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Abstract
The Tropical Geometry of Nonequilibrium String Theory
by
Andrés Antonio Franco Valiente
Doctor of Philosophy in Physics
University of California, Berkeley
Professor Petr Horava, Co-chair

Professor Ori Ganor, Co-chair

This dissertation investigates ingredients necessary for the worldsheet formulation of string
theory in nonequilibrium regimes, moving beyond the traditional framework of static, equi-
librium target spaces. While conventional perturbative string theory has yielded profound
mathematical insights into differential geometry and algebraic topology, these successes are
overwhelmingly predicated on equilibrium dynamics and simplifying assumptions like super-
symmetry. However, modeling the complex, time dependent evolution of realistic quantum
systems from the rapid expansion of the early universe to driven quantum materials requires
a complete generalization of string theory. The aim of this thesis is primarily to introduce
the scientific reader to the problem of nonequilibrium string theory.

To address this problem, we leverage the Schwinger Keldysh formalism alongside path in-
tegral localization. We suggest that from the perspective of the string worldsheet, the
turnaround region of the Schwinger Keldysh closed time contour degenerates into a piecewise
linear structure mathematically governed by tropical geometry. We explicitly show this in
the simplified case of a topological sigma model by applying a tropical limit and through
using the localization principle of cohomological path integrals, we formally construct tropo-
logical sigma models. These novel models do not require a nondegenerate metric or complex
structure on the worldsheet, yet their path integrals successfully localize to tropical limits
of pseudoholomorphic maps and yield a non relativistic string worldsheet foliation structure
based on nilpotent worldsheet endomorphisms that we coin Jordan structures.

Finally, the dissertation explores the extended dynamics of these models, including the intro-
duction of boundary conditions that give rise to tropical branes. It further demonstrates that
tropological sigma models can admit unusual higher dimensional target spaces structured as
filtered geometries which further admit exotic kinematical symmetries given by Nilmanifolds.



This forms an unusual connection between the geometric analysis of filtered geometries and
Nilmanifolds with the real algebraic geometry given by tropical geometry.



Dedicated to the Knight of Immortal Fire walking through Early Summer Rain
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like we resonate far beyond just business. I'm glad that you also care for people. Galym
Imanbayev, you have really provided a lot of feedback when we focused in on the healthcare
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you have given us to this point. I do not yet know what will be our ultimate business relation
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to having good relations with you for the long run. Arvind Gupta; I will do everything I
possibly can to make sure we can make an profound impact. I believe that there is truly a
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to grow stronger and wiser over time despite the occasional dips. Everybody (and more more
unnamed for privacy) who I've thought about during writing these acknowledgments forms
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Chapter 1

Quantum Field Theory in and out of
Equilibrium

Quantum field theory (QFT) stands as arguably the most profound conceptual synthesis in
modern physics, providing a universal mathematical language that transcends traditional
subdisciplinary boundaries [1]. Originally formulated to reconcile quantum mechanics with
special relativity, QFT has evolved far beyond its triumphant genesis in the Standard Model
of particle physics. Its profound interdisciplinary impact is perhaps best exemplified by the
deep structural parallels it established between high energy physics and condensed matter
physics. Through the revolutionary lens of the Wilsonian renormalization group, continu-
ous phase transitions in macroscopic materials and the ultraviolet behavior of fundamental
particles were revealed to be two sides of the same mathematical coin. This conceptual
bridge allowed physicists to apply the exact same field theoretic machinery to phenomena
ranging from the subatomic interactions of quarks and gluons to the collective excitations
of macroscopic many-body systems, cementing QFT as the indispensable framework for
understanding nature across vastly disparate length and energy scales.

This cross pollination of ideas has only accelerated in recent decades, particularly as
the frontiers of both high energy and condensed matter physics have converged upon the
formidable challenge of strongly coupled systems. In these regimes, where traditional per-
turbative approximations inevitably break down, physicists have been forced to seek out
entirely new theoretical methodologies. Consequently, advanced non perturbative methods
of QFT have transitioned from formal mathematical curiosities to indispensable analytical
tools. Techniques such as localization [2] in supersymmetric and /or topological quantum field
theories and bootstrap methods in conformal field theory [3] have become essential. Paral-
lel to these analytical advancements, the explosive growth of high performance computing
architectures has elevated numerical methodologies, enabling the direct, non perturbative
evaluation of path integrals via lattice discretizations which is famously pioneered in lattice
quantum chromodynamics [4] where physicists are now able to simulate strongly interact-
ing matter from first principles. The advent of holographic dualities which map strongly
correlated quantum many body dynamics onto weakly coupled gravitational systems have
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provided a revolutionary geometric dictionary for decoding the behavior of exotic phases of
matter such as strange metals and high temperature superconductors.

Furthermore, the modern understanding of nature increasingly demands that we look
beyond static, equilibrium configurations. The study of nonequilibrium dynamics arises
commonly in investigations regarding the rapid expansion of the early universe, the ther-
malization of the quark gluon plasma in heavy ion collisions, or the real time evolution of
driven quantum materials. Consequently, QFT is not merely a static lexicon of fundamen-
tal interactions, but also serves as a deeply dynamic framework necessary for modeling the
complex, time dependent evolution of quantum systems driven far from equilibrium.

It is within this rich, interconnected landscape of quantum field theory that string theory
naturally emerges, not as a departure from field theoretic principles, but as their most
elegant and ambitious culmination. As a subarea, string theory has served as an unparalleled
engine for formal discovery, yielding a profound corpus of distinct mathematical results. By
requiring the internal quantum consistency of the string, the framework has uncovered deep,
unexpected links to differential geometry, algebraic topology, and perhaps most famously
manifesting in the rigorous classification of Calabi Yau manifolds parallel to the discovery of
mirror symmetry. However, it is imperative to recognize that this formidable mathematical
machinery, and the elegant geometric data it extracts, is overwhelmingly predicated on the
assumption that the target space in which the string lives in is in a state of static equilibrium
and with a great deal of simplifying assumptions, which is widely known as supersymmetry.
Consequently, the primary objective of this thesis is to venture beyond this equilibrium
paradigm and investigate how to formulate string theory far from equilibrium. However,
it is not the intention of this thesis to have an overly technical tome of unreadable results
due to just how vast and complicated the problem is but instead give the mathematically
inclined scientific researcher an introduction to problem of nonequilibrium string theory and
understand precisely why this problem is an exciting and important frontier to work on. The
author apologizes for the lengthy exposition but believes that the introductory chapter is
absolutely essential for the reader who comes without context. Experienced researchers in
high energy theoretical physics may prefer to skip directly to Chapter 2 2.

In Chapter 1, we will give a wide and conceptual overview to the background context
needed to understand the problem. The main tool that we will be utilizing to formulate the
problem is the path integral. We will discuss how path integral localization is a key compo-
nent of being able to formulate analytically tractable answers and how the Schwinger Keldysh
formalism drives the underlying motivation for our starting path integral. We will then intro-
duce the basic concepts of string theory and a simplified string theory known as a topological
string theory which will be essential in our technical results in the subsequent chapters. We
will then motivate their nonequilibrium extension through the Schwinger Keldysh formalism.
The main technical statement being that the turnaround point of the Schwinger Keldysh
closed time contour from the point of view of the string worldsheet degenerates and should
be described by piecewise linear geometry known as tropical geometry.

In Chapter 2, we will shift over to a much more technical language and investigate the
turnaround region of the Schwinger Keldysh contour in the simplified case of a topological
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sigma model. We will show that that one is able to take a ”tropical limit” of the topological
sigma mode by leveraging the localization principle of cohomological path integrals. This
will result in what is known as a tropical topological sigma model or a tropological sigma
model for short. We will go over the kinematics and dynamics surrounding the tropological
sigma model and see very explicitly that they can be mathematically described in terms of
a randomized extension of tropical geometry.

In Chapter 3, we will discuss further investigations of the dynamics surrounding tropo-
logical sigma models. In particular, we will see that tropological sigma models still admit
boundary conditions that suggest the extension of tropical branes. We will also see that
the tropological sigma model admits unusual higher dimensional target spaces which are
themselves filtered geometries and have exotic kinematical symmetries related to nilpotent
Lie algebras.

In Chapter 4, we will close with some discussions about the current results and where the
community should be heading as a whole. The main lesson being that generalizing string
theory into nonequilibrium string theory is not something that will be accomplished by a
single researcher but will require a focused effort.

1.1 Infinite Dimensional Integration

Our story begins with some of the most complicated summations that humanity has had
the pleasure of encountering, that is the Euclidean path integral. In order to make way, we
will have to go back and review the normal distribution and their corresponding Gaussian
integrals.

Consider a single, continuous random variable X and denote its realization by z, then
the Gaussian integral is defined by

Zo E/ dze 5%, a> 0. (1.1)

o0

We will often call this object, the free/noninteracting partition function and denote all
"noninteracting objects” with a ¢ subscript. This seemingly simple integral is at the core of
an endless amount of analytical results in quantum field theory. In quantum field theory, we
will call z, the observable. A short calculation allows one to see that the partition function

2m

Z can be evaluated to be . To match conventional statistics [5, 6], we often choose

a = % and we shift by a constant amount p. Using this fact, one can define a normalized

shifted probability distribution function p(z) known as the normal distribution to be
1 (z—p)?
plx) = e 27 1.2
D= Vot 1-2)
for later bookkeeping purposes, we will generically call the negative argument of the expo-

nential, the Euclidean action S. In this case, it is S(z) = (x;U 1)

, hence it is quadratic in
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x. From this probability distribution function, one is then able to compute basic statistical
observables such as moments of the random variable and/or correlation functions. These are
computed through the standard definition

(O(x)) = = [ doz O(z)p(x) (1.3)

N| —
%\

A simple calculation shows
() = n,
<:z:2> — 12402
(%) = 1’ + 3po?,
<:1:4> = u* + 6p%0% + 304,

(1.4)

where 1 = (x) is the mean and o2 = {(x — p)?) is the variance. From analyzing the above
correlation functions, one can already begin to see a pattern that the first two moments form
sufficient statistics in the sense that all higher order correlation functions may be explicitly
written in terms of y and o2. Notice that for the case when the mean vanishes, the odd
correlation functions also vanish. The key lesson to obtain from this elementary example is
that unlike standard statistics where we begin by claiming that a random variable is normally
distributed from the start, we instead practically derive the probability law of the random
variable by postulating a partition function through the corresponding Euclidean action.

Now let’s consider the generalization of this case where we have N continuous random
variables x;, ¢ =1,..., N. We will utilize Einstein summation convention, where repeated
indices are summed over. Let the Euclidean action take the form

N N
1 1
S()(Jfl,xg, ...,.I'N> = —ZEiAijIj = 5 ZZI‘Z’AM.I]', (15)

2 — <
i=1 j=1

where for demonstration purposes, we can restrict the matrix coefficients A;; to arise from
a real symmetric positive definite matrix A;; = Aj;, v;A;;v; > 0 for all v; # 0 to guarantee
convergence and define the integration measure to be dVz = HZL dx; , we then have a free
N dimensional partition function given by

Zy = / AN pe~3mAuT (1.6)

Due to the fact that we have restricted to symmetric matrices, we are able to utilize some
elementary linear algebra to diagonalize the matrix coefficients A;; by an orthogonal matrix
O. This can be explicitly implemented by changing variables from z; to a new set of variables
y; through an orthogonal transformation. The resulting integral is then factorizable into
individual 1 dimensional Gaussian integrals given by the eigenvalues Ay of A which can then
be recombined to yield the determinant

Zo = / ANy — (2m)N/2(det A) V2. (1.7)
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Following the 1 dimensional example, we can see that the n point correlation functions

(@i, - - - x;,) where i; is a multindex that can take any value in the set {1,--- , N} can then
be easily calculated through the evaluation of the 2 point correlation function
<IZ‘Z’]’>0 = (A_l)ij . (18)

Quite remarkably, the consequence of this results states that the information present in
any other correlation function of interest can be ultimately reduced down to the numerics
present in the inverse of the matrix A which defined the original partition function. This
aforementioned result is known as Wick’s probability theorem. This has such profound
consequences that in quantum field theory, we name the two point correlation function, the
propagator. For example, it is easy to see that the 4 point correlation function can be
decomposed into sums of products of two point correlators

(Tiwjarae), = A;le,;g + A;,{}Ajj + A;A;,j. (1.9)

While these Gaussian results are mathematically elegant, they describe a universe of nonin-
teracting/free particles that pass through one another without ever exchanging a single bit
of information. To bridge the gap between this sterile toy model and a realistic model of the
physical world, we must introduce interactions where we can actually begin to see collective
behavior. The most general cubic interaction for N random variables that one can add in
has the form

int

3 g
S( )(ZL‘) = gTabeaxbxca (110)
where T, can be taken to be a symmetric tensorial object and we have normalized by 3!
to make the combinatorics work out nicely. However, to make the combinatorics maximally

transparent, it is often convenient to choose the most explicit diagonal examples where
Tope = g0apdae With g a real number, then

g
S (@) = 37 D (L11)

A
SW(z) = Izmg. (1.12)

As we have previously mentioned, in theoretical statistics, we often formally postulate that a
random variable follows a particular probability law through language. Here, we instead tell
you what the corresponding overall Euclidean action and the partition function to ”derive”
what the probability law is e.g.

Q

S(z) = So(a:)+§ZxZ, (1.13)
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we then have

7 = /dee_SO(“’)_g!Zamg, (1.14)

and can compute correlation functions from here as usual. In this particular model, we
can see that the random variables x are still identically distributed but they are no longer
independent due to the interaction term and hence in the large N limit, one can no longer
expect a central limit theorem in its standard form. Now, there is an obvious technical issue
which is that if you stare at this integral long enough, you can see that it is in fact divergent.
The technical issue here is a matter of asymptotic competition. While the quadratic term Sy
ensures the integrand decays at large x, the cubic term —%x?’ grows at a higher order. For
sufficiently large negative values of z, the cubic term dominates the exponent, causing the
integrand to blow up exponentially rather than vanish. Because the tail of the distribution
never closes, the integral fails to converge. To resolve this, we have the choice of switching
to a different theory where we introduce a quartic interaction term or doing a little trick
and investigate the model perturbatively. By perturbatively, we mean that we will assume
that ¢ is a small number so that we may take a Taylor expansion of the interaction term

exponential
e;%Zawi:1_gzx3+l(£>22x3mg+“-, (1.15)
g~ 2\3l — “

hence, the full partition function can calculated order by order in g

g Lrgy?
L g Do o+ g (5) 2 (atad)y oo

a,b

7 = Z, (1.16)

From the above asymptotic expansion, we can see that the perturbative correction terms are
determined by correlation functions given by the free noninteracting non Gaussian partition
function. The one point correlation function in the free noninteracting Gaussian theory
vanishes but one can see that in the interacting case, the one point expectation function is
in fact nonzero and is given by

N

g —14-1
D=2 azat 1.17
(m) = =5 L Aut A+ (1.17)

and the two point correlation function in the interacting theory can now be computed to
give

2 2
(wizy) = A + gz S AL AGA AL+ % ST AAAA v (1.18)
a,b a,b

Once again, we still see that even in the interacting model, in the perturbative regime, we
are still able to effectively compute everything in terms of the propagator A~
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Now having understood these finite dimensional cases, we are finally able to transition
into a FEuclidean field theory. Up to this point, we have treated ¢ = 1,..., N as labeling N
distinct random variables. For the path integral, we instead reinterpret the same label as
labeling a sequence of closely spaced instants in Euclidean time. In this way, the collection
of variables

T1,T2,..., TN (1.19)

are no longer thought of as IV unrelated realizations of a random variable, but rather as a
discretized path trajectory. The basic idea is that a path is nothing more than a sufficiently
long sequence of ordinary random variables, and the continuum limit is obtained by letting
the spacing between neighboring labels go to zero. To make this precise, we can let the
Euclidean time interval be [0, 7], and we divide it into N equal subintervals of size ¢ = %,
then the discrete time steps are 7,, = ne, n=0,1,..., N, and we identify x,, = z (7,,) where
x is the path. In the continuum where we have infinitely many random variables, the discrete
index i is formally replaced by a continuum index ¢ € [0,T]. The naive generalization of the
Euclidean action is then

1

Slx(t)] = 5/[0T]2 dedt'x(t)A (t, t") z (t'). (1.20)

One can see that such a Fuclidean action depends on two distinct times ¢ and ¢’ signaling
that we have a nonlocality in time. Although, this is fine for several applications outside of
high energy physics [7, 8, 9, 10, 11], we are generically interested in case where A(t,t') is a
local differential operator [12] i.e.
d2
At t)Y=-6(t—-t)— 1.21

(t,1) = =0t~ 1) 5. (1.21)

where 0(t —t') is a Dirac delta distribution. With an appropriate set of boundary conditions,

an integration by parts yields

Sla(t)] = /0 dt%j:(t)Z, (1.22)

which tells us that the Euclidean action is simply the nonrelativistic kinetic energy associ-
ated to a particle whose trajectory is along the 1 dimensional path x(t) with velocity ()
with a mass m = 1. This defines somewhat paradoxically what one would then call a one
dimensional field theory despite being made out of infinitely many random variables z; in
the discretization. The reason for this due to the fact in the continuum limit, we are in-
tegrating over a 1 dimensional space in the action [0, T], hence the previous discrete cases
fall under the classification of zero dimensional field theories. The relevant integral for the
case of infinitely many random variables is therefore an example of an infinite dimensional
integration over the space of all paths and we denote the integral as

Z = / Da(t)e el (1.23)
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This resulting object is known as the path integral. From the point of view of quantum
physics, there is a standard derivation that is widely known which suggests that the path
integral measure Dx(t) is seemingly a divergent quantity

Da(t) ~ lim (ﬂ)m I1 don (1.24)

N—oo \27€

since in the naive limit as ¢ — 0 as N — 00, we seemingly have a factor of co®. To the
mathematically rigorous reader, this is an enormous red flag [13, 14], however in the simple
case of the free point particle, mathematicians have been able to rigorously construct the
path integral measure through the stochastic analysis of the Wiener measure, namely through
the rigorous formulation of Brownian motion on the space of continuous paths C? ([0, 00), R)
[15, 16]. In this framework, one is able to provide rigorous probabilistic interpretation of the
path integral in terms of geometric objects like the heat kernel [17]. However, despite making
progress in this simplest case, there is no widely accepted rigorous construction of the path
integral for the more complicated cases where the particle does not have simple diffusive
type behavior. The moment that you introduce interactions, the underlying trajectories fail
to have a naive pointwise definition and new ultraviolet divergences start to crop up. These
problems lead to very technical waters involving renormalization and regularization to make
sense out of these expressions. From a practical point of view, instead of trying to formulate
a general theory of path integrals, it is the author’s suggestion that unless we can classify
the path integral to fall under a very specific class of path integrals®, we should generically
treat them to all be distinct problems with distinct methodologies in the most general case
similar to how each nonlinear stochastic partial differential equation [18] generically requires
its own research subprogram to truly map out its dynamics.

Despite the amount of effort that we’ve used to get here, this is still one of the sim-
plest path integrals. In order to make further conceptual progress, despite the fact that
our trajectories are labeled by a one dimensional source space that denotes the mathemat-
ical time along the trajectory, the trajectory itself can live in a higher dimensional space
that we call the target space. We typically denote the components in the target space by
superscripts as z%(t), a = 1,...,d. For example, in three spatial dimensions, one writes
x(t) = (2'(t), 2%(t), 23(t)) = (x(t),y(t),2(t)) and hence our Euclidean action for a higher
dimensional target space would be the sum of kinetic energies

T
1
Sglr,y, 2] = / dt§ (&% + 9 + 7). (1.25)
0

From, here we can introduce typical interaction terms that one would encounter by ele-
mentary studies of electromagnetism like a constant electric field £ along the x direction
Sglz,y, 2] = fOT dt (—qFEx) which would be nonzero if the point particle along the trajectory

'For example, the path integrals we have considered thus far, fall informally under a class of worldline
path integrals.
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has charge ¢q. From here, there are many different integrals that you may consider for what-
ever purpose of interest e.g. you can still add in nonlinear interaction terms to have the path
interact with itself

T g A
Sii = / dt bTabcx%%c + EUabcdajaxbx%d] (1.26)
0 . .

You can consider distinct trajectories in the same target space and introduce a coupling
between them

2 2

where x; and x5 are two distinct trajectories each with their own z,y, 2 components and &
is a spring constant. The introduction of a constant magnetic field B forces us to consider
derivative interaction terms between different components of the path which would not be
possible in zero dimensions where there no derivatives

g k
Sp [x1, %] = / dt {@X% + @Xg + 5 (%1 - X2)2} , (1.27)
0

T .
Sglr,y, 2] = / dt [% (:1':2 + 9% + 22) + %(ajy — yx)] , (1.28)
0

A more careful analysis of the Euclidean action also forces us to add a factor of the imaginary
number ¢ which is suggestive that turning on background fields might generically require a
complexification of the action. In fact, from the point of view of quantum mechanics, the
Euclidean path integral formulation that we have developed thus far is not the one we should
be using. Quantum mechanics instead starts from a real time formulation where the free
partition function instead takes the form

Zy = /Dx(t)eiftf dt (3mat) (1.29)

in this simple case, we see that although the action is formally the same, we have now lost
the notion of a positive definite probability measure since the integrand is now an oscillatory
phase ¢* instead of the damped exponential e in the Euclidean formulation. For the
experienced reader, we note that we have temporarily ignored the discussion of boundary
conditions. The convergence of this real time path integral is now also suspect due to the
fact that we have an infinite dimensional sum of oscillatory phases. The standard physicist’s
remedy to tame this wildly oscillating integral is to introduce a small imaginary regulator,
commonly known as the ée prescription [19]. By deforming the action S — S + ie [ 2%dt,
one essentially forces the integrand to possess a slight exponential damping, ensuring that
trajectories far from the classical path destructively interfere and safely vanish at infinity.
Deeply tied to this regulator is the concept of Wick rotation, an analytic continuation that
maps the real time variable ¢ to an imaginary time variable 7 = ¢t. This is formal deformation
that ones allow one to connect simple real time theories to Euclidean theories however it is
known that the process of Wick rotating a field theory generically has profound consequences
on the underlying dynamics e.g. the differential equations associated to real time quantum
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mechanical evolution are no longer diffusion processes given by elliptic operators but are
instead wave processes given by hyperbolic differential operators [20]. It is expected that
one cannot simply Wick rotate a theory far from equilibrium and it often requires a much
more careful analytic continuation.

With the mathematical scaffolding of the one dimensional path integral seemingly se-
cure, the natural progression is to escalate the dimensionality of our source space, thereby
crossing the threshold from quantum mechanics into true quantum field theory. If quantum
mechanics is the study of a zero dimensional point particle tracing out a one dimensional
path z(t) in a target space, then a standard scalar field theory (in the historical sense of the
word) arises when we replace this point particle with an extended continuous medium. Our
source space is no longer just a one dimensional time interval, but a d dimensional spacetime
manifold, and our dynamical variable becomes a field ¢(t,x) that assigns a value to every
point in this extended geometry. The path integral measure Dz (t) correspondingly bloats
into an unimaginably vast functional measure D¢(z), integrating over all possible configu-
rations/realizations of the field across all of spacetime. This monumental leap in complexity
brings with it the full bestiary of ultraviolet divergences and necessitates the full machinery
of the renormalization group to extract finite, physical predictions [21]. However, both the
Euclidean and the standard real time path integrals harbor a subtle but profound limita-
tion in their typical formulation i.e. they are fundamentally anchored to the assumption
of thermal equilibrium or pure state transitions. The traditional real time formalism, often
formulated to compute S matrix scattering amplitudes [22, 23], implicitly assumes that the
system begins in an asymptotic vacuum state in the infinite past and evolves into another
asymptotic vacuum state in the infinite future. In a vast array of physical scenarios, this
assumption spectacularly fails.

In these highly dynamic environments, we are not dealing with pure vacuum states,
but rather evolving macroscopic ensembles described by density matrices that are driven
far from thermal equilibrium.To capture this nonequilibrium dynamics, we must abandon
the standard “in out” path integral and transition to the Schwinger Keldysh, or “in in”,
formalism. Instead of calculating transition amplitudes between a past and a future state,
the Schwinger Keldysh formalism [24] computes expectation values by evolving the system’s
density matrix forward in time from a known initial state to the time of measurement, and
then evolving it backward in time to the initial state. This necessitates a path integral defined
over a complex time contour that doubles back on itself, known as the closed time contour.
Consequently, our degrees of freedom are doubled and we must track a forward field and a
time reversed backwards field. It is precisely the interactions between these two branches that
encodes the intricate dissipative and statistical fluctuations of the nonequilibrium system.
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1.2 The Schwinger Keldysh Formalism, or one
thousand and one lessons in nonequilibrium
quantum physics.

Before we continue to make the path integrals more complicated, we must clarify how one in-
corporates the ideas of thermal ensembles and characterizes near thermal equilibrium regimes
or far away from equilibrium regimes. It is no coincidence that our path integrals were also
simultaneously named partition functions which are a key tool in equilibrium statistical
physics in order to extract thermodynamical observables. In Euclidean time 7, thermal
equilibrium is represented by a compact Euclidean time circle 7 ~ 7+ 3, where g = % is the
inverse temperature and the thermal partition function is then

Z(B) =Tre P = / Da(r)e %l (1.30)
(8)=2(0)

Here, we have made explicit that the existence of the Euclidean path integral assumes that
there is a corresponding Hamiltonian operator which generates the Euclidean time evolution
and gives rise to a density matrix of the form

e h H

consequently, thermal equilibrium should simply be viewed as a property of the Euclidean
action but it is a property of the entire path integral since it encodes the density matrix
through the boundary conditions on the path integral. In the above, we have denoted
operators via hats. In order to truly go out of thermal equilibrium, the natural object is
no longer the Euclidean circle but the Schwinger Keldysh closed time contour [24] which in
the operator formalism can be formulated as follows. Define a time dependent Hamiltonian
operator H(t) and a corresponding density matrix p(t). The density matrix can be shown
to evolve in time according to the von Neumann equation

z%ﬁ@ = H()p(t) — p(t)H (1), (1.32)

this can be formally solved by the introduction of a unitary time evolution operator

(1.31)

U (t,tg) = T oo @HE) (1.33)

which satisfies U (to,to) = I and T refers to the time ordering. Consequently, a short
calculation yields R R
Pty =T (t,t0) 3ol (1,1s). (1.34)

Now consider an observable O. Its expectation value at a time ¢ is given by (O(t)) =
Tr(p(t)O) and given the time evolution of the density matrix, we can see that

(O(t)) = Tr ((7 (t.t0) ol (¢, o) @(t)) . (1.35)
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Where we have chosen to interpret ¢y as the time where the initial density matrix is prepared.
If you choose a time ¢" later than every operator insertion and insert a resolution of the

identity in terms of the unitary time evolution operators I = U (¢,t") U (t",t), then after
some algebraic simplifications, one arrives at the form

(O@) = Tr (ﬁ (to, t™) U (1, 1) OV (t, o) ﬁo) . (1.36)

From here, the physical (and mathematical interpretation) becomes transparent when the
equation is read from right to left. The quantum system must be prepared in an initial
density matrix pg and then evolved forward in time from ¢y to ¢ where the observable is
placed. Upon arriving at t, we further evolve the system to future time ¢ which we will call
the turnaround time. In the context of nonequilibrium string theory [25], we will call it the
wedge time. And finally, we evolve the system backwards in time back to the initial time ¢g.
This closed time contour

Csk: toy—t" —to, (1.37)

is the Schwinger Keldysh contour that underlies quantum mechanical systems out of thermal
equilibrium. The first arrow is known as the forward branch is often denoted C; which begins
at to and ends at the wedge time t", the second arrow refers to the time reversed backwards
branch denoted C_ which begins at ¢" and returns to t;. In practice, we often introduce
additional sources J, and J_ to the Hamiltonians on the forwards and backwards branch
separately in order to generate nonequilibrium dynamics, and minimally, we end up with

ﬁJ+ (1 1g) = Te e dt(f—f(t)fJ_,_(t)E)’
P (1.38)
I L)

where 7T refers to anti time ordering. In order to connect this back to the worldline path
integral of the previous subsection, we write the trace in the configuration basis and obtain
the explicit expression

Ty 1y J_] = / d,dag dey (2" Uy, (", t0) |23 (o | Po |25 ) (g | U5 (", t0) |27, (1.39)

the individual inner products can be evaluated and they result in double path integrals of
the form

x_ (ts)=a"

(2| U} (#",t0) |2") = / D Dp_ ¢ o Mot —Hlmp 08102 (0) (1 40)

z_(to)=x,

These path integrals are known as Hamiltonian path integrals [26, 27] where we have an
additional field p_(¢) which is a momentum field along the reverse branch. If the Hamilto-
nian on the backwards branch has momentum dependency that is at almost quadratic, the
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momentum fields can be integrated out and this results in
o #-(t)=o" —iS_—i [ dt T (t)x— (1)
(zg | UL (", t0) [27) :/ Dx_e 77 e W, (1.41)
z_(to)=x,
Notice that on the backwards branch, the real time action obtains an overall minus sign.
Altogether, the Schwinger Keldysh generating functional is then

Zoy 11, J] = (1.42)

:/ D, D py (. (to) - (tg) 'S5l Hlvzemdoes)
oy (=2 (t")

The above equation shows that formulating a path integral for the Schwinger Keldysh gen-
erating functional doubles our degrees of freedom. In fact, one can push this further and
recover the Euclidean circle that characterizes thermal equilibrium by choosing the initial
density matrix to be the canonical ensemble

e BH

%zmzzm,ﬂmzﬂaﬁ- (1.43)

For the generating functional with no additional observables on the forward and backwards
branch inserted, this now leads to a deformed contour known as the thermal Schwinger
Keldysh contour

Cs: to—t" —tog—to—if, (1.44)

where we acquire an additional Euclidean contour segment which goes in the direction of
imaginary time along an extent S. Without those additional observables, this reduces down
to the Euclidean path integral by the principle of unitarity. The takeaway is that the a
Euclidean thermal field theory is the equilibrium subsector of the full Schwinger Keldysh
nonequilibrium quantum field theory.

Once the forward and backward fields have been introduced, the next natural step is to
reorganize the doubled degrees of freedom into variables which have a more direct physical
interpretation. The most useful choice is the Keldysh, or ¢/q, rotation. For a bosonic degree
of freedom x4 () on the two branches, define

v () + 2 (t)

z(t) = — zy(t) =y (t) —x_(1), (1.45)

and likewise for the sources

L@zﬁﬁgi@, () = Jo(8) — J_(1). (1.46)

This is merely a linear change of variables, but it is one of the most important changes of
variables in nonequilibrium quantum theory. The inverse transformation is
1 1

B (t) = 2lt) £ 5eg(t), o (0) = wlt) - 5eg(t), (1.47)
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and similarly
To(t) = J.(t) + %Jq(t), T () = J(t) — 2, (8). (1.48)

Substituting these into the source term gives

1 1 1 1
J+LU+ —J_z_ = <JC + §Jq> (flfc + §.Tq> — (JC — §Jq) <I’C — éxq) (149)

= Jox. + Joxg. (1.50)

Hence the Schwinger Keldysh generating functional may be rewritten as

i| S[xe lz —ch—lm > i [ dt (Jgxe+Jex
Zpo[Jes Jg] :/,DJ”CD%F’O6 < et gal Sl o atenet Q)- (1.51)

The interpretation of these new variables is immediate. The field z. is the ”classical” or
average field, while z, is the "quantum” or difference field. Despite their names, they are
both subject to field fluctuations and don’t necessarily describe the classical or quantum
dynamics. In the limit where you ignore higher order terms in x,, you can show that the
path integral localizes into the classical equations of motion. One can see this by noticing
how the dynamical content reogranizes itself under a Keldysh rotation, if you expand the
doubled action for small z,, then

S [a:+%] ~ 8 [a:c— %] :/dtxq(t)%—i—--- . (1.52)

hence at leading order, the ¢ field imposes the classical equations of motion. In this precise
sense, x4 acts as a Lagrange multiplier enforcing real time dynamics. The latter x, measures
the failure of the two contour branches to coincide. In particular, the physical limit in which
the same source is applied on both branches is J, = 0, and unitarity implies the normalization
condition

Zpo[Je, 0] = 1. (1.53)

This innocuous looking statement has strong consequences. It implies, for example, that
correlation functions with only ¢-type insertions vanish in the physical limit, and it forces
the effective action to vanish whenever z, = 0. This is often a very useful check

For the two point functions, it is convenient to define

G~ (t,t') = —i(Z(t)z(t)), G=(t,t') = —i(z(t)z(t)). (1.54)

From these, one constructs the retarded, advanced, and Keldysh correlators,
GR(t,¢) = Ot — ') (G> (t,1") — G<(t, t’)), (1.55)
GAt,¢) = —O(t — 1) <G>(t, ) — G<(t, t’)), (1.56)

GE(t,t) = G (t, 1) + G<(t,1)). (1.57)
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In the ¢/q basis, the propagator matrix takes the triangular form

N (@) (ze(B)zg(t)) _ (3G GF
Coalts ) = (<xq(t)xc(t’)> <xq(t)xq(t’)>) (GA 0) (1.58)

This matrix summarizes the philosophy of the formalism. The retarded and advanced entries
encode causal response, whereas G¥ encodes the statistical occupation data of the state.
Nonequilibrium physics is precisely the problem of determining how these two sectors talk
to one another when the system is not in a stationary Gibbs ensemble.

At thermal equilibrium, the doubled contour is not arbitrary, it inherits a hidden pe-
riodicity from the Euclidean thermal circle. This is the Kubo Martin Schwinger, or KMS
condition [28, 29]. For bosonic operators in a stationary thermal state, it states

G~ (t) = G=(t —1ipB), (1.59)
which in frequency space becomes
G~ (w) = ™G (w). (1.60)

This one relation is enough to derive the fluctuation dissipation theorem. One can check
that

GE(w) = G7 (w) + G (w) (1.61)
= (™ +1) G~ (w), (1.62)
while
G (w) — GHw) = G7(w) — G (w) (1.63)
= (™ —1) G~ (w). (1.64)

Dividing the first equation by the second yields

eBw w
GE(w) = e i— 1 (GF(w) — G*(w)) = coth (%) (GF(w) — GH(w)). (1.65)

This is the bosonic fluctuation dissipation theorem. It states that at equilibrium the noisy,
statistical correlator is not independent data. It is completely determined by the dissipative
spectral response. Physically, it says that the same microscopic processes which permit the
system to relax also force it to fluctuate. Dissipation without noise is inconsistent with a
thermal steady state, and noise without dissipation would indefinitely heat the system.

