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Depjirtmen t  o f  Psycholog y 

Qimegi e Mello n Universit y 

Pittsburgh ,  P A 1521 3 

Irvin R. Katz (ikatz(3)|j;mu.edu) 

Humii n Factor s ;in d Applie d Cognitio n Progra m 

Georg e MjLso n Universit y 

Fairfax .  V A 2203 0 

Abstrac t 

In this paper, we investigate students' use of the generate-
and-tes t  strateg y t o solv e algebr a wor d problems .  Thi s 
strateg y involve s firs t  choosin g a n estimat e fo r  th e answe r 
and the n checkin g whethe r  th e estimat e satisfie s th e 
constraint s o f  th e problem .  Base d o n verba l  protoco l  data , 
we develope d a  productio n syste m mode l  t o simulat e 
students '  behavio r  whe n the y appl y thi s informa l  strategy . 
The mode l  predict s proble m feature s tha t  shoul d affec t  th e 
difficult y o f  th e problems .  A  large-scal e experimen t  teste d 
th e prediction s o f  th e model .  Verba l  protoco l  dat a provide d 
additiona l  insight s int o ho w student s us e th e generate-and -
tes t  strategy . 

Introduction 

W h at  i s th e weakes t  w a y t o solv e a  problem ? Tak e a  guess . 
Generate-and-tes t  i s a  heuristi c tha t  a t  first  blus h m a y see m 
hopelessl y unlikel y t o lea d t o solution .  Ye t  i n th e domai n 
of  algebr a wor d problems ,  generate-and-tes t  i s  use d 
effectivel y b y m a n y students .  A  for m o f  thi s heuristi c 
(calle d "gues s an d check" )  i s  eve n taugh t  b y som e algebr a 
instructors .  I n severa l  studie s o f  algebr a proble m solving , 
BCTger  &  Kat z (1995 )  foun d tha t  participant s (hig h schoo l 
students )  use d generate-and-tes t  o n £q)proximatel y 5 0 % o f 
problem s presente d b y th e researchers .  Generate-and-tes t  i s 
not  necessaril y a  "fallback "  strateg y fo r  weake r  students ,  bu t 
i s use d effectivel y b y student s wit h goo d mat h skill s  (Katz , 
Friedman ,  Bennett ,  &  Berger ,  1 9 % ;  Tabachneck ,  Koedinger , 
& Nathan ,  1995) .  Othe r  researcher s hav e similarl y note d th e 
prevalenc e o f  generate-and-tes t  an d othe r  "informal " 
strategie s (e.g. .  Hall ,  Kibler ,  Wenger ,  &  Truxaw ,  1989 ; 
Koedinge r  &  Tabachneck ,  1994) .  Ye t  generate-and-tes t  i s 
underrepresente d i n th e proble m solvin g literature ,  an d 
practicall y unmentione d i n researc h o n algebr a wor d proble m 
solving .  M u c h o f  th e researc h o n algebr a wor d proble m 
solvin g ha s focuse d o n th e forma l  representation s an d 
procedure s use d b y student s whe n solvin g traditiona l  wor d 
problem s (e.g. ,  Kintsc h &  Greeno ,  1985 ;  Mayer ,  Larkin ,  & 
Kadane ,  1984 ;  Paig e &  Simon ,  1966) .  Thes e problem s 
typicall y hav e on e uniqu e solutio n an d ca n b e solve d usin g 
standar d algorithmi c techniques . 

I n th e generate-and-tes t  strategy ,  a  studen t  choose s a 

possibl e iinswer ,  the n check s whethe r  tha t  answe r  satisfie s 
th e constraint s o f  th e problem .  I f  th e candidat e answe r  doe s 
not  fit,  th e studen t  generate s a  ne w one . 

Th e us e o f  a n informa l  strateg y suc h a s generate-and-tes t 
raise s severa l  theoretica l  issues .  Fo r  example ,  ho w d o 
proble m solver s generat e thei r  initia l  estimat e o f  a  potentia l 
solution ? I f  thei r  first  estimat e i s foun d t o b e incorrect ,  ho w 
do the y updat e tha t  estimat e t o ge t  anothe r  (hopefull y better ) 
estimate ? Anothe r  theoretica l  questio n i s h o w proble m 
solver s mak e th e initia l  decisio n t o us e th e generate-and-tes t 
strategy .  W h y d o the y choos e generate-and-tes t  whe n the y 

coul d us e th e forma l  algebrai c strateg y the y ha d bee n taught ? 
Thi s pape r  present s a  productio n syste m mode l  o f  th e 

generate-and-tes t  strateg y a s i t  appear s whe n solvin g algebr a 
wor d problems .  Thi s mode l  i s  consisten t  wit h observe d 
solutio n procedure s o f  student s solvin g traditiona l  algebr a 
wor d problems .  However ,  a n explanator y mode l  alon e i s 
not  particularl y stron g evidenc e fo r  one' s accoun t  o f  huma n 
behavior .  T o provid e stronge r  evidence ,  prediction s doive d 
from  th e mode l  wer e teste d i n a  large-scal e experiment .  A 
secon d experiment ,  involvin g collectio n o f  verba l  protocols , 
suggest s tha t  generate-and-tes t  m a y b e a  mor e comple x skil l 
tha n i s capture d i n th e model . 

