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1 nm, and the height of the membrane tubule is 100 nm. The cap and

the tube locations deform smoothly, while a snap-through instability

is observed at the base (D). The dotted solution path is never realized

during the loading phase, leading to a transition to a wider tube mor-

phology that is markedly different from the other cases. The colorbar

in (A) shows the non-dimensional mean curvature. . . . . . . . . . . 107
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Figure 4.4: Location dependence of membrane tube constriction in 3D. Shown are

the different locations of constriction: cap, tube and base locations

(A), the corresponding membrane shapes (pinched configurations) ob-

tained (B, C) and the evolution of the collar pressure as a function of

constriction (force response, D). Bending rigidity κ is 320 pNnm, mem-

brane tension λ is 0.2 pN/nm, radius of the tube is 20 nm, height of

the applied force is 1 nm, height of the membrane tubule is 100 nm.

A near-spontaneous collapse is observed for the base, and a relatively

stable constriction evolution for the cap and the tube locations (D).

The colorbar in (A) indicates non-dimensional mean curvature. See

Movies M1-M3 in the supplementary information for the evolution of

the constriction process for the Cap, Tube and Base locations. . . . . 108

Figure 4.5: Pinching response of the base geometry and the corresponding evolution

of pressure, stiffness and bending energy obtained using the axisymmet-

ric and 3D models. Boundary conditions are shown in Fig. 1, Case 3.

Bending rigidity κ is 320 pN·nm, membrane tension is 0.2 pN/nm, the

collar pressure is applied over a height of 1 nm, and the length scale

is set by the initial radius of 20 nm. Shown are the membrane shape

evolution obtained from the axisymmetric (A) and 3D models (B), and

the corresponding variation of the collar pressure (C, with inset), stiff-

ness (D, with inset), and bending energy (E). Colorbars in (A) and (B)

indicate non-dimensional mean curvature. See Movie M3 in the sup-

plementary information for the evolution of the constriction process for

the base geometry. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
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Figure 4.6: A helical force collar further reduces the barrier to constriction. Con-

sidering force collars with a normalized pitch of zero, two and four,

shown are the shape of the helical collar (A) with a schematic depicting

increased span of load distribution area with increasing helical pitch,

deformed shape and corresponding pinching shape (B), the pinching

profile (C), and evolution of the collar pressure (D), stiffness (E), and

membrane bending energy (F). Shaded regions of pink and blue in (E)

represents a region of high stiffness (>∼ 0.25 pN/nm2) and low stiffness

(<∼ 0.25 pN/nm2) respectively. The colorbar under (B) indicates non-

dimensional mean curvature. See Movies M4-M6 in the supplementary

information for the evolution of the constriction process due to a helical

force collar at the tube location with a non-dimensional pitch of zero,

two and four, respectively. . . . . . . . . . . . . . . . . . . . . . . . 110

Figure 4.7: A helical force collar increases stiffness to constriction at the base. Con-

sidering force collars with a normalized pitch of zero, two and four,

shown are the shape of the helical collar and deformed shape for pitch

two and four (A-C), evolution of the collar pressure (D), stiffness (E),

and membrane bending energy (F). Shaded regions of pink and blue

in (E) represents a region of high stiffness (>∼ 0.25 pN/nm2) and low

stiffness (<∼ 0.25 pN/nm2) respectively. The colorbar under (B) in-

dicates non-dimensional mean curvature. See Movies M8-M10 in the

supplementary information for the evolution of the constriction process

due to a helical force collar at the base location with a non-dimensional

pitch of zero, two and four, respectively. . . . . . . . . . . . . . . . . 111
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Figure 4.8: Constriction by multiple helical rings are also location dependent. For

both the tubule and base geometry, shown are the initial geometry and

location of the force collar with three helical rings (A, E), the deformed

shape and corresponding pinching profile (B, F) and the corresponding

variation of collar pressure (C, G) and stiffness (D, H). See movies M7

and M11 for the corresponding evolution of the constriction process due

to a force collar with three helical rings. . . . . . . . . . . . . . . . . 112

Figure 5.1: 3D cell view of tight junction location, how this is represented in the

model, and the challenges in doing so. (A) 3D view of tight junctions in

human induced pluripotent stem (hIPS) cells from the Allen Cell Ex-

plorer (Green - Tight junctions, Purple - Membrane, Blue - Nucleus).

We infer cell-shape and edge shape from tight junctions as they local-

ize to the tension bearing apical surface of epithelial-like tissues. (B)

Schematic of cell-interface representation used in DLITE and CellFIT

force-inference techniques [15]. A colony is represented as a set of nodes

(n), edges (e) and cells (c). Edges are directional. Tension balance oc-

curs at each node (red arrows at n5 and n6). Pressure difference (∆pd,b)

across a junction is estimated using Laplace’s law (red arrows at e5,6).

(C) Ambiguities in image segmentation introduce challenges to success-

ful tension inference. Time t - 1 shows single time point challenges like

spurious edge/node detection, irregular edge curvature, node location

errors and incomplete segmentation. Time t shows time lapse challenges

like biological network reorganization and topological changes. . . . 133
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Figure 5.2: Comparison of DLITE and CellFIT force-inference techniques for dig-

itized time series. Synthetic colonies were generated from random

Voronoi tessellations and morphed to minimum energy configurations

(Eq. 5.6) using Surface Evolver [16]. A random set of edges within

the colony were perturbed by decreasing or increasing their tensions,

resulting in a new colony structure; repeating this process produced

a time-series of colony rearrangement. (A) Time-series of a synthetic

colony showing the decrease in tension of 70 edges in the middle of

the colony and the increase in tension of 40 edges along the boundary.

(B) Heatmap of dynamic edge tensions for ground truth, CellFIT, and

DLITE. (C) Heatmap of dynamic change (derivative of tension) in edge

tensions for ground truth, CellFIT, and DLITE. (D) A comparison of

inferred vs ground truth tensions for CellFIT (r = 0.75) and DLITE (r

= 0.94). Here, r is the Pearson’s correlation coefficient. . . . . . . . . 134

Figure 5.3: Reduced sensitivity to connectivity errors in DLITE. (A) Ground truth

tensions for a synthetic geometry containing 330 edges generated used

Surface Evolver with a single edge connectivity error (circled in red).

(B) Edge tensions computed using CellFIT for the geometry in (A).

(C) Edge tensions computed using DLITE for the geometry in (A).

(D) Time-series of a synthetic geometry containing 37 edges generated

using Surface Evolver with a single edge connectivity error at time 8

(circled in red). This edge is found again in time step 10 (representing

a transient encoding error) but treated as a new edge. (E) Heatmap of

dynamic edge tensions for ground truth, CellFIT (r = 0.14) and DLITE

(r = 0.87) for the time-series in (D). (F) Heatmap of dynamic change

(derivative of tension) in edge tensions for ground truth, CellFIT, and

DLITE for the time-series in (D). . . . . . . . . . . . . . . . . . . . 135
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Figure 5.4: Reduced sensitivity to node location errors in DLITE. Noise levels 1, 2

and 3 correspond to random Gaussian noise added to red node locations,

all with a mean 0 and standard deviation 0.1, 0.5 and 1 respectively.

Red node coordinates are (480.95, 525.7), (487.76, 536.94), (498.63,

522.1), (524.25, 503.43), (535.62, 515.97), arranged from left to right.

(A) Time-series of synthetic colony generated using Surface Evolver.

The five nodes subject to perturbation with noise are shown in red.

(B) Change in shape of a single triple junction around the red node in

the presence of noise. (C, D, E) Heatmap of dynamic edge tensions for

ground truth, CellFIT and DLITE at Noise levels 1, 2 and 3 respectively.

(F, G, H) Heatmap of dynamic change (derivative of tension) in edge

tensions for ground truth, CellFIT and DLITE at Noise levels 1, 2 and

3 respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

Figure 5.5: Reduced sensitivity to topological changes in DLITE. (A) Time-series

of a synthetic geometry containing 24 edges generated using Surface

Evolver where edge label 17 disappears at time 17 (circled in red).

(B) Heatmap of dynamic edge tensions for ground truth, CellFIT (r

= 0.75), and DLITE (r = 0.98). DLITE shows reduced disruption to

tension prediction on topological change and more closely matches the

ground truth tension. (C) Heatmap of dynamic change (derivative of

tension) in edge tensions for ground truth, CellFIT and DLITE. . . 137

Figure 5.6: Reduced sensitivity to FOV (Field of View) drift within a single colony

when using DLITE compared to CellFIT. (A) FOV drift within a single

synthetic geometry. First frame is at the lower left corner. (B, C, D)

Colony time-series and heatmap of dynamic edge tensions for ground

truth, CellFIT and DLITE generated via FOV drift with a small speed

(B, r = 0.11 vs r = 0.83) , medium speed (C, r = 0.04 vs r = 0.87) and

large speed (D, r = 0.11 vs r = 0.87). . . . . . . . . . . . . . . . . . 138
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Figure 5.7: DLITE shows increased tension stability during tension inference in

mutliple time-series of ZO-1 labeled hIPS cells. Example frames from

three time series are shown in A, B and C and arranged as ZO-1 GFP

(upper) and colony edge tensions predicted by CellFIT (middle) and

DLITE (lower). Here we use κ to denote the condition number of the

tension matrix Gγ (Eq. 5.2). (A) DLITE shows increased stability

to curvature errors (Time 0, κ = 69), new edges (Time 5, κ = 32.5),

connectivity errors (Time 10, κ = 136). (B) DLITE shows increased

stability to curvature errors (Time 0, κ = 23), node location errors

(Time 5, κ = 1016) and topological changes (Time 25, κ = 46). (C)

DLITE shows increased stability to node location errors (Time 0, κ =

1016), missing edges (Time 3, κ = 31) and connectivity errors (Time 6,

κ = 1018).) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

Figure 5.8: Dynamic cell-cell forces from a time-series of ZO-1 tight junction lo-

cations in hIPS cells. DLITE shows reduced fluctuation in tension

change, showing more temporally correlated tension predictions. (A)

Time-series of ZO-1 GFP images (upper) and dynamics of colony edge

tension predicted by DLITE (lower). The following time points are

shown: 0, 5, 10, 15, 20 and 25. Time 15 shows an increase in tension

along a ridge in the middle of the colony following a mitotic event and

the forming of a new edge (circled in red). The time interval between

adjacent time points was 3 minutes. (B) Tension residuals at every

time point showing an estimate of central tendency and corresponding

confidence interval. (C) Heatmap of dynamic edge tensions predicted

by CellFIT and DLITE. (D) Heatmap of dynamic change (derivative

of tension) in edge tensions predicted by CellFIT and DLITE. (E) Dis-

tribution of ∆tension (derivative of tension) at every time point for

CellFIT and DLITE. . . . . . . . . . . . . . . . . . . . . . . . . . . 140

xxv



Figure 6.1: An illustration of the complex pipeline needed to go from imaging data

to a segmented mesh, with various opportunities for emerging tech-

niques in machine learning shown throughout the pipeline. Top row:

EM images obtained from [17] of dendritic spines from mouse brain

tissue. Middle row: Manual tracing or contouring, interpolation, and

stacking of contours is extremely time consuming, prone to error, and

relies of human judgement. Bottom row: On the other hand, devel-

opment of training labels and different learning techniques can reduce

both time and error, bridging the gap between biological data and sim-

ulations. The list of techniques described is representative only, and

not exhaustive. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

Figure 6.2: Dimensionality reduction for 2 independent Gaussian distributions passed

through a Variational Autoencoder. . . . . . . . . . . . . . . . . . . 155

Figure 6.3: Dimensionality reduction for 4 independent Gaussian distributions passed

through a Variational Autoencoder. . . . . . . . . . . . . . . . . . . 155

Figure 6.4: Dimensionality reduction for 6 independent Gaussian distributions passed

through a Variational Autoencoder. . . . . . . . . . . . . . . . . . . 155

Figure 6.5: Dimensionality reduction for 2 independent Gaussian distributions pro-

jected to 4 dimensions passed through a Variational Autoencoder. . 155

Figure 6.6: Dimensionality reduction for the swiss roll dataset passed through a
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Figure 6.7: An illustration of complexity, size, quality, and local resolution of meshes

typically needed for realistic simulation of biophysical systems. Meshes

are generated using GAMer 2 [18,19]. A) Example surface mesh of a den-

dritic spine with geometry informed by electron micrographs from [17].

The plasma membrane is shown in purple with the post synaptic den-

sity rendered in dark purple. The spine apparatus, a specialized form

of the endoplasmic reticulum is shown in yellow. B) A zoomed in view

of the spine apparatus. Note that the mesh density is much higher

in order to represent the fine structural details. C) Binned histogram

distributions of mesh angles for both the plasma membrane and spine

apparatus. The colored smooth lines are the result of a kernel density

estimate. Dotted red lines correspond to the minimum and maximum

angle values in each mesh. Both meshes are high quality with few high

aspect ratio triangles (i.e., those deviating most from equilateral). . 156

Figure A.1: Axial and radial traction (Eqs. A.28b, A.28a) distribution plotted along

the same membrane shapes as in Fig. 3.3A–C. (A) Axial traction dis-

tribution. The axial traction is constant along the tube. (B) Radial

traction distribution. The dotted line is the stable cylindrical geome-

try. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

Figure A.2: Tether pulling simulation for the pressure of 0.3 kPa, bending modulus

320 pN · nm, no surface tension at the boundary (λ0 = 0), and a point

force. (A) Axial traction distribution along the tether. (B) Radial

traction distribution. We find a negative value at the neck and a positive

value at the base. (C) Energy per unit length (Eq. 3.6) plotted along the

shapes. We observe a large value at the neck - predicting an ‘effective’

line tension of 11 pN for a tether of height 700 nm. (D) Normal traction

distribution. It is large and negative over the area of applied force. (E)

Tangential traction distribution. (F) Applied force and the difference

between the calculated pressure and axial force (Eq. A.29) plotted as

a function of tether height. . . . . . . . . . . . . . . . . . . . . . . . 187
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Figure A.3: Tether pulling simulation for a pressure of 1 MPa, bending modulus

32000 pN · nm, surface tension at the boundary (λ0 = 0.02pN/nm),

and a point force. (A) Axial traction distribution along the tether for

four chosen membrane shapes. (B) Radial traction distribution along

the membrane shapes in (A). (C) Energy per unit length (Eq. A.31)

plotted along the membrane shapes in (A). We observe a large value at

the neck. (D) Normal traction distribution along the membrane shapes

in (A). It is large and negative over the area of applied force and at the

neck. (E) Tangential traction distribution along the membrane shapes

in (A). (F) Applied force and the difference between the calculated

pressure and axial force (Eq. A.29) plotted as a function of tether

height. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

Figure A.4: Tether pulling simulation with a point force for a fixed arc length instead

of a fixed membrane area. Bending modulus κ = 320 pN · nm, surface

tension at the boundary (λ0 = 0.02pN/nm). (A) Normal traction dis-

tribution along four chosen membrane shapes. (B) Match obtained

between applied force and axial force calculated from Eq. A.29 plotted

vs height of the tether. (C) Tangential traction distribution along the

membrane shapes in (A). (D) Energy per unit length (Eq. A.31) along

the membrane shapes in (A). . . . . . . . . . . . . . . . . . . . . . . 189
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Figure A.5: Application of axial forces (brown) onto a U-shaped bud covered by a

protein coat (red). Spontaneous curvature magnitude C = −0.02 nm−1,

area of spontaneous curvature field A = 17, 593 nm2, bending modulus

κ = 320 pN · nm and surface tension at the edge λ0 = 0.02 pN/nm.

Here, axial forces are applied such that there is an upward force over the

protein coat and a downward force acting as a ring at the base [8]. (A)

Initial and final membrane shapes obtained. (B) Tangential traction

distribution along the membrane shapes in (A). (C) Normal traction

distribution along the membrane shapes in (A). (D) Energy per unit

length along the membrane shapes in (A). (E) Force match obtained

between applied force and negative of axial force calculated using Eq.

A.29. Here, axial force is calculated at the edge of the protein coat.

Axial force at the base is zero since the upward and downward forces

balance each other out. . . . . . . . . . . . . . . . . . . . . . . . . . 190

Figure A.6: Application of axial forces (brown) onto a U-shaped bud covered by a

protein coat (red). Spontaneous curvature magnitude C = −0.02 nm−1,

area of spontaneous curvature field A = 17, 593 nm2, bending modulus

κ = 320 pN · nm and surface tension at the edge λ0 = 0.02 pN/nm.

Here, axial forces are applied such that there is only an upward force

over the protein coat. (A) Initial and final membrane shapes obtained.

Force required is smaller than Fig. A.5. (B) Tangential traction distri-

bution along the membrane shapes in (A). (C) Normal traction distri-

bution along the membrane shapes in (A). (D) Energy per unit length

along the membrane shapes in (A). (E) Force match obtained between

applied force and negative of axial force calculated using Eq. A.29.

Here, axial force is calculate at the base of the membrane. The same

match can be obtained at the edge of the protein coat. . . . . . . . . 191

xxix



Figure A.7: Application of a deviatoric spontaneous curvature along the cylindri-

cal portion of a membrane tube leads to neck formation [9]. The

simulation was performed by first pulling out a membrane tube of

fixed arc length, followed by application of both spontaneous curva-

ture and deviatoric curvature for a fixed height of membrane tube.

Arc length of the deviatoric spontaneous curvature field s = 5 nm,

bending modulus κ = 320 pN · nm and surface tension at the edge

λ0 = 0.02 pN/nm.(A) Membrane shapes at a spontaneous curvature

C = 0 nm−1, C = −0.004 nm−1, C = −0.01 nm−1 and deviatoric spon-

taneous curvature D = 0 nm−1, D = 0.004 nm−1, D = 0.01 nm−1 re-

spectively. (B) Normal traction distribution along the membrane shapes

in (A). (C) Tangential traction distribution along the membrane shapes

in (A). (D) Energy per unit length at both interfaces with increasing

deviatoric curvature. (E) Match between applied force and axial force

calculated using Eq. A.42. Axial force relaxes with membrane neck

formation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192

Figure A.8: Location dependence of the sensitivity analysis to axial force calculation

from a single simulation of a membrane tube. Dashed lines indicated 10

% error. (A) Membrane shape at a mean value of κ= 320 pN.nm, λ0=

0.02 pN/nm, −Fz (brown)= 18.0167 pN (corresponding to a tube of

height 300 nm in Fig. 3.3). The cross marks (labeled 1 and 2) indicate

the locations where axial force is calculated. (B) Error in Fz calculated

at point 1 (edge of the area of applied force). (C) Error in Fz calculated

at point 2 (location of zero mean curvature). Error in Fz due to error

in membrane tension λ increases near the curved portions of the PM

invagination. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

xxx



Figure B.1: Comparison of the axial force required to deform a flat membrane patch

up to a height of 10 nm. Bending rigidity is 20 pN·nm and membrane

tension is 0.1 pN/nm. The results obtained from the axisymmetric

model and the 3D framework are compared. The analytical solution for

the equilibrium value of force is 12.5664 pN. (A) Membrane shape at a

deformation of 10 nm. Colorbar indicates the height (nm). (B) Axial

force vs height of membrane in axisymmetry and 3D. See Movie M12

in the supplementary information for the evolution of the membrane

deformation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215

Figure B.2: No snap-through instability is observed for constriction at the base of a

tubule without the fixed height boundary condition. Membrane tension

is 0.2 pN/nm, bending rigidity is 320 pN·nm. (A) Schematic depicting

the boundary conditions used. The difference with the B.Cs in Eq. B.25

is that the height is no longer constrained. This implies that the axial

force is fixed. Thus, this simulation represents a system of 12 equations

with 1 unknown parameter and 13 boundary conditions (Eq. B.22).

(B) Initial and final membrane shapes obtained for constriction at the

base of the tubule. (C) Collar pressure vs radius at the break point.

Pressure is negligible (order of magnitude is 10−4.) . . . . . . . . . . 216

Figure B.3: Comparison of collar pressure, stiffness and bending energy during con-

striction of a membrane cap using the axisymmetric and 3D framework.

Axisymmetry is enforced in the 3D simulation by solving as a displace-

ment control problem. Boundary conditions used are shown in Fig. 1,

case 1. Bending rigidity is 320 pN/nm, Radius is 20 nm. (A) Membrane

shapes during constriction of spherical membrane in 3D. Colorbar is the

normalized mean curvature. (B) Collar pressure vs constriction in 3D

and axisymmetry. (C) Stiffness vs constriction in 3D and in axisymme-

try. (D) Bending energy vs constriction in 3D and axisymmetry. See

Movie M13 in the supplementary information for the evolution of the

constriction process. . . . . . . . . . . . . . . . . . . . . . . . . . . . 217
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Figure B.4: Comparison of collar pressure, stiffness and bending energy during con-

striction of a membrane cylinder using the axisymmetric and 3D frame-

work. Axisymmetry is enforced in the 3D simulation by solving as a dis-

placement control problem. Boundary conditions used are those shown

in Fig. 1, case 2. Bending rigidity is 320 pN · nm, length scale R0 is 20

nm. (A) Membrane shapes during constriction of cylindrical membrane

in 3D. Colorbar is the normalized mean curvature. (B) Collar pressure

vs constriction in 3D and axisymmetry. (C) Stiffness vs constriction in

3D and in axisymmetry. (D) Bending energy vs constriction in 3D and

axisymmetry. See Movie M14 in the supplementary information for the

evolution of the constriction process. . . . . . . . . . . . . . . . . . . 218

Figure B.5: Comparison of collar pressure, stiffness and bending energy during con-

striction of a membrane cylinder using the axisymmetric and 3D frame-

work. Bending rigidity is 320 pN/nm, Radius is 20 nm. (A) Membrane

shapes during constriction of cylindrical membrane in 3D. Colorbar is

the normalized mean curvature. (B) Collar pressure vs constriction in

3D and axisymmetry. (C) Stiffness vs constriction in 3D and in axisym-

metry. (D) Bending energy constriction in 3D and axisymmetry. See

Movie M15 in the supplementary information for the evolution of the

constriction process. . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

Figure B.6: The snap-through instability for constriction at the base is regulated by

a variation in local tension. Membrane tension at the boundary is 0.2

pN/nm, bending rigidity is 320 pNnm, Radius is 20 nm, area of applied

force is 1/200th of the membrane area. z is the non-dimensional height

at a given location along the membrane from the bottom. Shown are

the (A) Mean curvature distribution (non-dimensional) and the location

of the local minimal surface (dotted line at y = 0.39) where the mean

curvature vanishes (h = 0), (B) Collar pressure, (C) Tubule stiffness to

pinching, (D) Bending energy and (E) Tension work as a function of

the constriction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220
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Figure C.1: Validation of rewritten CellFIT code. (A) Ground truth geometry used

in [15]. (B) Tensions and pressures predicted using CellFIT. (C) Ten-

sions and pressures predicted using DLITE. (D) Tension vs Edge label

for CellFIT and DLITE. (E) Error between DLITE tension and CellFIT

tension. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 228

Figure C.2: Curve fit residuals and ground truth error for the synthetic colony time-

series shown in Fig. 2. (A) Heatmap of curve fit residuals. (B) Heatmap

of dynamic ground truth tension errors using CellFIT and DLITE. . 229

Figure C.3: Colony pressures and heatmaps for the synthetic colony time-series

shown in Fig. 2. (A) Ground truth pressures for the synthetic colony

geometry at time 0, 2 and 4. (B) Heatmap of dynamic edge pressures

for ground truth, CellFIT and DLITE. . . . . . . . . . . . . . . . . 230

Figure C.4: Four example time-series (A-D) of colony rearrangement simulated us-

ing four different combinations of decreasing the tension of a few edges

and increasing tension of all other edges in the same colony geometry

as that in Fig. 2. Average edge tension is normalized to 1 at every time

point. Shown - 3 example time points (Time 0, 4 and 8) and heatmaps

of dynamic edge tensions for ground truth, CellFIT and DLITE. (A)

DLITE - r = 0.97, CellFIT - r = 0.96, (B) DLITE - r = 0.93, CellFIT

- r = 0.54, (C) DLITE - r = 0.96, CellFIT - r = 0.86, (D) DLITE - r =

0.94, CellFIT - r = 0.93 . . . . . . . . . . . . . . . . . . . . . . . . . 231

Figure C.5: Four example time-series (A-D) of colony rearrangement simulated by

decreasing the tension of a few edges and increasing tension of all other

edges in four randomly generated colony geometries of different sizes.

Average edge tension is normalized to 1 at every time point. Shown - 3

example time points (Time 0, 4 and 8 or Time 0,8 and 16) and heatmaps

of dynamic edge tensions for ground truth, CellFIT and DLITE. (A)

DLITE - r = 0.94, CellFIT - r = 0.76, (B) DLITE - r = 0.92, CellFIT

- r = 0.6, (C) DLITE - r = 0.95, CellFIT - r = 0.9, (D) DLITE - r =

0.96, CellFIT - r = 0.84. . . . . . . . . . . . . . . . . . . . . . . . . . 232
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Figure C.6: Two example time-series (A, B) of colony rearrangements with single

connectivity errors at a node. Average edge tension is normalized to 1

at every time point. Shown - 3 example time points (Time 0, 8 and 16)

and heatmaps of dynamic edge tensions for ground truth, CellFIT and

DLITE. (A) DLITE - r = 0.88, CellFIT - r = 0.22, (B) DLITE - r =

0.83, CellFIT - r = 0.25. . . . . . . . . . . . . . . . . . . . . . . . . 233

Figure C.7: Synthetic colony time-series with a single connectivity error at time
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Cell and tissue movement are essential to embryonic development, cancer metas-

tasis, wound healing, cargo delivery etc. These movements span multiple length scales

— collective cell behavior occurs at ∼ 10−2m, membrane trafficking occurs at ∼ 10−8m,

and the growth of the actin cytoskeleton occurs at ∼ 10−10m. The forces needed to drive

movement begins with actin polymerization and other molecular motors, enabling local

deformations that can translate into movement across length scales. Experimental meth-

ods for quantification of such forces are often difficult to implement in a high-throughput

context and can be disruptive. In this work, we present mathematical and computational

models to understand the relationship between cell movements and forces at two different

length scales. At the sub-cellular length scale, we use Helfrich-energy theory in an axisym-
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metric and continuum framework to probe traction stress distributions generated along

membrane tubules and buds. After discussing the applicability of this model to predict

traction stresses from 2D electron micrograph (EM) images of membrane bud shapes, we

then use a 3D Finite Element Model (FEM) to analyze a spontaneous symmetry break-

ing instability of the membrane neck during the pinching step of membrane trafficking.

We draw similarities with classical buckling in many thin elastic structures, and proceed

to analyze the effect of helical loading to compare against polymers like Dynamin. We

then pair a continuum membrane mechanics model with an agent based model of filament

dynamics to show that actin filaments self-organize to promote axial force production to-

wards the base of the endocytic pit. At the tissue length scale, we use a vertex model of

colony morphogenesis to validate a data-driven force-inference toolkit applicable to time-

series 2D images of cell monolayers. We show that including a regularization term in

the opitimization formulation boosts model prediction across time. We also discuss the

potential for high-throughput imaging to model pipelines through machine learning al-

gorithms for segmentation, generation, and meshing of cellular structures. Our models

identify mechanisms of cell movement at two different length scales, enabling future work

to establish the contribution of endocytic pathways in directing cell topologies and tissue

morphogenesis.
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Chapter 1

Cell movement: A multi-scale

problem

1.1 Introduction

This thesis is a collection of problems in cell movement organized by their length

scales. The obvious large length scale movement is that of cell motility, crawling or other

behaviors where the length scales of the movements are of the order of the length scale

of the cell itself and the velocity of the movement is rapid, often tens of microns per

minute [20]. These movements are categorized by the dynamic remodeling of the actin

cytoskeleton and the generation of a pushing velocity against the plasma membrane on the

leading edge and the contraction of the rear end due to actomyosin contractility. However,

even in a non-motile cell, there are plenty of local movements that take place at much

smaller length scales and allow for the regulating intake and egress of cargo into and out

of the cell (Fig. 1.1).
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1.1.1 Membrane trafficking as local movement

Membrane trafficking or vesicle trafficking refers to the movement of cargo, which

can include proteins, lipids, and pathogens, across the plasma membrane from outside-in

or inside-out. Vesicle trafficking has been a focus of intense study for the last four decades

and multiple reviews [3, 21] and books [22, 23] have been dedicated to these processes.

More recently James Rothman, Randy Schekman and Thomas Südof received the Nobel

Prize in 2013 for identifying the molecular components involved in cargo delivery, revealing

an evolutionary relationship between the transport systems in yeast and mammalian cells

[24–26]. Importantly, they also unraveled the precision, and timing of the proteins involved

in trafficking, which is critical to understanding many physiological disorders.

There are many different modes of trafficking, and protein-coated vesicles and the

actin cytoskeleton play an important role in the movement of proteins and lipids [25,27–29].

Irrespective of the pathway involved, the formation of these vesicles involves budding from

one membrane followed by fusion with another membrane – movement of cargo into the

cell is broadly termed endocytosis [30,31] and movement of cargo towards the extracellular

space is broadly termed exocytosis [32,33]. Despite the complexity of timing, protein ma-

chinery, and lipid composition, these processes share common biophysical features; genera-

tion of membrane curvature [34], a morphological change, and fission/fusion, a topological

change [35] – resulting in local movements within the cell (Fig. 1.1).

1.1.2 Endocytosis

Endocytosis refers to the uptake of cargo from the extracellular milieu and can

be broadly classified into two categories – clathrin-dependent and clathrin-independent

endocytosis [23]. Clathrin-dependent endocytosis is the most widely studied form and

has been characterized by five stages – endocytic patch nucleation, cargo selection, coat
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assembly, scission, and vesicle uncoating [3]. A range of proteins is involved in each stage

from clathrin being central to coat assembly [4] to dynamin playing an important role

during scission [5]. Curvature-inducing proteins, including BAR (bin-amphiphysin-rvs)-

domain proteins (BDPs), are thought to sense and generate curvature, and couple the

formation of the clathrin coat to the actin cytoskeleton through protein-protein bind-

ing [2]. Clathrin-independent endocytosis can be mediated through BAR-domain pro-

teins through caveolins [36], macropinocytosis [37] and the CLIC/GEEC [38] (clathrin-

independent carriers/GPI-enriched early endosomal compartments) pathways [39,40]. De-

spite the diversity of mechanisms of endocytosis, it remains unclear how cargo selection

proceeds and if the biophysical mechanisms are common to these different modes.

In addition to membrane curvature generation, actin polymerization is important

for the progress of endocytosis. Actin remodeling at the endocytic patch provides the

force required for the formation of tubular necks in endocytosis in yeast [1, 41] and for

constriction of the neck [42, 43]. The particular role of actin in these two different cell

types is still under investigation but we now know that in yeast cells, endocytosis will

not occur in the absence of F-actin, while mammalian cells can be more flexible [21].

F-actin linkages are typically regulated through the Arp2/3 complex at the membrane

and Huntingtin-interacting protein 1-related protein (Hip1R) at the clathrin coat [44].

Additionally, actin-associated motor proteins such as class I myosins also play a critical

role in vesicle trafficking [45,46]. Currently, there are three well-accepted models for force

generation by myosin – i) membrane-bound myosin moves along existing F-actin [47], ii)

myosin controls the organization of new F-actin [48] and iii) myosin leads to nucleation

of new F-actin [21,41]. Myosin is also known to respond to changes in membrane tension,

thereby playing a critical role in communicating membrane tension to actin polymerization

[49]. Thus, there is a mechanochemical feedback between the actomyosin machinery and
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the membrane during endocytosis.

Over the years there has been immense progress in our understanding of the molecu-

lar machinery underlying endocytosis [34,50,51], actin-membrane interactions [1,42,52–54]

and the robust progression of endocytosis [3, 23, 39, 40]. However, there remain some fun-

damental gaps in our understanding of these processes. For instance, we still don’t un-

derstand the role of lipid composition, acto-myosin interactions, bulk fluid interactions

with the membrane, and biochemical signaling in the progression of endocytosis. These

open questions give rise to opportunities both in modeling and in experimental biology of

trafficking. These are discussed in the perspectives section (Section 2.3).

1.1.3 Tissue level movement

Tissue level remodeling events such as wound healing [55], development [56], ex-

pansion [57], migration [58, 59] and cancer invasion [60] are examples of larger (10−2m)

length scale cell movements. Mechanical rearrangement of the cells and tissues occurs as

cells transmit forces across the membrane [61] through cell-cell adhesion complexes such

as adherens and tight junctions [62, 63]. These apical cortical complexes [64] depend on

the activity of the actomyosin cytoskeleton [65,66]. The mechanotransduction of intercel-

lular forces can alter and regulate biochemical signalling pathways [67, 68] with force and

deformation at a particular time point, partially regulating future forces and deformations.

Force-mediated collective behaviours are crucial for the dynamics of tissue reshap-

ing. This is commonly evidenced by apoptosis in cell cultures or by the intercalation and

extrusion of cells during development [69, 70]. We can examine the role of tension in tis-

sue remodeling using direct force measurement techniques such as atomic force microscopy

(AFM) or micro-pipette aspiration [71–73]; we direct the reader to [71] for a comprehensive

review for force-measurement methods. These direct measurement techniques offer precise
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force characterization in cells and tissues, but perturb the actomyosin network [74, 75].

As a result, these methods can alter the force responses of the system at subsequent time

points, limiting longitudinal insight. Alternative optical measurement techniques that use

Frster Resonance Energy Transfer (FRET) tension probes or traction force microscopy

(TFM) can assay force [76–78] without the mechanical disruption associated with direct

measurements [79]. These optical approaches can be applied across extended periods but,

like the prior physical techniques, they can be difficult to implement in a high-throughput

context. TFM is the most widely used method for measuring force dynamics in processes

like migration [80], differentiation [81] and adhesion maturation [82]. FRET probes are

useful to estimate molecular scale-forces localized to any protein of interest [77]. However,

there has been an exponential increase in imaging data for cells, which calls for infer-

ence methods that are purely data-driven to estimate forces. Thus, complementary to

experimental approaches, computational modeling techniques from the geometry of the

cell boundary can allow for the estimation of normalized tensions solely from images of

labeled confluent cells without further condition requirements.

1.2 Biophysical modeling of cell membrane mechanics

Despite the particulars associated with each type of cell movement, some common

biophysical principles emerge as critical steps in their progression – for example, membrane

curvature sensing and generation by coat proteins, membrane bending, formation of a neck,

and scission during membrane trafficking [51,83]. Many of these steps lend themselves to

mathematical and computational modeling to provide insight into the physical principles

underlying each process and to generate experimentally testable hypotheses. The field of

membrane modeling is a rich one and was pioneered by some of the early contributions

by Helfrich and Canham more than four decades ago [84–86]. Since then, the advances in
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experiments and computational power have led to the development of detailed simulations

of membrane trafficking.

In this thesis, we focus on the role of mathematical and computational models in cell

movement at two different length scales and the insights gained from modeling, followed by

a discussion on how these ideas can be extended in future perspectives. Chapter 2 is focused

on summarizing commonly used modeling techniques for local membrane deformations.

This develops much of the theoretical and computational framework used in the rest of

this thesis. Chapters 3, 4 and Appendix A, B are centered on using continuum membrane

mechanics models to study traction stress distributions on endocytic membrane shapes in

the context of clathrin-mediated endocytosis. Specifically, we focus on using axisymmetric

continuum models to benchmark mutli-scale models such as agent based models of the actin

cytoskeleton, and 3D IGA (Iso-Geometric Analysis) numerical frameworks for membrane

deformations. Chapter 5, Appendix C is focused on the development of a 2D dynamic

force-inference toolkit applicable to time-series images of cell monolayers. We finish with

concluding remarks and possible future directions in Chapter 6, specifically focusing on

the ability of machine learning to enhance biophysical simulations.
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Figure 1.1: Schematic of clathrin-mediated endocytosis in (A) yeast and (B)
mammalian cells. Dimensions are in nanometer (nm). (A) Yeast endocytic buds have
tubular necks that are generated by actin-mediated forces [1]. BAR
(bin-amphiphysin-rvs)-domain proteins (BDPs) deform the membrane through
protein-protein and lipid-protein binding [2]. (B) Mammalian endocytic buds have ‘U’ or
‘Ω’ shaped necks generated by clathrin and other proteins [3, 4]. Dynamin is required for
scission in mammalian cells [5].
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Chapter 2

Modeling local movements in cells

2.1 Membrane models of endocytosis

Amongst all the participants in endocytosis, lipid bilayers and biological membranes

have perhaps been the best-studied both theoretically and computationally. These models

range from atomistic models of individual lipid rearrangements to large-scale bending

models of the bilayer. Indeed, lipids are amphiphilic molecules, about 25 Å in length,

that can self-assemble to form a variety of mind-boggling structures geometrically and

mechanically. But more than that, lipids are active participants in endocytosis. So how

do the biophysical properties of lipid membranes and their interaction with membrane

proteins regulate the endocytic pathway? We discuss the different modeling approaches,

their advantages and disadvantages, and applicability in detail below (summarized in Table

2.4).
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2.1.1 Atomistic molecular dynamics

At the atomistic scale, modeling the lipid bilayer requires a study of the proteins

and lipids that constitute the cell membrane. Although experimental techniques such

as grazing incidence and small angle X-ray scattering provide information on how lipid

bilayers function at small length scale [87–89], obtaining complete information on lipid-

lipid and lipid-protein interactions in situ remains a challenge. All-atom (AA) models

can give insight into the detailed interactions between different conformations of atoms

and can extract quantities such as solvation energy, heats of vaporization, spectroscopy

data, and X-ray diffraction structures, to name a few. These models are have also been

used to extract the values of bending rigidity [90–92] and to study phase transitions in

the bilayer [93,94]. In recent years, atomistic simulations have been extended for studying

more complex interactions such as protein-ligand interaction, protein folding, enzyme-

binding and protein-DNA interactions [95] and have successfully calculated realistic values

for lipid bond orders, lipid-protein and peptide-protein interactions [96].

