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ABSTRACT OF THE DISSERTATION

Semiparametric Modeling for Genome-Wide Association Studies and Repeated
Measurements

by

Zijian Huang

Doctor of Philosophy, Graduate Program in Applied Statistics
University of California, Riverside, August 2015
Dr. Shujie Ma , Chairperson

In recent years, advanced technologies have enabled people to collect complex data and
the analysis of such data can be challenging. My dissertation focuses on developing new
methodologies and computational algorithms in non- and semi- parametric regression mod-
els to analyze complex and large scaled data. Chapter 1 introduces commonly used semi-
parametric models and their properties. Chapter 2 reviews B-splines approximation to
the nonparametric functions. Chapter 3 provides an overview of methodologies including
generalized estimating equations and mixed models, which are used to analyze correlated
data.

In chapter 4, we propose a flexible generalized semiparametric model for repeated
measurements by combining generalized partially linear single index model with varying
coefficient model. The proposed model is a useful analytic tool to explore dynamic patterns
which naturally exist in longitudinal data and also to study possible nonlinear relationships
between the response and covariates. We then employ the quadratic inference function and

develop an estimation procedure to estimate unknown regression parameters and nonpara-
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metric functions. To select variables and estimate parameters simultaneously, we further
obtain penalized estimators. Moreover, we establish theoretical properties of the parametric
and nonparametric estimators. Both simulations and an empirical example are presented
to illustrate the use of the proposed model.

In chapter 5, we propose a semiparametric model in genome-wide association stud-
ies (GWAS). The use of linear mixed models (LMMs) in GWAS is now widely accepted
because LMMs have been shown to be capable of correcting for several forms of confound-
ing due to genetic relatedness of sampled data. On the other hand, gene and environment
(G x E) interactions play a pivotal role in determining the risk of human diseases. Con-
ventional parametric models such as LMMs may not reflect the underlying nonlinear G X
E interactions, which will result in serious bias. Therefore, we propose a semiparametric
mixed model to investigate important gene-disease associations in the context of possible
nonlinear G x E interactions in GWAS. We further propose a profile maximum likelihood
estimation procedure to estimate the parameters and nonparametric functions, and apply
the restricted maximum likelihood estimation method to estimate the variance components.
For these profile parameter and nonparametric function estimators, asymptotic consistency
and normality are established. Moreover, the Rao-score-type test procedure is developed
and a multiple testing process is employed to identify the important genetic factors. Both
simulation studies and an empirical example are presented to illustrate the use of our pro-

posed model and methods.
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Chapter 1

Semiparametric Regression Models

1.1 Introduction

Regression analysis is a statistical process for estimating the relationships among
variables. For example, the relationship between a response variable Y and an explanatory

variable X for n data points (X;,Y;),i = 1,...,n can be modeled through a function m as
Y; = m(X,) + €,

where ¢; is the error term.

In parametric approaches, m is fully described by a finite set of parameters with
some model assumptions, linearity being among the most convenient. Although their prop-
erties are well established, parametric models have many limitations in applications. Be-
sides, misspecification of the data generation mechanism could lead to large bias in predic-
tion. On the other hand, the nonparametric approach makes no assumption on the spec-

ification of the model and provides a versatile method to explore the features of function



m. However, this approach may not incorporate some prior information and the resulting
estimator of m tends to incur larger variance. In addition, the standard nonparametric
method is practically impotent in the presence of high-dimensional covariates.
Consequently, many different semiparametric regression methods have been pro-
posed and developed. They offer more flexibility than standard parametric regressions
and overcome the curse of dimensionality in nonparametric regressions. The most popular

semiparametric models are single-index, partially linear, and varying coefficient models.

1.2 Single-Index Model

1.2.1 Introduction

Index models play an important role in econometrics. An index is a summary of
different variables into one variable such as the price index, the growth index, and the cost-
of-living index. By summarizing all the information contained in several variables into one
“single index” term one can greatly reduce the dimensionality, and thereby, achieve greater
estimation precision. Models based on such an index are known as single-index models.
They relax some of the restrictive assumptions of familiar parametric models. Moreover,
they are often easy to compute, and their results are easy to interpret.

Let Y be a scalar random variable and X be a d x 1 random vector. In a single-

index model, the conditional mean function E(Y|X = z) has the form

E(Y]X) = m(X) = g{vs(X)}, (1.1)

where (3 is an unknown coefficients vector, v3(X) is an index function, and g is an arbitrary



smooth function. Usually, the general index function vg(X) is replaced by the linear index
XT3, where 8 is a d x 1 constant vector. The inferential problem is to estimate 3 and g
from observations of (Y, X).

Model (1.1) contains many widely used parametric models as special cases. If g
is the identity function, Model (1.1) is a linear model. If g is the cumulative normal or
logistic distribution function, Model (1.1) is a binary probit or logit model. When g is
unknown, Model (1.1) provides a specification that is more flexible than parametric models

and retains many of the desirable features of the parametric models.

1.2.2 Identification

Before estimation for 8 and g can be considered, restrictions must be imposed to
ensure their identification. That is, # and g must be uniquely determined by the population
distribution of (Y, X).

Suppose that E(Y|X = z) satisfies Model (1.1) and X is a d-dimensional random
variable. Then 5 and g are identified if the following conditions hold:

(a) g is differentiable and not constant on the support of XT4.

(b) The components of X are continuously distributed random variables.

(c) The support of X is not contained in any proper linear subspace of RY,

(d) The first component of 8: 51 =1 or the Euclidean norm of g: || 8 ||= 1.



1.2.3 Estimation

When estimating a single-index model, one must take into account that the func-
tional form of the link function is unknown. Thus, both the index and the link function

have to be estimated. Let
e=m(X)-Y=EY|X)-Y

be the deviation of Y from its conditional expectation with respect to X. Considering a
single-index model given as

Y =g(XTB) +e,

the goal is to find the estimators for 8 and g(.). As 3 is inside the nonparametric link, the
challenge is to find an appropriate estimator for 5 that reaches the \/n-rate of convergence.
Two essentially different approaches exist for this purpose: one is an iterative approximation
of 8 by semiparametric least squares or pseudo maximum likelihood estimation, the other
approach is estimating 5 directly through the average derivative of the regression function.

In both cases, the estimation procedures can be summarized as:

(a) estimate 3 by ;

(b) compute index values ) = X T ;

(c) estimate the link function g(.) by using a univariate nonparametric method

for the regression of Y on 7.

In summary, single-index models achieve dimension reduction and avoid the curse
of dimensionality because the index XT3 aggregates the dimension of X. This dimension-
reduction feature gives them a considerable advantage over nonparametric methods. More-

over, in terms of rate of convergence in probability, single-index models are as accurate as



the parametric model for estimating 8. They are also as accurate as the one dimensional
nonparametric mean regression for estimating g. In applications where X is multidimen-

sional, the single-index structure is plausible.

1.3 Generalized Partially Linear Model

1.3.1 Generalized linear model

Nelder and Wedderburn (1972) introduced the term generalized linear models
(GLM). The essential feature of the GLM is that the expectation u = E(Y|X) of YV is

a monotone function G of the index n = XT3, which means
B(Y|X) = G(X™B8) «— 1= G(n).

Function G is called the link function.
In the GLM framework, the distribution of Y is a member of the exponential
family. A distribution is said to be a member of the exponential family if its probability or

density function has the structure

y0 — b(0)

f(y,0,0) = exp{ ()

Feln o)}

with some specific functions a(.), b(.) and ¢(.). These functions differ for the distinct ¥’
distributions. The primary interest is to estimate the parameter §. McCullagh and Nelder

(1989) called € the canonical parameter and ¢ the nuisance parameter.



1.3.2 Quasi-likelihood estimation for GLM

Assuming the distribution of Y is a member of the exponential family, it can be

derived that

EY) = p=0(0),
Var(Y) = V(ua(e) ="b"(0)a(d).
The expectation of Y only depends on 0, whereas the variance of Y depends on 6 and ¢.

Consider independent observations Yi,...,Y, with pu; = G(«}5) and Var(Y;) =

a(¢)V (u;). Define

0= 3 [t o]

=1

and

n

oyt
Q(Bsy) = Z/ Wdt-

i=1 Y

Uj is called the quasi-score function and @ is the quasi likelihood. The equations U; = 0,

j =1,...,p are quasi-likelihood estimation equations. In matrix form, there is

U(Byy) = D'V 'y — p)/a(9),

where D is the n x p matrix with (i, j)** entry Opi /0B, V is the n x n diagonal matrix with
it" diagonal entry V (i), ¥ = (Y1, .-, Yn), and g = (i1, ..., t,). One can find the value BQL
that maximizes Q(f3;y) by setting U(BQL; y) = 0 and solving for BQL.

The quasi-likelihood technique is used for estimating regression coefficients without

fully specifying the distribution of the observed data. As a result, it provides a more flexible

approach than the maximum-likelihood approach.



1.3.3 Generalized partially linear model

A partially linear model (PLM) consists of two additive components: a linear and

a nonparametric part as

E(Y|U,T) =U"8+m(T),

where 5 = (64, ..., Bp)T is a finite dimensional parameter and m(.) is a smooth function.
The vector U typically covers continuous variables that are known to influence the index in
a linear way, as well as categorical variables. The vector T’ contains continuous explanatory
variables that are to be modeled in a nonparametric way. This model can be extended to

the generalized partially linear model (GPLM) as
E(Y|U,T) = G{U" 8 +m(T)},
where G(.) is a known link function.
1.3.4 Estimation algorithm for PLM and GPLM
Considering PLM, the goal is to find 8 and m(.) in the following structural equation
Y =UTB+m(T) +e,

where € denotes the error term with zero mean and finite variance. Taking expectations

conditioned on T, i.e.
E(Y|T) = EQUB|T) + E{m(T)|T} + E(e|T),

one can obtain

Y - E(Y|T)={U - E(U|T)}'8 +¢— E(e|T). (1.2)



There are two alternative approaches to estimate 8 and m(.). The first approach

is a backfitting approach. Subtract U” S from Y to get
E{Y —UTB|IT} = m(T). (1.3)

Estimate the parametric coefficient 5 by least squares regression of Y on U. Plugging U TB
into (1.3) yields a classic nonparametric regression problem, so non-parametric estimators
may be employed to estimate the values of /(7). The alternative approach is based on
(1.2). Y — E(Y|T) and U — E(U|T) in equation (1.2) can be replaced by Y —Y and U — U,
where Y and U are the empirical counterparts of E(Y|T) and E(U|T). Then the standard
linear regression can be applied to estimate 5. Consequently, m(.) can be estimated by the
nonparametric regression of Y —UT B on 7. Under regularity conditions, B can be shown to
be y/n-consistent for 5 and asymptotically normal, and there exists a consistent estimator of
its limiting covariance matrix. In addition, m(.) can be estimated with the usual univariate
rate of convergence.

In order to estimate the GPLM, consider the same distributional assumptions for
Y as in the GLM. As a result, there is an option between two cases: (a) the distribution
of Y belongs to the exponential family, or (b) the first two (conditional) moments of Y are

specified in order to use the quasi-likelihood function. To summarize, the estimation of the

GPLM will be based on
E(Y|U,T) = p=G(n) = G{U B+ m(T)},
Var(Y|U,T) = a()V(n),

where the nuisance parameter ¢ is the dispersion parameter. The profile-likelihood method

can be used to estimate 5 and m(.). This method starts from keeping /3 fixed and estimates



a least favorable nonparametric function mg(.) in dependence of the fixed 5. The resulting
estimate for mg(.) is then used to construct the profile likelihood for 8. Consequently,
the resulting B is estimated at /n rate, it has an asymptotic normal distribution and is

asymptotically efficient. The nonparametric function m(.) can be estimated consistently by

1.4 Varying Coefficient Model

Varying coefficient models are important tools to explore the dynamic pattern in
many scientific areas, such as economics, finance, etc. They are natural extensions of classi-
cal parametric models with good interpretability and are becoming more and more popular
in data analysis. Due to their flexibility and interpretability, in the past ten years, the vary-
ing coefficient models have experienced deep and exciting developments on methodological,
theoretical, and applied sides.

Considering multivariate predictor variables containing a scalar U and a vector

X = (21,.., Ip)T, the varying coefficient models have the form as
E@|U, X)=m(U,X) = X" a(U),

where a(U) = (a1(U),..,ap(U))T is the unknown functional coefficient. Therefore, they
allow the coefficients to vary smoothly over the group stratified by U, ultimately permit-
ting nonlinear interactions between U and X. To estimate a(.), one can use kernel-local
polynomial smoothing, polynomial spline or smoothing spline. In my research, I adopt a
B-spline approximation technique.

The varying coefficient models can be extended to the exponential family of condi-



tional distributions. Via the canonical link function G(.), the generalized varying coefficient
model is

Ey|lU,X) =G(m(U, X)) = G{XTa(U)}.

10



Chapter 2

B-splines Approximation

2.1 Introduction

The term B-spline is an abbreviation for basis spline. It is a spline function that
has minimal support with respect to a given degree, smoothness, and domain partition.
Any spline function of a given degree can be expressed as a linear combination of B-splines
of that degree. Consequently, a spline function is a piecewise polynomial function. The
places where the pieces meet are known as knots. The key property of spline functions is
that they are continuous at the knots.

B-splines provide a better curve fit than other interpolation methods. They pos-
sess a variation-diminishing property, which means that increasing the order of a B-spline
function does not create oscillation in the entire curve. Moreover, they have local support
such that a portion of the B-spline curve may be modified without affecting the shape of the
whole curve. They also maintain the smoothness and continuity of higher-order derivatives.

B-splines approximate the value of a function using control point values. Consider

11



the following B-spline approximation:
n+1
P(t) = Z Nik(t)P;, where tmin <t < timas.
i=1
There are n + 1 control points: Py, P, ..., P,41. The N; ;(t) basis functions are of order k
(degree k — 1). k must be at least 2 (linear) and can be no more than n + 1 (the number
of control points). A knot vector (t1,%2, ..., ¢4 (nt1)) must be specified. It is necessary that

ti < tiy1. N;i(t) depends only on the value of k and the values in the knot vector. N; ;(t)

is defined recursively as:

1, t; <t <t
N;(t) =

)

0, otherwise

t—t;

Livk — 1
tivk—1 — 1

N; . (t) =
i k(1) tivk — tit1

, Nip—1(t) + Nijt1k-1(1).

There are several things that one should understand regarding these equations. Each N; j(t)
depends only on the k + 1 knot values from ¢; to t;15. N;p(t) =0 for t <t; or t > t;yp, so

P; only influences the curve for t; <t < t; k.

2.2 Knot Vector

The knot vector subdivides a domain into sub-regions or knot intervals. There are
uniform, non-uniform, and open knot vectors.
For uniform knot vectors, t;11 — t; = constant, Vi. For non-uniform knot vectors,

the only constraint is ¢; < ¢;41, Vi. For open knot vectors, there are k equal knot values at
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each end:

ti=1t1, <k
ti <tip1, k<i<n+2

Repetition of a knot value has the effect of drawing the curve closer to a specific
control point. If a knot value is repeated k — 1 times, the B-spline curve will pass through
the associated control point. Therefore, in the case of an open B-spline (constructed from
an open knot vector), the first and last control points will be interpolated. The shapes
of the basis functions are determined entirely by the relative spacing between the knots.
Scaling (t; = at;, Vi) or translating (f; = t; + dt, Vi) the knot vector has no effect on the

shapes of the basis functions.

2.3 B-spline Basis Functions: Important Properties

Assume that a B-spline curve C(u) of degree p is defined by n + 1 control points
and a knot vector U = (ug,u1, ..., Up,) with the first p + 1 and last p + 1 knots being
“clamped” (i.e., ug = u1 = ... = up and Upm—p = Upp—p+1 = ... = Up,). Spline basis functions

Nop(u), Nip(u), ..., Ny p(u) are defined as

1, u <u<uipr
Nio(u) =

0, otherwise

U — U Ujgpr] — U
L Nipot1(u) + — P Ny (u).

Nip(u) = — , A A
Ui+p — Uy Ui+p+1 — Ui+1

This set of basis functions has the following properties:
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1. N;p(u) is a polynomial function in u of degree p.

2. Nonnegativity: for all ¢,p and u, N;,(u) is non-negative.

3. Local Support: N;p(u) is a non-zero polynomial on [u;, uitp+1). If u is outside
the interval [u;, witpt1), Nip(u) = 0.

4. On any span [u;, u;+1), at most p 4+ 1 basis functions of degree p are non-zero,
namely: N;_pn(w), Ni—pi2p(u), ..., Nip(u).

5. Partition of Unity: The sum of all non-zero basis functions of degree p on span
[ui, uit1) is 1.

6. If the number of the knots is m + 1, the degree of basis function is p, and the
number of degree p basis functions is n + 1, then the equation m = n + p + 1 holds.

7. Basis function N; p(u) is a composite curve of degree p polynomials with joining
points at knots in [u;, Uiypt1)-

8. At a knot of multiplicity k, basis function N; ,(u) is CP~* continuous.

2.4 B-spline Curves: Important Properties

1. The B-spline curve C(u) is a piecewise curve with each component a curve of
degree p.

2. C(u) passes through the two end control points Py and P,.

3. Strong Convex Hull Property: The B-spline curve is contained in the convex
hull of its control points.

4. Local Modification Scheme: Changing the position of control point P; only

affects the curve C'(u) on interval [u;, witpy1). Therefore, the curve can be modified locally
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without changing the shape in a global way. Moreover, if fine-tuning curve shape is required,
one can insert more knots so that the affected area could be restricted to a very narrow
region.

5. C(u) is CP~* continuous at a knot of multiplicity k.
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Chapter 3

GEE and Mixed Effects Model for

Correlated Data

3.1 Introduction

The data observed are likely to be correlated in many cases. The most common
instances are repeated observations over time, either in the form of panel studies or time-
series of cross-sections. The widely used approaches to analyze correlated data include
mixed effects regression models (MRM) and generalized estimating equation (GEE) models.

The primary distinction between these two approaches is that MRM are full-
likelihood methods and GEE models are based on quasi-likelihood estimation. The advan-
tages of the GEE models are that (a) they are computationally easier than full-likelihood
methods, and (b) they can be generalized easily to a wide variety of outcome measures with

quite different distributional forms.
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3.2 Generalized Estimating Equation Models

3.2.1 Introduction

Generalized linear models (GLM) have received widespread use in cross-sectional
analyses as we saw in Chapter 1. Liang and Zeger (1986) extended the GLM approach to
correlated data in the context of repeated observations over time.

Consider observation on a dependent variable Y;; and k covariates X;;, where i
indexes the NV units of analysis (cases or clusters), i = 1,2,..., N and ¢ indexes the T" time
points (or repeated measurements), ¢ = 1,2,...,7. Let Y; = (Yi1, Yio, ..., Yir) denote the
corresponding column vector of observations on the outcome variable, and X; indicate the
T x k matrix of covariates of observation i. Define a function h to specify the relationship
between Y; and X;: E(Y;) = u; = h(X;53), where (3 is a k x 1 vector of parameters. The

quasi-likelihood estimate of 5 is the solution to a set of k quasi-score differential equations:
N

Ur(B) = > _ DIV (Y; — i) =0, (3.1)
i

where D; = 0u; /0B, and V; is the variance of Y;.

In the cross-sectional case (i.e., T' = 1), V; can be specified as a function g of

the mean (i.e.,V; = 9((1;1'))

. For cases where T' > 1, some provision must be made for the
dependence across t. Liang and Zeger’s (1986) solution was to specify a 7' x T' matrix R;(«)
of the working correlations across t for a given Y;. While R;(«) can vary across cases, it

is assumed to be fully specified by the vector of unknown parameters «. This correlation

matrix then enters the variance term of equation (3.1):

v — (A¢)1/2R¢g(ba)(Ai)l/2’ (3.2)
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where A; are T' x T diagonal matrices with g(u;) as the tth diagonal element. Substitution
of (3.2) into (3.1) yields the GEE estimator.

Since V; is the function of both a and 3, estimation is typically accomplished by an
iterative procedure. Liang and Zeger (1986) noted that (3.1) can be expressed as a function
of 3 alone by substituting v/N-consistent estimates of o and ¢ into (3.1). One can solve
for 8 using the fisher score and calculate standardized residuals to consistently estimate «
and ¢. These two steps are iterated until the estimates reach convergence.

The GEE model has a number of attractive properties for applied researchers.
Assuming that the model for p is correctly specified, GEE estimates of 3 (ﬁGEE) will be
consistent in N. Moreover, vV N (3GEE — () is asymptotically multivariate normal, and
the covariance matrix of the estimates can be consistently estimated. Most importantly,
the asymptotic consistency of BG ge holds even when the working correlation structure is
misspecified.

An additional advantage of the GEE approach is the broad range of options avail-
able for specifying the within-cluster correlation structure. Fitzmaurice, Laird and Rot-
nitzky (1993) discussed four common specifications of the working correlation matrix R;(«):

1. Ri(a) =1, aT x T identity matrix. This working independence assumption is
equivalent to assuming no intra-cluster correlation.

2. R;(a) = « for off diagonal elements, an exchangeable correlation structure.
Values of Y; are assumed to covary equally across all observations within a cluster. In this
specification, « is a scalar, which is estimated by the model.

3. Ri(a) = ol*~#l for element in row s and column ¢, an autoregressive specification.
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As is typically the case in AR models, |a| < 1.0. Higher-order autoregressive specifications
are also available.
4. R;(a) = ag for element in row s and column ¢, an unstructured correlation

structure. In this context, « is a T x T' matrix containing the @

unique pairwise
correlations for all possible combinations of time points.

In addition to these, a number of other specifications of the working correlation
matrix are possible, including stationary and nonstationary models for varying orders. Al-

ternatively, the researcher may specify R;(a) explicitly; this option is valuable for testing

the robustness of estimates to the correlation specification.

3.2.2 Quadratic inference function

GEEs enable one to estimate regression parameters consistently in longitudinal
data analysis even when the correlation structure is misspecified. However, under such mis-
specification, the estimators of the regression parameters can be inefficient. The method
of quadratic inference functions (QIF) does not involve direct estimation of the correlation
parameters, and thus remains optimal even if the working correlation structure is misspec-
ified. The idea is to represent the inverse of the working correlation matrix by a linear
combination of basis matrices. Under misspecified working assumptions, their estimators
are more efficient than the ones from GEEs.