T o investigat e th e generate-and-tes t  strategy ,  w e us e a  typ e 
of  algebr a wor d proble m tha t  engender s us e o f  th e strategy . 
Under-determine d problem s canno t  b e solve d b y a  purel y 
algebrai c approach .  Eac h proble m i s under-determine d i n tha t 
i t  canno t  b e represente d a s a n algebrai c equatio n wit h a 
singl e unknown .  Instead ,  th e proble m solve r  pose s exampl e 
answer s tha t  fit  th e constraint s presente d i n th e problem . 
Th e nex t  sectio n describe s under-determine d problem s i n 
mor e detail .  Followin g tha t  discussion ,  w e describ e ou r 
productio n syste m mode l  tha t  account s fo r  solvin g bot h 
under-determine d problem s an d well-determine d problem s 
(i.e. ,  traditiona l  wor d problems) . 

Under-determined problems 

Under-determine d problem s d o no t  provid e al l  th e 
informatio n necessar y t o find  a  uniqu e solutio n t o a 
problem—i.e. ,  i t  i s  impossibl e t o appl y a  standar d algebrai c 
solutio n strateg y t o determin e a  correc t  solution .  B y 
algebrai c strategy ,  w e mea n a  strateg y tha t  allow s th e 
proble m solve r  t o isolat e an d solv e fo r  on e unknow n 
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Figur e 1 .  M o d e l  o f  th e generate-and-tes t  an d forma l  algebr a strategies . 

variabl e (e.g. ,  x  =  22) .  Not e s o m e under-detemiine d 
problem s m a y involv e inequalitie s tha t  allo w th e proble m 
solve r  t o us e algebrai c manipulatio n o f  inequalitie s t o 
isolat e a  variabl e wit h a n inequalit y (e.g. ,  x  >  20) .  Note , 
thi s final  derive d inequalit y doe s no t  constitut e a  solution . 
The proble m solve r  mus t  stil l  generat e a  solutio n base d o n 
tha t  inequality .  Thus ,  under-determine d problem s require 
proble m solver s t o generat e example s o f  potentia l  solutions . 
Belo w i s a n exampl e o f  a n under-determine d problem : 

If some tickets to a play were bought for a total of $50.00 
and i f  ticket s cos t  $1.0 0 fo r  adult s an d $0.5 0 fo r  children , 
ho w man y children' s ticket s coul d hav e bee n bought ? 

The problem solver must produce an example value for the 
tota l  numbe r  o f  children' s ticket s tha t  satisf y a  variet y o f 
explicitl y  state d constraints : 

1. The total amount paid for the tickets is $50.00; 
2.  Th e cos t  o f  a n adult' s  ticke t  i s  $1.00 ; 
3.  Th e cos t  o f  a  child' s ticke t  $0.50 ; 

These constraints do not determine a unique solution to the 
problem .  Severa l  value s fo r  th e tota l  numbe r  o f  children' s 
ticket s satisf y thes e constraints . 

A proble m solve r  migh t  procee d i n solvin g th e abov e 
proble m b y first  identifyin g th e explici t  constraint s give n i n 
th e problem .  Th e proble m solve r  migh t  the n infe r  that , 
sinc e th e tota l  amoun t  pai d i s $50.00 ,  th e numbe r  o f 
children' s ticket s mus t  b e even .  Throug h thi s derivatio n o f 
implici t  constraints ,  th e proble m solve r  greatl y reduce s th e 
spac e o f  possibl e example s t o consider .  Ultimately , 
however ,  takin g int o consideratio n al l  th e constraint s tha t 

hav e bee n identified ,  bot h explici t  an d implicit ,  th e proble m 
solve r  mus t  propos e a  candidat e solutio n an d evaluat e i t 
agains t  th e constraints .  A  successfii l  exampl e i s foun d i f  th e 
propose d solutio n doe s no t  violat e an y proble m constraint . 

I t  i s  thi s reasonin g wit h constraint s tha t  make s under -
determine d problem s seemingl y differen t  fro m traditional , 
well-determined  wor d problems .  Unles s th e studen t  detects , 
prioritizes ,  an d instantiate s th e constraint s b y specifyin g 
appropriat e values ,  th e problem s canno t  b e solved .  Vnder -
determine d problem s ar e potentiall y  m o r e realisti c tha n 
traditiona l  wor d problems ,  a s mos t  real  problem s ar e no t 
wel l  formulate d (Frederiksen ,  1984) . 