In the classical high temperature limit fw < 1, one has

Pwy 2
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so that the fluctuation dissipation relation reduces to

T
Nw

G¥(w) (G (w) — G w)) . (1.67)
This is the form that survives in classical stochastic hydrodynamics and in Langevin de-
scriptions of dissipative systems. Thus, the classical Einstein relation is not a separate
phenomenon; it is the low frequency, high temperature limit of the full quantum Schwinger
Keldysh statement.

The true power of the closed time contour becomes visible when the system of interest
is not isolated. Suppose we split the degrees of freedom into a system variable x and an
environmental variable ¢, with total action

Stot [Qj’ Q] = Ssys [$] + Senv [Q] + Sint [[L’, Q] (168)

The object of physical interest is usually not the full density matrix of system plus bath,
but the reduced density matrix of the system alone. This is obtained by tracing over the
environmental degrees of freedom. In the path integral language, one finds

Z[Jy, J) = /Dm+Dx_ eiSslsl=iSslo] Flp g ]t ) dMrmr—J-z-) (1.69)
where the entire effect of the environment is captured by the Feynman Vernon influence [30]
f[er’ xi] = /Dq+ in penv eisenv [q+}7isenv[q—]+isint [$+,Q+}*i5mt [l?—,Q—] . (170)

By definition, one writes A
Flag, x_] = edrlera] (1.71)

where Sir is the influence action. Although, it looks as though we’re simply defining ad-
ditional objects and increasing the complexity of the problem, this is actually helping us
organize the system of interest by integrating out the environment whose details we cannot
fully describe and remember the nonlocal imprint that it leaves on the system.

For a Gaussian environment linearly coupled to the system [31], the influence action in
the ¢/q basis takes the schematic nonlocal form

Si|Te, x4 = —/dtdt’ T () DR (t, ) wg (V) + % /dtdt’ z, ()N (t, 1)z, (). (1.72)

Here D is a retarded dissipation kernel and N is a symmetric noise kernel. The first
term is real and modifies the equations of motion. The second term is purely imaginary
and suppresses off diagonal configurations with large z,, thereby encoding decoherence and
fluctuations. This second term is precisely where the nonlocality and memory effects arise. It
also hints that upon creating effective actions, we inherently deal with complexified systems
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whose path integral weight is no longer a pure phase but has a dampened exponential
component. The reduced effective action therefore becomes

Seft[Te, Tq] = Ssys [xc + %] — Says [.CEC — %} — /dtdt' z.D%z, + % / dtdt' x,Nz,. (1.73)

At this stage one may perform a Hubbard Stratonovich transformation,
eféfdtdt’ zg(t) N(t,t") zg(t) _ /Df eféfdtdt’ EQ)NTL(L) ) +i [dtE(t) aq(t) (1.74>

which introduces an explicit stochastic noise field £. Integrating over z, then yields an
effective Langevin type equation
0.Ssys
dx.(t)

n / 0 DRt )t = £(1), (E(DEX)) = N(t.1). (1.75)

Thus, we can see that the Schwinger Keldysh path integral creates a direct branch from real
time quantum dynamics to stochastic dynamics. The noise field doesn’t arise by hand but it
is instead arises through the Hubbard Stratonovich transformation as a result of the degrees
of freedoms that we are integrating out. It is worth noting that the noise field ¢ is not simply
a white noise but can be other forms of noise in general due to the specific form of the noise
kernel N(¢,t).

The specific form of the noise kernel N(¢,t') depends heavily on the spectral density
of the environment and its temperature. In the simplest high temperature limit with an
Ohmic bath, the environment retains no memory, yielding a local, delta correlated white
noise kernel, N(t,t') = 2¢T§(t — t'), which recovers standard Markovian Brownian motion
with the familiar local form given by stochastic differential equation driven by white noise

mi 4 i+ V@) =€), (EOEW) = 29T 8t — 1), (1.76)

However, if the environment possesses a characteristic finite response time such as in a
bath with a Lorentz-Drude high frequency cutoff, the noise becomes colored and exhibits
an exponentially decaying memory, N(t,t') o exp(—I'|t — #'|). Furthermore, in the strict
zero temperature quantum limit where classical thermal kicks freeze out, the fluctuation
dissipation theorem dictates that the kernel decays algebraically as N(t,t') oc —1/(t — t')%.
From this these results, it becomes clear that many common questions of nonequilibrium
statistical physics can be explored through the Schwinger Keldysh formalism.

If one now coarse grains further and focuses on conserved densities (or mesoscopic observ-
ables) rather than microscopic coordinates, the same formalism transmutes into the language
of fluctuating hydrodynamics and, in suitable diffusive limits, macroscopic fluctuation theory
[32]. Consider a conserved density p(t,zy) with current j;(¢,z;) where the indices i denote
spatial directions, satisfying the continuity equation
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A generic constitutive relation for a driven diffusive medium takes the form
ji = —=D(p)dip + X (p) E; + ;. (1.78)

where D(p) is a diffusivity, x(p) is a mobility, F; is an driving background field, and ; is a
stochastic noise. If the noise is Gaussian with covariance

(mit, )yt 23)) = o (p)disd(t — )6 (wy, — ), (1.79)
then the trajectory probability of the hydrodynamic fields is weighted by

Plp, ji] o ol =5 Jdtdlz (ji+D(P)aiP*X(P)Ei)U(p)_1(ji+D(P)aiP*X(P)Ei)]’ (1.80)

subject to the continuity equation. Introducing a response field p to enforce conservation
gives the Martin Siggia Rose Janssen de Dominicis functional or MSRJD functional [33, 34,
35]for short,

g / Dp Dpe- T dtd's (200+D(0) (0i0)(0.7)~ 5o(0) (0:7)(07)~X(0) Eidip) (1.81)

This has the same structural content as the classical limit of the Schwinger Keldysh action.
A hydrodynamic ”classical” field p coupled to a response ”quantum” field p. In this sense,
macroscopic fluctation theory encoded within the Schwinger Keldysh formalism as well. The
rate functionals studied in nonequilibrium statistical mechanics, particularly in stochastic
thermodynamics [36, 37|, are then naturally recovered through the standard large deviation
principles of rare events evaluated on this path integral.

Just as classical rare events are captured by large deviation minimizers, real time quan-
tum tunneling transitions are dominated by saddle point trajectories known as instantons.
Within the Schwinger Keldysh action, these instantons manifest as complex valued solutions
to the equations of motion that explicitly mix the forward and backward time contours.
By evaluating the Keldysh effective action along these instanton paths, one can rigorously
compute the decay rates of metastable states and nonperturbative tunneling amplitudes di-
rectly in real time, bypassing the need for analytic continuation from purely imaginary time
Matsubara formalisms [38].

The same contour technology also underlies quantum stochastic thermodynamics, whose
goal is to define work, heat, entropy production, and irreversibility at the level of individual
quantum trajectories or conditioned histories. A particularly important effective description
is the Lindblad equation [39].

3;-—wUfJﬂ—%jgj(LupLa——ﬁ{LaLa4ﬂ>, (1.82)

where the jump operators Ea encode exchanges with an environment. In a trajectory un-
raveling, each realization consists of smooth nonunitary evolution interrupted by quantum
jumps. One then defines a stochastic entropy production

mmmzm%% (1.83)
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where v is a forward trajectory and 7 is its time reversed partner. The integral fluctuation
theorem [40, 41] follows immediately,

(e A%ty =1, (1.84)

and by Jensen’s inequality this implies (As;o) > 0, which is the statistical form of the second
law.

There is one final lesson hidden here. Although ordinary Schwinger Keldysh contours are
designed for time ordered observables, some of the most interesting probes of many body
quantum dynamics are out of time order. A canonical example is the thermal out of time
ordered correlator [42]

F(t) = <?*<t)WT(0)V(t>W(0)>ﬁ, (1.85)
from which one constructs the squared commutator

O@t) = — <[V(t), W(O)]2>B. (1.86)

Here, V and W are generic, local quantum operators chosen to probe how information spreads
and scrambles. Typically, W(O) acts as a highly localized initial perturbation, while V( )
acts as a delayed measurement at a distant spatial location. At early times, the influence
of the initial kick has not yet reached the distant measurement; the two operators act on
different Hilbert subspaces and commute, yielding C(t) ~ 0 and F(t) ~ 1. However, as
the Heisenberg operator W (t) = €W (0)e~Ht evolves in a strongly interacting system,
it continuously entangles with its neighbors, growing into a massively complex, nonlocal
operator that eventually overlaps with V.

When this overlap occurs and C(t) grows rapidly, initially simple operators spread across
many degrees of freedom and the system exhibits quantum chaotic behavior. In large N
systems, one often finds an early regime of the form

C(t) ~ Ne)‘”, (1.87)
where Az, is the many body Lyapunov exponent. Because the operator ordering in F'(t) is
not capturable by a single forward /backward contour, one must enlarge the contour, often to
a four leg contour or to two coupled Schwinger Keldysh contours. Thus, even the diagnosis
of quantum chaos is ultimately a statement about how far we are willing to generalize the
closed time path.

We may now summarize the moral of the story. The Euclidean circle is in some sense the
geometry of equilibrium subsector and the full closed time contour is the geometry of real
time dynamics. The Keldysh rotation separates response from fluctuations. The fluctuation
dissipation theorem tells us that at thermal equilibrium these two are locked together by
the KMS condition. Influence functionals show that when we coarse grain over inaccessi-
ble variables, dissipation and noise are generated automatically. In the hydrodynamic limit
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this becomes macroscopic fluctuation theory. In weakly coupled settings it becomes quan-
tum stochastic thermodynamics; and when one asks how operators spread and information
scrambles, one is naturally led to enlarged Schwinger Keldysh contours adapted to out of
time ordering.

The reason this formalism is so powerful is that it is not merely a trick for doing pertur-
bation theory. It is a bookkeeping device for causality, unitarity, decoherence, dissipation,
and information flow all at once. Put differently, the Schwinger Keldysh contour is the
minimal geometric arena in which one can ask genuinely nonequilibrium questions. The Eu-
clidean partition function tells us what states are allowed at equilibrium, but the Schwinger
Keldysh generating functional tells us how states fluctuate, respond, thermalize, remember,
forget, and sometimes chaotically scramble the information that was initially put into them.
For nonequilibrium quantum field theory, statistical mechanics, and eventually nonequilib-
rium string theoretic constructions, this is not an optional embellishment. It is the native
language.

1.3 Localization, or one thousand and one lessons in
nonperturbative physics.

If the Schwinger Keldysh formalism teaches us how badly behaved nonequilibrium quantum
field theory can become, localization teaches us that under sufficiently rigid symmetry con-
ditions even an infinite dimensional path integral can sometimes be forced to reveal exact
information. This is one of the deepest lessons in modern high energy theory. Although the
generic path integral is not something one evaluates in closed form. There exist remarkable
circumstances in which symmetry is so constraining that the answer is already encoded in a
much smaller subset of configurations e.g. fixed points of an action, critical points of a Morse
functional, instanton moduli spaces, flat connections, or even a finite dimensional integral
over a Cartan subalgebra [2]. The miracle of localization is that it turns this slogan into a
systematic computational principle. In its most primitive form, it is the statement that a
supersymmetric or equivariantly closed deformation of the action may be scaled to infinity
without changing the value of suitable observables, so that the path integral collapses onto the
bosonic zeros of that deformation. Beyond their role in formal mathematical physics, these
exact results provide theoretical guidelines for what to expect in nonperturbative quantum
field theory. By reducing infinite dimensional path integrals to finite dimensional random
matrix models or localized sums, researchers can probe the strong coupling limits of theories
that are otherwise inaccessible to standard perturbation theory. This has direct utility in
verifying dualities, such as the AdS/CFT correspondence, where localization allows for a pre-
cise matching of gravitational observables with gauge theory predictions. Furthermore, the
techniques used in instanton counting and Chern Simons matrix models have migrated into
the realm of condensed matter physics and quantum information, offering exact templates
for understanding topological phases of matter, the fractional quantum Hall effect, and the
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construction of error correcting codes in quantum computing. In essence, localization serves
as a bridge, transforming abstract symmetry constraints into a precision laboratory for the
most complex systems in modern physics.

There is a second lesson, equally important for the broader ambitions of this thesis.
Localization is not merely a computational technology for special supersymmetric models.
It is also a conceptual guide to which geometric structures matter in a quantum theory.
Every successful localization computation exposes a hidden rigidity i.e. a nilpotent charge, a
cohomological complex, a moment map, an equivariant action encoding symmetries, a set of
localization equations expressed in terms of partial differential equations, and a distinguished
moduli problem. Once one accepts that the raw functional integral is too large to understand
directly, the problem becomes one of searching for symmetry principles strong enough to
collapse it without destroying the physics one cares about. Supersymmetry has historically
been the most effective such principle, but the deeper point is cohomological leading to
topological field theory. Once a cohomological path integral can be organized around a
nilpotent operator and its fixed locus, exact nonperturbative statements become possible far
beyond ordinary perturbation theory.

The most elementary setting in which all of these ideas already appear is in the quantum
mechanics of a particle moving on a curved manifold. In flat space our Euclidean action for a
particle trajectory was simply the nonrelativistic kinetic energy. The natural generalization
is to replace the flat target space with a Riemannian manifold M with local coordinates
z'(), i =1,...,d, and metric tensor components g;;(z). Then the particle no longer moves
in a vector space but in a curved target whose geometry is encoded in the metric tensor,
and the corresponding path integral becomes what is known as a one dimensional nonlinear
sigma model [43, 44]. The degrees of freedom is the embedding map

x: % — M, (1.88)

where ¥, is the worldline, usually a line interval or a Euclidean circle, and M is the target
space. The basic Euclidean action is

Sglz] = % / dr gi;(x) @' (1.89)
Already at this stage, the worldline formulation is much more than a toy model. It is
the universal local model for heat kernels, spectral asymptotics, semiclassical tunneling,
supersymmetric quantum mechanics, and the worldline representation of one loop effective
actions in quantum field theory. Once the target space is curved, one must introduce the
standard language of differential geometry to write down the equations of motion, they are

i+ T pad it = 0. (1.90)

This is known as the geodesic equation and is the coordinate expression of the geometric
statement that a free non interacting particle must move on a straight line within a non
Euclidean space. In a local coordinate system, we can ensure that the particle is influenced by
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its local geometry through the derivatives of the metric tensor i.e. the connection coefficients
given by the Koszul formula

M= 59“ (939ke + Ongje — Ougjn).- (1.91)

If one tries to compute naively the semiclassical expansions of the worldline path integral,
one naturally begins to encounter second derivatives of the metric tensor which are encoded
in the the Riemann curvature tensor R’ ki, Ricei tensor R;;, and scalar curvature R. Even the
short time asymptotics of the propagator already knows about curvature. Thus the curved
worldline sigma model is not a decorative refinement of the flat particle; it is the minimal
system in which one sees that geometry and quantization are inseparable.

If one wants a reparametrization invariant formulation, it is better to introduce a one
dimensional worldline metric in addition to the target space metric tensor. Since a one
dimensional metric has only one independent component, one usually writes

hor(T) = e(7)?, (1.92)
where e(7) is the einbein. Then the classical action becomes

Slx,e] = %/dT e(7) (e(T)_Qgij(x)x'ix'j + m2>. (1.93)

Varying with respect to e imposes the worldline Hamiltonian constraint, while gauge fixing
e(r) = 1 returns the more familiar form of the action. In one dimension this metric looks
trivial, but conceptually it is indispensable since we will see that it is the one dimensional
analog of the worldsheet metric in string theory, and it makes clear that the true dynamical
object is not simply a function of time but a map modulo reparametrizations. This is exactly
the perspective one wants before generalizing from worldlines to worldsheets.

A particularly useful way to think about the worldline path integral is through its Eu-
clidean transition kernel

z(B)=zf

K(B;x5, ;) = (vsle P |a;) = / D eS8l (1.94)

z(0)=x;

For small 3, this is dominated by short paths and hence by local geometry near x; ~ xy.
For closed loops one obtains traces,

Tr(e_ﬁH):/Md,u(x) K(B;z, ). (1.95)

This is the bridge to the heat kernel. When we later say that localization teaches one to
compute a partition function from a small set of configurations, the heat kernel is one of the
oldest and cleanest prototypes of that party line.
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The heat kernel of an elliptic operator D is the kernel of e~*”. For Laplace type operators
one has the diagonal asymptotic expansion

1 < n
n=0

The coefficients a,,(z) are the Seeley DeWitt coefficients. They are local curvature invariants
built from the background geometry and any bundle data appearing in the operator. From
the worldline point of view, these coefficients emerge from a semiclassical small ¢t expansion
of the one dimensional sigma model around short loops.

In order to perform supersymmetric localization, the bosonic worldline sigma model is
not enough. One must enlarge it by fermionic degrees of freedom. Geometrically, this forces
us to introduce frames and spinors. Let e;%(z) be a vielbein on the target space so that

gij () = €:"e; 0, (1.97)

with flat tangent space indices a,b. The corresponding spin connection w;, is determined
by metric compatibility and vanishing torsion. The reason this language is useful is that
fermions transform most naturally not as coordinate vectors on the manifold but as objects
carrying tangent space indices and acted upon by the Clifford algebra

{y*,7"} = 20°". (1.98)

This is the starting point for Dirac operators, spin bundles, and the supersymmetric quantum
mechanics that underlies index theorems. The index theorems are very deep results in
mathematics that proves the number of solutions to a local differential equation is fixed and
protected by the topology of the solution space itself.

In one dimensional supersymmetric quantum mechanics, the simplest fermions are Grass-
mann fields 1°(7) valued in the pullback of the tangent bundle z*(T'M). Their covariant
derivative along the worldline is

Dt =4 + Ty (2)a . (1.99)

A standard A/ = 1 Euclidean supersymmetric sigma model action is
1 L 1 .

one is able to obtain this action either through inspection or through standard superspace
methods. While extended supersymmetry or couplings to bundles can generate additional
curvature terms such as quartic fermion interactions proportional to Rjjtit/yF)!. What
matters physically is that the bosons z* and fermions 1" assemble into a supermultiplet which
encodes supersymmetry, and the nilpotent supercharge acts by

Qz' =y, QU =i’ (1.101)
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This is the first real appearance of the cohomological structure that localization needs.

A technical remark that is often skipped but is conceptually important is that the world-
line spinors are almost trivial, whereas spinors on the target space carry the real geometric
content. In one Euclidean dimension, the only real distinction in the fermionic sector is
the spin structure around the worldline circle i.e. periodic boundary conditions for super-
symmetry protected quantities and antiperiodic ones for thermal quantities. This simple
difference becomes decisive. Periodic fermions compute supertraces and index data. An-
tiperiodic fermions compute ordinary traces and thermodynamics. Thus even before one
reaches quantum field theory, the choice of spin structure already determines whether the
path integral behaves like a thermal partition function or a topological invariant.

The index theorem enters when one considers a supertrace rather than an ordinary trace.
The McKean Singer idea is that for a suitable supersymmetric system,

ind(D) = Tr ((—1)Fe "), (1.102)

and the right hand side is independent of 5. The same quantity may therefore be evaluated in
two radically different limits. In the large (8 limit it counts zero modes, hence the analytical
index. In the small g limit it is governed by the local short time asymptotics of the heat
kernel, hence by curvature densities. Equating the two yields the index theorem. In its most
famous form,

ind(1y) = /M A(M) A ch(E). (1.103)

From the physics side, this is not a coincidence but a localization phenomenon where the
supersymmetric path integral reduces down an infinite dimensional path integral into a
finite dimensional integral over a manifold M. Witten’s work on supersymmetry and Morse
theory, together with the supersymmetric path integral proofs of index theorems, made this
perspective canonical in modern high energy theory.

This viewpoint is worth emphasizing because it teaches several general lessons that per-
sist in higher dimensional localization. First, the exact answer is often independent of a
continuous deformation parameter. Second, one is free to compute it in the most convenient
limit. Third, one loop fluctuations around the fixed locus are not a nuisance but the source
of the characteristic classes and determinants that appear in the final answer. These are
precisely the principles that later reappear in topological field theory and supersymmetric
gauge theory.

In finite dimensions this philosophy is closely related to equivariant localization. The
physics translation is that a @) exact deformation

S—5 S+tQV (1.104)

does not change the value of a () closed observable, provided the measure and contour behave
properly. Sending t — oo then reduces the integral to the zeros of QV.

The field theoretic localization principle can be stated schematically as follows. Suppose
the theory has a fermionic symmetry () such that

Q* = L, (1.105)
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where £, is a Lie derivative along a Killing vector field that generates the symmetry action.
Then let V' be a fermionic functional chosen so that the bosonic part of QV is nonnegative.
If we denote a general field configuration by ®, then for any () closed observable O,

(0), = / DO O ¢ S@I-QVIT] (1.106)

is independent of ¢. In the limit ¢ — oo, the integral localizes onto the solutions of the BPS
equations obtained from the vanishing of the bosonic part of QV. The full result takes the
schematic form

Z =Y e 5 Z1 0[] Znonpert [, (1.107)
o

where &, is a fixed point configuration. This formula is intentionally schematic because
its detailed realization varies enormously from theory to theory. Sometimes the fixed locus
consists only of constant scalar zero modes, sometimes it is an instanton moduli space,
sometimes it includes nontrivial vortex or monopole sectors. But the overall structure of
the localization procedure is the same in that it contains classical fixed points, one loop
determinants, and possibly additional localized nonperturbative sectors.

Equivariance is the geometric language that explains why Q2 need not vanish strictly. In
a rigid supersymmetric theory on a curved manifold, the square of a supercharge is typically
not zero but a compact bosonic symmetry. One then computes not ordinary cohomology but
equivariant cohomology. From this angle, path integral localization is never purely about
supersymmetry, it is about supersymmetry combined with the bosonic symmetries of the
background geometry. This is why rotating backgrounds, €2 deformation backgrounds [45,
46], toric manifolds, and spheres with isometry groups are so natural in localization problems.
They supply the equivariant parameters that both regulate and organize the exact answer.
For this purposes of this thesis, we will begin with the case with cases that are non equivariant
before dealing with their equivariant extensions.

Despite the rich nature of one dimensional quantum field theories, nonequilibrium string
theory lies in the realm of two dimensional quantum field theories since their source space
is a two dimensional worldsheet. The obvious question to ask is whether or not path inte-
gral localization extends beyond one dimensional field theories and it turns out that there
is a resounding affirmative answer. Two dimensions are the natural home of sigma models
which form the backbone of string theories, conformal field theories, and the first historically
decisive topological twists. In Witten’s topological sigma models [47], the A and B mod-
els arise from twists of NV = (2,2) supersymmetric sigma models. The point is that after
twisting, a scalar nilpotent charge appears, the stress tensor becomes () exact up to topo-
logical terms, and the path integral localizes onto geometrically distinguished maps. In the
A model, this leads to pseudo holomorphic maps and ultimately to Gromov Witten theory.
In the B model, localization favors constant maps and brings complex structure data to the
theoretical analysis.

Two dimensional supersymmetric gauge theories furnish a complementary story. Parti-
tion functions on S?, hemisphere amplitudes, the elliptic genus on 72, and equivariant A
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twisted correlators can all be computed by localization. Depending on the supercharge and
deformation chosen, one may obtain Coulomb branch formulas, Higgs branch formulas, or
Jeffrey Kirwan residue expressions.

Three dimensional supersymmetric gauge theories made localization dramatically con-
crete for many physicists because the answers very visibly collapsed to ordinary matrix
integrals [48, 49]. For N’ = 2 Chern Simons matter theories on S, the full path integral
reduces to a finite-dimensional integral over the Cartan algebra. The complicated functional
integral over gauge fields, matter multiplets, ghosts, and fermions becomes a matrix model
with a calculable one loop measure and classical Chern Simons phase. This was conceptually
explosive because it turned strongly interacting three dimensional quantum field theories into
an standard finite dimensional integral that one could actually analyze at finite N and in
large N limits. In the ABJM case, this random matrix model description opened the door
to exact tests of AdSy/CFTs.

This is also where one begins to appreciate the independent life of matrix models after
localization. Once the theory has been reduced to a finite dimensional eigenvalue integral,
one can bring to bear the entire machinery of matrix model analysis. One studies eigenvalue
distributions p(a) through their resolvents

w(z) = %Z ! (1.108)

)
Z— Q;
i=1 g

large N saddles, and genus expansions. In favorable cases, the free energy admits a 1/N
expansion that behaves like a topological expansion of a string theory. In still more special-
ized limits, one may take a double scaling limit and obtain continuum theories from critical
matrix ensembles.

Pushing the dimensions even higher, four dimensional gauge theories are precisely the sort
of models that describe our universe through the Standard model of particle physics. The
electromagnetic field, electroweak and Yang Mills field of quantum chromodynamics can all
be described in this language. However, extracting exact physical predictions from these non
Abelian Yang-Mills theories is notoriously difficult due to their strongly coupled nature at low
energies. Because traditional perturbative techniques completely break down in this regime,
we often often turn to simplified toy models to uncover underlying mathematical structures
and extract exact results. This leads to topological Yang Mills theory and supersymmetric
localization for four dimensional field theories [50, 51].

Topological Yang Mills theory was historically approached via Witten’s topological twist
of N = 2 supersymmetric Yang Mills theory, which reinterpreted Donaldson invariants as
correlation functions in a topological quantum field theory. The localization equations in
that setting are the anti self duality equations

Ft =0, (1.109)

where F'* is the self dual part of the electromagnetic curvature two form. This forces by
construction that path integral localizes on instanton moduli spaces. This was a watershed
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moment because it showed that quantum field theory could compute previously inaccessible
topological invariants of smooth four manifolds.

Beyond four dimensions, rigid supersymmetric localization becomes increasingly selective.
One can formulate supersymmetric gauge theories on spheres and other special manifolds
in dimensions above four, but preserving enough supersymmetry generally demands very
special background structures, and the resulting theories may involve much more complicated
geometric datum and higher derivative terms. The moral is not that localization stops, but
that the geometric prerequisites become more rigid. As dimension increases, the amount of
ultraviolet singular behavior also grows, renormalization becomes harsher, and the existence
of a clean cohomological complex becomes correspondingly more precious.

Another important road into localization, especially relevant for nonequilibrium physics,
is stochastic quantization [52, 53]. Instead of quantizing a Euclidean field theory directly,
one introduces a fictitious stochastic time s and evolves the fields by a Langevin equation,

Os(x, 8) = —% + n(z, s), (1.110)
with Gaussian noise
(n(z,s)n(a’,s)) =26(x —2")o(s — §). (1.111)

For large stochastic times, the distribution of ¢ is supposed to approach the Euclidean Gibbs
weight e3¢/, Formally this gives a new representation of the quantum field theory in terms
of stochastic dynamics.

What makes this relevant here is that stochastic quantization naturally comes with its
own supersymmetry, the Parisi Sourlas supersymmetry. In favorable settings this stochastic
supersymmetry can be interpreted cohomologically. That means some of the conceptual
machinery of localization reappears in a seemingly very different context i.e. through noise,
Langevin dynamics, and Fokker Planck equations. This is extremely suggestive for any
project concerned with nonequilibrium extensions of quantum field theory, because it hints
that stochasticity and cohomological control are not opposites. If localization were tied only
to pristine Euclidean supersymmetry, it would seem too far removed from that world. But
stochastic quantization shows that supersymmetric and cohomological structures can also
govern noisy systems

In summary, the first general lesson is that exact results are usually not accidents, they
are hints of some underlying symmetric structure. Whenever a partition function, protected
correlator, or supersymmetric loop operator can be computed exactly, one should immedi-
ately ask what nilpotent symmetry, equivariant structure, or topological twist is doing the
work. Localization teaches us to look for entire complexes, not just Lagrangians.

The second lesson is that geometry is not just extra mathematics for the sake of math-
ematics. Metrics, spin structures, almost complex structures, contact structures, torus ac-
tions, and moment maps are often the very ingredients out of which the localizing supercharge
is built. A localization problem is as much a problem in background geometry as in quantum
field theory. This is why the transition from flat space physics to curved manifolds in exact
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QFT is so pedagogical, it exposed geometric structures that can be hard to identify in flat
space perturbation theory.

The third lesson is that one loop determinants are conceptually central. In ordinary
semiclassical approximations, the quadratic fluctuations are corrections to a classical story.
In localization they are often half the answer. Characteristic classes, anomalies, and depen-
dence on background parameters are encoded precisely in the determinant of the fluctuation
complex. The heat kernel and index theorem viewpoint already foreshadowed this: local
curvature data and zero mode counting meet in the one loop sector.

The fourth lesson is that nonperturbative sectors become computable once symmetry
isolates them. One can check that these nonperturbative sectors are governed by a bestiary
of distinguished field configurations: instantons, monopoles, vortices, domain walls, kinks,
and branes. These objects represent the dominant semiclassical saddles in sectors completely
inaccessible to ordinary perturbation theory. Instantons are Euclidean finite action saddles
and govern tunneling amplitudes, vacuum splitting, and anomalies. Solitons are finite energy
classical field configurations in Lorentzian signature and encode stable extended objects,
topological sectors, and BPS states. Localization repeatedly gravitates toward such sectors
because supersymmetry pairs fluctuations so efficiently around BPS configurations. The very
same symmetry that collapses the path integral often singles out precisely these nontrivial
saddles as fixed points.

While we have only scratched the surface of what localization can achieve, an exhaustive
accounting of the subject falls beyond the scope of this thesis. However, before moving
forward, we must temper this optimism. Despite its mathematical elegance and power in
isolating nonperturbative sectors, the localization program is not without its shortcomings,
and it is worth detailing a few of its primary weaknesses.

First, localization does not automatically compute all observables. It computes protected
observables such as supersymmetric indices, certain loop operators, twisted correlators, and
other operators annihilated by the chosen supercharge or lying in its cohomology. Generic
time ordered correlators, scattering amplitudes, and chaotic real time observables are usually
not localizable in the standard sense. This boundary is conceptually important.

There is a philosophical lesson about formal path integrals themselves. Localization
repeatedly succeeds in situations where the original functional integral is mathematically ill
defined in any naive sense. One should therefore distinguish between full path integral and
the protected quantity extracted from a supersymmetric localization of a supersymmetric
subsector of the theory. The latter may be exact and robust even when the former is formally
delicate. This does not excuse mathematical sloppiness, but it does explain why physicists
have repeatedly been able to obtain correct nontrivial answers from formal manipulations
once enough symmetry is present. In this sense, localization teaches humility. The theories
it solves exactly are not generic. They are very special field theories.

Second, localization does not remove the need to choose integration contours carefully. In
Euclidean supersymmetric theories, positivity of the bosonic part of QV is usually essential
for the standard argument. When complex saddles, noncompact directions, or indefinite
kinetic terms are present, the contour question can become subtle. In many modern ap-
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plications one must implicitly or explicitly choose a middle dimensional contour, regularize
noncompact zero modes, or interpret the final answer through analytic continuation. Thus
the slogan “add a Q exact term tQV and send ¢t — c0” always hides a contour problem in
the background. As we discussed in the first part of the introduction, the Schwinger Keldysh
formalism teaches us that this analytic continuation portion may be quite difficult to do.
Finally, the relation between localization and renormalization is subtler than it first ap-
pears. Localization does not bypass renormalization, rather, it often computes quantities
whose scheme dependence is highly constrained or absent. In the case of supersymmetric
field theories, this often manifests as nonrenormalization theorems. As a second example, in
nonconformal theories, exact answers arising from localization may still depend on contact
terms, counterterms, or subtle regularization choices. One should therefore resist the temp-
tation to say that localization completely bypasses quantum field theory’s usual subtleties.

1.4 The Problem of Nonequilibrium String Theory

Finally, we arrive at our problem of interest i.e. the nonequilibrium string. The question
of how covariant string perturbation theory can be defined on a Schwinger Keldysh time
contour was first explored in [54, 25, 55] with the use of expected holographic dualities
of gauge theories in the large N expansion. The key result was that Schwinger Keldysh
formulation of nonequilibrium string theory requires not just a doubling of the fields but has
an extra sector known as the wedge region which is needed for its complete formulation. In
order to fully digest this, we will begin by introducing the main lessons of one of the most
primitive form of string theory i.e. the bosonic string.

We previously mentioned that a point particle sweeps out a one dimensional manifold
known as a worldline, but a string sweeps out a two dimensional worldsheet ., coordina-
tized by worldsheet coordinates ¢ = (7,0). The dynamical variables are no longer one
dimensional trajectories z#(7), but target space embedding fields

XYM, pu=01,....D—1, (1.112)

which specify how the worldsheet sits inside a D dimensional target spacetime M. The first
lesson of string theory is therefore that the analog of a worldline sigma model is now a two
dimensional nonlinear sigma model [56, 57, 58].

In order to build up an intuition for string dynamics, we will begin in a target space where
we simply have a flat metric tensor. The corresponding action for the string worldsheet is
then given by the Polyakov action which may be written down as

1

iYte

SP[th] =

/ *oV—h h™ 0, X" 0y X" Ny (1.113)
%

where hg, is the intrinsic worldsheet metric and o' is the Regge slope. The string tension is
therefore

T =

oot (1.114)
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This formulation is classically equivalent to the Nambu Goto action which is simply the area
of the worldsheet,

1

2o/

SNG = — / dQO' \/— det(aaXﬂﬁbX”nm,), (1115)
b

but the Polyakov form is much more useful because the worldsheet metric appears as an in-
dependent field, making the gauge symmetries manifest and the quantization much cleaner.
Although, a complete technical discussion would usually go over its basic symmetries as
quantum field theory i.e worldsheet diffeomorphisms, Weyl rescaling and rigid invarianec
under target space Poincare transformations. The main conceptual result is that the dif-
feomorphism and Weyl symmetries imply that the worldsheet metric does not carry local
propagating degrees of freedom. In two dimensions this is an enormous simplification and is
the basic reason the Polyakov formulation is so powerful.