In QIF, R~! is modeled by the class of matrices

m
E aiMZ-, (33)
i=1

where My, ..., M,, are known matrices, and aq,...,a, are unknown constants. This is a
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sufficiently rich class that accommodates the most commonly used correlation structures.
For example, suppose R(«) has 1 on the diagonal and a everywhere off the diag-
onal. Then R~! can be written as agMy + a1 My, where My is the identity matrix, and M;
has 0 on the diagonal and 1 off the diagonal. Here ayp = —(n — 2)ac+ 1/k; and a1 = a/kq,
where k1 = (n — 1)a? — (n — 2)a — 1 and n is the dimension of R. Note that this is not a
unique linear representation of R~!; M can also be the rank-1 matrix with 1 everywhere.

Substituting (3.3) into (3.1) gives the following class of estimating functions:
N
D AT (@ et 4 M) AT (s ), (3.4)
i=1

where fi; is the derivative of p; with respect to regression parameters 3, and A; is the
diagonal marginal covariance matrix for the ith cluster. QIF approach proceeds as follows.

Based on the form of the quasi-score, one can define the ‘extended score’ gy to be

) L )
SR () Ay 2 My AT (yi — i)

N
o (8) =+ DB = 1 z - (35)
=1

[un

N oo L _1
_Zi:l(#)/Ai ? MmAi 2 (yz - ,uz')_
Therefore, the estimating function (3.4) is a linear combination of elements of the extended

score vector (3.5).

Based on the extended scores gy, quadratic inference function is defined as

QN (B) = gnCx'gn,

where Cy = (1/N?) 2N | 6:(8)d}(8). The quadratic inference function estimator 3 is then

defined to be

8= argmﬁin QN (D).
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The corresponding estimating equation for S is
Qn(B) =20xCx'gn — InCR' CNCRgn =0, (3.6)

where Cy is a three-dimensional array (9Cy/0p1, ., 0CN/0By), gn is an mq X ¢ matrix

{8gn/08}, and gy O CnCylgn is a ¢ x 1 vector
{gnCN' (OCN/0B:)) Oy gn i =1, ..., q}.

To solve equation (3.6), Newton-Raphson algorithm is implemented, which requires the

second derivative of Qun in G:
Qn(B) =2ixCy'gn + Ry,
where
Ry = 2§'Cy'g — 49O Clan + 20O O CNCR gn — dvCR CNC R N

Here Cy is a four-dimensional array {02Cn/0Bi0B; :i,j = 1,...,q}, and g?VC]T,lC'NCngN
is a ¢ X ¢ matrix {ngC'K,l((?QC’N/E?Bi(‘)ﬁj)C&lgN 4,5 =1,...,q}. Asymptotically Qx(83) can
be approximately by 2%,0&1 gn since Ry is 0,(1). The Newton-Raphson method iterates

the following relationship to convergence:
BUHD = g0) ijvl(g(j))QN(B(j)).

The optimality of the QIF estimator is easily established.

21



3.3 Mixed Effects Model

3.3.1 Introduction

The term mixed model refers to the use of both fixed and random effects in the
same analysis. It is particularly useful in settings where repeated measurements are made
on the same statistical units (longitudinal study), or where measurements are made on
clusters of related statistical units. Fixed effects have levels that are of primary interest
and would be used again if the experiment is repeated. The levels of random effects are

assumed to be randomly selected from an infinite population of possible levels.

3.3.2 Linear mixed model in genome-wide association study

A genome-wide association study (GWAS) is a powerful tool to investigate the
associations between genes and a disease. Traditional approaches in GWAS assume that
individuals sharing the same population background are unrelated. However, this inde-
pendence assumption is always violated in the real world due to the genetic relatedness in
study samples, which puts conventional statistical tests at the risk of spurious associations.
Consequently, mixed models are widely used in GWAS as promising statistical methods
to account for the hidden relatedness resulting from genealogy. Consider the following

standard linear mixed model used in GWAS

y = Wa+zB+ Zu+e, (3.7)
u ~ MVN,,(0,\7'K),

e ~ MVN,(0,77'1,),
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where n is the number of individuals, and m is the number of groups. y is an n x 1 vector
of quantitative traits, W = (wy,ws,...,w,.) is an n X ¢ matrix of covariates (fixed effects)
including a column vector of 1, v is a ¢ X 1 vector of corresponding coeflicients including
the intercept, x is an n x 1 vector of marker genotypes, 3 is the effect size of the marker, Z
is an n X m loading matrix, v is an m x 1 vector of random effects, and € is an n x 1 vector
of errors. 77! is the variance of the residual errors, \ is the ratio between the two variance
components, K is a known m x m relatedness matrix, I,, is the n x n identity matrix, and

MVN denotes multivariate normal distribution.

3.3.3 Restricted maximum likelihood estimation

Restricted maximum likelihood estimation (REML) is a way to estimate the vari-
ance components. In contrast to maximum likelihood estimation (MLE), REML can pro-
duce unbiased estimates of variance and covariance parameters. After estimation of random
effects parameters, one can compute generalized least squares estimates of the fixed effects
parameters.

The log-likelihood and log-restricted likelihood functions for the standard linear

mixed model (3.7) are
n n 1 1 Ter—1
10, 7,0,) = Mlos(r) — Tlog(2) — loglH| — S7(y — Wa— 26" H ™ (y ~ Wa — 26)

and

—c—1
(A7) = —log(r) -

—c—1 1
= log(2m) + Slog| (W, )" (W)

1 1 _ 1
—5log|H| — Slog| (W, 2) "H™ (W, 2)| — 57y Pay,
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where

G=Z/KZ' H=)G +1,,

P, =H"'— H ' (W,2)(W,2) H (W, 2)) " (W,z) TH™".

If X\ is known, the log-likelihood is maximized at:

~

<g> = (W,2) "H™ (W, )" (W,2) 'TH ™y,

n n
(y—Wé—zB)TH Yy — Wéa —2p) ¥ 'Pay’

7=
Similarly, the log-restricted likelihood is maximized at

n—c—1
yTPy

7/\—:

Therefore, finding MLEs and REML estimates is equivalent to optimizing the following

target functions with respect to A:

n n n 1 n
I(\) = =log(=—) — = — =log|H| — =log(y P,
(A) = Flog(5) — 5 — 5logH| — Flog(y” Puy),
n—c—1 n—c—1 n—c—1 1
) = o) — S o Clog (W, 2) (W, )

n—c—1
———log(y " P.y).

1 1
— 5 log[H]| — Jlog| (W, ) "H™ (W, 2)| — ——

After \ is obtained, one can then get &, B and 7.
In Chapter 5, we propose a semiparametric mixed model to study the gene-disease
associations in the context of possible nonlinear gene and environment interactions in

GWAS. REML is then employed to estimate the variance components.
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Chapter 4

Parameter Estimation for A
Generalized Semiparametric Model

with Repeated Measurements

4.1 Introduction

In the last three decades, advanced computing and telecommunication technologies
have enabled researchers to collect data effectively and accurately. Hence, it is not surprising
that the collected data can be complex and the analysis of such data is challenging. For
example, in the regression context, the response variable can be discrete with repeated
measurements, the relationship between the mean of the response variable and covariates
can be non-linear, and the coefficients of explanatory variables can be dynamic. This

motivates us to propose a model that can simultaneously account for these characteristics.
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To take into account discrete responses and nonlinearity, Carroll (1997) proposed
generalized partially linear single-index models (GPLSIM). These models encompass sev-
eral important models, e.g., single-index models (Brillinger (1983); Horowitz (1998), Cui
(2011)), generalized linear models (McCullagh and Nelder (1989)), partially linear models
(Speckman (1998); Hardle (2000)), generalized partially linear models (Boente (2006)), and
partially linear single-index models (Yu and Ruppert (2002); Xia and Hardle (2006); Ma
and Zhu (2013)). The above references mainly focus on parameter estimation. Recently,
researchers have employed penalized procedures (e.g., LASSO by Tibshirani (1996); SCAD
by Fan and Li (2001)) to simultaneously select variables and estimate parameters for those
models (e.g., Xie and Huang (2009); Liang (2010); Zhang (2010); Zeng (2012)).

Although the GPLSIM has played an important role in data analysis, it does
not allow regression coefficients to be dynamic. To this end, Cleveland (1991) and Hastie
(1993) proposed varying coefficient models, which have been applied in diverse fields, such
as biological science, economics, finance, medicine, and social science. Further extensions
to broad models are developed; see, for example, generalized varying coeflicient models
(Cai (2000)), semi-varying coefficient models (Zhang (2002)), survival models (Fan (2006)
) and the newly proposed varying index coefficient model (Ma and Song (2014)). It is also
noteworthy that an analog to the varying coeflicient structure has been studied in the field
of time series (e.g., see Chen and Tsay (1993); Cai (2000)). An excellent review paper on
varying coefficient models can be found in Fan and Zhang (2008).

To better understand the performance of a response variable for each individual

subject, a number of GPLSIMs as well as varying coefficient models have been extended
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to take into account repeated measurements (or longitudinal data or clustered data). Ac-
cordingly, various parameter estimation and model selection procedures are proposed (e.g.,
see Lin and Ying (2001); Davis, C. S. (2002); Diggle (2002); Huang (2002); Fan and Huang
(2005); Lin and Carroll (2006); Ma (2012); Xu and Zhu (2012)). To obtain parameter
estimation in repeated measurements, one needs to incorporate the correlation structure.
Among available approaches, Qu and Li (2006) employed quadratic inference function (QIF)
in Qu (2000) to directly incorporate correlations into their varying coefficient models with-
out estimating nuisance parameters associated with correlations. Recently, Zhou and Qu
(2012) adopted the QIF approach to obtain estimation and selection of correlation structure.

In this chapter, we introduce a generalized semiparametric model for repeated
measurements by combining the GPLSIM with varying coefficient models. The proposed
model is a useful analytic tool to investigate dynamic patterns of slope functions with some
covariate such as time which naturally exist in longitudinal data as well as to capture
possible nonlinear relationships between the response and covariates. Moreover, it contains
many existing known parametric and nonparametric models as special cases, and thus it can
be used for different types of data. Since each of GPLSIM and varying coefficient models
has its own special feature, it is not surprising that obtaining parameter estimators and
their theoretical properties become more challenging. For the sake of estimation, we first
approximate the nonparametric function and coefficient functions by their corresponding
linear combinations of spline basis functions. We then propose a profile-QIF procedure to
obtain parameter estimates. It is worth noting that the profile procedure induces a single

objective function of the parameters, which allows us to consider the penalization method
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for variable estimations and selections. The resulting penalized estimators of the nonzero
coefficients are asymptotically normal and have the oracle property.

The rest of this chapter is organized as follows. Section 2 introduces the model
structure and notation. Section 3 presents the estimation procedure, and demonstrates the
consistency and asymptotic normality of parametric estimators as well as the consistency of
nonparametric estimators. Section 4 proposes penalized estimators and shows their oracle
properties. Simulation studies and an empirical example are presented in Section 5. We
conclude this approach with discussions in Section 6, and technical proofs are relegated in

the Appendix A.

4.2 A Generalized Semiparametric Model

To introduce the generalized semiparametric model by unifying partially linear
single-index and varying coefficient models with repeated measurements, the j-th repeated
observation for the i-th subject (or experimental unit) is denoted as (Y;;, Xsj, Zij, T35) for
1 <i<mnand 1< j < m;, where Y;; is the response variable and it is independent of
other subjects, X;; = (Xyj1,. .., Xl-j,p)T and Zi; = (Zij1,---» Zij7d)T are p-dimensional and
d -dimensional vectors of covariates, respectively, and T;; represents a single predictor. Let
Ci; = (X;g , Z;-g ,Tij)T be the collection of covariates for the j-th observation of the i-th

subject. We then consider the marginal model and assume that E (Y;; |C;;) = 45, where

the marginal mean p;; depends on C;; through a known monotonic and differentiable link
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function 9. This leads to the predictor function

g = 9uij) = 9 (Xi58) + Zil oy (Ti5) Zija + Z;i:dlﬂ aZijy, j=1,...,mi, i =1,...,n,

(4.1)
where 8 = (f1, .. ., Bp)T is a p-dimensional index parameter, o; (), I = 1, ..., dy, are unknown
smooth functions, oy, I = dy +1, ..., d are coefficients, and ¢ (-) is an unknown differentiable
function of U;; (B) = X;g 3. For identifiability, we assume that 3 belongs to the parameter
space:

O={B8:]8] =105 >0,8¢cR}, (4.2)

where ||| denotes the Euclidean norm of any vector ¢ = ((1,...,¢)T € R® such that
ICI = (1l + - - + 1¢ ) 2.

Model (4.1) contains many existing models as special cases. When «o; (T};) = o
for 1 <1 < dy, oy are unknown constants, and m; = 1 for ¢+ = 1,--- ,n, it leads to a
generalized partially linear single-index model (Carroll (1997)); when g (X}; ) =0, it
yields a semiparametric varying-coefficient partially linear model (Fan and Huang (2005));
when p = 1 and oy (Tj5) = oy for 1 < I < dy, it results to a generalized partially linear
model (Hardle (2000)); when g (X%,B) =0and oy =0forl =d; +1,---,d, it gives a
generalized varying coefficient model (Hastie (1993) and Cai (2000)). It is worth noting
that model (4.1) is different from the varying index coefficient model proposed by Ma and
Song (2014), since the latter aims to assess nonlinear interaction effects of index variables

with other covariates on the response in the cross-sectional data setting.
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4.3 Parameter Estimates

4.3.1 The approximation of predictor function

In this subsection, we approximate the unknown functions ¢ (-) and o () in (4.1)
by B-splines described as follows. Based on the given knots, we define the sets of ¢g-th order

B-spline basis functions
Bi(u)={Bys(u):1<J<N+q}"

and

By(t) ={Bay(t): 1<J<N+¢}"

(see de Boor (2001)), where N is the number of interior knots with the distance be-

tween neighboring knots satisfying the conditions given in Zhou (1998). Then, the un-

known function g in (4.1) can be approximated by a linear combination of the B-spline

functions such that g (u) =~ Zf]v;rlq v0B1.g () = By (u)" v, with a set of coefficients
T . :

Yo = (71,00---,YN+q0) - Analogously, o (t) in (4.1) can be approximated by o (t) ~

Z]j;rlq Y1B2,1 (t) = Bo (t) ~,, where v, = (Yigy--- ,nyJrq,l)T. Accordingly, we obtain an

approximation of the predictor function 7;;, which is

~ N+ N+q
77Z']':Z:J | 1708 s ( Xij8) +Z Z By, 5 (Tij) w,l+zld Ziji. (4.3)

From the above equation, we propose a two-step estimation procedure to estimate para-

metric and nonparametric components in the following two subsections, respectively.
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4.3.2 The profile QIF estimators of parametric vectors

Let Y; = (Yil,...,Yimi)T and p; (7,8, ) = (ui (7,8, @), ..., fim, (7,8, a))".
Denote fi; (v, 8, @) = (fii1 (7,8, @) -, Fiim, (7, B, )", where fis; (v, e, 8) = 97 (7jiy),
a = (ag +1,--- ,ad)T is a dy x 1 vector, v = ( Ve, ... ,’y:{l)T isa (1+dy)J, x 1 vector, and
Jn = N 4 q. For given B and «, the quasi-likelihood estimator of ~ is the solution of the

following estimating equations,
noo_ _ ~
Zi:l :U’; (’77 ﬁv a) Vz ! (Y; - M (’77 ﬁv a)) = 0’ (44)

where 11} (v, 8, &) = [(ffy, - - "mmi)}(udlmxw’ fi;; = Ofiij /0 ~ for j = 1,--- ,m;, and V;
is the m; x m; covariance matrix of Y;. Since Vj; is often unknown in practice, we adopt
the approach in Liang and Zeger (1986) and assume that V; = Ail/2Ri (<) A3/2/¢, where
R; () is the working correlation matrix of Y, ¢ is a vector of nuisance parameters, and A;
is an m; x m; diagonal matrix with the marginal variance of Y;; as its j-th diagonal element.
However, the working correlation structure may be misspecified. Hence, we further apply
the quadratic inference function (QIF) in Qu (2000) to efficiently incorporate the within-
cluster correlation structure. For the sake of simplicity, we assume that cluster sizes are
equal, i.e., m; = m < oo, and let R be a common working correlation matrix. When the
cluster sizes are unequal, our estimation procedure given below can be modified via the
same technique proposed by Xue (2010). Following the QIF approach, the inverse of R can

be approximated by a linear combination of x basis matrices, i.e.,

R ~a M+ -+ a.M,, (4.5)
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where M; = I (the identity matrix) and My are known symmetric basis matrices for
1<k <k.
We next construct the QIF to obtain parameter estimators. To this end, consider

the estimating function of ~, for the given 8 and a:

Qfgn (Vaﬁaa) = nil Zj:l (Zln ( 77ﬁ7a) = {gn,l (Vaﬁaa)Tv’ . '7571,/6 (77ﬁ7a)T}T

YL QB A (v, 8, 0) ATV ATV (Y - i (v, B, @)

S Qi(B) A (. B ) AT IMLATY (Vi — i (7, 8, @)
I{Jn(1+d1)><1

(4.6)
where K’L (’77167 a) = dlag (UZI (77/67 a) 3y ey Dzm (’77 57 a)>7 Dl](’y: 57 a) = 6ﬁ2](77167 a)/8ﬁ2]7

T

Q:(B) = (Qil B, ..., Qim, (5)T> , and
Qi (8) = [B1 (U (B) " B ()T 21 <1<y}

Jn(14d1)x1

Then, define the QIF to be

@n (‘Y?ﬂ’ a) = an (7? Ba a)T 6’71 (’Ya ﬂ? a)_l gn (7? /37 a) ) (47)

where C,, (v,B,a) =n"23" ggm (v, B, @) am (v, B, a)T. Accordingly, the QIF estimator

of ~is

3(B,0) = [{% (B,2)",. . A, <B’a>T}T]

= ar min 9) ,B,0) .
g7€R<1+d1>JnQ” (7.8, a)
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As a result, the QIF estimators of g (-), ¢’ (+) (the first derivative of g), and «; (-) are

gwp.a) = Bi(u)' 7 (8 )
a(t; Ba) = By(t)' %,(8,c)
J(wBa) = Bi(u)'3 (8, a)
where B (u) is the first derivative of By (u). By replacing g (-) and o (-) with §(-; 8, cx)

and a; (1; 8, ) in (4.3), we obtain

ﬁij (ﬁ,a):ﬁ(Xg,B,ﬁ, +Zl 1al ,—TZL‘W ;87 Z],Z+Zl —dy+1 alZml (48)

Before estimating 8 and «, we use the assumptions of ||3|| = 1 and $; > 0 in

(4.2) to reform the space of 3 given below, which ensures identifiability.

T
{<(1_21;:253)1/2,52""’5”) :252253 < 1}.

Denote ; (B, ) = {ni1 (B, ), ..., 0im (B, a)}T and its gradient with respect to (BTI, aT)T

T
by D; (8,0) = Viii (B, a) = { om(Ba) aﬁm(ﬁ’o‘h} , where §_; =
mX(p—1+dz)

o(BLar) " (B, )
(B2, . .. ,5p)T. Consider the profiled estimating function of (3, a),

Un, (B, @)

= 712 wzn /87 {Qpn,l (ﬂva)T’”'awn,n (/B)a)T}T

S DI (B.a) A (B, ) A PMIA VA (Y - 11 (B, @)

S, DY (B,) A (B, ) A;PMLA 2 (Y - i (B, @)

7 k(p—14d2)x1
where i M B: ) - {le (16) )a' . -7ﬁim (B7a)}T7 ﬁl] (ﬁaa) = 11971 {ﬁw (Bva)}a Al (IBaa) =

Diag(7;;(8, ), and 7;;(8, o) = 0Ly (8, o) /0n;5. Then, the profiled QIF estimator of
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(/8217 aT)T is

(Bh.a") =g UL

1)

where
Q; (B,a) =5 (B,0)" ¥ (B,0) 45 (B, ), (4.9)

and U (8,a) = n 23" % (B,) ¢ (B, ). Using the fact that 8 = /1 — 18-, 2,

we also obtain the estimator 31. The detailed procedure for computing B and « is given in
Section 5.5.
To study the asymptotic properties of the parametric estimators, we need to in-

troduce a few quantities evaluated at the true parameter values. To this end, let 3° =

0
(,8?,BQT1)T and a® be the true parameter vectors, ,@91 = (ﬁg, e ,ﬁg)T, and JOZ;BB(I)
given below be the Jacobian matrix of size p x (p — 1).
2
=B /1= (18]

JO

I,1
P px(p—1)

For 1 <s <pand 0 <1 <d, let §,; = (5371,1,...,§S,N+q7l)T be a J, x 1 vector of

parameters. Let £,= {( ;{0, . ,£§d1 . For 1 < s < p, we further define

T
) }(1+d1)Jn><1

Qi (BO)T AA1A; {Xij,s - Qi ( ﬁO)Tfs}
wn,s (1307 aoa 55) = nil Zj:l and

Qi (8" AA Xy - Qi (8%) ¢

- HJn(1+d1)>< 1

Qi (,BO)T Al110:Q; (B°) -+ Q (BO)T Al . AQ; (B%)

Qi (8°) ATaAiQi (8%) -+ Qi(8")" AlendiQi (8°) |
(4.10)
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with dimension kJ, (1+ dy) x £J, (14 dy), where Ap = A *MeATY2 Ty = A Vil
for 1 < kK < kK, and A;, V;, and Ay, are evaluated at (8°,a’). Then, we obtain the

estimate of &,

o~

€S = argmingseR(Hdl)Jn {wn7s ( /607 aO’ES)T En (1607 ao)fl Wn,s (BO’ aovss)} . (411)

In addition, replace X;; s and &, in wy s (Bo,ao,fs) by Z;;; and T, respectively, which

yields wy, (,60, al, Tl) for dy + 1 <1 <d. Adapting (4.11), we obtain the estimate 7.

