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ABSTRACT OF THE DISSERTATION
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Seismic isolation systems are becoming more common in the construction of a variety of

critical buildings/facilities, such as hospitals and data centers, that require more stringent

seismic performance levels. The Triple Friction Pendulum (TFP) isolation bearing systems

offer arguably the highest performance among seismic hazard mitigation devices/solutions.

TFP bearings, which exhibit highly nonlinear and history-dependent responses, dissipate

the seismic energy through friction. While there are numerous models available to simulate

the cyclic responses of TFP bearings, most either lack several key features, such as cou-

pled biaxial or triaxial reactions or account for these effects in a phenomenological manner.

The present study tackles these issues by implementing a physics-based, extendable, and

numerically robust model, which is packaged into a novel macroelement that can be used in

nonlinear time-history analyses that are required for performance-based seismic assessment

and design.

The aforementioned macroelement model is based on a mechanically consistent multi-

ii



surface plasticity approach that can simulate the triaxial hysteretic responses of TFP bear-

ings. The macroelement model is developed and implemented in ABAQUS as a User-defined

ELement (UEL). It is validated using experimental data from component-scale laboratory

and full-scale shake table tests carried out at the E-Defense facility.

The experimentally validated biaxial and triaxial TFP models are then used in performance-

based seismic assessment of a prototypical base-isolated braced frame building to examine

the effects of modeling errors on the estimated seismic losses. While the scope of this case

study was limited to one building, findings indicated that differences between the basic (i.e.,

uncoupled biaxial) and the more advanced (i.e., coupled biaxial and triaxial) approaches are

non-negligible, warranting their use in practice as well as future studies.
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CHAPTER 1

Introduction

1.1 What is a Base Isolation System?

Base isolation systems are among the most broadly employed method for reducing the dam-

age caused by seismic hazards. This class of seismic hazard mitigation method provides

better protection of the structure by separating the ground motions from the superstructure

[49]. Many types of base isolation systems are widely used in essential facilities, such as

hospitals [7], data centers [64], and transportation structures [99]. The following sections

provide background material on their use and outline their application principles.

1.2 A Brief History of Base Isolation Systems

In the early 19th century, structural engineers developed a new concept called the “flexible

first story” [52, 39, 32, 36]. In this approach, the first story columns are constructed to

be more flexible than upper-level columns. However, since the horizontal stiffness of the

first floor is too small, the column on the first floor experiences large displacements, which

significantly lowers the critical buckling load of the column. As such, the concept was not

widely utilized in real-life applications. In 1970, the first building using rubber bearings

(a base isolation system) was built in Skopje, Yugoslavia. The rubber bearing concept

began gaining recognition from then on, arguably because the requisite design procedure

was fairly straightforward, and the construction procedures were not difficult. Compared

to their conventional–—i.e., fixed-base—–counterparts, base-isolated buildings did perform
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better under earthquakes. In the decade that followed, many researchers began characterizing

and bracketing their behavior, as well as improving their constituent materials’ performance

[86, 97]. Tests conducted at the University of California, Berkeley, and field observations

indicated solidified marketplace acceptance of base isolation devices. Around the 1970s,

quite a few researchers were interested in improving the material performance of the rubber

bearing. Early examples include experimental studies conducted on base isolation systems

for seismically resilient power plants [41], as well as various studies carried out in New

Zealand [85, 84, 83]. Eventually, the base isolation concept gained broad acceptance, and its

application to high-way and railway bridges and buildings became commonplace.

1.3 Classification of Isolators

Currently, the most widely used isolators/bearings can be characterized into four major

types—namely, elastomeric rubber, roller-and-ball, steel spring, and friction pendulum bear-

ings.

1.3.1 Elastomeric Rubber Bearings

Elastomeric rubber bearings (Figure 1.1) are manufactured using horizontal layers of syn-

thetic or natural rubber in thin layers that are bound between steel plates. The horizontal

stiffness of this type of bearing is relatively small compared to its vertical stiffness. Thus

the vertical deformation under the weight of the superstructure is relatively small. The

damping ratio of the plain elastomeric bearings is approximately 5%, and if a lead core is

embedded within the elastomeric bearing, the damping ratio increase to approximately 15%,

significantly enhancing energy dissipation.
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Figure 1.1: Elastomeric rubber bearings [17]

1.3.2 Roller and Ball Bearings

Roller and ball bearings (Figure 1.2) consist of cylindrical rollers and balls and are usually

used for isolating the large machines in factories. Few buildings use this device because it

is highly flexible in the horizontal direction; therefore, it cannot bear the large shear forces

due to an entire building’s inertia.

1.3.3 Steel Spring Bearings

Steel spring bearings (Figure 1.3) are widely used in mechanical engineering applications,

e.g., in automobiles and industrial machines. They are flexible in the vertical direction and

cannot restrict horizontal deformations, which renders them nominally unsuitable for civil

engineering applications.

1.3.4 Friction Pendulum Bearings

Friction pendulum bearings (Figure 1.4) rely on friction to dissipate energy and are used in

buildings as well as bridges. This type of device exhibits different tangent stiffness at different
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Figure 1.2: Roller and ball bearings [90]

Figure 1.3: Steel spring bearings [18]
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Figure 1.4: Friction pendulum bearings [89]

stages of loading. As it is the core subject matter of the present study, their attributes and

behavior will be discussed in detail in the following chapter.

1.4 Contemporary Application Examples of Seismic Base Isola-

tion

Base isolation systems have become a common solution in seismic design when higher per-

formance requirements (e.g., continued functionality, immediate occupancy, etc.) need to

be met. In such applications, isolators can significantly reduce the seismic demands and

protect both the structure and its contents [50]. One of the well-known examples is the

“Apple Park” shown in Figure 1.5. This ring-shaped building was design by Arup Inc, and

rests on 700 friction pendulum bearings. The Sabiha Gokcen International Airport (Figure

1.6) completed in 2009, and the Pasadena City Hall (Figure 1.7) retrofitted in 2006 are re-

cent examples of major based isolation applications, which respectively utilized 296 and 242

friction pendulum bearings in their construction.
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Figure 1.5: Apple Park, Cupertino, California [101].

Figure 1.6: Sabiha Gokcen International Airport, Turkey [88].
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Figure 1.7: Pasadena City Hall, California [101].

1.5 Benefits of Base Isolation

A base-isolated building offers numerous advantages over a conventional, fixed-based struc-

ture. These benefits are briefly reviewed in what follows.

1.5.1 Reduced Seismic Demand

The first period of a base-isolated structure is typically much longer than the corresponding

fixed-base structure. Thus, it should be subject to smaller peak accelerations, if one uses

a typical design spectrum to draw this conclusion. As a result, maximum shear forces that

the superstructure will experience—and consequently, the peak drift ratios–will be reduced.

1.5.2 Reduced Damage

The peak acceleration transferred to a base-isolated superstructure is smaller than that to

a fixed based one. Therefore, lower inertial forces will be induced in the superstructure. By
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properly designing base isolators, the seismic demands on structural components can be com-

pletely confined to their linear elastic response ranges, or at least, the plastic deformations

can be significantly reduced. This will enable achieving immediate occupancy performance

objectives even for maximum considered earthquakes. The same effect will also reduce or

completely eliminate nonstructural damage, ensuring continued functionality.

1.5.3 Improved Life-safety

Most of the injuries to the occupants are caused by nonstructural components. With base

isolation, seismic demands on most nonstructural systems will be reduced, which, in turn,

will improve the chances of the building’s occupants during a major event. More importantly,

base isolation will reduce the probability of structural collapse.

1.5.4 Positive Cost-benefit Outcomes

Base isolation systems bring additional costs, and if one only considers these initial costs,

then base isolation systems may be deemed as being very expensive. However, there are many

other factors that need to be taken into consideration. First, the insurance costs of a base-

isolated building are (should be) nominally cheaper than a conventional building. Second,

severe earthquakes can cause damage that a base-isolated building would avoid, and thus,

repair, retrofit, and downtime-related costs will be avoided. Given these factors, the lifetime

cost of a base-isolated building could actually be significantly lower than a conventional one.

As a historical example, the Keck Hospital of USC (Figure 1.8) remained fully functional

and did not require any repairs after the 1994 Northridge Earthquake.
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Figure 1.8: Keck Hospital of USC, Los Angeles, California, sits on 149 base isolators.

Almost no damage was found on the main structure or the nonstructural components

during the 1994 Northridge Earthquake [65].

1.6 Basics of Bearing Design

This section presents a brief introduction to the current typical engineering practice, which

is based on ASCE provisions, for seismic analysis of base-isolated structures and basic steps

for bearing design.

1.6.1 Design Process

(1) Determine the building performance objectives for design:

a) Design of the superstructure for forces associated with the design earthquake,

reduced by only a fraction of the factor permitted for the design of conventional,

fixed-base buildings (1 < RI = 3/8R ≤ 2.0). The value of RI (numerical co-

efficient related to the type of seismic force-resisting system above the isolation
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system – similar to response modification factor) is permitted to be taken as

greater than 2.0, provided the strength of the structure above the base level in

the direction of interest, as determined by nonlinear static analysis at a roof dis-

placement corresponding to a maximum story drift the lesser of the MCER drift

or 0.015hsx, is not less than 1.1 times Vb. Where, Vb is total lateral seismic de-

sign force or shear on elements of the isolation system or elements below isolation

system as prescribed ASCE 7-16 [2] Equation 17.5-5.

b) Design of the isolation system and elements of the structure below the isolation

system (i.e., the foundation) for unreduced design earthquake forces (RI = 1.0).

c) Design and prototype testing of isolator units for forces (including effects of over-

turning) and displacements associated with the MCER.

d) Provision of sufficient separation between the isolated structure and surrounding

retaining walls and other fixed obstructions to allow unrestricted movement during

the MCER where MCER is risk targeted maximum considered earthquake (2,475

years return period event).

(2) Perform Seismic Hazard Assessment by developing site-specific design response spec-

trum and spectrally matched earthquake records to be used in performance verification

(nonlinear time history analysis).

(3) Determine isolator type and properties.

(4) Isolator procurement and prototype testing.

(5) Analysis and performance verification.

a) Equivalent Lateral Force Procedure: Preliminary analysis and basic building re-

sponse parameters.

b) Response Spectrum Method: Form the basis of structural design and compliance

with ASCE 7.
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c) Nonlinear Time-History Procedure: Performance verification over and beyond

ASCE 7.

(6) Design and detail the superstructure, isolation plane and substructure.

1.6.2 ASCE 7 Equivalent Lateral Force Procedure (ELF)

The ELF procedure is a displacement-based method that uses simple equations to determine

isolated structure response. It is often used in preliminary design and basic isolated build-

ing response parameters for comparison purposes and determining target isolator properties.

Although the ELF procedure is considered a linear method of analysis, the equations incor-

porate amplitude-dependent values of effective stiffness and damping to account implicitly

for the nonlinear properties of the isolation system. The equations are consistent with the

nonlinear static procedure of ASCE 41, assuming the superstructure is rigid and lateral dis-

placements occur primarily in the isolation system. The equivalent lateral force procedure

of ASCE 7-16 [2] Section 17.5 is permitted to be used for the design of a seismically isolated

structure provided that all of the ASCE 7-16 [2] Section 17.4.1 requirements items are sat-

isfied. These requirements shall be evaluated separately for upper bound and lower bound

isolation system properties, and the more restrictive requirement shall govern. This method

can efficiently estimate the total base shear, effective isolator period, effective damping, and

maximum isolator displacements. The steps in the ELF procedure for friction pendulum

isolators are indicated below.

(1) Determine isolator yielding displacements (DY)

DY = (u2 − u1)R1 (1.1)

(2) Select an initial isolator displacement (seed), (DM) This can be roughly estimated per

target isolator period using SDOF approach.
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(3) Restoring Force (FM).

FM =

[
u2 +

DM −DY

R2

]
W (1.2)

(4) Determine effective stiffness (kM).

kM =
FM

DM

(1.3)

(5) Determine effective period (TM).

TM = 2π

√
W

kMg
(1.4)

(6) Determine effective damping (βM).

βM =
EM

2πkMD2
M

(1.5)

(7) Determine damping coefficient (BM) from ASCE 7-16 [2] Table 17.5-1

(8) Isolator Displacement (D
′
M)

D′M =
gSMlTM
4π2BM

(1.6)

(9) Check if (D
′
M) ≈ (DM) otherwise return to step 2

(10) Resultant total base shear (Vb).

For isolators and substructure:

Vb =
SMlW

BMTM
= kMDM (1.7)

For superstructure:

VS =
SM1W

RIBMTM
=
kMDM

RI

(1.8)

(11) Estimate total isolator displacement DTM , including accidental torsion.

