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LBL-19076 

ABSTRACT 

APPROXIMATE TRANSLATION OF SCREENED SPHERICAL WAVES 

J. J. Barton and D. A. Shirley 

-Materials and Molecular Research Division 
Lawrence Berkeley Laboratory 

and 
Department of Chemistry 
University of California 

Berkeley, California 94720 

We develop and discuss a Taylor series expansion of the addition 

theorem for screened spherical waves, iihi(kr)Yim(r). The expansion is 

designed for orderly progression in the addition of curved-wavefront 

corrections to multiple scattering of electrons in solids, but it 

applies to any wave scattering problem based on the addition theorem for 

spherical waves. We relate one of the expansion indices to a magnetic 

quantum number in a coordinate system rotated to align the quantization 

and translation axes. 
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In the course of constructing an accurate model for photoelectron 

scattering from ion cores in a solid surface we have been struck by the 

wide gap between the simple and "exact" models for spherical wave 

scattering. The simple "plane-wave" model for electron scattering in an 

ensemble of localized, non-overlapping potentials treats each scattering 

event as if the potentials were infinitely separated. This model seems 

1 to be remarkably successful in the intermediate energy range (100-

600 eV). The exact model incorporates the wavefront curvature effects 

important when the potentials are separated by distances comparable to 

their diameter. Although these curvature effects are considered to be 

important for low energies «100 eV), very few studies of these effects 

in the intermediate energy range have been undertaken because the 

calculations are prohibitively expensive. We began to explore the 

possibility that a modest improvement on the plane-wave model would 

allow curvature corrections to be examined wi thout requiring the 

complete, exact calculation. The solution we arrived at is physically 

appealing and, although the mathematical development is standard, we 

believe the resulting formula and its interpretation should be valuable 

for many scattering problems (for examples see ref 2). Thus we present 

the development of a finite series approximation to the addition theorem 

for screened spherical waves, i~hi(kr)Yim(r). 

I. EXACT ORIGIN-SHIFT ADDITION THEOREM 

Calculating the amplitude of waves scattered from a central 

potential by the partial wave method requires an expansion of the 

incident wave in an angular momentum series about the potential's 

.. 

• 
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origin. If a plane wave is incident upon the potential, the expansion 

in an angular momentum series is well known: 

+ + 
ikoa 

e 

+ + + + 

(1) 

for a potential at a and r=a+b. Here j~ is the regular spherical Bessel 

function, k is the wavenumber, and Y~m is the spherical harmonic given 

in Appendix A. The limit on the sum, ~max' is governed by the effective 

range of the potential, r O' according to 3 

kro = [~ (~ +1)]1/ 2 (2) 
max max 

If a spherical wave is incident on the potential, the expansion in 

4 
spherical harmonics has been derived by Nozawa. If the spherical wave 

+ 
emanates from the origin, we may expand it at a as 

G = 
~m~"m" L 

~'m' 

+ + + 
where r=a+b. In the mathematical literature, this type of formula is 

called an addition theorem; we will refer to this equation as Nozawa's 

origin-shift addition theorem. Nozawa calls the screened spherical 

waves "Helmholtz Solid Harmonics", but we will simply call them 

spherical waves and further omit the superscript designating the kind of 

(1) * (2) 
spherical Hankel function by using h~(kr)=h~ (kr) and h~(kr)=h~ (kr). 

The history of the formula deserves some comment. This expansion 

formula is widely used but only rarely is the original literature cited. 

We have followed Slater5 and based our work in section II on Nozawa's 
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4 
development. We were at first unaware of the independent work by Danos 

and Maximon2: these authors give a historical survey of the mathematical 

literature on what we call the origin-shift addition theorem through 

1965. Interestingly, these authors state that they too were unaware of 

some previous work on this formula. It seems that the use of the 

formula in solid state physics, our particular concern, may be traced to 

Kohn and Rostoker and to KOrringa6 We use section IV to connect our 

work with the outlook presented by Danos and Maximon. 

To understand and use this formula we must confront the integral of 

three spherical harmonics, called the Gaunt integral. 7 This integral 

can be related to the 3j vector addition (Clebsch-Gordan) symbols and 

Gaunt has derived an analytic formula to calculate its value. The 

integral is non-zero only when 

m" m + m', 11"-11 ~ I' S 1" + 1, I' + 1" + 1 even (4) 

pendry8 gives a computer program to implement Gaunt's formula. 

Typically a table of these Gaunt integrals are consulted in actual 

calculations. 

