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On the Three Body-Scattering Amplitude: 

~~ 

I. Separation of Angular Momentum 

Roland L. Omnes 

Lawrence Radiation Laboratory 
U:niversity of California 

Berkeley, California 

December 13, 1963 

ABSTRACT 

The angular momentum is separated in the Fadeev equations for the 

three-body scattering amplitude. The method used is symmetrical with 

respect to the three particles and does not introduce any relative angular mo-

mentum of two-particles. The resulting equations are well suited to a m.imer-

ical solution and can be applied to a study of the problem of overlapping 

resonances. They also provide a natural starting point for an extension of 

the three- body scattering amplitude to complex angular momentum . 
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I. INTRODUCTION 

This is the first of a series of papers devoted to the angular 

momentum analysis of the three- body scattering amplitude, by which we 

\•J mean the amplitude for three particles going from one initial configuration 

to a final one through the effect of two-particle interactions. In the follow-

· ing paper, we shall see how one can find equations for the three-body scat-

tering amplitude when the total angular momentum is made complex. The 

present article therefore treats of more immediate- -and less mathematical--

questions, The reason for the splitting is our hope that this work will prove 

useful for people who are not interested in the extension of the Regge theory 

to three-body problems or who do not.want to enter into the necessarily more 

sophisticated mathematics it involves. 

When one tries to extend to three-body scattering,the well-known 

methods for treating two-body scattering, several new problems appear, be-

side the obvious increase in complexity due to the larger number of param-

1 
eters. Certainly the most essential such problem is the nonconnectedness 

of the scattering matrix. ·This means that processes are possible in which 

two of the particles interact while the third one has no interaction with them. 

In terms of perturbation-theory graphs, such a disconnected process is 

represented by a graph in which the propagation line for the third particle is 

disconnected from the rest of the graph (which represents the interaction of 

'• the two fi.r st particles). This phenomenon leads to difficulties which can be 

expressed in several ways: 

If one.uses the Lippman-Schwinger
2 

equation to formulate the three-

body scattering problem, the disconnectedness leads to the appearance of 6 

functions in the kernel. This in turn entails. that the Lippman-Schwinger 
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kernel has a continuous spectrum, which means that any clas sica! approx-

imation method such as, for instance, the iteration method, will converge 

very slowly if at all, and that it will be practically impossible to derive any 

analytic pr()-perty of the solution as a function of the parameters such as the 

energy or th~ angular· momentum, Another difficulty of the Lippman-schwinger 

equation is that the homogeneous .equation has solutions when there exist bound 

states of a pair of particles. Such a solution is in fact provided by the wave 

function for a scattering process in which the initial state contains a bound 

state. In fact, thes.e two difficulties are linked, since one can derive the ex-

istence of a continuous spectrum from the existenc.e of the_se solutions of the 

homogeneous equation. Generally, it is necessary to add to a solution -of the 

complete Lippman-Schwinger equation a solution of the homogeneous equation 

in orde~ to fit the boundary c-onditions~ whicn.means'.<that t-he·equation ii:fnat in 

fact very ·useful in practice, 

This difficulty has been removed by Fadeev, 3 who has given a ~et of • 

equations for the three-body scattering a~plitude where there are no 6 func-

tions and whose kernel has continuous spectrum. Another set of equations 

that can be extended to more than three-body processes has also been given by 

Weinberg. 
4 

In the following, we shall use the Fadeev equations, but most of 

what we shall say will also be valid for the Weinberg equations. 

Another nontriviality of the three- body problem, although less fun-

damental than the preceding one, appears when one wants to separate the total 

angular momentum. 5 The customary method consists in introducing the 

relative angular momentum of particles 1 and 2, for instance, in their center-

of-mass system and combining with the angular momentum of particle 3 in 

the total center-of-mass system in order to get the total angular momentum 
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(here and in the following, we assume for simplicity .that the three particles 

are spinless). This procedure leads to very slowly convergent expressions 

when one wants to consider states of particles 1 and 3 together, as in re-

arrangement collisions. We shall show how this difficulty can be removed 

by never introducing the relative angular momentum of a pair of particles. 

Our method consists in associating a reference system of axes in 

the momentum representation with each configuration of the three particles. 