DTM = DM

[
1 +

y

P 2
T

12e

b2 + d2

]
(1.9)
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PT =
1

r1

√∑N
i=1(x

2
1 + y21)

N
(1.10)

r1 =

√
b2 + d2

12
(1.11)

Where

DM: Displacement at the center of rigidity of the isolation system in the direction under

consideration as prescribed by ASCE 7-16 [2] Equation (17.5-1).

DTM: The total isolator maximum displacement, which shall not be taken as less than

1.15DM .

Vb: Base shear at isolation level determined using both upper bound and lower bound isola-

tion system properties.

Vs: Total reduced lateral seismic design force or shear on elements above the base level.

W : Effective seismic weight of the structure above the isolation interface as defined in ASCE

7-16 [2] Section 12.7.2.

kM : Effective stiffness [kip/in. (kN/mm)] of the isolation system at the maximum displace-

ment, DM, as prescribed by ASCE 7-16 [2] Equation (17.2-3).

TM: Effective period of the seismically isolated structure [s] at the displacement DM in the

direction under consideration, as prescribed by ASCE 7-16 [2] Equation (17.5-2).

BM: Numerical coefficient as set forth in ASCE 7-16 [2] Table 17.5-1 for the effective damp-

ing of the isolation system βM at the displacement DM.

βM : Effective damping of the isolation system at the displacement DM, as prescribed by

Equation(17.2-4).

ED: Energy dissipated per cycle of design displacement response.

g: Acceleration due to gravity acceleration caused by gravity [in/s2 (mm/s2)] if the units of

kM are in kip/in. (kN/mm).

RI : Numerical coefficient related to the type of seismic force-resisting system above the iso-

lation system.

SM1: MCER, 5% damped spectral acceleration parameter at 1-s period, in units of g-s, as
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determined in ASCE 7-16 [2] Section 11.4.4 or 11.4.8.

xi, yi: Horizontal distances [ft (mm)] from the center of mass to the ith isolator unit in the

two horizontal axes of the isolation system.

N : Number of isolator units.

u1 and u2: coefficient of friction for concave surfaces.

R1, R2: radius of curvature for concave plates.

y: the distance between the centers of rigidity of the isolation system and the element of

interest measured perpendicular to the direction of seismic loading under consideration.

e: the actual eccentricity measured in plan between the center of mass of the structure above

the isolation interface and the center of rigidity of the isolation system, plus accidental eccen-

tricity, in ft (mm), taken as 5% of the longest plan dimension of the structure perpendicular

to the direction of force under consideration.

PT : Ratio of the effective translational period of the isolation system to the effective tor-

sional period of the isolation system, as calculated by dynamic analysis or as prescribed by

ASCE 7-16 [2] Equation (17.5-4) but need not be taken as less than 1.0.

rI : Radius of gyration of the isolation system [ft (mm)].

b: The shortest plan dimension of the structure [ft (mm)] measured perpendicular to d.

d: the longest plan dimension of the structure.
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CHAPTER 2

Triple Friction Pendulum Bearings

The friction pendulum concept was proposed by Penkuhn [69], Zayas et al. [102] presented a

specific friction pendulum design—namely, the “single friction pendulum (SFP Figure 2.1)”,

which includes an inner friction slider that sits on a spherical concave surface. The mo-

tion of the slider and the constant friction produces a bilinear backbone curve that defines

the envelope of the lateral movement and the lateral resultant force relationship. The pri-

mary/initial stiffness of the friction pendulum is much larger than the secondary one, and in

order to make the transition smoother, Earthquake Protective Systems Corporation (EPS)

developed the “Triple Friction Pendulum (TFP)” device. As shown in Figure 2.2, this device

has 4 stacked sliding surfaces, with Rn (n = 1 : 4) and µn (n = 1 : 4) denoting the radius

and friction coefficient of each sliding surface. Typically, the inner 2 surfaces have identical

properties (i.e., R1 = R2, µ1 = µ2).

2.1 Uniaxial Behavior of a TFP Bearing

Fenz and Constantinou [20, 27], and Morgan and Mahin [59] obtained the unidirectional be-

havior of TFP bearings by taking the equilibrium of each stage to find the force-deformation

relationship. The uniaxial behavior of TFP bearings can be separated into five stages:

Stage I: Sliding begins at the inner sliding surface, wherein the friction coefficient is the

smallest, F ≥ µ1W .

F = u
W

L1 + L2

+
µ1L1 + µ2L2

L1 + L2

W. (2.1)
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Figure 2.1: Single Friction Pendulum [30]

Figure 2.2: Triple Friction Pendulum Bearing section view and basic parameters.
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Where W is the normal pressure and Ln (n = 1 : 4) is the effective pendulum length, which

equals the radius of each surface subtracted by the distance from the sliding surface to the

mid-height of the bearing. When the shear force reaches the friction force on the outer-

bottom sliding surface, the second stage will activate. This transition happens when the

displacement is equal to

u∗ = 2L1 (µ3 − µ1) . (2.2)

Stage II: When u∗ is reached, the sliding occurs at the bottom sliding surface and the

inner-upper sliding surface. The force-displacement relationship then is

F = u
W

L2 + L3

+
µ2L2 + µ3L3 − (µ3 − µ1)L1

L2 + L3

W. (2.3)

When the shear force reaches the friction force of the upper sliding surface, the third stage

will activate, the corresponding displacement is

u∗∗ = u∗ + (µ4 − µ3) (L2 + L3) . (2.4)

Stage III: When u ≥ u∗∗ , sliding will initiate on the top-outer surface, and continue on

the outer-bottom sliding surface, but stop on the inner two surfaces. The force-displacement

relationship is given by

F = u
W

L3 + L4

+
µ3L3 + µ4L4 − (µ3 − µ1)L1 − (µ4 − µ2)L2

L3 + L4

W. (2.5)

This stage stops when the inner-bottom slider contacts the outer bottom restrainer. The

corresponding displacement is

u∗3 = u∗∗ + u3max

(
1 +

L4

L3

)
− (µ4 − µ3) (L3 + L4) . (2.6)

Stage IV: In this stage, the motion continues on the outer-upper sliding surface and the

inner-bottom surface, until the outer-top slider contacts its restrainer. The bearing force

will increase with a slope of 1
L1+L3

. As one can see, this slope is larger than the previous

stage. The final displacement of this stage is

u∗4 = u∗3 +

[(
u4max

L4

+ µ4

)
−
(
u3max

L3

+ µ3

)]
(L2 + L4) . (2.7)

17



Figure 2.3: Uniaxial behavior of the TFP bearing (µ1 = µ2, L1 = L2)

Stage V: The motion happens on the two inner surfaces and the bearing force increases

with a slope of 1
L1+L2

, which is greater than that for Stage IV,

Umax = u∗5 =
4∑

n=1

umaxn. (2.8)

The uniaxial response TFP bearings is shown in Figure 2.3

2.2 Biaxial Behavior of a TFP Bearing

Becker and Mahin [5] developed a 2D omnidirectional model based on geometric compatibil-

ity and sliding surface constitutive relationship. In this model, the hysteretic behavior of each

sliding surface was described by a bi-directional plasticity element proposed by Mosqueda

et al. [62]. Through controlled-displacement experiments and unrestrained shake table ex-

periments, this omnidirectional model was validated. Since the motion of each surface is

described separately, one advantage of this omnidirectional model is that it can capture the

hysteretic response of all sliding surfaces.

Later, based on the idea of a serially connected spring model for TFP bearings, Dao et

al. [23] implemented a numerical model in OpenSees [53]. From Figure 2.4, it is seen that
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Figure 2.4: Series spring model for multi-stage behavior of TFP bearing [23].

each sliding surface consists a linear spring element, a friction element, and a bi-directional

gap element. The linear spring and friction elements were combined into a single bilinear

plasticity element for simplification in implementation. The modification is shown in the

following Figure 2.5. The modified model will recover the original series spring model if

k01, k02, k03, k04, k05 and k06 go to infinity.

The flow chart of recovering the force-displacement relationship of the TFP bearing

model by Dao et al. [23] is shown in Figure 2.6. This algorithm contains two levels of

iteration. On the right-hand side, the iteration starts at the three-element groups: given the

trial force vector, the local stiffness matrix, and the displacement matrix can be computed

by using a return-mapping algorithm proposed by Simo and Hughes [82]. For the TPF

bearing element level, the iteration gives back the global stiffness matrix and the force vector.

Drazin and Govindjee [25] provides the current most complete single model currently for TFP

devices that incorporates the full nonlinear kinetics of the TFP system while allowing for

bi-directional motion.
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Figure 2.5: Modified series spring model for multi-stage behavior of a TFP bearing [23].
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Figure 2.6: Flow chart for solving TFP bearing element [23].
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CHAPTER 3

Three-dimensional Finite Element Modeling of TFP

Bearing Devices

In this chapter, a high-fidelity 3D finite element modeling procedure for TFP bearings will be

introduced. The modeling and analyses presented here were carried out using ABAQUS [87].

The motivation for using such a modeling approach is to use first principles for capturing

the coupled thermo-tribo-mechanical behavior of TFP bearings; and (if such a model can

be validated using experimental data) then to use this model to parametrically study the

range of TFP behavior through numerical simulations beyond what existing experimental

data alone can provide.

3.1 Modeling the Geometry of TFP Bearings

In order to compare simulated behavior with experimental results, geometry is selected from

the experimental-analytical study by Becker and Mahin [5]. The said geometry is described

in Table 3.1.

The inner two sliders share identical mechanical properties. Except for the friction coef-

ficients, mechanical properties of the two outer sliding surfaces are also identical. In Becker

and Mahin’s paper [5], some important mechanical properties, such as Young’s modulus and

Poisson’s ratio were omitted. Instead, sliders used in the experiment were assumed to be

made of steel (i.e., E = 200 GPa, µ = 0.3). The friction coefficients of the inner, outer

bottom, and outer top sliding surfaces were 3.6%, 11.8%, and 12.8%, respectively.
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Table 3.1: Geometry of the TFP bearing used in the experimental test.

Inner sliding surfaces Outer sliding surfaces

Dish radius (in) 3.0 39.0

Height (in) 0.5 1.0

Outer diameter (in) 2.5 10.0

Inner diameter (in) 1.5 3.0

Figure 3.1: The ABAQUS TFP bearing model geometry.

There were five components of the tested TFP bearing: a center slider, two inners, and

two outer sliders. Each part was built up separately and was subsequently assembled shown

in Figure 3.1.

3.2 Meshing Process and Element Types

In the TFP bearing model, there was no plastic deformation of the metal components, and

all the material strains were in the elastic range. Given this, the eight-node brick element

with reduced integration (C3D8R, Figure 3.2) was deemed sufficiently accurate. In order to

improve the computational efficiency, the reduced integration technique was adopted.
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Figure 3.2: Eight-node brick element.

In order to avoid irregular and severely distorted elements, partitioning of each component

was necessary. The center slider was split into four parts, but restrainer portions were

separated from the main parts for the other sliders. Then the left “cylinder”, which is

similar to the center slider, was split into four identical parts. Details of these partitions are

shown in Figure 3.3 (a). Thereafter, the structural mesh is shown in Figure 3.3 (b).

The total number of elements has a significant effect on computational efficiency. Thus,

one can reduce the number of elements when precisely capturing the stresses and strains

relationship is not critical. The size of the center slider is tiny compared to the outer sliders,

and the inner slider will experience much more deformation than the outer slider. Thus, the

element size for the center slider was the smallest. For simplification, the outer slider was

defined as a rigid body.
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Figure 3.3: Partition (a) and meshing (b) of the TFP bearing.
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Figure 3.4: Boundary and loading conditions.

3.3 Contact Modeling, Boundary and Loading Conditions

In this TFP bearing model, a “hard contact” law was chosen, wherein the contact con-strain

is applied when the clearance between two surfaces becomes zero. There was no restriction

on the pressure transmitted between the contact surfaces. For each sliding surface, the larger

and smaller surfaces were respectively set as master and slave surfaces. Finally, the “finite

sliding” option was chosen.

A Cartesian coordinate system is used for modeling. 2.4 kips of normal pressure was

applied to the outer-top slider, which was the same conditions in the experimental setup.

A biaxial displacement was then prescribed at the bottom-outer slide. Rotations about

the global X, Y, Z axes and also the vertical displacement were constrained. No rotation

about global X, Y, Z axes were allowed for the outer-top slider, and movements in the X

and Z directions were also constrained. However, there was no restriction in the vertical

(Y ) direction. Since the two outer sliders were set as rigid bodies, all the constraints were

applied on the reference points shown in Figure 3.4.
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3.4 The Solution Methods

An implicit time-stepping algorithm was chosen for this model. Theoretically, the explicit

method should be more efficient; however, the small increment size is required to resolve the

contact constraints for explicit time-stepping resulting in an extremely large number of time

steps since the maximum time increment governs by the smallest element size. The required

time increment size is still too small, although the mass scaling technique is being applied.

