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Abstract of the Dissertation

Robust Decision Making with the

Same-Decision Probability

by

Suming Jeremiah Chen

Doctor of Philosophy in Computer Science

University of California, Los Angeles, 2015

Professor Adnan Darwiche, Chair

When making decisions under uncertainty, the optimal choices are often difficult to

discern, especially if not enough information has been gathered. Two key questions

in this regard relate to whether one should stop the information gathering process

and commit to a decision (stopping criterion), and if not, what information to

gather next (selection criterion). The proposed thesis is concerned with addressing

this problem in light of a new advance, known as the Same–Decision Probability

(SDP), which is the probability that we would make the same decision had we

known what we currently do not know. In this thesis, we show how the SDP

can be used to be an effective stopping criterion, and compare it to traditional

criteria to demonstrate how it provides a fresh perspective in decision making

under uncertainty. Additionally, we develop the first exact algorithm to compute

the SDP so that it may be used as a stopping criterion. We demonstrate the

effectiveness of these algorithms on real and synthetic networks, and show that our

proposed stopping criterion can lead to an early stopping of information gathering.

Furthermore, we demonstrate that the SDP can be used as a selection criterion.

In particular, since there are many criteria for measuring the value of information

(VOI), each based on optimizing different objectives, we propose a new SDP-
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based criterion for measuring the value of information — this criterion values

information that leads to robust decisions (i.e., ones that are unlikely to change

due to new information). We develop the first algorithm to optimize the value of

information, given the SDP as the reward criterion, and show empirical results

that prove the utility of this novel criterion. We further answer several questions

regarding the computational complexity of the SDP, which is known to be PPPP-

complete. Finally, we present results of applying the SDP as an information

gathering criterion in practical problems including tutoring systems (do we need

to ask more questions?) and machine learning (do we have enough data?).
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CHAPTER 1

Introduction

In this chapter, we introduce the problem of robust decision making and then

provide an outline of the remainder of the thesis.

1.1 Robust Decision Making

Probabilistic graphical models have often been used to model a variety of deci-

sion problems, e.g., in medical diagnosis [PK80, KRS97, GC99], fault diagnosis

[LP06], classification [FGG97, RS01], troubleshooting [HBR95], knowledge assess-

ment [MS08, MDC13] and in intrusion detection [KMR03, MBL08]. In these and

similar applications, we often have to make decisions under uncertainty. As such,

there are often unobserved variables, such as medical tests, that upon observation

may change the current decision. Clearly, the presence of uncertainty may greatly

hinder the decision maker’s ability to reach the correct decision. For example, say

a physician performs a few tests and then strongly believes the patient is suffering

from substance-abuse induced depression. However, by not gathering more infor-

mation in the form of further testing, the doctor could unwittingly be making a

grave misdiagnosis. After all, 41% to 83% of female patients being treated for

psychiatric disorders, including depression, have been misdiagnosed and have an

unresolved physical ailment that ranges from hypothyroidism to cancer [KL97].

If the patient was actually suffering from hypothyroidism, this misdiagnosis could

have been prevented quite easily if the doctor had either checked the patient’s

neck carefully or performed a blood test. This example can be seen as a warning

1



to not make decisions that could easily change given some new information (i.e.,

decisions that may not be robust).

The Same-Decision Probability (SDP) was recently proposed by [DC10], in

order to help quantify the robustness of a decision, in the context of decision-

making with Bayesian networks. In short, the SDP is the probability that we

would make the same decision, if we were to perform further observations that

have yet to be made. As such, the SDP can be treated as a measure of a decision’s

robustness with respect to some unknown variables, quantifying our confidence

that we would make the same decision, even if we made some further observations.

In this thesis, we thoroughly discuss the application of SDP as an information

gathering tool. In particular, the thesis discusses:

• How does the SDP compare to traditional approaches for decision making

under uncertainty?

• How can it be used to develop corresponding stopping and selection criteria

for information gathering?

• How do we compute the SDP efficiently?

• How do we select observations to maximize the expected SDP efficiently?

• What is the computational complexity of the SDP?

• How can we apply the SDP in real–world applications, such as tutoring

systems and machine learning?

We next provide an overview of the chapters of this thesis.

1.2 Overview

Chapter 2: Background and Related Work
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In this chapter, we introduce the notation that is used consistently throughout

this thesis. Next, we review the previously introduced notion of the Same-Decision

Probability (SDP), which has been previously introduced as a tool for quantifying

the robustness of decisions. Finally, we review the traditional stopping criteria

that is used to determine when to stop information gathering in probabilistic

graphical models. Subsequently, we also review the traditional selection criteria

that is used for determining which pieces of information should be gathered next.

Chapter 3: Using the SDP as a Stopping Criterion

In this chapter, we introduce a variety of scenarios where the Same-Decision

Probability can be used as a stopping criterion. We contrast the usage of the

SDP with classical criteria. In particular, we show that the usage of the SDP

can allow us to distinguish between robust and non-robust decisions in ways that

are indistinguishable by classical criteria. Additionally, we show that there are

scenarios where classical criteria may call for performing further observations, but

where the SDP indicates that our decision is unlikely to change.

Chapter 4: Computing the SDP

In this chapter, we propose the first exact algorithm for computing the SDP.

This algorithm is based on a novel combination of branch-and-bound search with

classical inference techniques for graphical models. The SDP has been shown to

be highly intractable, and its exact computation was previously limited to toy

examples, with few variables, through brute-force enumeration. Our introduced

algorithm can be applied to real-world networks that are out of the scope of both

brute-force enumeration and previously proposed approximation algorithms, and

can be further applied to synthetic networks with as many as 100 variables. We

present our algorithm and then discuss empirical results.

Chapter 5: Using the SDP as a Selection Criterion

In this chapter, we turn our attention to the use of the SDP as a criterion
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for determining which variables should be selected. Throughout the literature,

there are many criteria for measuring the value of information (VOI) of some

unobserved variables, each based on optimizing different objectives. We show

how to use the SDP as a criterion for measuring the VOI — using the SDP as

a measure for the VOI will lead to selecting features that, when observed, would

lead to a decision that is maximally robust against further observations. We

compare the usage of the SDP as a selection criterion against traditional selection

criteria, and present illustrative examples that clearly show the utility of our novel

criterion.

Chapter 6: Maximizing the Expected SDP

In this chapter, we propose an algorithm to perform optimal feature selection

in order to maximize the VOI with the SDP as a reward function in Naive Bayes

networks, thus allowing us to attain the maximal expected SDP after observing

those features. This allows us to select features that will lead to robust decisions.

The algorithm is based on a combination of techniques used to solve the knapsack

problem as well as a branch-and-bound search algorithm. After presenting our

algorithm, we discuss empirical results. More specifically, we show how this algo-

rithm can be applied to a variety of real-world problems, including 1) classification

problems, where the usage of our algorithm can reduce budget expenditure sig-

nificantly while reducing the classification accuracy only slightly, and 2) making

robust decisions that minimize the liability of unseen observations.

Chapter 7: The Complexity of Computing the SDP

In this chapter, we present some recent complexity results on the SDP. These

complexity results highlight both its relative intractability (even in naive Bayes

networks), but also its relationship to a broader class of expectation computation

problems, emphasizing the broader importance of developing effective algorithms

for the SDP and related problems.
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Chapter 8: SDP in Computer Adaptive Testing

In this chapter, we show how the SDP can practically be used in the real-world

application of computer adaptive testing as an information gathering tool. We

show how exactly the SDP can be applied and that its usage results in a reduction

of the number of questions that need to be asked to evaluate the competency of

a student, while maintaining the same level of precision and accuracy.

Chapter 9: SDP in Machine Learning

In this chapter, we show how the SDP can be used for machine learning practi-

tioners. While constructing models and estimating parameters, a frequently asked

question is whether one has enough data — how much can our model change, given

that we observe more data? We show how the SDP can be used to provide answers

that pinpoint exactly how much additional data is necessary in various scenarios

so that one may do robust learning.
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CHAPTER 2

Background and Related Work

In this chapter, we first introduce the notation that will be used throughout the

thesis. Next, we review the notion of the Same-Decision Probability, a recently

introduced notion that helps quantify the robustness of decisions [DC10, CXD12].

Finally, we review some common stopping criteria and selection criteria that are

used for information gathering under uncertainty.

2.1 Notation

Throughout this thesis, we use standard notation for variables and their instantia-

tions, where variables are denoted by upper case letters X and their instantiations

by lower case letters x. Additionally, sets of variables are denoted by bold upper

case letters X and their instantiations by bold lower case letters x. We assume

that the state of the world is described over random variables X, where the ev-

idence E ⊆ X includes all known variables, and where hidden variables U ⊆ X

include all unknown variables. By definition, E ∩ U = ∅ and E ∪ U = X. We

often discuss the ramifications of observing a subset of hidden variables H ⊆ U

on decision making. Furthermore, we use D ∈ U to denote the main hypothesis

variable that forms the basis for a decision.1

1The work presented in this thesis can be extended to the case of multiple hypothesis vari-
ables, but we focus here on the case of one hypothesis variable for simplicity.
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Figure 2.1: A Naive Bayes network (CPTs defined in Table 2.1).

2.2 Same-Decision Probability

The Same-Decision Probability (SDP) was initially introduced by [DC10] as a

confidence measure for threshold-based decisions in Bayesian networks under noisy

sensor readings. Prior to formally defining the SDP, we first show an example to

provide intuition. Consider now the Naive Bayes network in Figure 2.1, where we

have a class variable D that can either be + or −, as well as feature variables E1,

H1, H2, and H3. When the values of the feature variables are known, they act as

evidence that can influence our belief in the hypothesis variable D. Networks such

as this are typically used to compute the belief in the hypothesis given that we have

observed some evidence, Pr(d | e). The basis of whether or not to make a decision

often depends on whether or not the posterior probability of that hypothesis d

surpasses some threshold T [HCK92, HBR95, KMR03, LP06]. For example, in

this case we may want to make a positive decision if Pr(D = + | e) ≥ 0.80.

Table 2.1: CPTs for the network in Figure 2.1. Note that the CPTs for Pr(H3 |
D), Pr(E1 | D) and Pr(H2 | D) are identical.

D H1 Pr(H1 | D)

+ + 0.80

+ − 0.20

− + 0.10

− − 0.90

D H2 Pr(H2 | D)

+ + 0.70

+ − 0.30

− + 0.30

− − 0.70
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In Figure 2.1, we have the case where a variable E1 has been observed, a

particular reading of two sensors and the resulting belief Pr(D=+ | E1 =+) =

0.8448. Suppose our threshold is T = 0.8, then as Pr(d | e) ≥ T , we would make a

positive decision. Notice that there are still three unobserved feature variables H1,

H2, and H3. We want to make a more-informed decision based on the probability

Pr(d | h, e) instead of making a decision based on just Pr(d | e).

Consider Table 2.2, which enumerates all of the possible instantiations of ob-

serving those variables. In five of these cases the probability of the hypothesis

passes the threshold (in bold), leading to the same decision. In the other three

scenarios, a different decision would have been made. The SDP over variables H1,

H2, and H3 is thus the probability of the five scenarios in which the same decision

would have been made. For this example, the SDP is:

0.332569 + 0.145189 + 0.145189 + 0.068430 + 0.095362 = 0.786739

indicating that even if we were to discover the values of the remaining three

variables, there is still a 78.67% chance that we would make the same decision.

In [CXD12], the SDP is defined formally as:

Definition 1 (Same-Decision Probability). Let N be a Bayesian network that is

conditioned on evidence e, where we are further given a hypothesis d, a threshold

T , and a set of unobserved variables H. Suppose we are making a decision that is

confirmed by the threshold Pr(d | e) ≥ T . The Same-Decision Probability in

this scenario is

SDP (d,H, e, T ) =
∑
h

[Pr(d | e,h) ≥ T ]Pr(h | e), (2.1)

where [Pr(d | h, e) ≥ T ] is an indicator function such that

[Pr(d | h, e) ≥ T ] =

 1 if Pr(d | e,h) ≥ T

0 otherwise.
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Table 2.2: Scenarios h for the network in Figure 2.1, where H = {H1, H2, H3}.
Cases above the threshold T = 0.8 are in bold.

H1 H2 H3 Pr(h | e) Pr(d | h, e)

+ + + 0.332569 0.9958

+ + − 0.145189 0.9976

+ − + 0.145189 0.9976

+ − − 0.068430 0.8889

− + + 0.095362 0.8682

− + − 0.064810 0.5475

+ − + 0.064810 0.5475

− − − 0.083638 0.1818

In other words, the Same-Decision Probability is the expectation that, even

after observing some variables H, we would still make the same decision as if

those variables had not been observed.

The SDP is notably hard to compute — computing the SDP is proven to

be in general PPPP-complete [CXD12]. First, observe the following relationship

between complexity classes:

NP ⊆ PP ⊆ NPPP ⊆ PPPP

Note that MPE, a query where we find the most probable instantiation of net-

work variables, is the prototypical NP-complete problem for probabilistic infer-

ence [Shi94]. MAP [PD04], a query where we find the most probable instantiation

of a subset of network variables, is the prototypical NPPP-complete problem. SDP

was shown to be PPPP-complete, where PPPP can be thought of as a counting

variant of the class NPPP, hence highly intractable.
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From previous work on the SDP [DC10, CXD12], the two options for comput-

ing the SDP are

1. An approximate algorithm developed by [CXD12]. This algorithm uses an

augmented variable elimination algorithm that produces a potentially weak

bound based on the one-sided Chebyshev inequality.

2. A naive brute-force method that enumerates over all possible instantiations

and sums up the probability of all the instantiations where the same decision

would be made.

We will improve upon these methods — in Chapter 4 we present an exact

algorithm for computing the SDP that is far faster than the naive brute-force

method and has comparable running time to the approximate algorithm.

2.3 Stopping and Selection Criteria

When making decisions under uncertainty, it may be difficult to finalize a decision

in the presence of unobserved variables. Given these unobserved variables, there

are two fundamental questions. The first question is whether, given the current

observations, the decision maker is ready to commit to a decision. We will refer

to this as the stopping criterion for making a decision. Assuming the stopping

criterion is not met, the second question is what additional observations should be

made before the decision maker is ready to make a decision. This typically requires

a selection criterion based on some measure for quantifying an observation’s value

of information (VOI). In this section, we first introduce some necessary notation,

and then review some commonly used stopping and selection criteria.
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2.3.1 Stopping Criterion

Given that there are hidden variables in our model and we have the choice of

whether or not to observe some subset of them, a stopping criterion determines

when we stop the process of information gathering and commit to a decision. Note

that we are concerned with making a decision based on some hypothesis variable,

such as the state of a patient’s health. For a stopping criterion, the most basic

approach used in a variety of domains is to commit to a decision once the belief

about a certain event crosses some threshold, as is done by [PK80, KMR03, LP06].

However, this approach may not be robust, as further observations may cause the

belief about the event to fall below the threshold. [GB11] note the possibility of

this and pose the STOP problem, which asks whether or not the present evidence

gathered is sufficient for diagnosis, or if there exists further relevant evidence that

can and should be gathered.

Other approaches involve ensuring that the uncertainty surrounding the de-

cision variable is sufficiently reduced. For instance, [GK11a] stop information

gathering and commit to a decision when 1) the conditional entropy of the inter-

est variable is reduced beyond some arbitrary threshold or 2) the margin between

the first and second most likely states of the interest variable is above some thresh-

old. In any case, it is clear that threshold-based stopping criteria are ubiquitous

for decision making under uncertainty.

Alternatively, there are also several stopping criteria that involve the existence

of a budget, which can be an abstract quantity to represent the available resources

that can be used for information gathering. The budget may be representative of

the number of observations that are allowed [MBL08, MS08, YKR09, CLT12], or

in terms of a “monetary” amount that may be spent on observations of varying

cost [GGR02, KG09, BG11]. In the context of a budget, the general stopping

criterion is then to continue to make observations until the budget is completely
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expended, as is done by [MBL08, MS08]. In [KG09, BG11], the budget is expended

with the caveat that the value of information of an observation is at least the cost

of the observation.

2.3.2 Selection Criterion: Value of Information

Should the stopping criterion determine that further observations are necessary, a

selection criterion is then used to determine which variables should be selected for

observation. Ideally, we want to observe all variables that will give us additional

information with regards to our decision variable. However, due to resource con-

straints (such as a limited budget) this is often not possible. In this basic approach,

a common selection criterion is to then select observations that will minimize the

conditional entropy of the decision variable [Vom04, LP06, KG09, YKR09, ZJ10,

GK11a, OD13, SS13]. The entropy of a variable X is defined as:

H(X) = −
∑
x

Pr(x) log Pr(x) (2.2)

and is a measure of the uncertainty of the variable’s state — if the entropy of

a variable is high, that means that there is much uncertainty about what value

that variable takes.2 The uncertainty of the decision variable’s true state makes

it difficult to make a decision. Thus, a natural selection criterion is to observe

variables to minimize the conditional entropy of the decision variable, where the

conditional entropy of variable D given variable X is defined as:

H(D | X) =
∑
x

H(D | x)Pr(x) (2.3)

The conditional entropy is thus an expectation of what the entropy would be

after observing X. A similar selection criterion is to observe variables that will

2In information theory, the logarithm is typically assumed to be base-2 [CT91], which we
also assume throughout this thesis for convenience.
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most greatly increase the margin between the posterior probabilities of the first

and second most-likely states of the decision variable [KG09].

These selection criteria involve utilizing the notion of value of information

(VOI) in order to quantify the value of various observations [Lin56, Str65, How66,

Rai68]. The VOI of a set of variables can depend on various measures. In the two

example selection criteria we have discussed, those measures would be entropy

and margins of confidence. For instance, if observing a variable X would reduce

the conditional entropy H(D | X) more than observing variable X ′ would (H(D |
X) < H(D | X ′)), then the value of observing X would be higher.

A general notion of VOI that is based on different reward functions is defined

in [KG09]. In particular, given an arbitrary reward function R,3 a hypothesis

variable D, and evidence e, the VOI of observing hidden variables H is:

V(R,D,H, e) = ER(R,D,H, e)−R(Pr(D | e)) (2.4)

where

ER(R,D,H, e) =
∑
h

R(Pr(D | h, e))Pr(h | e) (2.5)

is the expected reward of observing variables H and R(Pr(D | e)) is the reward

had we not observed variables H. By this definition, the reward function used

by [LP06] and [KG09] to select variables in order to minimize the conditional

entropy is then R(Pr(D | e)) = −H(D | e), so maximizing the expected reward

of observing variables H is then equivalent to minimizing the conditional entropy

H(D | H). Some other possible reward functions involve utility-based reward

functions or threshold-based reward functions [MS08].4

3A reward function is assumed to take as input the probability distribution of the hypothesis
variable, Pr(D), and return some numeric value.

4For more on reward functions, see the list provided by [KG09].
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Note that the vast majority of selection criteria use a myopic approach, in

which out of all possible observations, just one observation is considered at a time,

and the observation with the highest VOI is selected each time. This approach is

greedy and short-sighted — the optimal VOI can only be computed by computing

it non-myopically [BG11].

Myopic value of information is often used in many applications as it is easy to

compute [DJ97, Vom04, GK11a]. However, the problem with myopic selection is

that it is not optimal, as at times the “whole is greater than the sum of its parts”,

as each individual observation in a set H seemingly may not provide significant

value, but the VOI of observing H can be very high. For instance, take the

function D = X1⊕X2, where alone neither X1 nor X2 is useful, but together they

are determinative of D [BG11]. Only by computing the non-myopic VOI can the

the optimal VOI be obtained.