Because of diffeomorphism and Weyl invariance, one may choose conformal gauge where
the worldsheet metric tensor drasticially simplifies,

hao(T,0) = €7y, 1 = diag(—1,+1). (1.116)

And the action reduces to

Sp =

1 L
/ drdo i 9, X" 0, X, = — / drdo (X0, - X"X),  (1L117)

4ol

where _
Xt =0 X", X*=0,X" (1.118)

In this gauge, the equations of motion become the two-dimensional wave equation
(02 — 03X+ = 0. (1.119)
For a closed string, one imposes periodicity in the spatial worldsheet coordinate,
XH(r,0 +21) = XH(1,0). (1.120)

The general mode expansion then takes the form
/ 1 ) )
XH(r,0) = 2" 4+ 2a'p"'T + 04/ % Z — (age_m”_(’) + &'ge_m(”(’)) : (1.121)
n
n#0

The constants x* and p* are the center of mass position and momentum of the string, while
ak and o are the oscillator modes of the left moving and right moving sectors. From
here, the canonical quantization of the string theory proceeds as in any quantum mechanical
theory. The result being that the quantized string is a relativistic system with infinitely
many harmonic oscillators, one for each Fourier mode and each target space direction. One
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is able to show that these string states have masses which are explicitly computable and

scale as 4
MQ:—/<N+N—2>, N—N-=o, (1.122)
(8%

so that at large excitation level the string spectrum behaves as

N VN

M? ~ — M ~ o (1.123)
The first nontrivial massless level occurs when
N=N=1  M?>=0. (1.124)
The corresponding states take the form
le; k) = €, 107105 k), k* = 0. (1.125)

The polarization tensor ¢,, decomposes into irreducible parts under the Lorentz group

e R %mu ). (1.126)
These three pieces are interpreted as distinct target space background fields. The traceless
symmetric tensor becomes a graviton fluctuation g,,, the antisymmetric part becomes an
antisymmetric tensor 5, which acts as a higher dimensional generalization of the electro-
magnetic field and the trace is the dilation .

Although we began with a completely flat target space background and no background
fields turned on, the quantum spectrum of the closed string necessarily contains massless
excitations that transform exactly like fluctuations of a target space metric, a two form
gauge field, and a scalar dilaton. In other words, these fields are not put in by hand. They
are forced upon us by the quantum theory itself.

Ensuring that the gauge symmetry of Weyl invariance holds at the quantum mechanical
level gives the key result that the number of target space dimensions isn’t arbitrary but is
in fact

D =26 (1.127)

for the bosonic string. Thus even the supposedly simple flat space Polyakov theory is highly
constrained at the quantum level.

One may express this point more concretely by expanding around flat spacetime. Once
the massless closed string modes are turned on, the Polyakov action with background fields
turned on becomes

1
4o

/
+ %/dQJ\/ECD(X) R®.
T

?

Sys = / d*o Vh h® 9, X" 0, X" G (X) + / d*0 € 9, X" X" By, (X)

Ve
(1.128)
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Here R® is the two dimensional Ricci scalar on the worldsheet. This is the precise sense
in which flat space string quantization already knows about curved target space geometry,
antisymmetric flux backgrounds, and the dilaton.

Having identified the string spectrum with states of the worldsheet conformal field the-
ory, one next requires a mechanism for inserting such external string states into correlation
functions. This is achieved by means of vertex operators. In the operator state correspon-
dence of two dimensional conformal field theory, to every physical string state |¥) there is
associated a local worldsheet operator Vi (z, Z) where z refers to a complexified coordinate
z =T -+10,Z =71 —i0. For the bosonic string in flat target space, the simplest example is
the tachyon vertex operator

Vil(2,2) = g : e X2
where g¢. is the closed string coupling and k* is the spacetime momentum and the dots
refer to normal ordering operation in order to avoid creating divergent contributions. It is
precisely these vertex operators that we insert into the worldsheet path integral.

More generally, excited string states are represented by vertex operators containing
derivatives of the embedding fields. For example, the massless graviton, Kalb Ramond
field, and dilaton arise from the operator

Vi(2,2) = ge € 1 0XH(2) 0X"(2) etk X(:2) .
where €, is the polarization tensor. Quantum consistency requires imposes several condi-
tions including a massless condition
k* =0,
together with transversality constraints

ke, =0, k€. = 0.

Then as before, we are able to decompose the polarization €, into irreducible tensors that
we can identify with specific field excitations. In this way, spacetime particle states are
encoded as local insertions on the worldsheet, and string scattering amplitudes are obtained
by integrating appropriate correlation functions of these vertex operators over the insertion
points and over the moduli of the worldsheet geometry. Schematically, the worldsheet path
integral without vertex insertions is written as

1
~ Vol(Diff x Weyl
Thus one integrates over all worldsheet geometries and all embeddings of the worldsheet into
spacetime, while dividing by the gauge redundancy coming from worldsheet diffeomorphisms
and Weyl rescalings.

However, if one wishes to include vertex operator insertions in order to compute scattering
amplitudes which encodes stringy interactions, one writes

1 n
n = Dy, DXH —SPolyakov [X,g] /dQ : Vi),
A Vol(Diff x Weyl) / Jab E € 11 i v/ 9(0i) Vi(o:)

A

)/DgabDXM e_SPOIyakOV[X,g].
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After gauge fixing, this formal expression reduces to an integral over the moduli space of
punctured Riemann surfaces. One begins by decomposing this in topologically distinct sub-
sectors distinguished by the genus g. At genus g, the n point scattering amplitude of closed
bosonic strings then takes the form

A n= 9529—24-71/ dﬂ ,n< ‘/z> 7
g M g E g

where M, ,, denotes the moduli space of genus g Riemann surfaces with n marked points,
dtg5 is the appropriate measure including ghost contributions, and (- - - ), denotes the world-
sheet correlation function evaluated on a genus-g surface. The factor

g,n

2g—24n
9s

arises from the dilaton coupling to the worldsheet Euler characteristic and from the nor-
malization of external insertions. Summing over genera then produces the full perturbative

string S-matrix.
o0
An = Z Ag,nv
g=0

For a genusg surface with n punctures, the complex dimension of moduli space is
dim¢ My, =39 — 3 +n, for 2g —2+4+n > 0.
Thus, at tree level for the sphere one has
dime Mo, =n — 3,
while for the torus with n punctures one has
dim¢ My, = n.

These moduli parametrize inequivalent conformal structures that cannot be removed by
diffeomorphisms and Weyl transformations. Equivalently, they are the true geometric pa-
rameters over which the gauge fixed Polyakov path integral must still be integrated and hence
the worldsheet path integral reduces to a finite dimensional integral through symmetries but
naively through different mechanism than is done in path integral localization.

As a standard example, the four point tree level amplitude on the sphere depends on a
single complex modulus. Fixing three insertion points through a residual symmetry group
as

z1 =0, 2z =1, Z3 = 00, Z4 =2,

one obtains an amplitude of the form

Apa ~ g?/cd2z <V1(0,O) Va(1,1) V3(00, 00) Viy(z, 2)>
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For tachyon vertex operators this correlation function evaluates, up to normalization and
momentum-conserving delta functions, to

A0,4 ~ gg/dQZ |Z|—a’s/2—4|1 . Z|—o/t/2—47
C

where the Mandelstam invariants are
S = —(]{51+]€2>2, t= —(k?1+k33)27 u = —<k1—|—]€4)2.

This integral yields the Virasoro Shapiro amplitude, whose analytic structure exhibits the
infinite tower of intermediate string states. The poles of the resulting Gamma functions occur
precisely at the masses of string excitations, demonstrating that a single smooth worldsheet
amplitude unifies what would appear in field theory as infinitely many exchange diagrams.

At higher genus, the same essential structure persists, but now the integration extends
over the full moduli space M, ,. In the gauge fixed Polyakov formulation, the ghost system
provides the measure on moduli space through insertions of the b ghost paired with Beltrami
differentials. Schematically, one writes

39—3+n 39—3+n - n
g~ ] dmedme ( T[ (.p) G [LVE).
a=1 a=1 =1

where m® are local complex coordinates on M, ,,, and p, are the associated Beltrami differ-
entials. This expression makes explicit that the moduli are the remaining gauge inequivalent
degrees of freedom of the worldsheet metric after quotienting by diffeomorphisms and Weyl
rescalings. In this sense, string scattering amplitudes are integrals over the geometry of
punctured Riemann surfaces, and the structure of perturbative string theory is inseparable
from the geometry of moduli space itself. Importantly, we mention that ensuring that these
expressions encounter no practical pathologies or singularities will be precisely one of the
obstacles that we will encounter in constructing the nonequilibrium string.

In the setting where the background fields G, B,,, and ® are turned on, they are
constrained by quantum Weyl invariance of the sigma model. At leading order in o/, the
corresponding beta functions can computed via standard renormalization group flow methods
to be

1
¢ = o (RW = Hupr B + QVMVVCI)) + O(a?), (1.129)
1
D= (_iva’“‘” + VPP H,,W) + O(a'?), (1.130)
D —2 1
B® = 5 0 + o (4(v<1>)2 —4V?® — R+ EH2> +0(a?), (1.131)

where
H,,,=0.,B,,+ 0,B,, + 0,B,,. (1.132)
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The conformal invariance conditions

a _ B _ > _
=0, =0, ¥ =0 (1.133)
are then interpreted as the target space equations of motion for the background fields. It is
incredibly interesting to note here that the beta equation for the metric tensor is precisely
the Einstein field equations that describes gravitation but sourced by the antisymmetric B
field and the dilaton ®

1
R,LLI/ - éguuR = T,uua (1134)
with ) | ]
T = Hup HE = 29,9,@ = g, (ZHWHQ‘” - 2v2<1>) . (1.135)

This is the correct point of departure for discussing nonequilibrium string theory. In equi-
librium perturbative string theory, one typically studies strings in static or stationary back-
grounds for which the worldsheet theory is a conformal field theory. The nonequilibrium
problem begins once these background fields become genuinely time dependent and break
time translation invariance,

G =G (X" X), B, = B, (X X), P = (X% X), (1.136)

where we have singled out the timelike component X°. Now the couplings of the worldsheet
sigma model themselves depend on the target space time coordinate. In general, we can
expect there to be no global timelike Killing vector, no preferred notion of positive frequency,
and no canonical asymptotic vacuum with respect to which one may define an ordinary S
matrix. The worldsheet theory ceases to be a simple static conformal field theory and instead
becomes a genuinely time dependent two dimensional quantum field theory. This is the basic
origin of the difficulty of nonequilibrium string theory.

At a formal level, one expects that a real time treatment of such backgrounds should
require an ”in in” rather than an ”in out” formalism as suggested by the Schwinger Keldysh
formalism

Zsk|Jy, J-] = (1.137)
- / DX, DX_Dh, Dh_ polX,, X exp {iSus[Xs, hy] — iSus X, ]}

Here, we would naively expect that the worldsheet path integral would obtain a doubling of
not just the target space embedding coordinates into X, and X_ but the worldsheet metric
tensors would also double into a pair Ay and h_.

However, unlike in ordinary quantum field theory, such a formulation is far from straight-
forward because the string path integral also involves dealing with the worldsheet diffeomor-
phisms and Weyl symmetry, their associated ghost systems, and boundary terms arising from
the turnaround point of the Schwinger Keldysh contour. Consequently, while the flat space
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Polyakov action is one of the cleanest and most beautiful starting points in all of theoretical
physics, extending it to genuinely nonequilibrium settings remains one of the central open
structural problems in string theory.

In order to begin probing the nonequilibrium string, we can leverage the large N limit of
random matrix models where, the large N limit organizes perturbation theory in a way that
is naturally interpreted as a sum over discretized two dimensional geometries. Consider, for
example, a Hermitian N x N matrix integral with action of the schematic form

7 = /dMexp[—N TrV(M)],

where V' is a polynomial potential. When one expands this partition function perturbatively
around the Gaussian theory, each interaction vertex contributes a factor of N, each propaga-
tor contracts a pair of matrix indices, and each closed index loop contributes an additional
factor of N. Using the double line notation of 't Hooft, every Feynman diagram becomes
a ribbon graph, and such ribbon graphs are in 1:1 correspondence with triangulated two
dimensional surfaces. If a given graph has V vertices, E edges, and F' faces, then its overall
scaling is
NV-E+F _ NX,

where y is the Euler characteristic of the associated surface. Writing y = 2 — 2¢g for a closed
orientable surface of genus g, one finds that the perturbative expansion is weighted as

Z ~ i N>%Z7,.

g=0

This is precisely the same topological organization that appears in closed string perturbation
theory, where each genus g worldsheet contributes with a factor of g2972, so that one identifies
the string coupling as g, ~ N~1. The planar sector, corresponding to g = 0, dominates as
N — oo, while higher genus corrections are suppressed by powers of 1/N?, exactly as higher
loop string amplitudes are suppressed by powers of the string coupling. The lesson here
being that the large N expansion of random matrix models yields qualitative hints about
the dynamics of a corresponding string theory.

If, however, one places the matrix degrees of freedom on a Schwinger Keldysh time
contour, then each propagator and vertex acquires an additional contour label indicating
whether it lies on the forward branch, the backward branch, or at the turn around segment
where the contour closes. Repeating the same large N ribbon graph analysis therefore no
longer produces a single undifferentiated closed worldsheet, but instead yields a worldsheet
endowed with a natural real time decomposition [25, 55, 54],

Yy=YtTuX'ux.

where Y7 corresponds to the part of the worldsheet on the forward branch of the time
contour, X~ corresponds to the backward part of the time contour, and the ”"wedge region”



CHAPTER 1. QUANTUM FIELD THEORY IN AND OUT OF EQUILIBRIUM 37

Y is the portion of the worldsheet that connects them, and corresponds to the turn around
late time where the forward and backward branch of the time contour meet. Surprisingly,
the wedge region is itself a topologically two dimensional region with arbitrarily complicated
topology and its own genus expansion. Geometrically, however, it is expected to be highly
anisotropic on the worldsheet, in such a way that the worldsheet develops a nonrelativistic
foliation structure where the leaves of foliation connect points on the boundary with the
¥ region to a point on the boundary with the X~ region. The immediate question one
might ask is: “How can this wedge region be explicitly constructed in a manner suitable for
worldsheet calculations?”

To make progress in this direction, it is necessary to provide a prescription for addressing
the fact that string perturbation theory would need to be defined on analytically continued
worldsheets, which are permitted to evolve both forward and backward in time. It is well
known that dealing with a covariant and strictly Lorentzian string perturbation theory can
lead to uncontrollable singularities upon integrating over all worldsheet geometries and hence
it was argued in [59], that one can minimally modify the string perturbation theory by allow-
ing the worldsheets to be generically described by a Riemann surface and only analytically
continued into Lorentzian signature when the Riemann surface develops a nodal singularity;,
in other words, as we approach the boundary of the moduli space of punctured Riemann
surfaces. The physical nature of these singularities depends on the type of degeneration, but
the singularity of interest here arises from a non-separating degeneration. This node can
be conformally mapped to an infinitely long tube, which is interpreted as a free Lorentzian
string going on-shell.

The real issue then becomes how to connect the two Lorentzian worldsheets with op-
positely oriented analytic continuations. From the arguments presented above, we know
that the worldsheet must degenerate in the wedge region, and this degeneration suggests
that we are working near the boundary of the moduli space of Riemann surfaces. A use-
ful language for describing such boundary regions is provided by tropical geometry. Very
schematically, as a family of punctured Riemann surfaces degenerates, thin necks and long
tubes develop on the worldsheet, and in the limiting regime these are replaced by edges of
a combinatorial graph whose lengths record the degeneration parameters. In this way, the
boundary strata of moduli space are described by metric graphs, or tropical curves, which
capture how the smooth complex surface breaks apart into simpler components joined at
nodes. Consequently, one is led to the conclusion that in order to construct the wedge re-
gion, one must investigate the behavior of analytically continued tropicalized worldsheets.
In the next chapter, we will go in the deep technical details behind the construction of these
tropicalized worldsheets in the simplified scenario of a topological sigma model where we
can leverage path integral localization methods. These tropical topological sigma models are
coined tropological sigma models.
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Chapter 2

Tropological Sigma Models

2.1 Introduction

These analytically continued tropical worldsheets were constructed in [60] and were shown to
have a non relativistic worldsheet foliation structure as suggested by the large N arguments.
They are known as tropical topological sigma models or tropological sigma models for short.

The work presented in this paper is at least partially motivated by a remarkable result
of Mikhalkin, established twenty years ago [61]: Certain Gromov-Witten invariants of pseu-
doholomorphic maps [62, 63] can be computed by first going to the tropical limit [64, 65,
66, 67] of the maps involved, effectively reducing the problem to counting certain types of
piecewise-linear maps between tropicalized manifolds. The original proofs of this perhaps
surprising and potentially computationally powerful result were rooted in abstract math-
ematical arguments. Since Gromov-Witten invariants emerged from quantum field theory
(more precisely, a topological sigma model [63] coupled to worldsheet topological gravity
(68, 69]), we would like to understand this relation between the counting of complex and
tropical maps directly in physics terms, from the first principles of quantum field theory,
and in particular to find its direct path-integral realization. In the process, we are hoping
to learn new things about topological strings, worldsheet quantum field theories, and more
generally about the path integral method extended to the tropical regime.

Over the past twenty years (or much longer, since there were many significant precursors
of tropical mathematics long before the name “tropical” was coined), tropical geometry
has developed into a thriving field, connected to surprisingly many areas of mathematics,
physics, computer science, and more (see [64, 65, 66, 67, 70] for an introduction to tropical
geometry and its applications). Much like real and complex geometry deal with geometric
objects defined over the field of real or complex numbers R and C, the natural objects of
tropical geometry are defined over a certain semifield T, known as the “tropical semifield”:
Roughly speaking, the field operation of multiplication has been replaced in T by addition,
and the field operation of addition has been replaced by maximization. For example, given
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a polynomial in real variable x with real coefficients,
p(z) = ey’ 4 agx® 4 .. 4 apatn, (2.1)

with k1 < ... < k, a sequence of positive integers, its tropicalized version would be given in
terms of standard mathematical operations by

Dirop () = max {ay + k1z, a2 + kox, ..., a, + kpx} . (2.2)

Hence, a nonlinear structure in traditional mathematics has turned into a piece-wise linear
structure in tropical mathematics. Moreover, the coefficients of the linear terms in x are
integers. Such a radical departure from more traditional geometry over fields has profound
consequences: Objects of tropical geometry are typically locally modeled by piece-wise linear
polyhedra, and tropical maps between two such geometries respect this structure, including
the integrality of the coefficients of the linear terms. Calculations in the tropical setting
therefore take on a very different nature compared to those in more traditional areas of
geometry, often taking on a purely combinatorial form. They bring in new and unexpected
connections to other areas of mathematics and computer science, such as combinatorial poly-
hedral geometry, dynamical programming, and optimization algorithms. If one can rewrite
traditional problems of enumerative geometry into their equivalent tropical form, one might
gain a computational and conceptual advantage, and solve problems that would otherwise
be inaccessible by more traditional methods. We would like to take this remarkable relation
between classical geometry and tropical geometry and look for its direct manifestations in
quantum field theory, with the hope that such a direct reformulation in the physics language
can teach us new and perhaps unexpected facts about path integrals and quantization.

In their original quantum field theory formulation, the standard Gromov-Witten invari-
ants first appeared in topological string theory, as certain correlation functions of gauge-
invariant observables in a theory whose fields are maps from the worldsheet ¥ to the target
space M (and referred to as the “topological sigma model” for short)! coupled to topological
gravity. Such quantum theories with topological symmetries can be given a very natural
path-integral representation, using the methods of BRST quantization. Since the maps that
the path integrals of this theory localize to are (pseudo)holomorphic maps

% M, (2.3)

the worldsheet must be equipped with a dynamical complex structure — or, equivalently, a
conformal class of dynamical metrics — and the target space must carry an almost complex
structure, which may or may not be integrable. The underlying worldsheet quantum theory
is then an example of a relativistic topological theory of the cohomological type [72], and

'More precisely, they correspond to the observables in the topological sigma model known as the A-
model. Throughout this paper, we focus entirely on the tropicalization of the A-model, leaving the analogous
consideration of the B-model (see [71] for a review) outside of our scope.
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the Gromov-Witten invariants appear among the gauge-invariant (or BRST invariant) ob-
servables of this topological theory. How do we formulate the analog of this topological field
theory framework, when the pseudoholomorphic maps are replaced by tropical maps?

This question has many ramifications: Do the topological worldsheet theories that de-
fine the Gromov-Witten invariants have a tropical analog which would be accessible to the
traditional methods of quantum field theory? Is there a tropical analog of the path integral
formulation of such field theories? Do the techniques of the BRST quantization of gauge
theories naturally extend to the tropical case? These questions need to be answered before
one can offer a purely path-integral-based proof of Mikhalkin’s results.

We will see that constructive answers to these questions will take us outside of the limits
of traditional worldsheet theories with relativistic invariance. The worldsheets will no longer
carry complex structures, nor will they be equipped with nondegenerate metrics. Yet, the
resulting theories are consistent, and correlation functions of their physical observables are
calculable. The worldsheet theories that we will encounter turn out to belong to the class
of theories with Lifshitz-like behavior [73, 74|, sensitive to a worldsheet foliation structure.
(Clearly, explorations of any such extension of string theory beyond its traditional scope could
be valuable even outside the realm of topological theories.

In fact, our second motivation for the present work originates from questions about string
theory in the broader context, beyond topological, with propagating degrees of freedom.
Historically, the formulation of fundamental string theory was deeply rooted in the theory of
the S-matrix in Minkowski spacetime, and therefore attached to the implicit assumption of
the existence of a stable, static, eternal vacuum. In order to study non-equilibrium systems
using string theory, it would be highly desirable to relax this assumption, and formulate the
string-theory analog of the Schwinger Keldysh formalism, which is suitable for the study
of systems far from equilibrium. This formalism is based on a doubled time contour, in
which the system is first evolved from the remote past into the far future, and then to the
past again. But what would string perturbation theory look like, when extended far from
equilibrium? This question was addressed using the techniques of large-N dualities [54, 25,
55], leading to a perhaps surprising prediction: The genus expansion of string perturbation
theory, familiar from the study of equilibrium states, should undergo a refinement, whereby
the string worldsheets ¥ contributing to the such should decompose into three parts: One,
YT, at least roughly corresponds to the evolution forward in time, another — ¥~ — corresponds
to the evolution backwards in time, and finally the “wedge region” X" connecting X1 to X,
corresponds to the time in the far future where the two branches of the Schwinger Keldysh
time contour meet. It is this wedge region 3" whose hypothetical worldsheet description
remains quite enigmatic. The large-N arguments have shown that X" does not represent
simple Cutkosky-like cuts of the worldsheets, but it has its own topological expansion, with
higher-genus X" contributing to string perturbation theory. Thus, X" is at least topologically
two-dimensional, exhibiting the full topological complexity of two-dimensional surfaces. On
the other hand, the structure of the ribbon diagrams in the large- N analysis indicates that
the geometry of X" is highly anisotropic [25]: The worldsheet distances in the directions
connecting the boundaries with X% to the boundaries with X~ are effectively scaled to zero
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(when the distances in the transverse worldsheet direction are held fixed). As we will see
below, very similar anisotropic features in the worldsheet path integral will emerge in the
study of tropical topological theories, as well as for their non-topological cousins.

In this paper, and its sequel [75], we will construct — at least in the controlled setting of
a topological theory — an example of a string theory which does not require the existence of
a nondegenerate metric or a complex structure on the worldsheet. We will see how such a
construction naturally emerges when we try to make sense of path integrals for topological
theories of tropical maps.? We will formulate and study the topological quantum field theories
describing the matter sector, defined on a surface ¥, whose path integrals localize to the
solutions of the appropriately defined tropical limit of pseudoholomorphic maps from ¥ to
a target space M. For the lack of a better term, we refer to such tropical topological sigma
models as tropological sigma models.®> Throughout this paper, we will treat the appropriate
version of worldsheet gravity as a fixed, nondynamical background. The construction of the
appropriate worldsheet tropicalized topological quantum gravity that our tropological sigma
models can naturally couple to will be presented in the sequel paper [75]. In the final parts
of this paper, we will apply the lessons learned from the topological sigma-model case in a
broader context, and explore some aspects of this type of theories without the restriction
that the worldsheet theory be topological.

The present paper is organized as follows. In the rest of §1, we provide a lightning
overview of some central features of tropical geometry, focusing on those directly relevant
for this paper. Then we discuss some of the first obstacles and potential pitfalls that we are
facing in an attempt to give a path-integral representation to a tropicalized sigma model,
and propose our candidate for the tropical version of the localization equations. In §2, we
study the worldsheet and target-space geometric structures associated with these tropicalized
localization equations, clarifying their symmetries and highlighting the differences from the
standard relativistic case. In §3 we construct the tropical version of the topological sigma
model, using the traditional method of BRST quantization in the path integral formulation.
We specifically address some of the novelties compared to the relativistic case, in particular
in the structure of antighost and auxiliary BRST multiplets, and explain how to deal with
a residual gauge symmetry that did not appear in the relativistic case. In §4, we consider
the example with the tropicalized CP! as the target space, solve for all its topological
correlation functions of point-like observables at any genus, and confirm that the results

2There are other known examples of string theories whose worldsheet path integral description involves
more exotic mathematics compared to the conventional critical (super)strings; perhaps most notably, the
cases of p-adic strings and non-Archimedean strings have been studied in considerable detail [76, 77, 78, 79,
80].

3To the uninitiated, the word “tropological” may appear to be a random amalgam of the words “tropical”
and “topological”. However, a closer inspection reveals that the word tropological has an esteemed history
going back almost two thousand years, having referred to “the use of a Scriptural text so as to give it a
moral interpretation or significance apart from its direct meaning” [81] (see also [82]). Coincidentally, this
word has already been used in mathematical physics recently, in a different context for the tropical version
of topological theory constructions, in [83]; and it also appeared previously in [84]. (We thank Yoav Len for
bringing Ref. [84] to our attention.)
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match the correlation functions of the relativistic CP! topological A-model. In §5 we depart
from the limitations of topological theories, and study the simplest bosonic sector of the
tropical sigma models as a theory with propagating degrees of freedom. We focus on the
question of a proper analytic continuation of the theory to real worldsheet time. In §6 we
conclude with some remarks about possible generalizations.

Tropical mathematics and Gromov-Witten invariants

For two real numbers, a,b € R, define a one-parameter family of two operations, labeled by
h > 0: the product ®; and the addition &y, by

efl@hb/h 6a/h . 6b/h7

ea@hb/ﬁ _ ea/h_i_eb/h'

For h real and positive, these operations equip the real numbers with the structure of a field
R, which is canonically isomorphic to the field R. However, as A — 0 (and denoting ®q and
@ simply by ® and @), the rules contract to

_ . (a+b)/h _
a®b lim filog {e }=a+b, (2.6)

a, if a > b;

b ifb>a. (2.7)

: a/h | b/h

adb = ;gr(l)hlog{e My e }— {
Since @ is now idempotent, R; itself contracts to the tropical semifield, R;—q = T, with
a®b=a+band a®b = max(a,b). (More accurately, T = R U {—oc}, with the role of
tropical unity played by 0, and the role of tropical zero played by —oc.) This procedure has
been known as the Maslov (or sometimes Litvinov-Maslov) dequantization [67, 70, 85, 64].

With this tool at hand, tropicalizations of complex manifolds can be generated, roughly
speaking, as follows. Consider a complex manifold M, of complex dimension n. Choose
a suitable system of complex coordinates Z! on M, with I = 1,...,n. Then take the
absolute values |Z!|, and apply the i — 0 tropicalization to each of these absolute values
individually. This yields a piece-wise linear object M,op, locally in generic points of M, of
real dimension n. Such objects are naturally parametrized by tropical coordinates, consisting
of XI ~log|Z!| for I =1,...,nin the h — 0 limit (and with the phases of all Z forgotten).
The tropical coordinates X’ then satisfy the tropical algebraic rules in T. This procedure
works particularly nicely for simplest and most symmetric complex manifolds which are
essentially covered by one privileged coordinate system. CP™ would be an example, leading
to tropical projective spaces T P", which carries the linear structure of a real n-dimensional

polygon.
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Reminder: Origins of tropical geometry in superstring theory and
M-theory

Historically, one of the stronger streams that contributed to the formation of the field of
tropical geometry came from string theory and M-theory. Tropicalizations of complex curves
have naturally emerged in several different corners, mostly in the context of considering
dualities of various extended BPS objects. In this § 2.1, we remind the reader briefly of
some of the historical context, as an additional motivation for our own treatment of the
tropicalization of topological sigma models below. Although this historical string-theory
perspective reviewed in § 2.1 will provide heuristic insights that we will find useful for our
further approach, it is not strictly necessary for the rest of this paper, and the reader not
interested in the superstring/M-theory context can skip this section.

One of the first instances where it was understood how piece-wise linear supersymmetric
BPS configurations of various branes ending on other branes can be lifted to a smooth
holomorphic brane in M-theory was the case of Type ITA D4-branes ending on infinite NS5-
branes (and possibly also with D6-branes present) [86]. Consider Type IIA superstring
theory on the flat Minkowski spacetime R, with coordinates X©,... X?, first at very weak
string coupling. We will place parallel NS5-branes at X7 = X® = X? = (0 and at various
fixed values of X% The worldvolume of the NS5-branes is thus parametrized by coordinates
X0 Xt ..., X° We connect the NS5-branes by D4-branes which are at some fixed values
of X* and X°, stretching along X° between two NS5-branes. The D4-brane worldvolume
is thus parametrized by X°, ..., X3 and X°, with X°® a compact interval. This piece-wise
linear network is a 1/4 BPS state in Type IIA superstring theory.

A useful vantage point can be gained by lifting this configuration of intersecting D4-branes
and NS5-branes to strong coupling, described by M-theory on R x S*. The radius R of the
extra dimension of M-theory plays the role of the Type ITA string coupling. We will denote by
X 19 the coordinate on this M-theory S!. In this picture, D4-branes and NS5-branes have the
common origin, a single smooth M-theory Mb-brane; depending on whether the M5-brane
wraps the St or not, it gives rise to the D4-brane or the NS5-brane at weak string coupling.
Such an M5-brane can again be viewed as located at X7 = X® = X% = 0. Its worldvolume
will again be parametrized by X° ..., X°. For such an M5-brane, the condition of 1/4 BPS
supersymmetry simply requires that the worldvolume should be embedded into X + i X0
holomorphically, with the corresponding boundary conditions at infinity. In particular, the
configuration corresponding to the M-theory lift of our D4- NS5-system is described by the
holomorphic map

XO+iX" =R log(U — a;) = R _log(U — by); (2.8)
in terms of the complex coordinate
U=X*"+ix° (2.9)

parametrizing in the directions transverse to the D4-branes. (The first sum is over all the
D4-branes that end on the NS5-brane from the left, and the second sum over those D4-branes
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that end on the NS5-brane from the right; a; and b; are the locations of the D4-branes inside
the NS5; see [86] for details). In the limit of R — 0, which corresponds to the weak string
coupling, this smooth single holomorphic curve degenerates into the network of piece-wise
linear flat branes that we started with in the Type ITA theory. Mathematically, this relation
is very reminiscent of tropicalization; indeed, the relation between U and X6 + i X' that
follows from (2.8) can be characterized as

Xﬁ 'X10
L} : (2.10)

Uwexp{ 7

and we see the limit of zero radius R — 0 of the M-theory circle corresponds to the Litvinov-
Maslov dequantization limit. The role of the Litvinov-Maslov A is thus played by the Type
ITA string coupling, the tropical limit corresponding to the limit of zero string coupling.

Yet another prime example of tropicalization emerging from string and M-theory is given
by BPS objects in Type IIB superstring theory in R!°. There are two antisymmetric 2-
form gauge fields B and B® in the spacetime supergravity description of this system.
Consequently, this theory contains half-BPS strings, labeled by two co-prime integers (p, q)
and referred to as (p,q)-strings. p and ¢ are the charges under the two B-fields. At weak
coupling, one can interpret say the (1,0)-string as the fundamental string, and the (0, 1)-
string as the corresponding D-string.

Naively, one expects that the fundamental string is allowed to end on a stretched D-
string; however, the rules for joining strings in this case turn out to be more sophisticated
(87, 88, 89, 90, 91], as they require that when a string juncture is formed, the total p and ¢
charges must be separately conserved,

> opi=0, Y a=0, (2.11)

at each junction. Thus, a (1,0)-string can join a (0,1)-string, but the third leg in this junction
must be a (1,1)-string, with the appropriate orientation. For the configuration to be 1/4 BPS
supersymmetric, the strings must lie in a two-plane, and their directions in the plane are
correlated with their (p, q) charges. Thus, not only must the charges be conserved at the
junction, the strings must also come in under specific fixed angles. This procedure can
be iterated, with many individual junctions conforming to the same rules, and leading to
BPS objects known as string networks. The geometry of this network consists of piecewise-
linear segments connected at vertices subjected to the charge and angle conservation rules.
As it turns out, the resulting geometric object is mathematically just a tropical curve in
the tropicalized CP? (which itself is essentially the two-dimensional flat plane, modulo the
compactification locus).

The lift of this Type IIB string network configuration to M-theory is again very illu-
minating [92]: All the different (p,q) strings originate from a single object, the M-theory
M2-brane. Type IIB superstring theory on R is dual to M-theory compactified on a two-
torus T2. The complex structure of the 72 determines the complexified Type IIB coupling
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constant; and we denote this modulus by
T =T +iTs. (2.12)
Our coordinates X? and X'° on the T2 will satisfy the periodicity conditions
(X7, X)) ~ (X 4+ 27R, X10) ~ (X? + 27 R7y, X'° + 27 R7y), (2.13)

with R indicating the overall size of the T?. It is this radius that will be taken to zero to
recover the Type IIB superstring limit. The Type IIB S-duality symmetry group SL(2,Z)
acts naturally on this modulus by modular transformations, giving a geometric explanation
of S-duality via M-theory.