Computational Model 

O ur  mode l  simulate s th e behavio r  o f  student s solvin g eithe r 
well-determine d o r  under-determine d algebr a wor d problems , 
usin g th e generate-and-tes t  strategy ,  a n algebrai c sffategy ,  o r 
a combinatio n o f  th e two .  O u r  mode l  w a s vmtte n i n th e 
A C T - R productio n syste m languag e (Anderson ,  1993) . 

T h e genera l  structur e o f  th e generate-and-tes t  strateg y c a m e 
fi-om  protocol s o f  5 5 student s solvin g well-determine d 
algebr a wor d problems ,  simila r  t o thos e foun d o n th e S A T -
Mathematic s test .  Fo r  tw o problem s i n particular ,  student s 
tende d t o us e a  generate-and-tes t  strateg y t o find a  solutio n 
rathe r  tha n a n algebrai c approach .  Thi s preferenc e cut s 
acros s al l  abilit y  levels ,  suggestin g tha t  generate-and-tes t  i s 
not  necessaril y  a  fallbac k strateg y t o b e use d onl y w h e n on e 
doe s no t  k n o w a  stronge r  w a y t o approac h a  problem . 

T h e mode l  simulate s th e generate-and-tes t  strateg y b y first 
estimatin g a  potentia l  solution .  The n i t  propagate s th e valu e 
throug h th e constraint s o f  th e problem .  Propagatio n 
continue s unti l  al l  o f  th e constraint s hav e bee n used .  T h e 
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proces s tenninate s wit h succes s i f  th e propose d solutio n 
simultaneousl y satisfie s al l  o f  th e constraint s o f  th e 

problem .  I f  a  discrepjinc y i s found ,  th e estimat e i s updiUe d 
and th e propagatio n proces s i s repeated . 

Dat a o n th e estimatio n an d updatin g portion s o f  th e mode l 
wer e gathere d fro m verba l  protocol s o f  seve n student s ii s 
the y solve d fou r  problem s simila r  t o th e "tickets "  proble m 
presente d abov e (i.e. ,  well-determined ,  simultaneou s 
equatio n problems). '  Th e numbe r  o f  generate-and-tes t  "csises " 
was reduce d (fro m 28 )  becaus e student s occasionall y solve d 
th e problem s algebraically ,  despit e instructions .  O f  1 6 case s 
i n whic h student s generate d a n initia l  estimate ,  students ' 
estimate s wer e hal f  o f  th e potentii U m a x i m u m valu e fo r  th e 
estimate d elemen t  i n nin e o f  th e cases .  Th e othe r  two-third s 
of  case s wer e no t  a s easil y categorize d a s reflectin g a 
Ijarticula r  estimatio n strategy .  Th e mode l  implement s thi s 

"half-of-total "  initia l  estimatio n strategy . 
I f  a n estimat e i s foun d t o b e incorrect ,  th e mode l 

simulate s a n updat e strateg y observe d i n students .  I n thi s 
strategy ,  th e estimat e i s change d base d o n th e relatio n 
betwee n a  derive d quantit y an d th e know n quantity .  Fo r 
example ,  a  well-determine d versio n o f  th e ticket s proble m 
state d tha t  "7 0 ticket s wer e bough t  t o a  play. "  Throug h th e 
propagatio n process ,  a  studen t  migh t  deriv e a  valu e o f  8 0 fo r 
th e tota l  numbe r  o f  ticket s (b y firs t  estimatin g 6 0 t o th e 
number  o f  children' s tickets ,  the n derivin g $3 0 fo r  th e cos t 
of  children' s tickets ,  an d the n derivin g $2 0 an d 2 0 ticket s fo r 
adult' s  tickets) .  Th e studen t  woul d decreas e th e estimat e o f 
th e children' s ticke t  b y 10 .  Alternatively ,  i f  th e derive d 
valu e wer e 60 ,  th e studen t  woul d increas e th e estimat e b y 
10.  W e cal l  thi s strateg y th e "logi c chang e rule" .  Not e 
followin g thi s rul e wil l  no t  necessaril y  resul t  i n th e correc t 
choice .  Th e correcmes s o f  th e rul e depend s o n th e relatio n 
among th e variable s i n th e problem .  Nonetheless ,  student s 
do no t  realiz e thi s cavea t  an d appl y th e rul e indiscriminately . 
Of  th e 1 7 case s i n whic h student s update d thei r  estimat e a t 
leas t  once ,  o n 1 1 occasion s students '  performanc e wa s 
consisten t  wit h thi s updat e approach .  I n othe r  words ,  6 3 % 
of  th e time ,  student s update d thei r  initia l  estimate s i n a  wa y 
consisten t  wit h th e logi c chang e rule . 