Due to the aforementioned problems with using myopic VOI, more recently,

researchers have recently suggested using the non-myopic VOI instead of my-

opic VOI and have proposed various methods to compute the non-myopic VOI.

[HHM93, LJ08, KG09, ZJ10, BG11]. Computing the non-myopic VOI of some

hidden variables H is difficult as it involves computing an expectation over the

possible values of H, which quickly becomes intractable as H becomes larger.

Existing algorithms for computing the non-myopic VOI are approximate algo-

rithms [HHM93, LJ08] or relatively limited algorithms that are restricted to tree

networks with few leaf variables [KG09]. Additionally, the Value of Information

Lattice (VOILA) has been introduced by [BG11]. VOILA is a framework in which

all subsets of hidden variables H are examined, and the optimal subset of fea-

tures can be found to increase classification accuracy while meeting some budget

constraint.

For the remainder of the thesis, we show how the Same-Decision Probability

can be used as both a stopping criterion and as a selection criterion.
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CHAPTER 3

Using the SDP as a Stopping Criterion

By the definition of SDP, we can see that calculating a high SDP, in contrast

to calculating a low SDP, would indicate a higher degree of readiness to make a

decision, as the chances of the decision changing, given further evidence gathering,

is lower. In this chapter we show that computing the SDP can provide additional

insight and thus can distinguish scenarios that are otherwise indistinguishable

based on standard stopping criteria. Note that the material in this chapter is

based on the work published in [CCD12, CCD14].

3.1 Threshold-Based Decisions

The threshold-based decision is a classical notion in decision making under uncer-

tainty, and it is commonly used as it requires no utilities to be elicited. Ex-

amples of threshold-based decisions are very prevalent in educational diagno-

sis [GCV98, CGV02, MP02, BHM04, Xen04, AW05, MS08], intrusion detection

[KMR03, MBL08], classification [GK11a], fault diagnosis [HBR95, LP06], and

medical diagnosis [PK80, KRS97, GC99].

Consider the sensor network in Figure 3.1, which may correspond to an intru-

sion detection application as discussed by [KMR03]. Here, the hypothesis variable

is D = {+,−} with D = + implying an intrusion. Suppose we commit to a de-

cision, and stop performing observations, when our belief in the event D = +

surpasses some threshold T , say T = 0.55. There are four sensors in this model,

15



D Pr(D)

+ 0.5

− 0.5

D

S1 S2 S3 S4

Figure 3.1: A Bayesian network for intrusion detection, with its CPTs given in

Table 3.1

S1, S2, S3 and S4, whose readings may affect this decision.

Consider the two following scenarios:

1. S1 = + and S2 = +.

2. S3 = + and S4 = +.

As in the first scenario,

Pr(D = + | S1 = +, S2 = +) = 0.60 > 0.55,

and in the second scenario,

Pr(D = + | S3 = +, S4 = +) = 0.74 > 0.55,

it is clear that in both cases that the threshold has been crossed. We deem

that no further observations are necessary based on our beliefs surpassing our

threshold. Hence, when using thresholds as a stopping criterion (as is commonly

done in [KMR03, LP06, GK11a]), the two scenarios are identical in that no more

information is gathered and a decision is made.

From the viewpoint of SDP, however, these two scenarios are very different.

In particular, the first scenario leads to an SDP of 52.97%. This means that there

is a 47.03% chance that a different decision would be made if we were to further

observe the two unobserved sensors S3 and S4. The second scenario, however,
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Table 3.1: CPTs for the network in Figure 3.1. Parameterization 1.

D S1 Pr(S1 | D)

+ + 0.55

+ − 0.45

− + 0.45

− − 0.55

D S2 Pr(S2 | D)

+ + 0.55

+ − 0.45

− + 0.45

− − 0.55

D S3 Pr(S3 | D)

+ + 0.60

+ − 0.40

− + 0.40

− − 0.60

D S4 Pr(S4 | D)

+ + 0.65

+ − 0.35

− + 0.35

− − 0.65

leads to an SDP of 100%. That is, we would with certainty know that we would

make the same decision if we were to also observe the two unobserved sensors S1

and S2: no matter what the readings of S1 and S2 could be, our beliefs in the

event D = + would always surpass our threshold 0.55. Indeed, as we can see in

Table 3.1, the sensors S1 and S2 are not as strong as sensors S3 and S4, and in

this example, they are not strong enough to reverse our decision.

This example provides a clear illustration of the utility of the SDP as a stopping

criterion. However, some may argue that it is clear that in the second case, we

should stop gathering information as Pr(D = + | S3 = +, S4 = +) = 0.74 has

a larger margin from the threshold than Pr(D = + | S1 = +, S2 = +) = 0.60.1

However, we show with the following example that deciding to stop based solely

on the margin does not lead to robust decision making.

Consider once again the sensor network in Figure 3.1 and the parameterizations

1Thus using the aforementioned margins of confidence stopping criterion used by [GK11a].
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of the sensor network shown in Table 3.2 and Table 3.3, which we respectively

refer to as Case 1 and Case 2.2 Note that in this example, we use a threshold of

T = 0.5.

Table 3.2: CPTs for the network in Figure 3.1. Parameterization 2.

D S1 Pr(S1 | D)

+ + 0.65

+ − 0.35

− + 0.30

− − 0.70

D S2 Pr(S2 | D)

+ + 0.60

+ − 0.40

− + 0.30

− − 0.70

D S3 Pr(S3 | D)

+ + 0.65

+ − 0.35

− + 0.35

− − 0.65

D S4 Pr(S4 | D)

+ + 0.65

+ − 0.35

− + 0.35

− − 0.65

In both cases, when S3 = + and S4 = + are observed, Pr(D = + | S3 =

+, S4 = +) ≥ T . In particular,

1. Case 1: Pr(D = + | S3 = +, S4 = +) = 0.775.

2. Case 2: Pr(D = + | S3 = +, S4 = +) = 0.599.

By using the previously discussed margin stopping criterion, it would seem

that in Case 1 we could stop information gathering, whereas for Case 2 more

information gathering is necessary. However, we can compute the SDP for both

cases for more insights on the nature of robustness in these settings. For Case

2Note that the exact numbers of the CPTs are not necessary to grasp these examples —
CPTs are provided so that readers may reconstruct these networks.
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Table 3.3: CPTs for the network in Figure 3.1. Parameterization 3.

D S1 Pr(S1 | D)

+ + 0.50

+ − 0.50

− + 0.40

− − 0.60

D S2 Pr(S2 | D)

+ + 0.50

+ − 0.50

− + 0.40

− − 0.60

D S3 Pr(S3 | D)

+ + 0.55

+ − 0.45

− + 0.45

− − 0.55

D S4 Pr(S4 | D)

+ + 0.55

+ − 0.45

− + 0.45

− − 0.55

1, we find that the SDP is 0.781, whereas for Case 2, we find that the SDP is

1.0 — even though in Case 1 the margin is higher, there is a greater chance that

the decision would change given further information. This demonstrates that we

cannot solely use the margin to determine whether or not to stop information

gathering, and indicates the importance of having more powerful comprehensive

stopping criteria.

It is clear from these examples that SDP is a useful stopping criterion for

threshold-based decisions. First, the SDP can pinpoint situations where further

observations are unnecessary as they would never reverse the decision under con-

sideration. Second, the SDP can also identify situations where the decision to be

made is not robust, and is likely to change upon making further observations.
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3.2 Utility-based Decisions

In some cases the expected utility of different decisions, as well as the cost of

reducing uncertainty (making observations), is quantified. This is common in

the decision-theoretic setting [How66, HM84], where influence diagrams are com-

monly used. Influence diagrams can be seen as Bayesian networks that incorporate

decision and utility nodes [HM84, Zha98, KM08]. The selection criterion for the

decision-theoretic setting is clear: the observations that lead to the greatest in-

crease of expected utility are selected. This approach is valued because it provides

the expressability to model the unique desirability of different events. As such,

the usage of utilities and observation costs is now prevalent; however, numer-

ous researchers have noted the difficulty of coming up with the actual numerical

quantities [GH89, LP06, BG11].

To show how the SDP can be used as a stopping criterion in the decision-

theoretic context of expected-utility decisions and influence diagrams [HM84], we

extend the definition of the SDP to a more general setting to allow for more

applications. In particular, we assume that F is a polytime computable decision

function that outputs a decision d based on the distribution Pr(D | e). For

instance, the decision function most commonly used in classification is to select the

class with the highest posterior probability arg maxd Pr(d | e) [FGG97], whereas

for threshold-based decisions, the decision function would simply be to select a

decision d if Pr(D = d | e) ≥ T .

The SDP is thus defined as the probability that the same decision would be

made if the hidden states of variables H were known [CCD12].

Definition 2 (Same-Decision Probability — Generalized). Given a decision func-

tion F , hypothesis variable D, unobserved variables H, and evidence e, the Same-
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Figure 3.2: An influence diagram for an investment problem.

Decision Probability (SDP) is defined as

SDP (F , D,H, e) =
∑
h

[F(Pr(D | h, e))]hPr(h | e) (3.1)

where [F(Pr(D | h, e))]h is an indicator function that

=

 1 if F(Pr(D | h, e)) = F(Pr(D | e))

0 otherwise.

The original SDP definition, however, assumed that D is a binary variable,

where F(Pr(D | e)) = d when Pr(d | e) ≥ T for some threshold T [DC10]. This

more general definition captures the original definition of the SDP yet allows us

to analyze decision-making scenarios outside threshold-based decision making.

We now consider the use of SDP as a stopping criterion in the context of

expected-utility decisions and influence diagrams [HM84]. In particular, we show

that by using the SDP, we can distinguish high-risk, high-reward scenarios from

low-risk, low-reward scenarios that are otherwise indistinguishable when we con-

sider the usage of VOI/utilities alone.

Consider the influence diagram in Figure 3.2, which consists of a Bayesian

network with three variables (C,Q and S), a decision node I, and a utility node

P that is a direct function of the utility function u. This influence diagram

models an investment problem in which a venture capital firm is deciding whether
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to invest an amount of $5 million in a tech startup (I = T ) or allowing the

money to collect interest in the bank (I = F ). In this example, the profit of

the investment (P ) depends on the decision (I) and the success of the company

(S), which in turn depends on two factors: (1) whether the existing competitor

companies are successful (C) and (2) whether the the co-founders of the startup

have a high quality, original idea (Q). Both C and Q are unobserved initially and

independent of each other. Variable S is the latent hypothesis variable in this

case and thus cannot be observed. Variables C and Q, however, can be observed

for a price.

The goal here is to choose the decision I = i with the maximum expected

utility:

EU(i | e) =
∑
s

Pr(s | e)u(i, s),

where u(i, s) is the utility of decision I = i given evidence e on variables C and

Q.

Figures 3.3 and 3.4 contain two different parameterizations of the influence di-

agram in Figure 3.2. We will refer to these as different scenarios of the investment

problem.

In both scenarios, given no evidence on variables C and Q, the best decision is

I = F , with an expected utility of $500K. A decision maker may commit to this

decision or decide to observe variables C and Q, with the hope of finding a better

decision in light of the additional information. The classical stopping criterion

here is to compute the maximum expected utility given that we observe variables

C and Q [HHM93, DJ97]:

max
i

∑
c,q

EU(i | c, q)Pr(c, q).

In both scenarios, the maximum expected utility comes out to $1, 180K, showing

that further observations may lead to a better decision.3

3According to the formulation of [KG09], we have computed the VOI for variables C and Q
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Q Pr(Q)

T 0.4

F 0.6

Q C Pr(S = T | .)
T T 0.60

T F 0.90

F T 0.20

F F 0.30

C Pr(C)

T 0.6

F 0.4

I S u(I, S)

T T $5× 106

T F −$5× 106

F T $5× 105

F F $5× 105

Figure 3.3: A parameterization of the influence diagram in Figure 3.2.

Up to this point, the above two scenarios are indistinguishable from the view-

point of classical decision making tools. Remember that [KG09, BG11] remark

that the budget for observations should be expended so long as the value of in-

formation of the observation is greater than the cost of observation. According

to those selection criteria, both of the variables should thus be observed, as the

expected financial gain could very well increase.

The SDP, however, finds these two scenarios very different. In particular, with

respect to variables C and Q, the SDP is 60% in the first scenario and is 99%

in the second scenario. That is, even though we stand to make a better decision

in both scenarios upon observing variables C and Q (at least with respect to

financial gain), and even though the expected benefit from such observations is

the same in both scenarios, it is very unlikely that we would change the current

decision of I = F in the second scenario in comparison to the first. Hence, given

the additional information provided by the SDP, a decision maker may act quite

using the reward function.
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Q Pr(Q)
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F 0.9

Q C Pr(S = T | .)
T T 0.05
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I S u(I, S)
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F T $5× 105

F F $5× 105

Figure 3.4: A parameterization of the influence diagram in Figure 3.2.

differently in these two scenarios. Indeed, when we take a closer look at the second

scenario, there is a state of the world (when S = T ) where deciding to invest would

yield a very large financial gain. However, the chance of this state manifesting

itself is extremely small (analogous to a lottery), meaning that a risk-conscious

decision maker may be more averse to “gamble” in the second scenario and even

waste resources to observe the variables C and D. Note that for this example we

have assumed that the utility does not incorporate any “risk-factor”, as if it did

a rational decision maker would then always choose to gather more information

despite a low probability of changing the current decision.

This illustrates the usefulness of SDP as a stopping criterion in the context of

expected-utility decisions and influence diagrams. Namely, using SDP, we can dis-

tinguish between two very different scenarios, that are otherwise indistinguishable

when we consider utilities alone.
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CHAPTER 4

Computing the SDP

We have presented multiple examples in Chapter 3 that demonstrate that the SDP

is useful as a stopping criterion for information gathering. We now discuss how

to compute the SDP efficiently, as previous work only allowed for an approximate

or brute-force solution [CXD12]. Notably, the SDP has been shown to be highly

intractable, being PPPP-complete,1 by [CXD12], and the exact computation of the

SDP has been limited to toy examples, with few variables, through brute-force

enumeration. In this chapter , we propose the first exact algorithm for computing

the SDP. This algorithm can be applied to real-world networks that are out of

the scope of both brute-force enumeration and previously proposed approximation

algorithms, and can be further applied to synthetic networks with as many as 100

variables. After presenting the algorithm, we discuss its complexity and present

empirical results. The material in this chapter is based on the work published in

[CCD13, CCD14].

4.1 Computing the Same-Decision Probability

Computing the SDP involves computing an expectation over the hidden variables

H. The naive brute-force algorithm would enumerate and check whether Pr(d |
h, e) ≥ T for all instantiations h of H. We now present an algorithm that can save

us the need to explore every possible instantiation of h. To make the algorithm

1The class PPPP can be thought of as a counting variant of the NPPP class, which contains
the polynomial time hierarchy PH and for which the MAP problem is complete [PD04].
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D Pr(D)

+ 0.3

− 0.7

D

H1 H2 H3E1

Figure 4.1: A Naive Bayes network (CPTs defined in Table 4.1).

easier to understand, we will first describe how to compute the SDP in a Naive

Bayes network, where all the observations are probabilistically independent given

the decision variable. This is no trivial problem — we show in Chapter 7 that even

computing the SDP in a Naive Bayes network is NP-hard. We then generalize our

algorithm to arbitrary networks.

4.1.1 Computing the SDP in Naive Bayes Networks

We will find it more convenient to implement the test Pr(d | h, e) ≥ T in the

log-odds domain, where:

logO(d | h, e) = log
Pr(d | h, e)

Pr(d | h, e)
(4.1)

We then define the log-odds threshold as λ = log T
1−T and, equivalently, test

whether logO(d | h, e) ≥ λ.

In a Naive Bayes network with D as the class variable, H and E as the leaf

variables, and Q ⊆ H, the posterior log-odds after observing a partial instantiation

q = {h1, . . . , hj} can be written as:

logO(d | q, e) = logO(d | e) +

j∑
i=1

whi (4.2)

where whi is the weight of evidence hi and defined as:
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Table 4.1: CPTs for the network in Figure 4.1. Note that Pr(H3 | D), Pr(E1 | D)

and Pr(H2 | D) are identical.

D H1 Pr(H1 | D)

+ + 0.80

+ − 0.20

− + 0.10

− − 0.90

D H2 Pr(H2 | D)

+ + 0.70

+ − 0.30

− + 0.30

− − 0.70

Table 4.2: Weights of evidence for the attributes in Figure 4.1.

i whi whi

1 3.0 -2.17

2 1.22 -1.22

3 1.22 -1.22

whi = log
Pr(hi | d, e)

Pr(hi | d, e)
(4.3)

The weight of evidence whi is then the contribution of evidence hi to the

quantity logO(d | q, e) [CD03]. Note that all weights can be computed in time

and space linear in |H| using a floating point representation.2 Table 4.2 depicts

the weights of evidence for the network in Figure 4.1.

One can then compute the SDP by enumerating the instantiations of variables

H and then using Equation 4.2 to test whether logO(d | h, e) ≥ λ. Figure 4.2

depicts a search tree for the Naive Bayes network in Figure 4.1, which can be used

for this purpose. The leaves of this tree correspond to instantiations h of variables

H. More generally, every node in the tree corresponds to an instantiation q, where

2Additionally, note that for Equation 4.3, since in Naive Bayes networks Hi is d-separated
from E given d, the term e can be dropped from the equation. We leave the term in because
for general networks, Hi may not be d-separated from E.
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H2

H1

H2

H3 H3 H3 H3

0.0

3.0 -2.17

−0.95 −3.394.22 1.78

3.0 0.565.44 3.0 0.27 −2.17 −2.17 −4.61

Figure 4.2: The search tree for the network of Figure 4.1. A solid line indicates

+ and a dashed line indicates −. The quantity logO(d | q, e) is displayed next to

each node q in the tree. Nodes with logO(d | q, e) ≥ λ = 0 are shown in bold.

Q ⊆ H.

A brute-force computation of the SDP would then entail:

1. Initializing the total SDP to 0.

2. Visiting every leaf node h in the search tree.

3. Checking whether logO(d | h, e) ≥ λ, and if so, adding Pr(h | e) to the

total SDP.

Figure 4.2 depicts the quantity logO(d | q, e) for each node q in the tree, in-

dicating that five leaf nodes (i.e., five instantiations of variables H) will indeed

contribute to the SDP.

We now state the key observation underlying our proposed algorithm. Consider

the node corresponding to instantiation H1 = + in the search tree, with logO(d |
H1 = +, e) = 3.0. All four completions h of this instantiation (i.e., the four leaf

nodes below it) are such that logO(d | h, e) ≥ λ = 0. Hence, we really do not

need to visit all such leaves and add their contributions Pr(h|e) individually to

the SDP. Instead, we can simply add Pr(H1 = + | e) to the SDP, which equals

the sum of Pr(h | e) for these leaves. More importantly, we can detect that all
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such leaves will contribute to the SDP by computing a lower bound using the

weights depicted in Table 4.2. That is, there are two weights for variable H2, the

minimum of which is −1.22. Moreover, there are two weights for variable H3,

the minimum of which is −1.22. Hence, the lowest contribution to the log-odds

made by any leaf below node H1 = + will be −1.22− 1.22 = −2.44. Adding this

contribution to the current log-odds of 3.0 will lead to a log-odds of 0.56, which

still passes the given threshold.

