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ABSTRACT OF THE DISSERTATION

Design of oscillatory movement for ground-based locomotion and synchronized movement in
bioinspired robotics

by

Wei Zhou

Doctor of Philosophy in Engineering Science (Mechanical Engineering)

University of California San Diego, 2022

Professor Nicholas G. Gravish, Chair

Animals in nature move through the rhythmic oscillation of their appendages and bodies.

Similar oscillatory motion is a hallmark of bioinspired robots, which seek to embed biological

principles into the design, sensing, and control of robots. While there is a robust theory of

nonlinear oscillatory systems, there still exist fundamental gaps in knowledge when considering

robotic locomotion. For example, ground-based robots make intermittent contact with the ground

to propel themselves forward or to turn, and such “making and breaking” of contact between

the oscillatory actuation source and the environment can lead to novel locomotion challenges.

Additionally, when multiple robots are moving together the coordination of rhythmic gaits (such
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as through synchronization) may lead to beneficial group movement. However, the methods

to design such synchronized locomotion are not altogether straightforward especially when

considering potential communication limitations between robots. This dissertation addresses

specific problems in oscillatory locomotion of bioinspired robots. In the first study the author

developed a inch-worm inspired robot that can push and pull against the ground with simple

“feet” to propel itself. The author studied how basic feedforward oscillatory actuation of the

“feet” leads to non-trivial locomotion dynamics through foot slipping and stochastic foot-ground

contact mechanics. In follow up work the author demonstrated enhanced capabilities of this robot

such as turning, that was achieved through incorporation of soft materials in the design process.

In the third study the author studied the collective behavior of simple three-link “swimming”

robots that are controlled through feedforward oscillatory actuation. Oscillatory phase differences

between neighboring robots lead to intermittent collisions that drive the group into a stable spatial

configuration by lateral and longitudinal movement. We derive conditions for group spacing and

density based on phase variation, examine the effective interaction potential between neighboring

robots, and identify a compatibility condition for robots to safely swim in close proximity without

collisions. In the last study the author enables the oscillatory motion of robot’s in a collective to

be generated through nonlinear, limit-cycle dynamics. The author finds that intermittent contact

between robots leads to overall group synchronization of oscillatory swimming gaits which

reduces contact forces between robots and enables high density configurations. A phase oscillator

model of this process is developed and the author derives the theoretical conditions for group

synchronization, observing good agreement between experiments and the theoretical model. This

work enables the author to demonstrate in experiment the swimming synchronization of four

three-link robots that do not communicate with each other, but instead leverage the nonlinear

dynamics of the nonlinear oscillator control system. Ultimately, the work the author presents in

this thesis leads to new understanding of how oscillatory motion is influenced by intermittent,

nonlinear, interactions with the environment and between robots.
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Chapter 1

Introduction

1.1 Motivation

Bioinspired robotics is an important area in robotics research [1] which seeks to incorpo-

rate principles of biology into robot design. The most common examples of bioinspired robots

are ones which emulate the shape, morphology, and form of animals such as bat, bird, dog, and

snake like robots. However, bioinspiration can be incorporated at many different levels beyond

just superficial features. For example, bioinspired sensing has enabled new advances in robot

vision [2], tactile sensing [3], and actuation [4]. A fundamental function of many living systems

is movement, either through locomotion through the world of movement in place. In all but

the smallest of organisms locomotion and movement in nature occurs through the generation

of oscillatory movement (often called rhythmic movement). In this thesis I present a series of

studies to examine elements of bioinspired locomotion through the generation, study, and design

of oscillatory dynamics.

1.2 Biological origins of rhythmic motion in individuals
and collective motion in groups

Movement in biology and robotics arises from coordinated oscillation and undulation

of their appendages and bodies. The rhythmic motion is a common natural phenomena at

all scales. It can be described as a motion of whole or part of the body moving in a cyclic
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and repetitive pattern. The universally observed locomotion strategies to move are most cited

examples, such as walking and running on legs, lateral undulations of the body while slithering

and swimming, longitudinal body oscillations during crawling, flapping wings during flying,

and beating cilia and flagella of unicellular or multicellular organism. The rhythmic motions

in biology can be broadly categorized as being generated through one of two methods: 1)

central pattern generators (CPG) which provide common rhythmic signals across appendages

and provide direct coordination of motion phasing, and 2) local “reflexive” oscillators that are

not coupled through the neural system but can be coupled through body and environmental

mechanics. Both modalities incorporate environmental and proprioceptive feedback however the

timescales over which external perturbations impact rhythmic signal generation in CPGs and

“reflexive” oscillators may be very different. Many abstractions of these circuits exist [5, 6, 7],

and one common model is the phase oscillator, which oscillates at a constant frequency ω and

can be augmented with sensory feedback.

In locomotion studies across aquatic and terrestrial locomotion there have been obser-

vations of the important role CPGs play. Early classic experiments determined spinal cord

can generate intrinsic rhythmic movements [8]. The advance in evidences revealed that the

basic motor patterns underlying rhythmic limb movements during locomotion are generated by

neuronal networks located within the spinal cord [9].

In smaller scale organisms such as the worm C. elegans, it has been shown that a

combination of CPG and local “reflex” oscillations drive swimming motion. Biomechanical

and neural experiments have demonstrated that the generation of undulatory body motion in

C. elegans is largely through local proprioceptive reflex responses along the body that sense

the local body bending and generate a bending actuation in response [10, 11]. Thus, the body

bending wave propagation occurs as a “reflex chain” in which the wave propagation doesn’t

involve communication between oscillators and instead responds only to the bending state of the

local body region. Experiments have demonstrated this local oscillator principle by isolating

body regions and showing that a propagating wave is halted at a body region where bending is
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inhibited [10].

Coordinated motion happens not only in individual organisms but also in groups. Col-

lective motion of groups is a commonly observed phenomena in nature at a wide variety of

scales. Researchers have studied the collective behaviors in bacterial colonies [12, 13], cells

[14, 15], insects [16, 17, 18], fish schools [19, 20], bird flocks [21, 22, 23], and human crowds

[24, 25]. These systems always consist of many similar units that move through self-propulsion

and interact with neighbors through mechanical forces often mediated through hydrodynamic or

contact forces [12]. In groups of larger animals such as birds and fish the collective movements

are generated through visual sensory cues [22, 23] and hydrodynamic interactions between the

individuals [26, 27, 28, 29]. However, smaller scale systems such as swimming bacteria, sperm,

and worms, that often swim in higher group densities may experience repulsive contact forces

in addition to fluid interactions [30, 31, 32]. The long-range communication and short-range

interaction resemble two categories of control philosophy in robotics. Centralized approaches to

the planning and control of collective motion require long-range communication and perception

capabilities among robots, so that a central planning system can plan the motion of the group.

Alternatively, decentralized control approaches rely on motion planning algorithms that run

independently on each robot based on local information exchange between robots.

In collective motion, an individual unit’s action is dominated by the influence of the others,

and the system can transit from disorder to order under certain conditions. The synchronization

phenomena in large groups of interacting units are attractive research areas in physical, biological,

and social systems. Individual units of many of these biological systems can achieve synchronized

motion with their neighbors through physical interactions, which are often through a fluid. Recent

studies have demonstrated that fluid force acting between pairs of flagella [33, 34, 35], arrays

of cilia [36, 37, 38], and even flapping wings [26, 27, 39] can lead to phase and frequency

synchronization of oscillatory body movements. Meanwhile, other studies demonstrated that

short-range steric inter-filament interactions and filament roughness are sufficient – even in the

absence of inter-filament hydrodynamic interactions – to generate a rich variety of collective
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spatiotemporal oscillatory, traveling and static patterns [40]. However, many animal and robot

groups operate in close proximity where movements may result in collisions, resulting in

collective jamming [40, 41, 42]. We hypothesize that mobile robot groups may benefit from

synchronized motion (gaits) and thus it is and important to understand the fundamental principles

of the formation of synchronization in groups.

1.3 Nonlinear oscillators and synchronization

Rhythmic motions are ubiquitous in living organisms. The mathematical framework for

designing and analyzing oscillatory behavior of dynamical systems, such as that of a locomoting

animal, is well established in the field of nonlinear dynamics. In particular examples such

as the generation of oscillatory outputs from CPGs [6], the synchronization of coordinated

body movement, and the adaptation of body move to accommodate new environments (from

swimming to walking for instance [43]) relies on the study of nonlinear oscillators. An oscillator

is an autonomous dynamical system which exhibits a stable limit cycle attractor [44, 45]. A

stable limit cycle is a closed trajectory in the phase-space of the dynamical system in which a

surrounding region of initial conditions is attracted onto the limit cycle. The closed trajectory of

the limit cycle implies that the system’s state variables will be periodic, i.e. the system in steady

state will oscillate.

Nonlinear oscillators have been extensively used in the robotics field for generating

stable periodic motion trajectories of joints and bodies [44, 46, 47, 48, 49]. Limit cycles are

advantageous because: (a) the systems can produce the periodic oscillations spontaneously

without time dependent forcing, (b) the oscillation amplitude is robust and resistant against

transient perturbation with asymptotic return to the limit cycle, and (c) the oscillation phase

is marginally stable enabling phase perturbations to persist. It is this last point which allows

for phase synchronization between oscillators. Limit cycle control of walking, swimming, and

hopping robots have demonstrated the robustness of these control methods in addition to novel

4



adaptive behaviors which can adjust to changing loads, environmental forces, and behaviors

[50, 51, 52, 53].

In seminal work from Buchli, Righetti, and Ijspeert, these authors introduced a principled

approach to designing dynamical systems that generate limit cycle behavior for robot control [44].

The core of this method is to work from a phase-radius coordinate system (PRCS) approach for

designing limit cycle behavior. For a second-order dynamical system the phase-radius coordinate

system effectively converts from the phase-space (which are the equivalent Cartesian coordinates

of the phase space) to a polar coordinate form. Thus, with the appropriate rescaling of phase

along the limit cycle (see [44] for details) a PRCS limit cycle can be written as

φ̇ = ω (1.1)

ṙ = F(r) (1.2)

where φ is the evolution of phase along the limit cycle trajectory and r is the radial distance

from the origin to the instantaneous system state (which can be high-dimensional). The phase

of an oscillator has a strict definition that it must be a quantity that increases at constant rate.

The PRCS concept is advantageous because the desired limit cycle behavior of the system is the

starting point for feedback design, and the PRCS system can eventually be recast into the desired

phase-space coordinates as necessary. Similarly, other dynamical systems can be converted into

PRCS for analysis of limit-cycle behavior.

When multiple limit cycle oscillators are coupled, the neutral stability of the phase

variable can lead to synchronization phenomena [54]. Phase synchronization occurs when

oscillators with a common frequency align their phases in often an in-phase, or anti-phase,

arrangement. If oscillators have different natural frequencies, in some instances coupling can

drive the group to a common oscillatory frequency. The canonical model for such synchronizing

systems is the Kuramoto model of synchronization [55] where the phase variables of oscillators

are directly coupled. In the appropriate regimes of coupling strength and connectivity this system
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will display a wide range of phase and frequency synchronization behavior. The Kuramoto

system has been extensively studied and there are many reviews of the system phenomenology

[45, 56].

1.4 Generating rhythmic motion in robotics

A motor actuated joint system is a basic component in robotics. We summarize in this

section different methods to generate periodic motions in motor joints (see Fig. 1.1). There

are different types of motors. A servo motor usually takes a reference angle θr as an input and

actuates the motor to the reference angle using its internal PID control loop. A DC motor is a

open-loop system which takes current I as an input and generates motor torque τ = KI, where K

is the motor constant.

In our applications, we utilized different methods to actuate periodic motions in robotic

joints. The simplest way is setting a time-dependent sinusoidal reference signals:

θr = Asin(ωt +φ0) (1.3)

This joint system has a constant linearly increasing phase variable φ(t) = ωt +φ0 that can’t not

be shifted even after perturbation.

Another method is using intrinsic nonlinear oscillator to generate autonomous periodic

oscillation. One of the simplest examples of a PRCS limit cycle system is the Hopf oscillator

which is described by the equations

φ̇ = ω (1.4)

ṙ = β r(1− r2) (1.5)

with state variables φ and r. This system exhibits a circular limit cycle in phase space with

radius r = 1, and frequency ω . Perturbations to the phase of this system will persist, which
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Figure 1.1. Different actuation methods of robot joints. I. Time-dependent sinusoidal oscillation.
II. Intrinsic nonlinear oscillator with proprioceptive feedback. III. Direct nonlinear oscillator.

gives the ability to adjust its phase during interaction with other robot joints or environment.

Proprioceptive feedback can be augmented to the phase dynamics to enhance the phase adaptive

ability.

φ̇ = ω + γ g(φm,φ) (1.6)

where g(φm,φ) is the proprioceptive feedback function. Critically, the proprioception feedback

function only takes into account each oscillator’s individual intrinsic controller phase φ and the

instantaneous measured phase through proprioception φm. The measured phase can be computed

through a function of the state variables, a common example of this is φm = atan2(θ̇ ,θ) where

atan2 is the arctangent evaluated over the four quadrants of the phase plane. In this method, we
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still need to map the phase of the oscillator back to the desired states of the robot joints.

θ = r cos(φ) (1.7)

θ̇ = r sin(φ) (1.8)

Critically, oscillatory motion that is generated through evolution of an explicit oscillator equation

(φ̇ = f (φ ,x,p) where x and p are state vectors and parameters respectively) requires a mapping

to and from the mechanical phase space of the robot to the oscillator dynamics and back.

An alternative approach to generating oscillatory dynamics is to explicitly evaluate a non-

linear oscillator equation directly using the state variables of the mechanical system (for example

position and velocity of a robot joint). In these oscillators the second order dynamics of the joint,

when actuated with appropriate torque, can generate rhythmic movement that doesn’t require

mapping to and from an explicit oscillator system. Many examples of limit cycle oscillators exist

in dynamical systems and one of the most canonical examples is that of the Van der Pol oscillator

ẍ+ x+ ε(x2 −1)ẋ = 0 (1.9)

This is an example of a second-order nonlinear oscillator for which positive values of ε yield

periodic steady-state behavior of the phase-space variables x and ẋ. In the last method, we take

advantage of Van der Pol oscillator of being a second order system, which means we can directly

plug in the states of the robot joints and acquire the torque needed for autonomous oscillation.

θ̈ =−θ − ε(θ 2 −1)θ̇ (1.10)

τ = Iθ̈ (1.11)

In this method, phase of the joint oscillation is directly the phase of the nonlinear oscillator.

Perturbation to the states of the joints is immediately mirrored to the phase of the nonlinear
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oscillator. The phase adaptive rate is significant faster than the method through proprioceptive

feedback.

1.5 Outline of the dissertation

In chapter 2, the author present a milliscale push-pull robot which is capable of operating

across a wide range of actuation frequencies thus enabling us to expand our understanding

of two-anchor locomotion beyond the low-speed regime. A milliscale robot was designed

and fabricated which uses anisotropic friction at two oscillating contact points to propel itself

forward in a push-pull fashion. In experiments, the oscillation frequency, f , was varied over a

wide range (10-250 Hz) and observe a non-linear relationship between robot speed over this full

frequency range. The speed-frequency relationship at low actuation frequencies is consistent with

previously described two-anchor models and experiments in biology and robotics, however the

higher frequency behavior is inconsistent with two-anchor frictional behavior. Both deterministic

two-anchor model and probabilistic foot slipping two-anchor model were built to understand the

locomotion behavior of our system.

In chapter 3, the author present the design, fabrication, testing, and control of a 0.4 g

milliscale robot employing a soft polymer flexure transmission for rapid ground movement. The

robot was constructed through a combination of two methods: smart-composite-manufacturing

(SCM) process to fabricate the actuators and robot chassis, and silicone elastomer molding and

casting to fabricate a soft flexure transmission. The flexure transmission was actuated using

two customized piezoelectric (PZT) actuators that attach to the transmission inputs. Through

high-frequency oscillations, the actuators are capable of exciting vibrational resonance modes of

the transmission which result in motion amplification on the transmission output. Directional

spines on the transmission output generate traction force with the ground and drive the robot

forward. By varying the excitation frequency of the soft transmission we can control locomotion

speed, and when the transmission is oscillated at its resonance frequency we achieve high speeds
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with a peak speed of 439 mm/s (22 body lengths/s). By exciting traveling waves through the soft

transmission, we were able to control the steering direction. Overall this chapter demonstrates

the feasibility of generating resonance behavior in millimeter scale soft robotic structures to

achieve high-speed controllable locomotion.

In chapter 4, the author studied the role of contact interactions between model undulatory

swimmers: three-link robots in experiment and multilink swimmers in simulation. The undulatory

gait of each swimmer is generated through a time-dependent sinusoidal-like waveform which

has a fixed phase offset, φ . By varying the phase relationship between neighboring swimmers we

seek to study how contact forces and planar configurations are governed by the phase difference

between neighboring swimmers. We find that undulatory actuation in close proximity drives

neighboring swimmers into planar equilibrium configurations that depend on the actuation phase

difference. We propose a model for stable planar configurations of nearest-neighbor undulatory

swimmers which we call the gait compatibility condition, which is the set of planar and phase

configurations in which no collisions occur. Robotic experiments with two, three, and four

swimmers exhibit good agreement with the compatibility model. To study the contact forces

and the time-averaged equilibrium between undulatory systems we perform simulations. To

probe the interaction potential between undulatory swimmers we apply a small force to each

swimmer longitudinally to separate them from the compatible configuration and we measure their

steady-state displacement. These studies reveal that undulatory swimmers in close proximity

exhibit attractive longitudinal interaction forces that drive the swimmers from incompatible

to compatible configurations. This system of undulatory swimmers provides new insight into

active-matter systems which move through body undulation. In addition to the importance of

velocity and orientation coherence in active-matter swarms, we demonstrate that undulatory

phase coherence is also important for generating stable, cohesive group configurations.

In chapter 5, the author demonstrate that contact interactions between undulating robots

yield novel phase dynamics such as synchronized motions. We consider undulatory systems

in which rhythmic motion emerges from time-independent oscillators that sense and respond

10



to an undulatory bending angle and speed. In pair experiments, we demonstrate that robot

joints will synchronize to in-phase and antiphase oscillations through collisions, and a phase-

oscillator model describes the stability of these modes. To understand how contact interactions

influence the phase dynamics of larger groups, we perform simulations and experiments of

simple three-link undulatory robots that interact only through contact. Collectives synchronize

their movements through contact as predicted by the theory, and when the robots can adjust

their position in response to contact, we no longer observe antiphase synchronization. Lastly we

demonstrate that synchronization dramatically reduces the interaction forces within confined

groups of undulatory robots, indicating significant energetic and safety benefits from group

synchronization. The theory and experiments in this study illustrate how contact interactions in

undulatory active matter can lead to novel collective motion and synchronization.
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Chapter 2

Rapid two-anchor crawling from a millis-
cale prismatic-push-pull (3P) robot

Many crawling organisms such as caterpillars and worms use a method of movement

in which two or more anchor points alternately push and pull the body forward at a constant

frequency. In this chapter we present a milliscale push-pull robot which is capable of operating

across a wide range of actuation frequencies thus enabling us to expand our understanding of

two-anchor locomotion beyond the low-speed regime. We designed and fabricated a milliscale

robot which uses anisotropic friction at two oscillating contact points to propel itself forward in a

push-pull fashion. In experiments we varied the oscillation frequency, f , over a wide range (10-

250 Hz) and observe a non-linear relationship between robot speed over this full frequency range.

At low frequency ( f < 100 Hz) forward speed increased linearly with frequency. However, at an

intermediate push-pull frequency ( f > 100 Hz) speed was relatively constant with increasing

frequency. Lastly, at higher frequency ( f > 170 Hz) the linear speed-frequency relationship

returned. The speed-frequency relationship at low actuation frequencies is consistent with

previously described two-anchor models and experiments in biology and robotics, however the

higher frequency behavior is inconsistent with two-anchor frictional behavior. To understand the

locomotion behavior of our system we first develop a deterministic two-anchor model in which

contact forces are determined exactly from static or dynamic friction. Our experiments deviate

from the model predictions, and through 3D kinematics measurements we confirm that ground
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contact is intermittent in robot locomotion at higher frequencies. By including probabilistic foot

slipping behavior in the two-anchor friction model we are able to describe the three-regimes of

robot locomotion.

2.1 Introduction

Terrestrial organisms use a multitude of locomotion strategies to move such as walking

and running on legs, lateral undulations of the body while slithering, and longitudinal body

oscillations during crawling [57]. Ground-based bioinspired robots employ many of the same

principles—legs, lateral undulations, and longitudinal undulations. The actuation and control of

bioinspired robots in many cases have been informed, and even improved by observations of

their biological counterparts.

For example the spring-mass dynamics of legged locomotion have informed robot mech-

anism and control design [58, 59], the flapping and fixed wing aerodynamics of flight have

improved aerial robots [60, 61, 62], and slithering strategies of snakes have enabled snake-like

robots to traverse challenging terrain [63, 64]. However, when robots possess actuation, sensory,

or control capabilities that supersede the capabilities of the biological system movement behav-

iors can be pushed to regimes not observed in nature [65]. Robots that are capable of extremal

locomotion behavior, pushing far beyond the observed regimes of their biological counterparts,

can enable us to test the generality of locomotion models across a wide range.

Crawling locomotion is broadly defined as movement across a surface in which forward

progression is enabled by body movements rather than limb movements [57]. A diverse array

of animals demonstrate crawling locomotion including insect larvae [66], worms [67], clams

[68, 69], and snakes [70]. Similarly, many bioinspired crawling robots have been built and

studied across a wide array of mechanical designs including soft-bodied, origami, and rigid

crawling robots [71, 72, 73, 74, 75]. Crawling locomotion is typically slow compared to legged

locomotion because crawling requires reconfiguration and movement of large body segments
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Push
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Pull

Figure 2.1. An inchworm uses a push-pull strategy of movement (top). Alternating contact
points allow the body to be pushed or pulled forward (Bottom left). A simple representation of
inchworm crawling is a linear motion of two contact elements that alternate contact with the
ground through anisotropic friction (Bottom right). (Top image reproduced with permission from
depositphotos. (c) fotofermer (Vadim Dreznol)’)

(Fig. 2.1).

A common model used to describe the crawling dynamics of animals and robots is that

of a two-anchor system in which two contact points successively push, and then pull the body

forward in a repeating pattern (Fig. 2.1) [76, 77, 78, 79]. The two points can independently

anchor to the ground to support both body-weight and the required friction force for push-

pull advancement. Successful crawling requires some forms of symmetry breaking within

the push-pull cycle so that thrust forces can exceed frictional resistance. For example, many

animals and robots will lift the body during the push or pull phase thus reducing body friction

during advancement [80, 81, 82]. Theoretical models of two-anchor locomotion have explored

symmetry breaking methods such as time asymmetry (rapid extension, slow contraction) [77],

and alternating the magnitude of push and pull friction forces through mass-swapping [79], or
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directional and velocity dependent forces [83].

Anisotropic frictional contacts with the ground is another method employed by animals

and robots so that symmetric push and pull sliding movements can generate forward motion

through asymmetric friction [84, 85, 86, 87, 88]. Anisotropic friction is one of the keys to snake

locomotion during longitudinal gaits [89]. A simple mechanism to generate frictional anisotropy

is through angled contact points with the ground, such as has been used in the class of vibration

based robots known as bristle-bots [90, 91]. Moreover, vibration based robots can also take

advantage of dynamic resonance properties of their actuators, and when coupled with anisotropic

friction this can further enhance locomotion capabilities [92, 93]. Thus, forward propulsion

in two-anchor robot and animal systems can emerge from contact mechanics, body actuation

dynamics, or combinations of both.