Th e mode l  als o solve s algebr a wor d problem s b y applyin g 
a forma l  algebrai c strategy .  Th e strateg y wa s derive d fro m 
th e protocol s mentione d earlier .  Th e mode l  first  select s a n 
equatio n fro m th e proble m situation .  I t  the n simulate s 
symboli c manipulation  b y matchin g an d substitutin g 
variables .  Th e mode l  iterate s unti l  a  singl e final  equatio n 
wit h jus t  on e unknow n variabl e i s lef t  o r  unti l  al l  th e 
equation s hav e bee n used .  Onc e a  final  equatio n i s obtained , 
th e answe r  ca n the n b e solve d for .  O n th e othe r  hand ,  whe n 
a final  equatio n canno t  b e obtaine d becaus e th e equatio n 
contain s mor e tha n on e unknow n variabl e an d ther e ar e n o 
mor e value s o r  equation s t o substitut e in ,  th e mode l  eithe r 
retrie s th e algebr a strateg y o r  switche s t o th e generate-and -
tes t  strategy . 

Predictions 

Th e mode l  suggest s th e type s o f  factor s tha t  shoul d affec t 

th e difficult y o f  under-determine d problems .  Fo r  example , 
requestin g a  secon d exampl e fro m a  solve r  shoul d b e mor e 
likel y t o resul t  i n a n erro r  becaus e o f  th e additiona l 
processin g needed .  Th e additiona l  processin g provide s th e 
solve r  wit h mor e opportunitie s t o commi t  mat h errors . 
Alternatively ,  a  studen t  migh t  hav e happene d upo n a  correc t 
first  exampl e b y chance ,  bu t  doe s no t  understan d th e 
proble m sufficientl y t o find  a  secon d example . 

A secon d predictio n i s tha t  additiona l  constraint s migh t 
increas e difficulty ,  agai n becaus e o f  predicte d increase d 
processing .  However ,  th e mode l  suggest s tha t  onl y certai n 
type s o f  constraint s wil l  increas e processing .  "Verifie r 
consffaints "  ar e use d t o verif y whethe r  a  correc t  exampl e 
solutio n ha s bee n derived .  Thes e consu-aint s ofte n involv e a 
relation  betwee n tw o variables .  Accordin g t o ou r  model ,  th e 
use o f  suc h a  constrain t  involve s a n extr a iteratio n throug h 
th e propagatio n proces s (se e Figur e 1) .  O n th e othe r  hand ,  a 
constrain t  tha t  jus t  change s th e rang e o f  possibl e estimate s 
shoul d no t  necessaril y  b e mor e difficul t  becaus e i t  affect s a 
smal l  par t  o f  th e model .  Suc h "generato r  constraints " 
involv e a  singl e viuiabl e tha t  broadl y suggest s w h ^ e a 
solutio n m a y b e found .  I n th e model ,  suc h constraint s ar e 
use d t o estimat e potentia l  solutions .  Thus ,  addin g a 
generato r  constrain t  t o a  proble m shoul d no t  entai l  extr a 
iteration ,  an d s o migh t  no t  affec t  difficulty . 

Experiment V 

Method 

Participants .  Participant s wer e 25 7 pai d volunteers , 
includin g advance d undCTgraduate s (54%) ,  first-year  graduat e 
student s (28%) ,  an d individual s no t  currentl y registered  a s 
student s w h o intende d t o appl y t o graduat e schoo l  (18%) . 
Participant s wer e recruite d throug h 1 0 institution s o f  highe r 
educatio n i n differen t  regions  o f  th e Unite d States . 

Design and Materials. Two parallel test forms were 
created ,  eac h containin g nin e under-determine d problems. ' 
Th e first  fou r  problem s represented a  manipulatio n o f  th e 
number  o f  constraint s provided .  Th e ffeatment  grou p 
received  problem s tha t  containe d on e additiona l  constrain t 
compare d wit h th e problem s give n t o th e contro l  group . 
Th e contro l  an d treatmen t  problem s wer e otherwis e identica l 
(se e Tabl e 1) .  I n th e first  thre e problems ,  th e additiona l 
constrain t  wa s a  generato r  constraint ;  th e final  proble m 
containe d a n additiona l  verifie r  constraint .  Not e eithe r  a 
verifie r  o r  a  generato r  constrain t  wa s adde d t o eac h problem , 
not  both .  However ,  eithe r  a  generato r  o r  a  verifie r  constrain t 
coul d hav e bee n adde d t o a  problem .  Fo r  example ,  i n th e 
fu-s t  proble m o f  Tabl e 1 ,  a  generato r  constrain t  coul d hav e 
bee n adde d b y statin g tha t  th e "compan y sol d mor e tha n 
150 0 paperbac k books. "  Th e las t  five  item s represented  a 

'  Th e algebr a wor d problem s wer e give n t o thes e participant s a s 
warm-u p exercise s fo r  a n unrelate d experiment . 