A similar technique can be used to compute upper bounds, allowing us to

detect nodes in the search tree where no leaf below them will contribute to the

SDP. Consider for example the node corresponding to instantiation H1 = −, H2 =

−, with logO(d | H1 = −, H2 = −, e) = −3.39. Neither of the leaves below this

node will contribute to the SDP as their log-odds do not pass the threshold.

This can be detected by considering the weights of evidence for variable H3 and

computing the maximum of these weights (1.22). Adding this to the current log-

odds of −3.39 gives −2.17, which is still below the threshold. Hence, no leaf node

below H1 = −, H2 = − will contribute to the SDP and this part of the search tree

can also be pruned.

If we apply this pruning technique based on lower and upper bounds, we will

actually end up exploring only the portion of the tree shown in Figure 4.3. The

pseudocode of our final algorithm is shown in Algorithm 1. Note that it takes

linear time to compute the upper and lower bounds. Additionally, note that the

specific ordering of H in which the search tree is constructed is directly linked

to the amount of pruning. We use an ordering heuristic that ranks each query

variable Hi by the difference of its corresponding upper and lower bound — H

is then ordered from greatest difference to lowest difference as to allow for earlier

pruning.
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H1

H2

H3

0.0

3.0

-2.17

−0.95
−3.39

0.27 −2.17

Figure 4.3: The reduced search tree for the network of Figure 4.1.

4.1.2 Computing the SDP in Arbitrary Networks

We will generalize our algorithm to arbitrary networks by viewing such networks

as Naive Bayes networks but with aggregate attributes. For this, we first need the

following notion.

Definition 3. A partition of H given D and E is a set S1, . . . ,Sk such that:

Si ⊆ H; Si ∩Sj = ∅; S1 ∪ . . .∪Sk = H; and Si is independent (d-separated) from

Sj, i 6= j, given D and E.

Figure 4.4 depicts an example partition.

The intuition behind a partition is that it allows us to view an arbitrary

network as a Naive Bayes network, with class variable D and aggregate attributes

S1, . . . ,Sk. That is, each aggregate attribute Si is viewed as a variable with states

si, allowing us to view each instantiation h as a set of values s1, . . . , sk. We now

have:

Proposition 1. For a partial instantiation q = {s1, . . . , sj},

logO(d | q, e) = logO(d | e) +

j∑
i=1

wsi , (4.4)

where

wsi = log
Pr(si, | d, e)

Pr(si | d, e)
(4.5)
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X1
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Figure 4.4: The partition of H given D and E is: S1 = {H1, H2, H3}, S2 = {H4},
S3 = {H5, H6}.

Proof.

logO(d | q, e) = log
Pr(d | q, e)

Pr(d | q, e)

= log
Pr(d | e)Pr(s1 | d, e) . . .Pr(sj | d, e)

Pr(d | e)Pr(s1 | d, e) . . .Pr(sj | d, e)

= logO(d | e) +

j∑
i=1

wsi

Since Equations 4.4 and 4.5 are analogous to Equations 4.2 and 4.3, we can

now use Algorithm 1 on an arbitrary network. This usage, however, requires some

auxiliary computations that were not needed or were readily available for Naive

Bayes networks. We discuss these computations next.
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4.1.2.1 Finding a Partition

We first need to compute a partition S1, . . . ,Sk, which is done by pruning the

network structure as follows: we delete edges outgoing from nodes in evidence E

and hypothesis D, and delete (successively) all leaf nodes that are neither in H, E

or D. We then identify the components X1, . . . ,Xk of the resulting network and

define each non-empty Si = H∩Xi as an element of the partition. This guarantees

that in the original network structure, Si is d-separated from Sj by D and E for

i 6= j (see [Dar09]). In Figure 4.4, network pruning leads to the components

X1 = {X1, X2, E2, H1, H2, H3}, X2 = {D,E1, H4} and X3 = {X3, H5, H6}.

4.1.2.2 Computing Posterior Log-Odds, Probability and Weights of

Evidence

The quantities O(d | e), Pr(q | e) and wsi , which are referenced on Lines 2,

3, and 7 of the algorithm, have simple closed forms in Naive Bayes networks.

For arbitrary networks, however, computing these quantities requires inference

which we do using the algorithm of variable elimination as described by [Dar09].

Note that the network pruning of deleting edges and removing the leaf nodes,

as discussed above, guarantees that each factor used by variable elimination will

have all its variables in some component Xi. Hence, variable elimination can be

applied to each component Xi in isolation, which is sufficient to obtain all needed

quantities.

4.1.2.3 Computing the Min and Max of Evidence Weights

We finally show how to compute the upper and lower bounds, maxsi wsi and

minsi wsi , which are referenced on Lines 2 and 3 of the algorithm. These quantities

can also be computed using variable elimination, applied to each component Xi

in isolation.
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More precisely, for every component Xi, we inject evidence d, e into its factors

to yield a set of factors Ψi. Similarly, we inject evidence d, e to yield a set of

factors Φi. Summing out variables Xi \Si from factors Ψi leads to a set of factors

ψi1, . . . , ψ
i
n whose product is the marginal Pr(Si, d, e). Similarly, summing out

variables Xi \ Si from factors Φi (using the same variable order) leads to a set of

factors φi1, . . . , φ
i
n whose product is the marginal Pr(Si, d, e). Since we used the

same elimination order, there is a one-to-one correspondence between the two sets

of resulting factors. Hence, we can now define a new set of factors χij = ψij/φ
i
j for

j = 1, . . . , n. We finally calculate wsi and wsi
using variable elimination, except

that this time we maximize/minimize out variables Si:

wSi
= max

Si

n∏
j=1

χij and wSi
= min

Si

n∏
j=1

χij.

That is, the upper bounds wsi can be recovered from factor wSi
, while the lower

bounds wsi
can be recovered from factor wSi

.

This is very similar to the variable elimination algorithm used by [Dec99] in

order to solve MAP, except that we perform both maximization and minimization

simultaneously. Moreover, we do this on factors χij instead of factors ψij or φij.

4.1.3 Complexity Analysis

Let n be the number of variables in the network, h = |H|, and w = maxiwi,

where wi is the width of constrained elimination order used on component Xi.

The best-case time complexity of our algorithm is then O(n expw) and the worst-

case time complexity is O(n exp (w + h)). The intuition behind these bounds is

that computing the maximum and minimum weights for each aggregate attribute

takes time O(n expw). This also bounds the complexity of computing O(d|e),

Pr(q|e) and corresponding weights wsi . Moreover, depending on the weights and

the threshold T , traversing the search tree can take anywhere from constant time

to O(exph). Since depth-first search can be implemented with linear space, the
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space complexity is O(n expw).

4.2 Experimental Results

We performed several experiments on both real and synthetic networks to test

the performance of our algorithm across a wide variety of network structures,

ranging from simple Naive Bayes networks to highly connected networks. Real

networks were either learned from datasets provided by the UCI Machine Learning

Repository [BL13] or provided by HRL Laboratories and CRESST.3 The majority

of the real networks used were diagnostic networks, which made it clear which

variable should be selected as the decision variable as it would either be the

“knowledge” or “fault” variable. For the unclear cases, the decision variable was

picked at random. Both query and evidence variables were selected at random for

all real networks.

Besides this algorithm, there are two other options available to compute the

SDP: 1. the naive method to brute-force the computation by enumerating over

all possible instantiations or 2. the approximate algorithm developed by [CXD12].

To compare our algorithm with these two other approaches, we compute the SDP

over the real networks. For each network we selected at least 80% of the to-

tal network variables to be query variables so that we could emphasize how the

size of the query set greatly influences the computation time. Each computa-

tion was given 20 minutes to complete. As we believe that the value of the

threshold can greatly affect running time, we computed the SDP with thresholds

T = [0.01, 0.1, 0.2, . . . , 0.8, 0.9, 0.99] and took the worst-case time. The results of

our experiments with the three algorithms are shown in Table 4.3. Note that |H| is
the number of query variables and |h| is the number of instantiations the naive al-

gorithm must enumerate over. Moreover, φ indicates that the computation did not

3http://www.cse.ucla.edu/
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Table 4.3: Algorithm comparison on real networks. We show the time, in seconds,

it takes each algorithm, naive, approx, and new to compute the SDP in different

networks. Note that φ indicates that the computation did not complete in the 20

minute time limit that we constrained. Moreover, * indicates that there was not

sufficient memory to complete the computation.

Network source |H| |h| naive approx new

car UCI 6 144 0.131 0.118 0.049

emdec6g HRL 8 256 0.407 0.245 0.294

tcc4e HRL 9 512 0.470 0.257 0.149

ttt UCI 9 19683 6.234 0.133 0.091

caa CRESST 14 16384 6.801 0.145 0.167

voting UCI 16 65536 21.35 0.176 0.128

nav CRESST 20 1572864 642.88 0.856 0.178

fire CRESST 24 16777216 φ 0.183 0.508

chess UCI 30 1610612736 φ * 15.53

complete in the 20 minute time limit and * indicates that there was not sufficient

memory to complete the computation. The networks {car,ttt,voting,nav,chess}
are Naive Bayes networks whereas the networks {caa,fire} are polytree networks

and the others are more general networks.

Given the real networks that we tested our algorithm on, it is clear that the

algorithm outperforms both the naive implementation and the approximate al-

gorithm for both Naive Bayes networks and polytree networks. Note that the

approximation algorithm is based on variable elimination but can only use certain

constrained orders. For a Naive Bayes network with hypothesis D being the root,

the approximation algorithm will be forced to use a particularly poor ordering,

which explains its failure on the chess network.

To analyze how a more general network structure and the selected threshold af-
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Figure 4.5: Synthetic network average running time and average number of in-

stantiations explored by number of connected components.

fects the performance of our algorithm, we generated synthetic networks with 100

variables and varying treewidth using BNGenerator [ICR04]. For each network,

we randomly selected the decision variable, 25 query variables, and evidence vari-

ables.4 We then generated a partition for each network and grouped the networks

by the size of obtained partition (k). Our goal was to test how our algorithm’s

running time and ability to prune the search-space depends on k. The average

time and average number of instantiations explored are shown in Figure 4.5.

In general, we can see that as k increases, the number of instantiations explored

by the algorithm decreases and its runtime improves. The network becomes more

similar to a Naive Bayes structure with increasing k. Moreover, the larger k is,

the more levels there are in the search tree, which means that our algorithm will

4As the synthetic networks are binary, a brute-force approach would need to explore 225

instantiations.
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Figure 4.6: Synthetic network average running time and average number of in-

stantiations explored by threshold distance from the initial posterior probability.

have more opportunities to prune. In the worst case, a network may be unable

to be disconnected at all (k = 1). However, even in this case our algorithm is

still, on average, more efficient compared to the brute-force implementation — for

some cases, after computing the maximum and minimum weight of observing H,

it will find that there does not exist any h that will change the decision. We found

that, given a time limit of 2 hours, the brute-force algorithm could not solve any

synthetic networks, whereas our approach solved more than 70% of such networks.

We also test how the threshold affects computation time. Here, we calculate

the posterior probability of the decision variable and then run repeatedly our al-

gorithm with thresholds that are varying increments away. The average running

time for all increments can be seen in Figure 4.6. It is evident that when the

threshold is set to be further away from the initial posterior probability, the al-

gorithm finishes much faster, which is perhaps expected since the usage of more
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extreme thresholds would allow for more search space pruning.

Overall, our experimental results show that our algorithm is able to solve many

SDP problems that are out of reach of existing methods. We also confirm that

our algorithm completes much faster when the network can be disconnected or

when the threshold is far away from the initial posterior probability of the decision

variable.
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Algorithm 1 Computing the SDP in a Naive Bayes network. Note: For q =

{h1, . . . , hj}, wq is defined as
∑j

i=1whi .

input:

N : Naive Bayes network with class variable D

H: attributes {H1, . . . , Hk}
λ: log-odds threshold

e: evidence

output: Same-Decision Probability p

main:

global p← 0.0 (initial probability)

q← {} (initial instantiation is empty set)

depth← 0 (initial depth of search tree)

DFS SDP(q, H, depth)

return p

1: procedure DFS SDP(q, H, depth)

2: UpperBound← logO(d | e) + wq +
∑k

i=depth+1 maxhi whi

3: LowerBound← logO(d | e) + wq +
∑k

i=depth+1 minhi whi

4: if (UpperBound < λ)

5: return

6: else if (LowerBound ≥ λ)

7: add Pr(q | e) to p,

8: return

9: else

10: if depth < k

11: for each value hdepth+1 of attribute Hdepth+1 do

12: DFS SDP(qhdepth+1, H \Hdepth+1, depth+ 1)
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CHAPTER 5

Using the SDP as a Selection Criterion

We have established that the SDP is useful as a stopping criterion as it allows

us to calculate an exact measure of how robust our decision is against further

observations. In this chapter, we show how the SDP can be used as a selection

criterion for determining which observations should be selected, assuming that

some stopping criterion (such as the SDP) indicates that further observations are

necessary. Our goal is to select observations to maximize the robustness of any

decision we will make post observation. Note that the material in this chapter is

based on the work published in [CCD14, CCD15].

5.1 Decision Robustness: A Novel Selection Criterion

Our proposal is based on using VOI as the selection criterion (see Equation 2.4),

while choosing the SDP as the reward function. We call this the SDP gain, and

it is formally defined as:

Definition 4. Given Definition 2 of an SDP, the SDP gain of observing vari-

ables G out of variables H is defined as the expected SDP of observing G ⊆ H

subtracted by the SDP over H:

G(G) = E(G,H, e, T )− SDP (d,H, e, T ), (5.1)

where the expected SDP, also referred to as the Decision Robustness, is

defined as:
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E(G,H, e, T ) =
∑
g

SDP (d,H \G,ge, T )Pr(g | e), (5.2)

and d is defined as the decision made given the current evidence.

We can see that maximizing the SDP gain is equivalent to maximizing the

expected SDP, which we often refer to as Decision Robustness (DR). Note that

if we observe some variables G ⊆ H such that the expected SDP is 1.0, that

indicates that after observing G and making a decision, the remaining variables

H \G will be rendered completely redundant — their observation will have no

effect on the decision. The expected SDP (E-SDP) of features G can be thought of

as a measure for the similarity between the decision made after observing G ⊆ H

and the one made after observing all of H. If the E-SDP of a set G is high,

we know that after observing G, there is little chance that observing H \G will

change our decision. This means that observing G will lead to high Decision

Robustness. The goal of using Decision Robustness as a selection criterion is to

observe those variables which, on average, will allow for the most stable decision

given the collected observations. Note that per Equation 2.4, maximizing the

Decision Robustness is equivalent to computing the VOI with the SDP as a

reward function.

To demonstrate its effectiveness, we will next provide an example of using

SDP as a selection criterion, contrasting it with two other selection criteria: One

based on reducing entropy of the hypothesis variable D, and another based on

maximizing the gap between the decision probability Pr(d | e) and the given

threshold T [KG09]. While both criteria can be motivated as reducing uncertainty,

we show that both can indeed lead to less stable decisions than if the SDP were

to be used.

The example is given by the Bayesian network in Figure 5.1, where D is the

hypothesis variable and S1/S2 are sensors. A decision is triggered when Pr(D =
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D Pr(D)

+ 0.5

− 0.5

D

S1 S2

Figure 5.1: A Bayesian network with its CPTs given in the Table 5.1.

Table 5.1: CPTs for the Bayesian network in Figure 5.1.

D S1 Pr(S1 | D)

+ + 0.8

+ − 0.2

− + 0.2

− − 0.8

D S2 Pr(S2 | D)

+ + 0.75

+ o 0.2

+ − 0.05

− + 0.05

− o 0.2

− − 0.75

+ | e) ≥ 0.80, where evidence e is over sensors S1 and S2. With no observations

(empty evidence e), the SDP is 0.595, suggesting that further observations may be

needed. Assuming a limited number of observations [HBR95], and using a myopic

approach of observing one variable at a time [DJ97], we now need to select the

next variable to observe.

Note that maximizing VOI with negative entropy as the reward function

amounts to maximizing mutual information, as H(D,X) = H(D) − H(D |
X) [CT91, KG05]. The mutual information between variable D and sensor S2

is 0.53 whereas the mutual information between D and sensor S1 is 0.278. Hence,

observing S2 will reduce the entropy of D the most. In terms of margin of confi-

dence, another reward function used by [KG09], observing S2 will on average lead
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to a 0.7 margin between the states D = + and D = −, whereas observing S1 will

only lead to a 0.6 margin between the two states.

However, if we compute the corresponding SDP gains, G(S1) and G(S2), we

find that observing S1 will, on average, lead to improving the decision stability

the most. In particular, observing S1 would give us an SDP of either 1 or 0.81—

for an expected SDP of 0.905, whereas observing S2 would give us an SDP of

either 0.7625, 0.5, or 1—for a Decision Robustness level of 0.805. Therefore,

G(S1) = 0.31 and G(S2) = 0.21. Hence, observing S1 will on average allow us to

make a decision that is less likely to change due to additional information (beyond

S1).

Some intuition to why this occurs is that although observing S2 leads to greater

information gain than observing S1, it is superfluous information. Note that

Pr(D = + | S2 = −) = 0.0625, whereas Pr(D = + | S1 = −) = 0.2. Clearly we

can see that observing S2 can lead to a more skewed distribution with minimal

conditional entropy. However, in the context of threshold-based decisions, we

make a decision based solely on whether Pr(D = + | e) is above or below the

threshold, meaning that we may not put as much emphasis on how much below

or above the threshold Pr(D = + | e) is. In this case, although observing S2

can on average lead to a more extreme distribution, observing S2 = o leads to

making an extremely nonrobust decision (a decision that would change 50% of

the time with observation of S1). Observing S1 before making a decision leads to

a much more robust decision. This example demonstrates the usefulness of SDP

as a selection criterion for threshold-based decisions, as the SDP can be used to

select observations that lead to more robust decisions.
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D

H1 H2 H3 H4

D Pr(D)

+ 0.50

− 0.50

Figure 5.2: A Naive Bayes network.

5.2 Selection with a Constrained Budget

In many domains we often have a limited budget which we may expend on infor-

mation gathering, and differing feature costs for each observation [KG09, BG11]

We now provide another example that demonstrates the use of maximizing the

SDP gain in this context — we show that compared to other criteria, our criterion

will allow us to gather fewer features while making a decision that is maximally

robust against any further observations.

Consider a probabilistic graphical model with some features F1, . . . , Fn that

can be observed at a cost. Consider also a decision variable D in the model, whose

posterior distribution will be used to make a decision. Given a budget on obser-

vations, a classical problem is that of finding a set of features G from F1, . . . , Fn,

where the cost of observing G is within budget, and the value obtained from ob-

serving G is maximal. This problem appears in a variety of applications, including

active sensing [GGR02, GK11a], medical diagnosis [YKR09], fault identification

[BSB13], knowledge assessment [MS08, MDC13], and computer vision [AY13].