Furthermore, the results of the explicit method exhibited spurious oscillations. As such, the

implicit method was chosen.

3.5 Validating the Continuum Finite Element Model

In 2011, controlled-displacement experiments of the TFP bearing were conducted at the UC,

Berkeley, aimed at characterizing the bidirectional behavior of TFP bearings [5]. A simple

rigid superstructure sat on four identical TFP bearings. The lateral displacement of the

superstructure was constrained, while horizontal displacement histories were imposed at the

bottom of the bearing using a shake table (Figure 3.5). The maximum lateral displacement

was ±5 inches.

There are four controlled-displacement orbits in total used for bearing characterization.

These are, namely, the sine waves, circular, square-shaped, and eight-shaped. The sine waves

loading path of the experiment is shown in Figure 3.6 (a). The experiment and ABAQUS

FEM results are shown in Figure 3.6 (b) and (c) separately. For the sine wave test, it can be

seen that the finite element model captures the experimental hysteretic response very well,

which validates the ABAQUS FEM results. Regarding the circular displacement orbit shown

in Figure 3.7, the ABAQUS FEM model capture the trend of the experiment results, which

validates the ABAQUS FEM results again. The ABAQUS FEM model exhibits hardening

more than the experimental response, but still, it does not deviate from the actual results too

far. This difference might be due to an assumed Young’s modulus, which was not explicitly
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Figure 3.5: Rigid block setup at the UC Berkeley PEER earthquake simulator laboratory

[5].
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Figure 3.6: Isolator displacement time-history under sine waves (a), hysteresis of the

isolator in experiment results (b) [5] and ABAQUS finite element analysis results (c).
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provided by Becker and Mahin [5].

For the square-shaped and eight-shaped displacement orbit, there is no ABAQUS FEM

model result available because those did not converge. The convergence problem came

from the multi-surface contact constraints (as reported by ABAQUS). There are four curved

sliding surfaces in total, and no essential boundary condition applies to the center slider

and the inner sliders. Even though the total number of finite elements is not very large,

computational time to satisfy the contact constraints for this particular case was extremely

large. A potential remedy for this issue appears to be to refine the mesh, but these efforts

are deferred to a future study.

From these loading cases, the ABAQUS FEM model is seen, in general, to be highly

capable of capturing the hysteretic responses of TFP bearings while not being precisely

accurate. Various reasons are causing the predictions to deviate from the experiments. For

example, the input mechanical properties were not necessarily identical to the test specimen’s

(recall that the experimenters did not provide this information); discrepancies were expected.

The agreement can be improved with better material parameter selection and potentially by

refining the spatial (mesh sizes) and temporal (time increment) resolution of the ABAQUS

FEM model. As one can see, modeling the TFP hysteric response utilizing the continuum

finite element method in a particular case is acceptable. However, this method is not suitable

for large-scale analysis, for example, important building design, since the analysis is time-

consuming and unstable. Other efficient and stable methods should be utilized in general.
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Figure 3.7: Isolator circular displacement orbit (a), hysteresis of the isolator in experiment

results (b)(c) [5], and ABAQUS finite element analysis results (d)(e).
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CHAPTER 4

An Omnidirectional Modeling Approach for Hysteretic

Response of TFP Bearings

As stated earlier, TFP bearings rely on friction to dissipate seismic energy and have highly

nonlinear and complex response mechanisms; the continuum finite element method also has

its’ disadvantages. An alternative to the use of geometric compatibility and sliding surface

constitutive relationships is to use a bidirectional Bouc-Wen model [67], which was origi-

nally developed by Bouc [8] and generalized by Wen [98]. However, the Bouc-Wen model is

a pure phenomenological model and hard to add additional functions. Therefore, this study

discards the Bouc-Wen model. Another candidate is the multi-surface plasticity modeling

concept; it can represent the multi-stage hardening behavior of TFP bearings consistently

under multiaxial loading cycles. The multi-surface plasticity model that will be adopted

herein for this purpose is an extension of the classical J2 plasticity model, presented, for

example, by Simo and Hughes [82]. In order to capture the Masing behavior of nonlinear

materials, Montáns [56, 57, 54, 55] developed various of implicit algorithms for multi-surface

J2-plasticity. The corresponding multiaxial nonlinear hardening function is described in a

relatively simple way. Coincidentally, biaxial lateral responses are often required in seis-

mic response simulation. Therefore, Montáns’ multi-surface plasticity model satisfies the

requirement for modeling the hysteretic behavior of TFP bearings [49, 50].
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4.1 Implicit Algorithm for Multi-surface Plasticity

In this section, the implicit algorithm for multi-surface plasticity will be discussed in detail.

The model is deviatoric, and σ is the current deviatoric stress tensor and σf is the full stress

tensor [56]. The symbol 1 represents the second-order identity tensor, and I the fourth-order

identity tensor. The symbol “:” represents double contraction—for example σ : ε = σijεij,

and ||σ|| = √σ : σ. The yield condition is described as

f := ‖σ −α‖ − r. (4.1)

where α is the back-stress tensor (i.e., the deviatoric-projection of the center of the hyper-

cylinder), and r is the radius of the hyper-cylinder. There will be several loading surfaces in

the multi-surface plasticity model, and the elastic part is in the innermost circle. The centers

of all loading surfaces are at the origin at the beginning. When the stress increases beyond

the elastic region, the first loading surface will begin to harden kinematically according to

the hardening modulus with the first loading surface. Likewise, when the stress reaches

the second loading surface, the material hardens kinematically according to the hardening

modulus associated with the second loading surface. Two inner surfaces contact at the

current stress point. The yield condition can be expressed as

f 1 :=
∥∥σ −α1

∥∥− r1. (4.2)

The super index denotes the number of the yield surface. The back-stress tensor is at the

origin in virgin state—i.e., αi = 0 where i = 1, ..., N . Additionally, the overlap between

surfaces is forbidden, the stress and back-stress tensor should satisfy the following condition:

∥∥σ −αi
∥∥ >

∥∥σ −αj
∥∥ ∀ i > j. (4.3)

In order to achieve this goal, a translation rule for the back-stress tensor is needed.

Therefore, the well-known explicit translation rule-the Mróz translation rule- is adopted

here.
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Figure 4.1: The Mroz’s translation rules for multisurface plasticity

4.2 Mroz’s Translation Rule

The Mroz’s translation rule (Figure 4.1) was derived initially by Mróz [63]; later on, Montáns

developed implicit algorithm and modified it in 2006 [56, 12]. From Figure 4.1, the moving

direction of each surface can be expressed as

m =
ra+1

‖σ −αa‖ (σ −αa)−
(
σ −αa+1

)
. (4.4)

Where a is the ‘active’ loading surface, and (a+1) is the ‘target’ surface. The ‘active’ surface

means the current stress state is on the ath yield surface, but inside the (a+1)th yield surface.

This condition can be expressed as

fa := ‖σ −αa‖ − ra = 0 and fa+1 :=
∥∥σ −αa+1

∥∥− ra+1 < 0. (4.5)
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For simplification, in the following section,σa = α, ra+1 = R, and ra = r. Also, σ is on the

‘i-th’ surface means that f 1(σ) = 0. The material enters the plastic region when

σ̇ : n̂ > 0 and f 1(σ) = 0, (4.6)

where σ̇ is stress-rate tensor and n̂ is the normal unitary ‘tensor’ of the yield surface. The

consistency condition is

ḟ 1 = 0. (4.7)

When the flow rule is established, the consistency parameter γ̇ can be determined. The most

common flow rule is the associative flow rule, in which the plastification direction is normal

to the yield surface. The strain-rate tensor can be decomposed additively into elastic and

plastic parts, as in:

ε̇ = ε̇e + ε̇p (4.8)

ε̇p = γ̇n̂. (4.9)

Therefore, the stress-rate tensor can be computed by the elastic strain-rate tensor

σ̇ = C : ε̇e = C : (ε̇− γ̇n̂), (4.10)

where C is the elastic forth-order tensor. The consistency condition ḟ 1 = 0 is equivalent to

n̂ : (σ̇ − α̇) = 0, (4.11)

α̇ = γ̇Hm̂. (4.12)

Where H is the kinematic hardening modulus, m̂ is the unitary translation tensor, and H is

the general hardening tensor. Substituting Equation 4.10 and Equation 4.12 into Equation

4.11, the consistency parameter can be computed via

γ̇ =
n̂ : C : ε̇

n̂ : C : n̂ + n̂ : H : m̂
. (4.13)

Therefore, the continuum elastoplastic tangent can be obtained as

Cep = C− n̂ : C⊗ n̂ : C
n̂ : C : n̂ + n̂ : H : m̂

. (4.14)
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As one can see, all the quantities used in calculating the moving direction of backstress

tensors are based on the converged step n. Thus, in order to obtain an implicit algorithm,

the translation rule should be based on the final stress state. The unitary ‘tensor’ normal to

the yield surface n̂n+1 can be estimated from trial stress state σtr
n+1 in an iterative way since

the following equation holds.

n̂n+1

(
σtr
n+1,αn+1

)
= n̂n+1 (σn+1,αn+1) (4.15)

For simplicity, the ‘target’ normal tensor tn+1 is defined as t̂n+1 = 1

‖σtr
n+1−βn‖

(
σtr
n+1 − βn

)
,

Where β = αa+1. The final back-stress tensor of the current surface is computed as

αan+1 = βn+1 + (R− r)t̂n+1. (4.16)

The center of the target back-stress tensor remains the same as before, therefore, βn+1 = βn,

the movement direction of back-stress tensor of the active surface is

mn+1 := an+1 − an (4.17)

m̂n+1 :=
mn+1

‖mn+1‖
. (4.18)

Mroz’s translation rule iteratively determines the target surface. All the surfaces in the

target surface will contact the final stress state at the end of the step by its own translation

rule. Thus, the initial guess is from the inner surface until the target surface is determined.

Assuming a = 1 is the target surface, the following conditions hold.

fa
(
σtr
n+1,αn

)
> 0 (4.19)

fa+1
(
σtr
n+1,αn

)
< 0 (4.20)

At the final stress state, the consistency condition ḟ 1 = 0 is equivalent to

n̂ : (σ̇ − α̇) = 0 (4.21)

α̇ = γ̇Hm̂. (4.22)
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Therefore

αan+1 = αan + ∆γan+1H
am̂a

n+1. (4.23)

This translation rule is explicitly determined since it depends on the converged stresses and

the trial stress state, the superscript is dropped to differentiate it from the inner surfaces,

which means m̂a
n+1 = m̂n+1, r

a = r. The final back-stress tensor of inner surfaces (i ≤ a) can

be obtained by the condition that the final stress tensor σn+1 contacts each inner surface.

αin+1 = σn+1 −
(
r − ri

)
n̂n+1 (4.24)

The translation rule for the inner surface is

αin+1 = αin + ∆γin+1H
im̂i

n+1. (4.25)

Therefore,

mi
n+1 :=

(
αn −αin

)
+
(
r − ri

)
n̂n+1 + H̄a∆γan+1m̂

a
n+1. (4.26)

This tensor depends on the normal to the yield surface n̂n+1 at the final stress state; thus, it

must be calculated with consistency parameter γ by iteration. The final stress state is based

on the trial stress state, which is defined as follows.

σtrn+1 = σn + 2µ∆ε (4.27)

where ∆ε is the strain increment from stress state n to n + 1. The subscript has been

omitted, since no ambiguity will occur by this omission. The final stress state is then

σn+1 = σtrn+1 − 2µ∆εp. (4.28)

Note that the strain increment ∆ε includes elastic part ∆εe and plastic part ∆εp (i.e.,

∆ε = ∆εe + ∆εp) which can be expressed as

∆εp = ∆γn+1n̂n+1. (4.29)

Plugging Equation 4.29 into Equation 4.28

σn+1 = σtrn+1 − 2µ∆γn+1n̂n+1. (4.30)
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Then the consistency condition Equation 4.1 can be rewritten as

‖σtrn+1 − 2µ∆γn+1n̂n+1 −αan −Ha∆γan+1m̂n+1‖ − r = 0. (4.31)

Where n̂n+1 := nn+1

‖nn+1‖ . Since n̂n+1 is a function of ∆γn+1,nn+1 can be expressed as follows:

nn+1 := σrn+1 −αan −Ha∆γan+1m̂n+1. (4.32)

The consistency parameter can be estimated as

∆γn+1 =| ∆γan+1 +
a−1∑

i=1

∆γin+1 =
a∑

i=1

∆γin+1. (4.33)

The consistency parameters of the inner surfaces can be obtained in the following way. For

every 1 ≤ i ≤ a,

σn+1 = αin+1 + rin̂n+1

= αin +H i∆γin+1m̂
i
n+1 + rin̂n+1.