Many forms of bio-inspired crawling robots have been developed. The most prevalent

bio-inspired crawling robots are inspired from soft-bodied crawling animals such as worms

and larvae. These soft-bodied robots are often constructed from soft elastomers that are cast

or 3D printed [80, 94, 95, 96, 97], and they are actuated through pneumatic [94, 97, 98, 99],

smart actuators such as shape memory alloys [82, 100, 101, 102], or dielectric elastomers

[103, 104]. While soft bodies enable a wide range of body flexibility for crawling locomotion

[105], actuation speed is a fundamental challenge in soft robotics [106]. Thus, many of the

bio-inspired crawling robots move relatively slowly. Recent developments in small, lightweight,

laminate robot fabrication [107] coupled with high-bandwidth piezoelectric (PZT) actuation

[108] have enabled new ground-based mobile robots capable of extremely high speeds relative to

their body size [65, 109]. The design and incorporation of flexure hinges that emulate revolute

joints in laminate robots is relatively standardized [110], however generation of linear actuation

motions within laminate robotics has been less explored and typically requires exceptional design

considerations such as custom actuators [111] or new transmission mechanisms [112, 113].

In this study we present the design and evaluation of a small-scale laminate robot that

is actuated by a novel prismatic mechanism and capable of high-speed ground locomotion
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(relative to body size). We present this study in three sections. In the first section we describe

the design and fabrication of the milliscale push-pull robot that uses two pairs of anisotropic

bristles attached to a prismatic transmission. In the second section we describe the locomotion

capabilities of this robot across a range of actuation parameters. In the last section of this study

we present two models to describe the robot locomotion. We first present the deterministic push-

pull model originally developed for quasi-static crawling behavior. We compare this model to

our observations and conclude that it fails to capture the complexity of the robot speed-actuation

performance. We next introduce a stochastic push-pull model, which captures the observed

foot-slippage that occurs at higher frequencies and which is modeled as a stochastic phenomenon.

Lastly, we describe the relationship between models and experiments and discuss opportunities

for high-speed crawling based robotics.

2.2 Robot design

2.2.1 Overview

Figure 2.2. The 3P Robot shown next to a United States penny for scale (Left). The robot is
composed of three main components: the transmission system, the actuators, and the robot frame
(Right).

In this section we describe the design and fabrication of a milliscale robot that uses a

prismatic transmission for push-pull locomotion. We call this robot 3P for simplicity due to the

prismatic push-pull actuation. The 3P robot consists of a carbon-fiber chassis, two actuators,
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and a prismatic transmission, as shown in Fig. 2.2. The torso of the robot consists of two PZT

actuators symmetrically assembled along the central longitudinal axis. The actuators connect to

a prismatic transmission which transforms the lateral oscillations of the actuators into forward

oscillations of the robot feet that approximate a linear motion along the fore-aft direction. Two

pairs of flexible feet-like structures have bidirectional claws that engage with the ground substrate

providing anisotropic friction. A balance weight and a skid plate allow the robot to remain stable

on the ground with and without actuation. The robot weighs approximately 500 mg in total,

which includes a 200 mg balance weight to adjust the center of mass. In the following sections

we describe the robot design and fabrication in depth.

2.2.2 Actuation

The robot uses two bimorph PZT actuators to provide oscillatory inputs to the transmis-

sion. Piezoelectric actuators are chosen for three main reasons: (1) their fabrication process is

relatively standardized and thus custom shapes can be created in the lab [108], (2) they provide

high energy density (peak blocked force × peak free displacement) [114], and (3) can operate

over a wide range of frequencies. Other means of actuating crawling robots such as shape

memory alloy [71, 82, 100, 101, 102, 115], pneumatic actuators [72, 94, 97, 98, 99] and liquid

crystal elastomers [75] suffer from time delays associated with heating and cooling and thus are

not capable of high frequency actuation. Alternatively, other millimeter scale robots have used

rotational vibratory motors for actuation [90, 91]. However, off the shelf vibratory motors are

not able to independently change actuation amplitude, phase, and frequency.

Each PZT actuator is 15 mm in total length and the PZT plates have a trapezoidal shape

with length, 10 mm, and bases of 1.5 mm and 6 mm on the narrow and wide ends, respectively.

The actuators are custom fabricated using a diode-pumped solid-state (DPSS) laser, the details

of the fabrication process have been thoroughly described elsewhere [108, 116]. The PZT plates

are bonded to a central carbon fiber layer which acts to provide a conductive connection to the

plates. The central carbon fiber layer also gives the actuator a relatively large bending stiffness
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and thus the PZT plates must generate force to overcome this intrinsic stiffness. While in many

applications PZT actuators are matched to the system stiffness to achieve a resonance actuation

phenomenon with a preferred frequency [60], in the design of 3P the actuators are oversized such

that the output amplitude of the actuator and transmission system is constant over the frequency

range of interest (See appendix A). Actuators of these size have a typical maximum output

displacement of ±250 µm.

The actuators are driven by a high-voltage PZT amplifier (PiezoDrive TD250) and each

actuator requires a ground, bias, and signal voltage for actuation [117]. We connect the ground

and bias signals together between the two actuators and thus the robot requires a total of four wires

for actuation. The bias voltage is held at VB = 200 V and the signal voltage is oscillated given by

the function V (t) = Asin(2π f t)+ VB
2 where the A is in the range of A ∈ [0, VB

2 ]. Generation of the

actuation signals are performed in Labview and a low-voltage analog output signals are provided

to the amplifier to control the high-voltage signals through a National Instruments DAQ.

2.2.3 Transmission kinematics

Our robot is designed to perform an oscillatory crawling motion, to achieve this we

designed a parallelogram based transmission inspired from [118], to provide a linear push and

pull motion (Fig. 2.3a). The design of mechanical transmissions for milliscale robots often

requires the use of flexure hinges as opposed to true rotary joints [110]. Flexure-based compliant

mechanisms are much easier to fabricate for milliscale systems, and they provide reliable motion

that approximates true pin joints, although they can suffer from fatigue if appropriate materials

are not chosen [119]. While numerous studies have been conducted to design, model, test, and

analyze flexure based mechanisms [110, 120, 121, 122], in our treatment of the transmission

kinematics we use a simplified symmetric four-bar linkage where we assume the flexure hinges

are ideal pin joints (Fig. 2.3b).

We actuate the transmission with symmetric inputs from the left and right actuators. We

assume that the actuators provide a horizontal input displacement to the left and right side of
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Figure 2.3. Push-pull locomotion and transmission kinematics. a) Top-down view of the
transmission movement. Over one oscillation cycle of the actuators the anisotropic feet engage
the surface in a push and then a pull motion (red dots indicate foot engagement). b) We consider
the upper left quarter of the symmetric transmission to model the kinematics.

the transmission, and we assume the output displacement is in the fore-aft direction (Fig. 2.3a).

Due to the symmetry of the transmission and input displacements we can simplify the modeling

of the transmission kinematics by focusing on just one quarter of the parallelogram (Fig. 2.3b).

An input displacement, Li, in the horizontal direction generates an output displacement, Lo, in

the vertical direction and drives the link, of length L, from an initial angle α0 to α . The position

relationship of the input and output points (in their horizontal and vertical directions respectively)

can be written as:

Lcos(α0)−Li = Lcos(α) (2.1)

Lsin(α0)+Lo = Lsin(α) (2.2)

We can eliminate the variable α in equations 2.1 and 2.2 and solve for the output displacement

Lo, retaining only the positive root

Lo =
√

L2 sin2(α0)+2LLi cos(α0)−L2
i −Lsin(α0) (2.3)

To keep the width of our robot approximately 1 cm we chose a link length of L = 5 mm. The

actuators we have chosen for our robot have a peak output displacement of ±250 µm which
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Figure 2.4. Transmission input and output displacement kinematics. The relationship between
the input, Li and output displacement, Lo, of the transmission for different initial angle configura-
tions (Left; α0 = [10, 20, 30, 40, 50] with arrow showing direction of increase). The maximum
output displacement for an input of Li = 250 µm as a function of α0 (Right).

places a constraint on the geometry of our transmission. For a fixed amplitude input, increasing

the default parallelogram angle (α0) results in a decrease of the transmission amplitude (Fig.

2.4). For low α0 the transmission is moderately nonlinear while as α0 increases the transmission

becomes more linear.

We selected an α0 of 10◦ for our transmission based in part on the kinematics and

additional practical requirements of the robot. A low α0 is favorable for our design because

it provides a large amplification of displacement while requiring only modest bend angles

of the flexure hinges. The flexure joints are approximated as pin joints for the purposes of

kinematic analysis, but in reality they provide a torsional resistance to bending roughly consistent

with a torsional spring. Thus large flexure bend angles result in large internal torques that the

actuators must overcome and may reduce the force output of the transmission. Lastly, a shallow

transmission angle also enables easier fabrication because there is less internal elastic resistance

in the transmission while it is being bent and assembled.
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2.2.4 Transmission fabrication

The smart-composite manufacturing (SCM) method [123, 124] was used to build our

robotic system. Our transmission was designed using a single laminate consisting of 25 layers

as a single monolithic structure to reduce the number of folds which significant influence the

assembly accuracy (Fig. 2.5). In the appendix A we provide details of the laminate layers and

geometry. Briefly, the SCM process involves multiple steps of laser cutting individual layers of

structural (carbon fiber), flexure (Kapton), and adhesive (DuPont Pyralux) layers. These layers

are bonded together in a thermal press and after multiple cut-and-cure steps the final transmission

is laser cut from the surrounding multi-layer laminate.

Manual folding and gluing is required to complete the feet assembly and to attach the

claws. The folding joints in Fig. 2.5a are folded 90◦ to form the foot structures shown in

Fig. 2.5b. The tips of four insect pins (#00, diameter = 0.27 mm) were removed and used as

angled claws providing anisotropic ground friction. The claws were adhered to the transmission

feet at approximately 45◦ with respect to horizontal plane [91]. Previous research has found that

pins placed at an angle can increase the anisotropic friction coefficients between sliding and

stance phase. Setting the pin angle to approximately 45◦ results in the claws engaging the highest

amount of asperities as possible [74, 125]. To accommodate the uneven surface, we designed

b)a) c)

Claws

Actuator

input

Actuator

input

Figure 2.5. Transmission design and fabrication. a) Isometric schematic of transmission showing
actuator inputs on the left and right, and the pairs of push-pull claws. b) Photo of completed
linear transmission with claws. c) Conceptual push-pull operation with passive flexures to enable
sliding and locking of claws.
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passive joints with an asymmetric joint stopper to allow the pin to accommodate different contact

angles (Fig. 2.5c). This enhanced the engagement of the claws with ground during the thrust

stroke while reducing friction during the passive return stroke.

2.3 Robot locomotion

We performed several experiments to identify the performance and behaviors of the

sub-components of our robot (claws, transmission, actuators) in addition to studying the robot

locomotion performance. First we measured the transmission kinematics and compared to theory.

Next we measured the anisotropic friction performance of the bi-directional claws and body.

Lastly we studied the forward motion of the robot under self-actuation in an unconstrained and a

linearly constrained experimental configuration.

2.3.1 Transmission kinematics experiment and model comparison

To study the transmission kinematics under prescribed input displacement we assem-

bled a benchtop testing station. The linear transmission and two bimorph piezoeletric (PZT)

actuators were assembled together onto an acrylic testing base (Fig. 2.6a). A single high speed

camera (Phantom VEO410) was used to capture the motion of the transmission and viewed the

transmission perpendicular to the input and output motions. The actuators were calibrated such

that the two actuator tips provided identical displacement inputs to the left and right side of

the transmission, Fig. 2.6b (left). We tracked the motion of the transmission input and output

using the DLTdv5 package in Matlab [126]. The input motion was prescribed to be sinusoidal,

and the output motion of the transmission was observed to be an asymmetric periodic function

(Fig. 2.6b).

We compared the experimental tip displacement to analytical results from the model

using the same geometric dimensions from the design. The experimental output amplitude was

smaller than that from the model prediction (Eqn. 2.3). It is likely that the output transmission

kinematics are over predicted by the model because the rotational flexures are modeled as ideal
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Figure 2.6. Transmission test results. a) Linear transmission on testing stage. b) Comparison of
input and output motion of the linear transmission in experiments and simulation.

pin joints, when in reality they can compress and bend with non-zero radius of curvature. Similar

disparities between flexure and ideal joint modeling has been previously demonstrated [120].

To improve our model of the kinematics we adjusted the effective transmission length L using a

least-squares fitting routine. We found that an effective transmission length of 0.6L provided

good agreement between experiment and the model. These experiments demonstrated that

the transmission was capable of smooth and highly repeatable motion over a wide-range of

input displacements and frequencies. Experiments up to frequencies of 250 Hz did not result in

significant amplitude change (see appendix for frequency sweep) indicating that dynamic effects

of the transmission can be ignored in future analysis.

2.3.2 Anisotropic friction from angled claws and body

The robot claws slide across the substrate in the forward and backwards direction along

the direction of movement (Fig. 2.5). When the claws are sliding away from the robot body

(in the forward direction) the friction ideally should be low, and when the claw is sliding back
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toward the robot body (in the backwards direction) the friction should be high.

To determine the peak backwards sliding force that the angled claws can provide for

thrust we assembled a friction testing experiment and we performed two separate measure-

ments. In the first experiment the robot was attached to a force sensor by a thin wire (FUTEK

LSB200-FSH02663; 500 mN max rating). The force sensor was mounted on a motor controlled

displacement stage (Thorlabs MT S50) which displaced the force sensor and robot at a constant

speed of 2.3 mm/s in a direction that engaged the angled claws against the substrate. The robot

was placed on a substrate of card stock paper (the same used for locomotion experiments). The

robot was not actuated and we measured the sliding force of the claws against the card stock

substrate, which resulted in a claw propulsion force measurement of 21.1±3.4 mN. In a second

experiment we held the force sensor fixed and we allowed the robot to pull itself forward against

the force sensor. In these measurements we observed a range of peak propulsion forces from the

claws with an average propulsion of 47±18 mN average peak force. The observed forces in the

second set of experiments were larger likely because the actuation of the foot (at 80 Hz) enabled

the claw to secure optimal footholds at a faster rate than when the robot was passively dragged.

From these force measurements we estimate that the coefficient of friction for each claw in the

propulsion direction is µ+ = 9.6. It is not unexpected for angled claw-like objects interacting

with rough surfaces to have a friction coefficient substantially greater than unity [127].

To verify the force asymmetry from the claws we also determined the resisting force

acting against the forward motion of the robot. To measure the stopping force against the robot

we measured the dynamics of the robot coming to rest from a constant initial velocity, v. We

used a high-speed camera to record the stopping of the robot while passively sliding and coming

to rest. We computed the resistive force coefficient acting against the robot by fitting the position

versus time with a constant resisting force µmg. We measured a resistive force friction coefficient

of µ− = 0.33 corresponding to a resistive force of 1.62 mN acting against the forward motion of

the robot. These experiments provided quantitative measurements of the force asymmetry from

the angled claws and demonstrate that this robot has a force ratio of approximately 40 times in
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propulsive force compared to resistive force.

2.3.3 Robot locomotion performance

We investigated the locomotion performance of the robot on card stock paper across a

range of actuation frequencies. Two high-speed cameras with frame rate set to 20 times the

driving frequency were used to capture the motion of the robot from side and top view, which

enabled 3D reconstruction of the robot motion profiles. We conducted two sets of experiment:

(1) the robot was confined move along a straight line by two bounding walls, and (2) the robot

was able to move freely over the surface. We provide further details of the experimental setup in

the appendix A.

In figure 2.7 we show several examples of the position and velocity of the robot for four

driving frequencies when the robot was unconfined. The robot position was tracked using the

DLTdv5 package, and the velocity was estimated using Kalman filters based on the tracked

position data. At low driving frequencies, for example 30 Hz, the velocity of the robot has large

velocity fluctuations at the same frequency as the actuation (30 Hz). The robot body motion

exhibits behavior that is reminiscent of a stop-start type of locomotion, which is also consistent

with a previously described model of two-anchor locomotion in which the body is accelerated

from rest at the beginning of the half-cycle and then comes to rest at the end of the half-cycle

[57]. However, the stochastic nature of the body velocity indicates that the robot body does

not come to rest exactly at the end of every half-cycle and suggests a possible importance of

stochastic foot-ground interactions in the robot locomotion.

At higher driving frequency, for example 50 Hz, the velocity of the robot continued to

display high-frequency fluctuations at the driving frequency. However, as actuation frequency

increased we observed that the robot did not always come to rest at the end of the actuation cycle

indicating that the robot had begun to slide forward near the end of a half-cycle. This suggests

that at higher frequencies the locomotion behavior starts to violate the quasi-static assumption

which requires that forward motion only occurs while the robot is actively pulling against the
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Figure 2.7. 3P Robot locomotion examples. a) Example of 3P robot moving from left to right at
90 Hz driving frequency. b) Four examples of position and velocity versus time for the 3P robot
moving at different driving frequencies.

ground.

At frequencies above 110 Hz the instantaneous velocity of the robot was relatively smooth

and greater than zero, indicating the presence of a substantial gliding type of motion propelled

by the sequential acceleration and deceleration from the oscillatory claw movements. The

relatively smooth velocity fluctuations at these high frequencies compared to lower frequency

(approximately below 110 Hz) may be the result of foot slippage during the forward acceleration

phase of the half-cycle. For the body to move in a no-slip manner the friction force must be

larger than the required inertial acceleration, which for a purely sinusoidal foot motion would be

mAω2.

The overall kinematic relationship between actuation frequency and average speed is

shown shown in Fig. 2.8. In both the free-run and the tunnel-run experiments we observed a

similar trend in the speed-frequency relationship. We observed an approximately linear increase

in average velocity with driving frequency from 10 Hz to 100 Hz. The average velocity reached

a plateau from frequencies 100 Hz to 170 Hz, and then increased again at frequencies higher
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Figure 2.8. Average velocity of 3P Robot across different driving frequencies. a) 3P experiments
performed in tunnel to enforce linear motion. Purple circles indicate experiments where the
robot were driven at full amplitude. Blue diamonds indicate experiments where the robot were
driven at half amplitude. Dashed lines are results from model developed in section 4. (b) 3P
robot experiments without walls. Full amplitude experiments are shown in red circles.

than 170 Hz. In the free-run and tunnel-run experiments we observed a sharp decrease in speed

at 50 Hz, which we correlated with a body resonance mode in which large vertical vibration

could be observed in the high-speed videos. In the tunnel-run experiments we performed testing

at two actuator amplitudes (Fig. 2.8a) and we observe a speed decrease for the lower amplitude

experiments with a similar trend in the non-linear speed-frequency relationship.

The velocity trends are similar between the robot experiments in the constrained tunnel

and on the unconstrained substrate. The primary difference between these experiments that the

27



average velocity of the robot was higher in the unconstrained substrate experiments compared

to the tunnel experiments. In the tunnel experiments, the robot was constrained to move in a

straight direction and thus collisions between the robot and the walls likely result in an average

decrease in the robot speed. The vertical oscillation of the robot which is characterised by the

standard deviation of vertical displacement increases linearly with driving frequency.

To determine the relative motion of the claws with respect to the ground we tracked the

position of the robot claws across all frequencies in the free-run experiments. We specifically

seek to determine the occurrence of claw slipping, which can occur in the forward direction

(expected because of the low coefficient of forward friction) and potentially in the backward

direction if the actuators exceed the friction force the claws can support during propulsion. In

previous models of two-anchor crawling foot slipping was not considered and thus the average

speed would be expected to increase linearly with increased oscillation frequency [57]. However,

Coulomb friction is present in nearly all robots foot-ground interactions and thus understanding

the prevalence claw slipping is important [128, 129, 130]. For our analysis we assume a claw

can be in one of three possible states: (1) approximately stationary with respect to the ground

when the magnitude of the claw velocity is below a velocity threshold of 35 mm/s, (2) slipping

forwards away from the body with positive claw-ground velocity along the direction of motion

either through forward body gliding, or during the second half of the actuation cycle in which

the claw is being reset for the thrust phase, (3) slipping backwards toward the body with negative

claw-ground velocity, which only occurs when the claw is slipping during the power stroke of

the thrust.

Claw tracking reveals that there is a strong frequency dependence to the claw-ground

interaction (Fig. 2.9). At low actuation frequency the claw slips during the propulsion phase of

the actuation approximately 20% of the time ((Fig. 2.9b) while the claw remains in approximate

stationary contact approximately 30% of the time. As the actuation frequency is increased the

probability to observe the claw slipping during the propulsion phase (backward slip) increased.

The relative ratios of forward slip, backward slip, and approximately stationary are well fit by
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three functions that cumulatively are constrained to sum to probability 1 for each frequency. The

forward slip probability is constant across frequency, given by Pf orward = 0.559. However, the

backward slip and approximate sticking probabilities are fit by saturating exponential curves,

Pstick = 0.388∗exp(−0.015∗ f )+0.024 and Pbackward =−0.388∗exp(−0.015∗x)+0.417. The

frequency dependence of the claw slipping behavior is likely correlated with the increased robot

vibration that we observe as frequency increases. If the robot is excited by a high-frequency

actuator it can cause body vibrations that can dislodge the engaged claw and likely result in the

increased slipping probability we observe.

2.4 Dynamics of push-pull locomotion

The nonlinear speed versus frequency behavior of the robot motion is surprising given

previous studies of two-anchor crawling locomotion [57]. The simplest approach to modeling

two-anchor locomotion assumes that no-slipping occurs and thus the average robot speed should

be a linear function of the actuation frequency. However, friction dynamics of vibration based
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locomotion are extremely important such as in anisotropic friction vibration based robots [90, 91]

as well as stick-slip isotropic friction robots [93, 131]. To understand the relationship between

speed and frequency for our robot we now will develop a mathematical model of two-anchor

locomotion that considers both forward and backward slipping of the foot.

The organization of this section is as follows. We first introduce the notation for a

deterministic two-anchor model in which the claw-ground interaction is determined solely by

anisotropic Coulomb friction. We present the results of this model using parameters informed

from our experiments and observe that this model lacks the ability to model the mid-frequency

plateau we observe in speed. Next, we introduce a stochastic claw-ground slipping probability

into our model to account for the frequency dependent claw-ground interaction. The inclusion of

this increased probability to slip at increased frequency generates a speed-frequency that captures

the non-linear plateau we observe in our data. Previous models of two-anchor locomotion have

been developed and extensively analyzed in previous works [77, 79], however our approach

differs in two fundamental ways: (1) instead of controlling the actuation force between the

two-anchors we impose time-dependent kinematics and solve for body movement, and (2) we

incorporate probabilistic slip events inspired from our observations of frequent stochastic foot

slipping.

We developed a simple model for the push-pull locomotion of our robot (Fig. 2.10a).