In this picture, the various (p, ¢)-strings simply correspond to the unique M2-brane wrap-
ping various corresponding (p, q) cycles inside the T%. On the M-theory side of this duality,
the M2-branes which preserve the same degree of supersymmetry as the Type IIB string
networks if their worldvolume is again embedded into the spacetime holomorphically. Take
the (p, q)-string network to lie in the X', X2 plane. It is then useful to pair up these two
coordinates with the two compact coordinates on the 72 and use the complex coordinates

7' =X'"+iX?, 7= X?+iX". (2.14)

Further changing the variables to

A 1 72
U — _ V = - 2.15
eXp{R TQR}’ eXp{TQR}’ (2.15)

one finds that the condition for the M2-brane to satisfy the same 1/4 BPS condition as
the Type IIB (p, q)-string network simply reduces to the single condition of a vanishing
holomorphic function

f(U, V) =0, (2.16)

defining a smooth holomorphic embedding of the M2-brane into the compactified spacetime
of M-theory, with boundary conditions at infinity set by the choice of the (p, ¢)-strings in
the corresponding Type IIB network. Importantly, the Type IIB superstring limit results
from taking R — 0 in (2.15), again essentially reproducing the steps of the Litvinov-Maslov
dequantization. This connection between the string networks and tropicalization was later
highlighted again in [93].

In the limit of the small radius of the M-theory circle, the holomorphic surface ¥ projects
onto an amoeba [94] in the Type IIB dimensions, which in the strict zero-radius limit becomes
the piece-wise linear tropical curve describing the geometry of the string network. Thus, the
limit of small radius is equivalent to the Litvinov-Maslov dequantization, the role of A is
being played by the radius of the M-theory compactification torus.

In the descent from M-theory to Type IIB theory, the size of the T2 shrinks to zero;
however, one of the main lessons from string/M-theory dualities has been that it is very



CHAPTER 2. TROPOLOGICAL SIGMA MODELS 46

beneficial to keep the shape of the T? (or the M-theory S in our Type IIA example above)
as a part of the spacetime geometry, instead of dropping it altogether. In the case of Type
IIB string theory, such an extended formalism is known as F-theory [95], and it has lead
to many original insights. We will keep these string-theory lessons in mind, when we ask
how we should treat the tropicalized manifolds in our proposed path integral for tropical
topological sigma models.

Tropical topological sigma models: Search for the localization
equation

In order to specify a topological field theory of the cohomological type [72], we need three
basic ingredients: A choice of the primary quantum fields, a list of symmetries that act on
them (which will typically include some class of topological deformations of the fields), and
the equations that we can use to gauge-fix the underlying symmetries. The path integral for
the theory is then constructed using the methods of BRST quantization, which adds to the
list of our primary fields the corresponding ghosts, antighosts and auxiliaries. The action is
designed to be BRST exact modulo possible topological invariants, and the BRST symmetry
can be used to show that the path integral localizes to the moduli space of the solutions of
those chosen equations.

In our tropical case, none of the three choices that we need to make to specify our path
integral are quite obvious. First, let us consider the choice of fields in the path integral.
Should our fields be maps from the worldsheet to the tropicalized manifold? And, more
importantly, should the two-dimensional worldsheet on which these quantum fields live be
replaced by its real-one-dimensional tropical limit? With such tropical maps as fundamental
integration variables, the hypothetical path integral would then likely have to be interpreted
as a tropical integral. While we are agnostic as to whether such notions of tropicalized
quantum field theory and tropical path integrals can be made sense of, in this paper we will
choose a more traditional way, and will find a conventional path-integral definition of the
tropical topological sigma models in which the fundamental fields are still the same maps

®:% > M (2.17)

from a two-dimensional worldsheet > to a 2n dimensional target space manifold M. We
interpret the tropicalization of M not as a reduction to a real n dimensional tropical variety
Mi1op, as would be common in the mathematical literature on tropical geometry; instead, we
keep the same topology of the original complex n dimensional manifold M as a differentiable
manifold of real dimension 2n. The tropical limit will then come from taking a singular limit
of various geometric structures on M.

We use local real coordinates Y? on M, i =1,...,2n. A suitable choice for Y* would be,
for example, the real and imaginary parts of the n complex coordinates on M,

78 =l + iy, I=1,...,n, (2.18)
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Figure 2.1: The tropicalization of the complex projective space CP'. (a): The original
complex manifold CP!. The standard coordinate Z € C covers the CP! except at the point
at infinity, and the coordinate W = 1/Z covers all CP! except the point at Z = 0. (b): The
standard tropicalization TP', with two coordinate systems indicated: X € T and X’ € T.
The X coordinate system covers the entire TP! except the point at X’ = —oo, while the
X' coordinate system covers TP! except the point at X = —oo. They overlap along their
open subset R, and on this overlap the transition function must be a linear function with
integer coefficients, in this case X’ = —X. (c¢): The representation of TP' that we find
suitable for our construction of the topological sigma model with TP! as the target space.
The underlying differential topology is the same as in CP!, while the anisotropy between X
and the angular dimension parametrized by © results from the deformation of the geometric
structures on this manifold.

setting

i x! fori =21 —1,
Y= { y!, for ¢+ = 21. (2.19)
On the worldsheet, we will use general real coordinates denoted by o¢, with a = 1,2. Using
this local parametrization, the map ® is then represented by specifying Y as functions of
the worldsheet coordinates, Y?(c®). These will be our quantum fields on X.
Next, we must address the symmetries. We will allow the theory to be gauge invari-
ant under the standard topological deformations of ®. In our local coordinates, these are
represented by arbitrary gauge transformation functions f(¢#), acting simply via

§Y' (o) = f'(o%). (2.20)

Our goal is to gauge-fix this topological symmetry by choosing the appropriate localization
equations as gauge-fixing conditions, and applying the standard BRST formalism.

In many topological theories (such as Yang-Mills or gravity), there is also a secondary
gauge symmetry, which then requires the introduction of ghost-for-ghosts in the BRST for-
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malism. This secondary gauge symmetry does not occur in the standard relativistic topo-
logical sigma models, and as we will see below, no such symmetries will be required in our
tropical case either.

Finally, the central subtle point is the choice of the localization equations themselves.
Consider maps from a worldsheet ¥ to a target space M, first in the well-studied case of a
relativistic topological sigma model, with M which we will assume to be a complex manifold.
In this paper, we focus on the tropical version of the relativistic A-model. In this case, the
worldsheet carries a complex structure, and it is convenient use local complex coordinates
2,z on ¥, and n complex coordinates Z!, Z1 on M. (A convenient choice for the 2n real
coordinates Y used above would then be the real and imaginary parts of Z7.)

Localization equation in topological sigma models: Holomorphic maps, i.e., locally sat-
isfying the Cauchy-Riemann equations

0:7" = 0. (2.21)

In traditional algebraic geometry over the complex numbers C, one can get many examples
of holomorphic maps into suitable target spaces by satisfying polynomial equations, i.e.,
identifying the zero loci of polynomials over C (or over some other field F) in some ambient
space (such as the projective space CP™). In contrast, tropical curves are not easily defined
as “tropical zeros” of tropical polynomials over the tropical semifield: Indeed, in our example
of a tropical polynomial in (2.2), we see by inspection that setting it equal to the tropical
zero (whose role is played by —oo)

Phrop(T) = —00 (2.22)

does not have any meaningful solutions. Instead, tropical geometers use piop(x) to define
the corresponding tropical variety in a rather more indirect (and somewhat cumbersome)
way: It is the subspace consisting of all points where the polynomial is nondifferentiable; or
alternatively, all points where the value of the polynomial is achieved by at least two distinct
linear terms appearing under the maximization operation.

If we wish to apply the algorithmic construction of a cohomological field theory, it would
seem absolutely vital to be able to define tropical curves as objects that satisfy a certain
equation. The apparent deficiency of the tropical semifield T to allow a definition of tropical
varieties in terms of solutions of an associated tropical equation was particularly stressed by
Oleg Viro [85, 70], who suggested an intriguing resolution: The tropical semifield T (and its
cousins in similar tropical constructions) should be replaced by an object that satisfies all the
standard axioms of the field, except the operations in this field are sometimes multivalued.
Such generalized fields are known in the literature as “hyperfields”.

Let us refine the discussion by considering the complex case of the appropriate hyperfield,
as introduced and studied in [85, 70]. Following Viro, we define the following subtropical
deformation of the field of the complex numbers. First, introduce a map from C to C,

z

|Z|1/ﬁ_7 if z 7£ 0;

Si(z) = { . 2] - (2.23)
I 2z = U.
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Then define
zDcpw = Sh_l (Sﬁ(z) + Sﬁ(UJ)) . (2.24)

(As pointed out by Viro [70], a similar deformation of the complex torus (C\ {0})" was also
originally proposed by Mikhalkin in [61].) If we choose to parametrize the complex numbers
as

z = (2.25)

the S;(z) map takes a particularly intuitive form in the new real variables r, 6:
Sﬁ(er—&-ie) _ er/ﬁ-‘riG. (2.26)

The limit of this operation as i — 0 then defines the complex tropical limit of the addition of
complex numbers, @©¢ . The tropical multiplication ©¢ o will again be the standard addition.

There are two distinct ways how to interpret the 2 — 0 limit of ®¢ . The first one
follows the traditional strategy used in tropical geometry, which in the real case has lead to

the semifield T, and interprets this limit as yielding univalued operation of addition, given
by

21, if |21] > |22];
29, if |22| > |21|;
21 Dco 22 = 21|M7 if 2] = |20] and 21 £ —2: (2.27)
|Zl —|—Zg|
O, lf 21 — —Z3.

These addition rules again become more intuitive if we use the parametrization of complex
numbers (2.25). In particular, the meaning of the third line is as follows: If r; = ry and
01 # 05 + m(mod 27), the result of their addition is a complex number with r» = r; and the
phase # which is at the midpoint between #; and 6, along the shortest arc connecting them
along the circle of constant r. The meaning of the remaining three lines is self-explanatory.

While this single-valued operation has many good properties, it does not satisfy the
axioms required of a field addition; in fact, it is not even associative. This has lead Viro to
the second interpretation of the A — 0 limit, in terms of multivalued operations leading to
a hyperfield. The result of such a multivalued tropical addition of two complex numbers z;
and 2o will now be given by specifying a set of values, as follows:

{z1}, if |21] > [22];
_ ) A=), if |22 > [21];

Ao =9 060 0 [0,0)]},  if 21| = |2 and o — 6, < (2.28)
{z € C,|7| <|al}, if 21 = —2o.

Thus, if two complex numbers have equal magnitude but are not opposites of each other,
their addition is the shorter closed arc segment connecting them along the circle of constant
magnitude; and the addition of z and —z is the entire closed disk of radius |z|. With these
rules, the addition together with the tropical multiplication satisfy the axioms of a hyperfield.
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Over this hyperfield, the defining relations of a tropical variety can take the form of satistying
an equation, analogous to the polynomial equations known in classical complex geometry.

The use of hyperfields may have solved the mathematical problem of finding candidate
equations whose solutions are the tropical curves, but it may have created a much greater dif-
ficulty for our formulation of the path integral: Are we now supposed to define path integrals
for quantum fields that are multivalued, and satisfy multivalued algebraic relations under
addition or multiplication, and invent a hypothetical new discipline of “quantum hyperfield
theory”? Fortunately, the answer turns out to be more prosaic, at least in the present con-
text of the topological sigma models: We will be able to avoid any use of hyperfields (such
as Viro’s hyperfield shown in 2.28) altogether, and will find a path-integral realization of
our theory using the conventional theory of univalued functions, and with the appropriate
localization equations. After this construction is completed, can one still find some signs
of multivalued operations in our path integral? As we will see throughout this paper, the
resulting theory will exhibit a new kind of residual gauge invariance, absent in the standard
relativistic topological sigma models for complex target manifolds. We suspect that the ap-
parent need for the multivalued operations in Viro’s mathematical treatment of this problem
is related to the existence of this gauge symmetry in our physical formulation.

Having been educated by the two sources — F-theory on one hand, and the Mikhalkin-
Viro treatment of the tropicalization of the complex numbers on the other — we will keep the
angular variables while performing the tropicalization of the classical geometric structures,
both on the worldsheet and in the target space. Since we found the tropicalization to be
most intuitive in the parametrization of complex numbers given in (2.25), our starting point
will be to define similar new variables both on ¥ and on M,

XI
z:exp{%—l—i@}, ZI:exp{?—i—i@I}. (2.29)

From now on, we will suppress the index I on Z, since as we mentioned above, the standard
tropicalization of complex manifolds is applied individually on each Z¢, index value by index
value. In fact, we can simply consider this equation as describing a map from the punctured
complex plane z (with z = 0 removed) to the punctured complex plane Z (with Z = 0
removed). In the new variables, the holomorphicity condition becomes

Z

822 -
2z

{&X — 090 + % (0o X + hzar@)} = 0. (2.30)

Since we are not interested in the overall normalization while looking for a suitable
localization equation, we will drop the overall normalization of the left-hand side, and keeping
the leading terms in the i expansion both for the real and for the imaginary part. Thus, we
are led to propose

0,X — 00 = 0, (2.31)
X = 0, (2.32)
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as our tropical localization equations.

This proposed form of the localization equations also suggests the natural use of adapted
coordinates, both in the target space and on the worldsheet. From now on, we will often use
the adapted worldsheet coordinates (r,6), and the adapted target-space coordinates

Vi X1 for i =21 —1,
] ef for i = 21,

instead of the coordinates (2.19) that would have been more suitable for the standard rela-
tivistic case. Since the tropicalization treats each X, © pair independently of all the others,
we will often consider the simplest case of just one such pair, described by the coordinates
X, © which we will often collectively refer to as Y, withi = 1,2, or Y! = X and Y? = ©.

Let us first examine the proposed localization equations, to see if they deliver the desired
solutions. Locally, the general solution of the system (2.31), (2.32) is given by

X(r,0) = Xo(r), (2.34)
O(r,0) = Oy(r)+ 00,Xo(r), (2.35)

where Xo(r) and ©¢(r) are arbitrary (differentiable) functions of their argument. However,
globally, both § and © are periodic with periodicity 2w, which restricts 9, Xo(r) to be an
integer, restricting the global solutions to

X(r,0) = zo+nr, n € 7, (2.36)
O(r,0) = Oy(r)+nb, (2.37)

with Og(r) still an arbitrary function. Recall now that in the standard description of its
local neighborhood, a tropical curve is described by a piece-wise linear map X = xy + nr
whose slope is an integer, n € Z. Thus, the solutions of our localization equations describe
correctly the ingredients from which tropical curves are built, when we simply apply the
forgetful map (X,0) — X to our pair of fields (X,0). Thus, we see that at least locally
in generic coordinate neighborhoods, the proposed equations indeed contain the information
about the local structure of tropical maps. We will return to the matching conditions at
junctions of several local neighborhoods once we establish a covariant formulation of the
localization equations, applicable to more general maps from more general surfaces ¥ to
the tropical limit of the target space M. While the mathematical investigations in tropical
geometry are often described in the language of solely X, we find it useful to keep both
X and O as fundamental fields in our field theory formulation: This will not only allow a
more-or-less conventional path-integral representation of the tropical theory using ordinary
quantum fields, but also lead to various clarifications, such as the origin of the quantization
of n (which in the reduced definition using X needs to be postulated axiomatically, but
which in the (X, ©) language is simply explained as the topological winding number around
0).

Note that there is an apparent hierarchy between the two equations in (2.31), (2.32):
0p X appears at one lower order in the A expansion than 0,X — 0y©. We will encounter
various intriguing consequences of this hierarchy in our investigations below.

(2.33)
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Symmetries of the tropicalized target spaces

Here we make a few additional clarifying remarks about the structure and symmetries of the
target spaces, which will be useful during the rest of this paper.

While many complex manifolds have large continuous Lie groups of symmetries (for
example those constructed as homogeneous spaces, such as CP"), tropical manifolds exhibit
only discrete symmetries [64, 66]. This is related to the fact that if they are constructed
by the tropicalization limit of a complex manifold M, a preferred coordinate system Z! is
chosen on M, and tropicalization is applied to each component of Z/ individually, leading
to a tropical coordinate system with real X! coordinates, which is adapted to the piece-
wise linear and integral structure of the resulting tropical manifold. Transition functions to
another such local tropical coordinate system X’ is then restricted to be piece-wise linear,
with the strictly linear terms having integer coefficients n'”,

X' =n""X7 +d. (2.38)

As a result, those geometric symmetries of tropical manifolds that mix two or more X7’
coordinates can be at most elements of the discrete symmetry group

G C GL(n,Z). (2.39)

This factorization thus provides another, symmetry-based reason why we focus in the bulk
of this paper on just one X, and its associated angle dimension ©. Each such pair enters
the description of the tropical manifold essentially independently of the others, and they are
mixed together only by a subgroup of the discrete symmetry (2.39).

These simple observations will have important consequences in our construction of the
path integral for tropological sigma models and its symmetries. In particular, one can
question whether it is strictly necessary to formulate the theory in a fully covariant form
in the target space, allowing arbitrary coordinate transformations of the Y coordinates, or
restrict only to those that respect the actual geometric symmetries of the tropical target
space. For now, we will attempt a construction which is fully covariant, and return to this
issue as needed below.

Besides reducing rotational symmetries to discrete subgroups, the piece-wise linear struc-
ture of tropical geometry has another important consequence for our construction: The
reader will find that throughout this paper, the worldsheet theories we deal with are mostly
free-field theories, at least when described in local adapted coordinates. In contrast, most in-
teresting relativistic topological sigma models correspond to targets with nonlinear geometric
structures, described by highly nonlinear Lagrangians. This is not an essential simplification
on our part: Rather, this is a feature of the tropical universe, in which nonlinear geomet-
ric structures of classical geometry have been replaced with the combinatorics of piece-wise
linear structures [64, 65, 66], and are therefore amenable to a description by free quantum

fields.
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2.2 Geometry of the tropical limit of
pseudoholomorphic maps

We wish to be able to write our localization equations (2.31) and (2.32) in a covariant form,
in arbitrary coordinates. In traditional relativistic topological sigma models, the localization
equation is usually written in the covariant form as follows. Consider maps from ¥ to M, at
first viewed as real differential manifolds, with arbitrary real coordinates o® on ¥, and Y on
M. First, one introduces a complex structure £,” on ¥ and an almost complex structure J;?
on M. (In this paper, we denote complex and almost complex structures € and J with a hat,
reserving the symbols € and J for their tropicalized limits that will be introduced below.)
Then one demands R

0. Y + 2,7 T 05Y7 = 0. (2.40)

We would like to rewrite our proposed localization equations in a similarly covariant form.
In order to do so, we must first understand what happens to the complex structures £ and
J in the tropical limit.

Tropicalized complex structures and Jordan structures

Consider first the standard complex structure £,” on a relativistic ¥, which is a section of the
tensor product of the tangent and cotangent bundle, 7% @ T*3. Starting with the complex
coordinate z = u + v on X, € is simply given by
0 0 0
=~ By _
o do®— = du— — dv—. 2.41
doP ov ou (241)

Next, we substitute our tropicalization change of variables (2.29), and express € in terms of

(r,0) coordinates,

0 1.0 0
~ B3 a _ - _
Eo do p hdr—ae hd@—ar. (2.42)

As we perform the tropical contraction, & — 0, in order for the complex structure £,” to
have a finite limit in our favorite coordinates (r,#), we need to multiplicatively renormalize
it by one power of A, holding fixed
0 0
B, _
€o do%—— = dr—. 2.43
doP 00 (243)
Similarly, we perform the tropical contraction of the target-space almost complex structure

J, leading to
Jidyi -2 —ax 2 (2.44)
’ oY 00 '
Note that these renormalized limits of the original complex structure do not themselves
represent almost complex structures; instead, they satisfy

e? =0, J*=0. (2.45)
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As we will see in the rest of this paper, the worldsheets and target spaces in topological
quantum field theories that correctly represent localization to tropical maps will carry such
structures € and J that square to zero (without vanishing, except perhaps at point-like
singularities). Note also that in the natural coordinates r, 8 or X!, ©7, the resulting matrices
representing € and J take their Jordan normal form, with zero eigenvalues; therefore, from
now on, we will refer to such structures € on the worldsheet and J on the target space as
Jordan structures.

Next, we need to write our localization equations covariantly, in terms of € and J. Simply
using (2.40) with the tropicalized ¢ and J will not work: These tensors are now degenerate,
and imposing (2.40) would lead to four independent equations, not two. Instead, we first
rewrite (2.40) in a form which would be equivalent to (2.40) in the relativistic case,

E, =8, 05Y" — Jj0,Y7 = 0. (2.46)

We can now replace the relativistic almost complex structures in the relativistic localization
equation (2.46) with the Jordan structures € and J, proposing the localization equations in
the covariant form

E.) =¢e,03Y" — Jj'0,Y! = 0. (2.47)
We observe that in coordinates (r,0) and (X, ©), these covariant equations reduce to our
desired tropical equations (2.31), (2.32):

EX =0,X, E®°P=00-0X, EX=0,  E°=-0X. (2.48)

Self-duality and Jordan structures

In the relativistic case, the holomorphicity condition (2.21) can be viewed as a self-duality
relation in two dimensions. Note that, similarly, the expression E,’ that we intend to
use to define our localization equation also satisfies a condition that reduces its number of
independent components from four to two. In adapted coordinates, we find

EX =0, E°=-EF, (2.49)

with E£,° unconstrained. These relations are the Jordan-structure analogs of the self-duality
equations. Can they be written in a covariant form? The answer is yes, they are equivalent
to

e’ B = —J'EF. (2.50)

Similarly, as in the relativistic case with the complex structure, one could define an anti-self-
duality condition for generic sections &, of T*X ® &*(TM) by
e85 = JEL . (2.51)

While there are some similarities with the standard notion of self-duality on 3 with a complex
structure, there are also significant differences. For example, while in the case of the com-
plex structure the self-duality and anti-self-duality conditions decompose the corresponding
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tensors into the sum of their self-dual and anti-self-dual parts, in the case of the Jordan
structure such a decomposition does not occur. To understand this phenomenon better, let
us first investigate more carefully the structures induced on a tensor algebra by the existence
of a Jordan structure on a vector space.

Jordan structures on vector spaces

Consider a two-dimensional vector space V, such as the tangent space 7,2 of the two-
dimensional worldsheet surface > at some general point p. We define the Jordan structure
on V as a nonzero element ¢ of V*®V which satisfies, when interpreted as an endomorphism
of V', the condition

2 =0. (2.52)

A choice of a Jordan structure € induces various unique structures on the tensor algebra
associated with V.
It is natural to represent such a Jordan structure in an adapted basis, in which it takes

the following canonical form,
01
B _—
Eof = <O O) . (2.53)

Vectors v € V annihilated by ¢ form a one-dimensional vector subspace, F'V C V. It is
natural to view this subspace as defining a natural filtration structure on V', consisting of
subspaces

FoV=0Cc F'Vc F*v=V. (2.54)

On the dual vector space V*, the Jordan structure also induces a unique filtration. Define
F1V* to consist of all the elements w € V* which annihilate the elements v € F'V,

w(v) =0. (2.55)
This naturally defines a filtration
RV *=0C V' C BV =V", (2.56)

Of course, these filtrations of V' and V* naturally induce the corresponding filtrations of
the full tensor algebra over V. Note that the vector space naturally dual to F'V is not a
subspace of V*; instead, it is the coset space V*/FjV*.

This filtration structure on the tensor algebra is to be contrasted with the standard
Hodge decomposition of the (complexified) tangent space of a ¥ that carries a complex
structure, and the subsequent Dolbeault decomposition of the tensor algebra over such vec-
tor spaces with a non-degenerate complex structure. In our case, ¥ will not be equipped
with a complex structure, and the standard language of Riemann surfaces so familiar from
relativistic (topological) sigma models and string theory would be unnatural. Instead, we
will develop an understanding of the natural structures and symmetries that are induced on
various geometrical features of Y simply by postulating the existence of a Jordan structure.
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Figure 2.2: Examples of worldsheets with Jordan structures. (a): A local open simply-
connected neighborhood with a non-singular foliation (see §2.2 and §2.2). (b): The open
cylinder with the standard non-singular foliation, referred to as “the sleeve” in the body of
this paper (see §2.2). We expect that at the boundaries of the cylinder, the sleeve is connected
to other sleeves via a singular leaf of the foliation. (c,d): Two examples of Jordan structures
with a singular leaf, connecting several sleeves to form pieces of higher-genus geometries of
Y. The singular leaf and therefore the Jordan structure in (c) is more generic than the one
in (d), since the singular leaf in (d) comes from that in (c) by collapsing one of the three
segments of the singular leaf to a point.

Worldsheets with Jordan structures

Our intention is to construct topological sigma models, and later on topological strings,
without having to introduce conventional complex structures (or conventional conformal
structures) on the worldsheet, replacing them with the Jordan structures instead. In order
to prepare for this construction, we need to examine the consequences of the existence of a
Jordan structure on ¥ and its symmetries, at first locally and then globally.

Jordan structures in a local neighborhood on X

Consider an open, simply connected neighborhood U of a generic point p on the world-
sheet, with a non-degenerate Jordan structure defined on U.* The filtration on 7,3 extends
smoothly over U, and defines a distribution (in the sense of vector-space subspaces) of the
tangent bundle to ¥ over U. Since this distribution is one-dimensional, it is automatically
integrable, and therefore induces a natural unique foliation structure of /. The leaves of this
foliation are open intervals. It also makes sense to require that the leaves are compact, given
the fact that our construction originated from the tropical limit of a local complex coordi-

4“Non-degenerate” here means that ¢ is chosen smoothly and is nonzero everywhere in /. When we
later consider compact X of arbitrary genus, we will be naturally led for global topological reasons to allow
Jordan structures over compact worldsheets 3 that require point-like “degenerations” of ¢, i.e., €’s that
exhibit isolated zeros or poles at a finite number of points in . Here we first focus on the non-degenerate
case in simply connected open neighborhood .
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nate system, in which the leaves of the foliation were naturally compact and parametrized
by the periodic coordinate 6. Ultimately, which types of foliation should be allowed globally
is an important dynamical question, which however belongs to the discussion of dynamical
gravity. In this paper, we will simply take the fixed foliation of ¥ as fixed, and given a priori,
without yet making gravity dynamical.

Symmetries of the Jordan structure in a local neighborhood on X

Consider again an open, simply connected neighborhood U of a generic point p on the

worldsheet, with a coordinate system r, # adapted to the preferred foliation induced by the

Jordan structure €. (In this adapted coordinate system, ¢ takes the canonical form (2.53).)
The group of symmetries that preserve the choice of ¢ is given by

P o= ), (2.57)

0 = Oo(r)+00,7(r), (2.58)

with 6y(r) an arbitrary differentiable function of its argument, and the condition 87/0r # 0
separating the group into two disconnected components, labeled by the sign of 9r/dr. Both
connected components of the symmetry group preserve the orientation of >. We will focus
on the Lie algebra generators of the infinitesimal symmetries,

or = f(r), (2.59)
3 = F(r)+60.f(r). (2.60)

Thus, the local symmetries of the Jordan structure are generated by the infinite-dimensional
Lie algebra whose elements are parametrized by two real, arbitrary projectable differen-
tiable functions f(r) and F'(r) on the foliation. The Lie algebra takes the natural form of a
semi-direct sum, with a very clear geometric interpretation: While f(r) generates all diffeo-
morphisms of r, the infinitesimal transformations of # are r-dependent affine transformations
along the leaves of the foliation, with the coefficient of the term linear in € being uniquely
determined by the infinitesimal reparametrization of r and indicating how the infinitesimal
diffeomorphisms of r act on the Abelian subalgebra of the r-dependent translations of 6
generated by F(r).°

Now we are ready to discuss the transformation properties of our proposed localization
equations (2.47). That equation is already in a manifestly covariant form under all worldsheet
diffeomorphisms generated by any £%(c?), if (as we are assuming) ¢, transforms as a tensor
of rank (1,1), and X and © transform as a scalar. As a consequence, the localization
equations will take the same special form (2.31) and (2.32) in all coordinate systems in

5The reader should be warned that such a Lie algebra and its corresponding Lie group are only formally
defined: When the range of r is R, there are many inequivalent definitions that make the group at least
a Fréchet space. They depend on the precise conditions imposed on the allowed functions f(r) on R, see
for example [96]. In this paper, we will not attempt to identify which one of these mathematically more
precisely defined groups should be the best candidate for the symmetries of our path integral.
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which the Jordan structure takes the canonical form (2.53), if we postulate that X and ©
transform under (2.59), (2.60) as scalars,

0X = f(ro.X + <F(r) + 93rf(7‘)) Op X, (2.61)
0 = f(r)o.e+ (F(r) + «9@]‘(7’)) 0p©. (2.62)

From now on, we will assume such transformation properties for any pair X, © representing
a tropicalized (complex) target-space dimension.

The infinite-dimensional symmetry algebra of the Jordan structure has some interesting
finite-dimensional subalgebras. First of all, the rigid translations along r and 0 together with
the nonrelativistic boosts

56 = Ar, or =0, (2.63)

form a three-dimensional nilpotent Lie algebra, well-known in the literature as the Heisenberg-
Weyl algebra (generated by a canonical p and ¢ pair). Note that the role of the central
element [q,p| = ih is played by the generator of translations in €, along the leaves of the
foliation.

In fact, the algebra of all affine symmetries of the Jordan structure (i.e., symmetries
acting up to linearly on r and ) is not three-dimensional, but four-dimensional; it is gen-
erated by the generators of the Heisenberg-Weyl algebra, together with the isotropic con-
stant rescalings of r and 6. All four-dimensional real Lie algebras were fully classified in
1963 by Mubarakzyanov [97, 98]; our algebra of all affine symmetries of £,” appears on
Mubarakzyanov’s list as Asg. It is an indecomposable, solvable Lie algebra. In fact, this
algebra belongs to a family, parametrized by a real parameter —1 < b < 1, with our case
corresponding to b = 0. In our physical interpretation, the deformations away from b = 0
would correspond to the possibility of making the constant rescaling anisotropic, with a
dynamical critical exponent

2=1/(1+b). (2.64)

This means that in such a deformed theory, one would be assigning an anomalous, nonzero
scaling dimension to €. From now on, we will focus on the b = 0 case. Note that the central
element of the Heisenberg-Weyl algebra is no longer central in Ay g.

Symmetries of the Jordan structure on a cylinder

We will be particularly interested in the foliations by compact S* leaves, which take locally
the form of a I x S', with I an open interval. We will refer to such a portion of 3 that
respects this I x S foliation structure as a “sleeve”.

When we take into account the global topology of the sleeve, it is natural to restrict our
class of adapted coordinates such that the 6 coordinate (along the compact S! leaves of the



CHAPTER 2. TROPOLOGICAL SIGMA MODELS 59

foliation) is always periodic with periodicity 27. This additional normalization condition
will restrict the infinitesimal symmetries of the Jordan structure just to

or = 1, (2.65)
50 = F(r), (2.66)

the Lie algebra generated by global translations of r (if the sleeve is infinite and the range
of r is R), together with r-dependent rotations of ©.

One can also ask what happens if the requirement that the map from the sleeve to
itself be an isomorphism is relaxed, and one simply requires it to be an endomorphism, not
necessarily one-to-one; the endomorphisms of the sleeve that preserve the Jordan structure
must respect the periodicity of 0, and are therefore given by

r = nr+ro, n € 7, (2.67)

0 = 6Oy(r)+nb. (2.68)

This is again matching the intuitive expectations from the mathematicians’ treatment of
tropical manifolds: After applying the forgetful operation of dropping #, morphisms between
tropical manifolds are realized by piece-wise linear maps in r, with the coefficients of the
terms strictly linear in r restricted to be integers.

Note that since we have restricted our coordinate systems on the sleeve to respect the
periodicity of # with the period of 27, this now allows us to associate an invariant length
to the sleeve along the r direction, without having to introduce any additional metric. This
length is simply defined as [ dr, between the two endpoints of the sleeve. Thus, our foliation
carries a natural measure along the tropical direction; this construction is closely reminiscent
of Thurston’s definition of “measured foliations” [99] of two-dimensional surfaces, which plays
a central role in Thurston’s theory of the geometry of two- and three-manifolds.

Anisotropic conformal symmetries

Simply by asking what are the symmetries of a Jordan structure on 3, we have found infinite-
dimensional symmetry algebras quite reminiscent of nonrelativistic conformal symmetries in
two dimensions. In order to clarify in what sense these symmetries should be interpreted in
our tropical context as “conformal”, we will now relate the symmetries of the Jordan structure
to the scaling symmetries of the appropriately defined degenerate metric structures on .

Tropicalization of the metric

Just as we studied what happens with the standard complex structure on > under the trop-
icalization limit, one could play the same game with a nondegenerate worldsheet metric g,z.
(Again, we denote nondegenerate Riemannian metrics by symbols with the hat, reserving



CHAPTER 2. TROPOLOGICAL SIGMA MODELS 60

symbols such as ¢,s for their degenerate tropicalized limit, which we are about to introduce.)
Let us begin with the simplest case, of the flat metric with components g,s = dop3 on X,

Gupdo®do’ = du® + dv?, (2.69)

and switch again to the tropical coordinates r and 6,

1

h2dr2-+-d92. (2.70)

Gupdo®do” =
In order to keep the resulting object finite as A — 0, we must renormalize g,z by a multi-
plicative h? factor, obtaining

Gapdo®da” = dr?. (2.71)

This object is still a symmetric tensor, but it is no longer nondegenerate — instead, it is of rank
one on Y, and it is the natural tropicalized candidate for replacing the relativistic metric in
our nonrelativistic environment of tropicalized worldsheets. What are the natural conformal
symmetries associated with such a degenerate metric, and are they related to the symmetries
of the Jordan structure? The appropriate notion of (anisotropic) conformal symmetry on
spaces with foliations was defined in [100]). Given a (degenerate or nondegenerate) metric g
its conformal symmetry algebra simply corresponds to those allowed diffeomorphisms that
map ¢ to itself up to a (possibly anisotropic) Weyl transformations. In our case, we do
not need anisotropic scaling with a dynamical exponent z # 1, and will simply restrict our
attention to isotropic Weyl transformations. The infinitesimal diffeomorphisms £ that map
(2.71) to itself up to an infinitesimal Weyl rescaling by w(c®) satisfy

ga’yaﬁ{y + gﬁ’yaafy = w(o"y)gaﬁ' (272)
In our simplest degenerate case (2.71), these equations reduce to
0p&" =0, 20" = w(r,0). (2.73)

The solutions give the algebra isomorphic to the algebra of all foliation-preserving diffeo-
morphisms of X,

£ = f(r), ¢ = F(r,0), w =20, f. (2.74)

a symmetry strictly larger than the symmetry of the Jordan structure defining the foliation.

