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ABSTRACT OF THE DISSERTATION

Zeros of Riemann zeta-type functions

by

Alexander James Dobner
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2021
Professor Terence Chi-Shen Tao, Chair

In this thesis we study two topics concerning the zeros of the zeta function and the

zeros of related functions.

The first topic is a proof of a generalization of Newman’s conjecture. Newman’s
original conjecture, which was proved by Rodgers and Tao in 2018, states that certain
deformations of the Riemann xi function have zeros off the critical line. We will show
that it is possible to formulate an analogue of Newman’s conjecture for any function
in the extended Selberg class, and we then prove that these analogous conjectures
are true in every case. Our proof is necessarily quite different from Rogers and Tao’s
proof because their work requires information about the zeros of the zeta function
which is not known in the general case. Our proof also has the benefit of being

simpler and more direct.

The second topic is a result on the distribution of the argument of the Riemann

zeta function on the critical line. In particular we will prove an unconditional lower
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bound on the tails of this distribution. This can equivalently be stated as a quanti-
tative estimate for how often the number of nontrivial zeta zeros up to a given height

differs greatly from the expected number of such zeros.
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CHAPTER 1

Introduction

1.1 Background

This thesis is a compilation of two papers which are concerned with the zeros of the
Riemann zeta function and the zeros of related functions. These papers have been
edited to fit together as Chapters 2 and 3 of the thesis, but the reader should have
no trouble reading either chapter on its own. In this introduction we will give some
brief background on the zeta function and its zeros, and then we will summarize the
contents of the subsequent chapters. Further background information can be found

in standard textbooks on analytic number theory (e.g. see [31] and [12]).

To start we recall the usual Dirichlet series representation of the Riemann zeta
function
1
C(S) = E?
n=1

which converges for all complex s in the half-plane Res > 1. The zeta function also

possesses an Fuler product representation in this half-plane,




where the variable p ranges over all primes. By taking logarithms we that

where A(n) is the von Mangoldt function, which is defined to equal log p whenever

n = p" for some prime p and some integer r > 1, and zero otherwise.

The three equations written above are only valid in the half-plane Re s > 1, but it
is also possible to meromorphically continue ((s) to the entire complex plane as was
shown by Riemann in his famous paper [23]|. To prove this fact, Riemann derived a
fundamental property of the zeta function known as the functional equation. This
equation can be nicely expressed as {(1—s) = £(s), where the function £(s) is defined

as

£(5) = (s~ DT()T ().

This function is referred to as the Riemann xi function.

Using the Euler product and the functional equation it is possible to deduce
several facts about the zeros and poles of the zeta function. We list some of these

Nnow:

e The only pole of ((s) is a simple pole at s = 1.

e The only zeros of ((s) outside of the strip 0 < Re s < 1 are the so-called trivial

zeros lying at the negative even integers.

e Inside of the strip 0 < Res < 1 (also known as the critical strip) there are
infinitely many nontrivial zeros. These are the same as the zeros of the Riemann

xi function.



e The nontrivial zeros are symmetric about the real axis and about the line

Res = 3 (also known as the critical line).

The behavior of the nontrivial zeros is of much interest to number theorists, primarily
because there is a certain Fourier duality between these zeros and the prime numbers.
This duality is often expressed via explicit formulas which can be used to write sums
over primes in terms of sums over zeta zeros and vice versa. The following is a basic

example of such an explicit formula.

Theorem 1.1. Suppose w: [0,00) — R is a smooth compactly supported weight func-
tion, and suppose the support is contained in (1,00). Let ¢ be the Mellin transform
of this weight,

o(s) = /Ooow(u)uS d_u

u

Then for any X > 1, we have

S Amw(%) =X (1) = Y XPh(p) — > X Fp(—2k),

p

where the summation variable p ranges over all the nontrivial zeros of the zeta func-

tion.

Explicit formulas like this can be used to prove interesting connections between
the primes and the zeta zeros. For example, one can show that the size of the error
term in the prime number theorem is controlled by the horizontal locations of the
zeta zeros, and the strongest bound on the error term is equivalent in some sense to
the strongest statement one can make about the horizontal distribution of the zeros,

i.e. the Riemann hypothesis.

Conjecture 1.2 (Riemann hypothesis). All nontrivial zeros of the zeta function lie

on the critical line.



In Chapter 2 we will study a question which is related to the Riemann hypothesis

(and and its generalizations to other L-functions).

While the Riemann hypothesis is a conjecture about the horizontal distribution
of zeta zeros, one can also study questions related to the vertical distribution. The
most basic result in this direction in the Riemann-von Mangoldt formula, which gives

an estimate for the number of nontrivial zeta zeros up to a given height.

Theorem 1.3 (Riemann-von Mangoldt formula). Let N(T') denote the number of
nontrivial zeta zeros whose imaginary part lies between 0 and T (and by convention

we also count zeros whose imaginary part equals T with weight %) For any T > 3,

T T T
= —log — — — log T').
27 8 2T 27r+0(0g )

N(T)

One may think of this formula as the zeta zero analogue of the prime number
theorem since the prime number theorem gives an estimate for the number of primes
up to a given “height”. It is natural then to want to understand the behavior of the
error term in the Riemann-von Mangoldt formula, just as one does with the error

term in prime number theorem. This will be the subject of our investigations in

Chapter 3.

1.2 Summary of Chapter 2

In Chapter 2 we examine a generalization of a conjecture known as Newman’s con-
jecture. This chapter is an edited version of a paper that is to appear in Acta

Arithmetica.

Newman’s conjecture concerns a certain special family {&; };cr of deformations

of the Riemann xi function (where & = £). The interesting feature of this fam-
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ily is that there exists an associated real number A (called the de Bruijn-Newman
constant) with the defining property that all of the zeros of &(s) lie on the critical
line if and only if ¢ > A. From this property it is immediate that the Riemann
hypothesis is equivalent to the statement that A < 0, and Newman’s conjecture is
the complementary inequality A > 0 (in other words, & has a zero off the critical
line for every t < 0). This conjecture has been studied by many authors, and was

proved by Rodgers and Tao in 2018.

We will prove two main results related to Newman’s conjecture. The first result
states that an analogue of the de Bruijn-Newman constant can be defined for any
function in a class of functions known as the extended Selberg class. Consequently, one
is able to state an analogue of Newman’s conjecture for all such functions. This result
supersedes some previous generalizations of Newman’s conjecture in the literature
which were to more restricted classes of functions. The second result we prove
in the chapter is that our generalization of Newman’s conjecture is true in every
case. The proof is necessarily quite different from Rodgers and Tao’s proof because
they require information about the spacing between the zeros of the zeta function
that is not known in the general case. Our proof is also simpler and more direct.
Stated in the Riemann xi function case, our argument proceeds by showing that
for every t < 0 the function & can be approximated in terms of a Dirichlet series
Gi(s) = >0 exp(4 log® n)n~° whose zeros then provide infinitely many zeros of &

off the critical line.



1.3 Summary of Chapter 3

In Chapter 3 we will study the argument of the Riemann zeta function on the critical
line (i.e. Imlog((5 + it)). This quantity is of particular interest because it is the
main quantity appearing in the error term of Riemann-von Mangoldt formula (see
equation (3.1) for a precise statement of this). In other words, the argument of the
Riemann zeta function at the point % + it determines the size of the discrepancy
between the actual and “expected” number of zeta zeros up to height £. Our main
result in this chapter concerns the distribution of this quantity as ¢ varies between

T and 27

For simplicity we will just state a corollary of our main result here. The corollary
is as follows: for any small € > 0, any large real number 7', and any V in the range

VIoglogT <V < (logT)3~¢ we have the lower bound
meas{t € [T,27]: Imlog((3 +it) > V} > Texp(—D. V?/loglogT) (1.1)

for some positive constant D. depending only on €. This bound is interesting be-
cause it is consistent with the heuristic that the distribution of Imlog( (% + it) is
approximately Gaussian with a variance proportional to loglogT even in a large
deviations regime. Previously the only results of this kind in the literature were for

much smaller ranges of V.

1.4 Notation

Throughout this thesis we will use the notation X < Y, Y > X and X = O(Y) to
indicate that there exists a positive absolute constant C' such that | X| < CY, as is

standard in analytic number theory. If the constant C' depends on other parameters
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then this will be indicated in the text or by a subscript in the notation (i.e. if C'
depends on Z then we write X <z Y or X = Oz(Y)). Furthermore, the notation
X =< Y indicates X < Y < X, and the notation X = or_,(Y) indicates that there
exists a bound | X| < ¢(T)Y where ¢(T) — 0 as T' — oo. Further notation will be

introduced when needed.



CHAPTER 2

A proof of Newman’s conjecture for the extended

Selberg class

2.1 Introduction

We start by recalling the definition of the Riemann xi function,

£(s) = %s(s - 1)7T_S/2F<§)C(S).

The xi function is entire and satisfies the functional equation (1 — s) = £(s). Fur-
thermore, the Riemann hypothesis is equivalent to the statement that all the zeros

of the xi function lie on the critical line.

In order to study the behavior of £ on the critical line, one may consider the
function z — £(*£2) which has a Fourier representation (see [31, p. 255]),

,5(”2”) _ /OO ()6 du, (2.1)

—00

where

2 4u

O(u) =4 Z(2W2n469” — 3mn’e™)e ™ ¢ (2.2)
n=1

is a super-exponentially decaying even function. (The evenness of ® follows from the

fact that it is the Fourier transform of an even, real-valued function.)



In the course of his investigations on the Riemann hypothesis, Pélya [19] proved
the rather remarkable result that if one replaces ® in (2.1) with a certain approxima-
tion coming from the first term of (2.2), then the resulting “deformed” xi function
has all of its zeros on the critical line. Moreover, he showed that the average spacing
of these zeros is the same as the average spacing of the zeros of the true xi function.
This work initiated the study of various other deformations of £ which come about

by modifying ® in some way.

The deformations we will be studying in this chapter come from the work of
de Bruijn [11] and later Newman [16], who considered the family {& }ier of entire

functions defined such that

1+ 0 .
ft( —gzz) ::/ " & (u)e** du.

One may verify that each of these functions satisfies the functional equation & (1 —

s) = &(s) as a consequence of the fact that ® is even. Furthermore, a result of
Pélya [20] implies that if &, has all of its zeros on the critical line for some t; € R,
then the same is true of & for all ¢ > ;. De Bruijn proved that for all ¢ > 1/2 the
zeros of & all lie on the critical line, and Newman subsequently proved that there is
some t < 1/2 for which this is not the case. Newman concluded that there exists a
real number A < 1/2 (now called the de Bruijn-Newman constant) with the defining

property that & has all of its zeros on the critical line if and only if ¢ > A.

Because £ = &, it is clear that the Riemann hypothesis is equivalent to the
statement that A < 0. Newman made the complementary conjecture that A > 0,
and in doing so he pointed out that this is a quantitative form of the assertion that
“the Riemann hypothesis, if true, is only barely so.” A progression of lower bounds

on A (see [7], [30], [9], [17], [8], [10], [18], [25]) culminated in a proof of Newman’s
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conjecture by Rodgers and Tao [24] in 2018. Their proof is inspired by previous work
of Csordas, Smith, and Varga [10] who noted that zeros of & exhibit a repulsion effect
as t varies. Rodgers and Tao were able to use this repulsion to show via a rather
involved argument that if A < 0, then as t — 0~ the zeros of & spread out in such a

way as to contradict known results about the gaps between zeta zeros.

In this chapter we will give a simpler proof of Newman’s conjecture which does not
rely on any information about the zeros of the zeta function. In fact, because we use
such limited information about {, we can state and prove our results in a generalized
L-function setting. We will set up our generalization in Section 2.2 by giving the
definition of a large class of Dirichlet series S* (known as the extended Selberg class
in the literature) for which it is reasonable to define a de Bruijn-Newman constant.
This class contains the Riemann zeta function as well as all Dirichlet L-functions
associated to primitive characters. The main restriction on membership in S* is that
every Dirichlet series F' € S* must have a corresponding “completed” version &F
satisfying a certain functional equation. Given such an F', we will show that one can
always define a set of deformations {£/"};cr analogous to the & functions we defined

above, and we prove the following theorem:

Theorem 2.1. For every F' € S*, there is a real number Ap such that all the zeros

of &8 lie on the critical line if and only if t > Ap.

Previous authors have defined generalized de Bruijn-Newman constants but only
for certain restricted classes of L-functions (see [29] for the case of quadratic Dirichlet
L-functions and [1, Section 2.4] for the case of certain automorphic L-functions). Our
definition of Ay for F' € S* subsumes these definitions, and we are also able to prove

the analogue of Newman’s conjecture in this general case,

10



Theorem 2.2. Ap > 0 for every F € S*.

We now give the idea behind our proof of Theorem 2.2 (restricting to the zeta
function case for ease of exposition). The main tool will be an approximation for &
that we establish for every ¢ < 0 and which we use to locate zeros of & off the critical

line. This approximation is of the form
&(Ji(s)) ~ [gamma-like factor] - (;(s) (2.3)

where
. S 2 2 —s
Gi(s) = El exp (Z log n)n

is an everywhere absolutely convergent Dirichlet series, and

Ji(s) = s+ %Log(%)

is a nonlinear change of coordinates. If s is restricted to lie in a vertical strip, a
crucial feature of our approximation is that it becomes increasingly accurate as the

imaginary part of s increases.

Such an approximation hints that for any ¢ < 0 and any vertical strip V, there
should be a close correspondence between the zeros of (; in V' and the zeros of & in the
curved region J;(V'). We will prove that this is the case and also that (; must always
have some vertical strip with zeros at arbitrarily height heights. Since the region
Ji(V) eventually lies to the right of the the critical line at high enough heights, this
argument produces zeros of & which are off the critical line, thus implying Newman’s

conjecture.

