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Abstract

Change-point detection investigates whether there are abrupt changes in distributions in sequences of observations. The
goal is to partition a sequence of observations into homogeneous subsequences, which provides essential screening
information for follow-up studies. As we enter the era of big data, it is commonplace to encounter sequences of
high-dimensional/non-Euclidean observations. Parametric methods are often limited to those data where the parametric
assumptions are reasonable. Nonparametric methods are usually more broadly applicable, but it is often hard to conduct
theoretical analysis on them, such as to provide an analytic p-value approximation to facilitate the application to large
datasets. The graph-based framework, which utilizes the edge-count information on the similarity graphs constructed on
the observations, is the first kind that can be applied to these data with analytic p-value approximates. In this dissertation,
we work out three advancements of the graph-based framework to meet the needs for modern data analysis. First, we
improve the time efficiency of the algorithms by incorporating the approximate directed k-Nearest Neighbor (k-NN)
graphs into the framework. Our new method is many folds faster to run and has power higher than or competitive with
state-of-the-art nonparametric methods under various settings. The effectiveness of the new method is illustrated by real
applications to fMRI and Neuropixels data sequences. Second, when data are autocorrelated, existing methods that
assume independence could result in a higher false discovery rate. Therefore, we use the circular block permutation
(CBP) framework that preserves the locally dependent structure among observations. The new framework provides
proper controls on the false discovery rate when data have weak serial correlations. Third, we investigate the problem of
multiple sequences of high-dimensional/non-Euclidean observations. We propose a new scan statistic that is powerful
in detecting changes in all or a subset of the sequences. The new test has much higher power than existing methods and
is sensitive to a wide range of alternatives. We illustrate the performance of our new test by applying to the New York
Taxi Data over multiple calendar years. For all three new tests, we derive analytic formulas for p-value approximations

to make them fast applicable.
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Chapter 1

Introduction

1.1 Motivation

Change-point detection studies whether there are abrupt changes in distributions in sequences of data observations.
Many parametric change-point approaches have been proposed with focuses on various applications. For example,
motivated by the problem of detecting recurrent DNA copy number variants in multiple samples, Zhang et al.|(2010)
studies the changes in mean vector for multivariate Gaussian observations with identity covariance matrix; assuming the
changes are in the second-order structure, Barigozzi et al.|(2018)) used the piecewise stationary time series factor models
for multivariate observations; [Wang et al.|(2018) investigated the change-point detection and localization problem in
dynamic networks under the assumption that the entries of the adjacency matrices are from inhomogeneous Bernoulli
models. These methods work under certain parametric models. However, as we enter the era of big data, there are many
challenging tasks that require change-point analysis for large and complex datasets, such as the authorship debate of
Tirant lo Blanc (Girdn et al., 2005)), fMRI sequences analysis (Visconti di Oleggio Castello et al.|[2020), the study of
brain activities with Neuropixels recordings (Jun et al.,[2017), etc.

For the aforementioned and many more modern data analysis problems, the tasks usually involve sequences of
high-dimensional/non-Euclidean data observations, and there are no universal parametric models that tackle all these
problems. In the realm of nonparametric change-point detection, methods based on various frameworks were proposed,
such as kernel methods (Harchaoui and Cappé, 2007; Harchaoui et al.| 2009} |Arlot et al., 2019), distance-based methods
(Matteson and James| 2014), graph-based methods (Chen and Zhang} [2015; |Chu and Chen, |[2019), etc. Nevertheless,
many of the existing nonparametric methods could be very slow to run when either the data dimensionality is high or
the sequence is long (Liu and Chen| 2022). In Chapter 2} we improve the time efficiency upon the graph-based methods

by utilizing the directed approximate k-Nearest Neighbor information. Our new method is much faster than the fastest



state-of-the-art methods, while having power better than or on par with its competitors under a variety of settings.

Most of the graph-based methods assume that the observations are sampled independently (Chen and Zhang}, [2015
Chu and Chen, 2019; [Liu and Chen, 2022). However, when the observations are autocorrelated, which is usually
the case for many real applications, methods that assume independence could result in a higher false discovery rate
(Chenl 2019a)). To tackle this problem, the circular block permutation (CBP) framework is proposed in|Chen| (2019a)
to approximate the distribution of the test statistic under the null hypothesis. |(Chen|(2019a)) worked out the analytic
expression of the original edge-count test statistic under CBP. However, the procedure depends on the edge-count
two-sample test, and could lead to biased estimates of the location of the change-point for some types of changes and
low efficiency when the change-point is away from the center of the sequence. In Chapter [3| we further extend the three
other edge-count statistics (weighted/generalized/max-type) to the CBP framework. In particular, we find that a new
optimal weight function should be adopted in the weighted edge-count test statistic under CBP, and the construction of
the generalized/max-type edge-count statistics should hence be modified accordingly. The modified tests under CBP
have proper type I error control for autocorrelated data, and the weighted edge-count test after modification exhibits
power higher than the one in|Chu and Chen|(2019) under CBP through simulation studies.

In many applications, researchers may also be interested in detecting simultaneous change-points in multiple
sequences of observations. A parametric method was proposed in |Zhang et al.| (2010), with a focus on detecting
common shifts in mean in multiple sequences of univariate Gaussian variables. However, there were few literatures
that explore this area over the past decade, whereas the demand for change-point analysis in multiple sequences of
high-dimensional/non-Euclidean observations has increased. For example, the dataset in|Visconti di Oleggio Castello
et al.| (2020) consists of the fMRI sequences from 25 patients with each of them watching six selected pieces of the
movie “The Grand Budapest Hotel” by Wes Anderson. In Chapter[d] we design a new MS-statistic that accumulates
signals from each of the sequences. The new test can be applied to high-dimensional/non-Euclidean data, and is
powerful in detecting various types of changes. We also derive the analytic formulas to approximate the p-value, making
the new test fast-applicable to large datasets.

In this thesis, we discuss in detail the aforementioned three evolutions of the nonparametric graph-based change-
point detection methods. The three versions serve as better solutions to the demand of modern change-point analysis for
large datasets with complex data structure. The innovations include improving the time efficiency of the algorithms,
controlling type I error for locally dependent data, and accomplishing change-point analysis for multiple sequences of

high-dimensional/non-Euclidean data.



1.2 Thesis Outline and Contributions

Build upon the discussions in Section [I.T} this thesis is arranged as follows:

In Chapter [2] - “A Fast and Efficient Change-point Detection Framework based on Approximate k-NN
Graphs,” we propose a new approach making use of the approximate k-nearest neighbor information from the
observations. We derive an analytic formula to control the type I error. The time complexity of our proposed method
is O (dn(logn + klogd) + nk2) for an n-length sequence of d-dimensional data. The test statistic we consider
incorporates a useful pattern for moderate- to high- dimensional data so that the proposed method could detect various
types of changes in the sequence. The new approach is also asymptotic distribution free, facilitating its usage for a
broader community. We apply our method to fMRI and Neuropixels data sequences to illustrate its effectiveness.

In Chapter[J]- “Graph-based Change-point Detection for Locally Dependent Data,” we study the circular block
permutation framework combined with weighted/generalized/max-type edge-count test statistics to resolve the issue
of the original edge-count test. To handle the difficulties caused by the circular block permutation, we propose new
edge-count test statistics and provide theoretical treatments to study the asymptotic properties of these new tests, which
further leads to analytic formulas to control the family-wise error rates, making them easy to be applied to large datasets.
These new tests outperform the existing tests in various ways as reflected by extensive simulation studies.

In Chapter 4] - “Change-point Detection in Multiple Sequences of High-dimensional/non-Euclidean Data,”
we study the change-point detection problem in the presence of multiple sequences. We propose a new nonpara-
metric method under the graph-based framework, called the MS-statistic, which can be applied efficiently to high-
dimensional/non-Euclidean sequences of observations with a proper control on the type I error. The MS-statistic utilizes
the edge-counts information from the similarity graphs for each of the sequences, and is useful in detecting various
types of changes in multiple sequences. In particular, the types of changes could be different in different sequences. To
approximate the p-values of our test, we derive an analytical formula that is asymptotically distribution-free, making
our method fast-applicable to large datasets. Simulation studies show that our new test has significant higher power
than existing methods when applied to multiple sequences. The performance and effectiveness of our new method is
illustrated by a real data application of the NYC taxi data.

Finally, we conclude the thesis and discuss some future plans and endeavors in Chapter[5] Besides, Chapter[A]

and [C|are appendices to Chapter[2] [3] and {4} respectively.



Chapter 2

A Fast and Efficient Change-point Detection
Framework based on Approximate £-NN

Graphs

2.1 Introduction

With advances in technologies, scientists in many fields are collecting massive data for studying complex phenomena
over time and/or space. Such data often involve sequences of high-dimensional measurements that cannot be analyzed
through traditional approaches. Insights on such data often come from segmentation/change-point analysis, which
divides the sequence into homogeneous temporal or spatial segments. They are crucial early steps in understanding
the data and in detecting anomalous events. Change-point analysis has been extensively studied for univariate and
low-dimensional data (see |[Basseville et al.| (1993); |[Brodsky and Darkhovsky|(1993); |Carlstein et al.|(1994); |Csorgo
et al.| (1997)); \Chen and Gupta) (201 1)) for various aspects of classic change-point analysis). However, many modern
applications require effective and fast change-point detection for high-dimensional data. For example, Neuropixels
recordings Jun et al.|(2017)), microarrays Zeebaree et al|(2018a)), healthcare data|Lee et al.[(2017), etc.

Let the sequence of observations be {y; : ¢ = 1,...,n}, indexed by some meaningful order, such as time or

location. Then the change-point detection problem can be formulated as testing the null hypothesis of homogeneity:

Hy:yi~Fy,t=1,...,n, (2.1)



against the alternative that there exists a change-point 7:

Fo, tST
Hy:N<1t<n,ys~ 2.2)

Fy, otherwise

Here, Fy and F} are two different probability measures. When there are multiple change-points, wild binary seg-
mentation Fryzlewicz| (2020); Fryzlewicz et al.| (2014)) or seeded binary segmentation [Kovacs et al.| (2020) can be
incorporated.

Recently, there were quite a number of progresses on parametric change-point detection. For example, Barigozzi
et al.[(2018]) used the piecewise stationary time series factor models for multivariate observations, and assumed the
changes are in their second-order structure. Reference Wang et al.| (2018)) studied the change-point detection and
localization problem in dynamic networks by assuming the entries of the adjacency matrices are from inhomogeneous
Bernoulli models. Reference [Bhattacharjee et al.|(2018)) considered the change-point detection problem in networks
generated by a dynamic stochastic block model mechanism. Reference [Londschien et al.|(2021) addressed the change-
point problem with missing values, and focused on detecting the covariance structure breaks in Gaussian graphical
models. These methods work under certain parametric models. However, in many applications, we have little knowledge
on Fy and F}.

In the context of nonparametric change-point detection for high-dimensional data, kernel-based methods were
first explored [Harchaoui and Cappé| (2007)); [Harchaoui et al.| (2009), and continued to be improved Arlot et al.[(2019).
However, this kernel approach is difficult to use practically. As we will show in Section[2.4] this method is very sensitive
to the choice of a tuning parameter and it is time-consuming to apply the method with a proper type I error control,
where type I error is the event that a change-point is falsely detected when the sequence is actually homogeneous.
Reference|Li et al.| (2019) proposed the scan B-statistic for kernel change-point detection, which is computationally
efficient and has a fast formula for type I error control; however, it requires a large amount of reference data. In recent
years, distance-based methods Matteson and James| (2014) and graph-based methods |Chen and Zhang|(2015)); Chu
and Chen| (2019) were proposed for high-dimensional change-point detection. The distance-based method (ecp) uses
all pairwise distances among observations to find change-points, which could also be computationally heavy for large
datasets because computing all pairwise distances needs O(dn?) time for d-dimensional data. In addition, there is no
fast analytic formula for type I error control, and thus one needs to draw random permutations to approximate the
p-value. The graph-based methods Chen and Zhang|(2015)); Chu and Chen|(2019) utilize the information of a similarity
graph constructed on observations to detect change-points. The authors also provided analytic formulas for type I error

control, making them faster to run. In addition, the graph-based methods can detect more types of changes compared to



ecp. The ecp method is very sensitive to changes in mean but its performance decays when the changes come in many
other forms (see Section[2.4.3).

In this work, we seek further improvement on graph-based methods, especially from an efficiency perspective.
Existing graph-based methods for offline change-point detection utilize an undirected graph constructed among
observations. Some common choices are the minimum spanning tree (MST), where all observations are connected with
the total distance minimized; the minimum distance pairing (MDP), where the observations are partitioned into n./2
pairs with the total within-pair distance minimized; the undirected nearest neighbor (NN) graph, where each observation
connects to its nearest neighbor; and their denser versions, k-MST, k-MDP, and undirected k-NN graphs. Take the
k-MST for example, it is the union of the 1st, ..., kth MSTs, where the 1st MST is the MST, and the jth MST is a
spanning tree connecting all observations such that the sum of the edges in the tree is minimized under the constraint
that it does not contain any edge in the 1st, ..., (j — 1)th MSTs. Among these graphs, k-MST is preferred as it in
general has a higher power than others Chen and Zhang (2015). Nevertheless, it requires O(dn?) time to compute the
distance matrix among n d-dimensional observations, so it takes at least O(dn?) time to construct the k-MST from the
original data when the pairwise distances were not provided in the beginning, which is usually the case. This could be
inefficient when either n or d is large.

Hence, we seek other ways to construct the similarity graph. There are fast existing algorithms to construct the
directed approximate k-NN graph Beygelzimer et al.[(2019), where each observation finds % other nearby points that
might not be the & closest ones. We use the kd-tree algorithm to search for approximate nearest neighbors. A kd-tree is
a space-partitioning data structure for organizing points in a high-dimensional space, which is a binary tree constructed
through splitting the points by the values on alternating coordiantes as the tree grows. It takes O(dn logn) time to
preprocess a set of n points in R? Arya et al.[(1998). The nearest neighbor for any given query point can be searched
efficiently with the kd-tree. To approximate the nearest neighbors, first traverse the tree to the leaf node that contains
the query point, and then search for the nearest neighbors only in nearby areas. It requires only O(d log d + log n) time
to result in a good approximate nearest neighbor per query Ram and Sinhal (2019), so the total computational cost for
obtaining a directed approximate k-NN graph with the kd-tree can be achieved at O (dn(logn + klogd)). Simulation
studies show that this new approach has power on par with the existing method on k-MST (Section|2.4.5)), and the new
approach is much faster (Section [2.4.2).

Since the existing offline graph-based change-point detection framework needs the graph to be an undirected graph,
we further work out a framework that can deal with the directed approximate k-NN graph, i.e., all the following steps
after the graph is constructed: the exact analytic formulas to compute the test statistic, the limiting distribution of the
new statistic, and the analytic formula to supervise the false discovery rate efficiently. The time complexity of the

method after the directed approximate k-NN graph is obtained is O(nk?). Thus, the overall time complexity of the



new method is O (dn(log n + klogd) + nk2). We illustrate the new approach on the analyses of fMRI datasets and
Neuropixels datasets (Section [2.5)). The former ones have very large dimensions and moderate sample sizes, whereas

the latter ones feature very large sample sizes with moderate dimensions.

2.2 Proposed Statistic

Let G = {(,7) : y; is among y;’s k approximate nearest neighbors} be the directed approximate k-NN graph,
R 1(t) be the number of edges on G connecting observations both before ¢, and R¢ 2(t) be the number of edges on G

connecting observations both after ¢:

Rga(t) = Z Lii<tj<ty, Rapo(t) = Z Liist,j>1)5
(i,7)€G (1,7)€G

with 1 4 being the indicator function for event A. Here, we use the notations similar to those in|Chu and Chen| (2019).
A key difference is that the graph in[Chu and Chen| (2019) is undirected, whereas here G is directed. Fig. [2.1]illustrates
the computation of R 1(t) and Rg 2(t) on a toy example. We will use these two quantities to construct the test
statistics. The rationale is as follows: When all observations are from the same distribution, the distributions of
R¢ 1(t) and R 2(t) can be figured out under the permutation null distribution that places 1/n! probability on each
of the n! permutations of {y; : ¢ = 1,...,n}. With no further specification, we use P, E, Var, and Cov to denote
probability, expectation, variance, and covariance, respectively, under the permutation null distribution. When there
is a change-point at 7, one typical outcome is that observations from the same distribution tend to form edges within
themselves, making both R¢ 1(7) and R »(7) larger than their null expectations. Another common but somewhat
counter-intuitive outcome is that observations from one distribution tend to connect within themselves, but observations
from the other distribution tend not to connect within themselves, casuing one of R¢ 1(7) and R 2(7) to be larger
than its null expectation, and the other smaller than its null expectation. This happens commonly under moderate to
high dimensions when the variances of the two distributions differ. The underlying reason is the curse of dimensionality
(see|Chen and Friedman|(2017) for detailed explanations on this phenomenon under the two-sample testing setting).

To cover both possible outcomes under the alternative, we focus on a max-type test statistic in the main context.
Three other test statistics (original/weighted/generalized) are discussed in Appendix [A.6]

For each candidate ¢ of the true change-point 7, the max-type edge-count statistic is defined as

M (t) = max(Zy (), | Zai ()]); (2.3)



t=6, Rg(t) =4, Rgo(t) =20 t=10, Rg1(t) = 18, Rgo(t) = 16 t=14, Rg1(t) =24, Rg2(t) = 3

Figure 2.1: The computation of R 1(t) and Rg o(t) at three different values of ¢. Here y1,...,¥10 N
N((-0.5,-0.5)T 1), and y11, - - . , ¥20 - N((0.5,0.5)T, ), where I, is the 2 x 2 identity matrix. The graph
G here is the directed 2-NN on the Euclidean distance. Each ¢ divides the observations into two groups: one
group for observations before ¢ (red squares) and the other group for observations after ¢ (blue circles). Red edges
connect observations before ¢ and the number of red edges is R¢,1(¢); blue edges connect observations after ¢
and the number of blue edges is R¢ 2(t). Notice that as ¢ changes, the group identities change but the graph G
does not change.

where

Ry(t) — E(Ru(t))
Var(R,,(t))
Raite(t) — E(Raite(t))

Zae(t) = Var(Ran(t))

9

with

n—t—1 t—1
R,() = ﬁRG,l(t) + mRGQ(t)v

Rair(t) = Rga(t) — Raea(t).

The null hypothesis of homogeneity (2.T) is rejected if the test statistic

max M(t); 2.4)

no<t<n

with ng and n; pre-specified, is larger than the critical value for a given significance level, which measures the strength
of the evidence that must be presented in the sample to reject the null hypothesis, and has to be determined before
conducting the experiment. Statistically, significance level is the probability of rejecting the null hypothesis when it is
true, usually set to be 5% or 1%.

Here, the two components, Z,,(t) and |Zg(t)], capture the aforementioned two possible outcomes under the



alternative. For better understanding, we illustrate the outcomes through a toy example (Fig. . When {y1,...,y:}
and {y¢+1,...,¥n} are from the same distribution, they are well mixed and R¢ 1(¢) and Rg 2(t) would be close
to their null expectations (Fig. [2.2] (a)). When they are from different distributions, one common exhibition is that
observations from the same distribution are more likely to be connected in G. Fig. 2.2] (b) plots a typical directed
2-NN graph under this alternative and we see that there are more edges connecting within each group. When this
happens, Z,,(t) is large. For moderate- to high- dimensional data, another exhibition of the graph is common under the
alternative shown in Fig. (c). Here, the dimension is d = 100, and the blue circles are from a distribution with a
larger variance than that of the red squares. We see that R 1 (t) is much larger than its null expectation but R¢ 2(¢) is
much smaller than its null expectation (very few blue edges). This happens due to the curse of dimensionality. As the
volume of a d-dimensional ball increases exponentially in d, the blue circles from a distribution with a larger variance

are sparsely scattered and tend to find their nearest neighbors in red squares. The Zy(¢) part in our statistic is effective

in capturing this pattern. The absolute value is to cover the two possible scenarios in opposite directions showcased in

Fig. 2.2)(c) and (d).

Figure 2.2: Directed 2-NN graphs on 100-dimensional data visualized by the ggnet 2 function. Here, y1, ..., ¥y2o (red
squares) are randomly drawn from a 100-dimensional Gaussian distribution with zero mean and identity covariance
matrix, and yo1, . . ., y4o (blue circles) are randomly drawn from Nygo (g, all;00) with (a) = 0 X 1190,a = 1; (b)
pn=08x190,a =1;(c) t =0 X Ligp,a =1.4;(d) p =0 x 1y99,a = 0.8, where 110 is a length-100 vector
whose elements are all one’s. The same edge coloring scheme as in Fig. @is used here.

We next provide the exact analytic formulas for the expectation and variance of (R 1 (1), RG’Q(t))T that are

required to compute M (¢) so that we do not need to perform the time-consuming permutations to obtain them.

Theorem 1. The expectation, variance, and covariance of R¢ 1(t) and Rg 2(t) under the permutation null distribution

are:

E(Rga(t)) = nkpi(t), E(Rga2(t)) =nkq(t),
Var(Rg,1(t)) = dipi(t) + dapa(t) + daps(t) — (nkpi(t))?,

Var (Re o(t)) = diq1(t) + daga(t) + dsgs(t) — (nkqi (1)),



Cov (Rga(t), Ra(t) = dsr(t) — (nkpy(t)) (nkqu(t)) ,

where

ot —1) _H-1E-2) =1 2)(t—3)
" an—1) p(t) n(n—1)(n—2)’ ps(t) n(n —1)(n —2)(n—3)’
_(n—=t)(n—-t—-1) _(n=t)(n—t—-1)(n—t—-2)
al)=——n-n - 20= nn—Dn—2)
(n—t)n—t-1)(n—t—-2)(n—t—-23) . :t(tfl)(nft)(nftfl)
as(t) = n(n—1)(n—2)(n—3) I Ry e Y e e

and dy = ¢ 4+ @, dy = ¢ 4@ O 4O dy = D where ¢V ..., ) are quantities on the graph G,
defined as:

M =nk, 2= i Z L. pecy P =W = Z Z ~ Hupeay):

i=1j€eD,; i=1jeD,;
n 6
) =nk(k—1), 9= (IDi)> = |Di), 7= =)
=1 m=1

Here, D, is the set of indices of observations that point toward observation'y;, and |D;| is the cardinality of set D;, or

the in-degree of observation y;.

Remark 1. The time complexity of computing ¢V, ..., ¢(7) in Theorem is O(nk). One only has to construct a list of

in-degrees for each observation in order to compute these seven quantities, which takes O(nk) time.

Theorem I]can be proved by combinatorial analysis. The expectations can be obtained easily by the linearity of
expectation. For the variances and the covariance, we have to figure out the numbers of the seven possible configurations
of pairs of edges as plotted in Fig. The quantities ¢V, ..., ¢(” in Theorem 1| correspond respectively to the
numbers of the seven configurations on a directed approximate k-NN graph. For such graphs, the out-degree of every
observation node is a constant k, while the in-degree could vary from node to node, which requires one to scan through
every edge to obtain the information. A detailed proof of Theorem [I]is in Appendix [A-1]

This max-type edge-count statistic M (¢) in (2.3) is well-defined under very mild conditions (Theorem . The proof
is in Appendix [A22]

Theorem 2. The max-type edge-count statistic { M (t) }1=1,... n—1 on a directed approximate k-NN graph is well-defined

when n > 5 and not every observation has the same in-degree (i.e., there exists an i, 1 < i < n, such that |D;| # k).

The conditions in Theoremensure that the variances of R,,(t) and Rgi(t) are not zero. If all the observations

have the same in-degree k, then Rgier(t) is a constant. As the distribution of in-degrees could vary, we examine the most

10



(1) (2 (3) Jzv @ 1=V (5 i=u (6) j=v (7) ,
i=u i=v i v u j j v i u i u

Figure 2.3: Seven possible configurations of two edges (i, j), (u, v) randomly chosen with replacement from a directed
graph: (1) two edges degenerate into one ((¢,7) = (u,v)); (2) two opposite edges (the two end nodes point to each
other); (3)-(6) four different configurations with the two edges sharing one node; (7) two edges without any node
sharing.

extreme case of which on the directed k-NN graph. Under the worst scenario, n > 5 ensures that the variance of Ry, (t)

is positive.

2.3 Analytic type I error control

Given the max-type edge-count statistic, the next question is how large does the critical value need to be to constitute
sufficient evidence against the null hypothesis of homogeneity (2.1). This is usually achieved by computing the p-value,
which is defined as the probability of observing a more extreme or as extreme test statistic when the null hypothesis is
ture. Here, the p-value is defined under the permutation null distribution of the max-type edge-count statisitc. As a
relatively large value is the evidence for potential change-points, we are concerned with the tail probability of the test
statistics under Hy:

P( max M(t)>b> 2.5)

no<t<ni

For a small n, the probability (2.5) can be obtained directly by permutation. However, when n is large, doing
permutations could be very time-consuming. Hence, we derive analytic formulas to approximate the probability based
on the asymptotic properties of the test statistic (Z.6). We first work out the limiting distributions of {Z,, ([nu]l) :
0 < u < 1} and {Zgig([nu]) : 0 < w < 1} jointly. On a directed graph, we use e = (e_, e ) to denote an edge
connected from e_ to e;. Let A, = G._ U G, be the subgraph in G that connect to either node e_ or node e, and
B, = Ug«ca, Ac+ be the subgraph in G that connect to any edge in A.. In the following, we write a,, = O(b,,) when

ay, has the same order as b,,, and write a,, = o(b,,) when a,, has order smaller than b,,.

Theorem 3. For a directed k-NN graph, if k = O(n®), B < 0.25, 3, |Ae||Be| = o(n5B+D), S |Ac|? =
o(nPH12), and Y1 |Di|? — k*n = O(X i, | Di|?), as n — oo, {Zy([nu]) : 0 < u < 1} and { Zyg([nu)) : 0 <

u < 1} converge to independent Gaussian processes in finite dimensional distributions.

IFor a scalar z, we use [z] to denote the largest integer no greater than x.

11



The covariance functions of the limiting processes {Z,,([nu]) : 0 < u < 1} and {Zgg([nu]) : 0 < u < 1} are
provided in Appendix [A.4]

The complete proof for Theorem 3]is in Appendix[A.3] The key idea of the proof is to decouple the dependency
resulted from the permutation null distribution and the dependency caused by the graph. More specifically, there are
weak dependencies caused by the permutation as one observation appear at one time cannot appear at another time under
permutation. To solve this, we take a step back and work on the bootstrap null distribution in which the probability of
an observation appearing at one time does not affect by whether it appears at other time(s) or not. Thus, we could focus
on dealing with the dependency caused by the graph, and the Stein’s method is used to deal with the dependency. The
bootstrap null distribution is then connected to the permutation null distribution by conditioning. Based on Theorem [3]
the probability (2.5)) can be approximated by

P( max M(t) > b)

no<t<ni

Q

1—P< max Zu,(t)<b>P( max \zdiff(t)|<b) 2.6)

no<t<ni no<t<ni

1— (1 — P(noréltagxm Zy(t) > b)) X (1 — P<noI£ta§Xn1 | Zair(t)] > b)) )

The two probabilities in (2.6) can be computed similarly as in|/Chu and Chen| (2019):

P( max Z,(t) > b)

no<t<ng

Q

b (b) / " S (£)Co (£)v (V/202Cy (t) ) dt .7
Wb (b) / " Suir(t) Ca (D) (/25 Can (6)) it 2.8)

Q

P( max |Zdiﬁ~(t)\>b>

no<t<ni

where the function v(-) can be estimated numerically as v(z) = (3(02/2%(‘1; (/g/)i);&?%) with ¢(-) and ®(-) being the

probability density function and cumulative distribution function of the standard normal distribution, respectively;
Cy(t), Caigr(t) the partial derivative of the covariance function of the process; Sy, (t), Sgr(t) the time-dependent

skewness correction terms, i.e., for j = w, diff,

Cott) = i P s0) = Cov(Zi(s), % (1),

Si(t) — exp (%(b - éb,j ()% + %'Yj(t)ég’j(t))) ;

1+, ()05 (t)

where

%) =E(Z3(t), Ohj(t) = (=14 \/1+2bv;()) /% (8).
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Moreover, in the above expressions, Cy, (t) and Cyit(t) can be derived and simplified to be (details in Appendix [A.4)

n(n—1)(2t3/n — 2t + 1) B n
2n—t)(t2—nt+n—1) Can(t) = 2%(n—t)

C(t) =

To compute S, (t) and S (¢), we need the third moments of Z,,(¢) and Zy(t), respectively. Comparing to that under
undirected graphs, the computation here is much more complicated. For an undirected graph, there are 8 possible
configurations (Fig. [2.4). However, for a directed graph, there are 24 possible configurations (Fig. [2.5). With brute
force, it would take O(|G|?) time to compute the numbers of those configurations for a generic directed graph, which is
very computationally expensive. To tackle this problem, we work out efficient formulas that can provide the results in

O(nk?) time for directed k-NN graphs.
(1) () (3) /. 4
(5) (6) @) (8)

Figure 2.4: Eight possible configurations of three edges randomly chosen with replacement from an undirected graph.

A AN AT A A
A AN LN

NN A

AT ATANTAVANTIN

Figure 2.5: Twenty-four possible configurations of three edges randomly chosen with replacement from a directed
graph.

M

Let G(™) be the set of pairs of edges in G’ having the mth configuration as shown in Fig. m=1,...,7. Let N
be the number of occurrence for each of the configurations illustrated in Fig. , l=1,...,24, then Z?il N =|G)3.

We can obtain N()’s with effort:
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N = nk,

N® = 3.2
NG = 38
N@ = 3¢6)

N© =3 Z (|Di| + |Dj| —2),
(i,j),(’u,v)eG(?)

N = 366),

N® = 3:6),

9
N©® =9 Z L{(w.1)e}s
(i)j)’(uvv)EG(:’)

N0 _g Z 1{(im)ec)s
(2,7),(u,0) EG®

N — 30,
N2 =3¢ (nk —2) — (N 4 N©O),
NI = 6kc® — (N© £ 3NO)),

N4 _ g Z (IDy| — 1) — N0,
(i,4),(u,0) EG®)

N(15) 6(k — 1)0(6) _ NOO)

N6 — 6k — (N(5) + N(lo))’

NI —6 | i
25

(3

k
N8 — ¢
"\3

N9 3 > 1D;| — N©,
(L]‘),(U,’U)GG(S)

NGO — 3c(6) _ (),
NG = 68 (nk —2) — (N(5) +NO 4 NOO) 4 N
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_ (N<5> 4+ N0 4 N(5) | A(16) L (19) 4 3N<18>) 7
N =360 (nk — 2)

_ (N<6> + N0 L n(d) | N (5) 4 pr(20) 4 3N(17>) :

23
NCY = (nk)* =Y "N,
=1

In the above formulas, it takes at most O(nk?) time to compute (2, ¢, ¢(®), and ¢(%), and there are at most nk?
elements in the sets G(*), G®), and G(®), so the numbers of the 24 configurations can be calculated within O (nk?)
time. Indeed, as the rest of the computation is relatively straightforward (see Appendix[A.5), the whole analytic p-value
approximation procedure for a directed k-NN graph can also be done within O(nk?).

Now, let’s check the performance of through simulation studies.

Table 2.1: Critical values for the statistic max M (t) based on 3-NN’s graph at & = 0.05.

no<t<ni

Critical Values
ng = 100 ng = 75 ng = 50 ng = 25
d Ana Per Ana Per Ana Per Ana Per

10 326 326 331 335 339 343 352 3.60
100 | 329 329 336 340 345 352 3.62 3.78
1,000 | 3.31 331 340 342 351 360 3.70 394

(€2) 10 326 326 332 334 339 344 351 3.60
100 | 330 330 335 339 344 351 3.60 3.79
1,000 | 3.30 3.30 346 354 359 375 380 4.27

10 327 328 332 333 340 341 352 358
100 | 3.28 328 335 337 343 348 3.58 3.70
1,000 | 3.36 3.41 345 3.58 358 381 3.72 4.07

(ChH

(€3)

Table 2.1 shows the performance of the asymptotic p-value approximation of the max-type edge-count statistic (2.6)
under different settings. We examine three different distributions (multivariate Gaussian (C1), multivariate ¢5 (C2), and
multivariate log-normal (C3) distributions) with different data dimensions (d = 10, 100, 1000). In Table[2.1} column
“Per” is the critical value obtained from doing 10, 000 permutations. This can be deemed as close to the true critical
value. Column “Ana” presents the analytical critical values given by plugging (2.6) with and (2:8). Here, the
length of the sequence is n = 1000, and we present the results in four different choices of ng with ny = n — ng. When
no = 100 or 75, the analytical approximation works quite well across all distributions and dimensions. As ng decreases
(no = 50 or 25), the analytical critical values become less precise. This is expected as the asymptotic distribution needs
both groups to have O(n) observations. When ny is small, one group could give a smaller order of observations than

the other group. On the other hand, the accuracy of the analytical critical values is less dependent on the distribution of
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the data.

