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Solids consist of 1022±1023 particles per cubic centimetre, interacting through in®nite-range Coulomb interactions. The linear
response of a solid to a weak external perturbation is well described by the concept of non-interacting `quasiparticles' ®rst
introduced by Landau. But interactions between quasiparticles can be substantial in dense systems. For example, studies over the
past decade have shown that Coulomb correlations between quasiparticles dominate the nonlinear optical response of
semiconductors, in marked contrast to the behaviour of atomic systems. These Coulomb correlations and other many-body
interactions are important not only for semiconductors, but also for all condensed-matter systems.

O
ne of the most fascinating properties of quantum
mechanical systems is that they can be in entangled
states, that is, a coherent superposition of eigenstates
unknown in classical systems. Entangled states have
been observed in atomic physics, but they remain

elusive in condensed matter. The primary dif®culty is that they
survive only as long as the coherence is maintained, and numerous
processes conspire to produce decoherence, dephasing and relaxa-
tion on an extremely short timescale (,10-12 s) in condensed
matter, which is typically composed of 1022±1023 particles cm-3

that interact through the in®nite-range Coulomb force. The com-
plexity of the problem makes any theoretical approach extremely
dif®cult. About ®ve decades ago, Landau proposed that real parti-
cles, strongly interacting among themselves but evolving in the real
vacuum, be mapped onto `quasiparticles'. The quasiparticles are
`dressed' by a part of the interaction, and are relatively long-lived
excitations of the many-body system evolving in a `new vacuum'
that consists of the `rest' of the many-body system and the part of
the Coulomb interaction not accounted for in the quasiparticles.
The quasiparticles are complex objects (Cooper pairs in a super-
conductor, excitons in a semiconductor, and so forth), and the new
vacuum itself can be structured (it can have an antiferromagnetic
order in the copper oxides) and dynamical (it can sustain phonons
and magnons). For many solids, the concept of quasiparticles has
been very useful for describing the ground state and small depar-
tures from it, that is, the most basic excitation and the linear
response to weak external perturbations. However, the part of the
Coulomb forces not accounted for in the formation of quasiparti-
cles leads to interactions between these quasiparticles, inducing
nonlinearities and destroying their phase coherence. Scientists
interested in the linear response of a many-body system like to
call these interactions `residual'. They are, however, not small, as
shown below. They are residual only in the sense that we do not
know (yet) how to treat them correctly. Understanding the in¯u-
ence of these many-body interactions and Coulomb correlations is
one of the central challenges of condensed-matter physics.

Semiconductors form an ideal laboratory for quantitatively
investigating the role of Coulomb correlations for several important
reasons. Their linear properties are well understood because of a
wealth of theoretical background and well established approxima-
tions that have been developed over several decades, and because of
the nearly perfect samples of bulk materials and nanostructures that
are now available. Furthermore, the small effective mass and large
dielectric constant of semiconductors allow one to explore in
`tabletop' experiments many physical regimes that would require

extreme, and often unattainable, conditions in other systems. For
example, the exciton Rydberg in the model semiconductor gallium
arsenide (GaAs) is only 4.2 meV, about 3,000 times smaller than the
hydrogen Rydberg (13.6 eV). Consequently, in GaAs the exciton
ionization ®eld, about 1 V mm-1, can be easily achieved. Similarly,
the magnetic ®eld for which the cyclotron radius is equal to the Bohr
radius (about 3.5 T in GaAs) is easily delivered by commercial
magnets, whereas for hydrogen it is about 104 T, and is only found at
the surface of neutron stars. Finally, semiconductors are a prototype
for many condensed-matter systems so that the information about
Coulomb correlations that we can obtain by studying them is
valuable in understanding correlations in more complex systems.

Quasiparticles, such as excitons, dominate the linear optical
properties of semiconductors near the electronic bandgap. There-
fore, interactions between these quasiparticles profoundly in¯uence
the nonlinear optical response of semiconductors. In order to
understand all the ubiquitous processes associated with Coulomb
correlations, it is clear that one must drive the many-body systems
away from their ground state and investigate the nonlinear regime.
Indeed, a number of investigations during the past decade have
unambiguously demonstrated that Coulomb interactions dominate
the nonlinear optical response of semiconductors, in contrast to
atoms, whose nonlinear response is governed solely by the Pauli
exclusion principle. Signi®cant new understanding of the physics of
many-body and Coulomb correlation effects have been obtained
through time-resolved nonlinear optical spectroscopy. A review of
these results, and their implications, is appropriate at this time. Our
goal is to emphasize the physical insights recently obtained and to
discuss how they can further our understanding of Coulomb
correlations in condensed matter in general.