The general approach

The basis of atomistic models, similar to general molecular models, is to treat

individual atoms in a classical sense, by integrating Newton’s laws of motion in terms of

potential energy functions. The governing equations for each particle can be written as

mi
∂2ri
∂t2

= Fi, (2.1)

Fi = −∂U
∂ri

, i = 1 . . . N, (2.2)

where m is the mass of an individual atom, N is the number of atoms, F is the force
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and U is the potential energy of the system. An analytical solution is impossible since

N atoms have 3N position co-ordinates (each atom is described by a set of Cartesian

co-ordinates x,y, and z). To solve these equations numerically, an iterative scheme (finite-

difference) is used such that the discrete time steps involved are typically no more than a

few femtoseconds (10−15 s). Each time step updates the position and velocity of each atom

and calculates a new force field. Since lipid molecules interact with water, including the

solvent molecules is crucial to meaningful simulations. They are generally incorporated

as either explicit or implicit boundary conditions. Explicit solvents can be incorporated

as periodic boundary conditions while implicit solvents approximate the average effect of

the solvent using mathematical models, which in turn reduces the number of degrees of

freedom [97].

Potential energy includes terms from bonded (atoms connected by a chemical bond)

and non-bonded (atoms within a certain radius that experience van der Waals forces or

electrostatic forces) interactions between any pair of atoms. Bonded interactions include

terms for the angle, bond and dihedral [98], while non-bonded interactions include pairwise

interactions up to 2 body terms (three body interactions and higher are generally neglected)

[99], simple examples of which are Lennard Jones potential and electrostatic interactions.

Still, the number of pairwise interactions per atom is N(N − 1)/2, which requires large

computation time. Mathematically, the potential energy due to both kinds of interactions

can be written as
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U(R)bonded =
∑
angles

1

2
kθijk(θijk − θ0

ijk)
2 +

∑
bonds

1

2
kbij(rij − b0

ij)
2

+
∑

dihedrals

kφ(1 + cos(n(φ− φ0))) (2.3)

U(R)non−bonded =
∑
i

u(ri) +
∑
i

∑
j>i

v(rij) + . . . , (2.4)

where R ∈ [1, 2, 3. . . N ], r ij is the distance between atoms i and j, k θ, k b and kφ are

force constants for bonds, angles and dihedrals, b0, θ0 and φ0 are equilibrium values for

bond lengths, angles and dihedral angles and u(r) is an externally applied potential field

or effects due to the boundary wall [95, 98, 99]. These potential energy functions can be

plugged into Eq. 2.2 to calculate the force field. Some examples of force fields in the

simulation of lipid bilayers are CHARMM [100] and GROMOS [101]. Kinetic energy for

the system can be written as a function of temperature using

NdfkT

2
=

1

2

N∑
i

m
∂ri
∂t

∂ri
∂t

= K(R), (2.5)

where N df is the number of degrees of freedom, T is temperature and K is kinetic energy

[95]. The total energy, which is sum of potential and kinetic energy, is conserved.

With the tremendous increase in computational capability, atomistic simulations

are proving to be more impressive and realistic. Some of the most commonly used MD

software packages are CHARMM [102], AMBER [103], GROMACS [104], Desmond [105],

and NAMD [106]. Visual molecular dynamics (VMD) [107] is widely used for visualizing

results from MD simulations. While the fundamental physics behind MD is identical

between the various packages, the choice of software package depends on the particular

simulation or problem at hand. Some of the factors that need to considered are the software
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features, computational efficiency and the ability to reproduce the requisite protein-lipid

interactions. For example, NAMD and GROMACS are generally computationally more

efficient and thus faster [104, 106]. Often, atomistic systems are used as inputs to coarse-

grained (CG) models, where the position of each CG bead is determined by taking the

average of its constitutive atoms [108].

Applications to endocytosis

Multiple groups have worked on using AA simulations to model complex biological

processes such as membrane trafficking. Annex V trimer, a membrane-binding protein that

is known to play an important role in trafficking, was modeled to bind to a POPC/POPS

lipid bilayer using AA simulations incorporating the CHARMM27 force field [109]. From

this work, the calcium bridge, hydrophobic interactions and H-bond were found to be the

main factors that control the protein-lipid binding. The same force field was also used

to perform 250 ns AA simulations of membrane bending by single F-BAR domain pro-

teins [110]. F-BAR domains are crucial to tubulation (the generation of a long cylindrical

deformation) from an endocytic patch (Fig. 1.1) and were found to curve membranes

by a scaffolding mechanism [110]. Another member of the BAR domain family that has

an N-terminal amphiphathic helix (N-BAR), was shown to curve membranes by binding

completely to its concave surface [111,112]. It was also shown to have a ‘curvature-sensing’

ability – preferentially binding at angles that match the intrinsic curvature of the mem-

brane [112]. This feature was experimentally shown in the Drosophilia amphyphysin BAR

domain [111]. These results clarify the interdependence of proteins and membrane curva-

ture during endocytosis at atomic length scales. More recently, 1,000 ps AA simulations

using the Merck molecular force field tested the ability of multi-walled carbon nanotube

functionalized with fluorescein isothiocyanate (MWCNT-FITC) to be a central nervous
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system targeted drug delivery system by directly releasing therapeutic or diagnostic cargo

into the cytoplasm [113]. The study found that these carbon nanotubes were perme-

able to transport across microvascular cerebral endothelial (cEND) monolayers, providing

evidence for a drug delivery mechanism.

While the length scales achievable in AA simulations are impressive, the time-scales

are less so. This is especially evident when trying to capture the flow of membrane lipids

using MD simulations, which are known to exhibit slow dynamics [114–116], requiring

timescales of an order of magnitude more than the typical hundreds of nanoseconds. As

we discuss later, the flow of lipids is closely coupled with membrane bending and defor-

mations. An alternative approach called the highly mobile membrane mimetic (HMMM)

model uses a combination of short-tailed lipids and biphasic solvents (selective fragmenta-

tion) [115,117] to increase lipid diffusion within the bilayer by 1-2 orders of magnitude while

maintaining the precise description of protein-lipid interactions. The robustness of this

method was demonstrated by capturing the insertion and binding of peripheral proteins

into the membrane [115]. However, the limitation of the model is that mechanical param-

eters such as bending rigidity and area compressibility are only partially captured [115].

Despite these challenges, the potential to incorporate lipid diffusion into membrane models

of endocytosis presents an exciting opportunity.

2.1.2 Coarse-grained molecular dynamics

Interactions between different protein and lipid chains occur over a wide range of

time and length scales, making all-atom simulations impractical for studying problems at

the cellular length and time scales. Coarse-grained molecular dynamics (CGMD) mod-

els allow for simulating large systems of protein-lipid interactions at biologically relevant

timescales by approximating the energetics of these interactions [118].
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The general approach

The general approach involves mapping individual atoms to coarse-grained/ meso-

scopic ‘beads,’ which redefines the length scale of the system, makes computation faster,

and achieves impressive levels of complexity. An example of this complexity can be seen

in a recent work that simulates a cell membrane with nearly 20,000 lipids and 63 lipid

species [119]. This idealized model of the mammalian plasma membrane showed a larger

distribution of cholesterol on the outer leaflet while also detailing the diffusion rates and or-

dering of the lipids. Interestingly, they identify that the lipids are heterogeneously mixed

without any clear phase separation, potentially providing some insight into the much-

debated lipid raft hypothesis [119–122]. Lipid rafts are dynamic, fluctuating nanodomains

in cellular membranes that are thought to serve as signaling platforms [123, 124]. Recent

reviews such as [95, 125] have focused on coarse-grained models and their application to

protein-membrane and lipid-protein interactions. At the core of the CG model is the

length scale, degrees of freedom being considered, and the property that is sought to be

reproduced. Broadly, they can be divided into structure-based [126], force-based [127]

and energy-based [128] (MARTINI) force fields that aim to reproduce the geometry, force

distribution, and thermodynamics respectively [95].

A major challenge with coarse-graining is choosing the important degrees of free-

dom that can reduce computation time without losing other important degrees of freedom.

To tackle this, multiscale [129] and mixed-resolution [130] models have been developed.

The multiscale-coarse graining method (MS-CG) combines an atomistic approach with

coarse-grained simulations. It uses the atomistic trajectory from an atomistic simulation

as an input to calculate the coarse-grained force field in a force matching approach. Subse-

quently, this model was used to develop mixed all-atom and coarse-grained (AA-CG) [130]

models that favorably compared to all-atom simulation results.
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Models that bridge the gap between the quantum scale have also been developed.

In 2013, the Nobel Prize in chemistry was awarded to Michael Levitt, Ariel Warshel,

and Martin Karplus for their work on developing multiscale models for complex chemical

systems by combining a quantum chemical model at the core region with a classical model

at the larger surroundings.

Applications to endocytosis

The MARTINI force field is one of the most widely used explicit solvent coarse-

grained models. It is based on a four-to-one mapping, where four heavy atoms are rep-

resented by one interaction center [128]. Non-bonded interactions are represented by a

shifted Lennard Jones potential. The MARTINI model has been extended to include pro-

teins [131] and has been used to study complex biological systems that simulate vesicle

fusion and fission. For example, polyunsaturated phospholipids were shown to aid endocy-

tosis by increasing the ability of dynamin and endophilin to deform the membrane [132]. In

another study, the internalization of polyarginine peptides (R8) was shown to be affected

by membrane tension [133]. R8 peptides are a class of cell-penetrating peptides (CCPs)

known to penetrate the membrane through endocytic and non-endocytic means [134]. More

recently, MARTINI-based MD combined with Monte Carlo simulations were used to study

the metastability of lipid nanotubes, commonly seen in the endoplasmic reticulum [135].

A force-field based on a ten-to-one mapping instead of the four-to-one mapping seen in

MARTINI named as the shape based coarse-grained (SBCG) method was developed in [7].

Fig. 2.2 shows a SBCG simulation of membrane tubulation by N-BAR domains [6].

Another popular CG force field is GROMOS [136], where aliphatic CHn groups are

represented as a united atom. A recent model using a 50 ns MD simulation incorporating

the GROMOS96 force field parameter set could track Rab21 and guanine nucleotide ex-
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change factor (GEF) exchanges [137]. Rab21 belongs to the Rab family of proteins and

plays an important role in vesicle trafficking [138]. The study found that GTP-bound

Rab21 is more stable than the GDP-bound form and attributed it to the activation of the

protein, potentially aiding in the development of anti-cancer therapeutics [137]. Another

study of the influenza virus fusion peptide (FP), which is known to insert into the host

membrane during fusion, adopted a CGMD simulation employing the GROMOS54A7 force

field to show that the influenza FP has a substantial effect on the model bilayer and that

it can adopt two configurations – a membrane-spanning configuration and an interfacial

configuration [139].

Using the multiscale approach, a study of the effect of N-BAR domain proteins on

membrane curvature found that the N-BAR domain proteins assemble into linear aggre-

gates resulting in large endocytic bud-like formations [140]. The same group of researchers

also analyzed the role of membrane tension in the recruitment of N-BAR domain proteins,

finding that high tension inhibits protein interactions [141]. Direct experimental valida-

tion of the predictions from these simulations remains a challenge because of experimental

resolution; a detailed review of the issues associated with experimental validation can be

found in [142].

2.1.3 Continuum treatment of the lipid bilayer

Continuum models treat the lipid bilayer as a thin elastic shell by assuming that

the membrane curvature is much larger than the thickness of the bilayer [143]. This field

traces its history back to a set of papers written in the 1970s – three main papers by

Helfrich [84], Canham [86] and Jenkins [144] and the impact of this line of modeling is

evident simply from a Pubmed or Google scholar search for Helfrich energy. The most

widely used continuum model is the Helfrich-Canham energy model [84], which proposes

16



the free energy of a membrane as a function of its principal curvatures.

The general approach

In its most basic form, for a homogenous membrane, the Helfrich energy can be

written as

W = κH2 + κGK, (2.6)

where W is the free energy density (per unit area), κ is the bending modulus, H is the

mean curvature, κG is the Gaussian modulus and K is the Gaussian curvature. We note

here that Eq. 2.6 differs from the standard Helfrich energy equation by a factor of 2,

accounted for by using a κ that is twice the standard value. The typical value for κ is

∼ 20 kBT while the Gaussian modulus is a matter of significant debate [97, 145]. This is

because the use of the Gauss Bonet theorem states that the term with Gaussian curvature

in Eq. 2.6 is a topological constant and appears only in boundary conditions [97, 146], so

that the energy is invariant to the Gaussian modulus except in the boundary condition.

Despite this, the Gaussian term is known to play an important role in phase separation,

as shown in [147]. Here, the researchers calculated a ratio of bending moduli between lipid

ordered and disordered phases of a GUV as κLo/κLd ∼ 5 and a difference in Gaussian

moduli as (κLd
G − κ

Lo
G )/κLd

∼ 3.6.

The energy functional (Eq. 2.6) can be plugged into the equilibrium equations

obtained using elastic Kirchoff Love theory through variational principles [143, 144, 148,

149]. These equilibrium equations are first written out as a local force balance, given by

(see Table 4 for notation)
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∇ ·mσ + pn = f, (2.7)

where ∇· is the surface divergence, mσ is the stress tensor, p is the pressure difference

between the inside and outside of the volume bounded by the membrane, and f is any

externally applied force per unit area on the membrane [148]. The surface stresses in Eq.

B.1 can be decomposed into normal and tangential components as

σα = Tα + Sαn, (2.8)

where

Tα = Tαβaβ, Tαβ = σαβ + bβµM
µα, Sα = −Mαβ

;β . (2.9)

The two tensors σαβ (stress resultants) and Mαβ (couple resultants) can be ex-

pressed by the derivative of F , the energy per unit mass, with respect to the coefficients

of the first and second fundamental forms, aαβ, bαβ, respectively [148,150] as

σαβ = ρ

(
∂F (ρ,H,K;xα)

∂aαβ
+
∂F (ρ,H,K;xα)

∂aβα

)
, (2.10)

Mαβ =
ρ

2

(
∂F (ρ,H,K;xα)

∂bαβ
+
∂F (ρ,H,K;xα)

∂bβα

)
. (2.11)

Here, ρ is the density of the membane. The lipid bilayer has a high stretch modulus
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[151], and can be treated as effectively incompressible. Applying area incompressibility

(requiring that the Jacobian J = 1) constraint using a Lagrange multiplier field [148], Eqs.

(2.11,2.7, 2.8, 2.9) can be simplified to give the equations in normal (shape equation) and

tangential direction as

p+ f · n = ∆
1

2
WH + (WK);αβ b̃

αβ +WH(2H2 −K) + 2H(KWK −W )− 2λH, (2.12)

and

Nβα
;α − Sαbβα = −(γ,α +WKk,α +WHH,α)aβα = ((

∂W

∂xα
)|exp + λ,α)aβα = −f · as. (2.13)

Here (); denotes the covariant derivative, b̃αβ denotes the contravariant cofactor of

the curvature, ∆(·) is the surface Laplacian (the Laplace-Beltrami operator), and ()|exp

denotes the explicit derivative respect to coordinate θα and f · as denotes the dot product

of f with the tangent. For a more detailed derivation, see [143,144,148,149].

Equations (2.12, 2.13) together constitute a boundary value problem that can be

solved using an appropriate choice of surface parameterization (Monge, axisymmetry, etc.).

To fully define the system, boundary conditions need to be determined. However, these

boundary terms only play an important role when the system under consideration is not a

closed system as the energy required to maintain the edge is large [144]. Otherwise, edge

conditions can simply be derived from a mechanical power balance between the energy of

the film and the forces and moments at the surface boundary ( [149, 150]) and are given

by
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f̄ = Tανα − (Mαβτανβn)′ (distributed force on the edge), (2.14)

M = Mαβνανβ (distributed bending couple on the edge), (2.15)

where

ν = ναa
α is the unit normal with the exterior, (2.16)

τ = n× ν is the unit tangent . (2.17)

Since 1975, the model has been further expanded to account for membrane het-

erogeneity through spontaneous curvature, lateral stretching and lipid tilt. Spontaneous

curvature represents the intrinsic membrane curvature and asymmetry across the leaflets

of the bilayer. It can be incorporated into the Helfrich energy as [148,152]

W = κ(H − C(θα))2 + κGK, (2.18)

where C is the spontaneous curvature field along θα, the position coordinates. Effectively,

spontaneous curvature captures the curvature at which the bending energy is minimized

and is now used to represent the asymmetry between the lipid bilayers either due to the

shape of the lipid [153,154] or due to protein-induced bilayer asymmetry [152,155].

The lateral stretching/ area difference elasticity (ADE) [156] model incorporates the

relative stretching and compression of the monolayers against each other and the energy

functional for this is written as
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E = κ

∫
(H − C(θα))2dA+ κG

π

AD2
(∆A−∆A0)2, (2.19)

where E is the free energy (not to be confused with W , which is the free energy density or

free energy per unit area), D is bilayer thickness, ∆A is the global area difference between

the monolayers, ∆A0 is the area difference for the unstressed monolayers and A is the

mean area of the monolayers [156,157]. The second term in Eq. 2.19 accounts for the area

difference with respect to the relaxed state.

The lipid tilt model integrates two tilt director fields corresponding to each mono-

layer [158] and is an important outcome of lipid packing and frustration in biological

processes such as vesicle fusion and scission. The notion of lipid tilt as an important phys-

ical variable for regulating membrane mechanics is supported by experiments in DPPC

bilayers that determine a tilt angle of 32 ± 0.5 at 19◦C [159]. Studies such as [160] argue

for the need to include a secondary term for the tilt modulus in addition to the bending

modulus. They do this by obtaining comparable values of bending moduli using theory,

experiments and simulation. The effect of monolayer tilt is to add an anisotropic curvature

term to the energy density

W± = βbαβm
α
±m

β
±, (2.20)

where ‘+’ and ‘-’ are the two monolayers (chosen such that the normal points from ‘-’ to ‘+’

side), m+ and m− are tangent vector fields to each monolayer surface (describing the tilt),

bαβ is the curvature tensor and β is a new parameter depending on the degree of ordering

[158]. Each monolayer has its own spontaneous curvature, stretch and bending modulus

[158]. The mathematics of such an implementation gets significantly more complex as

discussed in [161–163].
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Applications to endocytosis

Continuum models have been applied to the study of various trafficking processes.

The basic form of the Helfrich formulation (Eq. 2.19) has widely been applied to the

simulation and modeling of membrane tubules, which are commonly seen as long-lived

connections between a vesicle and the membrane [12, 164, 165] during endocytosis. These

membrane tethers are modeled by applying a point force to a flat membrane patch, mim-

icking the function of cellular motor proteins [166]. An important study by Derenyi [167]

first showed the dependence of this point force on the membrane tension and bending

rigidity. By plotting the equilibrium shapes of these tubes under an applied point force,

they were also able to identify a neck region; now an area of active research both the-

oretically and experimentally. An analysis of a bilayer lipid membrane tubule stretched

between two coaxial end rings as a model for the connection between a vesicle and the

membrane during endocytosis further showed the existence of a bistability or a sudden

breakage of the membrane connection [168]. This instability was shown by modeling the

membrane tubule as a catenoid or a cylinder, an accepted model shape of the membrane

neck [169].

The spontaneous curvature model (Eq. 2.18) is another widely used continuum

description of membrane remodeling in cellular processes. The versatility of this model is

evident from the broad range of applications ranging from vesicle behaviors to endocytosis

in cells. Early works dating back to the 1970s have successfully and extensively been used

to study vesicle shapes [85,156,170]. Famously, the spontaneous curvature model explained

the biconcave disc shape of red blood cells [85]. A few papers have also evaluated externally

applied forces and line tensions of membranes in different biological contexts [147,171,172].

More recent studies have focussed on the effect of membrane tension, actin forces and

bending rigidity on vesiculation during endocytosis in a multivariate framework [8]. Actin

22



forces specifically have been shown to induce instabilities during endocytosis and these

instabilities can be stabilized to a finite extent by BAR proteins [173].

The area difference between the monolayers of a lipid membrane has also been

used to study various aspects of endocytosis. A study of nanoparticle trafficking through

asymmetric model membranes was recently performed in the context of both receptor-

mediated and clathrin-mediated endocytosis [174]. This study derives relationships be-

tween nanoparticle size and membrane properties such as adhesion strength and sponta-

neous curvature. An understanding of these parameters can be crucial for applications such

as drug delivery and intracellular sensing. The effect of shape and size of nanoparticles

in endocytosis were further analyzed in [175]. Here, nanodiamonds (NDs) were classified

into prickly (sharp edges) and round (smooth). Smooth NDs were found to internalize

more in experiments. Continuum models suggested that factors like energy penalty of

anchoring and surface area of contact could be responsible for the increased internaliza-

tion of round NDs [175]. Nonspherical nanoparticle trafficking during the drug delivery

of natural (viruses) and artificial (biomimetic) particles in receptor-mediated endocytosis

has also been modeled [176]. This study identifies three distinct endocytic phases – no

wrapping, partial wrapping or frustrated endocytosis and complete wrapping (leading to

endocytosis) based on the aspect ratio of the particle being engulfed [176].

Lipid tilt models are useful for the calculation of parameters such as line tension

[177]. Studies such as [177] have also used the tilt model to predict domains of lipid raft

formation, a debatable region of the lipid membrane that is thicker than its surroundings

[120–122]. A 1D form of the lipid tilt model was applied to protein adsorption onto

membranes in order to capture dynamics at the length scale of the bilayer thickness [161].

The results obtained using this model were favorably compared to CG simulations showing

that the effect of lipid tilt due to protein insertion is of the same order of magnitude as the
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thickness of the bilayer. A more complex tilt model based on 3D liquid crystal theory has

also been developed [163] and applied to the analysis of ripple phases and small deviations

from the plane [162].

2.2 Modeling membrane-cytoskeleton interactions in

endocytosis

Actin is one of the most abundant proteins in eukaryotic cells and actin filaments

play an important role in coordinating functions such as intracellular membrane trafficking

and cell motility [178,179]. The directional polymerization of actin, coupled with severing,

branching, and capping give rise to a multitude of actin structures that are implicated

in a variety of cellular processes (Figure 2.4). Indeed, actin-membrane interaction is a

workhorse of intracellular force generation [180]. Multiple reviews have focussed on the

function of actin polymerization in endocytic vesicle formation [29, 52, 181, 182]. Actin is

known to play important roles during internalization of the protein coat and subsequently

in constriction and scission events [10,29,183]. In mammalian cells, the actin cytoskeleton

is necessary to maintain membrane tension during many cellular functions [61,75]. Recent

experimental evidence suggests that actin-generated forces during CME can function as a

constricting force in a collar at the base (in yeast) [8, 184] or as an inward force with the

actin network attached to the coat [8, 9]. In yeast endocytosis, branched actin structures

exist as a cortical patch around the membrane invagination and are essential for endocy-

tosis [185]. Membrane-cytoskeleton adhesion is also known to affect this force generation

capacity [186].

One way to model the effect of actin and myosin is to consider it as an active force

f in a Helfrich based continuum model, as described previously in Eq. 2.7. The free energy
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of the system is then given by Eqs. (2.12, 2.13). Early studies used an axial point force

as a proxy for the actin polymerization force to model membrane tubulation or tether

formation [167]. In cells with turgor pressure, a closer match between simulation profiles

and experimentally observed shapes of tether formation was obtained by incorporating

the effect of pressure in addition to the axial point load [187]. More recently, studies have

also emphasized the role of actin forces (both axial and radial) in mediating snap-through

instabilities during CME [8]. A snap-through instability occurs when the membrane that

is in one equilibrium state must jump to another equilibrium state as a control parameter

changes because the first equilibrium state either becomes unstable or ceases to exist [188].

Fig. 2.5 shows the orientations of these actin forces in a schematic and Fig. 2.6 shows a few

example shapes obtained from a simulation of CME in the presence of these forces. Fig.

2.6(A) shows the formation of a U-shaped invagination with increasing area of the protein

coat. Fig 2.6(B) shows the response of this U shaped membrane to applied axial forces

(orientation shown in Fig. 2.5(A)) and Fig 2.6(C) shows the response of the U-shaped

membrane to radial forces (orientation in Fig. 2.5(B)). Interestingly, increasing coat rigid-

ity drastically reduced the actin force required to invaginate the membrane [8], suggesting

a close relationship between bending rigidity, actin forces, and phase separation. We note

here that all membrane shapes obtained using the continuum model are at mechanical

equilibrium and are thus snapshots of ‘pseudo’ time, which we discuss in the perspectives

section (section 4). The phase separation can be incorporated as a line tension at the

interface that reduces the energy of the phase boundary [189]. Indeed, this approach has

been used to compute equilibrium membrane shapes of vesicle formation in yeast endocy-

tosis generated by the coordinated action of actin surface forces and protein-induced lipid

phase separation [189]. The study found that this concerted action is sufficient for scission.

However, there still remain many unanswered questions with respect to actin dynamics
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at endocytic sites – how does actin assemble and disassemble at endocytic sites? How do

we specifically model actin-membrane interactions? How is the actin network organized?

To answer these questions, we need to consider the dynamics of individual actin filaments

and review some of the basics steps in actin remodeling.

Actin exists in two forms – G-actin (globular), and F-actin (filamentous). Each

actin filament has a barbed (+ve) and pointed (-ve) end [190] with different critical con-

centrations (actin concentration that balances polymerization and depolymerization rates

at one end), leading to addition of monomers at the barbed end and removal of monomers

from the pointed end, a process known as actin treadmilling [191] (Figure 2.4). This

treadmilling is traditionally characterized by 3 steps – nucleation, elongation, and steady

state [192]. For polymerization to occur, the concentration of actin must be greater than

the monomeric critical concentration [179]. The difference in critical concentration be-

tween the two ends reflects the fact that the system operates out of equilibrium [193],

made possible by a reservoir of ATP, which is replenished in the cell and made available

for actin polymerization by actin-binding proteins that catalyze the exchange of ADP to

ATP [179]. This sequence of events is a remarkable explanation for the organization and

coordinated dynamics of networks of actin filaments observed in cells. Polymerizing actin

is responsible for force generation at the plasma membrane since the filaments are anchored

at the membrane through actin-binding proteins [179].

Recent reviews such as [194] highlight the progress made in actin research and serve

as an excellent summary of actin filament dynamics. At physiological concentrations, ATP-

bound actin monomers associate rapidly with the barbed ends of actin filaments. ATP

hydrolyzes over time, leaving ‘older’ subunits in the filament bound to ADP. ADP-bound

actin has a high dissociation rate from the pointed end. Filaments treadmill when ADP-

actin depolymerization at the pointed end coincides with polymerization of ATP-actin
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from the barbed end. Higher concentrations of ATP-actin monomers increase the rate of

polymerization.

Actin filaments in solution are disorganized and polymerize without control, but in

cells actin-binding proteins can nucleate, crosslink, cap, and sever the filaments. For exam-

ple, profilin and thymosin-β4 are the most prevalent actin monomer-binding proteins and

can affect polymerization rates through steric hindrance. Profilin binds to the barbed end

of monomers, which prevents those monomers from associating with an actin filament’s

pointed end but not barbed end. Once bound to filaments it rapidly dissociates [195].

Profilin exchanges ADP- for ATP-actin monomers in the solution, which increases the

concentration of ATP-actin available for polymerization [196]. It was later shown to com-

pete with severing proteins like cofilin to bind to actin monomers and to counter severing

at high concentration [197]. In the last decade, profilin has been shown to have a high

affinity for ADP-actin filament barbed ends [198] and to accelerate depolymerization at

the barbed end [199].

While profilin plays a crucial role in elongation, it also inhibits nucleation, the

first stage of polymerization. Spontaneous nucleation of actin filaments from monomers is

energetically unfavorable in cells, but is sped up by filament nucleation proteins such as

the Arp2/3 complex. Arp2/3 is a seven-protein complex [200] that binds to the sides of

actin filaments and catalyzes the nucleation of a new filament at an angle of 70◦ from the

side of the existing ‘mother’ filament [201]. This was proposed as the ‘dendritic nucleation

model’ with 4 stages - (i) inactive Arp2/3 complex is recruited to the plasma membrane by

membrane-bound activators, (ii) activated Arp2/3 complex nucleates the growth of new

actin filaments at a defined angle from the sides of existing filaments, creating networks

of branched filaments, (iii) growing filaments are rapidly capped, and (iv) phosphate

hydrolysis and release promote disassembly of the pointed end of the branched network
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[200, 201]. Activators of the Arp2/3 complex, known as nucleation-promoting factors,

include WASP family proteins such as SCAR and N-WASP [202]. WASP-family proteins

bind membranes and are themselves activated by their membrane association and binding

to GTP-binding proteins of the Rho-family such as Cdc42. ADF/Cofilin severs ADP-actin

filaments, a critical step for replenishing the actin monomer pool [179,200].

Incorporating all these biological features into a mathematical model requires a

significant amount of parameter estimation. Elongation rate constants of single actin

filaments were measured under electron microscopy and determined to be 10 µM−1 s−1

for ATP-actin association and 1 s−1 for ATP-actin dissociation at the barbed end [203].

This explains the critical concentration of 0.1 µM ATP-actin at the barbed end [193,204].

ADP-actin, on the other hand, dissociates faster at the barbed end and slower at the

pointed end while the association rate was found to be slow at both ends, leading to a

critical concentration 20x higher than for ATP-actin [203]. An impressive number of

rate constants have been measured for many of the reactions described above [205–207] as

well as their concentrations and numbers of molecules per structure, particularly in yeast

[50, 208–210], which makes the system especially well-suited for quantitative comparison

between model and experiments.

2.2.1 Ratchet models

Actin polymerization rates decrease when pushing against a membrane. One of the

early models for load-dependent actin polymerization is the ‘Brownian ratchet’ model [211].

The general approach

The ‘Brownian ratchet’ model assumes that individual actin filaments are rigid

[212]. This model also assumes thermal fluctuations fo not affect the polymerizing fila-
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ments, which means that the gap width between the monomer and membrane could be

determined by taking into account only the diffusion of the membrane. Using this model,

the force-velocity relationship can be determined to be

v = δ[αe−ω − β]. (2.21)

Here, δ is actin monomer width, α = kon M is the polymerization rate of actin concentration

M weighted by the probability that the dimensionless load ω will allow the addition of a

monomer unit, and β is the depolymerization rate. This formula is a simplified version,

valid for ideal ratchet velocity much larger than polymerization and depolymerization

rates [212]. Correspondingly, the force needed to stop the ratchet is

f0 = −kBT
δ

log(
β

α
). (2.22)

This model was further modified to include elasticity and thermal fluctuations [211].

In the revised ‘elastic Brownian ratchet’ model, the actin filament is assumed to behave

like a one-dimensional spring with a spring constant equivalent to the bending elasticity

of a filament. The force-velocity relationship can be obtained as

v ≈ δ cos(θ)[konMp(θ, f)− koff ], (2.23)

where f is the load, θ is the angle at which the actin filament impinges on the load, δ is the

monomer width and p(θ, f) is the steady-state probability that there exists a gap between

the actin filament and the impinging force so as to allow monomer addition. A further

update to the model was developed in [213] to incorporate the effects of both attaching

and detaching/working filaments, known as the ‘tethered ratchet model’. The dynamics

of these filaments are given by
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da

dt
= n− δ.a for attached filaments, (2.24)

dw

dt
= δ.a− κ.w for working filaments. (2.25)

a(t) is the number of filaments attached to the surface, w(t) is the number of polymerizing

filaments or working filaments, n is nucleation rate of attached filaments, δ is filament

dissociation rate and κ is filament capping rate [213]. Incorporating these actin dynamics

into Eq. 2.23 results in a force-velocity relationship given by

v = ε2[e−ε1vω(v)2−ε4 ]− ε3, (2.26)

where ε is a dimensionless quantity. ε1 is the dimensionless work done in breaking the

attachment between filaments, ε2 is the dimensionless polymerization velocity, ε3 is the

dimensionless depolymerization velocity, and ε4 is the dimensionless work done by the

working filament against the load. This ‘tethered ratchet’ model was used in an in sil-

ico reconstruction of Listeria propulsion for cell motility, taking into account both actin

recycling and hydrolysis [214,215].

Applications to endocytosis

A ratchet-based model for the role of clathrin in CME was proposed in [216], where

the researchers suggested that instead of driving curvature generation, the clathrin coat

forms a cage around the membrane invagination and stabilizes or traps any transient fluc-

tuations [216]. In this case, the curvature is driven by thermal fluctuations with clathrin

polymerization leading to the stability of more curved geometries. An earlier model for

the endocytosis of proteins across the mitochondrial membrane in the presence of protein
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translocases TOM and TOM23 suggested that a targeted Brownian ratchet mechanism,

with no backward motion, leads to spontaneous unfolding of these proteins and subse-

quently pushes them unidirectionally toward the mitochondrial matrix [217]. This coun-

teracts another popular theory that the movement of proteins across the mitochondrial

matrix is driven by a mechanical power stroke. A similar targeted ratchet mechanism

labeled as the ‘Burnt bridge model’ [218] based on probabilistic or biased diffusion of

molecular motors provided an explanation for bacterial endospore engulfment [219].

2.2.2 Population-based stochastic models of actin

One of the drawbacks of ratchet models is that they do not account for the variation

of a population of actin filaments in space and time. In fact, they assume that the loss

of energy with actin growth is the same at every point along the membrane [211, 220].

However, the three-dimensional evolution of the actin network around the endocytic site

is governed by spatial and temporal stochasticity of actin remodeling events [221]. How

can we incorporate the stochastic behavior of actin polymerization into models of actin

filament interactions while also including the membrane?

Figure 2.8 shows the available modeling approaches for a stochastic modeling of

a reaction-diffusion system such as actin polymerization. If proteins are involved in high

copy numbers, an individual molecules contribution is less important to resolve and the

species might be treated as a concentration evolution over time (left column). However,

when the involved copy numbers are low, as in the case of endocytosis, individual molecules

have to be resolved to account for stochasticity (right column). The next dimension to

take into account for modeling is the spatial embedding: Is the entire reaction container

well-mixed (top row)? Are there spatial inhomogeneities on a large scale but small sub-

volumes can still be treated as well-mixed (middle row)? Is there no spatial dimension
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in which well-mixedness can be assumed and every particle has to be resolved explicitly

in space (bottom row)? These considerations are not only important for reaching high

modeling accuracy but also have computational cost and attainable simulation timescale

implications. Naturally, models that incorporate more detail are computationally more

expensive and differences in wall-clock time for a simulation on different detail levels can

reach orders of magnitude. In most cases, a balance has to be found between desired

modeling detail and the timescales of the studied process.

The general approach

In stochastic models, the actin filament grows by monomer addition with a rate

constant kon at the barbed end and depolymerization with a rate constant koff at the

pointed end [222]. kcap is the capping rate constant, which determines when a filament

will stop growing. ‘Daughter’ filaments are added to the side of existing branches with

a rate constant kbranch. Severing of filaments through ADF/Cofilin is specified by rate

constant ksever. These rate constants are determined experimentally (biochemical assays).

Branching can be either ‘end branching’ or ‘side branching’, depending on where Arp2/3 is

located. A 3D stochastic simulation was performed in [222–224] and compared favorably

to lamellipodium ultrastructure studies.

An ‘autocatalytic branching’ theory was developed in [225], which stated that new

branches of actin filaments are dependent on the number of existing branches. Contrary

to this theory was the ‘nucleation’ model, where new branch formation was independent

of existing filaments. The ‘autocatalytic branching’ model was found to be in better

agreement with experimental measurements of force-velocity relationships [225]. In the-

ory, this model would lead to a steep increase in actin density if not for the presence of

capping protein. The effect of capping protein in end- versus side-branching by Arp2/3
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was then modeled [226]. In side-branching, capping protein slows down growth while in

end-branching, capping protein stops growth. The branching is described as

kbr = kbr,0[Arp2/3]([G]−GB
c )2, (2.27)

where [Arp2/3] is the concentration of activated Arp2/3, [G] is free actin monomer concen-

tration, GB
C is critical actin concentration at the barbed end and kbr,0 is a rate parameter.

The results in [226] showed that side-branching is a better fit to experiments, assuming

that branching is dominated by either branching mode alone. Additionally, monomers

with a decaying branching ability showed better fit [226].

Severing or disassembly of actin filaments is equally important to free up actin and

drive propulsion. Severing of filaments by cofilin has been shown to increase actin poly-

merization by freeing up barbed ends [227]. A model incorporating severing and capping

rates in addition to branching effects was developed in [228]. An analytic expression for

severing, given by

∆G = (0.1µM)
√
ksev/[CP ], (2.28)

matched the stochastic growth simulations for high concentrations of [CP ] well. Here,

[CP ] is the concentration of capping protein, ksev is the rate of severing and ∆G is the

difference between treadmilling actin concentration and critical actin concentration [228].

However, the same match was not obtained for lower values of [CP ], indicating that

severing enhances polymerization only in the presence of barbed end capping [228].

The effects of annealing and disassembly for square/cubic geometries have also

been studied [229]. Here, different segments of filaments were characterized by nodes that

specify branch points. Random severing occurs when this link was broken and annealing

occurs when the links were stochastically restored. In the absence of annealing, network
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density was found to decay inversely to severing rate [229]. In the presence of a critical

value of annealing, network density remained constant.

Agent-based actin modeling

Another method to model actin dynamics is through agent-based models. Within

cell and developmental biology, agent-based models, also known as rule-based or particle-

based models, have mostly focused on collective cell migration and behavior, treating

individual cells as agents [230–232]. Recently, agent-based models have been adopted to

study cell biology at the ‘mesoscale’ to model the behavior of proteins or multi-protein

complexes interacting within cells [233–235] providing mechanistic insight to cellular pro-

cesses such as endocytosis and cytokinesis [11,236,237].