The complexity of the formula for spherical wave scattering is 

self-evident. In computer calculations we must recognize that the number 

4 
of transformation coefficients Gil" " is proportional to (1 +1) and m m max 

each coefficient requires the summation of - 1 complex numbers times max 

the Gaunt integral. Since 1 is roughly proportional to k, scattering max 

calculations already difficult at k = 3A- 1 become prohibitively 

-1 expensive at k = 12A . Even this presumes that the Ga:unt integrals are 

calculated once and stored; for calculations to 600 eV (1 = 19) of max 

.. 

• 
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order 106 integrals are required. For these reasons we must approximate 

the scattering calculations. 

II. TAYLOR SERIES EXPANSION 

Now we turn to a series expansion of the origin-shift addition 

theorem for spherical waves. Our approach is to examine the derivation 

of the origin-shift addition theorem based on the Fourier transform and, 

by interpreting the formula physically, deduce an appropriate 

approximate form. 

We define the Fourier transform of a spherical wave, 

itht(kr)Yim(r), as: 

i 

2n 2k (k 2-K2+io) 

8 as given by Pendry. The inverse transform: 

i 

2n
2

k 

(5) 

(6 ) 

4 .. .. .. .. 
leads to the addition theorem when we set r a + b. The vector a may 

.. 
be taken as the new origin and b as the new propagation direction for 

.. 
waves from a. To separate radial K integration from the angular 

.. .. .. -+ 
iK-r iK-b integrations, the series expansion for e ,eqn. (1) is used for e 

-+ .. 
iK-a and e : 
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L 
~"m" 

L 
~'m' f

"" i~"j~,,(Kb)i~'j~,(Ka)K2dK 
o k2-K2+io 

The radial integral may be extracted from a contour integra1 9 to give 

f
"" .~". (Kb)'~" (Ka)K 2 

2i 1 J ~" 1 J ~ , 
------~~~-----------o k2-K2+io 

dK b < a (8) 

and we arrive at the addition theorem, eqn. 3. We now identify the 

Gaunt integral as the angular integration remaining from the inverse 

Fourier transform. Notice that Y~m(K) is the angular part of the 

Fourier transform of the spherical wave. 

With this derivation in mind, we return to the inverse 

transformation integral, eqn. (6), and claim that this is also a 

prescriptiDn for constructing a spherical wave by superposition of plane 

waves. We can then imagine constructing an approximate spherical wave 

by superposing only the most important plane waves. Clearly, if we 
~ ~ 

select a single plane wave, with wave vector K in the direction a, we 

will have a version of the plane wave model discussed in the previous' 
~ 

section. To do better we propose a Taylor series expansion of K near 
~ 

ka. However, in view of the simple form for the radial integration, it 

seems unnecessary to restrict the magnitude of the plane waves selected. 

Therefore, we wish to expand the angular part of the Fourier 

~ 

transform, Y~m(K), about the direction a in a Taylor series. It is 

~ 

convenient to rotate our coordinate system to place z parallel to a, so 
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that the expansion may be done around the polar axis. If we perform the 

m sums in equation 3, using the addition theorem for spherical 

harmonics, we can get 

( 9) 

Thus only the incoming wave Fourier transform knows that a coordinate 

system must be rotated; to rotate the spherical harmonic we use 

A 1 A (1) 
Y nm ( k) 1-+ -+ = L Y nM ( k) 1-+ -+ RM ( 0 , +0 , 1T- Q> ) 
~ Z//E M=-1 ~ z//a m Ea XEa 

( 1 0) 

The spherical harmonics on the right hand side of this equation are 

-+ quantized on the a axis; the rotation matrix converts the axis of the 

spherical harmonics from z along a to z along E. Our conventions and 

definitions for this rotation are discussed in Appendix B. 

To expand Y1M (k) about the new z (=a) axis, we write 

M ;;: 0 ( 1 1 ) 

=N p(IMI)() (*)M 
1M 1 J.l n M < 0 

where J.l = cos 0, n = sin 0 eiQ>, piM)(J.l) is the Mth derivative of the 

Legendre polynomial, and Ntm is the normalizing coefficient given in 

-+ 
Appendix A. The unsubscripted angle variables will refer to a as the z 

axis. The Taylor series for M ~O is 



I 
q=O 

i <p q 
[sin 8 e ] 

q! 

8 

(cos 9 
I 

p=o p! 

The derivatives are easily managed: 

p~(M+P)(lI) M! M-q ( ) N0M ~ n _8 ~-p-M 
x, (M-q)! 

