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Abstract
Constituent Properties and their Effects on Tensile Response of Unidirectional SiC-SiC
Composites
by

Evan Benjamin Callaway

Mechanical response of ceramic matrix composites is critically dependent on properties of
fibers and fiber coatings. In this dissertation, testing methods and analysis techniques for
obtaining key constituent properties are developed. First, a critical assessment of existing
methods used to determine fiber strength distributions is made, through a combination of
established theorems in convolution and uncertainty propagation, Monte Carlo simulations
of single fiber tension and fiber bundle tests, and experimental measurements on bundles of
SiC fibers. The results reveal that fiber Weibull parameters are most reliably obtained by
fitting stress-strain data from fiber bundle tests directly to the functional form predicted by
fiber bundle theory. Second, fiber push-in tests are used to probe the mechanical properties
of BN fiber coatings and their interfaces with the fibers and the matrix in several
prototypical SiC-SiC composites. Push-in results reveal two distinct behaviors: one in which
coating rupture occurs suddenly, followed by interface sliding, and another in which
yielding of the coating occurs first, followed by rupture and sliding. A new micromechanical
model for elastic/plastic coating deformation and subsequent rupture and sliding is
developed. The model provides a framework for interpreting push-in results, including ways
to ascertain the mechanism that governs the stress for push-in initiation and for extracting

pertinent coating properties. Finally, effects of constituent properties on tensile response of

viii



unidirectionally-reinforced composites are examined through a combination of analytical
models of fiber fragmentation, matrix cracking, and interface debonding and sliding, along
with Monte Carlo simulations and experimental measurements on SiC-SiC minicomposites.
The results reveal two distinct domains of fiber fragmentation and subsequent pullout; at
low stresses, fibers break in a random manner throughout the composite and, at the stress
maximum, additional breaks are localized to regions near the eventual fracture plane.
Composite rupture occurs when the /ocal fiber bundle response in the most heavily strained
regions (within matrix crack planes) reaches a load maximum. The failure stress and strain
vary considerably with fiber volume fraction, especially when the matrix strength
distribution is broad. In many cases of practical interest, the full potential of the fibers is not

realized.
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Chapter 1

Introduction

1.1 Background
Ceramic matrix composites (CMCs) comprising SiC-based matrices and SiC-fibers are
intended for use in hot sections of aerojet engines. This selection is driven by a combination
of their high specific strength to temperatures of 1500°C (Figure 1.1), improved toughness
over monolithic ceramics, lower density as compared to competing superalloys, and their
ability to withstand severe thermochemical environments.' Potential upper use temperatures
of SiC/SiC composites are 100-200K higher than those of superalloys.” This can have a
large impact on thermal efficiency. Using data on turbine-based, combined-cycle power
generation systems, a 30K increase in firing temperature results in about 1% increase in
efficiency.” With U.S. airline carriers spending $38.4 billion on fuel in 2018* and
commercial airline travel making up 2-4% of total greenhouse gas emissions,’ the higher
operating temperatures enabled by insertion of SiC/SiC composites in engine hot sections
will reduce fuel costs and NOx emissions in very significant ways. In 2017, GE introduced
SiC/SiC composites in turbine shrouds in their LEAP engine: the first large-scale use of
SiC/SiC composites in commercial aeroengines. The expectation of GE and other
aeroengine manufacturers is that continued research and development will lead to additional
hot-section CMC components with consequent increases in efficiency.

Despite the potential benefits of employing CMCs in hot components in gas turbine
engines, achieving microstructural uniformity and preventing internal oxidation and
embrittlement in steam-laden environments remain outstanding challenges. Microstructural

1



uniformity takes many forms. Ideally, it entails uniformly spaced fibers with uniformly
produced coatings in a uniform fully-dense matrix. Matrix cracks, pores or other defects,
when present, enable rapid ingress of oxidants from the environment, leading potentially to
local consumption of fiber coatings and formation of silica that bonds fibers to the matrix.
Crack deflection and pullout is thereby inhibited. Silica scale formation generates tensile
stress in the fibers.® Additionally, oxidation of the fiber may result in sub-critical cracking.
Complexity in both geometry and variety of constituents makes quantifying effects of
microstructural non-uniformity and internal oxidation on composite response an arduous
task.

Conducting experiments on simplified geometries reduces this complexity.
Composite response and ultimate strength depend primarily on mechanical and geometric
properties of three key constituents: fibers, interface coatings, and matrix.”'® Constituent
properties can be obtained directly from tests on three simplified geometries (Figure 1.2): (i)
bare, or uncoated, fibers, (ii) coated fibers, and (iii) minicomposites comprising single tows
of coated fibers. Testing of simplified geometries allows for high-throughput examination to
determine processing-microstructure-property relationships. Degradation mechanisms can
be individually probed and quantified. Obtaining constituent properties with high fidelity
and having robust micromechanical models relating constituent properties to composite
response are key for this bottom-up approach to be successful. Despite extensive work over
the last three decades, some important deficiencies remain in the micromechanical modeling
and analysis of experimental data on fiber tows and minicomposites.

The rest of the chapter summarizes existing micromechanical models, testing

methods, and analysis techniques for obtaining constituent properties. Important deficiencies



and issues are highlighted. Ceramic fiber properties are covered in Section 1.2. The role of
fiber coatings is discussed in Section 1.3. Micromechanical models for relating fiber, matrix,
and interface properties to composite response are presented in Section 1.4. Finally, the

objectives of the present study and an outline of the dissertation are given in Section 1.5.

1.2 Fiber properties
Tensile strength of fiber-reinforced composites is governed by fiber strength. The strength of
ceramic fibers is inherently statistical in nature. Distributions in fiber strength, o, are

typically described by the empirical weakest-link Weibull model with parameters o,, the

reference strength, and m , the Weibull modulus

P. :1—exp{_V—V(§jm} (1.1)

where P. is failure probability, 7 is volume of material under stress, and ¥, is a reference

volume.

The most common method for determining fiber strengths is based on tensile tests on
individual filaments. A variety of techniques have been used to obtain Weibull parameters
from such tests. Traditionally, Weibull parameters have been obtained from linear regression

analyses of Weibull plots, of the form In(—In[1-/P.]) vs Ino. While ASTM standards

call for the use of more precise statistical methods (i.e. maximum likelihood method),'" 2

Weibull plots remain in common use.'>2® Regardless of fitting method, testing of single
filaments is a tedious task as it requires many measurements (typically at least 30) to obtain
accurate Weibull parameters. Often, for expediency, areas of all tested fibers are not

measured; instead, the average fiber area is combined with the fracture load to compute the



19, 22-25, 27, 28
h. 1% , 27,

nominal strengt The problem is exacerbated by the common practice by fiber

manufacturers of reporting only a mean strength, with no mention of gauge length or

29, 30 15, 18, 31-36
h.”” >, 18,

variation in strengt In reality, fiber strength depends strongly on volume.
Complicating the issue further is the reported observation that Weibull parameters inferred
from dependence of strength on fiber area or length differ from those obtained from tests at
constant volume. These discrepancies have served as justification for modifying Eqn. (1.1)
in ways that often lack sound mathematical or physical basis.*’

Alternatively, fiber strength distributions can be inferred from tensile tests on
bundles comprising hundreds or thousands of aligned fibers. From this method, the strengths
of many fibers are determined in a single test without needing to measure individual fiber
areas. Moreover, degradation mechanisms inherent to fiber-fiber interactions (e.g. fiber
welding due to high temperature sintering or oxidation) are captured from testing of bundles.
Such effects go unnoticed in testing of single filaments. An issue with fiber bundle tests is
the lack of an ASTM standard. A variety of methods with varying statistical fidelity are used

31,3848

for determining fiber Weibull parameters. Much of the work in the following chapters

addresses optimizing testing methods and analysis techniques.

1.3  Interface properties

Design of fiber coatings is of critical importance for achieving high composite toughness
and strain to failure via crack deflection and frictional pullout. Mechanical properties of the
coatings are typically described by an interface (or interphase) toughness I'; and a resistance
to sliding 7z, (Figure 1.3). For sufficiently low interface toughness relative to fiber

toughness, matrix cracks deflect at one of the interfaces on either side of the coating or



within the coating itself.* If instead interface toughness is high relative to fiber toughness,
matrix cracks penetrate through fibers, resulting in a brittle, low-strength composite,
comparable to a monolithic ceramic. In the ideal scenario in which crack deflection and
debonding can occur, frictional sliding allows for reloading of the matrix around matrix
cracks and of the fibers around broken fiber ends. With increasing sliding resistance, the slip
lengths needed to reload broken fibers and matrix to their respective far-field values
decrease; hence, composite strength increases as a greater fraction of fiber remains intact.
The preceding is strictly true for the condition of global load sharing. When the sliding
resistance is sufficiently high, stress concentrations near the interface lead to a condition of
local load sharing.”® With increasing degree of local load sharing, composite strength and
toughness decrease. The nature of the transition from global to local load sharing remains
poorly understood.

A variety of methods exist for obtaining sliding resistance and interface toughness.
These properties can be indirectly estimated from either composite tensile hysteresis loops®'

54 . . 55 . . . -
or matrix crack spacings.”> More direct measurements can be made via fiber push-in>®>*

or push-out tests™ !

using an instrumented nanoindenter. Fiber push-out tests are a popular
choice for the ease in analyzing data to extract interface properties, but sample preparation
and conducting the experiment on small diameter fibers (c.a. 10 um) is difficult. Push-in
tests require less sample preparation and are easier to conduct. Additionally, hysteresis loops
obtained from unload-reload cycles in push-in tests provide additional information for

. P . 58 . .
cleanly measuring sliding resistance.”” For these reasons, push-in tests remain the preferred

method for directly measuring interface properties.



Direct methods have the additional benefit of giving distributions in interface
properties. Push-in and push-out tests probe interface properties around individual fibers
whereas the indirect methods yield globally-averaged properties. In CMCs, distributions in
properties and extreme values (e.g. fiber or matrix strength) may be as important as their
respective mean values. Effects of interface property variation on d remain largely unknown.
Qualitatively, a large variance in interface toughness may lead to crack penetration through
some fibers (i.e. those with particularly high interface toughness) and crack deflection and
debonding around others. Variations in sliding resistance may lead to non-uniform loading
of fibers in the vicinity of matrix cracks. Fibers with higher sliding resistance (i.e. those
under higher loads) are more likely to fail than those with lower sliding resistance. Overall,

variations in interface properties are unlikely to benefit composite response.

1.4  Tensile response of unidirectional composites
Micromechanical models relating fiber and interface properties to composite tensile
response were established largely in the 1990s. Solutions originated from analyses of a
simpler problem: that of fragmentation of a single fiber embedded in a high strain-to-failure
matrix. Unidirectional composites are then treated as an array of single-fiber composites.” *"
6264 To simplify the problem, the load carried by the matrix is usually neglected and the
results are couched in terms of in sifu bundle stress rather than composite stress. As we show
in the present work, the ramifications of matrix strength and matrix cracking can be crucial
in obtaining useful information from tensile response of unidirectional composites.

Tensile testing of single-tow minicomposites has become a common practice for

determining effects of constituent properties on composite response.”* ©~! Much like the



tests for measuring fiber and interface properties described in the previous two sections,
tensile testing and analysis methods for minicomposites vary substantially between
researchers. In some cases, only composite strength, with limited mention of fiber content, is

65, 70
reported.®>

With proper analysis, minicomposite tensile response can yield a wealth of
information on constituent properties, their effect on composite response, the degree of

global load sharing, and degradation of constituent properties during processing or

thermochemical exposure.

1.5 Objectives and dissertation outline

The overarching goal of this research is to (i) develop testing protocols and analysis
techniques to obtain pertinent constituent properties with high fidelity and (ii) improve the
understanding of how these properties affect composite response. These are necessary first
steps before degradation mechanisms operative in CMCs during processing or in-use can be
identified and quantified. In this work, the key constituent properties are obtained from three
types of tests: (1) fiber bundle tensile tests to obtain fiber Weibull parameters; (2) fiber
push-in tests on polished cross-sections of composites to obtain sliding resistance and
interface toughness; and (3) minicomposite tensile tests to obtain in situ fiber and matrix
strength distributions and to relate combined effects of fiber, interface, and matrix properties
to composite response. While such tests are not uncommon, there is a severe lack of
assessment of the fidelity of test data. Here, issues are addressed through a combination of
Monte Carlo (MC) simulations, analytical solutions (based, for example, on uncertainty

analysis or micromechanical models) and experimental measurements. Insights gleaned



from this work are expected to help guide future experimentation to study degradation
mechanisms.

The dissertation is organized in the following way. Chapters 2-4 focus on methods
for obtaining distributions in fiber strength. Chapter 2 discusses some issues with accepted
testing procedures of single filaments, especially when the test data involve nominal (rather
than true) fiber strengths. A method for deconvoluting and correcting systematic errors from
random uncertainties is developed and used to assess the fidelity of data reported in various
literature sources.

Chapter 3 addresses issues in the fidelity of results stemming from fiber bundle tests
and strategies to optimize outcomes. An assessment of various methods for fitting test data
is made through MC simulations of bundle response. Effects of gauge length inter-fiber
friction on bundle response and procedures for handling the tows in order to maintain
alignment are presented. In the appendix to Chapter 3, a procedure is outlined for heat
treating and subsequent tensile testing of fiber bundles.

Chapter 4 provides a critical assessment of the efficacy of inferring Weibull strength
parameters of ceramic fibers from variations in strength with fiber diameter or gauge length.
The issues are addressed using theorems in regression analysis and uncertainty propagation
as well as MC simulations. With the small variation in diameter in commercially available
fibers (coefficient of variation of diameter < (.2), inordinately large sample sizes (>1,000)
are required to achieve reliable Weibull parameters. More reliable results can be obtained
from dependence of strengths of bundles containing many (>500) fibers on gauge length.

Chapter 5 examines the mechanics of shear deformation, rupture and frictional

sliding of fiber coatings in ceramic composites through a combination of experiments,



modeling and computational simulations. Distributions in interface properties are obtained
fiber push-in tests on four SiC-BN-SiC composite systems. Test results for two of the
systems reveal yielding of BN coatings prior to coating rupture, thereby necessitating the
development of a new framework for interpreting fiber push-in results. For this purpose, an
analytical model for push-in of fibers with elastic-perfectly plastic coatings is developed and
verified with extensive finite element simulations.

With Chapters 2-5 covering methods for obtaining fiber and interface properties,
Chapter 6 addresses the effects of constituent properties on composite response. Despite
being a problem seemingly solved long ago, several nuanced features with important
practical implications are identified here. By extending the exact fiber fragmentation model
to fragmentation of the matrix, a numerical solution is developed for the tensile response of
unidirectional composites. Improved methods are established for extracting in situ Weibull
parameters for both fibers and matrix. Differences in coated and in situ fiber properties
indicate effects of degradation during composite processing and the degree of global load
sharing. Additionally, MC simulations reveal new and important features of fiber
fragmentation and resulting distributions in length and strength of pulled-out fibers. Finally,

conclusions and recommendations for future research are presented in Chapter 7.
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Figure 1.2: Schematics showing the range of length scales associated with CMCs. Testing
of the simple geometries on the right are useful for determining constituent properties

and identifying and quantifying various degradation mechanisms.
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Chapter 2

Accurate determination of fiber strength distributions t

Abstract

Tensile strengths of small-diameter ceramic fibers are commonly obtained from measured
fracture loads on individual fibers and the average cross-sectional area of the entire fiber
population. The goal of the present chapter is to provide a critical assessment of the
consequences of using the average fiber area in the inferred strength distribution. The issues
are addressed through established theorems in convolution and uncertainty propagation as
well as Monte Carlo simulations. Systematic errors introduced by using the average area are
well-represented by simple analytical formulae. The formulae are couched in terms of the
coefficient of variation of fiber area and the dispersion in fiber strengths, characterized by
the Weibull modulus. In turn, the formulae are used to determine the true values of Weibull
modulus and reference strength from their nominal values. Random uncertainties associated
with a finite number of tests decay slowly with number, in accordance with an inverse root
scaling. When systematic errors are conflated with random uncertainties, accurate
determination of the true Weibull modulus becomes increasingly challenging, even for
seemingly large numbers of strength measurements. The results are used to assess the

fidelity of previously-reported experimental results based on nominal strength data.

t The content of this chapter has previously appeared in the Journal of the American
Ceramic Society (Evan Benjamin Callaway and Frank W. Zok, “Accurate determination of
fiber strength distributions,” J. Am. Ceram. Soc., 100 [3] 1202—-1211 (2017)). It is
reproduced here with the permission of John Wiley and Sons.
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2.1 Introduction

A tedious task in determining strength distributions of small-diameter (ca. 10 um) ceramic
fibers is measurement of the cross-sectional area of each tested fiber. With the
recommended resolution in diameter measurement being 1% of the fiber diameter [ASTM
C1557]", measurements are usually made by laser diffraction” or by scanning electron
microscopy (SEM)’: both laborious and time-consuming techniques. The measurements are
further complicated by the common experience that strong fibers shatter upon failure and
thus identification of their principal fracture location is a difficult task (even if all fragments
are recovered).

The argument has been made that strength distributions can be determined
adequately from fracture loads of individual fibers and the average cross-sectional area of
the entire fiber population, thereby precluding the need to measure the areas of individual
broken fibers.* The genesis of the argument was an experimental study by Petry ef al.* in
which strength distributions for numerous lots of SiC and alumina/yttrium aluminum garnet
eutectic (AYE) fibers were measured using both individual and average fiber areas.
Comparisons of results from the two methods led to the conclusion that the Weibull
modulus m obtained using nominal strengths is the same as that obtained using true
strengths. That study has since served as the principal basis for justifying continued use of
nominal fiber strengths.” "'

In some cases, the use of nominal fiber strength measurements is justifiable. When,
for example, the fiber diameter distribution is narrow — as it for the Nextel™ 610 fibers® —
differences between nominal and true strengths are small. In other cases, where fiber

strength measurements are used to investigate effects of application of fiber coatings or
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introduction of a ceramic matrix, the number of test variables may be inordinately high,
making diameter measurements on every tested fiber a formidable task. As one specific
example, a recent study by Hay et al.'® examined effects of oxidizing treatments on fiber
properties; 20 different treatments were examined, each being assessed by at least 30
individual fiber tests. With the principal objective being assessment of fiber property
changes, the expectation that the diameters of some 600 individual fibers be measured
becomes unrealistic. The outstanding issue with these measurements is not whether nominal
strength measurements are justifiable but rather whether the measurements can be used to
obtain reliable estimates of both the mean fiber strength and the dispersion in strengths. The
present chapter addresses this issue.

Studies subsequent to that of Petry et al® have shown that, although the mean

nominal strength (obtained using the average fiber area) is the same as the mean true

4, 12 12-14
h*

strengt , the inferred Weibull modulus and reference strength differ = . Lara-Curzio
and Russ' used Monte Carlo simulations (MCS) to demonstrate these effects. But the
simulations were restricted to one assumed Weibull modulus (m=5), one sample size
(N=500) and only 10 repeats of each simulation. From this narrow set of results, they found
that m is underestimated by a factor of up to 4 and the reference strength in the Weibull
distribution is overestimated by as much as 25%. Their main conclusion was that
measurement of all fiber diameters is necessary in order to obtain reasonable estimates of
the Weibull parameters. As we show in the present chapter, this conclusion is not generally

true. Indeed, there are many cases of practical interest in which the Weibull parameters can

be accurately estimated from nominal strengths.
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Parthasarathy'> built upon the work of Lara-Curzio and Russ'’, using both
experimental data and MCS to address errors in Weibull modulus inferred from nominal
strength measurements. The simulations covered a slightly broader parameter space,
including two values of m (4 and 8) and a range of sample sizes (N=20-400), but with
apparently only one simulation for each parameter set. Parthasarathy also developed an
iterative numerical procedure for inferring the true Weibull parameters from nominal
strength distributions. The numerical procedure was shown to converge to the correct
(unbiased) value of m when N >200; otherwise, for smaller sample sizes, it overestimated
m by a factor of 1.5 to 2, depending on the true value of m and the coefficient of variation
(CoV) of fiber area. Attempts at using the procedure to infer m from several experimental
data sets, each comprising 30 points, proved unsuccessful, presumably a result of the
relatively small number of measurements. Random errors were not considered by either
Parthasarathy'? or Lara-Curzio and Russ"’.

To provide perspective on the magnitude of fiber area variations, fiber areas of three
commercial SiC fibers — Nicalon™, Hi-Nicalon™ and Hi-Nicalon™ Type S — were
measured from scanning electron microscope images of transverse cross-sections of either
bare fiber tows or of composites containing these fibers. The results are summarized in
Table 2.1. The CoV Z(A4) of fiber area falls in the range of 0.2—0.3. Comparable values have
been reported previously.* *'° By comparison, fiber strength distributions typically exhibit
a CoV of about 0.1-0.2.

The present chapter addresses the theory underpinning the fidelity of data from
tensile tests in which the average fiber area is employed in computing fiber strengths. The

focus is specifically on the breadth of the strength distribution, characterized by the Weibull
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modulus. An analytical framework based on established theorems in convolution and
uncertainty propagation is developed and its veracity is assessed by exhaustive Monte Carlo
simulations. Both systematic errors introduced by the use of the average fiber area and
random errors due to finite numbers of measurements are addressed. The analytical
framework provides a straightforward method for estimating the true Weibull modulus and
its uncertainty.

The chapter is organized in the following way. First, in Section 2.1, a brief review
and key results of weakest link fracture statistics are presented. Next, in Section 2.3,
systematic errors introduced by use of the average fiber area in determining fiber strengths
are analyzed. The latter include exact solutions from convolution theory and accurate
approximations based on uncertainty propagation analysis. These solutions, in turn, are used
to estimate the true Weibull parameters from their nominal values. This is followed, in
Section 2.4, by an assessment of the effects of finite numbers of strength measurements on
random uncertainties in both the Weibull modulus and the reference strength. Thereafter, the
analytical results are assessed through exhaustive MC simulations, presented in Section 2.5.
Finally, in Section 2.6, the theory and the simulation results are discussed in the context of

previously-reported experimental measurements of fiber strength distributions.

2.2 Background on weakest link fracture statistics
The tensile strengths of cylindrical fibers, with radius R and length L and with flaws
distributed randomly throughout the fiber volume, can be described by the Weibull

distribution:
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2 m
P, =1-exp —(LLJ [RiJ [GiJ @.1)
o o o

where P, is the cumulative failure probability; L, and R, are reference values of length

and radius; o is tensile stress; and o, is reference strength.

The relationship between the tensile stress-strain response of a fiber bundle and the
distribution in strengths of the constituent fibers is readily derived from bundle theory. The

resulting bundle strength o (i.e. the peak in the stress-strain curve) is given by’

(op/0,)(L/L,)" = (me) "™ 2.2)

where e is the base of the natural logarithm (=2.718). The mean fiber strength & is'®

(5/0,)(L/L,)"" =T (1+1/m) 23)
where " is the gamma function (Figure 2.1). Its coefficient of variation, defined as
Z(c)=S(c)/& (S being the standard deviation), is'®

[ T(1+2/m)-T? (1+1/m)T/2

Z(o)= T (1+1/m)

(2.4)

The latter can be well-approximated by a power law, Z(o)=m "%, within 2% over the

range 2<m<20.

Analytical solutions presented here are based on the presumption that a Weibull
distribution can be approximated adequately by a normal (Gaussian) distribution with the
same mean and standard deviation. With this approximation, established uncertainty
propagation theorems can be used to combine uncertainties stemming from multiple sources.

To this end, Figure 2.2 shows comparisons of Weibull probability density functions for
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representative values of m and corresponding normal distributions with equivalent mean
strengths and CoVs. The distributions are deemed sufficiently close to warrant use of this

approximation.

23 Systematic errors

Hereafter, nominal values of reference strength and Weibull modulus (obtained using
average fiber areas) are denoted with a subscript n» and their true values (obtained from
actual fiber areas) are denoted with a subscript ¢. Further distinctions are made between
exact values (obtained, in principle, from an infinite number of measurements) and point
estimates (obtained from a finite number of measurements); the latter are denoted with a

prime superscript. Finally, mean values are denoted with an over-bar. For example, &, is the

true mean fiber strength and &' is the estimate of &, obtained from a finite sample

population. The nomenclature is summarized in Table 2.2.
The distribution in nominal fiber strength is obtained through a convolution of the

distributions of true fiber strength and of fiber area. Accordingly, the cumulative probability
O, (o,) of nominal strength o, is given by

0s(,)=[" Pr(0,) h(4)dd 25)
where P, (o,) is the cumulative failure probability up to a true fiber stress o, (described by
the Weibull function) and h(A) is the probability density of A. Here 4 is taken to follow a
normal distribution with average A, standard deviation S (A) , and coefficient of variation

Z(A4)=S(A4)/A . Numerical solutions of this convolution integral are plotted in Figure 2.3.
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They are presented as contours of constant coefficient of variation Z (an) of the nominal
strength  distribution in coordinates of Z(4) and m, . The limiting values are
Z(o,)=m"" as Z(A4)—> 0 and Z(o,)=Z(A4) as m, > .

An approximate solution to the convolution integral is obtained from an analysis
based on uncertainty propagation. When a function is a quotient or a product of two

variables that each follow a normal distribution, the CoV of the function is the root sum of

the squares of the CoVs of the two variables. Recognizing that the true and nominal
strengths are related by o, = 0,4 / A and presuming that the fiber strength distribution at a
fixed gauge length can be approximated by a normal distribution with equivalent mean

strength and CoV, it follows from uncertainty propagation that Z (an) is:

2(0,)=(2(4) +2(o,)’ )1/2 ~(Z () )1/2 (2.6)

The accuracy of Eqn. (2.6) was assessed by comparing it to the exact results from the

convolution integral in Eqn. (2.5); both sets of results are plotted in Figure 2.3. For all

realistic values of m, (>2) and for even moderately high values of Z (A) (up to 0.4), the

analytical model is highly accurate.

In turn, the resulting nominal Weibull modulus, m, =Z(o, )71/0'92, is given
approximately by

" Lopi2 )V

L =1+(Z(A)m,~ 2.7

o ( (Z(4)m*?) ) @.7)

This is a key result; it represents a universal relationship between the normalized nominal

Weibull modulus m, /m, and the ratio of CoVs: Z(A4)/Z(c,)=Z(A)m]**. 1t proves to be
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highly robust. The result is plotted and compared with subsequent MCS results in Figures

2.4(a-b). The effects of Z(A) on the inferred Weibull modulus are particularly large when
Z(A)ym)? =1.

In contrast to the systematic errors in Weibull modulus that arise from use of the
average fiber area, the average nominal strength &, is equal to the average true strength &, .

This conclusion had been reached previously by others * '* and is borne out by subsequent

MCS results in the present study. Thus, from Eqn. (2.3), the nominal reference strength o, ,

is predicted to be:

Gn’o ~ F(l—|—l/mt)( L Jl/mtl/mﬂ

o, T(1+1/m,)\ L,

(2.8)

where o, , is the true reference stress and m,, is given by Eqn. (2.7).
Effects of systematic errors in Weibull modulus and reference strength on the
predicted bundle strength (from Eqns. (2.2), (2.7) and (2.8)) are plotted on Figure 2.1. The

errors lead to significant under-estimates of the bundle strength, e.g., for m, =10 and
Z (A) = 0.2, the bundle strength is under-estimated by more than 20%. Since the errors are

systematic in nature, the true Weibull parameters can be estimated from their nominal

values. To this end, Eqns. (2.6) and (2.7) are combined to obtain the true Weibull modulus,

m, , from m, and Z(A):

ﬂz(l_(z(A)mﬂ%)zj”l'M 29)

The true reference strength, obtained from Eqn. (2.3) and the measured mean strength,

G, =0, Is:
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L

o

1/m,
It :[L] (1“(1+1/m,))71 (2.10)

where m, is given by Eqn. (2.9). The combination of Eqns. (2.9) and (2.10) is the second

key result of this analysis; it provides a straightforward route for estimating the Weibull

parameters when the number of measurements is sufficiently large to yield accurate

estimates of m, and Z (A) . Affirmation of the fidelity of these results is obtained from the

MCS results presented in Section 2.5.

2.4  Random uncertainties

Random uncertainties arise when only a finite number of strength measurements is
available. Their magnitudes are obtained from uncertainty propagation analysis, again
presuming that the strength distributions are approximately normally distributed. The
analytical results are assessed through MCS presented in the subsequent section. The
analysis focuses mainly on CoVs; these emerge naturally from uncertainty analysis and are
linked directly to the Weibull modulus via Eqn. (2.4).

The quantities of principal interest are: (i) the CoV of the true Weibull modulus
(based on true strength data); (ii) the CoV of the nominal Weibull modulus (based on
nominal strength data); and (iii) the CoV of the estimated true Weibull modulus obtained
from Eqn. (2.9). The first two of these are unambiguous and readily computed from
experimental or MCS data. The third, however, is ill-defined in some circumstances. The

problems arise when the CoV of nominal strength is less than the CoV of fiber area, i.e.
Z (A)m,?‘92 >1. In these cases, the Weibull modulus predicted by Eqn. (2.9) is a complex

number. This result is a natural (occasional) outcome of the random selection process when
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the fiber strength and the fiber area are each statistically distributed; the same effects are
obtained from the MCS results. Each of these quantities is addressed in turn.

If N strength measurements are made, the estimated CoV of the frue strength is
zZ '(O't) =5'(0,) / &, where &, and S'(o,) are the mean and the standard deviation of the

sample population. The estimated standard deviation of the mean strength is

S'(EII)ZS'(O'I) / JN and the standard deviation §'(8'(,)) of the standard deviation

S'(o,) is S’(S'(at)):S’(crt)/ 2(N—-1) . Then, from uncertainty propagation, the

coefficient of variation of Z'(o,) becomes:

§'(Z'(e1)) _ [S'(S'(“f))J:@z_ 1 +Z’(5t’)2 (2.11)

Z'(o,) S'(a,) s | \2(n-1) N

Combining this result with the power law approximation for m yields the CoV of the

Weibull modulus:

S'(m)_S'(Z'(0) 1 Jz(l 1 (2.12)

i - ’ - + ,
m| 0927'(c,) 0.92Y2(N-1) ' 18y

For even moderately high values of N (say 10), the second term within the square root of

Eqn. (2.12) becomes negligible. The equation then reduces to:

S'(m) _ 077 (2.13)
m  NN-I

The same analysis applies to the nominal strength distribution. The estimated CoV of
the nominal strength is Z '(O'n') =S '(an ) / En' where &, and S ’(an) are the mean and the

standard deviation of the sample population. The estimated standard deviation of the mean
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nominal strength is S'(En')zS "(o,) / JN and the standard deviation S '(S '(Gn)) of the

standard deviation S'(o,,) is §'(S'(o,))=5"(o, )/ 2(N—-1). The coefficient of variation

of Z'(o,) is:

= + (2.14)

SI

("f") _ 077 2.15)

m, N-1

This result can be re-expressed in terms of m," (rather than m, '), yielding:
Y184
0.77|1 (z Aym, 092)
S'(mn) |: +(Z(A)m,
= (2.16)

m, N-1

Finally, the CoV of the estimated true Weibull modulus m, , obtained from Eqn.