2.4 Numerical results

2.4.1 Simulation setting and notations

We compare our proposed test with three state-of-the-art methods: graph-based method with the max-type edge-count
statistic on 5-MST (the recommended setting in |[Chu and Chen| (2019), denoted by “5-MST” in the following), the
distance-based method (ecp) Matteson and James| (2014), and the kernel-based method |Arlot et al.| (2019). For our
method, we use the kd-tree algorithm Beygelzimer et al.| (2019)) to approximate the directed 5-NN graph (d-a5NN).
In the following, we focus on the Euclidean distance. There are implementations for other Minkowski distances in
the ANN library (http://www.cs.umd.edu/~mount /ANN/). We use the directed approximate 5-NN graph as it
contains a similar number of edges to the 5-MST to make the comparison with the existing graph-based method fair.

The proposed method is denoted by “New” in the following.

2.4.2 Computational efficiency

First, we compare the computational cost of these methods through 10 simulation runs. In each simulation, the
observations are generated i.i.d. from a multivariate Gaussian distribution with dimension d = 500. The results are
presented in Table[2.2] Among all the four methods, our proposed method is the fastest, whereas the kernel method is
the slowest to run. For the graph-based methods, in particular, our proposed method on d-a5NN is more than 5 times

faster than the method in|Chu and Chen|(2019) on 5-MST for n = 2, 000 or above.

Table 2.2: Runtime comparison: Average time cost in seconds (standard deviation) from 100 simulation runs for
each choice of n (10 runs for the cells having average runtime greater than 1k seconds). The environment where the
experiments are conduected: CPU: Intel(R) Xeon(R) CPU E5-2690 0 @ 2.90GHz / RAM: DDR3 @ 1600MHz / OS:
Scientific Linux 6.10 / 2.6.32 Linux.

n New 5-MST ecp kernel
1,000 | 0.8(0.01) 5.2(0.5) 13 (1.8) 683 (17)
2,000 | 2.7(0.01) 21(.2) 52 (6.7) 10,224
5,000 | 17(0.1) 157 (8.3) 482 (87) >10,000

10,000 | 76 (1.2) 689 (27) 2,073 (387) -
20,000 | 321(3.7) 2,193 (189) 6,528 (1,276) -
30,000 | 726 (5.9) 4,757 (106) >10,000 -
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2.4.3 Empirical size

Here, we check the empirical size of these methods under three significance levels (o« = 0.10,0.05, and 0.01).
Observations are generated i.i.d. from a d-dimensional multivariate Gaussian distribution with no change-point.
The results are summerized in Table [2.3] where the p-value of the graph-based methods is obtained through their
corresponding analytical formulas, and those for the ecp are based on 999 random permutations. We only report those
for d = 25 here, as the results are very similar for other choices of d (see Appendix[A.7). Both the graph-based methods
and ecp could control the type I error well. However, for the kernel method, there is no direct mean to control type I
error. We use the ‘kcpa’ function in the R package ‘ecp’ . In this function, the empirical size is supervised by a
tuning parameter C'. The larger the C'is, the less likely the null is rejected. Unfortunately, it is not straightforward to
link the tuning parameter C' with the empirical size. As illustrated in Table[2.4] the relation between C' and the empirical

size depends heavily on the dimension of the observations.

Table 2.3: Fractions of simulation runs (out of 10,000 simulations) that the null hypothesis is rejected when there is no
change-point in the sequence (n = 1, 000). Graph-based methods and ecp at level a.

Method | «=0.10 a=0.00 a=0.01
New 0.100 0.051 0.011
5-MST 0.096 0.051 0.012
ecp 0.098 0.050 0.011

Table 2.4: Fractions of simulation runs (out of 10,000 simulations) that the null hypothesis is rejected when there is no
change-point in the sequence (n = 1,000). Kernel method with tuning parameter C' under three different dimensions.

kernel method | C =48 (C=52 C =56

d=25 0.943 0.821 0.631
d =30 0.477 0.265 0.134
d=35 0.094 0.036 0.009

2.4.4 Type II error analysis

To get an idea of the performance of the proposed method, we compare the probability of making the type II error,
which is the event that the null hypothesis is not rejected when it is false, for the three methods that could control the
type I error under some common parametric families. In particular, we consider six scenarios with each coordinate
randomly generated from (1) Chi-square distributions with a change in the degree of freedom, (2) Weibull distribution
with a change in the scale parameter while the shape parameter is fixed, (3) & (4) Gamma distributions with a change
in one of the two parameters, respectively, while the other parameter is fixed, and (5) & (6) Beta distributions with a

change in one of the two parameters, respectively, while the other parameter is fixed. In each simulation run, the length
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of the sequence is n = 1,000, and the change-point is at a quarter of the sequence 7 = 250.

Setting 1 (Chi-square distribution): Fy = x2,: F1 = X7,

Setting 2 (Weibull distribution): Fy = Weibull(Ag, kq); F1 = Weibull(\1, ko). Shape parameter fixed at ko = 1.

Setting 3 (Gamma distribution-a): Fy = Gamma(«yg, 5o); F1 = Gamma(aq, So). Scale fixed at 5y = 1.

Setting 4 (Gamma distribution-b): Fy = Gamma(«, fp); F1 = Gamma(ag, 81). Shape fixed at ag = 1.

Setting 5 (Beta distribution-a): Fy = Beta(«yg, 8o); F1 = Beta(ay, o). Second parameter fixed at Sy = 0.5.

Setting 6 (Beta distribution-b): F, = Beta(ao, 8p); F1 = Beta(a, £1). First parameter fixed at oig = 0.5.

Table 2.5: Type II error: Numbers of times (out of 100) the null hypothesis is not rejected under oo = 0.05 for various
data dimensions and sizes of change.

S1: Chi-square (d.f. v change, vy = 3) S2: Weibull (scale A change, \j = 1,k; = 1)
d 25 100 500 1000 2000 d 25 100 500 1000 2000
2 327 320 3.15 312 3.09 A 1.8 24 32 48 6.2
New Jde 32 .13 A1 13 New A9 17 11 18 23
5-MST | .19 37 13 10 A1 5-MST | 24 .19 .13 .19 23
ecp .95 95 95 95 .96 ecp 93 97 94 93 .97
S3: Gamma (shape change, o = 1,5y = 1) S4: Gamma (scale change, og = 1,58y = 1)
d 25 100 500 1000 2000 d 25 100 500 1000 2000
aq 1.09 1.08 105 1.04 1.03 051 1.050 1.040 1.030 1.025 1.020
New Jd2 15 .34 28 .33 New 32 29 25 11 12
5-MST | .19 18 29 22 28 5-MST .36 .36 24 .08 .07
ecp 92 91 .89 .95 91 ecp .95 93 92 .90 .89
S5: Beta (shape 1 change, g = 0.5, 8y = 0.5) S6: Beta (shape 2 change, oy = 0.5, 5y = 0.5)
d 25 100 500 1000 2000 d 25 100 500 1000 2000
aq 0.590 0.550 0.530 0.520 0.512 1 0.590 0.550 0.530 0.520 0.512
New 23 19 .05 .03 19 New 25 14 .04 .05 .16
5-MST | .21 23 .06 .05 25 5-MST | .24 .18 .06 .09 24
ecp .97 .96 .94 .96 .95 ecp .98 .93 .96 92 91

The results are shown in Table[2.5] For each dimension, the alternatives are chosen so that the type II error is not
too small to be comparable. We see that the type II error of the new test is on the small end for data from different

distribution families.

2.4.5 Power comparison

Here, we compare the power of the proposed method to the other two methods. Power is the probability of rejecting

the null hypothesis when it is false, i.e., the probability of not making the type II error. We consider six different
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scenarios. They are chosen to cover a variety of change types. Scenarios 1-4 emphasize on the Gaussian distribution
and cover changes in mean and variance, as well as different parts of the covariance matrix. Scenarios 5 and 6 cover
asymmetric distributions and fat-tailed distributions. In the following, a and b are constants. N denotes a d-dimensional
multivariate Gaussian distribution, 04 and 1, denote length-d vectors of all zeros and one’s, respectively, I; denotes a
d x d identity matrix, and X denotes the covariance matrix with 3;; = 0.6!"J! where 33;; is the element of the ith
row and the jth column of 3. The Ly norm of the mean vector in F} is given by ||A|| in Table 2.6 In each simulation

run, the length of the sequence is n = 1, 000, and the change-point is at a quarter of the sequence 7 = 250.

Table 2.6: Power comparison: Numbers of times (out of 100) the null hypothesis is rejected under oo = 0.05 for various
data dimensions and sizes of change.

S1: MG (Mean and Variance) S2: MG (5-coordinate)
d 25 100 500 1000 2000 d 25 100 500 1000 2000
[|Allz | 0.10 020 045 0.63 0.89 [|All2 | 020 040 0.67 0.63 0.89
b 1.10 1.06 1.03 1.02 1.02 b 1.8 24 32 4.8 6.2
New 75 76 65 58 83 New 94 84 63 64 69
5-MST | 71 66 60 56 83 5-MST | 92 83 60 65 71
ecp 4 8 10 13 15 ecp 17 36 33 22 34
S3: MG (Diagonal) S4: MG (Off-diagonal)
d 25 100 500 1000 2000 d 25 100 500 1000 2000
b 1.10 1.06 1.03 1.02 1.02 P 0.53 050 048 047 046
New 69 78 87 90 99 New 74 88 89 88 89
5-MST | 60 77 88 88 99 5-MST | 68 83 87 87 88
ecp 3 7 4 2 4 ecp 4 9 8 4 3
S5: Chi-square distribution S6: t-distribution
d 25 100 500 1000 2000 d 25 100 500 1000 2000
[|Allz | 005 0.10 022 032 045 [|All2 | 020 040 0.67 0.63 0.89
b 1.10 1.08 1.05 1.04 1.03 b 1.14 1.08 1.05 1.04 1.03
New 71 81 85 85 89 New 85 75 73 86 85
5-MST | 66 80 85 83 89 5-MST | 81 73 70 87 87
ecp 4 10 3 7 2 ecp 8 15 18 11 11

Scenario 1 (MG: mean and variance): Fy = Ng(04, X); F1 = Ng(a x 14,b3).

Scenario 2 (MG: 5-coordinate): Fy = Ng(04,14); F1 = Ng((a x 15,04_5)7, diag((b x 15,14_5)7)), where

diag(u) is a diagonal matrix with its diagonal vector w.

Scenario 3 (MG: Diagonal): Fy = Ny(04,14); F1 = Ng(0g4,bL,).

Scenario 4 (MG: Off-diagonal): Fy = Ng(04,%); Fy = Ng(0g, 3'), where 37, = pli=il,

Scenario 5 (Chi-square distribution): Fy = E%uxg-ﬁ; F = (bZ)éuX;C + a x 14. Here, w¥e is a length-d

vector with each component i.i.d. from the centered X3 distribution.
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e Scenario 6 (t-distribution): Fj = E%utf’; F, = (bE)%u755 + a x 1,4. Here, u’ is a length-d vector with each

component i.i.d. from the ¢5-distribution.

From Table 2.6] we can see that our proposed test has good power under a wide range of alternatives. It is the
best or on par with the best in these simulation studies. In sharp contrast, the ecp method suffers from the curse of

dimensionality, and could have low power when the change contain sources other than the mean shift.

2.4.6 Types of changes the new method can detect

Here, we check the types of changes the proposed method can detect. We investigate five types of changes: mean,
variance, covariance, skewness and kurtosis. All experiments are conducted under the setting with n = 1, 000, 7 = 250

and d = 1,000. Below describes in details the five scenrios:

e Change in mean: Before the change, all coordinates are from independent standard Gaussian distributions. After
the change, the Lo-norm of the mean vector is specified by the x-axis in Fig. 2.6 We study the power for changes
in all coordinates (dc = 1, 000), one coordinate (dc = 1), and some subsets of the coordinates (dc = 200, 50, 10).
We can see from Fig. [2.6] that our test has good power to mean change regardless of the number of coordinates

that has a mean shift.

Mean change in various coordinates
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Figure 2.6: Fraction of times (out of 100) that a change-point is detected at a given size of mean change for the changes
in various coordinates (dc).

e Change in variance: Before the change, all coordinates are from independent standard Gaussian distributions.
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After the change, the determinant of the variance-covariance matrix becomes a!%%°

, where a is specified by the
x-axis in Fig. We study the power for changes in all coordinates (dc = 1, 000), one coordinate (dc = 1), and
some subsets of the coordinates (dc = 200, 50, 10). We can see from Fig. that our test is generally sensitive

to variance change in all cases, and the power is higher when the change comes in fewer coordinates.

Variance change in various coordinates

S ] —
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size of variance change *(1/1000)

Figure 2.7: Fraction of times (out of 100) that a change-point is detected at a given size of variance change for the
changes in various coordinates (dc).

e Change in covariance: Before the change, the observations are from multivariate Gaussian distribution with
mean zero and variance-covariance matrix X;; = 0.6/"=71, denoted as py = 0.6. After the change, the variance-
covariance matrix becomes 3;; = plf;j " and new correlation coefficent is defined as p1 = 0.6 — Ap. The ten
values of the Ap’s used in the experiment are (0.02,0.04, .. ., 0.20), corresponding to the x-axis (1,2, ..., 10) in

Fig. 2.8 The result shows that our new method is also very sensitive to changes in the covariance structure.

e Change in skewness: Before the change the observations in each coordinate are from independent Gaussian
distributions with mean v and standard deviation v/2v. After the change, observations in each coordinate are from
independent Chi-square distributions with degree of freedom v. The skewness of a x2 distribution is computed
as \/8/v. The ten values of the v’s used in the experiment are chosen so that the skewness of each variable are
(0.2,0.4,0.6, .. .,2.0), corresponding to the x-axis (1,2, ..., 10) in Fig. 2:8] This setting does not change mean

and variance while changing the skewness.

e Change in excess kurtosis: Before the change the observations in each coordinate are from independent standard
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Other types of changes
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Figure 2.8: Fraction of times (out of 100) that a change-point is detected at a given size of changes in covariance,
skewness and excess kurtosis. The sizes of changes increase as the index in the x-axis grows, but the sizes among the
three scenarios at each index are not comparable. We plot them on the same figure to save space.

Gaussian distributions. After the change, observations in each coordinate are from independent ¢ distributions
with degree of freedom v. The excess kurtoosis of a ¢,, distribution is computed as ﬁ. The ten values of the v’s
used in the experiment are chosen so that the excess kurtosis of each variable are (0.01,0.02,0.03,...,0.10),
corresponding to the x-axis (1,2, ..., 10) in Fig. 2.8] The result shows that our method can also detect changes

in excess kurtosis.

2.5 Real data applications

2.5.1 fMRI data

This fMRI dataset was recorded when the subjects were watching certain pieces of the movie “The Grand Budapest Hotel”
by Wes Anderson. It is publicly available at: https://openneuro.org/datasets/ds003017/versions/
1.0.2. There are in total 25 subjects involved in this experiment, each of them watching 5 pieces of the movie
Visconti di Oleggio Castello et al.| (2020). Here, we randomly select two such sequences with subject ID SID-000005
and SID-000024 for illustration.

This piece of the movie is about 10 minutes long. The total length of the sequence is n = 598 with one time unit as

1 second. Each observation is a 3-dimensional fMRI image with size 96 x 96 x 48. To get an idea of how the fMRI
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data look like, Fig. @] shows the profiles of five observations at ¢ = 150, 250, 350, 450, and 550, from one certain
perspective. There are three different perspectives available, and the other two can be found in Appendix [A.8] We

rearrange each observation into a length-d vector (d = 96 x 96 x 48 = 442, 368).

t =150 t =250 t =350 t =450 t = 550

Figure 2.9: The snapshots of the fMRI images for subject SID-000005 at different timestamps.

In the first sequence (SID-000005), the signal is strong that all three methods find the change-point at around
435 (see Table[2.77). We can see from the heatmap of the pairwise distances of the observations (Fig. [2.10) that the
existence of a change-point at around 435 is reasonable. In the second sequence (SID-000024), all three methods
find the change-point at around 260, which also appears to be consistent with the heatmap (Fig. 2.1T). Among the
three methods, the new test is much more efficient to run (Table last column). We can also observe that here the
computation time for 5-MST is similar to that of ecp as constructing the 5-MST dominates the overall runtime when d

is large.

Table 2.7: Results of the estimated change-point locations (7), p-values, and the overall runtimes. For the two
graph-based methods, the analytical p-values are reported; for the ecp method, the p-value is based on 999 permutaions.

Subject Methods T p-value  time cost (minutes)
New (d-abNN) 437 < 0.001 3.8
SID-000005 | 5-MST 437 < 0.001 120.9
ecp 433 0.001 1184
New (d-abNN) 260 < 0.001 3.9
SID-000024 | 5-MST 260 < 0.001 147.8
ecp 261 0.001 133.1

2.5.2 Neuropixels data

Neuropixels probes are new technology in neuroscience that can record hundreds of sites in the brain simultaneously
Jun et al.| (2017); Stringer et al.|(2019). Here, we analyze a dataset that records the spiking activities of the neurons
in the brain of a mouse while it is awake in darkness during spontaneous behavior. The dataset is publicly avail-
able at: https://figshare.com/articles/dataset/Eight-probe_Neuropixels_recordings_

during_spontaneous_behaviors/7739750. This dataset contains simultaneous recordings from nine brain
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Figure 2.11: Heatmap of pairwise distances of the observations in the sequence (SID-000024).

regions, with each region having hundreds of recording sequences. This dataset was analyzed in (2019), and
we follow the same preprocessing procedure there. The lengths of all the sequences are the same n = 39,053, and
the dimensions are the numbers of recordings which vary from d = 42 to d = 334. We apply the two graph-based
methods to all the nine sueqences. The results are presented in Table 28] The ecp method is not applicable to this
dataset because the memory space is not enough under the same environment as in Table 2.2]

We see that the new method on the directed approximate 5-NN graph is on average ten times faster than the method

in[Chu and Chen| (2019) on 5-MST. Such improvement can be very imperative especially when analyzing large datasets.
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Table 2.8: Results of the estimated change-point locations (7), p-values, and the overall runtimes (in minutes). For the
two graph-based methods, the analytical p-values are reported.

Region Methods T p-value  time
Caudate putamen | New (d-a5NN) 35,148 < 0.001 7.7
(d = 176) 5-MST 35,056 < 0.001 96.1
Frontal motor | New (d-abNN) 31,081 < 0.001 6.0
(d=T178) 5-MST 32242 < 0.001 778
Hippocampus New (d-a5NN) 4,109 < 0.001 20.7
(d = 265) 5-MST 4382 < 0.001 159.1
Lateral septum | New (d-a5NN) 29,616 < 0.001 114
(d=122) 5-MST 29.636 < 0.001 89.3
Midbrain New (d-abNN) 20,580 < 0.001  13.9
(d =127) 5-MST 20,590 < 0.001 105.6
Superior colliculus New (d-abNN) 23,539 < 0.001 4.0
(d =42) 5-MST 31,328 < 0.001 654
Somatomotor New (d-abNN) 30,316 < 0.001 7.6
(d = 91) 5-MST 30,312 < 0.001 819
Thalamus New (d-abNN) 28,613 < 0.001 21.7
(d =227) 5-MST 28,608 < 0.001 146.1
Vi New (d-abNN) 30,226 < 0.001  17.5
(d = 334) 5-MST 30,338 < 0.001 173.8

2.6 Conclusion

As we enter the era of big data, the importance of the scalibility of statistical methods or data analysis teachniques
cannot be overemphasized. Nowadays we are collecting data with exploding sizes (either the dimensionality gets higher
or the sequence of observations gets longer). To address this problem, we propose a new nonparametric framework
for change-point analysis using the information of approximate k-NN graphs. The time complexity of performing our
proposed test is O (dn(log n+ klogd) + nkQ), and our method is so far the fastest change-point detection method
available with a proper control on the false discovery rate.

In constructing the test statistic, we take into account a pattern caused by the curse of dimensionality. As a result,
the new test can detect various types of changes (such as change in mean and/or variance, and change in the covariance
structure) in long sequences of moderate- to high- dimensional data. Moreover, our method does not impose any
distributional assumption on the data, making it desirable in many real applications where the distribution could be
heavy-tailed and/or skewed, the dimension of the data could be much higher than the number of observations, and the

change could be global or in a sparse/dense subset of the coordinates.
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We apply our method to two large real datasets, the fMRI images and the Neuropixels recordings, with the former
having a very large dimension and the latter a very large sample size. Both examples show that our new method
improves the computational efficiency upon the existing methods by a significant amount, while its performance remains

as reliable as other state-of-the-art methods.
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Chapter 3

Graph-based Change-point Detection for

Locally Dependent Data

3.1 Introduction

Change-point analysis is regaining attention as we enter the big data era. Massive amount of data are collected in many
fields for studying complex phenomena over time and/or space. Such data often involve sequences of high-dimensional
or non-Euclidean measurements that cannot be analyzed through traditional approaches. Nowadays it is common
that the observation may appear in various types of forms, such as image or network. For example, network data
have become increasingly popular as information about e-mail, phone call, and on-line chat records can easily be
retrieved. Those information can be used to construct a network of social interactions among individuals (Kossinets
and Watts, [2006; [Eagle et al., 2009). Image data are also widely collected in many application areas. For instance, in
neuroscience, fMRI data are collected for studying brain activities (Kay et al.,[2008])). Insight on such data often come
from segmentation, which divides the sequence into homogeneous temporal or spatial segments. In these data, it is
common that there are local dependency along the sequence. For example, social networks and relationships among
people lasting over a certain time interval often exhibit serial correlations.

Most change-point analysis assume that observations in the sequences are independet (Zhang et al., [2010; Siegmund
et al.,[2011)). In the field of time series data analysis, most work assume the data to follow a certain parametric model,
such as the ARCH and GARCH models are widely used for studying univariate time series data (Bollerslev, 1987,
1988; |Akgiray, |1989). For multivariate time series data, there are many generalizations of the original one-dimensional

ARCH, GARCH models (Bauwens et al.|[2006; |Aue et al.|[2009). These models are useful for detecting specific types
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of changes when the dimension of the data is low. For high-dimensional data, tests based on those parametirc models
may have low power or even could not be applied unless strong assumptions are made on the data. Moreover, such
parametric models may not work well for detecting more general types of changes, in which case one could refer to
non-parametirc methods for change-point detection.

Recently, (Chen| (2019a)) proposed a universal non-parametric framework for dealing with locally dependent data.
This framework builds upon an earlier work by|Chen and Zhang|(2015)), in which the authors developed a nonparametric
framework for change-point detection for generic data types under the assumption that the observations are independent.
This framework is also known as graph-based change-point detection because it utilizes the information on a similarity
graph G constructed on observations. When there is local dependence in the data, the method in|Chen and Zhang| (2015))
could result in higher false discovery rates than pre-specified levels. To address this problem, |Chen| (2019a) proposed to
use a new way of permutation - circular block permutation with a random starting point. This new way of permutation
retains the local structure and could control type I error correctly when the sequence is locally dependent. The method
in|Chen|(2019a)) also retains the same level of power when the observations in the sequence are independent. The author
provided a data-driven way to select the blocksize L in circular block permutation. In addition, the author provided
analytic formula for controlling type I error, making the approach easy to be applied to large data sets.

In|Chen|(2019a)), the author used the original edge-count two-sample test as the underlying test statistic for change-
point detection. It was shown in|Chen and Friedman| (2017}, and |Chen et al.|(2018) that the edge-count test could be
problematic under some common scenarios for high-dimensional data. The issue of the edge-count two-sample test was
further studied under the change-point setting in|/Chu and Chen|(2019)). In particular, there are two drawbacks of the
original edge-count test. First, when the change-point is away from the middle of the sequence, the original edge-count
test could have very low power. Second, when the change is not only in mean, the original edge-count test would lead
to a biased estimation of change-points. To deal with these problems, |(Chu and Chenl| (2019) studied three new scan
statistics, the weighted/generalized/max-type edge-count scan statistics, to improve upon the original one. In|Chu and
Chen|(2019), the observations are assumed to be independent, which is insufficient for many applications. However, due
the the natural of the circular block permutation (CBP), integrating the circular block permutation framework with the
better edge-count test statistics is not straightforward. In|Chu and Chen|(2019), the generalized edge-count scan statistic
was decomposed into two asymptotically independent components: S(t) = Z 1200 (t) + Z34(t). In addition, they also
showed that {Z,0([nu]) : 0 < u < 1} and {Zgg([nu]) : 0 < u < 1} converge in finite dimensional distributions to
two independent Gaussian processes, which made possible the analytic approximation to the p-value of the generalized
edge-count test. However, the decomposition in|Chu and Chen|(2019)) no longer holds under CBP, making the follow-up

theoretical analysis extremely different.
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3.1.1 Our contribution

In this work, we work out a new decomposition for the generalized edge-count scan statistic under CBP. The main
result is stated in Theorem [4] below, where R¢ 1(t) and R »(t) are edge-counts obtained from the similarity graph G,
and Ecpp () and Varcgs () are expectation and variance taken under circular block permutation, which are formally

defined in Section[3.2]

Theorem 4. Let Scg(t) be the generalized edge-count test statistic under CBP, then

SCBP(t) = ZZJ,CBP(t) + Zdzgﬁ;csp(t)

where

Ry (t) — Ecsp(Ruw (1))

Zy,cap(t) = Vo () with Ry (t) = q(t)Ra,1(t) + p(t)Rg 2(t)
, _ Rap(t) — Ecor(Rag(?)) . i B
Zdzﬁ",CBP(t) = VarCBP(Rdiﬁc(t)) th Rd,ﬂ(t) = RGJ(t) RG’Q(t>

withp(t) =1 — q(t), and q(t) = c,1.(2t — n) + & is the weight function whose slope cc. 1, is given by

2C(sub) G
ﬁ <mg(m1)| - m(mfll)(mfg) (CG + 2¢c7 + 209))

CG,L = —

Té|G\2 + 7m(rrlb—1) (2(c2 + ¢34 ¢5) + 3ce + 4(ca + ¢9)) + 7m(m_11)(m_2) ((7Tm — 8)cr + (m — 8)cs)
where L is the block size of circular block permutation, m = n/L, and ¢y, - - , co, césub) are defined in Deﬁnitionin
Section[3.3.1]

We further show that Z,, cgp (¢) and Zyi s (t) are asymptotically independent under mild conditions of the graph. The
details are stated in Theorem[7]in Section[3.3.3] Based on the above results, we could derive an analytic formula to
approximate the p-value of the generalized edge-count test under CBP, facilitating fast application of the test. We could

also define a max-type edge-count test statistic under CBP, based on Z,, cgp (t) and Zgigr czp (t):

Mcpp (t) = maX(Zw,CBP (t); |Zdiff,CBP (t) |)

The scan statistics

X Serp (1), X Mepp(t)  (ng,ny pre-specified)

are used to assess the homogeneity of a locally dependent sequence and estimate the location of the change-point if

the sequence is deemed to be not homogeneous. They have similar performance while the latter has a more accurate
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p-value approximation (details seen in Section [3.5).

The rest of the chapter is organized as follows. In Section[3.2] we define notations and introduce the circular block
permutation (CBP) framework. In Section[3.3] we discuss in detail the generalized edge-count scan statistic under CBP.
Section [3.4]includes other useful edge-count scan statistics under this new framework. We then study the analytical
p-value approximations for those scan statistics in Section[3.5] Section [3.6luncovers the performances, including type I
error control and power comparison, of those new tests with simulation studies. The methods are illustrated in analyzing

the NYC taxi data in Section[3.7} and we conclude with discussion in Section 3.8}

3.2 Notations and the CBP framework

Graph-based change-point detection was first proposed in|Chen and Zhang|(2015)). It constructs an undirected similarity
graph, such as minimum spanning tree (MST), among obsevations and uses the edge count as test statisitc to detect
change-points. The graph-based framework utilizes permutation as the null distribution of test statistic. After the
original edge-count scan statistic was studied in|Chen and Zhang| (2015)),/Chu and Chen|(2019) proposed three new
scan statistics: weighted/generalized/max-type edge-count scan statistic to imporve on the original edge-count scan
statistic. We breifly review the four edge-count scan statistics in this section.

Let the sequence of observations be {y; : i = 1,--- ,n}. Weuse ¢ = (i, j) € G to denote the edge on a similarity
graph G connecting observations y; and y;. (Note that the notation G' was used to represent a directed approximate
k-NN graph in Chapter [2] but here we use G to denote an undirected similarity graph.) Also, we use 1 4 to denote the

indicator of event A. Then for every candidate ¢ of the ture change-point 7, we define R¢ o(t), Rg,1(t), and Rg 2(t):

Reo(t) = D (Lpcejsn +Lisej<n), Rai(t)= DY lu<ij<ns Roa(t)= Y Lgseiso-
(1,0)€G (3,5)€G (4,5)€G

Here, R o(t) is the number of between-group edges, which connects one observation indexed before ¢ and the

other after ¢. On the contrary, R¢ 1(t) and Rg 2(t) are the numbers of within-group edges, which are similar to the

edge-count quantities defined in Chapter 2] but here on undirected graphs. The former counts the edges that connect

both observations before ¢ and the latter counts the edges that connect both observations after ¢. In the following, we

use Ep () and Vars (-) to denote the expectation and variance, respectively, under the permutation null distribution.

e The original edge-count scan statistic (Chen and Zhang, 2015): max Zy(t)
no<t<ni

~ Rgo(t) — Es(Rg,o(t)) _

Zo(t) = Var: (Re,o(t))
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e The weighted edge-count scan statistic (Chu and Chenl [2019): 121?2( Zyo(t)
nostsni

Ryo(t) — Ee(Ruo(t) 0 Ruo(t) = n-t—-1 Rea(t) + % Raa(t).

Zwo(t) = Vars (Ruo (1)) n—2 n

e The generalized edge-count scan statistic (Chu and Chen, [2019): max S(t)
noxtsni

S(t) = (RG,l(t) —p1(t), Rg2(t) — po (t))ZI;JP(t) (RGal(t) - ,u1(t)>

Rga(t) — pa(t)

where p1(t), po(t) are the expectations of R 1(t) and Rg 2(t), and g p(t) is the covariance matrix of

(Rg,1(t), Re,2(t)) under permutation. Equivalently, S(t) = Z2,(t) + Z34(t), where

_ Rair(t) — Ep (Raise(t))
Vars (Rt (t))

Zdiff(t) with Rdiff(t) = Rcyl(t) — RG’Q (t)

In addition, Z,,0(t) and Zg(t) are asymptotically indpendent.

e The max-type edge-count scan statistic (Chu and Chen, [2019): IE?<X M(t)
nostsni

M(t) = max(Zyo(t), | Za(t)])

For each of the above four scan statistics, with ny and ny pre-specified, the null hypothesis is rejected if the scan

statistic is greater than a threshold based on a pre-specified significance level.

3.2.1 Circular block permutation

When the sequence of observations are autocorrelated, using the edge-count scan statistics under permutation null
could lead to a higher false discovery rate (Chen, |2019a). One reason is that doing permutation could break the locally
dependent structure among observations. Therefore, |Chen| (2019a) proposes to use circular block permutation with
a random starting point to generate a pool of sequences that approximate the sample space from which the original
sequence under the null hypothesis of no change-point is drawn. In this new framework, observations are assigned into

blocks with block size L, and only those blocks are permuted. We use the same recipe in |Chen| (2019a):

1. Check if the length of the sequence n is a multiple of L. If not, augment the sequence by x pseudo observations
so that the length of the augmented sequence is divisible by L. (i.e., z = L([n/L]) — n, with [n/L] being the
smallest integer no smaller than n/L.) Those pseudo observations are isolated points on the graph, forming no

edge with any other observation.
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2. A starting point is randomly selected from the (n + z) observations. We use kg to denote the index number of

the selected observation. If ky > 1, then the first kg — 1 observations are moved to the end of the sequence:

{yk07"' yYn Y1, 7}’k0—1}-

3. Divide the new sequence into (n + )/ L non-overlapping blocks of size L, starting from the first observation

Yko» and only the (n + )/ L blocks are randomly permuted. Then the outcome is obtained after the permutation.

For simplicity, we use n to denote the length of the augmented seqeunce (n + x) in the following, and use circular
block permutation or CBP to denote the above permutation procedures. We use Pcgp(+), Ecpp(+), and Varegs () to

denote the probability, expectation and variance, respectively, under the circular block permutation null distribution.

