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ABSTRACT

The charge exchange of antiprotons into antineutrons and the subsequent
annihilation of antineutrons have been studied in the 72«inch liquid hydrogen
bubble chamber. The antiprotons were produced internally {n the Bevatron;
channeled externally by collimation, quadrupole fucusing magnets, and bend-
ing magnets; and separated from other negatively charged particles by a system
of three velocity spectrometers. Analysis of the data for 2 run with an anti-

uproton momeatum éf 1.65 Bev/c has been completed. Three chargeiexchange
reactions have been studied: (1) p+p=~n+n, (2) p+p—=n+n+ wo,
(3) ptp—-n+p+w . The cross section for Reaction (1) plus Reaction (2)
was 7.822.55 mb., The croes sections for Reaction (3) wes 0.99 %. 24 mb, which
implies on the basis of the atatistical model alone that the cross section for
Reaction (2) is alzo about 1 mb:- The angular differential cross section for
Reaction (1) was strongly peaked forward with a value at zero degrees of
4.6+.5 mb/sr. However, the 13 % contamtination from (2) was included, Of the
antineutrons produced in Reactions (1) and (2), 122 annihilated in the bubble
chamber; the remlting annihilation cross section was 45.245.4 mb at a lab
kinetic energy of 300 Mev. The average charged-pion multiplicity in the
antineutron annthilations was found to be 3.5+ .3, which implied that the total

pion muitiplicity was 5.22.4, The ratio of the number of antineutron annihilations

containing five charged pione to the number contalning three charged pions, and
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the momentum distribution of the pions, have been compared with predictions of
the statistical model. This model used the covariant phase-space integrals

first proposed by Srivastava and Sudarshan and modified by Neuman, and the
branching ratios given by Pais. Reasonable agreement was obtained for a volume
five times that of a sphere with a radius of one pion Compton wave length. The
center-of-mass angular distribution of the pions in the antineutron annihilations
was found to be, within statistics, and isotropic d!stribution. Three events were

found that fitted K®-meson prodnétion in antineutron annihilation.
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CHARGE-EXCHANGE PRODUCTION OF ANTINEUTRONS
AND THEIR ANNIHILATION IN HYDROGEN*

C. Keith Hinrichs?, Burton J. Moyer, Johun A, Poirer, and Philip Mo Ogden
lL.awrence Radiation Laboratory

University of California
Berkeley, California

July 5, 1961
I. INTRODUCTION

After several unsuccesasful attempts, the antineutron was identified
by a counter experimgnt in 1956. 1 The antineutrons were produced by the
charge exchange of antiprotons on protons (p + p < n + n) and identified by the
large annihilation enargy of the antineutrons in a counter. Other counter ex-

2-4

periments have studied the charge-exchange reaction on hydrogen as well

- as on complex nuclei, 5 and in 1959 the charge exchange of an antiproton into

an antineutron and the subsequent annihilation of the antineutron were first
observed in a propane bubble chamber. 6 In all these experiments {t was assumed
that the annihilation cross section for antineutrons was the same as that for
antiprotons, in order to estimate the charge-exchange cross sections. In these
previous experiments, the small value of the charge-exchange cross section,
combined with the rarity of antiprotons themselves, permitted littfe more than
confirmation of the process, and little light could be shed on the aniineutrou
interactions, including antineutron annihilation.

The antineutron interactions in hydrogen are of particular interest
because the reaction occurs in a pure isotopic spin triplet state (T = 1),
whereas the antiproton+proton interaction is composed of half isotopic singlet
(T = 0) and half {sotopic triplet states. It is to be noted that antiproton-neutron
interactions aleo occur in the pure isotopic triplet state, and in this respect
should be the same as n-p interactions. Some recent results on antiproton-

-y

neutron interactions have been obtained by deuteriumnhydmg'en subtraction.



"/

al

-2- UCRIL.~9589 Rev.

The experiment presented here sends a separated beam of 950-Mev
antiprotons into the 72-~inch hydrogen bubble chamber, and studies not only the
charge-exchange interactions and their angular distribution but also the nature
of the rantineutron-proton annihilation.

