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“ Abstract

We review some aspects of induced gauge theories in two dimensions. We focus on V3 gravity,
paying particular attention to the treatment of the non-linearities inherent to W gravity. \We show -
that the induced action Ting[h,d] for chiral W5 gravity in the ¢ — oo limit is obtained from
the induced action of a gauged SI(3,R) Wess-Zumino-Witten model by imposing constraints on
some of the affine currents. Subsequently we investigate the effective action, which is obtained
by integrating the induced action over the gauge fields. We show perturbatively that certain
subleading terms which appear in the induced action for finite ¢ (and which are related to non-
local terms in the Ward identities) get cancelled by similar terms due to loop corrections, and we
propose an all-order result for the effective action. '
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1 Introduction

Gravity in two dimensions has the exceptional property that it allows for higher
spin extensions: the W gravity theories, [1, 2, 3] (reviews of this field can be found
in [4] and especially in [5]).

The basic structure behind these theories are W algebras [6], which are higher
spin extensions of the Virasoro algebra. These algebras are not Lie algebras in the
usual sense: the commutator of two generators cannot be expressed as a linear
combination of generators but contains also composites of the generators,

[Tca Tb] = fcbcTc + V;bchch + WabdeTchTe + .- (11)

The gauging of quadratically nonlinear algebras was investigated in (3, 7). A
priori, one would be tempted to treat the composites in the r.h.s. of eq. (1.1) as
new generators. This would lead to an infinite dimensional algebra as commuting
. composites with other generators yields new composites, etc. In [3, 7] we showed
this complication can be avoided, and that there is a natural way to incorporate
the composites in a gauge field theory. Many aspects of the ordinary Lie algebra
case carry over to the non-linear case.

In this review we will concentrate on the case of W; gravity, in which the algebra
eq. (1.1) has only linear and quadratic terms. A first step in the construction of
W, gravity was made by Hull [1], who constructed a classical theory of free scalar
fields coupled to W3 gravity in the chiral gauge. Subsequently, we extended these
results to a light-cone formulation [2], and in [3] we obtained a covariant theory of
classical 1V gravity coupled to n scalar fields. A similar program for classical wee
gravity was carried out in [8].

All of these developments were purely classical. In W gravities, the classi-
cal theory (meaning the gauge sector) is in some sense trivial as there are as
many gauge field components as local symmetries. In fact, it often occurs in two-
dimensional conformally invariant theories that a classical theory has as many
local gauge invariances as there are gauge field components. Classically, the gauge
sector is then pure gauge (up to moduli). However, at the quantum level, some
of the symmetries may become anomalous and thereby some gauge degrees of
freedom may become propagating.

A typical example for this is provided by a theory of free massless scalar fields
coupled to gravity. The gauge multiplet consists of four components: the zweibein.
The theory has also four gauge invariances: diffeomorphisms, local Lorentz and
Weyl invariance. Quantizing the theory, one sees that one of these symmetries
becomes anomalous. At this point two strategies are available: either one cancels



the anomaly through a suitable choice of background (which would be 26 scalar
fields in this example) so that the over-all coefficient of the integrated anomaly
vanishes (the so-called critical approach), or one tries to solve the quantum theory
in the presence of propagating gauge field degrees of freedom (the non-critical
approach). In the latter case, integrating out the matter fields will result in a
quantum action for the gauge fields: the induced action. The action obtained
from there by performing a path-integral over the (propagating) gauge fields is
called the effective action.

W3 gravity is another example of a theory with a non-trivial quantum induced
action. The structure of the anomalies in the chiral light-cone gauge has been
studied in [9)-[15] (some results in the covariant formulation were obtained in
[16]). Contrary to what happens for the gauged WZW model or pure gravity, one
finds that the induced action is not proportional to the central charge c. Rather,

it can be given by a 1/c expansion [10]:

Taalh, 8] = = TO[h, 3] (12)

i>0

This phenomenon is due to the non-linearities in the W; algebra.

The leading term in eq. (1.2), I'®[k, 8], is closely related to a gauged SI(3,R) -
Wess-Zumino-Witen model [14]. The remaining terms in eq. (1.2) do not seem
to have a clear group theoretical interpretation. Surprisingly, these subleading
terms seem to drop out in the effective theory [15]: it has been found that the
first subleading terms in eq. (1.2) are precisely cancelled by certain terms arising
from the quantization of the leading term. These remarkable perturbative results
led us to the conjecture that the complete effective action (which is the generating
functional of 1PI graphs) is, up to multiplicative renormalizations, given by the
leading induced action T'(®[h, b]. All-order results for the renormalization constants
have been proposed (15, 17].

As mentioned above, another approach to W gravity, which avoids studying the
gauge sector altogether, uses critical theories, i.e., theories which are such that, by
a specific choice of the background, all anomalies are made to cancel. By analogy
with ordinary gravity, one might expect that this would straightforwardly lead to
‘W strings’. However, the construction of W strings has turned out to be much
harder than the construction of ordinary bosonic strings. The reason for this is
not hard to see. The bosonic string requires a ¢ = 26 contribution to the central
charge from the matter sector for cancellation of the anomaly. The basic Virasoro
multiplet consists of one scalar field. Taking 26 copies of this theory and coupling
them to gravity indeed yields a viable string theory. In the case of Wj strings,
the cancellation of all anomalies requires a matter sector which provides an ezact
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realization of the W3 algebra with central charge ¢ = 100 [18, 19]. The basic W;
multiplet consists of two scalar fields (¢ = 2). A priori one would expect that
taking 50 copies of this theory would save the day. However, the resulting theory
is not anymore W3 invariant. Its symmetry algebra contains besides the spin 2 and
3 operators also operators of higher spin. One way to obtain W; matter sectors
with ¢ = 100 is through the introduction of background charges in the scalar field
theories [1]. This was further analyzed in [13, 20, 21, 22]. However, the presence of
background charges leads to shifts in the mass formulas for physical string states,
so that the existence of massless states in the string-spectrum is in danger (indeed,
see [22]). It remains a problem to find a non-trivial W3 background with ¢ = 100
which contains massless spin-2 and possibly higher spin states.