We begin by reviewing two seminal experiments1±3 that clearly
demonstrate the richness in the nonlinear response of semiconduc-
tors, and its fundamental and profound differences from atoms. In
particular, the response of semiconductors cannot be understood in
terms of the non-interacting two-level model4 that has worked so
well for dilute atomic systems. We will show that Coulomb inter-
action is responsible for this difference, and discuss a mean-®eld
formalism, the semiconductor Bloch equations5, developed to
understand these experiments. In the stationary limit, this mean-
®eld theory shares many features with the Bardeen±Cooper±
Schrieffer (BCS) theory of superconductivity; this shows that
laser-excited semiconductors are indeed governed by the same
type of interactions as other quantum-coherent many-body systems
in condensed matter.

Although the mean-®eld theory has enjoyed considerable success
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at moderate and high densities, recent studies in regimes of low
excitation and very short timescale show that the behaviour of
semiconductors is even more complex6,7. In these regimes one can
probe timescales shorter than the time between quasiparticle
collisions so that there are not enough scattering events over the
time span of an experiment to establish the mean-®eld conditions.
These investigations, therefore, access regimes where the ¯uctua-
tions in the scattering between elementary excitations induce large
¯uctuations of the mean-®eld order parameters. Then four-particle
and higher-order correlations become important and even domi-
nant. Many-particle correlation functions appear in almost all
theoretical approaches for describing condensed matter; however,
it is usually extremely dif®cult to access these quantities experi-
mentally. These recent studies6,7 allow for the ®rst time the direct

investigation of high-order correlations. We will discuss the new
insights into many-body physics provided by such experiments.

Finally, Fermi's golden rule and Boltzmann kinetics are two
cornerstones of solid-state theory and are the basis for calculating
transition and scattering probabilities between two states. They
assume that collisions are instantaneous and only the mean free
time between the collisions matters. These two cornerstones of
solid-state theory are no longer valid on timescales much shorter
than the characteristic periods of the entities involved in a `collision'.
The wave-like nature of excitations in solids tells us that all
interactions between waves are nothing but interference phenom-
ena, which therefore have a ®nite duration on the scale of at least
one period of the interacting waves. Collisions cannot be consid-
ered as `complete' for times shorter than these periods, and the
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Box 1
Principle of time-resolved nonlinear optical spectroscopy experiments

The dynamical response of a semiconductor following excitation by an
ultrafast laser pulse can be conveniently divided into coherent and
incoherent regimes. Timescales for various regimes depend on the
nature of quasiparticles and have been discussed earlier14. Coulomb
correlation effects, the focus of this review, manifest themselves most
directly in the coherent response of semiconductors. Four- and
six-wave-mixing experiments probe the coherent response
(polarization) of the medium, pump/probe experiments investigate
both the polarization and the population dynamics, and time-resolved
luminescence experiments probe primarily the population or
incoherent dynamics.

The generic experimental con®guration for time-resolved nonlinear
optics experiments is shown in the ®gure. One, generally weak, laser
pulse �E1�t�� propagating along direction kÅ 1 excites a sample at t � 0.
Alone, this pulse would probe the linear properties of the sample, and
hence it is often called the probe pulse. A second laser pulse (the pump
pulse), E2�t�, propagating along kÅ 2, is delayed and excites the sample
at t � td. Because of the nonlinearities in semiconductors the
response of the sample to the total ®eld, ET�t� � E1�t� � E2�t� is not the
sum of the responses to each ®eld. In general, two types of
measurements can be performed. They are called pump/probe and
coherent wave mixing experiments12,14,15.

In the®rst category thesmall changes in sample transmission, seen by
the probe pulse and induced by the pump pulse, are measured. In the
small signal regime, the differential transmission spectrum reproduces
the changes in the absorption spectrum of the sample induced by the
second ®eld. It can be measured for a series of time delays td.

In the second category of experiments, the two ®elds coherently
interfere in the sample and generate polarization waves emitting
photons in background-free and momentum-conserving directions
(the phase is conserved in a coherent process). For example, at the
third order in the laser ®elds, photons are emitted in the direction
kÅ FWM � 2kÅ 2 2 k1, whereas at the ®fth order they are emitted in the

direction kÅ SWM � 3kÅ 2 2 2k1 and so on. Because of the (minimum)
number of photons involved in these processes, the experiments are
called four-wave-mixing (FWM), six-wave-mixing (SWM) and so on. To
understand the physical underpinning of the nonlinearity involved in
this process, we can spectrally and/or temporally resolve the coherent
wave mixing signals at ®xed td. Thus these techniques are called
spectrally resolved FWM (or SWM) or time-resolved FWM (or SWM)
and so forth. In the case of atomic-like systems the pro®le of the time-
resolved signal is a step function followed by an exponentially decaying
tail characterizing the dephasing of the associated polarization. For this
reason, the easiest and most commonly used measurement
technique is simply to integrate the coherent wave mixing signal with a
slow detector as td is varied. This determines the so-called time-
integrated signal. For atomic systems, it reproduces, as a function of
the time delay td, the same behaviour as does the time-resolved signal
as a function of the real time t.