The performance of this experiment was ancillary to an experiment
that suéceasfully searched for the antilambda in the reactionp+p - K+ A. 8.9

This reaction has a threshold at antiproton energies of about 770 Mev, and

dictated the energy of antiprotons used.
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II. DESCRIPTION OF THE EXPERIMENT
A. The Antiproton Beam

Antiprotons produced internally in the Bevatron were extracted and sent
through a separating system to purify the antiproton beam. Thie system was
patterned after the 1.17-Bev/c K~ beam of Eberhard, Good, and Ticho.m' n
The beam design consisted of quadrupole focusing magnets, Q, velocity-selecting
spectrometers, SP, iron collimating slits, S, and bending magnets, BM, arranged
as shown in Fig. 1. The purified beam of antiprotons was then directed into the
72~inch hydrogen bubble chamber where the various interactiéns were photo-
graphed. The circulating Bevatron beam of 6.2-Bev protons struck the aluminum
target, producing the antiprotons. Those antiprotons with momentum 1.64 Bev/c
éaseed through a hole in an iron nose cone (labeled NC on Fig. 1) in the outer
magnetic yoke of the Bevatron magnet, and entered the separator system.

The ratio of ¥ mesons to antiprotons produced was of th/e order of a few
times 104, and theielaborate beam optics of the experiment was required to
se?arate the antiprotons from this overwhelming number of unwanted particles,
Since a Detailed descritpion of the beam design has been given previously,g
only tﬁe characteristics of the target, tﬁe beam, and the optical system are pre-
sented here in Tabie I. A monitor telescope (labeled MT on Fig. 1) was set up

to look at 1-Bev/c * mesons coming from the target, and by this means to in-

dicate the relative number of protons striking the target.

B. The 72-Inch Liquid Hydrogen Bubble Chamber

The bubble chamber is roughly 72 in. long by 20 in. wide by 15 in. deep,lz

The 1-msec beam s#pill occurred atithe center of the sensitive time of the bubble
chamber (approximately 15 msec, under the operating conditions of this experiment).

The light flash for the pictures occurred about 4 msec after the beam spill, which
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allowed sufficient time for bubble growth and Kept distortion due to turbulence
instgnificant. The rate of energy loss by ionization for antiprotons and pions
in the beam differ;ad by only about 2%, therefore no attempt was made to differ-
entiate antiproton tracks from pion tracks on the basis of bubble counting. The
average density of the hydrogen during beam spill has been measured as
0.0586 g,/cmB.

The bubble chamber magnet supblied an average field of 17.9 kgauss,
with a measured variation over the volur;ae of the chamber of approximately = 10%

After each expansion three cameras located at three corners of a square
tabk stereoscopic pictures of the chamber (this square was 20 in. on a side,
located 74 in. above the chamber).

The magnetic-field corrections and optical corrections for each of the
three views as a function of position in the bubble chamber were taken into

account in the analysis of the track photographs.
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III. ANALYSIS OF DATA
A, Classification of Reaction Types

The beam entering the bubble chamber was compoeed primarily of p~ and
#~ mesons and antiprotons. The u mesons did not interact in the chamber and
contributed only to th§ number of background tracks. The ¥ mesons could inter-
act strongly, however, and constitiited the largest source of corrections to the
number of antiproton interactions. "

The reactions with which this experiment was primarily concerned are
Ptp—=n+n, elastic charge exchange; (1)
f{+p-?§+n+wo _ (2)

inelastic charge exchange:
ptp=ntptw , (3)
n+p -~ w'e and K's antineutron annihilation, (4)

The inelastic charge-exchange reactions producing more than Ione pion

were presumed to be unimportant and were neglected. (It will be shown in the

next section that inelastic charge exchange with one pion produced is only about

13% of Reaction (1), therefore it was assumed that the charge exchange with two-

/ ‘pion production is even smaller. In fact no events were found to fit the reaction

Pip=rn+ntu +u).

-

The antiprotons aleo annihilated in various ways, some of which could

A

; be confused with the charge-exchange reactions

p+p - (1 *2)#0. ¢5)
Prp ~ tf++w'+iﬂo, - {6)
pep -~ 2n 420" + 1w0, (7)
P+p -~ n's and K's, (8)

where £ =0, 1, ...; 2 is limited by the energy available in the reaction,
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The pions could interact as follows:

w-+p-u0+n+luo. (9)
w'+p-n'+p+zu° } (10)
+ - 0 ’
-0 +W 44w

w-+p-21r'+p+w++11ro. etc. | (11)

Reactions (l).' (2), {5), and (9) could not be differentiated in the bubble
chamber and were characteriged by a beam track entering the chamber and
ending in the volume of hydrogen. This type of event was designated as \a O-prong.
Reactions (3), (6), and (10) could not be differentiated by inspection if the proton
in Reactions (3) and (10) did not stop in the chamber, and were all designated as
2-prong interactions. Similarly, Reactions (7) and (11) were designated as 4-
prong interactions. A few antiprotons were observed to annihilate into six and
evight charged pions, and were designated 6-prong and 8-prong, respectively.