Interacting particle-based reaction-diffusion (iPRD) simulations are the most de-

tailed of such models. Here, each protein or protein complex is treated as an object

with properties (e.g. position, size, excluded volume, diffusion coefficient, binding status,

membrane association) and rules (e.g. diffuse, react with an other particle, bind to a

membrane etc.) executed over successive time steps within a defined space. These models

have many parameters and in order to be predictive, they must be minimal or have many

of the relevant parameters measured, particularly reaction rate constants, positions, and

numbers of molecules over time. The great advantage of these models is their ability to

bridge first principle physics (microscopic diffusion constants, membrane viscosity, mem-

brane bending rigidity, spatial constraints of the cell etc.) with biological parameters that

are accessible for experiments (e.g. fluorescent tagging of proteins can reveal macroscopic,

i.e. crowded, diffusion constants, protein numbers, the systems overall time evolution,

and reaction rates). Different approaches and software packages exist for iPRD that al-

low different levels of modeling detail, excluded volume incorporation, reactions between
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particles, membrane treatment and 3D geometry embedding (see review [238]).

The structure of these models makes them well-suited for studying actin dynamics,

since the stochasticity of the model reflects the stochastic nature of molecular motion

and interactions in the cell. This is particularly the case for a small number of discrete

interacting structures, which is true for many cytoskeletal processes relative to the size of

the cell [233].

Because each relevant entity (molecule or multiprotein structure) is explicitly rep-

resented in these models, the outputs of these simulations can be directly compared to

experimental data and guide new measurements that will constrain or test model pre-

dictions. The modular nature of these models allows them to be modified by specialists

and non-specialists alike, and allowing increases in model complexity as more parameter

values become available from experiments. Their construction and use are complementary

to the theory-driven mathematical models described above, and their increasing popu-

larity promises to drive the identification and characterization of emergent behavior and

self-organization in subcellular processes such as the cytoskeleton, particularly as more

quantitative measurements are made in cells.

Applications to endocytosis

Recent studies such as [53] use a Master Equation (ME) method to model 3D

growth (using cylindrical coordinates) of F-actin filaments to deform a membrane in the

context of yeast CME. This model incorporates branching induced by the nucleation-

promoting factor (NPF Las17) that accumulates as a ring around the endocytic patch

[54], spontaneous nucleation and cofilin-driven severing [53]. Filament branching leads

to a pushing force along the ring [53]. The yeast Hip1R homologue Sla2 is assumed to

play a role in the pulling force which acts at the center of the ring [53]. This pulling
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force also requires spontaneous nucleation of actin filaments, an assumption made in the

model. Filament dynamics incorporate a negative feedback loop of actin on Las17 –

there is a probability that Las17 detaches from the membrane because of polymerizing

actin [221]. The results obtained for the number of F-actin and Las17 matched well

with experimentally determined values [221] and other stochastic results [53]. This study

provides strong evidence for the use of a statistically averaged actin network in order to

reduce the computational load on calculating branching.

Studies such as [239] perform temporal simulations that support the ‘dendritic

nucleation’ model [29] of endocytic patch formation. Time course data was obtained from

quantitative confocal microscopy measurements of purified protein in a dilute solution

[240]. Simulation results show a good match to live cell experimental data only when

(i) the ternary complex of actin monomer-WASP-Arp2/3 binds to actin filaments 400

times faster than the rate constant measured in vitro [241], (ii) cofilin-induced severing

and fragmentation of actin filaments speeds up actin patch disassembly, and (iii) capping

protein reaction rates are faster in cells. This work performed a large parameter sweep of

reaction rates to determine the best fit to live cell measurements, besides identifying the

crucial reactions that differentiate in vitro and in vivo endocytic patch formation.

Agent-based models have also been used to model actin filament growth, mechan-

ics and branching, [242–244] with varying levels of sophistication. Agent-based models

have contributed to the mechanistic understanding of several cytoskeletal cellular pro-

cesses, including (microtubules) formation of bipolar microtubule bundles, mitotic spindle

assembly, and nuclear and division plane positioning, and (actin) bacterial actin-based

motility [236,245–247]. Popular modular implementations of agent-based modeling include

Smoldyn [248, 249], which models diffusing and interacting particles; and Cytosim [233],

which models dynamics, interactions, and forces of cytoskeletal filaments and their binding
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partners using Brownian dynamics simulations. Several platforms combined agent-based

models with ODE, stochastic, or spatial models on different length scales to make multi-

scale models [232,250].

Schöneberg [251, 252] developed an iPRD software framework named ReaDDy,

which includes interaction potentials to model space exclusion, particle interactions (e.g.

binding and clustering), membrane interactions and a particle-particle reaction frame-

work. Most applicable to highly crowded systems, ReaDDy has been used to simulate

Rhodopsin-G-protein interaction in the visual cascade [253,254], SNARE clustering in the

presynaptic active zone [255] and HIV maturation [256]. Recently, ReaDDy was combined

with a spatio-temporal master equation (ST-ME) reaction-diffusion model [11] to investi-

gate how endocytic proteins become partitioned into different regions of endocytic buds.

The authors used this framework to model the diffusion of a BAR-domain protein named

SNX9 in the context of clathrin-coated buds crowded by endocytic proteins [11]. Using re-

alistic copy numbers and sizes of endocytic proteins positioned underneath a clathrin cage,

their Brownian dynamics simulations revealed that a membrane lipid composition change

in the highly competitive lipid binding environment of the clathrin coat can specifically

recruit SNX9 to the membrane and that protein crowding excluded SNX9 from the bud in

favor of the neck of the endocytic pit. This restriction of SNX9 to the edge of the clathrin

lattice was confirmed experimentally [11, 257]. Including a weak end-to-end interaction

potential between SNX9 molecules (found in many BAR-domain proteins) led to SNX9

oligomerizing in rings at the bud neck, at various stages of neck constriction (Fig. 2.10).

The spatial patterning of SNX9 allows it to bind membranes of a particular curvature

while recruiting dynamin and activating the nucleation-promoting factor NWASP [258].

This serves as a mechanism to coordinate membrane curvature, force generation via actin

polymerization, and membrane scission via dynamin constriction.
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2.3 Modeling challenges

It is now evident that biophysical modeling of endocytosis has made great progress

and we are able to glean insights into these complex biological processes and generate

experimentally testable hypotheses. However, there remain many challenges that require

advances in mathematical and computational modeling of endocytosis. We highlight a few

here:

• How can a continuum model incorporate the effects of any new molecules made

over a given timescale? Recent works have highlighted the role of lipid structures

in protein activation [259], which would, in turn, alter the continuum properties

of the membrane. Since continuum models incorporate proteins using spontaneous

curvature fields and variable elastic moduli, we need a framework that can account

for non-linear lipid-protein interactions such as the one shown in [260].

• Hybrid continuum-atomistic models can help bridge the gap between accuracy of

MD and speed of continuum modeling [261]. Where continuum fails, MD simula-

tions give insight into the nature of the lipid-protein interactions at a length scale

smaller than that of the lipid bilayer, as shown in works like [114]. However, there

remain computational challenges associated with a hybrid model. Whereas contin-

uum simulations can easily compute energies over large systems, MD simulations

require large computation time and storage and are practical only over small spatial

domains.

• Coupling mechanics with biochemistry in a model remains a continued challenge.

Although some efforts have been made to couple the lipid composition to membrane

mechanics [189], a complete mechanochemical model that couples signaling to mem-

brane dynamics is still missing. Furthermore, the newly developed models should
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take the multiple time scales that govern the progression of endocytosis into account

rather than assume mechanical equilibrium.

• Another major challenge is the relationship between actin and the membrane. A re-

cent review on membrane bending by actin polymerization [181] discusses this issue

in detail; identifying the relationship between actin dynamics and membrane defor-

mation remains a continued challenge for mathematical and computational model

development.

• Capturing in-plane diffusion of proteins and lipids is another emerging area of re-

search. Recently, there has been a slew of models [150,152,262–264] that account for

in-plane transport. However, despite recent evidence that inter-monolayer friction

affects scission due to BAR domain proteins [265], these models are not the norm.

• Last, but not least, theory and computation need to work closely with experiments,

so that the models can push closer towards experimentally accessible parameters

and outputs. This will allow experimentalists to test predictions of the model and

identify the key quantitative approaches that need to be developed in cellular exper-

iments (measuring numbers of molecules at endocytic sites, cytoplasmic concentra-

tions, membrane and coat rigidity, membrane tension, actin dimensions and organi-

zation). While some of these methods have been developed in yeast [240, 266–269],

these methods are less well-established for mammalian cells.

Many of these issues can be addressed by strong interdisciplinary teams and cross-

pollination of ideas from different fields. With advances in imaging and computational

tools, the time is right for us to make progress in leaps and bounds in the study of small-

scale cellular movements. In the following chapters, we will discuss biophysical models

aimed at addressing these challenges.

39



2.4 Acknowledgements

I would like to acknowledge my co-authors Dr. Matthew Akamatsu, Dr. Johan-
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Table 2.1: List of abbreviations

Notation Description

BAR Bin-amphiphysin-rvs

BDP BAR domain proteins

CME Clathrin-mediated endocytosis

CPP Cell penetrating peptides

CLIC Clathrin-independent carriers

GEEC GPI-enriched early endosomal compartments

GEF Guanine nucleotide exchange factor

GTP Guanosine-5’-triphosphate

GDP Guanosine diphosphate

ATP Adenosine triphosphate

ADP Adenosine diphosphate

NPF Nucleation promoting factor

Sla2 Src-like-adaptor 2

CDC42 Cell division control protein 42 homolog

Arp2/3 Actin-related proteins 2/3

Hip1R Huntingtin-interacting protein 1-related protein

ADF Actin depolymerizing factor

COPII Coat protein II

N-WASP Neuronal Wiskott-Aldrich syndrome protein
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Table 2.2: Continued: List of abbreviations

Notation Description

WASP Wiskott-Aldrich syndrome protein

AP-2 Adaptor protein 2

SNX-9 Sorting nexin 9

AA All-atom

MD Molecular dynamics

CGMD Coarse-grained molecular dynamics

MS-CG Multiscale-coarse graining

SBCG Shape based coarse-graining

POPC Phosphatidylcholine

POPS Phosphatidylserine

MWCNT-FITC Multi-walled carbon nanotube with fluorescein isothiocyanate

cEND Cerebral endothelial

HMMM Highly mobile membrane mimetic
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Table 2.3: Notation used in all atom bilayer models

Notation Description Units

U Potential energy pN · nm
K Kinetic energy pN · nm
N Number of atoms
Ndf Number of degrees of freedom
r Distance between atoms nm
b Bond length nm
θ Angle
φ Dihedral angle
b0 Equilibrium value of bond length nm
θ0 Equilibrium value of angle
φ0 Equilibrium value of dihedral angle
kθ Force constant for bonds pNnm
kb Force constant for angles pN/nm
kφ Force constant for dihedrals pNnm
u Potential field pNnm
T Temperature K

Table 2.4: Membrane models in endocytosis

Membrane model Atomistic MD Coarse-grained MD Continuum

Advantages

Computes detailed
interactions
between atoms.
Extracts values and
quantities like bending
rigidity, lipid-bond orders,
lipid-protein interactions etc.

Simulates large systems
of protein-lipid
interactions by mapping
individual atoms to
coarse-grained beads.
Achieves biologically relevant
timescales.

Computationally inexpensive.
Simulates large length
scales of membrane
deformation by
approximating the lipid
bilayer as a
thin elastic shell.

Limitations
Computationally intensive.
Cannot capture cellular
length and time scales.

Choosing the nonessential
degrees of freedom that
can reduce computation time.
Force fields may not
be accurate enough.

Cannot capture smaller length
scale deformations.
Difficult to account for lipid
and protein structures that
alter the continuum properties
of the membrane.

Biological
example

A 250 ns AA simulation of
membrane bending by single
F-BAR domain proteins using
the CHARMM27 force field
[110].

A 200 us CGMD simulation
of membrane tubulation by
multiple amphiphysin N-BAR
domains, where each N-BAR
dimer is represented by
50 CG beads [6].

A spontaneous curvature
based Helfrich energy model
of membrane bud formation
during clathrin-mediated
endocytosis [8].
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Table 2.5: Notation used in continuum models of lipid membranes

Notation Description Units

E Strain energy pN · nm
γ Lagrange multiplier for incompressibility constraint pN/nm
p Pressure difference across the membrane pN/nm2

σ Surface stress tensor pN/nm
C Spontaneous curvature nm−1

D Lipid bilayer thickness nm
A Mean area of the lipid monolayers nm2

∆A Global area difference between the monolayers nm2

∆A0 Area difference for the unstressed monolayers nm2

θα Coordinates describing the surface
W Local energy per unit area pN/nm
r Position vector
n Normal to the membrane surface unit vector
mν Tangent to the membrane surface unit vector
mτ Rightward normal in direction of revolution unit vector
aα Basis vectors describing the tangent plane
aαβ First fundamental form
bαβ Second fundamental form
β Degree of ordering parameter
λ Membrane tension, −(W + γ) pN/nm
H Mean curvature of the membrane nm−1

K Gaussian curvature of the membrane nm−2

κ Bending modulus (rigidity) pN · nm
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Table 2.6: Continued: Notation used in continuum models of lipid membranes

Notation Description Units

κG Gaussian modulus pN · nm
s Arc length nm
θ Azimuthal angle
ψ Angle between er and as
r Radial distance nm
z Elevation from base plane nm
er(θ) Radial basis vector unit vector
eθ Azimuthal basis vector unit vector
k Altitudinal basis vector unit vector
f Applied force per unit area pN/nm2

τ Surface twist nm−1

M Bending couple pN · nm
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Table 2.7: Notation used in the actin models

Notation Description Units

v Velocity nm/s
δ Actin monomer width nm
M Actin concentration µM
β Depolymerization rate s−1

α Polymerization rate s−1

kon Polymerization rate constant µM−1s−1

koff Depolymerization rate constant s−1

kcap Capping rate constant s−1

kbranch Branching rate constant µM−1s−1

ksever Severing rate constant µM−1s−1

θ Angle of actin filament impingement s−1

p probability of actin monomer addition
G Free actin monomer concentration µM
a Number of filaments attached to the surface
w Number of polymerizing filaments
n Nucleation rate of attached filaments s−1

κ Filament capping rate s−1

ε1 Dimensionless work done in breaking filaments
ε2 Dimensionless polymerization velocity
ε3 Dimensionless depolymerization velocity
ε4 Dimensionless work done by working filament against load
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mid2ri/dt2 = Fi            

Math box: Atomistic models

Newton’s laws

Potential energy

Fi = -dU/dri           
i = 1,2 … N          

U(R)bonded = Σangles1/2 (kijk (θijk - θijk)2)  
+ Σbonds1/2 (kij (rij - bij)2)  

+ Σdihedrals (k (1 + cos(n(φ - φ)))

θ 0

b 0

φ 0

U(R)non-bonded = Σi u(ri) + Σi Σj>iv(rij) + … 

Figure 2.1: Summary of basic equations in atomistic modeling
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Figure 2.2: Coarse-grained molecular dynamics (CGMD) simulations of tubulation of a
200 nm planar sheet of membrane induced by multiple amphiphysin N-BAR domains;
figure from [6]. Each N-BAR dimer is represented by 50 CG beads [7] and is colored as
blue, green, yellow and red. The membrane begins to bend from the edge at 0.5 µs and
achieves complete tubulation between 30 - 200 µs [6]. Here, (A) and (B) are two
independent simulations of 43 and 24 BAR domain proteins respectively [6].
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W = κH2 + κGK 

Math box: Continuum models

W = κ(H - C(θ))2 + κGK 

Simple form

with spontaneous curvature

with area difference
E = κ∫(H - C(θ))2dA + κGπ(ΔA - ΔA0)2/AD2  

Monolayer tilt
W+/- = βbαβm+/-m+/-

Viscoelasticity
W+/- = 1/2 (km)(ρ + (ρ - 2dH)2)2

α β

-
Figure 2.3: Summary of basic equations in continuum modeling.
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F-actin

G-actin

Cofilin
Arp2/3

Polymerization

4
Branching

SeveringCapping

Capping
protein

Nucleation

Figure 2.4: Schematic of key actin remodeling events for single filaments. Actin is a
directional polymer; monomeric actin or G-actin is shaped like an arrowhead and the
polymerization rates are higher for the addition of monomers at the barbed end rather
than the pointed end. Filaments can undergo capping, severing, or branching depending
on the particular actin modulator.
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cell membrane Actin Coat (Clathrin)
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Figure 2.5: Schematic of actin force orientation along a yeast cell membrane [8–10].
Dimensions are in nanometer (nm). (A) Actin network is attached to protein coat and
forms a cone-shaped structure of interlinked filaments. Actin polymerization at the
membrane assembles in the shape of a ring. It exerts a net inward force [9]. (B) Actin
network exerts a constricting force at the neck by forming a collar [10].
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f = 4 pN

f = 4 pN

a0 = 5027 nm2

(A)

(B)

(C)

a0 = 12566 nm2

a0 = 20100 nm2 

a0 = 0 nm2 

Figure 2.6: Equilibrium shapes obtained from solving Eqs. (2.13, 2.12) in an
axisymmetric coordinate system for a spontaneous curvature based Helfrich energy (Eq.
2.18) [8]. Spontaneous curvature c = 0.02 nm−1. a0 is the dimensional protein coat area
(nm2). Total membrane area is 502650 nm2. Membrane tension is 0.002 pN/nm (low
tension). Coat and membrane rigidity are both set at 320 pNnm. (A) Equilibrium
membrane shapes obtained for a0 = 0 nm2, 5027 nm2, 12566 nm2 and 20100 nm2

(increasing coat area). (B) Equilibrium membrane shape obtained by applying an axial
force of 4 pN acting over an area equal to the coat area of 20100 nm2. An upward force
acts at the base of the bud. (C) Equilibrium membrane shape obtained by applying a
radial force of 4 pN at the edge of the coat (a0 = 20100 nm2). Orientations of the axial
and radial force are shown in Fig. 2.5 [8–10].
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Brownian ratchet model

v = δ[αe-ω - β]

Elastic brownian ratchet model

v = δ cos(θ)[konMp(θ,f) - koff]

Tethered ratchet model

v = ε2[e-ε1vω(v)2-ε4] - ε3

Math box: Mogilner modelsRatchet models

Figure 2.7: Summary of the basic equations in the ratchet models
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Figure 2.8: Stochastic models in reference to different reaction-diffusion modeling
approaches. Reaction-diffusion models can be differentiated into concentration based /
deterministic (left column) and particle based / stochastic (right column). Depending on
the system at hand the spatial representation can be chosen to be well-mixed (top row),
well-mixed in lattice based sub-volumes (middle row), or spatially fully resolved into
individual particles. The underlying models are ordinary differential equations (ODEs)
and partial differential equations (PDEs) for the concentration case and chemical master
equation (ME), spatio-temporal chemical master equation (ST-ME) and particle-based
reaction diffusion dynamics (iPRD) also known as agent based modeling.
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Math box: Carlsson models
Branching

kbr = kbr,0[Arp2/3]( [G] - Gc,barbed) 
Severing

ΔG = (0.1 μM) ksev1/2/[CP]

Population models

Figure 2.9: Summary of basic equations in population based stochastic models
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Figure 2.10: Simulations of endocytic proteins diffusing and partitioning during
clathrin-coated pit maturation. Underneath the clathrin coat (red), the clathrin-binding
Adaptor Protein 2 (AP-2, black) the BAR-protein SNX9 (green) and all other present
endocytosis proteins (white) are explicitly simulated using experimentally determined
numbers and sizes, Newly recruited SNX9 is spatially excluded from underneath the coat
due to crowding and partitions to the endocytic neck. A tip-to-tip interaction potential
for SNX9 molecules induces their oligomerization into rings at the bud neck. Shown are
snapshots of different simulations with different curvatures of the vesicle neck from [11].
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Chapter 3

Role of traction in membrane

curvature generation

3.1 Introduction

Cell shape plays an important role in regulating a diverse set of biological functions

including development, differentiation, motility, and signal transduction [83,270–273]. Ad-

ditionally, the ability of cellular membranes to bend and curve is critical for a variety

of cellular functions such as membrane trafficking processes, cytokinetic abscission, and

filopodial extension [274, 275]. In order to carry out these functions, cells harness diverse

mechanisms of curvature generation like compositional heterogeneity [276, 277], protein

scaffolding [278,279], insertion of amphipathic helices into the bilayer [280,281], and forces

exerted by the cytoskeleton [181, 282] (Fig. 4.2). Reconstituted and synthetic membrane

systems also exhibit a wide range of shapes in response to different curvature-inducing

mechanisms as seen from steric pressure due to protein crowding [283–285].

It is well-known that these various mechanisms of curvature generation induce

surface stresses; expressions for these stresses have been derived using either variational
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methods [144, 286, 287] or by using auxiliary variables that enforce geometric constraints

[288, 289]. These studies have established the physics underlying membrane stresses and

clearly explained how these traction forces can be interpreted in linear deformations and in

idealized geometries [288, 289]. However, many physiologically relevant membrane shapes

display large curvatures [290, 291], non-linear deformations [292, 293], and heterogeneous

membrane composition [294, 295]. How stresses are distributed along such shapes is not

yet fully understood. In this article, we discuss how theory can help us evaluate membrane

stresses based on the observed shape.

3.1.1 Shape as a reporter of force

Many biomechanics textbooks present the postulate that the relationship between

the applied load and the resulting deformation can be obtained if a constitutive relationship

between the stress and strain of a material is given [296–298]. Indeed, the idea that shape

can be considered a reporter of the applied force is an idea as old as continuum mechanics

[299]. A classical example illustrating how shape can be used as a reporter of force in

biology can be understood by studying the shape of a vesicle or a cell using micropipette

aspiration [300, 301]. This method is used to calculate the tension of bilayer membranes

in vesicles and cortical tension in cells through Laplace’s law. Since the pressure applied

by the micropipette is known, tension can be calculated using a force balance at the

membrane.

Lee et al. suggested that membrane shape itself acts as a reporter of applied

forces [171] and calculated the axial force required to form membrane tethers in optical

tweezer experiments based on shape, given the material properties of the membranes (see

Fig. 2 in [171]). They showed that the calculated value of force was in excellent agreement

with their experimental measurements. Separately, Baumgart and colleagues showed that
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the Gaussian modulus has a strong effect on membrane budding in phase-separated vesicles

and its magnitude can be obtained by analyzing the geometry of the vesicle [147].

An additional layer of complexity in how shape and forces are related arises through

the heterogeneous composition of the lipid bilayer in cells. Most protein binding to cellular

membranes are local processes [13,302,303]. Even in in vitro studies, several groups have

shown that protein adsorption on lipid domains can alter the lateral pressure profile on the

bilayer and induce tubulation [284,304,305]. Recently, theoretical studies have shown that

adsorbed proteins give rise to spontaneous surface tension [152,304]. Therefore, there is a

need to understand how applied forces and membrane heterogeneity can regulate the local

stresses on the membrane. Going beyond the approximation of tension using Laplace’s

law, we sought to understand the local stresses in tubes and buds – two geometries that are

critical to many cellular phenomena. Using the well-established Helfrich model [84, 306]

for membrane bending as a framework, we illustrate how local forces can be understood

from the shape of the membrane. We close with an extended discussion of how advances

in image analysis and measurement of material properties can aid in our understanding of

how traction can be calculated from the curvature of the membrane.

3.2 Local stresses in the membrane: governing equa-

tions

3.2.1 Surface stress tensor and traction calculation

A general force balance for a surface ω, bounded by a curve ∂ω, is (Fig. 3.2)

∫
ω

pnda+

∫
∂ω

f̃dt+ F = 0, (3.1)
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where t = r(s)θ is the length along the curve of revolution perimeter (see Fig. 3.2), p is

the pressure difference across the membrane, f̃ is the traction along the curve of revolution

t and F is any externally applied force on the membrane. Along any circumferential curve

on the membrane at constant z, the traction is given by [307]

f̃ = f̃νν + f̃nn + f̃ττ . (3.2)

The values of fν , fn and fτ will depend on the particular form of strain energy

we choose to depict the membrane properties (See Fig. 3.2 for definitions of the forces

and the vectors). We choose the Helfrich Hamiltonian as the constitutive relationship in

this case and use a modified version that includes spatially-varying spontaneous curvature

C (θα), [8, 148,307],

W = κ [H − C(θα)]2 + κGK. (3.3)

where W is the energy per unit area, κ is the bending modulus, H is the local mean

curvature, κG is the Gaussian modulus, K is the local Gaussian curvature and θα denotes

the surface coordinates. This form of the energy density accommodates the local hetero-

geneity in the spontaneous curvature C. Note that W differs from the standard Helfrich

energy by a factor of 2, which is accounted for by using the value of κ to be twice that

of the standard bending modulus typically encountered in the literature (See Table S1 for

notation). A more in-depth investigation of the role of anisotropic spontaneous curvature

using a version of the Helfrich energy that includes deviatoric curvature can be found in

the Supplement (Eq. A.11, [308,309]).

While Eqs. 3.1 & 3.3 are general expressions that are independent of coordinates, for
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illustrative purposes we will restrict further analysis to rotationally symmetric membrane

deformations for ease of analysis (Fig. 3.2). Using principles of force balance one can

derive the “shape” equation and the tangential balance equation for the Helfrich energy

(see Supplement for detailed derivations). The traction, which is the force per unit length,

across any boundary of constant z is given by

f̃n︸︷︷︸
Normal
traction

= −κ(H ′ − C ′)︸ ︷︷ ︸
curvature
gradient

, (3.4a)

f̃ν︸︷︷︸
Tangential

traction

= κ(H − C)(H − C − ψ′)︸ ︷︷ ︸
curvature

+ λ︸︷︷︸
tension

(3.4b)

where ψ is the angle the membrane makes with the horizontal (see Fig. 3.2), λ is the

local membrane tension, and ()′ denotes a derivative with respect to arc-length s, i.e.

H ′ = dH/ds.

From the above equations, we see that the normal traction, f̃n, captures the ef-

fect of curvature gradients while the tangential traction, f̃ν , captures the effect of local

membrane tension and curvature. A complete derivation of the stress balance and the

governing equations of motion is presented in the Supplement. Additional derivations of

traction including spatially heterogenous bending and Gaussian moduli, asymptotic ap-

proximations for small radius as well as anisotropic spontaneous curvature are presented

in the Supplement.
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3.2.2 Interpretation of traction

Traction, which has the units of force per unit length, has roots tracing back to

Noether’s theorem and mathematicians such as Euler and Cauchy [287,288,310]. This the-

orem states that for any elastic surface that is in equilibrium, there exists a unique traction

distribution such that its divergence is conserved [288]. Mechanically, the traction distri-

bution gives us information about the response of the membrane to externally applied

loading, including forces acting on the membrane or protein-mediated bending. Numer-

ous studies have derived these equations mathematically and sought to explain them in a

biophysical context. Capovilla and Guven [286,287,310] invoked the action-reaction law –

if one were to cut the membrane along any curve, f̃n and f̃ν are the forces per unit length

of the curve in the normal and tangential directions respectively that the membrane on

one side of the cut exerts on the other. Furthermore, the expressions for tractions (Eq.

3.4) reduce to their corresponding fluid analogues for negligible membrane rigidity and

pressure difference. Thus, we can interpret the normal and tangential tractions as follows

– the tangential traction distribution tracks the gradient in ‘effective’ surface tension (dis-

cussed below) while the normal traction distribution contains information regarding a force

balance performed normal to the membrane at every point. Further physical interpreta-

tions of these quantities can be obtained based on the particular biological phenomena,

as illustrated below by examining two fundamental membrane deformations – tubes and

buds.

3.2.3 Axial force and effective line tension

We obtain the formulae for traction in the axial and radial directions obtained by

projecting the normal and tangential tractions onto these axes (Eqs. A.28) (full derivation

in Supplement). We can then calculate the magnitude of an applied axial force on the
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membrane by integrating the axial component of the traction (Eq. A.28b) along the

circumference of the bounding curve ∂ω, yielding

F̃z = 2πr
[
κ(H ′ − C ′) cosψ + κ(H − C)(H − C − ψ′) sinψ︸ ︷︷ ︸

Bending contribution

+ λ sinψ︸ ︷︷ ︸
Tension

contribution

]
, (3.5)

where F̃z is the axial force generated in response to an external load.

An energy per unit length, ξ, associated with deformations in the radial direction

can be found by integrating the radial traction along the curve ∂ω (Fig. 3.2), as

ξ = 2πr
[
κ(H − C)(H − C − ψ′) cosψ︸ ︷︷ ︸

Curvature
contribution

+ λ cosψ︸ ︷︷ ︸
Tension

contribution

+κ(H ′ − C ′) sinψ︸ ︷︷ ︸
Curvature gradient

contribution

]
. (3.6)

ξ can be interpreted as an “effective” line tension [311]. While line tension denotes the

force acting at the boundary of two interfaces – e.g. inward force for a liquid droplet on

a hydrophobic substrate and an outward force on a hydrophilic substrate [189, 312], the

“effective” line tension predicts a general resistive force acting at every point opposing any

change in the membrane length, regardless of a phase boundary. This ‘force’ is not an

actual radial force but represents the change in energy with respect to the characteristic

length scale [313]; going forward, we refer to it as an energy per unit length.
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3.3 Illustrative examples of traction along the mem-

brane

For spherical vesicles, where the mean curvature is constant and in the absence

of spontaneous curvature curvature (C = 0) and homogeneous composition, the normal

traction f̃n is zero because curvature gradients are zero (Eq. 3.4a), and the tangential

traction, f̃ν , reduces to the membrane tension (λ) (Eq. 3.4b). This is consistent with

previous discussions of membrane tension [152]. For surfaces with zero mean curvature

(minimal surfaces such as catenoids [314]) and homogeneous composition, f̃n is zero and

f̃ν is equal to λ, also consistent with the interpretation of membrane tension for these

surfaces [314,315].

What happens when the mean curvature is not constant or if the membrane is not

homogeneous in composition? Given a membrane shape and a constitutive relationship,

Eqs. 3.4a and 3.4b tell us that we can calculate the local stresses along the membrane.

One way of studying shapes is to use images from high resolution microscopy of membrane

vesicles of known composition. However, these images can be noisy and obtaining the local

curvature and curvature gradients requires fitting the curve with multiple splines or other

functions [171]. Another way to generate membrane shapes is to use simulations. Since our

goal is to illustrate the concept of local tractions, we use shapes generated from simulations

to elucidate how the normal and tangential tractions are distributed along the membrane.

The traction distributions are not the direct output of these simulations; instead they are

calculated a posteriori using the output shapes from the simulations and the membrane

properties, similarly to how one would calculate these distributions from experimentally

observed membrane shapes.
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3.3.1 Tether formation due to applied load – revisiting a classical

membrane deformation

The formation of membrane tethers in response to a point load is a classic example

of force-mediated membrane deformation [166,316] that has been extensively studied both

experimentally [317, 318] and theoretically [167, 265, 314, 319]. This comes as no surprise

because a tether is a starting point for understanding membrane deformation in a wide

variety of biological contexts including endocytosis, filopodia formation, tubulation in the

endoplasmic reticulum, etc. We used this example to validate our method and to identify

how normal and tangential tractions contribute to the formation of tethers. We generated a

membrane tether by applying a localized force at the pole to mimic a point load, and solved

the shape equation for homogeneous bilayers in axisymmetric coordinates (Eq. B.17), for

a membrane tension of 0.02 pN/nm (simulation details provided in the Supplement).

The normal and tangential traction distributions along the tether are shown in Fig.

3.3. The absolute value of the normal tractions are highest at the pole as the applied force

increases. The membrane curves away from the applied force along the region over which

it is applied, and conforms to a stable cylindrical geometry along the rest of the tether

and a flat region at the base. The tangential traction has a large positive value along the

cylindrical portion of the tether (Fig. 3.3C) showing that the membrane resists stretching

as the tube is pulled out. The tether cap has a negative tangential traction because of the

membrane tension heterogeneity (Eq. A.10) induced by the application of the load. The

corresponding radial and axial traction components (Eqs. A.28a, A.28b) plotted along the

equilibrium shapes are shown in Fig. A.1.

As expected, the negative of the axial force (Eq. 3.5), evaluated at the base of the

geometry, exactly matches the force-extension relationship for tether formation obtained

directly from the simulation (see Fig. 3.3B), showing that the local stresses along a mem-
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brane shape can help us evaluate the applied forces. We also considered the role of a large

turgor pressure that opposes the membrane invagination, mimicking the situation in yeast

endocytosis. [187, 320, 321]. Transmembrane pressure results in an additional term in the

axial traction (see Eq. A.29). As seen in Figs. A.2 and A.3, an excellent match between

the applied load and the calculated force from the traction distribution is obtained for

simulations with pressure by modifying our expression for force. We further verified that

our results are independent of the system constraints (i.e. conserved arc length or sur-

face area), confirming that changes in membrane area does not change the validity of our

approach (Fig. A.4).

What information do the tangential tractions contain? The tangential tractions

play an important role in squeezing the membrane neck and holding the cylindrical con-

figuration during membrane elongation (see Fig. A.1). Consequently in Fig. 3.3D, the

point of zero ‘effective’ line tension corresponds to the dotted cylinder, which has a radius

of R0 = 1
2

√
κ
λ0

[167]. This equilibrium cylinder has no curvature gradient, leading to zero

‘effective’ line tension. The calculated values of energy per unit length inside the cylinder

are negative while those outside are positive, suggesting that the “effective” line tension

indicates the extent of deviation from the idealized cylindrical geometry. A negative en-

ergy per unit length here refers to the fact that there exists a negative radial force at that

point [313]. Additionally, the value of ξ at the neck is ∼ 3 pN, providing an estimate of

the effective line tension required to form a neck in tethers.

3.3.2 Traction along tubes is highly dependent on mechanisms

of membrane deformation and resistive force

Do all membrane tubes have the same traction distribution? In order to answer

this question, we compared membrane shapes that look superficially similar and calcu-

66



lated the traction profiles along them (Fig. 3.4). We show that different tubes can have

very different tractions depending on the mechanism of membrane deformation and the

resisitive forces that are acting on them. We begin by comparing electron micrographs

of yeast endocytic invaginations in mutant cells lacking the BAR-domain proteins Bzz1,

Rvs167 and wild-type cells [13] (Figs. 3.4A and 3.4E respectively). Because force from

actin assembly is the primary driver of membrane deformation in this process [14], we as-

sume that the deformation in the mutant cell is a result of having only an applied force at

the tip of the invagination (Fig. 3.4B). In the wild-type, we assume that the BAR domain

proteins induce an anisotropic spontaneous curvature locally (e.g. tubulation) [322] (Fig.

3.4F, see Fig. A.7 and Supplement for implementation and traction calculation). These

assumptions between the mutant and wildtype cells are simplifications, but serve to illus-

trate the differences in traction distribution. In particular, the tangential traction in the

wild-type case (Fig. 3.4H) is nearly zero near the tip of the bud and highest near the base,

in stark contrast to the mutant, which lacks additional curvature generation and therefore

is high all along the tube (Fig. 3.4D). These results suggest that the BAR domain proteins

can act as a barrier to the stresses induced by the axial force, which is consistent with

recent experimental evidence that points to a potential scission mechanism [265]. Indeed,

a negative normal traction at the tube base in Fig. 3.4G demonstrates a tendency for the

neck to shrink in size.

The previous simulations were conducted using a membrane tension that is appli-

cable to mammalian cells [323]. However, turgor pressure is thought to be the primary

opposing force in yeast endocytosis [321]. To investigate the role of turgor pressure, we

performed a simulation in which the value of the turgor pressure was set such that the

radius of the resulting tube (Fig. 3.4J) would match that of the tube generated using

membrane tension (Fig. 3.4B). The normal traction distribution in this case (Fig. 3.4K)

67



is strikingly different; there is a large negative normal traction at the base of the tube

indicating that turgor pressure acts to induce the formation of a neck. The tangential

traction (Fig. 3.4L) is no longer uniform on the tube and is again greatest just above the

narrowing of the tube at the base. Though these simulations are only meant to capture the

approximate shapes of the membrane in these different cases and not necessarily match the

length scales or parameter values with respect to the biological situations, they serve to

illustrate the point that the quantitative differences in the deformations against membrane

tension and turgor pressure can be realized by the calculating the local tractions along the

membrane shape.

3.3.3 Sensitivity analysis and sources of errors

In principle, calculating force from shape is at the heart of stress-strain relation-

ships. However, there are some fundamental challenges associated with sources of errors

in such a calculation. There are two main sources of errors – error in the measurement

of material properties (membrane bending modulus and membrane tension), and error in

the measurement of shape. We present some simple analysis of these sources of error in

what follows.

Parametric sensitivity analysis of material properties

Ideally, one would like to define a sensitivity index similar to the parametric sen-

sitivity conducted for systems of chemical reactions, where the sensitivity of a quantity

Fi with respect to a parameter kj is given by Si,j = ∂Fi

∂kj
[324]. However, since we wish to

simultaneously explore the effect of both the bending modulus and tension, we use a sim-

ple linear calculation of error. Uncertainties in either of these quantities will result in an

uncertainty in the traction as well as the calculated axial force and energy per unit length
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(Eqs. 3.5 and 3.6) Here, we assume that the bending modulus and membrane tension can

be written as κ = κmean ± κerror and λ = λmean ± λerror respectively. Then, by virtue of

the relationships in Eqs. 3.5 and 3.6, we can estimate the error in the axial force and the

energy per unit length as

Fz,error = ±2πr (κerror(H
′ − C ′) cos(ψ) + κerror(H − C)(H − C − ψ′) sin(ψ) + λerror sin(ψ)) ,

(3.7a)

ξerror = ±2πr (κerror(H − C)(H − C − ψ′) cos(ψ) + κerror(H
′ − C ′) sin(ψ) + λerror cos(ψ))

(3.7b)

These equations allow us to interrogate how errors in both membrane moduli and

membrane tension affect the error in forces. We took our control to be the output of

tubulation and budding simulations described in Figs. 3.3 and ??, respectively. Then, we

conducted the same simulations over a range of bending moduli and membrane tensions to

reflect a range in error of these two quantities. From these simulations, we (i) calculated

the applied force using Eq. 3.5 for the tube pulling simulations at the peak of the force

displacement plot and (ii) the energy per unit length at the phase boundary using Eq. 3.6

for the budding simulations at the same value of spontaneous curvature. Fig. 3.5A and

3.5C show the result of this procedure for a force and energy per unit length respectively

that have been normalized to the output from the initial simulations (as indicated by X.)