^hi s sectio n describe s a n experimen t  reporte d i n Bennett , 
Morley ,  Quardt ,  Singley ,  Katz ,  &  Nhouyvanisvon g (1998) .  W e 
limi t  th e curren t  discussio n t o thos e portion s o f  th e experimen t 
tha t  tes t  th e computationa l  model . 
'  A s reporte d i n Bennet t  e t  al .  (1998) ,  th e tes t  form s containe d 
an additiona l  1 1 problems ,  representin g tw o othe r 
manipulations . 
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Tabl e 1 .  Problem s showin g th e additio n o f  a  verifie r  versu s generato r  constraint .  Additiona l  constraint s ar e i n bold . 

Additio n o f  a  Verifie r  Constrain t 

A compan y make s a  profi t  o f  $3.3 0 o n ever y 
hardbac k boo k i t  sell s an d a  profi t  o f  $1.2 0 o n ever y 
paperbac k boo k i t  sells .  I f  i t  mad e a  profi t  o f  $3,96 0 
CD hardbac k an d paperbac k book s las t  month ,  ho w 
many book s coul d i t  hav e sol d las t  month ? 

A compan y make s a  profi t  o f  $3.3 0 o n ever y hardbac k boo k i t  sell s 
and a  profi t  o f  $1.2 0 o n ever y paperbac k boo k i t  sells .  Las t  mont h 
th e compan y sol d mor e tha n twic e a s man y paperbac k book s 
as hardbac k book s an d i t  mad e a  profi t  o f  $3,96 0 o n th e books . 
How man y book s coul d th e compan y hav e sol d las t  month ? 

Additio n o f  a  Generato r  Constrain t 

A certai n populatio n o f  bacteri a double d ever y d 
hours .  A t  /=6 0 hour s th e populatio n wa s 1,024,000 . 
What  i s a  possibl e valu e fo r  th e initia l  bacteri a 
populatio n a t  t= Q an d th e correspondin g valu e o f  tf ? 

A certai n populatio n o f  bacteri a double d ever y d  hours , 
wher e d  <  20 .  A t  ̂=6 0 hour s th e populatio n wa s 1,024,000 . 
What  i s a  possibl e valu e fo r  th e initia l  bacteri a populatio n a t  t= 0 
and th e correspondin g valu e oft/ ? 

manipulatio n o f  th e numbe r  o f  solution s requested .  Thes e 
five  problem s wer e identica l  i n th e treatmen t  an d contro l 
condition s excep t  tha t  th e treatmen t  grou p wa s aske d t o 
provid e tw o example s fo r  eac h proble m wherea s th e contro l 
grou p wa s aske d t o provid e jus t  on e example . 

Procedures. Test forms were randomly assigned to 
participants ,  wit h eac h participan t  receivin g eithe r  th e 
contro l  o r  treatmen t  problems .  Th e mat h problem s wer e 
administere d o n a  computer .  Participant s wer e allowe d t o 
use scratc h pape r  an d a  calculato r  durin g th e 60-minut e 
proble m solvin g session . 

Results 

To tes t  th e effect s o f  th e additiona l  constrain t  o n 
performance ,  w e ra n a  2x 2 repeated-measure s A N O V A,  wit h 
number  o f  constraint s (fewe r  constraints/mor e constraints )  a s 
a between-subject s facto r  an d constrain t  typ e (generato r  o r 
verifie r  constrain t  added )  a s a  within-subject s factor. *  Th e 
main effec t  o f  number-of-constraint s wa s significant , 
F(l,228)=9.05 ,  p<.01 ,  a s wa s th e mai n effec t  o f  constrain t 
type ,  F(l,228)=10.32 ,  p<.01 .  O f  primar y interes t  wa s th e 
significan t  interactio n betwee n number-of-constraint s an d 
consu-ain t  type ,  F(l,228)=16.19 ,  p<.01 .  Figur e 2  show s 
th e interaction .  A s predicted ,  addin g a  generato r  constrain t 
di d no t  affec t  proble m difficulty ,  bu t  th e additio n o f  a  verifie r 
constrain t  doe s increas e difficulty . 

A one-wa y A N O VA revealw l  th e predicte d significan t 
effec t  o f  number-of-examples ,  F(l,234)=27.77 ,  p<.01 . 
Participant s i n th e one-exampl e grou p solve d mor e o f  th e 
problem s correcU y tha n di d participant s i n th e two-exampl e 
group ,  3. 3 an d 2.3 ,  respectively .  Furthermore ,  a  compariso n 
of  onl y  th e fu-s t  solutio n fro m th e two-exampl e grou p wit h 
th e one-exampl e grou p di d no t  revea l  a  significan t  diffoenc e 
betwee n th e mea n numbe r  o f  problem s correct ,  3. 1 an d 3.3 , 
respectively .  Thi s resul t  suggest s tha t  th e greate r  difficult y 
of  th e two-exampl e problem s come s fro m derivin g th e 
secon d example . 