The annihilation of an antineutron (Reaction 4) producéd a ''neutral star"
(i.e., a star produced by a neutral particle) with one more positive track than
the number of negative tracks. Thus n annihilations were designated as 1-,
3-, 5-, or 7T-prong. |

Figure 2 is a bubble chamber photograph of a 5-prong n annihilation.
The antineutron is presumed to have been produced at the O-prong ending. -

A 2-prong event fitting Reaction (3) is shown in Fig. 3. Here the anti-

neutron annihilated into a 3-prong star.

B. Scannin& and Measuring of Events

Approximately 46, 000 bubble chamber pictures were taken. (Each
picture conbisted of three stereoscopic views.) They were all scanned by
using scanning tables especially constructed to view the 72-inch bubble chamber

film. A "useful volume' was defined for the bubble chamber, which excluded



-7- UCRL-9589 Rev,

areas where the film showed poor track visibility or where the proximity of
a physical boundary reduced the probability of observing an interaction. Inter-
actions occurring outside this volume were disregarded.

For a track to be considered a beam track, it was required to satisfy
three criteria on the scanning table; it musat:

1. enter the chamber at an angle within 5 degrees of the average direction
of the beam tracks,

2. have a curvature corresponding to a momentum of 1.6x.2 Bev/c
(see Fig. 4),

3. cross the entrance boundary to the "useful volume."

According to the séan criteria, a neutral star was anyv interaction that
did not:

1. contain an incident beam track,

2. have a positively charged stopping track (i. e., have an identifiable
proton emerging),

3. have one poeitive and one negative track (a "V''),

Because a large number of recoil protone occurred iﬁ the chamber,
interactione consisting of one positive track leaving the chamber were not con-
sidered as neutral stars,

Scanning efficiencies for each type of event were determined by making
two separate scans of the same film.

Measurement of angles and momenta on the scanning table were difficult
and inaccurate. To facilitate measurement of events, use was made of the
Franckenstein measuring projector.13 which determined a succession of track
coordinates in two of the three stereoscopic views., An IBM 704 computer
program called PANG ("P" for momentum and ""ANG" from angle)“ was used

to analyze the track coordinates and calculate the track reconstruction. Momentum,
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position, azimuthal angle, and dip angle at the beginning and end of the track

were calculated.

C. Determination of Bearn Composition

The total number of tracks, corrected for a scanning efficiency of 95%,
waz 191,000. These traci;s were due to antiprotons, pions, muons, and K
particles. The muons did not interact, and the number of K particles was neg-
ligible. (The number of K particles, 100, was determined from 10 K decays in
ﬂight.q) It was possible, therefgre. to obtain the number of pion and p tracks
from the number of pion and p interactions and their known total interaction
cross sections, |

The number of pion interactions was determined from the number of
6 rays with kinetic energy greater than 6.0 Mev occurring on interacting tracks.
(It is energetically impossible for a 1.63-Bev/c antiproton to produce a § ray
with energy greater than 3.1 Mev.ls) A little more than one-third of the film
was scanned for such § rays. quing the known cross section for production of
6 rays with energy greater than 6.0 Mev by 1.5-Bev/c pionslb--that s, BZ'mb”»-
we determined the number of pion interactions.  This number, when corrected for
scanning efficiency, was (3.220.4)X 103. The remaining 18, 700 interactions
were attributed to antiprotons.

3.4 a6 reduced by 8% to account

The total p cross section, 98 23 mb,
for scattering of less than 4.5 deg, which could not be detected reliably. From
this reduced cross section and the effective path length in the useful volume of
the bubble chamber, 62 in., we obtained a probability of 0.40 for production of
observable antiproton interactions. From these numbers we concluded that

46,800 antiprotons entered the useful volume of the bubble chamber. Similarly,

taking the pion cross section of 34.5%21.0 mb.w and making a 2.6 % correction
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for amall-angle scattering, we found that 18,900 pions entered the useful
volume of the bubble chamber:.

The relative beamn composition given in Table I was obtained from the
above numbers. There were 43, 100 "good" frames, which gave an average of

1.1 p per frame, with 4.4 tracks per frame.

D. Method Used to Calculate the n Annihilation Cross Section

To determine the annihilation cross s?ction for antineutrons we must know
the total number of antineutrons produced by the O-prong process (Reactions 1
and 2) and the events in which an n star was associated with a O-prong. The
number of n's produced in the 2-prong interaction wae relatively small and was
difficult to determine. Therefore only the 0-prong production of antineutrons -

wag considered in determining the annihilation cross section

1  Determination of the number of antineutrons produced by the 0-prong process

ny

The actual value of Non will now be determined. The number of 0-prongs

that gave antineutrons was given by

n
NO =~ N

0 Ngg - N -N.Y (12)

Ow 0p ann. 0

where NO = number of 0 prongs occurring,

H

Noa number of O-prongs produced by pions,

NO{)'ann. = number of 0-prong annihilationse,

NOV = number of antiprotons that produced AKX pairs
The value of N, was determined to be 2149 from film scans corrected

for a combined scanning efficiency of 0.98.