As expected, separately varying either bending modulus or membrane tension is translated

into an error in the force and energy per unit length, though the magnitude of the final

error does not match that of the input error due to the coupling to shape (Eq. 3.5 and

3.6). Next, we investigate the nonlinear effect of varying bending modulus and membrane
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tension simultaneously on the computed errors. Interestingly, we see that in some cases

the error in one parameter is compensated for by the error in the other, as highlighted

by the dashed lines which indicate a band of less than 10% total error. This is due to

the intrinsic scaling in both tubulation [167,187] and budding [8] with respect to bending

modulus and membrane tension. Overall, we observe that the final error is not simply a

sum of the errors in the two material properties and compensatory behaviours can result

(Eq. 3.7, Figs. 3.5A and C).

In the previous calculation, when the membrane modulus and tension were varied,

both the characteristic length of the membrane and its shape were affected. We conducted

another analysis, where the shape of the membrane was fixed to the control and an error

was introduced in the values of bending modulus and membrane tension during the calcu-

lation of tractions (Figs. 3.5B and D). Interestingly, we found that the error in the axial

force is independent of the error in membrane tension (Fig. 3.5B). This is a consequence

of calculating the axial force at a point at the base of the deformation where the angle ψ

is almost zero and so, the tension term contributes less. If one were instead to perform

the force balance at a point on the membrane where ψ is not zero, the error in the force

would again depend on the error in both bending modulus and tension (Fig. A.8). This,

in principle could be beneficial in the sense that one could minimize the error in deter-

mining the axial force by evaluating it at a location where the total error is minimized

(e.g. if uncertainty in membrane tension is large, calculate the applied force at the base of

the invagination since the calculation is insensitive to error in membrane tension at this

location).

70



Errors in quantification of shape metrics

One of the largest source of errors in calculating forces arises from imaging modali-

ties for shape itself. Uncertainty in the shape of the membrane will depend on the method

used to extract shapes from microscopy images. Additionally, the high curvatures at en-

docytic sites means that a higher imaging resolution is required. Live-cell light microscopy

is limited in resolution (even in superresolution methods [325, 326]), and traditional elec-

tron microscopy following chemical fixation may not fully preserve the shape of the bi-

layer [327,328]. To this end, cryo-electron tomography may provide the best preservation,

but it suffers from anisotropic resolution as a result of the “missing wedge” effect [329].

As a result, error can be introduced into the fundamental position and geometric variables

of the constitutive equations associated with the membrane deformation. Errors in the

position and shape coordinates, coupled with non-axisymmetric geometries can result in

non-linear error propagation in the calculations and their effects are not yet understood.

3.4 Multiscale modeling of a branched actin network

We combined a continuum-mechanics model of the plasma membrane, an agent-

based model of actin filament dynamics, quantitative fluorescence microscopy, and electron

tomography in cells to determine the molecular mechanism by which branched actin net-

works produce force during mammalian clathrin-mediated endocytosis (Figure 3.6, Scheme

1).

First, we used a continuum-mechanics model of the plasma membrane ( [8,152,330])

to determine the force-extension relationship for clathrin-coated pits stalled at a U-shaped

intermediate under high membrane tension (Figure 3.6B). Here, extension refers to the

extent of pit internalization, which is a displacement in the −Z direction (Figure 3.6A-B).
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Previously, we showed that membrane curvature generation by the endocytic coat during

vesicle formation could snap the membrane into a pinched omega shape as a function

of membrane tension and the curvature induced by the coat [8], but we did not focus

on force produced by the actin cytoskeleton. Here, we modeled the coated membrane

based on the Helfrich energy [84] and applied a linear force to the clathrin-coated pit

in increasing value over successive simulations, corresponding to a simplified actin force.

Simulations demonstrated that a clathrin-coated pit experiences a nearly linear force-

extension relationship until an internalization of ∼ 100 nm, at which point the pit can also

adopt a pinched (or Ω) shape, which requires a lower force (Figs 3.6, 3.7).

We calculated the resistance to internalization as the slope of the force-extension

plot for the linear regime and found that it is directly proportional to plasma membrane

tension for a wide range of coat rigidities (Figs 3.6, 3.7). Importantly, this direct scal-

ing between resistance to internalization and membrane tension allowed us to treat this

step of endocytic pit internalization as a linear spring, with the spring constant calibrated

using measurements of plasma membrane tension in mammalian cells [61]. The simple

spring-like relationship uncovered above between force and endocytic pit internalization

(Figure 3.6 allowed us to simplify our mechanical treatment of the plasma membrane while

modeling individual actin filaments and actin binding proteins with realistic kinetics and

mechanics (Figure 3.7 E-G, Supplementary File 3). We used Cytosim [233] to construct

a filament-based model of the endocytic actin network. This agent-based model allowed

us to simulate the emergent architecture and mechanical functions of branched actin for

realistic endocytic geometries. We simplified the endocytic pit as a solid, impermeable

structure, initially a hemisphere, attached to a flat plasma membrane corresponding to

the U-shaped intermediate ( [331–333] (Figure 3.7E). The following rules were prescribed

for actin filament dynamics. Initially, actin filament-nucleating proteins seed a small num-
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ber of actin filaments near the endocytic pit. These randomly-oriented mother filaments

serve as templates for binding pre-activated Arp2/3 complexes, which correspond to the

coincidence of Arp2/3 complex and its activator N-WASP, arranged in a ring ( [334,335])

at the base of the endocytic pit ( [9, 10, 336]). When an active Arp2/3 complex comes in

proximity with an actin filament, it can bind to the filament and nucleate the growth of

a new branched filament at an ∼ 77◦ angle [337]. Growing actin filaments can polymer-

ize, diffuse under thermal fluctuations, and bend under force, and their growing ends are

capped stochastically. Filament growth decreases with load according to the Brownian

ratchet mechanism ( [211, 212]). Growth of the actin network is coupled to internaliza-

tion of the endocytic pit by an actin-linking protein (Hip1/Hip1R/Epsin, simplified here as

Hip1R), which is embedded in the coated pit and binds to actin filaments ( [338,339]). Im-

portantly, most of the parameters in this model have been determined with measurements

in vitro or in vivo, including the dimensions of the endocytic pit, its resistance to internal-

ization (modeled as a spring, Figure 3.7), rates of association and dissociation of different

proteins, branching angles, capping rates, filament persistence length, and stall force. Fig.

3.8 shows a schematic depictive the results of this multiscale modeling approach.

3.5 Discussion

In this study, we presented a framework for the calculation of axial and radial

tractions for non-linear deformations of a membrane in the absence and in the presence

of heterogeneities, solely based on the membrane geometry and material properties. From

these calculations, we summarized that tether formation requires both axial and radial

tractions (Fig. 3.3). Importantly, using different examples of critical membrane shapes

that occur in endocytosis and exocytosis, we have demonstrated that the local tractions are

directly related to deviations from idealized geometries and can be generated by membrane
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heterogeneity. Moving forward, this procedure can be useful for the analysis of forces acting

on membranes, both in reconstituted systems and in cells.

Using the analysis presented here and having some knowledge of the shape and

material properties will allow us to estimate the local stresses acting on the membrane.

It is important to note that the tractions calculated here depend on the knowledge of the

membrane strain energy and the material properties.

It has been demonstrated that PEGylation of lipids [340], amphiphilic block copoly-

mers [341], and protein crowding [342] can curve and even induce scission of artificial lipid

bilayers. In addition to material properties, non-linear interactions between curvature-

inducing proteins, membrane curvature, and protein aggregation play an important role in

governing the molecular mechanisms by which proteins sense and induce curvature [343].

A theoretical treatment of the corresponding energy terms in given in [344]. Additional

energy terms such as adhesion energy, entropic contributions from proteins, protein crowd-

ing, tilt, and cytoskeletal interactions will alter the expressions for tractions and introduce

more material properties [181, 342, 345]. We also demonstrate that the knowledge of the

underlying biophysical mechanism becomes important because the shape of the membrane,

particularly in cells, is a many-to-one function (multiple processes can give rise to a similar

shape). However, the fundamental principle that shape contains information about the

underlying forces will apply regardless of the exact form of the energy used to perform the

analysis.

There can be multiple sources of error in the quantification of forces – error in the

measurement of material properties, errors in the measurement of the shape itself due to

imaging, and finally error in the assumptions about stress-strain relationships themselves.

While many of the measurements of material properties are conducted in vitro, recently,

some studies have begun to measure the in vivo structure of lipids and their material
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properties [346]. Interestingly, recent works also suggest that there is no long range prop-

agation of membrane tension in cells, seemingly reducing the uncertainty in calculating

tension [347]. Additionally, efforts will need to focus on the development of image analysis

methods to extract the shape of the membrane while reducing noise. There are already

quite a few efforts in this direction, although these are focused on tension-based mecha-

nisms in epithelial sheets. Curvature-dependent effects are harder to discern from imaging

data [15, 348]. There is also a need for the development of algorithms that do not a pri-

ori assume symmetry of the shape and can handle irregular geometries. Then, imaging

data, which are abundant in the literature [322,342,349], can potentially be analyzed and

used to populate a database/machine-learning framework. This can then be extended to

analyze the shapes of complex structures in cells, which likely include contributions from

multiple mechanisms. Finally, an assumption that we have made in this study is to ne-

glect the surrounding fluid flow or inertial dynamics and assume that the membrane is at

mechanical equilibrium at all times [143, 350, 351]. This assumption is commonly used in

the modeling of membrane curvature to keep the mathematics tractable [148,351]. While

the Helfrich model has been used by us and others with great success, the role of these

dynamics of deformations, thermal fluctuations [352, 353], and multiscale models will be

needed to truly appreciate different spatial and temporal scales of forces. In fact, thermal

fluctuations coupled with protein aggregation can lead to runaway instabilities and scis-

sion [270, 354] and must be considered in theoretical treatments. As a small step in this

direction, we have implemented a modified form of the Helfrich energy including deviatoric

effects to consider the anisotropic nature of spontaneous curvature (Fig. A.7). While our

current focus has been on explaining the mathematical and physical basis of local tractions

and how these tractions can be used to understand important experimental systems and

biological processes, to close the gap between modeling and experiments, future efforts
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will need to focus on relaxing the assumption of rotational symmetry and the ability to

estimate local tractions in experimentally observed membrane shapes.
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Figure 3.1: Curvature generation in biological membranes [12]. Membrane curvature is
controlled by different physical inputs including (A) protein-induced spontaneous
curvature and (B) forces exerted by the cytoskeleton.
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point force (brown), λ0 = 0.02 pN/nm, κ = 320 pN · nm. (C) Normal traction distribution
along the membrane shape in (B). (D) Tangential traction distribution along the
membrane shape in (B). (E) EM image of an endocytic PM invagination in a wild type
(WT) yeast cell [13]. Top inset – Original EM image, Bottom inset – EM image with
traced membrane shape (white). (F) Simulation membrane shape obtained by
application of an anisotropic spontaneous curvature (green) along the tubular section of
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p = 0.3 kPa. (K) Normal traction distribution along the membrane shape in (J). (L)
Tangential traction distribution along the membrane shape in (J).
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Figure 3.5: Parametric sensitivity analysis to material properties. Axial force (Eq. 3.5)
and energy per unit length (Eq. 3.6) were calculated for a variation in the bending
rigidity κ and membrane tension λ0 both in membrane tubes (A-B) and buds (C-D).
Dashed lines indicate 10 % error. λmean = 0.02 pN/nm, κmean = 320 pN · nm,
−(Fz)mean = 18.0167pN (corresponding to a tube of height 300 nm in Fig. 3.3),
ξmean − 6.13pN. The sensitivity analysis was performed in two ways – (i). Sensitivity to
shape and material property by running multiple simulations corresponding to the
different parameter values (A, C) followed by an error calculation with respect to the
mean value, (ii). Sensitivity to only material property by using a range of parameter
values during calculation of axial force (Eq. 3.5) and energy per unit length (Eq. 3.6) for
a single simulation (mean). (A) Sensitivity to shape and material property in a
membrane tube. (B) Sensitivity to only material property in a membrane tube. (C)
Sensitivity to shape and material property in a membrane bud. (D) Sensitivity to only
material property in a membrane bud.
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downward from the coat and upward into the base of the endocytic pit (red dotted lines).
In this simulation, membrane tension was 0.2 pN/nm, and the coated area was rigid
(2400 pNnm).
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Figure 3.7: (C) Force versus pit internalization relationships for different values of
membrane tension. Internalization is defined as the pit displacement in Z. Shading
delineates linear force-internalization regime (blue); transition point from U to omega
shape (orange); omega-shaped regime where the neck is narrower than the pit diameter
and the force required for internalization is lower than at the transition point (for
tensions¿0.1 pN/nm) (yellow). (D) Resistance of pit to internalization versus membrane
tension. Resistance (spring constant) is defined as absolute value of slope in C for the
U-shaped region. Each curve is calculated for a different value of membrane rigidity
(where 1x = 320 pNnm, the rigidity of the uncoated plasma membrane). (E)
Computational model of branched actin filament polymerization coupled to endocytic pit
internalization. An internalizing endocytic pit is modeled as a sphere with a neck
attached to a flat surface by a spring. Active Arp2/3 complex (blue) is distributed in a
ring around the base of the pit. An actin nucleation protein (pink) generates an actin
filament (white), which polymerizes, stalls under load, and is stochastically capped (red).
Arp2/3 complexes bind to the sides of actin filaments and nucleate new filaments at a
77-degree angle, creating new branches. Linker Hip1R (purple) is embedded in the pit
and binds to actin filaments.
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Figure 3.8: Summary of load-dependent adaptation of self-organizing endocytic actin
network due to spatial segregation of active Arp2/3 complex at the base and Hip1R in a
broad distribution within the clathrin coat.
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Chapter 4

Non-axisymmetric buckling of elastic

membrane necks

4.1 Introduction

Many cellular transport processes involving the plasma membrane including dif-

ferent forms of endocytosis [355–357], exocytosis [33, 358], and vesicle budding from in-

tracellular organelles [359,360] require mechanical deformation of the cellular membranes.

The generation of membrane curvature is essential to trafficking, and the morphology

of membranes has often been characterized as distinct shapes including U-and Ω-shaped

bud profiles [8, 330, 331] and tubulovesicular structures [47, 361]. The molecular mech-

anisms of these processes can be attributed to biochemical components of the protein

machinery involved [39, 183]. For example, in the case of clathrin-mediated endocytosis

(CME), more than 50 proteins are involved in regulating the different steps of membrane

invagination such as nucleation, cargo selection, coat assembly, neck formation and scis-

sion [339,357,362] and contribute to the robustness and progression of endocytosis.

The formation of a membrane neck and scission are the last steps during many

85



trafficking processes preceding vesicle formation. This neck formation is mediated by

multiple biochemical mechanisms including mechanoenzymes belonging to the dynamin

family [363], helix insertion due to BAR domain proteins [364] and ESCRT proteins [365,

366]. A common organizational feature of these different proteins is that they form helical

assemblies at the membrane neck through oligomerization [367,368].

Studies using reconstituted systems of lipid tubules decorated with protein assem-

blies have identified certain geometric and mechanical features of scission. Notably, studies

of dynamin-mediated scission [369–371], the most investigated scission mechanism, have

shown that the location of neck formation along a membrane tube, membrane tension, and

bending rigidity play important roles in membrane tube constriction and scission [372].

Collectively, these studies support an emerging view that fundamental physical laws and

geometric bounds confer a universality on membrane constriction phenomena and scission.

Crucially, neck formation occurs at a length scale of < 10 nm, which is challenging

to image even with high resolution electron tomography (ET) as radiation damage and

low signal to noise ratio (SNR) can limit contrast [373]. Alternatively, equipped with

extensive information from experiments such as those described above, mathematical and

computational models can provide insight to the mechanics and energetics of membrane

neck formation. Almost all of these models are rooted in the Helfrich elastic energy

framework [84]. The physical principles underlying the Helfrich model are simple enough

– the elastic energy of membrane deformation depends primarily on the curvatures of the

membrane. Computational implementation of the governing equations resulting from this

model, however, remain extremely challenging (see [374] for a detailed review). Therefore,

many studies have assumed an axisymmetric configuration of the membrane for ease of

computation [8, 315,330,375–378].

In the most relevant of these studies to the present work, we and others have
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shown that a snap-through instability governs the first energy barrier associated with the

formation of a membrane neck during CME [8, 173, 379]. An important limitation of the

assumption of axisymmetry is that membrane deformation pathways associated with neck

constriction that may have lower symmetries are not accessible (Fig. 4.1B) and helicoidal

protein assemblies [361,380,381] cannot be explicitly modeled.

In this study, we systematically investigate the energy barriers to constriction at

different locations of a membrane geometry with and without symmetry restrictions (Fig.

4.1). Importantly, we tackle the challenging problem of modeling non-axisymmetric mem-

brane deformations with a benchmark comparison to axisymmetric modeling. We use a

minimal, but fundamental, model of collar pressure-mediated tube constriction to obtain

insights from a mechanical and energetic perspective. Using this model, we seek to an-

swer the following foundational questions for the broader field of membrane deformation

processes: First, how does the local pre-existing curvature along a tube influence the en-

ergy barrier associated with neck constriction? Second, how does relaxation of a priori

imposed symmetry restrictions impact the energy barriers associated with constriction of

the neck? And finally, how do cylindrical versus helical protein assemblies modulate this

energy barrier?

To answer these questions, we have developed a computational framework for solv-

ing membrane mechanics problems on complex geometries using numerical techniques that

exploit Galerkin methods, specifically Isogeometric Analysis [382]. This framework draws

upon recent far-reaching advances on the use of spline basis functions in computational

mechanics and brings them to the world of biological membranes, while building upon

recent literature on finite element modeling of liquid shells [383]. As a result, we can

now investigate membrane deformation using simulations of neck constrictions under con-

ditions that are notably less restrictive than those adopted previously in the literature
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(i.e. no enforced axis of symmetry). Importantly, this allows us to probe realistic helical

constriction pathways within a continuum framework, a different approach than recent

efforts using coarse-grained modeling [380]. Using this framework, we applied constric-

tion pressures at three different locations along the membrane tube (see Fig. 4.2) – the

‘cap’(positive mean and Gaussian curvature), ‘cylindrical tube’ (positive mean and zero

Gaussian curvature) , and ‘base’ (Positive- negative mean and negative Gaussian curva-

ture). Our simulations show that the energy barriers associated with membrane neck

constriction are indeed curvature-dependent, and therefore location-dependent, regardless

of symmetry restrictions. Most importantly, we show that access to less symmetric shapes

of membrane deformation lowers the energy barrier for scission considerably. These re-

sults suggest that loss of symmetry of the membrane neck may be an important energetic

feature of successful neck formation.

4.2 Model development and simulations

4.2.1 Helfrich energy

The lipid bilayer is modeled as a thin elastic shell using the Helfrich energy [84]

based on the assumption that the thickness of the bilayer is negligible compared to its

radius of curvature [13,369]. The Helfrich energy density is defined as

W = κH2 + κGK, (4.1)

where κ is the bending rigidity, H is the mean curvature, K is the Gaussian cur-

vature and κG is the Gaussian rigidity. Furthermore, we assume that the membrane is

incompressible (i.e the membrane area is constant ) [384]–a constraint that is implemented
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Table 4.1: Model parameter values

Parameter Value Reference

1. Boundary membrane tension (λ0) 10−2 - 10−1 pN·nm−1 [388,389]

2. Bending rigidity of bare membrane (κ) 320 pN·nm [390]

3. Length scale for non-dimensionalization (R0) 20 nm [8]

using a Lagrange multiplier field. Thus, while the Helfrich energy is defined entirely in

terms of the geometry of the surface, the Lagrange multiplier, often interpreted as mem-

brane tension [148, 152], is an important parameter that determines the minimum energy

configuration. We ignore any fluid [150, 385] and friction [264, 265, 386] properties of the

bilayer, guided by the dominance of unstable and stable equilibrium states over relax-

ation/rate processes. The augmented Helfrich Hamiltonian that is being minimized on the

surface Ω, including the Lagrange multiplier λ is given as [148,150,387]

E =

∫
Ω

(κH2 + κGK + λ)dA. (4.2)

4.2.2 Simulations in axisymmetric coordinates

In axisymmetry, the membrane is modeled using coordinates defined in Fig. 4.1A.

As the membrane tubule (Fig. 4.2E) has three distinct shape features (Fig. 4.2A - Cap,

Tube and Base), local membrane geometries were modeled as a hemispherical cap (Fig.

4.2B, Case 1), cylindrical tube (Fig. 4.2C, Case 2) and a curved base with negative

Gaussian curvature (Fig. 4.2D, Case 3). Cases 1 and 2 are constant mean curvature

shapes and are solved as two-point boundary value problems. Case 3 is a negative Gaussian

curvature shape with an inflection point in mean curvature with respect to the arc length
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and is solved as a three point boundary value problem. Case 4 includes local geometric

variations in both mean and Gaussian curvature and is solved as a three point boundary

value problem. The third point in these cases is an additional interface point enforced at the

location of constriction, such that it satisfies continuity requirements [391]. The resulting

system of equations is solved using the partial differential equation solution routines in

Matlab, specifically bvp4c [391, 392]. Importantly, these equations are solved using both

force control (compute membrane shape for a certain applied force) and displacement

control (compute applied force for a certain membrane shape). These two approaches can

lead to the same equilibrium membrane shape. In the presence of membrane bending

instabilities, displacement control can access regimes of the response curve that force

control cannot reach. However, this requires a precise prescription of the kinematic path.

In order that a system be free to find the lowest energy pathways through a region of

instability in its energy landscape, it is important that, while the force and displacement

vary in a coupled manner, neither quantity be fully prescribed [8,307]. Parameters for the

bending rigidity, membrane tension and non-dimensionalization length R0 are specified

in Table 1. Details of the numerical methods are provided in the Supplementary Online

Material (SOM).

4.2.3 3D numerical model development and validation

The membrane deformation problems considered in this paper can be modeled

using classical thin shell theories of mechanics. However, given the geometric complexity

and the associated boundary conditions, analytical solutions are inaccessible. Instead, we

obtain three dimensional numerical solutions to the membrane deformation problems using

the framework of Isogeometric Analysis (IGA) [382]. An IGA method-based membrane

mechanics framework has been developed for this work, and is build on top of the PetIGA
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[393] open source library. In an IGA approach, the membrane geometry is discretized

using a spline mesh and the governing equations (Fig. 1B, see thin shell formulation in

the Supplementary Information) are converted to a nonlinear system of equations. This

nonlinear system of equations is then solved to obtain the deformed membrane shape,

and the related force and energy metrics. Of importance to our central result is that this

framework naturally admits both symmetric and asymmetric deformation modes driven by

the underlying physics. This framework has three key assumptions. First, a fundamental

conjecture of the Helfrich model is that the characteristic length scales of the problem are

much larger than the thickness of the bilayer [84]. This assumption allows us to neglect

the effect of transverse shear deformations and consider the classical KirchhoffLove shell

kinematics for thin shell geometries [394]. Second, numerical solutions to the membrane

shape equations in general coordinates are challenging because of continuity requirements

in the numerical scheme. We have overcome this challenge by adopting both B-Spline basis

functions, which allow high-order continuity, and the numerical framework of Isogeometric

Analysis [382]. Finally, an inherent limitation of the Helfrich energy formulation in three

dimensional simulations is the lack of resistance to shear deformation modes. The zero

energy modes corresponding to shear deformation are eliminated in this framework by

adding shear stabilization terms of smaller magnitude relative to the traditional bending

terms in the Helfrich energy [383], thus restoring stability to the numerical model. Here,

we present a validation of the 3D computational framework by comparing the output from

the simulation with a known analytical solution of the classical tube pulling problem (Fig.

B.1A, B). In addition to demonstrating good agreement with the analytical solution, the

3D model also resolves the symmetric pathways of deformation if they are indeed the

energy minimizing modes (Fig. B.1A). Having validated the 3D numerical scheme, we

then proceeded to simulate the different cases shown in (Fig. 4.2B-E) and compared them
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against axisymmetric pathways. We use three key metrics to compare the two models –

(1) the radial pinching load, represented by the collar pressure that drives constriction,

(2) structural stiffness of the membrane, defined as the slope of the load-displacement

response, and (3) membrane bending energy. We track these metrics for different pinching

radii, which are defined as the shortest distances between the membrane and the center

of the necking region. For fully symmetric configurations and those with lower symmetry,

this distance is the radius of the smallest circle that can be fit in the necking region.

4.3 Results

We systematically investigated the role of preexisting curvature (varying with lo-

cation on the membrane) in the constriction process and the associated energy landscape

using both the traditional axisymmetric calculations and the 3D computational frame-

work. The constriction process is modeled using a collar pressure (pN/nm2) applied onto

a fixed membrane height (nm). In this study, we include the effect of the height of applied

pressure by reporting a force per unit length, or an effective surface pressure (pN/nm),

as the product of the applied collar pressure and the fixed height. Our main results can

be summarized as follows – first, the energy landscape for constriction depends on the

preexisting curvature of the membrane; second, 3D modes of constriction with less than

full symmetry encounter lower energy barriers when compared to pathways of higher sym-

metry; and finally, helical constriction modes can have the lowest energy barriers of all in

3D. We elaborate on these findings in detail below.
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4.3.1 The energy barrier associated with constriction depends

on preexisting membrane curvature

We investigated the effect of local, preexisting curvature on the energy barrier

associated with tubule constriction in axisymmetry. We pulled out a membrane tube by

applying an external axial force (faxial) on a small patch of the membrane to mimic a

point load while maintaining a membrane tension of 0.2 pN/nm [167]. We then applied a

radial collar pressure at different locations on the tube (Fig. 4.3A) while maintaining the

membrane height, a setup that can be generalized to in-vitro membrane tubules pulled

by optical tweezers. In the absence of a fixed height applied as a boundary condition,

the membrane deforms freely in the axial direction at negligible collar pressures (Fig.

B.2). Results from our simulations show that pinching the tube at the cap (positive

mean and Gaussian curvature) and along the cylinder (positive mean and zero Gaussian

curvature) results in similar force-shape relationship (Fig. 4.3D) and the cross section of

the pinched profile remains circular by construction due to the restriction of axisymmetry.

(Fig. 4.3B,C). Surprisingly, for the same range of collar pressure applied to the base

(positive-negative mean and negative Gaussian curvature), we observed the existence of a

snap-through instability as the membrane constriction progresses, as shown by the red line

in Fig. 4.3D. The dotted lines (Fig. 4.3D, base) are calculated using displacement control,

i.e., compute the applied force given the membrane shape. However, given our initial

conditions and the mechanism of neck formation via increasing pressure, these shapes

are not accessible during constriction. As in all snap-through instabilities, this pinching

instability arises from a reduced energy barrier and associated reduction in neck radius,

and has been reported in other membrane physical processes as well [8, 173,379]. Despite

the existence of the snap-through instability at the base, the pressure needed for further

constriction becomes unbounded as the pinching radius approaches zero. This suggests
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that fully symmetric membrane shapes are not favorable for constriction below a certain

critical radius.

4.3.2 Relaxation of symmetry constraints lowers the energy bar-

rier associated with membrane constriction

We next asked if relaxation of symmetry constraints alters the energy landscape

of location-dependent constriction. To answer this question, we used our 3D model. For

these simulations, we initialized the computation as a pre-formed membrane tubule to

limit computational complexity (see SOM). Strikingly, we observed that once the symme-

try constraints are relaxed, membrane constriction at all three locations requires a lower

collar pressure by more than an order of magnitude when compared to the axisymmet-

ric deformation (compare Fig. 4.4D and Fig. 4.3D). To verify this result, we enforced

axisymmetry constraints in the 3D model and repeated our calculations for the “cap”

(Fig. 4.2B) and “tube” (Fig. 4.2C). We observed that the collar pressures increased by

an order of magnitude (Figs. B.3,B.4) when symmetry is imposed, resulting in compa-

rable pinching profiles between the axisymmetric and 3D models. However, without the

imposed axisymmetry, the collar pressures reduced significantly (Fig. B.5). These results

allow us to conclude that absence of enforced axisymmetry alone is responsible for the

significant decrease of collar pressure. We next analyzed the shapes of the membrane cross

sections during 3D constrictions, which we found to be distinctly reminiscent of buckling

phenomena that are observed in thin walled elastic structures [395, 396]. The pinching

profiles shown in Fig. 4.4C correspond closely to the classical result of the first buckling

mode of a thin ring subjected to inward pressure on its walls. These deformation modes of

buckling/pinching in thin-walled elastic rings and tubes have been known since the early

twentieth century in the context of structural engineering applications [397–402], and are
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also observed experimentally [403].

Finally, we observed that the base, with the preexisting negative Gaussian curva-

ture, needed lower collar pressure to undergo constriction. This result is consistent with

the observation that membranes with a negative Gaussian curvature are more amenable

to constriction. Furthermore, contrary to the case of axisymmetric deformation, the collar

pressure associated with increasing constriction at the base does not continue to grow with

constriction (compare Fig. 4.4D, red line and Fig. 4.3D, red line). While the collar pres-

sure increases sharply for initial constriction (Fig. 4.4D, inset), it only rises gradually for

the tube and cap geometries as constriction continues to increase several-fold. The initial

increase in compressibility represents the natural stiffness of the membrane, after which

symmetry breaking occurs leading to near spontaneous constriction. This result suggests

that without the arbitrary restriction to axisymmetric deformation, near-spontaneous col-

lapse of the neck is possible after a critical collar pressure is reached. The sudden drop in

stiffness observed for the base geometry (Fig. 4.4D) is associated with symmetry-breaking.

As shown, this symmetry-breaking and loss of stiffness is not immediate, but occurs after

a small amount of constriction has occurred. Thus, we predict that the energy landscape

of membrane neck constriction is location dependent, but more importantly, predict that

lower symmetry shapes attained by 3D constriction can significantly lower the energy

barrier at the base to promote easier constriction.

4.3.3 Easier constriction at the base is accompanied by reduced

membrane stiffness.

We further investigated the energy landscape at the base of the tubule (Fig. 4.2D) to

identify the mechanisms associated with easier constriction. For the axisymmetric pinching

pathway, an increase in collar pressure results in progressive transformation of the tubule
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into a half-catenoid-shaped membrane. Indeed, this is the shape that is commonly seen in

schematics of membrane pinching (Fig. 4.5A). On the other hand, application of increasing

collar pressure in 3D demonstrates that the membrane base is quick to break symmetry,

and assumes the iconic shape of a soda can crushed by radial pinching (Fig. 4.5B). We

thus observe that the axisymmetric and 3D models invoke different constriction pathways;

the axisymmetric model yields uniform pinching (Fig. 4.5A), but the 3D model captures

an asymmetric flattened tubule geometry (Fig. 4.5B).

As before, the axisymmetric mode shows a snap-through instability (Fig. 4.5C,

Fig. B.6B). This instability can be attributed to a build up of negative tangential stress

or tension work (Fig. B.6E). The sharp increase of both the bending energy (Fig. B.6D)

and tension work (Fig. B.6E) at large constriction corresponds to a sharp increase in

the pressure required for constriction (Fig. 4.5C, Fig. B.6B). However, in 3D, a narrow

constriction radius is accessible at a much lower pressure when compared with the ax-

isymmetric mode. This result can be understood by analyzing the relationship between

stiffness and constriction of the membrane in different modes of deformation (Fig. 4.5D).

The stiffness of the membrane is significantly reduced in the lower symmetry mode at-

tained in 3D when compared with the axisymmetric mode (compare black circle lines and

red diamond lines in Fig. 4.5D). Similar comparisons for the tube (Fig. B.5) show a signif-

icantly reduced stiffness in lower symmetry pathways of 3D constriction when compared

with axisymmetric pathways. Comparison of the bending energy in the axisymmetric and

3D modes of deformation shows that while the bending energies in both cases are similar

in magnitude, the energy landscape is different (Fig. 4.5E). All intermediate energy states

along the constriction of the neck radius are accessible in the 3D pathway of deformation

while in the axisymmetric pathway the energy states associated with the snap-through

regime are inaccessible (dashed grey region in Fig. 4.5E). From these analyses, we con-
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clude that easier constriction at the base of the tube, revealed by full 3D computations, is

accompanied by a reduced membrane stiffness and accessibility to all intermediate energy

states along the constriction path.

4.3.4 Helical force collar further reduces the barrier to mem-

brane neck constriction

The 3D model of membrane deformation allows us to probe the response of the

membrane to non-symmetric force distributions such as those exerted by helical arrange-

ments of proteins that cannot be modeled in the axisymmetric framework. Membrane

scaffolding proteins such as dynamin [377, 381] and ESCRT-III [404] self-assemble into

helical collars that can constrict the neck. Recent Cryo-EM maps of human dynamin-1

(dyn-1) polymer report detailed structural and molecular information on its helical geom-

etry [361]. With GTP hydrolysis, the helical polymer actively constricts the membrane

from a diameter of more than 20 nm to below 3.4 nm [361]. Disassembly of dynamin is

thought to promote scission via hemifission [380, 405, 406]. Despite the well-established

mechanisms of dynamin-mediated constriction, the response of the membrane to constric-

tion and subsequent scission is not yet fully understood. This led us to investigate the

role of a helical collar pressure, which is a mimic of force generated by helical protein

assemblies, on membrane constriction. We explore the role of two geometric parameters

of a helical collar – the pitch, defined as the distance along the axis for a complete helical

turn, and the number of rings.

We first consider a single helical ring exerting a collar pressure on a cylindrical tube

(Fig. 4.6A) with different values of the pitch, non-dimensionalized by the height of the

collar. Increasing helical pitch corresponds to an increased span (with same collar area)

over which the load is distributed on the geometry. Qualitatively, we observe that the
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cross section of the neck is non-axisymmetric for different values of the pitch, confirming

that the lower symmetry modes of deformation are still preferred for neck constriction with

helical rings of pressure (Fig. 4.6B, C). Quantitatively, the collar pressure associated with

constriction decreases as the pitch increases (Fig. 4.6D). Correspondingly, the stiffness

also decreases for increased pitch (Fig. 4.6E), indicating that the bending energy (Fig.

4.6F) becomes slightly less steep. The pink and blue shaded regions in Fig. 4.6E indicate

regions of high and low stiffness (easier constriction) respectively. From these observations,

we conclude that helical collars have the ability to further reduce the energy barrier to

membrane constriction by a decrease in collar pressure and stiffness associated with this

process, and that the pitch of the helix is an important determinant of this barrier.

To our knowledge, this is the first numerical characterization of the effect of helical

squeezing forces on membrane constriction in a continuum framework. However, from a

soft matter perspective, it is well-known that helical structures are known to exert squeez-

ing forces more effectively on their support; an excellent example of this behavior can be

found in the twining of plant vines [407–409] and other naturally occurring soft materials.

Like cylindrical forces, helices also exert tangential and radial forces. Additionally, because

of the pitch of the helix, they also exert axial forces.

Given our observation that the base of the tube is energetically favorable to con-

striction (Fig. 4.5), we next added a helical collar pressure to the base to investigate the

effect of coupling the three key design elements – negative Gaussian curvature, access to

non-axisymmetric modes, and helical collar pressure (Fig. 4.7A) – on membrane neck

constriction. We found that this combination also results in reduced collar pressure (Fig.

4.7D) and energy barrier (Fig. 4.7F) with increasing constriction when compared to a

ring of collar pressure (Fig. 4.7D,F for zero pitch). However, a ring of lower pitch was

advantageous in terms of a lower stiffness; the stiffness for Pitch 4 is greater than that
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associated with Pitch 0 (Fig. 4.7E). This is possibly the result of recruiting the stiffer

cylindrical portion of the membrane tube with greater pitch.

Comparing the effect of helical pinching on the tube (Fig. 4.6) versus the base

(Fig. 4.7), we arrive at the following conclusions. For a single helical ring, the relationship

between helix geometry and the membrane geometry is non-trivial. It appears while both

the tube and base geometry show a clear relationship between helical pitch and collar

pressure (Fig. 4.6D, Fig. 4.7D), the same is not true for the stiffness (Fig. 4.6E, Fig.

4.7E). This suggests a complex interaction between the geometries of the membrane and

the helical ring, possibly due to a mechanical feedback between membrane curvature and

the constricting action of the helicases.

4.3.5 Effects of multiple helical collars are also show location

dependence

Since a helical ring of collar pressure offers a lower energy barrier to constriction, we

next asked if an increase in the number of helical rings can further promote scission. This

question is motivated by observations that an increase in the number of dynamin rings is

a predicted response to delayed scission and higher membrane tension [370, 410–412]. To

answer this question, we simulated 3 rings of helical collar pressure reminiscent of dynamin

rings assembled on a membrane tubule [361, 381, 411]. More than 3 rings of a dynamin

collar are unlikely to exist in vivo due to disassembly of the dynamin oligomer [413]. Collar

pressure due to multiple helical rings not only leads to membrane constriction as expected

(Fig. 4.8A) but also appears to stabilize the membrane tube against a sideways wobble

that is observed with one ring (compare Fig. 4.6B with Fig. 4.8B). We also observed

that while the values of the collar pressure are of the same order of magnitude for 3 rings

as with 1 ring (compare Fig. 4.6D and Fig. 4.8C), the stiffness profile is different (Fig.
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4.8D). During the early part of the constriction, the stiffness values go from high to low,

quickly leading to a region of easier constriction (Fig. 4.8D, blue shaded region). However

as constriction increases, the stiffness increases again over a finite range of constriction

and at a lower value of constriction (Fig. 4.8D, pink shaded region), unlike the very

narrow range of stiffening in Fig. 4.6E. This may be due to the increase in the surface

area that is constricted by three rings as compared to the surface area constricted by

one ring, increasing the structural resistance to constriction. Thus, multiple rings assist

neck formation on a tubule during an initial constriction region (Fig. 4.8D, 4 - 15 nm of

constriction), after which disassembly and possibly additional proteins are required.