An example of the correspondence between the zeros of (; and & in the case

t = —1and V = {—-.3 < Res < —.2} is depicted in Figure 2.1. The figure also

11



indicates that this correspondence seems to extend quite a bit beyond the range we
have just described. Indeed, one can clearly see that the zeros of & on the critical
line show up as zeros of (; near the inverse image of the critical line under the J;
map. We note that the results we will be proving are insufficient to explain this
broader correspondence because the rigorous form of (2.3) that we prove does not

remain accurate if one chooses Jy(s) to lie in a vertical strip rather than s.

For large negative t values, a different phenomenon occurs that is readily apparent
in Figure 2.2 (which depicts zeros for ¢ = —30). In this case one sees that the zeros
of & begin to congregate near deterministic curves, and as ¢ becomes increasingly
negative more of these curves appear. This phenomenon was originally discovered
by Rudolph Dwars (see the comments at terrytao.wordpress.com/2018/12/28)
while doing extensive numerical work on the zeros of . Our results can be used to
give a rigorous explanation for these curves, but since the case of large negative ¢

values is not relevant to Newman’s conjecture we do not pursue this direction here.

To prove the approximation (2.3) the starting point will be to rewrite &, for
t < 0, as a certain contour integral of the xi function times a complex Gaussian.
This integral is taken over a vertical line in the complex plane, and we are able to
estimate it by shifting the contour to the right so that ((s) can be written in terms
of its absolutely convergent Dirichlet series. Interestingly, in the ¢ > 0 case (which
we do not consider) there is an analogous contour integral representation of &, but
the integral is taken over a horizontal line instead, so it is not possible to proceed in
the same manner. It turns out that is possible to derive an estimate for & in terms
of partial sums of (; in this case. This is done in [21, Thm. 1.3], where the estimate

is is used to prove an upper bound on the de Bruijn-Newman constant.
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Figure 2.1: The zeros of (; in any vertical strip are mapped quite precisely under
Ji to zeros of & in the corresponding curved region. This correspondence provides
zeros of & off the critical line. For & the zeros are symmetric about the critical line,

but in (b) we only depict the zeros on and to the right of the line.

13



1000 -
1000,

800 - .
800 '

600 |- :
600 |

400 |- .
400 -

200 -
200 +

-35 -30 -25 -20 -15 -10 -5 0 0 N A

(a) Zeros of (_30. (b) Zeros of {_39

Figure 2.2: For large negative t values, the zeros of & congregate near curves which
are the images of certain vertical lines under the J; map. On these lines the Dirichlet
series (; is dominated by two consecutive terms of equal magnitude, which leads to

the regular pattern of zeros.
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One final note we make about our proof is that it reveals that Newman’s con-
jecture holds for completely analytic rather than arithmetic reasons. To highlight
this, we mention that our methods can be used to show that if one selects essen-
tially any Dirichlet series F' and multiplies F' by arbitrary I' factors to produce a
“mock” & function, then there are corresponding & functions for all ¢+ < 0 and
these functions always have zeros off the critical line (though in this completely gen-
eral case there is no associated de Bruijn-Newman constant because of the lack of a
functional equation). Thus, our proof of Newman’s conjecture is quite different from
the proof of Rodgers and Tao which depends fundamentally on knowledge about the

gaps between zeta zeros and hence on the arithmetic structure of the zeta function.

2.1.1 Notation

In this chapter we will use the notation Arg z to denote the argument of a complex
number, where this value is chosen to lie in the interval (—m,7]. Correspondingly,
we use Log z to denote the standard branch of the complex logarithm (i.e. Logz =
log |z| + i Arg z), and we define /2 := exp(3 Log 2).

In Section 2.2, we will give the definition of a certain family S* of Dirichlet series,
and we will subsequently choose an arbitrary F' € S* which will remain fixed for the
rest of the chapter. We will also choose a certain meromorphic function vy (depending
on F') which will be fixed for the rest of the chapter. All implicit constants in the
estimates that we prove will then be allowed to depend on F' and . Similarly, if a
statement is said to hold for “sufficiently large 3” then the meaning of sufficiently
large may depend on F' and . Readers who are primarily interested in the Riemann

zeta function case of Theorem 2.2 (i.e. Newman’s conjecture) may want to skim the

15



definition of S* in Section 2.2 in order to understand the notation and then skip to

Section 2.3 and assume that F' = (.

2.2 The generalized de Bruijn-Newman constant Ap

In 1989, Selberg [27] introduced a definition for a class of Dirichlet series S now
known as the Selberg class. Among other things, Selberg conjectured that all the
functions in S satisfy a corresponding Riemann hypothesis, and the conditions he

imposed on S were chosen with this in mind.

For the purposes of defining generalized de Bruijn-Newman constants, one of
Selberg’s conditions (the existence of a functional equation) is completely essential
, whereas some of the other conditions (e.g. the existence of an Euler product) are
not necessary. Because of this, the Dirichlet series that we consider will be members
of a class known as the extended Selberg class S* which was defined by Kaczorowski
and Perelli [14]. This class may be thought of as capturing only the analytic rather

than arithmetic properties among those given by Selberg.

A function F(s) is said to be a member of S* if it is not identically zero and it

satisfies the following conditions:

(i) (Dirichlet series) F' has a Dirichlet series representation

00 a,
F(S) = E
n=1

which converges absolutely for all s with Res > 1.

(ii) (Meromorphic continuation) (s — 1)™F(s) is an entire function of finite order

for some nonnegative integer m.
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(iii) (Functional Equation) Let m be the order of the pole of F' at s = 1 (or let
m = 0 in the case where F' has no pole). There exists a function 7(s) of the

form
k

(s) = as™(s = 1)"Q° [ [ T(wis + )

i=1

where v € C\ {0}, @ > 0, w; > 0, and p; € C with Re y; > 0 such that

satisfies

£7(s) = (1 —9). (2.4)

Our notation in (iii) differs slightly from the usual notation given in definitions for
S and §* (e.g. [13, p. 160]) because we include the polynomial factor s™(s—1)™ in the
functional equation. This notation will be convenient for us because we require that
the “completed” L-function £ be an entire function. In our notation it is clear that
if " is the Riemann zeta function, then one may choose v(s) = s(s — 1)7~*/?I'(%)

to make £ the usual Riemann xi function.

There are a few straightforward consequences of conditions (i),(ii), and (iii) which
we will need later on, so we state these now. Firstly, from (i) it is clear that |a,|
cannot grow too fast. For instance, note that (i) implies, say, a,, = O(n?). Secondly,
since the I' function has no poles in the right half-plane, (ii) and (iii) imply that
¢F is an entire function. Thirdly, more than one of the coefficients a, must be
nonzero because otherwise the functional equation (iii) could not hold. One way to
verify this is by noting that if the Dirichlet series F' had only a single term then F'

would have no zeros which is impossible because F' satisfies a Riemann-von Mangoldt
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formula as a consequence of the functional equation. Lastly, for any vertical strip
V in the complex plane, if s € V and s is bounded away from 1, then a bound
F(s) = O((1+ |Ims|)*) holds for some A > 0 depending on V. This follows by
applying the Phragmén-Lindelof principle in the same way one does to get convexity

bounds for ((s) in vertical strips.

We will now state a lemma about the magnitude of y(s) in certain regions, which
we will need later. The proof, which is an application of Stirling’s formula, will be

given in Section 2.5.

Lemma 2.3. Let v(s) be one of the functions described in condition (iii) of the
extended Selberg class definition. Let D > 0 and 0 < 6 < 1 and let s be a complex
number which is at least unit distance away from the poles and zeros of v, and which
satisfies | Res| < D|Ims|?. There exist K, K' > 0 (depending on v, D, and 0) such
that

exp(—K'|Im s|) < |v(s)| < exp(—K|Im s|).

One immediate consequence of this lemma (and the Phragmén-Lindel6f bound
on F) is that £¥'(s) decays exponentially as Im(s) — 4oo in any fixed vertical strip.
This means that for any F € S*, we can perform the same Fourier analytic setup
that we did for the Riemann xi function in the introduction. We define

Op(u) = % /OO fF(l —;m)em“ dx (2.5)

—0o0

to be the Fourier transform of & on the critical line, and likewise we define the

family of entire functions {&/° so that

View

{tF(l —;zz) = /OO "’ P p(u)e™ du. (2.6)

o0
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In the proof of Theorem 2.1, we will show that ®r has rapid enough decay for this
definition to make sense for all t € R, and that there exists a real number Ag for

which & has all of its zeros on the critical line if and only if ¢ > Ap.

It is important to note that, strictly speaking, for a given Dirichlet series F € S*
the choice of ~ is not unique. For example, a can be scaled by any nonzero real
number and the functional equation (2.4) will still hold. However, it turns out that
other than the choice of scaling, v is unique (see [6, Thm. 2.1] which is stated for S
but whose proof only requires the properties we gave for S*). Since scaling does not

affect the locations of the zeros of &¢I, there will be no ambiguity in our definition of

Ap.

From now on we shall assume that F' has been fixed, and that the parameters
a, @, w;, and p; have all been chosen as well. All implied constants in error terms

will be allowed to depend on these parameters.

In order to prove Theorem 2.1, we will rely on the following theorem of de Bruijn

extending a previous theorem of Pdlya:

Theorem 2.4 (De Bruijn [11, Thm. 13|, cf. Pélya [20, Thm. 1]). Let ¢: R — C be
an integrable function satisfying ¢(u) = ¢(—u) and ¢p(u) = O(e"“'b) for some b > 2,
and let G(z) = [7_¢(u)e’™ du. For any t > 0, let Gy(z) = [~ Wb (u)e du. If

(&
—00

all the roots of G lie in the strip |Im z| < A, then all the roots of Gy lie in the strip

N

| Im z| < (max(A® — 2¢,0)) 2.

Proof of Theorem 2.1. In order to apply Theorem 2.4, it is convenient to define a

H(z) = §F<1+iz),

rotated version of ¢I'. Let

2
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so that values of £¥ on the critical line correspond to values of H on the real line.
In this rotated frame of reference, we would like to apply Theorem 2.4 with H

corresponding to the function G in the statement of the theorem.

The functional equation (2.4) implies that H(z) = H(z) for any real number z,
so H is real valued as a function on the real line. Also, H(z) decays exponentially as
x — +oo because of the presence of the I' factors in v, so H is a Schwartz function
and its Fourier transform is ®r by (2.5). Fourier inversion gives,

H(z) = / " B p(u)e™ du.

[e.e]

Since H (x) is real valued for all = € R, its Fourier transform @ has the conjugate
symmetry property ®p(u) = ®p(—u). Hence, in order to apply Theorem 2.4 with
¢ = Pp it will suffice to verify that & has the necessary decay as u — +oo. The

decay as u — —oo then follows immediately by the symmetry of ®p.

To bound & we begin by performing the substitution w = H% to rewrite (2.5)
as a complex contour integral,

(&

u %JrOOi
Op(u) = —[ EF (w)e ™ duw.
3

Ly —o001

After expanding out the definition of ¢! in the integrand, we wish to interchange
the infinite sum coming from the Dirichlet series F' with the integral. To justify this,
one can first shift the vertical line contour to the right into the half-plane of absolute
convergence of F' (which can be done because £ decays uniformly exponentially in
any vertical strip), and on this new contour the interchange of sum and integral is

valid. Hence,

et = 2 S [ o T ) (M) e e)

—0o0t



It is now helpful to view the above integral as an inverse Mellin transform. Letting

U(w) = w™(w—1)"T[%

=1 D(wjw+p;), define ¢: (0, 00) — C to be the inverse Mellin

transform,

o) =g [ e,

2w oy
Then (2.7) can be rewritten as

Bp(u) = 206" i ant) <”Z;) (2.8)

n=1
We can now bound ¢ using the following lemma whose proof can be found in

Section 2.5.
Lemma 2.5. Let

1 1+o00i k
h(z) = — / H F(ajw+bj)x™" dw
1

21 Ji_aoi e

for some a; > 0 and b; € C with Reb; > 0. Then there exists a § > 0 (depending on

the a; and b; values) such that h(x) < e for allz > 1.

The function 1 is not quite of the same form as A in the lemma, but by expanding
out the polynomial factors in the definition of ¥ and then repeatedly applying the
relation

wl'(aw + b) = %F(aw +b+1)— gf(aw +b).
one can write 1 as a linear combination functions to which the lemma does apply.
Hence, we can conclude that there exists a § > 0 be such that ¢(v) < e~ for all
v > 1. Applying this bound in (2.8) we see that for all sufficiently large u,
Op(u) < e Z ape~ (7 /Q°)
n=1

< eu Z €7n6€26u/<2Q6)

n=1
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where the second inequality follows from the fact that a, = O(n?) = """

Note that for all ¢ € [0,1/2], say, we have a bound » 7, ¢ <s ¢ which we can

apply to the sum above to get
p(u) < ele— ¢/ (2Q0)  o—e*/(3Q%)

for all u large enough. Hence, ®r has rapid enough decay that Theorem 2.4 applies.

We are now in a position to define the de Bruijn-Newman constant Ay associated
to F'. For any t € R, let
Hi(z) = / "’ By (u)e™ du

be the functions which are relevant to the conclusions of Theorem 2.4, and let

Z = {t € R: all the roots of H, are real}.

The functions &/ defined in (2.6) are simply the un-rotated versions of H; and so
Z could just as well be defined as the set of ¢ for which all the zeros of & lie on the

critical line.

Note that Z is closed because the roots of H; vary continuously in ¢ by Hurwitz’s
theorem. Furthermore, if ty € Z, then by applying Theorem 2.4 with ¢(u) =
et r(u), we may conclude t € Z for all t > t5. Hence, the only possible choices
for Z are the empty set, all of R, or a half line {¢ > Apr} where Ap is some real

number.