In addition to measuring the intensity of the coherent response, it
may be desirable to obtain information about the phase of the emitted
signal. Spectral interferometry provides a means for accomplishing
this37. In this technique, the unknown emission is collinearly combined
with a suitably delayed, well characterized, laser pulse whose
spectrum overlaps that of the unknown emission, and the spectra of
the unknown, the laser and the combined beams are measured. A
spectral interferogram, obtained by subtracting the two individual
spectra from the combined spectrum, exhibits spectral fringes
corresponding to the time delay. Fourier transform analyses of the
interferogram allow us to determine the amplitude and the phase of the
unknown signal in the temporal and spectral domains. The results can
be plotted in a Wigner-function representation.

In contrast to transport experiments that probe equilibrium
properties averaged over many parameters, ultrafast nonlinear optical
experiments allow us to probe a highly nonequilibrium regime, and
provide information not possible through other means.

Time
delay

Pump / probe
k1

k2

k1

Six-wave mixing
kSWM = 3k2 – 2k1

Four-wave mixing
kFWM = 2k2 – k1

Box 1 Figure Schematic of a generic time-resolved nonlinear optical experiment.
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formalism of quantum kinetics instead of Boltzmann kinetics must
be used. We will present examples of quantum kinetic effects in
semiconductors, and show that collision in progress can in fact be
reversed under appropriate conditions8. We note that intracolli-
sional ®eld effects have been considered quite extensively in
theoretical quantum transport studies (see, for example, ref. 9).
Therefore, the insights obtained from the optical studies reviewed
here are also relevant to transport phenomena10.

A large number of researchers have contributed to the advances in
this ®eld. However, this review cannot be comprehensive, and thus
we limit ourselves to a broad overview of the most signi®cant
developments. The reader is also referred to a number of excellent
recent review articles and books5,11±18.

Nonlinear optical response of semiconductors
The interaction between quasiparticles in semiconductors is best
investigated by studying their coherent response. Box 1 summarizes
the experimental techniques generally used for such studies and
discusses the behaviour of dilute atomic systems in such
experiments14. Here we discuss two seminal experiments demon-
strating that the nonlinear response of semiconductors is very
different from that of a non-interacting two-level system.

In the ®rst experiment the time-integrated four-wave mixing
(FWM) response of a high quality GaAs quantum-well sample was
measured as a function of the lattice temperature1 with a time
resolution of about 300 fs. Figure 1 shows the measured time-
integrated signal in the 2Åk2 2 Åk1 direction as a function of time
delay td between the pulses. td is considered positive (negative)
when pulse 1 (2) precedes pulse 2 (1). Figure 1 shows that a strong
signal was observed for negative time delays (td , 0) much larger
than the time resolution of the experiment. This result is in striking

qualitative contrast to the expectation of no FWM signal for td , 0
(ref. 4) for non-interacting independent two-level systems, for
example atoms (see Box 1). The time constant for the rise of
the signal is half that for the decay (inset, Fig. 1). These observa-
tions provided the ®rst evidence that the nonlinear response of
semiconductors is very different from that of atoms.

Time-resolved four-wave mixing experiments showed further
surprising results2,3. For atomic systems, the time-resolved signal
in the 2Åk2 2 Åk1 direction is expected to peak when pulse 2 reaches the
sample, and then decay exponentially with time t. Figure 2 shows the
time-resolved FWM signal in the 2Åk2 2 Åk1 direction from a high-
quality GaAs quantum-well sample, with t � 0 corresponding to
the arrival of pulse 2 at the sample. In contrast to the expectations
for two-level atoms, the signal peaks at time t � t0, where t0 is
extremely long (as much as 10 times the laser pulse width)2. The
delay decreases strongly as the dephasing rate decreases with
increasing temperature (Fig. 2), but was shown to be independent
of td, in contrast to the behaviour expected for the photon echo
signal from inhomogeneous systems14. The time-integrated signal at
negative time delays, and the delayed peak in the time-resolved
signals were explained in terms of local ®elds resulting from
Coulomb interactions19. A more detailed discussion of the physical
origins of these effects is given in the next section.