In this model, we assume the robot with mass m is driven by sinusoidal push-pull motion of

two claws and thus we neglect any potential dynamics that could be present in the actuation

system. This decision is supported by the relatively small change in transmission amplitude

versus frequency (See appendix A). We impose time-dependent kinematics of the position of the

two claws measured with respect to the body

l1(t) = Acos(ωt) (2.4)

l2(t) =−Acos(ωt) (2.5)

30



Frequency (Hz)
0 100 200 0

0

400

800

1200

0

400

800

1200

100 200

2000

V
e

lo
c
it
y
 (

m
m

/s
)

Frequency (Hz)

g

b

g

V
e

lo
c
it
y
 (

m
m

/s
)

0

400

800

l
2
(t) l

1
(t)

f
1

f
2

F
f

v

v
e

lo
c
it
y

v
e

lo
c
it
y

P
u

ll
P

u
s
h

P
u

ll
P

u
s
h

10Periods0 10Periods0

0

0

Aw

Aw
a)

b)

c)

d)

0

0

Aw

Aw

v

Period0 1 Period0 1

50 Hz

250 Hz

50 Hz

250 Hz

Figure 2.10. Model of push-pull locomotion dynamics. a) Sketch of push-pull model. b)
Examples of low (left) and high (right) frequency dynamics in a deterministic model. Blue
lines represent reference velocities of robot body with no-slip claw engagement. Red solid lines
represent robot body velocities in the simulation. c) Velocity examples of the deterministic (left)
and the stochastic model (right) at low (50 Hz) and high (250 Hz) frequencies with γ = 1.0.
Blue lines represent reference velocities of robot body with no-slip claw engagement. Red solid
lines represent robot body velocities in the simulation. Time is scaled to period of oscillation,
and velocity is scaled to Aω . d) Velocity prediction of the deterministic (left) and the stochastic
(right) model with force ratio γ increasing as designated by arrow (from 0 to 1). In stochastic
simulations β = 0.3. Inset on right plot illustrates variation as β is changed from 0.9 to 0.1
(γ = 1.0).

where A is the amplitude of claw oscillation and ω = 2π f , where f is the actuation frequency.

As the two claws move with respect to the body they generate ground reaction forces f1,

f2 (Fig. 2.5a). A positive ground reaction force indicates a thrust force propelling the robot in

the forward direction, a negative ground reaction force is a braking force acting against forward

motion. We assume that the claw forces interact only through anisotropic friction with a force

range

F− ≤ fi ≤ F+, i = 1,2 (2.6)

where F+ and F− represent the maximum thrust force (F+ > 0) and the maximum braking force

(F− ≤ 0) of the claws.
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During the pull stroke, the leading claw retracts toward the body and provides a positive

force, while the trailing claw retracts toward the leading foot and slides passively on the ground

generating a negative force f2 = F−. At the beginning of the push stroke the claws are near each

other, the claws push away from each other and the trailing claw provides a positive force while

the leading claw extends away from the body and slides passively on the ground generating

resisting force f1 = F−. The push-pull motion is illustrated in Fig. 2.10b. Throughout the push

and pull motions the robot chassis passively slides on ground, generating a friction force:

Ff = sign(ẋb)µmg (2.7)

where ẋb is the velocity of the robot, µ is the coefficient of friction of the robot chassis, and g is

gravity.

When a claw’s velocity with respect to the ground is zero, then the foot is stationary

and we call the foot anchored. The equation of motion of the robot when a propelling foot is

anchored is given by the following:

mẍb = fi +F−+Ff (2.8)

where ẍb is the acceleration of the robot and, i=1 during the pull stroke and i=2 during the push

stroke. The propelling foot undergoes a backward slip if the velocity of the foot is negative,

which leads to a foot-ground force of:

fi = F+, i = 1 at pull stroke; i = 2 at push stroke (2.9)

and thus an equation of motion of:

mẍb = F++F−+Ff (2.10)
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Lastly, the propelling foot slips forward when the velocity of the foot is positive. In this

case the foot-ground force is

fi = F−, i = 1 at pull stroke; i = 2 at push stroke (2.11)

thus

mẍb = F−+F−+Ff (2.12)

From the analysis above, we can simplify the ground-reqction forces from the multiple

contact points to a maximum total thrust force and a maximum total resisting force that occur

during the different phases of motion as:

F+
max = F++F−+Ff (2.13)

F−
max = F−+F−+Ff (2.14)

(2.15)

From this observation of a maximum and minimum force range of the robot we defined a ratio

of the force asymmetry between F+
max and F−

max as:

γ =
∥F−

max∥
∥F+

max∥
(2.16)

Large γ corresponds to a highly anisotropic friction force, while when γ = 1 the friction force

from the claws are isotropic with no distinction between F+ and F−.

At each push and pull stroke, the claws are trying to propel the motion of robot body in a

no-slip manner such that the body acceleration would be exactly equal to the acceleration of the
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transmission

a = A(2π f )2 cos(mod(2π f t,π)) (2.17)

If the required force to propel the body, fe f f = ma, is lower than the possible maximum frictional

force of the engaged claw, F−
max ≤ fe f f ≤ F+

max, then the motion of the robot is completely

described by the motion of the transmission (Fig. 2.10b, left column) and the foot does not slip.

Otherwise the required force exceeds the force limits of claws and the robot body and claws will

slip on the ground (Fig. 2.10b, right column).

We simulated the dynamic model by setting F+
max = A(2π f )2 with specific f = 150

Hz to represent the maximum total propelling force. We set A = 0.89 mm according to the

tracking data of the transmission output amplitude in the robot locomotion experiments. The

relationship between the average velocity and the actuation frequency is shown in Fig. 2.10c

left column. The robot velocity increased linearly when γ = 0 there is no resisting force against

the robot, which meant that the steady state of robot velocity was fully determined by the

maximum velocity of the robot transmission vmax = A(2π f ). When γ is nonzero, the robot

velocity as a function of frequency diverged from the top-speed (γ = 0) curve and resulted in

lower speeds at the same actuation frequency compared to the γ = 0 case. Critically, when γ > 0

the robot undergoes a combination of sticking and slipping as it moves, determined by the force

relationship between the resisting (F−
max) and the propulsive ( F+

max) forces. At low frequency

actuation the force limit F−
max and F+

max are large enough such that the robot does not slip in the

forward (glide) or backwards (back-slip) direction and the velocity follows an exact positive half

sin wave. However γ is increased, the robot experiences higher resisting force and thus the robot

to does not glide at higher frequencies which results in the lowered average speed curves versus

frequency (Fig. 2.10c). When γ = 0 the robot builds up speed by gliding faster and faster until

reaching the terminal velocity determined by the maximum transmission speed.

The predicted velocity trend lines of the deterministic model do exhibit a slight nonlinear
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trend as a function of frequency. However, the extent of the velocity plateau did not match

the observed experiments over a wide exploration of simulation parameters. Furthermore, our

investigation of the claw slipping dynamics revealed that the robot feet were constantly slipping

in the backwards direction during the propulsion phase even at low frequencies (Fig. 2.9). We

included the effect of frequency-dependent claw slipping into the deterministic model described

above by stochastically modulating the peak force that a claw can provide against the ground.

The probability fit curves associated with the fit functions in Fig. 2.9 were used to determine the

peak claw force of a sticking event.

During the beginning of each propulsion stroke we randomly assigned the claw to either

stick, or slip dependent on the frequency of actuation and the measured probability of sticking or

slipping. If the claw was set to interact with with ground through sticking, we set F+ = Fhigh,

while if the claw was set to slip backwards, we set F− = Flow. This resulted in a range of

maximum propelling forces based on the status of claws:

F+
max,high = Fhigh +F−+Ff (2.18)

F+
max,low = Flow +F−+Ff (2.19)

To parameterize the force difference between slipping and sticking forces during the propulsion

phase we defined the ratio of F+ = Fhigh and F− = Flow as:

β =
F+

max,low

F+
max,high

(2.20)

Examination of the simulation behavior illustrates that inclusion of the frequency-

dependent stochastic effect of claw slipping during the propulsion phase was able to reproduce

the linear-plateau-linear speed-frequency relationship that we observed in experiment (Fig. 2.10).

The magnitude of β determines the relative disparity between the propulsion force while sticking

and while slipping. When β = 1 the slipping and sticking propulsion forces are the same, and
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when β < 1 then the slipping force is less than the sticking force (the most physically realistic

case). We found that by inclusion of this stochastic slipping behavior the simple model captured

the velocity behavior observed in experiment from low frequency to high frequency.

2.5 Discussion and outlook

We have presented the design of a millimeter-scale ground robot that operates using an

inchworm inspired push-pull actuation strategy. This robot is able to operate at frequencies

substantially higher than its biological counterparts or other previously developed worm-like

robots. This robot shows substantially different speed-frequency results when compared to the

theoretical predictions for deterministic push-pull locomotion. In particular the speeds we ob-

served were well below what would be observed from a deterministic push-pull model suggesting

potential complications to the modeling of claw-ground interaction. This discrepancy led us to

the observation that the anisotropic claws exhibited substantial slipping, and that the fraction

of time in which the claw was approximately stationary with respect to the ground diminished

with increasing actuation frequency. By measuring the frequency dependent probability for the

claw-ground states and including this into the model of push-pull locomotion we were able to

capture the speed-frequency behavior of this robot.

Slipping is a common phenomena in legged locomotion. Sometimes slipping can be

detrimental and result in falls or loss of thrust. However, slipping can also be beneficial as it

allows a claw to potentially slip to a stronger foothold. In simplified models of legged locomotion

we typically assume that the shear strength of a frictional foot-contact is determined by the

normal force and coefficient of friction at that foothold. However, as our experiments highlight

the shear resistance of frictional contacts can be variable and highly dependent on the claw

and ground geometry [127]. In our experiments the friction variability is likely due to the

heterogeneous structure of natural substrates such as the card-stock we use for our experiments.

The strength of a frictional contact will encompass a range of possible values determined by the
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means of contact formation (how hard or gently the contact is formed for example), as well as

the substrate heterogeneity.

Despite the significant foot slipping our robot exhibited it still was capable of relatively

fast locomotion, with a maximum velocity of 434 mm/s (24 body lengths/s). The rapid speed is

observed at the highest actuation frequency tested (250 Hz) and the speed-frequency trend is

suggestive that higher speeds may be achievable at higher frequencies. Comparison of locomotion

speed is complicated by the observation that smaller animals and robots tend to move faster

on a relative scale (body lengths/s) but slower on an absolute scale. Compared to similar sized

robots 3P is at the upper end of reported ground speeds for mobile robots that do not use wheels

(see [132] for a comprehensive review of body size normalized robot speeds). Thus, through

improvements in slip-resistance and actuation we may be able to achieve even higher speeds.

The high-frequency actuation of this robot enabled us to study a bio-inspired locomotion

model well beyond the biologically relevant actuation regime. Actuating a robot with a worm-

inspired locomotion strategy revealed that when foot slip is incorporated into a push-pull model

we observe a nonlinear relationship between speed and frequency. This is an example of a broader

class of experiments at the interface of biology and robotics which seek to use bio-inspired robots

to study principles of movement. For example, recent experiments with a milliscale legged robot

that is capable of actuation frequencies well outside the biological regime revealed a rich palette

of locomotion modes not observed in animals [65]. Experiments that seek to elucidate general

principles of locomotion will benefit from experimental platforms that encompass the range of

natural locomotion but also enable us to look at the extremes to determine how well our models

hold.
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Chapter 3

Soft microrobotic transmissions enable
rapid ground-based locomotion

In this chapter we present the design, fabrication, testing, and control of a 0.4 g milliscale

robot employing a soft polymer flexure transmission for rapid ground movement. The robot

was constructed through a combination of two methods: smart-composite-manufacturing (SCM)

process to fabricate the actuators and robot chassis, and silicone elastomer molding and casting

to fabricate a soft flexure transmission. We actuate the flexure transmission using two customized

piezoelectric (PZT) actuators that attach to the transmission inputs. Through high-frequency

oscillations, the actuators are capable of exciting vibrational resonance modes of the transmission

which result in motion amplification on the transmission output. Directional spines on the

transmission output generate traction force with the ground and drive the robot forward. By

varying the excitation frequency of the soft transmission we can control locomotion speed, and

when the transmission is oscillated at its resonance frequency we achieve high speeds with

a peak speed of 439 mm/s (22 body lengths/s). By exciting traveling waves through the soft

transmission, we were able to control the steering direction. Overall this chapter demonstrates

the feasibility of generating resonance behavior in millimeter scale soft robotic structures to

achieve high-speed controllable locomotion.
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3.1 Introduction

Millimeter scale robots (millirobots) have potential applications in the near future for

autonomous navigation and inspection in hard to reach environments [133]. Millirobots can

fit within narrow channels and confined spaces such as pipes, between walls, and within the

crevasses of rubble. Furthermore, millirobots also have the potential for large quantity production

and thus could be fabricated and deployed rapidly at the site of use [134].

Motivated by these applications, researchers have built numerous milliscale robots in

prior work [75, 135, 136, 137, 138, 139, 140]. As the scale of robots decreases such that

components or even the whole robot are one to several millimeters, standard parts, such as

bolts-and-nuts, gears, and rotary elements such as bearing, are no longer commercially available

or feasible for design. Novel methods have been developed to build robots at small scales over

the years. 3D printing technology has been used to build small-scale robots from the 6 g 3DFlex

robot [141] to a 1 mg legged microrobot [142]. The smart-composite-method [123, 124] has

been used to build a 1.7 g hexapod HAMR3 [137], a 3 cm flapping-wing MAV [143], and many

more examples. Similar origami approaches that utilize substantial material folding [144, 145]

have also been developed for miniature robots. Advances in smart materials have also enabled

development of millimeter scale soft-bodied robots [146].

Different ground locomotion methods have been adopted by millirobots in previous work

to adapt to various environments. Wheeled locomotion [135] is fast and efficient, however,

friction at the rotational joint becomes problematic as the dimension of a robot decreases.

Legged robots [136, 137] with multiple degree of freedom (DOF) limbs possess the advantage

of traversing rough terrain, while it also adds complexity to the robot fabrication. Vibration

driven bristle-bots [147, 148, 132] generate forward movement through angled spines. Crawling

motion inspired by caterpillar terrestrial locomotion is also used in ground robots [75], which

can be modeled as a two-anchor system in which two contact points successively push, and then

pull the body forward in a repeating pattern. Our robot utilized this push-pull motion to propel
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Figure 3.1. Millirobot with soft transmission. Two piezoelectric actuators are connected at their
base to a rigid carbon-fiber chassis. Passive hinges along the mid-line of the chassis allow the
robot to flex. The tips of the actuators are connected to a silicone soft robotic transmission. Pairs
of directional spines are attached to the output of the transmission.

itself forward.

Robots fabricated by rigid materials can provide precise and predictable motion. However,

the link-joint structure of rigid robots, even at the millimeter scale, can limit or even inhibit

novel dynamics that may be useful for locomotion purposes. Furthermore, generating complex

articulated motion with rigid robots requires multiple actuated DOF, which can be an extreme

challenge in micro robots with limited power and actuation capabilities. Lastly, microrobots

with their ability to explore confined spaces may further benefit from adopting soft robotic

components to enable abilities such as squeezing, stretching, growing, and morphing [149].

As an initial step towards bringing soft robotics components to millirobots we seek

to develop and study the locomotion capabilities of a vibrationally actuated soft transmission.

Many examples of soft robots and soft robotic components are fabricated from flexible, elastic

polymers such as silicone rubber. Silicone is an easily castable polymer that is capable of large

extension, is highly elastic, and is extremely resilient to a variety of adverse environmental
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conditions. For the purposes of locomotion the elastic properties of a soft robotic transmission

may enable optimal vibrational behaviors such as resonance for rapid locomotion. Furthermore,

a soft robotic transmission would be capable of a continuum of deformations, and thus actuation

could be programmed to generate complex vibrational wave forms through the transmission to

enable robot steering.

In this chapter we explore the capabilities of using a soft robotic transmission for genera-

tion of high-speed ground locomotion. We describe the design, fabrication, testing, and steering

control of a milliscale robot 20 mm in body length, that uses two pairs of spines attached to

an ellipse-shaped compliant soft robotic transmission. We present design parameters for the

soft transmission and measure its dynamic properties in experiments. Open-loop locomotion

experiments display fast relative speed capabilities of up to 22 body lengths/s. Steering control

is achieved by PZT actuator phase modulation.

3.2 Soft transmission design

PZT actuators have been widely used in micro robots because of their high power density,

fast response, steady performance, and high bandwidth [114, 117]. However, due to the stiff

materials they are composed of most PZT actuators have a limited deflection range and to achieve

larger deflection is often at the sacrifice of force output. Thus, integration of PZT actuators into

milliscale robots has spawned the development of novel displacement amplifying mechanisms.

3.2.1 Ellipse shape soft transmission

We chose an elliptical shaped soft robotic flexure as our base shape for our millirobot

transmission. The aspect ratio of the ellipse was chosen such that small amplitude deflection

inputs on the lateral sides of the transmission result in larger output deflections. We integrated

variable size cutouts into the ellipse transmission at the lateral and vertical quadrants. These

cutouts enabled more focused displacements at these regions and the control of the wall thickness,

t, at these cutouts enabled transmission stiffness control, Fig. 3.2a. Based on previous work
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Figure 3.2. Soft transmission design and fabrication. (a) Transmission dimensions. (b) Silicon
rubber soft transmission. (c) Building mold using micro mill. (d) Casting with Dragon Skin 20.
(e) Remove parts from mold.

of modeling flexure-based mechanism [120, 150], the transmission dimensions of x = 12 mm,

y = 6 mm can provide an amplifying ratio of approximately n = 2, as shown in Fig. 3.2a.

Although displacement amplification can result in a decrease of output force, our PZT actuators

can still provide sufficient driving force to the robot. A variety of shapes of soft transmissions

(for example diamond shaped, bridge shaped, as shown in Fig. 3.2e) were tested which turned

out to be equivalent to the elliptical shaped ones with different wall thickness, t. Thus we focused

on analyzing the influence of wall thickness on dynamic properties of the soft transmissions.

However, an opportunity we seek to explore in this soft transmission is how deviations from

link-flexure based rigid transmissions can be exploited for locomotion capabilities.

3.2.2 Soft transmission molding and casting

To fabricate the soft transmission we needed to be able to precisely generate negative

molds for them. The size of the transmissions prohibit 3D printing and instead we found

machining with a desktop mill to be an economical option. We fabricated molds from machine
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wax using a commercial micro mill (Othermill). We used an end mill of size 1/64 inch in

diameter which enabled us to build soft transmissions with flexure thickness t ranging from

0.5 mm to 1.0 mm. The machining process took approximately one hour and we generated five

molds for each transmission shape profile.

We used a commercially available silicone polymer, Dragon Skin 20, to cast the transmis-

sions. We mixed Dragon Skin 20 part A and part B at ratio 1 : 1 for 10 minutes and then poured

into the mold. The silicone rubber was set to rest and cure at room temperature for 4 hours. We

manually removed the transmissions after curing completion Fig. 3.2b. After removal from the

mold transmissions were ready to be integrated into the robot.

3.2.3 Soft transmission static stiffness

We used a finite element method (FEM) analysis to analyze the static stiffness of the

silicone rubber soft transmissions. We developed a 3D model of the transmission in SolidWorks

and then used built-in FEM analysis to generate a prediction of stiffness change with transmission

geometry. We observed that stress concentrations occurred at the cutouts of the soft flexure,

where its thickness is small, as would be expected. For the the thin walled transmission (0.5 mm),

the cutouts enabled the transmission to act somewhat like a series of four revolute joints and links

at the thin flexure. However, the larger thickness walls behaved more like a continuum elastic

structure with more homogeneous stress and strain distribution throughout the transmission. The

continuum motion of the transmission body enables shape control and contributes to steering

capabilities that wouldn’t be possible with a rigid joint-link transmission.

3.2.4 Soft transmission dynamic proprieties

As a first determination of the the applicability of a soft transmission for ground loco-

motion we measured the resonant oscillations of each transmission design. Experiments were

conducted to test the dynamic proprieties of a series of soft transmission with different flexure

thicknesses. We mounted each transmission between two symmetric bimorph PZT actuators
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Figure 3.3. Finite-element-analysis of the soft transmission results in an increasing stiffness
with increasing wall thickness. Above plot shows snapshots of stress during typical deformation.

with a fixed base. The actuators were driven by a sinusoidal voltage signal from 10 Hz to 260 Hz

to test the dynamic response of the soft transmission system and find out the optimal operating

frequency. Experiments with individual actuators have resolved their resonant frequency to

be above 1 kHz when not attached to a load. A high-speed camera was set up with a variable

frame rate equal to 20 times the driving signal frequency to capture the vibrational motion of the

soft transmissions as shown in Fig. 3.4a. We then tracked the input motion ∆x of the two PZT

actuators and the output motion ∆y of the soft transmissions by analyzing videos in MATLAB, as

shown in Fig. 3.4b. ∆x and ∆y are the change of distance of two actuating tips and two output tips.

The ratio of output amplitude to input amplitude reflects the transmission ratio of the amplitude.

We built 3 batches of each soft transmission design with different flexure thicknesses and

tested their dynamic properties individually. Figure 3.4c shows the frequency response of all soft
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transmissions with each trial overlaid. The dynamic behavior of soft transmissions from different

batches have quite consistent performances. The standard deviation of the soft transmission

input and output are 0.06 mm and 0.15 mm respectively. It suggests that wide-scale production

of milliscale soft robot components may be achieved through this process. The silicone rubber

soft transmissions act as mass-spring systems, and we observe that all transmission-actuator

combinations exhibit a resonance mode between 200 Hz to 260 Hz depending on their flexure

thickness. Predictions of the resonance frequency is complicated by the stiffness of the actuators

(which are in series with the transmission), and the varying transmission mass with varied

geometry. However, general trends may be observed such as the smaller flexure thicknesses

result in soft transmissions with lower effective stiffness, and a lower resonance frequency.

The transmission ratios at low driving frequency are approximately 2, which matches the

prediction from our transmission design. However, the ratios have a significant jump at the

system resonance frequency because the input and output amplitudes are larger and the working

range of transmissions has shifted. The large amplitude oscillations at resonance are an ideal

actuation target to potentially achieve high-speed ground based movement.

3.3 Robot design

3.3.1 Robot fabrication

The chassis of the robot is fabricated through the smart-composite-manufacturing (SCM)

process. The SCM process consists of laser cutting layers of structural, flexural, and adhesive

sheets, and then bonding them together. A final release cut removes the articulated component

with joints and links from the supporting scaffold. Furthermore, this same process can be used to

cut and fabricate piezoelectric actuators. Carbon fiber layers were used to build the structure of

the frame, while two passive Kapton hinges were created on the robot frame along the central

axis to couple the flexible bending of the soft transmission.

Two bimorph PZT actuators were used for actuation on our robot. The actuators are
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15 mm in total length, where the PZT plate is an isosceles trapezoid whose height is 10 mm

and two bases are 1.5 mm and 6 mm respectively. The two PZT actuators were assembled

symmetrically across the central axis of a carbon fiber SCM fabricated frame. The actuators

were rigidly attached to the frame with epoxy, and power wires were soldered to the base of the

actuators. The soft transmission with wall thickness, t = 0.8 mm, was attached to the actuator

tips using super glue carefully applied to the transmission edges. To enable ground traction, we

attached directional spines to the output of the transmission. The directional spines were made

by an array of copper wires of diameter 0.1 mm whose front ends were sealed in silicon rubber

while rear ends were bent to 45◦ with respect to ground. The dimension of the robot is 15 mm ×

20 mm and the weight is 0.4 g. The robot with a reference object is presented in Fig.3.1.

3.3.2 Robot locomotion

We conducted experiments to investigate the robot locomotion performance on sandpaper

of 1 micron grid size. The robot was driven by two PZT actuators at frequency from 10 Hz to

250 Hz, while its locomotion was captured by a high speed camera from above, as shown is

Fig. 3.5a.