To see that Z is nonempty, Theorem 2.4 shows (by choosing ¢ = ®p) that
it suffices to check that H has all of its zeros lying in some horizontal strip, or

equivalently that £¥ has all of its zeros in some vertical strip. It is a general fact that
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any convergent Dirichlet series I’ has a zero-free half plane because if s has large
enough real part, then the first term of F'(s) will strictly dominate the sum of all the
other terms. This implies £ also has a zero-free half plane, and so by the functional
equation for £ all the zeros of ¢ must lie in a vertical strip.

The fact that Z # R will be a consequence of the generalized Newman’s conjec-
ture which we prove in the next section. Once this is proved it follows that there is a
generalized de Bruijn-Newman constant A associated to F' for which Z = {t > Ag}.
The constant Ar is the unique real number for which & has all of its zeros on the

critical line if and only if t > Ap. O

2.3 Proof of the generalized Newman’s Conjecture

To prove Arp > 0, we will take a direct approach by showing that for every t < 0
the function & has zeros off the critical line. As a starting point, we first rewrite
our defintion of & for all + < 0 in terms of a new integral which is essentially a

convolution of ¢ with a Gaussian whose variance is proportional to |¢|.

Inserting the definition (2.5) of ®x into the definition (2.6) of & and then ap-

plying Fubini’s theorem (which can be justified for any ¢ < 0) gives

1 L[> 1tir\ [ e,
& ﬂz - — / (L / e I dy dy
2T 2 oo

1—{—21’ L(_ )2
e1t\VFT dx.
s [ ()

and w = “5“" this becomes

Substituting s = =

1 l-l—c>oi

N .

(=) g,

& (s) =
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Because it will be convenient later on, we will shift the contour in the above
integral to the vertical line Rew = 2 where the Dirichlet series for F' converges
absolutely. Since £7'(s) has no poles and decays exponentially in any vertical strip,

this shift will not affect the value of the integral. Hence,

- 1 24-001 » i(s—w)Q
& (s) = & (w)et dw. (2.9)

B i\/ﬂ‘t’ 2—o001

We will make use of this new expression for & in the proof of the next theorem,

which will be our main tool for proving the generalized Newman’s conjecture.

Theorem 2.6. Let s = x+iy withx € R, y > 0, and let t < 0. Suppose |t| < C and
lz| < Cy'/* for some positive constant C. Then for all y sufficiently large (depending
on C') the following estimate holds,

& (1)) =9 (F(6) + 0 (4P exp( i minte. 27 ) ) (210)

where
Fi(s) = iexp —mlogzn o (2.11)
4 ns’
Ji(s) =s+ —logQ+ — Zwi Log(w;s), (2.12)

(5= 557 (213)

and where the implicit constant in the error may depend on C'.

One should think of Theorem 2.6 as showing that & is analogous to £F in that
it can be expressed (approximately) as the product of a Dirichlet series and some
special additional factors. We stress that the error term in (2.10) is not optimal, but

for our application to Newman’s conjecture, we only require the following qualitative
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version of the theorem: if ¢ < 0, V' is some vertical strip, and s = x + iy € V with y

sufficiently large, then

& (Je(5) = () (Fu(3) + 0400 (1)) (2.14)

where the decay of the error term is uniform in x (but not necessarily in ).

The appearance of the Dirichlet series F} in the theorem can be explained heuristi-
cally from (2.9) as follows. Suppose one could pull the v factor of £ (w) = v(w)F(w)

outside of the integral in (2.9), leaving an integral of the form

1 2+OO’£ 1
: / F(w)em ™ qu.
) W’t‘ 2—o0i

Interchanging the sum and the integral and then computing the result gives,

i 1 /2+00i —w ﬁ(sfwﬁd i < |t|1 2 > —S
Uy —F— n Vel w = a,exp| ——log”n |n
— iy/m|t| 4

= Fy(s).

Further explanation of Theorem 2.6 including an explanation for the presence of
the J; function and a full proof of theorem will be left for Section 2.4. We will now
show how this theorem implies the generalized Newman’s conjecture without much

additional work.

2.3.1 Deducing Theorem 2.2 from Theorem 2.6

Assume that ¢ < 0 is fixed. Theorem 2.6 suggests that if F; has a zero at sy, then
¢F should have a zero near Ji(sg). In order to make this rigorous, we must somehow
deal with the fact that there are error terms present in the correspondence between

F; and &I given in the theorem.
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A crucial feature of F; that we will use is that it is everywhere absolutely conver-

gent. To see this, recall that
Fi(s) = io: exp _f log®n a—n,
— 4 n®

and the factor exp(—% log? n) decays faster than O(n~¢) for any d whereas a,, =
O(n?).

Because F; is everywhere absolutely convergent it is entire, and it has a property
known as almost periodicity which was introduced and studied extensively by Bohr
[3]. Roughly speaking, almost periodicity for F; means that for any vertical strip
there is an ample supply of shifts 7 € R for which Fi(s) and F(s+i7) are uniformly

close.
A precise version of one of Bohr’s results can be stated as follows,
Theorem 2.7 ([3, Thm. 1]). Let G(s) = > 2, byn~° be a Dirichlet series which

is absolutely convergent for all Res > o. For any ¢ > 0 and o, 8 € R such that

o < a < f, there exists a sequence of shifts
O<m<m<: -

satisfying

.. . T
liminf(7y1 — 7m) >0 and  limsup — < oo
m—00 m—oo 1T

such that
|G(s) — G(s +itm)| < e
for alla < Res < 3.

Because F; is everywhere absolutely convergent, the above theorem holds for F}

for any choice of a < 5.
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In order to proceed with the proof, we suppose for the moment that one is able
to locate a single zero sy of F;. Let C be a circle centered at sy of radius r chosen so

that C' does not pass through any other zeros of F}, and let
= min | F] :
) r;‘gg| 1(s)| >0

Let V denote the vertical strip {| Re s — Re so| < r} and recall that the qualitative

form of Theorem 2.6 states

& (Je(s)) = %(s)(Fi(s) + 0y00(1)) (2.15)

for s = x + iy € V, y sufficiently large, where the decay of the error term is uniform
in z.
Let
h(s) = & (Ju(s))/n(s),

and note that A is analytic in the upper half plane, and
h(s) = Fi(s) 4+ 0y—oo(1) (2.16)

fors=xz+iyeV,y>0by (2.15).

Applying Theorem 2.7 to F; on the strip V' and taking € :== §/3, let 0 < 7 <

T9 < ... be the resulting sequence of shifts.

By picking 7, which is sufficiently large, one can ensure that for any s on the
circle C' the shift s+i7,, will have a large enough imaginary part that the error term
in (2.16) when evaluating h(s + i7,,,) is uniformly less than §/3. Consequently, for

all s € C we have

. . 20
|h(s 4 iTn) — Fy(8)| < |Fi(s +imm) — Fi(s)| + = < 3 < |Fy(s)],

Wl >
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so by Rouché’s theorem h has a zero inside the shifted circle C' + i,.

By taking larger and larger shifts 7,,, the argument above yields an infinite col-
lection of zeros of h which are arbitrarily high up the strip V. From the definition of
h and the fact that poles of v, only exist up to some bounded height, we can deduce
that &'(J;(s)) also has an infinite collection of zeros and these zeros exist arbitrarily
high up the strip V. Hence, & has infinitely many zeros within the curved region
Jy(V) at arbitrarily high heights. Past a certain height J;(V') lies completely to the
right of the critical line so in particular we have shown that & has zeros off the

critical line.

This completes the deduction of the generalized Newman’s conjecture from The-
orem 2.6 and the assumption that F; has at least one zero. We will assert this latter

fact as a lemma for now, and the proof will be given in Section 2.5.

Lemma 2.8. For anyt <0, F; has a zero.

2.4 Proof of Theorem 2.6

We are interested in estimating &£ (J;(s)), so by (2.9) we know

1 24001

Z\/m 2—o001

for all t < 0. By inserting the definition £'(2) = v(2) >.°°

¢F(J,(s)) = 5F<Z)€ﬁ(Jt )=2)? 1

—Zz

a,n~ % and then inter-

n=1

changing the sum and integral (which can be justified since the contour is in the

half-plane of absolute convergence of the Dirichlet series F') we get

oo

gt Jt ZanBtn

n=1
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where

1 2+o001 1

Bia(s) EARGR S (2.17)

) = ’L\/—WW . v(2)e

Our goal is to estimate By, (s) in the regime of s and ¢ values we are interested

in. We will prove the following lemma:

Lemma 2.9. Let t, s = x + iy, and C satisfy the same restrictions as in Theorem
2.6. Then for all y sufficiently large (depending on C'), the following estimates for
By, (s) hold for small, medium, and large n respectively (where the implicit constants

may depend on C):

(i) For 1 <n <exp(y'/3/|t]),

Bun(s) = 2(s) exp (—% log? n) 01+ 0y ).

(ii) For 1 <n < exp(y*?/|t]),
t
Bunls) = (P9 exp (- ogn ).

(iii) For n > exp(y*°/|t|),

Buto) = 0o~ ) )

Before giving the proof we will summarize our method. Looking at the integral in
(2.17), one may note that the integrand exhibits very rapid decay along the vertical
line contour. Hence, a reasonable approach to estimate B, (s) is to split the contour
into a finite segment where the mass of the integrand is concentrated, and a tail
whose size can be crudely bounded. It then remains to estimate the integral over the

finite segment. Unfortunately, this problem is still nontrivial because the integrand
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can be quite oscillatory on this segment. One way to proceed is to use the method of
stationary phase to estimate the resulting oscillatory integral (e.g. see [31, Ch. 4] for
useful lemmas in this direction). We will instead use the complex analytic analogue
of this method known as the method of steepest descent. The basic principle is
to start by shifting the contour so that the mass of the integrand is concentrated
somewhere where the integrand is not so oscillatory. Upon doing so, one may then
estimate the resulting integral and get good error terms without needing to be too

sophisticated about handling cancellation.

We are now in a position to describe the significance of the J;(s) function. This
function has been defined such that when performing the contour shift to estimate
the value of £/'(J;(s)), the region where the integrand oscillates negligibly is near the

point s (although the precise shift will depend on the value of n as well).

We now give a heuristic argument for Lemma 2.9 which will also serve as a sketch

to be made rigorous. We will skip over any details about contour shifting for now.

The first step is to locally approximate the integrand of B, (s) near s because
it turns out that this is approximately where the dominant contribution is. We will
see in an upcoming lemma that for all z suitably close to s one has

k k
v(z) ~ ~(s) exp ( <log Q+ Z w; Log(wis)> (z —s)+ %(2 — s)2> (2.18)
i=1
where this is essentially coming from a Taylor expansion of Log~(z) around s. A

similar Taylor expansion of the Gaussian factor in the integrand of B;,(s) yields

1 _ 1 _ 2 1
et U)=2" o (hs) =% oy (m(s — Ji(s))(z — ) + m(z - 5)2) (2.19)

where in this case the Taylor expansion is exact because the phase is simply a

quadratic polynomial.
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Taking the product of (2.18) and (2.19), the constant term in the resulting Taylor

expansion is

1 (Je(5)=s)?

7(s)er =n(s),

and the coefficient of the (2 — s) term is

k
log Q + Zwi Log(w;s) + %(s —Ji(s)) =0

= g
where this equality holds because we have chosen the definition of J;(s) to make it

SO.

Putting this information together, we get the heuristic approximation

1 24001

n(8)——=
i/T[t] Jo—coi

Bin(s) = exp(A(z — 5)*)n~* dz

k
i + Zi:l Wi
[t] 2s

where A =
The remaining integral can now be computed directly. By completing the square,

exp(A(z — 5)*)n™* = exp (—L log® n> n-*

4A
1 2
X exp(A(z — (s + ﬂlogn>) )
which means

1
Bin(s) = n(s) exp (_H log® n) n-*

1 24001
X J—
i\/ W’t| 2—00%

The value of this last integral is just iy/7/A. Inserting this and then removing all

exp (A(z — (s + i log n))2> dz. (2.20)

instances of A in the resulting expression by using the approximate equality A & ﬁ

gives the desired main term in (i).

31



Before giving a rigorous version of the heuristic calculations above, we first list
several lemmas that we will need. The proofs of these lemmas will be given in Section

2.5. The first is a rigorous version of (2.18):

Lemma 2.10. For any ¢ > 0, define the region S, = {|Argw| < 7 —&,|w| > &}.
Let z, 2y € S. and |z — 2| < D|z|*® for some D > 0. Then for all z, zy that are at

least unit distance away from the poles and zeros of v, we have the estimate

22’0

1 _ _ 3
c(1vo(trlmad lalyy
|20] |20]

where the implicit constant may depend on € and D.

k Zl; o,
v(2) = v(20) exp ( <logQ + ij Log(wjz0)> (z — 20) + ﬂ(z _ Zo)2>

Jj=1

The above lemma can be used to approximate the integrand of B, ,(s) when z is
relatively close to s. It will also be useful to have an upper bound on the integrand

when z is far away from s.

Lemma 2.11. Let t, s = x + iy, and C satisfy the same hypotheses as in Theorem
2.6. Let n < exp(y>/°/|t|) (i.e. the small/medium case of Lemma 2.9) and let

Z(2) = (el = 2

be the integrand of (2.17). Then for all y sufficiently large (depending on C') the

following estimates hold (where the implicit constants may also depend on C):

(i) If |z — Rez| < y*/® and 1y*/* < |y — Imz| < 2y*/® then

E
I(z) < exp (—m> :
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(ii) If Rez = 2 and |y — Im z| > y*/ then

I(z) < exp (—ﬁ(y —Im z)2) :

We will also need a weak bound on ~ at some point,

Lemma 2.12. There is some K > 0 such that |y(z)| < exp(K(Re 2)™') uniformly

for any z with Rez > 1.

Proof of Lemma 2.9. Recall that s = x + iy, and we assume that y > 0, |z| < Cy!/*
and —C' < t < 0. The lemma is only asserted to hold when y is sufficiently large, and
throughout the proof we will frequently assume that y is large enough (depending on

(') to make various statements hold. We also allow all implicit constants to depend

on C.