9

The number N,' has been determined to be 11, by iridependent work.

0
The number NO« was obtained from the total number of pion interactions,
(3.22 .4))(103, and from the ratio of the cross section for 0 prong production by
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pions, 4 75 .25 mb.w

to the total pion interaction cross section corrected for
smali-angle scattering. The value for this number wase NOw = 453261, Thie
wiil turn out to be the largest. subtraction in Eq. (12). Therefore the method
used to determine NO‘H {s quite valid.

An estimate for NGE ann V2@ obtained from a scan for electron-positron
pairs pointing at the end of a O-prong beam track. These pairs were produced by
decay vy rays coming from the a’o'a {:roduced by the O-prong It was found that
946 195 2% were produced by O-prongs.

The O-prong reactions (2), (5), and (9) all give ¥, esons.

The average number of wO's produced by Reaction (9) is about .12 1. 20
Then the number of we's produced by O-prong pion events is 1.1 (N%) =498 +8).

The cross section for Reaétion {2) can be estimated from the cross sections
for Reaction (3) and the reaction p+p—=n+p+ #’. Both of these turn out to be about
1 millibarn. 21 Then on the basis of the statistical model alone, the cross section
for Reaction (2) should be about 1 mb.

If the cross sections for Reactions {2) and (3) are assumed to be the same,

the same number of events for each should 't::ccm-._zz

The number for Reaction (3)
is calculated in Section IV-C as 205+50. Subtracting the numbers of wo's from
Reactions (9) and (2) from the total number of wo's coming from O-prongs, we
obtain 243 £217 2%1s due to O-prong annihilation. The statistical model (see
Appendix) predicts that the average pion multiplicity in O-prong annihilations is 4.
Then the number of 0-prong annthilations, N - , is 61 £54,
Op ann
When these numbers (with their associated errors) are combined in Eq.

(12), the actual xmmbef of antineutrons produced {n O-prongs is

N7z 2149 - 453 = 61 - 11 = 1624 294.

0
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. 2. Iﬁentiﬁcation of 'tho'a,nn{hilation_stan ;aé‘go,clated with a O-prong.

For a neutral star to be associated with a O-prong it was first required
that ﬁhe- star occursin the forward hemisphere with respect to the O-prong. (It
was kinematically impossible in the labcrntori frame of reference for an anti-
‘neutron to have a momentum component backward with respect to the antiproton.)
The star was thep analyzed to determine that it actually wae an antineutron star.
To do thie, the O-prong and associated astar were measured and processed by
PANG. The output from PANG was coded for an IBM 650 program called
ANSAN (AntiNeutron Star ANalysis), which performed the relativistic kinematic
calculations. Assuming Reaction (1) for tﬁe antineutron production, we deter.
mined the laboratory-frame antineutron energy and the center-of-mass angle
between the 7 and p directions. | In addition, the 'énergy of the pions in the star
and their mo:;zentum components parallel and perpendicular to the antineutron
direction were calculated. For three-prong stars a coplanarity factor, which
indicated whether the three tracks were coplanar, was also calculated. Events
that were coplanar were analyzed for momentum balance to determine if tfxe
star was actually a scattering event, and thus not an antineutron annihilation.

The ANSAN output was analyzed to determine that (a) the energy of the
star was too great for it to be due to other than annihilation, and (b) the visible
energy and momentum unbalance, {f any, were compatible witﬁ an n annthilation,
with the B coming from the O-prong. o

A ecan was made to obtain the number of stars occurring in the backward
hemisphere of the O-proﬁg. This gave an estimate of t;he number of events that
were incorrectly assumed to be associated. Tha‘se were called false associations.
There were several cases in which more than one O-prong occurred on the same
frame with a possible n-star association. This gave an independent determination
of the number of false associations.