~

. T~ - L \T
Define Xij = Xijs — Qij (8%) &, Xij = (Xij,la"-aXij,p> » Zigl = Zijg —

~

~ ~ AT
Qi (B° T 71, and 7% = Ziidialy--->2iid] - In Lemma 10 of Appendix, we demonstrate
J ij J,d1+ Js

that
omij (8°,a°) 1 (vTR0. 20 0\ oT70 5@T\ T
— A L= 1y (XEBY% B0, o) X130 7 {I+0,(1)}.
8(,3r£17 OAT)T { ( ! ) ’ ! } ’
Accordingly,
ﬁi (607a0)

= [{’g“/ (X;{ﬁo;ﬁo,aO) X, 7 (XiTmBO;ﬂO,aO) Xim}TJ(]’ (21(12)’ 3 ,Z(,i)) T:|
x {140, (1)}
~ ~ T
Define Dy (8%,a) = {g' (X[j°) X190 27"}

DTA; (8%, a%) A1A; (8°,a°) D;

@Z.)n ( 3°, aO) =F : and

DIA; (8%,a%) AxA; ( 8°,a%) D;
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¥, (8°,a°)

DIA; (ﬂO, a®) T4 (B°, a®)D; -+ DA (50, a®) Ty A ( B°,a%) D,

DIA; (B%,a%) T,14; (8% a®)D; -+ DFIA; (8% al) I A (B° a®)D;

where D; = D; (ﬂo, ao) = (Dil (,80, ao) seeos Dim (ﬁo, ao))T. Then, the asymptotic prop-

erties of parametric estimators are given below.

Theorem 1 Assume that Conditions (C1)-(C5) in the Appendiz hold, N*n=' = o(1), and

N=4+2pn = o(1) with r > 3/2 in Condition (C2). Then, we have

|

(3% &a") — (8.0 = 0, (1).

and, as n — oo,
- T
Vi (z0) " ((ﬂfl,aT) — 971’,a0T)T> S N (0T )

where Z%l) = 1/1n (,80, ao) T\Iln (,80, ao) 1/}n (,60, ao) and 1, denotes the identity matriz with

dimension a X a.

Ipxp-1)  Opxds . o
Let X = . The above theorem, together with the multivariate delta-

0y (p—1) Tdoxds
method, establishes the asymptotic normality of parametric estimators,

V2 <(BT, aT)T - (8", aOT)T> = N(0,I1q,),

as n — 0o, where X, = TES)TT. It is also worth noting that the resulting estimators are
not semiparametric efficient since we assume that the true correlation structure is unknown

and the working correlation may be misspecified.
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4.3.3 The QIF estimator of nonparametric functions

- . . ~T 1\ 7T T
After obtaining the parametric estimators (,8 ,aT> , we replace (ﬂT, aT) by

~T T ~
<,6' ,aT) in Q, (v, a,B) of (4.7). This allows us to find the estimator

y=(53....A%) =ax_ min Q. (vB.a)
0 g e ey dl ,7€R(1+d1).]n n b ) .

Accordingly, the estimators of nonparametric functions g (-) and oy (+) are § (u) = By (u)* J,

and @ (t) = Bs (t)" 7,, respectively. Next we present the Ly convergence rates of § and @;.
1/2

With a slight abuse of notation in using ||-||, let ||¢| = {fs dt} be the Lo norm of

any square integrable real-valued function ¢ (¢) on its support S.

Theorem 2 Assume that N*n=! = 0(1) and N=272"n = o(1) with r > 3/2 in Condition

(C2). Then, under Conditions (C1)-(C5), we have ||g(-) —g(-)|| = Op (\/N/n—FN )

and 61 () = a1 ()| = Op (V/N/n+N7).

The optimal order requirements in the above theorem are achieved when the num-
ber of interior knots N is chosen to be N =< n!/(2"+1) " Ag a result, the estimators § and &; of

the nonparametric functions g and «; have the optimal convergence rate O, (N -/ (2”1)).

4.4 Penalized-QIF Estimation

4.4.1 Penalized estimators

In data analysis, the true model is often unknown. Hence, researchers have em-
ployed the penalized approach to simultaneously select relevant variables and estimate

unknown parameters for partially linear single-index models (see, e.g., Xie and Huang
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(2009); Liang (2010)) and varying coefficients models (see, e.g., Li and Liang (2008)).
This motivates us to propose a penalized QIF method for the proposed generalized semi-
parametric model. Without loss of generality, we assume that the correct model in (4.1)

T T
has the true regression coefficients 3° = (B?ir),ﬁ?g)) and o' = (a?ﬁ,a%) , where

T
[3(()1) = !ﬁ?, { (16?1)7_1> (pl_l)Xl} ] is the py x 1 vector of non-zeros, [3(()2) is the (p — p1) x 1
vector of zeros, a(()l) is the dog x 1 vector of non-zeros and a(()Q) is the (da — dag) x 1 vector

of zeros. Their corresponding covariates are given as

1) e '
= {0, {6,000

T ™ 7T
{(Zgl))dmm} 7{<Zi(j22)>(d2—d20)><1} ]

To find the penalized parametric estimators, we propose the penalized-QIF,

(2
Z;;

1
Li(B.0) = 5@ (B.)+n Y (B)+n Y ps (), (412)

where Q! ( 8, ) is the unpenalized objective function defined in (4.9) and py, (-) is a
penalty function with a regularization parameter A,. There are various penalty functions
available in the literature, such as the L; and Lo penalties, which yield the LASSO-type
in Tibshirani (1996) and ridge-type estimators in Goldstein and Smith (1974), respectively.
Here, we consider the smoothly clipped absolute deviation (SCAD) penalty proposed by

Fan and Li (2001), whose first derivative is defined as

p;w):A{I(GSAH (GA_H)”(%A)},

(a—1)A

where py (0) = 0, a = 3.7, and (t), = tI(t > 0). By minimizing L}, (3, ), we obtain the

. ) ~PQIF ~PQIF\T /~PQIF\T T T
penalized-QIF estimators 3_; = ((,8(1)71) ,(B(2) ) > of B_, = <(g(1)’_1) 7g(TQ)>

T
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and a" ¥ = ((&E?IF)T, (ag?m)T)T of a = ( a(Tl), a(TQ))T.

To study asymptotic properties of penalized estimators, we follow the same ap-
proach for obtaining )?Z-j and Z(jz) in Section 5.2 to get )A(i(jl) and 21(]21) Let Dy; (/@?1)) =
<D17i1 (,8?1)) yooos Diim <ﬂ(()1)>>T and Ay; (,[3(()1), a[()l)) = Diag(ﬁlvij(ﬁ(()l), a(()l))), where

Dy (8%) = {o (BmxD) %0Tag, 2207}

H1ij (ﬁ(()n’ O‘(()1)) = v {7711] (16(1)’ ))}

51,1'3'(5(()1), 04(()1)) = 6#“3(5( )/8771,3( (1) a(()l))’
~ a0 0 _ OTX OTZ(21)
771,1](/3(1)7 a(l)) - g Z ”l+ a() g
and
N T T
Ljo—1

In addition, let ), (ﬂ?l),a?l)> and W, (ﬁ?l),a?1)> be defined in the same manner as
Un, ( 3°, ao) and ¥, (,80, ao) in Section 5.2 by replacing their D; (BO) and A; ( 3°, aO)
with Dq; ( ,@(()1)> and Aq; <B(()1), a(()l)), respectively. Then, we establish the following oracle

properties of the penalized estimators.

Theorem 3 Assume that Nin=! = o0(1), N4 *2n = o (1) withr > 3/2 in Condition (C2),
and the tuning parameters satisfy An1 — 0, Ao — 0, n1/2)\n1 — 00 and n1/2>\n2 — 0.

Then, under Conditions (C1)-(C5), the penalized estimators satisfy:

N T m 7T
(1) (sparsity) P ({ (ﬁg?m> ; (ag?m) } = 0> — 1; and (2) (asymptotic normality)

v <Egl)> " {{ (ﬁ fﬁi) K (ag?m> T} - (5(()1T)7—1’ 0‘?5) T} = N (0, 4da-1))
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where Efjf = 1/%1 (,3?1), a?1)> T‘I’nl (,3?1)7 a?1)> djnl ( ?1)’ a?1)>.

J(1) -1 Op xd
Let Y= pLx(p—1) ] The above theorem, together with the multivariate

Od20><(171—1) Id20><d20
delta-method, leads to the asymptotic normality of penalized parametric estimators,

\/5271/12 ({ (BZ?IF)T7 <aE?IF>T}T _ <,3(();F),a??))T) — N (0,1, 14dy), as n — 0o, where
S = X2

We next study the asymptotic properties of the penalized nonparametric estima-
tors. To this end, assume that «o; (-) = 0 for (dip + 1) <1 < dj in the true model. By the
density assumption of Tj; in Condition (C1) of the Appendix, we obtain that oy (-) = 0 if
and only if F {&l (Tij)2} = 0. In addition, o (£) ~ & (t) = By (t)* ~,. This motivates us to
consider the empirical Ly norm as a metric, that is, ||oq|| = [|v|lw, = (71TWn7l)1/2, where
W, =np' >0, > i1 B2 (Tij) By (T3;;)* and np = nm. Using this metric and replacing
(B,) in Qn (7,8, ) by its \/n consistent estimator (B*,&*) (e.g., (BPQUF GPQIFY) we
adopt Wang (2007) group-penalized approach and propose the following penalized-QIF for

spline coefficients,

1 SF Ly 1
Lo ()= 5@ (18 @) +03" pa (vl (4.13)

The resulting penalized estimator of - is

T T
SPQIF _ {(a}’QIF) 0<1< dl} = argmin (Ln (7).

Subsequently, we obtain the estimators of g (u) and a; (t), gFF (u) = By (u)* 'T/(}))QIF and

anIF (t) = By (t)T ’Ay})QIF. Then, we demonstrate the following asymptotic properties of

nonparametric estimators.
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Theorem 4 Assume that Ang — 0 and Aan”™ 1) — oo with r > 3/2 in Condition (C2).
Then, under Conditions (C1)-(C5), 3T satisfies (1) (sparsity) P(H, PRIF — 0y 5 1 for
dip+1 <1 <dy; and (2) (Ly rate of convergence) HgPQIF H =0, ’”/(QTH))

and H PQIF (1) — ()H =0, (N—r/(2r+1)) for 1 <1< dy, where N < nt/(r+1),

Theorem 4 indicates that, under some regularity conditions, the penalized-QIF estimator
has the same optimal convergence rate as the unpenalized estimator. In addition, the
penalized procedure is able to correctly select relevant B-spline coefficients with probability

approaching 1.

4.4.2 Estimation algorithm

The algorithm for obtaining unpenalized estimators is a special case of the proce-
dure to calculate penalized estimators. Hence, we only focus on the penalized estimates.
To this end, we consider three possible scenarios: (i.) 8 and « are penalized, while v is
unpenalized; (ii.) B and a are unpenalized, but = is penalized; (iii.) 3, ¢, and ~ are pe-
nalized. In the first scenario, let (Bl,&l> and 7' be the i-th iterative estimators of (3, o)
and =, respectively. For given (Bi,&i), we employ (4.7) to obtain the estimator 5! of
at the (i + 1)™ step. That is,

-1 -

7 =5 -, (78 Q. (78 &), (4.14)

where @n (77 B, O() = aén (77 B, Oé) /8’7 and @n (’77161 a) = 02©n (’77 B, Ol) /878'7T
Based on 7', we next obtain the (i + 1)-th iterative estimators of (8,a). To

this end, we use the fact that (8,a) is a function of v and then denote Q7 (8, a) in (4.9)

41



as QF <BZ,M, ’Ayl“) and its associated component D, (B,a) results to

]/ji (//B\l’aiv :)\/7;—"_1)

NT ~nNT . .~ T = =
{Bi (x28) 50 R B (X5 %“Xim} 1°.(29,....28) T].

For the sake of simplicity, let § = (,8?1, aT)T, and denote Q% (8, a,y) = 0Q* (B, c, %) /06

and Q7 (8, a.7) = 9Q;, (B, .7) /0606
To obtain the penalized estimate of 8, we adopt the approach of Fan and Li (2001)

and obtain the locally quadratic approximation of 2L (,Bi+1,ai+1,'7i+1> in (4.12) as follows:
~ . T . —~i
Q (,8 ~1 /\7,+1> + Q (,BZ al ;)\/7,4»1) <0Z+1 _ 07’)
191 (0i+1 ’)T (5 ~i Az+1) (91‘+1 _ gl)T
+2n Zp (
5=2 P

~i . i T o L
) + n ,31+1) Dy, (52_1) ﬂljll _n (,31_1) Dy, (,@Z_I> ﬁl_l
Yo () 0 () 0, (&) o -0 ()

oy, ) a,

where

Oy, (B1) = diag{p,, (1B2]) /18], ... P, (IBpl) /1Bl }

Py, (a)

diag {p,, (laa,+1]) / leay 1], - -, Py, (loal) / laal } -

Minimizing the above function with respect to 6°*!, we obtain that

0" =0 - {q, (B.a'5"") +2n0 (9) }_1 {@ (B ,5") +2m0 (878}, (115)
where @ (0) = P <B(1)) Op-1xes . Subsequently, Z'H = (1 - ’

/\Z+1H )1/2
Odyx(p—1)  Pans (@)

the i-th iterative penalized estimate E; is close to zero (i.e., |§;| < €] for a small threshold
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i . . . . AP [ Eo s o Y
value €}), we set BiT! = 0. The iteration is stopped at the (i + 1)th step if ‘BZ ~-0'] < 07

and ’ 'AyiH — ’AyZ < 47 for a small threshold value ¢7. Accordingly, the penalized estimates

~PQIF  ~i+l N " . .
of 3 and o are 3 A _ ﬁl and a¥ " = &'t It is noteworthy that unpenalized QIF
estimators B, a, and 4 can be obtained iteratively from equations (4.14) and (4.15) by

setting ®(8') = 0 in (4.15).

In the second scenario, we can show that the unpenalized QIF estimators B and
a are \/n - consistent. Hence, we use them to replace B* and a” in equation (4.13), and

then employ the same techniques as those used for obtaining equation (4.15) to yield the

penalized estimator 37 at the (i 4 l)th step given below.

=N . N . .. N - ~QIF __ =N . -1
,YPQIF,H-l _ ,YPQIF,Z - {Qn (,YPQIF,z’B : aQIF) + 2y, (,YPQIF,z)} %

(60 (057 8 9) 4200, (FO) 9 (a

where

D, (v) = diag {Ps,,, (allwa) /171l P () / 1ol -

If the i-th iterative penalized estimator 35 is close to zero (i.e., H’?PQIFJ w < € for
n
~PQIF,i+1

a small threshold value €}), we set ¥ = 0. The iteration stops when

~PQIF,i+1 ~PQIF,
|5 -5

< 85

for a small threshold value §5, which leads to FPQIF — FPQIFi+1

In the third scenario, we are able to demonstrate that the penalized estimators,

~PQIF N . . . . 3
B @ and aPQIF, obtained from the first scenario are consistent. Thus, we substitute B*
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and & in equation (4.13) with these estimators. Afterwards, we adopt the same proce-
dure as given in equation (4.16) by replacing its BQIF and a9 with BPQIF and &P
respectively, to obtain ‘)7PQIF.

To facilitate computations, we recommend using the unpenalized estimators as
initial estimators in the iterative equations, (4.14), (4.15), and (4.16). It is worth noting that
the tuning parameters are unknown in those equations, and we adapt Wang (2007)’s BIC

criterion to choose the tuning parameters A1, A2 and \,3 in the penalized-QIF procedure.

They are

BIC (Ani, Ana) = LF (,@,&)—l—log(n)x(ﬁl—l—i—c/l\m) and

BIC(Ag) = L£a(3)+log(n) x {1 (1+du)},

-~ ~ PN ~PQIF -~
where ds; and p; are the number of nonzero components in &Y and B , and djq is

the number of nonzero estimated functions a}’QIF (+). Accordingly,

(an,i,ﬂ) =arg min BIC (A1, \n2)
(>\n17>\n2)

and Xn;; = argminy ,BIC()\,3). In our numerical studies given below, we use cubic splines
with ¢ = 4 to estimate nonparametric functions. In addition, the number of interior knots is
set at N = [nl/ (2q+1)] + 1, which is of the optimal order and [a] denotes the greatest integer
less than or equal to a. In the empirical implementations, we use the minimal and maximal
values of XEB and T;; as the two boundary points to generate B-spline basis functions

B,y (u) and By j (t), respectively.
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4.5 Numerical Examples

4.5.1 Simulation studies

In this subsection, we conduct two Monte Carlo studies to evaluate the finite
sample performance of the proposed estimators. The first two example focuse on scenario (i)
B and « are penalized, while « used for computing nonparametric functions is unpenalized.
In contrast, the third example addresses scenario (ii) 8 and a are unpenalized, but =y is
penalized.

Example 1. Within each cluster, the correlated binary responses Y;; are gener-

ated from a marginal logit model,
. 2 6
logitP (Yy; = 11Xy, Zij, Ti; ) = g (X358°) + Zz=1 oy (Ti) Zija + leg a)Ziji,  (4.17)

where ¢ (U) = 0.5cos(27U), a1 (T') = 0.1 cos(27T), as (T') = 0.1sin(277T),
8= (3,3,2,0,0,0,0)" , a®= (a3, asas5,a6)" = (=0.5,0,0,0.4)T, j = 1,...,5, i =
1,...,n, and n = 200 and 500. We then use the algorithm in [15] to generate correlated
binary responses with an exchangeable correlation structure and the correlation parameter
is 0.3 within each cluster. Furthermore, covariates X;; = (Xjj1... ,Xij;)T are indepen-
dently generated from uniform[0, 1], Tj; are randomly simulated from uniform[0, 1], and
(Zija .-, Zl-jﬁ)T are independently generated from N (O, 0.52). To assess the robustness of
covariance setting, we consider three different working correlation structures: independent
(IND), exchangeable (EX), and AR(1), although the data are simulated from the exchange-

able setting.

To examine the selection performance of parametric components, we conduct 200
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realizations and report the proportions of parameters correctly fitted (C), overfitted (O),
and underfitted (U) as well as the average of true positives (TP), i.e., the average number of
covariates being correctly selected from all possible candidates, and the average number of
false positives (FP), i.e., the average number of covariates being incorrectly selected from all
possible candidates. To evaluate the estimation accuracy, we compare the SCAD-penalized
QIF (PQIF) estimate with the ORACLE estimate obtained by assuming that we know the

zero components in 3° and a’. The assessment measure is the median of squared errors

~ 2 2
(MSE) defined as the median of HBZSIF - ,@OH and the median of Haf]gm - aOH in 200

~PQIF N . .
realizations, where [3(,:? and afk?IF are the PQIF estimates of 3° and a® calculated in

the k' realization.

Table 4.1: Variable selection and estimation results for BY with the exchangeable (EX),
AR(1), and independent (IND) working correlation structures in Example 1. The sym-
bols C, O, and U denote the proportion of correct fitting, overfitting, and underfitting,
respectively. The TP and FP denote the average number of true positives and false posi-
tives, respectively. The columns PQIF and ORACLE report the median of squared errors
(MSEs) of the penalized and oracle estimates.

Variable selection and parameter estimation

n C O U TP FP PQIF ORACLE
EX 0.800 0.120 0.080 2.920 0.190 0.0209 0.0184

200 AR(1) 0.745 0.140 0.115 2.885 0.190 0.0231 0.0184
IND 0.720 0.175 0.105 2.895 0.265 0.0302 0.0182
EX 1.000 0.000 0.000 3.000 0.000 0.0062 0.0062

500 AR(1) 1.000 0.000 0.000 3.000 0.000 0.0062 0.0062
IND 0.995 0.005 0.000 3.000 0.005 0.0063 0.0063

Tables 4.1 and 4.2 report variable selection and estimation results for 3° and a?,
respectively. Both tables show that the proportions of correctly fitted models increase

and the proportions of overfitted and underfitted models decrease when the sample size
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Table 4.2: Variable selection and estimation results for o with the exchangeable (EX),
AR(1), and independent (IND) working correlation structures in Example 1. The symbols
C, O, and U denote the proportion of correct fitting, overfitting, and underfitting, respec-
tively. The TP and FP denote the average numbers of true positives and false positives,
respectively. The columns PQIF and ORACLE report the median of squared errors (MSEs)
of the penalized and oracle estimates.

Variable selection and parameter estimate

n C O U TP FP PQIF ORACLE
EX 0.805 0.055 0.140 1.895 0.095 0.0285 0.0228

200 AR(1) 0.795 0.050 0.155 1.895 0.105 0.0291 0.0224
IND  0.765 0.090 0.145 1.920 0.160 0.0274 0.0224
EX 0.980 0.014 0.006 1.990 0.014 0.0103 0.0103

500 AR(1) 0.970 0.020 0.010 1.995 0.025 0.0107 0.0101
IND  0.955 0.020 0.025 1.985 0.030 0.0108 0.0105

becomes larger. In addition, the number of true positives is closer to the correct number of
nonzero parameters and the number of false positives decreases to zero, as the sample size
increases. Moreover, the difference between the PQIF and ORACLE estimates measured
by MSE becomes negligible as the sample size increases. The above findings support the
theoretical results. It is noteworthy that the three working correlation structures yield
similar performance, although EX is the correct structure. This indicates that the PQIF
estimators are robust even though the working correlation is mis-specified.

To evaluate the performance of the estimates of the nonparametric functions, we
next define the integrated squared error (ISE) of the estimated functions g, &; and @s, given

as

SE@) = () 'Y S {5 (x5B™) g (x589}
ISE (a;) = (nm)_IZ::lz;il{al(ﬂj)—oq(Ti-)}2,l:1,2.

When n = 200, the averages of the ISEs for g, a7, and ds across 200 realizations are
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0.100, 0.207 and 0.215, respectively. As the sample size increases to 500, the corresponding
averages of the ISEs decrease to 0.02, 0.048 and 0.048, which corroborates the theoretical
results in Theorem 2.