We start by proving (i) and (ii) using the heuristic calculations given above as
framework. These are the cases of small and medium n where [t|logn < y'/3 and

3/5 respectively. We will not need to distinguish between these two cases

|t|logn <y
until the very end of the proof, so for now we will just assume that the latter bound

holds.

Recall that in the heuristic calculations, the final integral in (2.20) was a complex
Gaussian centered at the point s + ﬁ logn where A = |71‘ + 2% Z?lej. We will
shift our contour to pass through this point. The shifted contour we select is the
2/3;

1

piecewise linear contour passing though 2 — ooi, 2 + (y — y*3)i, s + ﬁ logn — y~/°1,

s+ ﬁlognerz/?’i, 2+ (y +y*?)i, and 2 + ooi. Let Vi, Hy, M, Hy, and V; denote

these linear pieces respectively.

We will make frequent use of the estimate

A:%<1+O(%)> x%, (2.21)
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starting with the fact that this implies 5% log n < 4*/®. From this and our assumption
x < y'*, it follows that the contour shift we are performing occurs completely within
a O(y*?) radius ball around s. One consequence of this is that for all large y the
contour shift does not pass over any poles of the integrand (which come from the
I' factors) because the imaginary parts of these poles are uniformly bounded above.

Hence, by Cauchy’s theorem

24001
SRyRyRIRY
2—001 Vi Hy M Hy Va

where the M integral will contribute the main term of our estimate, and the other
integrals are negligible in comparison. We will apply Lemma 2.10 to estimate the M

integral and Lemma 2.11 to bound the other four.

M integral

As noted above, the segment M lies completely within a circle of radius O(y*/?)
around s, so Lemma 2.10 gives an approximation for v(z) in terms of v(s) for every
z € M. Applying the lemma and then manipulating the integrand in the same way
that we did in our heuristic calculations (but now carrying along the error terms

coming from Lemma 2.10), the integral over M becomes

1 1
s)exp| ——log®n |n~*
"(s) p( 1408 ) =
1 L+]z—s] |z—s
Az — —1 21(1+0 dz. (2.22
x/Mexp( (z (S+2A ogn)) )( + ( 5] + BE z. (2.22)
Parametrizing M as z(u) = s+ 55 logn + ui for u = —y*/* to u = y*/*, and then

using the fact that |z(u) — s| < |u| + |55 logn| < |u] + y*® and |s| < y to simplify
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the error terms we deduce that (2.22) equals

exp(—Au?) (1 +0 ( ! ;Lg‘g)) du. (2.23)

The integral of the error term can be bounded via the triangle inequality,

2/3

(s)exp( — 1 log?n Jn—— [
7e(s) exp| —-—log™n |n

[t J—y2ss

2/3

/y exp(—Au®)O L Juf” du < y='/° /OO ex —LUQ (14 [u]?) du
—y?/3 P y'/s y —00 P 2]t
< /Ity

where we have used the fact that Re A > ﬁ which comes from (2.21) and taking y

sufficiently large.

Estimating the main term now we see that

2/3 00 00

/ yy/ exp(—Au?) du = / ) exp(—Au?) du+ O ( /y » exp(—(Re A)u?) du)

4/3
_ | Ly
‘ﬂ*o('t'e’{p( 2|t|>)’

where the second line follows from the first by using Re A > L

5 Again.

Inserting these estimates into (2.23) and using —= = /[t|(1 + O(y™")), which
follows from (2.21), we see that the value of the M contour integral is

1

= ,(s) exp (—ﬂ log? n) n=*(1+ Oy~ /%))

which we will see later is the main term of our estimate.

H, and H, integrals

The H; integral is

i/mlt| i
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so applying the M L-inequality gives the bound
1
vaud

where |H;| denotes the length of the contour.

< | Hi| ma () T (2.21)

2/3

Recall that H; is the line segment from 2 + (y — y*/®)i to s + 55 logn — y?/34,

and since |55 logn| < y¥° < y*3/2 for all sufficiently large y, the hypotheses of

y4/3
<K exXp (—m) .

Lemma 2.11(i) are satisfied, so

max e ((5)=2) ) =2
z€H,

v(2)

Also,

Hy| =
| H| 5

so, we conclude that the integral over H; is bounded by

4/3 4/3
Yy Y Y
<L —=exp| — <K exp (— )
VIt ( 10]1&\) 20]¢|

since [t| < C and y is large.

1
x—i——logn—2‘ <yt PP 12 <y,

For the H, integral, an identical bound holds and the derivation is the same.
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V) and V; integrals

First consider the integral over V. Applying the triangle inequality and Lemma
2.11(ii) we get
1

i 7T|t‘ |4t

1
7

@ exp( () - 27 )~ ds

1 1
< —= [ exp (—(y —Im z)z) |dz|
\/ ‘t| %1 2‘t|
1 _y?/3 9
= —/ exp (_u_) du
Vi~ 2Jt|
4/3
Y
<o~ )

A matching argument gives the same bound for the V5 integral.

Conclusion of (i) and (ii)

Adding together our estimates for all five integrals we get

1

Byn(s) = v(s) exp< i log? n) n*(14+0(y /%)) + 0<exp (— 5;/;)) (2.25)

In order to absorb the additive error term at the end into the multiplicative error

term it suffices to show the following lower bound on the size of the main term:

1 94/6/5
%(s)exp<—ﬂlog2n)n_s >>exp<— ?ﬂ ) (2.26)

(This is sufficient because the exponent 6/5 is less than 4/3.)

To derive this lower bound, we will bound each of the factors individually. For
the first factor, recall that v;(s) == v(s) exp( L(s— Jt(s))2>. Since r < y/*, we can

el

apply Lemma 2.3 to get
()| = exp(—K'y)
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for some K’ > 0, and furthermore

exp (s = 007 -

1

where the last inequality comes from the fact that Im(s—.J;(s)) = O(|t|) by definition

(2.12) of J,(s). Combining these lower bounds gives
()] > exp(=K'y) (2.27)
for all sufficiently large v.

To lower bound the other two factors of (2.26), note Re(%) < 2[¢| for all large y

by (2.21), and logn < 33/°/|t| by assumption, so
1 t 6/5
exp <_H log? n) ‘ > exp (—% log? n) > exp (—%)

6/5
|n"°| = exp(—xlogn) > exp (—‘;—ﬂ)

and also

since r < y'/*.

Hence, (2.26) is true, so we deduce that
1

Bin(8) = v(s) exp (—m log® n) n=*(1+ O(y~/?)). (2.28)

From this estimate we shall now deduce (i) and (ii) of the lemma. By taking absolute

values in (2.28) and applying Re(%) > |§—‘, which follows from (2.21), we deduce (ii)

immediately. To get (i), note that since logn < y'/3/|t| in this case

1 2 i1 i 2
N ] Ol =) )1
4Alogn 4(1+ (y og'n

t
= —% log?n 4+ O(y~'/3),
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where we have used (2.21) once again in the first line. Inserting this estimate into

(2.28) and using exp(O(y~/3)) = 1 + O(y~/3) gives (i).

Proof of (iii)

Recall that the integral defining By ,,(s) is

1 2+o001
B i\/ 71"75‘ 2—001

We now work under the assumption that n is large enough that |¢|logn >y

”Y(Z)eﬁ(‘]t(s)_zyn_z dz.

Bt7n(5)
3/5‘

We can rewrite the exponentials in the integrand by completing the square

1 _ t 1, I} 2
e‘i‘ (Je(s) Z)Qn_z — exp (_ <Jt(3) + %10g n) log n)@% (z (Jt(8)+ 2 logn)) , (229)

so if we choose to integrate over the vertical line Rez = Re(Jt(s) + % log n), we
see that there would be no oscillation coming these exponentials. Let L denote this
vertical line, and we now claim that L lies in the right half plane. Indeed, because

Re Ji(s) = z + O(logy) = O(y'/*), and |t|logn > y*/°, we see that

t
|Re Ji(s)| < %logn (2.30)

for y large enough, and so in particular Re (Jt(s) + g—‘ log n) > 0.

In the right half plane the integrand has no poles and decays rapidly in any

vertical strip, so by Cauchy’s theorem

Bin(s) i) =27 =2 g (2.31)

= ﬁ/ﬂ(@e

For all z € L, note that (2.30) implies Re z < |t|log n so we can apply Lemma 2.12
to bound ~(z), which gives v(z) < exp(K”|t|log"! n) for some K” > 0. Applying
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this bound and (2.29) to (2.31), we can bound B ,(s) by,

" 1.1
< eXp(K ’t“Og n) /‘elil(‘]’f(s)_z)Qn_Z |dZ|
|t] L
t K// t 1 1.1 [e'e) )
= exp(— Re (Jt(S) + %log n) log n> exp (K] ||t|0g n) / e/t gy,

t
< exp <— Re <Jt(s) + %log n) log n) exp(K”|t|log" ! n).

From (2.30) it follows that Re(Jt(s) + % log n> > % log n, so

t t
Bin(s) < exp (—% log® n) exp(K'|t|log"! n) < exp <—|1—(|) log® n)
for all y sufficiently large (because this implies logn is large). [

2.4.1 Deducing Theorem 2.6 from Lemma 2.9

Recall that &'(J,(s)) = Y0 | anBin(s). We will split this sum into small, medium,

n=1

and large n as designated by Lemma 2.9, and then we will approximate each of the

terms using the lemma.

It will be notationally convenient to define,

~ = t a,
Fi(z) = Z exp (—% log? n) %

which is the sum one gets when applying the triangle inequality to |F;(s)].

For the small n terms of the sum (i.e. those for which |¢|logn < y'/3) the lemma

gives

Z anBin(8) = 7(s) Z exp <—% log? n) %(1 + O(y~/%)

small n small n

= %(s) ( > exp <—% log” n) % + O(y1/5ﬁt(1?))> :

small n
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Rewriting the sum in the main term as F;(s) minus a tail sum, we get

=(s)| Fi(s) +O y_1/5E(:v) + Z exp (_% log? n) -

logn>y1/3 /||

(2.32)

For the medium n terms (which satisfy y'/% < |t|logn < y*/°) the lemma gives

Z anBin(s) = m(s) x O Z exp (—% log? n) |Z—Z| : (2.33)

medium n logn>yl/3/|t|

Adding (2.32) and (2.33), we get an estimate for the sum over all small and medium

n,

_ -1/5 7 _ﬂ 2 |an|
W) [Ee) roly PE@+ T exp< log n) i

8
logn>yl/3/[t|

To bound the tail sum in the error term note that since [t|logn > y'/3 and

a, = O(n?),

t n _ -
exp (_|_| log2 n) M < (n y1/3/8) (n2 x)
8 n®
1/3
< nin
where the second inequality holds for all sufficiently large y because x = O(y'/4).
Summing this bound over n > exp(y'/3/|t|) and applying the bound Sepn M <
2R'"™M (which holds for all R, M > 2, say) we conclude that

3" @uBuals) = uls) <Ft(s) +0 <y—1/5ﬁt(x) +exp (— v ))> L (2.34)

- 15]¢]

y
logn< ]

for all sufficiently large y.
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Lastly, for large n (which satisfy [¢t|logn > y3/®) the lemma tells us

t
Z anBin(s) =0 Z exp(—%log2 n)|an| :

large n y3/5
log n> W

and by using the same method that was just used to bound the other tail sum, we

> anBin(s) =0 (exp (_%»

large n

deduce the bound

In order to add this into the small and medium n estimate (2.34) and absorb this
error term into the existing error terms we first need to divide through by the ;(s)
factor. Since we have seen previously in (2.27) that ;(s) only decays exponentially
in y, we can write the large n sum bound as

> anBials) =n(s) x O (exp (—%))

large n

Adding together all of the small, medium, and large n then gives

(o) =) (B + (s PR en(-20))). ew)

We conclude the proof by bounding ﬁt(x) to simplify the error term. First we

consider the case when x < —2. By applying a,, = O(n?), we see that
~ > ¢
Fi(z) < ; exp (—|Z| log® n + 2|z| log n) :

Truncating this sum to only those values of n satisfying % logn < 3|z| will incur
only an O(1) error because this condition implies that all the terms in the tail are

O(n™?%), so we have

~ t
Fi(z) < Z exp(—%log2n+2]x\logn> + O(1).

n<exp(12|z|/[t])
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It is easy to verify that the maximum possible value of a term in the sum is exp (4‘&"2 ) ,

and so bounding each term by this quantity gives

~ 2 2
Fi(z) < exp<4’x| > exp (12_]x|) +0(1) < exp(lom ),

i i i

where the second inequality holds because |t| < C and because we are in the case

r < —2.

For x > —2, one can prove a bound which decays exponentially in x by similar
methods to what we used above, but in the interest of keeping the error term simple
we instead choose to use the trivial bound coming from the monotonicity of ﬁ’t(a:)

Since Fy(z) is decreasing in z, we naturally have

Fi(z) < exp (% min(z, —2)2) : (2.36)

Inserting this into (2.35) gives the theorem.

2.5 Proof of lemmas

Lemma 2.3. Let v(s) be one of the functions described in condition (iii) of the
extended Selberg class definition. Let D > 0 and 0 < 6 < 1 and let s be a complex
number which is at least unit distance away from the poles and zeros of v, and which
satisfies | Re s| < D|Ims|’. There exist K, K' > 0 (depending on ~, D, and 0) such
that

exp(—K'|Im s]) < [y(s)| < exp(—K|Im s]).

Proof. Recall that

k

(s) = as™(s — 1)"Q" [ [ wis + ).

=1
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We may assume | Im s| is large, because the small | Im s| case follows by compact-
ness (since | Res| < D|Im s|’ and since s is bounded away from the poles and zeros

of v by our hypothesis).