The wave function is therefore a function of the total momentum, the three 

energies of the particles in the total center -of-mass system, and three Euler 

angles which characterize the position of the body.,.fixed axes. Correspond-

ingly, the quantum numbers are the total momentum, the three energies, 

the total angular momentum and its two projections on a body-fixed axis and 

on a space-fixed axis. Because of the conservation of angular momentum, 

its projection on the spaced-fixed axis will be a constant that does not appear 

in the final equations. This method preserves the symmetry of the problem 

with respect to the three particles. An unexpected result is that the Fadeev 

equations then assume a simple enough form that it is a fair hope to solve 

them on a computer. We thus get a method for investigating the important 

problems of three- body resonances and of the interference of several res-

onances in a Dalitz plot. 

The interest of this extremely simple technique can best be seen by 

comparing it with the present studies of the three-body scattering problem 

5 6 with separation of the angular momentum. • · To our knowledge, they con-

sist in introducing the relative angular momentum of particles 1 and 2, ·as 

said before. Then the total wave function is projected out on a complete set 

of states of particles 1 and 2; these states are solutions of the Schr~dinger 
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equad.orr for these particles interacting through their mutual potential. 

The'se two-particles states are characterized by the angular momentum .£
12 

and the energy E
12

, which is an eigenvalue of the two-particle Hamiltonian, 

The Schrt>dinger equation for the thre.e- body wave function, after separation 

of the total angular momentum, appears then as a differential equation where 

the only variable is the distance between particle 3 and the center of mass of 

particles 1 and 2. This equation is formally very similar to the Schrt>dinger 

equation of a two- body problem, and looks extremely simple. Unfortunately, 

this simplicity is only apparent. The first difficulty is that the wave function 

is now a matrix with indic.es ,£ 1 

12
, Ei 

12
, initial values of the parameters, 

and .£ 12, E
12

, projection indices, As E
12 

a:.1.d E' 
12 

are continuous param

eters, this means that one is in fact dealing with matrices with continuous 

indices, ~hich makes an·y correct ~-athematical anal-ysis very difficult, The 

customary trick of putting the system into a finite box is clearly unsound 

when the final aim is to make the variables complex, 

This method has been used by Newton6 to investigate the properties 

of the three- body scattering amplitude as a functio'n of the angular momentum, 

However, another trap is open, which is linked to the treacherous character 

of the Lippman-Schwinger equation, Newton solves the one -variable 

Schrt>dinger equation by the Green1 s -function method, However, it is easily 

seen that this is equivalent to using.the Lippman-Schwinger equation. There-

fore it is necessary to add a solution of the homogeneous equation as soon as 

there ar~ two-body bound states, and a simple analysis of an actual problem 

like the scattering of an electron on a hydrogen atom shows that this additive 

solution is indeed different from zero, When one extends the equations to 

complex angular momenta, there are always bound states, since these are 
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now the Regge poles, 
7 

so that such an analysis may be dangerously mis~ 

leading. In any case, we shall see at the end of the second paper that our 

results. disagree with those of Newton. 

In Section II, we recall rapidly the Fadeev equations (which are 

apparently not so widely well known as they should be). This will also fix 

the notations. The wave functions that allow symmetric reduction of the 

total angular momentum are introduced in Section III. In Section IV, we 

analyze in detail the reduction of the inhomogeneous term of the Fadeev 

equation; the complete equations are considered in Section V together with 

a discussion of the possible applications of the results. 

II. THE F ADEEV EQUATIONS 

Let us consider three nonrelativistic · spinless particles with masses 

m
1

, m
2

, m
3

. They will be assumed to be different. The Hamiltonian of the 

system has the form 

(1) 

where 2 
T. = (1/2 m.) "il. and V .. is a two-body potential acting on the var-

1 1 1 . 1J 

iable r .. = r . ~ r . of the wave function. 
-1J -1 - J 

It will be convenient to introduce the two- body scattering amplitudes. 