Example 2. This example addresses the case where the covariates are correlated
and some are discrete. To this end, we generate the response observations using model
(4.17) with the same true parameters, nonparametric functions, and distribution of variable
T;; as those given in Example 1. In addition, the covariates (Zjj1 ..., Zijg)T are simulated
from a multivariate normal distribution with mean zero, marginal variance 0.5%, and AR(1)
correlation matrix with autocorrelation coefficient 0.3, while the covariate Z;;g is gener-
ated from Bernoulli(0.5). Moreover, the covariates (Xj1 ... ,Xij;)T are simulated from
the same distribution as that of (Z;;1..., Zijg)T. To assess the robustness of estimates
against the working correlation, we consider three different working correlation structures:

independent (IND), exchangeable (EX), and AR(1), whereas the data are simulated from

the exchangeable setting.

Table 4.3: Variable selection and estimation results for 3% and o with the exchangeable
(EX), AR(1), and independent (IND) working correlation structures in Example 2. The
symbols C, O, and U denote the proportion of correct fitting, overfitting, and underfitting,
respectively. The TP and FP denote the average number of true positives and false positives,
respectively. The columns PQIF and ORACLE report the median of squared errors (MSEs)
of the penalized and oracle estimates.

Variable selection and parameter estimation

C o) U TP FP PQIF ORACLE
EX 0975  0.002 0023 2973  0.009  0.0108 0.0104
B° AR(1) 0970  0.005 0025 2973 0015  0.0136 0.0128
IND 0960  0.015  0.025 2973  0.045  0.0170 0.0155
EX 0910  0.080  0.010  1.991  0.109  0.0132 0.0126
a AR(1) 0905  0.085 0010 198 0120  0.0145 0.0137
IND 0900  0.085  0.015  1.982 0127  0.0168 0.0141
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Tables 4.3 presents variable selection and estimation results for 8° and a® with
n = 500 in 200 realizations. They indicate that the proportions of correctly fitted models
are closer to one and the proportions of overfitted and underfitted models are closer to
zero. In addition, the number of true positives is closer to the correct number of nonzero
parameters and the number of false positives is small. Moreover, the MSE values of the
PQIF and ORACLE estimates are similar, which confirms our theoretical results.

Example 3. In this example, within each cluster, the correlated binary responses

Y;; are generated from a marginal logit model,
) 5 7
lOgltP (Yl] =1 ’Xij, Z’ij7 Tl]) =g (Xg,go) + Zl:l (87 (ng) ZijJ + ZZ:G Oé?ZijJ,

where g (U) = 0.5cos(2nU), oy (T) = 0.7cos(27T), az (T) = 0.7sin(27T), oy (-) = 0 for
3<1<5, [302\/% (3,3,2)T, o= (ag,a7)" = (=0.5,040)T, j=1,...,5,i=1,...,n, and
n = 200 and 500. In addition, the binary responses are generated from an exchangeable
correlation structure with the correlation parameter 0.15. Moreover, covariates X;;, T;; and

Zi; are independently simulated from the same distributions as given in Example 1.

Table 4.4: Variable selection and estimation results for the varying coefficient functions
ay(T) with the exchangeable (EX), AR(1), and independent (IND) working correlation
structures in Example 3. The symbols C; O, and U denote the proportion of correct-fitting,
over-fitting, and under-fitting, respectively. The TP and FP denote the average of true
positives and the average of false positives.

Variable selection and estimation

n C (0] U TP FP
EX 0.525 0.280 0.195 1.809 0.418

200 AR(1) 0.510 0.290 0.200 1.785 0.425
IND 0.495 0.290 0.215 1.755 0.427
EX 0.955 0.010 0.035 1.955 0.010

500 AR(1) 0.945 0.000 0.055 1.945 0.000
IND 0.955 0.015 0.030 1.955 0.015
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To assess the selection performance for varying coefficient components, we conduct
200 realizations. Table 4.4 reports the selection and estimation results for the varying co-
efficients with covariates (Z;;1,. .., Z,-j75)T. It shows that the proportions of correct fittings
are close to 1 (above 95%) for all the three correlation structures for n = 500, while they
are relatively low for n = 200. The high proportion of correct fitting in the large sample
size corroborates the model selection consistency established in Theorem 4. In addition,
the number of true positives gets closer to 2, and the number of false positives decreases to

zero, as the sample size n increases.

Table 4.5: The average MSEs of the parameter estimates for 8 = (fi, Bg,ﬂg)T and o =
(a6, a7)T. and the empirical coverage probabilities (CP) of the 95% confidence intervals for
parameters (31, B2, 33) and (g, a7) based on 200 realizations in Example 3.

MSE CP
n B a p1 B2 B3 ag ar
EX 0.0168 0.0267 0.855 0.865 0.835 0.915 0.935
200 AR(1) 0.0170 0.0269 0.855 0.825 0.865 0.915 0.925
IND 0.0171 0.0271 0.865 0.865 0.860 0.910 0.940
EX 0.0047 0.0073 0.955 0.935 0.925 0.920 0.940
500 AR(1) 0.0050 0.0078 0.955 0.920 0.920 0.915 0.945
IND 0.0051 0.0078 0.960 0.935 0.925 0.920 0.950

In addition to varying coefficient components, we next study the performance of
parametric components. Table 4.5 shows the MSEs of the parameter estimates and the
empirical coverage probabilities of the 95% confidence intervals for the parametric com-
ponents. All three working correlation structures result in similar average MSE values for
both parameter estimates of 3 and . Furthermore, the MSE values decrease as n increases,
which confirms the consistency property of the parameter estimates. Moreover, the empir-

ical coverage probabilities get closer to the nominal coverage level of 95% as n increases,
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which corroborates the asymptotic normality of the parameter estimators. Next, we assess
the overall model fitting. To this end, we define the model error (ME) as the average of the
squared difference of the estimated and true conditional means of Y;;. Figure 4.1 depicts
the boxplots of the model errors by comparing the PQIF and oracle (OR) estimates, where
OR is computed by assuming the true model is known a priori. It is not surprising that the
model errors of the oracle estimates are smaller than those of the PQIF estimates. As the
sample size gets large, however, the model errors of PQIF and OR are very similar. It is
also noteworthy that the model errors are small even though n = 200, which demonstrates

the accuracy of PQIF estimates.
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Figure 4.1: Boxplots of the model errors calculated from the PQIF and oracle (OR) esti-
mates with the EX, AR(1) and IND working correlation structures for n = 200 (top panel)

and n = 500 (bottom panel).
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Remark. To study the performance of the proposed estimation and selection methods in

scenario (iii), we generate data from the following model:
. T 5 9
logitP (Vi = 1|Xij, Zij Tiy) = 9 (XGB°) + D e (Tiy) Zija+ Y alZiju,

where BO:\/% (3,3,2,0,0,0,0)T, o= (046,047,048,049)T = (—O.5,O,O,O.4)T, and o (T) are
defined as Example 2 for 1 <1 < 5. In addition, covariates X;;, T;; and Z;; are indepen-
dently simulated from the same distributions as given in Example 2, and Y;; have the same

correlation structure as given in Example 2. Since Monte Carlo results show similar findings

as those in Examples 1 and 2, we do not present them here.

4.5.2 Empirical example

Following Klein (1984), we consider a data set from the Wisconsin epidemiologic
study of diabetic retinopathy (WESDR). The aim of this study is to investigate the risk
factors for diabetic retinopathy. The response is a binary variable indicating the presence
of diabetic retinopathy in each of two eyes from 720 individuals in the study. In addition,
the data set contains 13 risk factors including: eye refractive error, eye intraocular pres-
sure, age at diabetes diagnosis (years), duration of diabetes (years), glycosylated hemoglobin
level, systolic blood pressure, diastolic blood pressure, body mass indez, pulse rate (beats/30
seconds), sex (male=1, female=2), proteinuria (absent=0, present=1), doses of insulin per
day taken by the patient, and type of county of residence (urban=1, rural=2).

Based on a preliminary fitting of the data to a logistic linear regression model,
we found that there exist significant interaction effects between the logarithm of diabetes’

duration, respectively, with glycosylated hemoglobin level, systolic blood pressure, and dias-
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tolic blood pressure, where the logarithmic transformation of diabetes duration is used to
amend its right skewness. This motivates us to consider Z;;1 = glycosylated hemoglobin
level, Z;j2 = systolic blood pressure, and Z;;3 = diastolic blood pressure as the covariates
associated with their corresponding varying coefficients oy (T3;) (I = 1,2,3), where Tj; =
logarithm of diabetes duration. We then assign the rest of the continuous variables to be
index covariates such that X;;1 = age at diagnosis of diabetes , X;;2 = body mass index ,
Xij3 = eye refractive error, X;j4 = eye intraocular pressure, and X;;5 = pulse rate. The
remaining categorical variables, Z;;4 = sex, Z;j5 = proteinuria, Z;j6 = doses of insulin,
and Z;;7 = type of county of residence, are used as the covariates in the linear part with

constant coefficients. As a result, we fit the data with the following equation,

. 3 7
nij = logit(pi;) = g (Xijapr + -+ Xij585) + 21:1 ar (Tij) Zija + Zz:4 @ Ziji, (4.18)

where j = 1,2, ¢+ = 1,...,720. It is worth noting that we only consider IND and EX
correlation structures since there are two repeated measurements for each subject and the
results are the same for EX and AR(1) structures. In addition, all continuous variables are
centered and standardized for parameter estimation.

By applying the penalized-QIF method in Section 4.4.1, two index variables (X;;1 =
age at diabetes diagnosis and X;; 2 = body mass indez) and one linear variable (Zijg, = pro-
teinuria) are selected under the IND and EX working correlation structures. Table 4.6
presents the parameter estimates (EST) and their standard errors (SE) for the selected
variables. The resulting Wald test statistics show that these variables are significant at the
5% level. Furthermore, the estimated coefficient of proteinuri (0.307 in IND and 0.311 in

EX) indicates that the presence of diabetic retinopathy is approximately exp (0.31) = 1.35
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times as frequent among proteinuri than among no-proteinuri, after adjusting for the other

variables in the model.

Table 4.6: The PQIF estimates (EST) and their associated standard errors (SE) of regres-
sion coefficients for the selected variables, respectively, under the IND and EX working
correlation structures for the Wisconsin epidemiologic study.

b1 B2 as

IND | EST | 0.303 0.953 | 0.307
SD | 0.132 0.042 | 0.099
EX | EST | 0.447 0.894 | 0.311
SD | 0.151 0.075 | 0.103

Next, we plot the estimated index functions g (-) against the variables of age at
diabetes diagnosis and body mass indezx, respectively, by setting the rest of their correspond-
ing index components to zero. Figure 4.2 depicts the estimated functions g (-) under the
IND and EX working correlation structures. The function g (-) displays a quadratic pattern
over the body mass index, which is consistent with the findings of Barnhart (1998) and Lian
(2013). For example, under the EX structure, the value of g (-) above 0 indicates that the
presence of diabetic retinopathy is higher when body mass index lies between 2.854 and
6.397 than in the tail regions (i.e., 2.042 to 2.854 and 6.397 to 7.228). It is interesting
to note that g(-) also exhibits a quadratic pattern across the variable of age at diabetes
diagnosis, and the value of g (-) above 0 shows that the presence of diabetic retinopathy is
higher when age ranges between 5.1 and 25.1 than in the tail regions (i.e., 0.4 to 5.1 and
25.1 t0 29.9). Accordingly, it is not surprising that the plot of g (-) versus the index exhibits
a quadratic shape. In sum, the diabetic retinopathy risk is highest in this study among

people with middle values for body mass and middle values for age at diagnosis of diabetes.
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Figure 4.2: Plots of g (-) against the variables body mass index and age at diabetes diagnosis,
respectively, under the IND and EX working correlation structures using the Wisconsin
epidemiologic study.
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We finally present the graphs of the estimated varying coefficient functions a; (+)
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(I =1,2,3) against logarithm of diabetes duration under the EX structure. Since the plots
under the IND structure are similar to those under the EX structure, we omit them. The
varying coefficient functions in Figure 4.3 exhibits strong nonlinear patterns. Specifically,
a1 (+) and @ (+) indicate that coefficients are largest when the diabetes duration is shortest,
while a3 () has the largest coefficient around the middle values of diabetes duration. Con-
sequently, the associated coefficients for the variables glycosylated hemoglobin level, systolic

blood pressure, and diastolic blood pressure are not constant across different durations.
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Figure 4.3: Plots of ay (), | = 1,2,3, against the logarithm of diabetes duration under the
EX working correlation structure using the Wisconsin epidemiologic study.
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4.6 Discussion

In this chapter, we introduce a generalized semiparametric model emerging from
generalized partially linear single-index models and varying coefficient models with repeated
measurements. For model estimation, we propose the profile QIF estimator for the regres-
sion parameters and the QIF spline estimators for the index function and varying coeflicient
functions. For model selections, penalized and group penalized estimation procedures are
employed, respectively, for parametric and nonparametric functions. In addition, asymp-
totic consistency is studied for the resulting estimators, and asymptotic normality is further
established for the parametric estimators for conducting statistical inference such as Wald
test. Moreover, we demonstrate the oracle properties of the penalized estimators. Monte
Carlo studies indicate that the proposed estimators perform well.

In practice, there are a few possible approaches to fit the data with model (1).
Based on our limited experience, we propose the following procedures. First, place contin-
uous variables into the single-index component and put discrete variables into either the
varying coefficient component or the linear component. Second, for continuous variables,
plot the estimated mean of the response variable (or the estimated single-index function)
against each of them. If the plots of those variables do not depict the nonlinear pattern,
one can put them into either the varying coefficient component or the linear component.
Third, choose the varying coefficient index, which exhibits possible interaction effects with
those variables assigned in the varying coefficient component.

To extend applications of the proposed generalized semiparametric model, we iden-

tify five future research topics. The first is to generalize the penalized quadratic inference
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function so that one is able to estimate and select the mean components and correlation
components simultaneously. The second is to make inferences by testing the parametric
and nonparametric components. The third is to adapt the approach of Stute (2005) and
then develop a test for assessing the appropriateness of model (1). The fourth is to allow
the nonparametric component to be a non-smooth function. Finally, we propose applying
the proposed model to the areas of quantile regression and survival analysis. We believe

that these efforts would broaden the usefulness of the proposed model.
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Chapter 5

Semiparametric Mixed Model
Analysis for Nonlinear
Gene-environment Interactions in

Genome-wide Assoclation Studies

5.1 Introduction

As we saw in Chapter 3, linear mixed models have demonstrated effectiveness in
accounting for relatedness among samples and in controlling for population stratification.
Consequently, there is an increasing interest in using linear mixed model to investigate
associations between genes and diseases in genome-wide association studies (GWAS).

Kang (2008) proposed the efficient mixed model association (EMMA) methodology
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to account for pairwise relatedness between individuals. They applied the properties of
singular value decomposition and estimated the variance components by maximizing the
restricted likelihood function. Their strategy greatly improves the efficiency of mixed model
method. However, when thousands of individuals are involved in GWAS, EMMA becomes
computationally intractable due to the heavy computational burden in the estimation of
variance parameters.

To make GWAS using linear mixed models possible for large data sets, two so-
phisticated approximate approaches have been suggested. Zhang (2010) used population
parameters previously determined (P3D), which performed each test by simply using the
pre-estimated variance components from the null model without estimating them repeat-
edly. Kang (2010) used a slightly different strategy; to test individual SNPs, they kept the
heritability estimated from the null model fixed. They avoided estimating variance com-
ponents repeatedly in this way. Their approach is implemented in the EMMA eXpedited
(EMMAX) software. Both of these two approximations greatly reduce the computing time
and maintain the statistical power at the same time.

On the other hand, environmental factors affect human health in important ways.
It has been increasingly accepted that most human diseases are the result of a combination
of genetic and environmental factors. Moreover, gene and environment (G x E) interactions
play a pivotal role in the risk of developing human diseases, such as obesity (Hebebrand
and Hinney (2009)), heart disease (Talmud (2007)), diabetes (Grarup and Andersen (2007)),
and cancer (Song (2011)). Study of G x E interactions via statistical modeling is very im-

portant to improve the accuracy and precision when assessing genetic and environmental
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influences. Traditional analysis assumes linear G x E interactions, where the interaction
effect is typically modeled as a product term. However, such modeling may not reflect
the true nonlinear interactions between gene and environment, which could lead to a large
estimation bias. To overcome this limitation, different non- and semi- parametric modeling
methods have been proposed and developed. Such models include: profile likelihood-based
semiparametric model in Chatterjee (2005) and Chen (2012); semiparametric model with
Tukey’s form of interaction in Maity (2009); a generalized likelihood ratio test for nonpara-
metric effects in Wei (2011); and semiparametric Bayesian analysis in Lobach (2011) and
Ahn (2013).

In this chapter, we aim to explore possible nonlinear G x E interactions to identify
the genetic associations by considering hidden relatedness of the observations. From Zhou

and Stephens (2012), a standard linear mixed model for GWAS can be written as

Y =Ta+zy+&+e, (5.1)

where Y is the phenotype of interest, T are covariates, z is the SNP of interest, « is a vector
of weights for the covariates, v is the coefficient for the test SNP, £ is a vector for unknown
random polygenic effects, and € is a vector of errors. £ MVN(0, \o?K), e MVN(0, o°I),
where K is the kinship matrix calculated from either a set of genetic markers or pedigrees,
I is the identity matrix, o2 is the variance of the residual errors, A is the ratio between the
two variance components, and MVN denotes multivariate normal distribution.
Considering the interplay of genetic and environmental factors, as mentioned in

Saidou (2014), we may employ a parametric mixed model with both main and interaction
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effects given as

Y =Ta+ X8+ 2zy+ 2X01 + £ + ¢, (5.2)

where 3 are the effects of environmental factors, and ;1 are the effects for G x E interaction.

By simple calculation, (5.2) can be written as

Y =Ta+ X8+ z(y+Xp1)+£+e.

Thus the contribution of the genetic factor z to the variation of Y is restricted to a linear
function of X. However, this restriction can be easily violated due to the underlying non-
linear pattern of the relationship between the response and explanatory variables. To allow
for nonlinear G x E interactions, we can replace the coefficient of z with a smooth nonlinear
function, which is of a linear combination of X. Moreover, we can impose a nonlinear struc-
ture on the environmental term. Hence, we propose a partially linear single-index coefficient
mixed model as

Y = Ta +mo(X8) +mi(XB)z + € + ¢, (5.3)

where £ and ¢ are independent of (z, X, T). mg(.) and m;(.) are unknown smooth nonpara-
metric functions with no specific functional form, so that model (5.3) can flexibly capture
dynamic change patterns of the coefficient and intercept functions. We can assess whether
a genetic marker is associated with the phenotype by testing mq(.) = 0. Considering single-
marker regression methods, we test each SNP and then apply a multiple testing correction
procedure to select significant SNPs.

For estimation, we first approximate the nonparametric functions mg(.) and m;(.)
by B-spline basis functions, then estimate parameters 8 and « by a profile maximum-

likelihood method. To estimate the variance component A and o2, a profile restricted
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maximum likelihood method is proposed. Moreover, we develop a score test for inferences
on the coefficient function mq(.), which enables us to identify important genetic factors
by testing mq(.) = 0. The proposed testing procedure is easy to implement and fast to
compute with the p-values or critical values obtained from the asymptotic distributions of
the test statistics. In addition, it provides a useful inferential tool to identify genetic risk
factors in my proposed model, which is more flexible than linear mixed models.

The proposed estimation procedure in model (5.3) is briefly described as follows.
Assume A is known, for given 5 and «, we approximate the intercept function mg(.) and
coefficient function my(.) by B-spline functions with coefficients obtained by maximizing a
log-likelihood function. Thus the resulting estimators of mg(.) and m;(.) are functions of
6 and a. Estimation of the parameters 5 and « is achieved by replacing the true functions
mo(.) and mi(.) with their spline estimators in the objective function. However, A is un-
known in reality; it can be estimated by maximizing the log-restricted likelihood function
for given 8 and «. Finally, we propose a Newton-Raphson algorithm to estimate parameters
3 and a, nonparametric functions m;(.), A and 0. Asymptotic normalities and consistency
for estimators of both the parameters and nonparametric functions are established. When
the data set consists of thousands of individuals, the estimation procedure becomes compu-
tationally intractable due to the heavy computational burden in the estimation of variance
parameters. As described in Kang (2010), for most genetic association studies in humans,
the effect of any given locus on the trait is very small, therefore, we only need to estimate
the variance parameters once and globally apply them to each marker. Such strategy can

markedly increase the speed of computations without decreasing the power of hypothesis
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testing.

The rest of this chapter is organized as follows. Section 2 introduces the profile
log-likelihood estimation and presents the asymptotic properties of the proposed estimators.
Section 3 develops score tests for nonparametric coefficient functions. Section 4 introduces
the estimation of variance components through restricted likelihood. Section 5 proposes the
computational algorithm. Section 6 evaluates the performance of the proposed estimation
and inference procedures via simulation studies. Also we illustrate the proposed model and
method through the analysis of the Framingham study to investigate gene associations with

systolic blood pressure. All technical proofs are provided in Appendix B.

5.2 Estimation of Parameters and Nonparametric Functions

For the i*! subject, let Y; be a quantitative trait, Z; = (Z;, Zig)T be a 2 x 1 vector,
where Z;; = 1 and Z;3 is the genetic factor, X; = (Xj1,... ,Xl-dl)T be a dy x 1 vector of
environmental factors, T; = (T}1, ..., Tia,)T be a dy x 1 vector of covariates, then we have

the following proposed semiparametric model as
2
Y; =T} a+ 24:1 m(X] B) Zio + & + &4, (5.4)

where a = (a1, ..., aq,)T are regression coefficients for T;, 8 = (B1, ..., 84,)T are coefficient
parameters for X;, and m;(.) denotes an unknown smooth nonparametric function. & =
(&1, ,fn)T is an n x 1 vector for the polygenic effects, " MVN,, (0,)\02K), in which K is

an n x n marker-based kinship matrix. € = (eq,... ,sn)T "MVN,, (0,U2In), in which I, is
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the identity matrix. & and ¢; are independent of (Z;X;, T;).