The numbers of real and false associations are given in Section IV,
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3. The determination of the antineutron annihilation cross section

For each associated star-0Omprongevent, {, with lab angle 8i between
the n and p directions, the probability Pi of visible occurrence of the event
was calculated. The weight W, = 1/17’i for each event could be thought of as the
number of antineutrons that muet have been produced at angle Bi so that the
event was eeen. The total number of antineutrons produced by O-prongs that
would annihilate into more than one charged pion would then be given by the sum
of the welights for all associated events, %“ Wﬁ. This had to be correcéed to
account for l-prong annfhilations in order to obtain the total number of antineutrons,
as is discussed later,

The probability of seeing an angihilatlon was given by the formula
p=l-exp(-2 no*l; ), where { is the distance the n could have gone béiore
leaving the useful bubble chamber volume, aa’ is the cross section for anti- .
neutron annihilation into more than one prong, and n is the density of protons
in the liquid hydrogen, |

' Smaller statistical errors are obtained {f the probability p is averaged
over position and agimuthal angle. This was done by WEIGHT, and IBM 704
program. Glven the position, direction, and momentum of the P track at its
beginning, this program reconstructed tl':e P path through the chamber. At
each of six equally spaced points along this projected path and for the given angle
Oi. £ was determined for each of eight equally spaced azimuthal an‘glee about the
p direction. Then p was determined for each i and an average was taken.
Each of the six points was 'v}eighted to account for the attenuation of the anti~
proton beam in passing through the chamber. In this way WEIﬁHT calculated
Pi {equal to the averaged p) and Wi for each event.

This antineutron energy (a function of the angle Gi) varied over a large

range (Fig. 5). To allow an energy dependeénce for the annihilation cross section,
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the formula
oazw(an)" (*3)

wae used, where x is the center-of-mass de Broglie wavelength for the anti-
neutron and a is a core radius. This formula was first proposed in connection
with nucleon antinucleon annihilation, by Koba and Takeds. 33

| Since it was not possible to sacan for !-prong annihilations, the Wi cal-
culated gave only the number of antineutrons that would have annihilated into
more than one charged pion. To correct for this, eaéh Wi waes multlpligd by a
factor Ki' which was a function of the energy of the n in that event. This factor
was calculated from predictions of the statistical model for annihilation and the
branching ratios for the various modes of annihilation (see Eq. (A-7) of the

Appendix). Then T Ki Wi wag the total number of antineutrons produced by
i

O-prongs. This number was finally corrected for scanning efficiency and false

associations:
o 1 Total - False ‘
No * Effictency ( Total ) &Y (14)
n

This predicted vzlue of NO wag determined for several values of a.
With the actual value of Nnn determined above from the number of O-prongs
observed, the proper choice of a can be made, and 0, can then be calculated

from Eq. (13).
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IV. EXPERIMENTAL RESULTS

A. Number and Classification of Associated Antineutron Stars

Summaries of the associated stars and their classifications will be found
in Tables II and III.

Eighty-seven possible associations of 0-prongs with 3-prong stars (dee-
ignated (0, 3) events) were ioundv. Of these, 83 occurred in the useful bubble
chamber volume. The 3-prong stars of six events fitted w-p or p-p scattering;
that {8, the three»tracka were coplanar and' the momentum balanced. (These
events occurred for unassociated w's or p's that were not beam tracks.) All
the remaining 77 events were assumed to be good events. Two of the events
could not be measured or analyzed accurately because of a2 missing stereo view
or obstruction of the avent by bubble chamber hardware ih one view. These two
events appeared to be good in all respects, and since only eix event‘a were re-
jocted out of 83, it was thought best to include them. Seventy-five (0, 3) ev;nts
were measured, and all except one were found to be compatible with antineutron
annihilation, with the n produced at the O-prong. The one event that did not fit
had too much viaible enarg;r in the star to have been produced by an n associated
with the O-prorng. The star tracks were not coplanar, however, and one track had
a large error in momentum; therefore the event was assumed to be good.

Fifty-one possible associations of O-prongs with 5-prong stars, (0, 5)
events, were found, Forty-four occurred in the useful volume. All the measur-
able events were compatible with antineutron annihilation, with the n produced
at the O-prong; however, six of the 44 events were unmeasurable. All six un-
measurable events appeared to be good in all respects and were i#cluded.

Only one association of a 0-prong with a 7-prong star was found, and it

was compatible with n production at the O-prong.
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The '"good events'" were classified as to the reliability of their being the
desired interactions. This was done as followe. The measurable events were
analyzed by the ANSAN program described in Sec. III-D-2). It was assumed that
the 'staf was not an annihilation but a nucleon;nucleOn or w-nucleon interaction,

with two of the positive tracks due to protons, and the minimum visible energy
Uvis

vis
Uinin Wae calculated. Umin included the kinetic energy of the two particles

assumed to be protons ahd the total energy of the other particles, which were
assurned to be pions. The maximum kinetic energy of a nucleon or a pion was
presumed to be less than 1 Qev (the kinetic energy of the antiprotons entering
the bubble chamber was about 950 Mev). Thus {if U:::n was found to be greater
than 1 Bev, the event could not have been due to other than annihilation and wae
given the reliability classification I, If U::::n was greater than the kinetic
:energy of a neutron coming from the O-prong, but less than 1 Bev, the event was
given classification II. Finally, if U:::n plus the energy required to balance
‘momentum (assuming the neutron was produced at the associated 0-prong) was
deterimined to be greater than 1 Bev, the event was given classification III.
Unmeasurable events are listed under classification IV. See Table II.