Discussion 

Thi s experimen t  investigate d th e effec t  o f  tw o proble m 

features—numbe r  o f  consu-aint s an d numbe r  o f  requested 
examples—o n proble m difficulty .  A s predicte d b y th e 
model ,  a n additiona l  constrain t  increase s difficult y onl y i f 
tha t  constrain t  lead s t o mor e processin g (i.e. ,  verifie r 
constraints) .  Generatin g a  secon d exampl e increase s 
difficult y a s well ,  agai n supposedl y du e t o th e greate r 
processin g neede d t o generat e a  secon d solution . 

I n th e nex t  experiment ,  w e investigat e whethe r  th e 
proble m feature s ha d th e expecte d effect s fo r  th e reason s 
predicte d b y th e model .  Tha t  is ,  th e mode l  predict s tha t 
providin g th e secon d exampl e solution s require s mor e 
iteratio n o f  th e generate-and-tes t  strateg y an d tha t  verifie r 
constraint s affec t  difficult y becaus e the y affec t  th e 
propagatio n proces s o f  th e model .  Th e secon d experimen t 
seek s thi s evidenc e throug h a n investigatio n o f  participants ' 
solutio n processe s a s inferre d fro m concurren t  verba l 
protocol s (c f  Ericsso n &  Simon ,  1993) . 
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-Generato r 

-Verifie r 

Fewer 
Constraint s 

More 
Constraint s 

•*  Analyse s exclude d case s fo r  whic h on e o r  mor e proble m score s 
were missin g (becaus e th e participan t  exceede d a  tim e limit) . 

Figur e 2 .  Proportio n correc t  i n contro l  (fewe r  constraints ) 

and treatmen t  (mor e constraints )  conditions . 

Experiment 2 

Method 

Participants .  Si x colleg e senior s ;in d recen t  graduate s 
fi-om  th e Princeton ,  N e w Jerse y are a participate d fo r  pay . 

Design and Materials. The design and materials were 
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identica l  t o thos e o f  Experimen t  1 . 

Procedure. The volunteers participated individually in 
session s lastin g fro m l-1.5hr .  Al l  problem s wer e 

administere d o n paper ,  wit h a  lOmi n tim e limi t  pe r 
problem .  Participant s wer e iiske d t o provid e concurren t 
verba l  protcKol s a s the y solve d th e problems .  Al l  writte n 
wor k wa s videotape d an d participan t  uttenuice s wer e nxxMde d 
o n th e videotape .  Participant s wer e provide d wit h a  simpl e 
Cidculato r  (analogou s t o th e calculato r  provide d i n 

Experimen t  1) . 

Results 

Th e sam e genera l  patter n o f  mean s wa s foun d a s i n 
Experimen t  1 .  Additio n o f  a  generato r  constrain t  di d no t 
affec t  proportio n correc t  (control :  0.67 ;  generato r  constrain t 
added ;  0.67) ,  wherea s additio n o f  a  verifie r  constrain t  di d 
impac t  difficult y (control :  0.67 ;  verifie r  constrain t  adde d 
0.33) .  One-exampl e problem s wer e mor e difficul t  tha n two -
exampl e problem s (one-example :  0.80 ;  two-example :  0.67) . 

Th e analysi s o f  participan t  solutio n procedure s shoul d 
addres s thre e questions :  (1 )  C a n th e extr a difficult y associate d 
wit h two-exampl e problem s b e attribute d t o participant s re -
applyin g th e generate-and-tes t  strategy ? (2 )  Doe s th e additio n 
of  a  verifie r  constrain t  increas e difficult y becaus e o f  th e extr a 
processin g involve d i n judgin g whethe r  a  potentia l  solutio n 

fits  al l  o f  th e proble m constraints ? (3 )  W h y d o generato r 
constraint s no t  ad d difficulty ? 

Producing a second example. When asked at the end 
of  th e sessio n whethe r  providin g tw o example s wa s difficult , 
a fe w o f  th e participant s expresse d tha t  "i t  wasn' t  difficult " 
becaus e the y "cou W jus t  doubl e th e firs t  answer. "  Tha t  is , 
fo r  tw o o f  th e five  problems ,  simpl y takin g a  trivia l 
transformatio n o f  th e fu^ t  respons e coul d generat e a  correc t 
secon d example .  Fo r  instance ,  t o provid e a  secon d example , 
participant s coul d simpl y doubl e th e fu-s t  exampl e (o r  tak e 
an y multipl e o f  it) .  Fo r  on e problem ,  mor e elaborat e 
(nontrivial )  calculation s wer e required '  Thi s suggest s tha t 
th e difficult y betwee n th e one-exampl e an d two-exampl e 
problem s m a y b e solel y du e t o th e nontrivia l  transformatio n 
problem . 