(2.9), is given by:

= (2.17)

This result only has physical meaning for real values of m,'; complex values cannot be used.

As a result, in order for the result to be useful, the fraction f, of the distribution of mt' that

is complex must be small. Indeed, as we show later, a criterion based on a critical value of

/. 1s useful in delineating the domain in which the analytical model provides meaningful

results.
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2.5  Monte Carlo simulations

Monte Carlo simulations were performed to probe the combined effects of distributions in
fiber strength and fiber area and number of tested fibers. The simulations were performed by
first generating two sets of N random numbers between 0 and 1, one set each representing

cumulative probability of normalized true strength, o, /O't,o , and normalized fiber area,
A/ 4. Fiber strengths and fiber areas were taken to follow Weibull and normal distributions,
respectively. The corresponding nominal strengths are given by o, /o, , = (o, / at,o)(A/ A ) .

The (biased) nominal Weibull parameters were computed using the maximum likelihood
method and the average Weibull modulus was then corrected using appropriate unbiasing
factors, in accordance with current test standards (ASTM C1239" and EN 843-520). The
estimated true Weibull modulus for each simulation set was calculated from Eqn. (2.9). The
ranges of parameter values in the simulations were: 10 < N <1000; 0 < Z(4) < 0.3, and 3 <
m < 20. Each set of simulations was performed 100,000 times; the results that follow
represent averages and standard deviations from these 100,000 simulations.

The results are plotted and compared with analytical predictions in Figures 2.1 and
2.4-6. The key observations follow.

(1) In all cases, the average value of nominal Weibull modulus m, obtained from MCS is
virtually identical to the prediction of Eqn. (2.7) (Figures 2.4(a-b)). This correlation
affirms the universality of the analytical model for prediction of systematic errors.

(i1)) The mean nominal strength is essentially equivalent to the mean true average (Figure

2.5). This conclusion is consistent with that drawn from previous studies.* '?
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(ii1) The predicted fiber bundle strength, from Eqns. (2.2), (2.7) and (2.8), agrees well with
that obtained from MCS (Figure 2.1).

(iv) Analytical estimates of the standard deviations of nominal and true Weibull moduli,
given by Eqns. (2.13), (2.15) and (2.16), agree well with the MC simulations when
N >20. Discrepancies at small sample sizes are consistent with those reported by
others.?"**

(v) Analytical estimates of the true Weibull modulus obtained by applying Eqn. (2.9) to
the nominal Weibull moduli resulting from the MCS generally agree with the true
values that had been used as input to the simulations (Figures 2.6(a-b)). But, at some
point, the agreement breaks down, as described below.

As suggested by the analytical model, there is a finite probability that, when choosing
a random sample of fibers from an infinite population, the resulting CoV of nominal strength

will be less than the CoV of fiber area and thus the estimated true Weibull modulus (via

Eqn. (2.9)) will be a complex number. This feature is borne out by the MC simulations. The

fraction f, of instances that yield complex values of m,' from MCS are plotted against

Z (A)mn' 992 in Figure 2.6(d). In this form, results for each sample size N collapse onto a

single curve.

An analytical description of f, is obtained in the following way. It is based on the

presumption that m," follows a gamma distribution with a cumulative probability given by:

, Ikm"r/m”t"‘le"dt ;/(k, kmn/n—qn)
F(m,'; k,im,)== = (2.18)
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where £ is a shape parameter (dependent on sample size N), i, is the mean value of m, ,

and y is the incomplete gamma function. The fraction f, of complex results obtained from

Eqn. (2.9) is given by the cumulative probability for which Z (A)mn' 092 >1 or equivalently

~1/0.92

m, >7 (A) . Combining this with Eqn. (2.18) yields:

]/(k, [k/n_an(A)l/O'gz})

r(k)

f=1- (2.19)

Eqgn. (2.19) was fit to the MCS data in Figure 2.6(d). The shape parameter £ was found to
follow a power law of the form k =aN”, with & =0.393 and P =122 . The resulting

analytical description of f, is:

y(o.393N‘~22, 03032 rﬁnz(A)”“”])

fo=1- (2.20)

F(0.393N1'22)

This equation agrees well with the MCS results; both are shown in Figure 2.6(d).
The point of divergence of the analytical model for the CoV of m, and the MCS

results in Figure 2.6(c) can be correlated with a critical value of f,. Thus, a criterion based

on the critical value f: can be used to delineate the domain in which the analytical model

for m, is expected to be accurate and, in turn, the domain in which the CoV of m, is
unacceptably high (>1). The predicted critical points are indicated by the vertical lines in

Figure 2.6(c), for values of f: =107 and 10™. The pair of lines corresponding to each value

of N fall close to one another and correlate closely with the point at which the CoV of mt'
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begins to rise very rapidly. This supports the notion that a criterion based on a critical value

of f,can be used to delineate the two domains.

2.6 Applications
The preceding results were used to assess numerous experimental data sets from previous

7 0.92
n

studies. The experimental data are presented in Figure 2.7 in coordinates of Z (A)m
and N, as suggested by the analytical model. Also shown in the figure are the critical

"o
n

combinations of Z (A)m 92 and N that delineate the domains in which the Weibull

modulus can and cannot be reliably estimated; the two are denoted “valid” and “not valid”.

The critical combinations are given by Eqn. (2.20) using fc* =102 and 10™. Over this

range, the boundary is insensitive to the exact choice of fc* .

Data sets for Nextel™ 610 fibers and most AYE fibers fall within the valid domain,
due mainly to the low variability in the fiber areas. But many others — including those for
Nicalon™ fibers — do not. Indeed, almost all data sets on Nicalon™ fibers reported by Petry
et al.* fall in the invalid domain. The results reported by Hay ez al. on Hi-Nicalon™ Type S
fibers span across the boundary: about a quarter lying in the valid domain. In the latter case,
the spread in data is due mainly to large changes in Weibull modulus following certain types
of fiber treatments. The implication is that, although the test results lying above the
boundary may have utility in comparative studies of mean fiber strengths, they are not
predicted to yield sufficiently accurate results for estimating true Weibull moduli.

The current analytical framework is superior to the iterative numerical procedure that

had been developed by Parthasarathy'” to achieve similar goals. As noted previously, the
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numerical procedure converges to the correct (unbiased) value of m, only when N >200.

For sample sizes typically used for fiber strength characterization (say N=50), the numerical

procedure significantly over-estimates m, . In contrast, for the same sample size (N=50), the
analytical method presented here would yield an average value of m," that lies within 10%

of the true value, provided Z(A)m,' 092<1 ;5 the resulting random error would be

S'(mt' )/mt ~0.2.

The range of parameter values over which Parathasarathy’s iterative numerical
procedure yielded reasonably accurate estimates of the true Weibull modulus (presented in
his Figure 2.7(a)) are superimposed on the current Figure 2.7. (For this purpose, nominal
Weibull moduli were computed using Eqn. (2.7) and combined with the reported CoVs of

r0.92
n

fiber area to obtain the quantity Z (A)m .) The entire range falls well within the valid

domain. That is, the present analytical framework could accurately estimate Weibull moduli
for the entire parameter range probed by Parthasarathy, obviating the need for the iterative
numerical procedure. Furthermore, the minimum number of tests required to accomplish this
goal would be significantly less than 200. For example, for the highest point in

]

%92 =0.77), the minimum number would

Parthasarathy’s range (corresponding to Z(A4)m

be about 60; random errors would yield S’(mt') / m' =02 . At the low end (

Z (A)m 109220.29), as few as 20 tests would be adequate to compute the true Weibull

n

modulus with a random error of S '(mt' ) / m ~0.2.
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2.7 Summary and conclusions
An analytical framework to address both systematic and random errors in Weibull moduli
inferred from nominal strength measurements on individual fibers has been developed. The
framework is based on uncertainty propagation analysis and supported by exhaustive MC
simulations. In summary, the key results include:
(1) the expected value of the nominal Weibull modulus and its statistical variation
(Egns. (2.7) and (2.16));
(i1) estimates of the true Weibull modulus and reference strength from data on nominal
strengths that account for systematic errors (Eqns. (2.9) and (2.10));
(ii1) the uncertainty in the inferred Weibull modulus that arises from random errors (Eqn.
(2.17)); and

r0.92
n

(iv) critical combinations of Z(A)m and N within which the estimated Weibull

modulus should have reasonable accuracy (Eqn. (2.20) with f: ~107° —1072).

The possibility of obtaining complex values of m, had not been identified

previously through the MCS results presented by Parthasarathy'? or Lara-Curzio and Russ'.
This oversight was almost certainly a consequence of the small number of simulations that
had been performed for each parameter set (1 and 10, respectively). Because the probability
of obtaining a complex result is generally very small, the result usually emerges only from a
very large number of simulations. Indeed, having repeated each simulation 100,000 times,

we occasionally encountered such events, even in cases in which the events are very scarce.

Complex values of mt' are also obtained from our analytical model (evident in Eqn. (2.9))

and can be readily understood in terms of the CoVs of fiber strength and fiber area. That is,

37



complex values are obtained when the CoV of nominal strength of a sample population is
less than the CoV of fiber area.

Finally, with estimates of CoVs of fiber area and fiber strength, the analytical
framework can be used to estimate the minimum number of tests that would yield high-
fidelity results without having to resort to measuring individual fiber areas. Three examples

are used to provide broad guidelines. (i) When the CoV ratio is small, eg

VA (A)mt' 092 <0.5, as few as 20 tests would yield adequate estimates of m, , with a random
error of S’(mll ) / m,' ~0.2. (i1) For higher values, say Z (A)mt' 092 ~1, about 50 tests

would be required to obtain results with comparable fidelity. (iii) For even higher values,

say Z (A)mt' 092> 2, the minimum number exceeds 1000. In this case, the time benefit

derived from using only average fiber areas would be outweighed by the need for an
excessively large number of tests. That is, the additional effort required to measure
individual fiber areas would be offset by the reduced number of required tests: the latter

dropping from over 1000 to about 30.
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Table 2.1 Distributions of fiber areas of commercial SiC fibers

Fiber type Number of yi S(A) Z(A)
measurements (um?) (um?)

Nicalon™ 427 143 34 0.24

Hi-Nicalon™ 385 140 26 0.19

Hi-Nicalon™-§ 295 117 25 0.21

Table 2.2 Nomenclature

— true strength

O;
o, — true reference strength
o, — mean true strength

— standard deviation of o,

— standard deviation of Et’

—CoV of o, (: S’ (o, )/Et’)
Z'( O't)) —Z '( Z‘-ta;ldard deviation
t

— true Weibull modulus

of

—nominal strength

O-n
G,y —nominal reference strength
G, — mean nominal strength

— standard deviation of o,

— standard deviation of En,

—CoV of o, (: S'(O',, )/En')
standard deviation of

Z' (an )
—nominal Weibull modulus

'(S'( n )) — standard deviation of S’(O-n)
(

m, m,
S'(m,) — standard deviation of m,’ S'(m,) — standard deviation of m,’
pf (O-t ) — failure probability Qf (O'n ) — failure probability

R — fiber radius R, — reference radius

L — fiber length L, —reference length

A — fiber area A — average fiber area

S(4) — standard deviation of 4 Z(A) ~CoVofd(=S(4) / A4)
N — number of fibers h(A) — probability density of 4

The symbol ' denotes an estimated quantity obtained from a finite sample size
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Figure 2.1: Effects of Weibull modulus on mean fiber strength (Eqn. (2.3)) and fiber bundle
strength (Eqn. (2.2)). Solid lines are bundle strength predictions based on nominal Weibull
moduli obtained using average fiber areas (from Eqns. (2.2) and (2.7)).
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Figure 2.4: (a) Effects of Z(4) on nominal Weibull modulus, from MCS (symbols) and

predictions of Eqn. (2.7) (solid lines). (b) Results in (a) re-plotted as m, /m, vs. Z (A)mto‘%,

showing collapse of all data onto a single curve. Error bars represent = one standard
deviation from the mean. (c) Effects of sample size on standard deviation of nominal
Weibull modulus. Solid lines are predictions of Eqn. (2.16) and symbols are from MCS.
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Figure 2.5: MCS results for N = 10, re-affirming that the average nominal fiber strength &,

is the same as the true value &,. Similar results are obtained for larger values of N, but with
progressively decreasing standard deviation.
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Figure 2.7: Summary of experimental data obtained from studies in which nominal strength
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S', AYE’, and Nextel™ 610'*. The parameter range examined by Parthasarathy'’ with
MCS is also indicated.
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Chapter 3

Strengths of ceramic fiber bundles: Theory and practice*

Abstract

The Weibull modulus and reference strength of ceramic fibers can be inferred from
measurements of the tensile stress-strain response of a bundle of such fibers. The goal of the
present chapter is to address issues in the fidelity of results stemming from fiber bundle tests
and strategies to optimize outcomes. The issues are addressed through established theorems
in uncertainty propagation, Monte Carlo simulations of fiber bundle fracture, and
experimental measurements on bundles of SiC fibers of various length and surface
condition. The study shows that optimal results are obtained when: (i) tests are performed on
fiber bundles with a gauge length that exceeds a critical value (specifically, that needed to
prevent mechanical instabilities in the post-load-maximum domain); (ii) bundles are
lubricated with a low-viscosity oil, to mitigate both inter-fiber friction and dynamic coupling
associated with release waves following fiber fracture; and (iii) the Weibull parameters are
obtained by directly fitting the measured stress-strain curves with the function predicted by
fiber bundle theory, rather than using methods based on either linear regression analysis of

Weibull probability plots or fitting of the peak stress and strain alone.

" The content of this chapter has previously appeared in the Journal of the American
Ceramic Society (Evan Benjamin Callaway and Frank W. Zok, “Strengths of ceramic fiber
bundles: Theory and practice,” J. Am. Ceram. Soc., 100 [11] 5306-5317 (2017)). It is
reproduced here with the permission of John Wiley and Sons.
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3.1 Introduction

Determining strengths of high-performance ceramic fibers is challenging because of the
small diameter of such fibers (ca. 10 um) and the inherent variability in their strength.
Strength measurements are typically made in one of two ways. In the first, tensile tests are
performed on individual fibers. The parameters that characterize the strength distribution —
typically the Weibull modulus and the reference strength — are obtained from the
measurements using the maximum likelihood method." * Although in principle the method
is straightforward, it requires a large number of tests (=30) and involves the tedious task of
measuring areas of individual tested fibers. Commonly, for expediency, the areas of tested
fibers are not measured; instead, the average fiber area (measured from a polished cross-
section of a representative fiber bundle) is used in combination with failure loads to compute
nominal strengths.> The nominal strengths are then used to obtain the Weibull parameters.
But, being a convolution of the true fiber strength and fiber cross-sectional area, the nominal
strength distribution is inherently broader than the true strength distribution. In turn, the
apparent Weibull modulus obtained from nominal strengths is lower than the true Weibull
modulus.*’

Alternatively, fiber strength distributions can be inferred from tensile tests on
bundles comprising hundreds or thousands of aligned fibers. The principal advantage of this
method is that strengths of many fibers are determined in a single test. Moreover, bundle
tests obviate the selection bias that is inherent to single fiber tests. That is, when performing
single fiber tests, weaker fibers are more likely to break during extraction from the bundles;

these fibers are naturally excluded from the sample population. Additionally, fibers with the
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smallest diameters are probably less likely to be selected for testing, because of the
increased difficulty in handling and testing them.®’
Measured stress-strain curves from bundle tests can be interpreted using classical

fiber bundle theory.® °

The theory is predicated on two key assumptions: (i) that all fibers
are loaded uniformly and equally, and (ii) that the fibers do not interact mechanically with
one another either before or after they break. The first condition requires exceptionally well-
aligned fibers and a scheme for gripping and loading that ensures equal displacement of all
fiber ends. The second condition can be facilitated through the use of fluid lubricants that
minimize friction between broken and intact fibers.'"'” Lubricants may also dampen
dynamic release waves resulting from fiber failure.'

In order to fully exploit information about each fiber failure event in a bundle test,
the loading system must be sufficiently stiff to allow for stable fiber bundle rupture,
including the softening, post-load-maximum part of the stress-strain response. Otherwise the
test results represent only the low end of the strength distribution and are therefore biased.
Mechanical instabilities at or near the load maximum are common, even under
displacement-controlled loading conditions.” '* Such instabilities may be exacerbated by
inter-fiber friction. That is, if friction leads to cooperative fiber failure, the local softening
rate may be anomalously high and the conditions for further stable fiber fracture may be
difficult to attain.'> Dynamic coupling due to release waves may yield analogous effects.
One of the goals of the present study is to assess such effects experimentally.

An additional challenge in performing fiber bundle tests involves strain

measurement. Fracture strains of high modulus ceramic fibers are typically about 0.5%.

Thus, to adequately capture the entire stress-strain curve, the strains must be resolved at a
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level of about 0.01%. Although extensometers and strain gauges can achieve this resolution,
neither can be used directly on fiber bundles. Non-contacting measurements based, for
example, on optical imaging and digital image correlation (DIC) are preferred. But even
these methods are problematic when applied directly on fiber bundles, because fiber breaks
are not manifested as uniform strains on the bundle surface.

Several methods have been used in the past to infer the Weibull parameters from test
data on fiber bundles. Most commonly it has been accomplished by (i) fitting the peak stress
and corresponding strain to the values predicted by bundle theory® ' ' 19 ()
constructing a Weibull-like plot from the stress-strain data and performing a linear

6.7.20.2L T 19 or (i) fitting the stress-strain data directly to

regression analysis of the data
the functional form predicted by fiber bundle theory'>'". The efficacy of these methods in
inferring the Weibull parameters have not been addressed. Indeed, presently there are no
established standards for analyzing and interpreting fiber bundle tensile tests.

The present chapter addresses the theory and the practice of fiber bundle testing. The
focus is on development of reliable experimental test methods, interpretation of
experimental measurements, and assessment of accuracy and precision of inferred Weibull
parameters. The latter issues are addressed through established theorems in uncertainty
propagation as well as Monte Carlo simulations of fiber bundle fracture, incorporating
effects of intrinsic strength variability of the constituent fibers, number of fibers in the
bundle, and random errors in stress and strain measurements. The theoretical aspects are

complemented by experimental measurements on bundles of SiC fibers of various length

and surface condition.

52



The remainder of the chapter is organized in the following way. First, in Section 3.2,
a brief review and key results of fiber bundle theory and weakest link fracture statistics are
presented. Next, in Section 3.3, an analysis of the effects of system compliance is presented.
A key result is the identification of a critical gauge length needed to prevent mechanical
instability during a fiber bundle test. The analytical results of Sections 3.2 and 3.3 are
assessed in Section 3.4 through exhaustive Monte Carlo simulations (MCS). Finally, in
Section 3.5, results of an experimental study on SiC fiber bundles are presented and

discussed in the context of the underpinning theory.

3.2 Fiber bundle theory: Determining Weibull parameters and their uncertainties
Fiber bundle theory relates the load P to the corresponding strain ¢ during tensile loading. It
is based on the assumptions that all fibers are loaded uniformly and that the fibers do not

interact mechanically with one another. The nominal bundle stress is defined as

= P/ AN, where N, is the number of fibers in the bundle and A is the average fiber

Gﬂ om

area. If the fibers are elastic to fracture, the nominal stress becomes o, = ¢E N, /N, where
E is Young’s modulus and &, is the current number of intact fibers. Here N;/N, is the

1

fraction of intact fibers which, when N  is sufficiently large, represents the survival

o

probability, P,. For a Weibull distribution, the general form of P, is:

p m
P=1-P, =exp —(LLJ{REJ {Gij (3.1)

where P, is cumulative failure probability; L, and R, are reference values of length and

radius; o is the tensile stress; o, is the reference strength; m is the Weibull modulus; and
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f 1s a coefficient that depends on the distribution of strength-controlling flaws.
Specifically, =2 when the flaws are distributed randomly throughout the fiber volume
and S =1 when the flaws are distributed randomly over the fiber surface. Assuming all
fibers have the same radius (R = R, ), the nominal stress-strain response of the fiber bundle

becomes:

nom
GO

o,,. =cEexp —LLLEJ (3.2)

o
The maximum nominal stress, defined as the bundle strength o, and the corresponding

bundle strain ¢, are obtained by setting do,,,, /de = 0. The results are®

—1/m —1/m
I _[LIme ) gnd g, =Zo| 2 (3.3)
o, \L E(L

o o o

where e is the base of the natural logarithm (=2.718).

The Weibull parameters for the constituent fibers can be inferred from bundle tests
by one of three methods. (i) The simplest is to combine o, and &, with Eqn. (3.3) to
compute mand o, S B 1819 A g we show later, this method is inherently the least precise;
most of the data are neglected and hence random errors are high. (ii) The data can be more

fully exploited by constructing a Weibull plot, couched in terms of In[In(£E/c,,, )] vs.

ln(g) , and performing a linear regression analysis on the results.® 2% 2" """ 19 Although in

principle this method is more reliable than the first, it is prone to both systematic and

16, 17

random errors associated with strain measurements (detailed below). (ii1)) The most

direct method is to perform a least-squares fit (LSF) of the entire stress-strain data with the
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function predicted by fiber bundle theory, notably Eqn. (3.2).""'" As we show, this method
is less prone to the bias produced by the data in the low strain domain in a Weibull plot.

The magnitudes of random errors in the Weibull parameters inferred from a test on a
bundle with a finite number N of fibers are obtained from uncertainty propagation analysis.
The analysis is predicated on the assumptions that the parameters of interest are
approximately normally distributed and that their coefficients of variation (CoV) are
sufficiently small (say, < 0.3). The strengths in a Weibull distribution satisfy these

requirements for realistic Weibull moduli (3 <m <20). Some basic results were derived

previously.”” The CoV of the mean fiber strength, &, is Z(& / JN where Z (o) is
the CoV of the strength distribution, given by Z(o)=m""*. In turn, the CoV of Z(o) is

Z(z(o))=1/V2N and the CoV of mis Z(m)=0.77/\N .

The CoV of o, is derived in the following way. First, ¢, is related to 6 and m
by:*
A l/m
=6(L/L,)" [T (1+1/m) (34)

where T is the gamma function. The variance of &, , denoted S* (0,), is given by:

2
Sz(ao)zSz(&)(%j +Sz(m)@ij +52(m,6 )%Z 66:1 (3.5)

m
where §? (6) and s? (m) are the variance of & and m and s? (m,&) is the covariance

between m and & . For realistic Weibull moduli (7>3), the first term on the right side of

Eqn. (3.5) dominates, because o, is a much stronger function of & than of m. Dropping the

last two terms yields Z(o,)~ Z(6)=m "% //N . This result indicates that the random
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error in o, is significantly lower than that of m: the ratio of their CoVs scaling roughly as

1/m. The validity of these results is assessed by MCS in Section 3.4.

33 Critical gauge length for stable response

The tensile stability of a fiber bundle under ideal loading conditions (with uniform fiber
loading and without misalignment) can be addressed through a rudimentary mechanics
analysis. To this end, the remote displacement ¢ is partitioned into two components: one,

Sr, due to extension of the fiber bundle, and the other, J,,, due to elastic extension of the

load train (grips, load cell, etc.) (Figure 3.1a). The latter is J,, =CP where C is the

compliance of the load train and the load P is obtained from the nominal stress in Eqn. (3.2):

A ol [ E)[OEY
P= 7 exp{ (LOJ(LO'O]} (3.6)

Load-displacement curves for three combinations of bundle gauge length and load-train

compliance are shown in Figure 3.1b. When the compliance is high and/or the gauge length
is small, the curve exhibits a snap-back instability shortly beyond the peak (blue curve). In
practice, under displacement-controlled conditions, the load would drop unstably to zero at
the first point at which dP/d& =—oo. Conversely, when the compliance is low and/or the
gauge length is high, the entire load-displacement curve, including the softening portion,
would be obtained without instability (green curve). There exists a critical combination of

properties at which the response transitions from one to the other (red curve). This
combination is obtained when dP/d§=-o and aiZP/a’é'2 =0, ie. when the point of

maximum displacement is also an inflection point.

The first of these two conditions, dP/do = —, is met when
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dP/ds, =-dP/d5, =-1/C (3.7)

Differentiating Eqn. (3.6) and combining the result with Eqn. (3.7) yields:

(B )i e 22|

The second condition, d 2P/ do® =0, is satisfied when (from Eqn. (3.6))

S.E 1/m
ok _ (l+1j (3.9)

Lo, \m

In turn, combining Eqns. (3.8) and (3.9) yields a critical gauge length:

L' =mEAC & ) (3.10)
The response is predicted to be stable throughout when L > L".

When L < L, stress-strain data can only be obtained up to the point of instability.
From Eqns. (3.8) and (3.9), the fraction P; of fibers whose strength is measured before the

instability is given by the implicit equation:

5 * 1 L1 (141/m)
=L(1—pf){1n(lpj}ﬂe (3.11)

Eqgn. (3.11) is plotted in Figure 3.2 for 3<m <20. There are two limits of interest. First,

|~

when Z<<1, the instability occurs essentially at the peak load and P; approaches

Pf* =1-¢ " In the other limit, wherein L>1 , there is no instability and thus Pf* =1.
When L <1, the number of fibers probed by the test is N = NP; The reduced

number of represented fibers increases the uncertainty in m, since Z(m)ocl/ JN 2

Furthermore, the N " fibers that comprise the measured distribution are not a random
p
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sampling of the entire population; instead, they represent the weakest of the population. This

bias in sampling is expected to further increase errors in both m and o,. The effects on

VA (m) are assessed through Monte Carlo simulations presented in the following section.

34 Monte Carlo simulations of fiber bundle tensile tests

3.4.1 Numerical procedures

MCS of fiber bundle tests were performed to probe the combined effects of distributions in
fiber strength, distributions in fiber area, number of fibers in the bundle and random errors in
stress and strain measurements. First, two sets of N random numbers between 0 and 1 were

generated: one set each representing the cumulative probability of normalized fiber area,
A/ A , and the strength, O'/ o, . Fiber areas and fiber strengths were taken to follow normal
and Weibull distributions, respectively. The simulations were performed by progressively
increasing the applied normalized strain in increments of ¢/¢, =2- 107 (where e,=0,/E)

until all fibers had failed. At each simulation step, the applied strain was compared to the
fracture strain of each surviving fiber. Fractured fibers were subsequently assigned an area
of 0. The ranges of parameter values in the simulations were: 100 < N <2000, 3<m <20,
0<Z(A4)<0.3,and f=1,2.

In some cases, random load and strain errors were introduced after the stresses had
been computed (but before the data were analyzed to get o, and m). The errors were taken

to be normally distributed with root-mean-squared averages osg) and O0PF,s. In

normalized form, the errors in strain and stress are &gy =O06pys/E, and

86 russ = O Pruys | Apo, - These normalized errors were varied over the range 10 to 3-1072.
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Each of the three methods described in Section 3.2 was used to compute the Weibull
parameters for each simulation. Each set of simulations was performed 10,000 times; the

results that follow represent averages and standard deviations from these 10,000 simulations.

3.42 MCS results

The first set of simulations focused on effects of number of fibers in the bundle, fiber area

distribution, and fitting method on the inferred Weibull parameters, all for L >1 and without
random stress or strain errors. Results are shown in Figure 3.3. Three general conclusions
are drawn, all applicable to the three methods employed to infer the Weibull parameters,

hereafter denoted m andc, .
1. The inferred mean values of m and Z(m) are independent of Z(A). This result

differs from that obtained from single fiber tests. Notably, when using the average
fiber area to compute strengths of individual fibers, the computed value of m
decreases significantly with increasing Z (A) % The implication is that, to obtain
the true Weibull parameters from fiber bundle tests, only the total fiber area (or,

equivalently, the average area of individual fibers and the number of fibers in the

bundle) is needed.
2. The CoVsof i and &, follow the expected scalings with N, notably Z (1) o 1/ JN
and Z (Eo)n_qo'92 oc 1/ N . The same scalings are obtained for individual fiber tests,

provided the actual fiber areas are used to compute fiber strengths.”? Herein lies the
advantage of fiber bundle tests; since bundles typically contain many hundreds or

thousands of fibers, the errors in the Weibull parameters inferred from a single, well-
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executed bundle test should be lower than those obtained from even the most
exhaustive study on individual fibers.

3. Results for f=1 and f =2 are almost indistinguishable. The insensitivity to £ has
also been demonstrated for individual fiber tests.”> The implication is that the flaw
type (i.e. surface vs. bulk) does not significantly affect interpretation of the bundle
tests.

The results in Figure 3.3 also provide an assessment of the accuracy and precision of
each of the three methods used for computing s, and i . The LSF of the stress-strain curves
and the linear regression fit of the Weibull plot give average values of ¢, and m that agree
well with their true values. In contrast, the method based on the peak in the stress-strain
curve consistently slightly overestimates m . Additionally, the CoVs of &, and m from the

latter method are significantly higher than those from the other two methods, by factors of
about 5 to 10. The high CoV values reflect the fact that the method relies on only one datum

point on the stress-strain curve. Although Z(m) from both the LSF and the linear regression
methods follows a 1/ JN scaling (Figure 3.3b), the proportionality constant for the LSF
method is about 25% lower (0.89 vs. 1.20). Z (Eo) is also lower for the LSF method (Figure

3.3d), by about 13%. A key conclusion is that the LSF method is preferred for computing

o, and m from fiber bundle tests.