Denote U; (8) = X} 3, we assume that U; (3) is distributed on a compact interval
[a,b]. Without loss of generality, one can let [a,b] = [0,1]. We estimate the unknown
functions my () by B-spline functions. To this end, let N = N,, be the number of interior
knots. Divide [0,1] into (N 4+ 1) subintervals: I; = [£;,&j4+1) for j = 0,...,N — 1 and

Iy = [N, 1], where (fj)j.\]: 1 is a sequence of interior knots that is given as

Eg-n=""=0=<a < <&n<1l=&vp = =8Ntg

For 0 < j < Ny, let by = 11 — & be the distance between neighboring knots and
let h = maxo<j<n, h;. Following Zhou (1998), to study the asymptotic properties for
the spline estimator of my (-), we assume that maxo<j<n,—1|hj+1 — hj| = o(N~') and
h/ming<j<n, hj < M, where M > 0 is a predetermined constant. Such an assumption
assures that M ~! < N,h < M, which is necessary for numerical implementation. Further-
more, define the g-th order normalized B-spline basis as B (u) = {B; (u) : 1 < j < J,,}T ( see
de Boor (2001)), where J, = N +q. Let H,, = 197 be the space spanned by B (u). Thus,
there exists v = (Yig,...,77,0)" such that m) (u) = Zj;l By (u)vje = Bw) v, € M,
and under suitable smoothness assumptions, my (u) can be well approximated by m{ (u).

Correspondingly, Z?:l me(XFB)Zip can be approximated by
2 2 T
Yo, mlXIBZy=> " B(XIB) wZu=Qi(H)"

where v = (1, %) "and Q; (8) = [{B (XIB)" Ziy, B (X18)" Zig}T}
2J,x1
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5.2.1 Profile estimation of parameters / and o and nonparametric func-

tions my ().

Let Y = (Y1,...,Y,)T, Q(B) = [{Ql B),...Qu(B)}" and

nx2Jp

T = [(Tl,...,Tn)T}

nXdQ

For given 3 and «, the estimates of v, A and ¢ can be obtained by maximizing the following

log-likelihood function:

L, ('y,ﬁ,a,)\,UZ) = ——log (02) — 2log (2m) — %log |H|

where H =AK + I,,. By assuming A is known, the log-likelihood (5.5) is maximized at

PG ={QEHQM)} {Q®)TH (Y - Ta)}.

To proceed estimation of 8 and «, to ensure identifiability we exclude the first component

B1 of B by letting 5, = /1 — Hﬂ_ng, where B_1 = (Ba,...,B4,)", and reformulate the

parameter space of 8 as follows:

T
{(\/1 - ||51||§,52a--~a5d1> 1Bl < 1}-

Replacing v with 7 (3, ) in the objective function (5.5), -1 and « are obtained by maxi-

mizing

Ly (B, o, 0?) = —g log (02) - glog (2m) — %log |H]| (5.6)

—5 (Y = Ta=Q(B)7 (6,0) H* (Y ~ Ta— Q(8)7 (8,0)).
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~ T
The estimators of 8_1 = (ﬁfl,aT)T are given as 0_1; = <§Il,&T> = argmax(g_, o)

~ / ~ 12 ~ ~ T
{Lj; (6,04,02)}. Thus $1 = 4/1 — Hﬁ_l‘ S 8= (Bl,BTl) . After we obtain the estimator

3 and @, the final estimators of the spline coefficients are given as

~ ~T ~T1 7T D~ ~ _
y={3"3} =7(B,a)= arg max {Ln (%ﬁ,a,A,UQ)} :

and the /*" nonparametric function my (u) is estimated by

In practice, A is unknown. We propose a profile REML estimation procedure to estimate A

and o2. For these profile estimators, asymptotic consistency and normality are established.

5.2.2 Inference for the profile estimation

Consider the more general model as
P
Y; =T/ o+ 24:1 m(X] B) Zie + & + &, (5.7)

where Zj1 = 1, (Zj2, ..., Zip) are genetic factors for subject 4, then our proposed model is a
special case with p = 2. Let J (5) = 8ﬁ/85€1 be the Jacobian matrix of size d; x (d; — 1),

which is

_AT 1— 184l
38 = B/ 18-1l15

| PR}
! d1><(d1—1)

Assume that the true parameters of 8 and a are B° and o respectively, and the true

parameter of §_1 is 0°,. Let J =J (BO). For any scalar or vector &;, define
-1
Proju, (¢7) = Qi (") {Q(#")"H'Q ()} Q(#)"H g,

74



where £ = (fif, . ,§;{)T. It can be proved that

Qi (8°)" {0 (7(8° a°) — ) /00T, }

= Q@) Q@) HIQE)) Q@) H (X X zx 13 17

(=1

n
=1

£0, (w2 4 gzr)

. p _ _
= —Proju, (30 mh(XTE)ZXFT,TE) + 0, (7202 4 g |

9 {T;fa0+Qi (8°)" 7 (8, ao)} /06T,
_ (Z” m;(XiT,BO)ZMX;FJ,TiT) — Proj (Zp my(X7 %) 2 XT3, T )

/=1 /=1

+0, (n—l/zJ}/? + Jn—”l)

P ST+ A _ _
= (300 mi(XPB)ZuXTITT) + 0, (72012 4 g
where for any scalar or vector &;, define gr = §iT —Projm, (5’? ) Let

p

® (8) = [diag {_ mi(XTB)Zues. .Y my(XTB) Zus)|

nxn

Thus
0{Ta® +Q ()7 (5"a%)} /00T, = (® () RIT) +-0, (w201 4 1,7 )

~ ~ . A\T N ~ AT
whereXz(Xl,...,Xn) andT:(Tl,...,Tn) .Letei:fi—l-aiande:(el,...,en)T.

Now define the space M as a collection of functions with finite Ly norm on [0, 1] x RP by

M = {d)(u,x) = Zp ge (u) 2, Egy (U)? < oo},

/=1
where x = (x1,... ,mp)T. For any vector £ = (&1, ... ,§n)T, let
Proj (&) = ¥ (U (8°) . X:) = > g7 (U: (8°)) Xie € M
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be defined as the minimizer of
E{(e-w(8") H " (¢-w(3)},

where U (BO) {\If* (U1 (,6’0) ,Xl) o, Uk (Un (ﬁo) ,Xn) }T, and let 5 = &—Proja (&)-

~ ~ ~ T ~ ~ T ~ ~ ~ T ~
Denote X; — (XlXp> X = (X1Xn> T, = (Tﬂ,...,TZ»dQ) and T =
~ ~ T
(Tl,...,Tn> CLet m = (X0, my(XTB%)Zy, .. S0, my(XTB%)Z,)T, it can be proved

that

oL: (8°,a°,02) /00T, = 0% (Y = Ta’ —m) H! (q» (8°) Sngp) +o, (nm) 7

OL;, (8,00, 0?) /001067, = o7% (@ (8") XJ,T)T H™' (@ (8°) XI,T) + 0, (n).

Let r with » > 3/2 be the smoothness order of the coefficient functions my (u) as given in
Condition (C2) in Appendix B. Let mj, (u) be the first order derivative of my (u), we have
the following theorems, such that asymptotic consistency and normality are established for
these profile parameter and nonparametric function estimators. Details of the theorems are

given in Appendix B.

Theorem 5 Under Conditions (C1)-(C6) in Appendiz B, max{nl/(2r+2),n1/(4’"_2)} <<
J, << n'*, we have (i) (consistency) Hé\_l _991“2 =0, (n_l/Q); and (ii) (asymptotic

normality)

01 —0°, = [(@ (8) X3.T) RS (@ (8) iJ’T)} e

{eTH_1 (‘I> (BO) iJ,’i‘)] +op <n_1/2> .

Moreover 251/2 (@\_1 — 991) 4N (07I((d1—1)+d2)><((d1—1)+d2)); as n — 0o, where

Y, = o2 [(@ (8°) XJ,’I*) T (¢> (8°) XJT)] o . (5.8)
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Both consistency and asymptotic normality of B\ follow directly from Theorem 5

with an application of the multivariate delta-method. Thus we obtain
—1/2 (5 d
(I20103") 7 (B B7) 5 N (0, Tayxay) 1 — o0,

where ¥, 11 is the submatrix of ¥,, formed by the first d; — 1 rows and first d; — 1 columns

of ¥,,. Define

0 0 0 --- 0 Bi(u) --- By, (u)

- - pxpJn

Theorem 6 Under Conditions (C1)-(C6) in Appendiz B, maz{n'/(2+2) pt/Ur=21 <<
Jn << nM4, we have (i) consistency |y (u) —my (u)| = O, (x/Jn/n + J;’") uniformly in

u € [0,1]; and (i) as n — oo, (asymptotic normality) for 1 < £ < p,
O (u) [ (u) = B {ifig (u) |Z,X, T} — N (0,1),
where
2, (u) =¢/B TH! B 5.9
i (1) = ¢/ B (u) 1 Q(8) Q(B) (u) e, (5.9)
and e; is the p-dimensional vector with “1” as its £ element and “0” as other elements.
Remark. Under the order assumption for the number of B-spline basis functions

Jn in Theorems 5 and 6, the optimal order for the number of interior knots such that

N = J, —q = n*@*D can be achieved by the proposed profile estimation procedure. Then

the uniform convergence rate for |my, (u) — my (u)] is O, ( {T/(zrﬂ)).
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5.3 Hypothesis tests

Applying the profile estimation method described in Section 5.2, we propose the
Rao-score-type hypothesis test to check the significance of genetic factor Zy by setting up
the null and alternative hypotheses as Hy : ma(.) = 0 versus Hj : ma(.) # 0. Since each
nonparametric function ms(u) ~ B (u)T v2, the null and alternative hypotheses can be

. ~N ~N\T /~N\T T
written as Hg : v2 = 0y, versus Hy : 72 # 05, . Let 4" = {(71) ,(72) } be the

maximizer of L, (’y, B,&,)\, 02) given in (5.5) under Hy, thus 7 = 0. Let

Qi) (8) = [BXIB)] )
Q) (8) = [B(XiB)Zia]

Q@ = [{Quu @) Quuy®}T]
Qo () = [{Qua (A Qe @}T] -
Define the score function as

s (FV,8.8) = OL.GNB G 0%)0?/0m,
= Qu () B (Y -Ta-qq (3)7),
a.—q) mqE)=| " T
Qpo1 Qp22
where 2, 1 = Q) (8°) T H' Q) (8°), for kK =1,2.

Define the test statistic
2 N3 AT 22 ~N 3 ~
777/ =0 S2n (7 7/87 O[) Qn San <’Y 75,0&) ) (510)
22 -1 -t
where Qn = (Qn,gg — Qn,2lﬂn,119n,12>
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Theorem 7 Under Conditions (C1)-(C6) in Appendiz B, and n'/*" << J, << n'/4, we

have under Hy, as n — 00,
(20,3 V2T — Ju} = N (0,1).

We can also extend this theorem to the more general case where several genetic factors
are involved together as in model (5.7) in section 5.2.2. Details of the theorem is given in
Appendix B.

Remark. Note that 7, defined in (5.10) contains population parameters, there-
fore, we cannot use it directly as a test statistic. To carry out the Rao-score-type hypothesis
test, we instead use 7A;L as the test statistic. ’771 has the same form as 7, with €2, pp re-
placed by its consistent estimate Q) (B)TH_lQ(k/) (B\) and o2 replaced by consistent

estimate 2. For implementation, the critical value of the test statistic is calculated from

the chi-square distribution with 2J,, degrees of freedom.

5.4 Estimation of Variance Components

In Sections 5.2 and 5.3, we assume that A\ is known when we estimate and make
inference of the mean parameters. In this section, We propose a profile restricted max-
imum likelihood (REML) method to estimate A. Denote Y=Y - Ta, Q=Q <§> and

Po=H'-H'Q(Q" H*lQ)‘1 QTH L. For given 3 and &, the log-restricted likelihood
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function for estimating ()\, 02) is given as

L, (A, 0%)
1 1 1 /o \T ~ —2J
= ——log|H| — = log }QTH_IQ’ - ——(Y-Q3) H'(Y-Q7) - n " log o2
2 2 202
1 1 _ 1 & < n—2J
= —log|H| - log IQTH'Q| - T'QYTPQY — "logo?. (5.11)

Thus for given A, by maximizing (5.11) we obtain the estimator for o2 as
F(\) = (n—2J,) " (?TPQ?) .

Replacing ¢ by 52 () in (5.11), we have

1

—2J
L(\) =—= -
r(A)=-5 5

1 - -
log [H| - - log|Q"H™'Q| - n log (YTPQY> + constant.  (5.12)

Then the estimate A of A is obtained by maximizing the objective function (5.12). Thus o?
is estimated by

2=52(\) = (n—2J,)"" (?Tfaq?) : (5.13)

where 13Q is defined in the same way as Pq with A replaced by \. The objective func-
tion (5.12) requires determinant and inverse of H which is an n x n matrix, and thus the
computation can be demanding when the sample size is large. We use eigenvalue decom-
position to handle the kinship matrix K, so that it can be decomposed as K = ®APT,
where A =diag(d1,...,0,) is a diagonal matrix with eigenvalues and ® is an n X n ma-
trix consisting of eigenvectors. It can be derived that log |[H| = Y7 log (6;A + 1) and

H'!'=&(A\N+1)'®". Let qo, xn=(q1,...,qn) = QT®. Thus, we have
QTHT'Q=Q"® (Ar+1) @TQ=a(Ar+D) Mt =Y (GiA+1) ],

which is a 2J, x 2J,, matrix.
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5.5 Computational Algorithm

We propose the Newton-Raphson algorithm to estimate parameters 5 and «, non-
parametric functions my (-), A and o2. Let A and 52*) be the k-th iterative estimate of A
and o2. The (k + 1)-th estimates E(_kfr and a*+1) of B_; and a are obtained by maximiz-
ing the objective function (5.6) with ¢ and H replaced by %) and H® = \®K + |
and Y = Hﬁk+1H. Then B+ = Qﬁk+U,Aﬁf”T)T.Ihe(k-+1yﬂ1eﬁnnmf

FE+1) of ~ is given as

1) {Q (B\(k—&-l))T <ﬁ(k)>‘1 Q (B(k+1)) }_1 {Q (§(k+1))T <ﬁ(k))‘1 (Y B Ta(k+1))} '

The (k+ 1)-th estimate AE+D of ) is obtained by maximizing the objective function
(5.12) and 52*+D is from (5.13) with 8 and « replaced by B**D) and a1, Let
pk) = (E("‘)T, &(k)T)T. The iteration is stopped at the (k + 1)th step if Hg(kﬂ) — " H <0
and ‘X(k“) — /):(k)’ < ¢ for some small threshold value §. The initial estimates of 8 and «
are obtained by letting H = 1,,.

The nonparametric functions my (-) are approximated by cubic spline (¢ = 4) with
the number of interior knots N selected by minimizing the BIC criterion on the range

1<NKL [nl/z’”] given as
Bm()——ﬂ,@BaXa)+mN+®U%m.

Then one selects the optimal number of interior knots N =argminyBIC(N). Commonly,
the nonparametric functions are assumed to have the second order smoothness such that

r=2.
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5.6 Numerical Examples

5.6.1 Simulation studies

Example 1. In this example, we wish to show the normality properties for the

proposed estimators. We generate responses Y; from the following model given as
3
Y; = mo(XF 80 + ZH me(XT %) Zi + TTa +&; + &, (5.14)

where i =1,...,500, X; = (X, 1 <k < 3)T are simulated environmental effects, which are
generated from independent uniform distributions on [0,1], T; = (Tis,1 < s < 3)T are co-
variates generated from the multivariate normal distribution with mean 0, marginal variance
1, and an AR-1 correlation matrix with autocorrelation coefficient 0.5, and Z;; (1 < /¢ < 3)
are simulated genetic factors, which have three possible genotype categories represented by
AA, Aa and aa and coded as 2, 1, and 0 with frequency {Pj,QPA (1—=Py),(1— PA)Q},
with P4 = 0.5 which is the allele frequency for allele A. We use the empirical centered
value of Zy to generate Y;. The error terms & = (&1,...,&,)" "MVN,, (0,A0?K) and
e = (e1,... ,5n)T~MVNn (0,021), where 02 = 0.5, A = 1 and K is an n x n AR-1 correla-
tion matrix with autocorrelation coefficient 0.5. We let = (3,2,1) /v14, o= (2,1, 1),
mo(u) = 1+ 5sin (wu), and my(u) = ¢ x sin (27u) for 1 < ¢ < 3, where ¢ ranges from 0 to
0.5 with increment 0.1. We generate 200 simulated samples.

We compare the performance of the proposed estimators for 3°, a® and my (-),0 <
¢ < 3, by estimating the correlation matrix H with the method given in Section 5.4 and by
assuming H = I, so that correlations between subjects are ignored. We obtain very small

sample bias for the estimates obtained by the estimated H and by letting H =1,,. For
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example, for ¢ = 0.5, we obtain sample bias as 0.0051, —0.0047 and 0.0021 for estimates
of B by the estimated H and 0.0089, —0.0058 and —0.0020 by letting H = I,,. It confirms
that the resulting estimators are unbiased estimators even if H is misspecified. Tables 5.1
and 5.2 report the empirical standard errors (ESE) and the mean squared errors (MSE)
%1072 defined as the sample mean of HB— BOHz and Ha - aon among 200 replications
by the estimated H and by assuming H =1,, for ¢ = (0.5,0.4,0.3,0.2,0.1). We observe
that the ESE and MSE values of the estimates obtained by the estimated H are smaller
than the corresponding values of the estimates obtained by H = I,, for all cases. This result
demonstrates that the former estimators are more efficient and accurate than the latter ones.
By ignoring possible correlations, the estimators may lose some efficiency. To evaluate the
performance of the estimated nonparametric functions my () for 0 < [ < 3, we define the

mean integrated squared error (MISE) as the average of
1SE () = n Y2 fie (XPB) —m(x26%) )

for 0 < [ < 3 among the 200 replications. Table 5.3 reports the MISEs for the spline
estimates my (-) for 0 < I < 3 and ¢ = (0.5,0.4,0.3,0.2,0.1) by using the estimated H
and by assuming H = I,,. It shows that the MISE values for the estimates obtained by the
estimated H are smaller than those values for the estimates obtained by H = I,,. To evaluate
the asymptotic normality results for the parameter estimators as established in Theorem
5, Table 5.4 and Table 5.5 report the average asymptotic standard errors (ASE) calculated
based on (5.8) and empirical coverage probabilities of the 95% confidence intervals for the
estimates of 3° and a® by using the proposed method with the estimated H. The empirical

coverage probabilities are close to the nomimal confidence level 95% for most of the cases.
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Comparing the ASEs with the ESEs reported in Table 5.1 and Table 5.2, we observe that
values are very close for the corresponding cases, suggesting that the asymptotic covariance
matrix is correctly derived. Moreover, Table 5.6 shows the average estimated values and
the empirical standard errors for the variance components A and o2. The average estimated
values are close to the true values for all cases, which indicates that the proposed estimation

procedure for variance components given in Section 5.4 performs well.

Table 5.1: The empirical standard errors (ESE) and the mean squared errors (MSE) x 102
for the estimates of 4 among 200 replications by the estimated H and by assuming H = I,
for ¢ = (0.5,0.4,0.3,0.2,0.1).

Estimation by using the estimated H | Estimation by assuming H =1,
ESE MSE ESE MSE

c| B B A T
0.5 | 0.0066 0.0086 0.0105 0.0226 0.0080 0.0107 0.0128 | 0.0342
0.4 | 0.0070 0.0101 0.0123 0.0302 0.0085 0.0118 0.0141 | 0.0409
0.3 | 0.0066 0.0096 0.0111 0.0260 0.0076 0.0110 0.0128 | 0.0344
0.2 | 0.0065 0.0097 0.0109 0.0255 0.0075 0.0113 0.0126 | 0.0342
0.1 | 0.0076 0.0103 0.0109 0.0282 0.0088 0.0117 0.0129 | 0.0382
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Table 5.2: The empirical standard errors (ESE) and the mean squared errors (MSE) x 102
for the estimates of a® among 200 replications by the estimated H and by assuming H = I,

for ¢ = (0.5,0.4,0.3,0.2,0.1).

Estimation by using the estimated H | Estimation by assuming H =1,
ESE MSE ESE MSE
c af al o af a9 o

0.5 ] 0.0409 0.0539 0.0444 0.6569 0.0504 0.0603 0.0510 | 0.8858
0.4 ] 0.0458 0.0536 0.0442 0.6956 0.0541 0.0590 0.0536 | 0.9361
0.3 | 0.0452 0.0519 0.0490 0.7135 0.0517 0.0602 0.0561 | 0.9416
0.2 | 0.0450 0.0467 0.0453 0.6262 0.0530 0.0549 0.0504 | 0.8377
0.1 ] 0.0441 0.0453 0.0455 0.6038 0.0512 0.0492 0.0540 | 0.7933

Table 5.3: The MISEs for the spline estimates my (-) of my(-) for 0 < [ < 3 and ¢ =

(0.5,0.4,0.3,0.2,0.1) by using the estimated H and by assuming H = IL,.