These two experiments led to a ¯urry of activity, both theoretical
and experimental, aimed at understanding the nonlinear response
of semiconductors. A review of the early work can be found in refs
20 and 21.

The semiconductor Bloch equations
The material parameters that enter the Maxwell equations and
describe nonlinear response are the polarization and the carrier
density (population). In the density matrix formalism4, they repre-
sent the off-diagonal and diagonal components of the density
matrix, respectively. In general, they are given by the expectation
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value of products of two creation and destruction operators.
Semiconductors are different from an ensemble of two-level systems
because Coulomb interactions between electrons and/or holes
introduces products of four creation and destruction operators in
the equations of motion of these products (see Box 2). This results
in an in®nite hierarchy of coupled differential equations for pro-
ducts of 2, 4, 6 ¼ operators that cannot be solved in general. This
`complexity disaster' appears in all many-body formalisms: the

Feynman diagrams, Green's functions and generalized density
matrix approach. A consistent truncation scheme is necessary to
provide a description at an appropriate level of accuracy. Because of
the complexity of the problem, however (see Box 2), the input of
experiment is crucial in guiding the theorists to identify the
dominant processes. An approach able to account for the lowest-
order correlation, ®rst introduced to describe the excitonic optical
Stark effects22, has been developed23. It is a mean-®eld theory based
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Box 2
Many-body effects in light±semiconductor interaction

Here we give a very basic description of the main issues of condensed-
matter many-body theory. The reader interested in going beyond this
(incomplete and intuitive) description can refer to refs 5, 12, 13, 15, 18
and 28±31.

The hamiltonian of a semiconductor is governed by electromagnetic
interaction only. The Coulomb interaction among electrons and nuclei
can be condensed in the `effective mass approximation' in which the
electronic levels are described by a few energy bands. The real
electrons are mapped onto quasiparticles (unfortunately also called
`electrons') with an effective mass (m ! m* p m) close to the band
extrema, a dispersion eÃ�k� far from these special points, and a Coulomb
interaction screened by the high-frequency dielectric constant (about
10±15 in most semiconductors).

Very often, because of doping with impurities or optical excitation, a
relatively small number (compared to 1023 cm-3) of electrons are
present in the conduction bands and a few electrons are `missing' in
the valence bands. It has become customary to introduce yet another
quasiparticle, the holes, to describe these missing electrons.

With all these caveats, the electronic part of the semiconductor
hamiltonian is written in a simpli®ed form

HSC � He � Hh � He±e � Hh±h � He±h �1�

with

He �

â;k

ea�k� Ãe�

a;k
Ãea;k �2�

and

Hh �

b̂;k

eb�k� Ãh�

a;k
Ãha;k �3�

Here Ãe�

a;k, hÃ +
a,k; Ãea;k and Ãha;k are the creation and destruction operators

for electrons (e) or holes (h) with wave-vector k in the band a, whose
energy ea�k� is described by the proper effective mass expressions.
Close to the band extrema these can be approximated by parabolas,
ea�k� � ~2k2=2m*a, characterized by the effective masses m*a.

The last three terms of the hamiltonian describe, respectively, the
Coulomb scattering between electrons, between holes and between
electrons and holes. They have the generic form

He±e � ^
aa9bb9;kk9

vq
Ãe�

a;k�q
Ãe�

b;k 2 q
Ãe�

a9;k
Ãe�

b9;k �4�

They contain products of four creation and destruction operators and

correspond to the fundamental Feynman diagram shown in panel a of
the ®gure.

In the semi-classical approximation (the electromagnetic ®eld (EMF)
is not quantized, because the intense laser pulses contain a very large
number of photons) the interaction with the light ®eld is given by the
sum of Rabi frequencies

HSC±EMF � 2
âb;k

mab;kE�t� Ãe�

a;k
Ãh�

b;2 k � hc �5�

HSC±EMF describes the creation and destruction of electron±hole pairs
by absorption and emission of photons. The coupling with the
electromagnetic ®eld, E�t�, is measured by the dipole matrix elements
mab,k for interband, a Þ b, or intraband, a � b, transitions and is
illustrated in panel b of the ®gure.

We note the analogy between panel b and `half' of panel a. Indeed,
they both describe the scattering of particles from one state to another.
The main difference, however, is that the photons correspond to the
applied transverse ®eld E�t�, whereas the Coulomb potential describes
the mutual longitudinal ®eld exercised by the particles on one another.