The Hamiltonian of the system made up by the two particles 1 and 2 is 

{2) 

and the scattering matrix for these two particles is defined by the Lippman·· 

Schwinger equation, 

A 

T 2)z) = V 23 
.... 1 A 

V 23 .· T 23(z) 
Tz+T 3 -z 

(3) 
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Here the "hat" means that the operators act in the Hilbert space of two~ body 

states; and we have explicitly introduced the parameter z, which indicates 

an extension off the shell of real energies. The scattering··matrix for physical 

two~ body scatteri:ifg is defined as 

lim 
z-E+iO 

E being the total energy (for instance, the total initial energy). 

(4} 

One can also define the scattering matrix for two-body processes 

in the Hilbert state of three- body states as the scattering matrix in the 

absence of interactions between particles 1 and the two other particles, i.e. 

by 

(5) 

-1 where G
0

(z) is the Green's function (T 
1
+ T 

2
+ T 

3
- z) • Using these de£-

;.. 

initions, one gets immediately the relation between T
23 

and T
23 

as 

Fadeev has. shown that the amplitude for a transition between an 

initial configuration of the three free particles with momenta £_1• £.z• e
3 

and 

a final configuration with momenta E.1'' ez'. £.3 1 

the scattering matrix T, 

is the matrix element of 

(7) 
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where T can be written as a sum of three contributions, 

T(z) = T (z} ( 1} + T(z) {2 ) + T (z) ( 3 )~ (8) 

''-1 which satisfy a set of equations that, in a matrix form, is 

• 

It is very easy to see the meaning of Eq. (9) in terms of graphs of 

perturbation theory: let us call T(
1

)(z) the sum of the contributions of th~ 

set of all graphs where the last interaction is between particles 2 and 3 

through the potential V 
23

. · Clearly, T(i)(z) contains the contributions from 

all graphs where particles 2 and 3 interact any number of times without 

interacting with particle 1, i.e., it contains· T 
23

(z). All other contributions 

to T(
1

)(z) are from graphs where particles 2 and 3 interact any number of 

times before particles 1 and 3, for instance, interact through potential V 
13 

and then anything else happens. ~his gives the contribution -T 
23

(z)G
0

(z) of 2
)(z) 

of the Fadeev equations. The important property of these equatibns is that, if 

we call K (z) the Fadeev' s kernel, 

K(z) 

T23(z) 

0 
T.23{z)) 
T31(z) 

0 

G (z ), 
0 

\ 
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while the matrix elements of K{z) contain o functions of the momenta, . the 

square K
2

{z) {in the operator sense) does not contain any o functions, owing 

to the zeros on the main diagonal. Furthermore, as has been proved by 

Fadeev8 and Lovelace, 9 K
2

{z) is completely continuous. This means essen-

tially that 

2 2 t 
Trace K {z) K (z) < oo 

if the potentials V.. are superposition of Yukawa potentials_, 
lJ 

00 -J.Lr .. 

V .. (r .. -) J dO' .. {J.L) 
e lJ 

-.: 

' 1J lJ . lJ r .. 
fJ. 

lJ 

( 11.) 

( 12) 

and if the nondecreasing function CT • • (J.L) is of bounded variation. Equation . lJ 

(11) is true for va-lues-of z which are-not equal to the 'energ:y of_ a physical 

state. As, furthermore, K
2

(z) is a bounded kernel in that case, it follows, 

as shown explicitly by Lovelace, 9 that the scattering matrix T is an an;:tlytic 

function of z except for these values, which are equal to the energy of a 

physical state. 

These equations need. to be completed wh€:m one wants to inClude 

initial or final states that contain bound states of a. pair of partiCles. We 

shall not enter into these refinements here, just assuming ~hat we are· de,aling 

with a case in which there are no such bound states. The modifications that 

have to be introduced whenthis hypothesis is abandoned will be considered if 

necessary in a later paper on practical applications. 