T h e analysi s di d no t  reveal  an y differenc e i n th e mea n 
proportio n correc t  betwee n th e one-exampl e an d two -
exampl e trivia l  transformatio n problems .  Th e comparabl e 
differenc e wa s .3 3 fo r  th e proble m tha t  require d mor e 
comple x calculations .  Reanalysi s o f  th e dat a fro m 
Experimen t  1  suppor t  thes e results .  Th e differenc e i n mea n 
proportio n correc t  betwee n th e one-exampl e an d two -
exampl e trivia ]  transformatio n an d nontrivia l  transformatio n 
problem s wa s .1 4 an d .39 ,  respectively.  Thes e result s 
suppo n th e clai m tha t  th e adde d sourc e o f  difficult y fro m 
providin g tw o example s come s from  havin g t o recycl e 
throug h th e generate-and-tes t  strategy .  However ,  th e extr a 
processin g occur s onl y fo r  problem s tha t  d o no t  allo w a 
shortcu t  strateg y (i.e. ,  trivia l  transformatio n problems) . 

The remainin g tw o item s coul d no t  b e classifie d 
unambiguousl y an d therefor e ar e omitte d from  thi s discussion . 

A d d i n ^  a  verifie r  constraint .  W h y doe s a n additiona l 
verifie r  constrain t  increas e proble m difficulty ? O f  th e si x 
participants ,  thre e correctl y iinswere d thi s problem .  The y 

provide d correc t  solution s b y usin g th e generate-and-tes t 
strategy .  T h e thre e participant s w h o di d no t  provid e conu; t 
example s use d symbolic-lik e strategie s b y manipulatin g th e 
constrjiinL s an d value s o f  th e problem .  Thus ,  i t  i s  unclea r 
whethe r  verifie r  constraint s caus e mor e iteratio n o f  processe s 
as suggeste d b y ou r  model .  Futur e researc h can  determin e 
whethe r  verifie r  constraint s caus e mor e cyclin g o f  a  strateg y 

or  lea d t o us e o f  inappropriat e strategies . 

Adding a generator constraint. Analysis of the 
protoco l  dat a reve<iled  tha t  o n 5 0 % o f  th e problems , 
participant s i n th e conu-o l  conditio n generate d exjunpl e 
solution s tha t  satisfie d th e additiona l  generato r  constrain t  i n 
th e experimenta l  condition .  I n othe r  words ,  participants ' 
estimate s wer e unaffecte d b y th e generato r  constraint . 

Discussion 

Th e analyse s o f  verba l  protocol s suggest s tha t  th e accoun t  o f 
generate-and-tes t  presente d i n Figur e 1  i s incomplete . 
Generatin g a  secon d exampl e sometime s involve s reasonin g 
tha t  fall s  outsid e th e generate-and-tes t  o r  forma l  algebr a 
strategies .  I n addition ,  th e difficult y o f  th e verifie r 
constrain t  m a y b e du e t o it s encouragin g a n inappropriat e 
solutio n strateg y rathe r  tha n becaus e i t  cause s mor e 
processin g i n a  generate-and-tes t  strategy .  Finally ,  th e 
analysi s o f  participants '  estimate s suggest s tha t  differen t 
manipulation s o f  th e generato r  constraint s may ,  i n fact , 
affec t  difficulty .  Th e curren t  generato r  constraint s sugges t 
solutio n range s tha t  over i ^  wit h participants '  natura l 
propensities .  Problem s m a y b e mad e mor e difficul t  (o r 
easier )  b y addin g generato r  constraint s tha t  "push " 
participant s int o estimatio n range s tha t  hav e a  lesse r  (o r 
greater )  densit y o f  acceptabl e solutions . 

General Discussion 

Our  productio n syste m mode l  illuminate s th e cognitiv e 
processe s involve d i n solvin g bot h under-determine d an d 
well-determine d algebr a wor d problems .  Th e mode l 
simulate s th e processe s involve d i n performin g th e generate -
and-tes t  strateg y fo r  bot h well-determine d an d under -
determine d problems .  I t  als o simulate s th e symbolic 
manipulatio n o f  constraints ,  a n integra l  skil l  o f  th e forma l 
algebrai c strategy . 