In the next sections we will study three types of induced gauge theories. We
will start by reviewing the gauged Wess-Zumino-Witten model, then proceed to
study induced gravity, and finally analyze induced and effective W3 gravity.

2 Gauged Wess-Zumino-Witten models

In this section we review some basic and well-known results on gauged WZW
models [23, 24, 25, 26]. The gauged WZW model is the prototype induced gauge
theory. Many of its characteristic features carry over to induced gravity and W
gravity. In fact, we will show that induced gravity and W gravity actions can be
obtained from the induced action of a gauged WZW model [14]. This last fact is
a manifestation of a deep relation between certain Legendre transforms of gauged
WZW models on non-compact groups and gravity theories in two dimensions [27].

We start with a set of free chiral fermions ¢ = ¥°T,, a = 1,---,d with action$

S[w] = -2—;—1 [z 1r{wdu) . (2.1)
The action is invariant under
6 = [n,9] (2.2)
provided
on=0. (2.3)

§We normalize such that if [Ts, T3] = far°T. then fo.%fsa® = —hgas, where h is the dual
Coxeter number. In a representation R we have tr(T,T}) = —zgqs, where z is the index of the
representation (z = h for the adjoint representation). For Sl(n,R) one has h = n and z = 1
for the vector (defining) representation. Finally, we always work in a two-dimensional Fuclidean
space. \Ve will use complex coordinates and denote them by z and Z (or z and Z) instead of z*+

and z~.



The Noether currents associated to this symmetry are given by
1 LR
J=v¥, Ja=gfatby (2.4)

and their current algebra is an affine Lie algebra, defined by the following OPE’s

LW = —2oale -7+ @ =0 L)+ (25)

In the free fermion example the level is k = 0 classically (i.e., only single contrac-
tions) and k = k quantum mechanically (i.e., also double contractions are made).
Introducing a chiral gauge field A allows one to relax the conditions eq. (2.3).
Indeed, if we couple the gauge fields in a minimal way:

S[, 4] = -2—;; [ &z tr{4Dlajw} = ‘5117: [ezir{vds+204},  (26)

then the action is invariant under arbitrary variations of the form eq. (2.2) provided
the gauge fields transform as

§A=0n+[nA]. (2.7)

We now consider the so-called induced action for the gauge fields A, to be de-
noted by I'[ 4], which is the generating functional for current correlation functions:

e~TlAl = (exp —%;/d’z tr {J(z)A(z)}). (2.8)

In terms of Feynman diagrams it reads

r[A]=-\.OV\, . P



Introducing the notation 64 = 87 and 6,4 = [n, A, one easily shows that for
n>3

n-1 external lines

-\

(2.10)

There is thus an anomaly which arises from the lowest order (two-point) diagram.
Explicitly computing the variation yields

k 2
oT[A] = —5— / &z tr {ndA). (2.11)
Defining
27 6T[A]
= ———t 9

uc(z) k 5A°(.1:)’ (—-12)

we deduce from eqs. (2.11) and (2.7) the following Ward identity
Ou — [A,u] = OA. (2.13)

This Ward identity is to be viewed as a functional differential equation for T'[A4].
It has the following formal solution
1 "0
=A,- - 2
([aA’ ]) aA} : (2.14)

k 1
F[A]=27r—1/dzztr{A'§n+2

In [24, 25] an elegant alternative formulation was developed for I'[4]. One
observes that eq. (2.13) states that the curvature for the Yang-Mills fields {4, u}
vanishes. This condition is solved by parametrizing A as A = dgg~! and u as
u = 0gg~'. In this parametrization, eq. (2.7) becomes §g = ng and eq. (2.11)
becomes the equation of motion for I'[A(g)],

k ~
6T = —— [ Patr {0(89g™) 6997} , (2.15)
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which is recognized as the equation of motion for the Wess-Zumino-Witten action

Tlg) = _;% [ &2 tr {95785} - ﬁk;; [ &2 et {5057 96979297},

(2.16)
with 3z = dz3dz*dz~ and €~ = —1. Note that the level of the WZW model is
given by —k.

It is also easy to find the covariant induced action. Indeed,
k —
T[4, 4] = T(4] + I{A] - 5— [ &ztr{a(z)A()} (2.17)
is invariant under eq. (2.7) and
6A = 0n+[n,4]. (2.18)

Before proceeding we introduce two reference functionals: S[A] and S[t]. The
first one is such that S[4 = dgg~!] is the WZW action with k = 1. The second
one is such that S[t = dgg~?] is also a k = 1 WZW action, this time with the sign
of the Wess-Zumino term reversed. We have the following relation

SIA()] +5(t) = -ﬁ [z riaw) (2.19)
where A(t) is determined by t, = 2752 S[A]. Similarly,
S[A] + T[t(A)] = -2—715 [z triana)) (2.20)

with ¢(A4) determined through A® = 27r%§[t].
From the free fermion theory we obtain an induced action given by

~ 5Indet D[4] = ~hS[4].. (2.21)

Taking an arbitrary matter sector (with current algebra of level £ as in eq. (2.5))
leads to an induced action given by

I[A] = -k S[A4] . (2.22)

To quantize also the gauge fields, we now consider the following functional
integral

o
o
5]

o

k
Wl = fame Y ez | 2004 Jlaae=TAd
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Wt] is the generating functional of connected diagrams with propagating A fields.
A simple Legendre transform of this functional yields the generating functional for

1PI diagrams.
We will approach the computation of the path-integral eq. (2.23) in three dif-

ferent ways: using the saddle point technique, using the fact that the underlying
theory is a WZW model and finally by using the KPZ method.