( 1 2) 

We represent the result that these derivatives are zero for (M + p) > ~ 

by ~(~-p-M). When these derivatives are evaluated on the polar axis, 

only terms with M-q = 0 will be non-zero; by expanding the derivatives 

. 10 
of the generating function for Legendre polynomials we can show that 

p(M+P)(\.I=1) 
2" 

(2,,+M+p) ! 
( 1 4) 

The Taylor series for M < 0 is very nearly the same, and we can combine 

these formulae as 

~ I I i q<p I sin q 8 e 
q=-~ 

~-Iql 
L (cos 8 -1)P c~ 0 8(~-p) (15) 

p=O pq M-q-

with 

( 16) 

If we now insert our Taylor series expansion into the rotation, equation 

(10), the sum on M will contain a single term, M = q: 

• 



9 

~ 

I 
q=-~ 

( 17) 

'" 
Thus each term in the expansion is associated with a single rotation 

matr.ix element. 

Inserting this expansion into the summed origin-shift addition 

theorem, eqn (9), gives 

~ 

I 
q=-~ 

( 18) 

Inside the integral we apply the addition theorem for spherical 

-+ 
harmonics in reverse to p~"(cos Bbk ) using a as the quantization axis: 

f
21T . ( " ) 

[ e 1 q-m ~ d~J. 
o 

( 19) 
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where we have also broken the spherical harmonic down into its component 

parts (see Appendix A). We note that this use of the addition theorem 

is equivalent to rotating P1"(cOS ebk ) to the a axis. 

The integration of </> gives 211" 0qm'" and the sum on mil will contain 

a single term for m" = q (or zero if q > 1"). Thus each term in the 

Taylor series expansion is associated with a single outgoing-wave 

spherical harmonic. 

The e integration is slightly more involved. The product of 

Legendre polynomials and powers of sin e and cos e must be reduced to 

Legendre polynomials with raised and lowered indices; the integral 

becomes a series of constants and delta functions relating l' and 1". 

The sum on l' then has only a few terms. If we write 

L i 1 'h
1

,(ka)(21'+1) 
l' 

then the origin-shift formula becomes 

(20) 

(21) 

We give explicit formulas for Hi~(ka), p,q, 0,1,2 in Appendix C. 
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This formula is our central result. To compare it with equation 3 

note that we can write the Taylor expansion origin shift as 

(22) 

~ 

with the understanding that the quantization axis for q is a. Thus the 

Taylor expansion order replaces the magnetic sublevels in the origin 

shift addition theorem. We will develop this idea more fully in the 

next section. 

III. MAGNETIC QUANTUM NUMBER EXPANSION 

The mathematical manipulation of the previous section gives little 

insight into the nature of the Taylor series approximation and hence the 

value of our result could only be judged after a practical demonstration 

that a few terms of eqn (21) will suffice to mimic eqn.(3). As reported 

11 
elsewhere we have calculated multiple-scattering of photoelectrons 

based on eqn (21) and we have found rapid convergence. Instead of 

pursuing that specific application here, we will explore a qualitative 

picture for the Taylor series expansion which will also provide the 

connection to the work of Danos and Maximon 2• 

In concluding the previous section we expressed the Taylor series 

result in a manner which seemed to parallel the original formula, eqn 

(3). The parallel is imperfect: the quantization axis is constant on 

both sides of eqn (3) while the spherical harmonics in eqn (22) are 

expressed on different axes. It is just this difference which leads to 

the advantages of the Taylor series method. 
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It is generally appreciated that the orbital angular momentum 

quantum number, ~, does not change in rotation matrix elements (eqn 

(10)), but it is also true that, as discussed by Danos and Maximon, the 

magnetic quantum number does not change in translation matrix elements 

when the translation occurs along the polar (z) axis. Thus Danos and 

Maximon accomplish the origin-shift of an arbitrary spherical wave in 

three steps. First, they rotate the spherical wave to a coordinate 

system whose pole coincides with the translation vector. Second, the 

magnetic-quantum-number conserving translation is applied. In the third 

and final step, they rotate the new spherical waves back to the original 

Coordinate system. 

Now we can see the nature of the Taylor series approximation, at 

least in the index q. As a matter of convenience we rotated the 

coordinate system in section II, eqn (10), prior to the series 

expansion. This rotation is precisely the first step of Danos and 

Maximon. The expansion variable q is the rotated-frame magnetic-quantum 

number and it survives intact in during the subsequent translation. If 

we sketch the spherical harmonics in the rotated frame as in figure 1, 

then the Taylor approximation is evident: the higher order magnetic 

sublevels do not overlap the finite r~nge potential. The lowest order 

approximation,q=O, corresponds to the scattering of the magnetic 

sublevel which overlaps the strong, central portion of the potential. 