In a second set of MCS, effects of bundle gauge length, L, on the inferred Weibull

parameters and their variations were explored. Here, L was taken to be either 0.25, 0.5, 0.75

or 0.99. The simulations were terminated once the number of broken fibers reached the

critical number N° given by Eqn. (3.11). The Weibull parameters were then computed
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using a LSF of the stress-strain data up to the point of instability. The results are shown in
Figure 3.4.

Although the values of m are in agreement with their true values, the random errors,
characterized by Z (i), increase as L decreases below unity. Here Z (i) follows a 1/ \/F
scaling: closely analogous to the 1/ JN scaling of Z (n_a) when L>1 (Figure 3.4b).
Nevertheless, the proportionality constant for cases in which L <1 is about 15% greater than
that for L>1 (1.05 vs. 0.89). The difference is attributable to the biased nature of the
measured sample population when L <1. Similar results are shown for the uncertainty in
o, in Figures 3.4c-d. The implication is that, since N " << N, errors in the inferred values

of o, and m are reduced significantly (by as much as a factor of 2-3) when the entire

stress-strain curve is obtained in the bundle test without instability.

Effects of random stress and strain errors are shown in Figures 3.5a-b. Results from
the LSF method are not affected by the large range of errors investigated in this work. That
is, for all combinations of 0&y,gand Gy, m andG, are equivalent to their true values
and the uncertainties remain constant at Z(m)~0.04 and Z(c,)~0.01. In contrast, the

results from linear regression fits of Weibull plots are highly sensitive to the errors. For

either O&qy =3-107 or 0G4 =3-107, i is about 20% lower than m. &, is less

dependent on the errors; it is only about 1% greater than o, when G, =3-107. The

origin of this effect is evident upon examination of a typical Weibull plot (Figure 3.5c¢).
Since the data at low strains have a disproportionately large influence on these curves, the

strain errors are magnified many-fold when computing the Weibull parameters.
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As a practical matter, the latter effects can be mitigated by excluding data in the low

strain domain, below a cut-off probability P; , from the linear regression fit. Figure 3.5d

shows results for P; = 0.01, 0.05, and 0.10. The best results are obtained for ij =0.1,

although m remains slightly under-predicted when &6, =0.03.

3.5 Experimental measurements on SiC fiber bundles

3.5.1 Test Procedures

The strength distributions of Hi-Nicalon™ Type S fibers were measured through a series of
tensile tests on bundles containing 500 fibers. The cross-sectional area of the bundle was
determined from measurements of mass density using a Micromeritics AccuPyc 1340
Pycnometer and the linear density from the mass of a 100 mm length of de-sized bundle.

The mass and linear densities were 3.05 g/cm’ and 195 tex. These values correspond to a

cross-sectional area of 6.4-10™° m?. By comparison, the manufacturer’s reported values are
3.10 g/ cm’® and 195 tex, virtually identical to those measured here** (http://www.ngs-
advanced-fibers.com/eng/item/index.html). The bundles were received with polyvinyl
alcohol (PVA) sizing on the fibers.

The first set of tests was performed on bundles with a gauge length of 25 mm. These
tests exhibited unstable fracture shortly beyond the load maximum. (Indeed, these tests

motivated the stability analysis presented in Section 3.2.) Following further analysis of load-

train compliance, the critical gauge length L was determined to be about 65 mm. All
subsequent tests were performed on bundles with a gauge length of 110 mm.
The bundles were tested in four conditions: (i) as-received, with sizing intact and

without additional lubrication, (ii) after de-sizing, without lubrication, (iii) sized, with
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additional lubrication, and (iv) after de-sizing, with lubrication. De-sizing was achieved
through two sequential dissolution treatments in boiling deionized water for one hour each.*
Special precautions were taken to ensure that the fibers remained bundled and aligned
during this process. This goal was achieved in part by placing a drop of cyanoacrylate
adhesive on each end of the bundle prior to de-sizing. The bundles were mounted between
two pairs of flat fiberglass tabs with epoxy and subsequently mounted in a fiber tensile
testing machine. For lubricated samples, a few drops of oil (3-IN-ONE® Multi-Purpose Oil)
were applied to the bundle immediately before testing. (Extended soaks of sized fibers in the
oil did not reveal any changes in the sizing.) Additional details are found in Appendix 3.A.
Strains were measured by digital image correlation (DIC), using Vic-2D software
(Correlated Solutions, Inc., Columbia, SC, USA). In preliminary tests, measurements were
made on the tabs in regions close to the gauge section. But even when the measurements
were made right at the tab edges (nominally coincident with the ends of the gauge section),
the measured strains proved to be slightly anomalously high. The additional apparent strain
was found to be caused by the elastic displacement within the adhesive that had been used to
attach the bundles to the tabs. This deficiency led to the development of a method in which
strains were measured directly on the fibers. To this end, a fine speckle pattern was applied
with spray paint onto the fibers at the very ends of the gauge section. To prevent paint from
covering the entire bundle surface and potentially infiltrating into the bundle, a mask with
narrow slits at each of the two ends of the gauge section was placed over the bundle during
painting. An example of a speckle pattern on a tow before and after bundle rupture is shown

in Figure 3.6. With only a very small number of fiber breaks in the near-surface region
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within the speckled section, the speckle pattern remains intact through to complete bundle
rupture.

For tests on bundles with the longer gauge length, two digital cameras (Point Grey
Research Grasshopper, Richmond, BC, Canada), each with a CCD resolution of 2448 x
2048 pixels and a 70-180 mm lens (Nikon ED AF Micro Nikkor), were used for imaging:
one focused on each of the two ends of the bundle. The magnification of these images was
7.5 wm/pixel. For the shorter gauge length bundles, only one camera could be used for DIC
measurements. The corresponding magnification was 12 um/pixel. This magnification is
necessarily lower than that for the larger gauge length, because of the need to capture both
ends of the bundle in one field of view. The resolution of the measurements was determined
by comparing sequential pairs of DIC images prior to testing. The root-mean-squared errors

of the displacement on each half of the sample were found to range from 0.3 to 0.7 um for
both gauge lengths. The corresponding strain resolutions are 2107 and 5-107° for 25 mm
and 110 mm gauge lengths, respectively. In normalized form, they are 64,5 = 410" and

9.107*. The normalized stress errors were estimated to be 56 pus =8-107.

Tests were performed at a nominal strain rate of 2107 s Images were taken at
two frames per second, yielding about 1000 images per test. The stress and strain data were

subsequently averaged in bins of five, thereby reducing the stress and strain errors by a

factor of ~/5. Thus, the normalized errors for bins of five are 00 puss s ~4-107 and

Obpyrs.s = 4-10™* for L =110 mm. Based on the MCS results, these errors fall in a domain

in which the linear regression method is expected to underestimate m by about 10-20% (see
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arrows in Figure 3.5a) and in which the LSF method should yield accurate estimates of m.

All three methods of computing the Weibull parameters were used to analyze the data.

3.5.2 Experimental results
Representative stress-strain curves for the as-received sized fibers (without lubrication) at
the two gauge lengths are plotted on Figure 3.7. In all cases, the curves are initially linear,
without perceptible curvature. This linearity indicates that the vast majority of fibers are
loaded uniformly. Moreover, the measured Young’s modulus, from about 20 tow tests, is
virtually identical to that reported by the fiber manufacturer: 385+19 GPa vs. 380 GPa**,

As noted previously, bundles with a 25 mm gauge length invariably exhibit unstable

fracture shortly after the load maximum. Based on the ratio of the final secant modulus to

the initial elastic modulus, P; ~ (.24 (based on five tests). This value agrees well with the

expected result of Pf* =0.25 (from Eqn. 3.11). Such instabilities were not obtained in

bundles with a 110 mm gauge length.
The Weibull parameters for these and other tests are summarized in Table 3.1.

Although the mean values of m and &, for the sized fibers are similar for the two gauge

lengths of interest, significantly larger variations are evident for the smaller gauge length.

For bundles with a gauge length of 110 mm, the measured variation of m is Z(im)=0.082.
The predicted value (from Figure 3.3b) is similar: Z(in)=0.040. The predicted value for
L=25 mm is Z(m)=0.1 (Figure 3.4b); the measured value is significantly higher (

Z(m)=0.34). The latter discrepancy is attributed to one outlying datum point (wherein
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m~14) and the small number of bundle tests. Excluding the outlier, m=7.4 and
Z(m)=0.049.
Desizing has three effects. First, it leads to unstable fracture very near the peak,

despite the fact that L > L . Instabilities of this kind have been reported previously for other
fiber types and have been attributed to inter-fiber friction.'” That is, friction is postulated to
cause coupled fiber fracture, with weak fibers leading to premature fracture of neighboring
strong fibers. Second, the range of strains over which fibers break is unusually narrow. This
leads to an anomalously high Weibull modulus: about twice that obtained from other tests.
Third, the bundle strength is seemingly reduced by an average of 0.25 GPa. The latter two
effects are consistent with the coupling of fiber fractures, which decreases the breadth of the
inferred strength distribution and the apparent bundle strength. Evidently the sizing is more
effective than bare fiber surfaces in mitigating these effects.

Further insights into the effects of friction were gleaned from tests on sized and de-
sized bundles that had been lubricated with oil prior to testing (Table 3.1, Figure 3.7). First,
no instabilities were obtained in the de-sized bundles, in sharp contrast to the dry bundles.
This result indicates that the oil is effective in mitigating inter-fiber friction. Second, the
stress-strain curves of lubricated sized and de-sized fibers are indistinguishable from one
another. The implication is that the de-sizing process itself does not affect the intrinsic fiber
strength distribution. Finally, the Weibull modulus and the bundle strength of the
unlubricated sized bundles are slightly higher (by about 10%) than those of the lubricated
bundles. This suggests that, although the sizing is more effective than the bare surfaces in

mitigating friction, the oil is more effective than the sizing alone.
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Dynamic coupling between fibers during fracture may also affect the experimental
results. It is well known that strong fibers often fracture in multiple loca‘[ions;26 indeed, the
ASTM standard for testing monofilaments suggests that vacuum grease be used to dampen
the energy of the first fiber fracture event and prevent secondary fractures associated with
the release wave.' The oil used in the present experiments appears to serve the same
function, demonstrated in the following way. After testing, the bundles were gently extruded
between two fingers, starting at the tab and proceeding through to the other end of the
bundle. For the unlubricated bundles, about half of the fibers were extracted from the bundle
through this procedure, indicating that about half of the fibers had broken in at least two
locations. Performing this operation on the lubricated bundles (sized or de-sized) did not
produce any noticeable fiber debris, indicating that each fiber had broken in only one
location.

The Weibull parameters obtained from each of the three fitting methods for the
lubricated bundles are shown in Table 3.2. Among the three methods, that based on LSF

yields the lowest CoVs of both i and o, and, based on the MCS results, is expected to
produce the best estimates of the Weibull parameters. Furthermore, the experimental value

of Z (n_a):0.0SI for the LSF method is close to the value obtained from MCS:

Z()=0.040 for N =500.

Although the average value of the Weibull modulus obtained in the current study (
m=06.410.3) is consistent with the range of values obtained in previous studies based on
single filament tests (m = 6)27 , the reference strength from the bundle tests is somewhat

higher: o, =1.98+0.06 GPavs. o, ~1.63 GPa (both for a reference length L, =1 m). (For

a reference length L,=254 mm, the reference stress from the present study is
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0,=3.521£0.11 GPa.) In contrast, both the reference stress and the bundle strength

obtained here are somewhat lower than those measured previously on similar fiber bundles (
m=7.08 and o, =2.47 GPa).® Batch-to-batch variations in properties may contribute
somewhat. But other differences, especially those associated with the test methodologies,
likely play a role. This issue remains unresolved.

As predicted by the results from the MCS, m obtained the peak fit method was
larger than that from LSF and had a significantly higher CoV. Similarly, the linear
regression method on lubricated bundles yields lower values of m, similar values of &, and
larger CoVs of both as compared to LSF. As shown through MCS, the linear regression
method is the most prone to being influenced by experimental strain and load errors. The
effects are evident from examination of the Weibull plots. One such example for a test on a
lubricated bundle is shown in Figure 3.8. This plot closely resembles the Weibull plot from
MCS in Figure 3.5c.

The Weibull parameters obtained from the linear regression method can be corrected
to a large extent by excluding data at low strains. Using a failure probability cut-off

P, =0.10 has three effects on the results. (i) The average Weibull modulus (7 =6.4)

becomes virtually the same as that from LSF (= 6.4). (ii) Z(m) is reduced from 0.20 to

0.037: comparable to the value obtained from LSF (0.051) and to the value obtained from

MCS (0.052). (iii) &, remains nearly constant and virtually identical to that from LSF (
o, =198 GPa).

The small discrepancies between the CoVs obtained from experiments and from

MCS are attributable to the relatively small experimental sample population. The CoVs of
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the CoVs are expected to scale as 1/ 1/2(6’—1) where ¢ is number of bundle tests. Thus, for

c=5, the CoV of CoVs is about 0.35. Relative differences that fall below this value are not

deemed to be statistically significant.

3.6 Summary and conclusions

A combination of theory, MCS and experiments has been used to identify test procedures

and analysis protocols for determining the Weibull parameters and their uncertainties from

fiber bundle tensile tests. In summary, the key results are:

(1)

(i)

(iii)

(iv)

Neither small variations in fiber area, characterized by Z(A), nor the nature
of flaws (surface vs. bulk, characterized by £ =1 and 2) have a significant
impact on the Weibull parameters obtained from fiber bundle tests.

In order to stably capture the entire stress-strain curve, the gauge length must
be greater than a critical value (dependent on the fiber properties and the
system compliance (Eqn. (3.10)) and the bundles must be properly lubricated,
to minimize friction and to dampen stress waves.

A least-squared fit of Eqn. (3.2) to the stress-strain data is the preferred
method of inferring the Weibull parameters from bundle tests.

Because the errors in the inferred Weibull parameters for both single fiber
and fiber bundle tests scale as 1/ «/ﬁ — with N being either the number of
single fiber tests or the number of fibers within a bundle — the bundle tests

have the potential for yielding far more precise estimates of m and o, .
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3.A Appendix: Procedures for fiber bundle heat treatment and tensile testing
Careful handling of the tows is necessary in order to maintain good alignment of the fibers.
The fibers are generally well aligned within the tows on the spool, but if the fibers become
misaligned at any point during the mounting procedure, re-alignment becomes problematic.
The following procedure describes a method for maintaining this alignment during the
mounting and tensile testing of tows.

A length of tow that is 100 mm longer than the gauge length is cut from the spool.
(We typically use a gauge length of 110 mm and therefore cut a length of 210 mm from the
spool.) A drop of superglue is placed on each end of the tow. The glue keeps the fibers
bundled and aligned during subsequent handling and mounting. The as-received fibers come
sized with polyvinyl alcohol (PVA). Tows are de-sized by two sequential dissolutions in
boiling deionized water for one hour each.” The desized bundle may now be heat-treated.

The furnace setup is shown schematically in Figure 3A.1. Two SiC blocks (roughly 2
mm X 2 mm X 0.5 mm) are placed on an alumina Dee tube 125 mm apart from each other
(this distance is necessarily larger than the gauge length). The tow is placed on top of these
blocks such that it is suspended above the alumina Dee tube. The suspended section of the
tow is the gauge length section for the tensile test. Two additional SiC blocks are placed on
top of the tow; these blocks hold the tow in place during heat treatment. The glued ends of

the tow are cut off in order to prevent deleterious chemical reactions between the

70



decomposed residue from the glue with the fibers. After heat treatment, a drop of superglue
is once again placed on each tow end.

The tow is then mounted between two windowed cardboard tabs with epoxy (Figure
3.A2). The cardboard tabs have a small groove which helps to guide the placement of the
tow during mounting. One cardboard tab is placed on the mounting fixture and is held in
place by two pins at each end. Strips of double-sided tape are placed on the mounting place
adjacent to the top and bottom of the cardboard tab. The tow is placed on the tab and
temporarily held in place by the strips of tape adhered to the mounting plate. Epoxy is
placed on the tab and the tow at the two ends and a second tab is laid on top. A weight (~1
kg) is placed on top of the tabs and left for about 12 hours in order for the epoxy to fully set.
For accurate strain measurement, digital image correlation (DIC) on the fiber bundle is
recommended. For this purpose, spray-paint is used to create a speckle pattern on the bundle
at the top and bottom of the gauge length. A mask with 2 mm slits near the edges of the
gauge covers the sample during spray-painting. Strain measured via remote displacement
may be adequate if one only needs the bundle strength, but not the Weibull parameters or the
elastic modulus. To lessen the effects of inter-fiber friction, a few drops of oil (3-IN-ONE®
Multi-Purpose Oil) are applied to the bundle immediately before testing. The window-type
specimen is then mounted in the tensile fixture (Figure 3.A3). A typical crosshead
displacement rate is 0.15 mm/min for samples with a 110 mm gauge length; other rates can
be used, provided the DIC data acquisition system is capable of capturing a suitable number

of images over the duration of the test (about 100).
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Table 3.1 Averages and CoVs of Weibull parameters from bundle tests

Tow L (mm) | Number | Average | Z(in) Average G, (GPa) | Z(5,)
conditions of tests, ¢ | m (for L, =1)

Dry, sized 25 5 8.7 0.34 2.20 0.067
Dry, sized 110 4 7.3 0.081 2.27 0.012
Dry, desized | 110 5 13.3 0.28 1.97 0.063
Lubricated 110 5 6.4 0.051 1.98 0.031

Table 3.2 Comparison of Weibull parameters obtained from the three fitting methods
(all for lubricated bundles). Values of &, correspond to a reference length ., =1 m.

Weibull modulus, i Reference strength, &, (GPa) (for L, =1)
Linear regression | Peak fit | LSF Linear regression Peak fit | LSF
ij =0.01 ij =0.1 P/f =0.01 ij =0.1
7.0 6.7 10.4 6.8 2.04 1.97 2.04 1.98
6.2 6.0 7.2 59 1.96 1.94 1.99 1.93
5.8 6.5 5.0 6.5 1.87 1.91 1.88 1.92
4.8 6.4 6.8 6.4 2.08 2.06 2.10 2.05
5.1 6.4 6.7 6.3 2.10 2.07 2.09 2.04
Average 5.8 6.4 7.2 6.4 2.01 1.99 2.02 1.98
CoV 0.15 0.037 0.27 | 0.051 0.047 0.034 0.045 | 0.031
(@) (b)
Load, P A
L>L" L=L" L<L’
Load train:
Compliance, C
a
°
Fibers: _T 8
Area, A L - = dP/dd = &
Modulus, E l
dP/dd =
and
Y d2P/dd? = 0 :
Y

Displacement, §

Figure 3.1: Schematics showing (a) a mechanical model of a fiber bundle and the load train,
and (b) three types of load-displacement curves, obtained by varying load-train compliance
and bundle gauge length.
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Figure 3.2: Effects of Weibull modulus and gauge length on the fraction P; of fibers

whose strength is measured up to the point of instability. When L/ L >1, no instability is

obtained and hence P; =1,

76



@ 25 ®) 415

) _ | N =500 X m=3
Peak fit —_ o m-5
> m=8
20 Linear lg g ﬂ: 1(5)
regression PN l\{ vV m=20
IE LSF g 01
@ 45— ——d ——d — =
: F2I--13F5 7 3
S 5
E 2 Linear regression:
SO EE-——JEE - —JWE > Z(m) = 1.20/ N
8 Fhsz-—Fss—-Xmp-| Zoo5
= 5
>
5—§SE—— ST —— Yo ®— o
X — — X — — K- LSF: Z(m) = 0.89/ N
0 0 . . : :
Z(A)=0 Z(A)=03  ZA)=03 0 500 1000 1500 2000
B=1 B= B=2 Number of fibers in bundle, N
(c) 1.1 (d) 0.15 .
|N=500,m=5 X m=3
o ~ g m=5
L : 3 m=8
o° Pefl( fit g o m=10
£ 1.05f T _ : o Linear regression: ¢ m=15
2 Linear N Z(G)M %% = 1.04/ N VvV m=20
o regression o 0.1 o
® LSFy B
© c
o 9]
c 1 _*{ [ —— —_— —_ =
9 1131
o B g
= o
ks g 0.05F
'c—é 0.951 1 1 %
=z LSF: Z(G,)m %2 =0.91/ N
0.9 0 L L : .
Z(A)=0 Z(A)=0.3 Z(A)=0.3 0 500 1000 1500 2000
B=1 p=1 p=2 Number of fibers in bundle, N

Figure 3.3: MCS results, interpreted using the three fitting methods. (a) Mean and standard
deviation of the Weibull modulus for representative values of Z(4) and f. (b) Effects of
number of fibers on CoV of the Weibull modulus, obtained from LSF and linear regression
methods. Data obtained from peak fit follow the same 1/ JN scaling but are much larger in
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and . (d) Effects of number of fibers on CoV of the reference strength. Here, again, data
obtained from the peak fit follow the same scaling but are much larger in magnitude.
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method.
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Figure 3.7: Representative test results showing effects of gauge length, sizing and

lubrication on measured stress-strain curves. Data points are from experimental

measurements and solid lines are from LSFs of Eqn. (3.2).

80



In(In (eE/o,,,,))

6 55 5 45
Ine

Figure 3.8: Weibull plot from measurements on a lubricated fiber bundle. The dashed
(orange) line is the fit to all data points whereas the solid (blue) line is the fit over the range

of failure probabilities Py > Pfc =0.10. Blue triangles are data above the cutoff and orange
circles are data below the cutoff.
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Figure 3.A1: Furnace setup with the gauge length section of the tow suspended above the
alumina Dee tube.
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Figure 3.A2: Mounting plate with pins for alignment, showing the steps for mounting.
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Figure 3.A3: (a) Perspective view of tensile testing fixture and (b, c) designs for clamp

base and clamp plate.
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Chapter 4

Weibull parameters obtained from dependence of fiber strength

on fiber length and area’

Abstract

Weibull strength parameters of ceramic fibers can be inferred from variations in strength
with fiber diameter or gauge length. The goal of the present chapter is to provide a critical
assessment of the efficacy of these methods. The issues are addressed using theorems in
regression analysis and uncertainty propagation as well as Monte Carlo simulations. The
results show that, when Weibull moduli are obtained from strength variations with fiber
area, inordinately large sample sizes (>1,000) are required to achieve reliable results. In
contrast, Weibull moduli can be accurately estimated from the dependence of average fiber
strength on gauge length for a modest sample size at each of two gauge lengths, provided the
gauge length range is sufficiently large. The dependence of strengths of bundles containing
many (ca. 500) fibers on gauge length yields yet more reliable results. The results are used
to assess the fidelity of Weibull moduli obtained from these methods and provide guidance

for preferred test methods.

¥ The content of this chapter has previously appeared in the Journal of the American
Ceramic Society (Evan Benjamin Callaway and Frank W. Zok, “Weibull parameters
obtained from dependence of fiber strength on fiber length and area,” J. Am. Ceram. Soc.,
101 [10] 4719-4731 (2018)). It is reproduced here with the permission of John Wiley and
Sons.
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4.1 Introduction
Relationships between stress, failure probability and volume have been studied extensively

2, 10, 11

for a wide variety of high strength fibers, including SiC'”, alumina 1214

, carbon ,
sapphire1 and glasslS. The overarching goal has been to characterize the strength distribution
of a unit volume of material in terms of a small number of material properties (usually the
Weibull modulus and the corresponding reference stress). In principle, when combined with
weakest link fracture theory, the properties can be used to determine failure probabilities of
fibers of different volumes. They can also be used to predict the behavior of collections of
fibers stressed simultaneously, either in the form of a dry bundle or as a bundle embedded
within a matrix (in a fiber composite).

Historically, the characteristics of fiber strength distributions have been determined
using one of three approaches (Figure 4.1): (1) measuring strengths of many individual
fibers, all with the same (nominal) gauge length and cross-sectional area, and fitting the
results with a proposed distribution function that is consistent with weakest-link scaling
laws; (2) measuring the stress-strain response of bundles (or tows) containing many fibers
and fitting the measurements to that predicted from the proposed distribution; or (3)
measuring strengths of fibers with varying length or area and inferring the parameter values
from the sensitivity of strength to length or area. In principle, provided the proposed
distribution accurately represents fiber strengths, all test methods should yield the same
results.

In a number of previous studies, Weibull parameters obtained from these methods
were found to be inconsistent with one another. The conclusion reached in some of these

studies was that the fiber strength does not follow a Weibull distribution and thus an
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alternative distribution function is required."" > However, the assessments that differences in
Weibull parameters are sufficiently large to warrant these conclusions have almost always
been subjective. ? Only rarely have they been made on the basis of statistical analyses that
account for biases in mean value estimates and random errors.'* Even under the best
circumstances the Weibull parameters obtained from a series of strength measurements
exhibit significant uncertainty. For example, if 20 fiber strength measurements are made
following the ASTM test standard, the 90% confidence interval on the point estimate of the
Weibull modulus m obtained from the maximum likelihood method'® 7 is (0.79-1.45)m: a
range that spans almost a factor of 2. As we show in due course, the range of m values
inferred from length- or area-dependent strength data may be considerably broader,
dependent largely on the range of the independent variable (length or area) probed by the
experiments and the number of tested fibers.

The present chapter addresses specifically the fidelity of Weibull parameters inferred
from measured sensitivities of strength to fiber length and fiber area, with a focus on effects
of random errors. An analytical framework based on theorems in regression analysis and
uncertainty propagation is developed and its veracity is assessed by exhaustive Monte Carlo
simulations (MCS). Supporting experimental results from fiber bundle tests are also
presented.

The chapter is organized in the following way. Methods of determining Weibull
parameters are reviewed in Section 4.2. Analytical solutions for uncertainties in the
parameter values are summarized in Section 4.3 (with details and derivations compiled in
Appendix 4.A.1-3). Then, in Section 4.4, the analytical results are assessed through MCS. In

Section 4.5 experimental results from bundle tests are presented and compared with the
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analytical solutions and MCS. Finally, in Section 4.6, the results are used to assess the
fidelity of Weibull moduli reported in the literature and to establish guidelines on preferred

test methods and test parameters.

4.2 Determination of Weibull parameters
Tensile strengths of cylindrical fibers, each with area 4 and length L and with flaws
distributed randomly throughout the fiber volume, can be described by the weakest link

Weibull distribution:

Py =1-exp|=(4L/4,L,)(c]o,)" @)
where P, is the cumulative failure probability; L, and 4, are reference values of length
and area; o is tensile stress; o, is the reference stress; and m is the Weibull modulus. The

Weibull parameters o, and m can be determined in several ways (illustrated in Figure 4.1).

1. Strength distribution measurement. Standard practices call for the Weibull
parameters to be determined from a series of strength measurements on fibers with
(nominally) fixed length and area and then fitting the data using the maximum

likelihood (ML) method.'® ' (Although now superseded by the ML method, linear

regression analysis of “Weibull plots”, in the form ln(—ln(l—Pf)) vs. Ino,

continues to be used).
2. Bundle response: The stress-strain response of a parallel assembly of fibers, as found
in a bundle (or tow), is measured and the results are fit to the function predicted from

a Weibull strength distribution, namely
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Com = EE; exp[—(L/LO)(gEf/ao )m} (4.2)

where o,,,, is the nominal stress (computed on the basis of the entire bundle area).

3. Volume-dependent strength: Variations in strength with fiber volume are measured

in one of three ways.

(1) Individual fibers with nominally equivalent areas are tested at two or more distinct
gauge lengths. The Weibull parameters are then determined from the dependence
of mean strength & on gauge length. For a Weibull distribution, the predicted mean
strength is"” &/o, =(AL/4,L, )_l/ml“[l+1/m] where T is the gamma function.
Analyses of test data are performed on a logarithmic form of this result, notably:

In(5/o,)=(~1/m)In(AL/4,L,)+In(T (1+1/m)) (4.3)
The Weibull modulus and reference strength are obtained from a linear regression fit
of Ing vs. In L.

(i1) Individual fibers of the same gauge length but varying area are tested. Since area is
a continuous, uncontrolled variable, only individual estimates of strength are

obtained at each value of A. Therefore linear regression is performed on In o (not
Inc)vs. In 4 toinferm and o, .

(i11) Fiber bundle strengths are measured at two or more distinct gauge lengths. When

the number of fibers in a bundle is sufficiently large, the predicted bundle strength

oy is given by” oy/0, :(meL/LO)_l/m where e is the base of the natural

logarithm (=2.718). In logarithmic form, this becomes:

Inoy/o, =(-1/m)(1+InL/L, +1Inm) (4.4)
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Linear regression of In o vs. In L yields m and o, .

The main goal of the remainder of this study is to provide a framework for assessment of
methods (i) — (iii). Comparisons are also made with results stemming from the other test

methods (in 1 and 2).

4.3 Distributions in Weibull parameters: Analytical results

Distributions in Weibull parameters obtained from a set of strength data are derived from
established statistical methods. In many cases of practical interest, distributions are normal
and can be conveniently represented by an expected or mean value and a coefficient of

variation (CoV). In others, distributions are non-normal and hence cannot be represented by

the same metrics. The nature of the distributions of inferred values of m and o, are

described in detail in the Appendix; the key analytical results are presented here. (A
complete list of variables is in Table 4.1).

Linear regression analysis of strength vs. area or length (in logarithmic form) yields
estimates of 1/m. The distribution of 1/m is normal (Figure 4.2a). From the area-dependence

of strength, the CoV of 1/m, (m, being the Weibull modulus obtained from this method) is
zZ(1/my)= 1.28/Z(A)«/ﬁ (Eqn. (4.A4)) where Z(4) is the CoV of fiber area and N is the
number of tested fibers. Provided Z(1/m) is sufficiently small (<0.2, as we show later),
error propagation analysis gives Z(m)~ z(1/m). Otherwise, for larger values of z(1/m),

the distribution of m is non-normal (see Eqns. (4.A12) and (4.A13)) and, typically,

z(m)>>z(1/m). Moreover, the expected value of m is undefined, because the integral of

the product of the probability density of m and m itself is non-convergent. Consequently, the
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median and mode (Eqns. (4.A16) and (4.A17)) are used as point estimates of m. These
results are plotted in Figures 4.3a-c.