MISE by using the estimated H

Estimation by assuming H =1,

mo (*)

ma ()

ma (+)

ms (+)

mo (+)

ma (+)

ma (+)

ms (-)

0.5
0.4
0.3
0.2
0.1

0.0210
0.0230
0.0227
0.0216
0.0194

0.0181
0.0208
0.0193
0.0174
0.0181

0.0201
0.0191
0.0176
0.0185
0.0167

0.0211
0.0192
0.0178
0.0169
0.0174

0.0245
0.0269
0.0264
0.0252
0.0237

0.0245
0.0282
0.0274
0.0243
0.0247

0.0261
0.0257
0.0244
0.0250
0.0229

0.0281
0.0255
0.0242
0.0238
0.0225

Table 5.4: The average asymptotic standard errors (ASE) calculated from (5.8) and empir-
ical coverage probabilities (CP) of 95% confidence intervals based on 200 replications for

the estimates of 50 = (B?, 39, 5g)T.

i

ASE

CPp

ASE

CPp

ASE

CPp

0.5
0.4
0.3
0.2
0.1

0.0066
0.0067
0.0067
0.0067
0.0068

0.950
0.930
0.945
0.945
0.915

0.0094
0.0095
0.0095
0.0095
0.0096

0.965
0.935
0.940
0.950
0.915

0.0110
0.0110
0.0111
0.0111
0.0112

0.960
0.940
0.945
0.945
0.955
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Table 5.5: The average asymptotic standard errors (ASE) calculated from (5.8) and empir-
ical coverage probabilities (CP) of 95% confidence intervals based on 200 replications for

0
a7

ASE

CPp

ASE

CPp

ASE

CPp

0.5
0.4
0.3
0.2
0.1

0.0448
0.0445
0.0446
0.0444
0.0445

0.955
0.935
0.960
0.950
0.950

0.0500
0.0500
0.0500
0.0499
0.0499

0.930
0.945
0.940
0.965
0.965

0.0448
0.0447
0.0446
0.0446
0.0448

0.950
0.940
0.920
0.945
0.925

Table 5.6: The sample mean (Mean) and sample standard error (SE) of the estimates A
and 72 based on 200 replications for ¢ = (0.5,0.4,0.3,0.2,0.1).

c 0.5 0.4 0.3 0.2 0.1 0

A | Mean | 1.0621 1.0012 1.0878 1.0791 1.0503 1.0545
SE | 0.2853 0.2904 0.3036 0.2909 0.2775 0.2791

02 | Mean | 0.4940 0.4955 0.4887 0.4868 0.4899 0.4940
SE | 0.0519 0.0536 0.0535 0.0517 0.0519 0.0569

Next we perform the score test as described in Section 5.3 for testing Hy : my(-) =
0, for £ =1,2,3 versus Hy : my(-) # 0 for some ¢ € (1,2,3) for ¢ = (0.5,0.4,0.3,0.2,0.1,0).
Figure 5.1 shows the plot of the power function against the ¢ value at type I error 0.05. We
observe that when ¢ = 0, the empirical power size is 0.065 which is close to the type I error.
Moreover, the power increases rapidly to 1 as the ¢ value increases, which demostrates that
the proposed score test is a powerful test. For visualization of the actual function estimates,
Figure 5.2 shows the estimated curves my(-) (solid lines) against index, ¢ = 0,1, the true

functions my(-) (dashed lines), and the upper and lower 95% pointwise confidence intervals

(upper and lower solid lines) for ¢ = 0.5, n 500. We can observe that the proposed
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Figure 5.1: Plot of the power function against the ¢ value.
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Figure 5.2: Plots of the estimated curves my(-) (solid lines) against index, ¢ = 0, 1, the true
functions my(-) (dashed lines), and the upper and lower 95% pointwise confidence intervals
(upper and lower solid lines) for ¢ = 0.5, n = 500.

Mo

0.0 0.5 1.0 15 0.0 0.5 1.0 15

index index

Example 2. In this example, we wish to compare the score test performance in the proposed
model with a parametric linear mixed model by assuming that the main effect of X as well
as the interaction effects with Z are linear, and a semiparametric mixed model by assuming
the main effect mg(.) of X is nonlinear but the interaction effects with Z are linear.
Suppose the proposed semiparametric mixed model with nonlinear interaction ef-

fects (SPNLMM) is given as
Y; = mo(XFB°) + mi(XFB%)Zi + TV o + & + <, (5.15)

the parametric linear mixed model (LMM) is given as
3 3

YVi=ao+ Y bpXpp+ (d+Y dpXp)Zi+TFa® + &+, (5.16)
k=1 k=1
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and the semiparametric mixed model with linear interaction effects (SPLMM) is given as
3
Y =mo(X7B°%) + (d+ > diXip)Zi + T o + & + i (5.17)
k=1
First, we generate responses Y; from model (5.15) where i = 1,...,n, n = 2191, X; =
(Xik, 1 <k < 3)T are simulated environmental effects, which are generated from indepen-
dent uniform distributions on [0,1], T; = (Tis,1 < s < 3)T are covariates generated from
the multivariate normal distribution with mean 0, marginal variance 1, and an AR-1 cor-
relation matrix with autocorrelation coefficient 0.5. Z; are simulated genetic factors, which
have three possible genotype categories represented by AA, Aa and aa , and coded as 1, 0
and -1 with allele frequency 0.5. We use the empirical centered value of Z; to generate Y;.
The error terms & = (£1,...,&,)T ~ MVN,(0,\0?K) and € = (£1, ...,e,) T ~ MVN,, (0, 01),
where 02 = 0.5, A = 1 and K is a 2191 x 2191 correlation matrix calculated from the real
SNPs in 22 chromosomes. We let 3° = (3,2,1)/v14, a® = (2,1, 1), mg(u) = 1+ 5sin(ru)
and mj(u) = ¢ x sin(27u), where ¢ ranges from 0 to 0.5 with increment 0.1. 200 simulated
samples are generated.
Then we perform the score test as described in Section 5.3 for testing Hy : my(:) =
0 versus Hy : my(-) # 0 for ¢ = (0,0.1,0.2,0.3,0.4,0.5) in model (5.15). Meanwhile, we
perform the score test for testing Hp : d,dp =0 for k =1,2,3 versus Hy : d # 0, or d, # 0
for some k = 1,2,3 in model (5.16) and model (5.17). Note that model (5.16) by assuming a
linear main effect is misspecified, but the semiparametric model (5.17) is correctly specified
under the null hypothesis Hy. Score tests are performed by assuming model (5.16) and

model (5.17) as the alternative models, respectively. The critical value for both tests is

calculated from the chi-square distribution with 4 degrees of freedom at significance level
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0.05.

Table 5.7 reports the powers of the score tests for these three models SPNLMM,
LMM and SPLMM for ¢ = (0,0.1,0.2,0.3,0.4,0.5) with 200 simulated samples. Clearly
we observe that for SPNLMM model, the power size at ¢ = 0 (Hy is true) is close to the
nominal significance level 0.05, which confirms the asymptotic null distribution of the test
statistic. The power increases to 1 rapidly as ¢ increases. The results illustrate that the
proposed score test is a powerful test. For the LMM model, the power is much larger than
0.05 when ¢ = 0, since the model is misspecified under Hy. For the SPLMM model, the
power is around 0.05 when ¢ = 0, since the model is correctly specified under Hy, so that
the score test works well under Hy. For both of these two misspecified models under Hy, the
power increases very slowly as the value of ¢ increases. This result indicates that when the
actual nonlinear interaction effect is misspecified, the score test will become less powerful.

We also evaluate the performance of the proposed model when the true underlying
interactions are linear. First, we generate Y; from model (5.16) with a® = (2,1, —1), ag = 0,
(by,b2,b3) = (3,2,1) /14, d = ¢ x 0.02, (d1,d2,d3) = ¢ x (0.1,0.2,0.3), and ¢ changes from
0 to 0.5 with increment 0.1, ¢ = 1,...,2191. Table 5.8 reports the powers of the score tests
for models SPNLMM and LMM, where we can see that as c increases, their powers increase
to 1. Moreover, the powers for SPNLMM model are close to those for LMM model. Then,
we generate Y; from model (5.17) with a® = (2,1, —1), mg(u) = 1+ 5sin(ru), d = ¢ x 0.02,
(di,da,ds) = ¢x(0.1,0.2,0.3) and ¢ changes from 0 to 0.5 with increment 0.1, 7 = 1, ..., 2191.
Table 5.9 reports the powers of the score tests for SPNLMM and SPLMM. From table 5.9,

we can see that their powers increase to 1 as ¢ increases, and the powers for SPNLMM
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model are very close to those for SPLMM model. The results indicate that even if the
actual interactions between environment and gene follow a linear structure, the score test

for our proposed model remains powerful.

Table 5.7: Powers of the score tests for the three models SPNLMM, LMM and SPLMM
when the true model is SPNLMM based on 200 replications for different c.

c 0 0.1 0.2 0.3 0.4 0.5
SPNLMM | 0.065 0.600 0.995 1.000 1.000 1.000
LMM 0.090 0.100 0.135 0.215 0.325 0.330
SPLMM | 0.060 0.080 0.160 0.405 0.620 0.760

Table 5.8: Powers of the score tests for SPNLMM and LMM when the true model is LMM
based on 200 replications for ¢ = (0,0.1,0.2,0.3,0.4,0.5).

c 0 0.1 0.2 0.3 0.4 0.5
SPNLMM | 0.030 0.135 0.425 0.850 0.980 1.000
LMM 0.065 0.150 0.440 0.885 0.990 1.000

Table 5.9: Powers of the score tests for SPNLMM and SPLMM when the true model is
SPLMM based on 200 replications for ¢ = (0,0.1,0.2,0.3,0.4,0.5).

c 0 0.1 0.2 0.3 0.4 0.5
SPNLMM | 0.060 0.155 0.480 0.825 0.990 1.000
SPLMM | 0.030 0.110 0.475 0.885 1.000 1.000

Example 3. Besides power, to appropriately evaluate the efficiency of the score test, false
discovery rates (FDR) should be considered as well. In this simulation study, we wish to
compare both powers and FDR of the score tests among SPNLMM, LMM and SPLMM

models.
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First, we generate responses Y; from the following model given as
5
Yy =mo(X7B%) + ) me(XIB8%) Zi + T a® + & + &, (5.18)
(=1

where i = 1,...,2191, X; = (Xi,1 < k < 3)T are simulated environmental effects, which
are generated from independent uniform distributions on [0,1], T; = (Tis,1 < s < 3)7T
are covariates generated from the multivariate normal distribution with mean 0, marginal
variance 1, and an AR-1 correlation matrix with autocorrelation coefficient 0.5, and Z;(1 <
¢ < '5) are five real SNPs coded as 1, 0, -1 chosen from chromosome 4, denoted by SNP,
SNPs, SNP3, SNP4 and SNP5. We use the empirical centered value of Z; to generate Y;.
The error terms & = (£1,...,&,)T ~ MVN,, (0, \0?K) and € = (€1, ...,,)T ~ MVN,, (0, 01),
where 02 = 0.5, A = 1 and K is a 2191 x 2191 correlation matrix calculated from the real
SNPs in 22 chromosomes. We let 3° = (3,2,1)/v14, a® = (2,1, —1), mo(u) = 1+5sin(mu),
mi(u) = 0.1sin(27wu), ma(u) = 0.2sin(27u), ms(u) = 0.3sin(27u), ma(u) = 0.4sin(27u),
and ms(u) = 0.5sin(27u). 200 simulated samples are generated.

We test the significance of SNPy, SNPy, SNP3, SNP4, SNP5 and ¢g other SNPs
chosen from chromosome 4 respectively. After obtaining the p-value (pyaue) for each SNP,
we apply the multiple testing correction procedure for GWAS given in Cheverud (2001)
and Nyholt (2004). Therefore, Hy is rejected when pyaiue < @ = ag/Meg, where «y is the
overall type I error for the study and we let it be 0.05, and Mg is the Cheverud-Nyholt
estimate of the effective number of tests calculated by Meg = 1+ M1 Z]J‘/il 224:1(1 - ng'k)7
where M is the total number of SNPs in the study (i.e., M = 5+ g), and rj, are the

correlation coefficients of these M SNPs. Let g = 2000, 5000, 10000 for comparison. The

detection powers for SNP1, SNPy, SNP3, SNP4 and SNP5 are the proportions of simulation
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runs with pyajue less than o among 200 replications respectively. FDR, are calculated using
the times of falsely discovered SNPs divided by the total times of discovered SNPs in 200
replications. Table 5.10 reports the powers and FDR of the score tests for SPNLMM, LMM
and SPLMM models under model (5.18). The result indicates that score test for SPNLMM
has much higher power and much lower FDR than LMM and SPLMM when the underlying
G x E interactions are nonlinear, which confirms the efficiency of our proposed score test.
Moreover, the power of the score test increases as proportion of variance explained by the

SNP increases.

Table 5.10: Powers and false discovery rates (FDR) of the score tests for three models
SPNLMM, LMM and SPLMM estimated based on 200 replications when the true un-
derlying model is semiparametric mixed model with nonlinear G x E interactions for
g = 2000, 5000,10000. Columns of SNP; shows the power of each SNP, TP shows true
positives and FP shows false positives respectively.

g SNP; SNP, SNP3; SNP, SNP; FDR TP FP

SPNLMM

2000 0.035 0.505 0.995 1.000 1.000 0.032 3.535 0.115

5000 0.035 0.500 1.000 1.000 1.000 0.030 3.535 0.110

10000 0.030 0.500 1.000 1.000 1.000 0.029 3.530 0.105

LMM

2000  0.000 0.000 0.000 0.000 0.065 0.594 0.065 0.095

5000 0.000 0.000 0.000 0.000 0.035 0.682 0.035 0.075

10000 0.000 0.000 0.000 0.000 0.040 0.636 0.040 0.070
SPLMM

2000  0.000 0.000 0.005 0.005 0.050 0.613 0.060 0.095

5000 0.000 0.000 0.000 0.010 0.045 0.656 0.055 0.105

10000 0.000 0.000 0.005 0.005 0.040 0.655 0.050 0.095

We also evaluate the powers and FDR for SPNLMM model when the underlying

interactions are linear. First, we generate 200 simulated samples from model given as

3 5 3
Y =aog+ Z b Xk + Z(dz + Z CkXik)Zig + T;FCXO + & +e&; (5.19)
k=1 /=1 k=1
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with apg = 0, (bl,bg,bg) = (3,2,1)/\/ 14, (01,02,03) = <0.1,0.2,0.3), ao = (2,1,—1), and
(di1,da,ds, ds,ds) = (0.02,0.05,0.08,0.11,0.14), i = 1, ...,2191. Table 5.11 reports the pow-
ers and FDR of the score tests for models SPNLMM and LMM under model (5.19). Then,

generate 200 simulated samples from model given as

5
Y =mo(X{B%) + > (de + Z crnXiw) Zie + TL o + & + & (5.20)
=1 k=1

with 8° = (3,2,1)/v14, a® = (2,1, —1), mo(u) = 1 + 5sin(7u), (c1,c,¢3) = (0.1,0.2,0.3)
and (d1,ds,ds, dys,ds) = (0.02,0.05,0.08,0.11,0.14), i = 1,...,2191. Table 5.12 reports the
powers and FDR of the score tests for models SPNLMM and SPLMM under model (5.20).
The results indicate that when the true G x E interaction structure is linear, powers in
SPNLMM are slightly lower than those in SPLMM and LMM, FDR in SPNLMM is a little
bit higher than the FDR in SPLMM and LMM, which is reasonable. Since the differences
are not very large, our proposed score test is still efficient. Also, the results suggest that it
is better to explore the pattern of G x E interactions before we conduct hypothesis testing
for gene associations. If nonlinear G x E interactions exist, our proposed model is the
most powerful and efficient approach to test significant genes. If G x E interactions are

approximately linear, it is better to apply LMM or SPLMM.
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Table 5.11: Powers and false discovery rates (FDR) of the score tests for two models
SPNLMM and LMM estimated based on 200 replications when the true underlying model
is linear mixed model for g = 2000, 5000, 10000. Columns of SNP; shows the power of each
SNP, TP shows true positives and FP shows false positives respectively.

g SNP; SNP, SNP; SNP;, SNP; FDR TP FP
SPNLMM
2000 0.030 0.305 0.715 0.935 0.985 0.043 2.970 0.135
5000 0.035 0.310 0.710 0.925 0.980 0.042 2960 0.130
10000 0.015 0.285 0.675 0.910 0.945 0.036 2.830 0.105
LMM
2000 0.040 0.420 0.755 0.945 0.995 0.026 3.155 0.085
5000 0.040 0.385 0.740 0.935 0.990 0.024 3.090 0.075
10000 0.035 0.370 0.690 0915 0.975 0.019 2.985 0.070

Table 5.12: Powers and false discovery rates (FDR) of the score tests for two models
SPNLMM and SPLMM estimated based on 200 replications when the true underlying model
is semiparametric mixed model with linear G x E interactions for g = 2000, 5000, 10000.
Columns of SNP; shows the power of each SNP, TP shows true positives and FP shows
false positives respectively.

g SNP; SNP, SNP; SNP, SNP; FDR TP FP
SPNLMM
2000 0.060 0.415 0.815 0.975 0.995 0.024 3.260 0.080
5000 0.0v0 0.410 0.765 0.970 0.990 0.021 3.205 0.070
10000 0.055 0.380 0.715 0.945 0.990 0.018 3.085 0.055
SPLMM
2000 0.090 0.420 0.845 0.985 0.995 0.021 3.335 0.070
5000 0.085 0.400 0.835 0.980 0.995 0.018 3.295 0.055
10000 0.050 0.385 0.785 0.955 0.990 0.014 3.165 0.040

5.6.2 Empirical example

Research on causes of hypertension has brought tremendous attention due to its
risk of serious health problems, including heart attack and stroke. It is known that hyper-

tension is not only related to genes but also to some environmental factors such as sleeping
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hours (Gottlieb (2006)) and physical activity (Kokkinos (2009)). Therefore, people may
wonder how genetic and environmental factors together influence people’s blood pressure.
Now we illustrate our method using data from the Framingham Heart Study (Dawber
(1951)) to investigate significant genetic factors on systolic blood pressure (SBP) in the
context of possible nonlinear G x E interactions. Let X, = sleeping hours per day, Xo =
hours of light activity per day, and X3 = hours of moderate activity per day be the envi-
ronmental factors. SBP is used as the response variable and SNPs located in chromosome
1 are considered as the genetic factors. The three possible allele combinations are coded as
Z = (1,0,—1). After eliminating SNPs departure from Hardy-Weinberg equilibrim, there
are 31042 SNPs remaining in our study. In addition to genotypes, sleeping hour and activ-
ity hours, we use other 3 covariates as the linear part in the semiparametric mixed model,
which are Ty = whether work (1=YES, 0=NO), To = health condition (1=EXCELLENT,
2=GOO0D, 3=FAIR, /=POOR), T5 = whether live with others (1=YES, 0=NO). After
deleting missing data, 2191 subjects remain in our study. Then a semiparametric mixed

model is fitted as
Vi = mo(X}B) + mi(X{B)Zi + TS+ & + e5,i = 1,...,2191, (5.21)

where X; = (Xi1,..., X3)T, Ty = (Ti1,...,T;3)" and Z; are the observed values of the
environmental factors, covariates and genetic factor, respectively, and Y; is the standardized
value of SBP for the i-th subject. When we estimate the parameters and nonparametric
functions in model (5.21), we center and standardize all predictors.

The number of individuals included in this GWAS is huge, and from the results

we get for a few SNPs, the estimated values of A are very close to each other. Therefore,
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to dramatically reduce the computation time, we apply the strategy in Kang (2010). We
estimate A once with the method given in section 5.4 and then fix the A for all the SNPs in
chromosome 1 such that we do not need to estimate the variance component repeatedly. The
same model is fitted for each SNP and after the estimation procedure, we apply the proposed
score test statistic in section 5.3 to test genetic significance by setting up the null hypothesis
Hp : mi(.) = 0 in model (5.21) to obtain the pyaye for each SNP. Then multiple testing
correction procedure for GWAS given in Cheverud (2001) and Nyholt (2004) is applied
such that Hy is rejected when pyajue < @ = ap/Meg, where «y is the overall type I error for
the study and we let it be 0.05, and Mg is the Cheverud-Nyholt estimate of the effective
number of tests calculated by Meg = 1+ M1 Z;‘il SM - r?k), where M = 31042,
which is the number of SNPs in the study, and rj;, are the correlation coefficients of SNPs.
Then we obtain o = 3x 1075, As a result, the only SNP ss66457217 with pyaue = 2.8 x 1076
is selected by the procedure. The corresponding gene of this SNP is IGSF3. In addition,
another SNP 566343404 with pyaiue = 6.6 x 1076 can also be considered important to SBP,
the corresponding gene is LPPR5. It has been shown that both IGSF3 and LPPR5 have
positive associations with SBP in medical research.

We then use these two SNPs (Z1=ss66457217, Z=ss66343404) together to fit the

model given as

2
Y =mo(XTB8) + Y me(XTB) Zi+ Tfa+ & + €iyi = 1,...,2191 (5.22)
=1
Table 5.13 presents the estimated values (EST) for 8 and a by the profile log-likelihood

method in section 5.2, the associated standard errors (SE) and the p-values for testing

whether each parameter is zero or not by using the asymptotic normality distribution. We
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observe that all of the index parameters (51, (B2, 3) are significantly different from zero
with p-values much smaller than 0.05. This result indicates that the SBP is highly related
to sleeping hours and physical activity hours, which confirms the finding in the literature
(Gottlieb (2006) and Kokkinos (2009)). The small p-values for the parameters a; and ao
indicate that work status and health condition are important factors to SBP, p-value for

parameter ag indicates that whether living with others is slightly significant to SBP.

Table 5.13: The estimated values (EST) for 8 and o in model (5.22), the associated standard
errors (SE) and the p-values for testing whether the parameters are zero or not in the real
data example.

B B2 B3
EST 0.3718  0.6875  0.6238
SE 0.0615  0.0296  0.0333
p-value | < 0.001 < 0.001 < 0.001
a1 a9 Qs
EST -0.1220 0.1214  -0.0362
SE 0.0212 0.0210 0.0210
p-value | < 0.001 < 0.001 0.084

To illustrate the change pattern of the estimated mean curve of SBP with index,
we plot the estimated curve rg(.) against the estimated index and sleeping hours. From
Figure 5.3, we can see a nonlinear change pattern between 7¢(.) and index, and sleeping
hours as well. In the beginning, the value of mg(.) increases with sleeping hours, then
becomes smooth after about 8 hours. The patterns of mg(.) against physical activity hours
per day are similar. Next, we plot the estimated coefficient functions 72;(.) and 7h2(.) in
Figure 5.4 to illustrate the effect of a genetic factor interacting with the environmental

factors. We also observe nonlinear pattern of the estimated functions 1 (.) and ma(.).

98



Figure 5.3: Plots of the estimated function 7 (.) against the estimated index and sleeping

hours per day.

Mo

Figure 5.4: Plots of the estimated functions 7 (.) and ra(.) against the estimated index.
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Appendix A

Proof of Theorems in Chapter 4

We begin this appendix by introducing necessary notations used in the follow-
ing proofs of theorems. For any positive numbers a, and b,, let a, =< b, denote that
limy,—yo0 @n /by, = ¢, where ¢ is a positive constant, and let a,, ~ b,, denote that lim,_,c an /by, =
1. In addition, let C()(S) = {gb‘qﬁ(r) € C(S)} be the set of the r-th order smooth
functions ¢ on the support S. For any vector { = (gl,...,gs)T € R?, denote ||{| =
max (|1 + - - +[(s]), and for any symmetric matrix A, denote its L, norm as [[A]|, =
maxceps c£0 || AL, ||C||7T1 Moreover, for any matrix A = (Aij)f’:tl’j:l, denote [|A] =

maxj<i<s 23:1 |Ai;| and A®? = AA"T. To develop the theoretical results of the proposed

estimators, we next present the following technical conditions.