Higher order sublevels overlap on the weaker regions of the potential 

until we finally reach a sublevel which does not interact with the 

potential at all. 

With the Taylor series viewed as a magnetic quantum number 

expansion, we can argue that the number of sublevels required to produce 



.. 

.. 
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adequate results will be related to (rO/a) if a is the distance between 

the incident wave source and the center of the potential. Certainly, as 

the effective radius of the potential decreases or the potential moves 

away from the source fewer lobes will overlap the potential and a lower 

order approximation will suffice • 

The magnetic quantum number expansion picture only addresses one of 

the two dimension approximated in our Taylor series. We speculate on 

the nature of the approximation governed by the p index as follows. We 

need only consider origin-shifts along the z axis preceded if necessary 

by a rotation of coordinates. Our procedure in section III may be 

summarized as Fourier transformation, Taylor series expansion, origin-

shift of each term in the expansion, and finally inverse transformation. 

Our clue for the nature of the p expansion is the inverse transform 

integral, eqn. (C5). The expansion variable (cos0 - 1) is conj ugate in 

the Fourier transform to the operator [(1/ik)(a/aa) - 1J. Thus the p 

expansion is related to radial correction of the zero-order origin-shift 

term. While the q index works out from the center of the new origin in 

an arc laterally towards the edge of the potential, the p index works 

out along a radius. 

As we may show by inserting eqn. (C1) into eqn (21), the zero-order 

Taylor series term is the addition theorem for an ~=O spherical wave, 

i.e. exp(ikr)/ikr. The addition theorem for higher order spherical 

waves may be produced by lifting operators applied to the addition 

4 theorem for ~=O waves. Angular derivatives in these lifting operators 

generate rotation matrix elements corresponding to our q index while 

radial derivatives generate terms corresponding to our p index 12 • This 

relation is further borne out in the equivalence drawn between the 
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lifting operator picture and the Taylor series for the particular 

application to photoelectron scattering in ref. 11, Appendix A. 

IV. CONCLUSION 

We have presented a new formula for the translation of screened 

spherical waves, a series adapted for truncation, which allows the 

accuracy of curved-wave corrections to be continuously traded for ease 

of calculation. Furthermore we have related one of the expansion 

variables to magnetic quantum numbers in a frame rotated to place the 

.. p,ole along the translation axis. 

Our form for the origin-shift addition theorem should prove useful 

to a number of physical problems. Even restricting our attention to 

electron scattering in solids leaves applications to theories of X-ray 

absorption fine structure, electron diffraction, electron energy loss 

fine structure, and our original interest, photoelectron scattering. 

Our application of equation (21) to photoelectron scattering is 

discussed in ref 11. 
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APPENDIX A. OUR SPHERICAL HARMONICS 

The properties of spherical harmonics are, of course, well known, 

but the phase conventions do vary, especially between older works and 

between more mathematical and more physical works. We will use the most 

common "Condon-Shortley" definition
10

: 

with 

We use 

m 
P ~ (cos 6) 

for m<O and the same times (-1) Iml 

m 
d P ~ (cos 6) 

sin6 -~---m (dcos6) 

for m;;:O 

where P~(cos 0) is the Legendre polynomial; this choice for the 

associated Legendre polynomial agrees with Nozawa4 and pendry8, but and 

Abramowitz and Stegin 13 add a factor of (_1)m. 
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APPENDIX B. COORDINATE SYSTEMS, EULER ANGLES, AND ROTATIONS 

The rotation matrix method is po~erful but prone to error from 

factors of (_1)m arising from misinterpretation of the axes. To avoid 

confusion, we detail our convention on coordinate relations and notation 

in this appendix. 

Our initial coordinate system has its origin on the photoemitting 

atom with its z axis along the electric vector E. For our purposes the 

remaining degree of freedom is arbitrary. For surface problems it is 

most convenient to place the y axis in the surface plane. Our 

coordinate systems are always right handed. We refer to this initial 

system as ziIE. 