\.) 
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III. A SET OF WAVE FUNCTIONS 

Let us now consider the kinematics of the three-body system, A 

state can be characterized by the three moq1.enta .e.
1

, .e.2, e
3

• The corre

sponding kinetic energies w 
1

, w
2

, w
3 

are equalto 

2 
w. = p. / 2mi. (13) 

1 1 

The total momentum is £. = !!1 + !!2 + .£.3. We shall need also to introduce 

the relative momentum of particles 2 and 3 in their relative center -of-mass 

system as 

( 14) 

We shall occasionally use ·a special notation for certain sums of masses like 

The reduced mass of particles 2 and 3. in their relative center-of,.mass 

system is m
2

m
3
/m

23
, and their energy in that system is 

(15) 

We shall need frequently the angle e
23 

between the two momenta e
2 

and e
3 

in the total center-of-mass system. Its cosine is given by 

= (16) 
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We shall also need. to introduce the angle 'I 1. beJween £.1. in the 

total center-of~mass system and g
23 

in the relative center-of-mass system 

of particles 2 and 3. It is defined through 

(1.7) 

one easily deduces the value of 'I 1. through 

(1.8) 

where 

This kinematics being rather <cumbersome, it is often convenient to 

consider.the speci-al case m
1
= m

2
"" m

3
= 1 where the formulas simplify 

greatly. One has, in that case, 

( 1. 9a) 

( 19b) 

(19c) 

from which one gets 

. 2 e s1n 
23 

= (20a) 

(20b) 

where 

• 
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A remarkable property of y 
1 

and e
23 

is shown by Eqs. (20), namely 

that sin y 
1 

and sin e
23 

vanish together. This result does not depend on the 

special choice of the masses, since it expresses only the fact that, when all 

£_1, £_2• and e
3 

are collinear, s_ 23 is also collinear to them. 

We now introduce a new set of variables in place of the components 

of £_1, £.2• £.
3

. First let us introduce the total momentum P. Then, in the 

total center~of-mass system 1:
1

, £.2• £.
3 

add up to zero and make up a tri

angle with sides equal to p
1

, p
2

, and p
3

. This triangle is completely de

fined, up to a displacement, by the lengths of its ~ides or, equivalently, by 

In order to fix the positionof the triangle in space, it is 

useful to introduce a reference system of axes linked to it. We define that 

reference system as being right~handed, the z axis lying along p. (which 
N.J. 

is one of the three vectors £_
1

• £.
2

, and £..3' chosen once for all) and the y 

axis being normal to the plane of the triangle. Keeping the freedom of choice 

of the momentum alongside the z axis will help us to maintain a more 

symmetrical notation in the following. Finally, ;e_
1

, £.
2

, and 1:
3 

will be 

completely determined if one knows the three Euler angles 
10 

(ljJ, e, <j>) which 

define the position of that body-fixed reference system with respect to a 

space-fixed reference system. Finally, the wave function will be a function 

of ~· w1, w2, w3, ljJ, e, and <j> •. 

In fact, £. 1, £_2• and £.
3 

are not only arguments of the wave -function 

but they are also quantum numbers which completely label a state J.e.1, E_2• 1:
3
). 

We choose for the normalization of these states 

= (21) 
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Another convenient cbmplete set of commuting observables is provided by 

~1 , w
1

, w
2

, w
3

, the square of the total angular mbmentum !_2 = J(J + 1), 

and the projection M of J on the body-fixed axis, together with its, projection 

M on the space-fixed z axis. An eigenstate of this set of observables will 
z 

be denoted by I ~· w 1, d.;. ·w3 , J, M, Mz). As P is a constant oLthe motion, -
it will be convenient to put it equal to zero. lrt that case, we shall consider 

it no further, and write the state as I w 
1

, .w
2

, w
3

, J, M, Mz) . Furthermore, 

we S'hall often note all three symbol·s w
1

,w
2

, w
3 

by only one w. 

!_ is a constant of the motion, and so is the space -fixed z axis, 

Lastly, as 

M will 
z 

also be a constant of the motion and will appear only as a dummy index, so 

that we shall frequently omit it, writing simply 'the state: · I .wJM) . 