Fermion operators always appear in pairs. So when we try to
describe the time evolution of the product of an even number (2n) of
such operators under a hamiltonian containing HSC we obtain
equations involving at least (2n � 2) operators, and that triggers the
generation of an in®nite number of coupled equations. This process
can take different embodiments depending on the formalism used
(Feynman diagram, Green's function, density matrix), but the root
cause is always the same. We note that the correlation functions that
appear in the theory describe properties of the electronic system as
well as the scattering processes that can happen in the interacting
many-body system. For example, the electron and hole populations

ne;a�k� � h Ãe�

a;k
Ãea;ki and nh;k � h Ãh�

a;k
Ãha;ki �6�

and the transition amplitudes

pab�k� � h Ãe�

a;k
Ãh�

b;2 ki �7�

are 2-particle correlation functions: respectively, the diagonal and off-
diagonal elements of the density matrix. Higher-order correlation
functions often have an intuitive interpretation; in the context of this
review, for example, the 4-particle correlation function,
h Ãe�

a;k
Ãh�

b;2 k
Ãe�

a9;k9
Ãh�

b9;2 k9i, describes the creation of two electron±hole pairs
in a two-photon transition.

k

k – q

k'

k' + q k

k'

V (q)
µE (t)

a b

Box 2 Figure Feynman diagrams for (a) Coulomb interaction between carriers, and (b) coupling with electromagnetic ®eld.
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on the random phase approximation (RPA)24, which is founded on
the physical argument that under suitable circumstances a sum of
exponential terms with randomly varying phases may be neglected.
(RPA goes by many names, including time-dependent Hartree±
Fock approximation.) RPA results in the factorization of the
expectation value of the four-particle operators into the products
of 2-particle operators. Within this theory, the time evolution of the
polarization and density form a closed system, the semiconductor
Bloch equations (SBE)5. We use this formalism here because the SBE
are the semiconductor analogue of the optical Bloch equations
(OBE) that are extensively used in atomic and molecular physics.
The OBE are themselves the optical analogue of the equations ®rst
developed by Bloch25 for the spin systems.

The details of the two seminal experiments discussed in the
previous section can be described accurately by numerical solution
of the SBE. However, the underlying physics can be qualitatively
understood by examining the form of these equations. The SBE
are directly analogous to the OBE except that the effective Rabi
frequency (describing the light±matter coupling) and the energy of
the quasiparticles (for example, excitons) are renormalized (that is,
modi®ed) by polarization and population respectively. Very intui-
tively these `renormalizations' can be explained by saying that the
charges in the medium feel not only the applied laser ®eld, but also
the ®eld of all the other dipoles induced in the semiconductor.
Similarly, their energy is modi®ed by the Coulomb interaction with
the other induced charges. These renormalizations profoundly
in¯uence the nonlinear response of semiconductors15,26,27. For
non-interacting two-level systems, the FWM signal appears as an

interaction between the ®eld of the second pulse with the
polarization created by the ®rst pulse and thus does not exist
when they do not overlap (td , 0). In a semiconductor, the
renormalization of the Rabi frequency allows interaction between
the polarizations created by the two pulses. Because polarizations
persist for times of the order of the dephasing time after the exciting
electric ®eld, they overlap regardless of the pulse sequence and
produce the td , 0 signal. Furthermore, these renormalizations
allow diffraction of polarization. The third-order polarization
resulting from diffraction of polarization increases with time and
reaches a peak at a time determined by the dephasing time. There-
fore, the time-resolved signal exhibits a delayed peak after the
second pulse, as observed experimentally.

Recent results have shown that the nonlinear response of semi-
conductors is even more complex, and higher-order, 4-particle and
6-particle correlations make important and sometimes dominant
contributions to the nonlinear response. These are discussed in the
next section.

High-order correlation effects
Although the mean-®eld theory (SBE) has been extremely successful
at high and moderate densities, at low densities we can investigate
timescales that are short compared to the time for one quasiparticle
to interact with a substantial fraction of its neighbours. Thus
it becomes possible to observe deviations from mean-®eld theory,
a regime where high-order correlations become dominant.
Indeed, recent comparative experimental and theoretical studies
have revealed features related to genuine 4-particle and 6-particle
correlations. Different ways of extending the theory beyond
the 2-particle, mean-®eld approach of SBE have been devel-
oped12,17,18,28±31. Some experimental investigations of higher-order
correlations6,7,32±34 are discussed below.

