .  M 1 ,  A/2 :  structures ,  1,0 :  element s 

(l)Vj:M23yA f  ,(F(y )  =  x )  (5)Va:( x =  x )  (6) 0 9 ^  1 

1 

1.  ; 

2.  ; 
3.  ; 
4.  ; 
5.  ; 

6.  ; 
7.  ; 7 
8.  ; 7 
9.  ; 7 

10.  ;  7 

11.  ; 7 
12.  ;  1 2 
13.  ;1 2 

14.  ; 
15.  ;1 2 
16.  ;1 2 
17. ; 

schema- i 

h ViMi(G(x )  =  Tio n cf(xi )  A G e M2 ) 

t-  3yMi{Fiy )  =  G ) 
\-  F{xo )  =  G 
h F(io)(xo )  =  G(xo ) 
h ((cF(ioio)=0-cG(io )  =  l ) 

A (cF(xoio )  #  0  — cG(io )  =  0) ) 
h c(>(ioxo))=OVc(/'(xoxo))5^0 
h c f  (xoio )  =  0 
h cG(io)= 0 
1-  cG(xo )  =  l 

1-  0 = 1 

h 1 
H cF{xoxo )  ̂  0 
h cG(xo)= 0 

1-  cF(roxo )  =  0 
h cF(xoxo )  =  0  A  ->cF(xoxo )  =  0 
h L 

nterprete r 

(PLANl ) 

(VD.(l )  1 ) 
(3 D 2 ) 
(eq u 3 ) 
(PLAN2 1 ) 

(VD.(7) ) 
(HYP) 
(equ .  7  4 ) 
(VI>,AI>— D 
5 7 ) 
(Al,equ,(5 )  9 
8) 
(Aiai.(6) ) 
(HYP) 
(VD,AD,-» D 
12 5 ) 
(eq u 1 3 4 ) 
(AI  1 4 12 ) 
(1 1 15 ) 
(V D 1 6 1 1 
(y) 

An exampl e i s th e Diagona l  method ,  whic h i n fac t  cov -
er s a  mathematica l  metho d an d i s applicabl e inte r  ali a i n th e 
proo f  o f  Cantor' s theorem ,  th e proo f  o f  th e uncountabilit y 
of  rea l  numbers ,  th e proo f  o f  th e unsolvabilit y  o f  th e haltin g 
problem ,  a s wel l  a s i n th e proo f  o f  Godel' s theore m o f  th e in -
completenes s o f  arithmeti c (thi s metho d i s discusse d i n detai l 
i n [MelJ s 1994]) .  Here ,  P L A N s ar e variable s fo r  unspecifie d 
submethod s an d th e first  lin e o f  th e proo f  schem e expresses , 
fo r  instance ,  tha t  a  lemm a ha s t o b e prove d somehow ,  whic h 
i s als o know n a s th e diagona l  lemma . 

Meta-method s I n orde r  t o mee t  th e requirement s fo r  re -
structurin g an d reformulation ,  t o reduc e th e dependenc e o n 
th e actua l  representatio n o f  th e give n theorem ,  an d i n orde r 
t o obtai n analogie s a t  severa l  level s o f  abstractio n an d sev -
era l  level s o f  detail ,  w e us e meta-methods .  Meta-method s 
ar e procedure s whic h ma p a  metho d t o anothe r  metho d o r  t o 
severa l  connecte d method s respectively .  Th e meta-method s 
employe d fo r  analogy-drive n proo f  pla n constructio n hav e a s 
a paramete r  th e postconditio n o f  the ,  onl y partiall y  specified , 
targe t  method . 

Beside s normalizing ,  abstracting ,  an d direc t  reformulatin g 
meta-methods ,  restructurin g meta-method s ar e define d tha t 
spli t  on e metho d int o severa l  connecte d methods .  A  ver y 
simpl e exampl e i s th e splittin g o f  method s wit h a  conjunctiv e 
postconditio n {F \  A  F2 )  int o tw o methods ,  on e wit h postcon -
ditio n F \  an d anothe r  wit h postconditio n F2 . 