These states will be normalized according to 

= 6 ( p) 6 ( P 1 ) 6 ( w - w I ) 6 ( w - w I ) 

- - 1 1 2 2 
(22) 

The passage of the basis I £i' 22, _p
3

) of the Hilbert space to the 

basis ~~. w, J, M, Mz) will be completely determined by the coefficients 

( £.1', £.2
1

, £.3
1 ~~· w, J, M, Mz). Because of the meaning of the different 

variables, one has necessarily 

= Ao( p 1 + p 1 + p ' ) .6(_P) 6 (w
1 

- w 1
) 6 (w - w 1

) 
-1 -2 -3 1 2 2 

(23) 

x 6( w
3 

- w
3

1 ),j}:; M (Y.,,e, cp), 
z 

•J 
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where o(} ~ M (~, e, cp) is the conventional rotation matrix which represents 
z 

. the rotation with Euler angles (~, 8$ cp) in the irreducible representation of 

(Jt, 

1.0 
angular momentum J. The coefficient A is a normalizatio,n coefficient 

which can be easily deduced from a comparison between Eqs. (21.) and (22) 

as 

(24) 

Furthermore, the number of states in a domain of measure d
3

P dw1 dw 2 dw
3

, 

with J, M, and M fixed, is equal to 
z 

Although the calculation of expressions (24) and (25) is straightforward, the 

necessary steps are indicated in the Appendix. 

IV. THE INHOMOGENEOUS TERM OF THE FADEEV EQUATIONS 

We have now to find what the Fadeev Eq. (9) become when we take 

their matrix elements between states l~wJM) . For instance, one matrix 

element of the first row in the left-hand side of Eq. (9) will be 

( ~~ w' JM1 I T( i)(z) I ~wJM) . Taking advantage of the conservation of total 

momentum, we shall extract the o functions which take care of it by writing 

o(~) (~' w'JM' I T(1) I fwJM) = o (~) o (f') ( w'JM' ~~(i) I wJM) (26a) 

0(~) (~' w'JM' I T23 I ~wJM) = O(P) o (P') (w'JM'Id I wJM) (26b) 
- - 23 

and so on. 

Our first task will be to compute (26 b), which is the inhomogeneous 

term in the Fadeev equations. {;Ising Eq. (23) and defining 



-14- UCRL-11162 

0 ( P 11
. + P 2

1 
+ P 3

1 
) ( P 1

1 
' P 2

1 
; P 3 

1 I T 2 3 ( z ) jp 1' P 2' !p 3 ) 

= o(f1
1 
+£2

1 
+f3

1
)0'(f1 +e2 +f3) (£1

1
' fz

1
' E-3

1 1~23(z) IP1' 

(27) 

one has 

(28) 

In writing that last equation we have tried to avoid unnecessary indices. 

Here R stands for the set of three Euler angles (ljJ, 8, cp), while E 1= p 1
2
/2m 1, 

and so on, According to Eq. (6), the p1at:t:ix element in Eq• (28) is equal to 

~ ( £2
1
'!:3' I~ 23(z-E1>I.ez·£3} 6<e1'-E.1>. 

{29) 

In order to compute Expression (28), one can pr.oceed.as follows: 

( i) integrate the two o functions of 'E.i + e2 + e3 and ·1: 1
1 + £.z' + 1:3

1 on 

d3E1 and d3E11; 

(ii) choose the body-fixed z axis along l:i so that 

(30) 

where dR is the measure on the rotation group, 

dR = d cos() dljJ dcp; 

(iii) rewrite the o function in Eq. (29) as 

( 31) 

(iv) remark that 

(f21f3 1 1723(z -E1)IE2E3) = F23(E1;E2,E3;EZ,E3
1
; u; z-E1) 

(32) 

( . 

v 
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depends only on the angle 

u=<j>-<j>', (33) 

so that after integration on cos8' and <j>, using Eq, (31), we are left with a 

. . 10 
rotatlon matr1x, · 

J* 1 _ iM'(<j> 1 -<j>) ;<rJ* . 
c/JM 'Mi (tjJ,B,<j>) -e OV M 'M'(tjJ,B,<j>), (34) 

z z 

(v) replace the remaining integration over angles d cose dtjJ d<j> dtjJ' 

by d cos e dtjJ d<j> du. The integration over the three first Euler angles can 

then be performe'd explicitly, using the orthogonality relation (A.S) of the 

appendix for the rotation matrices, Then Expression (28) becomes 

(35) 

(36) 

where we have written M
1 

rather than M to emphasize that Eq. (36) is true 

only when the body-fixed z axis is chosen alongside .e.
1

. 