3.2.2 Edge-count scan statistics under CBP

The following are the edge-count scan statistics (original/weighted/generalized) under the circular block permutation

null distribution:

e The original edge-count scan statistic under CBP: max Zo,cap (1)
no_t_n1

_ Rgo(t) — Ecep(Rao(1)) _

Z t) =
0,cee(t) Varces (Rao(t))

e The weighted edge-count scan statistic under CBP: max Z o cp(t)
no<t<ni ’

R0 <t> — Ecee (Rwo (t)) )

Z 0 t) =
cer(t) Varcs: (Ryo (1))

e The generalized edge-count scan statistic under CBP: max Sepp (t)
no<t<ni

(Rea(t) — Ecse(Ran®N\ "y (Ren(t) — Ecoe(Roa (D)
Seae (£) = (Rc,z<t> - ECBP<RG,2<t>>> Zr cor () (RG,2(t) - ECBP<RG,2<t>>> 3D

where g cse (t) is the covariance matrix of (R¢,1(t), Re,2(t)) under circular block permutation, and

Zaits,cze (1) = Raire() — Ecee (Raine(t))
iff,CBP Var (Fan()

However, under CBP with L > 1, Scep (t) # Z20 55 (t) + Zigs cap (t)- In addition, Zyo cpp (t) and Ziisr,cee ()
are not asymptotically indpendent. (This can be easily shown using the approach in Appendix C.1 of |Chu and

Chen| (2019) with the covariance matrix of (R¢,1(t), Re,2(t)) being replaced by the results in Theorem @)
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For each of the above scan statistics, with ng and n; pre-specified, the null hypothesis is rejected if the scan statistic

is greater than a threshold based on a pre-specified significance level.

The analytic expressions for Ecgp (R¢,0(t)) and Varcss (R¢ o(t)) for any pre-specified block size L are derived in Chen
(2019a). It has been shown that under CBP, the original edge-count scan statistic has a better control of type I error
when the observations are autocorrelated, while maintaining substaintial power when the observations are independent,
compared to itself under the permutation null. In the next section, we discuss the other three edge-count scan statistics

under circular block permutation.

3.3 Generalized edge-count test under CBP

In this section, we study the generalized edge-count scan statistic under the CBP framework as define in (3.1I). In
particular, Section provides analytic expressions for the key components in Scgp (t) to efficiently compute the

test statisitc. Note that Scgp(¢) can no longer be decomposed into Z2

20 cop(t) + Ziisi cnp (t). We work out a new

decomposition of Scgp (%) in Section|3.3.2] which is essential in deriving the analytic formulas for type I error control

of the scan statistic max; Scgp (£).

3.3.1 Analytic expressions for key quantities in Scgp ()

To compute Sczp (t) efficiently, we need analytic formulas for Ecgp (Re,1(t)), Ecep (Ra,2(t)), and Er cap (t), where

Varess (Re,1(t)) Coveep(Ra,1(t), Raa(t))
CoVeer (Re,1(t), Ra2(t)) Varess (Re,2(t))

ZR,CBP (t) =

In other words, we need analytic expressions for the following five quantities:

Ecez (Ra1(1)), Ecer (Ra (1)), Varces (Ra 1 (1)), Varces (Rg (1)), Covese (Ra,1 (1), Ra,2(1)).

First, we discuss how to derive the analytic expressions for Ecge (R 1(t)) and Ecge (R 2(t)). Let mepe (i) be the
index of observation y; after circular block permutation. That is, the original index of observation y; is ¢, and after
circular block permutation, new index number 7cgp (i) € {1,--- ,n} is assigned to observation y;. Also, we define
Grens (i) (£) = L. (iy>1}» the indicator that the index number of y; after circular block permutation is greater than ¢.
Further, we use e = (4, j) to denote the edge connecting observations y; and y;, and let §;; = min(|i — j|,n — |i — j])

be the index difference between y; and y ;. In particular, for any given edge e = (¢, j) € G, when the block size is L,
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we are interested in the following L events: {0;; = 1},--- ,{0;; = L — 1}, and {d;; > L}.
In the following, we use [x] to denote the largest integer no greater than z, use ()4 to denote max(0, =), and use

|A| to denote the number of elements in set .A.

Theorem 5. Let m = n/L. Foreacht € {1,--- ,n}, where t can be written as t = aL + b with a = [t/L] and

b=t—alL, then

L
Ecee(Raa(t)) = Y pi(h,a,b)[Enl,
h=1

L
ECBP(RG,Z(t)) = ZPQ(haaab”ghL

h=1
with
pliad) = (il —1) - 0 n)) D o
ala —1) a ala+1)
+(h - b)_t,_m + (L - b— h)+ﬁ + (b+ h‘ — L)+m,
palhoab) = (min(b, L k) — (b — b)) L0 R(Z(Q_”}) “=2 - h)ﬁ”%*l
+(h — b)+(m _Z()T(nm__lgl —1) +(L—-b- h)+m; ¢
Hoan-p, 0D a2
En = {(i,j)eG:&ij:h}, h=1,---,L—1,
&L = {(Z,j)EG(S” ZL}

Similar to how Ecgp (R 0(t)) is derived in|Chen| (2019a), we partition the edges in G into L categories according to
the index difference of the two observations connected by the edge. For each of the L categories, (Chen|(2019a)) studies
the probability of having the two nodes in an edge being separated by an index ¢ after CBP. To derive Ecgp (R 1(t))
and Ecgp (R 2(t)), we compute the probability that after CBP, both nodes in an edge are placed before ¢, denoted as
p1(h, a,b), for the former, and the probability that both nodes in an edge are placed after ¢, denoted as p»2(h, a, b), for
the latter. The proof of Theroem[5is provided in Appendix

Next we derive the analytic expressions for g cgp(t). Following (Chen| (2019a), we only derive Y cgp(t)
analytically for those ¢’s that are multiples of L. For other ¢’s that are not divisible by L, we use interpolation (plug-in
estimators) to fill in the values. We later compare the variances approximated by the plug-in estimators with those
obtained from circular block permutation directly. When ¢ is divisible by L, we further simplify the formulas for the

exepctations, Ecgp (R,1(t)) and Ecgp (Re 2(t)), as stated in Theorem in the following lemma.
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Lemma 1. Let ¢{™" = 1 Z (L = 6ij)+, and ™ = 1 Z min(d;;, L), then for each t = aL, a €

(4,4)€G (,9)€G
{1,--+ ,m — 1}, where m = n/L, we have
sub) @ sub CL(CL B 1)
Ech(RG,1(t)) = cg )E + cé )m7
—a-1)
Ecnr(Raa(t) = M —¢ (eub)( —a)(m—a
CBP( G,Q( )) m + m(m — 1)

Note that cgéw) +c (‘Wb) = |G|

Deriving the variances and covariance of R¢ 1(t) and R¢ 2(t) under circular block permutation means that for
each pair of edges, we have to compute the probability that after CBP, all the nodes involved are placed before or
after an index ¢. In an undirected graph, each pair of edges, denoted by (i, j), (u,v) € G, can be classified into three
different configurations as illustrated in Figure[3.1} (a) (7, j) and (u, v) represent the same edge, (b) (i, j) and (u,v)
share only one node, denoted as (i, j), (i,u) € G, and (¢) (4, ) and (u,v) are separated edges in the graph, denoted as
(4,4), (u,v) € G. The notation (i, j), (u,v) € G means the first edge connecting node y; and node y;, and the second
edge connecting node y,, and node y,. In addition, under circular block permutation, we have to figure out how the
nodes of a pair of edges are blocked. Therefore, we have to consider all the nine possible ways to do the blocking, as
illustrated in Figure[3.2} In constrast to [Chen| (2019a), deriving Varces (Re,0(t)) requires only the probability that the
nodes connecting both edges are separated by ¢ under CBP. This probability is positive only when any two nodes of an
edge are assigned into different blocks when ¢ is a multiple of L, so there are only three scenarios (scenario 5, 6, 9 in

Figure[3.2) to consider in|Chen| (2019a).

(a)/ /\ “ / /

Figure 3.1: Three possible configurations for (7, j), (u,v) € G
Figure[3.2] plots the nine scenarios that the four nodes of a pair of edges (i, j), (u,v) € G could be blocked into.
For simplicity, we plot all the four nodes every time, but the nodes could degenerate into one as long as they are in the

same block and not the end points of the same edge. For example, in scenario (1), it could only have two distinct nodes

withi =u, j = v.
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M oo * K (Four nodes in a block) ® 0 * &

i j uv
) ® * * ® (Nodeiorjisalone)
(3) ® 0 * * (Node u or v is alone)
) e o * ok (Nodes i, j in a block; nodes u, v in another block)
(5) o * o x (Nodes i, j are separated; nodes u, v are separated)
(6) PY * o * (Neither i, j nor u, v in the same block)
(7) * * e o (Nodes i, j in the same block)
(8) Y ) *x K (Nodes u, v in the same block)
(9) ° 'Y * * (All in distinct blocks)

Figure 3.2: Nine scenarios the nodes could be blocked into.

(1) One block: All four nodes are in the same block.

(2) Two blocks: Node u and v are in the same block; node 7 and j are not.
(3) Two blocks: Node ¢ and j are in the same block; node « and v are not.
(4) Two blocks: Node (i, j) are in one block; node (u,v) are in the other.
(5) Two blocks: Neither (i, 7) nor (u, v) is in the same block.

(6) Three blocks: Neither (4, j) nor (u, v) is in the same block.

(7) Three blocks: Node ¢ and j are in the same block; node w and v are not.
(8) Three blocks: Node u and v are in the same block; node ¢ and j are not.

(9) Four blocks: All four nodes are in different blocks.

For circular block permutation with block size L, there are L different ways to block the observations. Also, there
are |G/|? pairs of edges in a similarity graph G. Among the L ways to do the blocking, we compute the probability of
having each of the nine scenarios for all pairs of edges, and the sum of probabilities of having scenario ¢ is denoted by

¢, i =1,---,9. The analytic expressions for ¢y, - - - , ¢y are given in Definition ]
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Definition 1. We here define ci,- - - ,co, representing the sums of probabilities that each of the |G|* pairs of edges

being blocked into scenarioi, 1 =1,--- ,9.

1 L
o = ZZ (L — h)|&]
h=1
1
+ 7 I(ho(7,7,w) = 3)(L — max(di;, Oius Oju))
(4,5),(i,u)€G j#u
1 .. ..
g 2 G = 6 = (i )
(1,5),(u,v)EG i#jFutv
1 ..
2 = 7 > ol 2.6 < L)(L =)
(4,5),(3,u) €EG,j#u
+I(h0(l,],u) = 3,111&}((51']',51'”, 5ju) 7& 5w)(L — §1u))
1
+ E Z I(hl(i7j7uav) = 3)(1(6uva6iu75iv) +I(6uva63ua63v))([/_ 5min,2(i,j,u,v))
(1,3),(u,v) EG i£jF#utv
+I(h1 (i,j, u, 11) = 4)(([(5”, 5zu Z L) + I((Sij, 51'1} Z L))(L - 5max(iaj7 u, ’U) + min(diu, 61’1}))
+(I(65,05u > L) + 1(0i5,055 > L)) (L — Omax (i, j, w, v) + min(du, d5v))
+(I(6zu7 51;11 Z L) =+ I((sj'u, 6]'1) Z L))(L — 6n1ax(i,j7 u, ’U) + 51'_7'))
+I(h1 (i,j, u, 1}) = 5)([((5” > L)(2L — (57;j — (Sm,)
+I(5z’u > L)(I(éij = 5iv + 5jv)(L - 6uv) + I(éiv = 5ij + 5j1))(L - 5]“))
—I—I(éw > L)(I((Sij = Oju + 5ju)(L - 51“,) + I((Siu = §ij + 6ju)(L — 6jv))
+1(6ju = L)(I(055 = 0iv + 6ju) (L = Ouv) + 1 (050 = 0ij + 0i) (L — 0iu))
+1(8;0 > L)(I(655 = O30 + 0ju) (L — uw) + 1(0ju = 855 + 03 ) (L — 03v)))
+I(h1 (i, J,u,v) = 6)(I(dmax (4, 4, u, v) = 6i5) (055 — Ouo)
+1(Omax (i, 7, u,v) = 65u) (1055 = Oiw + ju)0iv + I(050 = dij + 6ju)d5j)
+I(6max(iaj7u7v) = 611})(1(57] - 51u + 5]u)51u + I((Szu - 51] + 6]u)57])
+1(Omax (i, 4, u,v) = 65u)(L(0i5 = 03w + 0ju)0ju + I(0j0 = 0i5 + 0iv)0ij)
+I(5max(iaj7 u, ’U) = 6]'1))(](51']' - 5zu + 5ju)5ju + I((Sju - 51] + 5w)5lj))
1 .
c3 = E Z I(h()(l,j,’u) < 2,(5@‘ < L)(L — 6@‘)

(4,9),(1,u) EG,j#u
+I(h0(17]7u) = 3amaX(6ij75iuv 5]u) 7é 51])(L - 51]))
1 ) ] . .
I Z I(hl(l,]7u7v) = 3)( (6”76““5]11) +I(57J751/U76]’U))(L_ 5min,2(7’7jﬂuav))

L
(4,9),(u,0) EG i#jAuFv
+I(h1 <i7.ja u, U) = 4)((1(611“ 6uv Z L) + I(éi’u7 (Suv Z L))<L - 5max(i; j, u, ’U) + I’Ilil’l((siu’ (5“)))
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+(I(8jus Ouv = L) + (850, 6ur = L))(L = Smax (4, ; u, v) 4+ min(dju, 650,))

+((84us 650 = L) + 1(6i0, 050 > L)) (L — Smax (4, J, u, V) + 6uv))

+I(ha (i, j,u,v) = 5)(I(duv = L)(2L — 6ij — duv)
+1(8;y, > L)(L(0i5 = 0ip + 0ju)(L — 0i5) + I(i0 = 855 + ) (L — din))
+1(0ivy > L)(I(0ij = S + 0ju) (L = 6ij) + 1(Siw = 0ij + 6ju) (L — ius))
+1(0ju = L)(I(035 = div + 050) (L — bi5) + I(8j0 = b5 + 6iv) (L — 6jv))
(050 = L) (65 = 0iu + Gju) (L — 0i5) + 1(8ju = bij + 0iu) (L — Gju)))

+I(h1(4, 4, u,v) = 6)((dmax (%, 7, U, V) = Oup) (6w — 0ij5)
+1(Omax (i, 7,4, v) = 65u)(I(055 = Oiv + ju)0ju + I (85 = 035 + djv)dun)
1 (Omax (2, 4, us v) = 6iv) (L (035 = Siw + 6ju)bjv + 1 (0iu = 0ij + 6ju)Ouv)
FI (Omax (4, §, 1, v) = 05u)(L(0ij = div + 0j0)0iu 4 1(0jy = 035 + 0iv)Ouv)
+1(Omax (2,7, w, v) = 04) (L(0s5 = 4 + 8ju)0iv + L(0ju = 0ij + Gin)Ouw))

ey = > I(h (i, j,u,v) = 2)I(8;j, 6up < L)L — 8ij — S + (i, uv))

(i.4).(u0) €C i jAutv

+1(h (i, 3, u,v) = 3)I (65, 6uw < L) (2L — Smax (i, 3,1, v)) 4

+I(h1 (3, j,u,v) = 4)((I(Sius iv > L) + I(Jju, 650 > L))(L — dij)
+(I(Sius 0ju = L) + I(di, djv > L)) (L = duw))

+1(ha (i, ,u,v) > 5)(I (Smax (i, 4, s v) = 6i0) I (G40 = 8ij + 650)5 0
+1(Omax (2, 7, w, v) = 0ix)I (840, = 0ij + 0ju)9;
+1 (max (i, Gy 1w, v) = 85) (80 = 8ij + Gi) 00

1 (Omax(i, J,u,v) = 6j"’)1(5ju =0i + Siu)0iu)
1 L
C; = Z};h‘gh‘

1 . .
T Z ‘ (I(ho(i,j,u) < 3,00 < L)(L — §;4)
(4,9),(i,u) EG,j#u
+1(ho(i,j,u) = 3)I(max(dj, 6iu, Oju) # 6ju) Min(diz, diu))
1

Z I(hy (i, j,u,v) = 2)(I (04 < L, 650 < L)(L — i — 0jo + x(iu, jv))
(1,9),(u,0) EG i#jFustv
(650 < Ly 05 < L)(L — 650 — 85 + z(iv, ju)))
I (hy (i Gy, ) = 3) (T (Smin2 (i 5 1, 0) # 840y 311, ) (1 = I(8i5 0wy < L))(2L — Snin,3 (i, J, s v)) 1)

+I(h1 (i7j7 u, U) = 4)(1(61] 2 L) (L + 51“) - max(éiua 52’1}3 5jua 5jv))
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c7

+1(8yy > L)(L + 0;5 — max(diu, O, Oju, Ojv)))
+1(h1 (i, §,u,v) > 5)(I (6max (4, 4, U, v) = 855)0uv + I (Omax (4, 1, 1, V) = Suv)dij
+1 (Omax (4, J, u, v) = 03 ) (i = din + 605)0;
+1(Omax (2, 4, w, v) = 0i)I (855 = Giu + 0uj)9;
+1 (Omax (i 4, 1w, v) = 8;0) (855 = 650 + 60) 00
+1(Omax (2, 7, w,v) = 04)I(6ji = dju + Oui)din)

(4,9),(1,u) EG,i#u
+I(h0(2, j7 U) = 2)(max(5ija 5iu7 6]u) - L))

l Z I(hl(i’j7u7v) = 1)‘[(52] > L0y > L)(L - 5min(i7j7 U, 'U))
(4,9),(u,v) EG,i#j£utv
+I(h1 (iaja u, U) = 2)((L - 6iu)+ + (L - 6iv)+ + (L - 6Ju)+ + (L - 6j1)>+

+1(0in < L, 65y < L)(204y + 205, — 2L — 2x(iu, jv))
+I(8ip < L,dj, < L)(26; + 205, — 2L — 2x(iv, ju)))
+I(h1(4,4,u,v) = 3, 0min,2(¢, 4,1, v) # 04(4, §, u, v))(I(8ij < L, 0yp < L)(L — min(8su, 0iv, Ojus Oju))
+1(;; < L, 0yy > L)(0i5 — |0uw — 2L|) + 1(di5 > L, 6y < L)(6uw — |05 — 2L|)
+1(0ij > L, 6uy > L)(0min,3(7, J, u,v) — L — 2(min,3(4, J,u,v) — 2L)))
+I(h1(i, j,u,v) = 3, 0min,2 (%, J, u, v) = d4(7, 7, u, v)) Min(d;;, duw)
+1(h (2, j,u,v) = 4)((1(6i5 = L) + I(0uy = L))(max(Siu, Giv, 6ju, 6ju) — L)
+(bius 6iv = L) + I(Gju; 0jv = L))0uv + (I(Suis 6uj = L) + I(6vis 0v; = L))di;)
+1I(h1(4, j,u,v) = 5)(1 = 1055 = L) — I(0uw = L)) (6max (4, j, u,v) — L)

1
— Z I(hl(i,j,u,v) = 1;61‘]' < L)(L — 5”)

L(ivj)’(u’ﬂ)GG,i;éj;éu;éy

+I(hy(i, j,u,v) = 2,8;; < L)(L = 6;j + I (8o < L) (8 — x(ij, uv) + 8;; — L))

+I(h1(2,7,u,v) = 3,0;; < L)(I(dmin,2(4, J, u,v) # 04(4, ,u,v))((L — ds5)
+1(6uv < L, Omax (i, , u, v) < 2L)(0min,3(i, J, u, v) — 2L))
+1(8min,2 (4, 3, u, v) = 84(4, 4, u,v)) (04 (4, 4, u, v) — 0;5))

(R (i, j, u,0) = 4)

(I(émax(iajvuvv) = 5uv)(1(5zu > L>6iv + I(éw > L)(szu + I(éju > L)(Sg'u + [(6JU > L)(Sj )

+(I(5zu7 5ju Z L) + I((siva (;jv Z L))((smax(lajy u, ’U) - 5ij - L))
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+I(h1(l,], Uu, U) = 5751“1 > L)(éuv - L)

s = 3 I(hy (i, §,u,v) = 1,84y < L)L — Su)

L
(4,7),(u,v)EG,i#jAu?tv
+I(h’1(7’7jv u, 'U) = 2751“) < L)(L - 5uv + I((SZJ < L)((sZJ - fE(Z]; UU) + 5uu - L))

+1(ha(i, j, u,v) = 3, 0up < L)L (Omin,2(7, 4, u, v) # 64(4, j, u, v)) (L — Guw)
+1(8i5 < Ly Smaxc (i, 4, u,v) < 2L) (Omin 3 (4, j, u,v) — 2L))
+1(Omin.2(, §, 1w, v) = 84 (i, J, w, ) (643, §, 1, 0) = Suy))
+1(hy (i, j,u,v) = 4)
(I (Omax (4, Jy t, v) = 655 ) (I (85 > L)0ju + I(85y > L)y 4 I(6ju > L)0sus + I(6j5 > L)dsy)
+(L (s 6iv = L) + 1(6jus 0o > L)) (Omax (@, J, u, v) — dup — L))
+1(hy (i, j,u,v) = 5,8, > L)(8;; — L)

1 .. . .
¢ = 7 Z I(hy(3,j,u,v) = 0)L + I(h1(i,j,u,v) = 1)Omin(i, J, u, v)

(i,5),(u,0)EG i#jAutv
+I(h1 (i7.ja u, U) = 2)((1 — 1(62J7 (Suv < L) - I<6zua 6]1} < L) - I((Su“ 6ju < L))<6min,2(i,j, u, ’U) — L)
(35,80 < D)a(igun) + 10,850 < Dl jo) + 160, 30 < Daliv, ju)

+[(h1 (ihj? u, ’U) = 3)(5min73(i7j7uav) - 2L)+

with
& = {0, 4),(v,v) eG:i=u,j=v,6;;=h}
& = {3G,)),(u,v) eG:ri=u,j=0v,0; > L}
ho(i,j,u) = 1(d;; < L)+ I(6s, <L)+ 1(djy <L)
hi(i,j,u,v) = I(6;; <L)+ 1(8iu <L)+ I(0 <L)+ I(6ju <L)+I1(djy <L)+ I(6yy <L)
Omax (4, J,u,v) = max{d;j, 0iu; Jiv; Oju, Oju, Ouv
6r(i,j,u,v) = the " largest value among {655 0ius Oivs O, Oy O 1y 7 = 2,3,4,5
Omin (%, J,u,v) = min{;j, diu, Sivs Oju, 0jv, Ouw
Omin,2(%, J,u,v) = the sum of the two smallest values among {0;, 8iv, Oiv, Ojus Ojvs O }
Omin,3(%, J,u,v) = the sum of the three smallest values among {9;;, 0;u, 3iv, 0ju, Oju, Ouv }
s(i) = I(i—jl < Lymin(i, )+ I(n — |i — j| < L) max(i, )
dijuw = s(u,v) —s(4,5)
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bij,u'u = (51‘3"“@ mod L
z(ij,w) = (min(dij, bijuv + duv) = bijuw)+ + (Min(diz, bijuw + duw — L))+
Note that ¢1 + - - - + cg = |G|2. The definition for those c1, - - - , cg are completed.

Combining Lemma and Definition |1} the following theorem gives the analytic expressions for Xg cgp(t). The proof

of Theroem[f]is provided in Appendix [B.2]

Theorem 6. Let dy = ¢y, do = co +c3 + ¢4 + 5, d3 = cg + ¢7 + cs, and dg = cg, where ¢y, -+ ,cg are graph

coefficients as defined in Deﬁnitionfor eacht =alL, a € {1,--- ,m — 1}, where m = n/L, we have

Varcss(Ra1(t)) = dipi(a) + dopa(a) + dsps(a) + dapa(a) — Ecse(Re 1 (t))?
Varcer(Roo(t)) = dipi(a) + dops(a) + dsp3(a) + dapi(a) — Ecar(Ra,2(t))?
Covesp(Raa(t), Rg2(t)) = capri(a) + crpia(a) + cspai(a) + copaz(a) — Ecep(Ra,1(t)) Ecar(Ra 2(t))

where Eczp(Ra,1(t)) and Ecsp(Re 2(t)) are from Lemmall| and

nl@) = 2, pa(a) = A= pafa) =

ala—1)(a —2)

m(m —1)(m —2)
pita) = ", (o) = PO i)

(m—a)im—a—1)(m—a—2)(m—a—3)

_ala—1)(a—2)(a—3)
pale) = e T =) m = 3)’
(m—a)im—a—1)(m—a—2)

m(m — 1)(m — 2) ’

pi(a) = m(m — 1)(m — 2)(m — 3) ,

- 2 _am=a)lm—a—-1) _a(a—1)(m—a)
p11(a) = m’ pi2(a) = m(m —a)(m—2) ’ po1(a) = s g 8
paala) = 2=V —a)(m —a 1)

m(m —1)(m —2)(m—3)

3.3.2 Decomposition of Scgp (1)

It was shown in |Chu and Chen| (2019) that the generalized edge-count test statistic, S(¢), under permuation null
distribution can be decomposed as

S(t) = Zgo(t) + Ziin(t)

where Z,,0(t) and Zgs(t) are uncorrelated. However, this decomposition no longer holds under CBP. In other words,

when L > 1,

Scep (t) 7é ZiO,CBP (t) + Z(?iff,CBP (t)
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Moreover, Z,,0 cgp(t) and Zgis,cze (t) are not uncorrelated: CoVegp (Zy0 cpp (t), Zaist,cee (t)) # 0.

We work out a new decomposition of Scpp(t) as stated in Theorem E} Under CBP, Scgp(t) can be decomposed into the
sum of squares of two asymptotcially independent quantities, Z,, czp (t) and Zgis czp (t), where the former is similar to
Z0 ez (1), but adopting a different weight function ¢(¢) that depends on the similarity graph. The result is stated in
Lemmabelow with its proof given in Appendix The new weight function ¢(t) is in fact the variance-minimizing

weight across all weight functions on R¢ 1(t) and R 2(1).

Lemma 2. The weight function q(t) minimizing Varcsp(Ry+)(t)) is linear in t and is given by
1
q(t) =cq,L(2t —n) + 3

where

2C(sub) G
i (mg(ml)l - m(mfll)(m72) (CG + 2c7 + 209))

%MGP + m@(@ +estc5)+3c6 +4(cq + 09)) + m(ﬂm —8)cr + (m — 8)(:8)

ca,L =

withm = n/L, céSUb) as defined in Lemma and cq,--- ,Co, as defined in Deﬁnition In particular, when L = 1,

n—t—1

q(t) degenerates 1o ¢°(t) = =51

3.3.3 Asymptotic properties of Scpp(?)

In this section, we derive the limiting distributions of {Z,, csp([nu]) : 0 < w < 1}, and { Zgigr cee ([nu]) : 0 < u < 1}

under circular block permutation with block size L.

We first introduce some more notations. For an edge e = (e_, e ), where e_ < e are the indices of nodes connected
by the edge e, and let §(e_, ey ) be the index difference between two nodes e_ and e,. We define the following

notations:

Acro = {e":min(d(e’,e_),d(e’,eq),0(el,e—),d(ef,eq)) < L},
Aern = AeroU <U{e':e/ec;ei ucei,ve*eAe,L,o}Ae',Lp) :
AQL,Z = Ae7L,l U (U{e’:e’EGe* UGei ,Ve*GACwL:l}Ae’,LJ)

so that A, 1, is the subgraph in G that connect to any node which is within L index difference from either node of
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edge e; and we say that A, 1,1 D A. 1,0 contains all edges that is first-degree related to the edges in A. 1, o, and
Ac 12 D A 11 contains all edges that is first-degree related to the edges in A, 1, 1, or second-degree related to the

edges in A, 1, o. Further, we define

Airo = {e" :min(d(e’,q),d(e},i)) < L},

Airn = AiroU (U{e’:e’EGC* UGy ,Ve*eA&L,O}Ae’,L,O)a
Aire = AipaU (U{e':e’EGe* UGy ,Ve*eAe,Lyl}Ae’,LJ)-

so that A; 1, o is the subgraph in G that connect to any node which is within L index difference from node 7; and we say
that A; 1 1 D A; 1o contains all edges that is first-degree related to the edges in A; 1 o, and A; 1 2 D A; 1.1 contains

all edges that is first-degree related to the edges in A; 1, 1, or second-degree related to the edges in A; 1, o.

Second, we introduce five conditions on the graph that ensure the convergence of the two basic processes: {Z,, cgp ([nu]) :
0 < u < 1}, and {Zgir,cze ([nu]) : 0 < w < 1}. In the following, we write a,, = O(b,,) when a,, has the same order as
b,, and write a,, = o(b,,) when a,, has order smaller than b,,. Theorem|[/|states the convergence of the two processes.
Condition 1. Y~ I(3;; < L) = o(|G|)

(i,J)€G

Condition 2. Z I(d;j < L,6;u < L) = o(|G])
(i,7),(i,u)€C

Condition3. Y  1=0(G|"), 1 >1
(4,9),(t,u)€G

Conditiond. > I(min{6;u,5iv, 0ju, Sju} < L) = O(|G|™), 0 < By <2
(i,5),(u,v)EG

Condition 5. I(max{éij, (Suv, 5iu7 (5@, (Sju, 5]’1)} < L) = 0(|G|)
(i,5),(u,v)EG

Theorem 7. When |G| = O(n®), 1 < a < 1.5, ) o |Aen1

[Ae,n2| = o(n|G[Y?), S0 |Ai pallAi Ll =

o(n®/?), and under Conditions |15l as n — 00, {Zy csp([nu]) : 0 < u < 1} and {Zgggcep(nu]) : 0 < u < 1}

converge in finite dimensional distributions to two independent Gaussian processes. which we denote as { Z};, .zp(u) :

0 <u < 1}and {Zy pp(u) : 0 < u <1}, respectively.

Let pj,,(u, v) = Covese (2, cpp (1), 23, czp (v)) and pi(u, v) = Coverr (L, crp (1), Ziigs,czp (v)) be the covariance

functions of the limiting Gaussian processes, { Z;;, -pp(u) : 0 < u < 1} and {Z cpp(u) : 0 <u < 1}
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3.4 Other edge-count tests under CBP

Here, we discuss two more edge-count scan statistics that are derivatives (byporducts) of the generalized edge-count
scan statistic (3.1)) under CBP. They are the modified weighted edge-count scan statistic, and the modified max-type

edge-count scan statistic.