Note that the polynomial and exponential factors in y(s) are insignificant because

if | Im s| is large and | Re s| < D|Im s|?, then
exp(—] Im s\el) <|s™(s —1)"Q°| < exp(\ Ims]9/>
for some 6 < 0" < 1. Hence, it is enough to show that each I' factor obeys
exp(— K| Im s|) < |I(wis + )| < exp(— K] Im s]) (2.37)

for K, K; > 0.

Fix some i and let z := w;s + p;. Since w; € R and |Im s| is large, we have

|Im 2| < |Im s| and |Re z| < |Im 2|’, and we may assume | Im z| is large as well.
Stirling’s approximation gives
1 2m
II'(2)] = exp| Re( zLogz — z + 3 Log — ) + O(1/|z|)
z
= exp(—(Im z) Arg z + O(\ Im z|9/)).

Since | Rez| < |Im z|? and |Im 2| is large, we deduce that 7/4 < Argz < 37/4

if Imz >0 and —37/4 < Argz < —7/4 if Im z < 0. Hence, we can conclude
exp(—C'|Im z|) < [I'(2)| < exp(—C/|Im z|),
and then (2.37) follows since | Im z| < | Im s|. O

Lemma 2.5. Let

1 I4o0i K
h(x) = 5 /1_00i ]1_[1 I'(ajw + bj)z™" dw
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for some a; >0 and b; € C with Reb; > 0. Then there exists a § > 0 (depending on

the a; and b; values) such that h(z) < e for all z > 1.

Proof. Let R denote the set of functions f € C'((0,00)) for which,
(i) there exists a § > 0 such that f(z) < e~ for all z > 1, and
(ii) for every x > 0, the bound f(z) <, =" holds for all z > 0.

To prove the statement it clearly suffices to show that A € R. In order to do this we

first make several observations about R and about Mellin transforms.

Note that for any function f € R, the bound (ii) implies that the Mellin transform

Py = [ s

of f is defined for all Rew > 0. Moreover, if F' is integrable over some vertical line
Rew = ¢ > 0, then f can be recovered from F' via the inverse Mellin transform,
1 c+o001
f(x) —/ F(w)z™" dw.

2mi c—00%

This follows directly from the Fourier inversion formula for L' functions if one per-

forms the necessary changes of variables.

If f and g are functions in R, we define their multiplicative convolution to be

< fx d

Fear= [T (%)oY (2.38)
0 Y Y

and we claim that R is closed under this operation. Note that if f,g € R, then fxg

is continuous by a standard application of the dominated convergence theorem, so it

suffices to show that this function satisfies the bounds (i) and (ii).
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Let 0 > 0 be small enough so that both f(y) < e and 9(y) < e~ for all

y > 1. For x > 1, we bound the f * g(x) integral by splitting it into two parts,

fxgla) = (/0w1/2+/:2>f<§)9(y) L,

which we denote by I and II respectively.

=
To bound II, apply f(%) < (%) and g(y) < e to get

—0
o0 d 00
II <« / <§) e,ys _y — 335/ y671€7y5 dy < 67:’:6/2,
«1/2\Y Y 21/2

To bound I, note that the substitution 3’ = % turns this integral into an integral
which is identical to II but with the roles of f and g reversed. Hence the same bound

holds, and we can conclude that

5/2

frgla) <e™

for all x > 1.

It remains to show that f % g(z) <, 2" for all z > 0 and k > 0. Fixing some
k > 0, it suffices to prove this bound for 0 < x < 1 because we have already proved a
superior bound when x > 1. To obtain the bound when x < 1, we split the f % g(x)

integral into three parts

fxg(z)= (/Oer/ler/loo)f(g)g(y)%

which we denote by I, II, and III.

For T11, the bounds f( ) < (5)_ and ¢(y) < ¢ hold, so

T
Y

[ee] —kK d
Il < / (f) e W g
1 Yy Yy



—K/2
For II, the bounds f<§> < <§> and g(y) <y~ hold, so

L\ 2 d 1
I« / (E) y /2 Y _ /2 log — < x™".
z \Y Y T

For I, we can again apply the substitution 3’ = g to turn this integral into an

identical integral to III but with the roles of f and ¢ reversed. Hence,
frglz) <z,

so we can conclude that fxg € R.

Now suppose that f,g € R with F, G their respective Mellin transforms. Using
Fubini’s theorem and a change of variables, it is straightforward to show that the
Mellin transform of f * g is the product FG. Furthermore, if F'(w)G(w) is integrable
over a line Rew = ¢ > 0 then our previous remark about Mellin inversion implies
that f x g is the inverse Mellin transform of F'G. We may now apply this result
inductively to prove the lemma.

T

Using the fact that the inverse Mellin transform of I'(w) is e™®, one can verify

1/a; S
=7 which is a member

that the inverse Mellin transform of T'(a;w +b;) is Lab/% e~
J

of R. Any product of these gamma functions will be integrable over the line Re w = 2

because of the exponential decay of the gamma function on vertical lines. Hence, the

inverse Mellin transform

1 24o0i K
h(z) = " /2—001' Jl;[l ['(ajw + bj)x™" dw

is a multiplicative convolution of k functions each of which are in R, so h is in R as

well.
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Lemma 2.8. For anyt <0, F; has a zero.

Proof. Fix t < 0, and recall that Fy(s) = exp(—% log® n) 4n js an entire func-

tion. Furthermore, the bound (2.36) on the function Fy(z) :== Yo exp (—% log? n) %
implies
. = ]-O . 2
|Fi(x +iy)| < Fi(z) <exp il min(z, —2)° |,

so F; is of order at most two.

Now suppose for the sake of contradiction that F; has no zeros. Then by the
Hadamard factorization theorem, F(s) = exp(P(s)) where P is a polynomial of
degree at most two. Using the fact that F;(s) is uniformly bounded in all half-planes

{Res > ¢}, one may verify that the only possible choices for P(s) are polynomials

of the form P(s) = —As + p where A > 0, p € C. Hence,

00 " .
; exp (—|4—| log® n) % = e’ exp(—\s)

for all s € C. Now note that the right-hand side of this equality is a (generalized)
Dirichlet series with only one term whereas the left-hand side has multiple terms
because as we have noted previously a, is nonzero for more than one n. By the
uniqueness of coefficients of generalized Dirichlet series such an equality is impossible,

so we get a contradiction. ]

Lemma 2.10. For any ¢ > 0, define the region S. = {|Argw| < 7 —¢,|w| > ¢}.
Let 2,2y € S. and |z — 2| < D|z|*® for some D > 0. Then for all z, zy that are at

least unit distance away from the poles and zeros of v, we have the estimate

k S
V(2) = 7(20) exp ( <logQ +) w Log(wjzo)) (2 — 20) + =929, 20)2>

220

1 _ _ 3
% (1+O( t 1z~ 2l + 12 Z2°| ))
EN EN

J=1
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where the implicit constant may depend on € and D.

Proof. We may assume that |zo| is large, as the small |zo| case holds by compactness.

We allow all implicit constants to depend on € and D.

Recall that vy(2) = az™(z —1)"Q* H§:1 ['(w;z+ p;). We will consider the factors

of v separately and show how each one differs when evaluating at z versus zj.

To handle the polynomial factor az™(z — 1)™, note that for all |zo| large we have

) R (A (= )\

hence

a™(z — 1)™ = az(z — 1)’”(1+O<|Z_Z°|)>. (2.39)

EN

For the exponential term in 7y, there is a trivial equality
Q" = Q% exp((log @)(z — 20)). (2.40)

To get estimates for the I' factors in v we recall Stirling’s formula which states

that for any w € S, with |w| > 1,

T'(w) = V271 exp (w Logw — w — %Log w) (1 + O(,%,)) (2.41)

Suppose w, wy € S. and |w —wy| <K |we|*3. By assuming |wy| is sufficiently large

we have ‘Arg(l + %) ‘ < ¢, and we then deduce

Log w = Log wq + Log(l + v w0>. (2.42)
Wo

By applying Stirling’s formula at w and wy (and assuming |wy| is large), then
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using (2.42) and the fact that |w| < |wy| gives

1 _
:exp(wLogw—w—woLogw0+wo_§L0g(1+w wo>>
Wo

(o))

1 _
= exp(w Logw — w —wOLogwo—I—wo)(quO(M))

[ (w)

where the second line follows from the first because Log(1 + s) = O(|s|) for |s| < 3,
and exp(s) =14 O(|s|) for s bounded.

If we consider just the expression inside the exponential, one can show that

w Logw — w — wy Log wy 4+ wo = Log(wo ) (w — wg) + —— (w — wy)?

2w0
o 3
|wol

by applying (2.42) to the logarithm, then applying the Taylor approximation Log(1+
s)=s— % + O(s*) which holds for all |s| < 3, and gathering together error terms.

L(w)
I'(wo)

Plugging this back into our expression for and then applying exp(1 + s) =

1+ O(]s|) for s bounded again,

E((;?) ~ e (Log(wo)(w )+ 5 - W)
x (1 + 0(1 + ||7z;0_| wol 4 |w|;0@|l;ol3)). (2.43)

Taking w = w;z + p; and wy = w;z9 + p; note that from the assumptions that
2,20 € Se, |2 — 20| < D|z|*?, and |z| is large, we get the corresponding facts that

w,wy € S, |w — wo| < |wo|??, and |wy| is large. Hence, by (2.43)
2

= exp <Wz' Log(wizo + i) (2 — 20) + m(z - 20)2)

1 _ _ 3
X (1+O( nal Y Z;' )) (2.44)
|20l |20/

20

C(wiz + ;)
[(wizo + 1)




When |z] is large,

J2ol

1
Log(w;zo + i) = Log(w;zo) + O( >

and

1 1 1
Wizo + i WiZo |20]
Inserting these into (2.44) gives

A = exp (wi Log(w;z20)(z — 20) + ﬂ(z _ 20)2>

220
1 _ _ 3
X (1+O( nal Y Z;' )) (2.45)
|20/ |20/

Applying (2.45) to each IT" factor in 7 and combining this with (2.39) and (2.40)

gives the lemma.
O

Lemma 2.11. Let t, s = x + iy, and C satisfy the same hypotheses as in Theorem
2.6. Let n < exp(y>/°/|t|) (i.e. the small/medium case of Lemma 2.9) and let

I(z) = y(2)em ===

be the integrand of (2.17). Then for all y sufficiently large (depending on C') the

following estimates hold (where the implicit constants may also depend on C):

(i) If |x — Re z| < y*/% and 1y*/3 < |y —Imz| < 2y*/® then

Y3
I(z) < exp (— 101 > :

(ii) If Rez = 2 and |y — Im z| > y*/® then
1 2
Z(z) < exp —m(y —Imz)* ).

o1



Proof. We shall bound the three factors of Z(z) individually and prove (i) and (ii) in
parallel. We allow all implicit constants to depend on C, and we freely assume that

y large enough to make various assumptions hold.

From the definition (2.12) of J;(s), and the assumptions that * = O(y'/*) and
t = O(1) it is clear that

ImJi(s) =y+0O(1) and ReJy(s) =z + O(logy),
so if z satisfies the hypotheses in either (i) or (ii), then

Re((Ji(s) — 2)*) = (z + O(logy) — Rez)* — (y + O(1) — Im 2)*
< —%(y —Im2)%.
for all y sufficiently large (where we have used the assumption that z < y'/* again
in the (ii) case). Hence we can bound the first exponential factor in Z(z) by

o ((9)=2)?

< exp (—ﬁ(y —Im 2)2). (2.46)

To handle the ~y(z) factor we can apply Lemma 2.3. Note that the hypotheses in
(i) imply
|Rez| < |z| +9*° < »¥® and Imzxy

and the in case (ii) we have Re z = 2, so in both cases Lemma 2.3 certainly implies
that y(z) = O(1).

In (ii) it is clear that the n™* = O(1), and in (i) note that Rez < »*® and
logn < y*/°/|t|, so

Ky6/5>

n~* = exp(—(Rez)logn) < exp( m
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Hence, to get the conclusion in (i), we put together the above bounds and the
fact that |y — Im z| > $y*/® which gives

1 Ky6/5
I(z) < exp (—m(y —Im z)2) exp(T

y4/3 Ky6/5
SeXp(‘W) eXp( 0 )
4/3
)
< _
—eXp( mwtr)

for all y sufficiently large.

Similarly, the conclusion of (ii) is immediate from (2.46) and the O(1) bounds on

the other two factors.

]

Lemma 2.12. There is some K > 0 such that |y(z)] < exp(K(Rez)™') uniformly

for any z with Rez > 1.

Proof. Recall that

v(2) = az™(z — 1)"Q? H C(wiz + ).

i=1

Consider two cases where either | Im z| > (Rez)? or |Im z| < (Re 2)?. In the first
case, we see y(z) = O(1) by Lemma 2.3. In the second case, one can bound each of

the I' factors in v with the bound
ID(wiz + )] < T(Re(wiz + 1)) < exp(Ko(Re2)™)

for some Ky > 0. Since, |z] < (Rez)? and |Q?| = exp((log@Q)(Rez)) the bound
follows. -
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CHAPTER 3

Extreme values of the argument of the Riemann

zeta function

3.1 Introduction

Let
1 .
S(t) = — Imlog((— + zt),
U 2
such that the logarithm of ((s) is defined with branch cuts extending horizontally
to the left of each zero and pole, and the branch is chosen so that log ((2) is real.

When % + it lies on a branch cut, S(¢) has a jump discontinuity, and by convention

we set S(t) = lim._,o(S(t +¢) + S(t — €))/2 in this case.

The behavior of S(t) is closely connected to the locations of the zeros of the zeta
function as one may see from the Riemann-von Mangoldt formula,

t t t 7
N(t) = g-log o —o—+ 2+ SO +O(F), t>1. (3.1)

Here N(t) denotes the number of zeta zeros p = 8 + iy for which 0 < v < t, and
any zeros with imaginary part equal to t are counted with weight 1/2 in order to
be consistent with our definition of S(t). The classical bound S(t) = O(logt) which
is due to Backlund [2] shows that the macroscopic behavior of N(t) is dictated by

the first two terms in the Riemann-von Mangoldt formula, but at smaller scales the
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irregularities in the vertical distribution of zeta zeros are governed by the oscillations
of the S(t) term. In this chapter we are interested in studying the distribution of S(t)
on an interval [T, 27] where T is large. In particular, we would like to understand

the tails of this distribution.