(4.34)

The final stress tensor contacts each inner surface. Therefore, the following condition holds.

αan +Ha∆γan+1m̂n+1 + rn̂n+1 = αin +H i∆γin+1m̂
i
n+1 + rin̂n+1 (4.35)

After rearranging the Equation 4.35, ∆γin+1 can be expressed in terms of ∆γan+1.

∆γin+1 =

[
Ha

H i
∆γan+1m̂n+1 +

1

H i

(
αn −αin

)
+

(r − ri)
H i

n̂n+1

]
: m̂i

n+1 =
1

H i

∥∥mi
n+1

∥∥ (4.36)

Equation 4.31 can be written in a residual form since n̂n+1 is a function of ∆γan+1, and m̂i
n+1

is also a function of a ∆γan+1.

g
(
∆γan+1

)
=
(
σtrn+1 −αan

)
: n̂n+1 −Ha∆γan+1 (m̂n+1 : n̂n+1)− 2µ∆γn+1 − r (4.37)

The Newton-Raphson method can be utilized to solve the nonlinear Equation 4.37, the

derivative of the residual form will be

∂fn+1

∂
(
∆γan+1

) = −Ha (m̂n+1 : n̂n+1)− 2µ
∂∆γn+1

∂∆γan+1

. (4.38)
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The derivative of the unitary normal tensor can expressed as following:

∂n̂n+1

∂∆γan+1

=
−Ha

‖nn+1‖
(I− n̂n+1 ⊗ n̂n+1) : m̂n+1. (4.39)

Because ∆γn+1 = ∆γan+1 +
∑a−1

i=1 ∆γin+1, the derivative of consistency parameter can be

obtained through Equation 4.40.

∂∆γn+1

∂∆γan+1

=
−Ha

H i

[
m̂n+1 −

(r − ri)
‖nn+1‖

(I− n̂n+1 ⊗ n̂n+1) : m̂n+1

]
: m̂n+1 (4.40)

Substituting Equation 4.40 and Equation 4.39 into Equation 4.38.

∂fn+1

∂
(
∆γan+1

) (∆γan+1

)
= [−2µ+Ha (m̂n+1 : n̂n+1)]

− 2µ
a−1∑

i=1

Ha

H i

[
(m̂i

n+1 : m̂n+1)−
(r − ri)
‖nn+1‖

m̂i
n+1 : (I− n̂n+1 ⊗ n̂n+1) : m̂n+1

]
.

(4.41)

The final stress and the strain can be obtained, when ∆γan+1 is determined.

∆εp = ∆γn+1n̂n+1 (4.42)

αan+1 = αan +Ha∆γan+1m̂
a
n+1 (4.43)

σn+1 = αn + rn̂n+1 (4.44)

For all the inner surfaces, the back-stress tensor can be obtained via

αin+1 = αan+1 −
(
r − ri

)
n̂n+1. (4.45)

Therefore, the full stress tensor is

σfn+1 = σn+1 + κ
(
εfn+1 : I

)
I. (4.46)

The Figure 4.2 shows the flowchart of Mroz’s translation rule.
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Figure 4.2: Flowchart of multi-surface plasticity model
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4.3 ABAQUS User-defined Element (UEL) Implementation

In this study, the macroelement models adopting Mroz’s translation rule are implemented in

ABAQUS [87] as a User-defined Element (UEL). The substantial advantage of the multilayer

plasticity model is the multi-axial coupling behavior. Therefore, the 2D omnidirectional

model includes multi-axial coupling behavior automatically. This omnidirectional element

has two nodes, and each node has two degrees of freedom, which means the omnidirectional

element can be stretched and compressed in a plane. Assuming the omnidirectional element

is in the horizontal (x−z) plane, the displacements and internal forces are represented by the

shear strains (τ12, τ23) and shear stresses (σ12, σ23) separately, since the shear deformation,

is insusceptible to hydrostatic stress.

4.4 ABAQUS User-defined Element (UEL) Validation

In order to verify the omnidirectional spring element with Mroz’s translation rule, a uniaxial

test is performed, since the monotonic tangent modulus associated with each surface can be

obtained analytically from the following equation [55].

∆σ

∆e
=

1
1
2µ

+
∑a

i=1
1
Hi

(4.47)

A sinusoidal loading protocol (Figure 4.3 (a)) is prescribed the omnidirectional model in γ12

direction. The parameters utilized in the uniaxial test are listed in Table 4.1. Figure 4.3

demonstrates the difference between Mroz’s translation rule and theoretical curve, which

was obtained from Equation 4.47. It can be seen that the omnidirectional models utilizing

Mroz’s translations rules agree with the theoretic curve very well. This result indicates

the algorithms converged, since Mroz’s translation rule produced the same response as the

theoretical value under the uniaxial loading scenario.

In order to validate the omnidirectional model, controlled and uncontrolled-displacement

experiments of the TFP bearing conducted at the UC Berkeley by Becker and Mahin [5]
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Table 4.1: Discretization utilized for the uniaxial test.

Number of surfaces Radii Hardening moduli

i ri (kPa) H i (kPa)

1 6 50000

2 10 30000

3 15 10000

4 25 5000

5 40 1000

6 70 400

7 100 100

8 120 1

Shear modulus µ = 60000 (kPa)
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Figure 4.3: The uniaxial behavior of multisurface plasticity models under sine wave (a)

using Mroz’s translation rule (b).
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are utilized again as the target response hysteresis. In this study, a simplified version of

the omnidirectional model is proposed to simulate the TFP response. There are several

reasons for using a simplified omnidirectional model rather than employing the original

omnidirectional model. Firstly, in every loading step during the experiment, the relative

movement in the TFP bearing happens in one particular sliding surface, which means only

the sliding surface will contribute to the reaction force. On the contrary, all the yield

surfaces inside the current active surface contribute to the reaction force in the original

omnidirectional model. In order to mitigate this issue, one solution is to vanish the first

yield surface from the original model when the displacement reaches the limit of the second

yield surface (Figure 4.4). Therefore, when the displacement exceeds the second yield surface

limit, only the second yield surface contributes to the reaction force.

Additionally, the transition region from the first phase to the second phase in TFP

bearing is insignificant compared to the third phase, which plays the dominant role in the

base-isolated building design. Besides, the experiment results indicate that the transition

region from the first phase to the second phase is not pronounced, which agrees with the

simplified omnidirectional model. Moreover, this simplification makes this model much more

robust and efficient since only two surfaces are active at most in one step, which reduces the

number of iterations. Note that the target surface radius must be smaller than twice the

current active surface radius [56]. Some TFP geometry can violate this restriction in Mroz’s

translation rule.

Four controlled-displacement loading protocols and one controlled-acceleration orbit are

adopted to compare the experimental with the omnidirectional model results—namely, the

sine waves, circular, eight-shaped, square-shaped, and the Kobe @ JMA earthquake. The in-

put variables (Table 4.2) of the omnidirectional model are calibrated from the TFP bearings’

response under uniaxial sine wave.
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Figure 4.4: The simplified omnidirectional model.

Table 4.2: Parameters calibrated from the uniaxial sine wave test.

Number of surfaces Normalized Radii Normalized Hardening moduli

i ri (×10−5) H i (×10−5)

1 5448 23013

2 15726 1757

3 33305 586

Normalized Shear modulus µ = 1.671

Poisson’s ratio ν = 0.3
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4.4.1 Unidirectional Sine Wave Displacement Orbit

Figure 4.5 (a) presents the loading path of the sine wave. Figure 4.5 (b) demonstrates that

both simplified and original omnidirectional models agree with the experimental response

very well; the difference between them is negligible, which is verified by the energy dissipation

per close loading cycle (Figure 4.5 (c)). Therefore, this simplification is validated; for con-

venience, the omnidirectional will represent the simplified omnidirectional in the following

discussion.

4.4.2 Circular Displacement Orbit

Figure 4.6 demonstrates the circular displacement orbits (a), reaction force relationship in

two horizontal directions (b), and their corresponding hysteresis (c)(d). It is seen that

the omnidirectional model predicts the hysteresis quite accurately, especially for maximum

normalized shear force. However, the prediction sometimes underestimates the reaction,

probably due to sacrificing the second phase after the total displacement beyond the second

phase displacement limitation.

4.4.3 Eight-Shaped Displacement Orbit

As one can see, Figure 4.7 demonstrates that the omnidirectional model predicts the hystere-

sis of TFP bearings precisely, even under the challenging eight-shaped displacement orbit.

These results endorse that the omnidirectional model can predict the hysteresis of TFP

bearings effectively and accurately.

4.4.4 Square-Shaped Displacement Orbit

Figure 4.8 indicates that the omnidirectional model is able to capture the trend of the hys-

teresis of TFP bearings. The reaction forces are sometimes underestimated in one direction,
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Figure 4.6: TFP bearings hysteresis for the circular displacement orbit.
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Figure 4.7: TFP bearings hysteresis for the eight-shaped displacement orbit.
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probably due to the abrupt change in the displacement history. Therefore, shrink the incre-

ment size during analysis can mitigate this problem.

4.4.5 Uncontrolled Displacement Orbit

Earthquake excitation is the most challenging and significant test for the numerical model;

in order to validate the omnidirectional model, the acceleration history of the Kobe @ JMA

earthquake is applied (Figure 4.9 (a)). The displacement orbit is shown in Figure 4.9 (b).

Figure 4.9 (c) and (d) compare the hysteresis between the experiment and the numerical

model. The result indicates that the numerical model’s perdition is promising, since it

demonstrates the capability to accurately capture the trend of TFP bearings’ responses.

By comparing the omnidirectional model with experiment results utilizing these four sets

of hysteresis, this omnidirectional model is validated and indicates its ability to predict TFP

bearings’ response under complex conditions.

4.5 An Application of the Omnidirectional Model: Dynamic Anal-

ysis of a Prototype Base-Isolated Building.

This section demonstrates an application of the omnidirectional model in base-isolated build-

ing design and compares it with the corresponding fixed-based building and base-isolated

building adopting the unidirectional model.
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Kobe @ JMA earthquake record.
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Figure 4.10: 3D view of the ABAQUS model.

4.5.1 The Prototype Building Geometry and Loads

A prototype model of a 4-story building consisting of one bay in both orthogonal directions

(9× 9 m) was created in ABAQUS CAE (Figure 4.10). The floor-to-floor height of all four

levels is 4 meters. The columns and beams were modeled as B31 elements (2-node linear

beam in space). All the connections of the moment frame system are modeled as fixed

connections. The floor system and the foundation are considered rigid diaphragms with the

concrete slab of 0.1 m and 0.8 m depth separately, modeled as S4 elements (4-node general-

purpose shell element). The roof loads include the ground snow load of 957 N/m2; floor

loads include the dead load of 2400 N/m2 and the live load of 2400 N/m2. Only self-weight

and superimposed dead loads are accounted for as the seismic mass in the dynamic analysis.
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Table 4.3: The selected earthquake records.

Record No. Event (abbreviation) Year Station Magnitude (Mw)

1 Imperial Valley-06 (IV) 1979 Delta 6.53

2 Superstition Hills-02 (SH) 1987 El Centro 6.54

3 Landers (L) 1992 Yermo Fire Station 7.28

4 Kobe-Japan (KJ) 1995 Abeno 6.9

5 Duzce-Turkey (DT) 1999 Duzce 7.14

6 Darfield-New Zealand (DNZ) 2010 GDLC 7.0

7 Chi-Chi-Taiwan (CCT) 1999 TCU076 7.62

4.5.2 Ground Motion Selection

The structural system of the building was designed following the provisions of ASCE 7-16

[2]. The prototype building is assumed to be located in Los Angeles. Therefore, the USGS

worldwide seismic design tool can obtain the mapped acceleration parameters SS = 2.01 g,

S1 = 0.74 g, and TL = 8 sec. Thereafter, per ASCE 7-16 [2], a minimum of 7 earthquake

records are required to perform the time history analysis (Table 4.3). Acceleration response

spectrum curves for MCE scenario earthquake records are presented in Figure 4.11, where

the selected earthquake records are matched with MCE fault normal (Figure 4.11 (a)) and

MCE fault parallel (Figure 4.11 (b)).