3.4.1 The modified weighted edge-count scan statistic

This scan statistic transforms from the weighted edge-count scan statistic proposed in|Chu and Chen|(2019), which

uses a universal weight ¢°(t) = ";Sl . Under CBP, the optiaml weight should depend the the block size L and the

similarity graph G, as shown in Lemma[2] Hence, the modifed weighted edge-count scan statistic adopts the weight

q(t) given by Theorem[d] Let

Ry (t) — Ecep(Ruw (1))
Varces (R (1))

Zw,cep(t) = with R, (t) = ¢(t)Ra1(t) + p(t) R 2(t),

then the null hypothesis of homogeneity is rejected if the scan statistic

Z,
W5, Dcse 0

with ng and ny pre-specified, is larger than the critical value for a given significance level. The power comparison

between Zy, cxp (1) and Zyo czp (t) will be discussed in Section 3.6.2}

3.4.2 The modified max-type edge-count scan statistic

Asitis Z,, cgp(t), rather than Z,0 czp (1), together with Zis cep (t) that are the elementary components of Sczp (1), it is
obvious that MY, (t) is not the best way to define the max-type edge-count scan statistic under CBP. Therefore, we

propose the modified max-type edge-count test statistic as
Meczp (t) = maX(Zw,CBP (t); |Zdiff,CBP (t) |)
The null hypothesis of homogeneity is rejected if the scan statistic
norgtaﬁxnl MCBP (t)

with ng and n; pre-speicified, is larger than the critical value for a given significance level.
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Under CBP, the performance of the modified max-type edge-count test is similar to the generalized edge-count test.
Moreover, the former could achieve more accurate analytic p-value approximations. The type I error control for those

new edge-count tests are discussed in Section [3.5]

3.5 Analytical p-value approximations

Given the scan statistics, the next question is how large do they need to be to constitute sufficient evidence against the
null hypothesis of homogeneity. In other words, we are concerned with the tail probability of the scan statistics under

Hy. For the generalized, the modified weighted, and the modified max-type edge-count tests, respectively, they are

Peee ( hnax Zuy,cep(t) > b) (3.2)
Peee ( norél%xnl Scee (t) > b) 3.3)
Peee ( noréltagxnl Megp (t) > b) 3.4)

Following the methods in |[Chu and Chen| (2019), we derive asymptotic formulas to compute the three underlying
probabilities. The formulas use the results from Theorem |7} which says that the rescaled versions of Z,, cgp (¢) and
Zgifr, cep (t) converge in finite dimensional distributions to two independent Gaussion processes. Following similar

derivations in|Chu and Chen|(2019), we approximate (3.2)-(3.4) by equations (3.5)-(3.7):

ny

PCBP( max ZwCBP()>b) b (b) / ! Yw(by/2h% (2)/n)da: 3.5)

no<t<nig

o—b/2 27
PCBP( max  Seas () >b / v(\/2bu* (z, ) /n)dadw (3.6)

no<t<ni

PCBP( max Mcgs(t) > b) =1- PCBP( max Zycep(t) < b) PCBP<n fil?«g(n | Zaifr,cee (t)| < b) 3.7
oxt>xna

no<t<ni no<t<ni

with

n1

PCBP( max Zw CBP( ) < b) ~1-— b¢(b)/ ' w b 2h:;) /Tl
no<t<ni ng

n

Pose (x| Zamcae (1)] < b) ~ 1 209(0) /@ B (@) (by2D() /) de

and the function v(-) can be approximated by

(2/2)(®(x/2) - 0.5)
(/2)®(x/2) + ¢(2/2)

v(z) ~
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where ®(-) and ¢(-) denote the cumulative distribution function and the probability density function of the standard
normal distribution, respectively, and u*(z,w) = h¥ () sin?(w) + hix(2) cos?(w), with k% () and i (x) defined

as below

. Opk(u,x) . Opk(u,x)
B - im 2P\ gy DPw\ )
w(®) s o e du
. . Opgigr(u, ) . OpGi(u, x)

In practice, we use the finite-sample equivalent, h,, (1, ) and hg(n, ), in place of Al () and Al (x):

. Opw(s,nx .
hy(n,z) = ngl}rgxip “gs ) ith pu(s,t) := CoVezp (Zu cep (), Zw ez (1)),
. Opgife(s, nx .
haige(n, ) = nsl}‘fﬁlm% with  paite(s, ) := Covege (Zaisr,cee (8), Zaisr,cee (1)),

forany s,t € Z,0 < s <t < n. Let Cy(nz) = hy(n,x)/n and Cyg(nz) = haig(n, x)/n, then for t = aL, Cy,(t)

and Cyir(t) can be derived to be (see Appendix for the proofﬂ

? L ciNi(a
Cu(t) = - > i1 CiNi(a)
L (Zizl ciVi(a) + Res(a))
dm(m — 1)ey + 2m(m — 2)(2¢o 4 c5) +m(m — 4)cg — 4m(cq + 2c7 + c9)
2La(m —a) ((m —1)(4er +4ez + 265 + c6) — (2(2c2 + ¢5) + 36 + 4(ca + 2¢7 + 09)))

Cuaire(t) =

where

Vi(a) = (aq(t)* + (m — a)(1 = q(1))? ) /m

Va(a) = (a(H?ala = 1) + (1 = g(t)*(m — a)(m — a = 1)) / (m(m — 1))

Vs(a) = Va(a)

Vi(a) = Va(a) + (20(t)(1 = g(t))a(m — a) ) / (m(m — 1)

Vs(a) = Va(a)

V(o) = (a()*a(a = 1)(a = 2) + (1 = g(®)*(m — a)(m —a = 1)(m — a = 2)) / (m(m — 1)(m - 2))
Va(a) = Va(a) + (20()(1 = a(®))a(m — a)(m —a — 1))/ (m(m — 1)(m ~ 2)

Va(a) = Vo(@) + (20()(1 = a(®))ala — 1)(m — ) )/ (m(m ~ 1)(m - 2))

Vo(a) = (q(t)Qa(a —D(a—2)(a—3)+ (1 —qt)*(m—a)(m—a—1)(m—a—2)(m—a—3)

Note that Cy, (t) and Cigr(t) here in Chapterare defined under CBP, hence are different from those defined in Chapterand Chapter
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+2q(t)(1 — q(t))ala —1)(m —a)(m —a — 1))/(m(m —1)(m —2)(m - 3))

aq(t)(|G|(m — 1) — 5™ (m — a)) L (m—a)(1—g®)(Gl(m —1) - "Va) )2
m(m —1) m(m — 1)

Res(a) = — (

M(a) = (20() ~ 1)/ (2m)

Xa(a) = ((2a(t) = 1) (2aq(t) — 2q(t) + 1)) / (2m(m — 1))

Na(a) = ((2a(t) = 1)(2a — 2m — 2q(t) — 2aq(t) + 2ma(t) + 1)) / (2m(m — 1))

Ai(a) = —4(2q(t) — 1)*/(8m(m — 1))

As(a) = — <2a — 2m — 4q(t) — daq(t) + 4mq(t) — 2mq(t)? + 4q(t)2 + 1)/ (2m(m — 1))

o(a) = (a2 + 2amq(t) — 2am — Saq(t) + da + m2q(t)? — 2m2q(t) + m? — 6mq(t)?
+ 10mq(t) — 4m + 8q(t)? — 8q(t) + 2) /(2m(m? — 3m +2))

Ar(a) = ( — 2a2q(t) + a2 — 2amq(t)? + damq(t) — 2am + 8aq(t)? — 12aq(t) + 4a + m2q(t)? — 2m3q(t)
+m? — 8mq(t)? + 12mg(t) — 4m + 8¢(t)? — 8¢(t) + 2)/(2m(m2 —3m +2))

As(a) = (2a2q(t) — a® + 2amq(t)? — damq(t) + 2am — Saq(t)? + dag(t) — m2q(t)? + 2m2q(t)
—m? 4+ 8g(t)? — 8q(t) +2) / (2m(m? — 3m + 2))

No(a) = — (2a2 + damq(t) — dam — 12aq(t) + 6a + 2m2q(1)? — 4m2q(t) + 2m? — 10mq(t)? + 16mq(t)

— 6m +12¢(t)? — 12q(t) + 3)/(m(m3 — 6m? + 11m — 6))

3.5.1 Numerical results for p-value approximation under CBP

Here, we check how the p-value approximations based on asymptotic results work for finite samples. To do so, we
compare the critical values obtained from analytic formulas against the critical values obtained from doing 10,000
circular block permutations directly, under various simulation settings. In each simulation, sequences of length
n = 1,000 are generated from a given distribution Fj, in R. We consider three distributions (multivariate normal,
multivariate exponential, and multivariate log-normal) under various dimensions (d = 10, d = 100, and d = 1, 000). In
Table and we present the results of one selected dimension for each of the three distributions. (C1) denotes
multivariate normal with d = 10, (C2) denotes multivariate exponential with d = 100, and (C3) denotes multivariate
log-normal with d = 1,000. The complete tables showing all three distributions under these three dimensions with
more cases are in Appendix [B.4] The analytical approximations depend on constraints on the sequence in which the

change-point is searched over (from ng to ny). For simplicity, we let ny = n — ng.
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Table 3.1: Critical values for the scan statistics max,,,<¢<n, Zw,csp (t) based on MST at o = 0.05

Critical Values Graph

ng = 100 ng = 75 ng = 50 ng = 25

Al A2 Per [A1 A2 Per [ Al A2 Per |Al A2 Per | Y |Gi|*> d
299 3.05 3.06 303 312 312|308 322 327|315 340 3.53 | 5360 7
299 3.05 3.04 303 312 312|308 322 326 | 3.14 340 3.51 | 539 7
(€2) 299 3.05 3.07 303 312 3.15|3.08 322 330 3.15 340 3.59 | 11750 32
298 3.05 3.05|3.03 312 314 |3.08 322 327 |3.14 339 357 | 11572 35

(€3) 299 3.04 3.13|3.03 311 323 |3.08 321 340 3.15 339 3.76 | 41500 113

298 3.04 3.16|3.03 3.11 326 |3.08 320 347 | 3.14 337 3.87 | 65694 164

max

(CDH

Table 3.2: Critical values for the scan statistics max,,,<¢<n, Scsp (t) based on MST at & = 0.05. (For the same reason
as in/Chu and Chen| (2019), we do not perform skewness correction on Scxp (t).)

Critical Values Graph
nog = 100 nog = 75 nNg = 50 ng = 25
Al Per | Al Per | Al Per | Al Per MNIGi? d
13.11 12.86 | 13.39 1329 | 13.71 14.07 | 14.12 1532 | 5360 7
13.10 13.03 | 13.39 13.43 | 13.71 1395 | 14.12 1538 | 5396 7
13.10 13.26 | 13.39 13.87 | 13.71 14.84 | 1412 17.39 | 11750 32
13.10 1350 | 13.38 14.22 | 13.70 1529 | 14.11 18.20 | 11572 35
13.10 14.47 | 13.39 15.89 | 13.71 17.85 | 14.12 22.54 | 41500 113
13.10 15.06 | 13.38 16.56 | 13.70 19.35 | 14.11 25.12 | 65694 164

max

(C1

(C2)

(C3)

Table 3.3: Critical values for the scan statistics max,,,<¢<n, Mcpp (t) based on MST at « = 0.05

Critical Values Graph

ng = 100 ng = 75 nog = 50 ng = 25

Al A2 Per | Al A2 Per | A1l A2 Per | Al A2 Per | Y |Gi]? dumax
323 327 326|328 333 333|332 341 344|338 3.56 3.64 | 5360 7

(€D 323 327 325|328 333 334|332 341 342|338 356 3.63 | 5396 7

(C2) 323 329 330|328 337 338|332 347 351|338 3.65 382 | 11750 32
323 330 332|327 338 343|332 348 356|338 3.67 392 | 11572 35

(C3) 332 335 342|328 344 357|332 356 378|338 378 4.24 | 41500 113

332 337 341|327 346 357|332 359 388|338 382 434 | 65694 164

The analytical p-value approximation and the permutation p-value both depend on certain characteristics of the
structure of the graph G. In the simulations, we use MST constructed on Euclidena distance. As the structure of
MST depends on the observations, the critical values vary by simulation runs. We show results for two randomly
simulated sequences in each setting. Two characteristics of the graph are reported: the sum of squared node degrees
(3=, |Gi|?) and the maximum node degree (dmax). These quantities give some intuitions on the size and density of the
hubs in the graph. In Table[3.1] [3.2] and[3.3] A1 presents the analytical critical values without skewness correction, A2
presnets the skewness corrected critical values, and Per presents critical values obtained through 10, 000 circular block

permutations.
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3.5.2 Skewness corrected p-value approximation

From Table 3.1} and[3.3] we see that when n is small, approximations on analytical p-value formulas (A1) are not
that close to the critical values obtained through permutations directly (Per). This is because Zy, cgp(t) and Zigs csp (1)
converge to normal distributions slowly when ¢ is close to 1 or n (Figure[3.3). Following [Chu and Chen| (2019), we
adopt skewness correction to improve the p-value approximations (A2). The analytic formulas for skewness corrected

p-value approximations are:

PCBP(n max Z,cop(t) > b) ~ bo(b) / Suw(t)Cow(t)r (/202 Cy (t))dt (3.8)
Pcsp( max | Zaitr,cee ()| > b) ~ 25¢(b)/ Saite (t) Caite (£)v (v/26? Cuige (1) ) dit (3.9
noxtsni no

9
s=t

where Cy () = W’ , Can(t) = 2eas(st)
s=t

5oy = SP GO w53 OFWO) o) AT o)

1+ Yw (t)éb,w(t)

ex lb_éit2+lité3_t .
Sdiff(t) - P (2( b ff( )) A(;'Yd ff( ) b7dlff( ))) with Gb,diff(t) = (*1 + \/m)/’ydiff(t),
\/1 + Yaitr () O aise (1)

and 7y, (t) = Ecee (Z o (), Naite(t) = ECBP(Zgiff,ch(t))-

Skewness of Z,(t) Skewness of Zy(t)
© o
n — o
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Figure 3.3: Plots of skewness of Z,, cgp(t) and of Zgigr cp(t) against ¢ for a sequence of 1,000 points randomly
generated from N(0,T;0p). The graph is MST constructed on Euclidean distance. The dots are the estimated
Ecer (Zuw,cop(t)) and Ecse (Zair,cze (t)) based on 10,000 CBP’s with L = 5; the lines represent the analytic values
computed by the E; (Z,,(t)) and Ep (Zgi(t)) surrogates.

Performing skewness correction requires the computation of Ecep (Z, .55 (t)) and Ecp (ZéfifﬂCBP (t)), which could

be very complicated because it invovles the analysis of every set of three edges on the graph. Fortunately, it turns out
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that Ex (Z3,(t)) and Ex (Z3;(t)) are good approximations of Ecgp (Z3 czp (t)) and Ecep (23 cpp (t)), while the former
are much easier to be derived. Therefore, we may use E;(Z(¢)) and Ex(Z3(t)) to replace Ecpp(Z) oz (t)) and
Ecer (Z3 cep (1)) in the skewness correction procedure. Figurecompares the analytic E; (Z3 (¢)) and Ep (Z34(t))
with Ecgp (Z3 czp(t)) and Ecep (23 cpp (t)) estimated by 10,000 CBP’s, which shows the feasibility of such approxi-
mation. The analytic expressions for E; (Z3 (¢)) and Ep (Z3(t)) are provided in Appendix

3.6 Performance of new edge-count scan statistics under CBP

This section studies the performace of the new edge-count scan statistics under CBP with various simulation settings.

3.6.1 Type I error control

Figure[3.4} [3.3] and [3.6]show the histograms of p-values in testing the homogeneity of autocorrelated sequences when
the sequence has no change-point. For each sequence, the p-value is obtained through doing 1,000 CBP’s. Two
histograms of p-values for each test statistic are presented: one with permutation and the other CBP with L. = 5.
Here, each sequence is generated from multivariate autoregression model: y; = py;—1 + €, t = 1,--- ,n, with
Yo~ N0, 25%) e, e "% N(0,%), where ¥;; = 0.6/l and p = 0.05, d = 25, n. = 100. The block size

L = 5 used to account for the autocorrelation is determined by the data-driven method as proposed in |[Chen| (2019a).

Permutation, Zw CBP, Zw
EE — p— _ ] [ F—— —_—
S 8
> * > O
E 8 | = _
T o ®
o - a =
o [=] o
a I | 3 o
o _
o (=]
S - e -
=] \ T \ 1 \ o I \ 1 T 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
perm. p-value perm. p-value

Figure 3.4: Histograms of p-values using Z,, (t) (left) and Z,, cgp (t) with block size L = 5 (right) in testing homogeneity
of autocorrelated sequences with no change-point.
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Figure 3.5: Histograms of p-values using S(t) (left) and Scpp(¢) with block size L = 5 (right) in testing homogeneity
of autocorrelated sequences with no change-point.

Permutation, M CBP, M
o~ ] —_ ] I —
S - © ]
— — oS -
2 o 2 ©°
= O = _
g < S
(=] o
5 3 5 o
C; —
o o
e - Q -
(=) | | | | \ o \ | | \ |
00 02 04 06 08 1.0 00 02 04 06 08 1.0
perm. p-value perm. p-value

Figure 3.6: Histograms of p-values using M (¢) (left) and Mczp (¢) with block size L = 5 (right) in testing homogeneity
of autocorrelated sequences with no change-point.

It’s clear from Figure[3.4] 3.3] and [3.6that under the null hypothesis of homogeneity, when the observations are
autocorrelated, all three tests with CBP would yield approximately uniformly distributed p-values, while the same tests
using permutation could lead to higher false discovery rates. Therefore, with circular block permutation, the edge-count

scan statisitcs have good control of type I error when the observations are locally dependent.
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3.6.2 Power comparison between Z,0 cgp(t) and Z,, cgp (%)

We compare the power of the two edge-count tests: the weighted edge-count test, Z,0 czp(t), which adopts weight
function ¢°(¢) for any L under circular block permutation, against the modified weighted edge-count test, Zy, cgp (2),
which uses the optimal weight function, ¢(¢) depending on L and the graph G. Note that the larger L is, the more
different the two scan statistics are from each other. As a result, to make the comparison meaningful, in each simulation,
we randomly generate autocorrelated observations where the block size is chosen to be L = 20, and the length of the

sequence is n = 1000.

Table [3.4] reports the number of times (out of 100) that the null is rejected under o = 0.05 for both tests, under
various settings of 7, the location of the ture change-point. The numbers in the parentheses indicate the number of times
that the change-point is estimated within 20 around the true one, i.e., 7 € [T — 20, 7 + 20|, where 7 is the estimated
change-point. The amount of change is chosen so that both tests have moderate powers. Since the weights ¢°(¢) and
q(t) are more close to each other near the middle of the sequence (i.e., t close to n/2), and are more separated from
one another when ¢ is away from the middle (i.e., ¢ close to 1 or ). We can see that Z,, cgp(t) has higher power than

Zwo cepe(t) especially when 7 is away from 500.

Table 3.4: Power Comparison: Number of times (out of 100) that the null is rejected under oo = 0.05

T 150 | 200 | 250 | 300 | 350 | 400 | 450 | 500

7 ) 68 76 86 94 94 98 98 99
wieEE (30) | (29) | (47) | (48) | (48) | (48) | (59) | (56)
Zo cxo(t) 65 69 85 93 94 98 98 99
w (26) | (25) | (43) | (46) | (4T) | (47) | (59) | (56)

To further examine the different between the two test, we restrict our 7 within 120 to 260. From Table 3.5 we see that
in addition to having higher power, the modified weighted edge-count test can estimate the locations of change-points
more accurately. Hence we conclude that when 7 is near the middle of the sequence, the two tests perform similarly;

while Z,, czp (t) outperforms Z,,0 cpp (£) in the situations where 7 is away from the middle.

Table 3.5: Power Comparison: Number of times (out of 100) that the null is rejected under oo = 0.05

T 120 | 140 | 160 | 180 | 200 | 220 | 240 | 260
Zp s () 66 65 75 68 77 83 86 90
wieBE 27) | 24 | 33) | (30) | (36) | 37) | (32) | (40)
Zo con (8) 59 59 73 68 75 83 83 88
v (23) | (18) | 27) | (26) | (32) | (35) | (30) | 37)
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3.6.3 Power comparison among 2 cgp(t), Zy cep(t), Scep(t), and Mcgp (1)

Finally, we study the power of all the four edge-count scan statistics (original / modified weighted / generalized /
modified max-type) under CBP. Here, a total of six scenarios are investigated, including three types of changes (mean

only, mean and variance, and covariance only) at two different locations (center, quarter) of the sequence.

The following simulations use n = 1000, nyg = 100, n; = 900, with observations from multivariate normal
distribution. The critical values are determined by 10,000 circular block pemutations. The simulations are studied

across various data dimensions, d = 10, 50, 100, 200, 500. The baseline parameters before the change happens are

p=0and};; = p‘oi_j | with po = 0.6. Here X;; denotes the ith row, jth column of the covariance matrix ¥. The

detection is considered a success if the change-point is estimated within 25 from the ture change-point. The significance

level is o = 0.05.

Table 3.6: Change in mean vector only. Observations are generated from multivariate normal distribution with the
mean vector changes from O to p after the change-point. The numbers of trials (out of 100) that the null is rejected are
reported, and in the parentheses below are the numbers of times the locations of the change-points are sussessfully
detected.

Change happens at the center: 7 = 500

Change happens at a quarter: 7 = 250

d 10 50 100 200 500 d 10 50 100 200 500

| 2]]2 06 08 10 12 15 IMiB 07 10 13 15 18
73 63 91 94 89 8 58 87 64 78

Zo.cex (t) 33 (38 (73 (718 (76) Zo,cex (t) (34) (23) (38) (23) (16)
60 56 8 90 88 77 8 91 92 82

Zuwcer(t) 30) 1) (62) (69) (72) Zu coe (1) (46) (53) (63) (66) (48)
65 51 74 81 75 71 62 89 66 74

Seze () (20) (12) (40) (48) (36) Scee (t) 41 (38 (539 (39) (35)
59 51 8 78 77 75 70 87 83 78

Meee (t) 24) (16) (49) (64) (44) Meee(t) (39) (50) (62) (59) (39)

From Table we can see that when the change is only in mean vector, and is at the middle of the sequence, the
original edge-count scan statistic performs the best. The modified weighted edge-count scan statistic is nearly as good.
On the other hand, the generalized / modified max-type edge-count tests have lower power and are less accurate in
estimating the change-points under this scenario. However, when the mean change is away from the middle of the
sequence, the modified weighted edge-count scan statistic performs the best, and followed by the generalized / modified

max-type edge-count tests, while the original edge-count test is relatively not as good as its counterparts.
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Table 3.7: Change in both mean and variance. Observations are generated from multivariate normal distribution with
the mean vector changes from O to p, and variance changes from X to 0¥ after the change-point. The numbers of trials
(out of 100) that the null is rejected are reported, and in the parentheses below are the numbers of times the locations of
the change-points are sussessfully detected.

Change happens at the center: 7 = 500 Change happens at a quarter: 7 = 250

d 10 50 100 200 500 d 10 50 100 200 500

[l el]2 05 05 05 05 05 [[el]2 05 05 05 05 05
o 1.05 1.04 1.03 1.02 1.02 o 1.05 1.04 1.03 1.02 1.02

78 81 87 89 93 36 48 39 41 64

Zocee®) 0y 5 @ @ @ @ 2e=O o0 0 © © o
70 48 42 36 34 52 62 46 26 27

Zuc®) |l 05y ) 5 a0y © 2@l on @ o an @
69 88 93 98 98 63 92 91 82 100

Se® |l 30y s 6 h @ =D |Gy @) ©3) 6D 89)
73 91 93 86 98 63 95 92 86 99

Meee®) | 38y gy o) 6 78 M@ | on e a2 a4 ©3)

Table 3.8: Change in covariance matrix only. Observations are generated from multivariate normal distribution with the
covariance matrix changes from ¥;; = 0.6/"=7l to ;=(06—-A p)!*~71 after the change-point. The numbers of trials
(out of 100) that the null is rejected are reported, and in the parentheses below are the numbers of times the locations of
the change-points are sussessfully detected.

Change happens at the center: 7 = 500 Change happens at a quarter: 7 = 250

d 10 50 100 200 500 d 10 50 100 200 500

Ap 0.10 0.05 0.06 0.07 0.08 Ap 0.10 0.05 0.06 0.07 0.08
65 55 52 61 70 22 23 34 51 32
Zocr® 5y 5 0 @ @ =@l o 0 0 © o
40 16 19 12 30 21 28 20 41 21
Zecx® @) 5 © @ o Cee=O o e 0 ae 6
93 79 77 88 85 88 67 78 92 90

Seee®) | (74 GBI @26) 61) () Seee® | 41y 38) @6) 61) (54)
98 82 91 91 90 88 73 75 91 94

Mese (t) 88) 45 @5 (70) (49 Mese (t) B3) 39 @7 (68 (51

From Table we can see that when the change is in both mean and variance, regardless of where the change is, the
modified max-type edge-count scan statistic performs the best, followed closely by the modified generalized edge-count
scan statistic. On the contrary, the original edge-count test and the modified weighted edge-ocunt test not only have
significatly lower power, but could also lead to a biased estimate of change-point. From Table we see that even
when the change is in covariance matrix, the modified max-type edge-count scan statistic performs very well, and so
does the modified generalized edge-count scan statistic. Under this scenario, the other two tests are not recommended.

Through this simulation study, one can clearly observe that the modified weighted edge-count test is designed for
the changes in mean while the generalized / modified max-type edge-count tests are used for detecting various types of

changes.
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3.7 A real data example

We demonstrate our new methods on the yellow taxi trip records, which is publicly available on the NYC Taxi &
Limousine Commission (TLC) website (cite website). Tons of detailed information on the taxi trip recoreds are provided
on the website, including taxi pickup and drop-off date/times, longitude and latitude coordinates of pickup and drop-off
locations, trip distances, fares, rate types, payments types, and driver-reported passenger counts.

Given the abondance of the yellow taxi dataset, there are lots of questions and topics we can pose and explore. Here,
we illustrate our methods in detecting changes in travel departing from John F. Kennedy International Airport for a
one-year time period from Oct. 1, 2014 to Sep. 30, 2015. For simplicity, the boundary of JFK airport was set to be
-73.80 to -73.77 longitude and 40.63 to 40.66 latitude. We restrict our study on trips that began with a pickup location
within the territory of JFK airport.

We then extract information on the longitude and latitude drop-off coordinates for those trips departing from JFK
airport. The range of their drop-off locations are chosen to be -85.00 to -64.00 longitude and 34.50 to 49.50 latitude.
Using longitude/latitude coordinates, we create a 30 by 30 grid on the range of drop-off locations and count the number
of daily taxi drop-offs that fall within each cell, where each cell represents a longitude/latitude coordinate range. Then
for each day, we have a 30 by 30 matrix such that each element represents the number of taxi drop-offs within each area.

To test whether there are significant changes within the time period, we apply the three new edge-count tests together
with the original edge-count test in [Chen| (2019a)) to the taxi data under the CBP framework. Let A; be the 30 x 30
matrix on day 4, and we denote v; to be the vector form of A;, which is then 900 x 1. The Ly norm is used to construct
the MST graph representing similarity between days. We first apply the data driven method proposed in|Chen| (2019a)
to determine the size of L to account for the local dependency of the dataset. Figure shows the paths of Mcgp ()
from L = 1 to L = 10. We can see that as L increases, the path of Mczp () moves downward. The figure suggests that
L = 8 is sufficient for this dataset, because there is a big jump of the paths from L. = 7 to L = 8 and after L. = 8 the
path begins to move slowly. Though such choice of L could be somewhat subjective, it accounts roughly for the locally
dependent structure among the data within a week.

For the 365 days period from Oct. 1,2014 to Sep. 30, 2015, the three new tests (modified weighted/generalized/modified
max-type) report a change-point on Day 187, which corresponds to Apr. 5, 2015. Similarly, the original edge-count test
reports a change-point on Day 186, Apr. 4, 2015 (Table[3.9). One explanation of this result may lie in weather. Demand
for taxi in cold days could be different from that in warm days, so a change-point happened as winter came to an end.

We may compare the results with the methods in|Chu and Chen| (2019). Instead of circular block permutation with
L = 8, we use pure permutation, or CBP with L = 1 as the null distributions of the scan statistics. When the methods

are applied to the whole one-year period or the second segment, all tests agree with the results under CBP framework
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Figure 3.7: Paths for Mcgp (t) with block size L = 1, ..., 10 and its zoom-in version.
with L = 8.

Table 3.9: Change-point results and corresponding p-values (reported in parentheses) for NYC taxi pickups from JFK
over the whole one-year period. (Top table: CBP with L = 8. Bottom table: Permutation.)

’ T]me period ‘ Z(LCBP (t) ‘ Zw,CBP (t) ‘ SCBP (t) ‘ MCBP (t) ‘
10/1/2014 - 9/30/2015 | 4/4/2015 | 4/5/2015 | 4/5/2015 | 4/5/2015
(<0.001) | (<0.001) | (<0.001) | (<0.001)

’ Time period | Zo(t) | Zw(®) | S [ M@ |
10/1/2014 - 9/30/2015 | 4/2/2015 | 4/5/2015 | 4/5/2015 | 4/5/2015
(<0.001) | (<0.001) | (<0.001) | (<0.001)

3.8 Discussion and Conclusion

We propose new graph-based scan statistics for the testing and estimation of change-points that relax independence
assumption of the framework proposed by |Chu and Chen|(2019). To account for locally dependent data, we incorporate
the circular block permutation scheme proposed in|Chen|(2019a) into the new edge-count tests. In particualr, we propose
a new decomposition of the generalized edge-count test statistic under CBP. The new component is called the modified
weighted edge-count test that adjusts the weighted edge-count test to the circular block permutation setting. Under
CBP framework, we find that the optimal weight function should depend on the graph and block size L, while when
L =1, this optimal weight coincides with the original weight as proposed in|Chu and Chen|(2019). The importance of
this optimal weight is two-fold. First, it makes the modified weighted edge-count test statistic uncorrelated with the
other component in the decomposition, which facilitates the study of the asymptotic distribution of the generalized
edge-count scan statistic. Second, the modified weighted edge-count test could achieve higher power especially when

the observations are autocorrelated.
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The new scan statistics are based on two basic processes, Z,, cgp(t) and Zaig, csp (t), with the former sensitive to
locational alternatives and the latter sensitive to scale alternatives. We show that the two basic processes rescaled by
the length of the sequence, {Z, czp ([nu]) : 0 < u < 1} and { Zaigr cae ([nu]) : 0 < uw < 1}, converge to independent
Gaussian processes in finite dimensional distributions under some mild conditions of the graph. Even though the
covariance functions of the limiting Gaussian processes do depend on the graph when L > 2, simulation studies show
that the limiting processes are robust to the distribution of the observations.

Analytic p-value approximations based on limiting distributions (asymptotic p-value approximation) are derived for
all new statistics and the skewness-corrected versions are derived for the modified weighted edge-count statistic and the
modified max-type edge-count statistic. The asymptotic p-value approximations provides a ballpark estimate of the
p-value. The skewness-corrected versions give more accurate approximations. The modified weighted edge-count scan
statistic is designed for changes in mean that are not close to the center of the sequence, while the modified max-type
edge-count scan statistic is useful for detecting more generic changes. As a result, in practice, when prior knowledge of

the type of changes is unavailable, the modified max-type edge-count test is recommended.
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Chapter 4

Change-point Detection in Multiple
Sequences of

High-dimensional/non-Euclidean Data

4.1 Introduction

We study the problem of detecting simultaneous change-points in multiple sequences of high-dimensional/non-Euclidean
observations. With advance in technology, modern data collected in many fields usually come in various forms (such
as Neuropixels recordings (Jun et al.,|2017), microarrays (Zeebaree et al.| 2018b)), and so on), rendering traditional
change-point detection methods for univariate observations (James et al.| (1987), |Carlstein et al.| (1994)) not very useful
in coping with those datasets. Moreover, in many studies and experiments, there are multiple subjects, with each of
them represented by a sequence of observations. For example, |Chen et al.| (2019) studies the Neuropixels data collected
from 9 different region of the brain of a mouse;|Visconti di Oleggio Castello et al.|(2020) records the fMRI sequences
of 25 people watching the movie “The Grand Budapest Hotel” by Wes Anderson; Nakai et al.[(2021) collects multiple
fMRI sequences of the brains from 5 participants while they are listening to different music genres. For the Neuropixels
data in the above examples, each observation consists of high-dimensional measurements represented by the probes in
certain region of the mouse brain; for the fMRI data, each observation here is a 3D image. In this work, we focus on the
detection of simultaneous change-points in sequences of such complex observations.

Let {yﬁm), ..,y 1 < m < N} be the observations of N sequences of length n. The task of change-point
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detection in multiple sequences can be formulated as the following hypothesis testing problem:
Ho:y™ ~F™ fort=1,....mym=1,...,N 4.1)
against the single change-point alternative:

™, t<r

H, : Foratleastone m,31 < 7 < n7y7§m) ~

Fl(m) , otherwise

where Fo(m) and Fl(m), m = 1,..., N, are different probability measures. When N = 1, the problem reduces to
change-point detection in a single sequecne, which has been well studied both parametrically and nonparametrically
(Heard et al.| (2010}, Wang et al.|(2013)),[Harchaoui et al.| (2009), Matteson and James|(2014), Chu and Chen|(2019)). In
particualr, the graph-based methods in|Chu and Chen|(2019) have analytic formulas to control the type I error efficiently,
and can be easily applied to high-dimensional/non-Euclidean sequences of observations. Nevertheless, when there are
multiple sequences (/N > 1), one usually has to apply these methods to each of the sequences separately. For those
methods that are applicable to high-dimensional data, another option is to combine those sequences into one sequence
of observations, with each observation a collection of observations from each of the sequences. However, there are
some drawbacks and limitations dealing with multiple sequences of observations with the two approaches. First of all,
by applying the methods to each of the sequences separately, we have the multiple testing problem. When several tests
are performed simultanouesly, it would be difficult to control the real type I error. Second, applying the methods to
each the subjects individually fails to take advantage of the sample size (number of sequences, V) because in each
subject seugence, there could be noise that may interfere with the detection of the change-points, and therefore affecting
the power of the tests. This could be improved by applying the methods to all the subject sequences aggregately. An
alternative approach is to apply the methods to the combined sequence of observations. However, this could also dilute
the signals of the change-points, especially when the types or sizes of the changes are different for each sequence of
observations, also resulting in low power (see Section 4.4).

In the context of change-point detection in multiple sequences, |[Zhang et al.|(2010) studied the problem of detecting
common changes in mean vector in sequences of univariate Gaussian variables. Under the same setting, |Siegmund
et al.[|(2011) continued to investigate the scenarios where the mean values of the observations change simultaneously in
only a subset of the sequences. Motivated by the problem of detecting of DNA copy number variants, these parametric
methods work well in specific applications. However, most data analysis tasks in modern times involve sequences of

high-dimensional/non-Euclidean observations, and the types of changes could be very diverse or unpredictable. In such
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cases, some nonparametric approaches could be useful. Candidate methods include distance-based ecp (Matteson and
James|, 2014), and graph-based method gSeg (Chu and Chenl 2019)). Nevertheless, when there are multiple sequences,
those methods could have low power or even fail to detect some changes in many scenarios (Section .4).

In this work, we propose a new edge-count MS-statistic which aims for detecting simultaneous change-points
in multiple sequences of high-dimensional/non-Euclidean observations. The new test with the MS-statistic is a
nonparametric, graph-based method which utilizes the edge-counts informaiton on the similarity graphs for each
sequence of observations. Our MS-statistic improves on the idea of the max-type edge-count test statistic proposed in
Chu and Chen|(2019), and is able to detect more types of changes and has higher power in the presence of multiple
sequences. We also work out an analytic formula to approximate the p-values, so that our method can be fast-applicable
to large scale datasets. The performance of our new test is showcased by extensive simulation studies (see Section 4.4)),
and a real data example on the yellow taxi trip records (see Section[d.5)).