The implications of this analysis become evident upon computing some typical

values. If Z(4)=0.2 (representative of SiC fibers’') and N=130, Z(1/m,)~1.2; Z(m,) is

even greater. The conclusion is that any estimate of m, obtained from such data would be

essentially meaningless.
Useful insights into the fidelity of Weibull parameters obtained from the length-

dependence of strength are obtained through analyses of test results in which only two gauge

lengths, denoted Z; and L,, are employed. Here, Z(1/m;)=m~2Z(cp;)/|InA| (Eqns.
(4.A6) and (4.A7)) where 1=L;/L, and op; is a point estimate of strength: either the
average strength o (for individual tested fibers) or the bundle strength o, (for fiber
bundles). In both cases, op; 1s approximately normally distributed. The CoV of ¢ and o,
are given by Z (5) ~m, 092 / JN (N being the number of individual fibers tested at each of
the two gauge lengths)'”** and Z (o )= 1/ \/m,_N (N being the number of fibers within each
of the two bundles)* 3, Combining these results yields
Z(m )= Z(1/my)=m>®J2/JN|n2| (Eqn. (4.A6)) for individual fiber tests and
Z(my)=Z(1/m;)=\2m, [N|n2| (Eqn. (4.A7)) for fiber bundles, both valid for
Z(l/mL)£0.2.

Subsequent MCS results show that, when more than two gauge lengths are
employed, the linear regression fit is heavily influenced by the two extreme points (i.e. at the

smallest and greatest gauge lengths). Consequently, the preceding results, with A
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reinterpreted as the ratio of minimum to maximum length, provide remarkably good

estimates of Z(1/m, ) and in turn Z(m, ).

These results have practical implications. Although the dependence of Z (mL) on

0.08

m; for individual fiber tests is weak (m " ~1) while that for bundle tests is relatively

strong (ml/ 2 22-3), the dependence on N is the same in both cases (1/ JN ). Moreover,
since a typical fiber bundle may contain 500 fibers (1/ JN ~0.04) while the number of

individual fibers tested may be 30 (1/ JN =0.2), the results from two bundle tests would

have lower variation in m, by a factor of about 2, relative to that obtained from a total of 60
individual fiber tests. In this context, fiber bundle tests are preferred over individual fiber
tests.

An alternative method of obtaining Weibull parameters involves measurement of the

entire stress-strain response of a fiber bundle and fitting the result with Eqn. (4.2). Here
VA (m) :O.89/ JN 2 Comparison of this result with Eqn. (4.A7) reveals that, when A is

sufficiently small, i.e., <<l, the method based on gauge length dependence of bundle
strength is preferred over fitting of the stress-strain response. Setting the CoVs of the

Weibull moduli equal to one another yields a critical gauge length ratio given by

*

25 =™ For typical values of m (5-10), A° ~0.03—0.01. Otherwise, when 4> A",
the gauge length method yields results that are inferior to those from the fit of stress-strain
curves (though possibly still acceptable).

The distribution in reference strength is obtained in a similar way. The reference

strength obtained from the area-dependence of strength is oy , = frrim (Egn. (4.A19))
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where y is the Euler—Mascheroni constant (=0.577) and f is the y-intercept from linear
. 72'2/ 12m2N
regression. The expected value and CoV of o, are E (00’ A)zao,t e ™ (Eqn.

(4.A22)) and Z(O‘O’ A)zﬂ/ m~O6N (Eqn. (4.A24)). A similar CoV is obtained from the
standard test method, based on a series of strength measurements of nominally equivalent

fibers and fitting the data by the maximum likelihood method: Z (007 ML) ~ 1.05/ (mt\/ﬁ )

For N =30 and m, =5, the two methods yield Z(O‘O’ML) ~0.04 and Z(O'O,A) ~0.05. The
distribution of reference strength obtained from length-dependence o, ; follows a similar

form: Z (aojL)zm[_O'gz / JN . The estimates of both 0y4 and oy, are only weakly

affected by m and can be estimated accurately from a relatively small sample size.

4.4 Distributions in Weibull parameters: Monte Carlo simulations
4.4.1 Numerical procedures
MCS of single filament tests and fiber bundle tests were performed to probe the combined
effects of sample size and distributions in fiber strength, fiber area and gauge length on the
inferred Weibull parameters. Three scenarios were considered: (i) tests on single filaments
with varying area at a constant gauge length, (ii) tests on single filaments with constant area
at two or more gauge lengths, and (iii1) tests on fiber bundles at two or more gauge lengths.
The Weibull parameters were obtained from linear regression analysis of data presented in
the logarithmic format in Eqns. (4.3) and (4.4).

Operationally, MCS is performed in the following way. Two sets of N random

numbers between 0 and 1 are generated for each gauge length: one set each representing the
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cumulative probability of fiber area, A/ A, and fiber strength, oo, . Fiber areas and fiber

strengths are taken to follow normal and Weibull distributions, respectively. Simulations on
fiber bundles are performed by progressively increasing the applied strain in increments of

AeE, / oy = 2107 (E, being fiber Young’s modulus) until all fibers have failed. At each

simulation step, the applied strain is compared to the fracture strain of each surviving fiber.
Fractured fibers are assigned an area of 0. The load and nominal stress are computed from
the strain, the intact fiber area and the fiber Young’s modulus.

The ranges of parameter values in these simulations were 10< N <10,000,

3<m, <20, 0<Z(A4)<0.3 and 025<L/L,<4. Ranges of m, and Z(A4) encompass

those relevant to structural ceramic fibers of interest. Each set of simulations was performed

100,000 times.

4.4.2 MCS results

Results from the first set of MCS, probing the Weibull parameters obtained from the area-
dependence of strength, along with analytical solutions from Section 4.3 and the Appendix,
are plotted in Figures 4.2 and 4.3a,d. The MCS results agree exceptionally well with the

analytical solutions over the entire parameter range, with one exception: the solution for
Z(m,) breaks down once Z(m,)>0.2 or, equivalently, Z(A)\/NS6 (Figure 4.3d). In
this domain, an increasing fraction of 1/m, values begin to approach zero and thus m,
approaches too. Thus, the mean and CoV of m, tend towards oo and Eqn. (4.A4) is no

longer valid. In all cases the average reference strength is equal to the true value and is

unaffected by negative values of m .
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The second and third sets of MCS examined the gauge length dependence of
individual fiber strengths and of fiber bundle strengths, respectively (Figures 4.3b,c,e,f and
4.4). For cases in which only two gauge lengths are used (Figure 4.3b,c,e,f), the MCS results

again agree exceptionally well with the analytical solutions over the entire parameter range

with the exception that the solution for Z(m;) breaks down once Z(m;)>0.2.
Specifically, the median and mode of m; agree with Eqns. (4.A16) and (4.A17) (Figure
4.3b-c) while Z(1/m, ) and Z(m, ) follow Eqn. (4.A7) (Figure 4.3¢-f).

When more than two gauge lengths are used, the MCS results for Z (1/ mL) and

Z(mL) are almost the same as those obtained when using only the two extreme gauge

lengths. Consequently, the results from multiple gauge lengths fall in line with the
predictions of Eqn. (4.A7), with A interpreted as the ratio of smallest and greatest gauge

lengths (shown by solid black lines in Figure 4.4). Once again the analytical solution for

Z(m; ) breaks down once Z(1/m;)>0.2 (Figure 4.4).

4.5  Experimental measurements on SiC fiber bundles
The utility of the preceding results was illustrated through fiber bundle tests on Hi-
Nicalon™ Type S NOx fibers. Each bundle contained 500 fibers. All bundles were from the

same fiber lot. Bundles were tested at two gauge lengths: 25 mm and 110 mm. The area
variation of these fibers is Z(A) = 0.21**. Bundles were desized in boiling de-ionized
water”* and lubricated with a low-viscosity oil prior to testing in order to mitigate inter-fiber

friction and associated coordinated fiber failure®. Additional details of the testing procedure

are presented elsewhere.”' Four tests were performed at each of the two gauge lengths.
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Stress-strain curves for bundles with 110 mm gauge length are shown in Figure 4.5a. A key
feature of these curves is the linearity in the initial portions, indicating minimal fiber
misalignment.*®

The measured bundle strengths (Figure 4.5b) were fit to Eqn. (4.4), yielding

m; =6.1 and o,; =2.04 GPa (L, =1 m). To obtain the variations in these parameters,
values of m; and o, ; were computed from each pair of strength values at the two gauge
lengths (a total of 16 pairs). The corresponding CoVs are Z(m;)=0.13 and
Z(GO’L)= 0.030. Similar results are obtained from Eqn. (4.A7):Z(m;)=0.12 and
Z(0,)=0.022.

Additional comparisons were made between the preceding values of m; and o,

and their CoVs with those obtained from a previous study on the same fibers.”' In the latter,
Weibull parameters were obtained from least squares fits (LSF) of the predicted stress-strain

response of a fiber bundle (Eqn. (4.2)) to measured stress-strain curves. The fits yielded
My =64+03 (Z(myg)=0.051) and 0, =1.98+0.06 GPa (Z(0, 5 )=0.031).
The uncertainty in the experimental Weibull modulus agrees with that expected from MCS
and the analytical solutions (Z(mLSF):O.O4O ). The Weibull parameters from the two

methods fall within one standard deviation of their respective means. Moreover, the CoV of
the Weibull modulus from the gauge length method is about twice that from the fit of the
stress-strain curves (although both are deemed acceptably small). This, too, is borne out by

theory.
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The conclusions drawn from these comparisons are twofold. First, differences in
Weibull parameters obtained from the two test methods are not statistically significant; the
Weibull distribution appears to provide a consistent description of fiber strength. Second,
the uncertainty in m obtained from fitting stress-strain curves is significantly lower (by a
factor >2) than that from the gauge-length dependent fiber bundle strength. This result is
consistent with the gauge length ratio employed in the present experiments (A =0.23) and

the critical ratio below which the gauge-length dependent method is predicted to yield

superior results (/1* =0.02 for m=06).

4.6 Discussion

The key analytical solutions developed here and elsewhere" *

are summarized in Figure
4.1. The results are couched in terms of the minimum number of test fibers needed to attain
a prescribed precision level on the Weibull modulus. If selection were based solely on
minimizing random errors with the smallest total number of tests, the preferred method
would usually be one based on a fit of tensile stress-strain curves; a single (instrumented)
test on a bundle containing 500 fibers would yield results comparable to 500 individual fiber
tests (following the standard method). The gauge length-dependent bundle strength may
yield comparable results, provided the gauge length ratio is sufficiently small. The standard
method of strength measurements and the method based on gauge-length dependence of
mean fiber strength would require more tests to achieve the same goal. Finally, for area

variations typical of commercial high-temperature structural fibers, the area-dependent fiber

strength method requires an inordinately large number of tests.
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In practice, the selection of a test method would include consideration of the efforts
required to execute the tests as well as related measurement errors. For instance, in
measuring the strengths of individual fibers, the area of each tested fiber should be
measured; for small diameter fibers, the errors in such measurements are not insignificant.
(Reliance on mean fiber area introduces systematic errors that skew the Weibull moduli to

22, 27, 28

anomalously low values. ) With respect to fiber bundle tests, precautions must be

taken to ensure that all fibers are straight and uniformly loaded, that interfiber coupling is
mitigated through use of sizing or low viscosity oil, and that fibers within the bundles

exhibit minimal amounts of weld lines. Additionally, it requires high-precision strain

measurement (typically < 107 ).
The large errors inherent to the method based on area-dependent strength and the
skewing of the Weibull modulus distribution to anomalously low values have been vividly

demonstrated in a number of previous experimental studies. For example, for Nextel™

fibers, measured values of 1, /my,;, ranged from 0.20 to 0.56.'" Similar studies on carbon
fibers yielded comparable results: m , /myp ~ 0.2 %13 For the test parameters used in those
studies (N =50 and Z(A)=0.1), the present analysis suggests that the median Weibull
modulus would be ., /m, ~0.4 and that the uncertainty in m would exceed m itself.

Other data, on Tyranno™ fibers, have shown similarly large discrepancies in m, though in

the opposite sense: 1y, =5.0 whereas m, =36.> As a practical matter, the method based

on area-dependent strength has minimal value and should be avoided.
Discrepancies in Weibull moduli obtained from the various methods have been

previously interpreted as a breakdown of the Weibull function in describing strength
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distributions, without due consideration of the statistical significance of differences in
measured values and systematic errors introduced by inadequate sample size.'® '*'>?’ These
interpretations have not only fueled misconceptions about the utility of the Weibull
distribution but have also led to a number of proposed alternative distribution functions that
violate the underlying weakest-link scaling principles.”® In this regard, understanding the
role of errors in the inferred Weibull parameters is crucial.

As a further application, we use the theory to assess reported Weibull moduli of three
different Nextel™ oxide fibers using two methods: (i) the standard method of strength
measurements on fibers of the same size combined with linear fits of Weibull plots and (ii)

the method based on gauge-length dependence of mean strength. Reported Weibull moduli

of Nextel™ 610, 650, and 720 fibers from the standard method were my, = 10.1, 6.8 and
7.6, respectively; the corresponding results from the gauge length method were m; = 9.7,

7.3 and 7.1."" In each of these cases, m, is within 7% of my,,. Our MCS results for the
same test conditions (N = 10 and Lg = [25, 125, 254] mm, where Lg represents the set of
gauge lengths) yield a median value 71, meq Within 0.5% of m, and a CoV of Z(1/m)=0.22.
On this basis, we conclude that there is negligible systematic error in m from gauge length
dependence and that the correlations between the inferred Weibull moduli from the two
methods employed in the experiments are surprisingly good (with relative differences being
only about 1/3 of the predicted CoV).

Finally, regarding the two methods based on gauge length dependence, we present
the analytical results in Figure 4.1 as contours of fixed Z (m) over a range of m values, in

coordinates of 4 and N; results for mean fiber strengths and bundle strengths are in Figures

4.6a and b, respectively. Experimental data on a number of fiber types from previous
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studies are also plotted as discrete points. Based on comparisons of the calculated curves

with the experimental points, we infer that the uncertainties in some cases (bottom right

corner) are small (Z (mL) <0.1) whereas others would have relatively large (and perhaps

unacceptable) uncertainty levels (Z (mL) >0.2). As a whole, results from bundle strengths
(in Figure 4.6b) are more reliable; the data points consistently reside in the domain
Z (mL) <0.1 (some well below this value). The latter result is a consequence of the very

large number of fibers that are probed in a single bundle test. As an additional issue,
assessments of the fidelity of the measurements would need to account for systematic and/or

measurement errors associated with test execution.

4.7 Summary and conclusions

Analytical solutions have been developed for distributions in Weibull parameters obtained
from area- or length-dependent strengths. The solutions have been verified through
exhaustive MCS and fiber bundle tests. In summary, the key results are:

(i) Estimates of Weibull moduli obtained from fiber strength variations with fiber
area are biased toward erroneously low values and have extraordinarily large
uncertainties. For fiber area variations typical of commercially-available fibers, an
inordinately large number of tests would be required to obtain reasonable estimates
of the Weibull modulus.

(i) Accurate estimates of Weibull moduli can be obtained from the length-dependence
of mean fiber strength, provided both the gauge length range and the number of

tested fibers at each gauge length are sufficiently large. Analytical solutions for the
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random uncertainty in the Weibull modulus presented here facilitate assessment of
the validity of test data and guide selection of test parameters.

(ii1)) Improved estimates of Weibull modulus can be obtained from the gauge-length
dependence of fiber bundle strength. For bundles containing 500 fibers and
specimen gauge lengths with ratio 4 <0.25, the CoV of the Weibull modulus is
typically <0.2.

(iv) Yet more reliable results for m are usually obtained from a LSF of the bundle
stress-strain response. The method based on gauge-length dependent bundle
strength becomes superior only when the gauge length ratio falls in the domain
A1 <0.01-0.03 (dependent on m).

(v) Test results on fiber bundles presented here and elsewhere?' support the use of the
two-parameter Weibull distribution to describe the strength of Hi-Nicalon™ Type

S NOx fibers.
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4.A  Appendix: Random errors of regression analysis
4.A.1 Generic results
Linear regression of a dependent variable, Y, on a single independent variable, X , takes the

form Y =aX + [, where « and [ are constants. If X and Y are approximately normally

distributed, the standard deviations, S (&) and S( /), of the constants are:>!
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S(a) :\/SZ(X)(iZ_(;/));4c(o;2)(X,Y) (4.A1)

S(5)- \/{ S J[Sz(X)Sz(Y)—covz(X,Y)j A

S*(Xx) s*(x) (n-2)8*(X)
where 7 is sample size; S(X) and S(Y) are standard deviations of X and ¥; X and ¥
are average values; and COV(X Y ) 1s the covariance of X and Y, which is related to the

other quantities by COV(X Y ) = aS? (X ) 2! Furthermore, the fitting parameter S is given

by f=Y —aX .’

4.A.2 Application to the Weibull modulus
The preceding results can be re-cast in terms of the regression analyses used to obtain

Weibull moduli via Eqns. (4.3) and (4.4). When the analysis is based on the area-

dependence of strength, the uncertainty of 1/m, (in Eqn. (4.3)) is obtained by setting

Y=Ino and X =In4/4, in Eqn. (4.A1), yielding:

_ [$?*(In4/4,)S*(Inc)—cov’(In 4/ 4, ,Ino)
S(l/m)—\/ TEEICYN (4.A3)

Eqn. (4.A3) is simplified by taking N —2 ~ N and assuming that fiber area follows a normal

distribution. Since the standard deviation of the logarithm of a normally-distributed variable

(i.e. A) does not have an exact analytical solution, we approximate it by its CoV, defined as

Z(A4)=S(A4)/A (A being the average area). This approximation is adequate provided

Z (A) is small. In contrast, the standard deviation of a variable (e.g. strength) that follows a
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Weibull distribution is exact; it is S(Ino)=7/(m~6) (solved in Mathematica). The
covariance in turn is cov(In(4/4,),Inc)=aZ?(A4/A4,). Combining these results and
recognizing that, typically, 7°/6 >> Z* (A4), the CoV of 1/m , becomes:

Z(1/my)=r/Z(4) (4.A4)
Error propagation analysis gives Z(m,)=Z(1/m,), provided Z(1/m,)<0.2.

For the gauge length dependence of strength, general analytical solutions for

Z (1/ mL) are not available as the number of gauge lengths (n in Eqn. (4.A1)) is typically

small (ca. 2—4) and the gauge lengths are a set of discrete values (unlike the continuous
variable 4). However, in cases in which there are exactly two gauge lengths, Z (1/ m) can be

obtained from application of standard error propagation analysis to Eqns. (4.3) or (4.4).

From Eqns. (4.3) and (4.4), Y =Inop; . The point estimate of strength o, is approximately

normally distributed so that S(Inopy )~ Z(0pg). The standard error of the mean strength
o is estimated by Z / JN where Z ( ) 092 (accurate to within +2% for

2<m, <20 %) and thus Z ( ) _0 92 / JN . Similarly, (GB) is also a function of only

m, and N:**%

Z(oy)= (e - /N mN) " (4.A5)

for m, >>1. This yields:

Z(1/m,)=m %2 /N |In(2) (4.A6)
Z(1/m,)=J2m, /NN |In(2) (4.A7)
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for single filament tests and fiber bundle tests, respectively. Here again we take
Z(my)~Z(1/m;) when Z(1/m,) is small.

As previously noted, the preceding results (Eqns. (4.A4), (4.A6), and (4.A7)) are
only valid when the spread in —1/m is small. Otherwise, there is a progressively increasing
probability of positive values of —1/m, in which case the inferred Weibull modulus is
negative. (This feature is evident in Fig. 4.2a.) Furthermore, as —1/m approaches zero, m
tends towards too. Since —1/m 1is approximately normally distributed, an analytical
solution for the distribution of m can be readily obtained from the distribution of —1/m . The

distribution of m only depends on a shape parameter and a scale parameter for which we use

Z(1/m) and m,, respectively. The cumulative distribution function (CDF) of 1/m , denoted

F(1/m), and the probability density, f(1/m), expressed in terms of Z(1/m) and m, are:

F(1/m)=(t+erf[ (1=m,/m)/Z(1/m)¥2]) /2 (4.A8)

1/ m)= oF(Lm) ™ exp[_(l_ml/m 22 (l/m)} (4.A9)

o(1/m) Z(1/m)\2z

From Eqn. (4.A8), the probability P of m < 0 is:
P(m<0)=(1+erf[-1/Z(1/m)2]) /2 (4.A10)
For small Z(1/m), P(m<0)~0 and the CDFs of both m and 1/m are given by:
F(m)=F (1 m)=(1+ert [ (1=m, /m)/Z (1/m)¥2 ) 2 (4.A11)

Otherwise, for finite values of P(m<0), F(m) is a two-piece function: one each for

positive and negative values of m. In general they are:
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(m)_{ F(1/m)+P(m<0), m>0 A1)

| F(1/m)+P(m<0)-1, m<0

while the corresponding probability density is:

m) M ex —(l—ml/m)2/2Zz(1/m)
rm="5 d w22 (U m)\2r J (AL

Eqn. (4.A13) is plotted in Figure 4.2b for m, =10, Z(A) =0.1 and N = 10-10,000. For
N <250, a significant fraction of m values are negative, causing a shift of the median and
the mode of m to lower values, less than m, .

In principle, the preceding results should lead to solutions for the expected value,

E(m), and variance, S? (m), defined as:
E(m)=[" mf (m)dm (4.A14)

§2(m)=[" (m~E(m))" f(m)dm (4.A15)

—00

However, these integrals do not converge and hence both £ (m) and S(m) are undefined.

Consequently, we wuse either the median, m

=m(F, =0.5), or the mode,
mmodezm(é‘f (m)/@m:O), as point estimates of m. Following some algebraic

manipulation, the estimates become:

-1

o (14327 (1) m)erf” [1-ert[z(1/m)V2] ) (4.A16)

my
Moge _ L1827 (1/m) AL
m, 42 (1/m)
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4.A.3 Application to the reference strength

The distribution of reference strength is readily obtained analytically from the area

dependence of strength. Here Y =Ino and ¥ =In 0.4 —(7—ZZ(A)/2)/m where y is the
Euler—Mascheroni constant (=0.577). Also, X =1In A/ 4, and, assuming the fiber areas are

normally distributed, X ~—-Z 2 (A) / 2 . Combining these results gives:

B=Y-aX=Ino, L (4.A18)
A

and then solving for o , gives:
oo4=exp(B+y/m,) (4.A19)
Importantly, this (correct) result differs from that obtained by simply setting £ equal to the

last two terms in Eqn. (4.3).

The variance in £ is obtained using approximations similar to those described for
Eqn. (4.A3). Here Eqn. (4.A2) simplifies to S ﬁ):ﬂ/ m~6N . The corresponding
distribution of o, , is obtained in the same fashion as that for m. Namely, since g is

normally distributed, the probability density and cumulative probability of o , are:

m 3N -3m*N
f(GO’A) = 3t/z exp{ tz In? Oo.u /Go’tj| (4.A20)
7770 4 Vs

1 1 _.|m+3N
F(O'(),A):5+Eerf{ fﬂ lnaO’A/O'O,t:| (4.A21)

while the mean, variance and CoV of o, , are:

E(O-O,A) = I: O'o,Af(O'o,A )do'o,A =00, o™ 12mN (4.A22)
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\ (UO,A):L:O(UO,A _E(UO,A))Zf(Uo,A)dUO,A

s L (4.A23)
_ 0'0,12 (en [3m’N _ 7*/6m, N)

Z(00,4)=Ne™ "N _1 x 2/ mJ6N (4.A24)
The approximation in Eqn. (4.A24) is based on the assumption that the argument of the
exponential term is <<1 (accurate for realistic combinations of m, and N).

For the length dependence of single fiber strengths, the reference strength depends

strongly on £ but only weakly on m:

oo, =exp(B)/T(1+1/m) (4.A25)
When only two gauge lengths (L, and L, = L) are used,  =1InG, where o, is the average
strength at L = L,. From error propagation, Z (‘70, L) ~7Z (5 ) = mt70.92 / JN . Comparing this
result to that of Z (m) (Egn. (4.A7)), it is evident that the uncertainty in the reference

strength is  significantly lower than that of the Weibull modulus

(Z(m)/Z(O'O) =m, \/5/|ln(l)| << 1) . Furthermore, Z(GO’L) ~ Z(GO’A) for realistic values

of m, (Z (O'O,L ) / VA (0'0’ A):mto'ogx/g /ﬂzl). A similar result is obtained for the length

dependence of bundle strength.

References

: A.K. De and K.K. Phani, “Gauge Length Effect on the Strength of Silicon Carbide
and Sapphire Filaments,” J. Compos. Mater., 24 [2] 220-232 (1990).

2

K. Goda and H. Fukunaga, “The evaluation of the strength distribution of silicon

carbide and alumina fibres by a multi-modal Weibull distribution,” J. Mater. Sci., 21
106



10

11

[12] 4475-4480 (1986).

H.F. Wu and L.L. Wu, “Strength variability and size effect of Nicalon fibre bundles,”
J. Mater. Sci., 29 [16] 42324237 (1994).

T. Morimoto, S. Nakagawa, and S. Ogihara, “Bias in the Weibull strength estimation
of'a SiC fiber for the small gauge length case,” JSME Intemational J., 48 [4] 194-198
(2005).

T. Morimoto, K. Yamamoto, and S. Ogihara, “Dependence of Weibull parameters on
the diameter and the internal defects of Tyranno ZMI fiber in the strength analysis,”
Adv. Compos. Mater., 16 [3] 245-258 (2007).

G. Simon and A.R. Bunsell, “Mechanical and structural characterization of the
Nicalon silicon carbide fibre,” J. Mater. Sci., 19 [11] 3649-3657 (1984).

Y.T. Zhu, W .R. Blumenthal, S.T. Taylor, T.C. Lowe, and B. Zhou, “Analysis of Size
Dependence of Ceramic Fiber and Whisker Strength,” J. Am. Ceram. Soc., 80 [6]
1447-1452 (1997).

S.T. Taylor, Y.T. Zhu, W.R. Blumenthal, M.G. Stout, D.P. Butt, and T.C. Lowe,
“Characterization of Nicalon fibres with varying diameters Part I Strength and
fracture studies,” J. Mater. Sci., 33 [6] 1465—1473 (1998).

Y.T. Zhu, S.T. Taylor, M.G. Stout, D.P. Butt, W.R. Blumenthal, and T.C. Lowe,
“Characterization of Nicalon fibres with varying diameters Part II Modified Weibull
distribution,” J. Mater. Sci., 33 [6] 1475-1480 (1998).

D.M. Wilson, “Statistical tensile strength of Nextel™ 610 and Nextel™ 720 fibres,”
J. Mater. Sci., 32 [10] 2535-2542 (1997).

D.M. Wilson and L.R. Visser, “High performance oxide fibers for metal and ceramic

107



12

13

14

15

16

17

18

19

20

21

composites,” Compos. - Part A Appl. Sci. Manuf-, 32 [8] 1143—-1153 (2001).

W. Yu and J. Yao, “Tensile strength and its variation of PAN-based carbon fibers. I.
Statistical distribution and volume dependence,” J. Appl. Polym. Sci., 101 [5] 3175—
3182 (2006).

T. Tagawa and T. Miyata, “Size effect on tensile strength of carbon fibers,” Mater.
Sci. Eng. A, 238 [2] 336342 (1997).

K. Naito, J.M. Yang, Y. Tanaka, and Y. Kagawa, “The effect of gauge length on
tensile strength and Weibull modulus of polyacrylonitrile (PAN)- and pitch-based
carbon fibers,” J. Mater. Sci., 47 [2] 632-642 (2012).

J. Andersons, R. Joffe, M. Hojo, and S. Ochiai, “Glass fibre strength distribution
determined by common experimental methods,” Compos. Sci. Technol., 62 [1] 131—
145 (2002).

ASTM C1239-13, “Standard Practice for Reporting Uniaxial Strength Data and
Estimating Weibull Distribution Parameters for Advanced Ceramics,” (2013).

EN 843-5, “Advanced technical ceramics. Mechanical properties of monolithic
ceramics at room temperature. Statistical analysis,” (2006).

ASTM C1557-14, “Standard Test Method for Tensile Strength and Young’s Modulus
of Fibers,” (2014).

W. Weibull, “A statistical theory of the strength of materials,” R. Swedish Inst. Eng.
Res., 151 145 (1939).

H.E. Daniels, “The Statistical Theory of the Strength of Bundles of Threads. 1, Proc.
R. Soc. A Math. Phys. Eng. Sci., 183 [995] 405-435 (1945).

E.B. Callaway and F.W. Zok, “Strengths of ceramic fiber bundles: Theory and

108



22

23

24

25

26

27

28

29

30

practice,” J. Am. Ceram. Soc., 100 [11] 5306-5317 (2017).

E.B. Callaway and F.W. Zok, “Accurate determination of fiber strength
distributions,” J. Am. Ceram. Soc., 100 [3] 1202—1211 (2017).

V. Calard and J. Lamon, “Failure of fiber bundles,” Compos. Sci. Technol., 64 [5]
701-710 (2004).

R.S. Hay and R.J. Chater, “Oxidation kinetics strength of Hi-Nicalon TM -S SiC fiber
after oxidation in dry and wet air,” J. Am. Ceram. Soc., 100 [9] 4110—4130 (2017).
R. Hill and E.U. Okoroafor, “Weibull statistics of fibre bundle failure using
mechanical and acoustic emission testing: the influence of interfibre friction,”
Composites, 26 [10] 699-705 (1995).

S.L. Phoenix, “Probabilistic Strength Analysis of Fibre Bundle Structures,” Fibre Sci.
Technol., 7 [1] 15-31 (1974).

E. Lara-Curzio and C.M. Russ, “On the relationship between the parameters of the
distributions of fiber diameters, breaking loads, and fiber strengths,” J. Mater. Sci.
Lett., 18 [24] 2041-2044 (1999).

T.A. Parthasarathy, “Extraction of Weibull parameters of fiber strength from means
and standard deviations of failure loads and fiber diameters,” J. Am. Ceram. Soc., 84
[3] 588-592 (2001).

D.M. Kotchick, R.C. Hink, and R.E. Tressler, “Gauge Length and Surface Damage
Effects on the Strength Distributions of Silicon Carbide and Sapphire Filaments,” J.
Compos. Mater., 9 [4] 327-336 (1975).

F.W. Zok, “On weakest link theory and Weibull statistics,” J. Am. Ceram. Soc., 100

[4] 1265-1268 (2017).