While it is somewhat intriguing that the algebra of all foliation-preserving diffeomor-
phisms can be interpreted as the conformal algebra associated with a degenerate metric, and
isotropic Weyl transformations, this is not the end of the story. The original metric g,s had

its inverse metric, which we will denote by hes. Writing the inverse metric in the tropical

coordinates,
~ .9 0 d\> o\°
XL —Rm2l= — 2.
Do 9P (m) +(89) ! (2.75)
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we see that h in the tropical limit becomes also degenerate,

o 0 o\
of _ (Y2 9
h do® JoB (8«9) ’ (2.76)

in such a way that g and h are no longer inverses of each other, but instead satisfy the
“mutual invisibility” condition

Josh™ =0,  h*Pgs, =0, (2.77)

We can set up an analog of the natural definition of conformal symmetry for A*?: Which
diffeomorphisms of ¥ map this degenerate inverse metric to itself up to a z = 1 Weyl
transformation? This condition in the covariant form is now given by

—h0,£% — hP10,6% = G(a7)h*P, (2.78)

for some infinitesimal Weyl rescaling parameter w. In components, these conditions reduce
to

Dpl" =0, —20p8" = &(r, ). (2.79)
They are solved by
1 [
&=t &= [aopm, (2.80)

with w(r, @) arbitrary. This symmetry algebra is again adapted to the foliation, and again
larger than the symmetry algebra of the Jordan structure.

Weyl transformations and symmetries of the Jordan structure

The symmetries of the Jordan structure will emerge as conformal symmetries of our de-
generate metric structure when we allow for the presence of both g,s and h*?| and require
that they transform under the Weyl rescalings with the opposite weight. This last condition
requires w(o?) = —w(07), and one can show that under this requirement, the intersection
of the conformal symmetry algebras of g and h treated separately results precisely in the
symmetry algebra of the Jordan structure. This gives a clear geometric interpretation of
the symmetry algebra of the Jordan structure as a nonrelativistic conformal symmetry as-
sociated with isotropic Weyl rescalings of a pair g.s, h*” satisfying the mutual invisibility
condition mentioned above.

In retrospect, this result is in fact not geometrically very surprising. Consider a Jordan
structure € on Y. In the preferred local coordinates, ¢ takes the form

0 0
B, _
€o Ao — = dr—. 2.81
7 907 ~ " o0 (2:81)
Here dr is an eigenvector (with eigenvalue zero) of € acting as an automorphism on 7*%, and
0/06 is similarly an eigenvector of € acting as an automorphism of 7. This eigenvector dr
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is determined by € uniquely, up to a Weyl transformation dr — €(r, 0)dr, and df is similarly
determined up to the Weyl transformation with the opposite weight, /00 — Q~*(r,0)0/06.
In turn, dr and 9/060 define degenerate symmetric tensors

= dr? h = 9 2 (2.82)
g_ 9 - 89 ) .

which are uniquely determined by e precisely up to the Weyl rescalings ¢ — Q2¢ and
h — Q7 2h, respectively. Thus, we see that the Jordan structure uniquely determines the
degenerate pair g and h up to the Weyl transformations, and therefore the conformal sym-
metries of this pair coincide with the symmetries of the Jordan structure itself.

Symmetries of the localization equations

As we have seen in §2.2, the localization equations are invariant under our anisotropic con-
formal transformations, if X and © transform as conformal scalars, as in (2.62). Besides this
conformal symmetry, the localization equations as written in a preferred conformal coordi-
nate system (r, )

8. X — 9,0 =0, 09X =0, (2.83)

exhibit an additional important symmetry, independent for each (X,©) pair. The first
equation is clearly invariant under

0X(r,0) = 0Opa(r,0), (2.84)
09(r,0) = 0.a(r,0), (2.85)

for arbitrary a(r, ). Requiring that the second equation also be invariant restricts a to be
at most linear in ¢, and we obtain an intriguing symmetry

0X(r,0) = ay(r), (2.86)
0O(r,0) = ao(r)+ 00,a4(r), (2.87)

with ag(r) and a4 (r) arbitrary projectable functions on the foliation, i.e., functions of only
T

At first glance, the precise status of such a symmetry appears a bit mysterious. It looks
like a hybrid between a linear shift symmetry in 6, while it still exhibits an arbitrary depen-
dence on r. If we interpret r as a time variable, this would perhaps suggest an underlying
gauge invariance, and associated constraints on the momenta in the canonical quantization.

Admissible singularities in the foliation

When we attempt to define the path integral for the tropological sigma model on a higher-
genus worldsheet X, inevitably some leaves of the foliation induced by the Jordan structure
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Figure 2.3: Defects in the Jordan structure lead to singular leaves in the associated foliation.

must be singular. This signals the presence of controllable topological defects in the gravity
sector of the worldsheet theory. In this paper, we consider the Jordan structure as a non-
dynamical given. This still allows us to consider several natural types of defects in the
Jordan structure and investigate whether the localization equations continue making sense
in the vicinity of such singularities of the foliation. For this, it is important that we have
our proposed localization equations written in the covariant form, which does not require
the existence of the adapted coordinates (r, ) around the singular points, where no adapted
coordinate systems exist.

Some of the simplest examples of the singular leaves in the foliation, and the associated
topological defects in the Jordan structure, are depicted in Figure 2.3.

In physics terms, the singularities in our foliations of the worldsheet should be viewed as
topological defects of the dynamical Jordan structure. While the full analysis of the allowed
defects and their dynamics would require a more detailed description of the dynamics in the
worldsheet gravity sector (which will be developed in the sequel [75]), in this paper we can
at least consider the topological classification of such defects, and check to what extent are
the localization equations for the sigma model still satisfied near such defects.

First, note that the natural order parameter that classifies singular leaves in the foliation
is essentially the same as the order parameter in two-dimensional nematic liquid crystals: It
is represented by an unoriented direction in the tangent space to the two-dimensional surface.
In our case, it is natural to orient this order parameter along the leaves of the foliation. In
the nematic liquid crystal case, the order-parameter manifold is an S!, implying that the
corresponding homotopy groups classifying stable defects are such that the point-like defects
on the plane are labeled by one integer, the winding number of the unoriented direction as we
circumnavigate around the point-like defect. In our worldsheets with foliations, these types
of defects have been also encountered frequently in the mathematical literature on foliated
manifolds. Consider a candidate Jordan structure on a compact surface 3, of genus g > 1.
The induced foliation will inevitably have some singular leaves. We will choose the Jordan
structure such that the number of such singular leaves is finite, and such that the rest of X
consists of a finite number of sleeves ending with their boundary components on the singular
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leaves.

Junctions of sleeves

A typical such configuration is locally depicted in Figure 2.3(a), with four sleeves meeting
at the singular leaf. We will focus for simplicity on discussing this simple case, but the con-
struction is analogous for any finite number of sleeves meeting. In Figure 2.3(a), nonsingular
leaves inside each sleeve are indicated by the curved lines. We wish to investigate suitable
junction conditions that such sleeves must satisfy at the singular leaf; this is going to be
important for our ability to count the number of instantons contributing to the path integral
of the tropological sigma models on higher-genus worldsheets .. We will describe the local
geometry near the singular point of the singular leaf using an atlas containing five coordinate
charts. We will introduce coordinates x,y such that the singular leaf is locally described by
xr = 4y, and in particular the coordinate system is well-defined at the singular point of
the foliation at * = y = 0. These are not adapted coordinates to the foliation, but are
a perfectly legitimate coordinate choice on X interpreted as a differentiable manifold, with
x =y = 0 a smooth point. Next, on the internal portion of each of the four sleeves we intro-
duce natural adapted coordinates. We label the four sleeves by >, <, A,V correspondingly
(see Figure 2.3(b)). On the first sleeve, we choose adapted coordinates r, ., such that r
is negative inside the sleeve, and approaches zero as we approach the singular leaf. Similarly,
0. will represent a coordinate along the leaves of the sleeve, chosen such that 6. = 0 along
the y = 0 axis. Analogous adapted coordinate systems are chosen on the remaining three
sleeves. Each of these coordinate systems can be naturally continued inside the neighboring
two sleeves, leading to the natural transition functions between them. For instance, r- can
be continued to positive values, which for 6. positive extends smoothly into the neighboring
V sleeve (and for 6. negative into the A sleeve), with natural transition functions

rv = —Tg, Oy = —0.,

'n = —T<, O = —0., (2-88)

and similarly for all the other neighboring pairs of sleeves.

These four adapted charts cover the open domain of ¥ around the x = y = 0 singular
point, with this point removed. In order to complete the description around the singular
point, we must specify the transition functions from the four adapted coordinate systems
inside the sleeves to the z,y coordinates. On the overlap with the r—, #. coordinate system,
one can for instance take

re =y* — a2, 0. = 2y, (2.89)

and similarly for the remaining overlaps. (The lines of constant 6. are indicated in Fig-
ure 2.3(b) as dotted lines.)

This establishes an atlas of smooth charts in the vicinity of the defect in the Jordan
structure.

A few comments are in order:
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(i) Note that the open portions of the singular leaf of the foliation away from x =y =0
look locally smooth, and indistinguishable from local neighborhoods in regular S! leaves of
the foliation. The entire singular feature of the singular leaf is associated with the juncture
point at x =y = 0.

(ii) Having found a suitable coordinate description of the vicinity of the singular point,
we can now evaluate the Jordan structure in the coordinates x,y suitable for taking the

x,y — 0 limit. We get:
1 T x?
B _ Y
€o = ) 2.90

We see that this Jordan structure is indeed singular at the origin in the x,y coordinate
system: While the values of the components ¢,° obtained as z and y are taken simultaneously
to zero are finite, the result depends on the angle with which the singular point is approached.

(iii) Fortunately, for the calculations in the path integral of the tropological sigma model,
we do not need the Jordan structure to be nonsingular at the singular point of its foliation, it
is sufficient if the localization equations are unambiguously defined, and satisfied, near such
singular points. The localization equations in the x,y coordinate system take the following

form,
1 vy  a? 0,0 0. X\ _
(% ) )+ (%) - o (201)
1 vy  a? 0. X\
(% ) (6x) - (2.02)

and they are naturally solved by maps that have a second-order zero at x =y = 0,

X = COy* — 2%, © = 2Cuxy, (2.93)

for some constant C. This compensates for the singularity of the Jordan structure, and
makes the continuation of the solutions of the localization equations unambiguous at the
juncture point in the singular leaf. Thus, it appears natural that such mild singularities
in the worldsheet Jordan structure should be admissible; they are indeed inevitable for
constructing solutions of the localization equations on higher-genus surfaces.

The construction is easily generalized to the case with other values of the defect quantum
number around a juncture in the singular leaf. An example with three sleeves meeting at a
singular leaf is depicted in Figure 2.3(c). The main novelty in the case when an odd number
of sleeves meet at the singular point of the singular leaf is the fact that X and © are then
antiperiodic as one circumnavigates the singular foliation point. In general, any number of
sleeves greater than two can meet at a singular leaf.

Having understood the local geometric structure of worldsheets near singular points of
the foliation, we can now construct global solutions of the localization equations, by gluing
together the sleeve solutions that we found in (2.36), (2.37) (or their more general, local
form (2.34), 2.35)) at the singular leaves where several sleeves meet. This is accomplished
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with the use of the a symmetries discovered in §2.2. Take for example the global solutions
on two neighboring sleeves,

X< - 7’L<T<, @< - @<O(T) + TL<0<, <294)
X\/ = NyTy, @\/ = @\/0(7“) + n\/e\/. (295)

We will consider the nondegenerate case, when n. and n, are both nonzero integers. To
match such solutions on the coordinate patch where they overlap, one can use the ag(r)
symmetry to set ©_9 = O, on the overlap, and then use the «;(r) symmetry to rescale r
such that n. = ny in the local vicinity of the singular point. (If one of the integers n.,

.., is zero, the corresponding sleeve is entirely mapped to a marked point modulo an «
transformation, and can therefore be collapsed to a worldsheet point.)

Iterating this process for all pairs of neighboring sleeves, one constructs a global solution
of the localization equation, assuming that a single global topological constraint is satisfied
for each singular leaf of the foliation: The map from ¥ to M will be continuous (and, indeed,
smooth) if at each singular leaf the total winding numbers of all the attached sleeves sum up
to zero. Thus, for example, when four leaves meet at one singular leaf (as locally depicted
in Figure 2.3(a)), they must globally satisfy

Nne +np+ns +ny =0. (2.96)

If the target space has more than one X', ©7 pairs of coordinates, there is one such condition
for each pair, at each singular leaf. This precisely reproduces our topological expectations,
and matches for example the analogous charge conservation conditions at Type IIB string
junctions.

Punctures

Finally, one last type of singularity in the worldsheet Jordan structure should be discussed:
a puncture (see Figure 2.4). We use it to simply indicate the presence of a semi-infinite
sleeve, whose natural adapted r coordinate goes to co (or —oo). We find it useful to depict
it simply as a marked point on > (which one can think of as representing a singular leaf of the
worldsheet foliation, “at infinity”), with the understanding that the coordinates that would
be smooth around such a marked point do not belong to the class of adapted coordinates
of the Jordan structure. For example, one can relate the adapted coordinates (r,6) to
coordinates (z,y), well-defined at the puncture at r — —o0, via

x =e"cosh, y = e sinf. (2.97)

Then one finds that the standard Jordan structure on the semi-infinite sleeve is given in the

(x,y) coordinates by
1 —zy  x?
e’ = o v (_yg zy) _ (2.98)
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Figure 2.4: It is often convenient to depict the half-infinite sleeve as a punctured disk, even
though the local coordinates around the marked point on the disk are not adapted to the
Jordan structure.

In these non-adapted coordinates at the puncture, these components of the Jordan struc-
ture look superficially similar as those at the singular leaf where four sleeves meet, (2.90).
However, despite this superficial similarity, the solutions of the localization equations in the
(x,y) coordinates around the puncture do not exhibit zeros, but instead they diverge at the
puncture,

X(r,y) = 7log(e®+y?), (2.99)
_ y
Ox,y) = narctan<x>, (2.100)

indicating that the end of the sleeve (when n # 0) is indeed at infinity.

Does this singular behavior of X and © at the puncture mean that punctures should
be treated as singularities not belonging to the worldsheet 37 In fact, the opposite turns
out to be true: The punctures can be consistently treated as smooth points in the compact
worldsheet ¥, mapped smoothly to the singular foliation leaves of the target space. In
order to see that, one needs to switch not only to the (x,y) coordinates near the worldsheet
puncture, but also to similar non-adapted coordinates (X, ))) that cover a neighborhood of
the singular leaf at X = —oo in the target TP!. We define

X = eXcosO, (2.101)
Y = e¥sin®. (2.102)

In such non-adapted coordinates defined in the vicinity of the singular leaf at X = 0, the
standard Jordan structure on the TP! takes the form

| 1 [—xY A
W= s (_yg’ ;cy) . (2.103)



CHAPTER 2. TROPOLOGICAL SIGMA MODELS 68

When expressed in this pair of non-adapted coordinate systems (x,y) on the worldsheet and
(X,)) on the target space, the localization equations

1 (—zy 2\ (0.x oY\ 1 0, X 0,V (=&Y X\ (2.104)
22+ \—y* wy) \O,X 0,¥ X2+ y2\0,x 0,Y)\ =y xy) '
look quite complicated, but they and their solutions can be successfully continued through

the puncture at x = y = 0. In fact, there is an infinite sequence of natural solutions to these
nonlinear equations, given by simple monomials in x and y of arbitrarily high degree n,

n=1: X =z, Y=y,
n=2: X =2 — 2, Y =2y, (2.105)
n=3: X =% —3xy®, V= —y>+ 32y,

At higher integer values of n, the structure of these monomial solutions can best be illustrated
as follows. Combine the worldsheet and target-space coordinates into complex coordinates,

z=x+ 1y, Z=X+1i). (2.106)

(This is not meant to imply the existence of any standard complex structure near the world-
sheet puncture or near the singular leaf of the TP! target space — these complex coordinates
are introduced merely for convenience.) In these complex coordinates, the localization equa-
tions (2.104) boil down to

z Z

2 EZ_ - ZZ = EZ = y 21

0:Z — 0.2 + 20 0 (2.107)
z Z . =
20.Z24+20,Z = 0. 2.108
02+ = (2.108)

Clearly, these nonlinear equations are not the equations for holomorphicity in standard
complex geometry; yet, remarkably, they have an infinite sequence of solutions given simply
by holomorphic monomials,

Z(n)(z, 5) =2z". (2.109)

These monomial solutions labeled by n represent smooth continuations of the standard sleeve
solutions (2.36), (2.37) with winding number n through the puncture. As we see from this
analytic form, the localization equations are again smoothly extended through the singular
leaf of the foliation at the puncture, and we have a good notion of smoothness at the puncture
for the maps to the target space.

Tropical limit as a nonrelativistic limit

In the context of the Litvinov-Maslov dequantization, the idea of the tropical limit emerged
in attempts to make sense of the classical asymptotics of quantum systems and their ob-
servables. In our two-dimensional topological sigma model context, we have found that the
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“dequantization” of the tropical geometry does not correspond to the classical limit of our
system; instead, the A — 0 limit of the Litvinov-Maslov dequantization corresponds to a
nonrelativistic limit, in which the worldsheet theory undergoes a ¢ — oo contraction, with ¢
the worldsheet speed of light. In this limit, the leaves of the foliation represent the world-
sheet spatial dimension, and the direction transverse to the leaves is the worldsheet time.
As a result, the symmetries of the tropical geometry naturally acquire a field-theoretical
interpretation as nonrelativistic symmetries of the worldsheet theory.

Our quantum topological field theory of the tropological sigma model will of course have
its own Planck constant, which will be denoted by e below. This Planck constant has
nothing to do with the A of the Litvinov-Maslov dequantization. Based on the standard
BRST arguments, the semiclassical approximation e — 0 will be exact in the path integral
of our tropological sigma models.

2.3 Tropological sigma models

Having understood the basic geometric features of Jordan structures, and its symmetries, we
are now equipped to construct a path integral formulation of our theory using the methods of
topological field theories of the cohomological type [72]. In this theory, the worldsheet path
integral for the correlation functions of physical observables will localize to the solutions of
our localization equations representing tropicalization.

Cohomological BRST construction from the localization equations

We follow the standard logic of cohomological field theories, and use the traditional methods
of BRST quantization to construct the path integral [72]. All fields of the BRST quantization
fall into multiplets of the BRST charge (), which satisfies Q> = 0 and defines physical
observables through its cohomology.

Ghosts

Our basic BRST multiplet reflects the underlying bosonic topological symmetry (2.20), trans-
forming Y into the corresponding ghost 1%

Q. Y] =" (2.110)

When we use the adapted coordinates X and © on the target space, we will use the following
simplified notation for the individual components of the ghost field,

VX =, Y =T, (2.111)
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Thus, in the adapted coordinates the basic BRST multiplet associated with each tropicalized
complex dimension of the target space is given by

Q. X] = ¢, {Q ¢} =0, (2.112)
@.e] = ¥  {Q¥}=0 (2.113)

Antighosts and auxiliaries

In order to perform the gauge-fixing of the topological symmetry using the localization
equation E,' = 0, we introduce the trivial BRST multiplet

{Q.x"} = B%, (2.114)
[Q,B%] = 0, (2.115)

containing the bosonic auxiliary field B; and its antighost superpartner y*; which must be
chosen such that the integral

/ d*c B E,' (2.116)
)

is covariantly well-defined. In addition, it is often customary to introduce another BRST
exact term in the action, which is quadratic and nondegenerate in the auxiliaries B%;, so
that they can be integrated out by Gaussian integration. This in turn leads to the bosonic
part of the action that is nondegenerate and quadratic in E,°.

When we try to repeat this strategy in the tropical case, we encounter several intriguing
subtleties, which we now address. Note first that since E,’ is a section of T*3 @ ®*(T'M),
B%; must be a density-valued section of the dual bundle 7% ® ®*(T*M). In addition, since
E," satisfies (2.50) and therefore has only two independent components, only two out of the
four components of B*; will couple. How can we formulate this reduction of B in geometrical
terms, and can it be done covariantly?

In the relativistic case, one uses the fact that every tensor B; can be decomposed into its
self-dual and anti-self dual part, and simply restricts B%; to be (anti)-self-dual. This reduces
the number of independent components to two, which are the appropriate ones that couple
to the two components of the localization equation. In our case, one can again define the
natural tropicalized limit of (anti)-self-duality equations,

e5° Bl = £JF By (2.117)

However, declaring the auxiliary field to be self-dual or anti-self-dual in this way does not
solve our problem: A quick inspection in adapted coordinates shows that either of the two
choices throws away one of the components of B%; that needs to couple to E,!. This is
again related to the observations about vector spaces with Jordan structures that we made
above: The structures induced on the vector spaces are often filtrations, not direct-sum
decompositions. As a result, tensors of the type B%; do not decompose into a sum of B
and B%; that satisfy (2.117) for the two corresponding sign choices. The reasons can be
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seen in the adapted coordinates — first of all, both equations in (2.117) require B"g = 0, so
only those tensors that have this component vanishing can be written as a sum of solutions
of (2.117). But even then, such a decomposition will not be unique: The Bﬂ@ and B? ¢
components are completely unrestricted by (2.117), and setting their sum equal to B’g
leaves an ambiguity. In addition, B"g is precisely one of the components that we need to
keep around, since E,© is one of the two nonzero components in the localization equation.

A fully covariant way how to achieve the desired reduction of B%; does exist, but it
requires the introduction of an additional gauge symmetry. Observe that our action (2.116)
exhibits a gauge invariance under

6B% = f4(a?), Y =0, (2.118)

where f%;(0”) satisfies the tropicalized self-duality condition (2.117) with the plus sign choice.
Thus, the covariant reduction of the four components in 5%; cannot be achieved as a reduction
to a two-dimensional subspace, but instead, it is covariantly represented as a two-dimensional
coset space, defined modulo the gauge transformations (2.118).

The next question to ask is whether — at least in the adapted coordinates — there is a
natural gauge-fixing choice for our new gauge symmetry (2.118). One simple choice would
seem to suggest itself:

B’y =0, Bx=-B%. (2.119)

This is certainly a fine gauge-fixing choice for (2.118), and it appears to mimic the sym-
metry structure of E,’ that the auxiliaries are coupling to. However, perhaps somewhat
surprisingly, this gauge choice turns out to violate the worldsheet conformal invariance!

In order to find another gauge choice that is consistent with our worldsheet conformal
invariance, we must abandon the full covariance in the target space. Recall that tropicalized
target spaces have no continuous symmetries that would mix various coordinates; in par-
ticular, there is no continuous symmetry that would transform the preferred coordinates X
and © into each other. Until now, we often used more general coordinates Y, and implic-
itly required invariance of our formulas under arbitrary coordinate changes of Y. Once we
are willing to use the adapted coordinates X and © on the target space, it turns out that
there is a unique natural gauge-fixing condition, which is still fully covariant under arbitrary
coordinate changes on X2,

B*x = 0. (2.120)
As we will see below, this condition is also uniquely determined by requiring the consistency
with worldsheet conformal transformations. From now on, we adopt this gauge-fixing con-
dition, and formulate the theory using the adapted coordinates X, © on the target. When

we also use the adapted coordinates r, 6 on ¥, we will simply refer to the two remaining
components of B%; using the following simpler notation:

B'e=B, Blo=-5. (2.121)

One additional subtlety appears when we attempt to add a term to the action quadratic
in B and 3, to integrate them out. In the worldsheet covariant form, such a term would be
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given by
1
-3 / d?0 7,3 H® BB 6. (2.122)

Here H®® is the component of the degenerate inverse metric on the target in the tropical
limit, which we have indeed found to be non-zero. Finally, Since each B%g transforms under
worldsheet diffeomorphisms as a tensor density, 7,3 must itself be a tensor density of weight
—1.

In the relativistic case, there would be a natural candidate

1

Vo = —=Gas, 2.123
Yas \/g\gaﬁ ( )
where g,4 is a nondegenerate worldsheet metric, and g its determinant. This relativistic Yus
is sensitive only to the relativistic conformal structure defined by g,s. In our tropical case,
we do not have a nondegenerate worldsheet metric, only its degenerate limit g,. Similarly,
there is a degenerate limit 7,45 of (2.123), whose only non-zero component is 7,, = 1, much
as the only nonzero component of g,z in the adapted coordinates is g,,. This vy,5 can be
used to covariantly square one component of B%g, but not the other. Thus, we can add a
BRST invariant and conformally invariant term to our action, given in adapted coordinates
simply by

1
S = —§/dtd0 B2 (2.124)

B can then be integrated out by the Gaussian integral, to simplify the action; however, (8
cannot acquire a conformally invariant quadratic term, and therefore the action will stay
linearly dependent on S if we wish to maintain our nonrelativistic conformal invariance of
the full BRST quantized theory.

The structure of the antighosts x*; now follows the same pattern as that of the auxiliaries.
Only two components of this fermionic tensor will couple to the ghosts 1. In the fully
covariant formulation, there is a fermionic superpartner symmetry acting on the antighosts,

ox" = @ii(aﬂ)a (2.125)

where %, is a fermionic analog of f¢; satisfying the same equation (2.117). It can be
uniquely gauge-fixed in a way consistent with worldsheet conformal invariance by setting

X*x =0, (2.126)

again using the adapted coordinates X and © on the target.
If we in addition choose to use the adapted coordinates r, 0 on the worldsheet, the two
remaining components of the antighost will be simply denoted by

Yo =X, Y’o = —x. (2.127)

(We suggest pronouncing the symbol for the antighost X as “capital chi”.)
Having sorted out the structure of our BRST multiplets, we are now ready to construct
the path integral using the standard methods of BRST quantization.
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Lagrangians

We will define the tropological sigma model in terms of a path integral,
/DX DO DYy DY Dy DXDBDBe?, (2.128)

with the action S being a worldsheet integral of a local Lagrangian which is BRST exact,
modulo possibly adding topological terms:

e

S = l/d’l“dQ{Q,x(ag@—arX—%B)—FX@@X}

(&

_! /dr do {B(ag@ — 0,.X) + BOpX — %BQ —X(0,T — O,0)) — Xagzp}(z.mg))

As promised, we have introduced the Planck constant of our quantum theory, e. By the
standard BRST arguments of cohomological field theories, the semiclassical one-loop approx-
imation in e will be exact, leading to the localization of the path integral to the solutions of
the localization equations.

We can integrate out B, to bring the action to a more standard form,

=1 /dr de {% (90 — 0,X) + SOy X — X(0pV — D,0p) — Xaw} . (2.130)

(&

This action is invariant under the BRST transformations

[Q?X] = ¢7 {QW}:O’ ( )
@6e] = ¥  {QV}=0, (2.132)
{Q. X} = 90 -09,X, (2.133)
{Q.x} = 5, (@, 5] = 0. ( )

Both actions are also invariant under the nonrelativistic conformal transformations. Before
B has been integrated out, the conformal symmetries act via

5X = F(ro.X + (F(r) 100, f(r)) 9 X, (2.135)
00 = f(r)o0.0+ (F(r) + Q&f(r)) 090, (2.136)
B = J000,5 + B0,1(r) + (F(r)+00.1(1) ) 008, (2137)

56 = ()05 + BOf(r) + (F(m + Garf(r)) O+ BO, (p(m 1 00, f(m) (2.138)
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Note that B and S transform in a way reminiscent of a Jordan pair, with B transforming
through terms involving only B, while £ transforms via terms involving both 5 and B. When
B is integrated out, the transformation rule for 5 becomes dependent on X and O,

08 = f(r)0.8+ B0, f(r) + (F(T) + 937~f(7’)> o3 + (990 — 9, X)0, (F(T) + 93#(?“)) :
(2.139)

The action (2.130) is then consistently invariant under these reduced conformal transforma-
tions not involving B.

For completeness, we list the conformal transformation properties of the remaining two
components of B%; that we dropped by our gauge choice B*x = 0 for the gauge symmetry
generated by f¢; in §2.3:

B x = f(r)0.B"x + B x0,f(r) + (F(r) + 00, f(r)) 0B x,
Bx = f(r)o0.Bx +Bx0,f(r) + (F(r) + 60, f(r)) 0pB% x — B x0, (F(r) + 60, f(r)> .

We see that they transform into each other, again as a Jordan pair: B"x into itself, and
B?x into itself and B"x. By inspection of these transformation rules, one can now explicitly
confirm several points we made above: (i) It is consistent with worldsheet conformal invari-
ance to fix the f, gauge symmetry by setting B*x = 0; (ii) our naive first choice for the
gauge-fixing condition, (2.119), would be inconsistent with conformal invariance, and (iii)
while the B? term in the action is conformally invariant, no linear combination of 52 and
BB is consistent with the conformal symmetries.

Compared to the standard relativistic case, the action of our tropological sigma model
exhibits one additional novelty that needs to be addressed. Unlike its relativistic counterpart,
our action has residual gauge symmetries, closely related to the residual symmetries of the
localization equations that we found in §2.2. Consider a local simply-connected neighborhood
U, with adapted coordinates r, . The bosonic sector of (2.130) is invariant under

X = O, (2.140)
0 = O, OB =0, (2.141)

if the gauge parameter «(r, ) is further constrained to satisfy
dp*a = 0. (2.142)

Similarly, the fermionic sector is invariant under a fermionic gauge transformation with
Grassmannian gauge parameter ¢(r, ),

S = ¢, 66X =0, (2.143)
§U = 8¢, 6x=0, (2.144)
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if ((r,0) is constrained by
0p*C = 0. (2.145)

The constraint equations on the gauge parameters are solved by r-dependent affine functions
of 0,

a=ay(r)+0ay(r), ¢=C(r)+0¢(r), (2.146)
yielding the gauge symmetries in the unconstrained form
0X = ay(r),
00 = 0Orap(r) + 00,04 (r),
oy = G(r), (2.147)

oW = 0,¢(r)+00,Ci(r),
58 = 6% =&y =0.

First, a few comments about the nature of these symmetries:

(i) The a and ¢ symmetries are a hybrid between a genuine gauge redundancy with
an arbitrary dependence on worldsheet coordinates (here exhibited only along 7), and a
global linear shift symmetry (along #): The independent parameters ag, oy and (o, (7 are
projectable functions on the worldsheet foliation, a phenomenon that has no analog in rela-
tivistic theories.

(ii) If we interpret r as (imaginary) worldsheet time — and that is the interpretation
here, in the topological context — then « indeed represents a true gauge redundancy, with
constraints on the canonical variables in the canonical quantization along r, and a non-
uniqueness of the time evolution of a classical solution given fixed initial conditions. If
we studied the theory in the cross-channel, using 6 as time, the interpretation of the «
symmetries would be less clear.

(iii) If & were not constrained to be linear in 6, its action on X and © would be as the
gauge symmetry in relativistic electromagnetism in two dimensions, with X and © playing
the role of the components of the electromagnetic gauge field. However, this analogy is
incomplete for two reasons: First, our action also contains the S-dependent term (which
in the electromagnetic analogy looks a little like a gauge-fixing term), and perhaps more
importantly, our © is a periodic variable with periodicity 2.

How should these residual gauge symmetries be treated, and do they require a secondary
BRST gauge fixing, leading to a second generation of “ghosts-for-ghosts”? If we decided
to treat these symmetries as secondary, in addition to the original topological symmetries
(2.20), it would be natural to implement them equivariantly, as for example is the case with
the ordinary Yang-Mills gauge symmetries in topological Yang-Mills theories. This would in
turn lead to second-generation bosonic ghosts.

A closer look at the topological symmetries (2.20) and our gauge-fixing conditions shows
that this is not the case. In the relativistic topological sigma models, the holomorphic-
ity conditions fix the gauge of the topological symmetry (2.20) almost perfectly, leaving
only a finite-dimensional space of moduli. On the other hand, in the tropicalized case, our
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localization equations fix the topological symmetries (2.20) less perfectly, leaving an infinite-
dimensional space of classical solutions, with the residual o symmetries. Indeed, recall that
on a simply-connected neighborhood U, in the local coordinates, we found that the classical
solutions of the localization equations,

X = Xolr), (2.148)
0 = @g(T)—FeaTXo(T), (2149)

contain arbitrary functions of r, which are precisely acted on by the residual, unfixed «
symmetry.

Similarly, the remaining auxiliary field £ exhibits its own a-type symmetry: The action
is invariant under r-dependent constant shifts of [,

op = ap(r), (2.150)
with all other fields invariant. The equations of motion for 8 are solved by

B = Bo(r). (2.151)

While it is not inconceivable to have a path-integral localization to an infinite-dimensional
space of solutions, this is not the strategy we wish to pursue here — our intention is to con-
struct a tropical version of topological sigma models which is dependent only on the Jordan
structure, but otherwise it is as close as possible to the standard relativistic topological sigma
models. Therefore, in a way which will become clear below, we will aim to gauge-fix the
residual o gauge symmetry in a simple way, simply by using them to set locally Xo(r), Oq(r)
and fy(r) to zero (or some other convenient fixed value). This step will again leave behind
only a finite-dimensional moduli space of solutions, and without any need for any secondary
ghosts, due to the simplicity of this additional gauge-fixing condition for «.