The rest of the chapter is arranged as follows. We define the MS-statistic in Section[4.2] The asymptotic properties
of the test statisitc, as well as the analytic formula for type I error control are discussed in Section[4.3] In Section4.4]
we present the simulation studies on the power of our test. The real data application is included in Section[4.5] We

conclude in Section 4.6

4.2 The Test Statistics

4.2.1 Test statistic for a single sequence

Let {y1,...,yn} be the length-n sequence of observations, and G = {(4,j) : y; and y; are connected} be the
undirected similarity graph constructed among the observations. Similar to the edge-count quantities defined in Chapter

[l we define the within-group edge counts

Roa(t)= Y Lpusijen  Rap)= Y Lusugso-
(i,5)€G (i.7)€G
Here, R 1(t) is the number of edges in G connecting both observations before ¢, and R¢ 2(t) is the number of edges
in G connecting both observations after t. Figureis a toy example that shows the counting of R¢ 1(t), and Rg 2(1).
Based on the two quantities, and following the definitions in Chapter 2] we have
n—t—1 t—1

Rci(t)+ ——=Rg2(t) ; Rar(t) = Rg1(t) — Raa(t),

Ru(t) = n—2

n—2
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and Z,,(t) and Zg(t) be their standardized versions:

R (t) — E(Ru(t))
Var(Ru(t))

_ Rain(t) — E(Rain(t))

Zw(t) — ; Zdiff(t) - Var(Rd‘ff(t))

Here E and Var denote respectively the expectation and varinace taken under random permutation that places probability
1/n! to each of the possible permutation outcomes of a length-n sequence. Then the max-type edge-count test statistic

in|Chu and Chen|(2019) is defined as

max M(t) 4.2)

no<t<ny

where M (t) = max(Z,(t), | Zair(t)]). Then with ng and ny pre-specified, the null hypothesis of homogeneity @.1)) is

rejected if (@.2) is larger than the threshold for a given significance level.

t=86, Ry(t) =4, Ry(t) = 11 t=10,R4(t) =9, Ry(t) = 8 t=14, Ry(t) = 10, Ry(t) = 2

Figure 4.1: The computation of R¢ 1(t) and Rgo(t) at three different values of ¢. Here yi,...,¥10 i

N((=0.7,—0.7)7,I,), and y11,. .., y20 = N((0.7,0.7)7,I,), where I is the 2 x 2 identity matrix. The graph G
here is MST on the Euclidean distance. Each ¢ divides the observations into two groups: one group for observations
before ¢ (purple triangles) and the other group for observations after ¢ (black circles). Red edges connect observations
before ¢ and the number of red edges is R 1(t); blue edges connect observations after ¢ and the number of blue edges
is Rg 2(t). Notice that as ¢ changes, the group identities change but the graph G does not change.

The max-type edge-count test statistic {@.2)) is desinged to capture the signals from various possible types of
changes in the alternative. For example, when there is a change in mean at ¢ in the seugence, observations before ¢
and observations after ¢ could be separated on the graph. Therefore, there would be more within-group edges, R 1(t)
and R 2(t), making R,,(t) larger than its null expectation. On the other hand, when there is a change in variance at
t, then observations with the smaller variance tends to concentrate within in the inner layer - forming edges mostly
within themselves, whereas observations with the larger variance tends to scatter around the outer layer - inevitably
form edges with observations in the inner layer. This phenomenon becomes severe especially when the observations

are in high dimension, which is also known as The Curse of Dimensionality. If the variance increases after ¢, then
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R 1(t) would be larger, but R 2(t) would be smaller compared to their null expectations. Therefore, in this case
Raigr(t) would be larger than than its null expectation. If the variance decreases after ¢, then by the same reasoning
Rgigr(t) would be smaller than its null expectation. Hence, the absolute value on Zy(¢) in (@.2)) takes into account the

two possible directions. (See|Chu and Chen| (2019) for more discussions.)

4.2.2 New test statistic for multiple sequences

The reason why (#.2)) is used to detect change-points for single sequence setting is because when there is a change-point
at t, either Z,,(t) or | Zgig(t)| or both tend to be large, thus making M (t) large (see full discussion in|Chu and Chen

(2019)). As the size of the edge counts capture the signal of a change-point, when there are multiple sequences, we would

like to add up the signals from each of the sequences to detect common change-points. Therefore, let {yY”), ey y&m) :

(m) (m)

;andy;" are connected} be

m =1,..., N} be the N sequences of length-n observations, and G,,, = {(i,5) : y

the similarity graph constructed among the m-th sequence of the observations. Then form = 1,..., N, we define

n—t—1 t—1 m
RUM(t) = ————Ra,, 1(t) + niRGm,z(t) ;. R{P(t) = Ra,,1(t) — Ra,, 2(t),

n—2
and Z3™ (t) and Z{ (t) be their standardized versions:

RV —EERI®) - pom R () — B (1)

Zim(t) =
Var(RU™ (1)) Var(R(™ (1))

2 2
Let S, (t) = ZN (Zl(um) (t)) , and Sgie(t) = vanzl (Zﬁg) (t)) . We define the new MS-statistic:

m=1

max MS(t) (4.3)

no<t<ni

where M S(t) = max(Sy, (), Sae(t)). With ng and n; pre-specified, the null hypothesis of homogeneity (@.I)) is
rejected if (#.3) is larger than the threshold for a given significance level.

The MS-statistic is motivated to accumulate the signals from the NV sequences. When there is a change in mean at ¢
in sequence m, Z,(Jn) (t) tends to be larger, and S, (t) sums up those signals. On the other hand, when there is a change
in variance at ¢ in sequence m, Zﬁf}?) (t) tends to deviate from zero, and Sgg(t) sums up those signals. We square the
statistics of each sequence so that the signals will not cancel out if some of the sequences contain changes in variance
with opposite directions.

To illustrate the effectiveness of the MS-statistics, we simulate sample paths for M S(¢) with and without a change-

point in a sequence of n = 1, 000 observations. In the setting of no change-point, observations are generated i.i.d. from
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100-dimensional Gaussian distribution with mean zero and covariance >, whose element in the ¢-th row and the j-th
columnis ¥;; = 0.6/"=71; in the setting with a change-point at t = 500, the first 500 observations are generated from
the same distribution as in the no change-point setting, and the last 500 observations have their mean vector shift from
zero to 0.15 X 1709, where 179 denotes a length-100 vector of all one’s. Figuredepicts the illustration for M S(t).

MS(t) with no change-point MS(t) with a change-point at =500

n
3 3 7\
g g ”
= g = =
! I ] | | | | I ] ] | |
0 200 400 600 800 1000 0 200 400 600 800 1000
t t

Figure 4.2: Sample paths for M S(t) when there is no change-point (left panel); and when there is a change-point at
7 = 500 (right panel).

Another natural formulation of the test statistic would be S(t) = S, (t) + Saife(¢), called the S-statistic here. The
MS-statistic and the S-statistic are similar but have slightly different rejection regions. Figure [d.3]shows the comparison
of the performance between the two statistics under locational (change in mean) and scale (change in variance)
alternatives, respectively. We see that under both scenarios, the two tests perform similarly with the MS-statistic having
slightly higher power than the S-statistic. In this work, we focus on the discussion of the MS-statistic. The other reason

for this is that we have derived the analytic formula to approximate type I error for the MS-statistic (see Section4.3)).

4.2.3 Analytic expressions for MS-statistic

To compute the MS-statisitc efficiently, we need analytic expressions for the expectaions and variances for each Ri(um) (t)

and Rgfr? (t) so that we do not have to perform the time-consuming permutations to obtain them. Given the similarity

graphs for each of the sequences, G,,,, m = 1,..., N, we have
E(RIV®) = |Gl (t(n i)?;(n t_2)1)’
e (R @) = 16,2,
m _ =D -t)(n—-t-1) et |Gm(w)? 2|G|?
Var (Ri(0) = n(n—1)(n—2)(n—3) ('G’”| T o2 - D(n— 2)) !
n— - ml?
wr(0) = 2 (e - 2F).
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Mean change Variance change
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Power
Power
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0.03 0.09 0.15 0.21 0.27 1.015 1.045 1.075 1.105 1.135

] a

Figure 4.3: Power comparison of MS-statistic and S-statistic. There are N = 4 sequences of length 1, 000 with each
obseravation generated from 10-dimensional Gaussian distribution with covariance ¥;; = 0.6/"=7!. The critical values
are determined by 10, 000 permutations at o« = 0.05. The change-point occurs at 7 = 300. Left panel: all the mean
vectors shift by d; Right panel: variances become a3 for all sequences.

where |G, | denotes the total number of edges, and |G,,, (u)| denotes the degree of node y,, in graph G,,,. The above
results follow directly from |Chu and Chen| (2019). Note that the expectations only depend on the number of edges in
the graphs, when all the graphs have the same numbers of edges, the expectations of Rq(,,m) (t) for all sequences are
the same, and the expectations of R((ﬁrg) (t) for all sequences are the same. On the other hand, in addition to |G|, the
2

variances also depend on ', |G, (u)|?, the sum of squared degrees of the graph. Therefore, the variances could be

different for each sequence even though the same graph is used (all graphs are k-MST, for example).

4.3 Analytic p-value Approximations

4.3.1 Asymptotic properties of the test statistics

Chu and Chen| (2019) shows that under some mild conditions on the graph, the rescaled versions of the two basic
processes, {Zw([nv]E[) : 0 < v < 1} and {Zgg([nv]) : 0 < v < 1} converge in finite dimensional distributions
to two independent Gaussian processes. Here we list those conditions as in Theorem 4.1, |Chu and Chen| (2019):
() [G] = 0(n), 1 < B < 15, (i) Ty [G(w)? — 265 = O(SI_, G(w)P), €iiD) Tpeqr | Acl|Bel = o(n'),
and (iv) 3, |Ae|? = o(n”T0%). These conditions ensure that the graph G is dense enough but not too dense. In
conditions (i) and (ii), |G| denotes the total number of edges in graph G, and |G(u)| denotes the degree of node y,, in
graph G. In conditions (iii) and (iv), e = (e_, e ) denotes an edge withe_ < ey, A, = G._ UG, is the subgraph in

G that connect to either node e_ or node e, and B, = Ugx¢ 4, A~ is the subgraph in G that connect to any edge in

IFor a scalar x, we use [z] to denote the largest integer no greater than x.
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Ae.
Based on this result, the authors in|Chu and Chen|(2019) derive asymptotic analytical formulas to approximate the

p-value for the max-type test statistic {.2):

P( max M(t) >b) zl—P( max  Ze(t) <b)P( max | Zaa(t)| <b) “.4)

no<t<ni no<t<ni no<t<ni
—1-— 1—P( Z.(t b) 1—P< Ziee(t b) .
( n22%, Zu(t) > )( 22X, | Zan(t)] >

where

P( max Zw(t)>b) ~ / Co () (\/202C, () dt 4.5)
P(norgi%(m|ZdiH(t)\ >b) ~ 2bp(b) /n 0 Case(t)v (v/262 Cair (1) ) dt (4.6)

where the function v(-) can be estimated numerically as v(z) =~ é%??;i (;52/)1);&5’%) with ¢(-) and ®(-) being the

probability density function and cumulative distribution function of the standard normal distribution, respectively; and

Cw(t), Cyir(t) are the partial derivatives of the covariance function of their corresponding processes, i.e.,

_ i Opu(st) _
Cy(t) = 11}% s i pw(s,t) = Cov(Zy(s), Zy(t)),
Carr(t) = lim Opain(s,1) paire(s, 1) = Cov(Zae(s), Zaine(t))
1 s/'t 88 b 1 b) 1 ) 1 -

Moreover, C,, (t) and Cyr(t) can be further derived and simplified to

n(n—1)(2t2/n — 2t + 1) n

Cw(t) = 2 D —nt+n—1) ; Cdiff(t):m.

As we can see, both C,(t) and Cy(t) are functions independent of the similarity graph G. In fact, as shown in
Theorem 4.3, |Chu and Chen|(2019), the covariance functions of Z,,(t) and Zy(t) are also distribution-free and do not
depend on the graph at all.

In this work, we consider the case when there are multiple sequences. Suppose there are N sequences, then
we have N similarity graphs (G1,...,Gxy), and their corresponding two processes, Zl(ul)(t), cey z) (t), and
Zéilfg t),..., Z(gg)(t). Since both py,(s,t) and paist(s,t) do not depend on the graph, qul)(t), e Zq(i,N)(t) share
the covariance function, p,,(s,t); and Zc(ﬁlfz (t),. Z(gl];f’)( t) share the covariance function, pgi(s, t).

Use the notation |A| to denote the cardinarity of a set A, G;() to denote the set of edges in GG; that incident to node

i, 50 |Gy (4)| is the degree of node i in the graph Gy, and Vg, := >, (|Gi(i)| — @)2 that represents the variability
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of degrees of the graph G,. Let G be the union of all graphs G1,--- ,Gn (G = UG)), G(7) is the set of edges in G
incident to node i, G(4) to be the set of nodes incident to the node i in the graph G, and N, sq 1s the number of squares in

the graph G. Define ¢(e) := Zf;l 1{ccq,y that is the number of graphs containing edge e. Let

ViG] - 25

n

d=S1— "1 fori=1,-.n
1=1 Ve,

(1
Co = Imax .
0 é e

Assume that ¢(e) is uniformly bounded for all edges e, we list sufficient conditions to derive the limiting distribution:

n

PINA .7

=1
n 2 .

o Zci |G(#)] = 0 4.8)
=1

> IGEHP =0 (4.9)
=1
n j#k

cz Z Z cici =0 (4.10)
i=1 j,keG (i)

c4Nsg — 0, 4.11)

as n goes to infinity.

Liu et al.|(2022) proved the following Theorem.

Theorem 8. Given N graphs G1,-- - , Gy with the same order of cardinality, and ¢(e) = Zl]\il Liceq,y is bounded

forall edges e € G. Ifforany1 <i < j <N,

) "Gy G, 41G,||G;
u=1

n n?

and conditions @) hold, then {val)([nv]) 0<v <1}, {Z&N)([nv]) 10 <wv< 1} and {Z[Sllﬁ)([nv]) :

O<wv<l1},..., {Zgg)([nv]) : 0 < v < 1} converge in finite dimensional distributions to 2N independent Gaussian

processes.

Based on Theorem [8] we derive the analytical formulas to approximate the p-values for the MS-statisitc.
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4.3.2 Analytical p-value approximation formula for MS-statistic

Here we derive the analytic p-value approximation formula for the MS-statistic, i.e.,

P( max MS(t) > b) ~ 1—P( max  Sy(t) < b)P( max  Saie(t) <b) (4.12)

no<t<ng no<t<ni no<t<ni
—1-(1-p( () > b)) (1-P( wlt)>0) ).
(1P, 500 >0) ) (1-P(, s, ) >
Again, to compute (@.12)), all we need is to compute the two probabilities on the right-hand side. Under the conditions
in Theorem 8] we show (Appendix [C.T) that the two probabilities can be approximated by

P( max Su(t) > b) 2b (1 - Nb_l) 75 (0) " Cw(x)u( 2%C, () (1 - Nb_1>) dr  (4.13)

no<t<n;

Q

N-1 2 " N-1
P( Iilta<X Sdiff(t) > b) ~ 2b (1 — b) f?\(] (b) Cdiff(l‘)ll < chdiff(x) (1 — b)) dx (414)
nostsna no

pN/2-1

2
where fX (b) = 2N/20(N/2)

exp(—g) is the density of a chi-square distribution with degree of freedom NN.

Remark 2. In the case of single sequence (N = 1), the factor 1 — X=1 = 1 vanishes, then equation @I3) and @14)

reduces to [@.3) and @.6), respectively, which can be easily verified by a change of variable.

Table .1)shows the performance of the analytical p-value approximation formula (4.12) under significance levels
o = 0.05 across various selected data distributions and dimensions based on 10,000 permutations (multivariate
Gaussian distribution with dimension d = 10, multivariate ¢5-distribution with d = 100, and log-normal distribution
with d = 1,000). The critival values given by the asymptotic analytical formula (4.12) are presented in the last row of
Table .1} “Analytical.” We report the results for the following seven numbers of sequences (N = 1,2, 3, 5, 10, 20, 50).
The length of each sequence is n = 1,000, and we set ng = 100, ny = 900. For the multivairate Gaussian and
multivariate ¢5-distribution, the observations in each sequence are generated i.i.d. from their corresponding distributions
with mean zero and covariance X, whose element in the i-th row and the j-th column is ¥;; = 0.6/"=3l. For the
log-normal distribution, each observation consists of d indepednet log-normal randan variables. Complete results for

different combinations of data distributions and dimensions are provided in Appendix[C.2}

Table 4.1: Critical values for test statistic max M S(t) based on 5-MST at o = 0.05.

no<t<ng

N=1|N=2|N=3|N=5|N=10| N=20| N=50
Multivariate Gaussian (d = 10) || 11.54 14.87 17.45 | 21.83 31.42 47.68 89.36

Multivariate ¢5 (d = 100) 11.38 14.81 17.59 | 22.07 31.64 48.00 90.07
Log-normal (d = 1, 000) 11.98 15.45 18.36 | 22.99 32.63 49.02 92.19
Analytical 11.31 14.53 17.13 | 21.59 31.03 47.25 89.54
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From Table [d.T] we see that the analytic p-vlaue approximation formula for the MS-statistic gives very accurate
estimates of the critical values no matter what the underlying distribution of the data is. The accuracy of the p-value

approximation is quite consistent regradless of the number of sequences.

4.4 Power Evaluation

In this section, we study the power of our proposed MS-statistic with three existing methods - the parametric method
proposed in|Zhang et al.[(2010), the the graph-based max-type statistic (Chu and Chen, |2019), and the distance-based
method (Matteson and James|, [2014) - through simulation studies. In the following, we use “New,” “Zhang,” “gSeg,”
and “ecp” to denote the four methods, respectively. Below describes some general settings in the simulations that are
adopted throughout Section[#.4 We generate N sequences, with each sequence having length n = 1,000, where all
observations are independent and have dimension d = 100. For all but the ecp method, the change-points are searched
over the interval [ng = 100, n; = 900]. Moreover, for our new method (MS-statistic), N 5-MST’s are constructed for
each of the N sequences on Euclidean distance; for the gSeg method (max-type statistic), one 5N-MST is consturcted
for the combined sequence on Euclidean distance.

Before we dive into the study of the power performance of these methods, we first examine their ability to control
type I error at a given significance level for high-dimensional data structures. Figure[d.4] plots the rejection rates of the
four methods against various numbers of sequences V. In each scenario, the the rejection rate is computed based on

5, 000 simulations under significance level o = 0.05. The threshold (rejection region) for the MS-statistic is derived by

plugging in @.13) and {.14) into formula {@.12), thresholds for other methods are also determined by their associated

techniques.
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Figure 4.4: Rejection rates of the four methods in N homogeneous sequences. Left panel: observations are from
multivariate ¢5 distribution. Right panel: observations are from Exp(1) distribution.
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From Figure[d.4] we see that the method in Zhang et al.| (2010) fails to control the type I error at v = 0.05, whereas
the other three methods, including our new MS-statistic, have good control on the false discovery rate. The reason is
thatZhang et al.|(2010) views each dimension as a univariate sequence and assumes those sequences are independent
of each other. When the d coordinates in a high-dimensional observation are correlated, the method in Zhang et al.
(2010) could have a higher false discovery rate than expected. In the above simulations, the covariance matrix of each
observation is ¥, where ¥;; = 0.6/*=71. For the right-skewed distribution in the right panel of Figure let u be the
length-d vector of i.i.d. random variables from Exp(1), the obseravtion is generated as Sou. Figure |4.4|illustrates the
limitation of the method (Zhang et al.| 2010) when applied to more generic data structure. Therefore, we exclude this

method in the power comparison below.

4.4.1 Small number of sequences

We then study the power of our proposed MS-statistic (New) with the other two methods that can also control type I
error - the graph-based max-type statistic (gSeg), and the distance-based method (ecp). We generate N = 4 sequences
with length n = 1, 000 and a change-point occurring at 7 = 300. Before the change-point, the observations are i.i.d.
from d = 100 multivariate ¢5 distribution with mean 0 x 14, and covariance matrix ¥, where 3;; = 0.6/"=3!. For
the distributions after the change-point, the mean vector for sequence m (m = 1,2, 3,4) becomes A,, x 14, and
the covariance matrix for sequence m becomes a,,,>. In another setting where only the off-diagonal structure of the
covariance matrix changes, the matrix for sequence m becomes X(™) with EZ(-;H) = p,lffj |. We build the 5-MST on
Euclidean distance for each of the four sequences in constructing our MS-statistic. For the graph-based max-type
statistic (gSeg), we first merge the four sequences into one, and the statistic is computed based on the 20-MST on
Euclidean distance among the merged observations. As we use the 5-MST (k = 5) for the MS-statistic, we adopt the
20-MST (k = 20) for the max-type statistic when there are N = 4 sequences to make the comparison fair.

We study the power of the three tests in two settings. Section [f.4.T]discusses the setting where all N = 4 sequences
have a change-point at 7 = 300, while the sizes and types of changes could be differrent. Sectiond.4.1|focuses on the

setting where the change only exists in one of the four sequences, while the other three sequences remain homogeneous.

Change occurs in all sequences

The simulations are conducted in the following five scenarios, and the results are presented in Table .2

Scenario I: Change in mean vectors only. The distributions before the change, or Fém), m = 1,2,3,4, are
stated in Section [#.4.1] After the change, one coordinate of the mean vector in sequence m shifted by A,,, with
(A1, Ag, Az, Ay) = (—6,—0,0,0), two positive and two negative. We study the power of the three tests across different

values of ¢.
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Scenario II: Change in variances in the same direction. The distributions before the change are stated in Section
After the change, the covariance matrix of sequence m changes from ¥ to a,, %, with (a1, a9, as,a4) =
(2 —a,2 — a,a,a). We study the power of the three tests across different values of a. After the change-point, two
sequences of observations have their variances increase, and the other two decrease.

Scenario III: Change in mean plus change in variances in different directions. The distributions before the change
are stated in Sectionf.4.1] After the change, all sequences have a mean change of size 0.5 in one coordinate, and the
covariance matrix of sequence m changes from ¥ to a,, >, with (a1, as, a3, a4) = (2 — a,2 — a, a, a). We study the
power of the three tests across different values of a.

Scenario IV: Change in off-diagonal elements of the covariance matrix. The distributions before the change are
stated in Section After the change, the covariance matrix of sequence m changes from ¥;; = 0.6/"=71 to
EE;”) = p‘#’fﬂ, with (p1, p2, p3, pa) = (p, p, p, p). Define Ap = 0.6 — p. We study the power of the three tests across
different values of Ap.

Scenario V: Change in both mean and variance for asymmetric distribution. The changes in mean and covariance
before and after the change-point are the same as Scenario III. The underlying distribution here is centered chi-square
distribution with degree of freedom 3. That is, x% — 3. Let u be the length-d vector with each component i.i.d. from 2.
Each observation is generated as $2 (u — 3 x 1,).

From Table we see that wnen the change is only in mean (Scenario I), the ecp performs the best, and the two
graph-based methods (gSeg and our method) are not too bad compared to ecp. This is not a surprise since ecp uses all
the pairwise distances information while the graph-based methods use only the information of the similarity graphs. In
Scenario II to V, we see that ecp has very low power, and our MS-statistic performs significantly better than the other
methods. Especially in Scenario II, IIT and V, when there are changes in variance in the opposite directions, both ecp
and gSeg fail to detect such changes. On the other hand, the power of the MS-statistic increases as the size of change
increases, meaning that our new method is able to capture the signals of such changes efficiently. Lastly, in Scenario IV,
when the change is in the off-diagonal elements of the covariance matrix, both graph-based methods can detect the

changes successfully, while our new test has a higher power than gSeg for any given size of change.

Change occurs in one sequence

In Section .41 we have studied the cases where changes occur in all N' = 4 sequences. Following the same settings,
here we discuss the cases where the change occurs only in one of the four sequences, whereas the other three sequences
remain homogeneous. In particular, the five settings here are:

Scenario I: Change in mean in one sequence. After the change-point, one coordinate of the mean vector of one

sequence becomes 6.
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Table 4.2: Numbers of times (out of 100) that the null hypothesis is rejected under significance level o = 0.05. In the
parentheses are the numbers of times the estimated change-point 7 is within 50 of the true change-point 7 = 300, i.e.,
7 € [275, 325], which can be interpreted as “accuracy.”

Scenario I: Change in mean (only one coordinate: 2 positve 2 negative)
) 0.00 0.10 020 030 040 050 060 0.70 0.80 090 1.00

9 4 4 5 9 15 19 43 74 90 100
New | @) © © 3O © @) (8 @4 (3 (76) (86)
0 4 2 8 14 16 34 60 76 94 100
geg | 0 O O © (1) ©® (16 (37) (45 (0) (79
7 5 4 7 13 18 42 91 99 100 100
P 1O © O O 4 @ @) Jdn @5 (95 98

Scenario II: Change in variance (different directions)
a 1.00 1.02 1.04 1.06 1.08 1.10 1.12 1.14 1.16 1.18 1.20

N 6 11 8 20 27 44 60 72 93 96 98
NMNO OO @ @ d9H @EH @ 6 ThH (73

S 9 4 3 6 8 8 6 6 10 1 7
B O O O © O O @O O O ©O ©
7 6 5 10 10 3 2 7 6 2 4
“PlTO @O O @ O O @O O O O ©O

Scenario III: Mean change (fixed) + Variance change (different direction)
(mean 0.5 in one coordinate, variance same as Scenario II)

a 1.00 1.02 1.04 106 1.08 1.10 1.12 1.14 1.16 1.18 1.20

16 6 11 17 22 49 64 83 96 98 99
New |l @ ) @ & @ (12 49 @) (0 64 (74

15 17 19 16 20 25 11 26 16 32 31
gegl ® B ©® ©® D ©® © (¢ @ (an dn
19 19 18 13 18 15 16 20 16 22 22
eep 7 anp o @& ®; G G Jo O O dy
Scenario I'V: Change in off-diagonal elements of the covariance matrix
Ap 1000 0.02 004 006 0.08 0.10 0.12 0.14 0.16 0.18 0.20

N 7 5 17 27 40 63 91 97 100 100
MO @O O @ 10 (12) (28 (S (64 @) (@87

S 9 4 4 8 9 10 14 31 31 48 60
B O © O © @O @ 6 (12 (12) (2 (28

7 6 5 3 5 4 4 5 9 4 9
“P 1O @O O © O O @O O @O O (©

Scenario V: Chi-square distribution, changes same as Scenario I11
a 1.00 1.02 1.04 106 1.08 1.10 1.12 1.14 1.16 1.18 1.20

6 18 62 99 100 100 100 100 100 100 100
New | (o) 2y @I (@1 (©0) (95 (98 (100) (100) (100) (100)
S 4 3 4 6 7 7 11 9 16 13 19
gelm o o @ O O O O (@) I 10

3 8 6 10 5 6 9 5 8 8 10
Pl MmO 3 e O O O @ @ @
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Scenario II: Change in variance in one sequence. After the change-point, the covariance matrix of one sequence
changes from ¥ to a.
Scenario III: Change in both mean and variance in one sequence. After the change-point, one coordinate of the
mean vector in one sequence shifts by 1.0, and the covariance matrix of the same sequence changes from ¥ to a3.
Scenario I'V: Change in covariance structure in one sequence. After the change-point, the covariance matrix of one
sequence changes from ¥;; = 0.6/ 77! to ¥i; = (0.6 — Ap)li=il,
Scenario V: Change in both mean and variance for asymmetric distribution in one sequence. The setting is the
same as Scenario V in Section[#.4.1] but here the change occurs in only one sequence and the other three sequences
remain homogeneous.

From Table[4.3] we see that when the change is in only one of the sequences, our MS-statistic is the best among the
three methods in all scenarios. The new test is sensitive to various types of changes and has the highest power. Even in
Scenario I, when the change is only in mean, our new test has higher power than ecp. In other scenarios where gSeg or

ecp could fail, our MS-statistic demonstrates its effectiveness in detecting different types of changes.

4.4.2 Large number of sequences

Here we study the power performance of the three tests (our method, gSeg, and ecp) under simulations with N = 100
sequences. Other parameters are the same: n = 1,000, d = 100, ng = 100, ny = 900, k = 5. Before the change-point,
the observations are i.i.d. from multivariate 5 distribution with mean zero and covariance Y as defined before. In
Section[.4.1] all the sequences have the same type of changes. Here, we allow the sequences to have different types of
chagnes. For each sequence in the simulations, the change could equally likely be in one of the three: change in mean,
change in variance, and change in covariance. If the change is in mean, then after the change-point, one coordinate of
the mean vector becomes +4, with plus or minus being assigned randomly with probability a half; if the change is in
variance, the covariance matrix becomes (1 + Aa)X after the change-point, with plus or minus being assigned randomly
with probability a half; if the change is in covariance, the coefficient p changes from 0.6 to 0.6 — Ap. Table 4.4 below
lists the values of ¢, Aa, and Ap, as the size of change increases. We run the experiments under three scenarios: (i)
change occurs in all 100 seugences, (ii) change occurs in 20 sequences, and (iii) change occurs in only 1 sequence. The
results are shown in Figure

From Figure .5] we see that when the changes occur in all N = 100 sequences, all the three methods are able to
detect the changes. In addition, our MS-statistic has the higher power and accuracy at any given size of change. When
the changes occur in 20 of the sequences, or only in one of the sequences, both gSeg and ecp fail to detect such changes.
On the other hand, our new method still has high power and decent accuracy in those two scenarios.

In Section 4.4} we learn from extensive simulation studies that our proposed MS-statistic is capable of detecting
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Table 4.3: Numbers of times (out of 100) that the null hypothesis is rejected under significance level o = 0.05. In the
parentheses are the numbers of times the estimated change-point 7 is within 50 of the true change-point 7 = 300, i.e.,
7 € [275, 325], which can be interpreted as “accuracy.”

Scenario I: Change in mean in one sequence (only one coordinate)
6 0.00 020 040 060 0.80 1.00 120 140 1.60 1.80 2.00
N 3 14 8 10 26 52 86 97 100 100 100
WTO O O 2 ® B0 (57 (84 (92) (98) (100
8 3 5 5 9 21 34 74 81 93 99
gegl @ O ©® O O (5 (18 @h (52 () 8D
5 9 4 10 5 17 44 86 100 100 100
ecp @ ©O© @O @O ©O ® @3 7H OH 00H 0N

Scenario II: Change in variance in one sequence

a 1.00 1.04 1.08 1.2 1.16 120 124 128 132 136 140
N 3 15 9 13 26 47 52 72 87 93 98

WO O (0 (3 10 @2l) (21 (35 @4 48 (67
8 4 6 6 8 10 15 24 20 36 38

gegl @ @ ©® @ @ B 6 6 ® O ay
5 7 6 11 14 11 15 17 16 18 27
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Scenario III: Mean change + Variance change (one sequence)
(mean 1.0 in one coordinate, variance same as Scenario II)

a 1.00 1.04 1.08 1.12 1.16 120 1.24 128 132 136 1.40

48 47 51 68 66 75 81 93 97 94 99
New | 28) (25) (29) (3%) (36) (43) (54) (57) (61) (55) (70)
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geg | 4 (10) (1) (12 (dh dh (dh (14 (13 (10 (17

19 18 33 25 30 32 40 46 49 57 67
PG ® (15 @ 16 d3) 26 (23) (24 G (39

Scenario I'V: Change in covariance structure in one sequence
Ap 1000 0.03 006 0.09 0.12 0.15 0.18 021 024 027 0.30
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Scenario V: Chi-square distribution, change occurs in one sequence

a 1.00 1.02 104 106 108 1.10 1.12 1.14 1.16 1.18 120

3 7 12 42 67 87 98 100 100 100 100
New | @ () () a7 (30) (58) (66) (71) (86) (83) (90)
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1O @O O & B ® (13 G0 (B0 4 2

4 6 8 6 8 4 7 8 7 8 6
PO ©® O © O O @O O O O O

73



Table 4.4: Values of parameters used in each simulation run for Scenario (i) and (ii). Larger values, in particular
(6 — 46, Aa — 3Aa, Ap — 2Ap) are used for Scenario (iii).

size index 0 1 2 3 4 5 6 7 8 9 10
6 0.00 0.05 0.10 0.15 020 025 030 035 040 045 0.50
Aa 0.00 002 0.04 006 008 0.10 0.12 0.14 0.16 0.18 0.20
Ap 0.00 0.02 0.04 0.06 008 0.10 0.12 0.14 0.16 0.18 0.20

Change in all sequences Change in 20 sequences Change in 1 sequence

Power
Power
Power

02 04 06 08 10
02 04 086 08 10
02 04 06 08 10

0.0
0.0
0.0

T 1 1T T© T T T T 1 ||\\“T \”l‘\'l\ \\\l\r\ T T |."-|"“-
1 2 3 4 5 6 7 8 9 10 12 3 4 5 6 7 8 9 10 12 3 4 5 6 7 8 9 10

Index of change size Index of change size Index of change size

Figure 4.5: Power of the three methods for changes occur in different number of sequences when the total number of
sequences is N = 100. The power is computed based on 100 simulations at significance level & = 0.05. The dotted
lines represent the number of times that the change-point location is correctly detected. That is, 7 € [275, 325] where
the ture change-point is at 7 = 300.

various types of changes, from mean to variance to covariance structure. In addition, its performance is robust to
different underlying distributions, symmetric or asymmetric. Our MS-statistic has contant high power no matter the

changes are in all sequences, a subset of the sequences, or only a few of the sequences.