I n additio n t o accountin g fo r  th e solutio n paths ,  th e mode l 
correctl y predicte d factor s tha t  affec t  th e difficult y o f  under -
determine d problems .  W e foun d tha t  providin g t o example s 
i s mor e difficul t  tha n on e an d tha t  addin g a  constrain t  tha t 
influence s th e propagatio n proces s o f  th e mode l  affect s 
difficulty .  Th e protocol s revealed  tha t  th e sourc e o f 
difficult y ca n b e attribute d t o elaborat e calculation s t o deriv e 
th e secon d exampl e an d no t  t o short-circuitin g o f  thi s 
process .  Althoug h thi s insightfu l  strategi c behavio r  o f 
short-circuitin g th e proces s doe s no t  wor k o n al l  problems . 
i t  ca n b e a n effectiv e strateg y o n othe r  problems .  Futur e 
research  shoul d investigat e h o w snident s decid e t o us e thi s 
strategy .  Base d o n tha t  research ,  w e ca n revis e an d exten d 
our  mode l  t o accoun t  fo r  thi s behavior . 
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Currently ,  ou r  mode l  als o doe s no t  accoun t  fo r  th e 
strateg y choic e betwee n generate-and-tes t  an d forma l  algebra . 
Recall ,  ou r  research  onl y use d undCT-determine d problems . 
Consequently ,  th e forma l  algebrai c strateg y coul d no t  b e 
implemente d t o solv e them .  T o forc e th e mode l  t o us e 
generate-and-test ,  th e probabilit y  o f  th e processe s involve d 
leadin g t o eventua l  succes s i s se t  highe r  fo r  production s 
involve d i n th e generate-and-tes t  strategy .  Fo r  example ,  th e 
model  wil l  star t  t o generat e an d tes t  i f  w e se t  th e probabilit y 
of  th e productio n tha t  estimate s a  potentia l  solutio n t o b e 
highe r  tha n th e probabilit y  o f  th e productio n tha t  select s a n 
equation .  Conversely ,  i f  w e reverse d th e probabilities ,  th e 
model  wil l  star t  th e forma l  algebrai c strateg y b y selectin g a n 
equation ,  instea d o f  estimatin g a  potentia l  solution .  Thus , 
i n ou r  simulation s o f  under-determine d problems ,  w e se t  th e 
probabilit y  o f  estimatin g a  solutio n highe r  tha n selectin g a n 
equatio n (se e Figur e 1) . 

Thi s probabilit y  dependen t  decisio n proces s i s analogou s 
t o a  lo w abilit y  studen t  alway s choosin g on e strateg y ove r 
th e othe r  strategie s irrespectiv e o f  th e proble m type .  Th e 
studen t  migh t  no t  b e mathematicall y sophisticate d an d 
consequentl y lack s th e skill s  (th e productio n rules )  t o 
perfor m th e alternativ e strategies .  O n th e othe r  hand ,  a  hig h 
abilit y  mat h studen t  wil l  posses s th e skill s  t o solv e a 
proble m successfuU y throug h numerou s means . 
Consequently ,  th e studen t  mus t  decid e whic h strateg y t o 
implement .  Thi s decisio n t o selec t  on e sd-ateg y ove r  th e 
other s migh t  b e dependen t  o n proble m features .  Fo r 
example ,  factor s suc h a s th e numbe r  o f  variables ,  equations , 
and typ e o f  equation s i n a  proble m ma y affec t  thi s decisio n 
process .  Futur e researc h comparin g under-determine d 
problem s t o thei r  well-determine d counterpart s shoul d 
provid e u s wit h a  bette r  imderstandin g o f  ho w th e choic e 
betwee n usin g generate-and-tes t  an d forma l  algebr a i s made . 

In additio n t o developin g th e strateg y selectio n 
component ,  w e pla n t o buil d ability-reference d model s an d 
devis e metric s o f  proble m difficulty .  Throug h th e inclusio n 
or  omissio n o f  certai n production s a s wel l  a s certai n bugg y 
productions ,  w e ca n produc e model s tha t  simulat e differen t 
mathematica l  abilit y  levels .  A s allude d t o earlier ,  a  lo w 
abilit y  studen t  ma y lac k th e skill s  t o matc h an d substitut e 
variables .  Analogously ,  a  lo w abilit y  mode l  ma y lac k th e 
necessar y productio n rule s t o perfor m thes e procedures . 
Anothe r  varian t  o f  a  lo w abilit y  mode l  ma y b e t o includ e 
buggy production s tha t  manipulat e th e proble m informatio n 
(declarativ e memor y elements )  incorrectl y o r  appl y the m a t 
inappropriat e times .  Hig h abilit y  mathematic s student s ma y 
posses s mor e mat h knowledg e an d skill s  tha n lo w abilit y 
students .  Thus ,  a  hig h abilit y  mode l  ma y includ e mor e 
productio n rule s t o reflec t  th e advance d knowledg e an d skill s 
of  a  hig h abilit y  student . 

The mode l  simulatio n outpu t  ca n provid e u s wit h metric s 
of  proble m difficulty .  I n th e simples t  case ,  th e numbe r  o f 
productio n cycle s (i.e. ,  th e numbe r  o f  time s th e production s 
fired)  ma y b e predictiv e o f  proble m difficulty .  Anothe r 
predicto r  ma y b e th e numbe r  an d kin d o f  production s tha t 
fired .  Thi s metri c no t  onl y reveal s th e skill s  tha t  ar e 
necessary ,  i t  als o disclose s th e skill s  tha t  student s 
predominantl y us e t o solv e th e problem .  Knowin g th e 

skill s  mor e likel y t o b e employe d fo r  a  certai n proble m ma y 
lea d u s t o bette r  predic t  th e difficult y  o f  th e problem . 
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