When we ask the same questions on a sleeve ¥, the o gauge transformation will now have
to respect the periodicities of # and ©. That reduces the gauge transformation parameter
a1(r) to be a constant o ¢. This is in turn consistent with the fact that the classical solutions
of the localization equations on the sleeve take the form

X = xzy+nr, n € Z, (2.152)
© = Og(r)+nb, (2.153)
B = Bolr). (2.154)

©o(r) and f[y(r) can be set to zero (or other convenient fixed values) using the ag(r) and
ag(r) gauge symmetries, and z can be set to zero (or another convenient constant value) by
the constant residual gauge transformation oy . The integer winding number n is a gauge
invariant under all o gauge transformations.
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Observables

Having clarified that our BRST multiplets do not lead to ghost-for-ghosts, it is now clear
that the BRST invariant observables of the theory are exactly as in standard, relativistic
topological sigma models. With any differential form on M,

(A)ilmipdyil VAN inp (2155)

we associate a local operator . '
0O = wy (2.156)

w

Since no secondary ghosts-for-ghosts were required by the o symmetries, ¥ is BRST invariant,
therefore OF) is BRST invariant if w is closed, and BRST trivial if w is exact.

The Stora-Zumino descent equations then yield a hierarchy of 1-form and 2-form observ-
ables on 3,

dof) = {Q,0"), (2.157)
Aoy = {Q,0%], (2.158)
do® = 0. (2.159)
(Here as usual the symbol “{@, ]” denotes a commutator or anticommutator, depending on

the statistics of the object in its second entry.)

2.4 Example: The tropical CP! model

In the case of relativistic topological sigma models, CP! was used as an early test example
in [101] to probe the viability and self-consistency of the BRST construction of the path
integral. In our case, the tropicalization of this example precisely corresponds to keeping
just one pair (X, ©) in our tropological sigma model, and thus this example enjoys a more
privileged status than it did in the relativistic case: it represents the basic building block
from which tropicalizations of higher-dimensional manifolds are naturally built.

Observables and correlation functions at tree level

The fundamental observables of the TP! theory are given by the BRST cohomology of local
operators; just as in the relativistic CP! case [101], this space is two-dimensional, spanned
by the identity operator and the operator of ghost number two associated with the top-
degree cohomology class [w] on CP!, which we will simply refer to as O,. Consider first the
relativistic case: We will choose a representative two-form w in the cohomology class [w],
and normalize it such that

/ w=1, (2.160)

cpt
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in which case
/ (W)= ke Z (2.161)
M

is the instanton number of the map ®, corresponding to the topological winding number of
maps S1 — S!. The most natural choice of w is the covariantly constant volume element on
CP! viewed as a round S2.

In the tropical case, while the BRST cohomology that we have found is identical to that
of the relativistic case, we must be a bit more careful with the choice of a representative
of [w]: We cannot simply choose w to be dX A d© multiplied by a suitable normalization
constant, since the standard integral fT p1 dX AdO is infinite. The natural choice is to pick a
two-form which is translationally invariant along © but not along X, such that the integral
converges and can be normalized to 1. The simplest natural choice is to pick a reference
point Xy € R, and to choose

wor = 2i5(X _ Xo)dX A dO. (2.162)
n

This representative is then correctly normalized, giving

l/) wr =1, (2.163)
TP!

where we interpret the integral of a two-form over TP! in the classical sense of integrals
of classical two-forms over the underlying topological space S2. The choice of the reference
point X, is immaterial, as changing it is cohomologically trivial and thus preserves the
cohomology class [w]. Note that the role of the instanton number k in the tropical case,

i 1 [* 00
/EQ) (WT)72W i 80d97k€z’ (2.164)
is played by the winding number of the worldsheet periodic coordinate ¢ around the periodic
target space dimension ©.
It is intriguing that one can take an alternative (but essentially equivalent) perspective
on how to choose and interpret the representative of [w] in the tropical case: We can insist
that [w] be represented by the translationally invariant form

1
wp = —dX N dO, (2.165)
2m
if we simultaneously change the interpretation of what it means to integrate this form over

TP! (and of its pull-back via ® over X) — the integral must now be interpreted in the tropical
sense [64, 65, 66] along the tropicalized dimension X,

D 1 D 2
= __ aX de = 1. 2.1
/?r wh= o /0 o (2.166)

Pl
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Indeed, the tropical version of the integral of a differential form f(X)dX along the one-
dimensional tropical variety parametrized by X is simply defined by finding the maximum
value of f(X) over the range R of integration,

/@ F(X)dX = max{f(X), X € R}. (2.167)

Since our form has f(X) = 1, a constant, our result (2.166) follows from the definition of
the tropical integration. Similarly, the instanton number k& would result from the tropical
integration along the worldsheet dimension r of the pull-back ®*(wf).

Now we wish to calculate the correlation functions of the local observables, first on the
worldsheet with genus zero. Let us first recall how the evaluation of the correlation functions
of O,’s proceeds in the standard relativistic case with the CP! target [101]. Instantons for
worldsheets of genus zero are rational complex curves, described by

(z—=b1)...(z —bg)

Z(z) :a(z—cl)...(z—ck)' (2.168)

Here Z € C is the standard coordinate on CP! with the point at infinity removed, and z
is the standard worldsheet coordinate on ¥ = S? with the point at infinity removed. The
integer k is the instanton number, and the moduli space of instantons with the instanton
number £ is complex 2k + 1-dimensional, parametrized by the complex parameters a, b;, ¢;,
with ¢ = 1,... k. We will introduce a coupling A, designed such that the contribution from
the instantons of instanton number k to any correlation function is weighted by a factor of

AP, (2.169)

The generic correlation function will then vanish (for example, due to the existence of un-
saturated ghost zero modes), unless we select 2k + 1 points Py, Py, ... Py on ¥ and calculate
the correlation function of 2k + 1 observables O,, inserted at these points. Each insertion of
O, (P) is equivalent to the restriction of the value of Z(2) at z = P, to equal a fixed pre-
scribed value Z;; the simplest and most convenient choice for these values is to take Z, =0
ford=1,....k, Zy=00for  =k+1,...,2k, and finally Zy = 1. This leaves precisely one
rational function of instanton number k, with the prescribed structure of zeros and poles
and with the fixed overall normalization. The correlation function at genus g = 0 thus is

0, if n =2k — 1;

(The BRST cohomology of point-like operators in this model of course contains also the
operator O;(P) that corresponds to the zero-form constant cohomology class [1]; but its
effect in the path integral is trivial, in the sense that it does not restrict the instanton at
point P in any way, and therefore can be inserted any number of times inside the correlation
functions without changing their values as given in (2.170).)
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In the tropical case, we also wish to evaluate the family of correlation functions of any
number of O,,’s, inserted at points P, of the worldsheet. As we discussed above, the solutions
of our localization equations (which one could refer to as “tropical instantons”) are also
assigned an instanton number k, now defined via (2.164), or equivalently with the use of
tropical integration (2.166). For virtually identical reasons as in the relativistic case, for
such an instanton of instanton number k to give a nonzero contribution to the correlation
function, we need an insertion of 2k + 1 judiciously placed observables O, so that the
instanton is an isolated solution without nontrivial moduli.

While we will see that the result for the correlation functions in the tropical case re-
assuringly coincides with the relativistic result (2.170), the steps of the evaluation in the
tropological sigma model are intriguingly different from the standard relativistic theory.
Our instantons will be globally well-defined solutions of our localization equations, mapping
Y. (which is topologically a sphere, with a number of marked points where the observables
are inserted), to the TP! target space. As a starting point, we need to choose a fixed, generic
Jordan structure on ¥ = S?%, capable of supporting an instanton of instanton number k. In
order for such solutions to exist and to be isolated with no moduli, a certain number of
insertions of O, is again needed. It is easy to see that for a generic Jordan structure, the
instanton of instanton number k again requires the insertion of precisely 2k + 1 operators
O, (Py), just as in the relativistic case. We wish to mimic the relativistic evaluation as possi-
ble, to stress the parallels and to see the differences in the construction. Thus, following the
relativistic example, in order to get a unique instanton with no moduli we will require points
Py, ... P, to be mapped to the tropical zero, X = —oo; similarly, points Py, ... Py will be
mapped to the tropical infinity, X = +o00; and the remaining point P will be mapped to
any finite point in the target, say X =0, © = 0.

The generic Jordan structure on ¥ for which such an isolated tropological instanton
solution of instanton number k exists is depicted in Figure 2.5(a): It is given by a foliated
surface with 2k punctures P;,... P, and one additional marked point F on one of the
nonsingular leaves of the foliation. Moreover, the 2k punctures (which represent semi-infinite
sleeves) are naturally divided into two groups of k, one group considered “incoming” where
the natural value of the adapted coordinate r = —oo and the other group “outgoing”,
with r = +o00. Generically, such a surface contains junctions of three sleeves at a time.
Consecutive singular leaves are connected by finite sleeves, whose lengths represent moduli
of the Jordan structure; since gravity is still non-dynamical, these moduli are fixed numbers,
chosen to have generic nonzero values.

The unique instanton solution on this surface is constructed as follows. First, the place-
ment of O, at P, ..., P, constrains the values of the instanton solution to be

X(r=—-00) = —o0, (2.171)

with © on the individual half-infinite sleeve around each of these k£ punctures exhibiting
the winding number n = 1. Similarly, the insertions of O, at the “outgoing” punctures at
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Figure 2.5: The instanton contributing to the 2k + 1-point function. (a): A map from the
worldsheet with a generic Jordan structure. (b): The same instanton on a worldsheet with
a non-generic Jordan structure.

Piiq, ..., Py constrain the values
X (r = 00) = 400, (2.172)

for each of these half-infinite sleeves, again with © exhibiting winding number one around
each such sleeve. The rest of the instanton is simply constructed by the matching construc-
tion at singular leaves where three sleeves meet, as presented in §2.2. The winding numbers
are conserved at each such junction, assuring that the map from ¥ to the target space is
globally well-defined (and in fact smooth). A quick check shows that such a map exhibits
the desired instanton number k, defined simply by the worldsheet integral of the pull-back of
the two-form w, either in the conventional or the tropical sense as discussed at the beginning
of this subsection.

Is such an instanton solution unique? Not quite yet; as we construct the global surface
map by starting at points with r = —oo on the worldsheet and following the globally defined
function r on X towards r = +00, we encounter singular sleeves where two incoming sleeves
form one outgoing sleeve, or one incoming sleeve splits into two outgoing ones. Using the «
gauge transformations to match the values of X, © of the sleeves that meet at a singular leaf,
the continuity of X (r) can be maintained throughout the entire construction of the global
map, but we are still left with one undetermined zero mode: This instanton still has one
modulus X, corresponding to the unfixed freedom to shift the target space coordinate by a
constant,

X(r) = X(r) + Xo, (2.173)
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globally everywhere throughout the surface . This remaining modulus will then be elimi-
nated simply by choosing our bulk point Fy on some generic nonsingular leaf of the foliation,
and requiring

X(PR) =0, (2.174)

yielding a unique isolated instanton. Thus, the correlation functions in the tropological T P!
model at string tree level match exactly the relativistic result, (2.170).

What if we choose a different Jordan structure, with a different number of incoming and
outgoing punctures? We claim that the standard BRST arguments (whereby the deforma-
tion of the Jordan structure can be viewed at least formally as a BRST-exact operation)
suggest the correlation functions will not change. This can be tested and further supported
by considering various examples. Consider for example the Jordan structure depicted in Fig-
ure 2.5(b), with only one incoming and one outgoing puncture. Again, a unique instanton of
instanton number k can be constructed: Now we are forced to put all the O, (P,), ..., O, (Fx)
at the unique incoming puncture, so we must set

P=..=DP =P (2.175)

The winding number around the unique sleeve must therefore be k. Similarly, all O, (Py41), .. .
O, (Py) must be placed at the unique outgoing puncture,

Posr=...=Py="r (2.176)

(otherwise no solution would exist). As on the generic surface from Figure 2.5(a), we must
fix the overall zero-mode of X, the instanton by setting X (P,) = 0, thus leading to the
unique nontrivial instanton solution and hence the same correlation functions that we first
obtained with the generic choice of the Jordan structure.

Similarly, if you start with a Jordan structure on S? which has more than 2k punctures,
any solution of the localization equations with instanton number £ would have some of these
punctures describing sleeves whose winding number must be zero. Such sleeves can then be
collapsed to a point, and since they do not restrict the value of the instanton at that point,
they correspond to the harmless insertion of the O; operator which as we know does not
change the value of the correlation functions.

Correlation functions to all loop orders

Having completed the evaluation of correlation functions of BRST invariant point-like op-
erators at genus zero, it is natural to extend the analysis to all string loop orders. In the
relativistic case, the structure of topological theories without gravity can be usefully en-
coded in the axiomatic approach initiated by Atiyah [102] and Segal [103]. In the case of
our tropological sigma models, one can similarly anticipate that an appropriate refinement
of the Atiyah-Segal axioms will be valid: Our theory turns out to be defined by a more-
or-less standard path integral (albeit nonrelativistic), and the theory is not yet coupled to
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Figure 2.6: The handle operator W whose insertion raises the genus of > by one.

dynamical gravity; therefore, it should exhibit similar axiomatic properties as the relativistic
theories before coupling to gravity.

In this section, we will not assume the validity of such axioms, and instead derive the
desired all-loop correlation functions for our TP! example by direct arguments. The main
tool needed to extend our tree-level correlation functions to higher orders is the inclusion of a
handle into the foliated worldsheet. Such a handle should be equipped with its own consistent
foliation, such that there exists a unique nontrivial instanton at the corresponding instanton
number, contributing to the correlation function as in the tree-level case. In analogy with
the relativistic case [101], one can then expect that the addition of such a handle would
correspond to the insertion of a local “handle operator” W.

It appears that the only such foliated handle represented by a nontrivial W operator is
the torus with one finite sleeve attached, and equipped with a generic foliation structure,
as depicted in Figure 2.6. The instanton solution on such a handle can be constructed as
follows. The finite sleeve that closes onto itself to form the torus will support a general
solution, specified by the winding number n. But to ensure that the loop can be closed
in the direction transverse to the foliation requires that X (r) be periodic along that closed
loop, forcing n = 0. Thus, the entire loop formed by the closed finite sleeve is mapped to
a single point in TP!. Similarly, by the winding-number conservation at the singular sleeve
of the handle in Figure 2.6, the winding number of the finite sleeve attached to the torus
must vanish, and the sleeve can also be collapsed to a point. Thus, the entire handle will be
represented on the rest of the worldsheet by an insertion of a local operator W, without any
need to invoke a factorization property of the path integral. As in the relativistic case, this
local operator must be given by

W =20, (2.177)

(This follows simply from the matching to the one-loop partition function, interpreted as the
torus one-point function of O;. Since the two-point function (O,0;)o = 1, this means that
W is proportional to O,,. Since the same one-loop partition function can also be interpreted
as the trace over the two-dimensional space of physical states, the overall normalization
must be equal to two, just as in the relativistic case. Finally, the handle operator must
be proportional to A\’ since the winding number through the handle is zero, and therefore
adding the handle does not change the value of the instanton number.)

With this handle operator VW at hand, we can add additional handles, as long as the
singular leaves of the worldsheet foliation at which these handles are inserted are generic
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with respect to each other. This again reproduces the relativistic result for higher-genus
correlation functions. In particular, the partition function — summed to all orders in the
string coupling g5 — gives

9
2929 2(01), 2929 2OWI = = Ty (2.178)

again matching the well-known relativistic result of the CP' model [101].

Should there be nontrivial handle operators associated with more complicated ways how
to insert topological handles on foliated surfaces? Consider for example inserting a handle by
replacing a finite sleeve in a tree-level diagram with a torus with two finite sleeves attached
— a foliated surface with two boundaries that would follow from gluing the two surfaces
depicted in Figures 2.2(c) and 2.2(d) along two of their boundary components. A generic
Jordan structure on this surface would contain the lengths of the two internal sleeves inside
the loops as fixed moduli. In the generic case, the ratio of these lengths is a generic real
number, generally not a rational number. But for the solutions along the sleeves to have
the correct periodicity along ©, X (r) along the two sleeves must be fixed to be nyr and
nor, with ny and ny both integers. The condition of periodicity of X as the loop is getting
closed would then require n;/ns to be equal to the generic real ratio of the two lengths of
the sleeves, and therefore is not possible to satisfy if the Jordan structure is indeed generic,
and if n; and ny are both nonzero. If, on the other hand, one of the n; and n, is zero,
the corresponding sleeve can be contracted to a point, reducing the construction to the W
operator discussed above. With n; and ny both nonzero, there is no instanton supported by
this handle, and no need to invent a corresponding representation of such a handle by local
operators. We are satisfied to see that the correlation functions of the tropological sigma
model, to all string loops, appear to have just enough content to reproduce precisely the
results for its relativistic cousin.

In this chapter, we focused on the tropicalization of the topological A-model, and de-
veloped the theory and its symmetries from first principles of the BRST gauge-fixed path
integral formulation. It is natural to ask how the process of tropicalization of the path in-
tegral influences various dualities that have been well studied in the relativistic case, such
as the relationship with the B-model. We leave the study of possible generalizations of our
construction of A-model tropological sigma models open for future study.

Even in the case of the A-model, we contented ourselves in this paper with finding the
standard point-like BRST invariant observables of the relativistic A-model (the “quantum
cohomology” of the relativistic target) embedded as observables in our tropological sigma
model. This leaves an open question of whether our nonrelativistic theory could contain ad-
ditional, more subtle observables whose existence would solely be possible only as a result of
the worldsheet foliation structure. A closely related question, also open for future study, has
to do with generalizations to tropological sigma models with worldsheet boundaries, and the
classification of topological D-branes in this class of models. In relativistic topological sigma
models, topological D-branes and the corresponding worldsheet boundary conditions were
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first studied in 1990 in [104] ®, in the context of constructing orientifolds of the topological
sigma model, not long after the closed-string topological sigma models were first introduced
in [63]. The basic class of worldsheet boundary conditions describing topological D-branes
was shown to involve the choice of a Lagrangian submanifold of the target space. It should
be intriguing to analyze how this construction withstands the process of tropicalization.

Staying within the context of the tropological sigma models constructed in this paper,
there are several important open directions to study further. One is the formalization of the
amplitudes in the context of an appropriate generalization of the Atiyah-Segal axioms. This
question actually has two distinct facets: First, it can be phrased in the context of topological
field theories, as studied in Sections 1 to 4 of this paper, and the answer would represent a
generalization of Atiyah’s axioms [102] for two-dimensional topological field theories. The
worldsheet bordisms should correspond to two-dimensional worldsheets with boundaries,
carrying the structure of a foliation; the bordisms should respect this foliation structure, in
particular the individual boundary components should be identifiable with individual leaves
of the foliation. The novelty stems from the fact that, unlike in the relativistic case, we have
two different kinds of foliation leaves where states can be studied: The nonsingular leaves
of the foliation, and the singular leaves corresponding to the “location along the sleeve at
infinity”, represented by worldsheet punctures. Perhaps the smoothness property that we
discovered around the punctures in §2.2 will be useful in clarifying the question of operator
product expansions and factorization when a mixture of nonsingular leaves and punctures is
involved in the process.

Alternatively, one can ask this question of axiomatization in the broader context of non-
relativistic conformal theories, as discussed in Section 5. The answer would then provide a
generalization of Segal’s axioms of relativistic CFTs [103] to nonrelativistic CETs on world-
sheets with foliations. Having such a formalized set of axioms might be useful for extending
the list of theories that generalize the construction presented in this paper in ways consistent
with the general principles of quantum field theory.

6See remarks in Section 3.1 of [105].
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Chapter 3

Extensions of the Tropological Sigma
Model

In the previous chapter, we have discussed the basic construction behind the Euclidean
tropological sigma model. In this chapter, we will discuss their physically relevant analytical
continuations into real time for the nonequilibrium string. We also demonstrate that the
tropological sigma models admit boundary conditions that permit a tropical analog of branes
known as tropical branes and their corresponding canonical quantization which shows that
the Hamiltonian associated to these can be described as an infinite tower of particles of in-
creasingly mass. Lastly, we will explicitly develop the case of the tropological sigma models
on higher target space dimensions and show that the natural geometries associated to these
sigma models are filtered manifolds which admit natural symmetries associated with the
noncompact Engel algebra. This leads to the construction of Nil-Equivariant tropological
sigma models whose path integrals are expected to be formulated by using compact Nilman-
ifold quotients of the aforementioned Engel symmetry. Lastly, we present some preliminary
unpublished results on how the Maslov dequantization can be extended to some standard
topological field theories.

3.1 Analytic Continuations

We begin with the analytic continuations to real worldsheet time. Our preference to interpret
the direction along the leaves of the foliation as the worldsheet time originates from broader
considerations in physical string theory, concretely from our expectations about the structure
of string perturbation theory when the system it describes is not in equilibrium. In quantum
field theory, systems out of equilibrium are most naturally formulated with the use of the
closed, doubled time contour (known as the Schwinger Keldysh contour), in which the system
is first evolved from the far past to the remote future, and then again de-evolved into the
remote past. It is an intriguing open question whether the covariant formulation of string
perturbation theory can also be extended to the Schwinger Keldysh time, and if so, how.
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In the absence of a direct worldsheet construction, this question was addressed in [54, 25,
55] with the use of expected holographic duality to gauge theories in the large- N expansion,
for which the formulation away from equilibrium using the Schwinger Keldysh contour is
known. The result found in [54, 25, 55] strongly suggests that in nonequilibrium string
perturbation theory, the standard expression for observable amplitudes in terms of a sum
over contributions from worldsheets 3, of genus g, weighted by the appropriate power of the
string coupling constant g,

A = ZgZQ 2F(2 (3.1)

will be refined in an interested and perhaps unexpected way: On the Schwinger Keldysh
time contour, each worldsheet ¥, carries a natural triple decomposition,

Yy=%, UX) UX,, (3.2)

where E;}: corresponds to the part of the worldsheet on the forward branch of the time
contour, 3~ corresponds to the backward part of the time contour, and the “wedge region”
EQA is the portion of the worldsheet that connects them, and corresponds to the turn-around
late time where the forward and backward branch of the time contour meet. Topologically,
the wedge region is connected to the other two parts of this decomposition along a collection
of S! boundaries, but geometrically, there are hints that these connecting boundaries should
be interpreted as nodes in ,. Of course, the total genus g is uniquely determined in terms
of the three genera g;, gr and g_, such that the Euler number x(X,) matches the Euler
number obtained from the triple decomposition.

The interesting point is that for the matching to the expectations from the large-N ex-
pansion on the dual gauge theory side, not only are X+ and X~ expected to be of arbitrary
genus, but also the wedge region must be allowed to be of any genus g.. Thus, the pertur-
bative sum (3.2) is refined into a triple sum over nontrivial topologies of ¥, ¥~ and also
YA,

Consider now the specific case of critical string or superstring theory. While the world-
sheet path-integral description of the theory in regions ¥* might be expected to reproduce
the standard Polyakov-like path integral, the connecting %" region remains quite mysteri-
ous from the point of view of the worldsheet dynamics. The robust arguments from the
large-N duality to nonequilibrium gauge theories are not refined enough to predict clearly
a worldsheet description. However, they do provide one strong hint: While the topology
of ZQA can be arbitrary (i.e., its genus g, = 0,1,...), its geometry is expected to be highly
anisotropic on the worldsheet [25]: The parts of the ribbon diagrams that generate " equip
this region with a coarse-grained foliation structure; the leaves of the foliation are segments
connecting a point on the boundary with the ¥ region to a point on the boundary with
the ¥~ region. Moreover, the worldsheet geometry undergoes an anisotropic limit, such that
the lengths along the leaves of the foliation go to zero while the lengths in the transverse
directions are held fixed. This type of anisotropy expected from the holographic duality of
the mysterious wedge region is extremely reminiscent of the geometric structure we have
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worldsheet time

Figure 3.1: The worldsheet foliation in the cross-channel.

seen on the tropicalized worldsheets in this paper, with the coordinate # along the foliation
leaves now interpreted as the worldsheet time.! Thus we would like to understand whether
the tropological sigma model can be appropriately formulated in real worldsheet time, with
propagating degrees of freedom, not just as a bosonic sector of a topological theory. We will
consider the real worldsheet time to run along the leaves of the foliation, and not in the di-
rection transverse to the foliation (as was the case for the imaginary time in the tropological
sigma models).? We would like to identify a real-time interpretation of the theory described
by (3.5), perhaps by a suitable analytic continuation of the fields and coordinates, such that
it satisfies sensible physical requirements, including unitarity, and positivity of energy.

A naive Wick rotation § — it to candidate real time ¢ would not work: S as given in (3.5)
is real (for real fields, and real coordinates r, #). A continuation § — it would make the action
complex-valued for real t. In real-time physical theories, one can ensure unitarity by requiring
the real-time action to be real. When such a theory is Wick-rotated from real to purely
imaginary time, the original condition of unitarity is reformulated as “reflection-positivity”:
The imaginary-time action can have a non-zero imaginary part, which is constrained to be
odd under the time reversal transformation. We will impose the same restrictions on the
expected behavior of S in our nonrelativistic case as well.

Now that we have decided that we would like to interpret the direction along the leaves
of the foliation as time, it is natural to compactify r on a circle. In addition, we will choose
the coordinate r such that it is periodic with periodicity 27. In this channel, we can study
in some more detail the worldsheet conformal symmetries generated by f(r) and F(r), as
found above in the tropological context: Unlike the case of noncompact r, there is now a
natural countable basis that spans the Lie algebra of conformal symmetries, obtained simply
by decomposing the infinitesimal generators f(r) and F(r) into Fourier modes,

)= Lpe™,  F(r)=Y_ Jne™. (3.3)

!Tropical geometry has already made its appearance in the study of equilibrium string amplitudes, first
in the o/ — 0 limit [106] and more recently at general o’ [107, 108].

2Such theories can then be coupled to a suitable version of nonrelativistic gravity, which would correspond
in this channel to the ¢ — 0 nonrelativistic limit, often referred to in the literature as the Carrollian limit.
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At the classical level, they satisfy a Lie algebra with a clear geometric interpretation: L,,
form the Virasoro algebra of the infinitesimal diffeomorphisms of r € S!, while .J,, represents
an Abelian algebra, transforming under the Virasoro as the Fourier components of a spin-two
field. Quantum mechanically, this algebra admits two central charges ¢ and ¢y,

(L, L] = (m—n)Lyyn + %m(m2 — 1)dmtn,0,
[Jm7 Jn] = 0,
Lo Ja] = (1= 1) Jyrn + m(m? = D (3.4)

Note that the Abelian commutation relations between J,,’s do not allow a nonzero central
extension consistent with the commutation relations involving the L,, generators (see also
[109]).

This algebra has been recognized and studied in the literature, in several contexts [110,
111, 112, 113]. It is also recognized as the Bondi-Metzner-Sachs (BMS) algebra of asymptotic
symmetries of the Minkowski spacetime at infinity [114, 115, 116, 117, 118], in the special
case of the 2 + 1 dimensions, and it has been studied extensively in that context [119, 120,
121, 122, 123, 124, 125, 125].

In the relativistic case, the topological sigma models represent much simpler and con-
trollable cousins of the physical theories with propagating degrees of freedom, which could
be either the untwisted supersymmetric sigma models, or the sigma models truncated to
their bosonic sector. One can naturally ask whether a similar relationship exists between
the nonrelativistic tropological sigma models, and theories with propagating local degrees of
freedom.

Consider the bosonic sector of our tropological sigma model, with action

S = /dr do {% (990 — 0,X)” + 589)(} . (3.5)

The invariance of the action under constant translations in r and # and the Noether theorem
imply the existence of a conserved energy-momentum tensor 7,

. - %(@Xﬁ - %(399)2 ~ 30X, (3.6)
T = (0,X — 5,0)3X, (3.7)
T, = —(0,X —09)0,0 + B0, X, (3.8)
0, — %(399)2 - %(@X)% (3.9)

Note some similarities and a few slight conceptual differences compared to the relativistic
case: This energy-momentum tensor is conserved, d,7%s = 0, but because of the absence of
any non-degenerate metric on X, it is not natural to raise or lower the indices on 7“3. The
lower index indicates which translation symmetry this conserved current is associated with,
while the upper index labels the components of this current. (One could use g.g and h*? to
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lower or raise indices, but after this operation, some information contained in 7%z would be
inevitably lost.) Note that the trace of the energy-momentum is still well-defined,

T, = — B9y X. (3.10)

It vanishes on-shell, confirming that our theory exhibits isotropic scaling with dynamical
exponent z = 1. Note that despite the isotropic scaling, the theory is still sensitive to
the worldsheet foliation structure, and the symmetries generated by the energy momentum
tensor are indeed in accord with its underlying nonrelativistic conformal symmetry.

Looking for real time in the cross-channel: Conformal symmetries

Since S in (3.5) is already real, we can try to interpret 6 itself as real time, and see whether its
canonical quantization (using methods of Dirac quantization [126]) gives consistent results.
Interpreting now 6 as time, the canonical momenta P, Il and 7 conjugate to X, © and [ are

P = B, (3.11)
I = 90— 8,X, (3.12)
r = 0. (3.13)

The system can be quantized straightforwardly. The vanishing of 7 is a constraint, which
is very easy to deal with: X and [ simply represent an unconstrained canonical pair. The
Hamiltonian density and the Hamiltonian are

H = %HQ +119,X, H= /dr’H. (3.14)

This is of course a Hamiltonian of some free theory. The individual degrees of freedom can
be identified by performing a canonical transformation that diagonalizes the Hamiltonian.
This canonical transformation is given by

I = I+0,X, X=X, (3.15)

P = P-§,0, ©=0. (3.16)

(Here the first line is suggested by completing the square in the Hamiltonian, and the second
is required to make the full transformation canonical, since the new momentum II does not
commute with the old P.) After the canonical transformation, the Hamiltonian density
becomes

1~y 1, ~

and we see a problem: This theory with 6 interpreted as real time has a real action and is
formally unitary, but its energy is not bounded from above or below.
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Conformal reductions

Having found that the system represents two decoupled free degrees of freedom, one with
a positive-definite energy and the other with a negative-definite energy, it is natural to ask
whether we can consistently truncate the system (without violating conformal invariance)
to keep only one or the other subsystem.

This should not be done in an ad hoc manner, but more systematically — perhaps by
invoking a suitable gauge symmetry. We have found that our theory has a subtle gauge
invariance represented by the o symmetries, which depend arbitrarily on r but only linearly
on 6. In the Lagrangian formalism, it is not quite clear whether or how such hybrid sym-
metries can be used to reduce the number of degrees of freedom from two to one. We will
therefore fall back on the canonical quantization in the Hamiltonian formalism for systems
with constraints. o

The decoupling of the two subsystems is manifest in the X, P, ©,1I coordinates on the
phase space. We first attempt to eliminate the X, P canonical pair. There are two paths
how to do so, leading to the same result: First, we choose to impose

X=0 (3.18)

as a primary constraint. Since the constraint commutes with the Hamiltonian, there is no
secondary constraint. Our constraint generates a gauge symmetry, acting via the commutator
with the constraint. In particular, under this gauge symmetry, with gauge parametrer as,
P transforms simply via

5P = a. (3.19)

Setting P =0is then a good gauge choice, yielding the desired reduction to just one degree
of freedom, which can be described by the reduced action

&:/mwgww. (3.20)

The second path leading to the same result starts instead by imposing the primary constraint

P=0. (3.21)

The commutator with the Hamiltonian reveals that there is now a secondary constraint,
X = 0, and no gauge symmetries. The constraints form a second-class pair, which when
treated via the Dirac bracket simply eliminates the X, P canonical pair, leading to the same
reduced theory described by (3.20).

If we instead wish to eliminate the é, II canonical pair, we again have two paths: We can
choose the primary constraint

6 =0, (3.22)

which will imply a secondary constraint ﬁ, forming a second-class pair; the Dirac bracket
quantization of the system then eliminates the ©, Il pair, leading to one degree of freedom
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described by the reduced action
1
Sy = /dr do {ﬁ(arxf + 589)(} : (3.23)

(Now of course the energy of the system would be negative-definite, which we can simply
compensate for by reversing the overall sign in front of the original full action and repeating
the reduction steps.)

The second path starts with imposing

=0 (3.24)

as our primary constraint. There is no secondary constraint. The primary constraint is again
first-class, generating a gauge symmetry with gauge parameter oy, acting as

60 = ds. (3.25)

Setting IT = 0 is a good gauge-fixing condition, reducing the system again to (3.23).

Note that the action of the gauge symmetries a; and as in the Hamiltonian quantization
is quite reminiscent of the o gauge symmetries that we found in the Lagrangian formalism.
How such symmetries should be correctly implemented in the Lagrangian quantization is
somewhat obscure, since they are a hybrid between a local and a global symmetry; how-
ever, the Hamiltonian quantization with constraints has provided a natural guidance how to
interpret and implement such symmetries in the bosonic theory.

Are the two truncations to a system with just one degree of freedom consistent with con-
formal invariance? A closer look at the conformal transformation rules for all fields reveals
a happy fact: The same split into the X, P and O, II pairs that resulted from our canon-
ical transformation in the Hamiltonian framework would also result if we instead required
that the split is conformally invariant in the Lagrangian formalism. Thus, our Hamiltonian
quantization has produced two consistent conformal truncations of the original system, to
subsystems with Lagrangians (3.20) and (3.23).

Another analytic continuation to real time

Having seen that the original system (3.5) has two consistent conformal truncations, one can
naturally wonder whether one can consistently analytically continue the theory so that (i)
both X and © degrees of freedom are kept, (ii) the theory has a suitably continued conformal
symmetry, and (iii) it is unitary, with energy bounded from below. If such a continuation
exists, it would also be interesting to see whether it comes from a suitably continued theory
in imaginary time, which satisfies the reflection positivity condition on the action.

In the original variables X, ©, f appearing in (3.5), it is not immediately obvious how to
perform such a desired continuation. Wick rotations of r or  and analytic continuations to
some of the fields from real to purely imaginary values do not work. In order to find the



CHAPTER 3. EXTENSIONS OF THE TROPOLOGICAL SIGMA MODEL 93

correct analytic continuation, let us first compare the theory before and after the canonical
transformation to X P @ Il variables, and ask how this transformation manifests itself in
the Lagrangian formalism. From the known Hamiltonian (3.17), we can reverse-engineer the
Lagrangian and express it in the original Lagrangian variables,

L = PoX +118,0 —H (3.26)
;@@f+%@xv+«ﬁ—@wmx. (3.27)

This Lagrangian differs from the original Lagrangian in (3.5) simply by adding what is locally
a total-derivative term; more precisely, the actions differ globally a topological invariant,
given by the integral of the pull-back of dO A dX to X:

L=1L+08,00,X — 9,00, X. (3.28)

Perhaps more importantly, in this representation we see a hint how to perform the desired
analytic continuation to real time, with positive-definite energy and real action: We need
to Wick rotate 6 to real time ¢ while keeping X and © real, and then we must rotate the
shifted field

B=p-00 (3.29)

from real to purely imaginary values, ' = i%4, with £ real.