The effects of 4-particle correlations in the continuum of exciton
scattering states are shown in Fig. 3 where time-integrated FWM
measured in a GaAs sample with heavy-hole and light-hole exciton
resonances in the absorption spectrum is shown for magnetic ®eld
varying from 0 to 10 T (ref. 6). The signal has an expected pro®le for
td . 0: beats between the two exciton resonances are superimposed
on an exponential decay, with only slight dependence on B. In
contrast, the Coulomb-induced signal for td , 0 changes drastically
as B increases. Not only does its magnitude increase, but also its
pro®le becomes highly non-exponential with an unusual positive
curvature and extends as far as td < 10 ps, or 100 times the duration
of the laser pulse (compare with Fig. 1). The explanation of this
effect is that the excitons created in the semiconductor by one laser
pulse are very strongly distorted by the magnetic ®eld. Therefore,
they acquire a quadrupole moment and through the Coulomb
interaction they generate a coherent 4-particle correlation in the
medium. It corresponds to a two-photon active coherence35 and,
therefore, cannot deliver one photon emission by itself. Thus it is
stored in the medium until the second pulse triggers that emission.
This `coherent memory' can be interpreted as a non-markovian
process involving the 2-particle correlation polarization waves
interacting with a bath of 4-particle correlations36.

The effects of 4-particle correlations have been shown to be
important in other recent experiments as well7. At low densities,
incident radiation resonant with excitons in quantum wells is
scattered (resonant Rayleigh scattering) due to disorder (and
hence inhomogeneous broadening of excitons) at low exciton
densities. However, 4-particle correlations can lead to intrinsic
resonant Rayleigh scattering even in the absence of disorder.
Spectral interferometry37,38 allows determination of the temporal
dynamics and the spectra of the amplitude and the phase of
coherent radiation. Four-particle correlations can be thought of as
the bound and unbound (continuum) states of biexcitons (an entity
composed of two excitons). New spectral features related to 4-
particle correlations have been identi®ed recently in resonant
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Rayleigh scattering from high-quality GaAs quantum wells38. The
Wigner function provides a convenient means of displaying emitted
®eld. The coherent spectrum and dynamics can be deduced from
such a representation (Fig. 4). The coherent spectrum deduced from
such measurements shows not only the disorder-induced resonant
Rayleigh scattering from excitons (near 807 nm) but also intrinsic
Rayleigh scattering from the bound state of the biexciton (near
808 nm) and the continuum 4-particle states (,807 nm). The dip
in the response at a wavelength slightly below 807 nm is due to
interference between the response from excitons and 4-particle
correlations. These experiments provide the ®rst information on
the spectrum of 4-particle correlations, and have the potential of
providing new understanding of the nature of 4-particle correlations.

Higher-order correlations such as six-particle correlation effects
are dif®cult to identify in conventional FWM and pump/probe
experiments. However, six-wave-mixing (SWM) experiments are
expected to be more sensitive to the high-order correlations,
although 2-particle and 4-particle correlations also contribute to
the SWM signals. Indeed, recent comparative experimental and

theoretical studies32 have revealed genuine 6-particle correlations in
a single ZnSe quantum well. Figure 5a presents the contour maps of
the spectrally resolved SWM emission measured in the direction
3Åk2 2 2Åk1 for incident laser pulses polarized along the x and y axes,
and the signal polarized along the y axis. These plots give informa-
tion both on the dependence of the signal at a given frequency on the
time delay td, and dependence on real time at a given td (related to
the Fourier transform of the frequency dependence at a given td).
Two contributions are seen at the exciton and the exciton±biexciton
energies, both decaying smoothly without temporal or spectral
beats. Figure 5b±d shows theoretical modelling of the experiments
at three levels of sophistication. Figure 5b accounts only for the 2-
particle and 4-particle correlation involved in the purely coherent
emission, that is, 1-photon and 2-photon coherence. Figure 5c
accounts in addition for incoherent exciton densities and Fig. 5d
also accounts for 6-point correlations that describe transitions from
incoherent exciton densities to two-pair states; these are often
referred to as `excited-state absorption' in atomic physics. The
theory plots are obtained by exactly solving numerically the coupled
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equations of motion of the 2-, 4- and 6-particle correlation func-
tions and thus the results include the contributions of all orders in
the exciting laser ®eld. Figure 5b and c show large disagreements
with experiment. But adding 6-point correlations (Fig. 5d) brings
the theory into good qualitative agreement with experiment,
showing that correlation functions at least of the sixth order are
absolutely necessary to describe accurately the SWM experiments.

Although high-order correlation functions appear very often in
the theory of many-body effects in condensed matter, they are rarely
accessible to direct measurement. The experiments of the type
described above provide a means of observing the effects of
higher-order correlations and investigating their properties. For
example, the dephasing of 4-particle correlation functions by
phonons and carrier scattering has been studied recently for the
®rst time39.