4.5.3 Design of the TFP Bearings

The geometry of the TFP bearings (Table 4.4) is selected based on chapters 12 and 17 struc-

tural performance requirements, seismic hazard, and design requirements stated in ASCE

7-16 [2]. After that, the parameters utilized in the omnidirectional model are estimated
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Figure 4.11: Acceleration response spectrum curves for MCE scenario earthquake records:

Fault Normal (a), Fault Parallel (b).

based on the selected TFP bearings’ geometry. The theoretical backbone curve and the

omnidirectional model are shown in Figure 4.12.

4.5.4 Dynamic Analysis Results

After performing the dynamic nonlinear history analysis, the displacement orbit, hysteresis

repose, and energy dissipation of the TFP bearings under Chi-Chi @ TCU076 earthquake

Table 4.4: The geometry parameter of the TFP bearing.

Nominal Friction Coefficient Radius (cm) Height (cm)

µ1 0.05 R1 396.24 h1 13.97

µ2 0.02 R2 40.64 h2 8.89

µ3 0.02 R3 40.64 h3 8.89

µ4 0.08 R4 396.24 h4 13.97
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Figure 4.12: The TFP backbone curve and the omnidirectional model.

excitations are shown in Figure 4.13, the TFP bearing response under the other six earth-

quakes are listed in Appendix 7.2. These results indicate that base isolation is effective in

reducing the base shear under earthquakes with different intensities. The omnidirectional

model produces 94% and 12.5% less normalized shear force than the fixed-based building

and unidirectional model on average (Table. 4.5), separately. Similarly, compared to the

fixed-based building, the maximum story drift (Table. 4.6) and acceleration (Table. 4.7) are

reduced 93% and 94% separately when the omnidirectional model is employed. As expected,

the unidirectional model has an 8% larger story drift and 18% larger acceleration than the

omnidirectional model, since the biaxial coupling effect is not considered. The hysteresis

responses estimated by the omnidirectional model agree with the design backbone curve

very well. The difference between the omnidirectional and unidirectional model predictions

indicates that the bi-axial coupling effect is essential. The normalized base shear predicted

by the unidirectional model is higher than the omnidirectional model in all the cases, since

the bi-axial coupling effect ’reduce’ the shear stiffness. In general, the unidirectional model

dissipates slightly more energy than the omnidirectional model. Therefore, the unidirectional

model, currently widely used in practical design, can not accurately represent the bi-axial

coupling effect; this issue can be addressed by adopting the omnidirectional model, which
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Table 4.5: Max. normalized base shear under earthquake.

Earthquake event Max. base shear

(normalized by

seismic weight) of

fix-based building

(%)

Max. base shear (nor-

malized by seismic

weight) of base-isolated

building utilizing om-

nidirectional model

(%)

Max. base shear (nor-

malized by seismic

weight) of base-isolated

building utilizing unidi-

rectional model (%)

Imperial Valley-06 246 11 14

Superstition Hills-02 211 13 15

Landers 191 17 17

Kobe 225 12 13

Duzce 228 13 14

Darfield 215 16 18

Chi Chi 223 15 19

Mean 220 14 16

Median 223 13 15

provides a more robust solution. In addition, Figure 4.14 shows the difference between the

unidirectional model and the omnidirectional model in terms of the acceleration and the

influence of the uncoupled macroelement model orientation selection. Similarly, the predic-

tion of maximum normalized based shear also depends on the orientation of the uncoupled

macroelement model because of the misrepresenting the circular yield surface; the details

are shown in Table 4.8.
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Figure 4.13: Displacement orbit of Chi-Chi @ TCU076 earthquake (a), energy dissipation

(b) and hysteresis of the TFP bearings (c)(d).
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Table 4.6: Max. story drift under earthquake.

Earthquake event Max. inter-

story drift of fix-

based building

(%)

Max. inter-story

drift of base-isolated

building utilizing

omnidirectional

model (%)

Max. inter-story

drift of base-isolated

building utilizing

unidirectional model

(%)

Imperial Valley-06 1.85 0.09 0.11

Superstition Hills-02 1.54 0.10 0.12

Landers 1.48 0.13 0.13

Kobe 1.35 0.08 0.10

Duzce 1.74 0.12 0.13

Darfield 1.89 0.13 0.14

Chi Chi 1.86 0.12 0.13

Mean 1.67 0.11 0.12

Median 1.74 0.12 0.13
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Table 4.7: Max. acceleration under earthquake.

Earthquake event Max. floor

acceleration

of fix-based

building (g)

Max. floor accelera-

tion of base-isolated

building utilizing

omnidirectional

elements (g)

Max. floor accelera-

tion of base-isolated

building utilizing

unidirectional ele-

ments (g)

Imperial Valley-06 4.27 0.22 0.28

Superstition Hills-02 3.76 0.24 0.26

Landers 3.07 0.22 0.28

Kobe 4.02 0.21 0.27

Duzce 3.79 0.22 0.28

Darfield 3.65 0.22 0.28

Chi Chi 3.81 0.29 0.31

Mean 3.77 0.23 0.28

Median 3.81 0.22 0.28
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Table 4.8: Max. normalized base shear under earthquakes with different orientations of the

uncoupled macroelement model.

Earthquake event
Building utilizing uncoupled macroelement model

rotate 0◦ rotate 30◦ rotate 60◦

Imperial Valley-06 13.8% 14.7% 14.6%

Superstition Hills-02 14.6% 13.5% 14.8%

Landers 17.2% 16.8% 17.9%

Kobe 12.7% 14.7% 14.6%

Duzce 13.8% 15.2% 14.5%

Darfield 17.7% 16.8% 18.3%

Chi Chi 18.5% 17.8% 18.1%
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CHAPTER 5

A Pressure-dependent Macroelement Modeling

Approach for Hysteretic Response of TFP Bearings

In 1986, Lin and Tadjbakhsh [45] showed that both the horizontal reaction and displacement

of a mass block isolated by friction pendulum bearings are magnified due to considering the

vertical earthquake excitation. The similar results had been found by Calvi et al. [11] in 2004

and several analytical studies [78, 26, 66]. The increasement of horizontal base shear and

displacement will cause amplification of the floor acceleration of the superstructure, suggested

by Rabiei and Khoushnoudian [70]. There is no experimental test that demonstrates the

significance of the vertical earthquake excitation effect on the horizontal response of a base-

isolated structure until 2016 purposed by Ryan and Dao [74], the importance of vertical

earthquake excitation effect on the horizontal response of the superstructure was verified.

5.1 The Methodology of the Pressure-dependent Macroelement

Model

As stated above, the vertical earthquake excitation affects the horizontal response of the

superstructure significantly. However, the previous omnidirectional model for TFP bearings

lacks pressure-dependent ability.

In the original omnidirectional element model, two nodes represent the TFP bearings’

top and bottom separately. Each node has two degrees of freedom to simulate the horizontal

X and Y axis. Currently, the newly introduced third degree of freedom incorporates the
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vertical pressure effect by monitoring the vertical pressure of the top of the TFP bearings

is introduced. Then the ratio η of the instantaneous pressure to the static pressure can be

estimated through Equation 5.1. After that, the radius of each yield surface will be adjusted

by Equation 5.2, which indicates that the yielding surface’s radius changes proportionally to

the normal pressure, except for the ultimate one. Figure 5.1 demonstrates the involvement of

the yielding surfaces’ radius. Therefore, the shape of yielding surfaces becomes from circles

with constant radius to a cone shape (Figure 5.2).

η =
Pinstantaneous

Pstatic

(5.1)

rinew = ηri, i = 1, 2, n− 1 (5.2)

5.2 Validation of the Pressure-dependent Macroelement model

In 2011, a full-scale 5-story steel moment frame building with TFP bearings was tested

at Hyogo Earthquake Engineering Research Center (E-Defense) of Miki, Japan [77]. The

recorded displacement and forces history of TFP bearings are able to verify the pressure-

dependent macroelement model.

The design parameters of TFP bearing used in the E-defense are shown in Table 5.1. The

input parameters of the pressure-dependent macroelement model (Table 5.2) are obtained by

the geometry of TFP bearings. Seven earthquake excitations plus one sine wave displacement

orbit are utilized to verify the pressure-dependent macroelement model, which is listed in

Table 5.3.
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Figure 5.1: The pressure-dependent macroelement model.
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Figure 5.2: The cone shape yielding surfaces of the pressure-dependent macroelement

model.

Table 5.1: Geometry of the TFP bearing used in the E-defense.

µ (%) R (mm) h (mm) d (mm)

µ1 = 0.02 R1 = 457 h1 = 38 d1 = 51

µ1 = 0.08 R2 = 3962 h2 = 114 d1 = 514

µ1 = 0.08 R3 = 3962 h3 = 114 d1 = 514
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Table 5.2: Input parameters of the pressure-dependent macroelement model.

Number of surfaces Normalized Radii Normalized Hardening moduli

i ri (×105) H i (×105)

1 0.87 0.72

2 1.16 2.95

3 1.63 9.84

Normalized Shear modulus µ = 3.7× 104

Poisson’s ratio ν = 0.3

Table 5.3: Earthquake excitations applied to the E-defense building.

Record No. Earthquake/Station
Scale factor

X Y Z

1 1940 Imperial Valley @ El Centro 1.3 1.3 1.3

2 1994 Northridge @ Symlar Olive View Hosp. 1.0 1.0 1.0

3 1989 Loma Prieta @ Los Gatos Pres. Ctr. 0.7 0.7 0.7

4 2011 Tohoku @ Iwanuma 1.0 1.0 0.0

5 1995 Kobe @ Takatori 1.0 1.0 1.0

6 1999 ChiChi @ TCU065 0.8 0.8 0.0

7 1992 Tabas @ Tabas 1.0 1.0 0.0
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5.2.1 Single Element Test

The vertical force histories were recorded for all excitation during the E-defense experiment.

Therefore, the pressure-dependent macroelement can be tested without the superstructure by

fixing one node (TFP bearing top) of the element and applying three-dimensional excitations

on the other node (TFP bearing bottom).

The hysteresis of TFP bearings under sine wave is shown in Figure 5.3. Note that the is

no vertical excitation applied under the sine wave test. The pressure-dependent macroele-

ment model agrees with the experiment much better than the macroelement model because

of incorporating the vertical pressure effect. Therefore, the sine wave test validated the

effectiveness of the pressure-dependent macroelement model.

The hysteresis of TFP bearings under seven earthquake excitations are shown from Fig-

ure 5.4 to Figure 5.10. These results indicate that the pressure-dependent macroelement

model predicts the hysteresis of the TFP bearing more accurately than the normal macroele-

ment model, especially when the vertical excitation can not be ignored. Under real earth-

quake excitations, a huge amount of spikes of horizontal force are observed due to the abrupt

change of the vertical forces. Therefore, the normal macroelement model can not capture

those characteristics which are significant for TFP bearing design. Both maximum displace-

ment and shear force obtained by the macroelement model are underestimated in most cases.

In other words, the pressure-dependent macroelement model provides a more conservative

result, which is good for structure design. Besides, the difference between the two numerical

models is negligible when mild earthquakes are applied. However, the pressure-dependent

macroelement model can capture the peak base shear and displacement of TFP bearing

in huge earthquakes, but the macroelement model can not. This result also confirms that

vertical earthquake excitation plays a significant role, especially in a big earthquake.
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Figure 5.3: The hysteresis of TFP bearings under sine wave.