The saddle point method starts by expanding I'[A, t] around the classical con-
figuration of A, denoted by Aq, which is formally given by

Aa=(0-t,])" bt (2.24)

-1/2
) } . (2.25)
A=Aq

It is clear that the first term Wy[t] is given in terms of the reference functional

Including first order quantum corrections we have

Wl o Wl {det (5’1‘“’ J

6As6A®

Walt] = k S[t). (2.26)

Using the Ward identity eq. (2.13), one shows that

§’TA.1] _ _detDlt] _ op3[t] - 2k S[A. t. -

det ( S A05 Ab s ) = detﬁ[Ad(t)] =e [t] [Aa(2)] . (2.27)

Using egs. (2.19) and (2.25-2.27) we find
W[t]:(k+271+---)§[(1-%+---)t]. (2.28)

For compact groups the level has to be an integer, in that case the first order
correction for the level gives the full result. The effective action, which is the

generating functional for 1PI diagrams,
I'ipi[A) = mingy | W[t) + L /d’:c tr(tA) (2.29
! {1} 27z ’ 2.29)
1s now simply given by
: b
Tipi[A]l = =(k + 2R)S [(1 -z +-- ) AJ . (2.30)

8



Comparing with the induced action eq. (2.22), we see that only multiplicative

renormalizations have occurred.
Another method relies on the fact that we know that I'[A] is a WZW model and

that we know how to quantize a WZW model. Performing the change of variables
from A to g yields a Jacobian, which precisely shifts the level from —k to —k — 2h.
From [28] we know that at the quantum level the effective current A = Ogg~* gets
renormalized to A = L‘E"-égg". This suggests an exact result for I'1p;[A4] :

. k
Tipr[A] = —(k + 2R)S [mA] , (2.31)

in agreement with eq. (2.30).
Finally, the last method is the KPZ method [29]. There one starts with the

fully covariant action, eq. (2.17). One first fixes the gauge by putting 4 = A
where A4 is some background configuration. Introducing ghosts and anti-ghosts,
the gauge fixed action becomes

= = 1 - =
M(AA5,d = T4 A + 5 [dztr (bac + 2Jg,,°,,A) . (2.32)

In order that the theory does not depend on the gauge choice one has that

§T[A, 4, b,

<—[-—5——cl> = 0. (2.33)
A

In particular, the two point function of the currents has to vanish. So the level of

the total current which consists of the sum of Jmatter, Jghos: and A has to vanish.

The first has level k, the second has a level 2k which implies that A has level
—k — 2h. This reasoning thus confirms the overall factor in the result eq. (2.31).

3 Induced gravity

Consider a free scalar field ¢, coupled to gravity in the chiral gauge (i.e., the
only non-trivial component of the metric is h__). Its action is given by

S[¢, k] = 2% / d’z (a¢5¢ + 2hT) , (3.1)

where

T= —%6466& (3.2)

9



Classically, this action still has a local invariance
b = €l
6h = Qe+ eOh — Oeh. (3.3)

We expect this invariance to be broken at quantum level. The induced action I'[A]
is defined by

e=TIh] = fexp -1 [ &2 T@he)), (3.4)
T
where the energy-momentum tensor satisfies the OPE

T(2)T(y) = 5(z =)™ + 2z - y)°T(y) + (z - y) T (y) + - (3.5)

Nlo

In the case of the scalar field one has ¢ = 1. We will now consider the induced
action eq. (3.4) for a general conformal matter system of central charge c¢. In
exactly the same way as in the previous section, one shows that there is an ¢
anomaly, which arises solely from the two-point diagram. It has the form

§T[h) = -1—2% / &z ed°h. (3.6)

Defining the effective current

_ 12z 6T'[h) .
u(z) = . Bh(z) (3.7)

we obtain the Ward identity
(8 —20h — hO)u = 3k (3.8)

which is to be viewed as a functional differential equation for I'[h]. Though the
answer for I'[h] is well-known (30}, we will here derive it again to show a technique
which will useful for us later in the case of W; [14].

Consider a gauged SI(2,R) WZW model with level & in the chiral gauge. We
choose the basis for the Lie algebra as

To=[(1) _?] T+=[8 (1)] T_=[(1) g] (3.9)

10



We now reduce this model by imposing constraints on the currents u

u=[$ ;“] (3.10)

Using (3.10) and (2.13) we can eliminate A* and A° as independent variables,
giving

30A- —(30%°A" —u*A")
A= , (3.11)
A- ~104-
and the Ward identities reduce to a single non-trivial equation
(0—-20A" — A" 9)u* = —-;—33A’ . (3.12)

Comparing this with eq. (3.8), we see that they are the same if we identify
h = A”
u = =2ut, (3.13)

This observation implies that one can obtain I'[k] from I'[A] by a Legendre trans-
formation. Indeed, u* is defined by

§T[A]
SA-

+

u =-’,£ at A= A°A-), A*=A*(A7). (3.14) -

On the other hand, the object u(z) in pure gravity is obtained by varying an
effective action I'[h]. Reversing the order in which we differentiate w.r.t. A~ and
impose constraints, we find from the chain rule

)

+=1_2_
kéA-

u =

{I‘[A‘ At(A7), A% (AT )]--/d’zu } (3.15)

From (3.13) and (3.7) we have

1 6 6Tk |
tm sy = 27O NR
v 2" c §h (3.16)
Combining egs. (3.15) and (3.16) yields
k
T[r) = —G_Ck {I"[A',A*(A'),A"(A')] - :/d’:c u+A'}. (3.17)

11



We can thus conclude that the induced action for gravity in the light-cone gauge
is given by a Legendre transform of a constrained WZW model of level ¢/6. The
relation k = ¢/6 is the leading or classical term in the so-called KPZ-formula,
which relates the central charge ¢ of the gravity sector to the SI(2,R) level k
[29, 31, 32].

In [27] we develop a framework in which the constraints eq. (3.10) arise nat-
urally as gauge choices combined with going to a second order formalism (i.e.,
eliminating auxiliary fields).

A local expression for I'[k] is obtained by using a Gaussian parametrization for

SI(2,R)
SO NG e

Solving the constraints in (3.10) yields

Y
6 = —357
1
2 o= 37 (3.19)
and
u = (07 (807 - 30°10%)
po= (3.20)

of’
where we used eq. (3.13) and the fact that A = dgg~? and u = dgg~!
Substituting the Gaussian decomposition into the action in (3.17) one obtains

Mh = — /d3zc°ﬁ"[ 68,6 05f 0,1

= s /d’ 62(ln6f) (3.21)

which 1s indeed the action for induced g'rawty in the light-cone gauge.