109



31

32

33

34

F. Acton, Analysis of Straight-Line Data. Dover, New York, 1966.

A.S. Watson and R.L. Smith, “An examination of statistical theories for fibrous
material in the light of experimental data,” J. Mater. Sci., 20 [9] 3260-3270 (1985).
M. R’Mili, T. Bouchaour, and P. Merle, “Estimation of Weibull parameters from
loose-bundle tests,” Compos. Sci. Technol., 56 [7] 831-834 (1996).

K.G. Dassios, M. Steen, and C. Filiou, “Mechanical properties of alumina Nextel™

720 fibres at room and elevated temperatures: Tensile bundle testing,” Mater. Sci.

Eng. 4,349 [1] 63-72 (2003).

110



Table 4.1: List of variables

a Slope from linear regression
J y-intercept from linear regression

I' Gamma function
Euler—Mascheroni constant (~0.577)

v
A Gauge length ratio
o Stress/strength

o Average strength

o, Reference strength

o Bundle strength

opg Point estimate of strength
A Fiber area

A, Reference area

E, Fiber Young’s modulus
E(x) Expected value of x
erf Error function

erf ™! Inverse error function
f(x) Probability density function of x
F ( x) Cumulative distribution function of

X
L Fiber length
L, Reference length

L, Set of gauge lengths

m Weibull modulus

n Sample size

N Number of fibers tested

P (x> a) Probability of random variable

x>a
P, Probability of failure

S(x) Standard deviation of x

VA (x) Coefficient of variation of x

Subscripts for m and o

4+ Estimate from area method

; Estimate from gauge length method
med Median value

mode Mode of values

. Estimate from maximum likelihood

method
, True Weibull parameter

wp Estimate from linear regression of
Weibull plot
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Figure 4.1: Schematics of test methods to determine Weibull parameters (in two left
columns) and guidelines for selecting test parameters that yield acceptable random error.
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Figure 4.2: Comparisons of analytical solutions (solid lines) and MCS results (dotted lines)
for distributions of (a) —1/m ,, (b) m, and (c) 0y 4 » Obtained from variations in strength

with area. The true Weibull modulus is 72, =10 and the CoV of fiber areais Z (4) =0.1.
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Figure 4.3: MCS results (symbols) and analytical solutions (lines) for median, mode and
CoV of m obtained from (a, d) area-dependence of mean strength; (b, e) length-dependence
of mean strength; and (c, f) length-dependence of fiber bundle strength. Correlations
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Figure 4.5: (a) Experimental stress-strain response for fiber bundles. (b) Weibull parameters
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Chapter 5
Deformation, rupture, and sliding of fiber coatings in ceramic

composites®

Abstract

We examine the mechanics of shear deformation, rupture and frictional sliding of fiber
coatings in ceramic composites through a combination of experiments, modeling and
computational simulations. The work includes fiber push-in tests in several prototypical
SiC-SiC composites with BN coatings on the fibers, using an established model of brittle
interface fracture and subsequent sliding to interpret the data. The test results reveal two
distinct behaviors: one in which a crack appears to form suddenly within the coating or at
one of the interfaces with neighboring phases, followed by interface sliding (in accord with
the established model), and another in which yielding of the BN occurs first, followed by
rupture and sliding. Deficiencies in the existing brittle interface model are addressed through
extensions of the model that account for coating plasticity prior to rupture. An analytical
model based on shear lag analysis is developed and validated by finite element calculations
and subsequently used in the interpretation of the test data. The work provides a new
framework for interpreting fiber push-in results, including ways to ascertain the mechanism

that governs the stress for push-in initiation and for extracting pertinent coating properties. It

' The content of this chapter has been accepted for publication in the Journal of the
Mechanics and Physics of Solids (Evan Benjamin Callaway, Paul Christodoulou, Frank W.
Zok, “Deformation, rupture and sliding of fiber coatings in ceramic composites,” J. Mech.
Phys. Solids, 132 (2019)). It is reproduced here with the permission of Elsevier.
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also highlights the important role of plasticity in the design and performance of fiber

coatings for ceramic composites.
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5.1  Introduction

Mechanical performance of fiber-reinforced ceramic-matrix composites (CMCs) is critically
dependent on the properties of interfaces between the fibers and the matrix. To exploit the
full potential of high-strength fibers within CMCs, the fibers must be mechanically
decoupled from the matrix. Otherwise, if the interface is excessively strong, cracks in the
matrix penetrate into the fibers rather than deflecting into the interface. In practice, this
behavior is enabled by fiber coatings that are either intrinsically weak or bond weakly to the
fibers or the matrix.

In the context of SiC-SiC composites — the ones of most interest for use in gas
turbine applications'° — only two types of coatings have been developed to any significant
extent. The first is based on pyrolytic C produced by chemical vapor deposition (CVD).
Although their mechanical properties are nearly ideal in the as-deposited state, C coatings
are intrinsically unstable in oxidizing environments at even moderate temperatures.
Consequently, their potential use in long-term applications in oxidizing environments has
been essentially abandoned.

The second coating type is BN. BN exhibits a number of attractive attributes. It is
more resistant than C to oxidation in oxygen-containing environments. When in the
hexagonal crystal form with the basal planes aligned parallel to the fiber surface, BN
exhibits low resistance to shear deformation (especially in comparison to that of other
refractory ceramics). But attaining these characteristics consistently is challenging. BN
produced by CVD can take numerous forms with varying levels of crystallinity and
alignment of basal planes in the preferred orientation. Additionally, its properties appear to

depend on the nature of the surfaces on which it is deposited, on the precursor gases, and on

119



4 711 In addition to these

the temperatures, pressures and times used for deposition.
sensitivities, which themselves are poorly understood, control of the deposition processes to
achieve the desired properties remains somewhat of an artform. Furthermore, properties of
BN produced in bulk form may differ from those of thin (ca 0.1-0.5 um) BN coatings on
SiC fibers. Therefore, to be most useful, coating properties should be measured in situ
within composites of interest, not on bulk materials.

Fiber push-in, performed using an instrumented nanoindenter, is the premiere
diagnostic tool for probing interface and coating properties in CMCs, especially under
loadings that reflect those experienced during matrix cracking and fiber bridging.' "> The
standard model for interpreting push-in measurements assumes that fiber coatings — when
present but very thin — can be represented by two-dimensional interfaces, characterized by a

toughness, I' , and a sliding stress, 7, , but without capacity for elastic or plastic

s 2

deformation. From shear lag analysis and energy considerations, the load—displacement

responses from push-in tests can be readily related to I'and z,, among other properties

(Young’s moduli, fiber radius, e‘[c.).14

Here we examine the mechanics of shear deformation, rupture and frictional sliding
of coated fibers in ceramic matrices. Experimental results from fiber push-in tests on several
representative SiC/SiC composites with BN coatings on the fibers reveal that, in some cases,
the push-in response is not fully consistent with that predicted by the standard model.
Instead, they suggest a domain in which coatings yield before undergoing rupture and
sliding. Accordingly, we develop and present a new model based on shear lag analysis,
extending the standard model. The new model considers three behavioral domains: (i)

purely-elastic loading of fiber, coating and surrounding matrix, (ii) coating yielding, and (iii)
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coating rupture followed by frictional sliding. In the latter domain, crack growth is resisted
by a Dugdale-like zone with two characteristic strengths: one dictated by yield and the other
by frictional sliding. Notwithstanding its evident deficiencies in capturing yielding of the

coating, the standard model remains useful in its description of both I' and 7. One of the

goals of the present work is to expound on the meaning of I in terms of elastic-plastic
rupture. But the mere recognition that coating failure may involve local plasticity prior to
rupture has important implications in the understanding of crack deflection and fiber
bridging in CMCs during tensile loading, as discussed later.

The chapter proceeds in the following way. Section 5.2 begins with a synopsis of the
basic mechanics of fiber push-in based on the standard model of interface rupture and
sliding. This is followed by descriptions of test protocols, methods of data analysis used to
infer interface properties, and experimental results interpreted in accordance with the
standard model. An extended analytical model that accounts for elasticity and plasticity
within the coating prior to coating rupture and supporting finite element analyses are
presented in Section 5.3. The experimental results are then re-examined in the light of the
new model, in Section 5.4. We speculate on the nature of the mechanisms operating during
the push-in process in Section 5.5. Finally, the implications of the findings in composite

design and composite properties are discussed briefly in Section 5.6.

5.2 Basic mechanics, test methods, and experimental measurements
5.2.1 The standard model
In the standard model of fiber push-in, illustrated in Figure 5.1A, coatings are represented as

rigid-brittle interphases. A mechanics analysis of push-in was first presented by Marshall
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14, 15

and Oliver. The push-in response is obtained from a shear lag analysis of the spatial

domain within which sliding occurs and an energy balance analysis of incremental growth of
a fully-developed interface crack. Being 1D in nature, the model neglects radial gradients in

fiber strain. When the sliding resistance 7 is constant along the crack surface (the case
considered by Marshall and Oliver), the axial fiber strain decreases linearly into the
composite, at a rate of d(af /Ef )/d (Z/Rf) = ZTS/Ef , where o, is the average fiber stress
at depth z below the surface, £ is the fiber Young’s modulus, and R, is fiber radius. The
crack tip resides at a depth z =c; at this point, the axial fiber strain undergoes essentially a
discontinuity, from o, /E, = Z(F/ R/E, )1/2 just behind the crack tip to 0 just ahead of it.
The critical load F, and corresponding fiber stress on the top fiber surface &, , to generate

a crack with ¢ > R, (assuming negligible residual stress) are given by:

&, F r
rr_ By | (5.1)
E, 7zRIE, \R/E,

Thereafter, the inelastic displacement on the top fiber surface due to sliding is

u 5% r

in _

R, 4E;t, TR,

(5.2)

where 6, =F / ﬂRjzf . Upon subsequent unloading-reloading, hysteresis loops develop, with

width A described by

A o o3
A{_S}{_ / Ml__ / ] (5.3)
Rf Rf O-f, max Gf,max

122



where G, ., Is the maximum axial fiber stress (at z=0 at the load maximum) and

A, / R, = E/% max / 4, E, 117 Eqn. (5.3) is valid when the cyclic sliding distance is less than

the slip distance at peak load; when unloading is performed to zero load, this condition is

satisfied for &, ..« 226, , S

Hutchinson and Jensen extended this analysis to fiber bridging of matrix cracks in
CMC:s loaded in tension parallel to the fiber direction, taking into account elastic anisotropy
of the constituents, thermal misfit strains, and both constant sliding stress and Coulomb-like
descriptions of sliding.18 For conditions examined by Marshall and Oliver, Hutchinson and
Jensen recover the same results®.

It warrants repeating that the preceding models assume that the interface crack is
long compared to the fiber diameter and therefore its initiation from small putative flaws in
the most-heavily stressed regions is neglected. A related tacit assumption is that axial fiber
stress gradients are small over lengths comparable to the fiber diameter; therefore, stresses
developed in the early stages of loading (being highly localized in the near-surface regions)
are not accurately predicted. One consequence is that, when I" = 0, the models predict that
sliding begins essentially at the onset of loading (Eqn. (5.2)). Recognizing this limitation,
Marshall and Oliver proceeded to estimate the shear stress at the fiber-matrix interface in the
near-surface region. For this purpose they used Mindlin’s solution for the stress field around
a point force acting on an elastic half-space.'” The shear stress distribution along a

cylindrical surface defined by r = R, is given by

¥ The one minor difference is that, in Hutchinson and Jensen’s analysis, the plane strain
modulus emerges in place of the Young’s modulus. This arises because the calculations are
based on stress intensity factors and the conversions to energy release rates assume plane-
strain loading.
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T 3(z/R, ) (5.4)

Its maximum value is r/ &, =0.28 and occurs at a depth z/ R, =0.82. Marshall and Oliver

used this result to rationalize the finite load needed to initiate sliding in cases where C
coatings were very weakly bonded to SiC fibers and the interface toughness was essentially
Zero.

One of the subtle lessons from Marshall and Oliver’s work is the recognition that, in
order for interface rupture and sliding to occur, the loading conditions must simultaneously
satistfy both the energetics of interface crack growth and the stresses needed for sliding;
interface rupture cannot occur without shear sliding and sliding cannot occur without
interface rupture. Therefore the greater of the two conditions (couched in terms of critical
fiber stresses) for interface rupture and for interface sliding dictates the onset of both. A
corollary is that fiber push-in tests cannot immediately discriminate between the two
conditions governing the onset of rupture and sliding. This dilemma is addressed in the

present study.

5.2.2 Test methods

Push-in tests were performed on SiC/SiC composites using an instrumented nanoindenter
(iMicro Nanoindenter, Nanomechanics, Inc.) equipped with a 10 pm-radius spheroconical
indenter, the latter selected to mitigate plastic indentation of the fiber. The load was cycled
to progressively increasing peak loads, between 100 mN and 400 mN in 100 mN
increments, at a rate of 100 mN/s. Two load-unload cycles were performed to each peak

load. In cases where the indenter came into contact with the matrix (an event marked by a
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sharp increase in stiffness, typically at displacements greater than 2 um), data in the post-
contact domain were neglected. Additionally, to ensure a cyclic sliding distance less than the

slip distance at peak load, only loops for which &, .. =26, , were used in calculating

sliding stresses. Surface profiles of a number of pushed-in fibers were subsequently obtained
by confocal microscopy. These measurements confirmed that the indentations were
essentially purely elastic, with residual indentation depths of <10 nm (see example in Figure
5.2). Typically about 30—40 fibers were tested in each specimen.

Test results are reported for four materials systems, all with coatings of hexagonal
BN on the fibers: (i) a 3D woven composite of Tyranno ZMI'™ fibers in a SiC matrix,
produced by a combination of chemical vapor deposition, slurry infiltration, and precursor
impregnation and pyrolysis (PIP)*’; (ii) a unidirectional minicomposite of Tyranno ZMI™
fibers in a CVI SiC matrix, (iii) a unidirectional minicomposite of Hi-Nicalon Type S™
(HNS) fibers in a CVI SiC matrix, and (iv) a 2D woven composite with Hi-Nicalon™ fibers
in a SiCN PIP-derived matrix®' (known by the trade name S200-H). The fiber radii,
measured on polished cross-sections through the composites, were 6.4+0.6 um for the ZMI
3D composite, 6.6+ 0.7 um for the ZMI minicomposite, 6.9£0.5 pum for the HNS
minicomposite, and 7.6+1.1 pum for S200-H. Typically, larger diameter fibers were selected
for push-in tests, to prevent the indenter tip from contacting the matrix. Thicknesses of the
BN coatings varied between 100 and 500 nm. No correlation between fiber radius or coating

thickness and interfacial properties was observed. Micrographs of each are shown in Figure

5.2. A typical confocal microscope image of a pushed-in fiber is also shown.

5.2.3 Data analysis
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In the first round of analysis, interface properties were obtained from the push-in data using

Marshall and Oliver’s brittle fracture model. Operationally, the total measured fiber
displacement u; is partitioned into three components: (i) the elastic displacement u,,

associated with the indenter-fiber contact (assumed to be Hertzian), (ii) the additional elastic

displacement u,; due to shear deformation of the coating and the surrounding matrix, and
(ii1) the inelastic displacement u,, due to sliding at the fiber-matrix interface.

Prior to interface rupture, u,, =0 and thus the total fiber displacement is

UG =ty +uy =, F*? +c,F (5.5)
where ¢; and ¢, are constants that depend on geometry and elastic properties of the

constituents. This result can be re-expressed as

uy [F=cF ™" +c, (5.6)
Thus, in this (purely-elastic) domain, the secant compliance u; /F is predicted to vary
linearly with F -3 (Figure 5.3). This linearity is lost once rupture occurs.

As we show in the subsequent section, the transition from elastic to inelastic

deformation generally occurs in one of two ways: (i) with a rapid increase in u;’f / F almost
immediately after linearity in u? / F vs. F7' is lost (as illustrated by the numerical results
in Figure 5.3) or (ii) with progressive deviation from linearity in u‘; / Fvs. F713 prior to
attainment of the minimum. In the present interpretation of the data, the interface rupture

load, F,, is taken to be that at the minimum compliance. This selection is motivated by the

desire to automate analysis of large data sets. (The implications of this selection are

discussed later.) In turn, F, is used to compute the toughness I from Eqn. (5.1) while the
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sliding stress 7, is computed by fitting variations in loop width with load during reload-

unload cycles, in accordance with Eqn. (5.3).'® The preceding methods for obtaining ' and

7, are de-coupled from one another in the sense that I is obtained solely from the forward
loading curve whereas 7, is obtained solely from subsequent loading-unloading hysteresis

loops (independent of the forward loading curve).

5.2.4 Experimental results

Typical load-displacement curves including unloading-reloading loops for each of the four
materials are shown in Figure 5.4. Sliding stresses obtained from successive cycles after
interface failure are consistent with one another, within about 10% (Figure 5.5).
Distributions in sliding stress (represented by cumulative distribution functions, CDF, in
Figure 5.6A) show pronounced differences between the four materials tested, by as much as

a factor of 4.

Transitions from elastic to inelastic deformation are illustrated by plots of u? / F vs.

F3 (Figure 5.7). As noted, the transition can occur with the minimum in compliance
almost immediately after linearity in u(]i / F vs. F7' is lost or with some deviation from

linearity prior to the minimum. In the ZMI minicomposite and the S200H composite, the
transition is largely of the former kind, reflecting brittle coating rupture; in contrast, that in
the HNS minicomposite and the ZMI 3D composite is of the latter kind, reflecting non-
brittle rupture. The resulting distributions in coating toughness (obtained from the load at
minimum compliance) show wide variations among the four materials, by as much as a

factor of 10 (Figure 5.6B).
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Additional insights into the elastic/inelastic transition are obtained by computing and

plotting variations in load with inelastic displacement, u,, . The latter is obtained by
performing a linear fit of the data in Figure 5.7 in the linear domain (to obtain the constants

¢, and c, ) and subsequently subtracting the Hertzian and elastic displacement, ¢, F 253 4 e, F

, from the total displacement u; at each load level. Typical results for each of the four

materials are shown in Figure 5.8. Two features are particularly noteworthy. First, in cases
in which the transition to sliding occurs through a relatively abrupt change in compliance,
the load-inelastic displacement curve appears consistent with the prediction of the standard
brittle fracture model. (It should be noted that the response in the sliding regime is computed
using the sliding stress inferred from the subsequent hysteresis loops, not the forward
loading data shown in the figure.) In other cases, a distinct change in slope is obtained near
the load corresponding to minimum compliance. Here, although the response at higher loads
is consistent with the prediction of the standard model, the inferred critical load occurs at a
finite (and significant) inelastic displacement (ca. 50—-100 nm). Additionally, the response
between the onset of push-in and the transition load is not consistent with the model
prediction. Indeed, these results motivate re-examination of the standard brittle fracture

model and development of a new model of elastic-plastic coating deformation and rupture.

5.3.  Elastic-plastic deformation and rupture of fiber coatings

5.3.1 Analytical model

We present a model based on shear lag analysis of push-in of a coated fiber embedded in a
cylindrical matrix jacket. The problem is shown schematically in Figure 5.1B. Fibers and
matrix are assumed elastic (without residual stress) whereas the coating is taken to be
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elastic, perfectly-plastic. A uniform compressive stress &, is applied to the top (external)

fiber surface” . As usual in analyses of this type, axial fiber strains are assumed to be
uniform within each transverse plane but can vary with depth, z. The coating thickness 4 is
taken to be small in relation to the fiber radius so that the shear stress in the coating is
uniform and only varies with depth. The analysis is presented in three steps: the first for the
case where the coating is purely elastic, the second where the coating is elastic-plastic, and
the third where the coating has ruptured and frictional sliding ensues.

Elastic coating: Hooke’s law for the fiber gives:

ou (z) o (z)
faz =g, = f (5.7)

Mechanical equilibrium via shear lag is established by:

(30]- (z) _ -2z, (z)
1574 Rf

(5.8)
where 7, is the shear stress in the coating. Differentiating with respect to z and re-arranging

gives:

07, (z) _—R; &0y (2) (5.9)
0z 2 0z* .

Similarly, elasticity @ of the matrix and radial compatibility yields:

R.
ouy (2) _7e() L, r>R;+h (5.10)
or rG ‘

m

™ Because of the assumed loading, the displacement on the top fiber surface has
contributions from linear-clastic and inelastic deformation, but not the Hertzian contribution
found in experimental measurements.
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where G,, is the matrix shear modulus. Integrating Eqn. (5.10) gives the displacement at the

matrix-coating interface:

ul(Z):jRo TC(Z)Rf dI”:TC((Z;)Rfln{ R, J (5.11)

Rf +h er

m
where R, is a cut-off radius; although R, must be selected somewhat arbitrarily, its value

has little consequence in the computed displacement because of the weak (logarithmic)
dependence in Eqn. (5.11). (This feature is common in cases where concentrated loads are

applied onto a half-space and the stress fields exhibit a 1/r singularity.””) The shear

displacement across the coating is:
u (z)—u, (z):CT (5.12)

where u, (z) is the axial displacement at the fiber-coating interface and G, is the coating

shear modulus. Substituting Eqn. (5.11) into Eqn. (5.12) gives:

uz(z)=fc(z)h+TC(Z)Rf1n{ R ] (5.13)

G G R, +h

c m

Combining Eqns. (5.7), (5.9) and (5.13) yields the governing differential equation:

o’c,(z
Gf(z)+n2R;#=0 (5.14)
‘ 0z
where
E
nt=—L S S (5.15)
2\RG, G, |R +h

Here 77 is a non-dimensional parameter that incorporates geometric and elastic properties of

the constituents.
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For the appropriate boundary conditions (o, =6, =F / ﬂR; at z=0and o, =0 at

z =), the solution to Eqn. (5.14) is:

o (Z) =exp( —z J (5.16)

nR;,

which, combined with Eqn. (5.8), yields the shear stress distribution:

we(2)_ 9 exp( _Z] (5.17)

E; 2k, A\ nR,

From Eqns. (5.7) and (5.16), the macroscopic elastic response becomes:

u w0,z o
L= (2),, 19 (5.18)
Ry RyE, Ey

where u, is the non-Hertzian displacement. Together, Eqns. (5.16)—(5.18) are the first set of

key results. They remain valid when coatings are absent (i.e. 27=0).
Elastic-plastic coating: Yielding begins when the maximum shear stress in the

coating (at z =0 ) reaches the shear yield strength 7, of the coating. From Eqn. (5.17), this
occurs at a stress &, ,/E, =2nt,/E, . Thereafter, the plastic zone spreads into the
composite interior to a depth L, . The shear stress in the coating then follows a piecewise
function of z; it is equal to 7, over 0 <z <L, and to that in the elastic field over L, <z <oo
. Setting the elastic shear stress equal to 7, , the length of the plastic zone becomes
L,[Ry=&;[2z,-1.

The fiber stress also follows a piecewise function:

131



APy
or(2) _JEr Bk
== (5.19)
/ °r (Z_ZO) L, <z<o®
E, b

Here 0;1 represents the elastic stress field in the fiber (Eqn. (16)) and z, is a spatial shift in

the elastic field, given by z, =L, - L,, where L, is defined as the depth at which the shear

stress of the elastic field equals 7, . Using Eqn. (5.17), this depth is:

o ] (5.20)

L'r
—t nln
(;y

Ry
The shift z, in Eqn. (5.19) ensures that o, (z), oo, (z)/@z ,and 7, (z) are continuous at

z=L, (at the transition from elastic to plastic deformation). The top-surface fiber

displacement is then obtained by integrating Eqn. (5.19):

=2 2
My Oy BT
Ry 4E.r, E;

(5.21)

The first and second terms on the right side are the plastic and elastic displacement

components, respectively. This is the second key result of the analysis.

Coating rupture and frictional sliding: Once the coating ruptures and frictional
sliding ensues (for 6, > &, ), the response is

2
& u,
A 4 (5.22)

where u . is the displacement at the onset of coating rupture, given b

2
- T
Upp LT (5.23)

Ry Ryr, Ey
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Eqns. (5.22) and (5.23) are the third key result.

With the assumptions used here — that the coating is elastic, perfectly-plastic and that
sliding after rupture is resisted by a constant shear stress — the process in the post-rupture
domain reaches a pseudo-steady-state in the sense that the elastic and plastic zones simply
extend along the interface in an unchanged fashion while the frictional zone trails behind ™.
As a result, the present model (especially Eqns. (5.22) and (5.23)) can be reinterpreted in
terms of the standard brittle fracture model (Eqn. (5.2)) via an effective coating toughness

U, =7,u. where u, is the critical inelastic shear displacement for coating rupture. It can

be readily shown from Eqn. (5.23) that wu, and wu,, are related by

c

u. /Ry =uy, [R; —nzry /Ef , differing only by the elastic term nzz'y /Ef .

5.3.2 Finite element analysis

To assess the analytical model, finite element (FE) simulations were performed on an
axisymmetric model of a coated fiber within a cylindrical matrix jacket. Displacement at the
bottom of the composite was fixed and a uniformly-distributed load was applied to the top
surface of the fiber, progressively increasing from 0 to 3 GPa. The fiber radius (6 um) and
the thickness of the matrix jacket (100 pm) were fixed in all simulations. The coating
thickness was selected to be either 0.1, 0.3, or 0.6 um (a range that reflects BN coatings in
composites of interest). The height of the composite was taken to be 20 times the outer

radius of the matrix jacket. The width of the elements in the radial direction was R, / 12 in

both the fiber and the matrix; in the coating, the element width was taken to be 4/3.

" The process is not a true steady state because the frictional zone continues to grow and
hence the stress required to sustain the process increases with time.
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Element heights were graded, from a minimum of R, / 3000 um at the top surface,

increasing by a factor of 1.004 in successive element layers going downwards. The total
number of elements was >400,000 in all cases. These selections were based on a preliminary
mesh-sensitivity study.

Elastic properties of the fiber and the matrix were taken to be the same: Young’s

modulus of 300 GPa and Poisson’s ratio of 0.2. The Young’s modulus of the coating E,

was taken as either 10, 30, or 50 GPa, its Poisson’s ratio was set at 0.2, and its shear yield

strength 7, was either 10, 30, or 90 MPa. (The coating properties fall in the range reported

for hexagonal BN, e.g. £=17-103 GPa, v=0.22, and flexural strength of about 20-100

MPa.”**) The coating material was taken to be elastic-perfectly plastic with an equivalent
(Mises) yield strength of o, = \/gry .

The FE results are presented in terms of three non-dimensional independent

variables: coating thickness, //R, (0.0167-0.10), coating modulus, £, /E, (0.033-0.167),
and coating yield stress, 7, /E I (3.3x10” — 3x10™). The computed parameters are: top
surface fiber displacement, us /R e top-surface fiber stress, Gy /Ef , coating shear stress,
7./E; , and plastic zone length, L, /R, . Reported axial fiber displacements are with

respect to the axial displacement of the outer edge of the matrix jacket. (The radial distance

from the center to the outer edge of the matrix jacket is equivalent to the cut-off radius in the

analytical model. Therefore, in the FEA simulations, R, / (R Tt h) ~17.)
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5.3.3 Assessment of analytical model

The analytical predictions agree remarkably well with the FEA results. In the elastic domain,

distributions of coating shear stress 7, / &, are only weakly dependent on the thickness and
the modulus of the coating (Figure 5.9). Here the analytical results are shown for two values

of cut-off radius: R, / (Rf +h) =10 and 20, spanning that employed in the FEA (17). The

peak values of shear stress 7, / G, from FEA and the analytical model agree with one
another to within about 10% and, collectively, fall in the range of about 0.2-0.3. By
comparison, the Mindlin solution for a point force on an elastic half-space (employed by
Marshall and Oliver) yields a peak 7, / &, =0.28. The latter is close to that obtained from

FEA for cases in which the coating is thin and stiff (rmax / o zO.SO). The shear stress

decays approximately exponentially with distance from the free surface, decreasing from its

peak by a factor of about 3 at z/R, =2.
The push-in responses, couched in terms of 5, / E; vs.uy, / R, , show particularly

good agreement both in the elastic domain and after coating yielding (Figure 5.10). The

evolution of plastic zone length is also captured well (Figure 5.11). The plastic zone length
is predicted from the model to be L, / R, = (Ef / E, ) / (2Ty / E f)—n; it exhibits an inverse

dependence on the coating yield stress and only a weak sensitivity to coating properties

(through 7).
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5.3.4 Initiation of inelastic fiber push-in

The preceding analysis reveals three possible scenarios with respect to the onset of inelastic
deformation during push-in, predicated on three assumptions: (i) that frictional sliding
cannot occur without interface rupture; (ii) that interface rupture cannot occur without
frictional sliding; and (iii) that yielding cannot occur once rupture and frictional sliding have
begun. The three scenarios follow.

(i) When 6, <6, ,<0, ,,afully-developed interface crack is formed at stress 5, . ;

at this point, the frictional sliding condition is met. Yielding does not occur.

(i) When, instead, 6, , <&, <& ,, sliding begins at stress G, ;; at this point, the
rupture condition is met. Again, yielding does not occur. (This is the case obtained by
Marshall and Oliver for cases of weakly-bonded C coatings on SiC fibers.)

(iii) Finally, when 6, ;, <G, , <&, ,, coating yielding begins at stress G, ,; coating
rupture and frictional sliding then begin at 5, ..

These scenarios can be depicted using three non-dimensional parameters that emerge

from the analysis: 77 /E s » representing the sliding stress; F/RfE s » representing the

toughness; and 7, /r representing the coating yield stress. A map showing 77 /E r Vs

s

I/R,E, for 7,/z =3 is presented in Figure 5.12. The two boundaries between the three

domains are obtained by setting 6, , =6, , and (separately) 6, , =6, ,. The former

boundary is defined by 7z, /E, = \[T/RE, and the latter by nz, /E, I(TS/Ty)‘/F/RfEf :

The map also shows contours of constant critical fiber stress to initiate push-in in each of the

three domains: &, /E, =257, /E, for sliding, ¢,/E,=2|T/R,E, for rupture, and
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G,[E; = (2777S /E f)(ry / rs) for yielding. When 7, >z, these contours (shown as dashed

grey lines) follow a characteristic stair-step pattern. As 7, decreases and approaches 7, the

rupture-controlled domain shrinks and the stresses in the sliding- and yielding-controlled

domains get closer to one another. Eventually, once 7, <z , both the sliding- and the

rupture-controlled domains vanish and the behavior over the entire space is controlled by
yielding.