. . 14 We use the Euler angle conventlon of Messlah. Positive angles 

mean rotation as a right-handed screw advancing on the axis of rotation 

(right-hand rule). The rotation R(a,S,Y) begins with a rotation by a 

about the initial z axis. This a rotation repositions the initial y 

axis so that it may serve as the S rotation axis'. The S rotation 

proceeds about the intermediate, repositioned y axis; it carries the 

initial z axis into the final z axis. The Y rotation uses the final z 

axis for rotation. 

~ 

A vector, a, in the zl IE system has a polar angle (latitude) 

measured down from the +z axis of 0 . its azimuth (longitude) measured Ea' 

from the +x axis is ~ The three subscripts of the azimuth are the 
't'xEa' 

reference axis, polar axis and vector label, respectively. More 

generally, if the reference axis and polar axis are not perpendicular, 

the azimuth is measured from the half plane bordered by the pole and 

containing the reference axis. We design the rotation which takes the 



17 

zl 1£ system into the zl la system to use £ as the reference axis in the 

new system. To accomplish this we use R(~ , G , TI) where the final x£a £a 

rotation by TI brings the new +x axis into the same half plane as £. The 

+y axis of the zl la system is parallel to the vector cross product aXE. 

Spherical harmonics in the zl 1£ system may be written as a linear 

combination of spherical harmonics in the zl la system with unchanged 

orbital angular momentum: 

11m> 11m'><lm'IR(aBy)llm> 

or 

The rotation must take us back from zl la to zl 1£: we must use the 

inverse of the zl 1£ to zl la rotation. 

R(-a,-B,-Y) 

14 
We have 

and the required rotation matrix elements are R(l) (_w -G -~ ) m'm " , - sa ' '+' x £a '; 

equivalently we may use R;'m (a, Gsa' TI-~xEa)' 

Once we have moved into the zl la system, another scattering 
.. 

potential along bond vector b will have angular coordinates (Gab' ~sab) 

1 
and the necessary rotation matrix elements will be Rm'm (0, Gab' TI-

~£ab)' Note that if the coordinates of the vectors E, a, and bare 

known along an arbitrary (e.g. crystalline) axis system, then the angles 
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required for the rotation matrix construction may be derived from the 

dot product £-a=cos S and a relation of spherical trigonometry: £a 

cosS = cosS cosS + sinS sinS bCos~ b £b £a ab £a a £a 

~ .. A 

with the sign of ~ b equal to the sign of b-(a x £). £a 
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APPENDIX C. ON THE TAYLOR-SERIES INTEGRALS 

To calculate the origin-shift addition theorem coefficients with 

the Taylor series formula we need to evaluate 

I d~,(ka) (2~'+1) 
~, . 

We have introduced d~(ka) as the non-asymptotic component of the 

spherical Hankel functions, i.e. h~(kr)=d~(kr) exp(ikr)likr. We group 

the sum and integral together to emphasize the restrictions the integral 

will place upon the range of the sum. We work out individual cases 

through second order; we also give recursive and explicit forms for 

higher order. 

The basic method is to express the product of coordinates and a 

Legendre polynomial as a series of Legendre polynomials with raised and 

lowered indices USing10 

m+1 
(2~+1) sin6 P~ (cos6) 

and 

m m 
(~+m)(~+m+1)p~_1(cOS6) - (~-m)(~-m+1)p~+1(cOS6) 

This will ,leave the orthogonality integral for Legendre polynomials: 
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and the sum on ~, may be completed. 

The specific cases we require are: 

p = q = O. We immediately get the orthogonality condition 

and 

(c 1) 

ii) p 1, q O. The cos 0 recursion gives 

iii) p 0, q 1. The sin 0 recursion gives 

iv) p = 2, q O. The cos 0 recursion must be applied twice to 

gi ve 

2 2 

( _1_) {[(~+1)(~+2)]d (ka) [(~+1) ~] ( 
22.+1 22.+3 2.+2 + (22.+3) + (22.-1) d2. ka) + 



.. 

21 

v) p = 1, q 1. First the associated Legendre polynomial is 

reduced to m = 0 with the sin e recursion, then the cos e 

recursion is applied. Then 

vi) p 0, q 2. From the sin e recursion for m 1 we have 

o.+1)(~+2) [(~-1H][ ] 
(2~+1) (2~-1) d~_2(ka) - d~(ka) 

4 
To check these results we employ a method demonstrated by Nozawa 

to obtain recurrence relations for quantities like Hi
q

• We consider 

\" ( )~' ( ) 1J1 . qe ( 1)P ( ) q( ) d L 2~+1 i j~, ka 2 _1s1n cose- p~, cose p~ coss coss 
~, 

This is ho(ka)H~q with the spherical Bessel function j~(ka) replacing 

h~(ka)~ If we avoid complex conjugation, we may use results derived for 

J~q for Hi
q 

by replacing i~j~(ka) by d~(ka). We do not offer a proof of 

this convenience; we find, however, that the results are correct. 