The number of falee assocliations was estimated in three ways:

1. Of the above events, two(0, 3) events and two (0,5) events had two O-prongs
on the same frame, and one (0,5) event had three O-prongs on the same frame.
Thus, if each O-prong star were counted ae an association, there would be at
least 6 false associations in 128 events. If we assume this ratio to hold, then
there were (6/128)8 122 = 5.7 false aszociations in the 122 events in Table II.

2. A scan was made for 5- or 7-prong stars occurring behind a 0-prong.
Two such events were found. Since there are 77/45 times as many 3-prongs as
5- and 7-prongs, 2 + (77/45)X2 = 5.4 n stare are expected to occur behind

O-prongs. The average length of a O~prong track ie about one-half the bubble
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‘chamber length, and if the nonassociated n stars are uniformlAy diatributed
throughout the chamb&r {(which is a suitable approximation here), then equal
numbers of nonassociated stars should occur before and after the 0-prong
ending. This implies that about 5.4 false associations occur in th’e 122 events iia
listed in Table II.

3. There were found about 220 nonassociated antineutron stare and about
2149 - 122 = 2027 nonassociated O~-prongs (where 2149 ie the total number of
O-prongs and 122 is the number of associated events). These occurred on about
43,000 pictures. Then the number of cages having an unassociated O-prong and
star on the same frame.is

2027 220
43, 000 43,000

X 43,000 = 10.2

If the stars are uniformly distributed and the average O-prong length
is one-half the bubble chamber lengi:h. half of these casea will occur before
the 0-prong ending and half will occur after. Thus, again we arrive at about

5.1 false associations.

B. The Annihilation Cross Section

We calculated the ratio of 5-prong to 3-prong stars, using those events
which had an aatineutron laboratory-frame kinetic energy between 800 Mev and
1000 Mev. In this range there were 33 5-prongs and 63 3-prongs, wt‘:ich gave
a ratio R = 0.524.11. The average kijietic energy for the 96 events was 894 Mev.
This ratio is plotted in Fig. 6 along with predictions of the statistical model, as a {:
function of n kinetic energy, for various values of the volume parameter, \
(see Appendix). A {fit is obtained for \ = 5& 1.

With the choice of )\ = 5, the correction factor for 1:prong annihilation,

K, was calculated as a function of antineutron laborstory-frame kinetic energy,
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and is plotted in Fig. 7. Since the antineutron energy is determined an appro-
priate value for K could be chosen for each event.

The combined scanning efficiency for seeing O-prong~star associations
' forn 3+, 5-, and 7-prong stars was 0,975, and the number of false associations
was taken to be 5.5. Putting these numbers into Eq, (14), with a correction

to account for the fact that only 117 of the 122 events were measured and weighted,

gave us
_ 117
n )
No® = 1.021 z W, K. (15)
' i=]

The summation Z Wi Ki was determined for five values of the core

«13

radius, a that {s, a = 0,80, 0.85, 090, 0.95, 1.00 fermi (1 fermi = 10 . cm).

—

The resulting values for Non and their errors are plotted in Fig. 8, The errors

were determined from

r 11/2
‘{_Z(Wixi)z } /

The actual value for Nan obtained in Section III-D-1 is also plotted as a

= 1624, with errors 294. The intersection of the two curves occurs

line at Non

at a = 0.896.
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The values of the Noﬁ obtained from both determinations are assumed to

follow the Gaussian, or fiormal, error law. The ellipse in Fig. 8 is then the
locus of points where the product of the probability amplitudes for the two dis-
tribut:iona corresponds to the value at one standard deviaiton, The error ina
is taken to be the maximum excursion of this ellipse parallel to the a axis,
Thus, a = 0.896%.072, and from Eq. (13) the annihilation cross section at 900
Mev is |

7, (n-p) = 45.22 5.4 millibarns.