In order to remove· that last condition, we have to find what Eq. (36) 

becomes when the body-fixed axis, while lying in the plane of £.
1

, £_2, £.3' is 

not collinear to £.
1 

(for instance, when it is along £.
2

, or along the bisection 

of the angle between £.2 and .e:
3

- -in any case, with a convention that is the 

same for the initial and the final states). At this point, we shall define as 

a. 1 the angle between 0 z and .e
1

. Then one has 
10 

(37) 
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(38) 

(39) 

It is clear from Eq. (36) that the matrix in Eq. (39) is the rot~tion matrix for 

a r.otation of an angle -u around the axis .e
1 

in the irreducible representation 

of angular momentum J. 

Maybe some comments are in order at that stage concerning the 

function F 
23 

and how to ·compute it. · It is obvious from Eq. (29) that F 
23 

is 

nothing but the off-the-energy-shell scattering amplitude for particles 2 and 

3. Generally, th:ls scattering amplitude is a function of four variables: the 

c. m. initial momentum q
23

, the final c. m. momentum q•
23

, the extended 

c. m. energy £, and the cosine of the scattering angle cosf3. Let us write it 

£23 (q~ 3 , q'
2
23

, £, cosf3). Then we have 

v1here 2 ~2 
q 23 is given by Eq. ( 19); q

23 
by an analogous expression, cosy 

1
, is 

givenbyEq. (17);while 

(41) 

(~ 
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In practical applications, it will be useful to expr~ss the scattering 

amplitude in terms of the partial~wave amplitudes by 

Many of the applicationsin which one can be interested are concerned 

with the case in whi:ch only one amplitude is substantially different from zero 

in the series (42), this amplitude having a resonance at an energy E with 

width r. In these conditions, (42) becomes 

F 23 = (43) 

For further consideration concernlm.g the meaning of the quantities entering 

into Eq, ( 43) and their relations to the wave functions of the resonating state, 

see Lovelace. 9 

V .. REDUCED FADEEV EQUATIONS 

The complete Fadeev equations ·can be reduced in the same way we 

used for the inhomogeneous term. One thus obtains 

~J(.)J ~J ),. (' .)J ~(·) J vr· 1 (w' w.) =. f (w' w.) - K l,J (w' w" )v f J (w'' w) dw'' 
..J M'M ' o k.eM 1M · ' M'M" '· at M"M ' 

( h:ere . i, j, k, .£ = 1, 2, 3, 

K(i, j)J (w', w") = 0 
M'M" 

i -I- k, i -I-.£, k I=.£), 

for i = j, 

(44) 

(45) 

(46) 

(47a) 
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K (i,J)J ·(w',wn) = m m m (2'1T)- 9 (m .. p )- 1 r.·.(·w 1 -w 11 ) 

M 1 M 11 1 2 3 i i v i i 

(47b) 

for i -1. j. (Here k-1 i, .£ -f i, k -1 .£.) 

In fact, the kernel (47) is not complet~ly continuous, since it still 

contains o functions. f!owever, its square (KJ )
2 

is completely continuous. 

This result follows immediately from the proof by Fadeev that K
2 

is completely 

continuo~us and 

(48) 

which shows that 

00 ' 
(49) 

i.e., that K
2 

is comple.tely continuous. 

As an applicatiqn of this result, it is possible to approximate K
2 

by 

finite matrices, i.e., if we replace the integration on Wll W II W II 
1 • 2 , 3 by a 

summation on a finite set bf values of these variables, th~ solution qf the 

corresponding matrix problem tends to the solution: of the operator problem 

when the number of values 9f the varic:tbles tends to infinity. Analogous 

considerations could be made for the Weinberg kernel. 

Although the kernel K is not itself complet~ly continuous, we 

believe that it is worth while to try to use it directly by solving the Fadeev 

equations directly into the form (44). The reason is that, owing to the 5 

function in Eq. (47b), the integration dW11 in Eq. (44) bears upon only two 

variables. This is an important simplification, when one wants to solve the 

t) 

;· . 
<J 
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equations on a computer, with respect to the use of K 2 where it is necessary 

to make triple integrations. 