The sum on i' in Ji
q 

is the Bauer formula, eqn (1), giving 

(C2) 
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We may immediately deduce a recurrence in p: 

A derivation for raising q is more involved. We consider the integral 

1J1 d [. q ( )p ikacos9 q()] ~o (_1)P+~2Pe-ika 2 -1 dqos9 Sln 9 cos9-1 e P~ cos0 dcos0 2 qO 

- A suitable definition of associated Legendre functions gives 

Thus 

q (~+q)! -q 
(-1) (~_q)! Pi. (cos9) 

( -1)q (i.+q)! (-q) 
(i.-q)! Pi. (cos9) 

th 
where we recall that the parenthetical superscript q indicates q 

derivative; for negative q we use 

p(-q)(x) 
~ 0 

Our integral becomes 

(-1)q(~+q)! 
2 (~-q)! J2 1 

d [<COs9_1)Peikacos9 P~-q)(COS0)] dcos0 
dcos9 N 

of 
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Applying the derivatives gives, for q not zero: 

J P ,q+1(ka) 
1 ika 

The cosine recursion for associated Legendre polynomials and the result 

of operation on Jiq 
with (1/k)(a/aa) gives another useful relation: 

(1+q)JPq + (1-q+1)JPq 
1-1 1+1 

and the sine recursion gives 

(1+q)JPq - J P ,q+1 
1-1 1 (C4 ) 

To collect these results we give a strategy for constructing a 

table of Hi
q

• Equation (C1) and the recursion for d1(ka) gen~rates the 

first row: 

00 
H1+ 1 (ka) 

00 (21+1) 00 
H 1-1 (ka) - i kr H 1 (ka)' 

The raising operator for q, eqn. (C3), gives the rows q = 1, T; Equation 

(C4) raises p using the current contents of the table and eqn. (C3) 

again applies. 
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Finally, an explicit formula will be useful for discussing the 

convergence of the Taylor series. The raising operator relation for p 

may be repeatedly applied to give 

P q 1 "I P 1 J1T ,q l' ka cos 0 q 
J~ = (ik ~a - 1) 2 Sln 0 e - P~(cos 0) d0 

-1T 

(C5) 

The remaining integral is proportional to an integral discussed by 

4 
Nozawa. If we recall that the associated Legendre polynomial with 

maximum magnetic quantum number is simply related to sin 0: 

pq(cos 0) = (2q)! sinq0, 
q 2q q! 

we will consult Nozawa's equation .6.1: 

2. f1 d i llkapq( ) pq( ) 
2 II e q II ~ \..I 

-1 

and write 

Returning now to spherical Hankel functions we claim that 

ika 
~ HPq 

1ka ~ 
(l'k1 ~a - 1)P (~+q)! 

Od a-q)! 

i~h~(ka) 

(i ka) q 

Notice that the exponential dependence cancels, taking with it the 

constant part of the differential operator: 

1 a 
(ik aa - 1) 

Then we have 

i~h~(ka) 

(i ka) q 

( ~+q) ! 
(~-q) ! 
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We may substitute the series definition of d~(ka) to get 

• 

HPq (ka) = (~+q)! (-1) q2q+P ~ (~+t)! (t+p+q)! (~)t+q+P. 
~ (~-q)! t:O t!(~-t)! (t+q)! 2ka 

or we can retain d~(ka) and apply the. derivatives to the products 

e 
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FIGURE CAPTION 

Figure 1. Schematic illustration of the magnetic quantum number 

expansion interpretation of eqn. (21). A polar plot of the 

four lowest magnetic sublevels of a ~=7 spherical harmonic is 

superimposed upon a circle whose radius represents the 

effective radius rO of a nearest neighbor potential. The line 

connecting the incident wave source and the potential origin 

is used for the spherical harmonic polar axis and only the 

region of angles near the pole is plotted. The angle 

functions have been rescaled to place their first maxima on 

the same radius. The m=O sublevel (solid line) is seen to 

overlap the strong central portion of the potential, while the 

m=1 lobes (dotted line) peaks further from the axis. The m=2 

lobes (dot-dash lines) only intercept the far edges of the 

potential and the m=3 level (dashed lines) completely missed 

the mark. 
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