The restructurin g meta-method s ar e applie d t o obtai n thos e 

part s o f  proof s tha t  ca n b e transferre d analogicall y a t  onc e 
and t o kee p subproofs ,  tha t  ca n no t  b e transferred ,  small . 
Normalizin g meta-method s ar e applied ,  e.g. ,  t o mak e post -
condition s o f  someho w analogou s method s comparable ,  b y 
simpl e reformulation s suc h a s replacin g a  proo f  assumptio n 
whic h i s a  conjunctio n b y a  se t  o f  tw o proo f  assumptions . 
The abstractin g meta-method s ar e use d t o enabl e analogie s 
on a  mor e abstrac t  level .  A n exampl e i s th e meta-metho d 
F u n c t i o n a l - A b s t r  (se e nex t  page )  tha t  wa s applie d t o 
find  a n analogou s proo f  t o theore m 5. 2 i n th e analyze d text -
book .  Thi s meta-metho d i s applicabl e t o a  sourc e metho d M 
wit h a  targe t  proble m P  a s parameter ,  i f  it s  preconditio n i s 
satisfied . 

I n th e representatio n o f  thi s meta-metho d th e x ,  ar e th e 
maximal  term s i n 4>{x\... ,  a;„) .  t e r m i s a  metavariabl e fo r 
a referenc e ter m tha t  contain s onl y on e variable . 
Fun c t  i on a 1  -  A b s t  r  reformulate s a  metho d M t o a  metho d 
M'  b y executin g P R O C F U N C: 

•  Replac e i n M al l  occurrence s o f  instance s o f  th e referenc e 
ter m term(fi )  b y fa{ti )  ,  wher e f a i s a  ne w functio n 
variable . 

•  Delet e membershi p declaration s tha t  becam e superfluou s 
by th e introductio n o f  fa ,  an d delet e th e correspondin g 
quantifiers . 

For  example ,  i f  F u n c t i o n a l - A b s t  replace s th e refer -
enc e ter m ( h •  x )  b y f a (x) ,  the n th e quantifie r  an d member -
shi p declaratio n o f h , { h e F )  becom e superfluous . 
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paramete r 

precondition s 

postcondition s 

procedur e 

ratin g 

P:  proble m 

ther e exist s a  formul a < P o t  th e tor m 
Vxi,... ,  ̂ n ,  j/ i  .. .  y t  (membershi p declaratio n —» 
(A(x i  ...,x„ )  — (/>(term(a;i),... ,  terin(i„)) ) 
and $  G  postcondition(M )  an d 4 > ̂  P 

M'=M[term(x.)//a(x.)] . 

P R O C F U N C ( s ee below ) 

•  A d d (Functional-Abst :  <I> )  t o th e histor y slo t  o f  M . 

•  A d d th e ne w paramete r  / „  t o th e paramete r  slo t  o f  M . 

The traditiona l  reformulations ,  suc h a s symbo l  mapping , 
belon g t o th e direc t  reformulatin g meta-methods .  Bu t  w e 
need mor e o f  them ,  fo r  instance ,  a  meta-metho d tha t  change s 
unar y function s t o binar y functions .  Mor e complicate d meta -
method s ar e presente d i n [Meli s  1993b] .  Th e meta-method s 
correspon d t o heuristic s employe d b y mathematician s an d 
hav e t o b e extracte d empiricall y whic h w e di d b y analyzin g 
th e analogie s occurrin g i n th e examine d textbook . 

Conclusions 

By analyzin g empirica l  source s w e examine d rea l  proo f  strate -
gie s an d methods .  Th e result s challeng e traditiona l  automate d 
theore m provin g o n th e basi s o f  report s b y mathematician s o f 
h o w the y solv e problems .  W e reveale d severa l  strategie s an d 
component s o f  huma n mathematica l  reasonin g tha t  ar e inter -
estin g fo r  automate d an d computer-supporte d reasoning .  Th e 
insight s int o ho w mathematica l  analogie s compar e t o curren t 
model s o f  theore m provin g b y analog y includ e tha t  analogica l 
reasonin g ma y requir e non-trivia l  reformulation s an d restruc -
turing . 

Followin g th e analysis ,  w e discusse d som e requirement s 
tha t  th e empirica l  result s impos e o n component s o f  a  com -
putationa l  system ,  whic h hav e t o b e considere d fo r  th e im -
plementatio n o f  human-styl e theore m provin g system .  Thi s 
le d u s t o a  computationa l  representatio n o f  a  structur e use d 
i n proo f  plannin g an d procedure s employe d b y a n analogy -
drive n proo f  pla n construction .  Th e actua l  analogy-drive n 
proof-pla n construction ,  tha t  i s  a n extende d an d modifie d 
analogica l  repla y (se e [Velos o 1992]) ,  i s  presente d i n [Meli s 
1993b ]  an d [Meli s an d Velos o 1994] . 
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