Is such an analytic continuation consistent with the appropriately analytically continued
conformal symmetries? After the Wick rotation 6 = it, we must make sure that the conformal
transformations maintain the reality of r and ¢. This is achieved by keeping f(r) real,
and rotating F'(r) = i¢®(r) to be purely imaginary. Such analytically continued conformal
transformations act naturally on X and ©, while preserving their reality. In addition, on /'
they act via

68" = f(r)o,.p" + B8'0.f(r) + (CI)(T) + tf)rf(r)> 0,8 —1i0,X0, (CI)(T) + tarf(r)) . (3.30)

This is indeed consistent with analytically continuing §’ = i%. The conformal transforma-
tions with parameters f(r) and ® transform % consistently with the reality of % while X
and O are kept real. In contrast, note that the original auxiliary field 5 transforms after the
Wick rotation in a slightly more complicated way than [,

58 = F(r)On5-+ 50, f(r)+ (<b<r> ; tarf(r)> O3+ (D010, X)9), (<1><r> n tarf(r)) - (331)

The term that contains 9,0 in this transformation represents an obstruction against an-
alytically continuing S to purely imaginary values while keeping X and © real — such a
continuation would not be consistent with conformal invariance. This observation makes it
clear why the proper analytic continuation of the original theory (3.5) was rather obscure
from the perspective of its original variables.
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Note also that our analytic continuation will make the topological term in (3.28) purely
imaginary; if we desire the real-time action to be fully real including the topological term, we
need to analytically continue the coupling constant of this topological term (i.e., its “theta
angle”) accordingly.

Since we found that the physical interpretation of taking the tropical limit of the relativis-
tic sigma models corresponds to a certain nonrelativistic version of the relativistic topological
sigma models, one may naturally wonder whether our Lagrangian path-integral construction
simply follows from taking a direct nonrelativistic limit of the standard relativistic topolog-
ical theory. In the particular example of TP' that we focused on in this paper, the answer
is yes, although the limit is somewhat subtle — for example, it requires that the standard
auxiliary fields that impose the localization to pseudoholomorphic maps must not be inte-
grated out before the nonrelativistic limit is taken (similarly as in the recently studied case
in [127]). However, we believe that the direct first-principles construction of the tropological
path integral that we followed in this paper has several strong advantages over attempting
to take a nonrelativistic limit of the relativistic topological sigma model:

(i) In the case of more general target spaces, to find a prescription for taking a nonrel-
ativistic tropical limit of the topological sigma model is not unique, as it requires a choice
of preferred coordinates on the target space. The tropicalization limit then proceeds dimen-
sion by dimension, leaving only a discrete group of target-space symmetries (2.39) that we
discussed in § 2.1. In the process, the general curved metric on the target space becomes
piecewise flat, giving the underlying manifold a piecewise linear polyhedral structure, in the
tropical limit. Different choices of preferred coordinate systems on the target space will lead
to a priori different nonrelativistic theories.

(ii)) As we will see in the example presented below, not all tropological sigma models
(as defined in this paper) originate from a nonrelativistic limit of a relativistic topological
sigma model. (In the example below, the target space will be of an odd real dimension,
and thus not obtainable as a limit of a complex target space.) An attempt to classify
all possible tropological sigma models thus goes clearly beyond the classification of the
relativistic sigma models, and it is useful to develop their path integral intrinsically, based
on their nonrelativistic symmetries, without relying on nonrelativistic limits of the relativistic
theories.

(iii) With the tools developed in this paper, it is also possible to ask what marginal
deformations do our worldsheet theories have, and what kind of nontrivial backgrounds in the
tropological target space they correspond to. Again, the classification of possible nontrivial
backgrounds in the target space is likely to be wider than the subclass of backgrounds that
can be obtained from nonrelativistic limits of backgrounds known in the relativistic case.

In this paper, we focused on the construction of the tropical version of the simplest class
of matter systems, the topological sigma models. In the process, we have uncovered a long
list of intriguing differences and similarities of the path integral formulation in this class of
two-dimensional field theories, in comparison to the standard relativistic topological sigma
models, and its close connections with nonrelativistic quantum field theories on surfaces with
nondynamical foliations.
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On the way towards constructing a full-fledged tropicalized version of the path integral
for the topological string, the next step would be to couple such matter systems to the ap-
propriate types of worldsheet topological gravity. Such a coupling is likely to teach us new
lessons about the scope of applicability of string theory, perhaps extendable beyond the strict
limit of the topological string. Similarly, on the mathematical side, one of our original moti-
vations came from the work of Mikhalkin, which shows an intriguing isomorphism between
the results of the standard evaluation of certain Gromov-Witten invariants in the relativistic
setting on one hand, and the tropical analog of this enumerative problem on the other. The
goal has been to shed new light on this result using the worldsheet path-integral methods.
When the result of Mikhalkin is rephrased in the physics language, it is a statement about
correlation functions of BRST invariant operators in topological sigma models coupled to
topological gravity. Hence, in order to examine this tropicalization of the Gromov-Witten
invariants and Mikhalkin’s results from the perspective of the path integral, we also need
the matter systems studied in this paper to be coupled to a suitable version of topological
gravity.

Since the tropicalization of the matter sector on the worldsheet is represented by descend-
ing from relativistic surfaces with complex structures to the more singular Jordan structures
and their associated worldsheet foliations, it is natural to expect that the coupling of such
matter systems to topological gravity should be equivalent to making the Jordan structure
(and the worldsheet foliation) dynamical. This will take us to the well-studied realm of
nonrelativistic quantum gravities of the Lifshitz type [73, 74], which naturally live on spaces
with foliations, albeit without requiring anisotropic worldsheet scaling.

3.2 Tropical Branes

D-branes play a central role in the non-perturbative sector of string theory. Naturally, this
raises the question of how branes manifest in a tropical string theory. The exploration
of D-brane boundary conditions in both physical and topological string theories was first
initiated in [128, 129, 130]. Specifically, we examine the analytically continued tropological
sigma model on a worldsheet with boundaries. We consider the strip

> =R x [0, 7], (3.32)

where the spatial coordinate r is bounded in the interval [0, 7], and we regard this as an
open tropicalized string theory with boundaries at » = 0 and r = 7. We discuss the form
of the two types of physically distinct boundary conditions, which we still label as Dirichlet
(D) and Neumann (N) by considering variations of the tropicalized action. These boundary
conditions are different from the relativistic ones, modifying the mode expansions of the
equations of motion. The generators of the anisotropic conformal symmetries also lead to a
new type of boundary algebra, discussed in §3.2. Interestingly, these solutions are reminiscent
of the Carrollian D-branes found in [131, 132, 133]. Finally, in §3.2, we discuss the open
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strings solutions with different boundary conditions and the canonical quantization of this
theory.

One approach, which we do not pursue in this chapter but mention due to its relevance
for Carrollian theories, is to treat 6 already as a real time but then the theory’s energy is
not bounded from below or above [60]. To cure the unboundedness, one has to perform a
conformal reduction that reduces the degrees of freedom. These reductions can be achieved
consistently by gauging a subgroup of the aforementioned o symmetry. We consider two
distinct subgroups that lead to two different theories with actions (see [60] for more details)

S — /E drdo {%(39@)2} , (3.33)
Sy = /E drdf {%(&X)Z + 589)(} : (3.34)

In the literature, these are respectively referred to as the electric and magnetic sectors of
Carrollian scalar field theories [134] and their quantization was discussed in [135].

For brane dynamics, we take another approach, which is to add to the Lagrangian action
of the tropological sigma model, a topological invariant given by the pull-back of the two
form dX A dO to X:

L=L+0,X00 — 0,00, X
1 1
= 5(89@)2 + 5(@){)2 + (B — 0,0)9pX. (3.35)

We can arrive at this alternative Lagrangian action by directly taking the tropical limit on
the bosonic part of the action of the topological A-model,

/ d*z {lgijayiéw' } : (3.36)
5 2

instead of through the localization equations. We apply Viro’s subtropical deformation to
the integral measure, metric and fields. Working in the adapted coordinate system (r,#) for
the worldsheet and (X, ©) for the target space, we obtain

1 1 1 h?
/ drdf {5(&)()2 + 5(89@)2 + ﬁ(aQX) + 7(&@)2} , (3.37)
up to an overall normalization constant. In the limit & — 0, the third term is divergent.
We remove this divergence by introducing an auxiliary field £ and apply the Hubbard-
Stratonovich transformation. This step is inspired by a derivation in [127] of a Galilean limit

of the Polyakov action. After the transformation, the action reads

/ drdf {%(arXV + %(89@)2 + £0p X + %2(52 - (&@)2)} : (3.38)
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We may now take the A — 0 limit without running into any divergences. With the identifi-
cation £ = 8 — 0,0, the following action

t/ww{gaxf+;%wﬁuﬂ—@@%x}, (3.39)

now recovers (3.35).

It is now clear how to analytically continue (3.35) with § — it. We keep the fields X
and O as real valued. In addition to continuing # — ¢, we analytically continue the shifted
field 5’ = — 0,0 as ' = i# wit & being real valued. After this analytic continuation, the
action becomes

:%iéﬁm{%m@f—%«Lm%uﬂ—@wax}. (3.40)

This action preserves full conformal invariance. It is also unitary with the energy being
bounded from below. We refer to(3.40) as the tropical strings action.
The Euler-Lagrange equations of this action are

0 =070 — 0,0, X, (3.42)
0=9X. (3.43)

We use the a symmetry to set 5 = 0 (the Lagrange multiplier field 5 has its own « sym-
metry: 03 = ag(r)). This gauge fixing condition is a consistent constraint with canonical
quantization since the conjugate momentum 7 to the field § vanishes:

_ac
" 90,8

Thus, (3.44) is a primary constraint that, together with the constraint § = 0, form a pair
of second-class type within Dirac’s classification [126]. We proceed with quantization by
removing this pair of fields (5, 7) from the set of non-trivial operators that act on the
underlying Hilbert space. After removing that pair from the phase space, the conjugate
momenta P and Il to X and © are

= 0. (3.44)

P=-0,06, (3.45)
and the Hamiltonian density
1, 1 9
H= QH + 3 (0,X)7, (3.47)
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where
H= /dr?—[. (3.48)

Notice that the momentum conjugate to X is given by 0,0. This is reminiscent of the
situation for open strings charged with respect to a background gauge field [136], in that
case the non-zero components of strings along different directions are canonically conjugate
to each other. This connection is not that surprising once one recalls that the quantization, in
that case, is based on combining components of strings into complexified fields. We comment
more about this similarity in [137]. There we discuss the relationship between tropological
sigma models and brane quantization, for which the quantization of the symplectic manifold
is carried out by the quantization of the strings ending on branes that preserve A-model
supersymmetry.

Boundary Conformal Algebra

We now consider a worldsheet with a boundary i.e., the strip given by (3.32). We start
with the discussion of the conformal symmetry generators at boundaries and their boundary
algebra. Since we want to keep the boundary fixed at » = 0, 7, this requires that the generator
Or vanishes there. With r now being compact, we can decompose the infinitesimal generators
f(r) and F(r) (in the process of analytic continuation we also redefined F(r) = iF(r) to
preserve reality) into Fourier modes

f(r)= Z Ly, sin(mr), F(r) = Z e, (3.49)

meZ

where f(r) vanishes at » = 0,7 to preserve boundaries and the tilde on L,, is used to
distinguish these modes from the boundary-less case where

Fr) =" Lme™. (3.50)

meZ

Without the boundary, the generators L,, and .J,, satisfy the bms, ; algebra [114, 115,
116, 117, 118] with two central charges ¢ and c¢y. This algebra was also shown to arise in the
context of Carrollian field theories [110, 111, 112, 113] and flat space holography [138, 139],

(Lyns L] = (m — 1) Ly + 1—02m(m2 — D)6 pino, (3.51)
[Jms Jn] = 0, (3.52)
(L, o] = (1 — 1) Jopsn + %m(m2 — 1) dmsno. (3.53)

Additionally, this algebra can also be derived as a Wigner-Inonii contraction [140] of two
copies of the Virasoro algebra.
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We use the L,, generators to construct the boundary version Zm Comparing (3.49) with

(3.50), we find that L, = —%(Lm — L_,,). Using this relation, we derive a new boundary

algebra with only one central charge surviving

T L] = % ((m = 1)L = (m ) L) (3.54)

=

3

=
Il

5 ((m =)o = (m 4 1) Jyum) + TEm(m? = DGno + 0-mino)- (3:56)

Boundary Conditions

For a worldsheet with boundaries, the variation of fields for the action (3.40) gives total
derivatives with respect to r

/ dt {—6X0,X — 509,X} | (3.57)
ox

that we can no longer ignore. Instead, to preserve the equations of motion, we impose
boundary conditions.

We discuss two options. One is a novel boundary condition that is a combination of
Neumann and Dirichlet boundary conditions, nonetheless, we still refer to them as Neumann
boundary conditions in this paper. They are imposed by

aTX’T=0,7T = 07 8tX|r:0,7r = 0. (358)

The second is closer to standard Dirichlet boundary conditions, where we fix the variation
of fields at the boundaries

5X|,,1:077r - 0, 5@|r:07ﬂ— - 0 (359)
Since this has to be satisfied for arbitrary values of ¢, this implies
at)(|1ﬂ:0,71' = 07 at6)|7“:0,7r =0. (360)

One could also generalize these conditions by introducing background fields and pulling
them back. For example, the introduction of a target space 1-form gauge field would modify
the N boundary condition by adding terms of the form

/ dt{Ax0,X + Ao0,0}, (3.61)
ox

to the variation of the action. We remark that the transition functions that define the gauge
field have to be appropriately defined so that the action is invariant under foliation preserving
diffeomorphisms and is consistent with the tropical geometry in the target space.
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Open Strings Solutions and Canonical Quantization

We construct open strings solutions of (3.41)-(3.43) using the boundary conditions derived
above. With two distinct boundary conditions, one can also consider mixed boundary con-
ditions for different fields. Here, we focus on the case where both directions have the same
type of boundary conditions. First, consider the case where both boundaries have Dirichlet
conditions for both X and ©: we fix values of X and © to be xy, z; and 6, 6; at boundaries
r = 0,7 respectively. Then, the solutions satisfying (3.59) can be written in the following
form

A oo
X(r,t) =xo+ 20 g X, sin(2nr), (3.62)
g n=1
O(r,t) =6+ —r+ E O, sin(2nr) +t E 2nX, (1 — cos(2nr)), (3.63)
m
n=1 n=1

where X, and ©,, are excitation modes and we defined Az = 1 — 9, A0 = 0, — 0. Notice
that in comparison to the relativistic open strings solutions, X has no dependence on t,
which is due to the equation of motion (3.43). © depends on ¢ only up to a linear term,
whose behavior itself is determined by the X, oscillation modes up to a constant.

To canonically quantize this theory, we start with the classical Poisson brackets

{X(r ), P, 1)} = 6(r — 1), {O(r 1), (", 1)} = d(r —1'). (3.64)
Upon quantization, they get promoted to the following canonical commutation relations
(X (r,t), P(r', )] = i6(r — "), [O(r,t),1I(r', t)] = id(r —1"). (3.65)

Using the solutions (3.62), (3.63) together with the explicit form of conjugate momenta
(3.45), (3.46) we find that the modes X,,, ©,, satisfy the following commutation relations
Xy Xn] = 0, [X0, O] = — 6. (3.66)
T
From (3.47), one observes that the Hamiltonian only depends on the modes X, that com-

mute with each other and are already Hermitian. Using (3.48) we can find the Hamiltonian
and it takes a simple form in terms of the Fourier modes,

00 2
m [ Ax
H=2r) n’X2+-(— | . 3.67
REFHE 3.67)
The fact that X,,’s commute also implies that there is no need to regularize the ground states
oscillation energies as in the relativistic case. In contrast to standard quantum field theory,
which yields an infinite number of decoupled oscillatory modes, the theory presented here
appears to produce a theory of infinitely many free particles. This outcome aligns with the
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original physical motivation behind the analytically continued tropological sigma models.
These models describe the asymptotic behavior of the moduli space of punctured Riemann
surfaces, where it is well known that strings become on-shell and propagate through a tower
of increasingly massive physical states [60].

The form of the Dirac brackets (3.66) suggests that the modes ©,, act as a conjugate
momentum of the modes X,,. Therefore, we start by introducing states of the operators X,
and construct the Hilbert space as a tensor product over all modes, for an arbitrary state
we can write

[ X) =1X1) ®[X2) ®|X5) ..., (3.68)
where each satisfies
Xn| Xp) = zn| X)) (3.69)

The vacuum is defined as a state for which x, = 0, Vn. Since the Hamiltonian (3.67) is
diagonal in the operators X,,, the eigenstates | X,,) are also eigenstates of this Hamiltonian.
Now, denoting eigenstates of ©,, as |©,,), where their construction is analogous to the one
above, we can find the overlap to be

(X,|0,) = e~ mnin, (3.70)

Before, we consider solutions with different boundary conditions, we discuss the case
where the string along X is wrapped on a circle S* of radius R by identifying points

Axr — Az +2mmR, (3.71)

with an integer m being a winding number. This periodicity condition shifts the zero point
of the Hamiltonian by

(% + 2mR>2 . (3.72)

Consider another case where the fields (X, ©) on both boundaries satisfy (3.58). With-
out any additional constraints, such boundary conditions only fix X. This is a significant
difference in contrast to the relativistic case where the boundary conditions restrict all com-
ponents along which they are enforced. For ©, only the ¢t dependent part of the solution is
impacted by boundary conditions due to the equation of motion (3.41), which relates this
part to 9,X up to a constant C,

X(r,t) = xo + i X, cos(2nr), (3.73)

n=1

O(r,t) = 0y + Z O, +t (C’ + Z 2nX,, sin(2nr)> . (3.74)

n#0

n=1
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As before, the zero mode of X has no conjugate momentum since X is time independent.
The constant C' in the solution for © can be removed once we insert Wilson line type
of terms into the boundary action integral and modify boundary conditions according to
(3.61). The addition of boundary terms also changes the conjugate momentum and the
quantization. If we keep Ag nonzero, the momentum conjugate to © (3.46) is now given by

1= 8,0 + A5(r — ) — Agd(r), (3.75)

where A, Ag is the value of Ag on the boundaries » = 7,0 respectively. The difference is
denoted as AA = A, — Ay. Now the Hamiltonian is

H=21y n’X2+ gAA? (3.76)
n=1

If we wrap X on S in this case, the Hamiltonian does not change since it does not depend
on the momentum conjugate to the zero mode.

One could ask if there exists a tropical analog of T-duality. We would expect that the
theory with X field wrapped on S! and (DD) boundary conditions is dual to the theory
with X wrapped on S with Wilson loops inserted and (NN) boundary conditions. However,
the fact that X in the latter case is already periodic implies that the Hamiltonian (3.76)
does not have ea term that is inversely proportional to R. We conclude that T-duality in its
standard form is absent in this theory. This aligns with the intuition that tropical objects
in a tropical geometry base correspond to geometric objects found in the A- and B-models.
Therefore, one would not expect to find examples of mirror symmetry that descend to the
underlying tropical geometry, as mirror symmetry is fundamentally a relation between the A-
and B-models [141]. This suggests that an appropriate tropicalization of the path integrals
associated to the B-model would lead to the same tropological sigma models provided by a
tropicalization of the A-model. We leave this as an open question for a future work.

In this section, we reviewed the basics of a tropological A-model and discussed its analytic
continuation. We examined the resulting theory on the worldsheet with boundaries and
introduced a new type of boundary conformal algebra. Additionally, we derived Dirichlet
and Neumann modified boundary conditions that arise in this theory and can be imposed at
the endpoints of strings, leading to the tropical analog of a D-brane. We analyzed open string
solutions with (NN) and (DD) boundary conditions and constructed their mode expansions.

Using canonical quantization, we derived commutator relations for the modes and pro-
vided a one-dimensional Hamiltonian, which is simpler than in the relativistic case due to
the absence of regularization issues. The Hamiltonian depends only on commuting opera-
tors, and there is no energy shift caused by ground state oscillations. This Hamiltonian was
interpreted as arising from the infinite tower of increasingly massive string states that one
would expect to find when a string goes on-shell. With this Hamiltonian and the quantized
operators, one can construct states and compute observables either directly or through an
analog of conformal mapping, as in the standard relativistic case. We leave this exploration
for a future work.
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In comparison to the previous work [60], we demonstrated how tropicalization alters
the quantization procedure for open strings. While the system is easier to solve compared
to the relativistic case, several intricacies remain to be addressed. The differing boundary
conditions for the fields X and © leave open the question of mixed boundary conditions.
Additionally, we did not investigate the potential new dynamics that might emerge when
the target space has a real dimension greater than two. As noted in [60], tropological sigma
models allow generalizations to higher dimensions. Surprisingly, due to the nilpotency of
higher-order Jordan structures .J, these models naturally generalize to odd real dimensions
where contact geometry becomes relevant. From J, one can construct actions and impose
the boundary conditions discussed here to explore more exotic open string solutions.

Another interesting direction to explore is to discuss tropical D-branes that preserve
A-model supersymmetry. In this case, one has to study a theory before the analytic continu-
ation on the worldsheet with boundaries. There are in fact two possible types of branes that
one can consider: Lagrangian and coisotropic branes [142] and their construction is depen-
dent on the target space geometry. In [143], these objects are used for the procedure called
brane quantization. This method approaches the quantization of a symplectic manifold M
by associating an A-model to the complexification of M. We discuss how this procedure
changes in the tropical limit in [137].

3.3 Tropological Sigma Models and Higher
Dimensional Target Spaces

Throughout this thesis, we have limited our attention to tropological sigma models whose
targets are standard tropicalizations of complex manifolds. However, once we have under-
stood the path integral formulation of such theories and their symmetries, it is natural to
ask whether the same formalism can be directly extended to a broader class of target-space
geometries, going beyond the idea of tropicalization. Here we will indicate some such gener-
alizations, without any attempt at completeness.

The Jordan structures J;/ on tropicalized complex manifolds have a special form: They
decompose into two-by-two diagonal blocks, each given in adapted coordinates by (2.44).
This limitation is non necessary in our path-integral formulation: We are free to consider
target spaces whose Jordan structures contain on the diagonal indecomposable p X p Jordan
blocks with zero eigenvalues,

010 000
001 ..000

: (3.77)
000 ..010
00 0 00 1




CHAPTER 3. EXTENSIONS OF THE TROPOLOGICAL SIGMA MODEL 104

of arbitrary higher order p, not just the lowest-order p = 2 that appeared in tropicalizations
of complex manifolds.

Intriguingly, this means that we are not limited to target spaces whose real dimension is
even. The simplest example M3 of such a target space that goes beyond the limits imposed by
tropicalizations of complex manifolds is of real dimension three. On M3, we will use adapted
coordinates W, X, ©, calling them collectively Y?, with i = W, X, 0. In these coordinates,
the Jordan structure takes the form
010
0 01
000

Ji = (3.78)

As a result of this higher-order Jordan structure, Mj3 carries a natural structure of a nested,
double foliation: One-dimensional leaves of constant X and W are embedded into two-
dimensional leaves of constant WW.

The localization equations for this system are again given by (2.47), which in the adapted
coordinates reduces to

HX —OW =0, 9O-0,X=0, HW=0, 0X=0. (3.79)

They naturally respect the structure of the nested foliation of the target space. The solutions
of the localization equations are locally given by

W(T, 0) = Wo,
X(r,0) = Xo(r), (3.80)
@(7", 9) = @0(’/“) + QGTXQ(T).

Thus, the solutions look just like those for the (X, O) system studied in the bulk of this
paper, with each map lying entirely within a two-dimensional leaf of constant W. However,
a richer structure emerges when we look at all the classical solutions of the bosonic action
for the sigma model.

To construct this action, take for simplicity the degenerate metric on M3 such that
GXX = (°9 = 1 and zero otherwise. The rest of the construction then closely parallels
that in §2.3: First, we introduce the auxiliary fields B¢;, and write the action using these
auxiliaries as

S = / o (BfEai - %%BG”B%B%) : (3.81)

Because the number of components of B¢; is again redundant, this action exhibits a gauge
invariance similar to that generated by f¢; in §2.3. This gauge symmetry can be simply fixed
by setting BS, = 0, at the cost of abandoning the full covariance in Y. Of the remaining
four components of BY, two enter the action quadratically, and we can integrate them out.
The remaining two enter the action linearly, and we relabel them (; and s, leading to the
simplest form of our conformally invariant action

S = /dr do {%(aex —0,W)% + %(89@ — 0, X)* + B10sW + ﬁgagx} . (3.82)
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The classical equations of motion of this system are locally solved by

W(r,0) = Wy(r),

X(r,0) = Xo(r),

O(r,0) = Oo(r)+60.01(r), (3.83)
Bi(r,0) Bro(r) — 00> Wy(r),

52(7”, 9) = 52’0(7’) + 9 <(9r®1(r) — 8T2X0( )> .

Note that the general classical solutions are no longer confined to the individual leaf of
the codimension-one foliation of fixed W, in contrast to the solutions of the localization
equations.

Explicit CP? Case

In this subsection, we will study tropological sigma models on the manifold CP? and inves-
tigate the many inequivalent ”tropical limits” that one may consider. We demonstrate that
a careful choice of tropical limit results in a target space geometry that is not simply a foli-
ated manifold but instead it is a filtered geometry equipped with a non-holonomic tangent
space induced by the filtration. This filtration structure can be seen as an additional global
symmetry that acts on the space of fields. For the case of CP?, we find that this additional
symmetry algebra can be identified as a noncompact finite-dimensional nilpotent step 3 Lie
algebra known as an Engel algebra. The results are suggestive that tropological sigma mod-
els might be able to extract additional invariants beyond the Gromov-Witten invariants for
tropicalized Jordan structures.

In §3.3, we provide a quick systematic review of how the tropical limit is implemented in
the path integral and show that in low dimensions, the canonical geometric data that tropical
field theories are associated with are nilpotent endomorphisms of the tangent bundle known
as Jordan structures. We present a classification of Jordan structures in higher dimensions
based on the Jordan block decomposition. We argue that the Jordan structure of interest
J31 in this paper can be arrived at through a double Maslov dequantization limit which
encodes nested foliations that result in a nontrivial filtration structure. In §3.3, we will give
the explicit localization equations and actions for each of Jordan structures. We find that
the tropological sigma model associated to J3; gives rise to the noncompact nilpotent Lie
algebra mentioned previously. In §3.4, we show how to regularize the noncompactness of
the symmetry group by taking a lattice quotient regularization which yields a nilmanifold
global symmetry and construct the equivariant extension of the tropological sigma model.
We construct equivariant BRST cohomology and observables. We conclude in §3.4 with a
discussion of what new features should be expected in higher dimensions beyond 4 as well
as natural follow up questions associated to the Nil-equivariant tropological sigma model.
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Higher Order Jordan Structures

As we have reviewed in the previous section, the tropical limit is implemented through a
Maslov dequantization, which is done locally. The key geometric data that was created upon
by taking a tropical limit was the nilpotent endomorphism of the tangent bundle known as
the Jordan structure. Consequently, we begin by classifying all possible degenerations of a
complex structure in 2 real dimensions and then extend it to 4-dimensions. Since we are
working locally, temporarily, we are able to sidestep the issue of additional global moduli
arising.

In two real dimensions, there is a unique complex structure up to a change of basis that
you can equip C with, a matrix representation for the complex structure may be given by

( (11 é ) | (3.84)

Taking the tropical limit gives a nilpotent endomorphism of nilpotency of a degree two. We
will call this a second order Jordan structure where the second order refers to the nilpotency
degree. Standard arguments in a finite-dimensional linear algebra shows that every nontrivial
nilpotent endomorphism of degree 2 is conjugate to a Jordan block

J2:<8 é) (3.85)

which is unique, again up to a change of basis. The subscript 2 on J refers to the size of
the Jordan block describing the Jordan structure. The most natural way to classify Jordan
structures on C" for n > 2 is to use the Jordan block classification of nilpotent matrices.

For the case of C?, we can give an explicit matrix representation of second order Jordan
structures in terms of 4x4 matrices. The only possible nonzero Jordan block decompositions
are given by either one block of size two along with two blocks of size 1 or two blocks of size
2. The first possibility has a matrix representation of the form

01 00
0 0 0O

Ja11 = 000 0 (3.86)
00 00O

We will use the notation J,; . where the indices correspond to the size of the Jordan block
and the number of Jordan blocks is given by the number of separated indices. The linear
map corresponding to this matrix has rank 1 (in general Jordan block of order k£ has rank
k — 1) and a 3-dimensional kernel. For the case of two blocks of size 2, we have

01 00
00 0O

Jop = 0001l (3.87)
0000
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here the map has rank 2 and a 2-dimensional kernel. These two Jordan structures are not
conjugate to each other, and they exhaust all possibilities for a nilpotent endomorphism of
degree 2 in 4 dimensions.

However, it turns out that there is another possibility that was mentioned in [60] and
we can have Jordan structures of nilpotency degree 3. In other words, we can consider
third order Jordan structures. In a 4-dimensional vector space, a nilpotent endomorphism
of degree 3 is one for which J3 = 0 but J? # 0. In the Jordan classification, the nilpotency
index is given by the size of the largest Jordan block. Since the overall dimension is 4, the
only possible Jordan block decomposition that achieves this is one Jordan block of size 3 and
one block of size 1. Up to conjugation, this form is unique. Thus, there is exactly 1 nilpotent
endomorphism of degree 3 on a 4 -dimensional vector space. A matrix representation can be
given by

Jyq = (3.88)

o O O

100
010
000
0000

Lastly, we can extend this up to the case of a fourth order Jordan structure. This
condition forces the largest Jordan block of J to have size 4. In a 4-dimensional space, the
only possibility is to have one single Jordan block of size 4. Thus, up to conjugation, there is
exactly one such nilpotent endomorphism. A canonical matrix representation with respect
to a suitable basis is:

Jy = (3.89)

o O O

1
0
0

o = O
_ O O

0000

We cannot obtain any higher order Jordan structures for a vector space of dimension 4
but the construction readily generalizes to higher dimensions. In principle, we are able to
equip the target space with any of these Jordan structures and study the tropological sigma
model on these target spaces but a natural question is: are any of these Jordan structures
singled out and which is the natural one to to equip CP? with?

It turns out that there is exactly one inequivalent complex structure on a 2-complex di-
mensional vector space up to a complex linear equivalence. Choosing a matrix representation
gives

0 1 0 0

~ [ =10 0 o0

T=1 % o o 1 (3.90)
0 0 -1 0

Notice that this higher dimensional complex structure is essentially the tensor product of
two lower dimensional complex structures. We will see that we can still construct a unique
tropicalization in 4 dimensions. We denote the degenerations by primes. If you take the trop-
ical limit of the first embedded complex structure and leave the second embedded complex
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structure alone, we obtain

o O O

1
0
0

oS O O
= o O

J' = , (3.91)

00 -1 0

which is not nilpotent and hence is not a Jordan structure. Taking the tropical limit of
the 2nd complex structure and leaving the first one alone is equivalent up to a matrix
transformation to the first option. One obtains

0 100
J' = _01 8 8 (1) (3.92)
0 000

One can easily find a similarity transform which tells us that J’ is equivalent to J” up to a
linear change of coordinates.

Taking a tropical limit such that both embedded complex structures become embedded
Jordan structures, we obtain

o O O
S O =
o O O
_— o O

J" = (3.93)

0000

This linear map is nilpotent and represents a true Jordan structure, hence we see that J" =
J2 9 is uniquely picked out from tropicalizing the complex structure on CP?. We examine all
of these Jordan structures in the next section, despite Jy o being picked out from a direct
tropical limit. It will turn out that Js; is the most interesting Jordan structure. The reason
for this is due to the fact that one cannot directly arrive at Js; through a single direct Maslov
dequantization. Instead, one must carefully perform two distinct Maslov dequantizations in
series in such a way that that two of the entries of the complex structure is killed off and we
have J3 = 0. One can achieve this by first performing a Maslov dequantization to zero out
one of the entries and obtain a matrix equivalent to .J4, rotating the coordinates and then
doing another Maslov dequantization limit kills another entry which results in J5;. Thus,
in general, we would expect that each Maslov dequantization induces a distinct foliation
structure that when overlapping manifests itself as a nontrivial filtration on the space. Such
a Jordan structure has first been described in the 3-dimensional target space case in [60].
We discuss this nontrivial filtration structure in §3.3.

Actions for Tropological Sigma Models on CP?

From now on, we work with the target space X , which has 4 real dimensions and local
complex coordinates are denoted as Z;, Z; with ¢ = 1,2. We will denote the adapted world-
sheet coordinates via (r,6) and the adapted target space coordinates via Y = (X*,0"). We
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construct the Maslov dequantization by employing

Zi = e n e (3.94)
and taking the limit as A — 0. As discussed in §3.3, we construct a tropological sigma model
by formally replacing the Jordan structures in the localization equations and construct a
BRST representative for the action. In what follows, we ignore the trivial case of Jy1
(3.86) as it simply reproduces the original tropological sigma model on tropical projective
space TP'. Instead, we discuss the action associated to Jo2, Ju, J31 (3.87)-(3.89).

The action of the nilpotent BRST charge on the space of fields is given by

Q. X' =9 [Q X% =v
[Q.0'=¢", [Q.0%=¢"

additionally, their action on the foliation-preserving diffeomorphism ghosts (1!, 92, o!, ©?)
is given by

(3.95)

{Q.o'} ={Q. ¢’} ={Q.¥'} ={Q. v’} =0. (3.96)
The bosonic auxiliary fields Bf* and its antighost superpartner x§ are defined as usual and
put into a BRST multiplet
{Q. X%} = B,
{Q B3} =0.