Consider the Naive Bayes network in Figure 5.2, which will serve as a running

example. Here, D is a decision variable and H1, H2, H3, H4 are tests that bear

on this decision. The decision threshold is 0.80, leading to a positive decision if

Pr(D=+ | e) ≥ 0.8.1

We are interested in the following problem: given a budget, which features

1This threshold is often used in educational and medical diagnosis [VN01, CWM14].
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D H1 Pr(H1 | D)

+ + 0.508

+ − 0.482

− + 0.016

− − 0.984

D H2 Pr(H2 | D)

+ + 0.80

+ − 0.20

− + 0.20

− − 0.80

D H3 Pr(H3 | D)

+ + 0.61

+ − 0.39

− + 0.39

− − 0.61

D H4 Pr(H4 | D)

+ + 0.543

+ − 0.456

− + 0.456

− − 0.543

Figure 5.3: Additional CPTs for network in Figure 5.2.

should we observe? Remember that feature selection is typically based on maxi-

mizing the value of information (VOI), where the reward may be measured with

different criteria, the most prevalent criterion being information gain. The in-

formation gain and costs for the different features in Figure 5.2 are shown in

Table 5.2.

Feature Cost ($) IG

H1 4.0 0.2708

H2 4.0 0.2781

H3 1.0 0.0350

H4 1.0 0.0054

Table 5.2: Costs and information gain for various features.

Suppose that we have a budget of $5 to expend. Using information gain as

the reward criterion, features H2 and H3 would be the optimal features to observe

as they maximize information gain (with a combined gain of 0.2815) while being
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within budget. Note that myopic (greedy) feature selection [YKR09, GK11a]

agrees with non-myopic (optimal) feature selection [KG09, BG11] in this example.

Let us now apply the SDP in order to analyze this scenario. First, we want

to see how robust our initial decision is (when we make a decision with no fea-

tures observed at all). Intuitively, we can compute the SDP by considering every

possible instantiation h of features H, computing the decision under each instan-

tiation, and then adding up the probability of each instantiation h that leads to

the same decision (i.e., Pr(d | h) < 0.8). The process of enumerating instantia-

tions is shown in Table 5.3, leading to an SDP of 0.738. Hence, the probability of

reaching a different decision after observing features H = H1, . . . , H4 is only 0.262,

meaning that our decision is very prone to change, so further features should be

observed in order to ensure a more robust decision.

If we were to maximize the SDP gain in this example (e.g. maximize the VOI

with SDP the reward criterion), we would observe feature H1 instead of both

H2 and H3 (which would be selected by information gain). In particular, if we

observe H1 =+, the decision made will not change regardless of what the other

features are observed to be — since Pr(D=+ | H1 =+, h2, h3, h4) will always be

greater than 0.8. Technically, this means that the SDP after observing H1 =+

is 1.0. Similarly, if we observe H1 =−, the SDP will be 1.0 as well. As such,

the expected SDP is 1.0 after observing H1. This means that whatever decision

we make after observing H1, that decision stays the same after observing H2, H3

and H4. By a similar calculation, the expected SDP of observing both H2 and

H3 is 0.697. This shows that maximizing information gain does not necessarily

maximize decision robustness. This is an extreme example, which is meant to

highlight the proposed criterion. More generally, however, we seek to identify a

set of features that maximize the expected SDP, even though the expected SDP

may not necessarily be 1.0.

We have thus shown the benefit of finding the set of features that maximize
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H1 H2 H3 H4 Pr(h | e) Pr(d | h, e)

+ + + + 0.0676 0.995

+ + + − 0.0430 0.989

+ + − + 0.0570 0.994

+ + − − 0.0366 0.985

+ − + + 0.0179 0.937

+ − + − 0.0125 0.858

+ − − + 0.0155 0.913

+ − − − 0.0111 0.810

− + + + 0.0828 0.788

− + + − 0.0690 0.602

− + − + 0.0757 0.725

− + − − 0.0676 0.517

− − + + 0.0863 0.189

− − + − 0.1202 0.086

− − − + 0.0969 0.141

− − − − 0.1393 0.062

Table 5.3: Scenarios h for the network in Figure 5.2. The cases where Pr(d |
h, e) ≥ 0.8 are bolded. Note that whether H1 =+ or H1 =− is entirely indicative

of whether Pr(d | h, e) ≥ 0.8.

the E-SDP. It should be clear that choosing features based on maximizing the E-

SDP amounts to maximizing an expected reward, where SDP (d,H \G,ge, T ) is

the reward function. In the next chapter, we provide an algorithm for identifying

the subset G of hidden features that maximizes decision robustness, and thus

maximizing the expected SDP that we can see with respect to some budget.
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CHAPTER 6

Maximizing the Expected SDP

We have presented multiple examples in Chapter 5 that demonstrate how the

SDP can be used as a selection criterion for information gathering to maximize

Decision Robustness. In this chapter, we present a novel algorithm that we devel-

oped, MaxDR that selects features to maximize the expected SDP. We first discuss

the technical details of MaxDR and subsequently present empirical results for when

MaxDR is practically applied to classification and decision making tasks. In par-

ticular, we show that MaxDR can be used to tradeoff the expended budget with

classification accuracy (MaxDR can reduce the expended budget significantly, while

reducing the classification accuracy only slightly). For decision making tasks, we

show that MaxDR leads to much more robust decisions, under a limited budget,

compared to some traditional VOI criteria. This makes MaxDR particularly suit-

able to applications where the decision maker wishes to reduce the liability of their

decisions against unknown information. Note that the material in this chapter is

based on the work published in [CCD15].

6.1 MaxDR: Maximizing Decision Robustness

We restrict our attention to Naive Bayes networks, as computing the SDP is

PPPP-complete for Bayesian networks [CXD12] but only NP-hard for Naive Bayes

networks, which we subsequently prove in Chapter 7.

Given a Naive Bayes networkN with class variableD, threshold T , observation
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e, unobserved features H, a cost Ci for each individual feature Hi, and a total

budget B, our algorithm MaxDR will output a set of features G? ⊆ H where

• the cost of observing G? is within the budget B:

( ∑
Hi∈G?

Ci
)
≤ B,

• the E-SDP of observing G is maximal:

G? = arg max
G⊆H
E(D,G,H, e, T ).

Intuitively, observing the set of features identified by MaxDR will best render

the remaining features redundant. Note the similarity between our problem and

the 0-1 knapsack problem: we have a set of items, each with an associated cost

and profit, and a budget B, where our goal is to maximize the profit while keeping

the total cost within budget B. The knapsack problem is difficult: the decision

problem is NP-complete [KPP04]. There is a key difference, however, between our

problem and the typical knapsack problem: computing the total profit of a set

for the knapsack problem can be done in linear time, while computing the total

profit of a set for our problem involves computing E-SDP, which is NP-hard even

in Naive Bayes networks.1

We will first show how to compute E-SDP, and then show how to solve the

knapsack component of the problem.

6.1.1 Computing the Expected SDP.

Computing the E-SDP of G ⊆ H involves the test Pr(d | h, e) =T Pr(d | g, e).

That is, we test whether both posterior probabilities are on the “same side” of

1We prove in Chapter 7 that computing the SDP in Naive Bayes networks is NP-hard.
Computing E-SDP is then NP-hard as well since computing the SDP is just a special case of
computing the E-SDP where G = {}.
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threshold T . Once again, akin to Chapter 4.1, we find it more convenient to

implement this test in the log-odds domain, where

logO(d | h, e) = log
Pr(d | h, e)

Pr(d | h, e)
,

and then subsequently we define the log-odds threshold as

λ = log
T

1− T ,

and finally, we have the log-odds test:

logO(d | h, e) =λ logO(d | g, e).

In a Naive Bayes network we have D as the class variable and H ∪ E as the leaf

variables. The posterior log-odds after observing an arbitrary partial instantiation

q = {h1, . . . , hj} of variables Q ⊆ H can be written as

logO(d | q, e) = logO(d | e) +

j∑
i=1

whi ,

where whi is the weight of evidence hi and defined as:

whi = log
Pr(hi | d)

Pr(hi | d)
.

The weight of evidence whi is then the contribution of evidence hi to the quantity

logO(d | q, e) [CD03]. Note that all weights can be computed in time and space

linear in |H| (for Naive Bayes networks). For our example network shown in

Figure 5.2, the weights of evidence {whi , whi} are shown in Table 6.1.

i 1 2 3 4

whi 2.00 5.00 0.65 0.25

whi -2.00 -1.00 -0.65 -0.25

Table 6.1: Weights of evidence.
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H2

H1

H2
H3 H3 H3 H3

0.0
2.0 -2.0

3.0 -3.07.0 1.0
1.65 0.357.65 6.35 3.65 2.35 -2.35 -3.65H4 H4 H4 H4 H4 H4 H4 H4

7.9 7.4 -3.4 -3.96.6 6.1 1.9 1.4 0.6 0.1 3.9 3.4 2.6 2.1 -2.1 -2.6
Figure 6.1: This figure depicts a two-tiered search tree to compute the E-SDP

with G = {H2} and λ = 2.0 for the network shown in Figure 5.2. A solid line

indicates + and a dashed line indicates −. Note the horizontal line dividing G

and the remaining features. The quantity logO(d | q, e) is displayed next to each

node q in the tree. Leaf nodes where logO(d | h, e) =λ logO(d | g, e) are bolded.

H2

H1

H2

0.0
2.0 -2.0

3.0 -3.07.0 1.0
Figure 6.2: The pruned search tree when computing the E-SDP for G = {H1}.

For convenience, we also define the quantities UB and LB that respectively

represent the upper and lower bounds on the total weight of evidence of observing

variables Q:

UB(wQ) =
∑
Hi∈Q

max
hi

whi

LB(wQ) =
∑
Hi∈Q

min
hi

whi

One brute-force method to compute the E-SDP is similar to the brute force

method discussed in Chapter 4.1 for computing the SDP, where we first initialize

the total SDP to 0, then enumerate the instantiations of H into a search tree,

then check whether logO(d | h, e) =λ logO(d | e), and if so, add Pr(h | e) to the

total SDP.

Our proposed algorithm, CalcESDP, utilizes a two-tiered search tree. The first

51



tier of the search tree includes G, whereas the second tier includes H \ G. An

example two-tiered search tree with G = {H1} can be seen in Figure 6.1. To

reduce the number of nodes that must be explored, we use a branch-and-bound

approach similar to Algorithm 1 to detect when the children of an intermediate

node can be pruned. Consider the node corresponding to instantiation {H1 =

+, H2 = +} in the search tree, with logO(d | H1 = +, H2 = +, e) = 7.0. All four

completions h of this instantiation (i.e., the four leaf nodes below it) are such that

logO(d | h, e) =λ logO(d | H1 = +, e). Therefore, we can avoid visiting all such

leaves and adding their contributions Pr(h | e) individually to the expected SDP.

Instead, we simply add Pr(H1 = +, H2 = + | e) to the SDP, which equals the sum

of Pr(h | e) for these leaves. More importantly, we can detect that all such leaves

will contribute to the SDP by computing a lower bound using the weights depicted

in Table 6.1. Note that for variables H3 and H4 we can compute a lower bound —

the lowest contribution to the log-odds made by any leaf below {H1 = +, H2 = +}
in the search tree will be −0.90. Adding this contribution to the current log-odds

of 7.0 will lead to a log-odds of 6.10, which still is =λ logO(d | H1 = +, e).

In addition, our algorithm uses a novel dynamic variable order that leads to

significant improvements to the amount of pruning. The pseudocode of CalcESDP

is shown in Algorithm 2. When applied to the previous example, the algorithm

will only explore the tree in Figure 6.2.

Note that the dynamic ordering heuristic (Line 20) will select the variable that

upon observation, can maximize the margin between the current posterior log-odds

and the log threshold. For instance, in our running example, if logO(d | e) = −2,

then H1 would be selected, as the observation of H1 =− would result in a minimal

posterior log-odds of −4. Whereas if logO(d | e) = 1, then H2 would be selected

as the observation of H2 =+ would result in a maximal posterior log-odds of

6. This allows us to first explore certain parts of the search tree where we can

aggressively prune. Note that we keep track of the upper bound on the final value
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of the E-SDP. This quantity, as well as our dynamic ordering heuristic, will be

further discussed in the next section.
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Algorithm 2: CalcESDP Computing E-SDP in a Naive Bayes network with

class variable D, evidence e, and attributes H = {H1, . . . , Hn}. Note wq =∑
hi∈qwhi .

input:

N : Naive Bayes network

G: a subset of H

λ: log-odds threshold

output: Expected Same-Decision Probability p

main:

p← 0.0 a lower-bound on E-SDP

m← 1.0 an upper-bound on E-SDP

q← {} initial instantiation (empty)

DFS E SDP(q)

return p p = m on return

1: procedure DFS E SDP(q)

2: t← logO(d | e) + wq current log-odds

3: if |Q| ≤ |G| enumerating top-half of tree

4: if t+ UB(wH\Q) < λ or λ ≤ t+ LB(wH\Q)

5: decision is now fixed

6: p← p+ Pr(q | e)

7: return

8: else searching bottom-half of tree

9: if t+ UB(wH\Q) < λ or λ ≤ t+ LB(wH\Q)

10: decision is now fixed

11: if t =λ logO(d | e) + wg same decision

12: p← p+ Pr(q | e)

13: else different decision

14: m← m− Pr(q | e)

15: return
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16: if |Q| < |H| continue traversing tree

17: Hi ← NEXT VAR(q, t) pick next variable

18: for each value hi of attribute Hi do

19: DFS E SDP(q, hi) recurse

20: procedure NEXT VAR(q, t)

21: C← H \Q candidate variables

22: if |Q| < |G| if enumerating top half

23: C← C \H remove bottom half

24: return arg maxHi∈C |(t+ whi∈Hi
− λ)|

6.1.2 Finding Valid Sets of Features.

Feature selection algorithms usually exploit submodularity and/or monotonic-

ity [KG05, KG09, GK11b]. However, as the expected SDP is neither monotonic,

nor submodular (shown in Chapter 5.2), a novel approach must be devised. A

brute-force computation enumerates all 2|H| sets of features and then computes

E-SDP for each set that respects the budget.

We can greatly improve upon this method using a key observation: if observing

variables G ⊆ H cannot change the original decision, then the E-SDP of observing

variables G is the same as the original SDP with respect to variables H (without

the expectation). Hence, we need only compute this “expected” SDP once, and

focus only on those subsets G that are not so vacuous.

More precisely, if our decision is initially below the threshold, logO(d | e) <

λ, then we only need to consider sets of features G that are able to cross the

threshold: λ ≤ logO(d | e) +UB(wG). Similarly, if our decision is initially above

the threshold, i.e., λ ≥ logO(d | e), then we only need to consider features G that

satisfy logO(d | e) + LB(wG) ≤ λ. Hence, to obtain a non-trivial expected SDP
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problem, we must select enough features in G so that:

UB(wG) =
∑
Hi∈G

max
hi

whi ≥ λ− logO(d | e), (6.1)

if our decision is initially below the threshold, or else if the decision is initially

above the threshold:

LB(wG) =
∑
Hi∈G

min
hi

whi ≤ λ− logO(d | e). (6.2)

We can find these sets by solving the following variant of the knapsack problem:

Definition 5. Consider n items X1 to Xn, where each item has cost cost(Xi) and

profit profit(Xi). The Knapsack Problem asks: “Is there a subset of items with

total cost at most B and total profit at least V ?”

Here, our cost function is the same cost as in our feature selection, but our

profit function is either profit(Hi) = maxhi whi or profit(Hi) = minhi whi (depend-

ing on the initial decision). We then want subsets of items (features) that yield

enough profit for our decision to cross its threshold, and hence yield a non-trivial

expected SDP problem. Our proposed algorithm, FindCands, uses a branch-and-

bound approach similar to [Pis95, ZBB10], and builds an inclusion/exclusion tree,

as done by [Kor09], in order to find all possible solutions.

In order to increase the amount of pruning that can be done, we build the

inclusion/exclusion tree of items by efficiency, defined as the ratio profit(Xi)
cost(Xi)

. After

the items are sorted, and as we traverse the tree, we keep track of (1) all costs

accrued (by the features currently selected), (2) and the remaining profit potential

that is available (that we could get by selecting from the remaining features). We

backtrack if we find that (1) the budget has been surpassed, or (2) the profit

potential is too low, which is based on an efficiently computable upper bound on

our profit, UBP — we add all items as allowed by the budget in order of decreasing

efficiency. At the point where the next item’s cost exceeds the remaining budget,

56



X2
X1

X2
X3 X3

0,3,7

5,1,7 0,3,4

2,2,4
0,3,3

5,1,6

6,0,0
4,0,0 2,2,3

7,0,0

X4

Figure 6.3: A pruned inclusion/exclusion tree for the knapsack problem instance

shown in Table 6.2. Note that a left branch corresponds to the inclusion of an

item whereas a right branch corresponds to the exclusion of an item. At every

node there is a tuple of 3 items: the profit so far, the budget remaining, and an

upper bound for the remaining profit (UBP ). Due to pruning, we avoid traversing

the full inclusion/exclusion tree.

we take, according to the remaining budget, the fraction of the item’s profit, which

yields an upper bound on the maximum obtainable profit [KPP04, ZBB10].

The pseudocode for FindCands can be found in Algorithm 3. In Figure 6.3, we

provide an example of the inclusion/exclusion tree after using FindCands for the

following knapsack problem instance found in Table 6.2. The candidate knapsack

items include X1, X2, X3, X4, and their respective {profit, cost} values can be

found in Table 6.2. The final algorithm MaxDR to find the feature set G? with

highest expected SDP is: use FindCands to generate valid sets, and for each can-

didate set G, use CalcESDP to compute the expected SDP. Note that CalcESDP

maintains an upper bound for the current value of the expected SDP — if that

value falls below the highest expected SDP of some previous candidate set, we can

abort the computation and continue our traversal through the inclusion/exclusion

tree. This is where the previously introduced dynamic ordering heuristic is espe-

cially useful, as it allows us to swiftly detect when the upper bound falls below

some threshold.
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X1 X2 X3 X4

Profit 5.0 2.0 2.0 1.0

Cost 2.0 1.0 2.0 1.0

Table 6.2: A knapsack problem instance with budget = 3 and profit = 4.

6.1.3 Complexity analysis

Let n be the number of features in the network, where c is the number of states

of a feature variable. In the best-case scenario, we can detect that the E-SDP

will never change regardless of what instantiation of features is observed — in

this trivial scenario, no search needs to be performed. However, for the worst-

case time complexity, we may need to traverse all of the O(2n) possible candidate

subsets of features and take O(cn) time to compute the E-SDP of each subset.

Therefore, the worst-case time complexity is is O(cn2n).

6.2 Applications and Experimental Results

We now discuss the application of our novel feature selection algorithm, MaxDR to

practical classification and decision making tasks. We performed experiments on

Naive Bayes networks from a variety of sources: UCI Machine Learning Repository

[BL13], BFC (http://www.berkeleyfreeclinic.org/) and CRESST (http://

www.cse.ucla.edu/). Each network has an associated dataset containing labelled

examples, which we used in some of the experiments.

6.2.1 Trading Off Budget Expenditure with Classification Accuracy

Consider the problem of classification with Naive Bayesian networks. Let D be

the class variable and let H = H1, . . . , Hn be the features. In a classical setting,

one classifies by observing all the available features. That is, one computes Pr(D |
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H1, . . . , Hn) and then chooses a class depending on a given threshold T . If Pr(d |
h1, . . . , hn) ≥ T , one classifies the example h1, . . . , hn positively; otherwise, one

classifies it negatively.