VI. CONCLUSIONS 

We have indicated how to separate angular momentum in the Fadeev 

equations in a symmetrical way. The resulting equations will be used for a 

study of the problem of overlapping resonances where the approximation (43) 

for the two-body scattering amplitudes can be made. One problem to which 

this method is particularly well suited is to find that effects the spins of two 

resonances can have on the Dalitz plot in the region where the two resonances 

. 11 
overlap. Another interestingJype of problem to study is whether three 

strong two-body interactions can generate a three-body resonance, Such an 

12 -
effect has been hinted at in t:he KK 1T system, where both K1r and K1r show 

::c 
a K resonance while the low~energy S-wave K-R interaction is presumably 

strong. While. our method is essentially nonrelativistic, it is easy to derive 

relativistic approximation which, at least, will keep the qualitative character 

of the interactions. 

The following paper is devoted to the extension of Eq. (44) to complex 

values of the angular momentum. 

Finally, it may be worth while to indicate that, at least in principle, 

the present method can be. extended to systems of more than three particles . 

• 
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APPENDIX 

In this appendix, we indicate how to compute the coefficient A of 

Eq. (23) and the density of states(25). 
; . 

One first fbihputes the scalar product (22) as ' 

(A.1) 

then replace the scalar products in that expression according to Eq. '(23), 

thus· getting 

(A.2) 

One evaluates (A.2) in the following way: 

1:, dispose of the o function by integrating over g
3

; 

2. choose a system of body-fixed axes with the z:..:axis in the direction 

of _e
1

, and £.
2 

in the plane of the x and z axes. Then 

d 3 d3 2 2 d l) l) d l) d _e1 £.2 = p 1 p 2 dp1 p 2 dcoso 12 sino 12 ljJdo cj>; (A.3) 

3. using the expression analogoustoEq. (16) forcose
12

; pass from 

(A.3) .to 

(A.4) 

•> 
4. using the orthogonality property of the rotation matrices, 

10 
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one get an expression of the scalar product which can be directly compared 

to Eq. (22) and gives for the coefficient A the expression (24). 

Let us now compute the number of states with fixed values of J, M, 

Mz, in the domain d
3f dw, dw

2 
dw

3
. Let us start from the development of 

_the 6 function on the rotation group in terms of rotation matrices, 

(A.6) 

Equation (A.6) can be obtained by using the orthogonality property (A.5). 
3 . 

Clearly the total momentum will give a factor d -~ for the number 
(2u) · 

of states. Around P'= 0, the number of states will be of the form -
x

3
( w

1
, w

2
, w

3
) dw

1 
dw

2 
dw

3
. In order to compute the function X

3
(w

1
, w

2
, w

3
), 

we evaluate the scalar product (21), which leads to 

(A. 7) 

when Eqs. (23) and (24) are used, this integral is 

2 
dw

1
dw

2
dw

3
d

3J? 
2:: A j 6<et+!i!z+p_3l6<et'+!i!z'+e3'l <z l3 

JMM' TI 

\) where R stands for ( ljJ, 8, <j>). One has clearly 

L x3cb~M' (R')J9-~M'(R) = [ xJ~M(R 1 ~ 1R). (A.9) 

JMM' JM 
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Equation .(A.6) .. suggests putting 

(A.10) 

so that. (A. B) is simply 

(Z;rf3 A2 6(£.1+f2+.e.3>6~t~/+.e.2'+e3')6(P12/2m1-P1'2/2m1~ .. 6(p32/2~-P32/2ffi3) .· 

(P 2 P·z P 2) 
6(RR) x \ 2!1· 2~z' 2~3 = 6(£_1 -.e.1' )6(£.2 -.e.2') 6(£.3'"£.3') 6(£.1 +.e_2 +.e.3). 

(A. H) 

~--~ .. ~--In .. oraer~to fix X( ~1 • w
2

, w
3

) one integrates (A.11) over d 3£_
1 

d 3£.
2 

d3£.3' 

·using Eq. (A. 3 ), which reads 

J . 3 3 3 . - (p 1 2
\ .(P 3 

2
\ 

6(£.1 +.e.z +e3> d Rid £2d .e.3= m1m2m3 d 2rp.:/_''. \2m;) dR, 

which leads immediately to the expression (25) for thedensity of states. 
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