For open-loop trials the two actuators were provided with two identical sinusoidal signals

at same amplitude and 0◦ phase difference. The robot trajectories of locomotion in the x−y plane

were recorded and shown in Fig. 3.5b. With no amplitude or phase difference of the actuator

control signals, the robot trajectories in the lateral direction demonstrate a random pattern which

was caused by the initial conditions of the robot, unpredicted ground reaction of the spines,

drag of the wires, and other side effects. However, across 39 trials we recorded the lateral (y)

deviation of the robot when it reached a forward distance of x = 50 mm. The mean value of the

robot lateral variation is approximately 0, as shown in Fig. 3.5c, which suggests the robot has no

steering preference in open-loop. However, the wide range in lateral deviation does indicate the

need for active feedback control of robot trajectory in future implementations.

Robot average velocities at different frequencies are shown in Fig. 3.5d. The sharp
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increase in speed that occurs as the frequency approaches 200 Hz matches closely the observed

dynamic response of the soft transmission. This indicates that despite ground contact and sliding,

the dynamic response of the robot appears consistent with that of the transmission-actuator

combination. If the robot is not slipping, the speed should be proportional to the fore-aft

amplitude of the transmission at the spines, multiplied by the stride frequency. The stride length,

which can be also treated as the transmission output ∆y, is relatively constant and low at lower

driving frequency. Therefore, the increase of speed at low frequency is largely a result of the

increase in driving frequency. We took the average of transmission output ∆y from 10 Hz to

110 Hz as the robot stride length at lower frequency, and drew the predicted model trend line in

Fig. 3.5d. The experiment data matches the model trend line pretty well. Robot velocity starts

diverging from the trend line with the increase of frequency because slipping is more severe at

higher frequency. The peak of the robot velocity at 130 Hz was caused by a secondary resonance

mode of the soft transmission which can also be found in the frequency response. However, the

robot reaches its maximum speed when it’s operating around the dynamic resonance frequency

of the transmission. Our recorded maximum average speed is 439 mm/s, equivalently 22 body

lengths/s.

3.3.3 Travelling wave in soft transmission

Robot turning behavior is a phenomenon that may utilize the soft behavior of the trans-

mission. The soft transmission made from silicone rubber has the ability to generate complex

shape change under different driving signals, which contributes to the turning of the robot.

Using high-speed visualization and tracking we measured this shape change to observe the soft

transmission shape change dynamics.

As shown is Fig. 3.6a, we describe the instantaneous shape of the transmission by the

radius R(θ) at given angle θ . R(θ) is the radial distance from the center of the ellipsoid

transmission to the contour of the transmission with an angle θ . When driving signals are applied

on left and right sides of the transmission, the transmission will deform, causing shape change of
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the transmission contour. We tracked the axis length change ∆R(θ) of the transmission over time

when it was driven by different signals. Heat maps were generated to depict the transmission

contour shape change, with color reflecting the value of ∆R(θ ). The x axis of the heat maps are

θ ranging from 0 − 2π; y axis is time over 3 driving cycles.

Piezoelectric actuation with simultaneous drive method [117] was used on the PZT

actuators where tip displacement of an actuator is a linear map of the driving signal applied.

When steering control was not engaged, i.e., two identical sinusoidal signals were applied to

the PZT actuators, the transmission moved symmetrically along the central vertical axis (where

θ = π/2). Thus, ∆R(θ) was also symmetric all the time, Fig. 3.6b.

When we changed the phase difference of the two sinusoidal signals, the shape change of

the soft transmission became more complex. The right actuator was set to have a 150◦ phase

lead ahead of the left one. A significant wave propagation was observed on the upper half rim of

the transmission, while extra glue between the transmission and actuators at lower half rim likely

limited the wave propagation motion. The wave motion is observed in Fig. 3.6b as the slope.

This wave motion of the soft transmission is key to the robot steering in phase control.

3.3.4 Robot steering

The open-loop results indicate that the robot will tend to deviate from a straight path if

left uncontrolled. Thus as a first step to implementing robot control we here investigate potential

actuation methods that enable robot turning. From the observation of travelling waves in the soft

transmission, we propose a robot steering strategy through phase control.

In phase control, we use phase differences between the left and right actuator to excite a

traveling wave from left to right, or right to left. We achieved controlled turning by changing

the phase difference of the two sinusoidal driving signals. The robot will turn left when the left

actuator has phase lead over the right one, while it will turn right when the right actuator has

phase lead over the left one. Since the turning control is symmetric, we tested only right turn

behavior in this experiment. We each conducted 5 runs with varied phase difference from 90◦ to
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Figure 3.7. Robot turning experiments. Left column: robot turning by phase control. Right
column: robot foot trajectory predicted by kinematic model.

150◦. Robot trajectories are shown in Fig. 3.7(top, left), based on which we estimated the turning

curvature (mid, left) and speed (bottom, left) for each run. The turning curvature increases with

the phase lead while speed decrease with phase lead.

A simple flexure-linkage model of the transmission provided an estimate of the foot

trajectories at different actuator phase lead/lag. When the phase difference is 0, the two actuators

move symmetrically, driving the feet forward and backward on a straight line. When phase

difference is introduced, feet trajectories become ellipse like, Fig. 3.7(top, right). We define

the ellipse axis aligned with the robot body as the forward axis while the ellipse axis on the

perpendicular direction as the turning axis. We also define the angle between the forward axis
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and the diagonal formed by the forward axis and the turning axis as the turning angle Φ.

The turning angle increases with the increasing phase difference between left and right

actuator control signals. The turning angle likely contributes to the the turning ability of the

robot. Comparison between robot turning curvature and the turning angle prediction in Fig. 3.7

shows good qualitative agreement between turning prediction and experiment. As the actuator

phase difference increases from 0, the forward amplitude of the transmission motion decreases.

We normalized the forward axis lengths at different phase difference to the maximum amplitude,

at phase difference of 0. We find that the fore-aft displacement of the transmission decreases

linearly as shown in Fig. 3.7(bottom, right). The decrease in amplitude reduces the effective

stride length of the robot, and thus this is likely the cause of the lower the speed during turning.

3.4 Conclusion

By combining smart-composite-manufacturing fabrication processes used for rigid robots,

with a micro-machining and casting method employed for soft robotics, we have attempted to

integrate soft robotic components into millimeter scale robots. Through dynamic characterization

we identify that the soft transmissions achieve resonant behavior around 200 Hz oscillation

frequencies. By driving these frequencies when the robot is in contact with the ground we were

able to achieve remarkably high-speed ground locomotion for a millimeter scale robot; capable

of moving at 439 mm/s which is equivalent to 22 body lengths/s, at resonance frequency. This

work has focused on the design and control of the soft transmission system to enable rapid

locomotion at resonant frequency and future work will explore integration of more soft robotic

structures into the robot design ultimately aiming towards soft millimeter scale robots capable of

high-speed movement.
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Chapter 4

Lateral contact yields longitudinal cohe-
sion in active undulatory systems

Many animals and robots move using undulatory motion of their bodies. When the

bodies are in close proximity undulatory motion can lead to novel collective behavior such

as gait synchronization, spatial reconfiguration, and clustering. Here we study the role of

contact interactions between model undulatory swimmers: three-link robots in experiment and

multilink swimmers in simulation. The undulatory gait of each swimmer is generated through

a time-dependent sinusoidal-like waveform which has a fixed phase offset, φ . By varying the

phase relationship between neighboring swimmers we seek to study how contact forces and

planar configurations are governed by the phase difference between neighboring swimmers.

We find that undulatory actuation in close proximity drives neighboring swimmers into planar

equilibrium configurations that depend on the actuation phase difference. We propose a model

for stable planar configurations of nearest-neighbor undulatory swimmers which we call the

gait compatibility condition, which is the set of planar and phase configurations in which no

collisions occur. Robotic experiments with two, three, and four swimmers exhibit good agreement

with the compatibility model. To study the contact forces and the time-averaged equilibrium

between undulatory systems we perform simulations. To probe the interaction potential between

undulatory swimmers we apply a small force to each swimmer longitudinally to separate them

from the compatible configuration and we measure their steady-state displacement. These studies
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reveal that undulatory swimmers in close proximity exhibit attractive longitudinal interaction

forces that drive the swimmers from incompatible to compatible configurations. This system of

undulatory swimmers provides new insight into active-matter systems which move through body

undulation. In addition to the importance of velocity and orientation coherence in active-matter

swarms, we demonstrate that undulatory phase coherence is also important for generating stable,

cohesive group configurations.

4.1 Introduction

The field of active matter has been inspired by the collective behavior of biological

systems [151]. The principles of these systems are that individuals move through self-propulsion

and that interactions occur through mechanical forces often mediated through hydrodynamic

or contact forces [152]. Animal groups across scales from bacteria [12, 153], insects [154, 16],

fish [19, 20], and birds [155, 156] exhibit coordinated movement patterns such as group flocking

and swarming. In groups of larger animals such as birds and fish the collective movements

are generated through visual sensory cues [22, 23] and hydrodynamic interactions between

the individuals [26, 27, 28, 29]. However, smaller scale systems such as swimming bacteria,

sperm, and worms, that often swim in higher group densities may experience repulsive contact

forces in addition to fluid interactions [30, 31, 32]. The role of contact interactions has been

extensively studied in simple models of active matter systems such as self-propelled rods and

particles [157, 158, 159, 160]. However, when locomotion is governed by an undulatory motion

the interactions between these self-propelled systems may be influenced by phase differences in

undulatory gait. In this work we study how the relationship between spatial configuration and

undulatory gait parameters influence the collective behavior of active undulatory systems.

Before introducing active undulatory systems we briefly review the physical phenomena

of active-matter and in particular of self-propelled particles. A self-propelled particle is an agent

that possesses an internal energy reservoir which can produce propulsion (see Ref. [161] for an
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extensive review). Groups of these particles can then interact through hydrodynamic, short- and

long-range potential, or contact forces and display collective behavior such as flocking, swarming,

and incoherent motion. Interactions through contact have been extensively studied in these

systems and often lead to positional and velocity alignment [159, 162, 163]. In most examinations

of the collective physics of self-propelled particles the agents themselves are propelled through

constant, time-invariant propulsion. Steering forces may vary with the environment [164, 42, 165]

or the other agents’ positions (as in the classic Vicsek model [166]), but still typically the

propulsion is slowly modulated or constant. Furthermore, the “body” shape of these particles

are typically simple spheres, rods, or ellipsoids, that have no articulating components (i.e. are

a single rigid body). This simplification while useful for analysis and simulation is a drastic

reduction of the complexity seen in living systems that often locomote through articulated body

and appendage motion.

In this work we define an active undulatory system as consisting of individuals that move

through body (or discrete joint) bending in which bending is propagated along the length of

the body. Undulatory locomotion is a common method of movement in biological systems

across scales from sperm [167] to snakes [89, 168, 169]. Undulatory body bending can be

three-dimensional with out-of-plane body movement such as snake sidewinding [63], however,

in this work we consider planar undulatory movement. A representative undulatory gait is

a simple traveling wave of body bending, y(x, t) = Asin(2πx
λ

+ωt + φ) that propagates from

head to tail. The undulatory movement occurs through movement in the lateral direction, y,

that propagates at wavespeed λω and with wavelength λ and frequency ω . However, when

considering the undulatory motion of more than one individual, an additional phase parameter φ

becomes necessary to describe the relative phases between the two systems. When swimmers

have identical phases they will be in synchrony, however, when phases differ the traveling wave

propagation will spatiotemporally differ which might result in forceful interactions between

individuals.

The simplest system that can exhibit undulatory, traveling-wave motion is the “three-
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b) d

Figure 4.1. Motivation and overview of gait compatibility among undulatory swimmers. a)
Large groups of swimmers experience contact interactions. b) Contact interactions among pairs
of undulatory swimmers confined to a lateral distance d require planar (∆x,∆y) reconfiguration
when there is a gait phase difference ∆φ .

link swimmer” (Fig. 4.1). This system consists of three rigid links separated by two actively

controlled joints. The three-link swimmer was first introduced by Purcell in his study of low

Reynolds number locomotion [170] and later analyzed in Becker et. al. in which the full

dynamical equations were introduced [171]. In the many years since its introduction the three-

link swimmer has been studied extensively as a model of undulatory locomotion on frictional

surfaces [172, 173], granular material [174], and within fluids [175, 176]. Undulatory locomotion

in a three-link swimmer is generated through oscillatory motion of the two joints, whose angles

[β1,β2] define a “shape-space” of the system [177]. A gait is defined as a closed trajectory

through this shape-space over a period of time T such that βi(t) = βi(t +T ).

Active undulatory systems have been studied in the context of agent-environment in-
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teractions such as collision with environmental features. Undulatory robots interacting with

posts display scattering phenomena that highlight the importance of active collisions between

active systems and the environment [178]. These authors define active collisions as mechanical

contact in which propulsive forces within the robot or animal create persistent contacts with

environmental features. These active collisions yield relationships between the incoming and

outgoing trajectory, dependent upon the undulatory phase and collision position. Similarly

microscale swimming bacteria that locomote through reciprocal flagellar movement interact with

patterned and flat walls through predictable scattering [179]. The contact interactions between

flagella and the wall redirect the swimmers and the gait-phase at contact governs this scattering

behavior. At a larger scale swimming nematodes (C. elegans) make repeated body contact with

obstacles when swimming through wet granular material [180] and arrays of fixed pillars [181].

The influence of these obstructions causes the animals to change gait and to generate slower

forward velocity. This previous work highlights how undulatory movement is influenced and

affected by interactions with the external environment. In particular the importance of gait phase

at collision suggests that the phase differences between two undulatory swimmers will play an

important role in the collective physics of these systems.

This work is inspired by recent observations of collective undulatory swimming in

nematodes [182], vinegar worms [183, 184], and sperm. These undulatory swimmers often form

clusters of high-density swimmers [30, 185], and the close proximity between individuals can

generate forceful interactions through hydrodynamics and contact. Hydrodynamic interactions

between microscale undulatory swimmers have been well studied (see Ref. [31] for an extensive

review). Interactions through a fluid can lead to long and short-range forces that drive spatial

clustering [32, 186] and synchronization phenomena [187, 188, 33, 189, 190]. When organisms

increase in size the role of hydrodynamic interactions is diminished, yet individuals may still

interact through contact. Recent experiments with vinegar worms [183, 184] and nematodes

[182] demonstrate that contact interactions can generate synchronization of the undulatory

gait. More broadly, contact interactions between undulatory systems can generate coherent and
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incoherent movement dependent on density, gait, and actuation parameters [40, 191, 192].

In the following work we study the planar dynamics of undulatory swimmers in close

proximity to determine the role of gait phase difference. In experiments we study the relative

planar positioning of robot “swimmers” in which the individual swimmers do not “swim” but

instead rest on a frictional surface. In simulations we studied swimmer groups that did swim

through viscous forces acting on them. In both robot experiments and numerical simulation we

find that as the phase difference between swimmers increases there is an increasing interaction

“force” along the longitudinal direction that pushes swimmers to a stable planar configuration.

This stable configuration is determined by the planar arrangement and phase difference and is

called the compatibility condition for undulatory motion. In the subsequent work we demon-

strate that compatibility governs the packing arrangements of undulatory swimmers, and when

swimmers are pushed out of compatibility their contact interactions attempt to drive them back

to compatibility. Ultimately this work highlights the importance of contact interactions and

critically gait phase on the collective behavior of active undulatory systems.

This chapter is organized through a series of robophysical experiments and numerical

simulation. In Sec. 4.2 we provide details for the robot experiments and numerical simula-

tion. The first observations are made with pairs of undulatory robots in Sec. 4.3.1 where we

demonstrate that phase differences between undulatory robots lead to longitudinal repositioning

of the robots. The details of the phase and spatial dynamics depend on actuation waveform

which is studied in experiment and simulation. From these experiments we develop a model in

Sec. 4.3.2 of spatial configurations that depend on gait which we call gait compatibility. The

gait compatibility model is based on an assumption of a smooth, sinusoidal body shape that

differs from the three-link robots studied in experiment and simulation and thus we next study

the role of body shape on compatibility (Sec. 4.3.3). We next study groups of three and four

robots to observe spatial dynamics in these collectives (Sec. 4.3.4). The robot group experiments

and the compatibility model suggest a packing density limitation with groups of swimmers at

different phases which is investigated in Sec. 4.3.5. Lastly, in numerical simulation we observe
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the basins of attraction of compatible configurations (Sec. 4.3.6) and we measure the “potential

energy” of these stable configurations (Sec. 4.3.7). This combination of robot experiments and

numerical simulation reveal that undulatory phase differences have a significant influence on

spatial configurations within undulatory active systems.

4.2 Methods

We performed robot experiments and numerical simulations to model the collective

behavior of undulatory “swimmers” that have rigid links coupled through rotational joints. We

studied the behavior of two and up to ten robots through experiment and simulation (Fig. 4.2).

4.2.1 Robotics experiments

The robot experiment set-up was designed to observe the collision interactions between

two to four swimmers. Each swimmer in an experiment was comprised of a three-link robot

(Fig. 4.2). Each robot had a three-dimensional (3D) printed body connected with two Dynamixel

AX-12A servo motors (Fig. 4.2a) with a total length, L = 51 cm. All servo motors were

programmed to oscillate with a sine function of constant amplitude and constant frequency (0.5

Hz). The servo motors were commanded to follow an angular trajectory that was controlled with

a proportional controller and a maximum torque of 1.5 Nm. To produce an undulatory motion,

d

d

b)a) c)l l

L

w

h

Figure 4.2. Overview of three-link robots. a) Geometry of the three-link system. Links are
length, l = 17 cm, height, h = 5 cm, and width, w = 2.5 cm. b) The joint angles, β1 and β2
are controlled through position-commanded servos. c) We studied groups of robots in a narrow
channel of variable width d.
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we generated a traveling wave along the length of the body with angular position of the ith joint

on the jth robot as

β
j

i = β0 sin
(

2πξ i
N

−2π f t +φ j

)
(4.1)

where i = {1,2} denotes the joint number and N = 3 for the three links of the robot (Fig. 4.2b).

j = {1,2,3, ...} denotes different robots. The ratio ξ = L
λ

is the number of wavelengths along the

body. In our experiments we varied ξ = [0, 3
4 ,1,

3
2 ]. The angular amplitude, β0, was held constant

at β0 = 45◦ in experiment and β0 = 40◦ in simulation. We conducted a set of sensitivity analyses

of the actuation parameters such as motor angular amplitude β0, motor controller proportional

gain KP, and swimmer body length L, in simulation. The results were consistent across a large

variation of these parameter values. The phase offset φ j is constant for each robot, but could

differ between robots, and represents the overall actuation phase of the robot. Thus the phase

difference between robots is represented by ∆φ = φa −φb.

The goal of this chapter is to study the spatial dynamics of undulatory swimmer groups

as they swim in the same direction (Fig. 4.1a). We emulated the effect of being within a group

by confining the robots to a narrow channel so that they are forced to interact with each other.

When the confining wall is not in place the robots will push each other away until they no longer

contact and interact. The confined environment was created using a fixed channel measuring

(slightly more than) one meter long and 13 cm wide (Fig. 4.2c). The robots rested on a frictional

surface and were confined laterally by two rigid walls whose separation distance, d, was varied

depending on the number of robots in the experiment. When robot pairs or groups are in the

channel they are able to move laterally (∆y) and longitudinally (∆x) with respect to each other

through contact. ∆x and ∆y were measured as the planar distance between the middle of the

central links between each robot. Because of the constraint of the narrow channel, the rotation

of robots was ignored. Each experiment consisted of placing the robots laterally in contact

(∆y = 1.5 cm) and at the same longitudinal position (∆x = 0). Video recording of the robot
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movements was captured from an overhead view. A meter stick was aligned along the channel’s

length to measure the robot locations measured at each robot’s center. At the start of each

experiment, the two robots were set to their elongated shape, with joint angles β
j

i = 0.

Through video tracking we measured the center position of all robots in the experiment.

We compute the center-to-center spacing between nearest neighbors to determine the lateral

and longitudinal spatial shifts that occur during undulatory movement. The motors were com-

manded to generate an undulatory gait for 15 oscillations (30 seconds). In robot pairs this

process was repeated for the varying phase shift in the two robot experiments, ∆φ , at values

[−1, −0.75, −0.5, −0.25, 0, 0.25, 0.5, 0.75, 1]π . Phase shift in three robot experiments was

set at values [−1, −0.5, 0, 0.5, 1]π . For the four robot tests the phase shifts were selected at

random. We additionally performed this measurement for varying wavelengths.

The robots did not have wheels or any other frictional anisotropy and thus they do not

“locomote” along a particular direction but rather undergo continuous traveling wave oscillation

while approximately remaining in the same spatial location. While the robots do not swim

in experiment, our focus in this chapter is the influence of contact interactions on the relative

spatial positioning between undulatory swimmers. In simulations we implemented viscous drag

forces on the swimmers to make them swim forward emulating being in a low Reynolds number

environment. We found good agreement between the experiment and simulation. Thus, despite

the robots not swimming through a fluid we believe their contact interactions are commensurate

with those of the swimming systems that inspired this work.

4.2.2 Simulation details

We performed simulations of undulatory swimmer groups to compare with experiment

and to extend analysis of this system beyond what is experimentally feasible. The system was

studied in the Project Chrono multibody physics simulation environment [193]. In simulation

the swimmers interacted through contact normal forces. Contact interactions in Chrono are

modeled using a discrete element method (DEM) framework. Chrono handles two forms of
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DEM, one in which only “rigid” interactions occur which are handled through complementarity

conditions that enforce nonpenetration between bodies (DEM-C). The second method, DEM-P,

models “soft” interactions and uses a penalty based method modeling contacts as overlapping

elastic bodies with elastic interactions. In our simulations we use the DEM-C method to handle

contacts. The DEM-C and DEM-P methods have been compared in Pazouki et. al. [194] in

addition to validation comparisons. Details of the DEM-C method in Chrono are described in

the appendix B and can be found in Pazouki et. al. [194], Heyn et. al. [195], and Tasora et. al.

[193]. In Chrono the swimmer links are modeled by rectangular collision shapes for collision

detection. We set the tangential friction to zero and normal coefficient of restitution to zero in

the simulations.

Viscous drag forces were applied to swimmer links to emulate the swimmers moving in a

low Reynolds number environment [196]. The drag forces applied to the moving swimmer links

are provided in the appendix. We modeled the position controlled servos in simulation through

torque actuation of the joints under a proportional position control (P gain = 0.15 Nm/rad) with

torque saturation to model the maximum torque capabilities of the motors. The torque saturation

in simulation was set to the same saturation of the experiment motors, 1.5 Nm. The motors

were commanded to follow the trajectories defined in Equation 4.1. We primarily studied groups

of 3-link swimmers consistent with experiment. However, we did perform simulations with

five-link, seven-link, and nine-link swimmers to understand how link number influenced spatial

dynamics.

4.3 Results and discussion

4.3.1 Spatial reconfiguration between robot pairs

We begin our investigation by studying pairs of robots in experiment and simulation. We

set the channel width to d = 13 cm to constrain the robots laterally and we perform experiments

with a phase difference between the two robots of ∆φ = φ1 −φ2 over the range of ∆φ ∈ [−π,π].
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Figure 4.3. Gait compatibility in undulatory swimmer pairs. a) Image of two undulatory
robot swimmers in experiment and illustration of longitudinal motion from contact interactions.
Illustrations are traced from experiment images. b) Steady-state longitudinal separation versus
phase difference between robot pairs with ξ = 1. Black diamonds are experimental results; green
dots are simulation results. Solid lines are compatibility predictions from equation 4.2. c) The
right column shows the simulation results with different ξ at three ranges. Experiment results
with ξ = [0, 3

4 ,
3
2 ] are included accordingly. The solid lines are the compatibility prediction.