Suppose now that we wish to classify based on only a subset of the features,

due to feature cost. Our approach involves using MaxDR to find the smallest

subset G of features where the expected SDP of observing G crosses a certain

level L. In other words, we want the subset G that satisfies arg minG |G| and

E(D,G,H,E, T ) ≥ L. Note here that we are not maximizing the expected SDP,

but only ensuring that it passes a given threshold L. We do this so we can tradeoff

the number of selected features with the classification accuracy. The larger L is,

the more features MaxDR will select, and the better the classification accuracy. The

smaller L is, the fewer features that MaxDR will select, but at the expense of less

classification accuracy. As we shall see next, one can choose L so as to obtain

a very interesting balance: a relatively small number of features can be selected

while ensuring a very small penalty in classification accuracy.

We experimented with thresholds L ranging from [0.70, 0.75, 0.80, 0.85, 0.90, 0.95].

For each L, and each network, MaxDR found the smallest subset G that satisfies

the above conditions. We then computed the classification accuracy based on

observing only G versus observing all features H. We classified each example in

each dataset based on G and H, and then computed for each the proportion of

correctly labeled instances to total number of instances.

Table 6.3 displays the percentage of features ( |G||H|) that MaxDR selected for dif-

ferent levels L of decision robustness, across all networks. We also list the average

percentage of selected features and the average difference of classification accu-

racy (accuracy of H - accuracy of G) for each threshold L. The table reveals an

interesting tradeoff between the number of features selected and the classification

accuracy, which can be controlled by varying the decision robustness threshold L.

For example, for L = 0.95, we select about 60% of the features on average, while
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Network NM-DT (s) NM-IG (s) MaxDR (s)

bupa 0.028 0.021 0.032

pima 0.137 0.124 0.044

ident 0.129 0.119 0.147

anatomy 0.431 0.419 0.424

heart 0.704 0.682 3.230

voting 28.146 22.734 4.612

hepatitis 284.873 276.143 147.887

nav 342.767 328.874 121.715

Figure 6.4: Running time.

incurring only a 0.64% reduction in classification accuracy. This clearly shows

that many features are redundant given other features. MaxDR is particularly use-

ful in this scenario as it is able to identify those redundant features and excludes

them from the selected features.

6.2.2 Decision Making

We now discuss another application of MaxDR to decision making. Given a Naive

Bayes network with decision variable D, features H = H1, . . . , Hn, and budget

B, we wish to make a decision that is within budget, and that is maximally

robust against additional observations. For example, if we can only observe three

features, Hi, Hj and Hk, we wish to select them such that when observed, there

is a low probability of reaching a different decision if features H \ {Hi, Hj, Hk}
were later observed. The goal here is to minimize our liability against what we

chose not to observe. Contrary to the previous application, we have no data here.

Therefore, the notion of classification accuracy is not meaningful in this setting,

and the quality of a decision is measured solely based on its robustness.
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For each Naive Bayes network, budget B and decision threshold T , we used

MaxDR to select features G and considered the expected SDP of decisions based

on observing G (MaxDR computes the expected SDP as a side effect). For each

network, the budget was set to 1/3 the number of features, with decision thresholds

in [0.1, 0.2, . . . , 0.8, 0.9].2

Figure 6.5 provides further comparisons between MaxDR and the two baselines:

non-myopic information gain (NM-IG) and non-myopic, generalized classification

loss (NM-DT).3 We select features G, within budget, using each criteria and then

measure the robustness of decisions based on observing the selected features (by

computing the expected SDP). Our results show a number of patterns. First, the

proposed criteria selects features leading to the most robust decisions. Moreover,

the difference between MaxDR and the other criteria becomes more pronounced for

extreme thresholds and for large networks. These results show that MaxDR, as a

feature selection algorithm, is very suitable for applications in which the decision

maker wishes to minimize their liability against information that they chose not

to observe. That is, we select features G using each of these feature selection

criteria and then measure the robustness of decisions based on observing the

selected features. Note that we also experimented with the minimum Redundancy

Maximum Relevance (mRMR) feature selection criterion [DP03]. We found the

criterion to be trivial for Naive Bayes structures as it always prefers sets of features

over their supersets.

2We selected a budget of 1/3 the total number of features because we found that the results
would be trivial if the budget was set too high or too low, as all algorithms would then behave
similarly.

3Suppose we are making decisions based on the following utilities of positive and negative
decisions: Up = Pr(d|e) and Un = Pr(d|e)T/(1 − T ). This corresponds to a threshold-based
decision for arbitrary T . NM-DT selects features using the reward function max(Up, Un). When
T = 1/2, we get classification loss.
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6.2.3 Running time.

Assuming n binary features, a budget of m, and a cost of 1 per feature, NM-IG and

NM-DT can be implemented in O(
(
n
m

)
2m) time. In particular, one only needs to

consider candidate features G of size m due to the monotonicity of corresponding

objective functions (i.e., G will dominate all its strict subsets). For each candidate

G, one needs to compute an expectation over G, which takes O(2m) time. In fact,

we know of no algorithm that does better than Θ(
(
n
m

)
2m) for these criteria. MaxDR

has a worst-case time complexity of O(2n+m). In this case, we need to consider

all 2m candidates G with size ≤ m since the SDP is not strictly monotonic. We

also need O(2n) time to compute the expected SDP by enumerating all feature

states. This is much worse than the running time for NM-IG and NM-DT. However,

Figure 6.4 shows that MaxDR does significantly better than this on average and

also does better than both NM-IG and NM-DT, especially for larger networks. This

is due to the knapsack and branch-and-bound pruning techniques employed by

MaxDR.
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Figure 6.5: Additional experiments comparing MaxDR and the two baselines: non-

myopic information gain (NM-IG) and generalized classification loss (NM-DT).
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Algorithm 3: FindCands Finding candidate subsets to compute E-SDP over.

A subset [T, F, F, T ] represents a subset that includes features H1 and H4. For a

candidate set to be valid, the total profit must ≥ V while the total cost ≤ B.

input:

H: {H1, . . . , Hn}, by decreasing efficiency

V : target threshold (see Equations 6.1 & 6.2)

B: budget

output: All subsets of features where total profit exceeds V

main:

p← 0.0 initial profit

q← [F, . . . , F ]n initially, no features selected

d← 0 initial depth

b← B initial budget

candidates← [ ] list of candidate feature sets

DFS KS(q, p, d, b)

return candidates

1: procedure DFS KS(q, p, d, b)

2: if p + UBP (H, d, b) < V no profit potential

3: return

4: else if b < 0 budget exceeded

5: return

6: else if p ≥ V enough profit potential

7: add q to candidates

8: DFS KS(q, p, d+ 1, b )

9: set feature Hd = T in q include Hd

10: DFS KS(q, p+ profit(Hd), d+ 1, b− cost(Hd))
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CHAPTER 7

The Complexity of Computing the SDP

In this chapter, we first discuss the relationship between different complexity

classes as well as review previous complexity results on the SDP. Subsequently,

we present new complexity results for the SDP. The material in this chapter is

based on the work published in [CCD13, CCD14].

7.1 Introduction

First, observe the following relationship between complexity classes:

NP ⊆ PP ⊆ NPPP ⊆ PPPP

Note that MPE is the prototypical NP-complete problem for probabilistic infer-

ence [Shi94]. MAP [PD04] is the prototypical NPPP-complete problem — MPE

involves finding the most likely instantiation over all variables, whereas comput-

ing MAP finds the most likely instantiation of some subset of variables. SDP

was shown to be PPPP-complete [CXD12], where PPPP can be thought of as a

counting variant of the class NPPP, hence highly intractable.

We next present new complexity results for the SDP. We first prove that the

complexity of computing the SDP in Naive Bayes structures is NP-hard. We

then show that the general complexity of computing the SDP (PPPP-complete)

lies in the same complexity class as a general expectation computation problem

that is applicable to a wide variety of queries in graphical models, such as the

computation of non-myopic value of information.

66



7.2 Computing the SDP in Naive Bayes

SDP is known to be PPPP-complete [CXD12]. We prove that computing the SDP

remains hard even for Naive Bayes networks. Naive Bayes networks are typically

tractable for basic queries, yet remain NP-hard for MAP [De 11], and PP-complete

for computing the value of information [KG09].

Theorem 1. Computing the Same-Decision Probability in a Naive Bayes network

is NP-hard.

The proof can be found in Appendix A.

7.3 The Complexity of Computing the Non-myopic VOI

The SDP was shown to be a PPPP-complete problem by [CXD12]. The class

PPPP is essentially the counting variant of the NPPP class, which contains the

polynomial hierarchy PH and for which the MAP problem is complete [PD04].

We show in this section that a general problem of computing expectations is also

PPPP-complete, with the non-myopic VOI and SDP being an instance of such an

expectation. Thus, the development of algorithms to compute the SDP will be

beneficial to problems in the PPPP class, which in turn benefits computing an

assortment of expectations, including non-myopic VOI.

The proposed expectation computation is based on using a reward function R

with some properties that we review next. In particular, the function R is assumed

to map a probability distribution Pr(D | e) to a numeric value. We also assume

that the minimum l and maximum u of this range are polytime computable. These

assumptions are not too limiting—for example, both entropy and utility can be

expressed using reward functions that fall in this category [KG09].

We now consider the following computation of expectations.
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D-EPT: Given a polynomial-time computable reward function R, hypothesis

variable D, unobserved variables H, evidence e, a real number N , and a distri-

bution Pr induced by a Bayesian network over variables X,1 the expectation

decision problem asks: Is

E =
∑
h

R(Pr(D | h, e))Pr(h | e)

greater than N?

Note that the SDP falls as a special case when the reward function R is the

SDP indicator function (see Definition 2). For example, in the definition used by

[CXD12], the decision function outputs one of two decisions depending on whether

Pr(d | e) > T for some value d of D and some threshold T .

We now have the following theorems, with proofs in Appendix A.

Theorem 2. D-EPT is PPPP-hard.

Theorem 3. D-EPT is in PPPP.

This shows that D-EPT is PPPP-complete and implies that computational

problems such as computing the non-myopic VOI using a variety of reward func-

tions is also PPPP-complete.

1This proof also holds for influence diagrams constrained to have only one decision node.
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CHAPTER 8

SDP in Computer Adaptive Testing

Computer Adaptive Tests dynamically allocate questions to students based on

their previous responses. This involves several challenges, such as determining

when the test should terminate, as well as which questions should be asked. In

this chapter, we apply the SDP as an information gathering criterion in the context

of Computer Adaptive Testing. In particular, we show that it can act as a stopping

criterion for determining if further questions are needed. If further questions are

needed, we also show that the SDP can also serve as a selection criterion for

determining which questions should be asked. We shown empirically that the

SDP is a viable and intuitive approach for Bayesian-based Computer Adaptive

Tests, as its usage allows us to ask fewer questions while still maintaining the

same level of precision and recall in terms of classifying competent students.

8.1 Introduction to Computer Adaptive Testing

Computer Adaptive Tests have recently become increasingly popular, as they have

the ability to adapt to each individual unique user [Vom04, ADM07]. This in turn

allows for the test to tailor itself specifically based on user responses and its current

estimation of the user’s knowledge level. For example, if the user answers a series

of questions correctly, the test can adjust and curate some more difficult questions.

On the other hand, if the user answers a series of questions incorrectly, the test

can adjust and present easier questions.
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Bayesian networks have been used as the principal base model for many Com-

puter Adaptive Tests [MP02, Vom04, ADM07, MS08], as they offer powerful ap-

proaches to inferring a user’s knowledge level given uncertain information (unan-

swered questions). Additionally, a significant body of work has been done on using

Bayesian networks to perform a wide array of tasks in the field of educational di-

agnosis [VN01, CGV02, SH06].

A key question in Computer Adaptive Tests is when the test should terminate.

Some students may perform so well or so poorly that the system can recognize that

further testing is unnecessary, as asking further questions would have very little

probability of reversing the initial diagnosis. In [MP02], there is further discussion

on stopping criteria that are used to determine when further questioning is needed,

as well as selection criteria that are used to determine which questions are actually

asked.

In this chapter, we take the SDP and show its usefulness when applied as both

a stopping criterion and selection criterion for question selection in a Computer

Adaptive Test in contrast to the standard stopping and selection criteria. We first

present some motivation for the constructed Computer Adaptive Test. We then

discuss some related work in the educational diagnosis field. Following that, we

then show how the SDP can be used as a stopping and selection criterion for our

Computer Adaptive Test. Finally, we discuss experiment setup, present empirical

results demonstrating the usefulness of the SDP, and then conclude the chapter.

8.2 Motivation Behind Computer Adaptive Testing

The Berkeley Free Clinic1 is a clinic staffed entirely by volunteers and offers medi-

cal and dental treatment for the surrounding community. In particular, the dental

section of the clinic offers a wide variety of services ranging from cleanings, x–ray

1http://www.berkeleyfreeclinic.org/
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services, fillings, and extractions. Due to the expertise required for these services,

the volunteers need to be highly trained to apply their knowledge in a practical

setting. The volunteers are thus required to undergo a training period in order to

prepare them to serve at the clinic.

Recently, it was decided that in order to better evaluate the knowledge of

the volunteers, the volunteers would go through a competency exam to determine

whether or not they had sufficient knowledge. The idea of this test is that if a

volunteer was found to be inadequate, that he/she would have to undergo fur-

ther instruction. The coordinators of the clinic worked in conjunction with the

volunteer dentists in order to create a written test that thoroughly tested the dif-

ferent concepts and skills necessary for a volunteer. The written test consists of

63 questions that includes questions ranging from showing a portrait of a certain

instrument (e.g. a perioprobe) and asking “Name this instrument” to “What is in

a bridge and crown set up tray?”. Portions of this test can be seen in Figures 8.1

and 8.2.

This test was given to 22 subjects. 16 of the subjects were evaluated prior

to the test–taking to be competent volunteers, whereas the other 6 subjects were

evaluated to be non–competent volunteers. The clinic coordinators set the pass

threshold to be at 60%, meaning that volunteers needed to correctly answer 60%

of the questions in order to be considered competent. The test proved to be

effective in that of the 16 competent volunteers, 15 of them passed, and of the 6

non–competent volunteers, none of them passed. The test taking duration ranged

from 30 minutes to 1 hour. Feedback from the participants indicated that they

felt this test was fair and covered the necessary bases to be a volunteer, but that

the test was too time–consuming.

The complaints about the duration of the test is in line with the discoveries of

[GAS07], who discover that a big problem with web based tests is that they are

too long, which may hinder students’ ability to perform as they simply become
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bored and careless. This serves as the chief motivation for our work, as we want

to turn this test into a Computer Adaptive Test (CAT), so that we can present

students a test with fewer questions, but just as many relevant questions — this

way we can decrease overall test duration without compromising the integrity of

the test.

Figure 8.1: A portion of the competency test that measures general dental clinic

knowledge.

8.3 Related Work

There has been a surge of interest in utilizing various recent artificial intelligence

techniques to increase the quality of educational diagnosis, a broad field that covers
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Figure 8.2: A portion of the competency test that measures procedural knowledge.

Interactive Tutoring Systems (ITS) [CGV02, SH06, GS12], as well as Computer

Adaptive Tests (CAT) [MS08, MDC13]. These applications have overall found

to be to be a significant improvement over traditional techniques [MP02, Vom04,

Sin06, BM07, BAC10, MDC13].

In the work of [MP02], they use Bayesian networks as the framework for con-

structing Computer Adaptive Tests (CATs). They introduce a model for repre-

senting student knowledge, where knowledge is modeled as different interrelated

concepts. They noted that student knowledge can be diagnosed (inferred) by

treating student answers as evidence. In addition to this model, they introduced

an adaptive testing algorithm. To evaluate their model, they used 180 simulated

students. They found that the introduction of adaptive question selection method

improves behavior for both in terms of accuracy and efficiency, as using an adap-

tive algorithm resulted in fewer questions and higher diagnosis accuracy. Their

model incorporates notions such as “slipping”, where a student might answer a

question incorrectly even if the concept is known. They generate students ran-

domly by sampling from the network, and are assigned to have different knowledge
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of various concepts.

Similar results were shown in [Vom04], who discuss applications of Bayesian

networks in educational diagnosis, especially in skill diagnosis. They show that

modeling dependence between various skills allows for higher quality of diagnosis.

Additionally, they show that Computer Adaptive Tests allow them to best select a

fitting question to test for competency in certain skills. They found that computer

adaptive testing substantially reduces the number of questions that may need to

be asked.

Just like [MP02] and [Vom04], [ADM07] found that Bayesian networks to be

useful to model the links between various related proficiencies, and modeled unseen

questions as unobserved variables. They use diagnostic Bayesian networks in order

to model uncertainty, where experts build a Bayesian network and calibrate it from

data.

Another application of Bayesian networks to model student knowledge is dis-

cussed in [MS08]. They use a Bayesian network to model qualifying exams for

graduate students at Stanford, where their goal is to select the questions (ob-

servations) that can best measure the knowledge in order to determine whether

or not the student should pass. They also use a threshold function and stress

that reducing the number of questions asked is important. They also prove the

NP-hardness of deciding an optimal set of questions to assign a student.

Additionally, a variety of work has been done on using Bayesian networks in the

educational diagnosis field for threshold-based decision making under uncertainty,

such as 1) [Xen04], where the authors model the educational experience of various

students and use threshold-based decisions to determine whether or not a student

is likely to fail, 2) [AW05], where the goal is to determine the type of learner a

student was (in terms of attitude) 3) [GCV98], where the goal is to infer what

part of a problem a student is having trouble with, in order to provide hint-based

remediation, 4) [BHM04], where the constructed ITS can assess knowledge using a

74



BN as well as recommending certain remediation, and a threshold-based decision

is used to determine if a student is competent in an area or not.

Some other work in the field of educational diagnosis can be found in [BM07],

which describes a model that details the relationship between the knowledge of

certain concepts and how the student will perform on certain questions. They note

that if a user demonstrates lack of knowledge, the model can be used to locate

the most likely concepts that will remedy the situation. They found that using

a Bayesian model allows them to compute the probability of a student answering

a question correctly given competency in some knowledge. Also of interest is the

work of [WRM09], who show that it is possible to model the progression of student

learning from novice to expert.

More recently, the work on educational diagnosis modeling has focused on

even more intricate modeling and remediation methods. For instance, [RIM13]

has focused on modeling user emotional states, in order to detect when users are

frustrated as well as the cause of the frustration. By finding the root cause of

the frustration, special measures may be taken to remediate. Similarly, [CV13]

has done significant work in modeling a student’s performance, progress, and

behavior. The developed e-learning system has been deployed into production.

In the work of [CV14], it is noted that modeling user’s detailed characteristics,

such as knowledge, errors, and motivation can improve quality of a student’s

learning process as it allows for better remediation. The need for personalized

remediation is also further stressed as [VC14] studies the importance of giving

learners instruction and support directly. They stress that learner models need

to be adjusted and updated with new information about the learners knowledge,

affective states, and behavior in order to be maximally effective.
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8.4 Computer Adaptive Testing

8.4.1 Using a Bayesian Network

To address the problem of having such a time–consuming test, we believe that

using a Computerized Adaptive Test (CAT) could differentiate the competent

students from the non–competent students with fewer questions than a standard

test. Asking fewer questions while still accurately measuring a student’s ability

is an oft–studied problem, and is discussed thoroughly in [MP02, GAS07, MS08,

MDC13]. Our main goal is to best measure whether or not a student is competent

with a limited subset of questions. This means that we have to determine when

enough questions have been asked, as well as is to be more which questions are

asked, so as to ensure that overall, the Computer Adaptive Test is comprised of

fewer questions.