Interestingly, the presence of 3 rings at the base resulted in an increase in both

the collar pressure (Fig. 4.8G) and stiffness (Fig. 4.8H), such that the region of easier

constriction (Fig. 4.8H, blue shaded region) is much smaller than for a single helical ring

(Fig. 4.7E, blue shaded region). The membrane then transitions into a region of high

stiffness at a smaller value of constriction (Fig. 4.8H, pink shaded region) due to the

larger surface area of the three rings that recruits more of the cylindrical tube to resist

constriction.

Furthermore, multiple helical rings achieve easier constriction at shorter constric-

tion distances for a cylindrical geometry (Fig. 4.8D, blue region) and at larger constriction

distances for the base geometry (Fig. 4.8H, blue region). However, they resist further con-

striction at narrow radii independently of the pre-existing curvature (Fig. 4.8D and Fig.

4.8H, pink region) . Given these observations, it is possible that helical polymers might

preferentially undergo conformational rearrangements such as a change in pitch or number

of rings based on feedback with the underlying membrane curvature so as to achieve a

lower energy barrier to constriction. Such structural rearrangements in dynamin have also

been reported in experiments [361].

100



4.4 Discussion

Membrane constriction and subsequent scission are universal to membrane remod-

eling processes in vitro and in vivo. While the molecular machineries may differ across

systems, these deformation processes likely share the same common physical principles.

In this study, using computational modeling, we show that there are three key design el-

ements that play important roles in promoting membrane constriction – (1) location i.e.

preexisting curvature of the membrane being constricted, (2) access to lower-symmetry

modes of deformation, and (3) access to helical loading.

From a mechanical standpoint, membrane constriction can be interpreted as a de-

formation mechanism driven by a radial collar pressure applied by the scission proteins in

the vicinity of the necking region. For axisymmetric constriction, the pinching pressure

needed to cause membrane constriction increases with the narrowing of the neck radius.

This monotonic growth of the radial pressure results in a high energy barrier for pinching.

Interestingly, many elastic structures have inherent modes of instability that result in en-

hanced deformation or even collapse in response to loading and are associated with lower

energy barriers. Such modes are ubiquitous in thin elastic shells and manifest as folding,

wrinkling, creasing, and buckling deformations (e.g. wrinkling of thin membranes and

graphene sheets [414], surface tension induced buckling of liquid-lined elastic tubes [415],

snap-through of elastic columns [416], barrelling modes of thin cylinders [395, 396], etc.).

Notably, they have lower symmetry than the fully axisymmetric deformations. If such

modes exist, and are accessible in cell membranes, their being triggered would naturally

lead to a reduction in the energy barrier to constriction and scission. Building on this

conventional understanding of buckling analysis of thin-walled structures, we predict the

existence of lower energy modes of constriction in membrane tubules. The conclusions from

our simulations provide insight to a number of recent experimental studies and suggest
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new experimental design as discussed below.

Dynamin and dynamin-related proteins (DRPs) have been shown to be essential for

scission events during mitochondrial division [417] and during clathrin-mediated endocyto-

sis via mechanical feedback with actin in both yeast [418,419] and mammalian cells [420].

In dynamin-mediated fission during endocytosis [421,422], dynamin preferentially interacts

with curved membranes [423, 424], indicating a curvature dependence. Morlot et al. [369]

showed that the local energy barrier to constriction is lower at the edge of the dynamin

helix (large curvature) in optical tweezer experiments of dynamin-mediated fission. More

recent experiments and models suggest that fission can also occur in the middle of the

dynamin-coated region [380, 425]. While our results cannot confirm where fission will oc-

cur, we predict two important effects - (1) constriction is indeed curvature-dependent and

(2) the membrane shape at the center of a given helical pitch is highly curved in 3D. These

predictions are consistent with observations [369, 425, 426]. For example, Dar et al. [425]

showed that dynamin1 polymers cause membrane constriction with high probability when

the tubule radius approaches 16 nm or less, consistent with predictions from our model

(see Figure 2F of [425] and compare against Fig. 4.6E, J).

A central conclusion from this study is that a crushed soda can shape of the neck

is energetically favorable for constriction over radially symmetric pinching. This predic-

tion suggests that mechanisms such as those proposed in Figure 6 of Dar et al. can be

revised to include lower degrees of symmetry (compare Figure 6 of [425] with Fig. 4.6B).

With advances in 3D imaging methods such as electron tomography, it should be possible

to examine the cross-sections of necks during the progression of constriction by different

molecular machines and quantify the relationship between membrane tubule symmetry

and the particular protein assembly. Furthermore, determining the curvature-dependent

rate constants for these proteins binding to the membrane will be important to quan-
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tify the relationship between the shape of the buckled membrane and the disassembly of

monomers from polymerizing helical filaments such as dynamin [423,427]. We predict that

this feedback between membrane curvature and kinetics of helix assembly-disassembly is

particularly important for the membrane curvatures where our simulations determine that

it is energetically expensive for multiple rings to achieve the progression to scission.

Our results also apply to cases where dynamin is not involved in the scission process.

In the absence of dynamin, BAR domain proteins and actin are thought to work closely in

the formation of long tubular necks [428]. Indeed, in dynamin and clathrin-independent

endocytosis, actin is the primary driver of scission of tubular invaginations via a constric-

tion force [429]. These observations suggest that while scission may be less efficient, it is

still functional in the absence of dynamin. Our results show that cylindrical collars, such

as those enforced by actin, can promote constriction in the absence of dynamin.

From a structural mechanics standpoint, the differences in the membrane responses

to helical versus cylindrical collars can also be understood by drawing analogies again with

the buckling of thin cylindrical tubes. The distributed radial pressure in a helical collar

creates an lateral torque that induces a bending moment on the tube. Under these condi-

tions, the cylindrical tubes are now susceptible to both radial collapse (through pinching)

and buckling under bending moment, which can cause accelerated pinching. The soda can

shape also locally reduces the area moment of inertia and this can induce buckling through

a process called buckling by ovalization [430]. In a completely different setting, the helical

structures of twining vines are also known to exert squeezing forces on the support rods,

suggesting that helical structures as force generating mechanisms are quite common in

nature at different scales [408]. The helical collar mechanism opens up a wider parameter

space (helical pitch, collar height, lateral bending, squeeze induced by helical twist, etc.)

to optimize for achieving effective pinching. Such analogies with common engineering
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principles and with biological materials can help build our intuition on membrane-protein

interactions; however, we note that the results presented in this work are specific to elastic,

incompressible membranes only.

Based on the insights derived from our simulations, future work should include

further complexities such as the influence of the structure of the helical polymer, the

compositional heterogeneity of cellular membranes and the effect of contact constraints

between the protein and tubule that can permit potential sliding of the protein on the

tubule during the scission process. While recent molecular dynamics (MD) simulations of

dynamin-mediated fission also reveal non axisymmetric pathways of constriction via the

formation of transient pores [380], better connections between continuum descriptions of

the lipid bilayer and membrane-protein interactions at the mesoscale need to be developed

to close this gap. This is an ongoing research effort in our group.
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Figure 4.1: Schematics showing surface parametrization of the membrane geometry in
the axisymmetric and 3D formulations. (A) The axisymmetric coordinate system is
parametrized in terms of the unit tangent vector (as), unit surface normal vector (n)
and arc length (s), where r(s, θ) is the position vector, s is the arc length along the
axisymmetric curve, θ is the out-of-plane rotation angle, r is the radius, z is the height,
er is the unit radial vector and k is the unit axial vector. (er, eθ, k) forms the
coordinate basis (see SOM for more details). (B) Parametrization of a surface (∂Ω)
embedded in a 3D volume (Ω). Here, x is the position vector of a point on the surface
parametrized in terms of the surface coordinates (ξ1, ξ2) which are associated with a flat
2D domain that is then mapped to ∂Ω by x = x(ξ1, ξ2). a1 and a2 are the local tangent
vectors to the surface at x, and n is the corresponding surface normal. (a1, a2, n) forms
the local coordinate basis. The axisymmetric coordinate system in (A) is a specialization
of the general curvilinear coordinate system depicted in (B).
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Figure 4.2: Schematic depicting the modeling framework and simulation set up.
Localized forces acting on the membrane were simulated as a collar pressure (A). Three
different pinching locations are considered along the membrane tubule. (B) Case 1:
Collar pressure applied at a circumference near the cap of the tube, where the mean and
Gaussian curvatures are positive. (C) Case 2: Collar pressure applied at the center of the
tube, where the mean curvature is positive and Gaussian curvature is zero. (D) Case 3:
Collar pressure applied at a circumference at the base of the tube, where the mean
curvature is positive along the cylindrical region and negative along the boundary, and
Gaussian curvature is negative. (E) Case 4: Collar pressure applied along a tubule of
fixed length pulled from an initially flat membrane. Shown are the initial membrane
shape (light brown), final membrane shape (dark brown) and boundary/interface points
(blue dots). x = xp is an interface condition enforced in axisymmetry to solve for the
collar pressure as an unknown parameter.
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Figure 4.3: Location dependence of membrane tube constriction in axisymmetry.
Shown are the different locations of constriction, cap, tube and base (A), the
corresponding membrane shapes (pinched configurations) obtained (B, C) and the
evolution of the collar pressure as a function of constriction (force response, D). The
bending rigidity κ is 320 pN-nm, membrane tension λ is 0.2 pN/nm, radius of the tube is
20 nm, the radially inward-directed collar pressure is applied over a strip of height 1 nm,
and the height of the membrane tubule is 100 nm. The cap and the tube locations
deform smoothly, while a snap-through instability is observed at the base (D). The
dotted solution path is never realized during the loading phase, leading to a transition to
a wider tube morphology that is markedly different from the other cases. The colorbar in
(A) shows the non-dimensional mean curvature.
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Figure 4.5: Pinching response of the base geometry and the corresponding evolution of
pressure, stiffness and bending energy obtained using the axisymmetric and 3D models.
Boundary conditions are shown in Fig. 1, Case 3. Bending rigidity κ is 320 pN·nm,
membrane tension is 0.2 pN/nm, the collar pressure is applied over a height of 1 nm, and
the length scale is set by the initial radius of 20 nm. Shown are the membrane shape
evolution obtained from the axisymmetric (A) and 3D models (B), and the
corresponding variation of the collar pressure (C, with inset), stiffness (D, with inset),
and bending energy (E). Colorbars in (A) and (B) indicate non-dimensional mean
curvature. See Movie M3 in the supplementary information for the evolution of the
constriction process for the base geometry.
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Figure 4.6: A helical force collar further reduces the barrier to constriction.
Considering force collars with a normalized pitch of zero, two and four, shown are the
shape of the helical collar (A) with a schematic depicting increased span of load
distribution area with increasing helical pitch, deformed shape and corresponding
pinching shape (B), the pinching profile (C), and evolution of the collar pressure (D),
stiffness (E), and membrane bending energy (F). Shaded regions of pink and blue in (E)
represents a region of high stiffness (>∼ 0.25 pN/nm2) and low stiffness (<∼ 0.25
pN/nm2) respectively. The colorbar under (B) indicates non-dimensional mean
curvature. See Movies M4-M6 in the supplementary information for the evolution of the
constriction process due to a helical force collar at the tube location with a
non-dimensional pitch of zero, two and four, respectively.
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Figure 4.7: A helical force collar increases stiffness to constriction at the base.
Considering force collars with a normalized pitch of zero, two and four, shown are the
shape of the helical collar and deformed shape for pitch two and four (A-C), evolution of
the collar pressure (D), stiffness (E), and membrane bending energy (F). Shaded regions
of pink and blue in (E) represents a region of high stiffness (>∼ 0.25 pN/nm2) and low
stiffness (<∼ 0.25 pN/nm2) respectively. The colorbar under (B) indicates
non-dimensional mean curvature. See Movies M8-M10 in the supplementary information
for the evolution of the constriction process due to a helical force collar at the base
location with a non-dimensional pitch of zero, two and four, respectively.

111



(E) (F)

(H)

0 5 10 15 20
Constriction (nm)

0

5

10

15

20

C
ol

la
r p

re
ss

ur
e 

(p
N

/n
m

)

0 5 10 15 20
Constriction (nm)

St
iff

ne
ss

 (p
N

/n
m

2 )
(G)

Constriction profile induced
by a helical protein collar at the base

Easier
constriction

0

0.5

1

1.5

2

xz

y y

x

(A) (B)

Constriction profile induced
by a helical protein collar at the tube

0 5 10 15 20
Constriction (nm)

0

5

10

15

20

C
ol

la
r p

re
ss

ur
e 

(p
N

/n
m

)

0 5 10 15 20
Constriction (nm)

0

0.5

1

1.5

2

St
iff

ne
ss

 (p
N

/n
m

2 )

(C) (D)

Easier
constriction

y

xz

y

x

Figure 4.8: Constriction by multiple helical rings are also location dependent. For both
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H). See movies M7 and M11 for the corresponding evolution of the constriction process
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Chapter 5

A dynamic force-inference toolkit:

DLITE

5.1 Introduction

Cell shape, forces, and function are closely related [431–434]. Cell shape is known

to affect intracellular organization and transmission of cytoskeletal forces [435–437]. In

particular, cell membrane tension plays an important role in connecting cell shape and

cellular function. For example, cell membrane tension partially governs processes ranging

from intracellular endocytic bud morphology during trafficking [438] to tissue level remod-

eling events such as wound healing [55], development [56], expansion [57], migration [58,59]

and cancer invasion [60]. Mechanical rearrangement of the cells and tissues occurs as cells

transmit these forces across the membrane [61] and cell-cell adhesion complexes such as

adherens and tight junctions [62, 63]. These apical cortical complexes [64] depend on the

activity of the actomyosin cytoskeleton [65, 66]. The mechanotransduction of intercellu-

lar forces can alter and regulate biochemical signalling pathways [67, 68] with force and

deformation at a particular time point, partially regulating future forces and deformations.
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Force-mediated collective behaviours are crucial for the dynamics of tissue reshap-

ing. This is commonly evidenced by apoptosis in cell cultures or by the intercalation and

extrusion of cells during development [69, 70]. We can examine the role of tension in tis-

sue remodeling using direct force measurement techniques such as atomic force microscopy

(AFM) or micro-pipette aspiration [71–73]; we direct the reader to [71] for a comprehensive

review for force-measurement methods. These direct measurement techniques offer precise

force characterization in cells and tissues, but perturb the actomyosin network [74, 75].

As a result, these methods can alter the force responses of the system at subsequent time

points, limiting longitudinal insight. Alternative optical measurement techniques that use

Frster Resonance Energy Transfer (FRET) tension probes or traction force microscopy

(TFM) can assay force [76–78] without the mechanical disruption associated with direct

measurements [79]. These optical approaches can be applied across extended periods but,

like the prior physical techniques, they can be difficult to implement in a high-throughput

context. Indeed, TFM is the most widely used method for measuring force dynamics

in processes like migration [80], differentiation [81] and adhesion maturation [82]. FRET

probes are useful to estimate molecular scale-forces localized to any protein of interest [77].

However, there has been an exponential increase in imaging data for cells, which calls for

inference methods that are purely data-driven to estimate forces. Thus, complementary

to experimental approaches, force inference from the geometry of the cell boundary can

allow for the estimation of normalized tensions solely from images of labeled confluent cells

without further condition requirements.

Intercellular forces can be inferred at cell-cell interfaces using a mechanical model,

predicated on the assumption that forces are balanced where multiple cell-cell interfaces

meet [15, 439, 440]. These mechanical models cover a range of complexities, assumptions,

and use cases [441]. Here, we focus on the representation of tensions in a two-dimensional
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plane of curved edges digitized from the apical interfaces of a confluent cell colony (Fig.

5.1A,B). We build upon prior representations of this system [15, 439, 442–444], notably

that used in the Cellular Force Inference Toolkit (CellFIT) [15], and develop an alternate

problem formulation that treats tension estimation as a temporally evolving problem,

borrowing information from prior time points to increase model prediction stability and

boost resistance to ambiguities or errors that arise during the digitization process (Fig.

5.1C). This provides a non-disruptive means to infer intercellular forces in time-lapse

imaging of cell colonies. We term this technique Dynamic Local Intercellular Tension

Estimation, or DLITE. Here, we validate DLITE against a range of synthetic data, for

which known tension ground truths are available, and use it to predict tensions in time

series of human induced pluripotent stem (hIPS) cell lines with the endogenously GFP-

labeled tight junction protein ZO-1.

5.2 Methods

5.2.1 Assumptions

We employed a curvilinear description of a cell colony by defining it as a directed

planar graph comprising cells (c), edges (e) and nodes (n) (Fig. 5.1B, for more details see

the supplemental online methods (SOM) and [15,445]). Forces exerted by the actomyosin

cortex result in tangential stresses in the form of tension (t) along an edge. Cells resist

deformation by means of a normal stress exerted as pressure (p) inside every cell. Along

each edge, we assumed that the interfacial tensions are homogeneous along the length of

the edge and that the intracellular pressures are uniform within a cell. This assumption

is important to keep our model tractable and to avoid using a constitutive equation that

governs the stress-strain relationships of the colony. At the length scale of the whole
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cell, we ignored membrane bending and assumed that edge tensions and cell pressures

exclusively govern cell shape. We assumed viscous forces to be negligible and therefore

assumed colony shape as quasi-static, i.e. at each time point the colony is in mechanical

equilibrium.

5.2.2 Governing equations and system specification

A general force balance at every node in a colony can be written as

nresidual =

∣∣∣∣∣
en∑
i=1

tivi

∣∣∣∣∣︸ ︷︷ ︸
(Tension balance per node)

, (5.1)

where n is a node, t and v represent the tension/tangential stress and local tangent unit

vector of an edge connected to node n respectively, en is the number of edges connected to

node n, and nresidual is the magnitude of the resultant tension vector coming into a node

(ideally 0). This notation is shown in Fig. 5.1B. This equation applies when employing

a curvilinear description of the tissue and applies to a node that is both connected to at

least three edges and is in mechanical equilibrium [15]. The tension balance across multiple

nodes can be written as a system of equations given by

GTT = 0, (5.2)

where GT is a matrix of edge tension coefficients and T is an array of edge tension mag-

nitudes. CellFIT evaluates edge tensions via inversion of a constrained tension matrix

GT (Eq. S1), the sensitivity of which depends on its condition number κ. The pressure

difference between adjacent cells can be estimated using Laplace’s law as
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eresidual = pi − pj −
t

r︸ ︷︷ ︸
(Pressure balance per edge)

, (5.3)

where e is an edge, pi and pj are the pressure of adjacent cells i and j respectively and

eresidual is the residual error from the pressure balance. Here, t and r represent the tension

and radius of the interfacial edge e. The system of equations for tension and pressure are

generally overdetermined; there is no unique solution to this system [15]. Therefore, we

can only infer the relative distribution of tensions from the shape of the edges and not the

absolute values.

To compute the dynamics of cell-cell forces, we reformulated the tension balance

(Eq. 5.1) as a local optimization problem defined as

minimize
t

f(t) =
N∑
j=1

(
nj,residual +

nj,residual∑enj

i=1 | tivi |︸ ︷︷ ︸
Regularizer

)
,

(5.4)

where nj and enj
represent the jth node and the number of edges connected to node nj,

and N is the total number of nodes in the colony. Here, nj,residual is the tension residual at

a given node (Eq. 5.1) and the regularizer is the magnitude of the tension residual divided

by the sum of the magnitude of the tension vectors acting on that node. Since tension

cannot be negative, we set a lower tension bound of zero. In Eq. 5.4, the regularized term

ensures that the system of equations does not converge to the globally trivial solution

(tension = 0 along all edges) [446]. Such a formulation does not require inversion of GT

(Eq. 5.2). Pressure in each cell was computed using

minimize
p

g(p) =
E∑
j=1

e2
j,residual, (5.5)

where E is the total number of edges in the colony and ej is the residual error from
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the pressure balance at the jth edge. Tension and pressure solutions were normalized to

an average of 1 and 0 respectively, similar to prior work [15, 439, 440]. In contrast to

previous methods, DLITE uses the values of tension at each edge and pressure in each

cell from the previous time point as an initial guess for the current timepoint. This

mode of time-stepping in the optimization procedure enables us to use information from

previous time points to predict the values of tension and pressure at the current time

point and forms the basis of DLITE’s improved performance across time-series. Our

model optimization pipeline was implemented using Scipy’s unconstrained optimization

algorithm ‘Limited-memory BroydenFletcherGoldfarbShanno (L-BFGS)’ [447]. The global

optimization technique ‘Basinhopping’ was used to seek a global minimum solution at the

first time point [448].

5.2.3 Tracking nodes and edges

An essential distinguishing characteristic of DLITE is the ability to provide an

initial guess for each edge tension and each cell pressure, allowing us to incorporate a time

history of cell-cell forces. However, this requires node, edge, and cell tracking over time.

To implement tracking, we first assign labels to nodes, edges, and cells at the initial time

point. Then, nodes are tracked by assigning the same label to the closest node at the next

time point. Edges are tracked by comparing edge angles connected to nodes with the same

label and cells are tracked by matching cell centroid locations across time.

5.2.4 Geometries for model validation

Validation of DLITE requires the generation of dynamic 2D geometries with curvi-

linear edges whose cortical tensions are known. Many standard mathematical models de-

scribe the modification of cell-shape via applied forces that are either explicitly or implicitly

118



specified. Such models include cellular Potts models [449, 450], Vertex models [451, 452]

and cell-level finite element models [453–455]. Implicit models define an energy function

relating the variation of tension and other properties in a 2D monolayer to cell shape. The

gradient of this energy function leads to the movement of each vertex. Here, we employ

an implicit model using the energy minimization framework Surface Evolver [16], which

was designed to model soap films. The energy function (W ) was defined as

W =
E∑
j=1

tjLj︸ ︷︷ ︸
Tension energy

+
C∑
k=1

pkAk︸ ︷︷ ︸
Pressure energy

, (5.6)

where tj, Lj are the tension and length of the jth edge and pk, Ak are the pressure and

area of the kth cell respectively. E and C are the total number of edges and cells in the

colony (see SOM for details). Here, the tension energy represents a net energy contribution

due to adhesion forces that stabilize a cell-cell interface and actomyosin cortical tensions

that shorten cell-cell contacts. Pressure was enforced as a Lagrange multiplier for an area

constraint. Cell boundaries were free to move along the surface. Such a model outputs a

minimum energy configuration through gradient descent, providing ground truth tensions

to which we compare inference model outputs. While the model utilized here describes a

monolayer as a 2D surface embedded in 3D space, it is possible to extend this work to 3D,

covering the complex 3D structure present in many systems [440].

5.2.5 Sources of error due to digitization

Transforming single or multi-channel z-stacks of cell colonies into a connected net-

work suitable for tension inference requires: (i.) Image pre-processing to produce a binary

or otherwise simplified representation, (ii.) Skeletonization, creating a network of 0-width

lines connecting nodes at junction points and (iii.) Post-processing of the skeletonized
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representation. Inherent ambiguities in this process introduce several challenges to suc-

cessful tension inference. Some of these challenges, such as incorrectly detecting an edge,

occur in single frames (Fig. 5.1C, Time t-1) while others, such as edge tracking across

biological network reorganization, are only present in time series data (Fig. 5.1C, Time t).

These challenges tend to occur more frequently as digitization is increasingly automated,

creating a trade-off between data reliability and throughput.

5.2.6 Code availability

Our code is freely available with Jupyter notebook tutorials at www.github.com/

AllenCellModeling/DLITE with documentation at https://dlite.readthedocs.io/en/

latest/.

5.3 Results

DLITE is built to use the tension at a specific cell-cell junction at a given time

point as an initial guess to calculate tensions at the next time point. This logical progres-

sion then allows us to infer forces over time and test the strength of the inference method

by correlation to ground truth values for synthetic geometries. We demonstrate robust-

ness and sensitivity of DLITE by validating it against ground-truth tensions for multiple

synthetic geometries, multiple tension perturbations within a colony, connectivity ambigu-

ities at single or multiple time points, curve-fit errors, node location errors, and topological

changes like the shrinkage of cell-cell contacts. At each point, we compare predictions to

those produced by the state of the art CellFIT technique. We use CellFIT as the bench-

mark model for comparison and validation as the assumption of curved edges outperforms

nearly all prior force-inference models that assume straight edges [439,442–444]. We then

apply DLITE to movies of skeletonizations of endogeneously tagged tight junction ZO-1
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(zonulae occludentes-1) in an hIPS cell line and demonstrate improved tension stability

in the inference of cell-cell forces during colony dynamics. A comparison of CPU times

required to generate each figure is provided in Table 5.1.

5.3.1 Validation of DLITE as a dynamic tension-inference tool

We validated DLITE in three steps. First, we compared edge tension and cell

pressure solutions obtained using our implementation of the CellFIT algorithm and DLITE

to ground truth values in synthetic geometries made available via the current version of

CellFIT called ZAZU (Fig. C.1). We re-implemented the CellFIT algorithm in Python

because the source code of ZAZU is not publicly available. Both our re-implementation

of CellFIT (Fig. C.1B) and DLITE (Fig. C.1C) perform identically with respect to the

ground truth for single frames (Fig. C.1A), with an average error of ∼ 0.02 (Fig. C.1D).

Second, to generate a time-series of synthetic geometries, we simulated colonies

that deformed smoothly across time using Surface Evolver [16]. Initial geometries were

created from random Voronoi tessellations followed by Lloyd relaxation [456]. In order

to generate a time-series, we performed multiple Evolver simulations where the tension

of a few randomly selected edges were either increased or decreased between time points

(Fig. 5.2A). Average edge tension at each time point was normalized to 1. We then

stripped all tension and pressure information from the resulting shapes and used these

shapes as input to our method. Using DLITE and CellFIT separately, we inferred colony

forces and compared the two approaches (Fig. 5.2B, D). Initially, both methods performed

identically, but began to show divergence after 3 frames. Importantly, we observed that

the values of tension predicted using our method remain closer together over time and are

better correlated (r = 0.94 (DLITE) vs r = 0.75 (CellFIT)) to the ground truth (Fig. 5.2

B, D). Further, we observed that the variation in tension defined by the change in edge
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tension over time denoted as ∆tension, using DLITE also correlates better to the ground

truth change in edge tension (Fig. 5.2C). The improved performance of DLITE at later

time points (Fig. C.2B) results from DLITE use of information from prior time points

to improve tension predictions in the presence of large curve-fit residuals (Fig. C.2A),

thereby reducing sensitivity to curve-fitting errors. In the absence of an informed prior,

i.e. when we use random initial guesses sampled from a random Gaussian distribution at

every time point, we observed worse performance of DLITE (SOM table C.1). Colony

pressures for the time-series in Fig. 5.2 showed a minor improvement (Fig. C.3) since the

pressure equations are well conditioned.

Third, to ensure robustness of the performance of DLITE, we tested multiple ten-

sion perturbations via different combinations of increasing and decreasing edge tension

in the same geometry (Fig. C.4) and similar perturbations in other randomly generated

geometries (Fig. C.5). In all cases, we observed equivalent or better correlation of both

the tension and change in edge tension with the ground truth using DLITE as compared

to CellFIT.

5.3.2 DLITE is robust to digitization ambiguities

The input to a force-inference model is a map of colony shape as a series of curved

edges and the nodes where edges join (Fig. 5.1B). Segmentation transforms image data

into information about the isolated geometric structures [457, 458]. Subsequently, skele-

tonization methods extract lines that characterize the topology and connectivity of the

tension bearing network in the colony. Ambiguities or errors in this mapping present

challenges to force inference techniques that rely on precise colony connectivity and edge

tracing [15,439,440]. Some of these conditions are shown in Fig. 5.1C. New methods have

improved the quality and repeatability of predicted network topology and connectivity;
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both deep learning models and traditional computer vision techniques have made signif-

icant advances in 2D/ 3D biological segmentations [459–462]. Despite these advances,

current skeletonization methods continue to require semi-manual post-processing because

of the ambiguities present in the structures during imaging and errors resulting from the

image capturing modalities. This semi-manual cleanup becomes increasingly impracti-

cal for larger colonies and time series. As a result, we require force-inference techniques

robust to errors in mapping a given cell monolayer to a series of interconnected curved

edges. As we demonstrate below, our inference method has increased robustness to mul-

tiple edge/node mapping errors. Therefore, our method decreases the number of manual

corrections required, and increases the tractability for inferring forces. Here we evalu-

ate the effects of edge/node mapping errors on force-inference in a single image and in a

time-series.

We first analyzed, at a single time point, the effect of a missing intersection between

two edges, a commonly occurring connectivity error. As before, we generated a synthetic

colony image to initialize the system with known edge tensions. Fig. 5.3A shows a random

Voronoi tessellation generated using Surface Evolver where 50 edges (out of 330 total)

have larger values of tension than others. The ground truth tensions were the inputs

given to Surface Evolver (Fig. 5.3A). A single edge was deliberately traced incorrectly

to introduce a connectivity error (Fig. 5.3A, inset). This error resulted in the loss of a

triple junction and loss of cellular integrity. Since the node of interest is now connected to

two edges instead of three, we can no longer conduct a tension balance at that location.

Such an ill-posed problem results in a singular tension matrix GT (Eq. 5.2), implying that

CellFIT is unable to infer a correct tension distribution (Fig. 5.3A&B). However, the use

of a regularizer in DLITE (Eq. 5.4) reduces the effect of local tension errors on the global

data set. As a result, we find that at a given time point, DLITE is able to provide a
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good estimate of the tension of the neighboring edges, even in the presence of connectivity

errors (Fig. 5.3C, see also Figs. C.6, C.7).

A commonly occurring digitization challenge results from poor estimation of edge

curvature due to incorrect values of between-edge angles at a particular node. Errors in

curve-fitting can lead to poor tension residuals (Eq. 5.1) or large condition numbers of

tension matrices (Eq. 5.2), which is defined as the ratio of the largest to smallest singular

values in the SVD (Singular Value Decomposition) of the given tension matrix. Subse-

quently, this leads to poor inference of tension (Fig. 5.2). This is especially problematic

when cell-cell junctions are distinctly non-circular, as they commonly are. To simulate

this, we generated a time-series of synthetic geometries using Surface Evolver such that

later time points are distinctly non-circular (Fig. C.8A). The large curve-fit residuals at

later time points (Fig. C.8B) lead to ill-conditioned tension matrices and errors in tension

inference (Fig. C.8C). However, DLITE uses tension information from prior time points to

retain the distribution of tensions and is not poorly scaled by these curve-fit errors (Fig.

C.8C).

Another major digitization challenge for force-inference models is the accurate de-

termination of node locations. Localization errors in node coordinates also have the down-

stream impact of changing connected edge curvatures (Fig. 5.4B). We simulated this type

of error by adding levels of Gaussian noise to nodes in a synthetic colony (Fig. 5.4A, red

nodes). Noise levels 1 (Fig. 5.4C, F), 2 (Fig. 5.4D, G) and 3 (Fig. 5.4E, H) refer to the

Gaussian noise terms with a mean of 0 and standard deviations of 0.1, 0.5, and 1 respec-

tively. In all cases, we observed equivalent (Noise level 1) or improved performance (Noise

levels 2, 3) when using DLITE compared to CellFIT. Thus, DLITE offers improved quality

of tension inference in the presence of ambiguities in node location.

Finally, we considered a class of mapping challenges that are unique to time-series
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data – identification of edges from one frame to the next. Misidentification of edges

frequently occurs when an edge is lost for a single frame, severing the edge’s connection

to its prior label. Fig. 5.3D shows a time-series with a missing edge and two missing cells

at time point 8. The missing edge leads to the loss of a triple junction, and consequently

a singular tension matrix (Fig. 5.3E, CellFIT). For tracking purposes, missing an edge

also means that the edge that was being tracked up to that point no longer exists, and

therefore a new edge label is assigned. Since edges with new labels do not have an initial

tension guess from an identical label at prior time points, these edges are given an initial

guess for the value of tension equal to the average initial guess of all edges connected to

that edge. By using such a scheme, DLITE can predict tension and ∆tension (change

in edge tension of an edge label between adjacent time points) that correlates well with

the ground truth (Fig. 5.3E, F). Thus, in both images and movies of colonies, we find

that use of information from the neighboring region allows DLITE to handle digitization

ambiguities and errors better and robustly predict the distribution of cell-cell forces.

5.3.3 DLITE is robust to topological changes

Network topology or the structure of edges and vertices often display changes in

time-series data. In Fig. 5.3D, for example, there are two topological changes at time

points 6 and 8 (edge labels 8 and 25 respectively) that result in differences between CellFIT

and DLITE (Fig. 5.3E, F), with DLITE showing better correlation to the ground truth.

Handling of a time-ordered network requires the tracking of nodes, edges, and cells over

time. This can be done in 2 ways – if, for example, a single edge ceases to exist at a

certain time point, we can choose to either keep that edge label and assume that it has

temporarily left the field of view or assign new edge labels ensuring that the lost edge label

ceases to exist [463]. Here, we choose the second option in order to condition the network
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based only on the immediately prior time point. Thus, an edge label that could not be

tracked after a time point no longer exists and is assigned a new label. These rules were

applied to nodes and cells as well.

If the observed topologies of a cellular network are constantly changing, how then

does it affect inferred cell-cell forces? To study the effect of topological changes, we take

advantage of the fact that decreasing the tension of two edges in a triple junction results

in a decrease of the length of the third connected edge in Surface Evolver. Fig. 5.5A

shows an example time series where edge label 15 disappears at time point 18. This single

topological change leads to an ill-conditioned tension matrix (Eq. 5.2, Fig. 5.5B, C).

However, DLITE retains the correct distribution of tensions at time point 18 (see also Fig.

5.3E, edge label 25 at time point 8 and Fig. C.9A) using the initial guess from prior time

points. While this specific network structure led to an ill-conditioned tension matrix after

a single edge loss, this is not always the case. If the tension matrix is well-conditioned

after the topological change (Fig. 5.3E, edge label 8 at time point 6 and Fig. C.9B), then

CellFIT retains a good solution quality. However, ∆tension is less smooth, and both the

tension and ∆tension still correlate better to the ground truth while using DLITE (Fig.

5.3E,F and Fig. C.9B).

Another source of error in force inference methods arises from temporal edge dis-

continuities when multiple edges appear and disappear between frames. In order to check

the robustness of our method to temporal edge discontinuities, we simulated a field-of-

view (FOV) drift within a single colony (Fig 5.6A). We did this by cropping out all cells

outside a small FOV located in the lower left corner of the colony geometry. This FOV

was then moved across the colony towards the upper right corner in order to generate a

time-series (Fig. 5.6A). We performed this experiment at multiple speeds of frame-drift

so as to simulate a varying number of temporal edge discontinuities. For example, a slow
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FOV drift corresponds to the case with a few edge discontinuities between time steps (Fig

5.6B, SOM video 1) and a large FOV drift corresponds to the case where multiple edges

are discontinuous between time steps (Fig 5.6C, SOM video 2 and Fig 5.6 D, SOM video

3). The FOV at time point 0 has a single edge that is disconnected from the rest of the

colony (Fig 5.6B, C, D, time point 0), leading to tension errors during force-inference us-

ing CellFIT. Such errors can be observed in time points 0-8 for speed 1 (Fig 5.6B), time

points 0-4 for speed 2 (Fig 5.6C) and time points 0-2 and 4-7 for speed 3 (Fig 5.6D). These

connectivity errors do not lead to errors when using DLITE (see SOM videos 1, 2 and 3

for DLITE predictions across time). In all cases, we observed a stable force inference when

using DLITE, suggesting a reduced sensitivity to FOV drift.

5.3.4 Application to ZO-1 tight junctions

Finally, we applied DLITE to experimental images of colonies of hIPS cells [464].

ZO-1 in hIPS cells was tagged at its endogenous locus with mEGFP and visualized using

a spinning confocal disk microscope (see SOM for more details). We chose this system be-

cause tight junctions (zonulae occludentes) are known to form a selective barrier, regulating

paracellular diffusion through the spaces between cells. Injury of tight junctions can impair

barrier function, leading to complications in lungs [465, 466], kidneys [467], eyes [468] or

the small intestine [469]. The actin cytoskeleton plays an important role in the regulation

of this barrier function [470], and is connected to the rest of the tight junction complex

through ZO-1 proteins [471, 472]. Recent studies suggest that actin polymerization and

transient Rho activation (‘Rho flares’) act to quickly restore barrier function upon local-

ized ZO-1 loss at cell-cell contacts [473]. Mechanical cues from the polymerization and

branching of the actin network can lead to reshaping of tight junctions, resulting in varying

barrier phenotypes.
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Using a skeletonization of segmented GFP images, we predicted the evolution of

intercellular forces in three different ZO-1 time series using both DLITE and CellFIT (Fig.

5.7A, B and C). The edge lengths, angles and curvatures of the synthetic colonies described

in this study were chosen such that they qualitatively match well with the experimental

data (Fig. C.10). Since no ground truth is available in this case, we determined the

quality of predicted tensions using condition numbers (κ) of the tension matrix (Eq. 5.2)

and tension residuals. We note that the relative distribution of tensions range from 0 to 3,

such that the average tension is normalized to 1. The time interval between adjacent time

points was 3 minutes. The example frames shown in Fig. 5.7A, B, C are organized as raw

GFP (upper), CellFIT predicted tensions (middle) and DLITE predicted tensions (lower).