A.1 Regularity Conditions

(C1) The density function f 47, (ﬂTCEi]‘) of random variable ﬁTXij is bounded away from

0 on the support of ,BTXZ-]- for B in a neighborhood of B3, and the density function
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fr,; (t) of random variable T;; is bounded away from 0 on the support of T7;.

(C2) The true functions g (u) and o (t) satisfy g (u) € C) (Sy) and q; (t) € C") (Sp) for
[l =1,---,d; and given integer r > 3/2, where Sy and St are the compact support
sets of Uj; (,6'0) and T;;, respectively. In addition, the order of spline functions satisfies

q>r.

(C3) The eigenvalues of Mg, 1 < k < k are bounded away from 0 and infinity. Let

I = (Fkvk/):k’:l = (I‘j’j/,k,k/);nf:l ww—y- Forany 1 < j < m, and any given vector

a = (ag)p_; € R", there exist constants 0 < ¢p < Cr < oo, such that er > p_, az <

K K 2
D k=1 Gk L g < Cr X gy ai.

(C4) The eigenvalues of E ((1, Zl-(jl)T)T(l7 Zi(jl)T) U3 B =u,T;; = t) are uniformly bounded

away from 0 and oo for all u€Sy and t€S, where Zi(jl) = (Zija,---» Zij,dl)T.

(C5) The eigenvalues of Un (f)’o, ao) and W, ([30, ao) are bounded away from 0 and infinity.

Conditions (C1) and (C2), which are given in [58], are typical assumptions in the
nonparametric smoothing literature. Conditions (C3)-(C5) are needed for the convergence
rates of the parametric and nonparametric estimators as well as the existence of asymptotic
variances of the parametric estimators. It is worth noting that Condition (C1) ensures that
the density functions are bounded away from 0 in their supports. In practice, we do not
know the true support, and we may use the minimum and maximum as the bounded values
of the support. In addition, the parameter estimators and their asymptotic properties may

not be valid in the case that Conditions (C2)-(C5) are not satisfied.
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A.2 Proofs of Theorems 1 and 2

Before proving both theorems, we demonstrate the three lemmas given below.

Lemma 8 Under Conditions (C1) and (C4), for any a € R’", there erist constants 0 <

c1 < C1 < 0o such that for VB € © and for sufficiently large n,

aN~Ja? <a”E{Q:(8)" Q:(8)}a< N |al, (A1)
and
x| ST By (Ui (8)) " Buy (Ui (8)) — B { By (Ui (8)" Buy (U (8)) ]|
= Ogs. { (logn)/ (nN)} ,
<INt | ‘ o Zz L B2 ( "Bay (T) — E {BQ’J (T.)" By (Ti)}’
= Ous. {V(0gm) (0N}, (A.2)
where

By(U:(8) = [(Bis (W), By Ui (B)]

mx1
By (T3) = [{BQ,J (Ti1),...,Bayg (sz)}T}

m><1.

Proof. By Theorem 5.4.2 of deVore and Lorentz (1993) and Condition (C1), we
have that, for sufficiently large n and for any o = (a1, ...ay,)T€R’", there exist constants

0<cf <Cf <ooand0<cy <y < oo such that
JIn JIn
GN Y al<p {ZJ:1 T ) } <ONTYT o ad (A3)
A1\ 2 In Y eI o
5N ZH o2 <E ZH ayByy (Tij) ¢ < C3N ZH o (A.4)
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In addition, Condition (C4) implies that, for any 9= (Jg,91,... 04, ) €RNTL, there exist
constants 0 < ¢ < C3 < 0o such that
* dl dl " d1
Y 0 SE{Wo+ ) 0Zin)*|U5(B°) Ty <C5 ) 97 (A.5)
Leta=(ay; :1<J<J,,0<1<d;). After algebraic simplification, we have
T
Te{Qi (@) Q@) }a
m T
= Y ate{e, (8) @y (8") }a
= ZJ . {ZJ 4708 N} + Z Z a1Ba.1 (Tij)} Zija)?
< ) E{ZJ 1CLJ031J zg }2+Zl 1E{Z GJIBQJ )}2]

j=1

< Z:;lcg{cf —1ZJ11Q?]+CT _IZ ZJ 1 Jl}

where the first inequality of the above equation follows from (A.5) and the second inequality

follows from (A.3) and (A.4). By letting C; = mC5CY, we then obtain that
TE{Q (8")" Qi (8") fa<Cin! fal’.
Applying a similar approach, we can show that
aTE{Qi (8°)" Q: (8) fazeN ! all.

This completes the proof of (A.1), and the result of (A.2) can be obtained by Bernstein’s

inequality from [2]. |

Lemma 9 Under Conditions (C1)-(C4), we have
(1) | (u. 8% a’) —g(u)| = O, (\/N/n+N”") and [ (u, B°,a) — ¢ (u)| =
O, («/N3/n + N*TH) uniformly in u € Sy;
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2) & (t,8% %) — a ()| = O, (\/N/nJrN ) and |& (t,8°, %) — o} (t)] =

Op (x/N?’/n—i—N_TJrl) uniformly in t € Sp, for 1 <1 <dj.

Proof. For the sake of simplicity and with a slight abuse of notations, we denote

T T — T _
7:(73‘77 731> :7(18 ) ¢0 {( nl) 7"'7(¢2,N> } :¢n(707/60700)7and
52 =C, (’yo, 3°, ao). According to the result on page 149 of [12], for g and oy satisfying

Condition (C2), there exists 4) € R/" such that

sup |g —g° (u)l =O(N7") and sup ’al —af (t)} =0 (N7, (A.6)
uESy teST

where ¢° (u) = By (u)" v and of (t) = B, (t)T'y?. Let v° = (7J7, ... ,’yg?) T, and we then

show that H’Ny - ')/OHOO = 0,5 (1). By the same arguments as given in [39], we know that

the global minimum for Q,, (7, 3°, a®) given in (4.7) exists. As a result, we only need to

demonstrate that the minimizer 4 remains inside of 870, where Sfyo is any neighborhood
0

of ~V.

Let

b (1:8%,0%) = |07 {5, (.67 ,a0)} {50 (7.6%,0%) )

!

it is noteworthy that gy, (’y, 3°, ao) is a continuous function in 4. By (A.1) and (A.6), we

have

= N~1/2
2

N R I | CHCORCHELN

and HE¢n (’y,,@o, ao) H2 =0 (N_T_I/Q). Therefore,

on (7,,80,040) < HECn (70750 ’a0)1/2H2_1 HE% (’)’750700)“2 —0 <N1/2N—r—l/2) —o(1).
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Assume that 4 € Sgo, where Sgo is complement of 870. Then, there exists a constant

0 < C < o0, such that

gn (:77’160 7a0) =

n~! {Eén (3, 8° oﬂ)}_l/2 {Ean 3, 8° ao)}H > C. (A7)

Since 4 is the minimizer of @n (’y, 3°, ao), we have that

—-1/2

Hn—lén (iﬁo’QO) e ( ,7”@070{0)” < Hn—lan (70”30 ’a0)71/2 s (70 ’BO’QO)H .

By the strong law of large numbers, we further obtain

Hn—15n (vo,ﬁo,ao)_1/2 571 (WO’BO’QO)H

n (260) " (E40)

—

o).

almost surely. Thus,

n-1C, (ﬁ,ﬂo, ozo)_l/2 on (’7,,30, al) H = 0(1). Recall that
an (’771807 ao) = nil Zj:l gzn ( 77ﬁ07 ao)

as given in (4.6). It is also worth noting that 5“1 ( ~, 3°, ao) is a continuous function of ~,

and, for all v € S%:o, there exists 0 < C* < oo such that

l16n (v.8° a°) |
< 27 YT G (1,800 i (7, 8%, a)} 2
< C*n Yk, (1 + dy))Y2

Then, by the uniform law of large numbers, we have

sup Hg’n ('77:8070‘0) - Ean ('77/60700) H = Oass. (1) .
Yes,
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This, together with the continuous mapping theorem, leads to
1N~ —1/2 7/~ g~
n71Cn (7 .8% @) 60 (3.8% ") — Ga (38", 0%) | = 00, (1),

which contradicts with (B.14). Consequently, 4 remains inside of S ~o-

Using the above result and the Taylor expansion, we have
= 0 27 0 40 .0 T\ ! A 0 g0 .0
5 :7{3 Qn (7", 8% a”) /90~ } {8Qn (.8« )/57}(1+0p(1))-

Let

Qs Qi (8" AiMAQ; (B°)
Q, = = n_l Zj:l and

Qo Qi (8°)" Aih.AQ; (8°)

- - HJn(l—i-dl)XJn(l—Fdl)

Qi (,30)T Al11A:Q; (B%) -+ Qi (BO)T Al A:Qi (B°)

—
—

2y
Zn =N
" i=1

Qi (8) AT1AQi (8 -+ Qi(8%)" AT,.A,Q; (8°)

with dimension kJ, (1 +d1) X kJ, (1 +dy). By (A.6) and the weak law of large numbers,

we have C,, (7%, 8%, a®) ==, (1 + 0, (1)). Thus,
P

0Qu (1, 8%, 0%) [07=2 {060 (7", 8°,0°) " 07} 7160 (77, 8°,0°) (1 + 0, (1))
= —20,E,"¢) (L +0,(1)) and

n

2Qn (7°,8°,a°) JovoyT =20} =1, (1 + 0, (1)) (A.8)

As a result,

F -~ = (7 lE10,) T (T TE0) (14 0, (1)) (A.9)
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By (A.1), (A.2) and Condition (C3), it can be shown that, with probability approaching
L, [[nEnll, < N7' and sup;<pey, [|[Qnll, < N1, and thus ||[n~'Z; |, < N. Moreover, by

(A1),

|E @) B @)

= HZ::1 2{Q ()" anaQi (89}
4 ST TCN e

2 2

X

This, together with (A.2), i = N2

Accordingly, with probability approaching 1,
[n 1 TE ], < N2l < N7 and |[(nT0fE ) T <N (An0)
Next, let p; = (pit, - - - ,uim)T. By ( 4.6), ¢¥  can be decomposed into (Z)nke +

0
¢n,k,w where

Shke = n > Qi(8Y) A (78" a0) Ay (Y — i),

G = 1Y Qi(BY) A (8% a0) A fu — i (10,8 @)}
Denote . = { (60,10 oo ()T} and 60, = {(60,,)" o (00T} A
cordingly, 7 —7° = (5, +3,) (1 + 0, (1)), where 5, = (n'QF=,1Q,) " (n'QF=;,"¢0.,)
and

_ T
F, = (n710FE10) T (10 e ). Let € = (Ch1<j<m,1<i<n) . Then,

n=—n ¥n,u

for any vector a € R/»(1+41) with ||a|| =1, E (aT5,) =0, and (A.10) leads to

E{(@"5.)"IC} < a (21=;'0) 'ax Nn L
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Thus, by the weak law of large numbers, ‘aTﬁe‘ = 0O (Nl/znfl/Q). Furthermore, with

probability approaching 1, there exists a constant 0 < C' < oo, such that

IN

~ _ —_ -1 e _r
25 < ez In g, s 2, 12 {Qy (89} 0 (8 )

— O(N7).

The above results imply ‘aT (77 — 70)‘ = 0 (N1/2n_1/2 + N""). This, in conjunction
with (A.6), ensures that |g (u,8°,a®) —g(u)| = O, (NY/2p=1/2 4 N=") uniformly for
every u € Sy and ‘&l (t,,@o ,a%) —q (t)‘ = 0, (Nl/Qn*1/2 + N~") uniformly for every
te Sr.

To show the second part of the lemma, we employ the results on page 116 of Davis
C. S. (2002) and obtain that ¢’ (u,BO,aO) = B (u)' D17, (Bo,ao) and @] (¢, Bo,ao) =
B; ()T D17, (B°,a%), where B (u) = {BiJ (u):1<J<N+gqg-— I}T is the (¢ — 1)-th
order B-spline basis, and
D, = [(q —1) {(—D,O(Jn,l)) +( O(Jn_l),D)H , D =diag(ds, ..., dy1q1), dy =

(Jn—=1)XJn
(€410 —E5) Hor1 < J < N4q—1, and 0(,—1) is the (N — 1) dimensional vector with “0
"7 elements, and Bj (t) is defined in the same way. It is easy to prove that |Dq||,, = O (N).
Applying similar techniques to those used in the proofs for g (u, 3°, ao) and o (t, 3°, ao),
we have that [¢' (u,8° ,a°) — ¢’ (v)| = O, (\/NT/TL—F N”’H) uniformly in v € Sy and
|&2 (t,ﬁo,ao) —q (t)} =0, <\/N37/n+ N’TH) uniformly in ¢ € S, for 1 <[ < dy, which

completes the proof. n

Lemma 10 Under Conditions (C1)-(C4), we have that

75 (39 o0 ~ ~
1, &

)
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Proof. By (4.8), we obtain

o7y (8%a0) | 7 (X588 ) X130+ {Qiy (8)" (97 (8,a) /0 BT)) }T

9(Bhat) 722 +{Qy (8)" (678, 00" )}
From (A.9), it can be shown that
Qi (B")" (97 (8",a°) /08T,)
= —Qu (8% (n'lE ') (Tl E) X
nt Z:;l Q; (IBO)T A A {g” (Ui (B°)) Xij,1 <5 < m}TJO +
0, (N1/2n—1/ 24 N—T)
= - {Qij (8% A,1<s< p} J°+ 0, (N1/2”_1/2 + N_r> )
where g% (U5 (8%)) = B} (Uy; (8°)) " 78 and
¢ o= (Tl (nTlE) X
ntY T Qi(8Y) AdeA {g” (U (8°)) Xigss 1 S5 <m)
Furthermore, by Lemma 11, we have that

Qij ('BO)TES -7 (Xgﬂo,ﬁo,ao) Qi) (ﬁO)T 9.+ 0, <N7T+1 + N3/2n*1/2> 7

where

~

1 T=—1 -1/ 1T==1\, -1\ (AN T AL Y.
Us = (n'OrE10,) T (Tl E ) n Zi:l Qi (B°) AiMAX; s, (A.11)
and X;. s = {Xjjs,1<j < m}T. Thus,
Qi (8°)" (07 (8, @) /0B,
S (Xg O’I@O’QO) {Qij (50) J.:i1<s< p} Jo 4+ 0, (N—r+1 i N3/2n—1/2> .
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Analogously, we can demonstrate that
Qi (8°)" (67 (8% a’) /0"
= - {sz (B) Ay dy+1<1< d} L0, (N—r+1 n N3/2n_1/2> ‘
Accordingly,

7 (39 o0 ~ ~
S {5 (xS 25 0, (v )
-1

which completes the proof. [

Proof of Theorem 5. Let 6 = <[A5’_T1,aT>T and 6° = ( (lTl,aOT)T. Let S(0Y)
be any open set that include 8. We use the same technique given in the proofs of Lemma
A.2 to show that 8 remains inside of S(6°), so that Ha — 6°]] = 0a5.(1). In the following,

we demonstrate the asymptotic normality of 0. By the Taylor expansion, we have
06— 6" = —{92Qx (B°,a°) /06060 {0, (B°,a) /06} {1+ 0, (1)}
. . : T
Define ¢ (8, &) = {¢;;71 B,e),.... 0%, (B, a)} , where
wnk 57 —7’L 12 DT 57 l(ﬁ?a)AkAl (/Bva)]/jz (,6,0()

By the definition of Q, (8", ) given in (4.9), it can be shown that
9Q;, (8.") /00 = 2 (8% %) ¥}, (8°,a) "y (B%.”) + Oy (n) and
PQ; (8°,a°) /0008" = 27 (8% a0) " Wy (8% )T 4 (B%,a%) + 0, (1).
By Lemmas 11 and 10, we have that

v (8% ) = 4, (8%a’) +0, (N3/2n_1/2 + N—"“) and (A.12)
n; (8%a%) = v, (8% a’) +0, (N3/2n‘1/2 + N‘T“) . (A.13)
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The above results imply that
0°Q: (8°,a°) /9606 =2n ¢, (B°, %), (B°,a°) b, (B° ,a°) +0p(n).  (A.14)
We next define v, (8, @) = {1 (B.0)7 .., v (B, a)T}T, where
Un (B, @) =n 12 D (B, a) A (B, @) Akd; (B, @) (Yi — i) -

Then, for N*n=! =0 (1), N~4*2n = 0 (1) with » > 3/2, and 1 < k < k, we employ Lemma

11 and obtain

Yk (8% ") =ty (87, 07)

= a7t )" {DF(B.a) - DI (B,a)} A (B.a) Ay (Vi ~ i ( B,)
+n7t > DF(B,@) A (B,a) Ak (s (B, ) — s (B, @)

= 0, (N*2n 12 N7 0, (0712 4 N2 12 4 N
+0, (n_l/Q) 0, (Nl/%—l/2 + N—T)

= o0 (nilﬂ) . (A.15)

y (A.12), (A.13) and (A.15),

0Q;, (8°,a0) /00 = ~2nib, (8°,a°) " W, (8°,0°) i (8%, 0°) + 0, (n12) . (A16)

This, together with (A.14), leads to

~ ~ ~ ~ -1

66" = {0, (8a") T, (8°a") "4, (80"} x

{17171 (8° 7a0)T T, (60,a0)_1 I ( ﬁ07a0)} +op (n’1/2> .

By the Lindeberg-Feller Central Limit Theorem and Condition (C5), we then obtain the

asymptotic normality of 0-6° presented in Theorem 5. ]
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Proof of Theorem 2. Applying Lemma 11 and the fact that

| -0, (7).

we are able to prove this theorem straightforwardly. ]

(,@T,&T)T - (60T7a0T)T

A.3 Proof of Theorem 3

We consider the three steps given below to show the oracle properties of the PQIF

estimators.

~POIF\ T ™ 7T ~
Step I: Find the convergence rate of {(ﬁ_? ) ,(&PQIF) } . Let B_; =

B +n Vv = (E%---,Ep)T’ B = \/1- "5_1“27 B = <§1,BT1>T, and & = o +

_ ~ ~ T
n 12w = (ad1+1,...,ad)T, where v = (vl,vzl) = (’Ul,...,vp)T, W = (Wg 415+, wq) 7T,

~ ~T _m\7T
and |[v|, = ||wl||, = C for some positive constant C. Denote 6 = (B_l,aT) , 0=

(BL1,0")", Q; (8, ) = 0Q;, (B, ) /08 and G, (B, ) = °Q;, (B, x) /0608" . Then,

Qi (B.&) - @i (8% 0%) = (6-0°) i (8"%) + 5 (6-0°) i (87,0 (8- 6°),
(A.17)
for some (8T, a*T)" that lies between (3°T, a%T)" and (BT, aT)T. By (A.14) and (A.16),
we have, with probability approaching 1,
(6-0") Gi(8".ar) (50
= (0- OO)T 0 (8°.a%) (8- 6°) +0 (Cc*n72)
= 20 (0-0%) d (8%0) T, (8% 0%) i (87.00) (8- 0°) +0(C?) + 0 (CPn1?)

= C*+0 (0371_1/2)
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and (’é _ 00) o (8°,a0) = 0, (C).

Next, let

ap = max {‘pxnl (!BsD! ﬁo#o}

2<s<p
b, = max {[p5%.. (189])], 89 # 0}
cr = (b (D,

d, = dﬂ%@{\pm(

Under the assumptions that A\,; — 0 and A, — 0, we have that a, = 0 and ¢, = 0. From

the Taylor expansion and the Cauchy-Schwarz inequality, as n — oo, we further have that

S

p _ p
S D ST (CYERD SHSYETI B 11 SR PCTENS o )
s=2 s=2

l=d1+1 l=d1+1
p1 _ d1-+da2o
<) A ([B]) =2aa (18D =m0 X2 {pass (81]) —prse (o))}
s=2 l=d1+1

< n (072 Bran [voilly + 07 b v ll3 + 072 oo [l + 0 da w3 )

< C?%(by + dy). (A.18)

When b, — 0, d, — 0, and C is sufficiently large, the second term on the right-hand side
of (A.17) dominates its first term and (A.18). Accordingly, for any give v > 0, there exists

a large constant C such that,

{mfﬁ* <B0 +n Vv, a0 +n_1/2w) > L) (,Bo,ao)} >1-v,
Vig

as n — oo, where Vi = {(VT,W ) vl =C and ||w]| = } Consequently, the rate of

~ T T
convergence of {(Blj?IF> ’ (aPQIF)T} i Op (n71/2).
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. SPQIF ~pQIr\ T B
Step 1I: Demonstrate the sparsity of (ﬂ 1 ) ,(a ) . Assume that

Bu) = {51, <ﬂ(1)71)T}T and ay(q) satisty H’@(l) - H = —1/2 and H o) — a(()l)H =

O, (n_l/ 2), respectively. We then show, with probability tending to 1, that

B a1 B a1

. 1) 7 e _ rrgnﬁii ¢9) ? (1 ’ (A.19)
0 0 ) a(y)

as n — 0o, where C = {( B(TQ), a(T2))T : H ,8(2)H < C*n~1/? and Ha(g)H < C’*n_l/z} and C*

is a positive constant.

When 35 # 0, one has 9L}, (8, ) /03s = 0Q;, (B, ) /0Bs + np)\  (|8s]) sgn (Bs).

By (A.16), it can be shown that 0Q, (8, @) /9Bs = O, (n/?). Thus,

OL;, (B, @) /08, = nda {\n ™2 4 A00P, L (1Bl)sen (82) } -

Using the fact that lim inf,, o liminfg o+ A;llp'/\nl (I8s]) > 0 and n71/2)\;11 — 0, we further
obtain 0L (8, ) /0Bs > 0 for Bs > 0 and OL} (B, ) /055 < 0 for Bs < 0. Analogously, we
can demonstrate that L} (3, a) /0y > 0 for oy > 0 and IL} (B, a) /da; < 0 for oy < 0.
Consequently, the minimum of £ (8, ) is attained at B(2) = 0and o) = 0, which proves
(A.19). This, together with the result of Step I, implies that, with probability tending to 1,
~PQIF ~PQIF __

B =0anda Quy = 0, as n — 0o. This completes the proof of part (i) in Theorem 3.