C. The Chargg-l’:xchango Cross Sections

The total charge-exchange cross section by the 0-prong mode is obtained
from the equation
o _ N n

0 .o {0-prong) = g - a,’ (ep)
total number of observable p interactions PP)

(16)

where at' (pp) is the total p-p crose section corracted for small-angle scattering.
- An 8% correction to the totdl cross section for unobservible small-angle scatter-
ing gives

N (P-p) = 90.22 3 mb.
Then

cce(0-prong) = 7.822.55 mb.
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The differential cross section as a function of angle waa obtained by
summing the corrected weights for events i{n each interval A(cos Oj) and norm-

alizing this sum to the total cross section,

(Y w, K\
do \k kj k] / cos 6 o__ (0-prong) :
ce § . ce
(cos Bj) £ }: Z . . (17)
ao ) ( : Wis xkj> cond, 2v A(ces 6))

where 8 is the center-of-mass angle between the n and p directions. This
distribution is plotted in Fig. 9 together with the angular distribution of the 117

events. The value at zero degrees is

dace (0 deg) .
=4.6%.5 mb/sr.

a0

To determine the cross section for inelastic charge exchange by Reaction

(3), ptp=>n +p + v , each possible star-2-prong association was measured and
proceesed by PANG. The star was anslyzed ag described above to determine if
it was an antineutron annihilation. With only the energy of the n to be solved for
in the above reaction, the problem is overdetermined. Two methods were used
to fit the events. The ANSAN program calculated the n direction from the kin- g g
ematics of the 2-prong interaction. A plot of the difference between the calculated
direction and the measured direction obtained from the purported n annihilation

point for each event indicated those events which fitted the reaction. Another

program, KICK24 was also utilized to fit the interaction. Thia IBM 704 program
adjusted the measured quantities of the 2-prong and the n direction under the

constraints of energy and momentum conservation to give the best fit as deter-

mined by the smallest xz value.
Seventy possible 2-prong-~-star associations were processed by KICK. This
included 17 out of 20 events classified as ""good" by the ANSAN analysis, Remeasure- -

ment was required for the other three events in order to be processed by KICK, but
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was not poesible because of damage to the film. The plot of xz for the 70
events is g{ven in Fig. 10, Of the twenty events found to fit Reaction (3) for
antineutron production with an aseociated antineutron annihilation star, one
occurred outside the uaeful bubble chamber volume and could not be included
in the cross-section calculation. Another event occurred for an antiproton
that had already scattered elastically. Since it had already interacted, it also
could not be included in the cross-gection calculation. The laboretory-frame
kinetic energy of the antineutrons produced in the 2-prong interaction is plotted
in Fig. 11 for the 19 events occurring on unscattered p tracks.

The sum of the weights for the associated events gave the number of
reactions of thie type that occurred, The cross section was then obtained from

the relation ? . -
" W, .0, (pp)

olpp=>npw ) = total number of observable p interactions (18)
The annihilation cross section for the antineutrons determined by Eq. (13) with
a = 9.896 wae divided by K to obtain a cross section for annihilation into more
than one prong. This corrected annihilation cross section was used by the
WEIGHT program to determine the Wi for each of the 18 '"good' events.

Z Wi =205£50, corrected for a combined scanning
i=1

efficiencjr of 0.99. By use of Eq. (18) we obtained

For the 1B events

dp+p=n+ptew =099z, 24 mb.

In Table III the 20 antineutron stars associated with 2-prongs are broken
down according to the classifications described in Section IV-A,

The center-of-mass angles between the antiproton and the other particles
of the 2~prong interaction are plotted in Fig, 12 for the 20 events that fit the reac~
tion. The antineutron tends to go forward and the proton backward, with the pion
having roughly an isotropic distribution. The distribution of antineutron azimuthal
angle about the p direction is plotted in Fig. 13. Zero azimuthal angle ie defined
by the direction of the proton. It is seen that the antineutron and proton tend to

go in opposite directions transverse to the antiproton direction.
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D. The Nature of the Antineutron Annihilation Stare

As was menfioned in Section IV-B, the ratio of the number of S-prongs
to 3-prongs was observed to be R = 0.52%.11 for the events that had an anti-
neutron kinetic energy between 800 and 1000 Mev. For all 142 sters (122
O-prong aas’ociat_lons plus 20 Z2-prong asaoelétiona),, the ratio is 0.64.12;
the kinetic energy distribution for the antineutrons extends from 75 Mev to 1100
Mev (ave:;age. 765 Mev). This point is indicated in Fig. 6 by the symbol @ .
Eighty percent of the O-prong star usadauo‘na had an antineutron kinet!c energy
between 800 and 1000 Mev. Since the ratio R is a function of energy, the ratio
calculated for the 96 events in this energy range was thought to be the more -
realistic value. ' ‘

The average charged-pion multiplicity for 'thé 142 stars was 3.8%,3.

If an additional 12% {n the number of stare due to 1-prong annihilation is assumed
to exist, the multiplicity becomes 3.52.3, The statistical .model predicts that
the number of charg-ed pions is about twice the number of neutral plons, which
would then imply that the total pion multiplicity was 5.2+, 4. . The statistical
model (see Appendix) predicts a multiplicity of 5.1 for 1. = 5, and 5.3 for \ = 6.