In every frame, we observed at least one kind of digitization error, leading to poor tension

matrix condition numbers or tension residuals. Single frame errors such as curvature errors

(Fig. 5.7A - Time 0, κ = 69 and Fig. 5.7B - Time 0, κ = 23 ), connectivity errors (Fig.

5.7A - Time 10, κ = 136 and Fig. 5.7C - Time 6, κ = 1018), node location errors (Fig.

5.7B - Time 5, κ = 1016 and Fig. 5.7C - Time 0, κ = 1016) and time-series specific errors

such as new edges (Fig. 5.7A - Time 5, κ = 32.5), missing edges (Fig. 5.7C - Time 3, κ =

31) and topological changes (Fig. 5.7B - Time 25, κ = 46) result in loss of tension stability

and errors (Fig. 5.7A, CellFIT). Despite these digitization errors, DLITE shows increased

tension stability (Fig. 5.7A, DLITE), demonstrating its utility for experimental data sets

as well. Heatmaps of dynamic edge tension and change in edge tension (∆tension) for the

time-series in Fig. 5.7 are also shown in Fig. C.11. The improved performance of DLITE

is predicated on reduced tension residuals at every time point (Fig. C.12). Importantly,

the reduction in tension residuals is accompanied by a reduced dynamic change in edge

tension (∆tension, Fig. C.11), indicating a smoothness across time.

Interestingly, we observed an increase in tension adjacent to a dividing cell immedi-
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ately after a mitotic event (Fig. 5.8A, red box) in a time-series of ZO-1 GFP with a single

mitotic event at time point 14 (see SOM video 4, 5 and 6 for selected edge tension tracks).

This increase in tension post-mitosis was observed using both methods (Fig. 5.8C, edge

labels 3, 10 and 11), but only after the removal of digitization errors during a semi-manual

skeletonization process. This step was important to ensure non-poorly scaled CellFIT so-

lutions, such as the ones at time points 2 and 13. As before, both the tension residuals

(Fig. 5.8B) and the dynamic change in tension (∆tension, Fig. 5.8D, E) were reduced

when using DLITE. The reduction in ∆tension was determined to be sensitive to the time

interval. The standard deviation of ∆tension across time was significantly reduced at a

time lag of 1 frame (3 minutes), but showed no difference between methods for a time lag

of 5 frames (15 minutes).

5.4 Discussion

In this study, we have presented a new method, DLITE, which is based on a local

optimization of tension residuals to compute dynamic cell-cell forces. We validated the

predictive power of DLITE using synthetic geometries generated by Surface Evolver [16]

and showed that DLITE performs better than the prior state-of-the-art method CellFIT

when applied to time-series data. Importantly, this method incorporates a framework to

track nodes, edges, and cells across time.

We demonstrated that DLITE is robust to digitization challenges common in time

series data such as poor estimates of edge angle, errors in node location, connectivity

errors and topological changes that occur as cells move and encounter different neighbors.

Finally, we applied DLITE to estimate edge tensions in multiple time-series of ZO-1 tight

junctions and showed improved stability in tension predictions and an increase in tension

post mitosis. We indicated that DLITE displays a reduced ∆tension compared to CellFIT,
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indicating greater temporal smoothness. We observed this reduction in three other scenes

of the ZO-1 tight junction.

The need for dynamic force-inference tools to understand cell shape and colony

rearrangement is driven by their applicability to morphogenic processes from wound heal-

ing to germ-band extension to colony reorganization [431–434]. These processes rely on

transient mechanical forces that are ideally detected by the extended non-perturbing ob-

servations for which DLITE is designed. Computing the dynamics of cell-cell forces via

this computational framework complements experimental advances and enable data-driven

estimation of intercellular forces, particularly as biological data sets grow in size.

While useful, DLITE makes assumptions about the system that create limitations.

Specifically, DLITE assumes 1) edges are circular arcs, 2) that tension is correlated from

timepoint-to-timepoint, 3) that sufficient computational resources are available, and 4)

that tensions and pressures in the system are homogeneous across interfaces. 1) The

tensions calculated using DLITE depend on fitting circular arcs to every edge. This ap-

proximation breaks down if the edge is not under sufficient tension or the cytoskeleton is

strongly perturbing it inhomogeneously across the interface. Under these conditions the

inferred tensions will not approach the ground truth. 2) Using local optimization seeded

with tensions from the prior time point assumes that the tensions are correlated across

these time points. This is evidently true as the inter-frame interval approaches zero and

evidently false as the same interval approaches infinity. DLITE’s informed prior decreases

in usefulness as we increase this interval or the timescale of our system’s force variance

decreases. 3) As the amount of biological data increases, implementation of DLITE must

be optimized for computation speed in large colonies (Table 5.1). Global optimization

routines at the first/zeroth time point can further slow down computation without provid-

ing substantial benefits. 4) Finally, without extensions beyond the current form, DLITE
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is not suitable for examining cases where the actomyosin cortex is subject to substantial

imhomogeneities or non-linearities [474–476]. Tracking local strains and including viscous

damping can potentially incorporate inhomogeneities [477, 478]. This can be validated

against Surface Evolver models utilizing local forces [479].

DLITE offers comparable tension inference to existing methods when applied to sin-

gle time points, increased performance when applied across time points, increased stability

in the face of segmentation challenges, and increased stability when applied to limited ex-

perimental data sets. Future use of DLITE will look at dynamic changes in cell-cell forces

in larger data sets of ZO-1 tight junctions, allowing the visualization of cell-cell forces

during large scale colony reorganization.
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Table 5.1: Comparison of CPU time for Macbook Pro (2GHz Intel Core i5 6360U) for
CellFIT and DLITE

Figure CellFIT DLITE
1. Figure 2 3min 25s 14min 50s
2. Figure 3D 1min 4s 8min 25s
3. Figure 5 12s 1min 21s
4. ZO-1 time-series 1 (Fig. 7A) 12s 13min 4s
5. ZO-1 time-series 2 (Fig. 7B) 14.3s 18min 23s
6. ZO-1 time-series 3 (Fig. 7C) 12.6s 5min
7. ZO-1 time-series 4 (Fig. 8) 13.9s 17min 18s
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Figure 5.1: 3D cell view of tight junction location, how this is represented in the model,
and the challenges in doing so. (A) 3D view of tight junctions in human induced
pluripotent stem (hIPS) cells from the Allen Cell Explorer (Green - Tight junctions,
Purple - Membrane, Blue - Nucleus). We infer cell-shape and edge shape from tight
junctions as they localize to the tension bearing apical surface of epithelial-like tissues.
(B) Schematic of cell-interface representation used in DLITE and CellFIT force-inference
techniques [15]. A colony is represented as a set of nodes (n), edges (e) and cells (c).
Edges are directional. Tension balance occurs at each node (red arrows at n5 and n6).
Pressure difference (∆pd,b) across a junction is estimated using Laplace’s law (red arrows
at e5,6). (C) Ambiguities in image segmentation introduce challenges to successful
tension inference. Time t - 1 shows single time point challenges like spurious edge/node
detection, irregular edge curvature, node location errors and incomplete segmentation.
Time t shows time lapse challenges like biological network reorganization and topological
changes.
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Figure 5.2: Comparison of DLITE and CellFIT force-inference techniques for digitized
time series. Synthetic colonies were generated from random Voronoi tessellations and
morphed to minimum energy configurations (Eq. 5.6) using Surface Evolver [16]. A
random set of edges within the colony were perturbed by decreasing or increasing their
tensions, resulting in a new colony structure; repeating this process produced a
time-series of colony rearrangement. (A) Time-series of a synthetic colony showing the
decrease in tension of 70 edges in the middle of the colony and the increase in tension of
40 edges along the boundary. (B) Heatmap of dynamic edge tensions for ground truth,
CellFIT, and DLITE. (C) Heatmap of dynamic change (derivative of tension) in edge
tensions for ground truth, CellFIT, and DLITE. (D) A comparison of inferred vs ground
truth tensions for CellFIT (r = 0.75) and DLITE (r = 0.94). Here, r is the Pearson’s
correlation coefficient.
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tensions for a synthetic geometry containing 330 edges generated used Surface Evolver
with a single edge connectivity error (circled in red). (B) Edge tensions computed using
CellFIT for the geometry in (A). (C) Edge tensions computed using DLITE for the
geometry in (A). (D) Time-series of a synthetic geometry containing 37 edges generated
using Surface Evolver with a single edge connectivity error at time 8 (circled in red).
This edge is found again in time step 10 (representing a transient encoding error) but
treated as a new edge. (E) Heatmap of dynamic edge tensions for ground truth, CellFIT
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change (derivative of tension) in edge tensions for ground truth, CellFIT, and DLITE for
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Figure 5.4: Reduced sensitivity to node location errors in DLITE. Noise levels 1, 2 and
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Figure 5.5: Reduced sensitivity to topological changes in DLITE. (A) Time-series of a
synthetic geometry containing 24 edges generated using Surface Evolver where edge label
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Figure 5.7: DLITE shows increased tension stability during tension inference in
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Figure 5.8: Dynamic cell-cell forces from a time-series of ZO-1 tight junction locations
in hIPS cells. DLITE shows reduced fluctuation in tension change, showing more
temporally correlated tension predictions. (A) Time-series of ZO-1 GFP images (upper)
and dynamics of colony edge tension predicted by DLITE (lower). The following time
points are shown: 0, 5, 10, 15, 20 and 25. Time 15 shows an increase in tension along a
ridge in the middle of the colony following a mitotic event and the forming of a new edge
(circled in red). The time interval between adjacent time points was 3 minutes. (B)
Tension residuals at every time point showing an estimate of central tendency and
corresponding confidence interval. (C) Heatmap of dynamic edge tensions predicted by
CellFIT and DLITE. (D) Heatmap of dynamic change (derivative of tension) in edge
tensions predicted by CellFIT and DLITE. (E) Distribution of ∆tension (derivative of
tension) at every time point for CellFIT and DLITE.
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Chapter 6

Applications and challenges of

machine learning to enable realistic

cellular simulations

6.1 Introduction

Machine learning (ML) approaches, including both traditional and deep learning

methods, are revolutionizing biology. Owing to major advances in experimental and com-

putational methodologies, the amount of data available for training is rapidly increasing.

The timely convergence of data availability, computational capability, and new algorithms

is a boon for biophysical modeling of subcellular and cellular scale processes such as bio-

chemical signal transduction and mechanics [480]. To date, many simulations are per-

formed using idealized geometries that allow for the use of commonly used techniques

and software [330, 438, 481–483]. This is historically due to the lack of high-resolution

structural data as well as the theoretical and computational challenges for simulations in

realistic cellular shapes, due to the complexity of generating high-quality, high-resolution
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meshes for simulation, and the need to develop specialized fast numerical solvers that can

be used with very large unstructured mesh representations of the physical domain.

As biophysical methods have improved, the complexity of our mathematical and

computational models is steadily increasing [476, 484, 485]. A major frontier for physics-

based study of cellular processes will be to simulate biological processes in realistic cell

shapes derived from various structural determination modalities [19, 486]. For biological

problems ranging from cognition to cancer, it has long been understood that cell shapes

are often correlated with mechanism [85, 272, 487–489]. Despite such clear correlations,

there remain gaps in our understanding of how cellular ultrastructure contributes to cellu-

lar processes and the feedback between cellular structure and function. Challenges such as

the diffraction limit of light and difficulties in manipulation of intracellular ultrastructure

constrain the potential scope of what can be achieved experiments. Much like the partner-

ship between biophysics and molecular dynamics simulations have enabled the modeling

of invisible protein motions to shed insights on experimental observations, simulations of

cellular processes can also aid in the validation and generation of hypothesis currently inac-

cessible by experimental methods. Recently, we and others have shown that, for example,

cell shape and localization of proteins can impact cell signaling [272,481,482,490,491].

The major bottleneck for the widespread use of cell scale simulations with realistic

geometries is not the availability of structural data. Indeed, there exist many three-

dimensional imaging modalities such as confocal microscopy, multiphoton microscopy,

super-resolution fluorescence and electron tomography [492,493]. For example, automation

of modalities such as Serial Block-Face Scanning Electron Microscopy is already enabling

the production of data at rapid rates. The bottleneck lies in the fact that much of the

data generated from these imaging modalities need to be manually curated before it can

be used for physics-based simulations. This current status quo of manually processing and
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curating these datasets for simulations is a major obstacle to our progress. In order to

bridge the gap between abundance of cellular ultrastructure data generated by 3D electron

microscopy (EM) techniques and simulations in these realistic geometries, innovations in

machine learning (ML) methods will be necessary to reduce the time it takes to go from

structural datasets to initial models. There are already many similar efforts at the or-

gan/tissue and connectomics length scales [494–496]. In this work, we summarize the

main steps necessary to construct simulations with realistic cellular geometries (Fig. 1)

and highlight where innovation in ML efforts are needed and will have significant impacts.

We further discuss some of the challenges and limitations in the existing methods, setting

the stage for new innovations for ML in physics-based cellular simulations.

6.2 Sources of error in imaging modalities

Images generated by the various microscopy modalities must undergo pre-processing

to correct for errors such as uneven illumination or background noise [373,497]. The choice

of suitable algorithms for error correction depends on multiple factors, some of which are

listed here – the length scale of the experiment being conducted, scalability and repro-

ducibility of the experiment, optical resolution of the microscope, sensitivity of the detec-

tor, specificity of the staining procedure, imaging mode (2D, 3D, 3D time-series), imaging

modality (fluorescence, EM, ET etc.,) and other imaging artifacts like electronic noise,

lens astigmatism, mechanical tilting/vibration, sample temperature, and discontinuous

staining [373, 497–499]. These sources of error are an important consideration for model

implementation further downstream [483].

Electron tomography (ET) remains one of the most popular methods of cell imaging

for modeling purposes [500–502], as it retains the highest resolution of all the 3D cell

imaging techniques [373] by reconstructing a 3D object from a series of 2D images collected
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at different tilt angles [503]. However, images from ET also have a low signal to noise

ratio (SNR) and have anisotropic resolution (for example, 1 nm resolution in x, y and

10 nm resolution in z) [497]. This is partly because biological samples can withstand

only a limited dose of electron beam radiation (SNR is proportional to the square root

of the electron beam current) before the specimen is damaged [504]. Other sources of

error such as misalignment of projections and missing wedges from an incomplete tilt

angular range can significantly affect the quality of the reconstruction. To work with data

such as these, image processing steps are required for high resolution 3D reconstruction

[497, 505]. Commonly used software packages for image processing such as IMOD [506]

and TomoJ [507] use reconstruction algorithms such as Weighted Backprojection (WBP)

and Simultaneous Iterative Reconstruction Technique (SIRT). While these have been very

effective at reconstruction, sources of error can still accumulate, leading to further manual

adjustment [508].

6.3 Applications of ML for the segmentation and re-

construction of cellular structures

Given a noisy 3D reconstruction, how can we segment cellular structures of inter-

est? One approach is to employ manual segmentation tools applied to 3D tomograms

such as XVOXTRACE [503, 509], and more generally, manual contouring, interpolation,

and contour stacking (Fig. 1). The advantage of such methods is that the human eye

performs exceptionally well at detecting objects in an image [498, 510]. Consequently,

semi-manual and manual segmentation are widely adopted, favoring accuracy over effi-

ciency. However, such methods can be extremely tedious and not always reproducible.

Alternatively, numerous semi-automatic segmentation algorithms such as interpolation,
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watershed, thresholding, and clustering are available as plugins in software packages like

IMOD [506] and ImageJ [511] (Fig. 1, classical). However, the accuracy of open platform

algorithms is debatable [512] because of two main reasons – (i) Even with a ‘perfect’ ET

reconstruction (no tilt misalignment, no missing wedge, no noise), the application of filter-

ing algorithms like Gaussian blur or non-linear anisotropic diffusion (NAD) [513] can cause

artefacts that lead to misclassifications, rendering the image unsuitable for downstream

quantitative simulations and analysis. (ii) Segmentation workflows are often designed for a

specific structure and/or imaging modality, limiting their generalizability and applicability.

Annual cell segmentation challenges are evidence of the demand for automatic

segmentation [514, 515], with many of its past winners responding with ML-based pro-

grams [516, 517]. Training labels for ML techniques requires a relatively small percentage

(as small as 10%) of manually segmented labels, allowing for very large data sets to be

processed significantly faster than previously implemented semi-automatic segmentation

methods. The most successful teams utilized ML techniques such as random forest classi-

fiers, support vector machines, or a combination of these to get segmentations comparable

or often even better than their human counterparts [514–517] (Fig. 1, machine learning).

These techniques function by imputing several image features such as noise reduction, and

texture and edge detection filters [518]. These filters are then used to train a classification

algorithm in an interactive manner, achieving better classification accuracy at the cost of

increased training time compared to the direct application of a filter. However, because

the algorithm is interactive, it still requires manual input and both the training time and

accuracy can depend on the user.

More recently, deep learning-based ML algorithms (Fig. 1, deep learning), and

more specifically, convolutional neural networks (CNNs) have surged in popularity due to

the success of AlexNet in the ImageNet classification challenge [519]. CNNs are complex
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learnable non-linear functions that do not require the imputation of data-specific features.

Indeed, CNNs learn the feature mapping directly from the image. The U-Net convolu-

tional neural network architecture [517] further generalized deep learning, winning the

ISBI neuronal structure segmentation challenge in 2015 with a quicker speed and with

fewer training images. It functions by using the feature mapping imputed by a CNN to

map the classification vector back into a segmented image. Such is the achievement of

the U-Net that its variants are now the state-of-the-art in tasks like calling genetic vari-

ation from gene-sequencing data [520], brain tumor detection [521] and segmentation of

medical image datasets [522]. However, such deep learning based methods have their own

challenges. They require both quality and quantity of annotated training data, significant

amount of training time, graphics processing unit computing, and can generalize poorly

to a different dataset.

Both the difficulty and cost of generating annotated training data increases expo-

nentially when dealing with Volumetric (3D) images compared with 2D, which are the

desired inputs for biophysical simulations. Since the U-Net is a 2D architecture [517], it

cannot be applied directly to 3D images without modifications. To this end, 3D U-net used

sparsely annotated 2D slices to generate volumetric segmentations of brain tumors [523].

Similarly, VoxRestNet [524] introduced residual learning using ResNet [525], a deep resid-

ual network capable of training hundreds to thousands of layers without a performance

drop, to a voxelwise representation of 3D magnetic resonance (MR) images of the brain,

paving the way for scalable 3D segmentation.

Excitingly, such algorithms are being made openly accessible and easy-to-use. For

example, iLastik [516, 526] and Trainable Weka Segmentation [518] are both available as

plugins in software packages like ImageJ. These tools provide an interactive platform for

segmentation, employing supervised classification techniques like random forests as well
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as unsupervised clustering such as K-means [518]. Similarly, deep learning tools such as

DeepCell [527] and U-Net [517,528] are also available in various bioimage software packages.

Other stand-alone tools like the Allen Cell Structure Segmenter provide a lookup table of

20 segmentation workflows that feed into an iterative deep learning model [529]. Cloud

compute based segmentation plugins like CDeep3M [530] leverage Amazon Web Services

(AWS) images to provide an efficient and compute-scalable tool for both 2D and 3D

biomedical images.

Generating well-organized and annotated training data continues to be the ma-

jor challenge for most ML segmentation methods. Crowdsourced annotation tools like

Amazon’s Mechanical Turk can be useful in this context, but are still limited by the dif-

ficulty of training naive users on tracing specific structural images. Alternatively, many

ML algorithms leverage transfer learning approaches using pre-trained networks such as

VGG-net [531–533], AlexNet [519] and GoogleNet [534]. In fact, popular semantic seg-

mentation and clustering networks like Fully Convolutional Networks (FCN) [535] and

DECAF [536] are themselves implemented using transfer learning approaches. Such trans-

fer learning can also be used to generalize models trained on biological data to a different

cell type or experimental condition, significantly reducing the time for training and accom-

panying computing resources required. More recently, label-free approaches employing a

U-net variant have been applied to predict cellular structure from unlabeled brightfield

images [537, 538]. These methods can serve as a platform for building low cost, scalable,

and efficient segmentation of 3D cellular structure.
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6.4 Applications of ML for the generation of syn-

thetic cellular structures

There are two main aspects involved in the development of comprehensive biophysi-

cal models – (1) what is the process being modeled? and (2) what is the geometry in which

this process is being modeled? Answers to the first question are based on experimental

observations and specific biology. Answering the latter is significantly more challenging

because of the difficulties in – (i) obtaining accurate segmentations, (ii) discovering new

structure from experiments, and (iii) simultaneously visualizing multiple structures. The

use of synthetically generated geometries, which can probe different arrangements of or-

ganelles within cells could be relevant for generating biologically relevant hypotheses.

A subset of ML models, called generative models, deal with the task of generating

new synthetic but realistic images that match the training set distribution. For our pur-

poses, such methods are relevant in the context of generating (i) noise-free images, (ii)

images representative of a different cell type, structure, or time-point, and (iii) unlikely

images that represent the most unique shapes of the structure being imaged. For example,

by capturing the unlikely and likely shapes in our dataset, we could generate sequences of

synthetic images that transition from one shape to the next. These synthetic images can

be used in biophysical simulations to generate biologically relevant hypotheses.

In recent years, there has been rapid progress in applying deep generative mod-

els to natural images, text, and even medical images. Popular classes of deep generative

models like Variational Autoencoders [539], Generative Adversarial Networks [540], and

Autoregressive models such as PixelRNN [541] and PixelCNN [542] have achieved state

of the art performance on popular image datasets such as MNIST [543], CIFAR [544]

and ImageNet [545]. Each class of models has numerous modified implementations. For
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example, GANs alone include models like deep convolutional GAN (DCGAN) [546], condi-

tional GAN (cGAN) [547], StackGAN [548], InfoGAN [549] and Wasserstein GAN [550] to

name a few. Each model has its own distinct set of advantages and disadvantages. GANs

can produce photo-realistic images at the cost of tricky training and no dimensionality

reduction. VAEs allow for both generation and inference, but their naive implementa-

tion results in less photo-realistic generative examples. Autoregressive models obtain the

best log-likelihoods at the cost of poor dimensionality reduction. Importantly, all of these

models are unsupervised, implying that they are not limited by manual annotation that

is otherwise a common challenge to supervised learning approaches.

In cell biology, much of the work in building generative models of cellular structures

has been associated with the open source CellOrganizer [551–557], which uses a Gaussian

Mixture Model given reference frames like the cell and nuclear shape in order to predict

organelle shape distribution. These models also have the option to be parametric (param-

eters such as number of objects), which reduces the complexity of the learning task, the

training time and GPU computing resources required, while also allowing for exploration

and analysis of the parameters and their effect on the spatial organization of cells. Aside

from CellOrganizer, other recent efforts have begun to leverage deep generative models

in cell biology. We now have models that can predict structure localization given cell

and nuclear shape [558], extract functional relationships between fluorescently tagged pro-

teins structures in cell images [559], learn cell features from cell morphological profiling

experiments [560], and interpret gene expression levels from single-cell RNA sequencing

data [561,562].

The challenge going forward will be how best to use generative modeling given

the data in hand. This will depend on the question we want to ask of the data. For

example, if we are modeling processes associated with cell and nuclear shape, spherical
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harmonics based generative models might be more appropriate than deep learning based

methods [563]. If we are interested in inpainting a missing wedge from a tomogram using a

generative model, then GANs might be more appropriate [564]. Generated images can also

be used as a source of training data for segmentation and classification tasks [565]. Taken

together, these choices will help develop efficient end-to-end pipelines for segmentation and

shape generation, and provide a platform for running biophysical simulations. Already,

CellOrganizer can export spatial instances to cell simulation engines such as MCell [566]

and VirtualCell [567], allowing us to simulate chemical reactions in different spatial com-

partments. Similar pipelines for deep generative models will need to be implemented in

order to fully realize their downstream interpretations.

6.5 Applications of ML for dimensionality reduction

Deep generative models like Variational Autoencoders (VAE) compress input data

to a low dimensional space [568]. This dimensionality reduction can be visualized by

taking a few simple representative datasets. The code for what follows is freely available

www.github.com/AllenCellModeling/CVAE_testbed with documentation at https://

gaussian-cvae.readthedocs.io/en/latest/.

Passing in 2 independent Gaussian distributions dimensions into a VAE results in

a compression that used two dimensions in the latent space (Fig. 6.2), measured using the

KL divergence metric from a standard Gaussian. Note that Fig. 6.2 includes conditional

plots, i.e., a measure of the compression assuming that one or both of the input dimensions

are specified as conditions in the VAE formulation. Similarly, we can specify 4 and 6

independent Gaussian distributions as an input, and we confirm that the VAE uses a

maximum of 4 (Fig. 6.3) and 6 (Fig. 6.4).

If we project 2 independent Gaussian distributions into 4 dimensions and pass this
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through the VAE, we observe a compression that uses a maximum of 2 dimensions in

the latent space (Fig. 6.5), indicating that linear projection does not change the intrinsic

dimensionality of the input dataset.

Finally, as an example of non-linear dimensionality, we can pass in the swiss roll

dataset defined as

x = φ cos(φ), y = φ sin(φ), z = ψ, (6.1)

which is a 3 dimensional dataset defined using 2 independent dimensions. We can

pass this through the VAE and observe a compression that uses 2 dimensions in the latent

space, indicating non-linear dimensionality reduction (Fig. 6.6).

6.6 Applications of ML for meshing, simulation, and

data analysis

ML is commonly applied to mesh segmentation and classification; examples include

PointNet [569] (segments and classifies a point cloud), and MeshCNN [570] (segments and

classifies edges in a mesh). However, although the term machine learning was not tradition-

ally used to describe meshing techniques, in fact algorithms for mesh generation (cf. [571]),

mesh improvement (such as mesh smoothing [572]), and mesh refinement [573–576] all fun-

damentally involve local (cf. [577]) and/or global (cf. [578]) optimization of an objective

function (see Fig. 2). Mesh point locations, and/or edge/face connectivity decisions are

viewed as parameters that are determined (or learned) as part of an iterative algorithm

that extremizes a local or global objective function (usually involving constraints as well)

in an effort to generate, improve, or refine a given mesh. In addition, adaptive numerical

methods for simulation of physical systems involving the solution of ordinary (ODE) and
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partial (PDE) differential equations are again an early example of the application of ML

techniques in computational science, long before the terminology was widely used. A clas-

sic reference from the 1970’s in the context of adaptive finite element methods is [579,580];

all modern approaches to adaptive numerical methods for ODE and PDE systems continue

to follow the same general framework outlined in that work: (i) Solve the ODE/PDE on

the current mesh; (ii) Estimate the error using a posteriori indicators; (iii) Refine the

mesh using provably non-degenerate local refinement with closure; (iv) Go back to step

(i) and repeat the iteration until a target quality measure is obtained (a standard ap-

proach is to approximately minimize a global error function, through the use of local error

estimates). These types of adaptive algorithms are effectively machine learning the best

possible choice (highest accuracy with least cost) of mesh and corresponding numerical

discretization for the target ODE/PDE system. Recent work in the area is now moving

toward a more explicit and sophisticated use of modern ML techniques (cf. [581, 582]).

ML can further assist in simulation and data analysis further downstream. Specifically, it

can accelerate (i) parameter estimation, (ii) uncertainty quantification, and (iii) dimen-

sionality reduction, three of the most common post-processing tasks from a biophysical

simulation. Incorporating specific biophysical model information like stress-strain relation-

ships [583] or statistical molecular dynamic states [584] into ML algorithms can also reduce

the computational time for numerical solvers. Finally, more standard ML approaches like

clustering and dimensionality reduction can assist in both visualization and interpretation

of simulation results.

6.7 Perspectives and Future Directions

In this perspective, we have discussed three key aspects of a pipeline for realistic

cellular simulations: (i) Reconstruction and segmentation of cellular structure; (ii) Gen-
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eration of cellular structure; and (iii) Mesh generation, refinement and simulation. While

these were discussed separately, neural networks like Pixel2Mesh demonstrate the feasibil-

ity of end-to-end pipelines from a single black box [585]. Of course, black boxes are not

interpretable, and recent ML frameworks like SAUCIE have begun to use regularizations

to enforce mechanistic intepretability in the hidden layers of an autoencoder neural net-

work [586]. We anticipate that future endeavours will implement a fully interpretable and

end-to-end pipeline for biophysical simulations.
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Figure 6.1: An illustration of the complex pipeline needed to go from imaging data to a
segmented mesh, with various opportunities for emerging techniques in machine learning
shown throughout the pipeline. Top row: EM images obtained from [17] of dendritic
spines from mouse brain tissue. Middle row: Manual tracing or contouring, interpolation,
and stacking of contours is extremely time consuming, prone to error, and relies of
human judgement. Bottom row: On the other hand, development of training labels and
different learning techniques can reduce both time and error, bridging the gap between
biological data and simulations. The list of techniques described is representative only,
and not exhaustive.
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Figure 6.2: Dimensionality reduction for 2 independent Gaussian distributions passed
through a Variational Autoencoder.

Figure 6.3: Dimensionality reduction for 4 independent Gaussian distributions passed
through a Variational Autoencoder.

Figure 6.4: Dimensionality reduction for 6 independent Gaussian distributions passed
through a Variational Autoencoder.

Figure 6.5: Dimensionality reduction for 2 independent Gaussian distributions
projected to 4 dimensions passed through a Variational Autoencoder.
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Figure 6.6: Dimensionality reduction for the swiss roll dataset passed through a
Variational Autoencoder.

Figure 6.7: An illustration of complexity, size, quality, and local resolution of meshes
typically needed for realistic simulation of biophysical systems. Meshes are generated
using GAMer 2 [18, 19]. A) Example surface mesh of a dendritic spine with geometry
informed by electron micrographs from [17]. The plasma membrane is shown in purple
with the post synaptic density rendered in dark purple. The spine apparatus, a
specialized form of the endoplasmic reticulum is shown in yellow. B) A zoomed in view
of the spine apparatus. Note that the mesh density is much higher in order to represent
the fine structural details. C) Binned histogram distributions of mesh angles for both the
plasma membrane and spine apparatus. The colored smooth lines are the result of a
kernel density estimate. Dotted red lines correspond to the minimum and maximum
angle values in each mesh. Both meshes are high quality with few high aspect ratio
triangles (i.e., those deviating most from equilateral).
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Appendix A

Derivation of traction stresses

A.1 Table of notation
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Table A.1: Notation used in the model

Notation Description Units

E Strain energy pN · nm
p Pressure difference across the membrane pN/nm2

C Spontaneous curvature nm−1

θα Parameters describing the surface
W Local energy per unit area pN/nm
r Position vector
n Normal to the membrane surface unit vector
mν Tangent to the membrane surface in direction of increasing arc length unit vector
mτ Rightward normal in direction of revolution unit vector
aα Basis vectors describing the tangent plane
λ Membrane tension, −(W + γ) pN/nm
H Mean curvature of the membrane nm−1

K Gaussian curvature of the membrane nm−2

D Deviator curvature of the membrane nm−2

κ Bending modulus pN · nm
κG Gaussian modulus pN · nm
s Arc length nm
θ Azimuthal angle
ψ Angle between er and as
r Radial distance nm
z Elevation from base plane nm
er(θ) Radial basis vector unit vector
eθ Azimuthal basis vector unit vector
k Altitudinal basis vector unit vector
F External force pN
f Applied force per unit area pN/nm2

κτ Transverse curvature nm−1

κν Tangential curvature nm−1

τ Surface twist nm−1
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Table A.2: Continued: Notation used in the model

Notation Description Units

f̃ Traction (force per unit length) pN/nm

f̃r Component of traction in radial direction pN/nm

f̃z Component of traction in axial direction pN/nm

f̃n Component of traction in normal direction pN/nm

f̃ν Component of traction in transverse direction pN/nm

F̃z Calculated force in axial direction pN
ξ Energy per unit length pN
M Bending couple pN · nm
t Arc length around curve of revolution nm
a Membrane area in mapped coordinate nm2

A Membrane area in referenced frame nm2

γ unit vector representing the one-dimensional orientation of a protein coat
µ unit vector normal to γ and n
κcoat Bending modulus along protein coat pN · nm
D0 Spontaneous membrane curvature deviator nm−1
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Table A.3: Notation used in the model

Notation Description Units

κmean Mean value of bending modulus pN · nm
κerror Error in bending modulus pN · nm
λmean Mean value of membrane tension pN/nm
λerror Error in membrane tension pN/nm
V Confined volume by membrane area nm3

smax Maximum arc length at the base nm
R0 Patch radius nm
κ Bending rigidity of bare membrane pN · nm
λ0 Surface tension at boundary pN/nm
L Shape equation variable nm−1

x Dimensionless radial distance
y Dimensionless height
h Dimensionless mean curvature
c Dimensionless spontaneous curvature
l Dimensionless L
λ∗ Dimensionless surface tension
p∗ Dimensionless pressure
f ∗ Dimensionless force per unit area
κ∗ Dimensionless bending modulus
κ∗G Dimensionless Gaussian modulus
K∗ Dimensionless Gaussian curvature
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Table A.4: Continued: Notation used in the model

Notation Description Units

ζ Dimensionless area
A Area of spontaneous curvature field nm2

ζforce Area of the applied force nm2

ε Small parameter
X Rescaled parameter or dimensions for x
Y Rescaled parameter or dimensions for y
P Rescaled parameter or dimensions for ψ
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A.2 Model development

A.2.1 Assumptions

• Membrane curvature generated due to forces or protein-induced spontaneous curva-

ture is much larger than the thickness of the bilayer. Based on this assumption, we

model the lipid bilayer as a thin elastic shell with a bending energy given by the

Helfrich-Canham energy, which is valid for radii of curvatures much larger than the

thickness of the bilayer [84,587].

• We neglect the surrounding fluid flow or inertial dynamics and assume that the mem-

brane is in mechanical equilibrium at all times [350]. This assumption is commonly

used in the modeling of membrane curvature to keep the mathematics tractable [148].

• The membrane is incompressible because the energetic cost of stretching the mem-

brane is high [588]. This constraint is implemented using a Lagrange multiplier

[150,152].

• Finally, for simplicity in the numerical simulations, we assume that the membrane

in the region of interest is rotationally symmetric (Fig. 3.2).

A.2.2 Equations of motion

At equilibrium, the integration of local energy density (W) over the total membrane

surface area ω gives the strain energy of the system written as [308,309,589]

E =

∫
ω

W (H,K,D; θα)da, (A.1)
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where E is total strain energy, H is the mean curvature of the surface, K is the Gaussian

curvature, D is the curvature deviator, and θα {α = 1, 2} denotes the surface coordinate.

To impose the area incompresibility condition, we can rewrite the energy equation

Eq. A.1 using a Lagrange multiplier

E =

∫
ω

[JW (H,K,D; θα) + λ(θα)(J − 1)]dA, (A.2)

where λ is a Lagrange multiplier and

J =
√
a/A, (A.3)

is the local areal stretch due to mapping from a reference frame to the actual surface.

Minimization of the energy Eq. A.2 by usage of the variational approach gives the

governing shape equation and the incompressibility condition in a heterogeneous membrane

p+ f · n = ∆
1

2
WH + (WK);αβ b̃

αβ +WH(2H2 −K) + 2H(KWK −W )− 2λH

+
1

2
[WD(γαγβ − µαµβ)];βα +

1

2
WD(γαγβ − µαµβ)bαξb

ξ
β,

(A.4)

and

(
∂W

∂xα |exp
+ λ,α +WD[bαβ(γαγβ);η])a

βα = f · as. (A.5)

where ∆(·) is the surface Laplacian, p is the pressure difference across the membrane, f is
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any externally applied force per unit area on the membrane, n is the normal vector to the

surface, as is the tangent vector on surface, aαβ is the dual metric, bαβ are the coefficients

of the second fundamental form, bαβ are the mixed components of the curvature, b̃αβ is the

co-factor of the curvature tensor, and ()|exp denotes the explicit derivative with respect to

coordinate θα. Also, γα and µα are the projections of mγ and mµ along the tangential

vectors with

γα = mγ · aα,

µα = mµ · aα
(A.6)

where mγ is a unit vector representing the orientation of a protein coat tangential to the

one-dimensional curve on the surface, and mµ is a unit vector defined by

mµ = n×mγ (A.7)

In what follows, we explore different commonly used forms of energy as follows

(i). Helfrich energy for isotropic spontaneous curvature

(ii). Helfrich energy for anisotropic spontaneous curvature

Helfrich energy for isotropic spontaneous curvature

For a lipid bilayer membrane, we use a modified version of the Helfrich energy to

account for the spatial variation of spontaneous curvature [152,173,307],
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W = κ(θα)(H − C(θα))2 + κG(θα)K, (A.8)

C is the spontaneous curvature, and κ and κG are bending and Gaussian modulii re-

spectively, which in general case of heterogeneous membrane can vary along thesurface

coordinate. It should be mentioned that Eq. A.8 is different from the standard Helfrich

energy by a factor of 2. We take this net effect into consideration by choosing the value of

the bending modulus to be twice that of the standard value of bending modulus typically

used for lipid bilayers [84].