68



-50 0 50

Disp. u
x
 (cm)

-150

-100

-50

0

50

100

150

S
h
ea

r 
fo

rc
e 

f x
 (

k
N

)

SE

-50 0 50

Disp. u
y
 (cm)

-150

-100

-50

0

50

100

150

S
h
ea

r 
fo

rc
e 

f y
 (

k
N

)

SE

E-Defense

Macroelement

Pressure dependent Macroelement

-50 0 50

Disp. u
x
 (cm)

-150

-100

-50

0

50

100

150
S

h
ea

r 
fo

rc
e 

f x
 (

k
N

)

S

-50 0 50

Disp. u
y
 (cm)

-150

-100

-50

0

50

100

150

S
h
ea

r 
fo

rc
e 

f y
 (

k
N

)

S

-50 0 50

Disp. u
x
 (cm)

-150

-100

-50

0

50

100

150

S
h
ea

r 
fo

rc
e 

f x
 (

k
N

)

SW

-50 0 50

Disp. u
y
 (cm)

-150

-100

-50

0

50

100

150

S
h
ea

r 
fo

rc
e 

f y
 (

k
N

)

SW

-50 0 50

Disp. u
x
 (cm)

-150

-100

-50

0

50

100

150

S
h
ea

r 
fo

rc
e 

f x
 (

k
N

)

E

-50 0 50

Disp. u
y
 (cm)

-150

-100

-50

0

50

100

150

S
h
ea

r 
fo

rc
e 

f y
 (

k
N

)

E

-50 0 50

Disp. u
x
 (cm)

-150

-100

-50

0

50

100

150

S
h
ea

r 
fo

rc
e 

f x
 (

k
N

)

C

-50 0 50

Disp. u
y
 (cm)

-150

-100

-50

0

50

100

150

S
h
ea

r 
fo

rc
e 

f y
 (

k
N

)

C

-50 0 50

Disp. u
x
 (cm)

-150

-100

-50

0

50

100

150

S
h
ea

r 
fo

rc
e 

f x
 (

k
N

)
W

-50 0 50

Disp. u
y
 (cm)

-150

-100

-50

0

50

100

150

S
h
ea

r 
fo

rc
e 

f y
 (

k
N

)

W

-50 0 50

Disp. u
x
 (cm)

-150

-100

-50

0

50

100

150

S
h

ea
r 

fo
rc

e 
f x

 (
k
N

)

NE

-50 0 50

Disp. u
y
 (cm)

-150

-100

-50

0

50

100

150

S
h

ea
r 

fo
rc

e 
f y

 (
k
N

)

NE

-50 0 50

Disp. u
x
 (cm)

-150

-100

-50

0

50

100

150

S
h

ea
r 

fo
rc

e 
f x

 (
k
N

)

N

-50 0 50

Disp. u
y
 (cm)

-150

-100

-50

0

50

100

150

S
h

ea
r 

fo
rc

e 
f y

 (
k
N

)

N

-50 0 50

Disp. u
x
 (cm)

-150

-100

-50

0

50

100

150

S
h

ea
r 

fo
rc

e 
f x

 (
k
N

)

NW

-50 0 50

Disp. u
y
 (cm)

-150

-100

-50

0

50

100

150

S
h

ea
r 

fo
rc

e 
f y

 (
k
N

)

NW

Figure 5.4: The hysteresis of TFP bearings under Imperial Valley @ Westmorland

earthquake.
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Figure 5.5: The hysteresis of TFP bearings under Northridge @ Sylmar earthquake.
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Figure 5.6: The hysteresis of TFP bearings under Loma Prieta @ Los Gatos Pres. Ctr.

earthquake.

71



Figure 5.7: The hysteresis of TFP bearings under Tohoku @ Iwanuma earthquake.
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Figure 5.8: The hysteresis of TFP bearings under Kobe @ Takatori earthquake.
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Figure 5.9: The hysteresis of TFP bearings under Chi-Chi @ TCU065 earthquake.
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Figure 5.10: The hysteresis of TFP bearings under Tabas @ Tabas earthquake.
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Table 5.4: Estimated weight of the specimen by floor level.

Floor Roof 5th 4th 3rd 2nd Base

Total weight (kN) 1153 771 781 782 792 842

5.2.2 E-Defense Building Test

This section will demonstrate the validation of the pressure-dependent macroelement model

by simulating the response of the E-defense building and its isolators.

The dimensions of the 5-story steel moment frame building utilizing in E-Defense are

obtained from Dao’s Ph.D. thesis [22]. The mass distribution of each floor is showed in

Table 5.4. Additionally, the vertical reaction at the bases needs to be adjusted due to the

imperfection of the E-Defense building. The procedure detail refers to Dao’s Ph.D. thesis

[22].

The finite element model of E-Defense building was created in Abaqus CAE (Figure 5.11),

and the modal analysis has been performed. The first three modes shapes of the fixed base

building are shown in Figure 5.12. The Table 5.5 demonstrates the finite element model

mode shapes match with E-Defense experiment data [33] very well. The maximum error is

7%, which indicates a good fit.

The damping also plays an important role in the structure [51, 19, 75]. In this study,

Rayleigh damping was used to represent energy dissipation in the E-Defense structure. The

Rayleigh damping matrix can be expressed by Equation 5.3 [15].

C = αmM + αKK (5.3)

Where C,M,K are the global damping, mass, and stiffness matrix. The damping ratio ξ

can be obtained through Equation 5.4.
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Figure 5.11: The finite element model of E-Defense building.
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Figure 5.12: The first 3 modes shape and period of the E-Defense building.

Table 5.5: modal analysis of the E-Defense building.

Mode No. Experiment period T (sec) Abaqus model period T (sec) Error (%)

1sty direction mode 0.677 0.674 0.52

2nd y direction mode 0.211 0.223 5.21

3rd y direction mode 0.113 0.119 4.71

1st x direction mode 0.652 0.658 0.96

2nd x direction mode 0.204 0.220 7.18

3rd x direction mode 0.112 0.117 4.56

1st vertical mode 0.142 0.146 2.8

1st rotational mode 0.472 0.475 0.65
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Figure 5.13: The hysteresis of TFP bearings under sine wave.

ξn =
aM
2

1

ωn
+
aK
2
ωn (5.4)

Where ωn is the structure’s natural frequency of the nth mode. After combine Equation 5.3

and 5.4, aM and aK can be evaluated by Equation 5.5 with selected damping ratio. The ξ1

and ξ2 are chosen as 1.5% and 2.5% separately through manual adjusting.

1

2


 1/ωi ωi

1/ωj ωj







aM

aK



 =





ξi

ξj



 (5.5)

The hysteresis of TFP bearings under sine wave is shown in Figure 5.13. The pressure-

dependent macroelement model provides better predictions of the TFP bearing hysteresis

than the macroelement model. However, these results’ accuracy is less than the single element
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Figure 5.14: The peak inner-story drift ratio of E-Defense building under sine wave.

test since the instantaneous normal pressure is estimated from the finite element model

analysis, not directly prescribed the experimental vertical pressure data. Figure 5.14 and

Figure 5.15 demonstrate the peak inter-story drift ratio and the maximum floor acceleration

of E-Defense building under sine wave. Note that both numerical macroelement models

underestimate the first-floor peak acceleration; other than that, the difference between the

three results is not significant. The pressure-dependent macroelement model has better

predictions than the macroelement model. Therefore, this sine wave validates both TPF

bearings elements, and the pressure-dependent macroelement model shows the advantage

over the macroelement model.

The building response under the Kobe @ Takatori earthquake is demonstrated in this

section as an example of earthquakes with vertical excitations. The details of the building

response under else earthquakes are list in appendix C. Similar to the sin wave test, Fig-

ure 5.16 indicates that the pressure-dependent macroelement model captures more details of

the TFP bearings’ response than the macroelement model. The difference between the two

numerical models is trivial when displacement is small. This phenomenon can be observed

from the X direction hysteresis. However, the pressure-dependent macroelement model can
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Figure 5.15: The peak floor acceleration of E-Defense building under sine wave.

predict the spikes of the shear forces more accurately than the macroelement model due to

the pressure-dependent function applied. The difference in the peak inter-story drift ratio

is observed between the numerical model and experiment data. Especially, the first floor

maximum inter-story drift ratios are overestimated, which indicates the first story stiffness

is smaller than the E-Defense building. Regarding the peak floor acceleration, the pressure-

dependent macroelement model captures the second mode shape of the structure due to

the vertical effect; on the contrary, the macroelement model misses that capability. These

results solidly validate the pressure-dependent macroelement model and suggest that the

pressure-dependent macroelement model is preferable to the macroelement model.

In addition, Figure 5.19 suggests the design backbone curve is not a constant anymore

due to vertical excitation effects, and only the pressure-dependent macroelement model is

able to predict the normalized based shear beyond the constant design backbone curve.

The three TFP bearing models predict similar results when the earthquake excitation is

moderate. However, only the pressure-dependent macroelement model can capture the spikes

of hysteresis, especially when the vertical earthquake can not be neglected. Therefore, the

pressure-dependent macroelement model can help designers better understand the response
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Figure 5.16: The hysteresis of TFP bearings under Kobe @ Takatori earthquake.
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Figure 5.17: The peak inner-story drift ratio of E-Defense building under Kobe @ Takatori

earthquake.
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Figure 5.18: The peak floor acceleration of E-Defense building under Kobe @ Takatori

earthquake.

of the TFP bearings.

In order to ensure the pressure-dependent macroelement model help increase the accuracy

of predicting building response and the finite element model can represent E-Defense build-

ing’s characteristics, the spectrum analysis of the numerical model had been conducted. The

earthquake excitations were applied to the base isolation building. The floor acceleration his-

tory was recorded for both horizontal and vertical directions. Then the acceleration history

was treated as an external force applied on an SDOF system with unit mass. The maximum

accelerations were recorded for various natural periods. Therefore, the natural periods of the

base-isolated structure are obtained according to the periods when the local peaks of accel-

erations appear. In the E-defense experiment, two horizontal accelerometers (Northwest and

Southeast) and three vertical accelerometers (Northeast, Northwest, and Southeast) record

the acceleration history on each floor. Those acceleration profiles can be used to comparing

with the finite element model results. Four earthquake excitations, which include the vertical

component, are selected to perform spectrum analysis. The response spectra of the building

under the Kobe @ Takatori earthquake are shown through Figure 5.20 to Figure 5.24. The
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Figure 5.19: The southwest TFP bearings normalized base shear v.s. displacement under

Kobe @ Takatori earthquake in E-Defense experiment.

response spectra of the building under the other three earthquakes are listed in Appendix B.

The horizontal acceleration profiles (Figure 5.20 and Figure 5.21) demonstrate that the

building with the pressure-dependent macroelement model captures the natural period of the

E-Defense building very well. The first three natural periods almost match. However, there is

some difference in the magnitude of the acceleration, but still showing the notable advantages

over the building with the macroelement model. The building with the macroelement model

can also accurately capture the first two natural periods of the E-Defense building. The build-

ing with the macroelement model underestimates the magnitude of the acceleration in all

the floors for both directions. These results verify the importance of the pressure-dependent

macroelement model in helping predict the building response accurately. The difference be-

tween the pressure-dependent macroelement model and macroelement model indicates that

the vertical force variation significantly affects the horizontal response of superstructures.

Regarding the vertical response of the building, the building utilizing the pressure-

dependent macroelement model and macroelement model almost arrive at the same results,
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Figure 5.20: The horizontal response spectra of the building under Kobe @ Takatori

earthquake (Northwest).
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Figure 5.21: The horizontal response spectra of the building under Kobe @ Takatori

earthquake (Southeast).
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Figure 5.22: The vertical response spectra of the building under Kobe @ Takatori

earthquake (Northwest).
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Figure 5.23: The vertical response spectra of the building under Kobe @ Takatori

earthquake (Northeast).
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Figure 5.24: The vertical response spectra of the building under Kobe @ Takatori

earthquake (Southeast).
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which is reasonable since the element type of TFP bearing will not affect the vertical char-

acteristic of the superstructure. This also verifies the finite element model of the E-Defense

building can represent the characteristic of the E-Defense building effectively. Figure 5.22

and Figure 5.24 demonstrate that both TFP bearing models predict the vertical natural

period of the E-Defense building accurately, but not the acceleration magnitude. There are

various reasons to cause the mismatch; one could be misrepresenting the mass distribution

for each floor. Besides, the damping ratio can also affect the building response significantly.

Therefore, the damping model and parameters should be selected conscientiously.
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CHAPTER 6

Fragility-based Seismic Performance Assessment of the

E-Defense Building

In the past 30 years, a variety of base-isolated structure has been constructed to achieve

the high seismic performance requirement [60], such as hospitals, electronic data center and

other critical structures. In order to achieve those enhanced performance requirements,

performance-based design is widely adopted [80, 96, 40] in varieties type of buildings and

bridges [103, 100, 104, 99], while little attention was given to the base-isolated structures [106,

16, 44, 61, 79]. This chapter will perform a fragility-based seismic performance assessment

of the E-Defense building. Three types of TFP bearing models are utilized during the

nonlinear response history analysis (NRHA). The difference between the building utilizing

three different TFP bearings models provides building owners insight to help them make

decisions.

There are two major methods to develop the fragility curves; the first one is the incremen-

tal dynamic analysis (IDA) [93, 92, 24, 95] which requires performing NRHA of structures

with continuing scaled ground motions in a specific range, for instance, [94, 4, 47]. How-

ever, the IDA method is debatable because scaling the ground motions incrementally will

misrepresent the characteristic of seismic hazard for different earthquake intensity levels

[3, 10, 42, 46]. On the contrary, the probabilistic seismic demand modeling (PSDM) ap-

proach [81, 48, 21, 29] can overcome the disadvantage of the IDA method mentioned above

by formulating the relationship between the certain intensity measure (IM) and the engineer-

ing demand parameters (EDPs), which do not require scaling the ground motions. There are
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varieties of examples showing developing fragility curves by PSDM approach for non-ductile

reinforced concrete buildings [13, 38, 71]. Since base-isolated structures are designed for

enhanced performance requirements, it is appropriate to focus on severe earthquake events

analysis; in other words, the maximum considered event (MCE) is selected as the target

seismic hazard level. The corresponding return period is 2475 years. Therefore, the PSDM

approach is adopted in this study. The PSDM approach describes the relationship between

Demand (D) and IM as Equation 6.1. By taking the logarithm of both sides of the Equa-

tion 6.1, the inverse logarithm of the vertical intercept a and the slope b can be estimated

from regressing ln(IM) on ln(D), the mean demand is evaluated as Equation 6.2, and the

corresponding dispersion (or standard deviation) is described in Equation 6.3.