One of the implications of this analysis is that the mechanism controlling the onset of
fiber push-in cannot be discerned solely from the critical stress. To ascertain the controlling
mechanism, other features of the push-in response must be considered. For example, in the
yield-controlled domain, the inelastic response exhibits two distinct parts: the first governed
by the yield stress and the second by the sliding stress (the latter being lower than the
former). This feature is unique to this combination of mechanisms. When yielding is not

involved, discriminating between sliding- and rupture-controlled push-in can be made by

comparing 7z, /E, with \J[/R.E, ; when nz [E,<,JT/R.E, , push-in is rupture-

controlled and, when 77, /E, > T/RE , push-in is sliding-controlled.

5.4  Re-examination of experimental data

The experimental push-in data are re-examined in the light of the new model, with three
goals in mind: (i) to determine the coating yield strengths (in cases where yielding precedes
rupture); (ii) to ascertain the mechanism controlling the onset of inelastic displacement; and

(ii1) to assess the accuracy of toughness values inferred from the standard model.
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To begin, it is useful to examine the variation in the square of the load F 2 with the

non-Hertzian fiber displacement (u, :u; - F 213 ). The model predicts two behavioral

types: (i) when rupture precedes yielding, the relationship between F % and displacement is
linear within the inelastic domain (in accordance with Eqn. (5.21)) and (ii) when yielding
precedes rupture and sliding, two linear domains are obtained, the first associated with
yielding and the second with rupture and sliding (Eqns. (5.21) and (5.22)). Representative
results for both cases are plotted in Figure 5.13. Linear regression analyses of results in this

form yield 7z, (when relevant) and I' . H Pertinent characteristics of the property

distributions are summarized in Table 5.1.

Comparisons of I" values obtained from the two methods (Figure 5.14) show that,
for cases where yielding does not occur, I values are within about 0.3 J/m” of one another
in more than 85% of all cases. In a small number of cases, the inferred I" values are over-
predicted by a large margin. These are obtained when the compliance minimum occurs well

after rupture; they are characteristic of combinations of very low I' and very high 7.

When, instead, yielding precedes rupture, I values from the two methods usually differ by
somewhat greater amounts; in these cases, the brittle fracture model generally leads to I
values that are somewhat lower than those from the elastic-plastic model. Here the
compliance minimum is obtained before coating rupture (often near the onset of coating
yielding) and thus the rupture load is under-estimated. Additionally, I" is essentially the

same as 7u, (Figure 5.15). (Further analysis and discussion of the limitations of the

* Linear regression analysis can also be used to compute 7,, thereby providing a check on

the value obtained from subsequent loop width measurements. We find that the two values
are essentially the same (within about 10%) for all cases considered here.
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compliance minimum method for estimating the rupture load are presented in Appendix
5.A)
Correlations between property values obtained from the elastic-plastic model,

couched in terms of the non-dimensional parameters F/RfE s N7 /E , and 577, /E +» are

shown in Figure 5.16. Also shown in the figure is the boundary above which the onset of
push-in is controlled by sliding; below it, either yielding or rupture dominate. We find that,

in all cases studied here, either yielding or rupture control the onset of push-in. Moreover,
nt, /E  appears to be approximately proportional to ‘/F/RfE r (with relatively strong

correlation). A least-squares fit of 77, / E, and ,/F/ R/E, in Figure 5.16A yields a Pearson

correlation coefficient of r(z,,I') = 0.70 (p=10""). The correlation with yield stress is

lower but still significant (r(fy,F)= 0.43, p=0.0016). As expected the yield stresses are
greater than the sliding stresses in all cases (Figure 5.17). Also, a weak linear correlation is
observed between yield stress and sliding stress (I’(Ty,’[s)= 0.42, p=0.0017). The origin of

these correlations is not presently understood.

5.5  Discussion
Direct observations of the mechanisms associated with yielding, rupture and sliding present
significant experimental challenges; these have not yet been pursued. In light of this
shortcoming, we speculate on the nature of the mechanisms operating during the push-in
process. We base the arguments on four key findings from the push-in tests.

(1) When yielding precedes rupture, the push-in response is characterized by two

distinct domains, each fully consistent with that predicted assuming a constant shear
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resistance (either yielding or sliding), with appropriate displacement shifts to account for
elastic displacement and for finite toughness (via Eqns. (5.21)—(5.23)). One inference is that
the response is not due to mechanisms associated with progressive coating evolution (e.g.
fretting of coating asperities). The fact that the inferred resistances are independent of
applied load (e.g. Figure 5.5) further suggests that radial expansion of the fiber and the
associated normal pressure at the interface play an insignificant role. Thus, in the frictional
sliding domain, the assumption that the sliding stress is constant (and does not follow a
Coulomb-like law) is indeed a good one.

(i) The amount of inelastic displacement at the transition (at the onset of coating
rupture) is typically 50-100 nm. Therefore, at the top surface, where the coating strain is
greatest, the shear strain, calculated assuming uniform deformation through the coating and
taking a representative coating thickness of 200 nm, is roughly 0.25-0.5. If the deformation
were distributed nonuniformly, in localized bands within the coating, the local strain that
would be needed to obtain the measured displacements would be even greater (probably
>>1). Mechanisms associated with microcracking would not be expected to provide strains
of this magnitude.

(ii1) The inferred sliding stresses for all four materials fall in the range of about 10—
25 MPa (Table 5.1). These values are in accord with those reported previously on
minicomposites with BN-coated SiC fibers, obtained from tensile hysteresis loops (15 + 10
MPa®® and 31 MPa*’ for Hi-Nicalon™ fibers, 11 MPa?’ for Hi-Nicalon S™ fibers, and 11
MPa?®’ for Tyranno ZMI™ fibers). This, again, supports the assumption of a sliding stress

that is independent of normal stress.
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(iv) The inferred shear yield strengths for both the ZMI 3D composite and the HNS
minicomposite are typically about 60 MPa (Table 5.1). Although seemingly low in the
context of engineering ceramics, this value appears to fall in line with reported hardness
values for hexagonal BN. Because of the difficulty of sintering bulk BN, consolidation is
usually achieved through the use of very high pressures and temperatures and with
significant amounts of sintering additives (e.g. boria) to accelerate the process. The result is
that the purity of the consolidated BN and the amount of residual porosity vary significantly;
mechanical properties similarly vary over a wide range. In one notable study, pure BN had
been consolidated to about 97% of theoretical density by hot isostatic pressing without
additives.”® The reported Knoop hardness of this material was H~280 MPa. Treating the BN
as a Mises-like material, the inferred shear yield strength is about H/5=55 MPa. This value is
remarkably close (perhaps fortuitously close) to the values obtained from our push-in tests
(about 60 MPa). The implication is that the plastic deformation mechanisms operative
during push-in are likely the same as those beneath an indenter during hardness testing.
Furthermore, in light of the fact that coating deformation during push-in is essentially fully
constrained by the adjacent (stiff) fibers and matrix, the capability of the material to undergo
plastic deformation is not unexpected. (Under other loading states, e.g. bending or tension,

strengths are low and the amount of plasticity is negligible.)

5.6 Summary and conclusions
In summary, the present work provides a new framework for interpreting results from fiber
push-in tests including ways to ascertain the mechanism that governs the onset of push-in

and the pertinent mechanical properties. The framework builds on the seminal work of
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Marshall and Oliver'* on fiber push-in in systems with brittle interfaces, with integration,
most importantly, of coating plasticity. Its utility has been demonstrated through analyses of
experimental data on several prototypical composite systems.

Selection of the critical load for coating rupture as that at the point of minimum
compliance appears to be a useful (though inexact) procedure. The procedure becomes
increasingly inaccurate in two scenarios. (i) When yielding precedes rupture and sliding, the
critical load and the toughness are usually under-estimated somewhat. The errors in
toughness are typically less than 30%, though in few cases they can be as high as 50%. (ii)
When rupture and sliding occur without yielding, the inferred toughness from the
compliance minimum usually agrees well with the true value. Exceptions arise for low
toughness values, where the compliance minimum occurs well after rupture and the inferred
toughness may be in error by a factor of 3 or more. Therefore, although the selection of the
load at the compliance minimum is convenient for automation of calculations of toughness
from large data sets and the results are reasonably accurate in most cases, some caution
should be exercised in following this protocol without considering the origin of the
minimum. Some additional guidelines on this front are provided in Appendix 5A.

The present model of coating deformation, rupture and sliding is analogous to the
Dugdale model for localized plasticity ahead of a notch in a thin metal sheet under mode I

loading. In the latter, the effective toughness is 0,6, where o, is the material tensile yield
strength and &, is the critical normal displacement for rupture. In the push-in problem, when

yielding precedes rupture, the effective coating toughness is I' =7 u,.. The present model

differs from the Dugdale model mainly in that, once the coating ruptures, the crack surfaces

are not traction-free but rather continue to resist sliding, albeit at a reduced level of shear
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stress. In this context, the present model can be viewed as a two-zone Dugdale-like shear
model with two characteristic strengths: one dictated by yield and the other by frictional
sliding.

Finally, the recognition that coating yielding may precede rupture is itself a
significant finding. Yielding is preferable to brittle rupture in that it naturally mitigates the
high stresses otherwise present at the tip of a matrix crack when a ceramic composite is
loaded in tension. Additionally, coating yielding may reduce accessibility of oxidants within
matrix cracks to the fibers (relative to that when interface fracture occurs), potentially
increasing composite lifetime. Absent yielding and neglecting elastic mismatch, the

established condition for crack deflectionis I'<T", / 4 where I , is fiber toughness.” Since

the fibers of interest have low toughness (typically 5-15 J/m?), this condition places rather
severe constraints on the allowable coating toughness. If, on the other hand, large-scale
coating yielding precedes rupture, coating toughness becomes almost irrelevant to the
discussion regarding crack deflection vs. crack penetration. Indeed, a nearly-infinite
toughness would be acceptable, provided it were achieved through a large critical
displacement and not through an excessively high yield strength. These findings suggest
that, in the future, a greater focus of materials design efforts should be on tailoring the yield

strength of coatings, not just their toughness.
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5.A  Appendix: Determination of critical rupture load from compliance
measurements
Here we examine the selection of the load at the compliance minimum as the critical load
for coating rupture. The selection assumes that the minimum is obtained when the
compliance associated with elastic-plastic coating deformation coincides with the
compliance in the post-rupture domain. This assumption neglects two possibilities: that the
minimum point inherent to coating deformation (without rupture) might occur at a load
lower than that at the intersection point or that the compliance may continue to decrease
after rupture has initiated. Numerical results for both scenarios are presented in Figure 5.A1;
the corresponding analyses follow.

In the domain in which the coating is elastic-plastic (but has not yet ruptured), the
compliance (from Eqns. (5.5) and (5.21)) is given by

ﬁ _ 9 F n 7727ny

= +c, + (5.A1)
173 172 2 p3
F F 4z RfEny FEf

tllef " for a spheroconical tip of radius R, and the reduced modulus,

where ¢, =3 / 2*3R
E., is defined by 1/E. =(1-v%)/E, +(1-v2 | /E, .*° For realistic property values, the last
S f tip tip

term on the right side of Eqn. (5.A1) is negligible compared with the others. Differentiating

the remainder with respect to /" and setting the result equal to zero yields the force F| at the

compliance minimum

3/4
47r2Rj3fEfz' a /
F= fy (5.A2)
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Once rupture has occurred, the compliance (from Eqns. (5.5), (5.22) and (5.23)) becomes

u F 1|t r n'z,R
- c11/3+c2+ — LT (5.A3)
F F 4rREr, Flr, 1, K,

y s S

Setting the compliances in (Al) and (A3) equal to one another yields the load F, at the

intersection point

Fy=2m\E,TR} (5.A4)

In order for the minimum compliance method to be valid, F, < F;, which, from Eqns. (5.A2)

and (5.A4), yields the condition:

. 12
r<I~(qR)r)E, )/ (5.A5)

Numerical results for T < FT , > FT ,and T = F; are shown in Figure 5.A1A. The results in

Figure 5.14B show that, for high toughness values (especially for the ZMI 3D composite),
the minimum compliance method wunderestimates the true toughness. The errors arise
because the condition in Eqn. (5.A5) is not met.

When coating rupture occurs without yielding, the compliance (from Eqns. (5.5) and
(5.22)) is given by

up g F r
T et s -
F 4T ROE,z, Fr,

(5.A6)

Differentiating Eqn. (5.A6) with respect to /' and setting the result equal to zero yields the

force F; at the compliance minimum:

5/3 4/3
21173 0122'52 (ﬂ'zR}Ef ) 273 clc3rsl"l/3 (ﬂZR}Ef )

27¢,I'"3 3

A= ~47°R}E, T (5.A7)
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1/3
where c; :(—1+\/l—167z2RJ3fE fcfrf / 72012 ) . In this case, in order for the minimum

compliance method to be valid, F; < F,, which, from Eqns. (5.A7) and (5.A4), yields the

condition:
* 353 3. \/2
>0, ~043(q R}z E, | (5.A8)

Numerical results for T" < F; , I'> F; ,and ' ~ F; are shown in Figure 5.A1B. The outliers

on Figure 5.14A represent cases in which the condition in Eqn. (5.A8) is not satisfied and

hence the toughness from the minimum compliance method overestimates the true value.’'
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Table 5.1: Summary of distributions of interface properties

ZMI 3D ZMI mini HNS mini S200-H
r T T, r T r T T, r T
(J/m%) |(MPa)|(MPa)| (J/m?) |(MPa)| (J/m?) |(MPa)|(MPa)| (J/m?) |(MPa)
Mean 6.3 24 59 0.53 9.5 3.7 30 66 3.1 17
Median 6.4 23 60 0.16 | 6.7 3.6 28 55 2.8 12
Standard 2.4 8.6 20 1.2 9.9 1.2 7.9 40 2.3 12
deviation
Skew 0.64 | 040 | 0.26 | 43 34 | 090 | 077 | 1.6 | 0.89 1.7
Interquartile 3.3 11 21 0.32 7.4 1.3 7.6 41 2.6 9.8
rangce
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Rigid-brittle interface 1
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or Coating rupture:
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Figure 5.1: (A) The brittle fracture model of interface rupture and sliding during push-in
assumes that the sliding stress is constant along the crack surface and that the axial fiber
stress decreases linearly into the composite depth. These stress distributions are manifested
in the macroscopic response shown on the right. (B) In some cases, push-in response is more
accurately represented by a two-zone Dugdale-like model for the crack wake processes,
accompanied by a small and largely-insignificant crack-front elastic field.
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Figure 5.2: The experimental study addresses coating deformation, rupture and sliding in
several prototypical composite materials from various manufacturers and based on different
fiber types. The collection of micrographs here depicts the nature of the composite
microstructures. Additionally, the image in the top right corner shows a confocal microscope
image of a pushed-in fiber and a line scan of the depth of the top surface of the fiber (peak
load = 400 mN).
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Figure 5.3: Computed compliance from Eqns. (5.1), (5.2), and (5.6) with representative
fiber and coating properties, demonstrating the onset of rupture at the minimum compliance,
indicated by open circles. (¢; =0.5 um/N*3, R , =6um, E, =300 GPa, 7, =20 MPa)
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Figure 5.4: Representative load-displacement curves during push-in show qualitatively

varying responses among the four composite materials.
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Figure 5.5: Variations in loop width with load are used to infer the sliding stress, in
accordance with Eqn. (5.3). Solid lines are experimental measurements while dashed lines
are model fits. The sliding stress appears to be consistent between cycles at progressively
increasing peak load. Similar results are obtained in the other two composite materials.
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Figure 5.6: Distributions of sliding stress and interface toughness for the four material
systems using the standard brittle fracture interpretation of the push-in response, showing
large (4- to 10-fold) differences among materials. (Each reported sliding stress is the average
from all valid unload-reload cycles in an individual push-in test.)

154



F (mN) F (mN)

1000 100 30 10 3 1 1000 100 30 10 3 1
10 ————— ; . 10 ————— . .
M
| minicomposite
- e | | |
81 ™ 8 S200H
- . -
- } ..
= Lo . | | .:,‘o:' |
g 6 F ‘:‘{.. ‘,,"' 6 g L
E \ ."‘ a ’ ,’/
w R o /"
I Lo |
2% .
:":
> ZMI 3D \ y 1 ol - S
composite 3
HNS
minicomposite
0 : : : : 0 : : -' :
0 0.2 0.4 06 0.8 1 0 02 0.4 0.6 08 1
F-113 (mN-1/3) F-113 (mN-1/3)
Figure 5.7: During push-in at low loads, the compliance u; / F varies linearly with F 13
The upturn in compliance at higher loads (i.e. lower values of F -3 ) may arise from a

combination of coating yielding, interface rupture, and/or sliding.
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Representative curves of load vs. inelastic displacement for the four composite

materials exemplify the two types of behavior. Gray dashed lines for the ZMI 3D composite
and the HNS minicomposite are fits to the plastic domain (Eqn. (5.21)), from which 7, is

obtained; black dotted lines are computed from Eqn. (5.22), with known 7, and I" from

loop width

and compliance measurements, respectively. Circles represent points at which

rupture begins. The corresponding loads are used to obtain toughness. Inelastic
displacements at these points represent the critical rupture displacement, u,_, for cases in

which yielding precedes rupture.
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Figure 5.9: Shear stress distributions within the coatings from FEA agree well with those
from the analytical model. Here the comparisons are made for the extreme values of coating
thickness and modulus considered in the FEA study. The cut-off radii in the analytical

model (R, / (R Tt h) =10 and 20) were selected to fall on either side of the one in the FEA (
R, / (R Tt h) ~17), though their selection has little effect on the results.
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Figure 5.10. Push-in responses in the elastic and plastic domains from FEA and from the
analytical model are virtually identical for all cases considered. Dashed and dotted black

lines are computed for cut-off radii, R, / (R f +h) , of 10 and 20, respectively (as in Figure

5.8).
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rate dictated largely by the coating yield strength; it is insensitive to the coating thickness.

FE and analytical results are almost coincident with one another.
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illustrating the two behavioral types: (A) a single linear domain, indicating rupture and
sliding without yielding; and (B) two linear domains, the first associated with yielding and
the second with rupture and sliding. Solid blue lines are experimental data. Dashed and
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Chapter 6

Tensile response of unidirectional ceramic minicomposites

Abstract

Mechanical response of ceramic matrix composites is critically dependent on properties of
fibers and fiber coatings. In the present study, we examine effects of these and other
constituent properties on the tensile response of unidirectionally-reinforced composites
through a combination of Monte Carlo simulations of fragmentation, adaptations of existing
theories of fiber fracture, and complementary experimental measurements. The results show
that, contrary to prevailing theories, the process of fiber fragmentation does not go to
completion. At low stresses (before the maximum), fibers break essentially randomly
throughout the bundle; but, at the stress maximum, all additional breaks are localized to
regions adjacent to the fracture plane. Therefore, the resulting distributions in pullout length
and strength of pulled-out fibers do not match predictions from existing theory. Although
the stress-strain response associated with concurrent fragmentation of matrix and fibers can
be readily predicted through adaptations of existing fragmentation models, accurate
prediction of the point of instability requires consideration of the /ocal response of fibers in
the most heavily strained regions (within matrix crack planes). The response in the latter
regions leads to instability at stresses and strains that are lower than those obtained from the
average stress-strain response. In cases of practical interest, the failure stress and strain vary
considerably with fiber volume fraction, especially when the matrix strength distribution is

broad, and the full potential of the fibers is not realized.
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6.1. Introduction
Tensile tests on unidirectional SiC/SiC minicomposites are commonly used to extract basic
mechanical properties, especially those governed by fibers and fiber coatings.!™
Minicomposites typically consist of a single tow of 500-1600 fibers, BN or C coatings on
the fibers, and a matrix made by chemical vapor infiltration (CVI), melt infiltration (MI), or
polymer impregnation and pyrolysis (PIP). In principle, because of the simple configuration
of fibers and matrix, properties of minicomposites are easier to interpret relative to
multidirectional laminates. The present chapter addresses issues associated with this
interpretation.

The natural starting point for interpretation of tensile tests is the suite of
micromechanics models for unidirectional ceramic composites developed over the past
several decades. These models describe onset and evolution of matrix cracking® '3,

interfacial debonding and sliding adjacent to matrix cracks'*'®, fiber fragmentation'”'®,

pullout of broken fiber fragments'”1*2

, and fiber strength distributions inferred from
fracture mirrors'’. For the models to be tractable, fibers are assumed to be straight, aligned,
and uniformly arranged; the matrix is treated as a uniform, fully-dense phase that fills all
space between fibers; and the matrix and fibers are assumed to be coupled mechanically via
frictionally-sliding interfaces. In most treatments, most constituent properties, including
elastic moduli, fracture toughnesses and interfacial sliding resistance, are taken to be
deterministic; fiber strength, in contrast, is assumed to be stochastic and to follow a Weibull
distribution. A further tacit assumption is that the number of fibers in the composite and the

composite length are sufficiently large so that the composite can be treated essentially as an

infinite body.
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In practice, SiC/SiC minicomposites may exhibit features that do not conform to the
preceding assumptions, especially with regard to the matrix. In cases in which the fiber
volume fraction is high, the matrix tends to be present as cylindrical jackets around
individual fibers. This yields a collection of fiber/matrix clusters connected internally by
matrix but with individual clusters isolated from others in the composite. At the other end of
the spectrum, where the fiber volume fraction is low, complete densification may be
preceded by formation of a contiguous matrix jacket around the tow periphery, precluding
further ingress of precursor gases into the tow interior.

Despite some of the processing shortcomings, the tensile properties of
minicomposites in which the matrix phase is largely contiguous resemble those of fully-
densified unidirectional ceramic composites.!>?! Representative stress-strain curves are
shown in Figure 6.1. Notable features in each include a high matrix cracking stress,
inelasticity due to matrix cracking and interfacial debonding and sliding, and a high failure
strain (=0.5%). This is the response type of interest here. (When the minicomposite
comprises numerous isolated clusters of matrix and fibers, transfer of load between clusters
is poor, strains are potentially distributed non-uniformly, and the measured tensile response
exhibits large variability.!> These provide little insight into the mechanics issues of interest.)
In the present study, micromechanical models of unidirectional ceramic composites are
combined with Monte Carlo simulations in order to glean new insights into the tensile
properties of minicomposites especially as they pertain to prediction of fracture. The chapter
proceeds with a presentation of the relevant mechanics, including both established models as
well as extensions or adaptations needed to interpret the current results. This is followed by

a description of the Monte Carlo simulation methods and presentation of simulation results.
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The latter address effects of fiber volume fraction, fiber properties, and matrix properties on
fiber and matrix fragmentation, localization, and fiber pullout. Finally, aspects of the
predictions are assessed through comparisons with experimental measurements on one

specific composite system.

6.2 Mechanics of tensile response of unidirectional composites
6.2.1 Overview
The inelastic response of unidirectional composites under tensile loading proceeds in the
following way. Matrix cracking marks the onset of non-linearity. Provided the coatings
and/or interfaces are sufficiently weak, matrix cracks deflect into the interface region,
leading to debonding and sliding of fibers past the matrix. If the fiber volume fraction is
sufficiently high, fibers spanning the matrix crack survive. Upon further loading, additional
matrix cracks form, each bridged initially by largely-intact fibers and each spanning across
the entire composite cross-section. As the strain is increased further, fibers begin to break,
with the broken ends of the fibers being re-loaded via frictional sliding. Softening due to
progressive fiber fragmentation competes with further elastic loading of intact fiber
segments, eventually reaching a point at which the tangent modulus goes to zero. This marks
the onset of localization and fracture.

The nature of the fracture processes is illustrated schematically in Figures 6.2A and
B. In essence, it involves two concurrent fragmentation processes: one of the matrix and one
of the fibers. The degree to which these processes interact determines the conditions at

which localization occurs. The present chapter focuses largely on these interactions.
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6.2.2 Onset of matrix cracking
The onset of initial matrix cracking may depend on the size distribution of pre-existing
matrix flaws and/or the effects of fiber bridging during crack growth. Two limiting scenarios
capture the important features.
(1) When flaws are abundant, sufficiently long, and entirely bridged by fibers, the crack
tip energy release rate is independent of crack length. Provided interfacial toughness

I'; is small, the stress required to extend such a flaw into a fully-developed steady-

state crack is given by:*!1°

1/3
« [6EZE f*rT,
E, (1= /)R,

(6.1)

mc

where f is the fiber volume fraction, R, is the fiber radius, I',, is the matrix

toughness, 7z, is the interfacial sliding resistance, £, and E, are the matrix and
fiber Young’s moduli, and E, is the longitudinal composite Young’s modulus,
E.=fE;+(1-f)E, . (A complete list of variables is in Table 6.1.) The critical

crack length at which steady-state conditions are attained is given approximately by

a,~4T", (l—f)Ec/a:w2 "> For typical property values (f = 0.5, E, =E, = 400

GPa, R, =6 pm, 7, =10 MPa, I', =10 J/m?), o, =270 MPa and a, = 100 um.

As the density of fully-developed cracks increases, the driving force for activating
additional flaws in the intervening matrix segments diminishes, eventually falling
below a critical level at which the crack density reaches saturation.

(i) When, instead, flaws are very short — say, comparable to the size of matrix pockets

between neighboring fibers — effects of bridging are unimportant; the composite stress
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required to activate these flaws scales with the inverse root of the flaw size in
accordance with a modulus-corrected Griffith relation: o,,. =(E,/E,, ){JE, T, /7a .

In this domain, the evolution of matrix cracks is governed by the distribution of
matrix flaws and the matrix toughness, independent of fiber and interface properties.

After the first matrix crack forms, the stress in the matrix near the crack increases

linearly over a distance equal to the slip length: /, = (1 - f )R O / 2ft, . Additional

matrix cracks may form subsequently, at distances greater than +/, from the first.

Studies on SiC/SiC minicomposites made by CVI suggest that, when the matrix
phase is largely contiguous, matrix cracking is controlled by activation of short unbridged
flaws. This conclusion is inferred from the observation that matrix cracking usually begins
at high stresses (about 500 MPa, as evident in Figure 6.1), well above the predicted steady-
state values. It is further supported by the knowledge that the matrix, being made by CVI, is

of high quality and is unlikely to contain flaws with lengths approaching a,. On this basis,

we assume in the following Monte Carlo simulations that matrix cracking is indeed dictated

by activation of short flaws and that the flaw population is described by Weibull statistics.

6.2.3 Fragmentation and rupture

Theoretical analyses of fiber fragmentation and the corresponding stress-strain response, all
based on one-dimensional shear lag, have been presented by Curtin'’, Hui'®, Phoenix**> and
others. The form of axial strain distributions in the constituent phases during matrix cracking
and fiber fracture are illustrated in Figures 6.2C-E. The analyses are predicated on four key
assumptions: (i) that load previously carried by a broken fiber is shed equally to all other

fibers in the plane of the break (the global load sharing condition); (ii) the number of fibers
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is essentially infinite, (iii) stress on intact fiber segments is the same everywhere,
independent of breaks in neighboring fibers; and (iv) stress borne by the matrix is negligible
compared to that in the fibers which, in turn, leads to fiber strain distributions represented by
the dotted lines in Figures 6.2C-E. Under these conditions, each fiber behaves as though it
were embedded alone in a large strain-to-failure matrix; this is the notional single fiber
composite (SFC) model.

In reality, when multiple fibers break, the average stress on the intact fiber segments
is not the same in all fiber volume elements'’. When the number of fibers is finite, planes
with randomly higher percentages of intact fibers experience a lower intact fiber stress than
planes with fewer intact fibers. Although these variations are small over most of the loading
history, they do become important in cases where the matrix is capable of supporting
significant stress and when the number of fibers is small. The latter effects are explored here
in detail.

A useful approximate analytical solution for the in sifu fiber bundle response (based

largely but not exclusively on the work of Curtin'”) is derived in the following way. The

stress within intact fiber segments is simply 0} =¢,E, where ¢, is the axial composite
strain. Adjacent to a fiber break, within a distance equal to the slip length /, = R fa} / 22'3 ,
the stress is aff = ZTSZ/R + with z = 0 being the location of the break. Provided the slip
zones of adjacent breaks do not overlap, the average fiber stress in the domain —/, <z </,

is Ejf =¢E, / 2 and thus the average fiber stress over the entire gauge length (including

both intact and slipped segments) is*>

Gr=6E;(1-P)[2+8E P, (6.2)
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where P, is the survival probability of a fiber of length 2/, (i.e. the fractional length of

S

intact fiber), given by:

R =exp| (21, /1, (0} o, )" | (63)

Here L, is the reference length, m, is the fiber Weibull modulus, and o, , is the fiber

reference strength. This result can be re-expressed in terms of a characteristic in situ fiber

strength o, ,:

= exp[ (Gf/ )m H} = GXP[—(%/ Ee.f )me} (6.4)
where ¢, =0, ,/E, and"
cf/Go = (L /Rf )1/(mf+l) (TS/O'o,f )1/(’”/ R (6.5)

These results are valid when the gauge length is greater than a characteristic value, J,,

given by:
1/(m +1) m/(m +1)
8. R, =(L, /R, )" o, Jz) (6.6)
From Eqns. (6.2) and (6.4), the predicted stress-strain response up to the load maximum is:
— m,+1
Grlo.,= (8,/2gc,f )(1 + exp[—(gl/g&f ) ! D (6.7)

Maximizing Eqn. (6.7) yields the fiber bundle failure strain:

&y = (a ProductLog[ aexp{a }])a (6.8)

where a = 1/ (m s 1) and ProductLog[z] is the principal solution for w in z=wexpw. The

corresponding bundle strength is obtained by substituting Eqn. (6.8) into (6.7).
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The results in Eqns. (6.7) and (6.8) differ slightly from Curtin’s solution. In the latter, the

exponential term in Eqn. (6.7) is approximated by the first two terms in a Taylor series.
1
Although this approximation is good for (gt / Ees )mf T« 1, it begins to break down near the

load maximum. It is therefore not able (nor was it intended) to accurately capture the post-
peak softening.

An exact solution to the fiber fragmentation problem, based on the same set of
assumptions but accounting for interactions between adjacent breaks, was developed by Hui.