Substituting the Helfrich energy function Eq. A.8, in Eqs. B.12 and B.13

κ∆ [(H − C)] + 2H∆κG − (κG);αβ + 2κ (H − C)
(
2H2 −K

)
− 2κH (H − C)2︸ ︷︷ ︸

Elastic Effects

= p+ 2λH︸ ︷︷ ︸
Capillary

effects

+ f · n︸︷︷︸
Force induced

variation

, (A.9)

and

λ,α︸︷︷︸
Gradient of

surface tension

= − ∂κ

∂θα
(H − C)2︸ ︷︷ ︸

bending modulus

-induced variation

+ 2κ (H − C)
∂C

∂θα︸ ︷︷ ︸
Protein-induced variation

− ∂κG
∂θα︸︷︷︸

Gaussian modulus
-induced variation

− f · aα︸ ︷︷ ︸
Force induced

variation

. (A.10)

Helfrich energy for an anisotropic curvature

In order to represent anisotropic curvature generated due to membrane-proteins

interactions, we consider the local energy density function as [308,309]
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W = κ(θα)(H − C(θα))2 + κ(θα)(D −D0)2 + κG(θα)K, (A.11)

where D0 is spontaneous membrane curvature deviator. Substituting this form of energy

density Eq. A.11 in Eqs. B.12 and B.13 give

κ∆ [(H − C)] + 2H∆κG − (κG);αβ + 2κ (H − C)
(
2H2 −K

)
− 2κH (H − C)2︸ ︷︷ ︸

Elastic Effects

+ [κ(D −D0)(γαγβ − µαµβ)];βα + κ(D −D0)(γαγβ − µαµβ)bαξb
ξ
β︸ ︷︷ ︸

Deviotoric effects

= p+ 2λH︸ ︷︷ ︸
Capillary effects

+ f · n︸︷︷︸
Force induced

variation

,

(A.12)

and

λ,α︸︷︷︸
Gradient of

surface tension

= − ∂κ

∂θα
(H − C)2︸ ︷︷ ︸

bending modulus

-induced variation

+ 2κ (H − C)
∂C

∂θα︸ ︷︷ ︸
Protein-induced variation

− ∂κG
∂θα︸︷︷︸

Gaussian modulus
-induced variation

− f · aα︸ ︷︷ ︸
Force induced

variation

+ 2κ(D −D0)[bαβ(γαγβ);η]︸ ︷︷ ︸
Deviatoric effects

. (A.13)
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A.2.3 Axisymmetric coordinates

Equations of motion for isotropic curvature

We parameterize a surface of revolution (Fig. 4.2B) by

r(s, θ) = r(s)er(θ) + z(s)k. (A.14)

We define ψ as the angle made by the tangent with respect to the horizontal. This

gives r′(s) = cos(ψ), z′(s) = sin(ψ), which satisfies the identity (r′)2 + (z′)2 = 1. Using

this, we define the normal to the surface as n = − sinψer(θ) + cosψk, the tangent to the

surface in the direction of increasing arc length as mν = cosψer(θ) + sinψk, and unit

vector mτ = eθ tangent to the boundary ∂ω in the direction of the surface of revolution

(see Fig. 4.2B).

This parameterization yields the following expressions for tangential (κν) and trans-

verse (κτ ) curvatures, and twist (τ):

κν = ψ
′
, κτ = r−1 sinψ, τ = 0. (A.15)

The mean curvature (H) and Gaussian curvature (K) are obtained by summation

and multiplication of the tangential and transverse curvatures

H =
1

2
(κν + κτ ) =

1

2
(ψ

′
+ r−1 sinψ), K = κτκν =

ψ
′
sinψ

r
. (A.16)

Defining L = 1
2κ
r(WH)′, we write the system of first order differential equations

governing the problem as [8],
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r′ = cosψ, z′ = sinψ, rψ′ = 2rH − sinψ,

rH ′ = L+ rC ′ − rκ′

κ
(H − C), λ′ = 2κ (H − C)C ′ − κ′(H − C)2 − κ′GK − f · as,

L′

r
=
p

k
+

f · n
κ

+ 2H

[
(H − C)2 +

λ

κ

]
− 2 (H − C)

[
H2 +

(
H − r−1 sinψ

)2
]

−κ
′

κ

L

r
− κ

′′
G

κ

sinψ

r
− κ′G

κ

cosψ

r
(2H − sinψ

r
).

(A.17)

The applied boundary conditions are

r(0+) = 0, L(0+) = 0, ψ(0+) = 0,

z(smax) = 0, ψ(smax) = 0, λ(smax) = λ0.

(A.18)

In asymmetric coordinates, the manifold area can be expressed in term of arc

length [?, 330]

a(s) = 2π

∫ s

0

r(ξ)dξ → da

ds
= 2πr. (A.19)

Eq. B.18 allows us to convert Eq. B.17 to an area derivative and prescribe the

total area of the membrane.

We non-dimensionalized the system of equations as

ζ =
a

2πR2
0

, x =
r

R0

, y =
y

R0

, h = HR0, c = CR0, l = LR0,

λ∗ =
λR2

0

κ0

, p∗ =
pR3

0

κ0

, f ∗ =
fR3

0

κ0

, κ∗ =
κ

κ0

, κ∗G =
κG
k0
, K∗ = KR2

0,

(A.20)
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where R0 is the radius of the initially circular membrane patch.

Rewriting Eq. B.17 in terms of Eq. B.18 and the dimensionless variables Eq. B.19,

we get [8]

xẋ = cosψ, xẏ = sinψ x2ψ̇ = 2xh− sinψ, x2ḣ = l + x2ċ− x2 ·κ∗

κ∗
(h− c)

l̇ =
p∗

κ∗
+

f∗ · n
κ∗

+ 2h

[
(h− c)2 +

λ∗

κ∗

]
− 2 (h− c)

[
h2 +

(
h− x−1 sinψ

)2
]

− κ̇
∗

κ∗
l − xκ̈

∗
G

κ∗
sinψ − κ̇∗G

κ
cosψ(2h− sinψ

x
),

λ̇∗ = 2κ∗ (h− c)− κ̇∗(h− c)2ċ− κ̇∗GK∗ −
f∗ · as

x
.

(A.21)

The spontaneous curvature field is modeled by a hyperbolic tangent functional as

C =
1

2
[tanh(g(ζ − a0))], (A.22)

where a0 is the area of applied spontaneous curvature and g = 20 is a constant that ensures

a sharp but smooth transition.

Force balance along the membrane for isotropic spontaneous curvature

(i) Constant bending and Gaussian moduli

A general force balance for a surface ω, bounded by a curve ∂ω, is (Fig. 3.2)

∫
ω

pnda+

∫
∂ω

f̃dt+ F = 0, (A.23)

where t = r(s)θ is the length along the curve of revolution perimeter, p is the pressure
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difference across the membrane, f̃ is the traction along the curve of revolution t and F is

any externally applied force on the membrane. Along any circumferential curve on the

membrane at constant z, the traction is given by [150,307]

f̃ = f̃νmν + f̃nn + f̃τmτ, (A.24)

where

f̃n = (τWK)
′ − 1/2(WH),ν − (WK),β b̃

αβνα,

f̃ν = W + λ− κνM,

f̃τ = −τM, (A.25)

and f̃n, f̃ν and f̃τ are force per unit length acting along the normal n, tangent mν

to the surface, and transverse tangent eθ respectively. In Eq. A.25, M is the bending

couple given by

M =
1

2
WH + κνWK . (A.26)

Because τ = 0 (no twist) in asymmetric coordinates, the normal and tangential

tractions become

f̃n = −κ(H ′ − C ′), (A.27a)

f̃ν = κ(H − C)(H − C − ψ′) + λ. (A.27b)

Projecting Eq. A.24 onto the orthogonal bases er and k gives us the equation for
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axial and radial tractions [150,307],

f̃r = κ(H ′ − C ′) sinψ︸ ︷︷ ︸
Curvature gradient

contribution

+κ(H − C)(H − C − ψ′) cosψ︸ ︷︷ ︸
Curvature

contribution

+ λ cosψ︸ ︷︷ ︸
Tension

contribution

, (A.28a)

f̃z = −κ(H ′ − C ′) cosψ︸ ︷︷ ︸
Curvature gradient

contribution

+κ(H − C)(H − C − ψ′) sinψ︸ ︷︷ ︸
Curvature

contribution

+ λ sinψ︸ ︷︷ ︸
Tension

contribution

. (A.28b)

Because
∫
∂ω
dt = 2πr, the applied force in the axial direction can be evaluated by

substituting Eqs. A.28a,and A.28b into Eq. A.23,

−Fz = 2πr (−κ(H ′ − C ′) cosψ) + κ(H − C)(H − C − ψ′) sinψ + λ sinψ︸ ︷︷ ︸
Force due to traction

+ 2π

∫ s

0

pr(ξ) cosψdξ︸ ︷︷ ︸
Force due to pressure

. (A.29)

This can be rewritten in terms of tractions as

− fz = (−κ(H ′ − C ′) cosψ) + κ(H − C)(H − C − ψ′) sinψ + λ sinψ︸ ︷︷ ︸
axial traction

+

∫ s
0
pr(ξ) cosψdξ

r︸ ︷︷ ︸
Traction due to pressure

,

(A.30)

where fz = Fz

2πr
. The energy per unit length ξ, or “effective line tension,” can be

found by integrating Eq. A.28a along the perimeter boundary ∂ω,
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ξ = 2πr
[
κ(H − C)(H − C − ψ′) cosψ︸ ︷︷ ︸

Curvature
contribution

+ λ cosψ︸ ︷︷ ︸
Tension

contribution

+κ(H ′ − C ′) sinψ︸ ︷︷ ︸
Curvature gradient

contribution

]
. (A.31)

(ii) Spatially heterogenous bending and Gaussian moduli

For a membrane with a spatially heterogenous bending and Gaussian moduli, the

normal and tangential tractions in Eqs. A.27a, A.27b become

f̃n = −κ(H ′ − C ′)− κ′(H − C)− sinψ

r
κ′G, (A.32a)

f̃ν = κ(H − C)(H − C − ψ′) + λ. (A.32b)

The radial and axial tractions in Eqs. A.28a and A.28b can be rewritten for the

general case as

f̃r = κ(H ′ − C ′) sinψ + κ(H − C)(H − C − ψ′) cosψ + λ cosψ

+κ′(H − C) sinψ︸ ︷︷ ︸
Variable bending

modulus

+
sinψ2

r
κ′G︸ ︷︷ ︸

Variable Gaussian
modulus

, (A.33a)

f̃z = −κ(H ′ − C ′) cosψ + κ(H − C)(H − C − ψ′) sinψ + λ sinψ

−κ′(H − C) cosψ︸ ︷︷ ︸
Variable bending

modulus

− sinψ cosψ

r
κ′G︸ ︷︷ ︸

Variable Gaussian
modulus

. (A.33b)

Similarly, the axial force and energy per unit lengths in Eqs. A.29, A.31 can be
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rewritten as

Fz =
[
2πr(−κ(H ′ − C ′) cosψ + κ(H − C)(H − C − ψ′) sinψ + λ sinψ

−κ′(H − C) cosψ − sinψ cosψ

r
κ′G)
]

+ 2π

∫ s

0

pr(ξ) cosψdξ︸ ︷︷ ︸
Force due to pressure

, (A.34a)

ξ = 2πr
[
κ(H − C)(H − C − ψ′) cosψ︸ ︷︷ ︸

Curvature
contribution

+ λ cosψ︸ ︷︷ ︸
Tension

contribution

+κ(H ′ − C ′) sinψ︸ ︷︷ ︸
Curvature gradient

contribution

+κ′(H − C) sinψ︸ ︷︷ ︸
Variable bending

contribution

+
sinψ2

r
κ′G︸ ︷︷ ︸

Variable Gaussian
contribution

]
. (A.35a)

Equation of motion for anisotropic spontaneous curvatures

By using the surface parametrization Eq. A.14, we are able to define the curvature

deviator (D) as

D =
1

2
(κτ − κν) =

1

2
(r−1 sinψ − ψ′

) = r−1 sinψ −H, (A.36)

Here, we need to revise our defined L as L = 1
2κ
r[(WH)′ − (WD)′], therefore for

uniform bending and Gaussain modulii, the system of first order differential equations

modify as [589],
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r′ = cosψ, z′ = sinψ,

rψ′ = 2rH − sinψ,

2rH ′ = L+ rC ′ − rD0
′ + 2H cos(ψ)− 2 cos(ψ) sin(ψ)

r
,

λ′ = 2κ (H − C)C ′ + 2κ(
sin(ψ)

r
−H −D0)D′0 − f · as,

L′

r
=
p

k
+

f · n
κ

+ 2H
[
(H − C)2 +

λ

κ
+ (

sin(ψ)

r
−H −D0)2

−2(
sin(ψ)

r
−H −D0)(

sin(ψ)

r
−H)

]
−2 (H − C)

[
H2 +

(
H − r−1 sinψ

)2
]

−2
cos(ψ)

r

[H cos(ψ)

r
− sin(ψ) cos(ψ)

r2
− D′0

2
− C ′

2

]
+
L cos(ψ)

r2
.

(A.37)

Force balance along the membrane for anisotropic spontaneous curvatures

By considering the anisotropic spontaneous curvature contribution to the strain

energy A.11, the traction components in Eq. A.25 and bending couple in Eq. A.26 are

modified

f̃n = (τWK)
′ − 1/2(WH),ν − (WK),β b̃

αβνα +
1

2
(WD),ν − (WDγ

αγβ);βνα − (WDγ
αγβνβτα)′,

f̃ν = W + λ− κνM,

f̃τ = −τM,

(A.38)

and

M =
1

2
WH + κνWK +WDγ

αγβνβνα −
1

2
WD. (A.39)
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In asymmetric coordinates, the normal and tangential tractions simplify as

f̃n = −κ(H ′ − C ′ −D′ +D′0) = −κ(2H ′ − ψ′ cos(ψ)

r
+

sin(ψ) cos(ψ)

r2
− C ′ +D′0),

(A.40a)

f̃ν = κ(H − C)(H − C − ψ′) + λ+ κ(D −D0)(D −D0 + ψ′)

(A.40b)

= κ(H − C)(H − C − ψ′) + λ+ κ(
sin(ψ)

r
−H −D0)(

sin(ψ)

r
−H −D0 + ψ′).

Using Eqs. A.38 to simplify the traction equations

f̃n = −κL
r
, (A.41a)

f̃ν = κ(H − C)(
sin(ψ)

r
−H − C) + λ+ κ(

sin(ψ)

r
−H −D0)(H −D0). (A.41b)

Axial force can then be written as

Fz = 2πr
(
κ
L

r
sin(ψ)+(κ(H−C)(

sin(ψ)

r
−H−C)+λ+κ(

sin(ψ)

r
−H−D0)(H−D0)) cos(ψ)

)
.

(A.42)

A.2.4 Asymptotic approximation for small radius

To ensure continuity at the poles, we use L = H ′ = 0 as a boundary condition in our

simulations. However, this boundary condition reduces the expressions for tractions (Eqs.

A.28b, A.28a) to zero at the pole. To avoid this discrepancy, we derive an asymptotic

175



expression for tractions at small arc length. We proceed by assuming that the pole in Eq.

B.20 is at x = 0 and choose a rescaled variable given by

X =
x

ε
. (A.43)

Here, ε is a small parameter, so that X is order of one. We can extend this to other

small variables in Eq. B.20 near the pole to get

y = y0 + Y ε, ψ = Pε, s = Sε, (A.44)

where Y , P , S are the corresponding rescaled parameters and y0 is membrane height at

the pole.

In the simple case with no spontaneous curvature (C = 0), no external force f = 0

and no pressure difference p = 0, we substitute Eqs. A.44 and A.43 into Eq. B.20 and use

a Taylor expansion to get

Ẋ = 1− (Pε)2

2
, Ẏ = Pε− (Pε)3

3!
, Ṗ = 2h− P

X
+
ε2

3!

P 3

X
, Xḣ = l,

l̇ = ε22Xh

[
λ∗

k∗
−
(
h− P

X
+
P 3ε2

X3!

)2
]
,

λ̇∗ = 0. (A.45)

We look for a solutions with form of

h = h0 + εh1 + ord(ε2), X = X0 + εX1 + ord(ε2), Y = Y 0 + εY 1 + ord(ε2),

l = l0 + εl1 + ord(ε2), P = P 0 + εP 1 + ord(ε2), λ∗ = λ∗0 + ελ∗1 + ord(ε2). (A.46)
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The leading order terms in Eq. A.46 are

Ẋ0 = 1, Ẏ 0 = 0, Ṗ 0 = 2h0 − P 0

X0
, ḣ0 =

l0

X0
, l̇0 = 0, λ̇∗0 = 0. (A.47)

Integrating the differential equations in Eq. A.47, we get

X0 = S, Y ∗0 = Y0, P 0 = S

(
H0 + L0 log(S)− L0

2

)
,

h0 = L0 log(S) +H0, l0 = L0, λ0 = λ0, (A.48)

where Y0, H0 and L0, λ0 are integration constants. We then look at order ε1 terms in Eq.

A.45

Ẋ1 = 0, Ẏ 1 = P, Ṗ 1 = 2h1 +
P 0X1

X02 , X0ḣ1 +X1ḣ0 = l1, l̇1 = 0, λ̇∗1 = 0.

(A.49)

The first order terms are thus given by

X1 = X1, Y 1 = P1S + Y1, l1 = L1, λ∗1 = λ1, h1 = L1 log(S) +
X1L0

S
+H1,

P 1 = 2S(L1 log(S)− L1 +H1) +X1L0 log(S)(
3

2
+

log(S)

2
+
H0

L0

).

(A.50)

Combining the leading order and first order terms and substituting into Eq. A.46,

our system of variables can be written as
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X = S + εX1, Y = Y0 + ε(P1S + Y1), l = L0 + εL1,

λ∗ = λ0 + ελ1, P = S

(
H0 + L0 log(S)− L0

2

)
+ε
(

2S(L1 log(S)− L1 +H1) +X1L0 log(S)(
3

2
+

log(S)

2
+
H0

L0

)
)
,

h = H0 + L0 log(S) + ε
(
L1 log(S) +

X1L0

S
+H1

)
. (A.51)

We are interested in the asymptotic expansion of mean curvature near the pole,

which is given by

h = H0 + L0 log(S) + ε
(
L1 log(S) +

X1L0

S
+H1

)
. (A.52)

This can be rewritten as

h = H0 + L0 log(A+ S − A) + εH1,

h = H0 + L0 log(A) + L0 log(1 +
S − A
A

) + ε
(
L1 log(S) +

X1L0

S
+H1

)
, (A.53)

where A is a constant. If S−A
A

is small, we can perform a Taylor expansion around

S = A to get the leading order
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h = H0 + L0 log(A) + L0

(
S − A
A
− 1

2
(
S − A
A

)2 . . .

)
h ∼ H0 + L0 log(A)− L0 + L0

(
S

A

)
h ∼ H0 + L0

(
log(A)− 1 +

S

A

)
h ∼ H0 + L0 log(A)− L0 + L0

( s

Aε

)
h ∼ C1 + C2s, (A.54)

where C1 and C2 are constants. This shows that the mean curvature can be approximated

as a linear solution near the pole for S ∼ A or s ∼ Aε. In our image analysis, inaccuracies

near the pole begin at orders of magnitude of 10−2. At this range, we can approximate a

linear solution for mean curvature.

Similarly, we consider an asymptotic expansion for ψ near the pole at leading order

P = S

(
H0 + L0 log(S)− L0

2

)
, (A.55)

which can be rewritten as

ψ = s

(
H0 + L0 log(s)− L0ε−

L0

2

)
→ ψ = s (D1 +D2 log(s)) , (A.56)

where D1 and D2 are constants. We can now substitute the approximation for mean
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curvature and ψ near the pole into Eq. A.28a and A.28b to get

f̃r ∼ −κ(C1 + C2s− C)(C1 + C2s− C −D2 −D1 −D2 log(s))− λ, (A.57a)

f̃z ∼ −κ(C2 − C ′). (A.57b)

Using log(s) = log(s+A−A) = log(A)+log(1+ s−A
A

) and expanding around s ∼ A,

Eq. A.57b can be simplified to

f̃r ∼ −κ(F1s
2 + F2s+ F3)− λ, (A.58a)

f̃z ∼ −κ(C2), (A.58b)

where F1, F2 are constants. We can thus approximate radial traction as quadratic in arc

length near the pole, while axial traction can be correspondingly approximated as constant.

In this work, we choose to start the asymptotic solution at the local minimum of mean

curvature near the pole, which is ε ∼ 0.1.

A.3 Additional tether and bud formation simulations

A.3.1 Tubes pulled against pressure

In Fig. 3.3, we set p = 0 and λ0 = 0.02 pN/nm. However, pressure plays an

important role in tether formation in certain biological contexts and thus cannot be ignored

[187]. We investigated the role pressure plays during tether formation by finding pressure

that produces a tube of similar radius to that obtained in Fig. 3.3. To do this, we first

define a natural length scale for the system, R0, by the expected equilibrium radius of a
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membrane tube obtained by minimization of the free energy of the membrane [167].

In absence of the pressure, external force, spontaneous curvature and Gaussian

modulus, we can write the free energy of the membrane as

E =

∫
ω

(κH2 + λ)da. (A.59)

For a tube of length L and radius R, the free energy, ignoring the mean curvature

of the cap (H = 1
2R

), can be written as

Wtube =
( κ

4R2
+ λ
)

2πRL. (A.60)

The balance between the surface tension, which acts to reduce the radius, and the

bending rigidity sets the equilibrium radius R0. Taking ∂Wtube/∂R = 0 we obtain

R0 ≡
1

2

√
κ

λ
. (A.61)

We can perform a similar analysis with pressure replacing surface tension. The free

energy of the membrane Eq. A.59 can be rewritten as

E =

∫
ω

κH2da+ pV. (A.62)

Again for a tube of length L and radius R, the free energy can be written as

Wtube =
( κ

4R2

)
2πRL+ pπR2L. (A.63)

Here, the balance between pressure, which acts to reduce the radius, and the bend-

ing rigidity sets the equilibrium radius R0. Taking ∂Wtube/∂R = 0 we obtain
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R0 ≡ 3

√
κ

4p
. (A.64)

Comparing Eq. A.64 and Eq. A.61, we can find an equivalent pressure to the

surface tension needed for achieving a tube of radius R0,

3

√
κ

4p
=

1

2

√
κ

λ
,

p =
2λ
√
λ√
κ
. (A.65)

Eq. A.65 gives an equivalent pressure p = 0.3 kPa for a surface tension of 0.02 pN/nm.

We perform the tether pulling simulation for this value of pressure, such that the pressure

acts inward for every non-zero height. Surface tension is set to zero at the base. Using

the expressions for traction incorporating pressure (Eqs. B.12, B.13, A.28), we can plot

the axial, radial (Figs. A.2A and B), normal and tangential tractions (Fig. A.2D and E ).

The traction distributions show similar behaviour to Fig. 3.3 in the main text. Using Eq.

A.29, the applied force matches the difference between pressure force in the axial direction

and the force due to the axial traction (Figs. A.2F). Panel C shows that energy per unit

length has a similar behavior to the trend in Fig. 3.3D of the main text.

A.3.2 Tubes pulled against pressure and surface tension

Yeast endocytic buds experience a very large pressure on the order of 1 MPa [187,

320]. This large hydrostatic pressure intrinsically represents the effect of the matrix during

endocytosis. In Fig. A.3, we perform a tether pulling simulation for pressure 1 MPa,
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surface tension 0.02 pN/nm and bending modulus of 32000 pN · nm, suggested by [187].

Figs. A.3A and B show the axial and radial tractions for four membrane shapes as the

tether is pulled out. Because of the large pressure, the radius of the tether is very small.

A consequence of the small radius is a positive radial traction at the neck, where the

membrane wants to push out. Axial and radial traction are both constant over cylindrical

parts of the tether. Energy per unit length (seen in Fig A.3C) shows large negative values

at the neck and near the pole, similar to cases before. The normal and tangential traction

distributions (Figs. A.3D and E ) along the membrane and are also qualitatively similar to

the previous cases, but differ in magnitude due to larger bending modulus, with tractions

being almost two orders of magnitude larger. In Fig. A.3F, the external force is plotted vs

the height of the tether and matches the difference between pressure force and axial force

(Eq. A.34a). In the presence of pressure, a much larger force is required to pull out the

tube – the maximum force is almost 600 times larger than the case without pressure.

A.3.3 Tube formation in arc length

In Fig. 3.3, we fixed the total area of the membrane and increased the magnitude of

the spontaneous curvature and applied force respectively (Eqs. B.20). However, in active

non-equilibrium processes such as endocytosis, the available membrane area can vary.

One possible way to consider the impact of the membrane area adjustment is solving the

equations in arc length (Eqs. B.17) instead of area. Here, we repeated the simulations of

Fig. 3.3 for a fixed arc length of membrane. In the case of a tube simulation for a fixed

arc-length (Fig. A.4), we can replicate the force-displacement curve in the main text (Fig.

A.4B and Fig. 3.3B), which is for a fixed membrane area . The tractions and energy per

unit length distribution along a few shapes are shown in Figs. A.4A,C,D.
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A.3.4 Bud formation with cytoskeleton forces

We consider the effects of the cytoskeleton during endocytosis as previously de-

scribed in [8]. In Fig. A.5, we apply actin-mediated forces on a U-shaped bud such that

actin polymerizes in the form of a ring at the base of the endocytic pit with the network

attached to the protein coat [8, 9]. Fig. A.5B-D show the tractions and energy per unit

length distributions along the initial and final shapes as the membrane is pulled out. Fig.

A.5E shows the match obtained between the applied force and axial force calculated at the

edge of the protein coat. Here, we note that calculating the axial force at the base predicts

zero applied force – a consequence of the actin ring acting at the base that integrates to

zero. To further emphasize this point, we repeated the simulation without this downward

force at the base (Fig. A.6) and show that the match between applied force and axial force

can be obtained both at the base of the membrane and at the edge of the protein coat.

Fig A.6B shows that the large tangential traction along the neck is limited to a smaller

region (red) compared to Fig. A.5B, because without considering the actin ring force at

the base, there is lesser axial stretch along the bud neck.

A.3.5 Bud formation with anisotropic spontaneous curvature

Proteins induce a highly anisotropic local spontaneous curvature [308, 309]. To

model this effect, we used a modified energy functional (Eq. A.11) that includes deviatoric

curvature effects. This then can be written as the shape equation (Eq. A.12) and tangential

variation equation (Eq. A.13). We solve this system of equations for a deviatoric curvature

field applied over the cylindrical portion of a membrane tube (Fig. A.7, [9]). Fig A.7A

shows neck formation in a membrane tube with increasing deviatoric curvature. The

membrane invagination obtained resembles the PM shape seen during assembly of rvs

proteins at the neck of a tube [9]. We note here that we apply both a spontaneous
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curvature and deviatoric curvature with opposite signs. Fig. A.7D shows that the energy

per unit length at both interfaces matches the trend seen in Fig. 6 leading up to neck

formation. Fig. A.7E shows that the axial forces can be matched to applied forces. Axial

forces decrease as a consequence of the membrane height being constrained.

A.3.6 Additional sensitivity analysis

Fig. 3.5B shows that the axial force (Fz) is not sensitive to error in membrane

tension for a fixed shape of a membrane tether. This is because the calculation of axial

force was performed at the base of the PM invagination where the membrane is nearly

flat (ψ = 0). In Fig. A.8, we perform the same analysis by repeating the calculation at

two other locations – (1) at the edge of the area of applied force, (2) at the point of zero

mean curvature. Fig. A.8A shows these points (1) and (2) along the membrane shape

corresponding to the peak of the force-displacement graph in Fig. 3.3B. The error in (Fz)

due to membrane tension increases for calculations at regions of larger tangent angle ψ

(Figs. A.8B and C). Thus, to minimize error in axial force, we choose to perform traction

calculations at base of the membrane.
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External force

Inward
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Figure A.1: Axial and radial traction (Eqs. A.28b, A.28a) distribution plotted along
the same membrane shapes as in Fig. 3.3A–C. (A) Axial traction distribution. The axial
traction is constant along the tube. (B) Radial traction distribution. The dotted line is
the stable cylindrical geometry.
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Figure A.2: Tether pulling simulation for the pressure of 0.3 kPa, bending modulus
320 pN · nm, no surface tension at the boundary (λ0 = 0), and a point force. (A) Axial
traction distribution along the tether. (B) Radial traction distribution. We find a
negative value at the neck and a positive value at the base. (C) Energy per unit length
(Eq. 3.6) plotted along the shapes. We observe a large value at the neck - predicting an
‘effective’ line tension of 11 pN for a tether of height 700 nm. (D) Normal traction
distribution. It is large and negative over the area of applied force. (E) Tangential
traction distribution. (F) Applied force and the difference between the calculated
pressure and axial force (Eq. A.29) plotted as a function of tether height.
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Figure A.3: Tether pulling simulation for a pressure of 1 MPa, bending modulus
32000 pN · nm, surface tension at the boundary (λ0 = 0.02pN/nm), and a point force.
(A) Axial traction distribution along the tether for four chosen membrane shapes. (B)
Radial traction distribution along the membrane shapes in (A). (C) Energy per unit
length (Eq. A.31) plotted along the membrane shapes in (A). We observe a large value
at the neck. (D) Normal traction distribution along the membrane shapes in (A). It is
large and negative over the area of applied force and at the neck. (E) Tangential traction
distribution along the membrane shapes in (A). (F) Applied force and the difference
between the calculated pressure and axial force (Eq. A.29) plotted as a function of tether
height.
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Figure A.4: Tether pulling simulation with a point force for a fixed arc length instead
of a fixed membrane area. Bending modulus κ = 320 pN · nm, surface tension at the
boundary (λ0 = 0.02pN/nm). (A) Normal traction distribution along four chosen
membrane shapes. (B) Match obtained between applied force and axial force calculated
from Eq. A.29 plotted vs height of the tether. (C) Tangential traction distribution along
the membrane shapes in (A). (D) Energy per unit length (Eq. A.31) along the membrane
shapes in (A).
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Figure A.5: Application of axial forces (brown) onto a U-shaped bud covered by a
protein coat (red). Spontaneous curvature magnitude C = −0.02 nm−1, area of
spontaneous curvature field A = 17, 593 nm2, bending modulus κ = 320 pN · nm and
surface tension at the edge λ0 = 0.02 pN/nm. Here, axial forces are applied such that
there is an upward force over the protein coat and a downward force acting as a ring at
the base [8]. (A) Initial and final membrane shapes obtained. (B) Tangential traction
distribution along the membrane shapes in (A). (C) Normal traction distribution along
the membrane shapes in (A). (D) Energy per unit length along the membrane shapes in
(A). (E) Force match obtained between applied force and negative of axial force
calculated using Eq. A.29. Here, axial force is calculated at the edge of the protein coat.
Axial force at the base is zero since the upward and downward forces balance each other
out.
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Figure A.6: Application of axial forces (brown) onto a U-shaped bud covered by a
protein coat (red). Spontaneous curvature magnitude C = −0.02 nm−1, area of
spontaneous curvature field A = 17, 593 nm2, bending modulus κ = 320 pN · nm and
surface tension at the edge λ0 = 0.02 pN/nm. Here, axial forces are applied such that
there is only an upward force over the protein coat. (A) Initial and final membrane
shapes obtained. Force required is smaller than Fig. A.5. (B) Tangential traction
distribution along the membrane shapes in (A). (C) Normal traction distribution along
the membrane shapes in (A). (D) Energy per unit length along the membrane shapes in
(A). (E) Force match obtained between applied force and negative of axial force
calculated using Eq. A.29. Here, axial force is calculate at the base of the membrane.
The same match can be obtained at the edge of the protein coat.
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Figure A.7: Application of a deviatoric spontaneous curvature along the cylindrical
portion of a membrane tube leads to neck formation [9]. The simulation was performed
by first pulling out a membrane tube of fixed arc length, followed by application of both
spontaneous curvature and deviatoric curvature for a fixed height of membrane tube.
Arc length of the deviatoric spontaneous curvature field s = 5 nm, bending modulus
κ = 320 pN · nm and surface tension at the edge λ0 = 0.02 pN/nm.(A) Membrane shapes
at a spontaneous curvature C = 0 nm−1, C = −0.004 nm−1, C = −0.01 nm−1 and
deviatoric spontaneous curvature D = 0 nm−1, D = 0.004 nm−1, D = 0.01 nm−1

respectively. (B) Normal traction distribution along the membrane shapes in (A). (C)
Tangential traction distribution along the membrane shapes in (A). (D) Energy per unit
length at both interfaces with increasing deviatoric curvature. (E) Match between
applied force and axial force calculated using Eq. A.42. Axial force relaxes with
membrane neck formation.
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Figure A.8: Location dependence of the sensitivity analysis to axial force calculation
from a single simulation of a membrane tube. Dashed lines indicated 10 % error. (A)
Membrane shape at a mean value of κ= 320 pN.nm, λ0= 0.02 pN/nm, −Fz (brown)=
18.0167 pN (corresponding to a tube of height 300 nm in Fig. 3.3). The cross marks
(labeled 1 and 2) indicate the locations where axial force is calculated. (B) Error in Fz
calculated at point 1 (edge of the area of applied force). (C) Error in Fz calculated at
point 2 (location of zero mean curvature). Error in Fz due to error in membrane tension
λ increases near the curved portions of the PM invagination.
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Appendix B

Axisymmetric and 3D thin-shell

formulations

B.1 Assumptions

• The lipid bilayer is a modeled as a thin elastic shell. We use the Helfrich energy [84]

based on the assumption that the thickness of the bilayer is negligible compared to

its radius of curvature. This allows us to neglect shear deformations and consider

classical Kirchoff-Love shell kinematics for thin shell geometries. Furthermore, we as-

sume that the membrane is areally incompressible since the maximum elastic stretch

is only 4 % [384]. This incompressibility constraint is numerically enforced using a

Lagrange multiplier field. Additionally, we ignore any fluid [150] and friction [265]

properties of the bilayer. Thus, the membrane is in mechanical equilibrium at all

times.

• The lack of resistance to shear deformation modes in the Helfrich energy formulation

can result in rigid body (zero energy) modes of deformation. To circumvent this
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limitation, in the 3D numerical simulations, we add shear stabilization terms to the

classical Helfrich energy functional [383]. These stabilization terms are of a smaller

magnitude relative to the traditional bending energy terms, and restore stability to

the numerical model without significantly effecting the kinematics of bending.

• The membrane tubule is modeled both as an axisymmetric and 3D lipid bilayer.

A pinching force is applied at different locations - ‘cap’, ‘tube’, and ‘base’ (Fig.

4.2). Since the tether is pulled from a membrane reservoir that can buffer changes

in membrane tension [388, 590], we assume that elastic properties like membrane

tension and bending rigidity are constant.

• Since we do not consider the fluid properties of the membrane, we cannot consider

scission explicitly. We assume that the large stresses at the neck can lead to the

formation of a hemi-fission intermediate [173,376].

• The interaction of the constriction proteins and the membrane tubule can be nu-

merically thought of as a contact model where the proteins apply a contact force

of constriction on the tubule. Here, we do not consider a contact model but rather

apply a follower load type collar pressure in the constriction region.

B.2 Thin shell formulations: Axisymmetric and 3D

models

B.2.1 Equilibrium equations for the axisymmetric model

First, we write the force balance on the membrane as
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∇ · σ + pn = f, (B.1)

where σ is the stress tensor, p is the pressure difference between the inside and outside

of the volume bounded by the membrane, and f is any externally applied force per unit

area on the membrane. In our simulations, we assume that the tubule has equilibrated

the pressure difference, and thus set p to 0. f includes both the axial and pinching forces

applied on the membrane. By introducing the covariant derivative as ();α, the surface

divergence in Eq. B.1 can be rewritten as [148]

∇ · σ = σα;α = (
√
a)−1(

√
aσα),α, (B.2)

where a is the determinant of the first fundamental form metric aαβ. The surface stresses

in Eq. B.1 can be split into normal and tangential component given by

σα = T α + Sαn, (B.3)

where

Tα = Tαβaβ, Tαβ = σαβ + bβµM
µα, Sα = −Mαβ

;β . (B.4)

The two tensors σαβ and Mαβ can be expressed by the derivative of F , the energy

per unit mass, with respect to the coefficients of the first and second fundamental forms,
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aαβ, bαβ, respectively [148,150]

σαβ = ρ(
∂F (ρ,H,K;xα)

∂aαβ
+
∂F (ρ,H,K;xα)

∂aβα
), (B.5)

Mαβ =
ρ

2
(
∂F (ρ,H,K;xα)

∂bαβ
+
∂F (ρ,H,K;xα)

∂bβα
), (B.6)

where ρ is the surface mass density. H and K are mean and Gaussian curvatures given by

H =
1

2
aαβbαβ, K =

1

2
εαβελµbαλbβµ. (B.7)

Here (aαβ) = (aαβ) is the dual metric and εαβ is the permutation tensor defined by

ε12 = −ε21 = 1√
a
, ε11 = ε22 = 0.

A reasonable assumption to make is that the membrane tubule has a fixed area.

We introduce an area incompressibility (J = 1) constraint using a general form of free

energy density per unit mass given as

F (ρ,H,K;xα) = F̃ (H,K;xα)− γ(xα, t)

ρ
. (B.8)

Here γ(xα, t) is a Lagrange multiplier field required to impose invariance of ρ on

the whole of the surface (see [148] for full derivation). Substituting W = ρF̃ into Eq. B.8

we get
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σαβ = (λ+W )aαβ − (2HWH + 2κWK)aαβ +WH b̃
αβ, (B.9)

Mαβ =
1

2
WHa

αβ +WK b̃
αβ, (B.10)

where

λ = −(γ +W ). (B.11)

Combining Eqs. B.10, B.4, and B.3 into Eq. B.1 gives the equations in normal and

tangential equations as

p+ f · n = ∆
1

2
WH + (WK);αβ b̃

αβ +WH(2H2 −K)

+2H(KWK −W )− 2λH, (B.12)

and

Nβα
;α − Sαbβα = −(γ,α +WKk,α +WHH,α)aβα

= (
∂W

∂xα|exp
+ λ,α)aβα = f · as. (B.13)

Here ∆(·) is the surface Laplacian and ()|exp denotes the explicit derivative respect

to coordinate θα.
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B.2.2 Axisymmetric model

Using the axisymmetric parametrization

r(s, θ) = r(s)er(θ) + z(s)k. (B.14)

we define ψ as the angle made by the tangent with respect to the horizontal (see Fig.