Coherent control, memory effects and relaxation
Another regime where traditional assumptions fail is that of
strongly correlated dynamics where it is no longer justi®ed to
treat the interaction between quasiparticles as scattering events
local in space and time (a key assumption of the Boltzmann
theory). In that case memory effects become observable. In princi-
ple, for any quantum mechanical system described by a SchroÈdinger
equation, the knowledge of the hamiltonian and the present state is
enough to determine the future evolution. In practice, however, we
do not know how to solve the time-dependent SchroÈdinger equa-
tion of complex many-body systems. So it is customary to divide the
total system into a subsystem that we are interested in, and the
thermal `bath' of all the other degrees of freedom (reservoir) on
which we have only partial information. Memory effects and
dissipation occur through the following mechanism: at a time t9
an interaction occurs between the subsystem and some degrees of
freedom of the reservoir, which then evolve with their own
dynamics and at a later time, t, interact again with the subsystem.
From the viewpoint of the evolution of the subsystem, processes
depending on the time difference (t 2 t9) are occurring and hence
the subsystem develops a `memory'. Because the reservoir is so large
and contains so many degrees of freedom, in general there are many
complex interferences between t and t9 so that information is lost

and, again from the viewpoint of the subsystem, there is `dissipa-
tion'. However, on a timescale that is short compared to the periods
of the reservoir excitation and before the reservoir/subsystem
scattering processes have randomized the degrees of freedom, the
details of the evolution of the coupled system (subsystem plus
reservoir) must be accounted for and the dynamics of the subsystem
must be described by quantum kinetics, with non-markovian
statistics as we mentioned in the introduction. The main relaxation
mechanisms in semiconductors are electron±electron and
phonon±electron scattering. The timescale of the initial phonon±
electron non-markovian regime can be estimated by noting that the
time it takes a lattice to react to a perturbation is of the order of one
period of its oscillation, that is, in the case of the longitudinal optical
(LO) phonon in GaAs, TLO � 115 fs.

Memory effects in the nonlinear response of semiconductors have
indeed been observed8,34,40±44. Here we ®rst discuss non-markovian
effects in the coupling of an LO phonon with interband polariza-
tion observed in bulk GaAs by FWM experiments using pulses of
about 14 fs, about eight times shorter than the LO-phonon period8.
Time-integrated FWM exhibits an oscillatory modulation super-
imposed on the usual exponential decoherence decay (Fig. 6; curves
7 to 10). The period, about 98 fs, corresponds to the separation
between conduction band states coupled by one LO-phonon. These
oscillations are not due to emission or absorption of phonons but
correspond to a coherent memory stored in the LO-phonon bath
that modulates the interband transition. This phonon±electron
interaction, however, is not `irreversible'. Like any other quantum
mechanical `collision' it is an interference that can be reversed or
enhanced by a second perturbation whose phase is appropriately
chosen. This reversal was indeed experimentally demonstrated, as
shown in Fig. 6. The detailed theory of these experiments is not yet
available, but they demonstrate that by using coherent control of the
excitation it is possible to manipulate the so-called `irreversible'
scattering processes.

In some special systems it is known from transport experiments
that electron±electron interaction can be very signi®cantly reduced.
For example, under high magnetic ®eld a two-dimensional electron
gas (2DEG) enters the regime of the quantum Hall effect (QHE) and
at integer ®lling factors behaves as an incompressible ¯uid with a
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phase coherence time that diverges at low temperature. One thus
expects that the quantum coherence of the interband polarization
will exhibit peculiar properties under these conditions. Such behav-
iour has been observed recently45 in FWM experiments performed
on 2DEG in the QHE regime, where the laser pulses were tuned to
excite electrons into only the highest partially occupied Landau level
containing the Fermi energy. At high magnetic ®eld when the
Landau levels are only fractionally ®lled, the time-integrated
FWM signal has a complicated pro®le with a non-exponential
behaviour and a long decay time for short time delays. This pro®le
evolves to a single exponential with an unusually long decay time
when the Landau level approaches full ®lling, but the dephasing
time experiences a very sudden decrease when the Fermi energy
moves to the next Landau level. A measure of the interband
polarization dephasing time is obtained by extracting an overall
decay time from the FWM pro®les and is displayed in Fig. 7
(squares) for two samples with different doping. We note the very
large jump each time the system passes through even ®lling factors
for samples with very different densities, showing that this is
an effect of the cold 2DEG. When the Landau levels are partially
®lled, the dephasing originates mainly from the scattering of the
photoexcited carriers with the intra-Landau-level collective excita-
tions of the strongly correlated two-dimensional electron liquid. A
model based on scattering with the 2DEG magneto-rotons48

accounts qualitatively for the salient features seen experimentally
as shown in Fig. 7 (circles).