4.5 Real Data Application

To illustrate the effectiveness of the MS-statistic, we apply our method to the dataset of the yellow taxi trip records,
which is publicly available on the NYC Taxi & Limousine Commission (TLC) website (http://www.nyc.gov/
html/tlc/html/about/trip_record_data.shtml). The trip records contain abundant information, such
as taxi pickup and drop-off dates and times, longitude and latitude coordinates of pickup and drop-off locations, trip
distances, fares, rate types, payments types, and driver-reported passenger counts.

The dataset is so rich that many studies can root on. Here, we demonstrate the new approach in detecting changes in
travel to the John F. Kennedy International Airport over the year. The boundary of JFK airport was set to be 40.63 to
40.66 latitude and 73.80 to 73.77 longitude for easy reference. We use the year-end data from 2011 to 2015. The reason
that we include the data up to the year of 2015 is because the longitutde and latitude coordinates are no longer available
in 2016 and after.

For those trips having a destination at JFK airport, i.e., a drop-off coordinates within the boundary of the airport,
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we extract information on where those trips begin, their longitude and latitude pickup coordinates. Using the longi-
tude/latitude coordinates, we create a 30 by 30 grid of New York City and count the number of taxi pickups that fall
within each cell, where each cell represents a rectangular longitude, latitude coordinate range. Then for each day, we
have a 30 by 30 matrix representing the number of taxi pickups in each location. Therefore, we have five sequences,
from year 2011 to 2015, respectively. Each sequence consists of 365 such matrices from January 1st and December
31st. In the year of 2012, which has 366 days, the matrix for Feburary 29th is excluded from the sequence.

We apply the MS-statistic on the five sequences of observations, where each observation is a 30 by 30 matrix. We
use the Lo norm distance among the observations to construct the MST graphs for each sequences. The MS-statistic is
then computed based on those derived graphs.

As there might be more than one change-points in the sequences, if the first change-point is found, we apply the
method again to the two subsequences separated by the first change-point. With significance level v = 0.01, the method
is then applied iteratively until no more change-points can be found. After the initial set of candidate change-points are
determined. A change-point refinement procedure is then performed to prune the quality of the change-points.

Suppose the initial set contains K change-points denoted by 1 < ¢; <ty < -+ < tg < 365. Lettg = 1 and
tx+1 = 366, we perform the following step to first refine the estiamtes of change-points. For each change-point ¢y,
k =1,..., K, the change-point detection approach is applied to the interval [t;_1, tx+1) to refine the estimate, and the
refined change-point is denoted by t,(fl).

If the set of refined change-points are different from the initial set, we further check if there is any change-point

in each sub-interval [t,(cl), ¢ ), k=0,1,..., K, with the type I error being controlled at 0.01/K. Let K? be the

k+1
number of candidate change-points after the re-searching and we denote these change-points by 1 < t§2) < tg) <<
tg%n < 365. Now we treat this new set of change-points as the initial set and repeat the refinement and re-searching

procedures until the candidate set converges.

After the candidate set is finalized, we do one last step to prune the change-points, that is, tf), k=1,...,K®is
kept only if the observations in the time interval [t,(i)l, t](i)l) is significatly non-homonegeous. In particular, here we

use the Benjamini-Yekutieli procedure (Benjamini and Yekutieli, [2001) to control the false discover rate at o = 0.01.
Throughout the process, ng is chosen to be either 5 or 5% of the sequence length, whichever is larger, and n; is
chosen symmetrically. That is, let ns be the length of any sequence the graph-based method is applied to, then
ng = max(5, |0.05ns ), and ny = ngs — ng.

The result of the set of change-points found by the MS-statisitc is presented in Table[d.5] We see that in general
both methods detect similar change-point locations.

To perform sanity check on those change-pooints found. We plot the heatmaps of the five sequences (Figure 4.6) on

L5 norm distance. We further zoom in those heatmaps by partitioning the whole sequences into three non-overlapping
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Table 4.5: Final sets of change-points (and their corresponding dates) found by the MS-statistic after refinement and
pruning, under significance level o = 0.01.

Set of detected change-points

. 44 127 146 [ 183 | 188 | 249 [ 301 352 357
MS-statisitc || Feb.13 | May7 | May26 | Jul2 | Jul.7 | Sep.6 | Oct.28 | Dec.18 | Dec.23

Year 2012

Year 2014 Year 2015

Figure 4.6: Heatmaps of the five seugences on Ly norm distances, from day 1 to day 365.

subsegeunces to get a closer look at their relative distances. The three subsequences are from day 1 to day 150 (Figure
@), day 151 to day 300 (Figured.8), and day 301 to 365 (Figure[£.9), respectively.

From the first subsequences (Figure[#.7] day 1 to day 150), we see that the first change-point at Feb. 13 (day 44)
reflects mainly the change in the year of 2011, and the second change-point at May 7 (day 127) possibly reflects weak
changes in the year of 2013, 2014 and 2015. From the second subsequences (Figure .8} day 151 to day 300), the
change in the interval July 2 to July 7 (day 183 to 188) is common in all the five years, and the next change-point at
Sep. 6 (day 249) is mostly contributed by the year of 2012 and 2013. Finally in the third subsequences (Figure[4.9] day
301 to day 365), the last change-point of Dec. 23 (day 357) is obvious in all sequences, after which are the Christmas
holidays. The other change-point in this segment Dec. 18 (day 352), though weaker, is also suggested by all the five

sequences.
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Figure 4.7: Heatmaps of the five seugences on Ly norm distances, from day 1 to day 150. Black lines indicate the

locations of change-points detected by the MS-statistic.
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Figure 4.8: Heatmaps of the five seugences on Ly norm distances, from day 151 to day 300.

locations of change-points detected by the MS-statistic.
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Figure 4.9: Heatmaps of the five seugences on L2 norm distances, from day 301 to day 365. Black lines indicate the
locations of change-points detected by the MS-statistic.

4.6 Conclusion

We propose a new nonparametric, graph-based change-point detection method using the MS-statistic to detect simulta-
neous change-points in multiple sequences of observations. Our method can be applied to datasets with any number of
sequences in arbitrary dimensions, with a fast type I error control. The method can also be applied to non-Euclidean
data as long as a proper dissimilarity measure can be defined among the observations. In constructing our MS-statistic,
we utilize the edge-counts information from the similarity graphs for each sequence of the data observations so that it is
sensitive to changes that happen simultaneously in all the sequences, as well as in a small subset of the sequences. To
make our method instant-applicable to large scale datasets, we derive the asymptotic analytic fromula to approximate
the p-values of our test. This asymptotic formula is distribution-free and performs well in finite sample as shown by the
simulations in Section 4.3

Existing change-point detection methods for multiple sequences are limited many ways. For example, the method

in[Zhang et al.| (2010) is effective in detecting locational alternatives in sequences of univariate Gaussian observations.

The nonparametric ecp method (Matteson and James| [2014) can be applied to high-dimensional observations but is only

effective in detecting changes in the mean vectors. In addition, when the mean changes are only presented in a subset of
the sequences, the ecp method could also have low power. The graph-based (gSeg) max-type statistic (Chu and Chen,

[2019) is more flexible than ecp but could fail when the sequences exhibit different types of changes, or the changes
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are only in few of the sequences. Our proposed MS-statistic improves upon those two methods by collecting signals
of changes from individual sequences separately, and hence is more powerful in the presence of multiple sequences.
Moreover, the MS-statistic can detect changes that happen in all of the sequences, as well as in only a small subset of
the sequences. We apply our new method to the yellow taxi trip records in Section[4.5] This example demonstrates the

effectiveness of our method in detecting change-points in multiple sequences of observations.

79



Chapter 5

Conclusions

5.1 Summary of Contributions

Graph-based change-point detection is a nonparametric framework that utilizes the edge-count information on a
similarity graph constructed on the observations. It can be easily applied to data of arbitrary dimension or even
non-Euclidean data as long as a proper dissimilarity measure can be defined among the observations. We propose
three versions of the graph-based methods that tackle various difficulties one may encounter in many real applications,
making the methods more flexible and compatible with a wide range of modern change-point analysis tasks.

The first version improves the time efficiency of the algorithms, which makes the method more desirable especially
when dealing with long data sequences or high-dimensional data. In the example of the fRMI sequence of length-598
and dimensionality more than 400 thousands, our new method is more than 30 folds faster than other compelling
nonparametric methods. We incorporates the approximate k-NN information into the graph-based framework and the
total time complexity of our new method can be achieved in O (dn(log n+ klogd) + nk2) time. We work out the
analytic expressions of the edge-count test statistics, and derive the analytic p-value approximation formulas under
directed k-NN graphs. Our new method has proper control on the false discovery rate, and has power higher than or at
least on par with other competitive nonparametric methods. In addition, out new test is sensitive to various types of
alternatives, such as changes in mean, variance, covariance, skewness and kurtosis.

The second version handles data with local dependency. We incorporates the circular block permutation (CBP)
framework into the three (weighted/generalized/max-type) edge-count test statistics that improve on the original one.
The main finding is that under CBP, a new weight function that depends on the graph and the block size used in CBP
should be adopted. We derive the expression of this new optimal weight, and redefine the three edge-count test statistics

accordingly. To make the methods instant-applicable, we derive the analytic expressions to compute those test statistics
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under CBP, and their corresponding formulas for type I error control. Simulation studies show that the new tests have
good control on the false discovery rate for autocorrelated data, and the power of the new weighted edge-count test is
higher than that of the old one.

The third version provides a new tool for change-point analysis in multiple sequences of high-dimensional/non-
Euclidean observations. We construct similarity graphs for each sequence of observations, and design a new MS-statistic
that collects and accumulates signals from all the graphs. The new test can detect simultaneous changes even if the
types of changes in each of the sequences are different. In addition, the test is powerful in detecting changes that occur
in all or a subset of the sequences. We derive the analytic formulas for type I error control based on the asymptotic
properties of the test statistic. The good performance of the analytic formulas is robust to the number of sequences, data
dimensionality, and the underlying distributions of the data observations.

All three methods embrace the challenges for modern data analysis because they are all sensitive in detecting various
types of changes, and have analytic formulas to control the type I error. The three methods can be adopted individually
or as a combination. For example, in the task of change-point detection in multiple sequences, we may construct the
directed approximate k-NN graphs for each sequence, and compute the MS-statistic under circular block permutation.
Any combination of two is also an option depending on the needs of the applications. Despite the concentration on
single change-point detection, when there are multiple change-points, seeded binary segmentation (Kovacs et al., [2020)

or wild binary segmentation (Fryzlewicz et al.,|2014; |Fryzlewicz, 2020) can be integrated.

5.2 Future Directions

There are lots of studies on the offline change-point detection problems, where the length of the observations is fixed
and the goal is to detect whether there is a change-point within the sequence. However, in many real applications, it is
equally important to consider the online change-point detection problems, where the historical data may not contain any
change-point. However, as new data points are constantly collected, the goal is to detect as soon as possible whenever a
change-point occurs. For example, to monitor whether a machine or device is working properly, we may use sensors
to collect signals from the subjects, hoping that an alert would be made if the signals start behaving abnormally. In
contrast to controlling the type I error in the offline setting, the online change-point detection supervises the average
run length under the null hypothesis. |(Chen|(2019b) has proposed a framework for graph-based online change-point
detection. When new observations come in, the similarity graph changes accordingly. The method models the dynamic
of the similarity graphs under the independence assumption. When data are autocorrelated, the average run length
under the null hypothesis of no change-point could be much shorter than the target length we want to control. My

current endeavors include conducting research on online change-point detection methods for locally dependent data.
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The challenge lies in modeling the graph dynamic with some unknown dependence structure, which we may not have
enough data observations to estimate in the online setting.

Also, for the graph-based change-point detection framework, the choice of dissimilarity measures and similarity
graphs have not been much explored. For the former, in addition to the commonly seeing Euclidean distance or the L,
norm distance, any other proper measures can be adopted as advised by domain experts. Depending on what data we
are working with, and/or what types of changes we are concerned with, a problem-specific similarity measure could
improve the performance of change-point analysis. For the latter, take the directed approximate k-NN as an example.
The choice of k£ remains an open question. We want the graph to be dense enough to provide substantial information
but not so dense that too many noises may be included. In addition to the unweighted £-NN that treats all the k£ edges
from a certain node equally. We may also add weights to those edges to enrich the information of similarity graphs.

Besides the above-mentioned research directions that I will explore in the near future, my long-term goal is to
conduct research that provides powerful tools for analyzing modern complex data and investigate their potential in

various fields, including financial data analysis, risk modeling, and applications in bioscience.
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Appendix A
Appendix to Chapter [2

A.1 Proof of Theorem [1]

Let 7(7) be the index of observation y; after permutation, where ¢ = 1, - -- , n. Then

E(Roa(M)) =E | D Lucijen | = 2 Pr) < t,7(j) < 1) = nk i,
(4,5)€G (4,5)€G

E(Roo()) =E | D Tpsujon | = 2 Pa(i) > t,7(j) > t) = nklr=tinm=l),
(4,7)€EG (4,5)€EG

and for variances, it suffices to derive E(R, | (t)) and E(Rég(t)) since

Var(Re,(t)) = E(RE 1 (1)) — E(Re(1)?,

Var(Re (1)) = E(RZ »(1)) — E(Rea(t))”.

For a pair of edges (4, j), (u,v) € G, the probability of having {n (%), 7(j), w(u), 7(v) < t} is equivalent to having all
four nodes being placed before ¢ after permutation. This probability only depends on the number of distinct nodes in

the pair of edges. On a directed approximate k-NN graph, there are ¢(!) + ¢(?) pairs of edges that share two nodes, and

the probability of {7 (i), w(5), m(u), w(v) < t}is: p1(t) = 58;_11)). There are ¢®) + ¢ + ¢®) 4 () pairs of edges
that share only one node, and for all the three distinct nodes being placed before ¢ after permutation, the probability is:

pa(t) = % Finally, there are ¢(7) pairs of edges that share no node, and the probability of having all the four
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t(t—1)(t—2)(t—3)

nodes before ¢ is: p3(t) = A=) (n=3)(n—3)"

Hence,

E(RE, (1) =E Yo Lijuesn | = Y P, (i) w(u),m(v) <)

(4,5),(w,v)€G (4,5),(w,v)€C

o t(t—1 4 t(t—1)(t—2 7y t(t—1)(t—2)(t—3)
= (C(l) + 6(2)) ﬁ + (6(3) e+ 4 C(G)) n((n—l))(('n—2)) + e oy

For the event {7 (i), 7(j), m(u), 7(v) > t}, we require all the nodes to be placed after ¢, instead. Therefore, the corre-

sponding probabilities are: gy () = (=DUI=L gy (1) = (=Dt DO ang gy (1) = (=Dl toDin L 2(tod),

respectively. Hence,

E(R (1) =E Yo Ljuesy | = Y, P@(@),w(), w(w),m(v) > 1)
(4,5),(u,v)EG (4,7),(u,v)€G
2 n—t)(n—t—1 3 4 5 [ n—t)(n—t—1)(n—t—2
- (Cu) T )) (nntn) (C< ) @ 4 o) 4 )) (n—t)n—t-Ln-t-2)
+ 0(7) (n—t)(n—t—1)(n—t—2)(n—t—3) )

n(n—1)(n—2)(n—3)

For the covariance between R¢ 1(t) and Rg »(t), we have
Cov(Raa(t), Ra2(t) = E(Ra1(t)Ra2(t) — E(Ra (1)) E(Rg 2 (1))

When (4, j), (u,v) € G share at least one node, it is not possible to have the edge (7, j) connecting both observatiosn

before ¢ and the edge (u, v) connecting both observations after ¢. Thus,

E(Rg1(t)Rgp2(t)) =E Z L i<t uw>t)
(4,5),(u,v)EG

= Y P, w() < tm(u), (o) > 1) = (D LDE-DGL)
(4,9),(u,v)EG

and CoV(Rq 1(t), Ra,2(t)) follows accordingly.

A.2 Proof of Theorem

Given that R,,(t) = %Rg’l(t) + %RG’Q(t) and Rgite(t) = Rg,1(t) — Rg2(t), we have

Var(R., (1)) (n;glf Var(Re. (1)) + (;:12)2 Var(Re.(t))
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+2 (2251 (£24) Cov(Ra (), Raa (1)),

Val'(Rdiff(t)) = Var(Rle(t)) -+ Var(RG,Q (t)) - 2C0V(RG71(t), RGQ(t)).

Plugging in the results from Theorem |1} Var(R,,(¢)) can be derived and further simplified to be

Var(R,(t)) = tt—1n—t)(n—t—1)

A.l
n(n —1)(n —2)2(n — 3) A-D
27.2
X (in_kl +(n—4) (c(l) + 6(2)) - (6(3) +c® 40 4 0(6)>> .

From Theorem |1} we always have 2¢(®) + ¢ + c®) 4 ¢®) 4 ¢ = 3pk? — 2nk + 377 | | D;|? for a directed

approximate k-NN, so we have

2n2k>?
n—1

+(n =) (e + @) — (® 4 @ 4 O 4 6

2n2k?
— =+ (n— 4)e® 4 (n—2)c® - (20(2> LB L@ 4o 6) 4 c(e‘))

" —
2n2k2 (2) 2 - 2
= +(n = Dnk + (n —2)c® — | 3nk® — 2nk + | Dl (A2)
n—1 .
i=1
2n°k? 2 2 2 2
- 1+(n—4)nk+(n—2)2k‘ — (3nk® — 2nk + (n — 1)’k + k?)

_<n2—4n—|—5>k2k.
n—1

For a directed approximate k-NN, (A-2) is minimized when k nodes has in-degree n — 1, one node has in-degree &, and

all other nodes have in-degree zero. In this case, >, |D;|? = (n — 1)%k + k2, and ¢ is at least 2k2. Therefore,

when n > 5, we have

Var(R, (1)) — tT(i;l)l(;l(;t)g)zzznt—?)l)) ((n ;fnﬁ 5) 2 k) S50

Plugging in the results from Theorem [T} Var(Ru(t)) can be derived and further simplified to be
tn—1) (< 2 2
Var(Rgit(t)) = —= E D;|* —nk= | . A3

For a directed approximate k-NN, we must have Y. | |D;| = nk. Under this constraint, y .-, |D;|? is minimized
when all the observations have the same in-degree, i.e., |D;| = k, Vi = 1,--- ,n. Thus, Var(Rg(t)) > 0 as long as

there exists one ¢ such that | D;| # k.
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A.3 Proof of Theorem

Here, we show that {Z,,([nu]) : 0 < u < 1} and {Zgg([nu]) : 0 < uw < 1} converge to independent Gaussian

processes in finite dimensional distributions under the conditions in Theorem 3] We first show that

(Zw([nul]), ey Zw([?”L’UJLD, Zdhcf([nul]), ey Zdiff([nUL]))

converges to a multivariate Gaussian distribution as n — oo forand 0 < w1 < ug < --- < uy, < 1 and for any fixed L.
We then show that Cov(Z,, (), Zait(v)) = 0 for any 0 < u, v < 1 as n — oo. For notation simplicity, let t; = [nu],
I=1,...,L.

To prove (Zy,(t1), - - -, Zw(tr), Zaite(t1), - - -, Zaiee(t1,)) converges to a multivariate Gaussian distribution, we revisit

the permutation distribution. In permutation distribution, we permute the order of the observations. Let 7 (7) be the

observed time of y; after permutation. Then (7(1),7(2),...,7(n)) is a permutation of 1,...,n. To obtain the
permutation distribution, we can do it in two steps: (1) For each 4, 7(¢) is sampled uniformly from 1,...,n; (2) only
those (7(1),7(2), ..., 7(n)) such that each value in {1, ..., n} is sampled exactly once are retained. We can see that

each permutation has the same occurrence probability after these two steps. We call the distribution resulting from only
performing the first step the bootstrap distribution, and use Pg, Eg, Varg, Covg to denote the probability, expectation,
variance, and covariance under bootstrap distribution, respectively. In this section, the corresponding quantities with the
subscript P are used to denote the equivalences under the permutation distribution.

Let dV) = (M) 4+ ¢@),d® = (¢® + @ 4 ) 4 ), dB3) = (V. Given that the 7(i)’s are independent

under the bootstrap null distribution, we have

t2
Ea(Fa (1) = L5161,
n —t)2
Ea(Roa() = "Ll
2oy oo e ()
VarB(RG,l(t)) == ﬁd + Ed + Fd - (n2|G|) B

n —t)? n—t)3 n—t)* n—t)? 2
Varg(Ra (1)) = %du) N %d@) N (T)d(3) _ ((nz)|g|) 7

Cova(Rer1 (1), Rea(t)) = 20— 87 g0 _ (t(” —*) |G|>2.

n4 n2

For R, (t) = =5 Re 1 (t) + L5 Re 2(t), we have

n

tn—t—1)+(n-1)>*t-1)

EB(Rw(t)) = n2(n — 2)

|G| = (DG,

86



Varg (R (t)) = at) > (tQ(n +H)(n—t)(n—t—12%—((n—t)* —=n*(n—1)?) (t — 1)

nt(n —2)
d®

T (t(n — )22 — 20t + n)2)

—2t%(n —t)2(t — )(n —t — 1)) + Y-

+ _ler (n=t)*t—-1)—t*(n—t— 1))2 = (o, (t))Z
nt(n —2)2 T |

For Rgitt(t) = Re,1(t) — Rg,2(t), we have

2t —n
Es(Rairi(t)) = - G| := pa(t)|Gl,
Vara(Ran() = 00 (S D 4 30k ) 1= (8 (1)
arB( dlff( )) - n2 Zl| Z| +on T (qu( )) .
Let
Zg(t) _ Rw(t) — EB(Rw(t)),
Varg (R, (t))
() — E ife (T
7B (t) = Ryir (1) B (Rair( ))7
VarB(Rdiff(t))
XB(t) = -t where n®(t) = i]l () <th-
f—t/n) =E
To prove (Zy(t1), .-, Zw(tL), Zaig(t1), - - -, Zaitr(tr,)) converges to a multivariate Gaussian distribution under the

conditions on the graph in Theorem [I] as n — co, we only need to prove the following two lemmas:

Lemma3. Whenk = O(n?), 8 < 0.25, ", . |Ac||Be| = o(n'3F+D), S _ | A2 = o(nf+15), and S0, | D[~

nk? = O3, |Dif?), for 0 < ui,us,...,ur <1, asn — oo, under the bootstrap distribution,
(Zw(t1), -, Zw(tL), Zag(tr), . . ., Zug(tn), X2 (t1), ..., XB(tr)) (A4)
is multivariate normal and the covariance matrix of
(XP(t1), XB(t2), ..., X"(tL))

is positive definite.
Lemma 4. We have,

Varg(R,(t))

Vars(Ru (D)
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Varg(Ray (1))

5 EB(Rw(t))fEP(Rw(t))%O
' Varp(R,,(t))
o Es(Bag(t) — Ep(Rai(t)) S0

vV Varp(Raig(t))

where ¢y is a positive constant.

From Lemma3]
(Zw(tr),s -\ Zw(tL), Zaw(t1), - .., Zaw(tL)| XB(t1), XB(ta), ..., XP(tL))
is multivariate normal under the bootstrap distribution. Since
(Zw(t1), -, Zw(tr), Zag(tr), .- ., Zan(tL)| X®(t1) = 0,..., X®(tL) = 0)

under the bootstrap distribution, and

Zu(t) = Vafs(&u@;; (zg(t) . En(Ru(t) - EP(Rw(t))> |

Varp(R,, (t Varg (R, (t))
o Varg(Ra(t) (5 Ep(Ruitr(t)) — Ep(Ruaie(t))
Zdlff( ) o Varp(Rdiff(t)) (Zdltt(t) + VarB(Rdiff(t)) > '

Then together with Lemma ] we conclude that

(Zw([nul]), ey Zw([nuLD7 Zdiff([nul]), ey Zdiff([nuL]))

is multivariate Gaussian under the permutation null distribution.

To prove (A.4), we only need to show that ZzL:1 (@ ZB () + b Z8(t)) + 1 XB(t;)) is normal for any fixed a;, by,
and ¢, for the non-degenerating case that Varg (W) := Varg(a; Z8 (t;) + b, Z8(t:) + ¢, XB(t;)) > 0. We prove the
Gaussianity of ZZL:1(QZZ5 (t) + b ZB4(t) + . XB(t;)) by Stein’s method.

Consider the sums of the form W =}, ;& where J is an index set and § are random variables with E(£) = 0

and E(W?2) = 1. The following assumption restricts the dependence among {¢; : i € J}.

Assumption 1. (Chen and Shao|(2005), page 17) For each j € J, there exists S; C T; C J such that &; is independent

of Ese and &g, is independent of &re.

We will use the following specific form of Stein’s method.
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Theorem 9. ((Chen and Shao|(2005), Theorem 3.4) Under Assumption|I| we have

sup [E(h(W)) = E(M(Z))| <4
heLip(1)

where Lip(1) = {h: R — R, ||W/|| < 1}, Z has N(0, 1) distribution and

§ =2 (El&mibi| + |E(&m)| EI6:]) + > Eléim?|

ieJ ieJ

with n; = ZjESi n; and 8; = EjeTi 0;, where S; and T; are defined in Assumption

We adopt the same notations with the index set 7 = {e: e € G} U{L,...,n}. Let

Iy _
€t = 50 ("5 Lstersmatenrsi + 453 in(eoysnntenysat — Ho(t)

w

1
+ 5 (Lmeo)<tumer<n) = Liaen st m(eo)>u) — Ham(t))
Gdif—f(tl)

and

¢, = Lr< — o

t(1—t/n)
Letée =), @&, and & =, &1 Then W = Zjej &= Zl(alZﬁ(tl) + blZ‘?iff(tl) + ¢ XB(t;)). We have
Eg(W) = 0 and Eg(W?) = 1. Let a = max(max; a;, max; b, max; ¢;), og = min(min; a;02 (¢;), min; boBe(t))),

and 09 = min;(y/t;(1 — t;/n)). Then

2aL L
&)< Vee G; gl < vie {1,... 0},
OB ao

For e € G, let

Se = {Aeae—ve-i-}v

-3
I

B, U {Nodes in A},

where A., B, are defined between line 160 and line 161 in the main context. Then S, and T satisfy Assumptionm

Fori=1,...,n,let

Si = feeGiyu{i},

T, = {e€ G;2}U{NodesinG;},
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where G 5 is the subgraph of G including all edges connect to any node in G;. Then S; and T; satisfy Assumption [T}

For a directed graph we have the following relations,

[Se] = |Ae| +2,
Te] < |Be| + 2|4,
IS:| = |Gi| +1,
IT;| < |Giz| +2|Gyl

By Theorem(9] we have sup, e i1y [E(h(W)) — E(h(Z))] < & for Z ~ N(0, 1), where

1
§ = —==——== (2 (Esl&m;0;] + |Es(&ny)|Enl6;]) + > _ Esl&m;
VarB(W) §7< Blgjnj Jl | B(fjnj” B‘ J|) ];7 B‘fjn]‘

313 1 A 2 B, A,
_ery 102(H+) <||+2||>
Varg (W) o8B\ 0B 00 oB o0

SL° ~ 1 (|G| | 1Y (|G G,
L (51 (| | +> ( N +2||)
Varg (W) 0o \ OB 00 oB a0

i=1

Since op is at least of order |G|%5, and og = O(n®®), as long as the following results hold, we have § — 0 as

n — o0o. The results we need are

S TIAIB = o(|G]"?), (A5)
eeG
STIAL = o(|GIn?), (A.6)
ecG
ST IBl = o(|Gn"?), (A7)
ecG
dT1AL = o(IG%n), (A.8)
ecG
Y IGilIGial = o(|GIn*), (A.9)
=1
S IGIP = o(G*"n), (A.10)
ecG
D |Gial = o(|G|"*n), (A.11)
eeG
S UG = o(n'?). (A.12)
ecG
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To show the above 9 results, recall the conditions in Theorem [T] are

1. k=0(n"),3<0.25,
S 1A Be| = o(n!3B+D),

eeG

Z'A |2 B+15)

eeG

Note that when the third condition holds, 3 in the first condition must be less than 0.25 because

23 AL = 3D (GG -1 - LGaeay)’

eeG i=1jeVg,
= Y (IGP (G +2GHIG) + o3 1AP)
i=1jeVg, =te]
= 2Z|G |3+2Z > GG+ o> 1AcP);

=1 j€EVg, ecG

here we use Vg, to denote the vertex set of GG;. On the right hand side, the order of the second term is at most that of

the first term, so 3, [Ae|* and Y- |G;|* must be of the same order. In addition, by Cauchy-Schwartz, we have

cenBtl

3/2
) _ O(n1,5ﬁ+l);

Z|G|3212>Z\G\3/2 o(

where ¢ = 2|G|/n”*! is a constant, and the second inequality holds because >, |G;|>/? is minimized when all
the nodes have the same degree. Therefore, Y | |G;|? is at least O(n3#*1). For condition 3 to hold, we require

B+15<1.58+1,s008 < 0.25.

e Substituting |G| by O(n?+1), then (A.5), (A.6), and (A.12) follow immediately.

e Since |Be| < > .4, [Aer],

@&,

eeG |Be| S ZSGG ZE*GAC ‘AE*‘ = ZeGG |Ae|2' So " ensures

e By Cauchy-Schwartz, we have Y-, ¢ [Ae| < /Y ccq [Ae? e 12 = o(nT12%). Since (8 + 1.25) —
(0.5(8+ 1) + 1) = 0.58 — 0.25 < 0 when 8 < 0.25, (A.8) holds.

o Since |Gia| < ey, |Gjl. we have 350, [Giol < 3001 30y, 1G5l < 3 jec(IGil +1G5) <

2> ccc |Ael. So (A.8) ensures (A.11).

o Yeec el = X jec(Gil + 1G5 =1 = Ligieay) = L, [Gil® = |G| = ¢, Since |G| = o(n*F119)
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when |G| = O(nP*!) with 8 < 0.25, (A.8) and (A.10) are equivalent.

e For 1@' since Z?=1 |Gil|Giz| < Z?:l |G Zjevci |G| = Z?=1 Zjevci GillGj| < 4Z(i7j)eG 1Gil|Gj| <
43 e |Acl?, thus (A.6) ensures (A.9).

Hence, (A23) - (A7T2) can be derived from conditions in Theorem I}

The proof for the second part of Lemma 3| (showing that the covariance matrix of (XB(t1), XB(t2), ..., XB(tr))
is positive definite) can be done in the same way as that in the Appendix of |[Chen and Zhang| (2015)) and is omitted here.
Now we prove Lemma Note that since Y., [D;]? < 23,5 |Ae|* = o(nP*19), the leading term in both

Varp(R,,(t)) and Varg(R,,(t)) is only the term with d(*). We have
13201 = 1)24(1)
i Var(Ru() G —3)

=1
roe VA (R () o (21— 2 (1= (£)2) = (L= )2 + 1= 2(5)(1 = £))d®

n

Since, Eg (R (t)) — Ep(Ry (t)) = tn—1) |G|, when |G| = O(nP*1), B < 0.25, we have

n2(n—1)
_ 1/2
i EeRul®) —Ee(Bu() _ (G2
n—00 Varp(Ry, (1)) oo m
Similarly, for Rair(t), when Y7 |D;|? — nk? = O(X1, |Dif?),
t(n—t) n D2 — nk2 n 2 2
i — = i Di —nk
Varp(Rdlff(t)) — lim n(n—1) (Z 1| 7'| ) - i Ezfl| ‘ n =c.

im m =
n—oo Varg (Rg(t)) n—oo tn—t) (0, |Dy|? + 3nk2)  noos S |Di|? + 3nk?

n?2

The above limit converges to a positive constant, because >, |D;|*> — nk? > 0,and >_;" | |D;|*> = nk? if and only
iD= k,Vi=1,....n.
Since EB (Rdiff(t)) - Ep(Rdiff(t)) = 0, we have
Ep (Raitr(t)) — Ep(Raite(t))

lim =0
n—0o Varp(Rdiﬁ-(t))

Finally, we have to show that as n — 0o, Covp(Z,(s), Zairr(t)) = 0, Vs, t. Without loss of generality, let s < ¢

and lim,, o, s/n = u, lim,,_,, t/n = v. Since,

Ep (R () Rairr(t)) — Ep(Ruw(s))Ep(Rairr(t))
\/Varp(Rw (S) )Varp (Rdiff(t))

)

Covp(Zy(8), Za(t)) =
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and

Er(Ru()Ran(t) = 525" (Er(Rea(s)Raa (1) — Ep(Raa(s)Raa (1))
+2=1 (Er(Ra.2(s)Raa (1) — En(Ra.2(5) Raa(l))
IR ICES VTR TR Vg

(=D =2)
Ea(Ru(s) = (n—s—lsgs )_’_s—l(n—s)(n—s—l))'G’
(o

n—1) n-—2 n(n—1)

s(s—1) +(n )(nsl))G

Ep(Ran(s)) = n(n—1) n(n—1)

Therefore,

lim (Ep(Ry(s)Raitr(t)) — Ep(Ru(s))Ep(Rair(t)))

n—oo

= (1—2v)u(u —1)|G]* —u(l —u)|G|(v* = (1 —v)?)|G| = 0.