We observe that robots with nonzero ∆φ experience a longitudinal displacement, ∆x, driven by

the contact interactions (Fig. 4.3a and b). The longitudinal separation, ∆x, was measured by

averaging the position difference of the robot centers in the last five periods where the robots

have reached a steady-state value for longitudinal spacing.

In the ξ = 1 experiments a phase difference between the two robots resulted in a change

in the steady-state longitudinal separation with an approximately linear relationship (Fig. 4.3b).

The slope of the ∆x
λ

versus ∆φ relationship was the same over different number of traveling

waves along the body between ξ = [3
4 ,1,

3
2 ] (Fig. 4.3b and c). However, when ξ was relatively

large or small we observed that deviation from this linear relationship (Fig. 4.3c, top and bottom

panels). Numerical simulations of two swimmers in a viscous fluid with identical geometries

agreed well with the experiment.
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4.3.2 A gait compatibility model for undulatory collectives

We hypothesize that undualatory swimmers actuated through a sinusoidal traveling wave

adjust their planar positioning to minimize contact interactions. We now derive a geometric

relationship between phase and planar configuration based on the assumption of minimizing

contact. We assume that the undulating motion of the three-link swimmer is represented by

a sinusoidal traveling wave of amplitude, A and wavelength, λ , and that there is no lateral

separation between the swimmers (∆y = 0; we will relax this assumption later). In the continuum

limit the lateral position of each swimmer is thus described by,

y1(x, t) = Asin
(

2π
x
λ
+ωt

)
y2(x, t) = Asin

(
2π

(x−∆x)
λ

+ωt +∆φ

)

We propose that an equilibrium configuration of undulatory swimmers occurs when the

two sinusoidal curves make tangential contact (i.e. they are just close enough to touch but do

not intersect) which is shown in Fig. 4.4a). For the case of no lateral separation this imposes the

single constraint, y1(x, t) = y2(x, t), which can be satisfied by a relative longitudinal displacement

between the two swimmers by an amount

∆x =
λ

2π
∆φ (4.2)

We call this condition the compatibility condition for undulatory swimmers, inspired by recent

experiments on swimming worms which introduced the term gait compatibility [182].

We plot the gait compatibility prediction along with the experiment and simulation

measurements in Figure 4.3b and c for the swimmer pairs. We find good agreement with the

model prediction when the number of wavelengths along the body, ξ , is close to 1. However,

as discussed in the previous section the observations from experiment and simulation differ

for large and small ξ . The gait compatibility model suggests that oscillatory swimmers with
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traveling wave actuation can swim in close proximity by adjustments to their longitudinal

position according to their phase difference. When ξ is small but non-zero the swimmer length is

substantially smaller than the commanded wavelength. In this case deviations from compatibility

can occur because the contact location predicted from sinusoidal curves is outside the range

of the finite body length of the swimmers. Thus, in theory they would interact but in actuality

with small ξ the interaction may not occur. Alternatively, when ξ is large there are multiple

wavelengths along the swimmer. Using a finite number of links to represent multiple wavelengths

will cause aliasing problems as ξ increases which can cause poor sinusoidal curve tracking and

thus deviation from the compatibility condition. This suggests the importance of traveling wave

actuation which acts to couple the lateral contact with longitudinal reconfiguration. In effect

the traveling wave actuation can force neighboring swimmers along the longitudinal axis and

drive them into appropriate compatible states determined by phase and planar spacing. We chose

ξ = 1 in rest of the simulations demonstrated in this work.

In deriving Equation 4.2 we did not consider the influence of a lateral separation distance,

∆y, on the allowable phase and longitudinal offsets in which compatibility is achieved. However,

in larger groups contact interactions may lead to density fluctuations [197]. These density

fluctuations may increase the range of compatible ∆φ . Here we now derive the full compatibility

relationship that governs the allowable lateral, longitudinal, and phase offsets for two compatible

sinusoidal gaits.

We again assume two swimmers oscillating as spatial sinusoidal waves and we now

include the longitudinal (∆x), phase (∆φ ), and lateral (∆y) offsets

y1(x, t) = Asin
(

2π
x
λ
+ωt

)
(4.3)

y2(x, t) = Asin
(

2π
(x−∆x)

λ
+ωt +∆φ

)
+∆y (4.4)

We assume that ∆y > 0 and thus swimmers that are in compatibility satisfy the equation y1(x, t)≤

y2(x, t) (Fig. 4.4a). However, the boundaries of the compatible states occur when two sinusoidal
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Figure 4.4. Contact compatibility criteria. a) An overview of the phase-range (∆φ ) for compatible
sinusoidal curves that are separated by a ∆x and ∆y displacement. b) The three-dimensional
representation of the compatibility criteria represented by equation 4.5. The shaded region above
the solid blue curves are allowable configurations of gait compatibility. As the lateral separation
distance increases (vertical axis, ∆y

2A ) the range of compatible phases increases. c) We show cross
sections of the compatibility condition at three different lateral separations: ∆y

2A = [0.2,0.5,0.9]
from top to bottom. When ∆y

2A > 1 any combination of ∆φ and ∆x will be in compatibility. d) Dots
indicate the steady-state longitudinal separation between two three-link swimmers in simulation
with ∆φ = 0 as a function of wall width. The shaded area is drawn to guide the eye and represents
the growing compatibility region as lateral spacing is allowed to increase.

curves make tangential contact, which imposes the following two constraints, y1(x∗, t) = y2(x∗, t),

and y′1(x
∗, t) = y′2(x

∗, t) where prime denotes derivative with respect to x, and x∗ is the contact

location. Solving this equation for the allowable phase offsets between neighboring swimmers

yields the following inequality relationship

|∆φ − 2π

λ
∆x| ≤ 2

∣∣∣∣arcsin
(

∆y
2A

)∣∣∣∣ (4.5)

When ∆y = 0 this yields the previous equality in Eqn. 4.2 between ∆x and ∆φ . However, as ∆y

increases there is a growing range of allowable phase offsets in which two undulatory swimmers

can be in gait compatibility and not make contact (Fig. 4.4a).

We show samples of the compatibility condition for varying ranges of lateral separation in

Fig. 4.4b,c which highlights the growing region of compatible phase and longitudinal separation
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as lateral distance increases. The gait compatibility described here is somewhat similar to the

hydrodynamic synchronization of infinite two-dimensional undulating sheets studied by Elfring

and Lauga [198]. In that work, the two sheets could freely displace longitudinally through

fluid force interactions and the authors demonstrated that the sheets always converged to a

relative in-phase or antiphase configuration depending on waveform. However, there is a critical

difference between this work and the case of systems that interact through hydrodynamic forces.

When two swimmers are within gait compatibility, they do not contact each other and thus are

entirely decoupled. Small perturbations to their position or phase, as long as they are not pushed

out of compatibility (and thus into contact), will persist, indicating that the compatibility state is a

neutrally stable configuration. The interaction through contact means that there is a discontinuity

at the boundary between states where the swimmers can interact, and states where they cannot

interact.

To observe how the compatibility states change when the swimmer separation distance is

increased we performed simulations for ∆φ = 0 with initial conditions ranging from ∆x
λ
∈ [−1,1].

We observed the final longitudinal separation distance as a function of the initial conditions and

confinement. We normalize the confinement wall distance, d, by the peak-to-peak oscillatory

amplitude of the undulatory body wave such that when d
2A > 2 swimmers through initial contact

can push each other away and out of compatibility without the wall confinement to bring

them back into contact. In theory, confinement distances d
2A < 1 are not possible because the

undulatory gait is obstructed. Increasing the confinement wall distance increased the range of

final longitudinal spacing observed between two swimmers (Fig. 4.4d). The central compatibility

state broadened indicating that swimmers could compatibly move within a range of longitudinal

separations without contact. This is in accord with the predictions from the compatibility model

(Eqn. 4.5) in which non-zero lateral separations (∆y > 0) allow for a range of solutions to the

compatibility conditions. In practice there will always be lateral spacing in active assemblies and

this highlights a novel aspect of contact-mediated interactions because once in the compatible

state the swimmers no longer can interact until pushed back out of compatibility.
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Figure 4.5. Gait compatibility simulations of two swimmers with 3, 5, 7, or 9 links from left to
right (a-d). As the link number increases the longitudinal separation versus phase difference (red
circles) show good agreement with the compatibility prediction (solid-lines). e) Bottom figures
i-v show example configurations of two 9-link swimmers. Red circles represent swimmer pairs
that reached the compatibility condition (ii, iv); blue diamonds represent swimmer pairs that
separate longitudinally with each other (i, v), green squares represent swimmer pairs that are
jammed with each other(iii).

4.3.3 Increasing link number yields better agreement with compatibility
model

In both experiment and simulation we noticed that the relative equilibrium of the longi-

tudinal spacing, ∆x formed discrete clusters along the compatibility prediction line while the

prediction from a sinusoidal model is a linear phase-displacement relationship. We hypothesized

that this model error was the result of the poor approximation of a sinusoidal shape by the

three-link system. To determine how link number influenced compatibility we studied five-,

seven-, and nine-link swimmer pairs in simulation and we found that increasing the linkage

number produced an increasingly linear compatibility relationship with increasing link number

(Fig. 4.5). The root mean square (rms) error of the simulation compatibility separation and

the prediction (Eqn. 4.2) decreased with increasing link number (rms error from compatibility

condition = [0.084,0.063,0.044,0.039] for the [3,5,7,9] link swimmers, respectively). The

decreasing error with increasing link number is a result of the discretized body-shape in the

three-link swimmers. The compatibility model assumes a perfectly sinusoidal body shape,

however, with only three-links the body undulation is not quite sinusoidal. However, as we add
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more links this assumption becomes better so does the gait compatibility model.

4.3.4 Experiments with three and four robot pairs

To examine how larger groups of undulatory swimmers arrange spatially we performed

experiments with groups of three and four robots (Fig. 4.6a). We widened the channel to

d = 19 & 22 cm for three and four robot experiments and set ξ = 1. The robots are initialized

with ∆x = 0 and all joint angles set to zero. We begin undulatory actuation for the robots and

we monitor the lateral and longitudinal displacement from an overhead camera (Fig. 4.6a). We

observed the same overall behavior in robot groups as in robot pairs: phase differences between

neighboring robots resulted in longitudinal repositioning until the group reached an overall

steady-state spatial configuration. Examining the nearest neighbor ∆xi,i+1 versus ∆φi,i+1 we

observe reasonably good agreement with the compatibility predictions (Fig. 4.6b). However, in

both the three and four robot groups we do observe relationships of ∆x
λ

vs ∆φ that lie in between

the compatibility states (dashed line in Fig. 4.6b). Visual inspection of these experiments

suggests that these data points represent configurations that are effectively “stuck” in between

the two compatible configurations. In states lying along the dashed line it requires an equidistant

longitudinal shift in either the positive or negative to reach compatibility and thus this the

interactions that drive the robots to compatibility may conflict along this line and cause them to

remain stuck. These dynamics will be explored further in Section 4.3.6.

The variation in the longitudinal position was larger in the group experiments compared

with the robot pair experiments suggesting potential collective effects present in the three and

four robot experiments that were not captured in the pair experiments. The principal influence

of this variance from the compatibility prediction is the larger lateral spacing afforded to the

larger robot groups. As the swimmers push each other they may arrange into high and low

density configurations leaving lateral space for some robots, which thus increases the range of

compatible phases allowable (Eqn. 4.5). We will explore how density influences phase variance

in the next section.
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Figure 4.6. Gait compatibility in larger robot groups. a) Image of a four robot experiment at
the beginning (top) and in the middle of the experiment (bottom). b) Steady-state longitudinal
separation versus phase difference groups experiments with three (red squares) and four robots
(blue circles). Solid lines are compatibility predictions from equation 4.2.

4.3.5 Gait compatibility influences spatial packing

Contact interactions among the collective undulatory swimmers drive them into compati-

ble configurations. However, the range of available compatible configurations increases as the

lateral spacing increases and thus we expect that the group density will influence the allowable

phase and spatial variance in groups. To address this question we studied the packing configura-

tions of large groups of three-link swimmers in simulation to determine the relationship between

group phase variance and packing density. We used a short channel to confine the swimmers

longitudinally by a distance of 1.1L constraining the ability to longitudinally reconfigure. We
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Figure 4.7. Lateral density is influenced by phase variance in undulatory groups. a) A rep-
resentation of a group of undulatory swimmers separated laterally (the vertical direction) in
tangent contact with phase variation. b) A heatmap of time averaged absolute value of joint error
induced through collisions within a swimmer group for varying normalized lateral density, ρ̃

(y-axis) and the range of phase variation (x-axis). Blue circles indicate the measured joint error
threshold below which contact typically does not occur in the group from simulations. Error
bars represent the standard deviation of the mean taken over five-periods. c) A heatmap of time
averaged magnitude of contact forces induced through collisions within a swimmer group. Blue
circles indicate the baseline contact force threshold between a swimmer and the wall. Error bars
represent the standard deviation of the mean taken over five-periods. In both b) and c): The red
curve is a Monte-Carlo estimate based off of the compatibility equation. The dashed green curve
is the calculation from the math model Eqn. 4.10.

initialized 50 three-link swimmers within a channel of fixed lateral width (Fig. 4.7a) and we

measured the spatial positioning, and the deflection of the rotational joints from their commanded

trajectory (joint error). The swimmers were all oriented along the direction of the channel length

so that they only interacted through lateral collisions and their orientations were approximately

the same. We varied the lateral confinement distance and the range of gait phases to observe how

spatial and phase variance influences the packing and contact interactions between groups of

undulatory swimmers.

We characterized contact interactions between swimmers by monitoring both the joint

error, and the contact forces. The joint error is linearly proportional to the joint torque in the

joint control system, and thus this is a metric of contact interactions between swimmers. Since

joint error varies from positive to negative through an oscillation cycle we take the absolute value

of all joint errors and time average over five periods. When the swimmers are not in contact the
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joint error is approximately zero (viscous drag causes the error to never reach zero). However,

when the lateral density is increased the swimmers begin contacting each other and causing

the joints to deviate from their assigned motion. We examine the influence of phase-range

and lateral density on the packing behavior of the swimmers (Fig. 4.7b). For a fixed density,

increasing the phase-range resulted in an increase in the overall joint error of the swimmers in

the group indicating collisions and non-compatible space-phase relationships. Similarly, for a

fixed phase-range increasing the density caused an increase in joint error.

We characterized the compatibility threshold in simulations by determining for each

phase-range and density combination whether the mean joint-error was above that of an individual

swimmer (threshold of 0.01 rad.). The compatibility threshold from simulations is shown in

blue circles in Figure 4.7b, where error bars are the result of 5 replicate simulations. As the

lateral density or the phase-range increases the mean joint error increased. The threshold curve

from direct simulations appears to follow an inverse relationship between lateral density and

phase-range.

In addition to measuring joint error we also measured the average contact forces between

swimmers in numerical simulations. We averaged the contact forces across all swimmers over

five periods of oscillation to determine how large the contact interactions are. Similar to the joint

error (Fig. 4.7b) we observe that as density and phase variation increase so does the average

contact force between swimmers (Fig. 4.7c).

To investigate the relationship between gait phase variance and the lateral packing density

we now model the swimmers as single-period sinusoidal curves (i.e. ξ = 1). We first analyzed

this system through a Monte-Carlo (MC) approach to estimate the phase-density threshold curve.

The MC method consisted of the following steps: 1) Draw 3000 random samples phases, φi,

from a uniform distribution between 0 and φmax. 2) Set the first sinusoid at y1(x) = sin(x+φ1).

3) Determine the required ∆y2 so that y1 and sinusoid y2(x) = sin(x+φ2)+∆y2 make tangent

contact (i.e. are as closely spaced in y-direction as possible without overlap). ∆y2 is the neutral

lateral position of sinusoid y2. 4) Repeat the previous step for all remaining swimmers with
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phases from the 3000 randomly drawn list. 5) The total lateral space occupied by the group is

∆y3000. The lateral packing density is given as, ρ̃ = N
∆y3000

. We repeated the whole process above

100 times to estimate the ρ(φmax) curve reported in Figs. 4.7 b and c. For example, Fig. 4.7a

provides a snapshot of a group of sinusoidal swimmers whose phases were randomly selected

between [0, φmax] and are in perfect tangent contact. In Figs. 4.7b and c we plot the MC estimate

of ρ̃ shown as the red curve. The MC estimate shows qualitative agreement with the estimated

threshold from the three-link simulations.

Lastly, we perform a direct analysis of the phase-density relationship of sinusoidal curves

to exactly compute the compatibility packing threshold. We assume a group of sinusoidal

curves with random, uniform phase distribution in the range φi ∼U(0, φmax). We set ∆x = 0 in

Equation 4.5 and rearrange to the following

∆y
2A

= sin
(

∆φ

2

)
(4.6)

For a swimmer group with phases drawn at random from the uniform distribution φi ∼U(0, φmax)

the expected swimmer separation in the y direction can be derived from Equation 4.6

N

∑
i=1

|∆yi|
2AN

=
1
N

N

∑
i=1

∣∣∣∣sin
(

∆φi

2

)∣∣∣∣
=

∫
φmax

−φmax

∣∣∣sin
( s

2

)∣∣∣ fpd f (s)ds (4.7)

where s = ∆φ and fpd f (s) is the probability distribution of the phase difference. Since φi ∼

U(0, φmax), ∆φ follows a triangle distribution between [−φmax, φmax] which is symmetric about
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the y axis.

ỹ
2A

=
∫

φmax

−φmax

∣∣∣sin
( s

2

)∣∣∣ fpd f (s)ds

= 2
∫

φmax

0
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( s

2

)∣∣∣ ( 1
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− 1
φ 2

max
s)ds

=
4

φmax
−
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(

φmax
2

)
φ 2

max

=
4

φ 2
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(
φmax −2sin

(
φmax

2

))
(4.8)

We now calculate the expected lateral distance (Y ) required for a group of N swimmers,

considering the swimmer body width w

Y = Nỹ+Nw

=
8AN
φ 2

max

(
φmax −2sin

(
φmax

2

))
+Nw (4.9)

Thus the expected lateral density with all swimmers in compatibility is ρ = N/Y and the density

normalized by the peak-to-peak oscillatory amplitude is given by ρ̃ = 2AN/Y which yields

ρ̃ =
φ 2

max
w
2Aφ 2

max +4φmax −8sin(φmax
2 )

(4.10)

We see in Figure 4.7b, c that the expected value calculation agrees extremely well with

the Monte-Carlo simulation. Furthermore, we can examine the extremes of the density variation

and their effect on packing density. When φmax = 0 the non-normalized density becomes ρ = 1
w

which corresponds to the maximum packing density of the swimmers in contact with each other.

Overall we find that as the phase variation within a swimming group increases the required lateral

density within the group must decrease or else swimmers will collide with each other. This

relationship provides compelling motivation for animal and engineered swarms of swimming

agents to synchronize their gaits to achieve higher density groups.
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4.3.6 Compatible configurations have a broad basin of attraction

Swimmers in non-compatible configurations are pushed into compatibility through

contact interactions. In the idealized situation in which swimmers are represented by sinusoidal

body position the compatible configuration is a relative equilibrium where contact no longer

occurs. In this section we study how the initial longitudinal separation, ∆x, and phase detuning,

∆φ , influence the final state reached by the pair of undulatory swimmers. We study this for the

case of close proximity with wall separation d = 13 cm where contact interactions are reinforced

by the close proximity (i.e. swimmers cannot push each other away laterally).

In a first example we study the spatial evolution of five different initial conditions of

longitudinal separation, ∆x0 (Fig. 4.8a). The phases are the same for these swimmers (∆φ = 0)

and so the compatible configuration is ∆x = 0. Initial separation distances that are far away

from the compatible separation (|∆x0| > 0.3) are pushed away from the ∆x = 0 compatible

configuration as the swimmers repel each other along the longitudinal axis. However, when

the initial separation distances are closer (approximately |∆x0| ≤ 0.3) the swimmers experience

an effective attractive interaction force in the longitudinal direction and ultimately end in the

compatible state for their phase difference.

We study the evolution of longitudinal separation across the full range of relevant initial

separation and phase differences. From each initial condition we compute the total longitudinal

position change, ∆x f −∆x0 and plot the heatmap of this value (Fig. 4.8b). Non-zero values of

longitudinal position change represent scenarios where interaction forces drive the swimmer

pairs to compatibility conditions. Zero values represent the attraction regions. It is interesting to

note that while the only interactions between the swimmers are through repulsive contact forces,

the confinement and the traveling wave shape change results in regions of longitudinal attraction

between the swimmers, effectively a cohesive force between swimmers. This attractive potential

will be further studied in the next section.

From the position change map we can clearly see why the three-link swimmer exper-
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Figure 4.8. Compatible configurations minimize the contact between swimmers. a) We envision
that longitudinal dynamics are governed by a potential energy landscape dependent on the phase
difference between swimmers. Swimmers initialized with ∆φ = 0 and different longitudinal
positions (∆x0/λ ) evolve to one of three compatible configurations dependent on initial position.
All initial positions |∆x0/λ | ≤ 0.3 evolve to ∆x f /λ = 0 b) Heatmap represents the distance
traveled from initial condition to compatibility, ∆x f −∆x0 for three-link swimmers. c) Heatmap
represents the distance traveled from initial condition to compatibility, ∆x f −∆x0 for sinusoidal
swimmers. The solid lines are the compatibility lines. The dashed lines separate regions of
attraction between the middle and outer compatibility lines.

iment exhibited the clustering along the ∆x axis (Fig. 4.3b, and Fig. 4.5a). The minimum of

the interaction “potential” does not follow the compatibility prediction from the sinusoidal

calculation, and instead follows a stair-stepped shape along the ∆x vs. ∆φ parameter space

(Fig. 4.8b). To determine how the three-link swimmer position change map differs from the

sinusoidal prediction we compute the longitudinal position change required for two sinusoidal

curves to come in to compatibility when ∆y = 0. For two sinusoidal curves, the longitudinal

displacement required to reach compatibility is the minimum ∆x f that results in the compatibility

condition (y1 − y2 = 0; from Equations 4.3 and 4.4). In Figure 4.8c we show the displacement

required to reach compatibility for two sinusoidal curves. The basins of attraction for the different

compatibility lines are shown as solid lines of the same slope in Figure 4.8b. Along the dashed

lines we observe that the minimum distance for compatibility undergoes a discrete change in sign.

An initial condition slightly below the upper dashed line will evolve to the central compatibility

line while an initial condition slightly above the upper dashed line will evolve to the upper

compatibility line.
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4.3.7 Potential energy modeling of compatible configurations in simula-
tion

To gain insight into the forces two swimmers experience when not in compatibility

we performed simulations. In a first set of simulations we constrained the mid-point position

(but not orientation) of two three-link swimmer’s middle link so that swimmers could interact

through contact forces but could not move their central position laterally or longitudinally. We

arranged swimmers with lateral separation, ∆y = 3 cm and longitudinal separation ∆x = 0. In

this arrangement ∆φ = 0 is the compatible configuration. In a sweep of simulations we varied ∆φ

conditions and measured the time-averaged contact forces between swimmers over five periods.

The compatibility condition coincided with a minimum in the contact forces (Fig. 4.9a) while

detuning phase resulted in an increase in contact force. This observation indicates two important

points: 1) as expected contact interactions drive the spatial dynamics in this system, and 2) the

system evolves to a state which minimizes the contact interactions among these active undulatory

swimmers.