Future directions
The dominant role of Coulomb correlations in the nonlinear
response of semiconductors is now well established. Understanding
higher-order correlations in semiconductors remains a challenge

and is a good direction for future investigations. We believe that an
even more important challenge is to relate this improved under-
standing of Coulomb correlations in semiconductors to strongly
correlated solids, and investigate whether some of the approaches
that have been so fruitful in semiconductors may lead to a better
understanding of these solids. High-Tc superconductors, transition
metal oxides and polymers are some examples of highly correlated
systems. Some work in this direction has already begun46,47. M

1. Leo, K. et al. Effects of coherent polarization interactions on time-resolved degenerate four-wave

mixing. Phys. Rev. Lett. 65, 1340±1343 (1990).

2. Kim, D. S. et al. Unusually slow temporal evolution of femtosecond four-wave-mixing signals in

intrinsic GaAs quantum wells: direct evidence for the dominance of interaction effects. Phys. Rev. Lett.

69, 2725±2728 (1992).

3. Weiss, S., Mycek, M.-A., Bigot, J.-Y., Schmitt-Rink, S. & Chemla, D. S. Collective effects in excitonic

free induction decay: do semiconductors and atoms emit coherent light in different ways? Phys. Rev.

Lett. 69, 2685±2689 (1992).

4. Allen, L. & Eberly, J. H. Optical Resonance and Two-Level Atoms (Wiley Interscience, New York, 1975).

5. Haug, H. & Koch, S. W. Quantum Theory of the Optical and Electronic Properties of Semiconductors

(World Scienti®c, Singapore, 1993).

6. Kner, P., Bar-Ad, S., Marquezini, M. V., Chemla, D. S. & SchaÈfer, W. Magnetically enhanced exciton±

exciton correlations in semiconductors. Phys. Rev. Lett. 78, 1319±1322 (1997).

7. Birkedal, D., Shah, J. & Pfeiffer, L. N. Coherent secondary emission from resonantly excited two-

exciton states: An intrinsic phenomenon. Phys. Rev. B 60, 15585±15588 (1999).

8. Wehner, M. U., Ulm, M. H., Chemla, D. S. & Wegener, M. Coherent control of electron-LO-phonon

scattering in bulk GaAs. Phys. Rev. Lett. 80, 1992±1995 (1998).

9. Rossi, F., Brunetti, R. & Jacoboni, C. in Hot Carriers in Semiconductor Nanostructures: Physics and

Applications (ed. Shah, J.) 153±188 (Academic, Boston, 1992).

10. Haug, H. & Jauho, A. P. Quantum Kinetics in Transport and Optics of Semiconductors (ed.

Klitzing, K. V.) (Springer Series in Solid-State Sciences, Springer, Berlin, 1996).

11. Steel, D. G., Wang, H., Jiang, M., Ferrio, K. B. & Cundiff, S. T. in Coherent Optical Interactions in Solids

(ed. Phillips, R. T.) 157±180 (Plenum, New York, 1994).

12. Mukamel, S. Principles of Nonlinear Optical Spectroscopy (Oxford Univ. Press, New York, 1995).

13. Binder, R. & Koch, S. W. Nonequilibrium semiconductor dynamics. Prog. Quant. Electron. 19, 307±

462 (1995).

14. Shah, J. Ultrafast Spectroscopy of Semiconductors and Semiconductor Nanostructures (Springer,

Heidelberg, 1999).

review article

556 NATURE | VOL 411 | 31 MAY 2001 | www.nature.com

–43.69

–43.06

–42.43

–41.79

–41.16

1.50 1.55
ùw (eV)

–100 0 100 200 300

FW
M

 s
ig

na
l

Ti
m

e 
d

el
ay

, t
11

' (
fs

)

Time delay, t21' (fs)

13

12

11

10

9

8

7

6

5

4

3

2

1

Figure 6 Reversible electron±photon scattering in GaAs. Time-integrated FWM signal

from bulk GaAs at 77 K obtained by using two phase-locked pulses (1 and 19) along kÅ 1

and a single pulse (2) along kÅ 2. The FWM signals are displayed as a function of time-

delay t219 for many different delays t119. The curves are displayed vertically for clarity.

The inset shows the exciton and laser spectra8.
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