While the closed form solution originally presented by Hui for the normalized average in
situ fiber stress (S, =7, / o) vs. normalized intact fiber strain (A, = 5; / Eer )" response

is rather unwieldy, the evolution of the tangent modulus is more manageable (though it still

requires numerical integration). It is given by:

ds. . _A ‘mf+1 A ~merl
—fsz L—1+2Af el —exp| —2 _2s
. o, . (6.9)
A" 2y (y4(0.4," 2)+1n(a," f2))
exp
my+1

where y is the Euler—Mascheroni constant (=0.577), F(a,b)zj.:ta_l exp(—t)dt is the

incomplete gamma function.

Taking fiber response to be linear-elastic to failure, O'f/(fc,f = ngf/O'c,f = gf/gcyf . As such,
Sf and Af in the SFC problem are not, strictly, stress and strain, respectively. Indeed, Hui et al.'®
refer to Af as a normalized stress. The key distinction between the two quantities is that Sf isan

average value over the entire length of fiber and Af is the value in intact regions. Only upon
extending the SFC exact solution to unidirectional composite response does it necessitate defining
Sf as the in situ bundle stress and A, as the total strain.’®
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Comparisons of the stress-strain responses from Eqn. (6.7), Curtin’s solution, and

Hui’s exact result are plotted on Figure 6.3. Because P, remains high up to the load
maximum (0.7-0.9 for m, = 5-20), the fractional length of overlapping slip zones remains

small and, therefore, Eqn. (6.7) nearly-perfectly matches the exact solution up to the load
maximum (Figure 6.3). Arguably, since a unidirectional composite loaded in tension cannot
exploit the response in the post load-maximum domain, Eqn. (6.7) adequately captures the
measurable and useful domain of the fiber bundle response. Its main advantage over the
exact solution is its simple form; the need to numerically integrate Eqn. (6.9) makes the
exact solution burdensome, especially in fitting and interpreting experimental data.
Notwithstanding, the exact solution (with the post-peak softening) becomes essential in
modeling the matrix response, as follows.

In parallel with fiber fragmentation, the matrix undergoes an analogous
fragmentation process. Here the problem can be viewed as a single long matrix element
embedded in a sea of frictionally-coupled supporting fibers: conceptually identical to the
SFC model used to analyze fiber fragmentation. As a result, the preceding solutions for fiber
fragmentation can be adapted to matrix fragmentation by simply reversing the assignment of
matrix and fiber properties, e.g. fiber volume fraction becomes matrix volume fraction, and
vice versa. But, because matrix fragmentation usually goes to completion well before the
fiber bundle ruptures, the post-peak domain of the matrix response (as described by Hui’s
exact solution) becomes important in properly modeling the composite response; Eqn. (6.7)
is not sufficient. The utility and limitations of the analytical models in describing the
behaviors obtained from Monte Carlo simulations and experimental results are addressed in

due course.
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6.2.4 Length and strength of pulled-out fibers
Analysis of a SFC in a large strain-to-failure matrix leads to the terminal distribution of
fragment lengths (assuming the fragmentation process can indeed go to completion) and, in

turn, to the distribution in fiber pullout lengths that would be observed on the composite

fracture surface. In this case the computed mean pullout length is L, /5, = 4 (m p ) /4 17

where 4, (m f) is weakly dependent on m, and near unity for structural ceramic fibers of

interest. If, instead, the breaks are confined to a region adjacent to a single matrix crack

(SMC), the mean pullout length is significantly smaller: L, /6, = 1, (m 7 ) / 41920 where

(g ) =20 (m, +2) (m, +1)] / (m, 41" <03-05 6.10)

and I'( ) is the gamma function.

In both models, the strength of pulled-out fibers follows a Weibull distribution
similar to but not identical to the true fiber strength distribution;?* appropriate correction
factors (ranging from about 0.8 to 1.1) have been computed by Curtin.!”** In some cases,
these results can be used in conjunction with experimental measurements of fiber fracture
mirrors? to ascertain the in situ fiber properties and to identify differences with those of
pristine fibers. But, as we find through the Monte Carlo simulations, neither of the two
idealizations — from the SFC or the SMC models — leads to an accurate representation of the

distributions in pullout length or strength of pulled-out fibers.

6.3 Monte Carlo simulations: Methods, results, and analyses

6.3.1 Simulation methods
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Extensive Monte Carlo (MC) simulations of tensile loading of unidirectional composites
were performed. The goal was to ascertain the combined effects of fiber volume fraction and
fiber and matrix properties on global composite response, fiber fragmentation, localization,
fiber pullout length distribution, and strength distribution of pulled-out fibers. In all cases,
fibers are assumed to be frictionally coupled to the surrounding matrix via a sliding stress 7,
, the matrix is taken to be rigid in shear (enabling perfect global load sharing), and the
interface toughness is assumed to be zero (assumptions commonly used in analyses of this
kind!"!'®). Scenarios in which the axial load-bearing capacity of the matrix is either zero or
of finite value are both considered.

The number N of fibers in the model was varied from 500 (typical of that found in an
individual tow) to 5000, and the fiber volume fraction f was varied from 0.01 to 0.5. Each

fiber is segmented into lengths of L, =R, (L, being the Weibull reference length) and each
segment is assigned a unique, random strength o-/ o, from a Weibull distribution with
prescribed Weibull modulus m, (from 5 to 20). When present, the matrix is also segmented
in lengths of L, = R, and assigned random strengths with Weibull parameters m,, =5 or 20
and o,, / o, r=0.05, 0.10 or 0.15. (A matrix is unnecessary when its axial strength is

zero.) Matrix cracking is assumed to be controlled by intrinsic matrix flaws combined with
matrix toughness, and that fiber bridging does not affect cracking stresses. The sliding stress

is set to 7 / 0, r =0.002 (of the same order as that in typical composites). Recognizing that
the composite response is independent of gauge length for L >, the composite gauge

length was set to either 56, or 106, . For example, for m, =5, &, / R, =177 (from Eqn.
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(6.6)); therefore, for a gauge length 106, , each fiber consists of 1770 segments, each of
length L, =R,.

With the constituent properties and geometry set, the simulations are run by
progressively increasing the applied load by increments sufficient to cause one additional
fiber break or matrix crack. The stress adjacent to a break is increased linearly over the

pertinent slip length (/, for fibers and /, for the matrix). To ensure that the total load within

each plane perpendicular to the loading direction is maintained equal to the current applied
load, a load drop associated with a fiber break or a matrix crack is spread uniformly over all
intact segments in the same plane. Computationally, a force balance loop is used to
redistribute the load to the i intact segments at fixed applied load. Load redistribution
following a single cracking event may cause an additional break at the same applied load;
when this occurs, the force balance loop again redistributes the load, now amongst the
remaining i—1 intact segments. Once equilibrium is established and no further breaks are
possible, the applied load is increased to that required to cause yet another break (in the
matrix or the fibers). The process repeats until there exists a plane in which there are no
intact segments. At that point, the simulation ends. The simulations were repeated up to
1000 times, to ascertain the statistical variations in the inferred properties.

The MCS results are analyzed to address three specific issues: (i) the interpretation
of distributions in length and strength of pulled-out fibers; (ii) the in situ fiber properties,
obtained from an analysis of the stress-strain response, following a procedure described
below, and (iii) the critical fiber volume fraction needed to exploit the fiber capabilities.

They are also used (in Section 6.4) to assess an analytical model for the point of localization.
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6.3.2 Stress-strain response, fiber fragmentation, and rupture
When the number of fibers is very high and the matrix strength is zero, the simulated stress-
strain response follows the exact SFC solution with nearly-perfect agreement up to the load

maximum. A representative simulation result, for N =5000, me =5, and

L=1006,=1770L,, is plotted in Figure 6.4A (dotted line). In this case, the composite

strength and corresponding strain are 99.7% and 96.0% of the respective values obtained
from the exact SFC solution. When the number of fibers is reduced to N =500, strengths
and failure strains exhibit some (but small) variability; their average values fall slightly
below (but still very close to) the exact SFC results. The stress-strain curves are plotted on
Figure 6.4A and the key numerical results are summarized in the inset table. From 1000

simulations, the coefficients of variation (CoV) Z on strength and failure strain are found to
be described well by Z (o, ) = 0.38/ m?’“x/ﬁ and Z(g,) = 1.3/ mY8 N | respectively.

The fiber fragmentation process also follows that of the SFC model when the matrix
has no strength, but only in the pre-peak loading domain. At low loads, fiber breaks are
essentially non-interacting; the load shed from a single broken fiber leads to only a very
small stress increase within intact fibers and only rarely causes additional fiber breaks. In
this domain, fiber fractures are random and therefore P, follows Eqn. (6.4) and is essentially
uniform along the composite length (e.g. purple and green lines in Figure 6.5A). As the load
approaches the maximum, fiber interactions become significant, for two reasons: (i) there
are fewer intact fibers with which to share the load from a broken fiber, and (ii) the stress on
intact fibers approaches the mode of the strength distribution and thus a larger number of

fibers is likely to break over a narrow range of applied load. Although the mean value of P,
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along the composite length remains consistent with Eqn. (6.4), P, becomes increasingly
non-uniform as the load approaches its maximum. This is because regions with slightly
lower-than-average fiber strength have fewer intact fibers and, in turn, the intact fibers must
carry a slightly higher-than-average stress, leading to additional local fiber breaks. The

wavelength of these fluctuations is comparable to the characteristic transfer length &, .

The magnitude of these fluctuations, characterized by the CoV of P;, increases as
the process proceeds and as P, rises, at a rate that scales with m, (Figure 6.6A). For
N=5000, the CoV of P, is initially roughly proportional to P;, up to a CoV of about 0.08,

beyond which it rises rapidly as failure becomes imminent. Nevertheless, these non-
uniformities have only a small effect on the point of localization. When N=500, the CoV of

P, follows a similar increasing trend with P, but at a rate that is about 3 times that for

N=5000 (also in Figure 6.6A). This is consistent with the expected 1/ \/ﬁ scaling, i.e.

\/5000/500 ~3. As N — o, these fluctuations would likely vanish and failure would occur
at the load maximum of the exact solution.
In the final loading step (at the load maximum), the first additional fiber break

typically occurs in one of the “valleys” of low P, (located at about z/8, =3 in the example

in Figure 6.5A). This event triggers a cascade of additional fiber breaks, all occurring within

+6,/2 of the eventual fracture plane. The fragmentation process at the peak load is

analogous to the SMC problem analyzed by Sutcu'® and by Thouless?°, with the exception
that many of the weak fibers have already broken and therefore do not participate in the final
sequence of fracture events. Therefore, there are two distinct domains in the fiber

fragmentation process: one, at low loads, where fibers break in a nearly-random fashion (in
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accordance with the SFC exact solution) and a second, at the load maximum, where fibers
break in a more localized manner and the fibers break at higher stresses. This is reflected in
the two strength populations shown in Figure 6.7A.

When the matrix has finite but low strength (o, , /o, , =1/20), the matrix strength

distribution is narrow (m,, = 20), and the fiber content is moderately high (f = 0.3), matrix

cracking occurs over a narrow range of stress and matrix crack saturation is attained before a

significant fraction of fibers have broken (Figure 6.8). (For the example in Figure 6.8, P, =

0.997 for the fibers at matrix crack saturation). Once the matrix crack density has saturated,
the stress profile in the matrix remains unchanged for the remainder of the simulation. The
response in this domain is dictated largely by the fibers and is essentially the same as that
without a matrix, with three exceptions First, the composite stress at a prescribed strain is

elevated by an amount equal to the average matrix stress, &, . Second, in addition to short-
range fluctuations caused by the presence of matrix cracks, with P, exhibiting local minima

at the matrix crack locations (Figure 6.5B), the magnitude of the long-range fluctuations in

P, is increased significantly. This is manifested in an increase in the CoV of P, , by as much

as a factor of 3—4 relative to that in the absence of a matrix (Figure 6.6B). Third, fiber breaks
are clustered near matrix cracks which correspond to local maxima in fiber strain. This type
of fiber fragmentation behavior has been observed experimentally in in situ X-ray
microtomography of minicomposite tensile tests.> One consequence of these differences is
that fiber bundle failure occurs at somewhat lower stress and strain; for the case shown in
Figure 6.8, the bundle strength and failure strain are 94.7% and 86.5% of their respective

values obtained from the exact SFC solution.
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The eventual fracture plane corresponds approximately with the location along the
gauge length where the average matrix stress is lowest and hence the fiber stress is greatest.

This trend is demonstrated in Figure 6.9. Here the variation in P, within the matrix crack

planes after the penultimate load increment is plotted against a moving-average matrix

stress, calculated over a sliding window of length 6, . Composite fracture typically occurs at

or adjacent to the matrix crack at which the moving-average matrix stress is lowest.

When the matrix strength is greater or the fiber volume fraction is lower, the loading domain
between the end of matrix cracking and the onset of appreciable fiber fracture narrows. This
produces greater fiber strain fluctuations near the maximum and therefore a further
reduction in the in situ bundle strength and failure strain. These effects are explored further

in Section 6.3.5.

6.3.3 Lengths and strengths of pulled-out fibers
The two domains of fiber fragmentation lead to complex distributions in pullout length. The
probability density distributions (PDFs) from the MCS and from both the SFC and the SMC

models for m,=5 and 15 are shown in Figure 6.10. Fibers that break before the load

maximum exhibit a pullout distribution that follows that from the SFC model; fibers that
break at the load maximum, instead, exhibit a pullout distribution that more closely follows
that computed from the SMC problem. The total pullout length distribution from the
simulations falls between those of the two limiting cases. Similar results are seen in
simulations with finite matrix strength (Figure 6.11).

The strength distributions of pulled-out fibers also exhibit two domains, manifested

in two essentially-linear segments on a Weibull plot (Figure 6.12). The first, at low stresses,
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corresponds to fibers broken prior to the load maximum while the second, at high stresses,
corresponds to fiber breaks at the load maximum. While the Weibull parameters inferred
from the first domain are consistent with the true fiber strength distribution, the second
domain is characterized by a reduced apparent Weibull modulus. (For reasons not presently
understood, the apparent Weibull modulus in the second domain appears to be consistently

40% of the true value of myover the range 5<m, <20.)

As a whole, the strength does not follow a Weibull distribution (even in an
approximate sense) and therefore fitting the distribution to a Weibull function would not
yield meaningful results. Additionally, the use of fracture mirrors to compute the in situ
fiber strength distribution is not likely to be useful without an exhaustive accompanying
analysis. This shortcoming, in turn, motivates the procedure described in the following

section.

6.3.4 Determining in situ fiber strength distributions
An alternative approach to determining the in situ fiber strength distribution involves
analysis of stress-strain curves. The procedure is outlined first for the case in which the

matrix has no axial strength. Combining Eqns. (6.2) and (6.4) and rearranging yields
— m,+1
PS=20f/gtEf—1=exp[—(8t/gc’f) ! } (6.11)
The in situ Weibull parameters can therefore be obtained from a Weibull-like plot of
In {—ln[ZE_ r / &E, - 1]} vs. Ing,. In this form, the relationship is linear with slope m, +1.

When the matrix has finite strength, the preceding method can be readily adapted, provided

matrix cracking is complete before appreciable fiber fracture occurs. This is done by
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determining the average matrix stress from a linear regression analysis of the stress-strain
response in the linear domain between the end of matrix cracking and the onset of fiber
fracture. The average fiber stress is then computed from the difference of the composite
stress and the average (post crack saturation) matrix stress, within the domain in which
matrix cracking is complete. (The utility of this method becomes questionable when matrix
cracking and fiber fracture overlap over a significant strain range.)

To assess this method, 1000 MC simulations were run for m = 5,10, 15, or 20, N=

500 and L =56, . Stress-strain curves and corresponding Weibull plots are shown in Figures

6.4A and B, respectively. Linear regression analyses of the latter plots yield distributions in

in situ Weibull parameters summarized on Figure 6.13. CoVs are typically less than 10%.

For m,=5, Z (mf) =1.0/ JN . (By comparison, the corresponding CoVs from single fiber

tests and fiber bundle tests are Z(mf) = 0.77/«/ﬁ and Z(mf) = 0.89/\/N,
respectively.)’%3!

6.3.5 Tough-to-brittle transition

The preceding analyses are predicated on the assumption that the fiber bundle can support
the entire load in the plane of a matrix crack. To satisfy this condition, the fiber volume-

weighted bundle strength must be greater than the matrix cracking stress:
[0y >0 =B, =&, (fE; +(1- f)E,) (6.12)
where the bundle strength is given by Eqns. (6.7) and (6.8) and ¢,,. is taken (initially) to be

deterministic. Solving the inequality in Eqn. (6.12) for f yields a critical fiber volume

fraction f, necessary to attain large composite strain and the theoretical bundle strength:
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f‘c = gmcEm/(o-B T Eme (Em _Ef)) (613)
For a composite with very low fiber fraction ( f< fc), composite failure occurs when the

first matrix crack forms. High failure strain can only be obtained when f > f..

To probe this tough-to-brittle transition, MC simulations were run for (i)

Cym/C s =0.05 and m, =20, and (ii) o,, /0, , =0.15 and m,, =5, with f varying from
0.01 to 0.5 and with N =500 and L =50, . 50 simulations were run for each case. Using the

average matrix failure strain &, (L,mm,ao,m ) / E,, as the cracking strain ¢, in Eqn. (6.13)

yields a critical volume fraction f, ~0.14 for both scenarios. Representative stress-strain
curves are plotted on Figure 6.14 while the bundle strengths and failure strains are
summarized in Figure 6.15.

The breadth of the transition is affected by the breadth of the matrix strength

distribution. For m,, =20, matrix cracking occurs over a narrow strain range and only minor
differences are observed between simulations. For f <0.10, composite rupture occurs
immediately after the first matrix crack is formed, at a strain ¢, / &..r =0.095+0.005. By

comparison, the expected value for matrix strain to failure for the prescribed Weibull

parameters and gauge length is ¢, /gC’ +=0.093. The transition from brittle to tough

response begins at /= 0.11, where composite failure occurs after the third matrix crack has
formed. Matrix crack saturation is first achieved at /= 0.13 (which coincides closely with

the analytical estimate of f,). Over the range /= 0.10 to 0.13, o, rises rapidly, from 13% to

84% of the theoretical value (Figure 6.15A). For lower values of m, , matrix cracking

mo
occurs over a broader strain range and thus the tough-to-brittle transition is broader as well
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(Figure 6.15B). Here fiber volume fractions of f >2f, are needed to get close to the
theoretical fracture properties. For example, at f = 0.30, o, and ¢, are 89% and 81% of

their respective theoretical values.

6.4 Exact closed-form solution for unidirectional composite response

Here we seek an analytical solution for the global stress-strain response of a composite
during concurrent fragmentation of the two phases. In general, the composite stress is given
by the volume-weighted average of the stresses in the fibers and in the matrix, each
computed at the same composite strain. Because the fibers are contiguous along the loading

direction, the average intact fiber strain A, is nearly identical to the composite strain up to
composite rupture. In contrast, since the matrix is not contiguous, its intact strain A,
differs from A, (A, does not account for displacement due to matrix crack opening). The

challenge therefore is to combine the two fragmentation solutions on the basis of a common

strain metric. In the following analysis, we use A, =¢, / &.,, as that strain metric where

&, =0,/E, is the strain in planes with notionally intact fibers and matrix. o,

is the applied
composite stress (Figure 6.2). In the initial linear elastic domain, ¢, =¢&, where ¢, is the
total composite strain. Upon the onset of matrix cracking, ¢, <¢, as &, does not account for
additional displacement due to matrix crack opening. Analogously, A, =¢, / &, before any
fibers have broken and A, <¢, / &, after the first fiber breaks. However, A, ~ ¢, / E.; up

to composite rupture because (a) the increase in strain resulting from an individual fiber
break is small and (b) most fibers remain intact up to composite rupture. The composite

response can therefore be written formally as

181



S8, ))ons = 15,(8,(8,))o, +(1-1)5,(8,)o,, (6.14)
Determination of the two stresses, S ’ and §,,, and the relationship A 7 (Am) follows.

As demonstrated earlier, Hui’s solution for the fiber response, S, (A r ), obtained by

integration of Eqn. (6.9), agrees remarkably well with the results from the MC simulations
(Figure 6.4A).T The same solution can be adapted to matrix fragmentation by simply
reversing the assignment of matrix and fiber properties in Eqn. (6.9). Re-casting the solution
in terms relating to the matrix, the characteristic matrix stress becomes>?

- f I 1 1/(m,,+1)
cm o s (6.15)
o [(l—f) R, ao]

o,m

Eqn. (6.15) is the same as Eqn. (6.5) except for the fiber volume fraction term. Combining

this with Eqn. (6.9) (with matrix and fiber re-interpreted accordingly) and integrating yields
Am . . .
S, (A,)= Jo g(x,m,, )dx. Here g(x,m)=dS /dx and is given by Eqn. (6.9), expressed in

terms of the dummy variable x:

1 | _xm+1 xm+1
x,m)=m| ——1+2x"""|1-ex -
glvm)=m P 4

—x"H 2m(7/ + F(O, xm+1/2) + 1n(xm+1/2))

m+1

(6.16)

exp

" Arguably, the analytical approximation in Egn. (6.7) would be sufficient to obtain Sf (Af) up to

the point of fiber bundle rupture. But, because matrix fragmentation usually goes to completion
before fiber bundle fracture, the complete fragmentation solution is needed to capture the matrix

response S, (Am ); Eqgn. (6.7) is not adequate.
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This numerical result, obtained by integration of g (x, m,, ), agrees with results from the MC

simulations (Figure 6.16). The relationship A (Am) is derived from a standard shear lag

analysis (see Appendix); the pertinent parameters are indicated in the inset of Figure 6.2C.

The result is

A (A) =722 (=) (80) ¢ Ajf‘l (617)

The overall composite response is then

Sl (Af (Am ))
(6.18)
=/

:fo (Af (Am))"_((l_f)o-c,m/o'c,f)sm (Arn)
A(A
0 J

J- A

) (x,mf)dx+((1—f)0'c,m/0'c’f)IO " g(x,mm)dx
Evaluation of S, (A f) requires numerical integration.

Eqn. (6.18) is a key result of this work; it relates the constituent properties to the
global stress-strain response of the composite. Its utility is demonstrated through comparison
of the computed stress-strain response with that obtained from the MC simulations. One
such example, for realistic matrix and fiber properties, is shown in Figure 6.8. The
agreement is excellent. Other case studies (not presented here) show equally good
agreement.

Although the preceding model is able to capture the stress-strain response when both
the matrix and the fibers undergo fragmentation, it does not shed light on why the bundle
strengths and failure strains from MCS generally fall below the theoretical values, especially

when a matrix with finite strength is present. The theoretical values derive from an

instability condition of the form dS, / dA; =0, where, to emphasize, S is the average fiber

stress and A , is the average strain in intact fiber segments. Since this condition is based on
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average stresses and strains (neglecting axial variations in these quantities), it only
accurately predicts the failure point in cases where the matrix has no strength and hence the
fiber strain is uniform; it invariably overestimates the strengths and failure strains when a
matrix is present. This deficiency is remediated in the following way.

Composite rupture is an extreme value phenomenon. As such, the point of rupture
can be couched in terms of a /ocal instability: one in which the stress-strain response in the
most critically stressed cross-section passes through a stress maximum. The most critically

stressed sections are naturally those of the matrix cracks, where the load is carried solely by

the fibers. Denoting the fiber strain in the matrix crack Ar}lax and the corresponding in situ

max

A
bundle stress (for a strain of AT™) 7™ (A?ﬂx) = J.o " g (x, m f)dx, the instability condition

becomes dS* / dA7™ =0. From shear lag, the maximum fiber strain is:

Amgc mEc
=_mTem ¢ (6.19)

Amax (Am ) —
! fée kg
A?a" depends only on elastic and geometric properties and applied stress (independent of

matrix crack density, matrix strength and fiber strength). Importantly, Eqn. (6.19) remains
valid during the softening portion of matrix response, where matrix slip zones overlap.

From the fragmentation model, the instability condition is written explicitly as
ds™ [dap™ = g (A7, m;)=0 (6.20)

Solving Eqn. (6.20) for A,, yields the critical intact matrix strain Afn required for composite

rupture. The corresponding global rupture strain, in situ bundle strength, and composite
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strength are A; =A, (A;) (from Eqn. (6.17)), S;i =Sy (A? ), and S: =S, (A’;) (from Eqn.
(6.18)), respectively.

The function S (A}‘-‘ax (A 7 )) is plotted on Figure 6.8, using constituent properties

corresponding to those of the MC simulation also shown on that figure. This function
exhibits a maximum at a composite strain that is essentially identical to that from the MC
simulation. Additionally, applying this solution to composites with a range of fiber volume
fractions yields a failure envelope of the type shown in Figure 6.14 and trends in failure
stress and strain plotted in Figure 6.15. Once again, the predicted failure points agree well
with those from the simulations. The main differences are obtained at very low f and are
attributable to the finite number of fibers and finite gauge length in the simulations. (Both
are tacitly assumed to be infinite in the analytical model.) For instance, the strength and

failure strain from the numerical solution approach zero as f — 0, because the strength of a

matrix material of infinite length is zero. In contrast, in the MC simulations, it is closer to

the average matrix strength for the prescribed gauge length, in this case L =59, .

Elastic modulus mismatch between fibers and matrix (thus far neglected) also plays a
role in the tough-to-brittle transition. Computed variations in strength and failure strain with

fiber volume fraction for E,, / E,=3,1and 1/3 are shown in Figures 6.15C and D. The main
effect of the mismatch, obtained when E,, / E, <1, is to broaden the transition zone (in terms
of f). The specific calculations for £, / E,=1/3 and m,,=5 (Figure 6.15D) indicate that the

theoretical strengths and failure strains would probably not be attainable in composites with

realistic fiber volume fractions.

185



6.5 Experimental study

6.5.1 Materials and measurements

Tensile tests were conducted on several minicomposites, each comprising a single tow of
400 BN-coated Tyranno ZMI™ fibers with a CVI SiC matrix. A representative polished
cross-section is shown in Figure 6.17A. The average fiber volume fraction, obtained by

image analysis, is f = 0.27. The specimen gauge length was 25 mm. Strains were measured

by digital image correlation (DIC) using one camera with the entire gauge length in the field
of view. A fine speckle pattern was applied with spray paint onto the minicomposites at the
very ends of the gauge section. The results are presented in terms of a nominal stress,

defined as o,,, =F/A4,=0,/f, where F is force, 4, is the cross-sectional area of the
fiber bundle and o, is the applied composite stress.

Measurements on the minicomposites were augmented by property measurements on
the fibers and the interfaces. Fiber properties were obtained from instrumented fiber bundle
tests on both coated and uncoated fibers at a gauge length, L, of 110 mm.*' The Young’s
modulus and Weibull parameters were computed from a least-squares fit of the Weibull
function to the measured stress-strain curves (Figure 6.18A), following procedures described
elsewhere.’! The average fiber Young’s modulus obtained from these tests is Er= 171 £ 7
GPa. The Weibull parameters are summarized in Table 6.2. Apparently the application of
BN coatings reduces the fiber strength by about 25%. This is likely due to the high
temperature typically used in BN deposition (~1400°C)*®; by comparison the reported
strength retention temperature for these fibers is 1300°C.>* Bundle strengths were also

measured at several other gauge lengths, ranging from 5 to 305 mm. The gauge-length
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dependence of bundle strength®* was used to confirm the Weibull parameters obtained from
fits of the stress-strain curves at L = 110 mm (Figure 6.18B).

The interface sliding stress and toughness were obtained from fiber push-in tests.®
Means and standard deviations in these properties are given in Table 6.3. In subsequent

analysis, the sliding stress 7, is taken to be 7 MPa: the median value from about 150 push-in

tests. The interface toughness is taken to be 0; at stresses at which fibers begin to break,
the entire interface has been debonded as a result of matrix cracking.

A representative tensile test result for a minicomposite is shown in Figure 6.19A. The curve
displays four domains of response: (i) linear-elastic deformation at low strains; (ii) non-

linear deformation due to matrix cracking, over the strain range 0.055-0.65%; (iii) linear

response dominated by fibers over the strain range 0.7-0.9%, with a tangent modulus (£,

= 176 GPa, superscript mcs denoting matrix crack saturation) that is essentially the same as
the fiber modulus obtained from fiber bundle tests; and (iv) slightly-nonlinear response with
progressive reduction in tangent modulus during fiber fragmentation, up to a failure strain of
about 1.3%. One notable feature of the latter part of the curve is that the tangent modulus at

the onset of fracture (shown in inset) is about 0.5 E',: well above the value (0) used as the

basis of fracture prediction in the models of Hui and of Curtin. The in situ fiber bundle

—mcs

response, obtained by subtracting the average nominal matrix stress & = 0.60 GPa

m,nom
from the composite stress in the post crack saturation domain, is also shown in Figure 6.19A
(orange curve).

Subsequent examinations of broken test specimens reveal a range of pullout lengths

(Figure 6.17B), with a median value L'Ze”l =190+110 um (obtained from measurements on

187



127 fibers), and periodic matrix cracking (Figure 6.17C), with an average spacing

X =380£270 um (obtained from measurements on 32 cracks).

6.5.2 Analysis of test results

Preliminary analyses of the test data are used to assess the critical fiber volume fraction f,
and the nature of flaws controlling matrix cracking in the present composite. From Eqn.
(6.13), and using the property values ¢, =0.055%, o, =2.2 GPa, E, =400 GPa, and

E, =175 GPa, f, is estimated to be 0.10: well below /"= 0.27. With regard to matrix

cracking, the predicted composite stress for extension of a steady-state, fully-bridged matrix
crack (from Eqn. (6.1), assuming a matrix toughness I', =10 J/m?) is about 90 MPa. By
comparison, the measured (true) composite stress at the onset of cracking is 190 MPa. The
large difference in these stresses re-affirms the assumption that matrix cracking is governed
by activation of small matrix flaws and that bridging effects do not play a role.