We hypothesize that the time-averaged contact dynamics between swimmers can be

considered as an effective interaction potential with a minimum at compatibility. To measure the

effective potential of the compatibility configurations in simulation we allowed two swimmers

with ∆φ = 0 to reach compatibility and then we applied a constant longitudinal separating force,

δF , to each swimmer in opposing directions (Fig. 4.9b). The separating force, δF , was applied

to each swimmer by applying a force of δF/3 to the center of mass of each link on the simulated

swimmers. We observed that the swimmers separated by a longitudinal distance δx in the

presence of this force and for small δF this position was sustained until the force was removed

(Fig. 4.9b). Thus, through the force perturbation we can probe the potential energy basin of the

compatible configuration for ∆φ = 0.

In simulation we varied δF and measured δx over a range of confinement wall distances

to observe the cohesive interaction. We observed a linear relationship between the applied
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force and the steady state separation suggesting that compatible configurations act like a simple

harmonic potential (Fig. 4.9c). We fit the “stiffness” of the compatible state as δF = k(δx−δx0)

where k is the interaction potential and δx0 is an offset. The offset δx0 represents the ability for

systems with large enough lateral spacing to be found over a range of longitudinal separation

distances (∆x) when in compatibility. As we continue to increase the separating force, δF , the

average interaction force between the swimmers is no longer able to hold them together and they

will separate longitudinally. In this case the swimmer pairs eventually separate and decouple

from each other.

We measured the time it takes for swimmers to separate by a center to center distance of

L under different forces and confinement distance. The separation time increases with decreasing

δF (Fig. 4.9d). When there is no lateral constraint, the escape time was estimated and shown

as the black line which is linear (slope = -0.99) on log scale as shown in the inserted plot. We

can provide rationale for this inverse behavior between applied force, δF , and separation time.

In the absence of contact forces the separation time can be estimated through the relationship

between applied force, ±δF , and viscous force through the following quasi-steady relationship

δF =ηavg
∆x
∆T . This can be reformulated into the time to separate as ∆T =ηavg

L
2δF which displays

the inverse relationship between separation time and force. In this equation ηavg represents the

period-averaged projected drag coefficient on the swimmers along the direction of motion, and

∆x = L
2 since both swimmers separate by ±L

2 to achieve a total separation of one body length, L.

We found that the cohesion stiffness, k, of the compatible state decreases with increasing

wall width and becomes increasingly large as the confining wall spacing decreases (Fig. 4.9e).

Furthermore, the range of displacements with zero interaction force (δx0 > 0) qualitatively

follows the compatibility condition (Eqn. 4.5) which is shown in the dashed line of Figure 4.9f.

These simulations indicate that compatible states are neutrally stable configurations and a linear

interaction force drives swimmers into compatibility. The boundary of the neutral region, δx0,

likely lies below the prediction from the compatibility model due to the three-link geometry of

the swimmers. This is similar to the comparison of the sinusoidal and three-link compatibility
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Figure 4.9. Cohesive longitudinal interactions depend on confinement. a) Magnitude of contact
force between two swimmers during five periods of oscillation, with initial conditions ∆x = 0
and ∆φ varied from −π to π . The contact interaction force grows with compatibility detuning.
Dots represent mean contact force and error bars are standard deviation. b) The cohesive
magnitude of the compatible configuration was measured by applying equal and opposite
perturbation forces, δF . The separation distance from compatibility, δx, is measured. c) Force-
displacement relationship for nine confinement distances of wall widths (0.10 m to 0.18 m in
0.01 m increments). Error bars represent the standard deviation of δx at applied δF . d) Escape
time for wall widths (0.12 m to 0.18 m in 0.01 m increments). The black curve represents
the escape time without walls. Error bars represent the standard deviation of escape time. e)
Effective interaction spring constant as a function of wall width. Error bars represent estimated
spring stiffness with 95% confidence bounds. f) Offset distance (δx0) as a function of wall width.
Error bars represent estimated δx0 intersection with 95% confidence bounds.

basins in which effects of the discrete link geometry cause the observations to deviate from

theory.

4.4 Summary and conclusions

In this chapter, we studied the role of contact interactions between undulatory swimmers

in experiment and simulation. We found that contact interactions among confined swimmers

drive them to stable spatial configurations called compatible gaits (originally introduced in [182]).
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The compatibility criteria is determined by the lateral spacing and phase difference between

swimmers. We found considerable agreement between the compatibility model prediction and

the experiment and simulation results. Compatible gaits are relative equilibrium configurations

with time-averaged interactions that have a linear force-displacement relationship along the

longitudinal axis and are approximated as a harmonic potential well.

Similar cohesive interactions have been observed to occur in other active, collective

systems. However, such interactions are often mediated through a fluid and thus the interaction

forces on the bodies can be exerted over long distances and smoothly decay as separation

increases. For example recent work has found that the spatial arrangements of undulatory

swimmers inspired from fish schools are cohesive, with a strength of interaction that is dependent

on the actuation dynamics and spatial positioning [199, 200]. Linear perturbations of these simple

swimmers yielded linear interaction forces that were approximated as harmonic potentials [199,

200]. Experiments with tandem undulating foils also demonstrate stable spatial configurations of

the foils mediated through fluid mechanics [26] and stable but discrete swimming speeds [27]. A

fundamental difference in contact-coupled systems is that once out of reach, interactions can

no longer occur. In theory long-slender swimmers in gait compatibility could be infinitesimally

close and yet not have any physical interactions because they do not make contact.

This work was inspired in part by the observations of small undulatory worms and their

collective swimming behaviors when in close proximity. Pairs of the nematode C. elegans were

studied in a confined channel (much like in the experiments reported here) and were observed

to adjust their undulatory gait to match their neighbor’s gait [182]. The authors in that work

argue that the nematodes are too large for hydrodynamics to be important and thus it must be

contact that is driving the gait dynamics. We acknowledge there are competing theories for why

such synchronization occurs in these worms [201], and that close-range fluid interactions may

be important, however, these counterpoints do not contradict the work we have presented here.

Similar collective undulatory gaits have been observed in the vinegar eels (Tubatrix aceti) [184]

in which case the authors present a modified Kuramoto model that emulates the effect of steric
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interactions to describe the gait adjustment. In this work we do not allow for phase modulation

of the swimmers, and only spatial rearrangement. However, this scenario is quite similar to the

studies of infinitely long oscillating sheets that do not change undulatory phase but can re-align

spatially and which are commonly referred to as “synchronized” in the literature [198].

In this work we focused on planar motion because the systems we are inspired by (C.

elegans, undulatory robots, etc) typically move in a planar fashion. However, for example the

sidewinding motion of snakes and snake-robots [63] occurs in 3D and there might be interesting

collective states associated with the interactions of the “corkscrew” shape of the sidewinders.

Similarly, we focused on relatively high-density and aligned states of undulatory swimmers, a

kind of “undulatory nematic state”. However, at lower densities the rotational orientations of the

swimmers will become important and may lead to other interesting collective states.

This work is inspired from the broad areas of active matter systems, granular materials,

and robotics. The convergence of these themes has been of significant interest in recent years

because the stochastic behaviors of interacting robotics systems can be exploited for robust,

redundant, and resilient robots. Recent studies of robotic active matter such as smarticles

[202] and stochastic particles [203] have highlighted how emergent collective behaviors can

be designed and tuned through local contact interaction rules. The role of contact interactions

among shape-changing active matter systems may have applications in designing collective robot

swarms that operate in close proximity. Building large functional systems from many constituent

parts is not new in robotics and has gone under the titles of modular, reconfigurable, and swarm

robotics over the years (See [204] and [205] for reviews). However, recent connections drawn

between these robotic collectives and active matter physics [206, 207] suggest novel and fruitful

intersections between these fields in the years to come.
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Chapter 5

Collective synchronization of undulatory
movement through contact

Many biological systems synchronize their movement through physical interactions. By

far, the most-well studied examples concern physical interactions through a fluid: Beating cilia,

swimming sperm and worms, and flapping wings all display synchronization behavior through

fluid mechanical interactions. However, as the density of a collective increases, individuals may

also interact with each other through physical contact. In the field of “active matter” systems, it

is well known that inelastic contact between individuals can produce long-range correlations in

position, orientation, and velocity. In this work we demonstrate that contact interactions between

undulating robots yield novel phase dynamics such as synchronized motions. We consider undu-

latory systems in which rhythmic motion emerges from time-independent oscillators that sense

and respond to an undulatory bending angle and speed. In pair experiments, we demonstrate

that robot joints will synchronize to in-phase and antiphase oscillations through collisions, and a

phase-oscillator model describes the stability of these modes. To understand how contact interac-

tions influence the phase dynamics of larger groups, we perform simulations and experiments of

simple three-link undulatory robots that interact only through contact. Collectives synchronize

their movements through contact as predicted by the theory, and when the robots can adjust

their position in response to contact, we no longer observe antiphase synchronization. Lastly we

demonstrate that synchronization dramatically reduces the interaction forces within confined
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groups of undulatory robots, indicating significant energetic and safety benefits from group

synchronization. The theory and experiments in this study illustrate how contact interactions in

undulatory active matter can lead to novel collective motion and synchronization.

5.1 Introduction

The study of oscillations in biological systems have lead to fundamental understanding

of the dynamics of coupled oscillators [208, 209]. Biological locomotion typically arises from

oscillatory movements, and groups of living systems can exhibit coupled movement oscillations

when interacting. For example, recent studies have demonstrated that fluid forces acting between

pairs of flagella [33, 34, 35], arrays of cilia [36, 37, 38], and even flapping wings [26, 27, 39]

can lead to phase and frequency synchronization of oscillatory body movements. However,

many animal and robot groups operate in close proximity where movements may result in

collisions, leading to collective jamming [42, 41], disorder-to-order transitions in traffic flow

[16, 210], and synchronization of oscillatory swimming gaits [182]. In this work we study the

phase dynamics of oscillators that are coupled only through intermittent mechanical contact.

We provide experimental and theoretical evidence that inelastic mechanical collisions between

independent oscillators produce a rich array of phase dynamics in contact-coupled systems.

Synchronization in biological systems can be observed across all scales—from genetic

oscillators within cells [211, 212] to collective animal groups within habitats [213, 214, 45].

While synchronization is observed across a wide variety of different systems ultimately it

requires two fundamental properties [54]: (1) perturbations to the phase of each oscillator neither

grow or decay, and (2) oscillator interactions can influence phase. Many mechanical systems

possess both such properties, for example the original pendulum clocks of Huygens [215]

exhibit (1) autonomous oscillations that (2) interact through structural motion. In the context

of undulatory locomotion there are two main archetypes for autonomous oscillations [216]:

central pattern generators that provide an adaptive global “clock”, and reflexive oscillators that
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generate spontaneous oscillations through local feedback. Critically both modalities incorporate

environmental and proprioceptive feedback. Many abstractions of these circuits exist [5, 6, 7]

and one common model is the phase-oscillator which oscillates at a constant frequency ω and

can be augmented with sensory feedback.

Collectives that interact through contact have been extensively studied in the soft-matter

fields, such as active matter and granular materials. Inert systems that interact through contact

such as granular materials exhibit novel nonlinear phenomena such as inelastic collapse [217,

218], jamming [219], and transitions between fluid and solid states [220]. However, granular

materials require external driving forces to stay in motion. In contrast active matter systems

generate spontaneous movement through internal energy reservoirs and external interactions with

the group [152]. Studies of self-propelled “dry” active matter have demonstrated that inelastic

collisions are responsible for the collective motion and long-range order in dynamical states

such as flocking, jamming, and phase separation (see [221] for a review). Recent experiments

and simulation of undulatory active matter systems such as swimming sperm [32, 186], and

reciprocating robots [202, 222], have demonstrated that contact interactions can lead to novel

spatial ordering. However, the explicit ability for these mobile systems to adapt phase and

synchronize through contact is unknown. In this manuscript we study an active matter system of

undulatory robots and demonstrate that inelastic mechanical collisions produce a rich dynamics

of collective behavior through contact-coupling alone.

As a first example of contact-coupled synchronization we introduce the Newton’s cradle

toy (Fig. 5.1). Newton’s cradle is a series of metal balls mounted on wires so that they each

undergo pendular motion. When one ball is allowed to fall under pendular motion and collide

with the group, energy is transferred through collisions (with some energy loss) and the ball

on the other end will rotate upwards. A less appreciated aspect of this process is that as time

evolves energy is lost due to collisions and eventually the system settles into a state where all of

the pendulums are oscillating in phase and in continuous contact. This is a simple example of a

contact-coupled dynamical system in which the pendulum are initially out of phase, but through
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a)

c)

b)

d)

Figure 5.1. Examples of oscillators that interact through contact. a) The balls of the Newton’s
cradle toy collide and synchronize to in-phase oscillations. b) Arrays of flapping cilia in close
proximity can be driven to synchrony through contact [40]. c) The undulatory gait of swimming
worms (C. elegans) synchronize through contact interactions [182]. d) Simple three-link “Purcell-
swimmer” robots similarly synchronize their gaits through contact as demonstrated in this work.

repeated collisions and energy loss the system is driven to a synchronous oscillating state.

In active oscillating systems energy loss through dissipation or collisions can be compen-

sated for by energy input, thus exhibiting limit-cycle oscillations [45]. The oscillatory movements

of some biological systems can be considered as limit-cycle oscillators [5, 223] prompting our

interest in the phase dynamics of active oscillatory systems that interact through contact (Fig. 5.1).

We consider simplified representations of biological systems that move through undulation: our

experimental robots use rotary joints and have rigid links. To allow the robots to evolve in

undulatory phase we use a simple autonomous nonlinear oscillator to drive sinusoidal motions of

the robots.

In the following sections we study how oscillatory systems can achieve synchronization

when they interact through contact. In section 5.2 we present a simple theoretical model of

contact synchronization and we analyze the steady-state modes and their stability through a
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contact-to-contact iterated map. In section 5.3 we introduce a simple experiment to examine

how two robot joints can synchronize through mechanical contact and we compare with the

theoretical model. To understand how contact interactions may apply to larger groups we perform

simulations of 1D lattices and study their dynamics in section 5.4. In the next two sections we

perform experiments and simulations on simple three-link robots that interact through collisions.

We demonstrate that the in-phase synchronization predicted by our phase model, and observed in

our first experiments, is observed in robot groups (section 5.5). To find out why synchronization

is beneficial in mobile groups we measure contact forces between robots and compare between

the synchronous and asynchronous states (section 5.6). When robot joint oscillation is driven

through time-dependent sinusoidal control the contact forces are orders of magnitude larger than

when the robots are allowed to synchronize.

5.2 A model of synchronization through contact

We begin by studying a simple model of two phase oscillators that represent body-bending

elements, or the joints of undulatory robots (Fig. 5.2a). We consider that undulatory motion is

generated according to the phase oscillator equation, φ̇ = 1. The oscillator phase governs the

lateral position of the undulating body-element, such that xi = Acos(φi) is the lateral distance

from the body center-line, and ẋi =−Asin(φi) is the lateral speed (Fig. 5.2b). When two body

elements are in close proximity they will come into contact when the following condition is met

Acos(φ1)−Acos(φ2) = d, where d is the separation distance of the central axis of the two agents.

We introduce the normalized separation distance, d̃ = d
2A , such that only when the condition

d̃ ≤ 1 will oscillators be able to contact.

The contact condition thus becomes

cos(φ2)− cos(φ1) = 2d̃ (5.1)

When the oscillator pair collides they each have a velocity of ẋ−i =−Asin(φ−
i ) where superscripts
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a) b) 1) Phases before nth collision 2) Instant before nth collision

3) Inelastic collision 4) Post collision 5) Instant before n+1th collision

Figure 5.2. A phase oscillator model for contact mediated synchronization of undulatory gaits.
a) Undulatory motion is generated through periodic bending of body elements at joints. b) We
envision that the motion of the body in the lateral direction (x) is governed by a phase oscillator
that produces harmonic motion. The evolution of the collision model is shown in steps 1-5. 1)
Oscillators are initially at phase difference ∆ = φ2 −φ1. 2) Oscillators will collide when x1 = x2.
3) During a collision the velocities are instantaneously updated according to an inelastic collision
law and the phase difference changes. 4) Immediately post-collision the oscillators continue
evolving until 5) they collide again resulting in a new post-collision phase difference.

± denote before (−) and after (+) collision variables (Fig. 5.2b). We model the collision as an

inelastic process with coefficient of restitution r such that ẋ+1 − ẋ+2 =−r
(
ẋ−1 − ẋ−2

)
. Combining

the inelastic collision model with conservation of momentum, ẋ+1 + ẋ+2 = ẋ−1 + ẋ−2 , yields the

following post-collision velocities (we assume equal masses)

ẋ+1 =
1
2
[
(1− r) ẋ−1 +(1+ r) ẋ−2

]
(5.2)

ẋ+2 =
1
2
[
(1− r) ẋ−2 +(1+ r) ẋ−1

]
(5.3)

When the oscillators collide they instantaneously change their phase due to the velocity

change (Fig. 5.2b). The oscillator phase is represented in the phase-plane as the clockwise angle

from the positive x axis to the instantaneous coordinate (x, ẋ). Thus, the phases before and after
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a collision can be represented by the following equation

φ
±
i = atan

[
−

ẋ±i
x±i

]
(5.4)

The negative sign accounts for the fact that the rotation direction is in the clockwise direction.

We seek to understand the asymptotic behavior of the phase difference, ∆ = φ2 − φ1.

In systems with continuous coupling this often amounts to demonstrating that ∆̇ = 0 [54].

However, since this system consists of repetitive collision events the phase difference, ∆, is

constant in between collisions and changes instantaneously during a collision. Thus, we will

derive the iterated map that takes the pre-collision phase difference of the (n)th collision to

the pre-collision phase difference of the (n+ 1)th collision, ∆(n+1) = f
(

∆(n)
)

. We represent

the phase difference of the nth collision as ∆(n) where we have dropped the superscript + for

notation convenience. To derive f
(

∆(n)
)

we take the following steps: 1) solve for φ1 and

φ2 at collision which gives ∆(n,−), 2) apply the velocity update rule for the inelastic collision,

3) determine the post-collision phases for the oscillators. Since ω is the same between each

oscillator the nth post-collision phase difference is exactly the same as the n+1th pre-collision

phase difference and thus ∆(n,+) = ∆(n+1,−). We have now determined the function that generates

∆(n+1,−) from ∆(n,−) and we can drop the ± superscripts yielding ∆(n+1) = f
(

∆(n)
)

. This results

in the collision-to-collision return map

∆
(n+1) = atan

[
sin(κ)cos(∆(n)

2 )− r cos(κ)sin(∆(n)

2 )

cos(κ)cos(∆(n)

2 )− sin(κ)sin(∆(n)

2 )

]
− atan

[
sin(κ)cos(∆(n)

2 )+ r cos(κ)sin(∆(n)

2 )

cos(κ)cos(∆(n)

2 )+ sin(κ)sin(∆(n)

2 )

]
(5.5)

where we have defined κ = asin
(
d̃ csc

(
∆

2

))
.

The collision-to-collision return map allows us to examine the asymptotic behavior and

dynamics of synchronization for contact coupled oscillators. We first examine the fixed points of
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the map, ∆∗ = f (∆∗). The return map for 0 < r ≤ 1 exhibits three fixed points as a function of

separation. Two of the fixed points exist independent of the coefficient of restitution

∆
∗ = 2 asin(d̃) (5.6)

∆
∗ = π (5.7)

while the third fixed point depends on r and must be solved numerically. We define the first fixed

point (Eqn. 5.6) as the compatibility curve, because it defines the maximum phase difference

between two oscillators separated by d̃ before they will collide (see inset Fig. 5.3a). When

oscillators are at the compatibility fixed point they will repeatedly make grazing contact with

each other. The compatibility curve actually determines the boundary of an entire set of fixed

points for these oscillators, since if the phase difference, |∆∗| < 2 asin(d̃), the oscillators will

never contact each other and thus ∆ will never change. The second fixed point (Eqn. 5.7) is

an antiphase oscillation. We show the fixed points in Figure 5.3a for r = 0.67 where the lower

branch is the compatibility fixed point, and the upper branch is the antiphase fixed point.

When the separation distance is zero (d̃ = 0) the compatibility fixed point corresponds

to perfect in-phase synchronization, ∆∗ = 0 and the return map dramatically simplifies to

∆(n+1) =−2 atan
(

r tan
(

1
2∆(n)

))
. This equation can be solved recursively to generate the phase

difference of the nth collision as a function of any initial condition (∆(0))

∆
(n) =−2 atan

(
(−r)n tan

(
1
2

∆
(0)
))

(5.8)

and we clearly see that for large n the phase difference converges to ∆∗ = 0.

Equation 5.8 highlights the importance of inelastic collisions in the synchronization

process for contact coupled oscillators. The coefficient of restitution, r, governs the rate of

convergence to the synchronization fixed point for d̃. The linear stability of fixed points in the

collision-to-collision map are determined by the condition | f ′(0)| < 1 where prime denotes
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Figure 5.3. The evolution of the phase difference is captured by the phase oscillator model. a)
For an initial phase difference, ∆, and separation distance, d̃, a collision will induce a change in
∆. The heatmap shows the collision to collision phase difference, |∆(n+1)|− |∆(n)| at each (d̃,∆)
location (Eqn. 5.5). States in the red region result in a decrease in the absolute phase difference,
while states in the blue region increase in phase difference. Black lines are stable fixed points,
solid gray lines are unstable, and dashed gray lines are marginally stable. The lower black curve
is the compatibility fixed point (Eqn. 5.6). The coefficient of restitution is r = 0.67. The inset
shows three different separation distances and the range of “compatible” phase differences that
can exist without collision. b) Collision to collision phase change behavior at four different
restitution coefficients. The black lines are stable fixed points, the gray lines are unstable fixed
points, and dashed gray lines are neutrally stable. c) The average steady-state from random initial
phases as a function of separation distance and restitution coefficient.

the derivative with respect to ∆(n). For the ∆∗ = 0 fixed point the stability is f ′(0) =−r again

highlighting the importance of inelasticity in the synchronization process. Thus, because inelastic

interactions always generate energy loss (0 < r < 1) the system is guaranteed to reach phase

synchronization when d̃ = 0.

To analyze the time evolution of the system when 0 < d̃ < 1 we will construct the basins

of attraction for the fixed points by calculating the phase change behavior after a single collision

event, g(|∆(n)|) = |∆(n+1)|− |∆(n)|. In Figure 5.3a-b we plot g(|∆(n)|) and denote with arrows

and color the flow direction of the compatible (down arrow, red) and antiphase (up arrow, blue)

basins. We observe that for each r there is a critical d̃c below which all initial phase differences

are attracted to the compatible state. However, for larger d̃ the antiphase basin causes states that

start with large |∆| to evolve to antiphase synchronization (blue regions in Fig. 5.3a,b).

To analyze the behavior of the antiphase fixed point (Eqn. 5.7) we similarly construct
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the basin of attraction and linear stability. Since the return map at ∆∗ = π has a continuous first

derivative we can compute the linear stability of this point. Evaluating the derivative we find

f ′(π) =−
r
(
d2 −1

)
+d2

r2 (d2 −1)−d2 (5.9)

which yields the critical separation distance, d̃c =
√

r(r−1)
r2−r−2 . When d̃ > d̃c antiphase oscillations

switch from unstable to stable. However as r → 0 the range of d̃ where | f ′(π)| < 1 becomes

vanishingly small as f ′(π) converges to f ′(π) = 1 for infinitesimal d̃. The overall influence

of r and d̃ can be understood by averaging the collision-to-collision phase change across all

initial phases, highlighting that for modest r ≈ 0.5 and above the average steady-state behavior

is evenly divided between the antiphase and compatible states (Fig. 5.3c).