Bayesian networks have been found to be especially useful for decision making

under uncertainty [Dar09]. We believe that they provide us a natural mechanism

to model both 1) student knowledge and 2) questions that may be potentially

asked to measure student knowledge. In these models, Bayesian networks can

model the relationships between various proficiencies. These models detail the

relationship between knowledge of certain concepts and how the student will per-

form on certain questions.

Using a Bayesian network thus allows us to predict how likely a student is

to have knowledge in a certain concept based on the student’s answers. Hence,

we worked with the clinic coordinators and experts to create a Bayesian network

structure and elicit the parameters for this exam. Our developed model is simi-

lar to the models developed by [MP02, Vom04, ADM07, MS08, BM07, MDC13],

where Bayesian networks are used to evaluate and in a sense, “diagnose” a stu-

dent’s degree of knowledge, or competency, in various fields of knowledge.

In our network, we have a main variable of interest that is representative of
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the student’s total level of knowledge. We refer to this variable as the decision

variable (D), and it serves as an overall measure of our belief that a student is

competent. The decision variable is surrounded by a variety of concept variables

that are latent. The final type of variable is a question variable that represents a

question that may be asked to the student. An answered question, whether correct

or incorrect, will act as evidence that can influence our belief on the student’s

competency. The graphical structure of the model can be seen in Figure 8.3.

Similarly to [GCV98, VN01, CWM14], the clinic coordinators/experts deter-

mined that the “pass threshold” should be set at 0.8, meaning that if given some

evidence (questions answered), the posterior probability of the decision variable

was found to be over 0.8, then the student would be considered as competent.2

According to this pass threshold, we found once again that of the 16 competent

volunteers, 15 of them passed, and of the 6 non–competent volunteers, none of

them passed. The volunteers’ scores are shown in Table 8.1. From this table we

can see that our constructed Bayesian model allows us to accurately predict a

student’s competency.

8.4.2 Stopping Criterion for Information Gathering

Although the test has a total of 63 questions, there may be a point during the

adaptive test where we can determine that it is unnecessary to ask any further

questions. For example, if a volunteer answers 40 questions correctly in a row, we

can then be very certain that the student is competent and can thus not bother

to ask the other 23 questions — therefore cutting the total required test time.

On the contrary, say a volunteer answers 40 consecutive questions incorrectly.

Clearly, in this case we can be certain that the student is incompetent and we

can again terminate the test early. Even though these scenarios are unlikely, it is

2Another commonly used threshold in the educational diagnosis field is 0.7, as is used by
[BHM04, AW05].
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clear that at times early test termination is intuitive.

For educational diagnosis in Bayesian networks, [MP02, MDC13] shows there

are two standard ways to determine if more information gathering (questions

posed to the student) is necessary. The first involves a fixed test that asks a set

number of questions, and then determines if the student is competent after all the

questions have been answered. This method is clearly ineffective, as it does not

take into account at all the students’ answers.

The second way involves terminating the test once the posterior probability

of the decision variable is above or below some threshold. This stopping criteria

is also seen in [HCK92, HBR95, KMR03, LP06]. Note that [MP02] compares an

approach that utilizes a set number of questions with a threshold-based approach

— they found that with a set number of questions they were able to diagnose

students correctly 90.27 percent of the time, whereas by using an adaptive criterion

they were able to diagnose students correctly 94.54 percent of the time, while

requiring fewer number of questions to be asked. This is a clear indication that

using a less trivial stopping criterion can be ultimately beneficial.

Another possibility of a stopping criterion involves computing the value of

information of some observations, and if that value is not high enough, to then

stop information gathering. However, this involves either computing the myopic

value of information and just computing the usefulness of making one observation,

or computing the non-myopic value of information and computing the usefulness

of making several observations. The former is fairly easy to compute, but can

prove to be very limited as often the combined usefulness of some observations is

greater than its parts. Computing the non-myopic value of information is useful

in determining if a set of observations has significant value, but is intractable to

compute if the set of observations is large [KG09].

To decide whether or not enough information has been gathered, we use a

non-myopic stopping criterion and compute the Same–Decision Probability (SDP)
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[DC10, CCD14]. In short, the SDP is a measure of how robust a decision is with

respect to some unobserved variables and will help us determine how much more

information needs to be gathered.

In this case, based on the student’s responses, at any point in time, we can

compute the posterior probability that they are competent and thus determine a

decision of whether or not they are competent. Keep in mind that this decision

is temporary and can be reversed if more questions are asked — we can compute

the SDP over the remaining unasked questions to determine how likely it is that

the current decision (deciding whether a student is competent or non–competent)

would remain the same even if the remaining questions were asked. If the SDP is

high, that is an indication that we can terminate the test early. We found that

using the SDP allowed us to cut the test duration significantly while maintaining

diagnosis accuracy. Details of our experiment setup and experimental results can

be found in Section 8.5.1.

8.4.3 Selection Criterion for Information Gathering

We have now established the usefulness of the SDP as a stopping criterion for

Computer Adaptive Tests, as it tells us when we can terminate the test. However,

the question remains: if computing the SDP indicates that more questions are

necessary, which questions should we ask?

In a standard, non–adaptive test, the ordering of the questions cannot be

controlled. In the adaptive setting we have more control — based on a test taker’s

answers on the test so far, we can select questions that have the most potential to

give us further insight on the test taker. Our goal here is to select questions such

that the expected SDP after observing those questions is maximal. In other words,

we want to ask questions such that no matter how are answered, will minimize the

usefulness of any remaining questions. By maximizing this objective, we reduce
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the overall number of questions that need to be asked before test termination.

As stated before, the use of computing the value of information (VOI) is essen-

tial to the process of information gathering. Since for our model it is intractable

to compute the non–myopic value of information, that leaves only computing the

myopic VOI as an available possibility. The VOI of observing a variable may

depend on various objective functions, for instance, how much the observation

reduces the entropy of the decision variable. There is a comprehensive overview

of these different objective functions in [KG09].3 In Chapter 6, we compared

the approach of maximizing these standard objective functions to maximizing the

expected SDP and found that maximizing the expected SDP is more effective,

particularly in cases when the decision threshold is extreme.

Our approach involves selecting the question that leads to the highest expected

SDP. We found that selecting variables to maximize the expected SDP allowed

us to substantially decrease the number of questions selected compared to other

selection criteria. Details of experiment setup and experimental results can be

found in Section 8.5.2.

8.5 Experiments

In this section, we discuss the experiment setup and experimental results on the

usage of the SDP as a stopping criterion and selection criterion for our adaptive

test. We compare the SDP against the standard criteria used by other Bayesian

Computer Adaptive Tests. First, we introduce some notation used throughout

the experimental section.

We use standard notation for variables and their instantiations, where variables

3Additionally, Additionally, [GK11b] studies the usage of adaptive submodularity for selec-
tion criteria and shows that objective functions that satisfy this notion can be readily approx-
imated. Unfortunately, for our problem adaptive submodularity not applicable here because
there are no proxies to the objective function (such as information gain) that are adaptive
submodular.
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are denoted by upper case letters (e.g. X) and their instantiations by lower case

letters (e.g. x). Sets of variables are then denoted by bold upper case letters

(e.g. X) and their instantiations by bold lower case letters (e.g. x). The primary

decision variable, which measures a student’s overall competency, is denoted by

D with states + and − to respectively mean that the student is competent/non-

competent.

Note that the complete test has n = 63 questions — the data we have consists

of the 22 fully completed tests

T = e1, . . . , e22,

where each ei ∈ T is equivalent to an instantiation of n answers for a student Si.

Pr(D = + | e)

thus denotes the posterior probability that student Si is competent given their

test responses. Note that for each student, the quantity Pr(D = + | e) can be

found in Table 8.1. To determine whether or not the student passes, we would

check to see if Pr(D = + | e) ≥ 0.80.

To simulate partially completed tests, we randomly sampled answers without

replacement from each ei ∈ T to generate a collection Qi of partially completed

tests qi,1, . . . ,qi,n. Each qi,j ∈ Qi consists of an instantiation of answers where:

• 1 ≤ i ≤ 22

• 10 ≤ j ≤ n

• qi,j ⊂ qi,j′ for j < j′

• qi,n = ei

Note that the minimum number of answers for any partial completed test is 10

answers, as the coordinators believed that that at the very least, even a Computer
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Adaptive Test should have 10 questions. The partial completed test q4,10 can then

be thought of as a test for student S4 with 10 randomly selected answers, whereas

q4,11 would be the same test, but with an additional selected answer. This allows

us to perform experiments where we can check q4,10, determine if we want to stop

or not, and then simulate the student’s response to the next question with q4,11.

Note that we since we are sampling answers randomly, it is possible for us to

sample a Qi and Q′i that are not equivalent.

8.5.1 Stopping Criterion Experiments

We simulate partially completed tests and compare how well the SDP does as a

stopping criteria versus more traditional methods. Therefore, for each test Qi, for

students from S1 to S22, we check all possible partial test completions. From qi,1

to qi,n−1, we determine whether or not it is valid to stop. For qi,j,∀j, we refer to

the remaining n− j unanswered questions as H.

For stopping criteria, the standard methods would involve stopping after a

number of questions are asked (so stopping after qi,j for some arbitrary j), or

stopping once the posterior probability that student Si is competent, Pr(D = + |
qi,j) is above or below some threshold T .

The results of using a set number of question stopping criteria are shown in

Table 8.2. The results of using a posterior probability threshold stopping criteria

[MP02, Xen04, AW05, MS08] are shown in Table 8.3. In both of these tables we

can see that there is a clear trade off between the accuracy of our model to the

number of questions that is asked.

Using SDP as a stopping criteria would involve computing the SDP over some

subset of H to see how likely a decision is to be stable if those variables were to

be observed. We can use the SDP as a stopping criteria as well. We stop based

on a threshold T : if the SDP ≥ T , we can stop information gathering. Note that
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if T = 1.0, then that means there is absolutely zero probability that any further

observation will change the decision. The results of using SDP as a stopping

criteria are shown in Table 8.4.

We can see that even when this threshold is chosen to be fairly small (0.85), we

can still attain precision and recall that are comparative to the best results from

using either of the other two stopping criterions. In fact, for the standard posterior

probability threshold stopping criterion, whose results are shown in Table 8.3, we

can see that although using that criterion allows us to attain a high precision, the

recall performance is fairly poor.

Notice that if the threshold is chosen to be very large (0.999), the precision

and recall will be the equivalent to the case where n− 1 (62) questions are asked

(for the other stopping criteria of asking a set number of questions). However,

in this case, the average number of questions that needs to be asked is 42.05 as

opposed to 62, meaning that SDP as a stopping criterion has the same robustness

as the ”set number of questions” stopping criterion while asking nearly 20 less

questions.

It is clear from our results that if our goal is to ask fewer questions while

maintaining competitive precision and recall rates, using the SDP as a stopping

criterion proves more useful than the traditional stopping criteria of 1) asking

a set number of questions and 2) checking to see if the posterior probability

of competency surpasses a threshold — using the SDP as a stopping criterion

allows us to reduce the number of questions asked while still maintaining the

same precision and recall.

8.5.2 Selection Criterion Experiments

We implemented experiments to compare various selection criteria such as 1)

random selection, where we pick the next question randomly (as is done in non-
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adaptive tests), 2) information gain [MP02, Vom04], and 3) margins of confi-

dence [KG09]. Note that as this model does not fit the decision theoretic setting

(there are no assigned utilities), we do not use the maximization of utility as a

selection criteria. In addition to these standard selection criteria, we compare the

SDP as a selection criterion.

Since our adaptive test involves selecting one question at a time, our goal is to

select a variable H ∈ H that leads to the greatest gain in the SDP (SDP gain).

The problem with solely using this approach is that occasionally the SDP gain of

observing a variable is 0 (which indicates the need for multiple questions to be

asked in order for us to change our decision to be changed). This means that solely

using the SDP gain of one variable as a selection criteria will often lead to many

ties between variables. We remedy this by using a hybrid approach where the first

priority selection criteria is the SDP gain and the second priority is information

gain. For this hybrid approach, in order to search for the variable that leads to

the highest SDP gain, we used the algorithm described in Chapter 4.

We compare how quickly these selection criteria allow us to stop information

gathering in Table 8.5. We find that for our simulations, on average, the random

selection criterion would ask an additional 8.18 questions, whereas using infor-

mation gain would ask an additional 3.67 questions, using margins of confidence

would ask an additional 3.57 questions, and using the hybrid approach would

necessitate the fewest additional questions: 2.77 questions.

Note that while the random question selection criterion clearly has the poorest

performance, there is only a small difference between using the hybrid approach

and using standard information gain [MP02, Vom04] or margins of confidence

[KG09]. However, the benefit of using the hybrid approach still can be clearly

seen, thus showing how computing the SDP gain is useful as a selection criteria.

We believe that the results of considering the SDP gain of asking multiple questions

at a time would drastically improve the usefulness of computing the SDP gain.
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8.5.3 Running Times

The SDP has been shown to be highly intractable, being PPPP-complete [CXD12].

Therefore, the running times of both the SDP stopping criterion algorithm and

SDP selection criterion algorithm are much slower than using the standard in-

formation gathering criteria. The runtime is heavily dependent on the number

of unanswered questions that must be considered. Figure 8.4 show a plot of the

runtimes of utilizing the SDP stopping criterion and SDP selection criterion in

comparison to standard measures. Note that since the SDP selection criterion

algorithm uses a hybrid approach, it runs faster than the SDP stopping criterion

algorithm. The difficulty of computing the SDP over large sets of unobserved

variables motivates the need for further algorithms to compute the SDP.

8.6 Conclusion

In this chapter, we have shown how we created an adaptive test using a Bayesian

network as the underlying model. Additionally, we show how the notion of the

SDP can be used to gather information in this context. In particular, we have

shown empirically that the SDP is a viable and intuitive approach for determining

question selection, as its usage allows us to ask fewer questions while still main-

taining the same level of precision and recall for diagnosing competent students.
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Figure 8.3: Bayesian network modeling clinic volunteer knowledge. The 63 ques-

tions are labeled from Q1 to Q63. The primary decision variable Adequacy is

located in the top center.
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Student # Percentage Correct Posterior Probability

1 0.952 0.957

2 0.921 0.941

3 0.714 0.951

4 0.539 0.704

5 0.762 0.956

6 0.746 0.950

7 0.825 0.957

8 0.619 0.948

9 0.777 0.952

10 0.857 0.954

11 0.857 0.957

12 0.809 0.956

13 0.349 0.153

14 0.238 0.023

15 0.539 0.178

16 0.809 0.923

17 0.603 0.883

18 0.635 0.954

19 0.873 0.954

20 0.524 0.135

21 0.492 0.153

22 0.413 0.314

Table 8.1: This table shows, for each student, the percentage of questions answered

correctly (out of 63 questions), and the posterior probability of the student being

competent given all the answered questions. The non–competent volunteers are

bolded.
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# Questions Precision Recall

10 0.566 0.403

15 0.752 0.659

20 0.805 0.755

25 0.815 0.812

30 0.835 0.835

35 0.874 0.875

40 0.901 0.909

45 0.915 0.914

50 0.918 0.926

55 0.924 0.9375

60 0.950 0.9375

62 0.954 0.9375

Table 8.2: Precision and recall when using a set number of questions

T Precision Recall # Questions Asked

0.75 0.803 0.758 10.13

0.775 0.813 0.821 13.04

0.80 0.836 0.832 16.02

0.825 0.867 0.872 19.26

0.85 0.903 0.915 23.13

0.875 0.919 0.912 27.14

0.90 0.908 0.911 31.57

0.925 0.968 0.884 36.82

0.95 0.974 0.8175 44.25

Table 8.3: Precision, recall, and average number of questions asked for different

thresholds.
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SDP T Precision Recall # Questions Asked

0.85 0.927 0.932 39.10

0.875 0.938 0.9375 39.73

0.90 0.942 0.9375 39.61

0.925 0.946 0.9375 39.77

0.95 0.946 0.9375 40.09

0.975 0.950 0.9375 40.61

0.99 0.950 0.9375 41.14

0.995 0.950 0.9375 41.41

0.999 0.954 0.9375 42.05

Table 8.4: Precision, recall, and average number of questions asked for different

SDP thresholds.

SDP T Random IG Margins SDP

0.85 4.77 2.98 2.71 2.05

0.875 4.78 3.08 2.87 2.14

0.90 5.08 3.20 3.12 2.20

0.925 5.95 3.19 3.04 2.31

0.95 6.81 3.37 3.44 2.47

0.975 7.86 3.73 3.56 2.96

0.99 10.64 4.19 4.29 3.18

0.995 12.95 4.32 4.22 3.43

0.999 14.80 4.97 4.91 4.25

Table 8.5: Number of additional observations necessary for the random selection

criterion, information gain criterion, margins of confidence criterion, and the SDP

hybrid criterion.
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Figure 8.4: Runtimes of different algorithms. SDP-STOP and SDP-SEL are re-
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standard posterior stopping criterion, and IG represents the standard information

gain selection criterion.
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CHAPTER 9

SDP in Machine Learning

In this chapter, we consider the robustness of learning Bayesian network parame-

ters — a common challenge in Bayesian networks. In particular, we seek to answer

two questions that arise when we learn such parameters from a dataset. First, do

we have enough data? Second, if we do not have enough data, how much more

data do we need? We show how the SDP can be be leveraged to answer these and

related questions about robust learning, not only efficiently, but also in a simple

yet precise way. The material in this chapter is based on the work published in

[CCDew].

9.1 Introduction

For machine learning practitioners, a frequently asked question is whether one has

enough data. For example, if one learns a classifier from data, how much can the

classifier change, if one collected a bit more data? For another example, consider

A/B testing, where we have to decide between two different versions of an online

advertisement, with two different, but unknown, click-through rates. By randomly

serving one of the ads to the visitors of a website, one can collect data in order to

estimate each ad’s click-through rate (and hence, profitability). However, there is

an opportunity cost in delaying the adoption of the more profitable ad. In such

cases, a practitioner has to decide whether one has seen enough data to make a

confident decision. Such questions naturally arise broadly in machine learning,

from decision-making under uncertainty, to active learning [TK00, TK01] and
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online learning [HBB10].

These questions deal more broadly with the robustness of probabilistic models

that are learned from data. In this chapter, we seek to provide answers to various

questions about such robustness in the context of learning the parameters of a

Bayesian network under complete data. The first question that we ask is: Do we

have enough data? More precisely, how robust are the parameters of a Bayesian

network that we learned from a given dataset? If we do not have enough data,

the next question we ask is: How much more data do we need? That is, can we

pin down a specific number of additional examples, which if we were to obtain,

would grant us sufficient confidence in the robustness of our learned model?

In practice, these questions are often answered in less than rigorous terms. For

example, one may stop collecting data when one decides that their results look

“smooth enough”, or by inspecting whether the learned parameters have “suffi-

ciently” stabilized. In theory, there are sample complexity bounds for learning the

parameters of a Bayesian network [Jor02, KF09], which state that one can learn

a Bayesian network with a number of samples that is polynomial in the number

of variables and parents (among other parameters). However, these are generally

upper bounds, and they do not necessarily provide sharp answers to our questions

in practice.

We propose to quantify the robustness of learned parameters by framing the

above questions in terms of the SDP. In the original context, the decision corre-

sponds to whether some probability crosses a given threshold, and information

corresponds to the value of some unobserved variables.