The transformation rules which give rise to the anomaly can be read off from the
Ward identity. However they can also be immediately obtained from the present
construction. From éu = 97 + [n,u] and the constraints, one gets

700~ =(30*n™ —uty")
" -30n~

12



Eq. (2.7) implies then
5h = Oc + edh — Beh (3.23)

(as in eq. (3.3)), where € = 7. The stress tensor transforms according to
6u = 0 + edu + 20¢u. (3.24)

Comparing this analysis to the work in [32], we see that the difference lies in
the constraint imposed on u. While in the present work we impose the constraints
u~ = constant and u® = 0, in [32], one imposed u~ = constant and ¢ = 0.
It is interesting to note that while our constraints identify f with the coordinate
transformation y(z, Z), the choice of [32] (see also [33]) resulted in the identification
of f with the inverse transformation F defined through

F(y(z,%),z) = z. (3.25)

In the work of [32], the induced action for gravity in terms of the F variable arose
completely from the kinetic term of the Wess-Zumino-Witten action, while here it
arises from the Wess-Zumino term.

The last step to be performed is the analysis of the effective theory. This was
done in [30, 29, 31] for a fixed (trivial) topology. Again there are various ways to
obtain the effective action. The first one is the saddle-point method. One finds
that at the saddle point the Ward identity eq. (3.8) implies that when 8%k = 0,
the three modes of h satisfy an SI(2,R) affine current algebra. This is hardly
surprising if one looks back at eq. (3.11). At the saddle point the central charge
c is related to the level k of the current algebra as k = ¢/6. Again a fact which
followed from the previous analysis. Through the computation of the Gaussian
correction to the saddle point, one finds that, through order 1/¢c, the 1PI (effective)
action is related to the induced action by multiplicative renormalizations. On the
basis of the KPZ analysis [29], the following all-order result has been proposed [31]

| ko [k +2
r,p,[h]=3r,,[ : h] , (3.26)

where I [A] is related to the induced action eq. (3.21) through
I[h] = l—grL[h]. (3.27)

The renormalized level k. is given by

k, = _-113 (25—c+ V= 1)(c—‘25)) —2. (3.28)

13




4 Induced and effective Wj gravity

The action

is invariant under

provided

S[¢] = 2%/6&5&, i=1-em, (a.1)
§¢' = €4’

§¢' = Md7*a40¢* (4.2)

de=01=0. (4.3)

Note that we introduced d symbols d"’*, which are totally symmetric. The com-
mutator algebra of these transformations closes if

It is given by

d*i gmk _ siighm (4.4)

[6(e1),8(€2)] ¢’ = 6(es = 2061 — €218€2)¢'
[6(€1), 5(/\2)] ¢i = 5(/\3 = 2/\2661 - 616/\2)(}5‘
[6(X1),6(02)]¢" = 6(es = =2(\10rs — A200,)0470¢7)¢" . (4.5)

The € and A symmetries are the rigid W5 symmetries of the scalar field theory.
The currents associated with these symmetries are given by

1, o
T = —§6¢6¢

W = -éfi*a¢‘a¢fa¢* . (4.6)

The classical current algebra (Poisson brackets, which means that only single con-
tractions are made) is given by

T(z)T(y)
T(z)W(y)

W(z)W(y)

Az —y) *T(y)+(z—y)'8T(y) + -
3z —y)*W(y)+ (z—y)'OW(y) +---

(z-y)(TT)(y) + %(w -y)ToTT)(W)+-- (47

14



The presence of composite operators in the current algebra is a direct reflection of
the fact that the algebra of the transformations in eq. (4.5) has field dependent

structure coefficients.
At the quantum level, the current algebra is more involved. It can be shown

that the currents T and W in eq. (4.6) precisely generate the quantum W3 algebra:
' [ - - -
T(@)T@) = 5=y +2z-y)7T@)+(c-y)70T@) +--
3z—y) W)+ (z—y) ' OW(y) + -
(2= 9)™° +2( = 1) T(¥) + (= =) 0T ()

T(z)W(y)
W(z)W(y)

+z =) [26A0) + 10T W)

+z -y [p0Aw) + L TW)] + -+, (45
where
A(z) = (TT)(z) - 1—30621*(1) (4.9)
and
B = E% (4.10)

provided n = 2 (¢ = 2) and the d symbols are traceless. If n # 2, the WiV OPE
will contain an additional dimension 4 operator. Taking the OPE of this field with
the W current yields again new currents, etc. It is possible [34] to modify the
currents T and W with terms containing higher derivatives of the ¢', so that the
W3 current algebra eq. (4.8) is satisfied with adjustable value of the central charge
c.

In this paper, we will concentrate on pure W3 matter systems, which by def-
inition lead to currents T'(z) and W(z) that satisfy the quantum W; algebra eq.
(4.8) for some value of the central charge c. Further details of the microscopic
structure of those matter systems will not be relevant for the coupling to W5 grav-
ity. Though we will not make any restrictions on the value of the central charge,
for concreteness one might wish to keep the ¢ = 2 example given above in mind.
Note that in [10] several results were obtained for the scalar field model with an
arbitrary number n of scalar fields and no background charge couplings.