A4 Derivations of C,(t) and Cyige(1)

As C,(t) and Cyige(t) are the partial derivatives of the covariances of Z,,(t) and Zg(t), respectively. We first derive
Cov(Z,(s), Zy(t)) and Cov(Zais(s), Zaite(t)) analytically. We may start with deriving Cgigr(t) as it is relatively simple,

and the derivation of C,, (t) follows exactly the same procedure. Notice that

COV(Rdiff(S), Rdiff(t)) = COV(RGJ (8), RG71 (t)) — COV(RGJ (S), RG72(t))

- COV(RGQ(S), RGJ(t)) =+ COV(RG’2(8)7 RG’Q(t)).

We can derive the above four covariances through combinatorial analysis similar to what we have done in proving

Theorem

1) s(s—1) 2) s(s—1)(t— 2) 3) s(s—=1)(t—2)(t—3)
Cov(Rg.1(s), Raa(t) = dV n(n=1) +dl )nn T (n= +dl )n(n D(n—2)(n—3)

- (n2k2p1 (s)p1 (t)) ;

Cov(Ra 1(s), Raa(t) = d® 2 Uletlntol) — (n2k2p, (s)q1 (1))

CoV(Ra 5(s), Raa(t)) = d U=mlimst) o g(2) sltosdims it ()t et ina2)
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+ d(3) s(s—1)(n—s)(n—s—1)+2s(t—s)(n—s—1)(n—s—2)+(t—s)(t—s—1)(n—s—2) (n—s—3)
n(n—1)(n—2)(n—3)

- (n2k2q1(s)p1(t)) )

Cov(Ra,(s), Ra,a(t)) = dD =std) 4 g2 it e 2)

n—1

+d® e — (PR (s)a (1)

where d(V) = (c(l) + 0(2)), d®? = (0(3) +c® 40 4 0(6)), d® =M Let |G| be the total degree of node 4, then

ona directed k-NN, |G;| = | D;|+k, fori = 1,...,n. We can derive the following relations: d® = """ |G;|?—2d™,

and d® = n2k? — "7 |G;|? 4+ dV). The above four covariances and be rearranged and simplified to

n
Cov(Ra1(5). Rea (1)) = St it (d(” 5 <Z Gil? + ’f)>

=1

- (n2k2p1 (s)p1 (t)) )

Cov(Re 1 (s), Ra a(t) = 2e-n-t—t-0) (m: ~S el + d<1>> — (PKpi () (1))
=1

n

Cov(Rg2(s), Roa (1) = (arls, t) — 2az(s, t) + az(s, 1)) V) + (aa(s, t) —as(s,t) Y |Gl

i=1

+ as(s, )yn’k* — (*k*q1(s)pa(t))

n
Cov(Ra2(s). Realt)) = SGGosima’ (d(” e (Z Gif? + ’“>>
i=1

- (K q(s)a (1)),
where a;(s,t) = %’ as(s,t) = s(t—s)(n—s—izzitl—)fr)ﬁg)s—l)(n—s—2)’ and

_ s(s=1)(n=s)(n—=s—1)+2s(t—s)(n—s—1)(n—s—2)+(t—s)(t—s—1)(n—s5—2)(n—s—3)
as(s,t) = n(n—1)(n—2)(n-3) :

By plugging in and simplifying the expressions, we have
COV(Rdjff(S), Rdiff(t)) = 78(71 _ t) i |Gz|2 —4nk? .
n(n—1)
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Therefore, with the expression of Var(Rg(t)) given by (A.3), and note that on a directed k&-NN, """ | |G;|> =

S IDi|* + 3nk?, we have
CoV(Ruit(s), Raire(t))
Cov(Z, iff ,Zi t)) =
( dtf(S) dff( )) \/Var(Rdiff(S))Var(Rdiff(t))

paite(s,t) =
_ S (0 Gl — ank?)
VAR (S0 [Gif2 — ank?) K0 (S |Gif2 — 4nk?)
B s(n—1t)
st(n —s)(n—t)
Opaite(s, 1 . . o o
M, by taking the partial derivative and plugging in s = ¢, we have

Since Cyie(t) = il/H% s
n
Cairr(t) = A=)

Remark 3. Let pj(u,v) = CoV(Z(u), Z;(v)) be the covariance function of the limiting process, where { Z,(u)
0 < u < 1} denotes { Zyy([nu]) : 0 < u < 1}. The expression of pyu(u,v) does not depend on G at all. For u < v,

u(l —v)

p:;lﬁ((u, ’U) = nhﬁn;o COV(Zd,ﬁ(S), Zdsz(t)) = u(l — u)v(l _ U)

we have

Similarly, for u > v, we have
. (1 —u)
. u7 v) =
Pag () Vu(l —u)v(l —v)

For the derivation of C,,(t), notice that

COV(Ru(5), Ru(1)) = Cov (22251 Ry (5) + 255 Raa(s), "5 Raa (1) + £5 Raa (1))
)(25HC0v(Raua(s), Raa (1) + (551 (155)Cov(Ra.i (s), Rea(h))
253 (555)C0v(Ra.a(s), Raa(h))-

+ (E=5)(=151)Cov(Re 2(s), Raa (1)) + (2=

_ —s—1
(nniQ

We can then derive Cov(Z,,(s), Z,,(t)) in a similar way, since

_ Cov(Ry(s), Ru(t))
Cov(Zy(s), Zw(t)) = \/Var(Rw(S))Var(Rw(t))

with the expression of Var(R,,(t)) given by (A.1)), and after some simplification, we have

CoV(Ry(s), Ry(t))

puw(s,t) = COV(Zy(s), Zy(t)) = /Var(Ry, (s))Var(R,(t))
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dD (n—1)(n-2)- 3" |Gi|*(n—1)+2nk>

s(s—1)(n—t)(n—t—1)

n(n—1)2(n—2)2
D (n—1)(n—2)—S"" G2 (n— n2k2
4 (n=1)( jgn—xlzsg(lnt;)z( D+2n"k \/st(s—1)(t—1)(n—s)(n—t)(n—s—1)(n—t—1)

s(s—=n—-t)(n—t—-1)
Vets—1)t—1Dn—-s)n—t)(n—s—1)(n—t—1)

Opw (s, t . . . L
Since C\,(t) = %, by taking the partial derivative and plugging in s = ¢, we have
s

9/‘t

n(n—1)(2t2/n — 2t + 1)

Cw(t) = Zt(n _ t)(t2 —nt+n— 1)

Remark 4. Let pZ (u,v) = Cov(Z} (u), Z% (v)) be the covariance function of the limiting process, where { Z% (u) :

0 < u < 1} denotes {Z,,([nu]) : 0 < u < 1}. The expression of pZ,(u, v) does not depend on G at all. For u < v, we

have
“(uyv) = Tim Cov(Zu(s), Zu(t)) = LY
Pu s _n—>oo v P _Ul—u).
Similarly, for v > v, we have
— u)
pu}(u’v) (1 _’U).
. . 3
A.5 Derivations of E(Z}(t)) and E(Z3.4(t))
For the 24 configurations listed in Section in the main context, NV, ... N4 we can further classify then into 8
categories by shape regardless of the directions of the edges. Let
2 8 12 16
— ZN(Z)’ Cy = ZN(Z)’ Csy = Z NO o, = Z N(l),
1=1 1=3 =11 1=13
20 23 10 ‘
Cs=>Y N, Ce=> NO =N cg=> NO.
1=17 1=21 1=9
Then we have
E(RE1(1) = Cipi(t) + (Ca+ Cs)pa(t) + (Cs + Ca + Cs) ps(t)
+Cs (p3(t ) + C7 (ps(t )%)
E(RL2(t) = Ciqalt) + (Ca + Cs)ga(t) + (Cs + Cy 4 Cs) q3(t)
+Cs (%( )t 4) +C7 (%( )%)
E(RZ.(1) = (cV+c®)pi(t) + (@ 4D e 4+ ) py(t) + Dy (1)
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E(RZo() = (W +c®)qut) + (¢ +c® 4+ +c®) () + Vs 1)

and the expectations of all possible cross products of R¢ 1(t) and R 2(t):

E(RE1(DRc(®) = S+ (r02) + 0 (r(0 EE35Y)
E(Rea(RE2(0) = Gr)+ % (r5i52) + O (r) oty
E(Re1(H)Raa(t) = Dr(t)

Then E (Z3(t)) follows as

3 ) Ry (t) — E(Ru(t)) ’
E(Z3(1) = E(( Var (R, (1)) >)

E (R3,(t) — 3E (R%(t)) E (Ru(t)) + 3E (Ru(t) E (Ruw(t)” — E (Ru(t))’
Var (R, (t))*/?
E (R}, (1)) — 3E (R%,(1)) E (Ru(t)) + 2E (Ru (1))
Var (R, (t))*/? ’

with

E(RL(1) = (FE(REGL() +3("550)° (h=5)E (RE 1 (D Rea(t))

+3(575H) (7=5)°E (Re 1 (D RE »(1) + (5=5)°E (R »(1)) -

Similarly, E (Z3(t)) follows as

E Ryigi(t) — E (Raire(t)) ’
Var (Rdiff(t)>l/2

E (R3(t)) — 3E (R2%x(1)) E (Rain(t)) + 3E (Rai(t)) E (Raier(t))” — E (Raur(t))’

E (Zix(t))

Var (Rg(t))*/?
E (R3g(t)) — 3E (R%g(t)) E (Raie(t)) + 2E (Ruie(t))”
Var (Rgi(t))*/? ’

with

E (Rix(t)) =E (R?C’:J(t)) —-3E (Ré,l(t)RG,z(t)) + 3E (RG,l(t)R%;}z(t)) -E (R3G,2(t)) .
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A.6 Other edge-count statistics on a directed approximate 4£-NN graph

A.6.1 Generalized edge-count test statistic

The generalized edge-count test statistic is defined as

Re.(t) — E <RG,1<t>>>TE_1(t) (Rc,1<t> -E <Rc,1<t>>>, (A.13)

S(t) = (ch(t) — E(Rg.(t)) Rga(t) — E(Rg2(t))

where X(t) is the covariance matrix of (R¢ 1(t), R, 2(t)) under permutation. The null hypothesis of homogeneity

(2.1)) is rejected if the test statistic

max S(t) (A.14)

no<t<ni

with ng and n; pre-specified, is larger than the critical value for a given significance level.

It can be shown that S(t) = Z2 (t) + Z24(t), and based on Theorem we can approximate the tail probability

P( max S(t)>b) bt /%/m u(t, 0)v(v/2bult, 0))dtdo
0 no

n0§t§n1 27T

where
u(t,0) = Cy(t) sin®(0) + Cuirr(t) cos?(8).

Under the same setting as in Section [2.3] we check the performance of the analytic p-value approximation for the

generalized edge-count test statistic. The results are presented in Table [A.T]

A.6.2 Weighted edge-count test statistics

The weighted edge-count test statistic is Z,,(t), and the null hypothesis of homogeneity (2.1)) is rejected if the test
statistic
max Z(t) (A.15)

no<t<ny

with ng and ny pre-specified, is larger than the critical value for a given significance level.
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Table A.1: Critical values for the test statistics max S(t) on the 3-NN’s graph at o = 0.05.
no<t<ni

ng = 100 ng = 75 ng = 50 Nnog = 25

Ana 13.10 13.38 13.70 14.11
Critical Values
Distributions and dimensions | %0 = 100 10 =75 19 =50 ng =25

Per Per Per Per
d=10 12.94 13.32 13.91 15.02
Multivariate @ = 100 13.37 14.07 14.91 16.81
Gaussian d=1,000 13.39 14.28 15.55 18.62
d=10 13.07 13.37 13.92 15.16
Multivariate @ = 100 13.32 14.06 15.13 17.43
twithdf =5 d=1,000 14.59 16.10 18.13 22.93
d=10 12.96 13.12 13.66 14.94
Multivariate d = 100 13.26 13.81 14.67 16.39
log-normal  d = 1,000 15.00 16.56 18.68 24.30

Based on Theorem [3} the tail probability (with skewness correction) can be approximated by

P( max Zw(t)>b) ~ bo(b) / " S (£)Co (£)1(/202C (1)) .

no<t<n;

Under the same setting as in Section [2.3] we check the performance of the analytic p-value approximation for the

weighted edge-count test statistic. The results are presented in Table[A.2]

Table A.2: Critical values for the test statistics max Z,,(¢) on the 3-NN’s graph at o = 0.05.

no<t<ni
Critical Values

Distributions and dimensions | "0 = 100 no =75 no = 50 no = 25
Ana Per Ana Per Ana Per Ana Per
d=10 3.06 3.05 3.12 3.12 321 325 337 346
Multivariate ¢ = 100 3.04 3.03 3.10 3.10 3.19 320 334 343
Gaussian d=1,000 3.03 3.02 310 3.10 3.18 320 332 344
d=10 3.06 3.07 3.13 3.5 321 325 337 346
Multivariate  d = 100 3.03 3.03 3.10 3.12 3.18 323 332 347
twithdf =5 d=1,000 3.02 3.05 308 3.14 316 326 331 349
d=10 3.07 3.06 3.14 3.13 323 325 338 344
Multivariate @ = 100 3.05 3.05 3.12 312 320 322 334 343
log-normal  d = 1,000 3.02 3.05 307 319 3.14 337 329 3.59
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A.6.3 Original edge-count test statistics

Let R¢ o(t) be the number of between-group edges on a directed similarity graph G. That is

Roo(t) = > (Listjsiy + Lisei<ny)
(i,7)€G

The original edge-count test statistic, which is the prototype of the graph-based change-point detection proposed in

Chen and Zhang| (2015)), is defined as

_Rgo(t) — E(Rg,(t)

Zo(t) = (A.16)
Var(Rg,o(t))
and the null hypothesis of homogeneity (2.1)) is rejected if the test statistic
max Zy(t) (A.17)

no<t<ni

with ng and n, pre-specified, is larger than the critical value for a given significance level.

Similarly, we can approximate (with skewness correction) the tail probability by

P( max Zo(t)>b) ~ bp(b) /"1 So(t)Co(t)v(1/2b2Co(t))dt

no<t<ni )
where

st - O (A(b—br0(t)> + %vo(t)éio(t)))’

1+ 70(t)0y,0(t)
im dpo(s,t)

GO =

» po(s,t) = Cov(Zo(s), Zo(t));
with yo(¢) = E (Z3(t)) and ébp(t) = (=14 /14 2bvy(t))/v0(t). Under the same setting as in Section we

check the performance of the analytic p-value approximation for the original edge-count test statistic. The results are

presented in Table
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Table A.3: Critical values for the test statistics max Zy(¢) on the 3-NN’s graph at o = 0.05.

no<t<ni
Critical Values

Distributions and dimensions | "0 = 100 no =75 nog = 50 no = 25
Ana Per Ana Per Ana Per Ana Per
d=10 290 291 292 294 295 297 297 299
Multivariate d = 100 268 263 268 263 268 263 269 263
Gaussian d = 1,000 270 267 272 267 273 267 273 267
d=10 290 293 292 296 295 298 296 3.00
Multivariate d = 100 265 261 265 261 266 261 266 261
twithdf =5 d=1,000 251 247 251 247 251 247 251 247
d=10 290 295 293 298 295 3.02 297 3.05
Multivariate d = 100 276 272 277 272 278 272 278 272
log-normal d = 1,000 237 235 237 235 237 235 237 235

A.7 Additional results on empirical size

Table A.4: Empirical size: Fractions of simulation runs (out of 10,000 simulations) that the null hypothesis is rejected

when there is no change-point in the sequence (n = 1, 000).

d=30) | =010 a=0.05 a=0.01 (d=35) | =010 a=0.05 a=0.01
New 0.103 0.052 0.011 New 0.097 0.050 0.011
5-MST 0.098 0.053 0.011 5-MST 0.095 0.055 0.011
ecp 0.099 0.051 0.012 ecp 0.103 0.049 0.011
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A.8 The fMRI Data Profiles

Here we show the three perspectives of the images for the two subjects we use in Section [2.5.1] of Chpater [2] (ID
SID-000005 and SID-000024) at ¢ = 150, 250, 350, 450 and 550. The complete sequences of the images are available

athttps://openneuro.org/datasets/ds003017/versions/1.0.2.

t =150 t =250 t = 350

t = 450 t =550

Figure A.1: The three perspectives of the fMRI images for subject SID-000005 at t = 150, 250, 350, 450, 550.

t = 150 t = 250 t = 350

t =450 t =550
Figure A.2: The three perspectives of the fMRI images for subject SID-000024 at ¢ = 150, 250, 350, 450, 550.
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Appendix B
Appendix to Chapter 3

B.1 Proof of Theorem 3

Since,

RG’I(t) = Z ]]'{gWCBP(f)(t):gWCBP(j)(t):O}
(i,)€G

we have its expectation,

Ecer(Rg,1(t)) = Z P(mese (i) < t,meee(j) < t)
(4,5)€G
Therefore, for each edge in G formed by y; and y;, we have to compute the probability that they are both indexed
before ¢ after circular block permutation, or equivalently, the probability of having the event (7cgp () < ¢, mepp(j) < t).
To compute this probability, we only need to consider the particular case where d;; < L and b > 0. The reason is that
from the proof of Ecgr (R¢ 0(t)) in/Chen| (2019a), we learn that if 6;; > L, we can plug in 6;; = L, and if b = 0, we

can plug in b = 0 to the formula we obtain in this particular case.

For an edge with §;; < L and b > 0, there are six configurations that make the event (mcgp (i) < ¢, mcee(j) < t)
possible: (1) y; and y; are in the same block with both of them in the left side of the block, (2) y; and y; are in the
same block with y; in the left side and y; in the right side of the block, (3) y; and y; are in the same block with both of
them in the right side of the block, (4) y; and y; are in two consecutive blocks with both y; and y; in the left side of

their blocks, (5) y; and y; are in two consecutive blocks with y; in the right side of its block and y; in the left side of
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its block, and (6) y; and y; are in two consecutive blocks with both y; and y; in the right side of their blocks. (By

symmetry, we can only consider the situation where y; is to the left of y;.)

Table B.1: Different Configurations for d;; < L, b > 0 and 1 to the left of j. For each configuration, Prob.1 is the
probability of having this configuration among L different ways to do the blocking, and Prob.2 is the probability of
having (mcep (i) < ¢, mesp(j) < t) after permutation given the configuration. (In this table, d;; is shortened as )

Biy | Biy | Bay | Bay Prob.1 Prob.2
7.9 (0=9)+ a+1
7‘7 L m
i j min(b,L—i)—(b—5)+ %
ivj s i
i j A
. min(b,L—9)—(b—0d a
v J : L ( e m(m—1)
. X - —
z =
Summing over the products of Prob.1 and Prob.2 in Table[B.1] we obtain that
. . . alm-+a—1 a-+1
P(rese (i) < 1, meee(7) < 1) = (i, L= 8) = (6= 9) ) - 4 (- 01 (U1
a(a —1) a ala+1)
- L—-b—- — - L) (——=
HO = D) () + (B b= 0) () + (06— D)y ()

The proof for Ecgp (R¢ 1(t)) is completed here.

Ecer (R 2(t)) = Z P(mcee (i) > t, mege(j) > t), by the same token, for an edge formed by y; and y;, we have
(i,5)€G
to compute the probability that both y; and y; are indexed after ¢ under circular block permutation. The same six

scenarios apply, and Prob.1 remains the same, but Prob.2 will differ.

Table B.2: Different Configurations for §;; < L, b > 0 and i to the left of j. For each configuration, Prob.1 is the
probability of having this configuration among L different ways to do the blocking, and Prob.2 is the probability of
having (mcep (i) > ¢, mcpe(j) > t) after permutation given the configuration. (In this table, d;; is shortened as §)

Bl,l Bl,r BgJ BQ,T Prob.1 Prob.2
i, (b*£)+ meZ*l
i j min(b,Lfi)f(bfé)Jr mfl”ab,fl
. L . Ef—l—&bl—/z;i (mfafyj;)%:%fafm
1 ] L m(m—1)
i j min(b,Lftz)f(bfé)Jr (:;(7:1:32
q ] (5—Lb)+ (m—nlizg::i—lf)l—l)
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Summing over the products of Prob.1 and Prob.2 in Table[B.2] we obtain that

P(rcss (i) > 1. ez ) > 1) = (min, L= 8) = (0 = 9)) (" JERZAZE) 4 oy, (MEE
(m—a)im—a—1) m—a (m—a—1)(m—a—2)

+(6 = b)+( )+ (L =b—0)( )+ (0+0— L) ( )

n(m —1) n(m —1)

The proof for Ecgp (R¢ 2(t)) is completed.

B.2 Proof of Theorem

For variances, since

Varce: (Rg1(t)) = Ecep (R%:J(t)) — (Ecep(Ra,1(1)))”

Varces (Ra2(t)) = Ecee (RG (1) — (Eces (Ra2(1)))?

we only have to work out

Ecer (RG (1) =

(]

P(gﬂ'cgp (2) (t) = Oreps (j)(t) = Gremp () (t) = Greep (v) (t) = 0)
(4,5),(u,v)EG

(]

P(ﬂ'CBP (i)77TCBP (j)aWCBP (U)77TCBP (U) < t)
(4,4),(u,v)EG

Ecee (R 0(1) =

(]
g

(gﬂ'cgp(i) (t) = g‘chBp(j)(t) = Gree (u) (t) = Grcee (v) (t) = 1)
(4,5),(u,v)EG

= P(meep (i), mee (7), Tese (w), mesp (v) > 1)
(4,9),(u,v)EG

—~

To prove Varcs: (Rg 1(t)), it suffices to show that

Ecee (RE (1)) = dipi(a) + dapa(a) + dsps(a) + dapa(a)

Since

Ecee (Réu(t)) = Z P(WCBP (@)7 Tcep (J), Tcep (U)7 Trcep (U) < CZL)
(4,7),(u,v)EG
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Now, d;, i = 1,2, 3,4, represent the sum of probability that the four nodes of each of the |G|? pairs of edges being
blocked into 7 different blocks. No matter how many distinct blocks the four nodes are blocked into, the probability of
having all four nodes indexed before ¢, for t = aL, is equivalent to having all blocks containing these four nodes ending

up within the first a blocks after permutation.

Given a pair of edges (¢,7), (u,v) € G, it must belong to one the the following fours events, after doing the

blocking, but before permutation:

1. If the four nodes are blocked into one single block (scenario 1), then the probability of having this block within

the first a blocks after permutation is: pi(a) = =

2. If the four nodes are blocked into two different blocks (scenario 2,3,4,5), then the probability of having these two

blocks within the first a blocks after permutation is: pa(a) = nigfn_jf)

3. If the four nodes are blocked into three different blocks (scenario 6,7,8), then the probability of having these

a(la—1)(a—2)

three blocks within the first a blocks after permutation is: ps(a) = e )

4. If all of the four nodes are three different blocks (scenario 9), then the probability of having these three blocks

a(la—1)(a—2)(a—3)

within the first a blocks after permutation is: ps(a) = =) (=2 (m—3)

Denote the above four events E1, s, E5, Ey, respectively, and use A to denote the event {megp (7), mepp (7)), Tezp (4), Tepp (V) <

aL} just for here. Then

4
Ecer (R2G,1(t)) = Z (ZP(A|ET)P(ET‘)>
(4,9),(u,w)EG  T=1

The proof for Varcgs (Rg,1(t)) is completed here.

The proof for Varcgs (R¢ 2(t)) can be done in the same way but all the blocks involved should be ended up within the

last (m — a) blocks after circular block permutation. Therefore, here we skip the proof.

To prove Covegp (Re,1(t), Ra,2(t)), it is sufficient to show that

Ecse (Ra,1(t)Ra,2(t)) = capr1(a) + erp12(a) + cspoi(a) + copaa(a)

106



Since

Ecse (Ra1(t)Ra2(t)) = Z P(rmepp (1), mopp (7) < aL; mepp (u), megp (v) > all)
(4,3),(u,v)€G
Here we only consider those ¢’s with ¢t = a L. For the event {mcgp (), mesp (§) < aL;megp (), mepp (v) > aL} to be
possible, any node from the first edge (i, j) cannot be in the same block with any node from the second edge (u,v), for
a given pairs of edges (i, j), (u,v) € G. When the blocking is determined, scenarios 1,2,3,5,6 have zero probability of
having {7cgp (1), mesp (§) < aL; wegp (u), mepp(v) > aL} after permutation. As a result, we only need to take scenarios

4,7,8,9 into consideration.

The probability of having {7mcgp (i), mepp () < aL; mepp(u), mepp (v) > aL} of each scenarios 4,7,8,9:

1. Scenario 4: Nodes (i, j) are in one block; nodes (u, v) are in another:

In this scenario, the block containing (¢, j) must be in the first a blocks and the block containing (u, v) must be

in the last m — a blocks after permutation. Therefore, the probability is: p11(a) =

2. Scenario 7: Nodes (4, j) are in one block; node u and node v are in two other blocks:
In this scenario, the block containing (7, j) must be in the first a blocks and the other two blocks containing

node u and node v must both be in the last m — a blocks after permutation. Therefore, the probability is:

a(m—a)(m—a—1)

P2(0) = S am-n

3. Scenario 8: Nodes (u, v) are in one block; node i and node j are in two other blocks:
In this scenario, the block containing (u, v) must be in the last m — a blocks and the other two blocks containing

node 7 and node j must both be in the first a blocks after permutation. Therefore, the probability is: pa;(a) =

a(a—1)(m—a)
m(m—a)(m—2)

4. Scenario 9: All four nodes (4, j), (u, v) are in different blocks:
In this scenario, the two blocks containing node ¢ or node j must be in the first a blocks and the other two block

containing node v and node v must be in the last m — a blocks after permutation. Therefore, the probability is

a(la—1)(m—a)(m—a—1
pa2(a) = ;,(m2(1)(m—)(2)(m—3))

The proof for CoVegr (Rg1(t), Ra,2(t)) is completed here.
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B.3 Proof of Lemma 2

InChu and Chen|(2019), R0 (t) is defined as R0 (t) = ¢°(t)Re1(t) + (1 — ¢°()) R 2(t) where ¢°(t) = 251,
which is chosen to minimize Vary (R,,(+)(t)) under permutation. However, under circular block permutation, the weight
function that minimizes Varcss (R, (1) (¢)) is no longer this ¢°(t) as proposed in|{Chu and Chen|(2019). Here we derive
analytically the optimal weight function that minimize Varcgs (R, 1) (t)) foreacht = alL,a € {1,---,m — 1}, and
for the other ¢’s, we use interpolation to fill in the blanks. While the optimal weight function under permutation,
Pt = % is independent of the graph, we will show that the optimal weight function under circular block

permutation indeed depends on the graph when L > 2.

Since, fort = aL,a € {1,--- ,m — 1}, and any weight function w(¢), we have
Ry (t) = w(t)Raa () + (1 —w(t))Ra (1)
Therefore, the variance of R, (t) under circular block permutation can be expressed as

Varces (R (t)) = Varces(w(t)Ra1(t) + (1 —w(t))Ra2(t))

= w(t)*Varces (Ra.1(t)) + (1 — w(t))*Varces (Ra.2(t)) + 2w(t)(1 — w(t))Coveer (R 1 (), Ra2(t))

Searching over all possible w(t)’s, we want to find the optimal weight that minimizes Varcgp (R, (¢)(t)). The optimal

weight function ¢(t) must satisfy the first order condition. Therefore, we have

_ VarCBP(RG,Q(t)) — Covegp (RG’l(t)7 RG,Q(t))
B VarCBp (RGJ (t)) + VaI'CBp (RC,"Q (t)) — QCOVCBP (RGJ (t), RG72 (t))

q(?)

For t = aL, we can plug in the expressions for Varces (Rg.1(t)), Varcss (R 2(t)), and Coverp (Ra,1(t), Ra 2(t)) as
given by Theorem[7]and[5] Then the numerator is a polynomial in a of order 3, and the denominator is a polynomial in

a of order 2. In fact, the optimal weight function is a straight line, linear in a, and can be written as

r1a + :czaQ + x3a3

=C B
y1a + y2a? o

q(t) =

Where C'is the slope and B is the intercept of the weight function. For the above fraction to be linear in a, we must

have the following relations:

x1—yB = 0
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T2 —y2B wg

= = C
Y1 Y2
With careful calculation, one can derive that
o 3 (sub)>2 Tm — 6 (sub) (sub) 4m — 3 ( (sub)) 2
T (Cl * m(m — 1)61 G m(m — 1) %
_ lc—i— 2m —1 (ca + 5+ c5) + 3m—1 (cs + cs) + 3m? — 6m + 2 o+ 4m? —Tm + 2 (cr + o)
m m(m — 1) prms m(m — 1) s m(m —1)(m —2) 6 m(m —1)(m —2) T
A (2 ettt (ete) Dy T8 dm=8
o= on m—1 2Ty T AT (mfl)(m—2)7 (mfl)(mf2)8
—2 (sub) 2 m —4 (sub) (sub) om — 2 (sub) 2
Ty (Cl ) - m2(m— 1)C1 % T m2(m — 1) (65 )
b (e bes st 2es 4 28) 4 —— - ML ko)
—(c c c c c
m(m—1)"" BT * ¥ mm=2)° " m(m—1)(m—2) e
—4 1 1
= |G+ —"—=(2 3cg + 4 Tm — 8 -8
Y2 mg\ | +m(m71)( (c2 +c3+c5) +3c6 + (C4+Cg))+m(m71)<m72)(( m — 8)cr + (m — 8)cs)
2céSUb)\G| 1
_ _ %7 + 2
3 m?2(m—1) m(m—1)(m—2) (6 + 2e7 +2c)
where m = n/L, |G| = ™ + &) with ¢{**?) and ¢{**") being defined in lemma and ¢1,- - - , co, as defined in

Deﬁnition are coefficients depending on the similarity graph, satisfying ¢ + - - - + cg = |G|.

Note that regardless of the values of those ¢;’s, q(t) = q(aL) = § at a = 2 always holds. Moreover, for t = aL,
a€{l,---,m—1},q(t) = q(aL) is linear in a, hence ¢(t) is automatically defined for every ¢, ¢ € {1,--- ,n — 1}.

Hence, lemma @ can be obtained.

B.4 More results on p-value approximation under CBP

1. Multivariate Gaussian Distributions:

Table B.3: Critical values for the scan statistics max,,<¢<n, Zuw,csp(t) based on MST at o = 0.05

Critical Values Graph
ng = 100 ng = 75 ng = 50 nog = 25
Al A2 Per | A1l A2 Per | Al A2  Per [ Al A2 Per | Y |Gi]* dmax
d=10 299 3.05 3.06|3.03 312 3.12|3.08 322 327|315 340 3.53 | 5360 7
299 3.05 3.04|3.03 312 3.12|3.08 322 326 | 3.14 340 3.51 | 5396 7
d=100 298 3.05 3.07|3.03 312 3.15|3.08 322 328 |3.14 340 3.59 | 13960 44
298 3.05 3.03|303 312 3.12|3.08 322 326 3.14 339 3.54 | 10732 43
d—1.000 298 3.05 3.07|3.03 312 3.16 | 3.08 322 335|314 339 3.67 | 20352 82
’ 298 3.05 3.02|3.03 312 3.13|3.08 322 327|314 339 355 | 17236 65
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Table B.4: Critical values for the scan statistics max,,<¢<n, Scap (t) based on MST at « = 0.05.