The statistical properties of S(t) were first studied by Selberg [26] who showed
that on the interval [T,27] the moments of S(¢) are asymptotic to the moments
of a normal distribution with mean zero and variance ﬁ loglogT'. Using standard
results in probability theory, these moment estimates allow one to deduce the Selberg

central limit theorem, which states that for fixed A > 0,

7S(t)

1 o2
——2>A) = —/ e du + o(1) (3.2)
@/%loglogT V2rm Ja

as T  tends to infinity. Note that this result as we have stated it says nothing about the

1
— te T 2T):
Tmeas [T, 2T

large deviations behavior of S(¢) where A is allowed to grow with 7. However, if we
were to extend the heuristic that S(¢) behaves like a Gaussian random variable with
variance proportional to loglog T, then we would predict that the measure of the set
{t € [T,2T]: S(t) > V} is uniformly bounded below by T exp(—DV?/loglogT) for
some positive absolute constant D even if V' chosen to be much larger than v/log log T'.
A lower bound of this shape was proved by Soundararajan [28] for the analogous
problem of Relog {(5 +it) rather than S(¢) for the range loglog7 <V < (log Tz,
Unfortunately, it is not possible to directly adapt Soundararajan’s method to get
the same result for S(¢) because the possibility of zeros of the zeta function off the
critical line leads to complications which do not appear for Relog ¢ (% +it). We are

able to prove the following result instead.
Theorem 3.1. There exist constants k, D > 0 such that for all T sufficiently large
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and all V in the range v/loglogT <V < /i( log T >§ we have

loglogT

meas {t € [T,2T]: S(t) >V} > Texp (—DV—2>.

logT
108 73 legv

The same is true if one replaces S(t) with —S(t).

The lower endpoint on the range of V' in the theorem could be adjusted to be any
constant multiple of v/loglog T but this is not so important since the Selberg central
limit theorem already applies in this regime. Notably, for V < (logT)3 ¢ the lower
bound in Theorem 3.1 matches the prediction described in the previous paragraph.
For values of V' near the endpoint K(%)é the lower bound degrades but is still
nontrivial (cf. Theorem 1 of [28] where the behavior of the bound near the endpoint
is quite similar).

To compare Theorem 1 with what is already known about S(t), we note that the

best  results' for S(t) are

1
Qi<( logs ))
S(t) _ loglogt
0y (\ [logtlogloglogt tlgzglgoggtlogt) on RH.

The unconditional result is due to Tsang [32] which is itself an improvement in the

power of the loglogt factor over a result of Selberg [26]. In the conditional € result,
the order of magnitude comes from a recent breakthrough of Bondarenko and Seip
[4] which improves a longstanding theorem of Montgomery [15] by a +/logloglogt
factor. The fact that Bondarenko and Seip’s method yields large values of either sign
was noted by Chirre and Mahatab [5].

IAn Q result is any statement of the form f(z) = Q(g(z)) meaning that limsup, ., L&l > 0.

g(x)
12 > 0 and liminf, o0 £ < 0,

The notation f(z) = Q4 (g(x)) indicates that limsup,_,
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We now see that Theorem 3.1 implies a quantitative strengthening of Tsang’s
Q2 result by giving a lower bound on the measure of the set where S(t) is large.
By comparison, Tsang’s proof does not give such a bound. To our knowledge, the
only other measure result of this kind in the literature is a theorem of Radziwilt [22,
Rmk. (1)] which gives an asymptotic for the measure of {t € [T,27]: S(t) > V}

1

rather than just a lower bound but for the range V' < (log log T)2+%’E instead.

Broadly speaking, the proof of Theorem 3.1 consists of three parts. The first
part is an application of a convolution formula of Selberg [26] which expresses a
smoothed version of S(¢) in terms a contribution of zeta zeros and a contribution of
a Dirichlet series. The second part is an upper bound on how often the contribution
of the zeta zeros in the convolution formula is large. This requires an application of
a zero density estimate and theorem of Tsang on the moments of S(t + h) — S(t)
to get some control over the zeta zeros in the horizontal and vertical directions
respectively. The third part of the proof is a lower bound on how often the Dirichlet
series contribution in the convolution formula is large. This will be an application
of the resonance method which was developed by Soundararajan in [28] to prove the

result about Relog (3 + it) mentioned previously.

Before giving the full proof of Theorem 3.1, in the next section we will give a

heuristic proof which describes the main ideas in more detail and will illustrate why

log T
loglogT

1
the upper endpoint m( > * in our theorem appears to be optimal barring some

new idea for bounding the contribution of zeta zeros off the critical line.

As a final remark we note that if we were to assume the Riemann hypothesis,
then our arguments would simplify since there is no longer a possible contribution of

zeta zeros in Selberg’s convolution formula. In this case it is possible to get an im-
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provement in Theorem 1 which is essentially of the same strength as Soundararajan’s

measure result for Relog(3 + it).

3.2 Proof Outline

In order to study S(t) we would like to express it in terms of a sum over primes.
Recall that for any s in the half plane Re(s) > 1 + ¢ we have the classical formula
log((s) = >_,p~" + Oc(1). Naively extending this to the case where s = % + it we
obtain the heuristic
1 I,
S(t) ~ ;Imzp: %p :
Of course this is not a rigorous approximation because the summation on the right-
hand side does not converge. To remedy this, we can damp out the contribution of the
higher frequencies (i.e. the larger primes) by convolving S(¢) with an approximation
to the identity. This idea was first used by Selberg in his work on large values of
S(t) (see [26, Section 7]). Selberg proved what we will refer to as the convolution

formula, which expresses a smoothing of S(¢) in terms of a sum over primes and a

sum over zeta zeros.

Roughly speaking, the convolution formula can be stated as follows: if one con-
volves S(t) with an approximation to the identity of width A~! (where )\ is some
parameter that we may choose) then the resulting smoothed version of S(t) is ap-

proximately
1 1
—1 —p G 3.3
S Y e 3 G (33)

log p<KA 8>1/2
|[y—t|<A™t

where Gy ) is a function whose precise definition is not so important for now. The

first summation is over all primes up to a certain cutoff determined by the parameter
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A, and the second summation is over all zeta zeros (denoted p = (8 + i7) which lie
to the right of the critical line and which are close to height ¢. Instead of trying to
understand the distribution of S(t) directly, it will suffice for us to try to understand
the distribution of the quantity (3.3). Indeed, we should expect that large values of

S(t) will occur at least as often as large values of a smoothing of S(t).

Note that if we were to assume the Riemann hypothesis then (3.3) would have no
contribution coming from zeta zeros. In this case the problem would be reduced to
understanding large values of the imaginary part of a certain Dirichlet polynomial.
This can be done in several ways: by computing moments of the Dirichlet polynomial
(see Tsang [32]), by using Dirchlet’s approximation theorem (see Montgomery [15]),
or by using the resonance method (see Bondarenko and Seip [4]). However, since
our goal is to prove an unconditional result, we must account for the possibility of a
contribution from zeta zeros off the critical line. Tsang’s proof of his unconditional
Q2 theorem for S(t) involves comparing high moments of the Dirichlet polynomial
contribution in (3.3) with high moments of the zeros contribution and then applying
a clever lemma to deduce the existence of large values of S(t). Our approach will
be more direct. Given any V' we first prove that the magnitude of the contribution
of zeta zeros in the convolution formula is less than V' for all ¢ € [T, 2T outside of
some exceptional set of small measure. Next we show that the Dirichlet polynomial
contribution is larger than 2V on a set whose measure much larger than the excep-
tional set. From this we can deduce a bound on how often the sum of these two

contributions is greater than V.

In order to carry out the argument we have just described, we need to understand
how often the Dirichlet polynomial contribution and the zeta zeros contribution in

(3.3) are large. We start by giving a heuristic analysis of the Dirichlet polynomial.
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Given any V (which we think of as growing slowly with 7') we want to know how
often the Dirichlet polynomial is greater than 2V. First observe that the terms in
the sum coming from primes smaller than V' (say) are inconsequential because they

can contribute at most » o(V) to the total. This immediately implies that

p<V \/Lﬁ -
we must have A > log V' if the sum is ever to be larger than V. For the remaining
terms, we can model the sum by a random sum since we expect that the phases p=#
behave roughly like i.i.d. random variables with mean zero. The variance of this
random sum is proportional to
> 1 log A — loglog V + O(1)

log V<log p< A
by Mertens’ theorem. Hence, if we assume that the distribution of the sum is ap-
proximately Gaussian then we expect it to be greater than 2V with probability at
least exp(—C'V?/(log A — loglog V')) for some positive constant C.. If this probabilis-
tic model is accurate, then we expect that our deterministic sum is greater than 2V
on a subset of [T, 27 of measure

Texp(—C’ VQ/\ ) (3.4)

log logV

We shall see in Section 3.5 that it is possible to prove a bound of precisely this
form (assuming that A and V' lie in some appropriate ranges) using Soundararajan’s
resonance method.

Next we must analyze the sum over zeta zeros. Recall that the average spacing

2
1

e T SO We expect that there are at most O(A~tlogT)

of zeta zeros near height 7' is
terms in this sum. Moreover, we will see later on that the magnitude of each sum-
mand Gy (p) is (roughly speaking) O(A*(8 — 3)?). Hence, if we let 6, := max(3 — 3)
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where the maximum is taken over all the zeros in the sum, then we expect that

1
D Gul) <A ) (B-35) < \logT. (3.5)
p>1/2 B>1/2
[y—tl<A™! |y—t| At

If this bound holds for a given ¢t € [T,2T], then the contribution of the zeros is

guaranteed to be less than V' whenever

Vo
e () "

for some sufficiently small implicit constant. Hence, we would like to bound the

measure of the exceptional set of ¢ values where (3.6) fails to hold. To do this we
need a bound on the number of zeta zeros lying a specified distance off the critical
line. Such bounds are commonly known in the literature as zero density estimates.
We will see in Lemma 3.7 that by using a classical zero density estimate we can

bound the measure of our exceptional set by

T exp(10) exp (—a(migT) é) (3.7)

where ¢ is some positive absolute constant.

We can now complete the proof sketch. Given a particular V', we would like to
select a value of the parameter A so that the lower bound (3.4) is larger than the
upper bound (3.7). It turns out that this is only possible if V' is not too large. To find
the endpoint, we start by noting that if V' is as large as a fixed power of log T', then we

saw in our analysis of the Dirichlet series that we must have A > log V' > loglogT'.
1

logT
loglog T’

A short calculation shows that V' can be taken as large as /1( > ® for some small
constant k > 0 if we let A\ = loglogT', and we cannot do any better than this. For

values of V' less than this endpoint, one needs to choose a larger value of A\ in order
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to get the right measure bound in the conclusion of Theorem 3.1. The complete
details for this may be found in Section 3.6, but as an example we can consider the
case where V = (log T)3 ¢ for some 0 < ¢ < 5. Letting A = (log T')* for some small

p depending on e, one sees that the lower bound (3.4) is at least

VQ
T —De——— .
exp( log log T) (38)

for some constant D. > 0 depending on £. One can also check that the upper bound
(3.7) on the measure of the exceptional set is much smaller than this as long as p
is chosen to be small enough. Hence, we conclude that the sum of the Dirichlet
polynomial contribution and zeros contribution is at least V' on a set of measure

>T exp(—D5@> which matches the prediction we have described previously.

3.3 Convolution formula

We now begin the full proof Theorem 1. For the rest of the chapter we will assume
t € [T,2T] where T is large. We start by quoting a lemma given in [32] which is a

general form of the convolution formula for log ¢ discovered by Selberg.

Lemma 3.2. Suppose 1/2 < o <1 and let K(x + iy) be an analytic function in the

horizontal strip o — 2 <y < 0 satisfying the growth condition

W(z) = sup |K(z+iy)|= O((m 10g2 ’33|)71)

0—2<y<0

as |x| — oo. For any t # 0, we have

/00 log (o +i(t+u))K(u)du =

= . . o

E K(log n)Mn"”” + 27 E / K(y—t—ia)da+OW(t). (3.9)
logn Jo

n=2 p:ﬁﬂ;{;'y
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The second summation above runs over all zeta zeros lying strictly to the right of

the line Re(s) = . The convention used here for the Fourier transform is K () =
[ K (u)e ™" du.

In order to prove Theorem 1, we will be applying the lemma with a kernel K
where A € [1,1og T] is a certain parameter depending on V" and T to be chosen later.

To define K, recall the following Fourier pair,

w(u) = %(%) e o) = max(0,1 — |z]).

Let
K)(z) = dw(\z).

One may verify that K has the following properties:

(i) Kx(u) >0 for u € R,

(i) [ K(u)dz =1,

)\2|v|e/\\v\

(iil) Im Kx(u+ ) < 57002
(iv) Ki(z) = (%)

(For a proof of property (iii) see [26, pg. 52].)
Applying Selberg’s convolution formula with K, we can prove that a short aver-
age of S(t) can be expressed in terms of a Dirichlet polynomial and some contribution

from zeta zeros.