4.1). This gives r′(s) = cos(ψ), z′(s) = sin(ψ), which satisfies the identity (r′)2 +(z′)2 = 1.

Using this, we define the normal to the surface as n = − sinψer(θ) + cosψk, the tangent

to the surface in the direction of increasing arc length as as = cosψer(θ)+sinψk, and unit

vector τ = eθ tangent to the boundary ∂ω in the direction of the surface of revolution.

For more details, we refer the reader to [8, 148,152].

The expressions for tangential (κν), transverse (κτ ) and twist (τ) curvatures are

simplified as

κν = ψ
′
, κτ = r−1 sinψ, τ = 0. (B.15)

Further, we calculate the mean curvature (H) and Gaussian curvature (K) as

H =
1

2
(κν + κτ ) =

1

2
(ψ

′
+ r−1 sinψ), K = κτκν =

ψ
′
sinψ

r
. (B.16)

We introduce a term L = 1
2κ
r(WH)′ in order to write a system of first order differ-

ential equations governing the problem [8] as ,
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r′ = cosψ, z′ = sinψ,

rψ′ = 2rH − sinψ, rH ′ = L+ rC ′,

L′

r
=
p

k
+

f · n
κ

+ 2H

[
(H − C)2 +

λ

κ

]
− 2 (H − C)

[
H2 +

(
H − r−1 sinψ

)2
]
,

λ′ = 2κ (H − C)C ′ − f · as. (B.17)

Eq. B.17 is a function of the arc length (s). This can be rewritten in terms of

membrane area (a) using

a(s) = 2π

∫ s

0

r(ξ)dξ → da

ds
= 2πr. (B.18)

We choose to non-dimensionalize our system of equations using a length scale R0

and bending rigidity scale κ0 as

α =
a

2πR2
0

, x =
r

R0

, y =
y

R0

, h = HR0, c = CR0, l = LR0,

λ∗ =
λR2

0

κ0

, p∗ =
pR3

0

κ0

, f ∗ =
fR3

0

κ0

, κ∗ =
κ

κ0

,

(B.19)

where R0 is the radius of the flat patch of membrane in simulations of a membrane

tubule (Fig. 4.2E), the radius of the hemisphere for simulations of the tubule cap (Fig.

4.2B), and the radius of the tube for simulations of the tube (Fig. 4.2C) and the base

(Fig. 4.2D). κ0 is the bending rigidity of the bare membrane.

Rewriting Eq. B.17 using the dimensionless variables in Eq. B.19, we get [8]
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xẋ = cosψ, xẏ = sinψ,

x2ψ̇ = 2xh− sinψ, x2ḣ = l + x2ċ,

l̇ =
p∗

κ∗
+

f∗ · n
κ∗

+ 2h

[
(h− c)2 +

λ∗

κ∗

]
− 2 (h− c)

[
h2 +

(
h− x−1 sinψ

)2
]
,

λ̇∗ = 2κ∗ (h− c) ċ− f∗ · as

x
. (B.20)

We enforce a third boundary point for constriction simulations at the base (Fig.

4.2D) and the whole tube (Fig. 4.2E) by introducing an independent variable [391]

ζ = αbp
α− αbp
αtot − αbp

, (B.21)

where αbp is the non-dimensional area of the first ‘phase’ and αtot is the total non-

dimensional area of the membrane. α is the variable defining the non-dimensional area

along the first ‘phase’ and ζ is the variable defining non-dimensional area along the second

‘phase’. Like α in the first interval, ζ ranges from o to αbp in the second interval. Thus we

can redefine our system of equations (Eq. B.20) for 2 phases as
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x1
dx1

dα
= cosψ1, x1

dy1

dα
= sinψ1,

x2
1

dψ1

dα
= 2x1h1 − sinψ1, x2

1

dh1

dα
= l1 + x2

1ċ1,

dl1
dα

=
p∗

κ∗
+

f∗1 · n
κ∗

+ 2h1

[
(h1 − c)2 +

λ∗1
κ∗

]
− 2 (h1 − c1)

[
h2

1 +
(
h1 − x−1

1 sinψ1

)2
]
,

dλ∗1
dα

= 2κ∗ (h1 − c1) ċ1 −
f∗1 · as

x
,

x2
dx2

dζ
= (

αtot − αbp
αbp

) cosψ2, x2
dy2

dζ
= (

αtot − αbp
αbp

) sinψ2,

x2
2

dψ2

dα
= (

αtot − αbp
αbp

)(2x2h2 − sinψ2),

x2
2

dh2

dζ
= (

αtot − αbp
αbp

)(l2 + x2
2)ċ2,

dl2
dζ

= (
αtot − αbp

αbp
)(
p∗

κ∗
+

f∗2 · n
κ∗

+ 2h2

[
(h2 − c2)2 +

λ∗2
κ∗

]
− 2 (h2 − c2)

[
h2

2 +
(
h2 − x−1

2 sinψ2

)2
]
),

dλ∗2
dζ

= (
αtot − αbp

αbp
)(2κ∗ (h2 − c2) ċ2 −

f∗2 · as

x
), (B.22)

where 1 and 2 are the two phases represented by non-dimensional areas α and ζ,

both of which are defined in the interval [0 αbp]. Applied forces are modeled as a smooth

hyperbolic tangent function. For example, the axial force at the tip of the tubule and

radial force at the interface are modeled as

faxial = fax × (0.5(1− tanh(g ∗ (α− αaxial))))/αaxial, (B.23)

fpinch = fp × 0.5(tanh(g(α− (αbp − αradial)))

−0.5 tanh(g(α− αbp))), (B.24)
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where faxial and fpinch are the distribution of axial and radial forces per unit area

along the non-dimensional membrane area α, fax and fp are the magnitudes for force per

unit area, and αaxial and αradial are the corresponding non-dimensional areas of applied

force in the axial and radial direction respectively. g is a constant that ensures a sharp

but smooth transition. In our simulations, we use g = 20 [8].

Boundary conditions

Eq B.22 can be solved given a set of boundary conditions. All the axisymmetric

simulations in this study were performed using the MATLAB bvp4c toolbox [391]. A useful

feature of this toolbox is the estimation of unknown parameters by providing additional

boundary conditions [391]. The MATLAB subroutines used in this work are available on

Github [591].

• Whole tubule

The tubule pinching simulations in Fig. 4.2E were performed using the following set

of boundary conditions

x1(0) = 0, x1(αbp) = xp, ψ1(0) = 0, ψ2(αbp) = 0,

y1(0) = yp, y2(αbp) = 0, , λ2(αbp) = λ0, l1(0) = 0,

x1(αbp) = x2(0), y1(αbp) = y2(0), ψ1(αbp) = ψ2(0),

h1(αbp) = h2(0), l1(αbp) = l2(0), λ1(αbp) = λ2(0). (B.25)

xp and yp are additional constraints for the radius at the interface and height of

the tubule respectively. These additional constraints are used to estimate the axial

force and pinching force required to obtain a solution to the system of equations
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in Eq. B.22. λ0 is the boundary membrane tension. We note here that this now

represents a system of 12 equations and 2 unknown parameters with 14 boundary

conditions. The 2 unknown parameters are the axial and radial force. 6 of these

boundary conditions are continuity conditions for every parameter at the interface

(Eq. B.25).

• Base

The half catenoid-like base pinching simulations in Fig. 4.2D were performed using

the following set of boundary conditions

x1(0) = x0, x1(αbp) = xp, ψ1(0) = π, ψ2(αbp) = π/2,

y1(0) = 0, , λ1(0) = λ0, l2(αbp) = 0,

x1(αbp) = x2(0), y1(αbp) = y2(0), ψ1(αbp) = ψ2(0),

h1(αbp) = h2(0), l1(αbp) = l2(0), λ1(αbp) = λ2(0). (B.26)

xp is the additional constraint for the radius at the interface. x0 is the radius at

y = 0. The additional constraint is used to estimate the pinching force required

to obtain a solution to the system of equations in Eq. B.22. λ0 is the boundary

membrane tension. We note here that this now represents a system of 12 equations

and 1 unknown parameter with 13 boundary conditions.

• Tube

The cylinder/tube pinching simulations in Fig. 4.2C were performed by solving the

system of equations in Eq. B.20 for a single phase of membrane. The boundary

conditions used were
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l(0) = 0, y(0) = 0, y(α) = Z0/R0, ψ(0) = π/2,

x(α) = 1, x(0) = xp, ψ(α) = π/2, (B.27)

where α is the non-dimensional area of the tube, xp is the additional constraint

required for estimating the pinching force. This represents a system of 6 equations

and 1 unknown parameter with 7 boundary conditions.

• Cap

The hemisphere/cap pinching simulations in figure 4.2B were performed by solving

the system of equations in Eq. B.20 for a single phase of membrane. The boundary

conditions used were

l(0) = 0, y(0) = 0, l(α) = 0, ψ(0) = π/2,

x(α) = 0, x(0) = xp, ψ(α) = π, (B.28)

where xp is the additional constraint required for estimating the pinching force.

This represents a system of 6 equations and 1 unknown parameter with 7 boundary

conditions.
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B.2.3 3D model

Thin shell formulation

Considering the classical Helfrich formulation for biological membranes, the strain

energy density of a membrane in the current configuration is given by:

W = kB(H −H0)2 + kGκ (B.29)

where kB and kG are the bending modulus and the Gaussian modulus of the membrane,

H is the mean curvature, κ is the Gaussian curvature and H0 represents the instantaneous

curvature induced in the membrane.

To enforce area-incompressibility, we consider the following Lagrange multiplier

formulation:

WLM = J(kB(H −H0)2 + kGκ) + q(J − 1) (B.30)

where q is the point value of the Lagrange multiplier field, and J is the surface stretch

(ratio of area in the current configuration to the area in the reference configuration).

The governing equation for quasi-static mechanical equilibrium in 3D simulations

is obtained by minimizing the Helfrich energy functional following standard variational

arguments, and is given by [383]:

∫
∂Ω

1

2
δaijσ

ij da+

∫
∂Ω

δbijM
ij da−

∫
∂Ωcollar

δx · p da−
∫

Γ

δx · t ds = 0 (B.31)

where ∂Ω is the membrane surface and Γ is the membrane boundary on which surface trac-

tions can be applied, as shown in Fig. 4.1B. δaij and δbij are variations of the components

of the metric tensor and the curvature tensor, respectively. σij are the components of the

stress tensor, M ij are components of the moment tensor, p is the pressure applied along
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a collar on the membrane surface (to cause constriction), and t is the surface traction.

For a hyperelastic material model, we can express the stress and moment compo-

nents in terms of the strain energy density as [592]:

σij =
2

J

∂W

∂aij
(B.32)

M ij =
1

J

∂W

∂bij
(B.33)

For the Helfrich type strain energy density, these take the form:

σij = (kB(H −H0)2 − kGκ)aij − 2kB(H −H0)bij (B.34)

M ij = (kB(H −H0) + 2kGH)aij − kGbij (B.35)

Computational implementation

We solve the governing equation given by Eq.B.31 using a Isogeometric Analysis

(IGA) based numerical framework for solving problems of membrane mechanics developed

as part of this work. A companion manuscript (in preparation by the authors) describes the

details of the mathematical methods and the numerical formulation. The computational

implementation, along with the source code for solving the boundary value problems listed

below, is available as a public code repository on GitHub [593].

List of 3D simulations

For each of the 3D simulations, we solve the governing equation given by Eq.B.31

using a force control or displacement control approach, with the relevant displacement,

angle and traction boundary conditions. The displacement boundary conditions are ap-

plied on the components of the displacement vector, u, that is defined as the change
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in position of a point on the membrane between its current and reference configuration

(u(ξ1, ξ2) = x(ξ1, ξ2) −X(ξ1, ξ2)). The angle boundary conditions, where needed, are en-

forced through the weak formulation using a penalty approach and result in the normal

vector (n) at the boundaries to align along the preferred direction. In all the simula-

tions, we have two boundaries, and these are identified as the inner boundary (ΓI) and the

outer boundary (ΓO) as indicated in the schematic in Fig. 4.1B. The specific numerical

simulations in this work using the 3D model are described below.

• Tube pulling

The tube pulling simulation shown in Fig. B.1(A) considers a reference circular

plate geometry with an outer radius of 20 nm, and an inner radius of 0.2 nm. The

boundary value problem is solved as a force control problem with a traction on the

inner boundary (ΓI). The displacement and traction boundary conditions are as

follows:

ty = h on ΓI

ux = 0 & uz = 0 on ΓI

uy = 0 on ΓO

See Movie M12 in the supplementary information for the evolution of the membrane

deformation.

• Whole tubule

The whole tubule simulations shown in Fig. 4.4 consider pinching at three different

locations, identified as the cap, tube and base locations (Fig. 4.2A). For the tubule

geometry, shown in Fig. 4.2A, the tubule radius is 20 nm and height is 100 nm. The

inner boundary (ΓI) at the top of the tubule has a radius of 0.2 nm and the outer
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boundary (ΓO) at the base of the tubule has a radius of 40 nm. The boundary value

problem is solved as a force control problem with pressure applied on a collar (Ωcollar)

located at the cap, tube or base location. In addition, the displacement boundary

conditions are as follows:

ux = 0 on ΓI

uy = 0 on ΓI

uz = 0 on ΓI

See Movies M1-M3 in the supplementary information for the evolution of the con-

striction process for the cap, tube and base locations.

• Base

The constriction simulation shown in Fig. 4.5 considers pinching at the base location.

The tube geometry considered has a radius of 20 nm, and a height of 80 nm. The tube

boundary on the top is identified as the inner boundary (ΓI) and the tube boundary at

the bottom is identified as the outer boundary (ΓO). The boundary value problem is

solved as a force control problem with pressure applied on a collar (Ωcollar) located at

the base location. In addition, the displacement boundary conditions are as follows:

ux = 0 on ΓI

uy = 0 on ΓI

uz = 0 on ΓI

See Movie M3 in the supplementary information for the evolution of the constriction

process for the base location.
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• Cap

The constriction simulation shown in Fig. B.3 considers pinching at the cap location.

The cap geometry is a hemisphere with a radius of 20 nm. The cap boundary on

the top, with a small radius of 1 nm, is identified as the inner boundary (ΓI) and

the cap boundary at the bottom is identified as the outer boundary (ΓO). This

boundary value problem is solved as a displacement control problem, as the force

control problem is numerically unstable due to the rigid body modes induced under

the displacement boundary conditions considered. As this problem is solved as a

displacement control problem, this enforces axisymmetry of the pinching profile.

The displacement boundary conditions are as follows:

ux = g on ΓO

uy = 0 on ΓO

uz = g on ΓO

See Movie M13 in the supplementary information for the evolution of the constriction

process for the cap location.

• Tube

The constriction simulation shown in Fig. B.4 considers pinching at the tube loca-

tion. The tube geometry is a cylinder with a radius of 20 nm. The tube boundary

on the top is identified as the inner boundary (ΓI) and the boundary at the bottom

is identified as the outer boundary (ΓO). This boundary value problem is solved

as a displacement control problem. Like in the case of the cap simulation, as this

problem is solved as a displacement control problem, this enforces axisymmetry of
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the pinching profile. The displacement boundary conditions are as follows:

ux = g on ΓO

uz = g on ΓO

uy = 0 on ΓI

See Movie M14 in the supplementary information for the evolution of the constric-

tion process with displacement control for the tube location.

We also solve a force control equivalent of this problem, and this is shown in Fig. B.5.

This case is discussed below in the simulation of the helical force collar at the tube

location with a zero helical pitch. See Movie M15 in the supplementary information

for the evolution of the constriction process with force control for the tube location.

• Helical force collar at the tube location

The constriction simulation shown in Fig. 4.6 considers pinching at the tube location

due to helical collar. In Fig. 4.6A we consider a single helical ring, and in Fig. 4.6G

we consider three helical rings. The tube geometry considered for the single helical

ring case has a radius of 20 nm, and a height of 40 nm. The tube geometry considered

for the three helical rings case has a radius of 20 nm, and a height of 200 nm. For

both cases, the tube boundary on the top is identified as the inner boundary (ΓI)

and the tube boundary at the bottom is identified as the outer boundary (ΓO). The

boundary value problem is solved as a force control problem with pressure applied on

a helical collar (Ωcollar) located at the tube location. In addition, the displacement

211



boundary conditions are as follows:

ux = 0 on ΓI

uy = 0 on ΓI

uz = 0 on ΓI

ux = 0 on ΓO

uy = 0 on ΓO

uz = 0 on ΓO

See Movies M4-M6 in the supplementary information for the evolution of the constric-

tion process due to a helical force collar at the tube location with a non-dimensional

pitch of zero, two and four, respectively, and movie M7 for the corresponding evolu-

tion of the constriction process due to a force collar with three helical rings.

• Helical force collar at the base location

The constriction simulation shown in Fig. 4.7 considers pinching at the base location

due to helical collar. In Fig. 4.7A we consider a single helical ring, and in Fig. 4.7G

we consider three helical rings. The tube geometry considered for the single helical

ring case has a radius of 20 nm, and a height of 40 nm. The tube geometry considered

for the three helical rings case has a radius of 20 nm, and a height of 200 nm. For

both cases, the tube boundary on the top is identified as the inner boundary (ΓI)

and the tube boundary at the bottom is identified as the outer boundary (ΓO). The

boundary value problem is solved as a force control problem with pressure applied

on a helical collar (Ωcollar) located at the base location. In addition, the displacement
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boundary conditions are as follows:

ux = 0 on ΓI

uy = 0 on ΓI

uz = 0 on ΓI

See Movies M8-M10 in the supplementary information for the evolution of the

constriction process due to a helical force collar at the base location with a non-

dimensional pitch of zero, two and four, respectively, and movie M11 for the corre-

sponding evolution of the constriction process due to a force collar with three helical

rings.

B.3 Analytical solution for tube pulling simulation

The equilibrium values of R0 and f0 for a membrane tube are defined as

R0 =
√
κ/(2σ), (B.36)

f0 = 2π
√

(2σκ), (B.37)

where κ is the bending rigidity, σ is the membrane tension. For bending rigidity of

20 pN·nm and membrane tension 0.1 pN/nm, we get

f0 = 12.5664 pN, (B.38)

213



which is the equilibrium value of force obtained in Fig. B.1.
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Figure B.1: Comparison of the axial force required to deform a flat membrane patch up
to a height of 10 nm. Bending rigidity is 20 pN·nm and membrane tension is 0.1 pN/nm.
The results obtained from the axisymmetric model and the 3D framework are compared.
The analytical solution for the equilibrium value of force is 12.5664 pN. (A) Membrane
shape at a deformation of 10 nm. Colorbar indicates the height (nm). (B) Axial force vs
height of membrane in axisymmetry and 3D. See Movie M12 in the supplementary
information for the evolution of the membrane deformation.
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bending rigidity is 320 pN·nm. (A) Schematic depicting the boundary conditions used.
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Figure B.3: Comparison of collar pressure, stiffness and bending energy during
constriction of a membrane cap using the axisymmetric and 3D framework.
Axisymmetry is enforced in the 3D simulation by solving as a displacement control
problem. Boundary conditions used are shown in Fig. 1, case 1. Bending rigidity is 320
pN/nm, Radius is 20 nm. (A) Membrane shapes during constriction of spherical
membrane in 3D. Colorbar is the normalized mean curvature. (B) Collar pressure vs
constriction in 3D and axisymmetry. (C) Stiffness vs constriction in 3D and in
axisymmetry. (D) Bending energy vs constriction in 3D and axisymmetry. See Movie
M13 in the supplementary information for the evolution of the constriction process.
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Figure B.4: Comparison of collar pressure, stiffness and bending energy during
constriction of a membrane cylinder using the axisymmetric and 3D framework.
Axisymmetry is enforced in the 3D simulation by solving as a displacement control
problem. Boundary conditions used are those shown in Fig. 1, case 2. Bending rigidity is
320 pN · nm, length scale R0 is 20 nm. (A) Membrane shapes during constriction of
cylindrical membrane in 3D. Colorbar is the normalized mean curvature. (B) Collar
pressure vs constriction in 3D and axisymmetry. (C) Stiffness vs constriction in 3D and
in axisymmetry. (D) Bending energy vs constriction in 3D and axisymmetry. See Movie
M14 in the supplementary information for the evolution of the constriction process.
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M15 in the supplementary information for the evolution of the constriction process.
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Figure B.6: The snap-through instability for constriction at the base is regulated by a
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Appendix C

DLITE data-structures and

validation

C.1 Data structures

We implemented our code using the standard scientific Python stack. An ob-

ject/class groups similar constructs together. Here, we defined 4 main objects - nodes,

edges, cells and colonies. Nodes are objects with a unique location (x, y) and node label.

Edges are objects that are connected to two unique nodes with a defined edge curvature,

direction and edge label. Cells are objects with a unique cell label that contain a partic-

ular list of nodes and edges, where a combination of the contained edges forms a cycle.

Colonies are objects comprising a list of cells and stray edges (edges that are not part of

any cell). Each class has several other defined properties that were useful for time-series

tracking and cell-cell force inference.
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C.2 Curve-fitting

We fit a circular arc to a given list of (x, y) edge co-ordinates using a least squares

fitting routine from the Python module Scipy [447].

C.3 Cell finding algorithm

Given a list of nodes and edges, we loop through every edge to find the two (or

fewer) cells of which each edge might be a part. We start from an initial edge and find the

closest edge that forms the smallest (or largest) angle with the current edge. We repeated

this process by setting the new edge as current edge, until the second node of the current

edge is identical to the first node of the initial edge , thus indicating a complete cycle. We

validated this algorithm in planar graphs generated using the NetworkX module [594]. In

pseudocode, this can be formulated as shown in Algorithm 1.

Algorithm 1 Cell finding algorithm

1: procedure
2: for edge in edges do
3: Conn edges← Network connectivity of edge
4: next edge← max, min angle of Conn edges
5: if cellfound then return False

6: while cell not found do
7: Current edge← Next edge
8: Conn edges← Network connectivity of Current edge
9: next edge← max, min angle of Conn edges

10: if cellfound then return Cell

C.4 Surface Evolver simulations

Synthetic geometries were generated using the Surface Evolver [16], which provides

a precise way to make model geometries using soap film physics. An initial surface was first
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defined in a datafile comprising a list of vertices, edges, facets and bodies, along with any

volume or area constraints. Since we defined a 2D string model with a space dimension of

2, we enforced area constraints on the facets instead of volume constraints on the bodies.

To generate the datafile, we made random Voronoi tessellations. This was followed by

Lloyd relaxation to make a more uniform tessellation. Edges were then assigned random

tensions. All cells were assigned the same fixed area in a single simulation (typically

5000). Evolver then uses gradient descent to morph the surface to a minimum energy (W )

configuration. This energy (W ) was defined as Eq. 6 with the pressure energy enforced

as an area constraint. Multiple mesh refinement steps (adjustments of every vertex in the

system) were used to ensure a minimum of 10 mesh points along every edge (for better

curve-fitting). The evolved geometries were screened for edges that form cell-cell interfaces

(as opposed to edges along the boundary that do not form an interface). These edges, along

with their corresponding nodes and cells, were stored using our data structures.

In order to generate a time-series, we took a given geometry and perturbed the

tension of random edges. Surface Evolver was used to solve for the minima. This was

the next frame t + 1. We repeated this tension perturbation procedure uniformly, such

that the geometry was smoothly changing its curvature along every edge in correlation

with a changing tension (Eq. 6). By stitching together multiple Evolver geometries that

progressively showed increasing or decreasing curvature/tension of certain edges, we were

able to generate movies of colony rearrangement that was smooth across time, for whom

the ground truth tensions were the input to Surface Evolver.

C.5 CellFIT solution

CellFIT [15] evaluates the tension balance as a matrix system defined as in Eq. 2.

Since the system of equations is over-determined, this is formulated as a constrained least
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squares (Karush Kuhn Tucker or KKT) matrix, which can be written as

GT
TGT CT

1

C1 0




t1
...

tN

λ1


=



0

...

0

N


, (S1)

where C1 = [1, . . ., 1], λ1 is a Lagrange multiplier, and N is the number of edge tensions.

This normalizes the average edge tension to 1. Similarly, the pressure balance is evaluated

as a matrix system

Gpp = q, (S2)

where p is a matrix of cell pressures and q is a matrix of edge tensions divided by edge

curvatures (t/r), as per Laplace’s law. This is also formulated as a constrained least

squares matrix as

GT
pGp CT

2

C2 0




p1

...

pM

λ2


=



q1

...

qM

0


, (S3)

where C2 = [1, . . ., 1], λ2 is a Lagrange multiplier and M is the number of cell pressures.

This normalizes the average edge pressure to 0.
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C.6 Force-inference algorithm

In pseudocode, the force-inference algorithm can be formulated as shown in Algo-

rithm 2.

Algorithm 2 Dynamic cell-cell force inference algorithm

1: procedure
2: for frame in movie do
3: edges, nodes← trace of image
4: cells← edges, nodes
5: colony ← cells
6: if labels is empty then return new labels← nodes, edges, cells
7: else tracked labels← nodes, edges, cells

8: if Make objective then
9: Add tension residuals or pressure residuals to objective function,

10: Update initial guess through labels,

11: for node in nodes do
12: if conn edges < 3 then return False
13: else goto Make Objective

14: if first image then return Basinhopping solution
15: else L-BFGSB optimization solution

16: for edge in edges do
17: if conn cells < 2 then return False
18: else goto Make objective

19: if first image then return Basinhopping solution
20: else L-BFGSB optimization solution

C.7 Cell plating for imaging

Human induced pluripotent stem cells (hiPSCs) were plated on glass-bottom multi-

well plates (1.5H glass; Cellvis) coated with phenol redfree GFR Matrigel (Corning) diluted

1:30 in phenol redfree DMEM/F12 (Life Technologies). Cells were seeded at a density of

2.5 × 103 in 96-well plates and (12.518) imaged 34 days later. A detailed protocol can be

found at the Allen Cell Explorer (Allen Institute for Cell Science, 2017).
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C.8 Live-cell imaging

Cells were imaged on a Zeiss spinning-disk microscope with a Zeiss 100×/1.25

W C-Apochromat Korr UV Vis IR objective, a CSU-X1 Yokogawa spinning-disk head,

and Hamamatsu Orca Flash 4.0 camera. Microscopes were outfitted with a humidified

environmental chamber to maintain cells at 37◦C with 5 % CO2 during imaging. Time-

lapse movies were acquired every 3 minutes for 1.5 hours.
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Table C.1: Sensitivity to initial guesses for the time-series in Fig. 5.2 (Pearsson’s
correlation r)

Run CellFIT DLITE
1. Tracking 0.75 0.94
2. Random guess 1 0.75 0.897
3. Random guess 2 0.75 0.88
4. Random guess 3 0.75 0.892
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Figure C.1: Validation of rewritten CellFIT code. (A) Ground truth geometry used
in [15]. (B) Tensions and pressures predicted using CellFIT. (C) Tensions and pressures
predicted using DLITE. (D) Tension vs Edge label for CellFIT and DLITE. (E) Error
between DLITE tension and CellFIT tension.
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Figure C.2: Curve fit residuals and ground truth error for the synthetic colony
time-series shown in Fig. 2. (A) Heatmap of curve fit residuals. (B) Heatmap of dynamic
ground truth tension errors using CellFIT and DLITE.
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Figure C.4: Four example time-series (A-D) of colony rearrangement simulated using
four different combinations of decreasing the tension of a few edges and increasing
tension of all other edges in the same colony geometry as that in Fig. 2. Average edge
tension is normalized to 1 at every time point. Shown - 3 example time points (Time 0, 4
and 8) and heatmaps of dynamic edge tensions for ground truth, CellFIT and DLITE.
(A) DLITE - r = 0.97, CellFIT - r = 0.96, (B) DLITE - r = 0.93, CellFIT - r = 0.54, (C)
DLITE - r = 0.96, CellFIT - r = 0.86, (D) DLITE - r = 0.94, CellFIT - r = 0.93
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Figure C.5: Four example time-series (A-D) of colony rearrangement simulated by
decreasing the tension of a few edges and increasing tension of all other edges in four
randomly generated colony geometries of different sizes. Average edge tension is
normalized to 1 at every time point. Shown - 3 example time points (Time 0, 4 and 8 or
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0.6, (C) DLITE - r = 0.95, CellFIT - r = 0.9, (D) DLITE - r = 0.96, CellFIT - r = 0.84.
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Figure C.6: Two example time-series (A, B) of colony rearrangements with single
connectivity errors at a node. Average edge tension is normalized to 1 at every time
point. Shown - 3 example time points (Time 0, 8 and 16) and heatmaps of dynamic edge
tensions for ground truth, CellFIT and DLITE. (A) DLITE - r = 0.88, CellFIT - r =
0.22, (B) DLITE - r = 0.83, CellFIT - r = 0.25.
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Figure C.7: Synthetic colony time-series with a single connectivity error at time point
1. (A) Time-series of colony edge tensions predicted using CellFIT. (B) Histogram of
curve fit residuals at all time points. (C) Heatmap of dynamic edge tensions for ground
truth, CellFIT and DLITE. (D) Heatmap of ∆tension (derivative of tension) for ground
truth, CellFIT and DLITE.
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Figure C.9: Two example time-series (A, B) of colony rearrangements with single
topological changes (shrinkage of cell-cell junctions) at a node. Average edge tension is
normalized to 1 at every time point. Shown - 3 example time points (Time 0, 8 and 16)
and heatmaps of dynamic edge tensions for ground truth, CellFIT and DLITE. (A)
DLITE - r = 0.97, CellFIT - r = 0.91, (B) DLITE - r = 0.975, CellFIT - r = 0.974.
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Figure C.11: Heatmaps of dynamic edge tension (A, C, E) and dynamic change
(derivative of tension) in edge tension (B, D, F) for the ZO-1 time-series shown in Fig.
7A, 7B and 7C respectively.

238



Time
0 10 20

0

0.2

0.4
0.6

0.8

1.0

Te
ns

io
n 

re
si

du
al

0

0.2

0.4
0.6

0.8

1.0

Te
ns

io
n 

re
si

du
al

Time
0 10 20 30

Time
0 2 4 6 8

0

0.2

0.4
0.6

0.8

1.0

Te
ns

io
n 

re
si

du
al

CellFIT
DLITEA)

B)

C)

Figure C.12: Lineplots (A, B, C) of tension residuals showing an estimate of the central
tendency and a confidence interval for that estimate for the ZO-1 time-series shown in
Fig. 7A, 7B and 7C respectively.

239



Bibliography
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[255] A. Ullrich, M. A. Böhme, J. Schöneberg, H. Depner, S. J. Sigrist, and F. Noé,
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semble into a membrane scaffold,” J Cell Biol, vol. 195, no. 5, pp. 889–902, 2011.

[279] T. Kirchhausen, “Bending membranes,” Nature cell biology, vol. 14, no. 9, p. 906,
2012.

263



[280] M. G. Ford, I. G. Mills, B. J. Peter, Y. Vallis, G. J. Praefcke, P. R. Evans, and H. T.
McMahon, “Curvature of clathrin-coated pits driven by epsin,” Nature, vol. 419,
no. 6905, p. 361, 2002.

[281] M. C. Lee, L. Orci, S. Hamamoto, E. Futai, M. Ravazzola, and R. Schekman, “Sar1p
n-terminal helix initiates membrane curvature and completes the fission of a copii
vesicle,” Cell, vol. 122, no. 4, pp. 605–617, 2005.

[282] P. A. Giardini, D. A. Fletcher, and J. A. Theriot, “Compression forces generated by
actin comet tails on lipid vesicles,” Proceedings of the National Academy of Sciences,
vol. 100, no. 11, pp. 6493–6498, 2003.

[283] R. Lipowsky, “Bending of membranes by anchored polymers,” EPL (Europhysics
Letters), vol. 30, no. 4, p. 197, 1995.

[284] J. C. Stachowiak, E. M. Schmid, C. J. Ryan, H. S. Ann, D. Y. Sasaki, M. B. Sherman,
P. L. Geissler, D. A. Fletcher, and C. C. Hayden, “Membrane bending by protein–
protein crowding,” Nature cell biology, vol. 14, no. 9, pp. 944–949, 2012.
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induced accumulation of anisotropic membrane components and raft formation in
cylindrical membrane protrusions,” Journal of Theoretical Biology, vol. 240, no. 3,
pp. 368–373, 2006.

[309] M. Lokar, D. Kabaso, N. Resnik, K. Sepčić, V. Kralj-Iglič, P. Veranič, R. Zorec, and
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[368] J. Guizetti, L. Schermelleh, J. Mäntler, S. Maar, I. Poser, H. Leonhardt, T. Müller-
Reichert, and D. W. Gerlich, “Cortical constriction during abscission involves helices
of escrt-iii–dependent filaments,” Science, vol. 331, no. 6024, pp. 1616–1620, 2011.

[369] S. Morlot, V. Galli, M. Klein, N. Chiaruttini, J. Manzi, F. Humbert, L. Dinis,
M. Lenz, G. Cappello, and A. Roux, “Membrane shape at the edge of the dynamin
helix sets location and duration of the fission reaction,” Cell, vol. 151, no. 3, pp. 619–
629, 2012.

[370] A. Roux, K. Uyhazi, A. Frost, and P. De Camilli, “Gtp-dependent twisting of dy-
namin implicates constriction and tension in membrane fission,” Nature, vol. 441,
no. 7092, p. 528, 2006.

[371] D. Danino, K.-H. Moon, and J. E. Hinshaw, “Rapid constriction of lipid bilayers
by the mechanochemical enzyme dynamin,” Journal of structural biology, vol. 147,
no. 3, pp. 259–267, 2004.

[372] M. Lenz, S. Morlot, and A. Roux, “Mechanical requirements for membrane fission:
common facts from various examples,” FEBS letters, vol. 583, no. 23, pp. 3839–3846,
2009.

[373] D. S. Lidke and K. A. Lidke, “Advances in high-resolution imaging–techniques
for three-dimensional imaging of cellular structures,” J Cell Sci, vol. 125, no. 11,
pp. 2571–2580, 2012.

[374] A. Guckenberger and S. Gekle, “Theory and algorithms to compute helfrich bending
forces: a review,” J. Phys. Condens. Matter, vol. 29, p. 203001, May 2017.

[375] M. M. Kozlov, “Dynamin: possible mechanism of pinchase action,” Biophysical jour-
nal, vol. 77, no. 1, pp. 604–616, 1999.

[376] M. M. Kozlov, “Fission of biological membranes: interplay between dynamin and
lipids,” Traffic, vol. 2, no. 1, pp. 51–65, 2001.

271



[377] M. M. Kozlov, H. T. McMahon, and L. V. Chernomordik, “Protein-driven membrane
stresses in fusion and fission,” Trends in biochemical sciences, vol. 35, no. 12, pp. 699–
706, 2010.

[378] Y. Kozlovsky and M. M. Kozlov, “Membrane fission: model for intermediate struc-
tures,” Biophysical journal, vol. 85, no. 1, pp. 85–96, 2003.

[379] E. Irajizad, R. Ramachandran, and A. Agrawal, “Geometric instability catalyzes
mitochondrial fission,” Molecular biology of the cell, vol. 30, no. 1, pp. 160–168,
2019.

[380] P. Martina, Z. A. McDargh, and M. Deserno, “The role of scaffold reshaping and
disassembly in dynamin driven membrane fission,” eLife, vol. 7, 2018.

[381] J. E. Hinshaw and S. L. Schmid, “Dynamin self-assembles into rings suggesting a
mechanism for coated vesicle budding,” Nature, vol. 374, no. 6518, p. 190, 1995.

[382] J. A. Cottrell, T. J. R. Hughes, and Y. Bazilevs, Isogeometric Analysis. John Wiley
& Sons, Ltd, 2009.

[383] R. Sauer, T. Duong, K. Mandadapu, and D. Steigmann, “A stabilized finite ele-
ment formulation for liquid shells and its application to lipid bilayers,” Journal of
Computational Physics, vol. 330, pp. 436–466, 2017.

[384] E. Evans and R. Skalak, “Mechanics and thermodynamics of biomembranes: part
1.,” CRC critical reviews in bioengineering, vol. 3, no. 3, pp. 181–330, 1979.

[385] M. Arroyo and A. DeSimone, “Relaxation dynamics of fluid membranes,” Physical
Review E, vol. 79, no. 3, p. 031915, 2009.

[386] F. Quemeneur, J. K. Sigurdsson, M. Renner, P. J. Atzberger, P. Bassereau, and
D. Lacoste, “Shape matters in protein mobility within membranes,” Proceedings of
the National Academy of Sciences, vol. 111, no. 14, pp. 5083–5087, 2014.

[387] A. Agrawal and D. J. Steigmann, “Modeling protein-mediated morphology in
biomembranes,” Biomechanics and modeling in mechanobiology, vol. 8, no. 5,
pp. 371–379, 2009.

[388] J. Mulholland, D. Preuss, A. Moon, A. Wong, D. Drubin, and D. Botstein, “Ul-
trastructure of the yeast actin cytoskeleton and its association with the plasma
membrane.,” The Journal of cell biology, vol. 125, no. 2, pp. 381–391, 1994.

[389] J. Dai, M. P. Sheetz, X. Wan, and C. E. Morris, “Membrane tension in swelling and
shrinking molluscan neurons,” Journal of Neuroscience, vol. 18, no. 17, pp. 6681–
6692, 1998.

272



[390] R. Dimova, “Recent developments in the field of bending rigidity measurements on
membranes,” Advances in colloid and interface science, vol. 208, pp. 225–234, 2014.

[391] L. F. Shampine, J. Kierzenka, and M. W. Reichelt, “Solving boundary value problems
for ordinary differential equations in matlab with bvp4c,” Tutorial notes, vol. 2000,
pp. 1–27, 2000.

[392] P. Venkataraman, Applied optimization with MATLAB programming. John Wiley &
Sons, 2009.
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