In the same spirit as the two preceding sections, we want to make the symme-
tries eq. (4.2) local. To do this we introduce the W; gauge fields h__ and b___.
For the 2-scalar field theory, where we define B = b/(2:), minimal coupling yields
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the action
1 o . .92 o .
§=o [ &2 (963¢ - hog'os - 3Bog0 04+ a), (4.11)

which is gauge invariant if the gauge fields transform as
6h = Oe+ eBh — Och + (\OB — BO)) 84'0¢°
§B = 0)+2)0h — 8\h+ OB —20¢B . (4.12)

Let us now discuss the quantization of this theory. The induced action is
defined as

eTimilh bl = (exp—— [ h(e)T() 4+ BaW()) . (413)

where T and W satisfy the OPE’s in eq. (4.8). In the scalar field realization with
¢ = 2, where we have b = 2:B and the currents are as in eq. (4.6), the induced
action has a diagrammatic expansion given by

I'[hb)= N—\O\N + +

+ ss e

0
+ +
000

+ oo e

(4.14)
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where the lines are

h b ¢
(4.15)

Note that diagrams with arbitrarily many loops appear. The ¢ anomaly arises
in the same way as in the preceeding section: it comes from the 1-loop 2-point

function. Indeed, under the variations

§h = Oe¢+ eBh — Deh

§b = edb—20eh, (4.16)
one has
§Tinalhy 8] = --c—/d2zea3h (4.17)
¢4 1n b 127r . .

The structure of the A-anomalies turns out to be much more delicate. Requiring
that all S-independent terms proportional to a single u or v in the A variation of
T[h, b] cancel, yields the first order A transformations

$h = 35 (200°b—3030% +38°A0b — 25°\)

§b = X +2\0h — BAh, (4.18)

and with these rules one has that

c

360

6xTina[h, 8] = — / d*z A8°b — g / d*z A\(28b + bO)A.q . (4.19)

Here |
Aeﬂ’(l') = (A(.‘L‘) exp _;];. /vd2y [h(y)T(y) + b(y)W(y)])/e-I‘[h.b]

. 62 . bu ::3
= —u(z)u(z)- -;—; llll_rr’l: {ng—; - %5(3 -v)

144
—2%% 52 — y)ulz) = L 8(z — v)9u( o 4.20
5oz 50— v)ou(a) | - SPu(z),  (420)
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where
_ 127 8Tina[h, b)

u(z) = c h(2) (4.21)

The first term in the r.h.s. of eq. (4.19) is precisely the anomaly one would expect
from a spin-3 symmetry. However, there is a second term which is the result of the
non-linearities in the W5 algebra. As is clear from eq. (4.20), the regularization
gives rise to subtle effects, which are subleading in 1/c.

In the limit ¢ — 00 one can neglect the regularization effects. Indeed one has
then that c2A.g = ;u? and eq. (4.19) becomes éTinalk, 8] = —55&= [ &z M35 —
£ [ d?z A\(20b+b0)uu. In this limit we could reduce the A anomaly to the minimal

457

one by adding an extra term to the A transformation rule in eq. (4.18):
4
éh = -1—5(/\313 — bo)u. (4.22)
However, it turns out to bé more natural to make a different choice for fexah:
8
bextrah = -1-5(/\36 — boA)u. (4.23)

For this choice we have that u and v transform according to the operator product
expansion in the limit ¢ — oo (using that fu(z) ~ §dy(eT + AW)(y)u(z) and
similar for év) :

1 1
Su = B¢+ edu+20eu+ -1—5A6v + E@z\v

bv = €Ov+ 30w+ 8°) + (2)08° +90)8% + 156°A3 + 108°\)u
+8(20X + AQ)uu (4.24)

~

where
_ 3607 JI‘md[h,b]
o) = =g

(4.25)

The algebra on the gauge fields and the effective currents is closed
[6(€1),6(€2)] = O(ea = €206 — €10¢;)
[5(61), 5(/\2)] = 6()\3 = 2/\2361 - 616/\2)

[B(M).60)) = 8les = 55(20"ds ~ 38018 + 30X, 5% — 20,6%)
8

18



As we will see later on, it is precisely the choice eq. (4.23) for éexirah Which will
emerge from a constrained SI(3,R) theory. With this choice, the A anomaly is not

the minimal one:

8xLinalh, 8] = / @2 )0% + = / &%z \(20b + bd)uu . (4.27)

3607

A useful check on this result is the analysis of the Wess-Zumino conditions for
consistent anomalies, which are indeed satisfied (compare with our analysis in

[10]). _
Using the chain rule for éI'ina and egs. (4.16), (4.17), (4.18), (4.23) and (4.27)

we find the final form of the Ward identities in the limit ¢ — Foo:

Ou = Dih+ [Eva-i- (6v)]

Ov = [3vd+(0v)]h+ D;b, (4.28)
where D, and D, are the 3rd and 5th order Gelfand-Dickey operators given by

D, = F+2ud+4,
D, = & +10ud®+15u"8%+9u"0+2u" +16u? 9+ 16ur’, (4.29)

and the primes denote 0.

This is the situation for ¢ — Zoo. Solving eqgs. (4.28) for T'[h,d] yvields the
induced action in this limit, which we will denote by I' [k, 8]. Later in this section
we will explicitely compute this action, using a constrained SI(3,R) WZV model.
Before coming to this, let us first comment on the finite ¢ corrections to the Ward
identities. The induced action of W; gravity can be expanded in even powers of the
field b. The full result for the b-independent terms in Tina[k, 8] (1-loop diagrams)
is given by

% (h, 8] = / &z o%h L1

37 haah (4.30)

The exact result for the terms quadratic in b (2-loop diagrams) reads

T2k, 8] =

—— [or vy, (4.31)

where V = 0 — k0 and the scalar field Y is given by

0 a 1
v = o (G| fpens (Gt e
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The leading ‘3-loop diagrams’ (i.e., the terms with four b fields and no external A
fields) is given by
c 1 2fcl

M1y = = ——— il
Ti[h = 0,8 = g 1]+ 222~ (1], (4.33)
where [I] and [II] are given by
o 8? 5,0 1\1 a° a°
1 = [d= (26-56-3ab—5-b+ 39 bgb—2a36-5b) 3 (2b-5-b+36b—5- ) ,
8. .1\1 ., '
un = [ (bgb—ab-éb) 505 (4.34)
where
a® a7 a° 8°
Q% = bob+60bb+145% b+ 145% . (4.35)

Since the quantity Bc is of order 1 for large c, one sees here explicitely the onset of
a 1/c expansion for the induced action as in eq. (1.2). As such, the Ward identities
will be modified for finite c. Indeed, from eq. (4.33) we see that structure [I] gives
the three-loop contribution to eq. (4.28) while structure [/]] is subleading in the
1/c expansions and modifies the large ¢ Ward identities for the induced action:

Bu = D1h+%[3v6+2(3v)]b,

Ov = [Bvd+(0v)]h+ Db

1

We will now explicitely compute I'inq[h,b] in the limit ¢ — oo, denoted by
To[h,b]. We follow essentially the same method as in the previous section, but
this time we start from an S{(3,R) model. Qur analysis closely follows that in
[14]; note that some partial results were also obtained in [35, 36, 37].