D = a(IM)b (6.1)

ln(D) = ln(a) + b · ln(IM) (6.2)

βD|IM ∼=

√∑
(ln(d)− ln (aIM b))2

N − 2
(6.3)

The fragility curve, which describes the probability of demand exceeding the capacity (C)

for a given intensity level, is expressed as Equation 6.4. βM and βC denote the uncertainty in

modeling and variability in capacity, respectively. The selected βM and βC values are shown

in Table 6.1 according to the requirement of HAZUS [34].

In this study, the peak floor accelerations (PFAs) are used to define median values of

the damage to Non-Structural acceleration-sensitive components, and the threshold for four

damage states are shown in Table 6.2 according to the requirement of HAZUS [34]. Similarly,

for the structural drift-sensitive components, the inter-story drift ratios (IDRs) are selected

as EDP, and the threshold for four damage states are shown in Table 6.3.
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Table 6.1: The variability in capacity βC and the uncertainty in modeling βM .

βC βM

Nonstructural acceleration-sensitive components 0.25 0.6

structural drift-Sensitive components 0.25 0.4

Table 6.2: The peak floor accelerations are used to define median values of the damage to

non-structural acceleration-sensitive components.

Floor acceleration (g) at the threshold of non-structural damage

slight Moderate Extensive Complete

0.3 0.6 1.2 2.4

P (D > C | IM) = 1− Φ


 ln(Ĉ)− ln

(
a · IM b

)
√
β2
D|IM + β2

C + β2
M


 (6.4)

Table 6.3: The peak inter-story drifts ratio (%) are used to define median values of the

damage to structural drift-sensitive components.

Inter-story drift at the threshold of structural damage

slight Moderate Extensive Complete

0.4 0.80 2.00 5.33
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6.1 Ground Motion Selection

This study utilizing E-Defense building as an example building assumed located in Los

Angeles; based on the site conditions, the target horizontal and vertical spectrums are con-

structed by the ground motion model (GMM) [9]. Then 40 earthquake records are selected

from PEER NGA-West2 database [68] and match to the design spectrum through greedy

ground motion selection algorithm [37]. The selected ground motions, which are the same as

the ground motions mentioned in Zhang’s paper [105], the response spectra of the selected

records are shown in Figure 6.1.

6.2 The Effect of Earthquake Orientation

Multiple researchers point out that the orientation of the input earthquake excitations will

affect the nonlinear history response of the superstructure [73, 72, 31, 6, 35, 28]. Therefore,

the experiment investigating the sensitivity of the superstructure response under different

ground motions directions has been conducted for two selected earthquakes (Chuetsu-Oki

@ Kashiwazaki City Center earthquake and Landers @ North Palm Springs Fire Sta #36

earthquake). Nonlinear dynamic analyses are performed on E-Defense Building by consider-

ing twelve different earthquake directions, which rotate the direction of both the orthogonal

components by 15◦ for each analysis. Three TFP bearing models mentioned in the previ-

ous chapter are utilized during the analysis. For convenience, the uncoupled macroelement

model is denoted as 1D in this chapter’s figure, and the macroelement model is denoted

as 2D, and the pressure-dependent macroelement model is denoted as 3D. The peak floor

accelerations and inter-story drift ratios are shown through Figure 6.2 to Figure 6.3. These

results demonstrate that the ground motion orientation effect is not prominent. The un-

coupled macroelement model shows the biggest difference of peak floor accelerations and

inter-story drift ratios under different earthquake excitations. Table 6.4 shows the details of

the peak floor accelerations and inter-story drift ratios, which confirms that the uncoupled
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Figure 6.2: The distribution of the peak floor accelerations (a), and inter-story drift ratio

(b) for three models under the Chuetsu-Oki @ Kashiwazaki City Center earthquake with

different earthquake orientations.

macroelement model is sustainable to the orientation of the earthquake excitations. How-

ever, the difference of peak floor accelerations and inter-story drift ratios caused by ground

motion orientation is insignificant. In order to save the computational power, two different

earthquake directions (original and rotating the direction of both the orthogonal components

by 90◦) for each earthquake are utilized in this study.

6.3 Intensity Measure (IM) Selection & Damage Fragility Curves

Four IMs (i.e., SaT1, Sd, PGA, PGV ) are investigated in this study. Efficiency, proficiency,

and practicality are good metrics to evaluate the goodness of the IMs [14]. A small βD|IM
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Figure 6.3: The distribution of the peak floor accelerations (a) and inter-story drift ratio

(b) for three models under Landers @ North Palm Springs Fire Sta #36 earthquake with

different earthquake orientations.

Table 6.4: Max. difference of the peak floor accelerations, and inter-story drift ratio under

different orientations of the earthquake excitations.

Earthquake event
peak floor acc. (g) peak drift ratio (%)

1D 2D 3D 1D 2D 3D

Chuetsu-Oki 0.1012 0.0981 0.0913 0.0597 0.0241 0.0148

Landers 0.3427 0.1911 0.2114 0.1179 0.0534 0.0409
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Table 6.5: the proficiency ζ of different intensity measures for IDR.

IM Uncoupled macroelelment macroelelment Pressure denpendent macroelelment

SaT1 (g) 1.57 1.88 1.52

Sd (m) 1.57 1.87 1.52

PGA (g) 1.19 1.26 1.15

PGV (m/s) 1.09 1.18 1.05

Table 6.6: the proficiency ζ of different intensity measures for PFA.

IM Uncoupled macroelelment macroelelment Pressure denpendent macroelelment

SaT1 (g) 2.13 2.50 2.09

Sd (m) 2.13 2.50 2.10

PGA (g) 1.25 1.34 1.28

PGV (m/s) 1.33 1.49 1.29

leads to a slight variation of the estimated demand, which suggests efficient IM. The practi-

cality depends on the slope b in the regression analysis (Appendix E). The EDP should be

proportional to IM theoretically. Small b indicates that the EDP does not depend on IM; in

other words, impractical. Therefore, bigger b is preferred. The proficiency is a combination

of the efficiency and practicality expressed in Equation 6.5. The regression results are shown

in Table 6.5, and Table 6.6 suggest that the PGA and PGV are the best IMs for PFA and

IDR, respectively.

ζ =
βD|IM
b

(6.5)

Figure 6.4 demonstrates the PFAs and IDRs for E-Defense building using three TFP
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Figure 6.4: The average and standard deviation of the peak floor accelerations (a), and

inter-story drift ratio (b) for three models.

bearing models. The pressure-dependent macroelement model and the uncoupled macroele-

ment model generate higher PFAs than the macroelement model. The macroelement model

predicts similar IDRs as the pressure-dependent macroelement model, and the uncoupled

macroelement model provides the highest IDRs. From PSDM, the fragility curves are ob-

tained through Equation 6.4. For non-structural acceleration-sensitive components (Fig-

ure 6.5), the pressure-dependent macroelement model and macroelement model indicate the

highest and lowest probability of damage, respectively. These results verify that vertical

earthquake excitations are not negligible since the pressure-dependent macroelement model

provides the most conservative result, which helps the designer make a better decision. The

uncoupled macroelement model overestimates the stiffness of the whole structure, and it is no

surprise that this model predicts higher PFAs than the macroelement model. However, the

pressure-dependent macroelement model makes the building even stiffer than the uncoupled
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Figure 6.5: Fragility functions for slight, moderate, extensive, and complete damage

(EDP=FPA).

macroelement model. Therefore, the pressure-dependent macroelement model experience

the highest PFAs and probability of damage.

For structural drift-sensitive components (Figure 6.6), the macroelement model predicts

the lowest probability of damage since the macroelement model underestimates the stiffness

of the TFP bearings by ignoring the vertical pressure effect. On the contrary, the uncoupled

macroelement model transfer more base shear to supper structure because of overestimating

the stiffness of the TFP bearings; only the pressure-dependent macroelement model can

represent the characteristic of the TFP bearings reasonably.

Figure 6.7 and Figure 6.8 demonstrate the probability of non-structural damage if MRI

machines, IT servers, and Data Racks are placed in the E-Defense building. The floor accel-

eration thresholds of damage for them are 0.3 g and 0.2 g, respectively. The fragility curves
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Figure 6.6: Fragility functions for slight, moderate, extensive, and complete damage

(EDP=IDR).
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Figure 6.7: Fragility functions for slight, moderate, extensive, and complete damage

(EDP=FPA).

suggested a higher probability of damage to this equipment when the pressure-dependent

macroelement model was applied.

The lifetime repair cost is estimated utilizing the method described in HAZUS [34], the

total construction cost of the E-Defense building has been normalized to the unit value,

the repairing cost analysis is performed utilizing EDPs in Performance-Based Engineering

Application develop by SimCenter [1]. Figure 6.9 indicated that the lifetime repair cost of the

pressure-dependent macroelement model and uncoupled macroelement model is higher than

the macroelement model. The probability of no need to repair during the building lifetime
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Figure 6.8: Fragility functions for slight, moderate, extensive, and complete damage

(EDP=PFA).
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Figure 6.9: Expected total repair cost (%).

is around 25%. The building owner only has to pay around 5% of the total building cost

for maintenance during the building lifetime, with a 50% probability. This result provides

significant evidence to inform the building owners to make rational decisions.
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CHAPTER 7

Conclusions & Future Work

7.1 Chapter-by-chapter Summaries and Conclusions

The first two chapters of this study were devoted to a literature review, which examined

the basic attributes and design methodologies for base isolation and numerical modeling

techniques, with a special focus on friction pendulum bearing devices.

In Chapter 3, highly detailed modeling and simulation of the hysteretic response of a

TFP bearing through the finite element method was attempted. The model was demon-

strated to capture the measured responses from a full-scale laboratory test. While such

models are extremely useful in generalizing/extending experimental data and for detailed

examinations of various phenomena using physics-based constituent/constitutive models, it

was observed that they are yet far from being practically useful in an engineering design

sense. This was due to the high computational costs of implicit time-stepping emanating

primarily from the difficulties associated with multi-surface frictional contact nonlinearities.

Computations with explicit methods were not fruitful, as they have exhibited either too

many spurious oscillations under default procedures of a state-of-the-art finite element soft-

ware (ABAQUS) or otherwise required extremely small time step sizes. Observations from

this initial study led to the decision to pursue reduced-order (macroelement) models that

can provide computational efficiency with adequate accuracy.

In chapter 4, a multi-surface plasticity framework was devised to represent the omnidi-

rectional hysteretic responses of TFP bearings in a physically consistent manner. Unlike the
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uncoupled models, which are commonly used in engineering practice, the omnidirectional

macroelement model produces identical reactions regardless of its orientation in the numer-

ical model. The proposed model also had the advantage of being physically intuitive due

to its direct correspondence with the device’s geometry and kinematics. It was also easy to

calibrate, requiring only the uniaxial lateral load-deformation backbone curve.

The macroelement model was implemented in ABAQUS as a user element (UEL), and

validated against data from experiments conducted at UC Berkeley [5]. An application of the

macroelement model was also described in chapter 4. The prediction differences between the

omnidirectional and the uncoupled model indicated that this modeling error was significant

and could be easily avoided.

Another essential advantage of the macroelement model was cited as being its versatility.

While not specifically demonstrated, a parallel study (not included in this dissertation)

demonstrated that the proposed omnidirectional modeling approach could easily be adapted

to other applications, such as soil-pile interaction [49, 50].

In chapter 5, the omnidirectional model was extended to consider vertical response cou-

pled with lateral responses, and a pressure-dependent macroelement model was devised. This

new triaxial model was then validated using data from a single element test and also from an

E-Defense shake table experiment on a full-scale base-isolated building. It was observed in

these validation studies that only the pressure-dependent macroelement model could predict

the base shear beyond the nominal backbone curve and captured the experimentally ob-

served spikes in the hysteresis loops. The pressure-dependency was significant when vertical

motions were considered, and their omission in analyses appeared detrimental to engineering

design and seismic risk characterization.