Step III: Demonstrate the asymptotic normality of [3 1 and AE?IF Define

Ry, = {Fh. (|89])sen (89) ... ph., (185])sen (85)}

E)\nl = diag {pl)(m (‘68 )""’ P (’521’)}
RAn2 = {p/Anz (‘a(c)h-i-l D sgn (a21+1) yee e ’p&nz (}agﬁ-dzo ‘) sgn (agﬁ—dzo) }T ’ and
2/\712 = diag {p//<n2 (‘agﬁrl D yre ’p,)(m (‘a21+d20 D} . (A'2O)
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By (A.19), with probability tending to 1, B 1 and a(lcszF are obtained by minimizing

L, (ﬁu) 7a(1)) = %QZ ( 5(1)7‘1(1)> + ”Z o P (185]) + nzdﬁdzo Pnz (Joul)

l=d1+1

where @}, (B(l), a(1)> is defined similar to @} (8, ) by using their nonzero components.

We then have

« (RPQIF pQIF
0 — oLy, <5(1) (1(32 ) /0B1),-1
. (HPQIF AP IF
~PQIF 0
1., /5PQIF __ Ry, 5(1),—1 - 5(1),—1
= 5 n (ﬁ(l) ’aFl?IF) +n + nE)\ + Op (1) ’
R al _ a0
An2 1) (1)
Xy, O
where X, = . Subsequently, applying similar techniques to those used the
ot %,
proof of Theorem 5, we obtain that
~PQIF 0
-1/2 5(1 -1 5(1)771 -1 Ry,
va (=) T (2 4w + (= + )
~PQIF
&uy ey Forns

= N (0.1 44)) -

Finally, under the assumptions that A\,; — 0 and \,2 — 0, and the fact that /nX) =

VnRy,, =+/nR),, =0, we complete the proof of part (ii) in Theorem 3.

A.4 Proof of Theorem 4

Assume that the true parameters (,30, ao) in model (4.1) are known. Then, the

T T
resulting penalized estimator of ~, ~ PQIF {('Ny})QIF> ,0<1i<dy+ 1} , is obtained by
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minimizing the following penalized-QIF:

1 1
L) = 5@ (1.8%00) +2 30 pag ()

Define gV (u) = By (u TﬁpQIF and ar A (1) = By () TATYY . In the followin , we will
0 l Y1 g

show the convergence rate for g* Q' (-) and &IPQIF () as well as demonstrate the sparsity of
~PQIF
FrAE
~ 0, ~ ~\T T T T
Let 5 = 7046, = {(7,) ,0§l§d1+1} , where v = {(vl) ,O§l§d1+1} ,
)T

vi = (Vig,...,UN+q1) » and |[v|| = C for some positive constant C. In addition, let

Qn (7,8%a°) = 9Q;, (B,) /0y and Q, (v,8% a®) = 9Q;, (B,) /0¥Oy™ . Then, we
obtain
Qn (%7607 aO) - Qn (70“60’ aO)
_ . 1, . i B
= -7 Qn(r".8%a) + 5 (7- )" Gn (7,8% %) (7 -~°). (A21)
where v* lies between & and 4°. By (A.8) and (A.10), with probability approaching 1,
F-7")"Cn(v.8% %) (F-7°) = 2(F-7°)" Q1512 (7 —7") + O (nC?)

C?52 (nN~Y) + nC333.

X

Furthermore, by the weak law of large numbers and (A.6), there exist constants 0 < C} < oo

and 0 < 5 < oo such that

F-=7°)"Qn(%8%a%) < Ca,

Qn (.8 )

IN

2CC1ngn |64 < 20C1Coni, (012 4 N777Y2).
Accordingly, by the assumption N =< n/(2rt1) and taking g, = vV Nn~"/ 1) we obtain,
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with probability approaching 1, that
(;77 - 70)T Qn (7*7/805 ao) (%’ - 70) = CQN

and (’7 — 70)TQn (’yo ,,BO,aO) =O(CN).

Next, let

an = max {|p, (|27}, 7 # 0}
bo = max {[p3,, (IMPI)]. AP # 0}

Under the assumptions that A,3 — 0, we have that a, = 0. By the Taylor expansion and

the Cauchy-Schwarz inequality, as n — oo, we further have that

d
s (i) =0 3 s (2P

d
=0y " o Fillwa) = Prs (12w }

IN

IN

- d 5 ~
nbo 3 || 3 = AP ey, = nBaC?eAN ! = C2h, . (A.22)

When b, — 0 and C is sufficiently large, the second term on the right-hand side of (A.21)
dominates its first term and ( A.22). Thus, for any given v > 0, there exists a large constant

C such that,

P {nvlfcn (V) + 8uv) > Lo (70)} >1-v,

as n — oo, where V ={v: ||v]| =

AP ’YOH = 0, (6n), which leads to

H~PQIF H = N-1/2 H~PQIF 78” ~=0, (N—r/(27'+1))

and H PQIF () — H - N-1/2 H~PQIF 7?H ~0, (Nfr/(2r+1))_
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T
. _ T T .
Finally, let v = {(‘)/(1))@10“)Xl , (7(2))(d1d10)><1} . We then show that, with

probability tending to 1,

cn{(va),vé))T} = min £, {(va),oT)T} ,

as n — 0o, where C = {H 7(2)H < C*Qn} and C* is a positive constant. When |[|7,|| # 0,

there exists a constant 0 < ¢ < oo such that, with probability approaching 1,

0L, () /0y = 0Qu (v.8° @°) /oy, +nph,, (Villwn) Vil wn Wi
= aQn (’% 1607 aO) /87l + CN_lnpl/\ng (H’YIHWTL) i

= 9Qn (v.8°, a’) /0y, + en® TN (vl Y-

By (A.8), it can be shown that OQy, ( ~,3°, a’) /oy, = O, (n”"/(QT“)). As a result,

OLy, () [0y, = n¥/ PN {)\;3,1”77"/(27““) + At (1illwe) ’Yz} :

Using the fact that A-dn~"/(+1) — 0 and lim inf,,_, s lim ian'YzH o+ A3 D s Uvillwn) >
Wn .

0, we further obtain 9L, (v) /0vs; > 0 for v;; > 0 and 0L, () /0v; < 0 for v;; < 0.

Consequently, the minimum of dL, (y) is attained at ; = 0 for (djo+ 1) <1 < dy. This

implies, with probability tending to 1, :/ZPQIF = 0 for (dip+1) <1 < dj. Subsequently,

{(BPQIF>T’ (aPQIF>T}T - (BOT7 aOT)T

assumptions given in Theorem 4, the above results of convergence rate and sparsity can

using the fact that = 0 (n_1/2) and those

be applied to the penalized estimators 37, gPQIF (+), and (’)ZZPQIF (). This completes the

proof.
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Appendix B

Proof of Theorems in Chapter 5

We begin this appendix by presenting some notation that will be used in the proofs
of theorems. For any positive numbers a,, and by, let a,, < b, denote that lim,,_,~ a, /b, = ¢,
where c¢ is a positive constant, and let a,, ~ b, denote that lim,_,~ a,/b, = 1. Denote the
space of the r-th order smooth functions ¢ as C) ([0,1]) = {o ‘qzﬁ(r) € [0,1] }. For any vector

C= (1,5 )T € R®, denote ||¢|,, = max (|¢1] + - + |¢s]). For any symmetric matrix A,

st

denote its L, norm as ||Al|, = maxceps 20 [|AC]|, ||C||;1 For any matrix A = (Ay);2, j_,

denote ||All,, = maxi<i<s 22:1 |A;j| and A®2 = AAT. To develop the theoretical results

of the proposed estimators, we next present the following technical conditions.

B.1 Regularity Conditions

(C1) The density function fgr Xi; (BTxij) of random variable ST X;; is bounded away from
0 on Sg for B in a neighborhood of By and satisfies the Lipschitz condition of order 1 on

Sg, where Sg = {ﬂTxij; xijeS} and S is a compact support set of X;;. Without loss
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of generality, we assume Sg = [0, 1]. Similarly, the density function fr,; (¢) of random
variable Tj; is bounded away from 0 on [0,1] and satisfies the Lipschitz condition of

order 1 on [0, 1].

(C2) The coefficient functions my (u) satisfy my (u) € C) ([0, 1]) for given integer r > 3/2.

Spline order satisfies ¢ > r.

(C3) The eigenvalues of E (Zij Z}; |Ti; = t) are uniformly bounded away from 0 and oo for

all [0, 1.
(C4) The eigenvalues of ¢n (60, ao) and U, (60, ozo) are bounded away from 0 and infinity.
(C5) The eigenvalues of H are bounded.

(C6) he (u) € W ([0,1]) .

B.2 Proofs of Theorems 5 and 6

By maximizing the log-likelihood function, we have
7(8°.0%) = {Q(8")TH'Q(5")} T {Q(F)TH (Y — Ta®)} .
(8, a®) can be decomposed into § = Fm + e, where
Fm(8°,0%) = {Q(8)TH'Q(8)} ' Q(8°)"H 'm
7:(8° 0% = {Q(B)TH'Q(8)} T QB THH(Y ~ Ta’ —m)  (B.1)

Define ,,(8) = n~'Q(8)TH'Q(B). Under condition (C5), it can be proved by Theorem

5.4.2 of [14] and Berstein’s inequality in [2] that for large enough n and with probability
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tending to 1, there are constants 0 < cg < Cr < oo such that

crdn < Hﬂn (ﬁ)’le < CrJ, (B.2)

and by the above result and [13], we have

Q. (5)*” = 0, (J,) for VB € ©. The first

o0

lemma below presents the convergence rates of my (u, 8P, ao) and m; (u, BY, ao) to my (u)
and m) (u) given the true parameters 3° and a. The results will be used in the proof of

Theorem 5.

Lemma 11 Under Conditions (C1)-(C5), and J,, — oo and J3n=' = o(1), we have
(1) |me (u, B2, %) — my (u)| = O, (s/Jn/n + J;T) and |m; (u, 8%,a°) — mj (u)| =
O, (\/ J3/n+ J,j”'l) uniformly in u € [0,1], and
(2) for1 <t <p, o, (u) [my (u, 8°,0°) — E{my (u)|2,X,T}] — N (0,1), where
o7 (u) is defined in (5.9).
Proof. Let
- - ~ T
76(607 aO) = {’yl,e(ﬁoa ao)T7 ceey 7]),8(603 aO)T} )
~ ~ ~ T
’Ym(ﬂoa aO) = {fyl,m(/BOv aO)T, (EX3} ’Yp,m(ﬁ()? aO)T} 5
Thus

my(u, 8°,0°) = my e (u, 8°,0°) + mym(u, 67, a°) (B-3)

where

e(u, B%,a%) = B (u)" 7(8°,a°) = e B (u) 7e(8°, a°),

M (U, 60’ 040) =B (U)T ?l,m(ﬁ(n ao) = BEB (u) §m<ﬂoa ao) (B.4)
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According to the result on page 149 of [12], for m, satisfying Condition (C2), there is a
function m{ (v) = B (u)* 7§ € Hn, such that
sup,epo.1) |mg (w) —me (u)| = O (J;7). (B.5)
By Berstein’s inequality in Bosq(1998), it can be proved that HnilQ(ﬁO)THfllnHoo =
Op(J,;1). Thus by, for every u € [0, 1],
|m€,m (’LL, 507 aO) - m? (uv 507 ao) ‘
_ A ~1 _
= [0 e B @) 2, (8) 7 Q%) TH {m - (5%}

‘Zj; By(u)

= Op(Jn)Op(Jr NO(I;") = Op(J5") (B.6)

2, (87| In Q) T L] 00

Moreover, for every u € [0, 1], by, with probability approaching 1,
E {ye(u, 8 a°)[X, T, Z}
_ A -1 _ _ ~ -1
= n %/ B(u)2, (8°) Q(8")TH 'EB(ee’ X, T, Z)H 'Q(8%)$2, (5°) " B(u) e

— n 0% B(w)Q, (8°) 7 B(u)Te,

IN

n~lo? HB(u)TegHz Hfln (ﬁo)_lHoo = Op(Jpn/n) (B.7)

Thus by the weak law of large numbers, we have for every u € [0,1], my(u, 8%, a%) =

Op(ng/Qn_l/Q). Therefore, we have for every 1 < £ < p,

ﬁ/lf ('U,, 50,040) - m(l? (U”BO,O[O)} =

O, (y/Jn/n + J;r> uniformly in u € [0, 1]. According to de Boor (2001, page 116),

T?L; (U, BO, 040) = qul (U)T D1A’}7€ (ﬁo, ao) s
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where By_1 (u) = {Bjgq-1(u):2<j < Jn}T is the (¢ — 1)-th order normalized B-spline ba-

—1 1
a6, &, U e 0
0 — — 0
sis, and Dy = f2-ba-g £2783— . Similarly,
0 0 —1 1

ENtq—1—EN  ENtq-1—EN (Jn=1)XJn
m} (u, 8%, a”) can be written as ﬁlZm (u, 80, a°) +my (u, 8%, a%), where ﬁlZm (u,°,a%) =

Bqy-1 (u)T Di7em (ﬁo,ao) and TTLZe (u,ﬂo,ao) = By (u)T D7, (ﬁo,ao). It is easy to
prove that |D1|,, = O (J,). Following similar reasoning as the proof for my (u, 8°,a’),

one can prove that
uniformly for every u € [0,1]. =

Lemma 12 Under Conditions (C1)-(C6), for r > 3/2, n=1J% = o(1), nJ; 22 = 0(1)

and nJ; 4% = 0(1), we have
oLy, (8°,0°,0%) /00T, = 7% (Y = Ta’ —m) H™ (@ (8°) XI.T) + o, (n'/?).
Proof. By Taylor expansion,

Qi (8°)" {7 (8% a%) —7°} = Qi (8%) " {3:(8% %) + 4m (8% a)} + O, (\/Jn/n + Jn‘r) ,
(B.8)
where
3m (8%, 0%) = {Q(B)TH'Q(6%)} ' Q(8°)TH(m — Q(8°)1")
Ae(3° ={Q(B)TH'Q(8")} 'Q (BOTH (Y — Ta® —m) (B.9)
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By the weak law of large numbers, it can be proved that

Qi (8°) " {94.(8°,0) /007, }

p
b (XT3 2 XT3, T

= Qi (") {QE") H Q")) Q) TH (M

n
i=1

+0, (n2%)

= —Proju, (30 mi(XT )2 XTI, TE) + 0, (n7V272).

Moreover,

Qi (8)" {93m (8", " 007, } |

JIn,p
S ZjZl,fZl ‘Q_]@,’L (50)|

= 0p(Jn) Oy (J7H) O (") =0, (J;71) . (B.10)

2 ()7 I QU TH L 0 (577

Therefore, we have

Qi (8°)" {0 (7(8° a®) — ) /06", }
= —Projy, (D0 mi(XT8)ZXTI,TT) + 0, (n720)2 4 174

By B-spline properties and Condition (C6), it can be proved that

Proju, (Y0 mi(XT 82X 3, TT) = Proju (31 mi(X8")Z:X 3,17 )|

= 0, (n—l/ng/Q + ng) .
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Then we have

) {TiT a%+Q; (8% 7 (8, ao)} /00T,
= (o0 mi(XT 8 ZaXF 3, TT) = Projy (D0 mi(XF8°) X3, TT)

=1 =1
+0, (n*l/QJ}/Q NN J,;1>
= (> mXT B2 XL ) + 0, (n7 202 4 1 4 )
- (@(50)&1,?) +0, (n—l/QJ}/? U Jn_1> . (B.11)
By (B.8), (B.10) and (B.11) and Lemma 11, for r > 3/2, n=1J} = o (1), nJ,; 272 = 0(1)

and nJ, 42 = o (1),

oL (80, a. %)/ 06,
= o 2[(Y = Ta" —m)T + 0, (n 22 4 7))

H™ s |(®(8°) XIT) +0, (072002 4+ 07 0|
— (Y - Ta" - m)TH! (@ (") XJ,T)

+0, (n V232 4 0 4 g ) {0, (12) + 0, (w1202 4+ ) )
— 7Y ~Ta” —m)TH™ (@ (8°) XI,T) + o, (n'/?).

"

Proof of Theorem 5. The consistency of the parametric estimator 6_; can be

proved following similar arguments as in Lemma 11, and thus omitted. By Lemma 12, it is

straightforward to prove that

OL;, (8°,a°,0) /001067, = 572 (@ (8") f(J,T)T H™' (@ (8°) XI,T) + 0, (n).
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Thus by Taylor expansion, Lemma 12 and the above result, we have

6, —60° = {0L5(8% 0’ 0%)/00_100%,} " {OLL(B°, a0, 02) /30 1} + o, (n_1/2)
-1
- [(@ (8°) XJ,T)TH—l (@ (5°) ﬁJ’f‘)} x

{eTH’l <<I> (8°) XJT)} +o, (n*1/2) .

Theorem 5 can be proved by Lindeberg-Feller Central Limit Theorem. m
Proof of Theorem 6. The results in Theorem 6 follow fromHéA? — 00H =
2

O, (n_l/Q) and Lemma 11. =

B.3 Proof of Theorem 7

Consider the general case, to test whether genetic factors Z,,2 < £ < p, are impor-
tant to the phenotype. We set up the null and alternative hypotheses as Hy : my(-) = 0, for
¢=2,...,pversus Hy : my(:) # 0 for some ¢ € (2,...,p). Since each nonparametric function
me(u) ~ B (u)" ~4, the null and alternative hypotheses can be written as Hy : v, = 0y, , for

~N ~N\T ~N\T T
0=2,...,pversus Hy : 7, # 0 for some £ € (2,...,p). Let 3" = {(71) ,...,(’yp) } be
the maximizer of L, (*y, 3,62,/\, 02> given in (5.5) under Hy. Thus ;y\gj =0,for{=2,...,p.

~N ~N\ T T T T
Let’y@):{('yz) :2§€§p} and’y(g):(w :2§€§p) . Let

Qz’,(1) B) = [B (X;fﬁ) Zil]Jnxl

Qo () = |{BXI9) 2o B (X10)" 2, |

Jn(p—1)x1

QB = [{Quw®). Q)]

nxJn

Q) = [{Qua @) Que )] .

nXxJn(p—1)
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Define the score function as

so0 (B.8) = OL.(FN B8 0%)0% 0
= Q) <B>T H™! (Y —Ta - Q) (3) %\r) :

Define

Qp11 Q12
Q,=Q (%) H1Q(8) = :
Qpo1 222

where Q,, k= Qi) (ﬁO)T H'Qy) (8°), for k, k" = 1,2. Define the test statistic
AT ~
To =0 % (.5,0) Q2sa (7%.5,8) (B.12)

-1
where Q?LQ = (szg — Qn,219;1119n,12) .
Then we have under Conditions (C1)-(C6) in the Appendix, and n/?" << .J, <<

1/4

n'/*, we have under Hy, as n — oo,

(27, (p— 1)} V2T = Ju(p— 1)} = N (0,1).

T
Proof of Theorem 7. Consider the general case. Let 7 = { (ﬂ\I)T Yo ﬁg)T}

be the maximizer of L, (v, % o) under Hy. Thus %V =0for £ =2, ..,p. Let ﬁg) =
{(%\I)T :2</te< p}T. We will show the asymptotic results for 3N and sg, ('f?N,BO,aO).
The same asymptotic results for 3N and so, (WN,B, 62) can be obtained by the fact that
Hé\ — 00H2 =0, (nfl/ 2). Following the same reasoning as the proof for Theorem 6, it can

be proved that

W= =01,Qu(B")"H e+ 0, (J,"), (B.13)
and
B GY = 0)| = 0p (Viufn+ 7). (B.14)
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. . T T
uniformly in u € [0,1]. Let n? (v) = Y0_, B(XI8%) " v Zie, n°(v) = (m? (), .. m8(7)) -

Then

san (AN, 8%,a%) = OL,(3N, 8% a%)0? /9y
= Q) (ﬁO)TH_l (Y —Ta® — Q(1)(50)%\I - Q) (50)5(%))

= Q) "H (Y -Ta’ —n°(3Y)).
Let son (YN, 8% a°) = son1 + s2n2 + S2n,3, Where

sim1 = Q)(B°) TH e,
sz = Qu(B°)TH '(m—n°(y"),

sma = Qu(89) H(0°(y") —n°()).
By Berstein’s inequality in [12], it can be proved that

[s2n2llo < O (J,7)

‘Q(z) (50)T H'1,

=0, (nJ; ).

o

By (B.13),

[sms + Qa4 Qu () H e =0, (nr 7).

Therefore,

[[s20 (N, 8%, %) = B2 (N, 8%, %) || o = Op (0T 1) + 0, (1), (B.15)

[e.9]

where

Son (WNaﬁoaao) = {Q(2) (50)TH_1 - Qn,QIQ;}HQ(l) (50)TH_1} e.
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Moreover, E {§2n (ﬁN, B9, ao)} =0 and

var {Zan (7, 8%, %) |2, X, T}
= 7 {Qu (1) B - oo ()

{ Qe ()" B - a0 (8°)" HJ}T
= o {u ()" a0l (1) {Qe () - Qo () 251,20)

= (22 — L2111 Qn12) = 07(27) 7
Thus, by Lindeberg-Feller Central Limit Theorem, for any a € R/*(P~1 with |ja|, = 1,
a0 (232)! %50, (FN, 8°,0%) & N (0,1).

Therefore, o235, (iN, ﬁo,aD)Tﬂizggn (ﬁN, 50,040) has the asymptotic distribu-

tion as X3n(p 1y With Jp (p—1) — oo as n — oo, and hence,

{200 (p— 1)} {o%n (FY, 8% %) " 25, (7Y, 8% %) — Ju (p — 1)} S N(0,1).

By (B.15) and Berstein’s inequality, we have

‘0728271 (?Nv 1807 aO)T 921,282n (§N7 /807 aO) -

02500 (7,8, 0%) " 02500 (7, 8°,0%) | = O, (n'/2,71/2)

Thus for n'/2J. 7" = 0 (1), Theorem 7 follows from Slutsky theorem. m

132