We choose the following basis for Si(3,R):

Ti=en—en, In=exn—ey
Th = €2, Tyg = e23, Tia=es
T.1 =eéen, T_z = e3z, T_3 = €31, (4.37)

where e;; are 3 x 3 matrices. (e;j)u = 6ixji. We impose the following constraints

0 ut! y+3
v=]1 0 0 |]. (4.38)
0 1 0
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Six of the eight components of the Ward identities Gu — [A,u] = A can be used
to express the fields A!, A%, A*?, At! and A*3 in terms of A~!, A~3 and their con-

jugates ut!, u*?
A = -84+ A7

Al

—%(B’A's — 30471 — ut1 43

A2 = _%(a?A—3 - gaA-l - u+1A—3)

ANl = %(33/1-3 -30°A71 - 3(ut' A7) + ut AT + Ut

AY? = §(G3A'3 - -g-azA" — O(ut A7) 4 ut343

AP = -g;(@‘A‘3 - gaPA'{ -~ Pt A)) +0(utPAT) 4 ut3A,
(4.39)
The remaining two identities are non-trivial and read
—28°47" = (§-20A7 - A7'9)ut! - (24730 + 3943t
%a‘vﬁ = %(2/4‘363 +99A739% + 150430 + 109° A3 )u !
-—%6(u“u“)A‘3 _ %u”u“@A‘s
+(6 - A0 -394t (4.40)
where
Al=4"1- %&4‘3, atd = y¥3_ %au“. (4.41)

Comparing eq. (4.40) with the W3 Ward identities for ¢ = oo in eq. (4.28), one
finds that they are identical if one identifies

u=-gut, v=-15ya*
h=A"1, b=y"1A"3 (4.42)
and puts 9% = -2/5.

The action I'[h,b] for induced W3 gravity can now be obtained from the
S1(3, R) action in exactly the same way as we obtained the action I'[2] for induced
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pure gravity from SI(2,R). We find

Tk, b] = —rwzw[A-l, A-3] + ;/sz (u""A'l + 2u+3A'3), (4.43)
where we should put
c
k= TR (4.44)

The latter identification agrees with the leading term of a W3 KPZ formula (32, 9].
We see that the induced action for W3 gravity takes the form of the Legendre

transform of a constrained WZW model.
In order to obtain an explicit form for the action we introduce a Gaussian

parametrization for SI(3,R):

1 ¢ s\ (A 0 0 1 00
=10 1 ¢ 0 X! o f 1 0{. (4.45)
0 0 1 0 0 M fi fil
From u = dgg~!, we can solve the constraints eq. (4.38),
_afs
fr = a7
_ 1 -152 0f3\y-152,0f3
b = —3OR)E S - OGRS
b = _18%£30f - 0f:8*f
' T 30%f:0fi - 0f:0%H
$s = 81+ ¢7°
_ 8f3\\- -
A13 = ( (af ) 2(af1) !
3 = agRen. (4.46)

From A = 8gg~! and eq. (4.42) we obtain

(a/,) 133f33f1 - afSaaflb_ 166
8(%)  38f:0fi-0fs0'fy 2

_1 (8f:8f, — 8£10f3)
(02f30f, — 62f,8f3)" (4.47)
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The effective currents u and v are
i) (3 (- (3) &)
il () (3 %)e(3)
)R (2+2)(%) (2] o

A different parametrization, which stays closer to the Polyakov parametriza-
tion, is given by

e
|

hH=f
fs = -;-f2+g. (4.49)

In linearized form, this parametrization was already found in [10]. In these vari-
ables one has that

ho= (1+§9)7 (2; af é’)
_%a (In [(@F)°(1 + #%9)]) b - %ab

1 (6-%0)g
YN (1 +#9)’

where

§=(8f)"a. (4.51)

Pure gravity now simply corresponds to putting g = 0.

We can now substitute the Gaussian decomposition into the action in (4.43).
There is now no cancellation between the kinetic term of the WZW model and the
uA correction term and one finds the following surpnsmgly simple expression for
the induced action

oo[h(.fl’fS b(flaf3 ] =
8(%8) (oM  3fi [0\ 8
-2 {5 (B) + 3o (24 5)
+ 0f30f1 — 0f10fs [a/\za (3/\1) _ 3)\13 (3/\2)
0*f30f1 — 0*f10fs A A A
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oM\ [0A2) (O | B);
- . 4.52
('\1)('\2)('\1+'\2 (4:32)
By using the expressions in eq. (4.46), this can be further reduced to an expression

in terms of f; and f3 only. An expression of I in terms of & and b seems hard to
obtain, as it is not clear to us how the relations (4.47) or (4.50) can be inverted
explicitly.