In this section we have proven that a simple model of phase oscillators interacting through

intermittent inelastic collisions can produce a rich range of dynamical behavior. We observe

in-phase synchronization for small separation distances, and antiphase synchronization for larger

distances. Furthermore, this system admits a continuum of “fixed points” when the phase

difference is below the compatibility line, in which case the oscillators are completely uncoupled

and do not contact. In the next sections we will demonstrate in experiment and simulation that

the pair-wise interactions of contact-coupled oscillators leads to rich collective behaviors.

5.3 Synchronization of robot joints in experiment

To validate the model introduced in the previous section we performed experiments

with two oscillating motors that interact through collisions (Fig. 5.4a). Each brushless DC

motor (Quanum 5250) represents the joint of a robot and is actuated under closed-loop torque

control. Rigid 9 cm long aluminum links and viscoelastic bumpers were attached to both

motors (Fig. 5.4a). We measured the experimental coefficient of restitution of the system to be

r = 0.67 (SI Fig. 5). A capacitive encoder attached to the motor shafts provided angular position

measurements at a resolution of 8192 counts per revolution, which is 0.044◦ (AMT102, CUI
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Figure 5.4. Experimental validation of synchronization between undulatory robot joints. a) Two
motors mounted on a concentric axis are actuated as phase oscillators. The oscillators interact
through inelastic collisions when their rotation angle is equal. b) Data from three separation
distances. Robot joints are initially oscillated out of contact to achieve steady-state behavior
(Phases 1 and 2) and are slowly brought into contact (Phase 2) to their final fixed distance, d̃
(Phase 3), until the experiment is over (Phase 4). c) At low d̃ joints synchronize, at intermediate d̃
joints oscillate with compatible phases and don’t contact, and at large d̃ joints collide in antiphase
synchronization. Images are from SI Video 1.

Devices). An ODrive brushless DC motor controller (ODrive robotics) provides closed loop

torque control for both motors individually.

We consider the joint rotation angle and rotational velocity as the position and velocity

variables of our phase oscillator, (x, ẋ). In order to actuate these motors as phase oscillators we

controlled the motor torque (at a rate of 300 Hz) using the following equation

τi =−kxi +
(
c−µx2

i
)

ẋi (5.10)

where xi is the relative angular displacement from the neutral angle and i refers to the oscillator.

We assume the motor internal damping and friction are small and the systems inertia (I) is

the same for both motors, such that Iẍi = τi. Note there is no coupling between the motors in

equation 5.10, the only interactions are through inelastic collisions.

The motor actuation Equation 5.10 represents a generic form of the Van der Pol oscillator

which generates sinusoidal oscillations with constant phase speed (φ̇ ) for weak nonlinearity [45].

Thus, this choice of actuation enables the robot joints to oscillate sinusoidally with constant
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phase velocity consistent with our phase oscillator model in the previous section. The position

and velocity feedback terms in Equation 5.10 enable the actuator to instantaneously respond to

collision-induced velocity changes also consistent with our model assumptions. The actuation

parameters of Equation 5.10 were chosen such that the oscillators had natural frequencies of

ω1 = 2.61±0.04 Hz, and ω2 = 2.63±0.03 Hz and amplitudes of A1 = 44.4±0.9 degrees, and

A2 = 44.3±1.6 degrees. For the purposes of analysis and variable definitions we assume equal

amplitudes between the oscillators.

To study the phase dynamics between the two colliding oscillators we set up steady

limit-cycle oscillations with the systems initially separated by a large neutral position, d̃ = 2.

The lower link was allowed to oscillate and after a random time in the range of 5-7 seconds the

upper link was perturbed to limit cycle oscillations. This random wait time set a random initial

phase difference between the two oscillators. Once both links were oscillating at steady-state we

slowly moved the neutral position of the second oscillator to the prescribed separation d̃ for that

experiment. Once the oscillators were at the appropriate d̃ we continued the experiment for 15

seconds until reducing the amplitude and stopping. We measured the oscillator positions and

velocities throughout the experiment (Fig. 5.4b) and computed collisional information including

the phase difference before each collision, ∆(n). In total we performed 1312 experiments

over a range of separation distances where collisions were possible, d̃ ∈ [0,1], and a control

separation distance d̃ = 2 to rule out any coupling through the structure. In Figure 5.4b-c and

supplementary video 1 we show experiments from three d̃ showing in-phase synchronization

(d̃ = 0), compatibility (d̃ = 0.3), and antiphase synchronization (d̃ = 0.6).

We first compare the model predictions and experiment for the d̃ = 0 return map

(Eqn. 5.8). In experiment the oscillators synchronized phases through repeated collision events

eventually reaching a final synchronized state where the oscillators moved together in or near

contact (Fig. 5.4b-c). The experimental collision-to-collision return map showed consistent

in-phase synchronization as predicted by Eqn. 5.8 from all initial conditions (Fig. 5.5a). To rule

out the effect of slowly bringing the oscillators together (Phase 2 in Fig. 5.4b) we performed a
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Figure 5.5. Experiment results. a) Collision return map from two separate experiment methods
(over 100 experiments for each). Squares are from experiments in which limit cycles are slowly
moved together to d̃ = 0, circles are experiments in which oscillators are initialized with d̃ = 0.
b) Steady-state phase difference (∆) versus separation distance (d̃) from 1312 experiments.
The black line represents the compatibility curve (Eqn. 5.6). Gray and red circles are points
that reached a steady-state configuration in which they no longer collide. Red circles started
with |∆| above the compatibility curve and evolved downwards to the compatible state, while
gray circles represent initial conditions below the compatibility line. Blue points are states
that evolved to stable antiphase oscillations in which the oscillators repeatedly collide head-
on. Heatmap is the model prediction from the collision-to-collision return map for r = 0.67
(Eqn. 5.5). Far right points at d̃ = 2 are control experiments. c) Experimental observation of
antiphase oscillations coincide with onset of antiphase stability in model. Top is the cumulative
distribution of observations of antiphase oscillations versus d̃. Bottom is the stability eigenvalue
of antiphase behavior for r = 0.67 (Eqn. 5.9).

second set of experiments in which both oscillators began at d̃ = 0 and random initial phase. We

observed good agreement in the collision-to-collision return map between both experimental

methods. The model and experimental return map exhibited excellent agreement indicating that

the phase-oscillator model is able to capture relevant phase dynamics of this system (Eqn. 5.8;

black curve in Fig. 5.5a). It is important to note here that their are no fitting parameters in the

model. Since the phase dynamics are evaluated from collision-to-collision we do not need to

match frequencies or amplitude between experiment and model. The prediction only requires

knowledge of one parameter, the coefficient of restitution r which can easily be measured.

We next compare the steady-state ∆ across the full experimental range of d̃ (Fig 5.5b).

Comparison of the theoretical compatibility curve (Fig. 5.5b, solid line) and the experimental data

indicates good agreement between the phase oscillator model and observation. We observe that
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initial phases that start in the compatible state will continue to stay there (gray circles, Fig. 5.5b),

and initial phases that start outside of the compatible state may either evolve to antiphase

oscillations or compatibility depending on initial conditions. The red circles in Figure 5.5b show

initial conditions that began above the compatibility line and evolved to the compatible state.

Blue circles represent initial conditions that began above the compatibility line and evolved to

the antiphase state (Fig. 5.5b).

The antiphase state consisted of the two oscillators repeatedly colliding with each other

(see supplementary video 1) in a rather violent manner which lead to broken components on more

than one occasion. The antiphase state observed in experiment was found to be remarkably stable

and able to resist manual perturbations consistent with the stability calculations in Section 5.2.

In one experiment we observed the two oscillators remain in the antiphase state for over 12 hours

until we eventually halted the experiment. The return map allows us to predict when antiphase

oscillations become stable (Eqn. 5.9). In Fig. 5.5c we compare the cumulative observations

of antiphase oscillations and the linear stability calculation (Eqn. 5.9). Once again we find

exceptional agreement between the model and experiment: as the antiphase fixed point in our

model becomes stable we begin observing antiphase oscillations in experiment.

5.4 Collective behavior of mobile and stationary oscillator
groups

We next seek to understand whether contact interactions among larger groups can yield

similar synchronization and phase dynamics as the robot-pair experiments. We consider the

lateral dynamics of arrays of mobile cilia and groups of swimming worms as a one-dimensional

lattice where nearest-neighbor collisional interactions occur along the direction of body undula-

tions (Fig. 5.6a). To simulate the dynamics of mobile and fixed systems we allow the neutral

position of each oscillator to move in response to a collision. Immediately after a collision we

update the neutral positions of the colliding oscillators according to the equation δi = β
(
ẋ j − ẋi

)
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Figure 5.6. Phase dynamics for oscillator lattices. a) Phase dynamics of undulatory robots are
modeled as a one-dimensional lattice with interactions occurring along the lateral direction. Body
undulations between neighboring robots can lead to contact. b) The spatio-temporal evolution of
phase for an oscillator group (50 oscillators, d̃ = 0.14, β = 0). Bottom plot shows final phases.
Right plot shows the rate of collisions and the relaxation time, trelax after which no collisions
occur. c) Final phase difference and separation distance between adjacent oscillators. Top shows
phase behavior for oscillators with an immobile base (β = 0). Bottom shows results for mobile
oscillators (β = 0.1) in which the equilibrium position moves as a result of collisions. d) The
collision rate and compatibility error versus d̃. Mobile oscillators always evolve to states with no
collisions (top) and good agreement with the compatibility equation (bottom).

where δi is the neutral position change of the ith oscillator and β is the magnitude of collision-

induced change. When β = 0 the system base is immobile (as in arrays of cilia) while non-zero

β allows for oscillators to repel each other through collisions. To confine the oscillator group

to a fixed linear distance we set β = 0 for the left (i = 0) and right (i = N) oscillators in the

N-oscillator lattice. We perform numerical simulations of the one-dimensional oscillator lattice

over varied initial neutral positions spanning d̃i,i+1 ∈ [0.06,1.2]. We simulated 50 oscillators

initialized at random phases and observe the phase dynamics, collision rate, and neutral position

of the group over time.

When the oscillator lattice is initiated in close proximity (small d̃i,i+1) the oscillators
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rapidly converge to a compatible state through collisions (Fig. 5.6b) in both the immobile and

mobile cases. Collisions between oscillators initially occurred due to the random incompatible

phases and over time the collision rate decreased ultimately halting after a time, trelax, for small

d̃i,i+1 < 0.5. Once all oscillators are in the compatible state they will stay there indefinitely

unless perturbed.

To quantitatively compare the oscillator lattice results with the theoretical model and

experiments from the previous section we measured the nearest-neighbor phase difference,

|∆i,i+1|, and nearest-neighbor separation distance of the neutral position, d̃i,i+1. Examining the

relationship between phase difference and spatial separation reveals a fundamental difference

between mobile and immobile systems (Fig. 5.6c). Immobile oscillator lattices show good

agreement between the theoretical predictions and simulation for d̃i,i+1 < 0.5. However when

separation distance was large (d̃i,i+1 > 0.5) the collisions never stopped and the oscillator groups

never entirely reached the compatible state (Fig. 5.6d; top). We measured the collision rate over

the last ≈ 70 periods of oscillation and observe a sharp rise in non-zero steady-state collisions

when d̃i,i+1 > 0.5 for the immobile system. This is supplemented by the large cluster of points

above the compatibility curve in Figure 5.6b for the immobile case. To characterize this deviation

from model prediction we calculated the fraction of nearest-neighbor pairs that were above

the compatibility curve and plot this compatibility error in Figure 5.6d. The immobile base

simulations exhibited a large compatibility error and persistent colliding among the group when

d̃ > 0.5.

The immobile system’s deviation from the compatibility curve is easily understood from

the pair-wise dynamics of oscillators modeled and studied in the previous sections. At larger

separation distances the collision-to-collision phase change causes oscillator pairs to increase

in phase difference. This phase repulsion is what leads to the stable antiphase mode in the pair

experiment. However, in larger groups the interior oscillators have a left and right neighbor

and thus experience phase repulsion from both of these neighbors which is not able to relax in

simulation. These results are in agreement with observations from lattices of locally-coupled
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Figure 5.7. Collision induced mobility allows groups to reach compatibility. a) Phase and spatial
evolution of mobile oscillator groups. Collisions result in an increase in separation distance
and thus the system evolution tends towards larger d̃ and there is no longer a stable antiphase
state. b) The system relaxation time versus mobility coefficient, β , for d̃ = 0.78. As β decreases
relaxation time increases. β = 0 coincides with the immobile simulation in which case the
system evolves to stable antiphase behavior.

Kuramoto oscillators in which repulsive phase interactions have been demonstrated to generate

asynchronous collective states [224].

In contrast to the immobile system, oscillators that were able to move in response to

collisions always relaxed to the compatible state. The phase and spatial values clustered at

or below the compatibility curve (Fig. 5.6c) and exhibited low numbers of collisions and low

compatibility error in steady-state (Fig. 5.6d). The small but non-zero compatibility error for the

mobile system is likely due to the assumptions of pure sinusoidal motion in the theory, compared

to the slight deviation in sinusoidal behavior that Equation 5.10 generates. The deviation from

compatibility in the mobile system was still small and clustered on or just above the compatibility

line.

The ability for mobile systems to always achieve compatibility can be understood by

examining the phase and space dynamics from our theoretical model. In the fixed base system

the only free degree of freedom is ∆ and thus oscillator pairs can only increase or decrease in

phase difference (the state evolution in Fig. 5.3 is only vertical). However, when the base is

allowed to move in response to collisions the oscillator pairs have a second degree of freedom
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and the system can evolve through phase change or separation change. Because the spatial

change between oscillator pairs is only repulsive this emerges as a lateral drift towards larger

d̃ in the collision-to-collision state evolution (Fig. 5.7a). antiphase oscillations are no longer a

stable fixed point because the high-impact collisions will drive the oscillators apart until they

will settle at the point (d̃ = 1,∆ = π).

To demonstrate that spatial movement inhibits antiphase oscillation we examined the long

time dynamics of an oscillator lattice initialized at a separation distance that leads to antiphase

oscillation in pairs and repetitive collisions in groups (d̃ = 0.78). We varied the the magnitude

of collision-induced spatial change, β , over two orders of magnitude and observed a nearly

three order of magnitude increase in the relaxation time (Fig. 5.6b). This power law behavior

matches previous simulations and intuition from our model: immobile systems will never relax

to collisionless compatibility since trelax → ∞ as β → 0. Thus we see a fundamental difference

between mobile and fixed-base systems that undulate and interact through collisions, and these

results suggest that mobile robots and organisms will always evolve to compatible, collisionless

states through contact.

5.5 Robots synchronize gaits through collisions

Lastly we examine how groups of mobile undulatory robots synchronize their gaits

through contact. We performed both experiments and simulations with simple three-link robots

that have two active servomotors (Dynamixel AX-12, Robotis) controlling joint angles α1, α2,

and three rigid links of length 18.65 cm (Fig. 5.8a). Such a three-link system is often referred

to as “Purcell’s swimmer” and was originally introduced by E.M. Purcell as a minimal model

of low Reynolds swimming [170]. The three-link robot has been studied extensively in the

context of locomotion through fluids [175, 225], on frictional surfaces [172, 173], and within

granular media [174]. In addition three-link robots have been recently used to study the collective

behavior of robot groups that exhibit time-dependent oscillatory motion and push each other
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Figure 5.8. Three-link robot experiments demonstrating synchronization through collisions. a)
A simple robot with three rigid links and two servo motors generates undulatory motion. b) The
motion of the joints when controlled as a phase oscillator are shown for the experimental system
(left) and a simulation (right). c) Experiments with four robots in a controlled width channel
demonstrate synchronization of movement over time. d) We measured the phase difference, ∆i,i+1,
and lateral separation, d̃i,i+1, between neighboring robots. f) Phase difference and separation
distance between robots after 15 periods of oscillation from five different wall width experiments
(10 trials each). Boxplots show 25-75% confidence intervals (blue box) and median (horizontal
black line). All observations are plotted as red circles.

through contact [192, 202, 222].

In experiment the robot actuators are controlled by continuously sending position com-

mands for the joint angle at a rate of 100 Hz. To actuate the robot joints according to the

phase-oscillator model using position controlled servos we numerically integrated the oscillator

equation used in the motor pair experiments (Eqn. 5.10) solving for the next joint angle at each

timestep. Critically this actuation method required measuring the instantaneous joint angle

and joint velocity from the servos and thus incorporates proprioceptive feedback to generate

autonomous oscillations, consistent with the direct-drive motors of the previous experiment.

We simulated the three-link robots using the Project Chrono multibody physics simulation

engine [193]. In simulation we directly controlled the torque of the rotational joints consistent
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with the previous two motor experiment (Eqn. 5.10). Contact interactions in the simulation were

modeled through short-range repulsive viscoelastic interactions, and we added stokes-drag fluid

forces to the robot links according to the method in [226] to mimic the damping from friction in

experiment. In both the experiment and simulation we incorporated methods to enforce a constant

phase difference between joints (α1−α2 ≈ 2
3π) to produce traveling wave body undulations. We

modified slightly the actuation equation by adding a coupling term (λ ) between joints α1, α2

τi, j =−k
(
xi, j +λ jxi, j̄

)
+
(
c−µx2

i, j
)

ẋi, j (5.11)

in which subscripts i = 1,2,3, ... represents the number of robots and j = 1,2 represents the two

joints of robot i. The coupling constants for the two joints were λ1 = 1.5 and λ2 =−0.5, and the

position xi, j̄ refers to the opposite joint of the robot. The position and torque control methods of

the experiment and simulation produced body undulations of the robot with a constant frequency

and phase difference (Fig. 5.8b). In experiment the frictional interactions between the robot

links and ground caused perturbations to the robot joint motion, however this did not affect the

synchronization behavior of the robots.

To observe whether multiple undulatory robots will synchronize their gaits through con-

tact we put groups of four robots within a confined rectangular channel (Fig. 5.8c; supplementary

video 2). In experiments we only tested configurations where the robots were aligned longi-

tudinally but we tested the effect of longitudinal misalignment in simulation. The rectangular

channel was 55 cm long and we tested five different widths, w ∈ [16,18,20,22,24] cm with 10

trials at each width. The experiment began with the robots evenly spaced in the lateral direction

and at random initial phases. After 30 s (approximately 15 periods of oscillation) we stopped the

experiment and measured the final phase difference, ∆i,i+1, and spatial distance, d̃i,i+1, between

neighboring robot pairs (Fig. 5.8d). Increasing the wall width caused both ∆i,i+1 and d̃i,i+1 to

increase (Fig. 5.8e).

We performed similar three-link robot synchronization experiments in simulation. In
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Figure 5.9. Robots adjust their undulatory phase and lateral distance according to the theoretical
model (black curve; Eqn. 5.6). Results from simulation (n = 210) and experiments (n = 50) at
random initial conditions.

addition to simulating the experiments performed with physical robots, we also increased

the number of robots and increased the confinement arena size to represent two-dimensional

simulations in which robots occupied a rectangular region. Qualitatively the one-dimensional

and two-dimensional arenas exhibited similar spatial and phase effects, with nearby robots

influencing each other in undulatory phase and reaching compatibility.

In all experiments (n = 50) and simulations (n = 210) the three-link robots adjusted

their undulatory phase through collisions and the final states were well characterized by the

theoretical model of Section 5.2. When we examine the nearest neighbor phase difference versus

lateral separation we see that all robot-robot interactions lead to phase and distance states that

are near, or below the compatibility condition (Eqn. 5.6; black line in Fig. 5.9). Critically we

never observed antiphase synchronization as we did in the earlier two-joint experiments from

section 5.3 or the immobile lattice simulations from Section 5.4. The lack of antiphase behavior

is understandable from the mobile simulations in Section 5.4, when robots collide they push each

other away and this spatial repulsion drives them out of contact before they will synchronize to

antiphase.

The extremely good agreement we observe from both the simulation and experiment with

the compatibility model indicates that contact interactions have an important role in collective
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phase dynamics. Initial states outside of compatibility evolved to synchronized movement when

spacing was small, and compatible phases at larger spacing. It is important to note that the

mobile robots in simulation and experiment can displace and rotate with respect to each other

thus indicating that the phase dynamics model of Section 5.2 is robust to misalignment and

natural variation. However, it remains to be demonstrated what benefits gait synchronization

would have for undulatory collectives. In the last section we compare time-dependent actuation

in asynchronous group versus undulatory generation through autonomous oscillators that enables

synchronization.

5.6 Synchronization minimizes contact forces in undulatory
groups

In this last section we seek to determine what is the potential benefit of gait synchroniza-

tion for collectives. There are likely many metrics that could be influenced by synchronization:

locomotion energetics and collective sensing for example. Here we focus on the interaction

forces between robots that occur when in high-density spatial arrangements.

We conducted simulations with groups of ten three-link robots in a confined rectangular

volume (Fig. 5.10a). Initially the robot joints were actuated through a time-dependent position

control signal with fixed frequency and amplitude

ᾱi, j = Asin
(

φi +
2π

3
( j−1)−2π f t

)
(5.12)

in which subscripts i = 1,2,3, ... represents the number of robots and j = 1,2 represents the two

joints of robot i. The position command was converted to a control torque through a proportional

control law τi, j = −k (αi, j − ᾱi, j) where αi, j is the actual joint angle. The proportionality

constant k determines how much torque the actuators exert when the position deviates from

the time-dependent sinusoidal commands and can be considered as a controller “stiffness”. We

performed simulations across k ∈ [0.015,0.135] Nm
rad. . For each control stiffness we performed
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Figure 5.10. Interaction forces in undulatory groups decrease when robots synchronize gait.
a) Ten robots in a rectangular arena oscillate through time-dependent sinusoidal control. The
top and bottom walls are slowly brought together resulting in persistent collisions. After 200 s
the joint control is switched from time-dependent to phase-oscillator actuation and the robots
synchronize. b) The phase difference and contact forces are plotted versus time. During time-
dependent sinusoidal control the robot phase differences are maintained and contact forces are
large. When phase-oscillator control is switched on the robots synchronize causing the phase
difference and contact forces to decrease. Ten replicate experiments are overlaid and force is
filtered with a running average of 0.1 s. c) The median contact forces during steady-state for
time-dependent sinusoidal control (purple squares, calculated from 100-200 s) and limit-cycle
control (blue circles, calculated from 200-300 s). The forces during time-dependent sinusoidal
control linearly increased with the proportional control constant (the effective “stiffness”).

ten simulations at random initial phases (φi ∈ [−π, π] in Eqn. 5.12). The frequency (0.8 Hz.)

and amplitude (0.8 rad.) were chosen to match the oscillation kinematics when the robots are

under limit-cycle control (Eqn. 5.11).

To enforce contact and collisions we slowly moved the top and bottom walls inwards

towards the arena center. the rectangular region had a constant width of 0.6 m and at the

beginning of the simulation the lateral walls were a distance of 2.0 m apart. The width of the

lateral walls was decreased at constant velocity from 10 s to 100 s while the robots oscillated,

stopping at a lateral width of 0.3 m for the rest of the simulation (Fig. 5.10a). The robots were

controlled through time-dependent sinusoidal actuation during the first 200 s and switched to

phase-oscillator control from 200-300 s.