Lemma 3.3. Suppose 1 < X\ <logT and T is large. For anyt € [T,2T],

/bgT S(t+ u)Ky(u) du = %ImD,\(zﬁ) + Z)\(t) + O(1)

logT
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where

Proof. Applying Lemma 3.2 with the kernel K, and o = 1/2, we see that

/_OO logC(% +it+ u)) K\(u) du = iwco%) %n—é—it

[e) n=2

D Ka(y — t —ia) da+ O(W (1))

where

W(t)= sup [K\(t+iy)l.
—3/2<y<0

Taking imaginary parts and dividing through by 7 we get
o 1
/ S(t -+ u)Ka(u) du = Tm Da(f) + Z3(1) + O(W (1) (3.10)

Using the assumptions ¢ € [T, 27 and A < log T" and the inequality | sin(a+ib)| <

el’l we see that
6%logT

W(t) < logT 72

< L

All that remains is to show that the tails of the integral in (3.10) are small. Using
the classical bound S(t) = O(log(]t| + 2)) and the bound Ky(u) < A'u™2, we see

/ S(t+ u)Ky(u) du < / (log T +logu)A'u™? du < 1.
|u|>log T’

logT

Hence, the tails may be absorbed into the error term. ]
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3.4 Contribution of the zeros

Our goal in this section will be to prove that the zeros contribution Z,(t) is small

outside of some exceptional set whose measure we can bound.

Recall that the average gap between consecutive zeta zeros with imaginary parts
in [T, 2T is asymptotic to %, so we expect that in most short subintervals [¢, ¢+ h]
there should be approximately % log T' zeros. We now prove a quantitative estimate

on how often a short interval contains “too many” zeros.

Lemma 3.4. There exists an absolute constant d > 0 such that for all T > 3 and

1/logT < h <2 the bound
meas{t € [T,27T]: N(t+ h) — N(t) > hlogT} < T exp(—dhlogT) (3.11)
holds uniformly.

The proof will be an application of the following moment estimate due to Tsang.

Lemma 3.5 (Tsang [32, Thm. 4]). For any positive integer k and any 0 < h < 1,

/2T(S(t +h) — S(t)* dt

= AT (log(2 + hlog T))* + 0<T(ck;)’f(kk + (log(2 + hlog T))’Hﬂ)) (3.12)

where ¢ is a positive constant and

o (2R)!
A= gy

Proof of Lemma 3.4. We may assume hlogT is larger than some fixed constant to
be chosen later (and hence T is large as well) because for small klog T' the conclusion

of the lemma is trivial.
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From the Riemann-von Mangoldt formula one may verify that

N(t+h) = N(t) = %IOg%+S(t+h)—S(t)+O(T‘1)

for any ¢ € [T, 2T]. Hence we see that
1
{t € [T,2T]: N(t+ h) — N(t) > hlogT} C {t € T,27): |S(t+h) —S(t)| > ihlogT}

for all sufficiently large T'. Let GG denote the set on the right-hand side. It suffices to
show that
meas G < T exp(—dhlogT). (3.13)

To do this we use Markov’s inequality and the moment estimate from Lemma 3.5.

Note that since h > 1/logT we have
log(2+ hlogT) <1+ hlogT < 2hlogT.

Inserting this into Lemma 3.5 and applying Stirling’s approximation to estimate Ay
we get an upper bound

/ QT(S(t ) — S(1)*dt < T(Ck)*((hlog T)* + k)

where ¢ > 0 is some absolute constant and k& can be taken to be any positive integer.
From Markov’s inequality we have
T(k)*((hlog T + k*)

(LhlogT)*™

meas G <

If hlogT > 8¢, then applying this bound with
1
k= @hlogT >1

gives (3.13). Hence we have proved the lemma for hlog T larger than some absolute

constant. ]
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We will also require a zero density estimate on the number of zeros off the critical
line. Let N(o,T) denote the number of zeta zeros p =  + iy for which § > ¢ and

0 <~ <T. For our purposes, the following classical result will suffice.

Lemma 3.6 (Zero density estimate).
N(o,T) < T2 °log’ T
Proof. See Titchmarsh [31, Theorem 9.19(A)]. O

We can now bound the contribution of Z,(¢) outside of an exceptional set.
Lemma 3.7. Suppose loglogT < A <logT and 2 <V <logT/\. Let
Ey ={teT,2T): |Z\(t)| > V}.
For all T sufficiently large, we have the uniform bound

ViegT\"?
measEV<<Texp(1O)\)exp<—d'( (;\g ) ) (3.14)

for some absolute constant d’ > 0.

Proof. First we note that

=
ZA(t):ImZ/O Ky(y —t —ia)do

>3
ﬂ—% Aaee
< / do
2 ), TH OG-0
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where the second inequality can be deduced from the fact that the integrand is
increasing in «. In the final sum, each zero p =  + iy contributes a certain amount
depending on the horizontal distance § — 1/2 and the vertical distance |y — t|. We

will split up the sum depending on whether |y — ¢| is small or large.

We will only have good control over Z,(t) if there are not “too many” zeros in

short intervals near height . To make this precise, we define an exceptional set

N+ A k+1) = N{Et+Xk) > AogT

E'=<(telT,2T) :
for some k= —|e*|,..., [e?] -1

The measure of £’ can be bounded using Lemma 3.4. Indeed, note that £’ may

covered by 2 Le2’\J translates of the set

{te[T,2T): Nt+X") = N(t) > X logT}

in addition to some small sets of length < A\~'e?* near the endpoints 7" and 27. So

by the union bound and Lemma 3.4 we see that

meas B’ < A7'e** + Texp(2)) exp(—dA ' log T)

< Texp(2X) exp(—d\ 'logT).

Hence, the measure of E’ is less than the right-hand side of (3.14) (as long as d' is
chosen to be small enough later) by our assumption that V' <log7/\. This means
that it will suffice for us to bound Z,(¢t) for t € [T,2T]\ E’ from now on.

Fix a particular ¢ € [T, 2T\ E’ and define intervals Iy == (t+ A"k, t + A1 (k+1)]
for k = — [eQAJ s LeQ’\J — 1. Also define

0, .= max —1/2).
v= mas (5-1/2
[y—t|<e2*
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Any zeta zero whose imaginary part lies in one of the intervals I will have real part
at most % + 6,. Therefore,

)2 (5 . %)26,\@7%) )\Qetge,\gt )\2(%)26>‘/2
) Yo ER DD D vy Yo D DI e Yo

pg>1 YEI, ly—t|>A—1 LEQAJ

where we have trivially bounded the real part of the zeta zeros in last sum by 1.

Since t is not in the exceptional set F’, each interval I} contains the imaginary

parts of at most A\~ log T' zeta zeros, and so

N2g2 e (N202er) (At 1og T)
NOZeM log T
2217 ECEDER zk: 1+ (min(jk| —1,0))2 7% o8

k ’yEIk

For the remaining sum where |y — ¢| is large, we may apply the classical bound
N({t'+1)— N(t') = O(logt'), and we get
)\2(%)26)‘/2

N2 1
2 Tronopr S DR ek

[y—t[=A=1 | e2r | [y—t[=A=1 | e2r |

> 1
<My -5 108(T + k)
k= L%)\7162/\J

EA/2/\(logT +A)

< >

The quantity in the last line tends to zero as T goes to infinity because of the
assumption that A > loglogT. Hence if T is sufficiently large we may conclude that

the magnitude of this whole sum is less than 1 say.

Putting together the bounds above we conclude for all t € [T,2T]\ E,
|Z5(1)] < ONZ2eM 1log T + 1

for some absolute constant C' > 0.
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1/2
Suppose now that 6, < d’ < >\1<‘)/gT> for a small absolute constant d’ > 0. Then

! 1/2 U
Z\(t) < OX (d’2%> ¢! (wer) T log T +1 < Cd?eV + 1.
(0]

This means that if d’ is a small enough constant (depending on C), then we may

conclude that |Z,(t)| < V.

We may now use our zero density estimate to show that 6; is not larger than

1/2
d ( AngT) very often. Indeed, by Lemma 3.6 we see that

1 VoY ViegT\"?
N|=+d 3T Tlog® T —d .
(2 N <>\10gT> : ) < ros eXp( ( A )

1/2
This implies that 6; > d’ <L> on a set of measure

AlogT

ViegT\"?
<<T10g5Texp(2)\)exp<—d'( (;\g ) )

The result follows. O

3.5 Contribution of the Dirichlet polynomial

Recall that

B 5 log k A(k) i
Dat) =D ( A >(1ogk)\/Ek '

k
We would like to prove a rigorous version of the probabilistic heuristics discussed in

Section 3.2.

We do not strive for the most general lemma possible but rather one which is

sufficient for our purposes.
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Lemma 3.8. Let § € [0,27) be an angle. Suppose 40loglogT < X < ;tlogT and
Vieg <V < 2—10(10%\T)§. Let

Fy = {t € [T,2T]: Re(e”D\(t)) > V}.

Then we have

V2
meas Fyy > T exp| —500 — |-
log logV/

To prove the lemma we will be using Soundararajan’s resonance method which

we describe now. We start by defining a Dirichlet polynomial

R(t) = Z fn)n™"

n<N
where f is an arithmetic function and N is a real parameter both of which we leave

unspecified for now. This Dirichlet polynomial is called the resonator.

Let ® be a smooth function supported in [1, 2], such that 0 < & < 1 and ®(¢) =1

for t € (5/4,7/4), and define the following quantities,
M(RT) = [ IROPS() b
Ma(R.T) = [ Re(eDy(0) [RE)PO () dt,

My(R.T) = [ IR0 () de.
For any choice of resonator, it is clear that we have the inequality

| My(R,T)
Z(QD > 2 U .
s Re(e"DA0) = R

Hence, in order to prove that Re(e? Dy(t)) attains large values, one can try to find

a resonator that makes the ratio My(R,T)/M;(R,T) as large as possible.
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It is illuminating to look at the inequality above from a probabilistic perspective.
In particular, if one thinks of |R(t)|*®(%) as a (non-normalized) probability density,
then the inequality states that the maximum value of Re(e? D, (t)) is at least as large
as the the expected value of this quantity. Using a variant of the Paley-Zygmund
inequality from probability theory, we can also find a lower bound on the measure
of Fy. Indeed, observe that

My (R, T) gVMl(R,T)Jr/ Re (e Dy(1))|R(t)[P® (L) dt

Fy

N
Wl

<V My(R,T) + (meas Fy) (/oo BXORI dt) My(R,T)

[e.9]

where the second line follows from the first by two applications of Cauchy’s inequality.
If we can choose the resonator so that My(R,T) > 2V M;(R,T), then rearranging
the inequality above gives

meas Fy > % (/: IDA(t)[*® (L) dt)_ : (3.15)

This is the bound which we will use to prove the lemma. As we shall see, in order
to make this bound as strong as possible the most important factor to control is
M;5(R,T) (i.e. we want M;3(R,T) to be as small as possible). Hence, our objective
is as follows: given some V' (and A and 7T") we need to pick a resonator so that

My(R,T) > 2V My(R,T) and M3(R,T) is as small as possible.

In order to proceed with the proof of the lemma, we will first show how to estimate
the integrals M, My, etc. using standard techniques for estimating mean values of

Dirichlet polynomials. Once this is done we will show how to make a suitable choice

of f and N.
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3.5.1 Integral estimates

If N <T'~¢, we are able to estimate M; and M, as follows. Note that

oo

Ml(R,T):/_ ROPOL) dE=T S f(m)F(m) (T log(m/n)).

o0 mn<N

For the terms where m # n, we have that | log(m/n)| > T°~'. Hence ®(T log(m/n)) <.

T2 (say) since ® is rapidly decaying. Therefore

Mi(R,T)=T%(0) ) |f(n |2+0(T LY L)l )I)

n<N mn<N

=T2(0)(1+0(T™") Y |f(n)

n<N

Similarly, for My(R,T) we have

log k A(k) .
Ms(R,T) = = T Ree® ( ) m) f(n) ®(T log(mk/n)).
2 m;N 1ng)\/Ef( )f(n) ©(T'log(mk/n))
If mk # n then |log(mk/n)| > T=1, so &(Tlog(mk/n)) <. T2 in this case. Hence,
the total contribution of these off-diagonal terms (i.e. the terms where mk # n) is

bounded by

Ty (log’“) 1ogk = 3 fmllfn

m,n<N

By the hypothesis of the lemma \ < = logT the above sum over k can be trivially

bounded above by e < T70. Hence we may conclude that

0 log k A(k) — L 2
MART) = THORee” 3 o2 )bgk) \/Ef(m)f(n)JrO(T S >|>.

n<N

m n<N
Note that the precise power of T in the error term is not significant here. We could

get any power saving we want since d is rapidly decaying.
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To estimate M3(R,T), the method is essentially the same as above. In this case
we must assume N < T2 to bound the contribution of the off-diagonal terms, and
we will also make the assumption that the resonator coefficients satisfy |f(n)| < 1

for all n. We then have the estimate

My(R,T)=T Y f(m)f(n)f(m')f(n)®(Tlog 22 )

=To(0) Y f(m>f(n)f(m’)f(n’>+0<T‘3 > 1)

m,n,m’ n'<N m,n,m/ n'<N

=T®(0) Y fm)f(n)f(m)f()+O(T™).
myn,m’ n'<N
In the second equality we used the bound @(Tlog ) < T—* when mn # m/n/,
and the bound |f(n)| < 1. Once again we could have gotten any power saving of T’

that we wanted in the error term.

Lastly, using the same methods as above and the assumption that A < - logT
to bound off-diagonal terms one may check that

/OO IDAOI'2(F) dr = THO)1 + 0T ) e

—00

where ¢, denotes the nth coefficient of the Dirichlet polynomial Dy (t)?.

We only
need an upper bound on this integral, so we can proceed by upper bounding c,.
Note that if ¢, is nonzero then n must be a prime power or a product of two prime

powers. It is not hard to check that

;

It +2 .
og(: )\/17 ifn=p" < e

EAR if n = p"¢® such that p # ¢ and p", ¢* < e,
0 otherwise.
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So

pTg°<e pr<e2X p
2
11 1
<\ Zew b
pr<e p<e??

< Z% +Zl

p<el p<e??