From éu = 81 + [n,u], we can express 5',7% 9%% 9% and 9*3 in terms of
771,773, u*? and u*3. The result can, of course, immediately be read off from
the fact that du — [4,u) = 0A and §u — [n,u] = O7 have a similar structure. For
the transformation rules of the effective currents u and v we find

Su = O% + eBu+ 20eu + L a0 + l-6/\v,
15 10
v = €Bv+30ev+ 0°) + (208 + 99207 + 158%20 + 100°\)u
+8(20A + A0)uu, (4.53)
where
1
_ -1 _14 -3
€ = 7 2317
A= 471p73 : (4.54)

which agrees with egs. (4.24). Combining this with 64 = 37 + [n, A] and egs.
(4.42) we obtain

6h = Oec+ eOh — Beh + % (2)\63 ~ 30)0% + 39%)0 - 263,\) b

8
+15 (185 — bOA)u
6b = €db— 20eb+ A+ 2)0h — OAh, (4.55)

in agreement with (4.18) and (4.23). Combining the solution of the constraints
with the fact that (6gg™1) = 5 yields

5fi = e0fi + 700 ~ 10301 ~ ZNof0 [(6°1201: - 6 £101)

5 = cOfs+1\0*fs =~ 2030fs — 20£s01n (6745011 — 6 110£2)] - (4.56)

After the change of variables eq. (4.49), we find

Pg
1+ g

§f = edf — 1A — -;:76,\6f— -§-7A
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1
b9 = €dg+AMOf)* +720%g - 570209

2
_§7A6g (3‘?9 ff + lia;ig) . (4.57)
We will now study the quantization of the W3 gauge fields which leads to the
effective action. At first sight, the presence of subleading terms in the induced
action seems to cause problems. However, we found evidence, which we will show
in a moment, that the subleading terms in the induced action donot appear in the
effective action, since they are cancelled by further terms that arise from quantum
loops of the gauge fields A and b. We will argue that the effective 1PI action will
be equal, up to multiplicative renormalizations, to the leading term in the 1/c
expansion of the induced action.
~ Before we proceed, we first introduce a (c-independent) reference functional
T'.[h,b], which is such that the leading terms induced action can be written as

Tinalh, b] = -I-%I‘L[h,b] 4o, (4.58)

where the dots indicate terms of order 1, 1/c, etc . The first few terms in I'i[4, ]
are

Ti[h, b = ——/d’ r e h+—/d2 b—b+ (4.59)
We have that I'; [k, b] satisfies the Ward identities eq. (4.28) with -

] 6
u==a EI‘L, =30 né—brL (460)

A related functional WL[ﬁ, v] is obtained from I't [k, ] by a Legendre transforma-
tion

Wyilu,v] = TL{A(u,v), b(u,v)] — %/dzz (hu + glabv), (4.61)

where k(u,v) and b(u,v), which we denote by hz(u,v) and bz(u,v) for later refer-
ence, are determined through the relations in (4.60) and we have that

6
hp(u,v) = -”J—WL . br(u,v) =-30 WiWL . (4.62)
u bv

The induced action can now be written in terms of these reference functionals

Tina[h, 8] = l—f,rL[h, B
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32 1 4121 16
torm g U1+ OBh, 8, )

+0(Z) ’ (4'63)

where the consecutive lines are the terms of order c, 1 and O(1/c), respectively.
The generating functional W|t, w] of connected Green’s functions is defined by

112
Tinalh, 8] + 2 / &z (ht + bw)

Wit v] - / [dR)[db]e (4.64)

The Legendre transform of W|t,w] yields the 1PI or effective action. In terms of
diagrams, the complete perturbative evaluation of W{t, w] involves two indepen-
dent loop expansions, one with matter loops due to the path integral over ¢ and
the second with gauge field loops due to the integral over k and b. The net result
can be analyzed as follows in terms of a 1/¢ expansion for large ¢ (which is the
weak coupling regime).

In the same spirit as in section 2, we approximate the path integral (4.64) by
the saddle-point contribution. This leads to the leading term in W{t,w], which is
simply the Legendre transform of the induced action. This tree result should then
be corrected by further terms coming from diagrams with A and b loops. We now
observe that the kinetic terms for A and b in the induced action are proportional to
¢, such that 1/c plays the role of Planck’s constant in the path integral (4.64), while
the interaction terms in the induced action are of order ¢ or subleading by extra
powers of 1/c (see (4.30), (4.31), (4.33) and (4.63)). From this it follows that the
the loop-corrections to the saddle-point result are suppressed by a strictly positive
power of 1/c as compared to the leading terms in the saddle-point result.

The 1/c expansion of the induced action T'ing[k,b] in (4.63) leads to a 1/c
expansion of the saddle-point contribution to W|t,w] when the latter is viewed as
a function of t/c and w/c, i.e.,

Wit,w] = /d’ (t a(t)_ﬁoc/dz ©) 3 =
[ 62(3?:0‘")]'*'“- | (4.65)

Through the orders ¢ and ¢°, this saddle-point contribution can be written as

Tualh, 8] - % [z (bt +bw), (4.66)
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with h(t,w) = hy(3¢,3Cw) and b(t,w) = br(22t,2w), see (4.62). Using the
relation (4.61), one finds that the leading term £T'1[k, 8] in Ting[k, b] leads to the
term 5Wi[2¢, 2w] in W[t,w].

We shall now concentrate on the leading ? terms in the full expression for
W{t,w]. These come from two sources: (i) the explicit terms in the second line
of the induced action (4.63), evaluated at the saddle point, and (ii) the 1-loop
corrections in the second path-integral (4.64). The latter can be computed by
standard determinant techniques, as was demonstrated by Polyakov (unpublished,
see [31]) for the case of pure gravity. The relevant determinant is the determinant
of the matrix of second derivatives of the induced action Ting[h, b] with respect to
h and b, evaluated at the saddle-point. In here we may again replace A and b by
their leading parts hz(12t,22w) and by (22¢,38w) (we will assume that this has
been done in what follows). One finds the following contribution to W(t, w)

& &
W[t,w;l—loop]=-;-lndet :" j" (4.67)
A

Since we are only interested in the terms independent of ¢, we can in this 1-
£

loop calculation replace the full induced action by the leading term £T[h,b).
This means that we can use the Ward identities (4.28) to calculate the functional
derivatives of u and v w.r.t. h and b. It turns out that the determinant factorizes

and one obtains
Wit,w;1 — loop] =
V, —L1(8b) - L1bd D i L
. Indet 2 ~16(%0) -5 + 1 Indet ' 1690+ 35(0) ,
2 L v;; 2 3vd + (av) D2
(4.68)
where V; = § — h8 — j(Oh) and the operator L is given by

L=-(108°+15000+98b8* +2b8° + 32udb+ 16 b0u + 16 bud).  (4.69)

Our task is now to evaluate these two fundamental determinants. The basic
covariant differential operators V; and D;, which can be defined for all integers j,
can be expressed in terms of the reference functionals I'f "' [h] and WF™"[u] defined
by the relations

= 5 ren = 6 e
u-7r6hI"L , h——tEWL )
Ou=D;h, (4.70)
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according to

-2 - -
lndeth - w:{‘iﬂv[h],
Indet D; = -’(2’“2;(2”2) WE™[u). (4.71)

One would therefore expect that, at least to leading order, similar formulas can
be established for our determinants of 2 x 2 operators, this time in terms of the
W3 reference functionals I'z[k,b] and Wi[u,v). In order to actually compute the
determinants, we shall use a representation in terms of auxiliary b-¢ systems and
make use, once more, of current algebra.