This action is invariant under an additional gauge symmetry that preserves Y but modifies
B%. We can fix this gauge symmetry in a such way that we preserve conformal invariance
of the worldsheet, however, the full conformal invariance of the target space cannot be
preserved. We refer reader for further details to [60], and in what follows we pick guage
fixing such that

(3.97)

%0 =B%: = 0. (3.98)

The antighosts x4, which follow the same pattern as of the auxiliaries, are similarly gauge
fixed with the choice

X% = X% = 0. (3.99)

The leftover non-zero components of these tensor densities in adapted coordinates are de-
noted as

T@l — Bl, Brgz — BQ, 6961 - —ﬁl, 8992 — _BQ,

Xrel = =, Xr@2 = Ho, Xee)l = —X1, X9@2 = —Xo-

To integrate out half of auxiliaries, we can add a BRST invariant and conformally invariant
term of the form

(3.100)

1 11 202 1
—é/d%%ﬂ <H@ BBy, + HO® %28%2) = —é/d% (Bf+B3),  (3.101)
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where 7,4 is a tensor density of weight —1 constructed with a worldsheet metric and in the
adapted coordinates its leftover component after tropicalization is 7,... H ©'0' and H®’®” are
the non-zero components of the target space metric. However, we cannot add to the action
a similar quadratic term for $; and (s as such term would break worldsheet conformal
invariance.

Tropological Sigma Model on TP? with J

As argued in the previous section, the Jordan structure that is singled from the tropical limit
of CP? is

, (3.102)
we view tropical projective space TP? as having the same underlying differential structure

as CP? but instead of being equipped with its standard complex structure, we equip it with
J29. The localization equations are then

EX = 9,X 1, EX =0,
ES = 0,0 — 0,X', ES =-0,X",

, , (3.103)
EX" =0y X?, EY =0,

EY = 9,0% — 9,X% ES = —09,X?,

we find that our corresponding action is

1 A 1. ,
S = E /d?“de {Q,Ej (89@] — 8TX] — §B]> —f‘Xjang}

1 . . A . ) o1 ,
= — /drd@ [Bj ((99@] — GTX]) + B;0p X7 — Z; ((%ap] — @@/ﬂ) — X0 — §BjBJ
e

Here e is a coupling constant of this quantum theory. This action is quadratic in the auxiliary
fields B; and integrating them out results in the final action

S = é / drdf [% (90" — 8, X")° + % (950% — 8,X2)" + 3,05 X7

—Z; (007 — 007) — ;000

This action is simply a doubling of the standard tropological sigma model on TP' that is
introduced in [60]. It’s clear from the form of the Jordan structure that the underlying
geometry is that of a foliated manifold where we have individual foliations running over the
(X1,0') and (X, ©?) coordinates. Given this doubling, it’s clear from previous arguments
that the correlation functions of this theory will match with the standard Gromov-Witten
invariants of CP?.
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Tropological Sigma Model on TP? with J,

Now, we consider the fourth order Jordan structure

0100
0010
Jy = 000 1 (3.104)
0000
The corresponding localization equations are
EX = 9,X 1, EX =0,
E® =00' —9,X', EY =-0yX",
o ’ ’ (3.105)

EX = 9,X%? - 0,0', EX =—0,0",
EY = 9,0% — 0,X2 ES = —0,X2,

and the action is

s=1 / drdo B (00" — 0,X")* + % (0007 — 0,X)* + 8,0, X7 — Z; (09" — 0,07 | .

e

The localization equations may be solved locally on a worldsheet patch and yield the solutions
Xl:fl(r>7 X2:f3(7’),
0! = fo(r), ©% = fu(r)+00,fs(r),

where the f;(r) are arbitrary projectable functions. Interestingly, unlike the tropological
sigma model for the case where Jy 9 where we got a doubling, the structure of J; seems to
totally collapse the (X, ©!) directions and only leaves room for a tropical winding number
for the ©% direction. If we assume that the target space ©? is periodic, then we obtain a
winding number w given by

(3.106)

X%(r) = wr
©%(r,0) = fa(r) + wo,

It’s clear from the local solutions that if the ©' coordinate is also periodic, we won't get a
doubling of winding numbers.

(3.107)

Tropological Sigma Model on TP? with J31: Nilpotent Fermionic
Symmetries

The localization equations associated to

31 = (3.108)

o O OO
o O O
o O = O
o O OO
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are ) )
EX = 0pX1, EX =0,
E® =9,0' - 8, X', E =-09,X",
) ) (3.109)
EX" = 0,X? — 0,0', EY =—0,0",
E® = 9,0° EY =
and the action
1 o
S=- / drdf {Q,XO‘ZEZQ - —:,-BZ}
€ Js 2
1
= / drdf [Bl (090" — 0,X") + Bs (990%) + b1 (9pX ") (3.110)
)
1 —_ -
- E(B% + B3) — 21 (Opp" — 0,0") — 2 (99°) — x1 (990") }
Integrating out the By and B, auxiliary fields, one can obtain the following action
1 1 2 1 2
S== [ drdd |= (00" — 0, X")" + = (99©0°)" + 1 (s X") — E1 (D" — O,0p") —
L {2(9 )+ 3 00 (00X) == (00! —0t) =

2 (99°) — x1 (Op0")] -
Unlike the previous tropological sigma models, this one has an additional infinitesimal sym-
metry which generalizes the oo symmetry. The symmetry generators will have a trivial action

on some fields but a nontrivial action on others, we will list out only the nontrivial transfor-
mations. The first symmetry generator denoted 9, gives

51X1 = wla
5,0 = o',
SN . (3.112)
(51:1 == 89@ — &X s
oixa = P
The second symmetry generator is given by

) 1_ 27
2wy (3.113)
(52:2 = 1.

In addition to d; and ds, one is able to generate an independent symmetry generator by

taking the appropriate graded commutators [01, 2] := d3, which gives
(53@1 = 9027
3.114
032, = 00" — 9, X", (3.114)
as well as [01, 03] := d4 which gives
0451 = —Opp?,
s o (3.115)

(5452 = 8.9901 — ﬁrwl.
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We can more explicitly write down the generators @); by using functional derivatives acting
to the left over the foliated worldsheet

5

Qi = / d*06,0% (o) 557 (0) (3.116)

where ®4 denotes any field and we included the arrow to underline that the derivative acts
from the right. Then, the fermionic symmetry generators may be written down as

5 5 5 %
_ o 1 Xl o
Q1 / [¢ Sx1 + ! 501+ (0,0' — 0, )(Ll +615X1] :
A <
0 1)
Q2 :/ SD + 21 —= K
01 Zo
- - (3.117)
1) 0
Q3 = /dQO' QO @ + (80@1 8 X ) 5“2]

0 )
Q4= / [ 5990 0=, (69<P1 - arl/)l) 5=,

-]

One can show that these differential operators generate the infinitesimal symmetries and
they satisfy

[Q1,Q2] = Q3, [Q1,Q3] = Qq, (3.118)

with all other commutators vanishing. The symmetry also holds off-shell, if we consider
(3.110), where auxiliary fields have not been integrated out yet, we find a simple modification
of charges

(5 .5 5 ? 5
r 2 1 1 . _ 1
Q= /d oy (5X1 +(10 5@1 + (69@ a?"X )5H1 +51 (6990 Ory) ) 6B,
T = = <

) ) 5
= 2 ! X!
Q5 /d ©? 501 + (0p©" — 0, ><L2 + Ogp? — 5B

with ()2 and (4 not modified. These charges again satisfy (3.118).

The symmetry algebra (3.118) can be identified to be a free 3-step nilpotent Lie algebra
known as an Engel algebra it can also be shown to be isomorphic to A4; algebra of the list
on Mubarakzyanov’s classification of low-dimensional real Lie algebras [97, 98]. The Engel
algebra admits a local frame composed of two generators X, Y whose Lie brackets commute
to give

X,Y]=2 [V,Z]=W (3.119)
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A natural question would be to ask how does this fermionic global symmetry arise? One can
examine that the structure of J3; provides a nontrivial sequence of filtrations on the tangent
bundle. There is a chain of generalized eigenspaces

0 Cim (J3,) Cim(Js1) C ker (J31), (3.120)

where im (J3,) is one-dimensional, im (.J31) is two-dimensional and ker (.J3 1) is two-dimensional.
Unlike the other Jordan structures, J;; does not define a distribution that one could then
integrate to give a foliation on the manifold instead we have a filtered manifold. We will
call a Jordan structure that induces a nontrivial filtration (as opposed to a trivial one), an
exotic Jordan structure.

Recall that a filtered manifold [144] is defined as a manifold where the tangent bundle
comes equipped with a nested sequence of filtration subspaces i.e. a filtration flag. Unlike a
foliated manifold where the tangent space is still an abelian group with respect to dilations
of the tangent vectors, a filtered manifold has an associated graded Lie algebra known as the
symbol algebra which one can think as of nonabelian tangent space. The symbol algebra is
constructed as a direct sum of elements in the flag via

et (T,M) =P F/F, (3.121)

where Fg denotes the terms of the filtration of the tangent space at a point p.
For the explicit case of J3 1, we have the filtration flag constructed by

F) =ker(J), F.=ker(J?), F’ =ker(J®)=T,M. (3.122)

p

Through the rank-nullity theorem, one can check that
dimF) =2, dimF; =3, dimF, =4, (3.123)
which then defines the Lie-algebras

om=F, g=F/F, g=F/F. (3.124)
This Lie-algebra g decomposes into a 2 @ 1 ¢ 1-dimensional graded vector space of the form
g = g1 ® g2 ® g3. The associated graded lie-algebra for the Jordan structure Js; is then
precisely isomorphic to the Engel algebra. In summary, the Jordan structure induces a
graded Lie-algebra constructed from the filtration on the tangent bundle which then gives
us an additional fermionic symmetry group on the space of fields. Interestingly, the dilations
on this space acts in an anisotropic way. If the generating set of vector fields X, Y scale by
a factor A under dilations, then their commutator will scale by A2. This shows that not only
are the gauge symmetries related to tropological sigma models anisotropic but their global
symmetries seem to obtain a similar anisotropic scaling behavior.
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3.4 Nil-Equivariant Tropological Sigma Models

It is interesting to observe that the tropicalization generically gives rise to not only nilpotent
endomorphisms but also nilpotent noncompact global symmetry groups. In the previous
section, we saw that the tropological sigma model equipped with J3; furnished a represen-
tation of this nilpotent symmetry group through fermionic charges. In this section, we will
begin by regularizing the noncompact global symmetry and find that one can instead reduce
the symmetry group to a compact subgroup by quotienting out through a lattice; the result
is a nilmanifold. We then show how to construct an equivariant tropical topological sigma
model with respect to this new symmetry and end with a discussion of how the observables
and their selection rules are modified.

Compact Nilmanifold Quotients of the Engel Algebra

In order to investigate the consequences of this additional fermionic global symmetry, we
would like to turn on a background gauge field associated to the Engel algebra and what
modifications the standard Gromov-Witten invariants undergo. This may be implemented
by directly constructing an equivariant tropological sigma model which is equivariant with
respect to the Engel algebra and so we will explicitly try to construct the Killing vector fields
associated to the Engel algebra. There is one caveat however; the symmetry generators will
generate a nilpotent and noncompact Lie group G; we will need to see how to quotient or in
other words properly gauge fix this in the path integral. In order to do so, we must either
find an appropriate compact subgroup of G. We will see that no such compact subgroups
exist and we will be forced to quotient out by a lattice I' to achieve a proper regularization
for the symmetry group.

Suppose that one chooses a compact subalgebra K of G. We would like its Lie algebra
£ C g to also be nilpotent since the Engel algebra itself is nilpotent. As usual, we can equip
the Lie algebra of any compact subgroup K with an adjoint-invariant positive definite inner
product and require that the subalgebra is skew adjoint with respect to the inner product.
An immediate consequence of this is that any matrix representation of the nilpotent Lie
algebra will have automatically be zero; this is due to the fact that any skew adjoint linear
map is normal and by the spectral theorem we can unitarily diagonalize this map with a
purely imaginary spectrum but nilpotency forces all eigenvalues to vanish. Consequently;
the Lie subalgebra may only lie in the center of g but since the group is simply connected,
this means that we will only recover trivial subalgebras. The corresponding subgroups would
therefore only be discrete subgroups of GG i.e., a lattice I' C G. It is easier to see this explicitly
using a 2x2 matrix and forcing nilpotency. A quick example would be

( 2 _OA ) : (3.125)

imposing nilpotency forces all eigenvalues to be zero.
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As a result, we will instead choose to quotient out by a lattice I' in G. Doing so will
result in a compact nilmanifold G/I'. In [145] has shown that there any simply connected
nilpotents Lie group G will admit a lattice iff its algebra admits a basis with rational structure
constants. In particular, we can explicitly show that this is the case for the 4-dimensional
Engel algebra via the use of canonical coordinates induced by the exponential map. Let’s
denote the Engel Lie algebra to be abstractly defined by generators Xi, X,, X3, X, that
satisfy

(X1, Xo] = X3, [Xy, X3] = Xy, (3.126)

then its associated Lie Group admits exponential coordinates (x,y, z, w) of the second kind
[146] via
g(x,y,z,w) = exp (zX1) exp (yX2) exp (2X3) exp (wXy) , (3.127)

one would expect that a canonical lattice would simply be given by
[y :=exp (ZX1)exp (ZX5) exp (ZX3) exp (ZX4), (3.128)

however this lattice is not closed under the group law
1
(,y,2,w) - (2,9, 2, w') = (.Z‘ +ay+y, 2+ oy, wtw +xd + §x2y/> . (3.129)

One can trace back the problem back to the % that appears in the w coordinate due to the
Baker-Campbell-Hausdorff formula. In order to fix this, we can either choose to rescale our
basis vectors or impose a parity constraint on one of the integer coordinates; we will do the
former. We begin by rescaling the 4th basis vector X, by the factor 2 and defining the basis

El = X17 E2 = X2, E3 = Xg, E4 = 2X4, (3130)

we can then once again write any element of the nilpotent Engel group through the expo-
nential map using coordinates (z,y, z,u) as

9(3579727“) = exp (xEl)eXp (yEQ) exp (ZE3) exXp (UE4) ) (Z‘,y,Z,U) S R47 (3131>
the induced group law is now

(.1’, Y, =<, u) ) (xlv y/7 Z/a u/)
1 1 3.132
:(93+:l?/,y+?/,,2+z’—|—a:y/,u+u'+§xz’+szy’), (3.132)

the corresponding lattice is then

1 1
I'= { (m7 n,p, ZQ) ’ m,n,p,q € Z} = exp (ZEI) eXp (ZEQ) eXp (ZE?)) exp <ZZE4>
(3.133)
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The lattice I' is a rank-4 free abelian subgroup of G and it induces a corresponding lattice
in the Lie-algebra defined up to a rational automorphism. The associated quotient is then
a compact nilmanifold known as an Engel nilmanifold G = G/T' & R*/ ~ | explicitly the
identification can be seen by multiplying a group element by a lattice element and it produces

1 1 1,
(x,y,z,u) ~ |z +m,y+n,z+p+anu+ Zq—ir 5xp~|— ) (3.134)
for integers n,m,p,q. One can write these down these identifications in terms of linear
integer combinations of the following generators

(x7y’2’u) ~ (:L‘—'— ]"y72’u)

L
(x,y,z,u) ~ x,y+1,z+x,u+1x

1 (3.135)
(xvyazau)w x7yvz+17u+§x

1

(r,y,2z,u) ~ (x,y,z,u~|— Z) .
In order to explicitly construct the Killing vector fields, we want to equip our global symmetry
group G with a left invariant Riemannian metric tensor. For the purposes of a background
field, we may pick any left invariant metric tensor to implement this however we note in
passing that if we are later interested in making the field dynamical, at first glance, it would
seem impossible to gauge the Engel algebra due to the fact that any kinetic term would
require an Engel adjoint invariant trace but no such adjoint invariant form exists due to the
nilpotency of the Engel algebra.

We begin by computing the left-invariant Maurer-Cartan forms and we obtain

0! = dz,
0> = dy,
0 = dz — xdy, (3.136)

1 1
6* = du — éxdz + szdy,

their corresponding structure equations can be seen to be df' = 0, db? = 0, dO® =
—0' N6, dO* = —30" A 6% and we can construct the left invariant Killing vector fields by
solving the duality equation 6 (K,) = 6y which yields

Kl = a:v;

1
Ky =0, + 20, + —220,,
. 4 (3.137)
K3 - az + §$aua

K4:au
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and they satisfy (3.126), with X, scaled by 1/2. Since this frame is left-invariant, we can
guarantee that this automatically descends to the nilmanifold quotient. We will use these
Killing vector fields with the understanding that in the next subsection in order to construct
an equivariant tropical topological (tropological) sigma model on TP? that is equivariant
with respect to the nilmanifold G. We will call the corresponding tropological sigma model,
a Nil-Equivariant Tropological Sigma Model.

Nil-Equivariant Tropological Sigma Model on TP?

In [63], it was shown that one can couple a relativistic topological sigma model to a back-
ground gauge field by taking the BRST operator and making it equivariant with respect to
the symmetry group. In order to do this, we modify the transformation of the ghosts fields
by shifting it by the Killing vector field. In doing so, we introduce the set of Nil ghosts ¢*
of Grassmann degree 2.

The field content is summarized in Table 3.1. In order to construct a Nil equivariant

Field Multiplet Grassmann Parity | Ghost Number Geometric Origin
X' = (X' 0! X2 0?) even 0 Target Space Coordinates
Ul = (P, ol 2 %) odd +1 Foliation-Preserving Diff Ghosts
X% = (21, X1, Z2, X2) odd -1 Antighost Fields
B% = (By, 1, B, 52) even 0 Auxiliary Fields
o even +2 Nil Ghosts

Table 3.1: Field content

tropological sigma model, we have to reintroduce the auxiliary field and lift the step 3 Engel
symmetry to an off-shell symmetry of (3.110). Our corresponding BRST differential gets
promoted to a Nil equivariant BRST differential by explicitly writing

QgXi = \Ili,
Q' = "I (X), (3139
QRg¢" = 0.

One can check that this equivariant BRST differential squares to a Lie derivative along
the Killing vector field Q* = Lyaf, provided that we use the following modification of the
antighost multiplet

Qgx*; = Baw

« « a j « a j « (3139)
QgB; = £¢“Ka(X z) =0 Kajan i T 0; (Cb Kaj) X -
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We recall that not all the auxiliary fields and the antighosts are zero in the gauge choice we
described in (3.98) and (3.99). In fact the nonzero components were listed in the adapted
system of coordinates in (3.100).

The gauge fixing fermion remains as in (3.110)

. 1 _ _
Yot = XE — 5 (E1B1+ 52 By) (3.140)

and a BRST representative action for the Nil equivariant tropological sigma model is then
the original action Sy = [{Q, ter}, (3.110), plus a coupling Sy to the background Nil killing
vector field of the form

L[ - - -
SNﬂ = 5/ (:1£¢a[(a:1 + :2£¢>“Ka‘:'2) , (3.141)
)
which one has to add to make sure that the full action is Q)¢ invariant. The final localization
locus is now the original tropical localization equations intersected with the fixed points of
the Nil Killing vector field K, the resulting path integrals should produce Nil equivariant
Gromov Witten invariants and more generally filtered Gromov Witten invariants.

Nil-Equivariant Observables and Selection Rules

Unlike the standard tropological sigma model, physical observables must now lie in the
Nil equivariant cohomology H*® (TP? G). We recall that in the topological A model, the
observables are in correspondence with BRST cohomology classes given by the pullback of
deRham cohomology classes of the target. In the case for CP*, the quantum cohomology ring
is generated by the identity operator Oiq and the symplectic form O,. One may explicitly
construct these via the Stora-Zumino topological descent equations. On the A-model, the
descent equations on O, results in a hierarchy of observables on the worldsheet 2,

dof) = oW,
dOW = QO®, (3.142)
do? =,

w

where d is the worldsheet exterior derivative.

If one couples the A-model to topological gravity, then additional gravitational descen-
dants 71, (O,) = n* A O,, where k is a positive integer and a = {id,w}, may appear at higher
genus g through taking additional wedge products with diffeomorphism ghosts 1. As a result,
every correlator in the A-model has the well-known schematic [147] form

<1_0[Tmi(@id) F[Tkj(@w)> , (3.143)

g,d
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the above correlator is the Gromov-Witten invariant at genus g and is geometrically an inter-
section number on the virtual fundamental class of the moduli space of pseudoholomorphic
curves of degree d HW(C]P’I, d). As one would expect, not all observables will be directly
relevant since there is a ghost number anomaly that arises which manifests itself as an index
theorem i.e. the Riemann Roch theorem of the Dolbeaut operator. Physically, this is the
statement that the ghost and antighost zero modes must match and can be stated as

dim ker 9}, — dim ker 9 = dx (1 — g) +/ d*¢c; (THCP'), (3.144)
s

in the case of CP', this explicitly evaluates to n, —n, = (1 — g) + 2d. As explained in
[63], correlators that do not have the correct number of ghost and antighost insertions will
automatically vanish effectively giving us a selection rule. In the non-equivariant CP? case,
the Riemann Roch index theorem states n, —n, = 2(1 — g) + 3d. It was shown in [60]
that the same arguments hold for the tropological sigma model and the correlators match
precisely although in this case, the relevant differential operators should be deformed to their
tropical counterpart. For the purposes of the Nil-equivariant tropological sigma model, we
want to first begin with the family of observables that are generated by CP? and then take
into the account that we have an additional equivariant symmetry.

Unlike CP', the additional complex dimension allows our cohomology ring to admit one
more class generated by the symplectic 2-form of CP? given by the Fubini-Study metric. If
we choose our degree 2 generator such that

/ wps = 1, (3.145)
cp?

where the CP' is any projective line within CP? then we will have an additional class given
by
/ WFS A Wrs = 1. (3146)
Cp?

If we denote the cohomology class of the symplectic form by h := [wrg] € H? ((C]P’Q; Z), then
it becomes clear that the cohomology ring can be expressed as

H* (CP%Z) = Z[h)/ (h°), (3.147)

the corresponding A-model observables can then be constructed by formally replacing the dif-
ferential forms with the appropriate power of ghost fields and yields the collection Oiq, O, O -
As previously mentioned, coupling this to topological gravity gives additional gravitational
descendants that give us a general genus-g, degree-d correlator of the form

<H7ma (0a) [T 7 (O) [ ] 7 (OW)> : (3.148)

g,d
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the Riemann-Roch theorem then gives the selection rule
Yomat Y (mA+1)+ Y (pe+2) =2(1-g)+3d. (3.149)
a b c

If we turn off topological gravity, all the correlators collapse to the usual three point functions.
The explicit form of these observables can once again be obtained via the Stora-Zumino
topological descent equations.

We will now compute the topological descent observables for CP? since we ultimately
interested in the explicit form of their equivariant analogs. The identity operator gives rise
to a ghost degree zero worldsheet 0-form O§0) = 1 which has a trivial topological descent.
We will denote the deRham degree by the parenthesized superscript. We move onto the
ghost degree two worldsheet O-form for a closed w

1 1 .
00 — 5%%()(*”) — 5%].@@%/;@ (3.150)

w

where the components w;; are given by the pullback of the target symplectic form by X, the
first step in the descent prescription then gives the ghost degree two 1-form

1 * 7 j «
ol = gl (Xw) = w10, X7 do®, (3.151)
1 1 . .
0% = 5 X W= JwydX' A dXY. (3.152)

Unlike CP', we have a new seed observable that arises from the four-form Q = w A w, the
topological descent equations give

1 1 o
Ol = 77 (10)" (X7Q) = Jwgen vy, (3.153)
Ol = wijwd X PIpry, (3.154)
3 , :
Ou(?A)w = §wz‘jwkde7’ A dXI R, (3.155)

In [60], the explicit tropical limit of these observables is able to be extracted through the
Maslov dequantization and results in the components of the symplectic form being replaced
by a Dirac distribution. As a result, the correlators of these observables in the tropical limit
end up having the same deRham structure and ghost structure and the only thing that was
needed to be demonstrated in order to completely classify the ring of observables was the
cohomology of the target space. Unlike the standard approach to tropical geometry which
are based on half-dimensional real algebraic geometries; the Maslov dequantization allows us
to probe into tropical geometry by retaining the same dimension for the underlying geometry
however it is now equipped with an additional U(1) symmetry that generates the foliations
on the geometry. It was shown that this additional U(1) symmetry does not give rise to any
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additional equivariance and so for the sake of path integral calculations, we identify that the
relevant cohomology for the tropical projective space TP? is still H® ((CIP’Q, Z).

In the Nil-equivariant tropological sigma model, our physical observables will still be
BRST cohomology classes, however the BRST differential is now promoted to the Nil equiv-
ariant BRST differential; the relevant cohomology ring for the tropical observables is now
the equivariant cohomology ring H*® ((CIP’Q, Q) where G is our nilmanifold global symmetry.
To begin, we need to understand how the Nilmanifold symmetry affects the symplectic form
on the target space.

There is a canonical shift in the symplectic form through the moment map. If you have
a Lie group G that acts on a target space M by symplectomorphisms with generators K,
then if the action is Hamiltonian, there exists smooth functions known as moment maps that
satisfy du, = tk,w, in the Cartan interpretation of equivariant cohomology, one may then
shift the symplectic form into the equivariant symplectic form as

We = w — Hed?, (3.156)

it can be shown that this new symplectic form is equivariantly closed.

For the case of CP?, one can explicitly construct these moment maps with respect to the
Nilmanifold left invariant vector fields that were constructed in (3.137) by solving du, =
Lix,wrs. As a consequence, our equivariant topological observables are now all shifted by
the moment map. The ghost degree 0 observable Ojq still gives zero. However unlike the
non-equivariant case, the ghost degree two observable is now modified to

1 .
oL, = StV — pad”, (3.157)

notice that the entire observable has ghost degree 2. The remaining hierarchy can now be
computed via the equivariant topological descent equations as

dOJ% = QaOlL;
10l = Qs (3.158)
d0©). — Q oW '

Q.G GY0,Go

where we have the observable Oq g is constructed from wg Awe that is now of ghost number 4
and it contains term proportional ¢*¢’ since the step 3 nilpotent Lie algebra (3.118) has two
non-zero structure constants. One might expect that in addition to the observables given by
the equivariant symplectic form, we also have observables that are naturally coming from
the additional Nil ghost field ¢* by taking a Lie-algebra trace with any integer power n of
the ghost field

0P = Trg". (3.159)

Nonetheless, these observables are then expected to generate a ring of observables that are in
one to one correspondence with the equivariant cohomology H*® ((CIP’2, Q) =7 [qﬁ“, h] / <h3> ,



CHAPTER 3. EXTENSIONS OF THE TROPOLOGICAL SIGMA MODEL 123

where & is now the cohomology class of the equivariant symplectic form. One immediate
consequence of the moment map is that our correlators are now polynomials in Grassmann
even ¢ ghost field due to the fact that our action may be supplemented by the additional
term

/E (Q"w + ¢ pta) - (3.160)

We have presented the first systematic steps toward understanding tropological sigma
models on higher dimensional targets. By classifying the possible nilpotent degenerations
of the complex structures on CP?, we discovered that a possible candidate for the Jordan
structure induces nontrivial filtration which give rise to global symmetries not seen for the
tropological sigma model on CP' or its direct doubling. We have given additional explicit
examples of how the actions of these tropological sigma models can be constructed on these
higher dimensional space. The key statement that was made is that the nested Maslov
dequantization limit of topological sigma models do not always lead to foliated manifolds
but generically yield filtered manifolds with their own algebra. This new filtration structure
gives rise to nilpotent symmetries on the space of fields which can then give rise to background
gauge fields that allow us to construct equivariant tropological sigma models with a respect to
a noncompact nilpotent symmetry group. Although we had originally found Engel symmetry
from the overall space of fields, when we restrict to on-shell configurations, it becomes clear
that this is a symmetry of the target space as suggested by the filtration arguments and thus
should naturally be interpreted as providing an equivariant extension of the tropological
sigma model.
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Chapter 4

Conclusion and Outlook

The central objective of this thesis has been to take initial steps toward a formulation of
string theory genuinely out of equilibrium. The broader claim motivating this work is that the
conventional perturbative string framework, while extraordinarily successful in equilibrium
and near equilibrium settings, is not yet adequate for describing intrinsically time dependent
quantum backgrounds in which the appropriate observables are not transition amplitudes
between asymptotic vacua but real time expectation values in evolving density matrices. In
ordinary quantum field theory, this conceptual transition is implemented by the Schwinger
Keldysh formalism. The guiding premise of this thesis has been that if nonequilibrium string
theory exists as a coherent extension of perturbative string theory, then its fundamental
worldsheet description must be compatible with an analogous closed time contour structure.

To investigate this proposal in a tractable setting, we then passed to a topological sigma
model and studied its tropical limit using localization methods. Within this simplified but
highly structured framework, one is able to see explicitly how a cohomological field theory
can degenerate onto a tropicalized object whose degrees of freedom are no longer naturally
described by given by psuedoholomorphic curves but instead tropical curves.. This led to the
construction of what we referred to as the tropological sigma model i.e. a tropicalized topo-
logical sigma model whose kinematics and dynamics are governed by a randomized extension
of tropical geometry. The appearance of tropicalization is especially striking because it sug-
gests that the geometry appropriate to nonequilibrium quantum gravity may be intrinsically
singular, stratified, or combinatorial in ways that are largely invisible in static backgrounds.
If this is correct, then the problem of nonequilibrium string theory is not merely to gener-
alize known formulas, but to identify a genuinely new mathematical language in which the
relevant physical questions can even be posed.

Although the tropological sigma models are not the final object that we are interested
in, they are interesting in their own right. The subsequent analysis showed that these tropo-
logical sigma models are not empty formal constructions, but possess nontrivial dynamical
and geometric structure. In particular, they admit boundary conditions suggesting the ex-
istence of tropical branes, and they allow target space geometries that differ substantially
from the standard geometric backgrounds familiar from equilibrium sigma models. Rather
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than arising from conventional smooth target geometries alone, these models naturally ac-
commodate filtered spaces and exotic kinematical structures associated with nilpotent Lie
algebras in higher dimensional target spaces. We have investigated how tropological sigma
models are affected by these noncompact nilpotent symmetry groups. One might wonder if
these nilpotent symmetries give rise to anomalous symmetries and the important question is
whether these symmetries may be gauged. At first glance, the nilpotency of the symmetry
seems to suggest that no nondegenerate (in fact, nontrivial) adjoint invariant kinetic term
can be written down. However, we should not be too quick in concluding that a gauging is
impossible due to the fact that the existence of a non-equivariant tropological sigma model
itself bases on the fact that we no longer have nondegenerate metric tensors to write kinetic
terms i.e., we can nonetheless make sense of a nondegenerate quadratic form through the use
of densities which allows us to in principle compute the path integrals through localization.
At the very least, we would not expect any gauge anomalies due to the fact that all nilpotent
Lie groups are unimodular.

It would be interesting to see the direct evaluation of such a path integral integral through
supersymmetric localization to show that the theorem of Mikhalkin that tropicalization pre-
serves Gromov-Witten invariants holds in the equivariant case where the equivariance arises
due to some filtration structure on the target space. In this sense, the invariants that are
defined in this model seem to go a bit further than the standard Gromov-Witten or their
equivariant analogs for standard complex geometries. We conjecture that these new filtered
Gromov Witten invariants might be a possible novel invariant for filtered geometries. Unlike
relativistic topological sigma models, it has been previously stated in [60] that tropological
sigma models can also be directly interpreted in odd-dimensions unlike the standard rela-
tivistic case which would provide a possible way to more concretely connect the symplectic
geometry of GW invariants with the filtered geometry of contact geometries. We leave this
as an open question for future work.

Additionally, the Jordan-block analysis that was done in the previous chapter is easily
extended for CP" where n > 2. Already for n = 3, one can easily see that we have much more
possible filtered algebras with much more exotic symmetries that will generically be some
step nilpotent Lie-algebras which are not usually studied. We have previously mentioned
that complex projective space has a unique complex structure but more generic complex
manifolds have a moduli space of complex structures that are allowed. In particular, we
would expect tropicalized Calabi-Yau three folds to have an interesting moduli space of
Jordan structures that generically yield trivial filtrations that don’t give any additional
symmetry but may give rise to enhanced global symmetries when investigated at a moduli
space point that describes an exotic Jordan structure in a similar respect to how enhanced
gauge symmetries arise when investigating singularities of Calabi-Yau manifolds[148]. In a
similar respect, we saw that allowing for higher dimensions allowed us to consider nested
Maslov dequantizations and hence nested foliations which gave rise to anisotropic nontrivial
filtration structures. We expect that in higher dimensions, one may encounter much more
rich structure, for example in the case of G5 manifolds and once again we want to emphasize
that the question about how to connect these higher dimensional nested tropicalizations to
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these to higher dimensional analogs of contact geometries is a promising avenue.

Although one in principle can evaluate the correlation functions on these spaces through
the standard arguments of cohomological field theory, it would be incredibly interesting to
see how what a direct path integral localization calculation would yield in the intermediate
steps. In particular, one would expect that the geometric analysis required would be the
same that used in analyzing supersymmetric localization on sub-Riemannian geometries as
was shown in [149] where we have shown that similar nilpotent structures can appear in the
target space in the sub-Riemannian setting.

Furthermore, we have primarily focused on the case of the topological sigma model. The
natural question would be to probe what would be the natural coupling to a tropological
version of topological gravity. Preliminary work suggests that such a tropological gravity
would require a dynamical theory of worldsheet foliations.

In concluding, it should be noted that while the primary focus of this thesis has been
the tropicalization relevant to the wedge region, a natural extension of this research en-
tails identifying analogous tropical subsectors within the complete nonequilibrium string.
Concurrently with this work, preliminary investigations were conducted to determine the
applicability of these frameworks to other topological field theories, particularly 2D BF the-
ory. As a full exposition of these developments falls beyond the scope of this manuscript,
the reader is directed to [150] [151] for a comprehensive analysis of tropical limits of other
topological field theories.
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