Critical Values Graph
nog = 100 ng = 75 ng = 50 ng = 25
Al Per | Al Per Al Per Al Per SIGH?  dimax
d—10 13.11 12.86 | 13.39 13.29 | 13.71 14.07 | 14.12 15.32 | 5360 7
13.10 13.03 | 13.39 1343 | 13.71 1395 | 14.12 15.38 | 5396 7
d =100 13.10 13.70 | 13.38 14.30 | 13.70 15.32 | 14.11 17.89 | 13960 44
13.09 13.16 | 13.38 13.82 | 13.70 1493 | 14.11 17.49 | 10732 43
d=1.000 13.10 1394 | 13.38 1496 | 13.71 1693 | 14.11 21.61 | 20352 82
’ 13.10 13.55 | 13.38 14.61 | 13.70 16.12 | 14.11 19.76 | 17236 65

Table B.5: Critical values for the scan statistics maxy,<¢<n, Mcsp(t) based on MST at o = 0.05

Critical Values Graph
TLo:100 710:75 TL0:5 n0:25
Al A2 Per [ Al A2 Per | Al A2 Per |[Al A2 Per | > |Gi]* dmax
d=10 323 327 326|328 333 333|332 341 344|338 3.56 3.64 | 5360 7
323 327 325|328 333 334|332 341 342|338 356 3.63 | 5396 7
d =100 323 330 333|327 338 343|332 349 358|338 3.67 3.88 | 13960 44
323 330 3.27|327 338 336|332 348 353|338 3.67 3.87 | 10732 43
d=1.000 323 335 336|328 343 350|332 356 374|338 3.78 4.22 | 20352 82
’ 323 332 331|328 341 343|332 352 363|338 372 4.04 | 17236 65

2. Exponential Distributions:

Table B.6: Critical values for the scan statistics max,,,<;<n, Zucee (t) based on MST at o = 0.05

Critical Values Graph
ng = 100 ng = 75 ng = 50 ng = 25

Al A2 Per [ Al A2 Per [ Al A2 Per |[A1l A2 Per | > |Gi]* dmax
d=10 298 3.05 3.03 302 312 3.12]|3.08 322 321 3.14 339 346 | 5212 8

299 3.05 3.03|303 312 3.12|3.08 322 322|314 340 343 | 5016 6
d = 100 299 305 3.07 303 312 3.15]|3.08 322 330 3.15 340 359 | 11750 32

298 3.05 3.05|303 312 3.14|3.08 322 327 |3.14 339 357 | 11572 35
d=1.000 299 305 3.12|3.03 312 325]|3.08 321 342 3.15 339 3.83 | 38302 120

’ 298 3.04 3.08 303 311 320 3.08 321 338 | 3.14 338 3.86 | 43376 112
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Table B.7: Critical values for the scan statistics max,,<¢<n, Scap (t) based on MST at « = 0.05.

Critical Values Graph
nog = 100 ng = 75 ng = 50 ng = 25
Al Per | Al Per Al Per Al Per SIGH?  dimax
d—10 13.10 12.67 | 13.38 13.09 | 13.70 13.64 | 14.11 14.88 | 5212 8
13.10 1297 | 13.38 13.25 | 13.70 13.79 | 14.11 15.10 | 5016 6
d =100 13.10 13.26 | 13.39 13.87 | 13.71 14.84 | 14.12 17.39 | 11750 32
13.10 13.50 | 13.38 14.22 | 13.70 1529 | 14.11 18.20 | 11572 35
d=1.000 13.10 1436 | 13.39 15.61 | 13.71 1799 | 14.12 23.13 | 38302 120
’ 13.10 14.64 | 13.38 16.18 | 13.70 1843 | 14.11 23.41 | 43376 112

Table B.8: Critical values for the scan statistics maxy,,,<¢<n, Mcsp(t) based on MST at o = 0.05

Critical Values Graph
nog = 100 ng = 75 nog = 50 ng = 25

Al A2 Per [ Al A2 Per | Al A2 Per |[Al A2 Per | > |Gi]* dmax
d=10 323 327 327|327 333 333|332 341 342|338 355 3585212 8

323 326 325|328 332 332|332 340 341|338 354 3.64 | 5016 6
d =100 323 329 330|328 337 338|332 347 351|338 3.65 382 11750 32

323 330 332|327 338 343|332 348 356|338 3.67 392 | 11572 35
d = 1.000 323 335 339|328 344 355|332 357 380|338 379 4.28 | 38302 120

’ 323 336 341|327 345 359|332 358 381|338 3.80 4.32 | 43376 112

3. Log-normal Distributions:

Table B.9: Critical values for the scan statistics max,,,<;<n, Zwcee (t) based on MST at o = 0.05

Critical Values Graph
ng = 100 ng = 75 ng = 50 ng = 25

Al A2 Per [ Al A2 Per [ Al A2 Per |[A1l A2 Per | > |Gi]* dmax
d=10 299 305 3.02|303 312 3.12]|3.08 322 323 |3.15 340 3.51 | 5028 6

299 3.05 3.03|303 312 3.12|3.08 322 326 3.14 340 348 | 5116 7
d = 100 299 305 3.06 303 312 3.14|3.08 322 325 3.15 340 3.55 | 9436 27

298 3.05 3.03 303 312 3.10]|3.08 322 324 | 3.14 339 351 | 10674 42
d=1.000 299 3.04 3.13|3.03 311 323]|3.08 321 340 3.15 339 376 | 41500 113

’ 298 3.04 3.16 |3.03 3.11 326 3.08 320 347 |3.14 337 3.87 | 65694 164
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Table B.10: Critical values for the scan statistics max,,<¢<n, Scep (t) based on MST at o = 0.05.

Critical Values Graph
nog = 100 ng = 75 ng = 50 ng = 25

Al Per | Al Per Al Per Al Per SIGH?  dimax
d—10 13.10 12.92 | 13.39 13.32 | 13.71 1397 | 14.12 15.30 | 5028 6

13.10 12.88 | 13.39 13.23 | 13.71 13.84 | 14.11 15.07 | 5116 7
d =100 13.10 1343 | 13.39 1396 | 13.71 14.87 | 14.12 16.98 | 9436 27

13.10 13.54 | 13.38 14.25 | 13.70 1558 | 14.11 18.41 | 10674 42
d=1.000 13.10 1447 | 13.39 15.89 | 13.71 17.85 | 14.12 22.54 | 41500 113

’ 13.10 15.06 | 13.38 16.56 | 13.70 19.35 | 14.11 25.12 | 65694 164

Table B.11: Critical values for the scan statistics max,,,<¢<n, Mczp(f) based on MST at o = 0.05

Critical Values Graph
nog = 100 ng = 75 nog = 50 ng = 25

Al A2 Per [ Al A2 Per | Al A2 Per |[Al A2 Per | > |Gi]* dmax
d=10 323 326 326|328 332 334|332 340 343|338 355 3.65| 5028 6

323 327 326|328 332 334|332 340 344|338 355 3.63 | 5116 7
d =100 323 329 330|328 336 338|332 346 352|338 3.64 3.80 | 9436 27

323 332 331|328 340 342|332 352 358|338 372 392 | 10674 42
d=1.000 332 335 342|328 344 357|332 356 378|338 3.78 4.24 | 41500 113

’ 332 337 341|327 346 357|332 359 3.88 | 338 382 434 | 65694 164

B.5 Analytic expressions for C,(¢) and Cyi(¢) under CBP

In this section, we will derive the analytic expressions for C,(t) and Cyig(t), in order to compute the asymptotic
p-value approximations. Here we only work in detail with C,(t), since Cyir(t) can be derived in a similar way with
the weight functions ¢(t), p(t) being replaced by 1, —1, respectively. Throughout Section [B.5] notations R¢ 1 (-) and
R o(-) are abbreviated to Ry () and Ry(-) for simplicity.

We need to derive %COVCBP(ZW,CBP(S), Zw,cee(t)), which we denote as COV/CBP (Zw,cee(8), Zuw,cep(t)), 0 < s <
t < n, for the remaining context, in order to compute the asymptotic p-value approximation for extended weighted
edge-count test. As usual, we will compute C,, (t) = %COVCBP(ZMQP (8), Zuw,cep(t)) |S:t only for those t’s with
t = aL, where a is an integer; for other ¢’s, we compute the estimation of this quantity by pluggin in ¢ = aL with

non-integer valued a directly. Since

Covegp (Zw,CBP (S)a Zw,cep (t))

COV/CBP (Ru(s), Rw(t)) 1 CoVerp (R (s), Ru(t)) Var,CBP (Ruw(s))

Coveze (Fuces () Zuscor(0) =R ) Vatees (R (0) 2 /Vaoar (o (5)Vatcae (o (D) VaTess (Ru(5))

(

\/VarCBP (Ruw(s))Varces (R (t))
( (
)
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We’ve already derived Varcgs (R (a)), for ¢ = aL, where a is an integer. For other ts that are not mul-

tiples of L, here we compute Varqgp (R, (t)) by plugging in a = ¢/L directly, instead of doing interpolation.

To compute COVpp, (Zuw cep(8), Zu,cee (t)), we have to further derive Varly, (R, (1)), CoVegp (R (s), Ruw(t)), and
COVigp (Ru(s), Ru(t))-

B.5.1  Varg,(R,(t)) = 2Varces (R, (t))

We here consider Varcgp (R, (al)) and %VarCBP (Ry(aL)), where ¢ is a multiple of L, i.e., t = aL.

Note that %Varcgp (Rw (t)) = % %VarCBP (Rw (GL))

Varegp (Ry (aL))

d
%Varcgp (Rw (aL))

(q(aL))*Varces (Ry(aL)) + (1 — g(aL))?Varcss (Rao(al))

+2¢(aL)(1 — q(aL))CoVcgp (R1(aL), Re(al))

dg(aL)

2q(al)—

Varess (Ry(aL)) + (q(aL))zd%VarCBP(Rl(aL))

+2(1 - q(aL))(—dq((ZlL) \Varcss (Ro(al)) + (1 — q(aL))Qd%VarCBP(RQ(aL))
42 dq;zL) (1 — q(aL))CoVess (Ry(aL), Ra(aL)) + 2q(aL)(— dqé‘;L) )COVews (R (aL), Ro(aL))

+2g(al)(1 — q(aL))d%Covcgp(Rl(aL), Ra(aL))

2eq(al)Varcee (R (aL) + (g(aL))? +-Varese (R (aL))

+2e(g(al) ~ )Vares: (Ra(aL)) + (1 — g(aL))? 5 Vares: (Ra(al)

+2¢(1 — g(aL))CoVess (Ri(aL), Ra(al)) + 2(—c)q(aL)Covess (R (aL), Ro(aL))

+2g(aL)(1 — q(aL))%CovCBp(Rl(aL), Ra(al))

Denote - Varcsp (R (aL)), £-Varcss (Rz(aL)), and <L Covegs (R (aL), Ro(al)) as Var,y, (Ri(aL)), Vart,, (Re(aL)),

and CoV,.., (R1(aL), Ro(aL)), respectively. The three quantities can be derived by taking derivative w.r.t. a directly.

Var/CBP (Ra(al))

Var/CBP (Ra(al))

2a — 1 3a? — 6a + 2 4a3 — 184 +22a — 6
m(m — 1) m(m —1)(m —2) m(m —1)(m — 2)(m — 3)
—2Ecsp[Ri(aL)] E/csp [Ri(aL)]

1
= di—+ds
m

(—2m +2a+1)
m m(m — 1)

—3(m—a)?>+6(m—a)—2
m(m —1)(m — 2)

+ds
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—4(m —a)® +18(m — a)? — 22(m — a) +

6 /
+dy m{m —1)(m = 2)(m — 3) — 2Ecgp[Ro(aL)|Eqgp [Re(al)]
, _ m — 2a m? — 4ma + 3a® — m + 2a 2ma — 3a®> —m + 2a
Covem (Fa(al), Balol)) = oy Y T Dm=2) T mm—D(m-2)

2am? — 6ma® + 4a® + 2ma — m? + m — 2a
m(m — 1)(m — 2)(m — 3)
—Ecee [Rl(aL)]Elcap [R2(aL)]

— EéBP [R1(aL)]Ecsp[R2(aL)]

+cg

In the above expressions, E(...[R1(aL)] and E..,[Ra(aL)] can also be derived simply by taking the derivatives of

Ecgp[R1(aL)] and Ecpp[R2(aL)] w.rt. a, and thus we have

sub 1 sub 2a — 1
Etelr(a)) = ™4™ s

sub) (—1) sub) (—2m + 2a + 1)
EtoelPa(a)) = ™34 I

Finally, Var'(R,,(t)) can be obtained by 2Varcss (R (1)) = + 4L Varce (Ry(al)).

a

e

B.5.2 CoOVcpp(Ruw(s), Ryw(t)) and its partial derivative

In this subsection, we derive the covariance of R, (s) and R, (¢) under circular block permutation, denoted as
CoVegp (Ry (), Ry (t)), and its partial derivative w.r.t. the first argument s, denoted as %COVCBP (Ruy(s), Ry(t)), for
future usage. As what has just been discussed, one need to evaluate this quantitiy at s = ¢ to compute asymptotic

p-value approximation for modified weighted edge-count test.

Since we only compute COVegp (R, (S), Ry (t)) analytically at those s’s and ¢’s that are multiples of L. Let
s = a1L, and t = ayL, then %COVCBP(Rw(s),Rw(t)) = %%COVCBP(Rw(alL),Rw(agL)). We first derive

CoVegp (Ry(a1L), Ry(azL)), and then consider its partial derivative aialCOVCBP (Ry(a1L), Ry(azl)).

Let p(aLl) =1 — g(aL), then for 0 < a1 < as < m,

CoVese (Ry(a1L), Ry (asL))
= CoVese(q(a1L)Ra(ar L) + p(ar L) Ry(a1 L), q(azL) Ry (az L) + p(az L) Ra(as L))
= gla1L)q(a>L)CoVess (Ra (a1 L), R (L)) + g(ar L)p(azL)COVese (Ri (a1 L), Ra(as L))

+p(a1 L)q(agL)COVCBp (Rl (CLQL)7 Rs (a1 L)) + p(alL)p(azL)COVCBP (R2 (alL), RQ(GQL))
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0
Das CoVepe (Ry(a1L), Ry (asL))
ai

0
TCOVCBP (Rl (alL), Rl (a2L))
a1

+ep(as L)CoVegp (Ry (a1 L), Ra(asL)) + q(ai1 L)p(az L) %COVCBP (Ri(a1L), Ra(asl))

= c¢q(a2L)CoVegp(R1(a1L), Ri(azL)) 4+ g(a1L)g(azL)

—cq(aaL)CoVegp (R1(azL), Ra(a1L)) + pla1 L)q(azL) %COVCBP (R1(asL), Ra(a1 L))

0
—cp(agL) aia]_COVCBP (R2 (alL), Ry (CLQL))

From the expressions above, CoVepp (R (a1 L), Ri(asL)), Covepp (R1 (a1 L), Ra(as L)), Coverp (R (as L), Ra(ai L)),
Covepp(Rao(a1 L), Re(agL)), are in need to compute CoVegp (Ry, (a1L), Ry (azL)); and the four quantities, along with

their partial derivatives w.r.t. aj, are in need to compute %COVCBF (Ry(a1L), Ry (asL))

Lemma 5. With cy, - - -, cg stated before, then for 0 < a1 < as < m,
ay ay(a; — 1) ay(az — 1) a1(ay — 1)(az — 2)
CoVepp(Ri(a1L), Ri(asl)) = —
cep(Ri(a1L), Ri(azL)) c1 m + (c2 +c5) m(m —1) + (e3 4+ ca) m(m—1) + (c6 + ¢3) m(m —1)(m —2)

al(ag — 1)(0,2 — 2) + al(al — 1)(0,2 — 2)((12 — 3)

e D —2) T mm — Dm—Dm 3y~ EeorlRa(@1 L)) Ecorl Ba(a: L)
Covess(Ralan L), Baloal)) = ex2l=te) aaln oo oD) (0 —enj(o =)

ai(a; — 1)(m —az)(m —ag — 1)

Co m(m — 1)(m — 2)(m — 3) - ECBP[RI (alL)]ECBP[RQ(GQL)]
B (a2 —aq) (a2 —ag)(az — 1) (a2 —ar)(m —ay — 1)
COVCBP(Rl(agL), Rg(alL)) = m + co m(m — 1) Cc3 m(m — 1)
+C4a1(m —a1)+ (az —a1)(m—a; — 1) e (a2 —a1)(az —a; — 1)

m(m —1) m(m — 1)
ai(ag —ar)(m—a; — 1)+ (ag —a1)(az —a; — 1)(m —a; — 2)
m(m —1)(m — 2)
ar(m—ai)im—a; — 1)+ (ae —a1)(m—a; — 1)(m—a; —2)
mm — 1)(m — 2)
(m — ag)az(az — 1) + (ag — a1)(az — 1)(az — 2)
m(m — 1)(m —2)
ai(a; — 1)(m—ay)(m —ay — 1) te 2a1(ag —ay)(m —a; — 1)(m — a1 — 2)
m(m —1)(m — 2)(m — 3) 0 m(m —1)(m —2)(m — 3)
(a2 —a1)(az —a1 —1)(m —ay —2)(m —ay — 3)
m(m —1)(m — 2)(m — 3)

+cg

+C7

+Cg

“+cg

+Cg

- ECBP[RZ (alL)] ECBP[RI (GZL)}

(m — ag) (m—as)(m—a; — 1) (m—ag)(m —ag —1)
m +leate) m(m —1) m(m — 1)
(m—az)(m—az—1)(m—a; — 2) . (m—ag)(m—a; —1)(m—a; —2)

m(m — 1)(m —2) T m(m — D)(m —2)

COVCBP(RQ(alL);RQ(a2L)) = a

+ (c3 +¢c5)

+(c6 + ¢7)
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(m—ag)(m—ag —1)(m—a; —2)(m —ay — 3)

oo m(m —1)(m — 2)(m — 3)

— Ecpp [R2 (al L)] Ecsp [R2 (G2L)]

For the following content we denote 8%1 CoVigp(R1(a1L), Ri(asL)), (9%1 CoVigp(Ry(a1L), Ra(asL)), 8%1 CoVesp(Ry(azl), Ra(ar L))
52 CoVerp(Ra(a1 L), Ry(ag L)) as COVogp(Ry (a1 L), Ri(azL)), CoVepp(R1(a1 L), Ro(azL)), COVipp(Ri(agL), Ro(ay L)),
CoV.pr(Ro(a1 L), Ry(as L)), respectively.

20,1 —1 ag — 1 c c (2(11 — 1)(@2 — 2)
m(m —1) m(m—l)+(6Jr 8)m(m—l)(m—Q)
(CLQ — 1)(a2 — 2) c (2&1 — 1)(@2 — 2)(0,2 — 3)
m(m—1)(m—2) " “m(m—1)(m—2)(m — 3)

+ (c3+c4)

CoVes(Rr (@ L), Ri(a2) = 1+ (e2 + c5)

+C7

— Elpp[Ri(a1 L)) Ecsp[R1(agL)]

m— a2 te (m—ag)(m—ay—1) . (m —as)(2a; — 1)

mm—1) " m(m—1)(m —2) S m(m — 1)(m — 2)

(2a1 — 1)(m —az)(m —ag — 1)
m(m —1)(m — 2)(m — 3)

CoV,pp(Ri(a1L), Ra(azL))

Cq

— Elgp[Ri(a1 L) Ecsp[Ra(asL)]

CO\/CBP<R1(GQL),R2(CL1L)) = (:nl) + ¢ (T_n((‘:fl_ 1;) +c3 (_(m - a:n(—?nl)—l)(GQ - Gl)) +ey mtﬂ: i21)
2a; — 2a9 +1 . (—agm + 2a1as +m — a3 + day — 4a; — 2)
m(m —1) ¢ m(m — 1)(m — 2)
(2m — 4ay + 3as — 2mas + 2a1a2 — 2) ‘e (—(az — 1)(az — 2)
m(m —1)(m — 2) S m(m—1)(m —2)
C9
T Dim —2)m 3 (@~ Dmma)mma =D am = a)m-a-1)

—ai(ag —1)(m—a; —1) —ai(ag — 1)(m — a1) + 2(ag — a1)(m —a; — 1)(m — ay — 2)

Cs

+c7

—2a1(m —a; —1)(m —a; —2) — 2a1(as — a1)(m — a1 — 2) — 2a1(az —a1)(m —ay — 1)
—(ag —a1 —1)(m—a; —2)(m—ay —3) — (a2 —a1)(m —ay —2)(m —ay — 3)
—(az —a1)(az —a; —1)(m —a; —3) — (a2 —a1)(az —ay — 1)(m —a; — 2)}

_ECBP[R2 (a1L)]Ecp[Ra(azL)]

CoV.pp(Ry(a1 L), Ry(asl)) = (cQ+c4)m+(c6+c7)(_(2(:n“i>§7)”(’7; ?2; 1)

(—2(m —a1) + 3)(m — az) te (=2(m —a1) +5)(m —az)(m —az — 1)
m(m — 1)(m — 2) ’ m(m —1)(m — 2)(m — 3)
—Elpp[R2(a1 L)) Ecap [ Ro (a2 )]

+Cg

Finally, COV( gy (Zuw.cep (5), Zu.ce (t)) can be obtained by plugging in everything, and it follows that

Cu(t) = COVigp (Zuw con (), Zuw,coe (1)),
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Similarly, replacing g(aL) with 1 and p(aL) with —1, we get the expression for Cyge(¢):

Cairi(t) = COVegp (Zaitr,cep (5), Zaimm,cee (1))],_,

B.6 Approximations for Ecgp[Z o5 (1)] and Ecep [Z&O’ifLCBP(t)]

We have to compute Eczp [Z3 oz (£)], and Ecep[ Z3; o5 ()] to perform skewness correction. However, analytical expres-
sions for Ecgp [Z) czp (1)), Ecse [Z34 crp ()] could be hard to derive, hence we use Ex[Z3 (t)] and Ep[Z3(t)], in other
words, circular block permutation with L = 1, as surrogates for the quantities Ecep[Z, o5 ()] and Ecep [Z34 cpp (£)]

of our interest.

Here we only show in detail the derivation of Ez[Z2 (¢)], since Ep[Z3(t)] can be derived similarly with the weight

functions being replaced by 1 and —1.

(Rw (t) - EP [Rw (t)])g}
(Vars (Ru(t))*/?

Ex [R3 (t)] — 3Es [R2 (t)]Es [Ru ()] + 3Es [Ru (¢)|Es[Ry (t)]* — Es[Ruw(1)]?
(Vars (R, (t))3/2

E:[R, ()] — 3Es[R3 (t)|Es [Ru ()] + 2Ep[Ruw (1))
Ee[RE,(1)] — Eo[Ruw(t)]?

E:[Z5(t)] = Esf

To compute E;[Z3 (t)], we need Ex [R3 (¢)], Ep[R2 (¢)], and Ep [R,, (2)].

When L = 1, circular block permutation is equivalent to random permutation, so the weight function ¢(¢) degenerates

to qO (t) = n—t—1 the weight function proposed in|Chu and Chen|(2019). Therefore,

n—2

Ry(t) = qt)Raa(t) +p(t)Ra ()
RL(t) = (a(t))*RE (1) +2(a())(p(t)) Rea(t)Ra 2(t) + (p(1)* RE o (t)
Ry,(t) = (a())’Rg (1) +3(a(1)*(p(1)) RE 1 () Ra.2(t) + 3(a(1)) (p(t)* Rea () RE o () + ((1)* RS o (1)

To obtain Ep[Z, (t)], it suffices to compute the expectations of Re 1 (t), Ra 2(t), R (), R 5(t), Ra1(t) Ra 2(t),
R, (1), RY 5(t), R, (t)Rg2(t), and R 1 (t) R, 5(t). The expectations of the first five variables can be obtained
directly from the previous formulas with L = 1. Here we further discuss how to compute Ex[R%, , (t)], Ez[RE 5 (1)),

Ep[RE 1 (t)Ra 2 (1)), and E; [Re,a (1) RE 5(1)]-
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When considering the cube of the number of edge-counts, we need to consider each set of edges that consisting
three edges. Those three edges in a set may nor may not share nodes, so there are 8 configurations that those edges can

have. The 8 configurations are:
Q) @) () / 4
®) (6) (@) ®)

Figure B.1: The 8 possible configurations for a set of three edges

(1) The three edges consist only two distinct nodes

(2) The three edges consist only three distinct nodes

(3) Two of the edges consist two distinct nodes; the other edge is separated

(4) Chain-shaped: The first two edges share one node; the second and third edges share another node
(5) Star-shaped: The three edges share one node

(6) Two edges share one node, and share no node with the third edge

(7) No pair of the three edges share any node (six distinct nodes)

(8) Triangle: The three edges form a triangle

Denote the number of sets of three edges having configuration 1 to 8 as C1, - - - , Cg, respectively. For any undirected

graph G, C1, - - - , Cg can be computed analytically. (Observe that Cy + - - - + Cg = |G|?)

C: = |G|
Cy = 3Z|Gi|(|Gi—1>

Cs = 3|G|(IG]—1) 3Z|G|\G—1

Ci = 6 ) (IGI-D(GI-1)=6 > [{k:(i.h), (k) € G}

(i,5)€eG (i,))€G

Cs = Z\Gi\(|Gi—1)(|Gi—2)
Cs = 3Z|Gi|(|Gi—1)(\G|—|Gi|)+6 > Kk (i k), (k) € GYH =12 > (1G] = (IG5 = 1)

(i,5)€G (i,9)€G
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Cr = (GG =G =2)+6 > (G| - 1)(Gs| 1) =2 Y [{k:(ik),(j,k) € G}
(i.5)eG (i,§)€G
=D _IGil(1G: = 1)BIG] - 2|Gi| - 2)
Cs = 2 > |{k:(i,k),(j.k) € G}
(4,5)€EG
The expectations can be computed by applying proper probabilities to C1, - - - , Cs.
EREA(0] = Cror s+ (Cot Co) ot N =24 (Gt Gt Ca) =0
L O tt—1)(t—2)(t—3)(t—4) s tt—1Et—-2)t—-3)(t—4)(t—5)
nn—1)(n—2)(n—3)(n—4) nn—1)(n—2)(n —3)(n —4)(n —5)
B[RS, 0] = _;z;”__lg L TeReR i t)&bn__tl_) (13(_"2_) =2
(n—t)in—t—1)(n—-t—2)(n—t—3)
G+ Gt Gs) n(n —1)(n—2)(n—3)
(n—tiin—t—1Dn—-t—2)(n—t—3)(n—t—4)
+Ce n(n—D)(n—2)(n—23)(n—4)
+C7(n—t)(n—t—1)(n—t—2)(n—t—3)(n—t—4)(n—t—5)
n(n—1)(n—2)(n—3)(n —4)(n —5)
E[B% (DRea(t)] = C tt—1)(n—t)(n—t—1) 6t(t -1DEt-2)(n—t)(n—t—1)

*3n(n—1)(n—2)(n—3)
tt-—1)t—-2)t-3)(n—t)(n—t—1)

o = D = 2)(n = 3) (= 1) =)

EP[RG,1(t)R2G72(t)] _ Ct(t—l)(n—t)(n—t—1)+06t(

3n(n—1)(n—2)(n—3)(n—4)

t—1)n—t)n—t—1)(n—t—2)

8 3n(n—1(n—2)(n—3)
t—(n—t)in—t—1)(n—-t—2)(n—t—23)

t(
T S D = 2)(n = 3)(n — ) (n — )

Finally, E;[Z3 (t)] can be computed by plugging in everything.
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Appendix C
Appendix to Chapter 4

C.1 Proof of Equation and Equation (.14

We want to prove:

P( max Sy,(t)>b)

(no%m w 2b (1 - N) X0 )/n B ()v ( 2bhy (z) (1 - Nb_1>> da

P(norélggnl Sa(t) > b) 2b (1 - N) fN (b) " ha(x)v ( 2bhg(z) (1 - Nb_1>> de

no

Q

Q

Here we use h,,(z) to denote C,(x) in Equation @.13)), and hy(z) to denote Cyigr(z) in Equation @.14). Let

Z

( )(t/n) )2 ;o Si(t/n) :Z( *(J) (t/m) )2.

j=1 j=1

Mz

Su(t/n) =

We only show the proof in detail for the result of .S,,(¢), as the result of S;(¢) can be done in exactly the same way.

First, since Sy, (t) is always positive, we may look at its square root, instead:

P( max S} (ti/n)>0b*) =P( max +/Si(ti/n)>Db)

no<t1<nj no<ti1<nj

. / P(V/Si(tn/m) € b+ do)P(, max /S (Ea/m) < bly/Si(tr/n) = b+ )
no<t1<ni 0 fasm

SHOEDS / (14 PN L P( max /Si(ta/m) < bS5 (/n) = b+ a)de

no<t1<nj 1st2sm

1

— _fX N 1 e~ % * * —

= be(b)n ;n / 1—i—b2 P(tlgtlzai(n V/Sz (ta/n) < b|\/Sz (t1/n) = b+ b)d
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1 ° 2
<R Y [ e TR e /S faa/n) < VS0 /m) = b+ s

no<ti1<ni 0

where f(+) is the density function of a y distribution with degree of freedom V.

P(\/So(ti/n) = b+2) = fX(b+a) = (b+m)V-le 5
Wi TN = T T(Nj2)2N/21
N-1,-%2 "
pV—le 1+ E)quszfT ~ FX(0)(1 + %)Nflefbm'

T T(N/2)2N/21 1+3

Now we focus on the probability inside the integral:

P( max /8% (ta/n) < b|\/S%(t1/n) =b+%)dx

(VSilta/m) ~ V/Siltr/m) < ~alv/S5(01/n) = b)da

~P( max b
t1<ta<my

Conditioning on /.S (1 /n) = b is equivalent to conditioning on

(Z:V(ty/n), 2Dty /n), . .., 22t /n)) = (b,0,...,0).

Land Aj, = ZZZ(j)(tg/n) - qu(j)(tl/n). By Taylor expansion, we have

Letr = % —
N ) 2 N
VSulta/m) = |3 (Za (0 /n) + Agy) " = || Sult/n) + 2080, + 3 A2,
j=1 j=1
1 N 11 N
= /S5 (t1/n) + ———— [ 20A1, + > A2 | — —— [ 402A2 4 4bA, Y A% | +0(?)
2/, (t1/n) g ) 2488 g ’

N
_ 1 2 2
=b+ At o ;:2: A2 ] +0(?)

Therefore, we may use the following approximation:

N
b (VSiltz/m) — VSut/m) =b | A+ Qib ; A,

Since each of the Z;") (+) is a Gaussian process with covariance function pZ, (u, v), we have

Ay~ N(bp—b,1—p*), and A, ~N(0,1—p?), for j#1.
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a *
Let b} (u) = gl\r‘[?ll %, then by Taylor exapansion, we have the following approximation:

ph(u,v) =1 —hE (w)r+0(r?), and (pf(u,v))? =1 =2k (u)r + O(r?).

Therefore, bA 1, is approximately normally distributed with mean b2(1 — hZ (u)r) — b? = —b?h (u)r and variance

26?0}, (u)r; and for j # 1, 2 A% has mean h, (u)r and variance O(r?). The variability from the (N — 1) A3, can be

ignored. Finally, let W,\{") be a random walk with Wl(tl) ~ N(p®) (c(1))2), where

L) = % (b* — (N — 1)) hi(u), and (ct))2 = %Qth:L(U)

P( max b(\/S* (ta/n) — \/s;;(tl/n)) < —x|\/S5(t1/n) = b)dx

t1<t2<ni

N
~ b 2 (t1)
~ P(m?x bA1, + % E y Aj, < —z)dr ~ P(glg} Wit > x)dx
j=

Using the fact
/ exp(—ZMx/UQ)P(m;ri W > x)de = pv(2u/o),
0 mz

for a random walk Wy ~ N (u,0?) with u > 0 (Siegmund, [1992), and here we have

2u N -1 2u N -1
— V=1 — — 22* .
e TR and — b2hE (u)/n(1 — = —)

Therefore,

P( max +/S;(t/n) > b)

no<t<ni

L= ) R0 [ e (V@ (1 Y5t ) ) ds

22

b :
:2(b2—(N—1))f]’\<,(b)/nm e )y( e )(1—Nb;1>)dm
:%(bQ—(N—l))%f}\‘,z(bQ x)u( 2 (2) ( —Nb;1>>dx
= 2b? (1—(Nb 1)>fN (b?) hu, u<\/7< —%))dm

Replace b? with b we have:

P( max S,(t)>b) ~ 2b (1 — N) £ )/ hw(m)u( 2bhy (1) (1 - Nb‘l)> dx.

no<t<ni no
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C.2 More results on p-value approximation for MS-statistic

Table C.1: Critical values for test statistic max M S(¢) based on 5-MST at o = 0.05.

no<t<ni
Multivariate Gaussian | N=1 | N=2 | N=3 | N=5 | N=10| N=20| N =50
d=10 11.54 14.87 17.45 21.83 31.42 47.68 89.36
d =100 11.55 14.70 17.16 21.88 31.52 47.59 89.68
d = 1,000 11.51 14.81 17.35 22.08 31.69 47.58 89.75
Analytical 11.31 14.53 17.13 21.59 31.03 47.25 89.54

Table C.2: Critical values for test statistic max M .S(t) based on 5-MST at « = 0.05.

no<t<ni
Multivariate ts || N=1 | N=2 | N=3 | N=5| N=10| N=20| N =50
d=10 11.52 14.63 17.18 | 21.97 31.28 47.49 89.46
d =100 11.38 14.81 17.59 | 22.07 31.64 48.00 90.07
d=1,000 12.30 | 16.04 18.96 | 23.66 33.69 49.95 92.92
Analytical 11.31 14.53 17.13 | 21.59 31.03 47.25 89.54

Table C.3: Critical values for test statistic max M S(t) based on 5-MST at o = 0.05.

no<t<ni
Lognmormal | N=1| N=2 | N=3 | N=5|N=10| N=20 | N=50
d=10 11.62 | 14.69 | 17.44 | 21.80 31.50 47.52 89.64
d =100 11.34 | 14.62 | 17.39 | 22.02 31.70 47.77 90.01
d=1,000 1198 | 1545 | 1836 | 22.99 32.63 49.02 92.19
Analytical 11.31 1453 | 17.13 | 21.59 31.03 47.25 89.54
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