We recorded the oscillatory phase, and the contact forces acting on all robot links during

each time step. The mean force between robots under the phase-fixed control was significantly

larger than that under the phase-oscillator control mode in which synchronization occurred
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(Fig. 5.10b). The interaction forces between the robots in the high-density environment were

large because the oscillation phases were incompatible resulting in collisions. These collisions

persisted and repeated because the phase differences were fixed, leading to a fluctuating mean

force with constant time-averaged behavior (Fig. 5.10b) However, when robots were switched to

the phase-oscillator control mode, the collisions between robots quickly drove the robot group

to synchronization. The median contact force was less than 0.1 N during the phase-oscillator

control mode indicating a large reduction in contact forces.

This section demonstrates that robots with undulatory phase differences can experience

large contact forces as they push against each other. However when synchronized to the same

undulatory phase the collisions reduce to a small and negligible magnitude. Contact forces

between robots can be a significant problem and lead to rapid wear and failure. Similar negative

consequences are likely to occur in biological collectives where repeated high-force contact can

lead to higher energy expenditure and potential injury.

5.7 Discussion

Our results have demonstrated that inelastic collisions between undulatory robots can

produce novel phase dynamics such as in-phase and antiphase synchronization, and compatible

oscillations that persist without contact. The behavior of larger robot groups tends towards

phase compatibility and once achieved the group is effectively decoupled because collisions

will no longer occur unless perturbed. The compatible state is similar to the “cohesive” state

originally introduced for the Kuramoto system [227] in which cohesive oscillators remain within

a bounded phase difference for all time. Compatibility is a beneficial property for undulatory

groups because it minimizes the contact forces between individuals and thus likely reduces

energetics, fatigue, and damage. Critically this beneficial collective behavior emerges naturally

from the physics of inelastic contact and simply requires that undulatory motion be generated

through an autonomous oscillator so that phases between robots can “slip” through interactions.
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In additional simulations and experiments we have demonstrated that this behavior is insensitive

to the particular control law that generates undulation.

The coefficient of restitution from inelastic collisions between robots is the lone governing

parameter for phase dynamics among these contact-coupled groups. Inelastic contact interactions

generate a wide array of collective behaviors in driven or active nonlinear systems, such as pattern

formation [228, 229], particle aggregation [218, 230], and swarming [160, 231]. However, the

ability of repulsive contact interactions to drive attractive phase dynamics in oscillators has not

been observed. Our phase model is able to explain how phase attraction and repulsion emerges

from inelastic collisions. When undulatory systems are in close proximity the collisional

interactions between their limit-cycles drive their phase difference to be smaller. However, when

the separation distance is large collisions drive the phase difference to grow and generates a

stable antiphase mode. Extending these interactions to an oscillator lattice we have shown that

phase repulsion can destroy long range order when the oscillators base is immobilized, while

mobile undulatory systems always reach compatibility.

Our inspiration for this study comes from collective movement in worm groups in which

body and appendage oscillations may occur in close proximity. Recent work has demonstrated

that collisional interactions in arrays of cilia can generate synchronization, metachronal wave

propagation, and jammed states, dependent on separation [40]. Similarly, recent observations

of small worms that swim by laterally oscillating their bodies have illustrated that groups of

worms tend to synchronize their oscillatory phase when in close proximity [182, 183, 184].

Genetic manipulations of these worms illustrated that external sensory responses (exteroception)

were not necessary for synchronization, and instead the authors argued that collisional (“steric”)

interactions could produce synchronization [182]. Our results provide a potential explanation for

the observed gait synchronization: body oscillations that are governed by internal proprioceptive

neural feedback can exhibit emergent synchronization through collisional body interactions

alone.

The system explored in this experiment had appreciable inertial dynamics and momentum
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transfer through collision. However, in the systems we take inspiration from such as small

oscillatory organisms in fluids, inertial dynamics are likely not relevant. Thus, it is important to

consider how these results may apply across inertial and non-inertial active matter systems. We

propose that contact-coupled oscillators in both the inertial and non-inertial regimes are captured

by the coefficient of restitution in our phase model. When r = 0, the oscillators do not rebound

but instead “stick” together which models the non-inertial behavior of oscillators such as cilia

and worms in overdamped viscous environments. However, for r > 0 systems exhibit significant

rebounding as they collide which captures the behavior of inertial oscillatory systems and can

lead to antiphase synchronization (Fig. 5.3b). The reduction of contact-coupled oscillators to

a simple model in which r is the only governing parameter allows us to explore these systems

across inertial to non-inertial regimes. This will be of interest in future studies and comparisons

between model predictions and observations from active matter and swarm robot systems in

experiment.

This work has relevance to the field of swarm, and collective robotics where a critical

goal is to design distributed control laws that lead to desired, beneficial, emergent behaviors of

the group [1]. Recent work in swarm robotics have embraced contact and collisional interactions

as a means of coordinating robot group behaviors [232, 233, 234, 235, 236, 237, 238, 239, 240]

and other recent work has leveraged collisions [241, 242, 243, 244] for maneuvering individual

robots. Our work demonstrates that designing appropriate limit-cycles to actuate the rhythmic

motion of robots can lead to emergent synchronization and drastically reduce the contact forces.

Thus, the desired collective behaviors of the group are encoded within the gait generation

algorithm of the individuals. Future capabilities can thus build on to the collective behaviors

studied here. For example, subsets of informed individuals could “herd” the group through

contact interactions controlling collective motion.

The coupling of oscillatory dynamics with mobility is an exciting future direction for

active matter systems such as biological or robotics swarms. Previous work on mobile phase

oscillators in which the phase differences can influence motion of the mobile systems have
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demonstrated novel collective flocking and pattern formation behaviors [245, 246, 247]. However,

there has been little work to consider how the mechanical collisions between oscillating moving

individuals drives collective synchrony or motion patterns. In recent experiments, three-link

“smarticle” robots have demonstrated how stochastic interactions among neighboring oscillating

robots can drive emergent and controlled collective behavior [202]. However, currently smarticle

systems do not have oscillatory phase dynamics and thus synchronization has not been explored.

In our work the oscillator phase is intrinsically tied to the undulatory motion of the robotic joint.

Thus, phase and motion are explicitly coupled. Future swarm systems that take advantage of

the phase dynamics from inelastic collisions may enable emergent synchronization of mobile

undulatory robots purely through contact, thus simplifying swarm robot motion control.
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Chapter 6

Conclusions

This dissertation addresses specific problems in oscillatory locomotion of bioinspired

robots. In the first chapter, we propose different methods to generate oscillatory motions for

robots which are used in the following projects.

In the second chapter, we presented the design of a millimeter-scale inch-worm inspired

robot that can push and pull against the ground with simple “feet” to propel itself. The robot is

able to operate at frequencies substantially higher than its biological counterparts, which lead to

the discovery of different velocity-frequency results when compared to the theoretical predictions

of deterministic push-pull locomotion. We showed how basic feedforward oscillatory actuation

of the “feet” leads to non-trivial locomotion dynamics through foot slipping and stochastic

foot-ground contact mechanics.

In the third chapter, we demonstrated enhanced capabilities of this robot such as turning,

that was achieved through incorporation of soft materials in the design process. By combin-

ing smart-composite-manufacturing fabrication processes used for rigid robots, with a micro-

machining and casting method employed for soft robotics, we integrated soft robotic components

into millimeter scale robots. Critically, this work focused on the steering capability of the

micro robot by introducing phase difference into the driving PZT actuators, which generates a

propagating wave through the soft transmission, enabling the turning movement of the claws.

In the forth chapter, we studied the collective behavior of simple three-link “swimming”
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robots that are controlled through feedforward oscillatory actuation. We analyzed the role of con-

tact interactions between undulatory swimmers in experiment and simulation. Oscillatory phase

differences between neighboring robots lead to intermittent collisions that drive the group into a

stable spatial configuration by lateral and longitudinal movement. Compatible gaits are relative

equilibrium configurations with time-averaged interactions that have a linear force-displacement

relationship along the longitudinal axis and are approximated as a harmonic potential well. We

derive conditions for group spacing and density based on phase variation, examine the effective

interaction potential between neighboring robots, and identify a compatibility condition for

robots to safely swim in close proximity without collisions.

In the fifth chapter, we enables the oscillatory motion of robot’s in a collective to be

generated through nonlinear, limit-cycle dynamics. We find that intermittent contact between

robots leads to overall group synchronization of oscillatory swimming gaits which reduces

contact forces between robots and enables high density configurations. Critically this beneficial

collective behavior emerges naturally from the physics of inelastic contact and simply requires

that undulatory motion be generated through an autonomous oscillator so that phases between

robots can “slip” through interactions. A phase oscillator model of this process is developed

and we derive the theoretical conditions for group synchronization, observing good agreement

between experiments and the theoretical model. When undulatory systems are in close proximity

the collisional interactions between their limit-cycles drive their phase difference to be smaller.

However, when the separation distance is large collisions drive the phase difference to grow

and generates a stable antiphase mode. This work enables us to demonstrate in experiment

the swimming synchronization of four three-link robots that do not communicate with each

other, but instead leverage the nonlinear dynamics of the nonlinear oscillator control system.

Ultimately, the work we present in this thesis leads to new understanding of how oscillatory

motion is influenced by intermittent, nonlinear, interactions with the environment and between

robots.
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Appendices

A Appendix

A.1 SCM Method

The smart-composite manufacturing (SCM) method was developed to build robotic 

systems at the millimeter and centimeter scales, with features sizes down to tens of microns 

[123, 124]. SCM bridges the gap between traditional machining (meter to centimeter) and 

MEMS (micron to nanometer) fabrication. The SCM method uses multiple laminate layers that 

are all laser cut and laminated into a single composite sheet (Fig. A.1). Layers are aligned and 

then cured in a heated platen press and then released to achieve desired micro structures by 

choice of design pattern and material properties (Fig. A.1). SCM enables the integration of 

mechanical parts, such as links and joints, and electronic devices, such as PZT actuators, 

sensors, and wiring, into a complex microrobotic system [123].

Assembly accuracy is a significant challenge in microrobotics and specifically SCM 

based robots which require folding or manual bonding to achieve three-dimensional structure. 

Typical SCM laminates have five layers, two structural (carbon fiber), one flexural (Kapton), 

and two adhesive (DuPont Pyralux) (Fig. A.2). Yet a robot component may be built from many 

of these five-layer laminates manually bonded together. In an effort to reduce the number of 

folds required to build our transmission we designed it using a single laminate consisting of 25 

layers as a single monolithic structure (Fig. 2.5). Individual material layers are cut into 25 × 

25 mm squares by a DPSS laser, containing complex in-plane features as small as 10 microns 

which is the resolution of the laser. Out-of-plane 3D mechanical structures are achieved by 

stacking
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Figure A.1. SCM method. a) Laser cut individual layers. b) A typical SCM laminate 
consists 5 layers in sequence (Carbon fiber - Adhesive - Kapton - Adhesive - Carbon fiber). 
Use heated platen press to form cured SCM laminate. c) Laser cut to release the functional 
parts. d) An example of released micro structure. e) A detailed cross-section of the 25 layers 
used for the prismatic transmission.

carbon fiber structural layers, Kapton flexure layers, and adhesive layers along precision dowel

pins which provide persistent lateral alignment. In the final transmission most material around 

the in-plane functional features are removed, however for proper support during bonding we need

to retain much of this scrap material for structural support. In the stacked multilayer laminate 

shown in Fig. A.1e, light gray parts of carbon fiber layers and light yellow parts of Kapton 

layers remain in-plane to provide out of plane support to the surrounding material during the 

press and cure process. After the transmission is laminated a final laser release cut is 

performed and the scrap material is removed leaving only the dark gray parts of the carbon fiber 

layers, dark yellow parts of the Kapton layers, and interleaved adhesive layers are retained. 

Carbon fiber forms the

links of the linear transmission with L = 5 mm. The 0.1 mm Kapton gaps create revolute joints 

for the linear transmission.
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Figure A.2. Selected examples of laser-cut individual layer. The black layers are structural 
carbon-fiber, the yellow layers are flexural Kapton, and the white layers are adhesive Pyralux.

A.2 Transmission dynamic response

To determine whether the dynamics of the transmission system influenced the locomotion 

speed-frequency behavior we sought to determine if the claws exhibited a resonance across the 

rang of tested frequencies. We tracked the output displacement of the transmission during the 

free-run experiments at all frequencies (Fig. A.3). The result shows the amplitude of 

transmission does not change significantly across the frequencies we tested. Thus, we 

assumed the internal dynamic of the PZT actuator and transmission system can be ignored 

when analyze the robot locomotion dynamic.

A.3 Locomotion testing details

We performed locomotion experiments using two experimental setups (Fig. A.4). The 

first set of experiments were performed with the robot confined to move within a narrow 

channel. At the time of this work we had not integrated steering into robot and thus used 
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Figure A.3. Dynamic response of transmission. Amplitude of transmission output of the upper 
claw (above) and lower claw (bottom) across different frequencies. The transmission 
performance remained consistent across frequency of interest.

the walls to enforce straight motion. The walls were made of transparent acrylic to enable 

high-speed camera viewing from the side. Figure A.4 shows a view from the high-speed 

camera in the walled experiment. Free-run experiments were also performed and similar 

views are shown for the free run experiments. Two high-speed cameras were synchronized 

and used for all video data collection. Calibration enabled 3D reconstruction of the robot 

motion.
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Figure A.4. Robot experiment setup in tunnel run and free run.

B Appendix

B.1 Simulation details

We simulated the multi-swimmer numerical experiments in Project Chrono (referred 

to as Chrono). Chrono is a multi-physics dynamics engine that handles rigid body dynamics 

and contact. The source code is freely available 1 and Chrono simulations have been validated 

against several experiments and comparisons with other numerical solvers for accuracy [193]. 

Our simulations took place in Chrono version 5.0.0.

A multi-body physics solver is used to model the rigid body dynamics of multi-body 

systems coupled together through kinematic constraints. Chrono treats the generalized position q 

and velocity vectors q̇ of rigid bodies from a Cartesian approach, where the generalized position 

is the location of each body’s center of mass in the absolute coordinate system. The multibody

1Code can be found on the Project Chrono github page (https://github.com/projectchrono/chrono)
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dynamics in the absence of friction are described by the following set of equations

g(q, t) = 0

M(q)v̇ = f(t,q,v)+G(q, t)λ̂

The first equation represents constraints between bodies, in the case of this manuscript revolute

joints, which are contained in the constraint equations g(q, t) = 0. The second equation defines

the dynamics where M is the mass matrix, f are internal (i.e. Coriolis forces, joint torques) and

applied forces, and G(q, t)λ̂ represents the constraint reaction forces.

The forces applied to the bodies may also include contact forces that “appear” and

“dissapear” when contact between bodies are made or broken. In the implementation in this

work, contact is handled through the discrete element method using a complementarity approach

(DEM-C). The complementarity approach models contact interactions as “rigid” contacts which

cannot penetrate each other. This is in contrast to penalty DEM methods that model contact

through elasticity and small body overlap (with elastic repulsive force). These approaches

have been compared in the literature [194]. The complementarity approach poses and solves a

complementarity optimization at each time-step. The complementarity problem specifies that

between every body, either a nonzero gap distance exists, or a nonzero contact force exists. The

details of how this complementarity problem is posed and solved are described in Heyn et. al.

[195], and Tasora et. al. [193].

The time stepper (time integrator) used in our simulation is the linear implicit Euler

method. The step size of this integrator is 0.005 s. A solver is used to compute the unknown

accelerations and reaction forces at each time step of the simulation. We are using the default

PSOR, an iterative solver based on projective fixed-point method, with over relaxation and

immediate variable update as in successive over-relaxation (SOR) methods.

We implemented viscous drag forces acting on each link of the simulated swimmers. The

viscous drag forces were applied to the center of mass of each link. The drag equations are those
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provided in Hatton et. al. [174]

Fi,x =
∫ L

−L

1
2

cdξi,xdℓ= cdLξi,x

Fi,y =
∫ L

−L
cdξi,ydℓ= 2cdLξi,y

Mi =
∫ L

−L
cdℓ(ℓξi,θ )dℓ=

2
3

cdL3
ξi,θ

where Fi,x and Fi,y are respectively the longitudinal and lateral forces, Mi is the moment, cd is the 

differential viscous drag constant, and ξi = [ξi,x,ξi,y,ξi,θ ]
T is the body velocity of the center of 

the ith link with respect to the stationary fluid [196].

Details of simulation parameters are listed in Table B.1.

Table B.1. Simulation parameters

Name Variable Value
Body length l 162 mm
Body width w 15 mm
Body height h 30 mm
Body mass m 73 g

Control P gain KP 0.15 Nm/rad
Torque saturation Ts 1.5 Nm
Joint amplitude β0 40◦

Joint frequency f 0.5 Hz
Drag coefficient cd 1

121



C Appendix

C.1 Derivation of contact map

In this section we derive the collision-to-collision phase map presented in section 5.2. To

derive this map we have to first consider how to represent the pre-collision phases, φ
−
i , in terms

of only the phase difference, ∆ = φ2 −φ1. We seek to solve for the collision phases using only

the phase difference between oscillators, ∆. We begin by introducing an intermediate variable κ

such that

φ1 = κ − ∆

2
(1)

φ2 = κ +
∆

2
(2)

The collision condition (Eqn. 5.1 in main text) is

2d̃ = cos(φ2)− cos(φ1) (3)

and we expand this into the form

2d̃ = cos(φ1)− cos(φ2) (4)

= cos(κ − ∆

2
)− cos(κ +

∆

2
) (5)

=−2sin(κ)sin(−∆

2
) (6)

(7)

which yields the relationship

κ = arcsin
(

d̃ csc
(

∆

2

))
(8)
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This equation allows us to determine for a given initial ∆ what the individual phases of the

oscillators are at collision by substituting κ into Equations 1 & 2.

Our goal here is to solve for the return map between collisions as a function of ∆. To do

this, we take the following steps: 1) solve for φ1 and φ2 at collision from Equations 8, 1, & 2 and,

2) apply the velocity update rule for inelastic collisions from Equations 5.2 & 5.3, 3) determine

the post-collision phases for the oscillators from Equation 5.4. Since ω is the same between

each oscillator, and they evolve independently until colliding, the post-collision phase difference

∆(n,+), is exactly the same phase difference of the next collision ∆(n+1,−). We have introduced

the superscript notation where the first value indexes the collision, and the ± denotes whether

the value is before (−) or after (+) the indexed collision.

∆
(n,+) = φ

(n,+)
2 −φ

(n,+)
1 (9)

= atan

[
−

ẋ(n,+)
2

x(n,+)
2

]
− atan

[
−

ẋ(n,+)
1

x(n,+)
1

]
(10)

= atan

[
(1− r) ẋ(n,−)

1 +(1+ r) ẋ(n,−)
2

2x(n,−)
1

]
− atan

[
(1− r) ẋ(n,−)

2 +(1+ r) ẋ(n,−)
1

2x(n,−)
2

]
(11)

= atan

 ẋ(n,−)
1 + ẋ(n,−)

2 − r
(

ẋ(n,−)
1 − ẋ(n,−)

2

)
2x(n,−)

1

− atan

 ẋ(n,−)
1 + ẋ(n,−)

2 + r
(

ẋ(n,−)
1 − ẋ(n,−)

2

)
2x(n,−)

2


(12)

= atan

[
(1− r)sin(κ + ∆(n,−)

2 )+(1+ r)sin(κ − ∆(n,−)

2 )

2cos(κ + ∆(n,−)

2 )

]
(13)

− atan

[
(1− r)sin(κ − ∆(n,−)

2 )+(1+ r)sin(κ + ∆(n,−)

2 )

2cos(κ − ∆(n,−)

2 )

]

= atan

[
sin(κ)cos(∆(n,−)

2 )− r cos(κ)sin(∆(n,−)

2 )

cos(κ + ∆(n,−)

2 )

]
− atan

[
sin(κ)cos(∆(n,−)

2 )+ r cos(κ)sin(∆(n,−)

2 )

cos(κ − ∆(n,−)

2 )

]
(14)
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Since ∆(n,+) = ∆(n+1,−) we have derived the mapping from the collision phase immedi-

ately after the n collision to the phase immediately after the n+1 collision. Thus we can drop

the ± superscripts and we arrive at the final collision-to-collision return map

∆
(n+1) = atan

[
sin(κ)cos(∆(n)

2 )− r cos(κ)sin(∆(n)

2 )

cos(κ)cos(∆(n)

2 )− sin(κ)sin(∆(n)

2 )

]
− atan

[
sin(κ)cos(∆(n)

2 )+ r cos(κ)sin(∆(n)

2 )

cos(κ)cos(∆(n)

2 )+ sin(κ)sin(∆(n)

2 )

]
(15)

C.2 Experiment details

Motor control and limit-cycle generation

Each motor was controlled by an ODrive brushless DC motor controller (ODrive robotics).

The ODrive provides closed-loop current control for each motor and we set the maximum current

limit to 30 A. The motor current control was performed on a computer in Python. At every

update loop the motor current was computed using the following equation:

i =−kθ + cθ̇ −µθ
2
θ̇ +β sgn(θ̇) (16)

with the following parameters: 

Table C.1. Experimental parameters

Variable Motor 0 Motor 1
k 3.9 A/rad 3.3 A/rad
µ 0.24 A s/rad3 0.24 A s/rad3

c 0.009 A s/rad 0.009 A s/rad
β 0.25 A 0.25 A

The constants were selected so that each motor exhibited limit-cycle oscillations of

approximately sinusoidal motion with equal amplitude (A1 = 44.4± 0.9 degrees, and A2 =

44.3±1.6 degrees) and equal frequency (ω1 = 2.61±0.04 Hz, and ω2 = 2.63±0.03 Hz). The

β term in the motor control equation helped overcome the frictional resistance of the motor
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Figure C.1. Measurement of coefficient of restitution for experiment. a) Impacting surfaces. 
b) Coefficient of restitution measurement. Equation is given in text.

bearings. Without this term, the motor dynamics exhibited a stable fixed point at (θ , θ̇) = (0,0) 

with a small region of attraction around this point.

Collision dynamics

A rigid robot link of length 9 cm was attached to each motor. The link was waterjet 

cut from 9.5 mm thick aluminum and rigidly fastened to the motor. A 3D printed adapter was 

attached to the end of each link which provided an impact surface for the two links to interact 

with each other (Fig. C.1). The colliding surface was an elastic sphere, a bouncy ball, 

purchased from a commercial vendor.

To determine the coefficient of restitution of the impacting surfaces we performed a 

series of experiments. The links were accelerated towards each other at a constant motor current 

(selected at random between 0 - 2 A) for 200 ms after which the current was set to 0 and the 

motors and links glided towards each other impacting and rebounding. We measured the motor 

speed immediately prior to the collision and immediately after the collision and computed the

coefficient of restitution using the equation, ẋ+1 − ẋ+2 =−r
(
ẋ−1 − ẋ−2

)
. We found a coefficient of

restitution of r = 0.67±0.02.
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Simulation

We performed numerical simulations of colliding oscillator pairs and collectives. Simula-

tions were performed in both Matlab and C++ using the library ”odeint” and a variable time-step

integrator with absolute and relative tolerances of 1×10−6. An event detection scheme was used

in both simulation environment to detect oscillator collisions. At each collision the numerical

integration was halted, the inelastic collision model was implemented, and the integration was

re-initialized with the new post-collision state. In the simulations with more than two oscillators

simultaneous collisions between more than one oscillator pair were not observed.
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[166] T Vicsek, A Czirók, E Ben-Jacob, I Cohen, I, and O Shochet. Novel type of phase
transition in a system of self-driven particles. Phys. Rev. Lett., 75(6):1226–1229, August
1995.
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