If we define two b-c systems by the following actions,

Sz, a2 h,8 = —/(bl b2) ( (623 = ) ( . ) ’
C2

| 1 Dy Fvd+E0Gv) ) [ G
§[Bi2: Crau,v] = ;/ (B B’)(3va+(av) D, C: )’

(4.72)

then the determinants in (4.68) are just the partition functions of these auxil-
iary field theories. Using operator techniques, one can explicitely evaluate these
partition functions [15]. The results read

V, -1(8b) - L
Indet ( 2 ‘°(a_z 18 9 ) =
L 3

v
272 64 1
—r,,[h b+ 2= = [ w(h, b + =[]+ (4.73)
D, ivd+i(dv)
In det 10 15 =-12W, e (4
nae (3v3+(6v) D, Lol (4.74)

These expressions are exact through the orders A™, b?, b?h and b*.

We are now ready to combine the above results into an expression for the
effective action, which is exact through the orders A®, 42, b2k and b* in the leading -
1/c correction to the saddle-point result. To our great satisfaction, we find that
the explicit non-local structure [II] precisely cancels between the induced action
and the determinant corrections. The remaining terms are

12, 360 12, 360
Wityw) = Wit =] — 6Wy[~ot, )] - r,,[h b — L 272 22 [ wb+
(4.75)
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Once more using the saddle-point equations, we can rewrite this as

22 12 50 360 386
W[t,w]:fi(l—l;—'l'...) W -‘—:-(1+?+...)t,—c—(1+?c-+...)w].

(4.76)

We thus find that the computed result for W{t, w] can be summarized by the
simple formula (4.76). We now propose that the exact, all-order result for the
functional W{t, w] can be gotten by simply completing the 1/c expansions indicated
by the dots in (4.76). This leads to the formula

Wit,w] = 2k Wy [29, 2], (4.77)
where k., Z(®) and Z{*) are functions of ¢ that allow the 1/c expansions
c 122
k. = % (1—T+...)
z0 = 2 (1+3q+...)

c c
360 386 .

ZW = —(1+—+...). (4.78)

c Sc ’

Obviously, the way we arrived at this proposal is rather cumbersome and one would
expect that more streamlined derivations should be possible. We are convinced
that the non-trivial cancellations that occured in our computations are a true sign
of the integrability of this quantum field theory.

We remark that the result for k. is consistent with the formula

1
b= (50—c+ \/(c—2)(c—98)) _3, (4.79)
which is the conjectured outcome of a KPZ type analysis of constraints in a2 more
covariant formulation of W3 gravity [32, 9. A proof of this formula will have
to wait for a more rigorous formulation of the covariant theory. Recently, the
following all-order results for the Z factors have been conjectured [17):

1 V30
(1 = (w) - Vv
Z=sk+y T nT 37 (4.80)

They correctly reproduce the singularity structure that one expects, and are in

agreement with the expansions eq. (4.78).
The all-order result for the effective action, which is defined to be the Legendre

transform of W{t,w}, follows from (4.77):

30 |
Tenlh, 8] = 2k T, b] . (4.81)

7z
P20 T 2
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5 Concluding remarks

The main new feature of W gravity theories is that the underlying algebraic
structure is a non-linearly generated Lie algebra. The fact that composite oper-
ators appear in the r.h.s. of commutators considerably complicates quantum W
gravity. Indeed, both the loop expansion due to integration over the matter fields
and that due to the integration over the gauge fields induce subleading non-local
terms in a 1/c expansion of the quantum theory. In particular, there are non-local
terms in the Ward identities for the induced action for finite ¢, which make it im-
possible (at least for us) to obtain the induced action in closed form. However, as
we just saw for the case of W, the subleading non-localities precisely cancel each
other when one computes the effective action, with as net result that the effective
action for finite c is, up to multiplicative renormalizations, given by the induced
action in the large c limit.

It would be interesting to see if the magical cancellations occuring in W3 gravity
can be understood from the point of view of an underlying simpler theory. For
example, one might try to obtain this theory by reducing a ‘master W gravity’
based on some version of W, or Wi,. Among the candidates for this are the
algebras W, (k) [38], which truncate to Wy if k = —~N (note that these are again
non-linear algebras). It is not yet clear to us whether or not such reductions could
indeed clarify the structure of quantum W; gravity.

One of the major open problems in the study of W gravities remains the under-
standing of the underlying geometry. In the previous we saw that the propagating
degrees of freedom of quantum W gravity in the chiral gauge are generalizations
of Beltrami differentials. A deeper insight into the meaning of these differentials
may be obtained when one formulates W gravity in a ‘W superspace’. Some
preliminary results on the geometry were obtained in (39, 21, 14, 40, 41].

Presently, we are investigating the covariant formulation of induced W gravity
[27]. This amounts to a covariant Lagrangian description of the work presented in
[42]. Quite naturally, this results in a Yang-Mills like formulation of W,, gravities,
where the gauge group is the W, anti-de Sitter group: Si(n). Starting from
this one might hope, through the theory of cosets and induced representations,
to gain a good understanding of W geometry. This would be analogous to the
construction of superspace supergravity theories along the lines of [43], combined
with the construction of the geometry through homogenous spaces (a review of
this can be found in {44)).
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