In chapter 6, performance-based analyses were performed on the E-Defense building. The

computed fragility curves suggested that analyses utilizing the pressure-dependent macroele-

ment model will predict generally higher probabilities of structural and non-structural dam-

age than the other two (coupled biaxial and uncoupled biaxial models). The analysis of
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lifetime repairing costs yielded similar conclusions.

These results indicated the importance of utilizing pressure-dependent macroelement

models in engineering computations. Both the basic uncoupled, and—to a lesser degree—,

the coupled biaxial models will misrepresent the fragility curves in general. Nevertheless,

these findings were tied only to the specific (E-Defense) building studied, and the relatively

limited ground motions considered.

7.2 Recommended Future Work

Various researchers have attempted to incorporate new physical phenomena into TFP mod-

els. For example, Monti and Petrone [58, 76, 43] have examined the effects of uplift and

temperature in TFP bearings, as well as rim impact and ultimate rim behavior [91]. These

effects and features are omitted in current models used in engineering practice. In some

cases, vertical accelerations can cause severe damage to the superstructures, and the TFP

bearings do not necessarily have sufficient constraints in the vertical direction. If the ver-

tical acceleration is high enough, uplifting will happen. However, no numerical model can

presently predict/represent this phenomenon.

Moreover, the performance of TFP bearings is highly dependent on the effective friction

among the sliding surfaces. It is generally well accepted that both velocity and temperature

have significant effects on the friction coefficient. Further studies are needed to quantify

these effects and to develop accurate and experimentally validated predictive models.

An even more important follow-up study would be to generalize the findings on the effect

of modeling errors on the fragility and loss results. The present effort only examined these

issues using a single building as a case study and a relatively limited suite of ground motions.

A study involving a broad set of buildings (different structural systems and geometries) and

seismic hazard levels would illuminate this issue for the practicing engineering community.
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APPENDIX A

The TFP Bearing Response under Earthquakes

Described in Table 4.3
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Figure A.1: Displacement orbit of Darfield @ GDLC earthquake (a), energy dissipation (b)

and hysteresis of the TFP bearings (c)(d).
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Figure A.2: Displacement orbit of Duzce @ Duzce earthquake (a), energy dissipation (b)

and hysteresis of the TFP bearings (c)(d).

109



-60 -40 -20 0 20 40

X displacement (cm)

-30

-20

-10

0

10

20

30

40

Y
 d

is
p
la

ce
m

en
t 

(c
m

)

-100 -50 0 50 100

X displacement (cm)

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

N
o
rm

al
iz

ed
 s

h
ea

r 
X

 (
F

/W
)

-100 -50 0 50 100

Y displacement (cm)

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

N
o
rm

al
iz

ed
 s

h
ea

r 
Y

 (
F

/W
)

0 20 40 60 80 100

time (sec)

0

0.5

1

1.5

2

2.5

3

E
n
er

g
y
 d

is
si

p
at

io
n
 (

N
m

)

10
8

Figure A.3: Displacement orbit of Imperial Valley @ Delta earthquake (a), energy

dissipation (b) and hysteresis of the TFP bearings (c)(d).
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Figure A.4: Displacement orbit of Kobe @ Abeno earthquake (a), energy dissipation (b)

and hysteresis of the TFP bearings (c)(d).
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Figure A.5: Displacement orbit of Landers @ Yermo Fire Station earthquake (a), energy

dissipation (b) and hysteresis of the TFP bearings (c)(d).
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Figure A.6: Displacement orbit of Superstition Hills @ EI Centro earthquake (a), energy

dissipation (b) and hysteresis of the TFP bearings (c)(d).
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APPENDIX B

The Vertical Response Spectra of the Building under

3D Earthquake Excitations
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Figure B.1: The horizontal response spectra of the building under Loma Prieta @ Los

Gatos Pres. Ctr. earthquake (Northwest).

10
-2

10
0

0

1

2

3

4

X
 P

S
a(

g
)

E-Defense

Macroelement

Pressure dependent Macroelement

10
-2

10
0

Period T (sec)

1st floor

0

1

2

3

4

Y
 P

S
a(

g
)

10
-2

10
0

0

1

2

3

4

10
-2

10
0

Period T (sec)

2nd floor

0

1

2

3

4

10
-2

10
0

0

1

2

3

4

10
-2

10
0

Period T (sec)

3rd floor

0

1

2

3

4

10
-2

10
0

0

1

2

3

4

10
-2

10
0

Period T (sec)

4th floor

0

1

2

3

4

10
-2

10
0

0

1

2

3

4

10
-2

10
0

Period T (sec)

5th floor

0

1

2

3

4

10
-2

10
0

0

1

2

3

4

10
-2

10
0

Period T (sec)

Roof

0

1

2

3

4

Figure B.2: The horizontal response spectra of the building under Loma Prieta @ Los

Gatos Pres. Ctr. earthquake (Southeast).
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Figure B.3: The vertical response spectra of the building under Loma Prieta @ Los Gatos

Pres. Ctr. earthquake (Northwest).
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Figure B.4: The vertical response spectra of the building under Loma Prieta @ Los Gatos

Pres. Ctr. earthquake (Northeast).
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Figure B.5: The vertical response spectra of the building under Loma Prieta @ Los Gatos

Pres. Ctr. earthquake (Southeast).
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Figure B.6: The horizontal response spectra of the building under Imperial Valley @

Westmorland earthquake (Northwest).
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Figure B.7: The horizontal response spectra of the building under Imperial Valley @

Westmorland earthquake (Southeast).

10
-2

10
-1

10
0

10
1

Period T (sec)

2nd floor

0

2

4

6

8

10

S
p

ec
tr

u
m

 a
cc

el
er

at
io

n
 P

S
a(

g
) E-Defense

Macroelement

Pressure dependent Macroelement

10
-2

10
-1

10
0

10
1

Period T (sec)

3rd floor

0

2

4

6

8

10

S
p

ec
tr

u
m

 a
cc

el
er

at
io

n
 P

S
a(

g
)

10
-2

10
-1

10
0

10
1

Period T (sec)

4th floor

0

2

4

6

8

10

S
p

ec
tr

u
m

 a
cc

el
er

at
io

n
 P

S
a(

g
)

10
-2

10
-1

10
0

10
1

Period T (sec)

5th floor

0

2

4

6

8

10

S
p

ec
tr

u
m

 a
cc

el
er

at
io

n
 P

S
a(

g
)

10
-2

10
-1

10
0

10
1

Period T (sec)

Roof

0

2

4

6

8

10

S
p

ec
tr

u
m

 a
cc

el
er

at
io

n
 P

S
a(

g
)

Figure B.8: The vertical response spectra of the building under Imperial Valley @

Westmorland earthquake (Northwest).
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Figure B.9: The vertical response spectra of the building under Imperial Valley @

Westmorland earthquake (Northeast).
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Figure B.10: The vertical response spectra of the building under Imperial Valley @

Westmorland earthquake (Southeast).
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Figure B.11: The horizontal response spectra of the building under Kobe @ Takatori

earthquake (Northwest).
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Figure B.12: The horizontal response spectra of the building under Kobe @ Takatori

earthquake (Southeast).
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Figure B.13: The vertical response spectra of the building under Kobe @ Takatori

earthquake (Northwest).

122



10
-2

10
-1

10
0

10
1

Period T (sec)

2nd floor

0

2

4

6

8

10

S
p

ec
tr

u
m

 a
cc

el
er

at
io

n
 P

S
a(

g
) E-Defense

Macroelement

Pressure dependent Macroelement

10
-2

10
-1

10
0

10
1

Period T (sec)

3rd floor

0

2

4

6

8

10

S
p

ec
tr

u
m

 a
cc

el
er

at
io

n
 P

S
a(

g
)

10
-2

10
-1

10
0

10
1

Period T (sec)

4th floor

0

2

4

6

8

10

S
p

ec
tr

u
m

 a
cc

el
er

at
io

n
 P

S
a(

g
)

10
-2

10
-1

10
0

10
1

Period T (sec)

5th floor

0

2

4

6

8

10

S
p
ec

tr
u

m
 a

cc
el

er
at

io
n

 P
S

a(
g

)

10
-2

10
-1

10
0

10
1

Period T (sec)

Roof

0

2

4

6

8

10

S
p
ec

tr
u

m
 a

cc
el

er
at

io
n

 P
S

a(
g

)

Figure B.14: The vertical response spectra of the building under Kobe @ Takatori

earthquake (Northeast).
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Figure B.15: The vertical response spectra of the building under Kobe @ Takatori

earthquake (Southeast).
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APPENDIX C

The Hysteresis of TFP Bearings, the Peak Inter-story

Drift Ratio and the Maximum Floor Acceleration of

E-Defense Building under Earthquakes.
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Figure C.1: The hysteresis of TFP bearings under Imperial Valley @ Westmorland

earthquake.
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Figure C.2: The peak inner-story drift ratio of E-Defense building under Imperial Valley @

Westmorland earthquake.
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Figure C.3: The peak floor acceleration of E-Defense building under Imperial Valley @

Westmorland earthquake.

Figure C.4: The hysteresis of TFP bearings under Northridge @ Sylmar earthquake.
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Figure C.5: The peak inner-story drift ratio of E-Defense building under Northridge @

Sylmar earthquake.
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Figure C.6: The peak floor acceleration of E-Defense building under Northridge @ Sylmar

earthquake.
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Figure C.7: The hysteresis of TFP bearings under Loma Prieta @ Los Gatos Pres. Ctr.

earthquake.
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Figure C.8: The peak inner-story drift ratio of E-Defense building under Loma Prieta @

Los Gatos Pres. Ctr. earthquake.
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Figure C.9: The peak floor acceleration of E-Defense building under Loma Prieta @ Los

Gatos Pres. Ctr. earthquake.

Figure C.10: The hysteresis of TFP bearings under Tohoku @ Iwanuma earthquake.

130



0 0.2 0.4 0.6 0.8 1

Peak Story drift (%) x direction

1

2

3

4

5

F
lo

o
r 

L
ev

el

0 0.2 0.4 0.6 0.8 1

Peak Story drift (%) y direction

1

2

3

4

5

F
lo

o
r 

L
ev

el

E-Defense

Macroelement

Pressure dependent Macroelement

Figure C.11: The peak inner-story drift ratio of E-Defense building under Tohoku @

Iwanuma earthquake.
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Figure C.12: The peak floor acceleration of E-Defense building under Tohoku @ Iwanuma

earthquake.
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Figure C.13: The hysteresis of TFP bearings under Tabas @ Tabas earthquake.
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Figure C.14: The peak inner-story drift ratio of E-Defense building under Tabas @ Tabas

earthquake.
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Figure C.15: The peak floor acceleration of E-Defense building under Tabas @ Tabas

earthquake.

Figure C.16: The hysteresis of TFP bearings under Chi-Chi @ TCU065 earthquake.
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Figure C.17: The peak inner-story drift ratio of E-Defense building under Chi-Chi @

TCU065 earthquake.
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Figure C.18: The peak floor acceleration of E-Defense building under Chi-Chi @ TCU065

earthquake.
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APPENDIX D

The Distribution of the Peak Floor Accelerations and

the Inter-story Drift Ratio for Three Models.
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Figure D.1: The distribution of the peak floor accelerations for three models under

Chuetsu-Oki @ Yan Sakuramachi City watershed earthquake with different earthquake

orientation.
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Figure D.2: The distribution of the inter-story drift ratio for three models under

Chuetsu-Oki @ Yan Sakuramachi City watershed earthquake with different earthquake

orientation.
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Figure D.3: The distribution of the peak floor accelerations for three models under Landers

@ North Palm Springs Fire Sta #36 earthquake with difference earthquake orientation.
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Figure D.4: The distribution of the inter-story drift ratio for three models under Landers @

North Palm Springs Fire Sta #36 earthquake with difference earthquake orientation.
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Figure D.5: The distribution of the peak floor accelerations for three models.
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Figure D.6: The distribution of the inter-story drift ratio for three models.
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APPENDIX E

Regression Analyses of PSDM

140



Figure E.1: Regression analyses of SaT1 v.s. PFA
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Figure E.2: Regression analyses of Sd v.s. PFA
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Figure E.3: Regression analyses of PGA v.s. PFA
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Figure E.4: Regression analyses of PGV v.s. PFA

144



Figure E.5: Regression analyses of SaT1 v.s. IDR
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Figure E.6: Regression analyses of Sd v.s. IDR
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Figure E.7: Regression analyses of PGA v.s. IDR
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Figure E.8: Regression analyses of PGV v.s. IDR
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[56] Francisco-Javier Montáns. Implicit algorithms for multilayer j2-plasticity. Computer
methods in applied mechanics and engineering, 189(2):673–700, 2000.
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