The stress-strain curves are analyzed in the following way. First, the in situ fiber

Weibull parameters, m; and 0:, s » are obtained from a Weibull-like plot of In(-InP,) vs
In¢, (as described in Section 6.3.4); here the predicted slope is m; +1 and the intercept is

—(m; + 1)1n é..r (Figure 6.19B). From three minicomposite tensile tests, the average in situ

Weibull parameters are m; =5.6+0.1 and G:,f- =1.04+0.09 for L, =1. Next, with the in

situ fiber properties and the interface sliding stress in hand, the composite stress-strain
curves are fit, using Eqn. (6.18), to obtain the matrix Weibull parameters. Because of the
complexity of the numerical integration, fitting is done manually, rather than with a formal

least-squared fitting procedure. Nonetheless, the fitting yields curves that closely match the
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measured ones (Figure 6.20). From analyses of three tests, the matrix Weibull parameters

are found to be m,= 7, 8, and 6, and o, ,= 120, 160, and 90 MPa (for L, =1m and

A, =A, =030 mm? where A4, is the average cross-sectional area of the matrix). For a

gauge length of L =25 mm, the three sets of matrix Weibull parameters correspond to an

average failure strain of &,, =0.048, 0.060, and 0.039%. Non-linearity in minicomposite

response occurs at 0.055, 0.067, and 0.041%, respectively. Agreement is excellent.

Also shown in Figure 6.20 is the computed in situ fiber bundle response (solid line)
and the predicted point of fracture, the latter obtained from the point at which the local fiber
bundle response undergoes instability. The correlation between the computed and measured
stress-strain curves is unsurprising: the measured curve having been used to infer the fiber
properties that go into the model. More remarkably, however, prediction of fracture (and this
is truly a prediction) proves to be exceptionally accurate. When, instead, the fiber Weibull
parameters are taken to be those obtained from tensile tests on coated fiber bundles (dashed-
dotted lines in Figure 6.19A), both the fracture stress and strain are over-predicted by about
1/3. The possible origins of these differences are discussed in the next section.

As a final assessment of the model predictions, the measured median pullout length,

normalized by 6, =1.9 mm (Eqn. (6.6)), is L’;ed / 0,=0.10£0.06. By comparison, that

from the MC simulations for m, =5 is L’Zed /5020.12: essentially the same as the

measured value. If, instead, results from the SFC model were used, the predicted pullout

length would be L’;ed /5C =0.22, while those from the SMC model would yield

L [5,=0.08.
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6.5.3 Discussion

Analysis of the tensile stress-strain response of ceramic minicomposites can yield vital
information about the properties of the constituents as well as the nature of load transfer
between the constituents. It can also provide an assessment of the extent to which fiber
properties are altered as a result of the composite fabrication process. Ideally, properties of
coated fibers would be retained and load transfer between constituent elements in the
composite would follow global load sharing characteristics. When ideal conditions are
present, confirmation would be obtained from agreement between predicted and measured
stress-strain curves, including fracture stress and strain. Otherwise, because of the coupled
effects of fiber properties and load sharing characteristics on the tensile response,
elucidating the origins of discrepancies between experiment and theory can be challenging.
In the composite studied here, the in situ fiber Weibull properties inferred from tests on the
minicomposites yield fracture predictions that are remarkably accurate. (Similarly
remarkable agreement is obtained between the fracture predictions and the fracture
properties obtained from the MC simulations.) The outstanding discrepancy is between the
inferred in situ fiber properties and those measured directly on coated fiber bundles: the
latter yielding somewhat higher predicted fracture stresses and strains within the composites.
The discrepancy might arise in one of two possible ways.

First, properties of the fibers may be degraded by the elevated temperature exposure
during matrix formation (in this case via CVI). Although processing details of the present
composites are not known, we surmise, based on processing details reported elsewhere, that
CVI deposition of SiC, typically done at temperatures of about 1000°C*®, would not cause

fiber strength degradation from thermal effects alone. (As noted earlier, the strength
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retention temperature of the fibers is 1300°C). Second, because of incomplete densification,
especially in the composite interior, the load transfer characteristics are likely not ideal. That
is, fiber clusters on the composite interior — being physically separated from the more
heavily-densified regions around the composite periphery — are unable to share load with
other composite elements as they would otherwise if the matrix were fully dense and
contiguous throughout. As a result, the full potential of the fiber bundle may not be realized

in composite properties.

6.6 Conclusions

We have examined the mechanics of the tensile response of unidirectional fiber-reinforced
ceramic composites through a combination of Monte Carlo simulations of fragmentation,
adaptations of existing theories of fiber fracture, and complementary experimental
measurements. Despite being a problem seemingly solved long ago, several nuanced
features with important practical implications have been identified. The key conclusions
follow.

(i) Contrary to the single fiber composite (SFC) model, the process of fiber
fragmentation cannot go to completion in unidirectional composites under uniaxial
tension. At low stresses (before the maximum), fibers break essentially randomly
throughout the bundle; but, at the stress maximum, all additional breaks are

localized to regions adjacent to the fracture plane over a length &, . Therefore, the

resulting pullout length distribution does not match predictions from either the SFC
or SMC models. The distribution of strength of pulled-out fibers is similarly

inconsistent with existing model predictions. When presented as a Weibull plot, the
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(i)

(iii)

(iv)

latter distribution is bilinear. An important consequence is that measured
distributions in length and strength of pulled-out fibers cannot be interpreted using
either the SFC or SMC models and are therefore of limited utility without a more
detailed accompanying analysis.

An alternative method, based on analysis of the composite response following
matrix crack saturation, is more effective in inferring the in situ fiber properties,
without relying on data obtained from examinations of fracture surfaces. The
method 1is straightforward when matrix cracking goes to completion before
significant fiber fracture has occurred, a condition often satisfied in typical
minicomposites. Otherwise, the concurrent fragmentation analysis presented in
Section 6.4 could be employed to infer the matrix and fiber strength characteristics
simultaneously.

Although the stress-strain response associated with concurrent fragmentation of
matrix and fibers can be readily described by adaptations of existing fragmentation
models, accurate prediction of the point of instability requires consideration of the
local response of fibers in the most heavily strained regions (within matrix crack
planes). The fiber bundle response in the latter regions leads to instability at
stresses and strains that are lower than those obtained from the average stress-
strain response. In this context, contrary to conventional wisdom, the matrix plays
an important role in fiber bundle fracture.

Although a critical fiber volume fraction for achieving high failure strain can be
estimated assuming fiber and matrix strengths to be deterministic, the transition in

failure strain when the constituent strengths are stochastic is inherently more
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gradual, especially when the matrix strength distribution is broad. In cases of
practical interest, the theoretical strength and failure strain may not be attained
until the fiber fraction exceeds twice the critical value. This result has important
implications in the interpretation of experimental test data on ceramic
minicomposites. For example, in cases where the microstructure appears
reasonably uniform and the fiber fraction is moderately high, the ultimate
properties may fall short of expectations based on existing theories, potentially
leading to erroneous inferences about the in situ properties of the fibers and/or the

interfaces.
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6.A  Appendix: Derivation of A (A,)

Here we present a derivation of the relationship between strain in intact fiber segments A,
(with normalization based on the characteristic fiber strain e, ) and strain in intact matrix

segments A, (with normalization based on the characteristic matrix strain ¢, ) in

unidirectional minicomposites. Prior to matrix cracking, the axial strain is uniform along the

length and therefore A, =A ¢, / &..r - With formation of the first matrix crack, the intact

fiber strain is no longer uniform over the entire gauge length (Figure 6.2C). Within the
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matrix slip zone, load previously carried by the matrix is shed to the fibers. The local intact

fiber strain therefore increases (A, > A&, / &..r ). Outside the matrix slip zone, the intact
matrix strain is uniform and the relation A, =A,¢&_, / & 1s maintained. A ,is therefore

given by the volume-weighted average of fiber strain in the intact matrix regions and

average fiber strain in slipped matrix regions:

—sm

As(An)=PoA, e s (1-P,, )~ (6.A1)

s,m—m

Ee.f Ee.f

where P, ,, is the survival probablity of the matrix and z;" is the average fiber strain in the

s,m
slipped regions. From considerations of mechanical equilibrium, z}” can be couched in

terms of A, and the average matrix strain, ", in slipped matrix regions via:

E = A, e i—(—l_f JE—’”Em (6.A2)
‘ S Ef S Ef

The first term in Eqn. (6.A2) is AT in Eqn. (6.20). For a linear-elastic matrix,

o = —om . . . . .
gy =80, /Em where S is the average matrix stress in the slipped matrix regions.

Similarly to Eqn. (6.A1), the normalized matrix stress S can be expressed as the sum of the

volume-weighted stress in the intact matrix regions and average stress in slipped matrix

regions:

S =Py, +(1-P,, ) S (6.A3)

Solving Eqn. (6.A3) for S and substituting the result into Eqn. (6. A2) and then (6. Al)

yields

Ay (Ay) =2l (£-1)8,, (A, )+ 20 (6.A4)



A
where S, (Am)z.[omg(x,mm)dx and g(x,m,,) is given by Eqn. (6.16). Evaluation of

S, (A, ) and therefore A . (A, ) require numerical integration.
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Table 6.1: List of variables

A, Area of bundle

a Flaw size
a, Critical crack length

E Elastic modulus
F Force
f Fiber volume fraction

/. Ciritical fiber volume

fraction
L Gauge length
L, Pullout length

[ Slip length
m  Weibull modulus
N Number of fibers
P, Probability of failure
P, Probability of survival
R r Fiber radius
S=56/o, Normalized
average stress
S* Normalized strength
S}I-lax Normalized fiber
stress for a strain of
max
Ay

x Matrix crack spacing
z Position
Z(x) Coefficient of

variation X

a= 1/ (m ot 1)

I'( ) Gamma function

I'; Interfacial toughness

I',, Matrix toughness

» Euler-Mascheroni
constant (<~0.577)

A=¢'/e, Normalized intact
strain

* .
A" Normalized rupture
strain
max

7 Normalized fiber

strain in matrix crack
planes
0, Characteristic length

& Strain

¢, Applied strain in intact

regions
¢, Bundle rupture strain

&, Characteristic strain

& Strain at maximum

max
stress from Hui’s
solution

&, Matrix cracking strain

4,4, Pullout lengths
prefactors

o Stress

o, Applied composite
stress

o, Bundle strength

o, Characteristic strength

o Maximum stress from

max
Hui’s solution

o,,. Matrix cracking stress

O om = F/ A, Nominal
stress
7, Sliding resistance

Recurring subscripts:

o Weibull reference value
[ Fiber property

m Matrix property

t Total composite value

Recurring superscripts:

i Value in intact fiber or
matrix region

mcs  Value after matrix
crack saturation

med Median value

sf Value in slipped fiber
region

sm Value in slipped matrix
region

Y Average value of

Table 6.2: Summary of fiber properties

Tyranno ZMI™
Uncoated BN-coated
m Co.r m Co. s
(GPa) (GPa)
Mean 5.2 1.66 4.2 1.14
St. Dev. | 0.55 0.12 0.44 0.10
CoV 0.11 0.074 0.11 0.089
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Table 6.3: Summary of interface properties

Tyranno ZMI™
minicomposite
I, J/m?) |z, (MPa)
Mean 0.53 9.5
Median 0.16 6.7
Standard 1.2 9.9
deviation
Skew 4.3 3.4
Interquartile 0.32 7.4
range
A
( )1zoof (B)1zoof
| f=046
1000 - 1000 |
800t 800
g |
3
@ 600 - 600
o
E/_‘) L
400 + 400
200 | 200
0 T 0
0 02 0.4 0.6

Strain (%)

| f=0.46

©

1200

1000

800

600

400

200

f=0.44

1 1 ]

Strain (%)

0.2 0.4 0.6
Strain (%)

Figure 6.1: Representative tensile stress-strain curves for SiC/SiC minicomposites show the
onset of matrix cracking at strains of about 0.10-0.12% and stresses of 400-550 MPa,
followed by extensive inelasticity and hysteresis upon unloading and reloading. All
composites comprise Hi Nicalon Type-S fibers, pyrolytic C coatings on the fibers, and CVD
SiC matrices. Arrows indicate onset of matrix cracking. (Results adapted from Buet et al.

(A, B)? and Sauder et al. (C)®).
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Figure 6.2: (A) Concurrent fragmentation of fibers and matrix during tensile loading leads
to (B) rising and falling parts of average stress-strain curves within the constituents as well
as plateau values once fragmentation in the respective phase is complete. (C—E) Evolution of
axial strains in individual fibers and matrix with progressively increasing applied stress,
showing: (C) strain elevations in fibers within matrix crack planes and overlap of slip zones
adjacent to two closely-spaced cracks; (D) saturation in matrix crack density; and (E) slip
around two fiber breaks. Dotted lines indicate the fiber strain distributions used by Curtin,
Hui and others in the development of fiber fragmentation models (neglecting fluctuations

due to matrix cracks).
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Figure 6.3: The analytical solution in Eqn. (6.7) accurately replicates the exact solution up
to and slightly beyond the peak load. Curtin’s approximate solution works reasonably well
before the load maximum. Comparisons of results for other Weibull moduli lead to the same

conclusions.
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Figure 6.4: (A) MC simulations of a minicomposite with 500 fibers and no matrix reveal

narrow distributions in bundle strength and failure strain, and means falling slightly below
theoretical limits, o ,and &5, . Hash marks indicate terminal points of the simulations.

The stress-strain response from Hui’s fragmentation model agrees very well with the
simulations, with the exception of the rupture condition. (B) /n situ fiber Weibull parameters
are obtained from composite stress-strain data using a Weibull-like plot. Dashed lines
correspond to the input Weibull parameters.
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Figure 6.5: (A) In the absence of a matrix, survival probability of fiber segments in each
plane remains quite uniform along the composite length up to strains of 90% of Hui's

predicted failure strain, &, . Long-range periodic fluctuations become evident for higher

strains. (B) When a matrix is present, long-range fluctuations are enhanced and are
augmented by short-range fluctuations dictated by matrix crack spacing. Dashed lines in
both (A) and (B) are predicted averages from Eqn. (6.4).
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Figure 6.6: Fluctuations in P, , characterized by the CoV of P, , increase with m, and
with P, . The effects are exacerbated as the number of fibers is reduced (by a factor of about
1/ JN ). The presence of a matrix (in (B)) has an even stronger effect. The latter is evident
upon comparison of the two curves for m ;=5 in (B): solid blue line for the case where the

matrix is present and pale blue line for the case where there the matrix is absent (from (A)).
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Figure 6.7: (A) In the absence of a matrix, fiber breaks that occur before the peak stress are
broadly distributed around the eventual fracture plane; those occurring at the peak stress are
more localized and involve stronger fibers. (B) When matrix cracks are present, the breaks
are preferentially located at the crack locations both before and at the peak stress.

1 .
Solid lines: MCS :
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Figure 6.8: Stress-strain curves for composite with moderately high fiber volume fraction
(0.3) and the corresponding contributions from the fibers, S,, and from the matrix, S .

Solid lines are from MC simulations; dashed lines are from the analytical models; and dotted
line represents the maximum fiber stress-strain response (within the matrix crack planes),

S}“ax (A]‘fm) , based on Eqns. (6.19) and (6.20).
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Figure 6.9: Composite fracture tends to occur along or near planes where the local average
matrix stress after matrix crack saturation is lowest and hence the fiber survival probability

is also lowest. Here o, is the maximum stress of Hui's exact solution.
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Figure 6.10: Probability distributions of pullout lengths from MCS show that, for fibers
broken before the peak stress, the distributions are roughly consistent with the analysis from
the SFC model. In contrast, for fibers broken at the peak stress, the distributions are more
closely aligned with that from the SMC model. When the two parts are combined, the
resulting (total) distributions do not follow either one of the two models.
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Figure 6.11: When matrix cracks are present, the pullout length distribution exhibits small
local peaks at matrix crack locations, although the overall trend is similar to that obtained
without a matrix.
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Figure 6.12: (A) Strength distributions of pulled-out fibers both with and without a matrix
present are bilinear on a Weibull plot. Strengths at the low end of distributions are consistent
with the true fiber strength distribution; those at the high end are biased by the localized
nature of the final fiber fracture sequence. Similar distributions are obtained both with and
without a matrix present. (B) Changes in Weibull modulus are reflected in changes in the
slopes of the strength distributions of pulled-out fibers, although the overall bilinear trend is
maintained.
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Figure 6.13: Mean values of in situ Weibull parameters (symbols), obtained from MC
simulations and the Weibull-like plots in Figure 6.4, for minicomposites with 500 fibers lie
within about 2-3% of their true values. Their coefficients of variation (error bars) are
typically 5-10%.
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Figure 6.14: The in situ fiber bundle response depends sensitively on f, especially in the
domain f < f . Solid lines are from MCS; dashed line is from analytical solution, and dotted

line is failure locus predicted by Eqn. (6.20).
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Figure 6.15: Fiber volume fraction plays a crucial role in extracting the full potential from
the fiber bundle. (A) When the matrix Weibull modulus is high (20), the transition from
tough-to-brittle behavior occurs over a narrow strain range. (B) When it is low (5), the
transition is broader and the fiber volume fraction needed to get close to the theoretical
values increases. (C, D) Effects of elastic mismatch are small when the matrix is stiffer than
the fiber; the effects become more significant when the matrix is more compliant than the
fiber. Symbols in (A) and (B) are mean values from 50 MC simulations with error bars
representing one standard deviation. Blue and orange curves are from analytical solutions.
Horizontal dashed blue and orange lines are the theoretical upper bounds for in situ bundle
strength and failure strain, respectively (from the maximum of Hui’s exact solution). MC
simulations and analytical solutions asymptotically approach the upper bounds in the limit
of f —>1.
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Figure 6.16: In situ matrix response from MC simulations (solid lines) follows that of the
exact fragmentation solution (dashed lines).
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Figure 6.17: (A) Representative cross-section through a minicomposite of Tyranno ZMI™
fibers in CVI SiC matrix. (B, C) Significant fiber pullout and matrix cracking are evident
after testing.
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Figure 6.18: (A) Representative fiber bundle test results showing a drop in fiber strength
after coating with BN. Solid lines are the least squares fit to the data from which the Weibull
parameters are obtained. (B) Logarithmic plot showing the effect of gauge length on bundle
strength. Weibull parameters are obtained from a linear regression of the data in log-log
coordinates.**
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Figure 6.19: (A) Representative minicomposite response, showing the total composite
nominal stress-strain response (in blue), the in situ fiber bundle response (in orange), and the
predicted in situ fiber response based on properties of coated fibers. (B) Weibull-like plot is
used to determine the in situ fiber Weibull parameters.
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Chapter 7

Conclusions and recommendations

7.1 General conclusions and impact

In this study, experimental and simulation methods, analysis techniques, and
micromechanical models for characterizing properties of unidirectional CMCs and their
constituents were developed. The work provides a foundation for obtaining properties with
high fidelity and an improved understanding of how constituent properties affect composite
response. These are necessary not only for assessing properties of as-processed materials but
also as a baseline for future studies of in-service material degradation.

Although obtaining constituent properties from tests of the kind employed here —
fiber bundle tests, push-in tests, and minicomposite tensile tests — has been common
practice, methods for rigorous analysis of test data has been lacking. This is due in part to
the absence of accepted test standards. As a result, analysis techniques have often been ad
hoc in nature and have lacked the statistical analyses needed to assess their fidelity. One
consequence is that works from various sources cannot be compared reliably.

The work described in Chapters 2-4 addressed these issues in the context of fiber
Weibull parameters obtained from tests on either individual filaments or fiber bundles.
Experimental methods employed to obtain these parameters are selected in part by two
competing considerations: having a sufficiently large sample size to fit to a Weibull

distribution and completing the tests in a timely manner. In general, random errors on
Weibull parameters scale with 1/ JN where N is the number of fibers tested. For testing of

single filaments, the minimum value of N that has been employed in the past is typically
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30; thus, 1/ \/ﬁ ~ (0.2 . The same scaling holds for tests of fiber bundles.” The total number

of fibers tested from even a few bundle tests readily exceeds 1000 and thus random errors

are exceedingly small (1/ /1000 =0.03). Even the most exhaustive study using single

filament tests would not approach a sample size equal to the number of fibers in one bundle.

In some respects, bundle tests are more complicated than single filament tests.
Bundle tests require careful handling of tows to maintain alignment of the constituent fibers
during mounting into tabs and into the test machine. They also require use of high-resolution
strain measurement, which can be readily accomplished using modern digital image
correlation techniques. (Strain measurement is unnecessary in measuring strengths of
individual filaments.) Additionally, to capture the entire bundle response, including the post-
peak softening, the bundle gauge length must be sufficiently long to prevent instability at or
near the load maximum. The critical length is governed by a combination of the stiffness of
the load train and the stiffness of the fiber bundle. Finally, to prevent coordinated fiber
fracture stemming from inter-fiber friction, bundles must be lubricated. When these issues
are properly addressed, bundle tests provide the most accurate means for obtaining fiber
Weibull parameters.

In cases where tests are performed on individual fibers, some forethought should be
directed at the need for measuring fiber areas and hence obtaining the true (rather than
nominal) fiber strengths. When variations in fiber area are small relative to variations in

fiber strength, the systematic errors introduced in the inferred Weibull moduli can be

" In tensile testing of bundles with high fidelity strain measurement, strain to failure, in
essence, is measured for each individual fiber within the bundle. Conveniently, strain to
failure is largely independent of fiber area. Neither small variations in fiber area nor the
nature of flaws (surface vs. bulk) have a significant impact on the Weibull parameters
obtained from a least-squares fit of the bundle stress-strain response.
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corrected using analysis methods presented here. Cut-offs for acceptable limits on fiber area
variations were established so that the coefficient of variation (CoV) in the corrected
Weibull modulus falls below a critical value, here taken to be 0.2. But even with these
corrections, the CoV of the Weibull modulus is higher than that obtained from the
distribution of true strength (which requires measurement of individual fiber areas). With
estimates of CoVs of fiber area and nominal fiber strength, the analytical framework can be
used to estimate the minimum number of tests that would yield sufficiently high-fidelity
results without having to resort to measuring individual fiber areas. Whether the additional
effort required to measure individual fiber areas is offset by the reduced number of required
tests can then be assessed.

Even when variations in fiber area are large relative to variations in fiber strength,
accurate estimates of Weibull parameters can be obtained from the length-dependence of
mean nominal (or true) fiber strength. Although the nominal strength distribution is broader
than the true strength distribution (i.e. lower inferred Weibull modulus), point estimates of
strength (e.g. mean strength, Weibull reference strength, fiber bundle strength, efc.) are
largely unaffected by systematic errors stemming from nominal strength measurements.
Mean nominal fiber strength is equal to mean true fiber strength (although the standard
deviation of mean nominal strength is greater than that of mean true strength.) The analytical
framework facilitates assessment of the validity of test data and guides selection of test
parameters (sample size and range of gauge lengths). Once again, this would allow one to
assess up front whether the additional effort required to measure individual fiber areas

would be offset by the reduced number of required tests.
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Estimates of Weibull parameters obtained from length-dependent strength can be
improved by testing of fiber bundles (rather than single filaments) at two or more distinct
gauge lengths. Once again, random errors scale with inverse root of sample size, which
readily exceeds 1000 from a few bundle tests at each gauge length. However, a least-squares
fit of bundle stress-strain response usually yields more accurate estimates of Weibull
parameters than that from a fit of bundle strength vs. gauge length. The ratio of maximum to
minimum gauge length must be about 100 for a similar level of confidence. Such a large
ratio is not usually practical.

Instead, length-dependence of bundle strength is best used to check whether Weibull
parameters obtained from a fit of bundle stress-strain response at one gauge length
accurately capture the expected gauge length effects. For constituent properties typical of

SiC-SiC composites, the characteristic length, J,, (the length scale of interest in the in situ

bundle) is about 1 mm. Conducting fiber bundle tests at a gauge length of 1 mm is not
practical. The critical gauge length needed for capturing the entire bundle stress-strain
response is often many tens of millimeters. Bundle strength is unaffected by post-peak
instability; it can be accurately measured at gauge lengths less than the critical length. In this
work, reported Weibull parameters were primarily obtained from least-squares fit of stress-
strain response of bundle tests at a gauge length of L =110 mm. For various batches of bare
and coated Tyranno™ ZMI and Hi-Nicalon™ type S fibers, Weibull parameters obtained
from measured bundle strengths at gauge lengths ranging from 5 mm to 305 mm agree with
those from least-squares fit at L =110 mm. This result indicates that the gauge length

effects are indeed captured by the Weibull distribution and that extrapolation to L =0, ~1

mm is likely to be valid.
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In principle, estimates of Weibull moduli can also be obtained from fiber strength
variations with fiber area. However, these estimates are biased toward erroneously low

values of Weibull moduli and have extraordinarily large uncertainties. For fiber area

variations typical of commercially-available fibers (Z (A) =0.1-0.2), an inordinately large

number of single filament tests (N >1000) is required to obtain reasonable estimates of the
Weibull modulus. This method is not recommended.

The work described in Chapter 5 addressed issues in interpreting results from fiber
push-in tests, including ways to ascertain the mechanism that governs the onset of push-in
and the pertinent mechanical properties. A new mechanics framework that incorporates
coating plasticity into the push-in analysis of Marshall and Oliver was developed.'
Calculation of interface toughness from the load at the point of minimum compliance is
readily automated, but this method can yield inaccurate results in certain scenarios. Some
caution should therefore be exercised in following this protocol without considering the
origin of the minimum.

Experimental evidence that coating yielding may precede rupture is a significant
finding of this work. It has far-reaching implications for coating design. A coating with
moderate yield strength and high critical displacement may be preferable to that with low
toughness and no capacity for yielding. In the case of a brittle coating, three scenarios of
crack deflection may occur: (i) adhesive failure at the fiber-coating interface (i.e. inner
debonding), (ii) adhesive failure at the matrix-coating interface (i.e. outer debonding), or
(ii1) cohesive failure in the bulk of the coating. In all three scenarios, oxidant ingress through
the matrix crack and into the coating crack would expose more surface area of coating to the

oxidants. Recession rates would be greater than that for the case of an intact (or yielded)
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coating with no pathway for rapid oxidant ingress into the coating. Additionally in scenario
(i), rupture along the fiber-coating interface immediately exposes the fiber surface to
oxidants within the matrix crack. Subsequent fiber degradation would occur more rapidly
than in scenarios (ii) and (iii) in which the coating may provide some protection (at least
initially) in preventing fiber oxidation. A greater focus of materials design efforts should be
on tailoring the yield strength of coatings and not just their toughness.

The work described in Chapter 6 examined the mechanics of the tensile stress-strain
response of unidirectional fiber-reinforced ceramic composites through a combination of
adaptations of existing theories of fiber fracture, Monte Carlo (MC) simulations, and
complementary experimental measurements. Analysis of this response yields vital
information about the properties of the constituents as well as the nature of load transfer
between the constituents. Importantly, the results indicate that traditional methods of
inferring fiber Weibull parameters from measured distributions in length and strength of
pulled-out fibers using existing models are likely to be unreliable and of limited utility.
Alternatively, in situ fiber and matrix Weibull parameters can be obtained from the tensile
stress-strain response using analysis procedures developed here.

Matrix volume fraction and distribution in matrix strength have important effects in
composite rupture. Composite rupture stems from an instability in the /ocal response of
fibers in the most heavily strained regions (within matrix crack planes). For a matrix of
finite strength, this instability occurs before the global tangent modulus goes to zero. As a
result, previous analytical solutions overestimate in sifu bundle strength. * At sufficiently
low fiber volume fractions, composite response is brittle; fiber segments bridging the matrix

crack cannot support the entire applied load at the onset of matrix cracking. In this scenario,
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fibers fail predominately in or near the matrix crack plane. The tensile stress-strain response
and fracture surface would therefore appear similar to those of composites with higher fiber
volume fraction in combination with excessively high interface toughness. Fiber volume
fraction must be sufficiently high to probe the true in situ bundle response and infer the in
situ fiber Weibull parameters. Accurate micromechanical models capturing effects of all
three constituents (fibers, matrix and interfaces) on tensile stress-strain response of

unidirectional composites is critically important for properly analyzing experimental data.

7.2 Future work
Much of the work in this dissertation focused on developing improved methods and analysis
techniques for obtaining constituent properties with high fidelity. The experimental work
was largely foundational in nature. Results presented here were from tests on pristine fibers
(both bare and coated) and pristine composites. The same techniques (fiber bundle tests,
push-in tests, minicomposite tensile tests) could be used in future work to identify and
quantify degradation mechanisms associated with thermochemical excursions. Studying
degradation mechanisms from tests at a larger scale (say, at a component level or on a
coupon) is an arduous task. Careful design of experiments on simplified geometries would
allow one to systematically probe degradation mechanisms during processing and service.
Two sets of outstanding questions stem from push-in results in Chapter 5. First, why
do coatings yield prior to rupture in some composite systems (or in some push-in tests
within a given sample) but not in others, how does coating yielding preceding rupture affect
composite response, and can the occurrence of coating yielding be used to improve the

design of coatings? These questions are generally difficult to answer. Preliminary TEM
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investigations were largely inconclusive in relating interface properties to coating
microstructure. Property-microstructure-processing relationships for coatings will likely
require extensive TEM work.

Second, what is the cause of the large variations in interface properties, how do these
variations affect tensile stress-strain response in unidirectional composites, and how can the
variations be reduced? As shown in Chapter 5, variations in interface properties are
significant. In the four material systems tested, CoVs of sliding resistance range from 0.3 to
1.0. For reference, a typical fiber Weibull modulus of 5 corresponds to a CoV of fiber
strength of 0.2. Interface toughness ranges from near zero to values exceeding fiber
toughness. In addition, CoV of radius in commercial fibers ranges from 0.1 to 0.3.
Quantifying effects of property variations experimentally would be difficult because each
property could not be varied independently. Such effects could be readily studied using the
MC simulations developed in Chapter 6. Simulating the tensile response of a unidirectional
composite with a single matrix crack would be a simple starting point. Existing analytical
models for cases of uniform interface properties would establish baseline properties against
which the results from MC simulations could be compared.*® Coating yielding preceding
rupture could also be readily incorporated into the MC simulations, to investigate effects of
variations in coating yield strength on composite response.

Additionally, the MC simulations could be modified to investigate effects of BN
coating recession on local in situ bundle response. For example, in cases where water vapor
enters the composite through matrix cracks and reacts with the BN to cause volatilization,
the simulations could be used to study the effects of progressive growth of the recession

length and hence growth of fiber volume under high stress (where fibers are decoupled from
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the matrix) on the fiber bundle strength. The expectation is that, at moderately high stresses
(greater than that of the dry bundle strength for the given gauge length), composite rupture
would occur once the recession length reached a critical value, even in the absence of fiber
degradation. These results would establish a minimum in the strength loss associated with

BN recession.
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