< (log \)?,

where in the last line we have used the classical bound Zpél‘% < loglogz. We

conclude that

/ " DA "B (L) dt < T(log A

o0

3.5.2 Resonator coefficients

From now on we set N = T'1 since this is sufficient for the integral estimates discussed
above to hold. Given V| A, and T satisfying the hypotheses of the lemma, we
would like to optimize our choice of the coefficient function f(n). As we have stated
previously, this means choosing an f such that M3(R,T) is as small as possible while

also ensuring that My(R,T)/My(R,T) is at least 2V .

Rather than asserting a complete definition of f right away, for now we just
impose some restrictions on f and then we will continue with our analysis assuming

these restrictions hold. The restrictions are

(a) |f(n)] <1 (we already used this in our estimate of M3(R,T") above),

(b) f is a multiplicative function supported on squarefree numbers composed of

5



primes in the set P := {P < p < @} for some parameters P, > 3,

(c) f(p) =€”f(p)],

(d) =125 + 125 >, (logp) f(p)* < —5.

The reasons for each of these restrictions will become clear shortly when we use them
to deduce a lower bound for My(R,T)/M;(R,T) and an upper bound for M3(R,T)

each of which takes a relatively simple form.

3.5.2.1 Lower bound on My(R,T)/M;(R,T)

From our integral estimates, the main term of the quotient My(R,T)/M;(R,T) is

i0 . (logk A(k) Y 2
Re( e Y2 o258 ) s | / (Z|f<n>|). .16)

mk=n n<N
mn<N

We start by considering the numerator of this ratio. Note that in order for a
term in the sum to be nonzero, by restriction (b) it is necessary that k be a prime

p € P and p be distinct from the primes which divide m. In this case we have

f(n) = f(p)f(m) = e ®f(p)|f(m) by restriction (c). So we see that the numerator

equals

. logp) 1/ (p)] 2
S5 )L S e
P A \/]_9 m<N/p
ptm
We will now approximate the inner sum by removing the cutoff at N/p. To bound

the error (i.e. the sum of tail terms m > N/p) we can use Rankin’s trick, which is

the observation that for any sequence {a, }men of nonnegative reals and o > 0,
oo
Z A < X ¢ Z m%a,,.
m=1
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Applying this trick we see that our numerator is at least

. (logp\ |/ (p)] 2 . (logp\ /()] (PN " 2
ZW(T)W; fm)]P=> @ DU W(ﬁ) Zn:m |f(m)]” (3.17)
p ptm P ptm

for any choice of a > 0. We will now show that the error term (i.e. the second double

sum) is negligible relative to the main term (the first double sum). For notational

convenience, define
. logp)|f(p)!
U= wl —— | ——=.
; ( A ) VP

Note that the inner sum in the main term of (3.17) satisfies

SirmP =TI a+1@p =5 I 0 +1f@P)
pim

q p;éime q prime
q7p

since |f(q)] < 1 by restriction (a). So we see that the main term of (3.17) is

>

v [T a+1r@P).

q prime

DN | —

To upper bound the error term we will choose o = 1/log . This implies p* < e

for p € P, so the magnitude of the error term is
< WeN™) me|f(m)]

=veN™ [[ A+¢If (@)

q prime

Hence the magnitude of the ratio of the error term to the main term is

<2en ] 1+ q*|f(q)

sorime LT (@
< 2eexp (—alogN +) (" - 1)!]‘(61)\2)-
qeP

7



Since ¢* — 1 < 2alogq for g € P, this is

log N 2 1

<2 — 1 21 <2 -5 < —

< 2eexp 10g@+logQ§ (log @) f(q)]" | < 2eexp( 5)_10
qeP

by restriction (d). We conclude that the error term in (3.17) is small relative to the
main term, so the numerator of (3.16) is at least

(u—)wIIHM - (1+1f@P)

g prime q prime

The denominator of (3.16) is clearly bounded above by [, jime(1 + [f(q)[?), so the
quotient is at least 55 V. Using this along with our integral estimates for M;(R,T)
and My(R,T) we conclude that

My(R.T)

9 _39
i (R T) ) [ O(T 40), (3.18)

1

> (1407
3.5.2.2 Upper bound on M;(R,T)

Note that

Yo S ) fe) f)] < T+l @) + @)Y

gmGZuwﬁ

where we have again used that|f(p)|] < 1 by restriction (b). So by our integral

estimate for M3(R,T) we conclude

Ms(R,T) < T exp (52 |f(p)|2>. (3.19)

p
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3.5.2.3 Optimizing parameters

Recall that
1
v Z‘*’( ogp) f(p)|
-
If f is chosen so that W > 5V then the lower bound (3.18) implies that My (R, T)/M;(R,T) >

2V for all T' greater than some absolute constant. Subject to this constraint ¥ > 5V,

we would like to minimize the sum »__|f(p)[*

since this is the quantity that appears
in our upper bound (3.19) on M;3(R,T).
Applying Cauchy’s inequality to the definition of ¥, note that

U< (Zlf(pV)é(Z@(bf”)%)é-

peEP peEP

Hence, the constraint ¥ > 5V implies that

Sleps — 2V (3.20)

peP Zpepw(lofpf%

By the equality case of Cauchy’s inequality, this lower bound can be attained by

choosing |f(p)| to be a certain fixed scalar multiple of d}(lofp )\/Lﬁ for each p € P.

Indeed, we see that taking

f(p)] = s Z‘(/b%)Ql@(lofp)%. (3.21)

makes (3.20) into an equality and also makes W = 5V.

Combining everything that we have seen so far, if all the restrictions (a),(b),(c),

and (d) are satisfied when we define |f(p)| according to (3.21) then

MQ(Ra T)
— L >V
Ml(Ra T) N
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and

125V2
M;3;(R,T) < Texp TR
pGPw( A ) ]_o

Hence it is advantageous to select P as small as our restrictions allow and @) as
large as our restrictions allow so that the upper bound on M3(R,T) is as strong as

possible. We will make the following choice of parameters,

P = 25V2,
Q=e\
We must now check that the restrictions are satisfied. For restrictions (b) and (c)

there is nothing to check. For restriction (a), we first note that a routine calculation

using the prime number theorem implies that

2 2\ 2
~(logpy2 1 1 A 3 210g25V 1 log 25V ]
>_ &%) p Blogmy? 27T A + 0reo(1)
peP
A 3 logV log V'\°
=1 —log2—=-+4 -2 so(1).
We can conclude that if the ratio ﬁ is large enough then this implies
og
1
PICC OIS (3.22)
pEP p
and also
~ (logp 21 1 A
Zw( 52)°— > ~log (3.23)
= p logV

for all T larger than some absolute constant. By the hypotheses of the lemma,
A > 40loglogT and logV < %log logT'. Hence @ > 80 which one can verify is

sufficiently large.

80



Applying (3.22) and the fact that @ <1 to our choice of |f(p)| we see that

for any p € P. Hence, restriction (a) holds.

Lastly we must check restriction (d). Note that (3.22) implies >° | f(p)|* < 25V,

Using this we see that the left-hand side of restriction (d) is

log N 2 llogT 2
_ 1 2:__ = 1 2
logQJrlOgQZ(ogp)!f(p)! Tty 2 (log) ()]
peEP peEP
1logT 9
< _Z
< 2 1)
peP
1logT 9
S -1 + 50V
<_110gT 1logT
-4 A 8 A
< —o.

1

. . . logT\ 2
The second to last inequality follows from the hypothesis that V' < 2—10( & )2, and
the last inequality follows from the hypothesis that \ < 4—10 logT'. Hence restriction

(d) is satisfied.

So we have now seen that restrictions (a),(b),(c),(d) all hold. As we have seen,

this means My(R,T)/M,(R,T) > 2V and

125V2 25012
M;3(R,T) < Texp Ny < Texp(—/\>
pEPw( fp) P 08 Tog v

where the second inequality follows from (3.23).
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We may then conclude from (3.15) that

men > % (/Z [DA(t)]"®(F) dt) B

2

v
> Texp| —500 5 Vi(log \) 2
lOg log V'

V2
> Texp| —500 — |
log ;v

In the second inequality we have used our integral estimates and that My(R,T) >

VM(R,T) > VT. In the last inequality we have used the hypothesis that V' >
v1og A. This completes the proof of the lemma.

3.6 Proof of Theorem 3.1

We will now prove the theorem by combining the convolution formula with the
measure bounds proved in the previous two sections. Suppose that V is given to us

1
and satisfies the bounds /loglogT <V < /i(bi) ° where & is a small constant

loglog T’
to be chosen later. We assume 7' is large, and hence V' is large as well.
To apply the lemmas we will be selecting a value of the parameter A\ depending
on V. Before we do this, let us reestablish some of the notation from the lemmas.

Recall that the convolution formula (i.e. Lemma 3.3) states that
logT 1
/ S(t+ u)Ky(u) du = ;ImD,\(t)%-Z)\(t)%—O(l).
—logT

The contribution of the Z,(t) term was discussed in Lemma 3.7. In particular, as
long as A\ and V satisfy the necessary hypotheses, the lemma gives a bound on the

measure of the set

By = {t € [T,2T]: |Z,(t)| > V}.
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Similarly, the contribution of the £ Im D,(¢) term can be handled by Lemma 3.8.
Taking 6 = 37”, the lemma can be applied to get a lower bound on the measure of

the set
Fo.v ={t €T, 2T): Re(e%ﬂiDA(tD >AnV}y = {t € [T, 27): %Im Dy\(t) > 4V'}.
Let us now define another set GGy as
logT
Goy = {t € [T,27]: / S(t+u)Kx(u) du > 2V}.
—logT

The convolution formula implies that Gay 2O Fyry \ Eyv, which we can use to get a

lower bound on the measure of Gy .

We now select the value of the A parameter. We will consider two cases depending
on whether V > (logT)s or V < (log T')5. In the first case, let A = (log T')/V3. This
implies k2 loglogT < X\ < (log T )% and one can easily verify that the hypotheses of
our lemmas are satisfied as long as k is somewhat small. Applying Lemma 3.7 and

Lemma 3.8 gives

1 d
meas By < Texp(l()(log T)§> exp(—d'V?) < T exp <—§V2>, and

A V)2 V2
meas Fyy > T exp (—500%) > T'exp <_Dllog log T )

V3logdrV 3logV
where D’ > 0 is a large absolute constant. By taking s very small, we can ensure
that the quantity log % is uniformly very large. In particular, depending on the

values of the absolute constants D’ and d’ we can choose k small enough so that the

measure of Fjy is at least say twice the measure of Fy .

Now consider the second case where /loglogT <V < (log T)%. Here we choose

A= (logT )%. It is again easy to verify that the hypotheses of Lemmas 3.7 and 3.8
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are satisfied, and they imply that

9

meas By < Texp(lO(log T)%> eXp(—d’V%(log T)=) < Texp(—(log T)***), and

A7V )? Ve
meas Fyv > T exp (—500%) > Texp (‘D/ “logT_ ) :
og 10log 47V IOg V3logV

Once again we have that the measure of Fjy,y is at least twice that of Ey since

meas Fyry > T exp(—(log T)3) in this case.

Putting together the two cases, we have now seen that for any V' satisfying the

hypotheses of the theorem it is possible to select \ such that

V2
meas Goy > meas Fyy — meas By > Fuy > T exp (—D’ngT> . (3.24)

V3logV

This is nearly the bound stated in the conclusion of the theorem, but Gay consists of
points in [T, 2T] where a smoothing of S(t) is greater than 2V. It remains to convert

this into a lower bound on the measure of the set where S(t) is greater than V.

To pass from 3.24 to the conclusion of the theorem, first note that

logT
/ / S(t + u)Ky\(u) dudt > 2V meas Gay
Gay

logT

by the definition of GGoy. The double integral on the left-hand side can be rewrit-
ten (by a change of variables and Fubini’s theorem) as an integral of S(u) times a
smoothing of the indicator function of Gy . Indeed, letting 14(u) denote the indica-
tor function of a set A and letting l?;(u) = K\(u)1[-10g 710g 7] (1), ODE quickly verifies
that

L. st R = [ )16, + B e

logT

Note that the support of the convolution 1lg,, * IA(; is contained in the interval
[T —log T, 2T + log T'] so we can assume the last integral is taken over this bounded

interval.

84



Letting Hy = {t € [T —logT,2T + logT]: S(t) > V}, and using the same

Paley-Zygmund inequality idea as in the previous section we have

/ﬂwmm*EMMmsv/h%»EMMM+/‘ﬂmmm*fmwm

Hy

svm%»ﬁmwwmwuau/'ﬂmm

o

N

2T+log T %

<V meas Gay + (meas Hy) / 1S (u)? du) :
T—logT

The last inequality follows from the fact that ||1g,, * Kalli < ||1ay, |[1]|Kxl]1 <
meas Goy and ||1g,, * [/(V,\Hoo < HlevHooH[?/\Hl < 1, and from applying Cauchy’s
inequality to the integral. Since the left-hand side of this string of inequalities is at
least 2V meas Goyy by our observations in the previous paragraph, rearranging we
see that

2T+log T -1
meas Hy > VZ(meas Gy ) (/ 1S (u)|? du) : (3.25)

T—logT

The moments of S(t) were estimated unconditionally by Selberg in [26, Thm. 6],
and from the second moment estimate we can conclude
2T+logT
/ |S(t)]?dt < TloglogT.
T—logT

Inserting this and the lower bound (3.24) into (3.25) we conclude that

V2 _
meas Hy > V>T? exp —2D"———— | (T'loglog T') !
log 7m0z v
V2
log v 1w

for an absolute constant D > 0. In the last inequality we used the assumption that
V > /loglogT. The intervals [T' —logT,T) and (27,27 + log T| have very small

measure compared to this lower bound, so they can safely be thrown away. This
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gives the conclusion stated in the theorem for positive values of S(t) (after possibly
adjusting the constant D to turn the > bound we have just proved into a > bound).
To get the same conclusion for —S(¢) the proof is identical except that we select

¢ = 7 in the application of Lemma 3.8.
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