We propose in this chapter a new instance of the SDP, where the decision

corresponds to whether the distance between two learned parameters crosses a

given threshold, and where information corresponds to additional data. We refer

to this instance of the SDP as the same-parameter probability (SPP). The SPP

allows us to formalize the question “Do we have enough data?” as “What is the
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Figure 9.1: Learning from observations X1, . . . , X4.

probability that our parameter estimates remain within a given threshold, given

more data?” In order to answer the second question, “How much more data do

we need?”, we appeal to the expected SPP (E-SPP), which is a new instance of

the expected-SDP. that we introduce. In this case, the question is formalized as

“How much more data do we need, until the SPP is expected to be at least p?” As

we shall illustrate in this chapter, the SPP and the expected-SPP, as probabilistic

queries, can efficiently provide simple yet precise answers to questions about the

robustness of parameters learned from data.

This chapter is structured as follows, we first review parameter learning in

Bayesian networks, then introduce the SPP, a new query for quantifying the ro-

bustness of parameter learning. We then discuss how to compute the SPP effi-

ciently and then show multiple examples of use cases. We then show empirical

results that validate our approach. Finally, we review related work and then

present concluding thoughts.

9.2 Bayesian Parameter Learning

A Bayesian network is a directed acyclic graph G with a conditional probability

table (CPT) associated with each node X and its parents U. When a variable X

is binary, with a positive state x, and a negative state x̄, the CPT of variable X

consists of parameters θx|u, one for each parent instantiation u. This parameter

represents the probability Pr(X=x|U=u). Further, θx̄|u = 1− θx|u. For the rest

of this chapter, we assume our variables X are binary.
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We are interested in learning the parameters of a Bayesian network, from

a given dataset, where a dataset is a multi-set of examples. In this chapter,

we assume a dataset is complete, in that each example is an instantiation of all

network variables. We will use D to denote a dataset and d1, . . . ,dN to denote

its N examples. The following is a dataset of three examples, over four binary

variables:

example A B C D

d1 a b c d

d2 a b̄ c̄ d

d3 ā b̄ c d

When we have complete data, the parameters θx|u of a Bayesian network can

be estimated independently. Moreover, estimating parameter θx|u can be further

simplified as follows. Instead of estimating θx|u from the original dataset D, we

estimate θx from a simpler dataset Du obtained by projecting all examples with

parent instantiation u on the variable X. For example, the simplified dataset

Du = {x, x̄, x, x} implies that the original dataset had four examples with parents

U set to u. From now on, we focus on the simplified problem of learning the

individual parameters θx as this is technically sufficient for our purpose.

In Bayesian parameter estimation, the network parameters are themselves

represented as random variables as in Figure 9.1. Here, the root corresponds to

parameter θx and the leaves correspond to observations of X (i.e., examples).

This is a naive Bayes structure, as in Figure 9.2. It has a prior density on the

root, ρ(θx) and conditional distributions for the leaves, P(Xi=x | θx) = θx. Since

variable X is binary, we assume a Beta prior:

ρ(θx) = α · [θx]α−1 · [1− θx]β−1

where α and β are the meta-parameters of the Beta prior. Further, α = Γ(α+β)
Γ(α)+Γ(β)

is

a normalizing constant, where Γ is the gamma function. To simplify our notation,
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we will assume a non-informative Beta prior, where α = β = 1. All of our results

can be extended to arbitrary meta-parameters α and β for the Beta prior.

We now have all we need to perform Bayesian learning based on the posterior

density ρ(θx | D), where D is an instantiation of some leaf nodes in Figure 9.1.

For example, the MAP estimate corresponds to

θmap
x = arg max

θx

ρ(θx | D).

We will use P to represent the probability distribution over leaf nodes. Hence,

P(D) is the marginal likelihood. There are closed forms for both ρ(θx | D) and

P(D) that we omit here, but see [Dar09, KF09, Mur12, Bar12] for details.

Finally, for the purposes of learning, it suffices to know how many times X

appears positively or negatively in a dataset (and not the order in which they

appeared). Hence, when needed, we may denote a dataset by DN , to indicate the

size of the dataset N , and also by DN ;i, to further indicate the number of positive

cases i that appear in it. Subsequently, when a dataset has i positive examples

out of N , we also know that N − i of them are negative. Finally, we let θN denote

the parameter estimate obtained from a dataset with N examples, and also by

θN ;i to indicate the number i of positive examples. In the case of MAP parameter

estimates (with a Beta prior, and meta-parameters α = β = 1), the resulting

parameter estimate is θN ;i = i
N

.

9.3 A New SDP for Robust Learning

The SDP and E-SDP, of Equations 2.1 (from Chapter 2.2) and 5.2 (from Chap-

ter 5.1), were originally proposed for quantifying the robustness for threshold-

based decisions. In this section, we introduce a new form of the SDP which is

based on quantifying the robustness of a parameter estimate in the face of addi-

tional data. We refer to this new SDP as the same-parameter probability (SPP).
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Table 9.1: A list of all datasets DM over M=3 instances, and the resulting

marginal likelihoods and MAP estimates, for the case N=7 & i=3. Rows with

estimates θN+M ∈ [θN − 0.1, θN + 0.1] in bold.

DM j/M θN+M ;i+j P(DM ;j | DN ;i)

x, x, x 3/3 i+3
N+3 = 60% i+1

N+2
i+2
N+3

i+3
N+4 = 0.1200

x, x, x̄ 2/3 i+2
N+3 = 50% i+1

N+2
i+2
N+3

N−i+1
N+4 = 0.1010

x, x̄, x 2/3 i+2
N+3 = 50% i+1

N+2
N−i+1
N+3

i+2
N+4 = 0.1010

x, x̄, x̄ 1/3 i+1
N+3 = 40% i+1

N+2
N−i+1
N+3

N−i+2
N+4 = 0.1212

x̄, x, x 2/3 i+2
N+3 = 50% N−i+1

N+2
i+1
N+3

i+2
N+4 = 0.1010

x̄, x, x̄ 1/3 i+1
N+3 = 40% N−i+1

N+2
i+1
N+3

N−i+2
N+4 = 0.1212

x̄, x̄, x 1/3 i+1
N+3 = 40% N−i+1

N+2
N−i+2
N+3

i+1
N+4 = 0.1212

x̄, x̄, x̄ 0/3 i
N+3 = 30% N−i+1

N+2
N−i+2
N+3

N−i+3
N+4 = 0.2100

Consider Table 9.1, where we assume an initial dataset DN ;i with i=3 positive

instances out of N=7, leading to the estimate θN = 3
7

= 42.86%. Suppose that

we consider this parameter stable, if after observing M=3 more instances, the

resulting parameter estimate is within θN ± 10%.

In each row of Table 9.1, we have enumerated each possible dataset DM of

size M=3 that we can potentially obtain, in addition to the initial dataset DN .

Each dataset DM has a marginal likelihood P(DM | DN), i.e., the probability of

observing the dataset DM given that we have already observed the dataset DN .

Further, each dataset DM , when concatenated to the dataset DN , leads to a new

parameter estimate, θN+M . There are 6 cases in Table 9.1 where estimates θN and

θN+M remain within the threshold. By accumulating the corresponding marginal

likelihoods, 0.1010 + 0.1010 + 0.1212 + 0.1010 + 0.1212 + 0.1212, we get an SPP of

0.6667. Hence, there is a probability of 66.67% that our parameter estimates do
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not exceed our threshold, given M = 3 additional data examples.

We are now ready to formalize the SPP. LetDN denote a dataset ofN instances

that we have already observed, and let θN denote the parameter estimate that we

obtain from it. Let DM denote a dataset of M additional instances that we can

potentially collect, and let θN+M denote the parameter estimate that we would

obtain after concatenating the datasets DN and DM . We want to know whether

our original parameter θN is robust to the additional M data examples. More

precisely, we want to know whether D(θN , θN+M) ≤ ε for a given distance function

D and a given threshold ε. This is given by the SPP as follows.

spp(M,DN , ε) = P
(

D(θN , θN+M) ≤ ε
)

=
∑
DM

[D(θN , θN+M) ≤ ε] · P(DM | DN) (9.1)

where we have the indicator function:

[D(θN , θN+M) ≤ ε] =

 1 if D(θN , θN+M) ≤ ε

0 otherwise.

The indicator function is 1 if the difference between our parameters remains within

our threshold, and 0 otherwise.

Later in the chapter, we assume a distance function D that is the absolute

difference between the log-odds:

D(θN , θN+M) =

∣∣∣∣ log
θN

1− θN
− log

θN+M

1− θN+M

∣∣∣∣ (9.2)

This corresponds to the CD-distance [CD05], which is known to have desirable

properties.1

To summarize, the SPP enumerates all possible additional datasets DM , and

accumulates their marginal likelihoods P(DM | DN) when the resulting parameter

1Bounds on the difference in the log-odds are desirable because they can bound the change
in any query Prθ(α | β) in a given Bayesian network, for arbitrary events α and β, for two
different parameterizations θ [CD05, Dar09]. Hence, a bound on the difference in the log-odds
of a local parameter is effectively a bound on the global distribution.
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+ + 0.80

+ − 0.20

− + 0.20

− − 0.80

Figure 9.2: A naive Bayes network.

estimate θN+M is within some distance from our original estimate, i.e., when

D(θN , θN+M) ≤ ε. That is, the SPP is the probability that our parameter estimate

θN does not change too much, given the M additional data examples, i.e., DM .

9.4 Computing the SPP

Equation 9.1 does not tell us how to compute the SPP efficiently, as there are an

exponential number of possible datasetsDM that we have to sum over (exponential

in the number of additional instances, M). We now show how the SPP can be

computed in time linear in M .

We first consider a simpler case, the example naive Bayes network from Fig-

ure 9.2. As we shall see, this naive Bayes network exhibits additional structure

that we can exploit to efficiently compute the SDP (and later the SPP). In par-

ticular, in the example of Figure 9.2, the feature variables Hi share the same

CPT. Consider two instantiations h and h′, where the the number of positive

features is the same. In this case, the decision probabilites are the same, i.e.,

Pr(d | h) = Pr(d | h′). Further, the likelihoods of the features are the same, i.e.,

Pr(h) = Pr(h′). In fact, when all feature CPTs are identical, the probability of a

decision, and the likelihood of the features observed, depend only on the number

of positive features, not in the order that they were observed in. This is the type of

structure that we can exploit, to compute the SDP more efficiently (as compared
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to Equation 2.1).

Proposition 2. Given a threshold Pr(D=d | e) ≥ T in a naive Bayes net-

work, with decision variable D, evidence e, and threshold T , along with a set

of unobserved variables H whose CPTs θH|D are identical, we have the following

expression for the same-decision probability:

SDP(d,H, e, T ) =
n∑
j=0

(
n

j

)
· [Pr(d | hj, e) ≥ T ] · Pr(hj | e)

where hj denotes an instantiation where j features appear positively.

A proof of Proposition 2 appears in Appendix B. Proposition 2 gives us a

way to compute the SDP for a special class of naive Bayes networks, in time that

is linear in the number of features. This is a significant savings compared to Equa-

tions 2.1 and 5.2, where both the SDP and E-SDP are NP-hard problems, even

in naive Bayes networks, as we discussed in Chapters 4 and 6 and subsequently

proved in Chapter 7.

Figure 9.1 depicts our parameter estimation problem, which shares a similar

naive Bayes structure, and a similar dependence between the variable of interest,

θx, and the observables, Xi. The following theorem shows us how to efficiently

compute the SPP efficiently, as in Proposition 2.

Theorem 4. Given a dataset DN ;i and the corresponding parameter estimate θN ;i,

the SPP of the estimate θN+M remaining within a threshold ε, given M additional

data examples, is:

spp(M,DN ;i, ε) =
M∑
j=0

(
M

j

)
· [D(θN , θN+M) ≤ ε] · P(DM ;j | DN ;i)

where we have the marginal likelihoods P(DM ;j | DN ;i):

P(DM ;j | DN ;i) =
Γ(N + 2)

Γ(N +M + 2)

Γ(i+ j + 1)

Γ(i+ 1)

Γ(N − i+M − j + 1)

Γ(N − i+ 1)
(9.3)

for noninformative Beta priors.
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Figure 9.3: SPP: with a small initial dataset over varying ε

A proof of Theorem 4 is provided in Appendix B. Given that Γ(s+t)
Γ(s)

= s ·
(s + 1) · · · (s + t − 1), Theorem 4 gives us a way to compute the same-decision

probability,2 in time that is only linear in M .

9.5 Do We Have Enough Data?

We will now show how the SPP can be used to tell us whether we have collected

enough data. In particular, we present several use cases for a decision maker

that has estimated some parameters, and is considering whether or not to collect

additional data. For these use cases, unless otherwise stated, we have assumed

that the true parameter is θx=0.5, and accordingly, that our initial dataset DN
is split evenly between positive and negative instances, i.e., i = N

2
. Further, we

assumed thresholds ε of 0.05, 0.1 and 0.2, on the log-odds difference between the

2To help avoid numerical overflow and underflow, we use the log-sum-exp trick; see, e.g.,
[Mur12].
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Figure 9.4: SPP: with a large initial dataset over varying ε

parameter estimates, as in Equation 9.2 (we assume logarithms with base 2). For

a log-odds threshold of 0.1, and an initial parameter estimate θN of 0.5, the new

estimate θN+M must have a probability from 48.27% to 51.73%, to remain within

our threshold.

Size of initial dataset. Suppose that we have estimated a parameter θN

based on an initial dataset of size N=500. We are now offered an additional

M = 100 examples at some cost, and wish to assess the potential impact of these

new examples on the estimate. The SPP can be used for this purpose, which

comes out to be 94.55% using Theorem 4 (assuming ε = .1). This probability can

then form the basis of a decision as to whether we should acquire the additional

data or not.

One would expect the SPP to be lower if the additional data was larger, say,

containing M = 500 examples. The question though is how much lower? Again,

using Theorem 4, we calculate this to be 73.16%. More generally, Figure 9.3 plots
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Figure 9.5: SPP: impact of the threshold ε

the SPP for different sizes M of additional data, assuming an initial dataset of

size N = 500.

Suppose now that we start with a much larger initial dataset of size N=6, 000.

In Figure 9.4, we can see that even if M=10, 000 additional examples are made

available, our parameter estimates are very likely to remain within a threshold of

ε=0.1—the probability is almost 1.0. We can see that with a large enough initial

dataset, observing any more examples is very unlikely to change our parameter-

ization. Going further, we obtain an SPP of 99.85% when offered M=15, 000

additional examples, an SPP of 99.55% for M=50, 000 additional examples, and

an SPP of 99.43% for M=100, 000 additional examples. These examples illustrate

how we can use the SPP, to determine when we have acquired enough data.

Tight vs. loose confidence intervals. Consider the following two scenarios:

1) we are fine with a parameterization that is more noisy, and 2) we want a very

tight parameterization. How much data do we need in each case? We clearly need
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Figure 9.6: SPP: impact of the true parameter θx over varying threshold ε

more data for Scenario 2 — but can we quantify how much more we need? In

Figure 9.5, we have fixed N=1, 000, and have made available M=500 additional

examples. From right-to-left on the x-axis, we tighten the threshold from ε=0.10

to ε=0.01. Note that for a loose threshold of 0.10,3 the SPP is relatively large:

0.9377, whereas for a tight threshold of 0.01,4 the SPP is 0.1448, indicating that

if for Scenario 1 we had the option to purchase 500 additional data examples

for observation, we shouldn’t, whereas for Scenario 2, those 500 additional data

examples are crucial.

Extreme data parameters. What if we had seen a dataset that caused us

to learn a more extreme parameter θx? How does our need to observe additional

data points differ than if we had learned a relatively uniform θx? Here, we vary

the underlying parameter θx, and have fixed the initial dataset DN to N=1, 000

3For a log-odds threshold of 0.10, the new estimate θN+M must range from the probabilities
48.27% to 51.73%, to remain within our threshold.

4For a log-odds threshold of 0.01, the new estimate must range from 49.83% to 50.17%.
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instances, where the number of positive instances matches the underlying param-

eter, i.e., i = N · θx. Further, we make M=1000 additional instances available.

In Figure 9.6, we see that the parameter estimate θN is most robust when the

underlying parameter θx is 0.5 — for ε = 0.1, the SPP is 0.9377. However, as the

parameter becomes more extreme (towards 0 or towards 1), then the parameter

estimate θN is less robust — for example, when the underlying parameter θx is

set to 0.9, the SPP drops to 0.7535 (for ε = 0.1), suggesting that as our learned

parameter θx becomes more extreme, we need additional data points in order

to validate it. The intuition behind this occurrence is that when we have more

extreme parameters, those parameters are generally less robust as it is easier for

additional data instances to cause a greater shift in the distance between the

initial parameter estimate and the complete parameter estimate.

9.6 How Much More Data Do We Need?

Suppose that we obtained a parameter estimate θN based on a dataset DN , then

computed the corresponding SPP and found it not high enough. The next question

we ask is: how much more data do we need, before we are confident about our

estimate?

We formalize this question intuitively as follows. We have the option of ob-

taining M additional examples, but we want to know if there is an L < M that

renders the additional examples M − L somewhat redundant as far as our confi-

dence is concerned? In other words, do we expect the estimate θN+L to be robust

enough against the additional M − L examples? This is an expectation as we do

not know what the L examples will be; all we know is their count. This leads to
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the expected SPP (E-SPP), which we define as follows.

e-spp(L,M,DN , ε) = E[sdp(M − L,DN+L, ε)]

=
∑
DL

spp(M − L,DN+L, ε) · P(DL | DN) (9.4)

As with the SPP, we enumerate all possible datasets DL, and concatenate each

with our existing dataset DN . We then take the weighted average of spp(M −
L,DN+L, ε). The expected SPP can be computed efficiently as well.

Theorem 5. Given a dataset DN ;i and a threshold ε, the expected SPP after

observing L more instances, with respect to a total of additional M instances, is:

e-spp(L,M,DN ;i, ε)

=
L∑
k=0

(
L

k

)
· spp(M − L,DN+L;k+i, ε) · P(DL;k|DN ;i)

The marginal likelihoods P(DL;k | DN ;i) can be computed, as in Equation 9.3.

The expected-SPP can then be computed in time linear in L and M .

This brings the question of whether we can optimize the number of examples

L. That is, can we find a smallest number of additional instances L, so that the

resulting estimates are expected to be robust? For example, can we find a smallest

L so that the expected-SPP is at least 95%?

Since the expected-SPP is efficient to compute (O(L ·M)), we can simply (1)

upper bound the optimal L, and then (2) perform binary search. We can upper

bound the optimal L, by simply starting with an initial guess (say L=1), and then

doubling our guess, until our expected-SPP exceeds our threshold (say 95%); this

takes O(logL?) expected-SPP queries, where L? is the optimal value of L. Once

we have this upper-bound, we can then perform binary search to find the optimal

value of L, which again takes O(logL?) expected-SPP queries. Hence, finding

the optimal number of additional examples L has a polynomial time complexity,

O(L? ·M · logL?).
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Figure 9.7: E-SPP: with underlying parameter θx=0.5 and a fixed M = 1000 and

ε = 0.1.

We now illustrate the results of this section using a concrete example. In

Figure 9.7, from left-to-right on the x-axis, we increase the size N of our initial

dataset DN . On the y-axis, we plot the minimum number of additional instances

L that we would need to observe, to obtain an expected SPP of at least 95% (with

respect to a total of M=1, 000 additional examples). According to this plot, with

a very small number of initial examples, say N=100, we need many additional

examples, almost L=750, to obtain parameter estimates that are robust against

additional data. As we increase the amount of initial data, the amount of data

needed drops steadily, until we have an initial dataset of N=1, 400 examples. At

this point, our parameter estimates are robust, and we need no additional data

examples.

We finally remark that the expected-SPP is linear, up to the point where we

have enough initial data for our initial estimates to be confident. We believe that

1) this tells us that it does not matter so much what we’ve seen, compared to how
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Figure 9.8: SPP: Impact of increasing N with a fixed M . Variances are depicted

using error bars and ε is set to 0.1.

much we’ve seen and that 2) the data points we are about to acquire are equally

as important as the data points we have already acquired.

9.7 Simulation Results

We wish to validate our approach for computing the SPP to make sure it is

practically useful — if given some generated data we learn some θN and then

compute the SPP, how often will the fully learned parameter match with our initial

θN? We hypothesize that the percentage of the time that a completely learned

parameter θN+M matches our initial θN will be close to the initially computed SPP.

We empirically evaluate the same-parameter probability on simulated datasets.

Here, we varied the size N of the initial dataset DN , which we simulated from
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several fixed parameters, θx = {0.5, 0.1, 0.01},5 which we want to estimate from

the data. For each size N, we generated 50 samples, in order to compute an

empirical SPP. That is, for each sample, we simulated 5, 000 pairs of datasets, an

initial dataset DN of size N and a second dataset DM of size M=500. For each of

the 5, 000 pairs (DN ,DM) in a sample, we recorded whether the resulting estimate

DN+M resulted in the same-decision, i.e., whether it was within our threshold of

ε=0.1 on the log-odds difference. For each of our 50 samples, we recorded the

resulting sample mean (i.e., the empirical SPP), and computed the mean and

variance of the sample means, which we report in Figure 9.8. We further plotted

the average SDPs, as predicted by Theorem 4.

As expected, the sample means (empirical SPPs) closely match the predicted

SPP. Further, as we increase the size of the initial dataset DN , we see that (1) the

SPP and empirical SPP grow, indicating an increasing robustness of our initial

parameter estimates, and (2) the variances of the sample means grow smaller,

indicating an increasing robustness in the same-parameter probability itself.

Additionally, we validate our approach for computing the E-SPP as well. If

given some generated data we learn some θN and then select some L to com-

pute the E-SPP, how often will the half learned parameter θN+L match with

the final θN+M+L? we provide an empirical evaluation similar to the one pro-

vided in Section 9.7. Again, we simulate datasets from several fixed parameters,

θx = {0.5, 0.3, 0.1},6 which we want to estimate. We fix the size of the initial

dataset DN to N=200, and vary the size L of the additional dataset that we

provide. The resulting robustness of the estimate θN+L is computed with respect

to an additional M=500 instances. Again, we generate 50 samples, where we

simulated 5, 000 triples of datasets (DN ,DL,DM). For each triple, we recorded

5We found that using a parameter of θx = 0.1 and θx = 0.01 had nearly identical results to
respectively using parameters θx = 0.9 and θx = 0.99.

6We found that using a parameter of θx = 0.3 and θx = 0.1 had nearly identical results to
respectively using parameters θx = 0.7 and θx = 0.9.
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Figure 9.9: E-SPP: Impact of increasing L with a fixed N and M . Variances are

depicted using error bars and ε is set to 0.1.

whether the resulting estimate θN+L+M resulted in the same-decision, i.e., whether

D(θN+L, θN+L+M) ≤ ε. For each of our 50 samples, we recorded the sample mean

(i.e., the empirical expected-SPP), and computed the mean and variance of the

sample means, which we report in Figure 9.9. We further plotted the average

expected-SPPs, as predicted by Theorem 5.

Again, the sample means (i.e., the empirical expected-SPPs) closely match

the predicted expected-SPP. Moreover, as the size of the additional dataset DL
increases, the expected-SPP increases as well, as expected. Compared to the em-

pirical SPPs, the empirical expected-SPPs have much smaller variance, suggesting

that the expected-SPP is robust itself.
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9.8 Related Work

In [Dar09], there is discussion on how to find the minimum sample size in order

to guarantee some confidence in a parameter estimate. This work is solving a

different problem. That is, given a margin of error, it asks for the sample size

that guarantees a certain confidence level (independently of a current estimate). In

our work, we are given (1) a “current estimate” based on (2) a “current dataset”,

and we answer two key questions on how this estimate is likely to ”change” based

on additional data. Both questions (SPP and E-SPP) take more input (1 & 2), are

sensitive to this input, and yield answers that are beyond the scope of statistical

techniques for estimating a proportion.

Another simple measure of the confidence in a parameter estimate is the vari-

ance of the posterior distribution ρ(θ | D). If we assume a Beta prior ρ(θ), then

given complete data, the posterior is a Beta distribution also. A Beta distribu-

tion with parameters α and β has a variance αβ
(α+β)2+(α+β+1)

, with smaller variance

entailing higher confidence. Another, more related, measure of confidence is a

credible interval (which is a Bayesian analogue of the frequentist confidence inter-

val); see, e.g., [Was11, Mur12]. In particular, if we have an interval (a, b), then it

is a 95% credible interval, given an estimate θ and dataset D, if:

Pr(θ ∈ (a, b) | D) = 95%.

For a Beta distribution, a credible interval can be determined by evaluating the

inverse of the Beta cumulative density function (which in turn can be computed

using, e.g., Newton’s method). The tighter our credible interval is, the more

confident we are in our estimate θ. In contrast, we view the SPP as a more

refined measure of confidence, which takes into account the explicit availability of

additional data examples. Moreover, the SPP can be extended, via the expected

SPP, to suggest a specific number of additional examples that would be needed

to obtain a certain level of confidence.
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There are also statistical techniques to determine a sample size that is large

enough to guarantee some level of confidence in a parameter estimate; see, e.g.,

[Dar09]. That is, given a margin of error, these techniques provide a sample size

that guarantees a certain confidence level (which is generally independent of the

current estimate). In contrast, with the SPP and E-SPP, we are given (1) a current

estimate based on (2) a current dataset, and we want to answer two questions (i.e.,

the SPP/E-SPP) on how this estimate is likely to change based on additional data.

This leads to a measure of robustness that is more precise, and more sensitive to

the input, compared to the more statistical techniques mentioned above.

The types of symmetries that we exploited in Section 9.4, are among those

studied in lifted probabilistic inference. This field is concerned with the system-

atic exploitation of symmetries and regularities for efficient inference in large and

complex models, such as those found in statistical relational learning [Poo03,

Ker12, NV14].

9.9 Conclusion

In this chapter, we provided a new instance of the SDP, called the same-parameter

probability (SPP), and used it to quantify the robustness of parameter estimates

in Bayesian networks. We showed how the SPP can be used to decide whether

enough data has been collected, in order to learn the parameters of a Bayesian

network robustly (in the face of new data). We further showed how the expected

SPP can be used to decide how much more data needs to be collected, if one’s

parameter estimates are not yet robust. In contrast to the SDP for robust decision-

making, which is computationally hard, we find that the SPP for robust learning

admits simple and efficient reasoning algorithms.
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CHAPTER 10

Conclusion and Future Work

In this thesis, we have shown how the Same-Decision Probability (SDP), the prob-

ability that we would make the same decision had we known what we currently do

not know, can be used as an information gathering tool to make robust decisions.

We have done so by comparing it against standard information gathering criteria

and demonstrating that the SDP can act as an information gathering criterion as

well — we showed multiple concrete examples of its usefulness as both a stopping

criterion and a selection criterion. As a stopping criterion, we have demonstrated

that the SDP allows us to determine when no further observations are necessary.

As a selection criterion, usage of the SDP allows us to select observations that

lead to robust decisions. We showed that the SDP can give us additional insight

on 1) whether additional information should be gathered and 2) which pieces of

additional information should be gathered.

Since we have justified the usage of the SDP as both a stopping criterion and

selection criterion, we also proposed an exact algorithm for its use as a stop-

ping criterion in general Bayesian networks and an exact algorithm for its use as

a feature selection algorithm (selection criterion) in Naive Bayes networks. Ex-

perimental results showed that the stopping criterion algorithm has comparable

running time to the previous approximate algorithm and is also much faster than

the naive brute-force algorithm. In addition, we showed empirically that in the

context of classification, our feature selection algorithm can be used to significantly

reduce the cost of observing features while minimally affecting the classification
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accuracy. Our final empirical result showed that this feature selection algorithm

is more suitable than traditional feature selection algorithms when the goal is to

make stable decisions given a limited budget.

In addition, we presented several new complexity results that indicate the

hardness of computing the SDP in naive Bayes networks, as well as the general

hardness of computing the value of information in general Bayesian networks. Fi-

nally, we showed how we can apply the SDP as an information gathering criterion

in practical problems. First, we applied the SDP to an interactive tutoring sys-

tem to reduce the number of questions that needed to be asked. Subsequently,

we presented closed-form solutions for computing the SDP in certain settings and

showed how to use these solutions to allow us to decide how much additional data

is necessary in order to train a robust Bayesian network.

For future work, we believe that there is much to be done algorithmically

for computing the SDP. For highly connected networks, our algorithm will still

perform poorly due to a shallow search tree and less opportunities for search

space pruning. We are interested in finding other ways to disconnect the network

— trading time for space perhaps with recursive conditioning. For maximizing

the expected SDP, the work of extending the naive Bayes algorithm to general

Bayesian networks still remains to be done. Additionally, there are certain settings

where the SDP can be computed with a closed-form solution — there would be

much benefit to discovering these domains and the corresponding closed-form

solutions. For applications, we feel that the SDP can be applicable to several

domains, ranging from medical diagnosis to product troubleshooting, in order to

determine when additional tests are needed and which additional tests should be

ordered.

We believe that continued study and utilization of the SDP will provide a fresh

and unique insight for making robust decisions.
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APPENDIX A

Proofs of Theorems in Chapter 7

We first provide the proof for Theorem 1:

Proof of Theorem 1. We reduce the number partition problem defined by [Kar72]

to computing the SDP in a Naive Bayes model. Suppose we are given a set

of positive integers c1, . . . , cn, and we wish to determine whether there exists

I ⊆ {1, . . . , n} such that
∑

j∈I ci =
∑

j 6∈I cj. We can solve this by considering a

Naive Bayes network with a binary class variable D having uniform probability,

and binary attributes H1, . . . , Hn having CPTs leading to weights of evidence

wHi=T = ci and wHi=F = −ci. The construction of these CPTs can be done by

solving the following system of equations (see Exercise 3.27 in [Dar09]):

ci = log
Pr(Hi = T | D = T )

Pr(Hi = T | D = F )

−ci = log
Pr(Hi = F | D = T )

Pr(Hi = F | D = F )

1 = Pr(Hi = T | D = T ) + Pr(Hi = F | D = T )

1 = Pr(Hi = T | D = F ) + Pr(Hi = F | D = F )

This leads to

Pr(Hi = T | D = F ) = Pr(Hi = F | D = T ) =
1

2ci + 1

Pr(Hi = T | D = T ) = Pr(Hi = F | D = F ) = 1− 1

2ci + 1

Since these CPTs have been defined such that wHi=T = ci and wHi=F = −ci, the

set of integers can be partitioned if there is an instantiation h = {h1, . . . , hn} with∑n
i=1 whi = 0 since I would then include all indices i with hi = T in this case.
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The Naive Bayes network satisfies a number of properties that we shall use

next. First,
∑n

i=1whi is either 0, ≥ 1, or ≤ −1 since all weights whi are in-

tegers. Next, if
∑n

i=1 whi = c, then
∑n

i=1wh′i = −c where h′i 6= hi. Finally,

Pr(h1, . . . , hn) = Pr(h′1, . . . , h
′
n) when h′i 6= hi, as D has a uniform probability

distribution and each leaf Hi has been defined with a symmetric CPT.

Consider now the following SDP (the last step below is based on the above

properties):

sdp(D = T, {H1, . . . , Hn}, {}, 2/3)

=
∑

h1,...,hn

[Pr(D = T | h1, . . . , hn) ≥ 2/3]Pr(h1, . . . , hn)

=
∑

h1,...,hn

[logO(D = T | h1, . . . , hn) ≥ 1]Pr(h1, . . . , hn)

=
∑

h1,...,hn

[
n∑
i=1

whi ≥ 1

]
Pr(h1, . . . , hn)

=
1

2

∑
h1,...,hn

[
n∑
i=1

whi 6= 0

]
Pr(h1, . . . , hn)

We then have
∑n

i=1whi = 0 for some instantiation h1, . . . , hn iff

∑
h1,...,hn

[
n∑
i=1

whi 6= 0

]
Pr(h1, . . . , hn) < 1

Hence, the partitioning problem can be solved iff

sdp(D = T, {H1, . . . , Hn}, {}, 2/3) < 1/2

We next provide proofs for Theorems 2 and 3.

Proof of Theorem 2. We show D-EPT is PPPP-hard by reduction from the fol-

lowing decision problem D-SDP, which corresponds to the originally proposed

notion of same-decision probability for threshold-based decisions [DC10].
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D-SDP: Given a decision based on probability Pr(d | e) surpassing a threshold

T , a set of unobserved variables H, and a probability p, is the same-decision

probability: ∑
h

[Pr(d | h, e) ≥ T ]Pr(h | e) (A.1)

greater than p?

Here, [.] denotes an indicator function which evaluates to 1 if the enclosed expres-

sion is satisfied, and 0 otherwise. D-SDP was shown to be PPPP-complete by

[CXD12].

This same-decision probability corresponds to an expectation with respect to

the distribution Pr(H | e), using the reward function:

R(Pr(D | h, e)) =

 1 if Pr(d | h, e) ≥ T

0 otherwise.

Thus the same-decision probability is ≥ T iff this expectation is ≥ T .

Proof of Theorem 3. To show that D-EPT is in PPPP, we provide a probabilistic

polynomial-time algorithm, with access to a PP oracle, that answers the decision

problem D-EPT correctly with probability greater than 1
2
. This proof generalizes

and simplifies the proof given by [CXD12] for D-SDP.

Consider the following probabilistic algorithm that determines if E > N :

1. Sample a complete instantiation x from the Bayesian network, with proba-

bility Pr(x). We can do this in linear time, using forward sampling [Hen86].

2. If x is compatible with e, we can use a PP-oracle to compute t = R(Pr(D |
h, e)). First, the reward function R can be computed in polynomial time, by

definition. Second, Pr(D | h, e) can be computed using a PP-oracle, since

the inference is #P-complete [Rot96], and since PPP = P#P.1

1Since #P is shown to be equally as powerful of an oracle as PP, therefore PPPP is equal to
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3. Define a function a(t) = 1
2

+ 1
2
t−N
u−l , which defines a probability used by our

probabilistic algorithm to guess whether E > N (see Lemma 1).

4. Declare that E > N with probability:

• a(t) if x is compatible with e;

• 1
2

if x is not compatible with e.

The probability of declaring E > N is:

r =
∑
h

a(t)Pr(h, e) +
1

2
(1− Pr(e)) (A.2)

which is greater than 1
2

iff the following set of equivalent statements hold:

∑
h

a(t)Pr(h, e) >
Pr(e)

2∑
h

a(t)Pr(h | e) >
1

2∑
h

(
1

2
+

1

2

t−N
u− l

)
Pr(h | e) >

1

2∑
h

(
1

2

t−N
u− l

)
Pr(h | e) > 0

∑
h

(t−N)Pr(h | e) > 0

∑
h

R(Pr(D | h, e))Pr(h | e) > N.

Thus r > 1
2

iff E > N .

a(t) =
1

2
+

t−N
2(u− l) (A.3)

can thus transform any sampled reward into a probability.

PP#P [Kwi09]. We use a #P oracle in place of a PP oracle, as [Rot96] proves that the problem
MAR, computing the conditional probability of a node given evidence, is #P-complete. We
can thus use the MAR oracle to calculate Pr(D | e).
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Lemma 1. The function a(t) = 1
2

+ 1
2
t−N
u−l maps a reward t to a probability in

[0, 1].

Proof. Values u and l are given, and denote upper and lower bounds on the reward

t, but also the threshold N . Thus t−N
u−l is in [−1, 1].

Note that a(t) denotes a probability used by our algorithm to declare whether

E > N , which is higher or lower depending on the value of the reward t =

R(Pr(D | h, e)).
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APPENDIX B

Proofs of Theorems in Chapter 9

Proof of Proposition 2. Consider the same-decision probability of Equation 2.1:

SDP (d,H, e, T ) =
∑

h[Pr(d | h, e) ≥ T ]Pr(h | e)

Let hj represent an instantiation where features appear positively j times, and h′j

represent a different instantiation where features appear positively j times. Since

both instantiations have the same number of positive features, Pr(d | hj) = Pr(d |
h′j) and Pr(hj) = Pr(h′j), we can compute the sum of all such features, collectively.

That is, we can compute Pr(d | hj) and Pr(hj) once for all instantiations h′j that

have the same number of positive features. If there are n features, then there

are
(
n
j

)
ways that we can see j positive features as an instantiation hj. Hence,

we just need to consider the different positive counts where j features can appear

positively, from 0 to n. This leads to the following expression for the same-decision

probability:

SDP (d,H, e, T )

=
n∑
j=0

(
n

j

)
· [Pr(d | hj, e) ≥ T ] · Pr(hj | e)

which can be computed in time linear in n.

Proof of Theorem 4. Consider the same-parameter probability of Equation 9.1,
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which we repeat here.

SPP (M,DN , ε)

=
∑
DM ;j

[D(θN ;i, θN+M ;i+j) ≤ ε] · P(DM ;j | DN ;i)

Given an i.i.d. dataset DM , the estimate θN+M that one obtains is the same,

whenever the number of times that variable X appears positively is the same.

This is because the estimate depends only on the number of times that X ap-

pears in the dataset, not in the order that they appear in (which is a well-known

property that follows from the i.i.d. assumption). For example, in Table 9.1, any

row where the proportion of positive instances, j/M , is the same, we have that

the marginal likelihood P(DM ;j | DN ;i) is the same, and further, the parameter

estimate θN+M ;i+j is the same. Note that there are
(
M
j

)
ways that X can appear

positively j times, in a dataset of size M . Hence, we have:

SPP (M,DN , ε)

=
M∑
j=0

(
M

j

)
[D(θN ;i, θN+M ;i+j) ≤ ε] · P(DM ;j | DN ;i)

which can be computed in time linear in M .

Consider now the marginal likelihood P(DM ;j | DN ;i), with non-informative

Beta priors (α = β = 1). First, the marginal likelihood of dataset DN ;i is

P(DN ;i) =
Γ(2)

Γ(N + 2)

Γ(i+ 1)

Γ(1)

Γ(N − i+ 1)

Γ(1)

The marginal likelihood of the joint dataset DN ;i,DM ;j is

P(DN ;i,DM ;j) = P(DN+M ;i+j)

=
Γ(2)

Γ(N +M + 2)

Γ(i+ j + 1)

Γ(1)

Γ(N − i+M − j + 1)

Γ(1)

Hence,

P(DM ;j | DN ;i)

=
Γ(N + 2)

Γ(N +M + 2)

Γ(i+ j + 1)

Γ(i+ 1)

Γ(N − i+M − j + 1)

Γ(N − i+ 1)
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as desired.

Proof of Theorem 5. Analagous to the proof of Thm. 4.
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