The pion momentum distribution determined in the c.m. of the n-p
system is plotted for 3-prong stare in Fig. 14, and for 5-prong stars in Fig. 15,
They are compared with the distribution predicted according to the statistical
model for volume parameters \ = 5and \ = 6. The areas of these curves are
normalized to the numbers of plons plotted. Very good agreement is obtained
for the 3-prong stare. Agreewment is qim;.e goa@ for the 5-prong stars, but the
observed diatrn-mtion may peak at a slightly lower energy than that predicted.
It should be noted that the momentum distribution is a relatively weak function

of the statistical-model interaction volume.
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The angle between the incoming antineutron direction and the pion di-
rection in the ¢c. m. frame of the n-p system was calculated for each pion of
the measurable events. The distribution of this angle was found to be, within
statistice, an liiotropie dintribu:ion (see Flg. 16). | | .

To detect possible pion~pion éorrolationc in the annihilations, the angle
91 2 between pairs of pions wa'é determined in the c m. frame of the nep sydtem
for paiﬂ with like and unlike charge. ‘The number of pairs with pair angle 81 2
less than 90 dég and thc'mm‘ber with 9_1 2 Breater than 90 deg was théa obtaisﬁed. '

_ Thé ratios

number with 9‘2 >90 deg

v -
number with 912 < 90 deg

corresponding to these numbers are given in Table IV. .

Although the errors are large, a smaﬁer value for vy P than for Y, is
clearly indicated. These ratios show that the angle between pions of like charge
tends to be smaller than that between unlike pions. Similar results have been

25,26

noted and discussed for antiproton<proton annihilations. 4The' like~pion

correlations can be explained,' in part, by the influence of Bose-Einstein sta-
tistics for plons of like charge. 26 The total wave function describing a partic~
ular state for an interaction containing like bosons ie required to be unchanged . -
upon interchange of the like bosons., If the state function used in the matrix
element of the statistical model is made symmetric with respect to pairs of

like pions, the predicted values foa-’ Y, and Y, are such that Y, is greater

than vy L In this model the correlations of like pions are due to the effect of

the Bose-Einstein symmetrization, ‘a.nd do not consider any pion-pion interactimﬁ.
This model is only partially succes Stul. and requires a radius for the the inter~

action volume of three-quarters of a pion Compton wavelength. With this small

radius, the model does not predict the observed pion multiplicity in annihilations.
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The total energy of like and unlike pairs of pions wafi};\i calculated in the
¢c.m. frame of the two plons, The distribution of _ene:i-gtos ;!iy.;:n obtained appeared
to peak at a slightly lower energy for like pairs than “i‘or unlilﬂfgi pairs; However,
the statistice were poor owing to the small number o} stars. ?ﬁin result {s
compatible with y P < y“ obtained above. - |

All the frames containing 3-, 5-, or 7-prong stars were scanned for a
V pointing at the star. Only one event was found to%g:ﬂt a Ko coming from a
star, and this 3-prong &tar was not associated with é@ther a 0- of Z-prong anti-
neutron production. In addition, two V's were found v’%égmt fitted a K° coming
from a }-prong annihilation. in one of these the antine&{ron came from a 2-prong,
and in the other the antineutron was produced by a 0~pro;§\. For the latter case
the l-prong and the O-prong ending were only 2 deg apart asimeasured from the
V. It wae therefore uncertain whether the Ko came from the l‘prohg or was
produced by the 0-prong. From these investigations it was possible only to say

that K's are probably produced in n-p annihilations, and that perhaps the K

production in n-p annihilation is less than that in p-p annihilation.
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V. DISCUSSION

The value obtained for the antineﬁtron annthilation croes section at 900
Mev, % nn (n-p) = 45.2+ 5.4 mb, agrees within statistics with thé éntiproton
annihilation cross section.u Ounn (p-p) = 5123 mb. The p-p annihilation is
composed of half isotopic singlet and half iaotdéic triplet states, while n-p
annihilation i8 a pure isotopic triplet state. The similarity of the annihilation
cross sections indicates that the annihilation amplitudes for the singlet and
triplet states are also similar, |

It should be noted that an error occurs in the determination of aann(i'f—p)
in that the energy for the n was determined on the basis of Reaction (1),
P+p~n+n. It was estimated, ho;vever. that abéut 13% of the antineutrone
were produced by Reaction (2), p +p=~n + n + uo. and would therefore have
a lower energy more in keeping with the energy distribution for n's produced
in 2-prongs (see Fig. 11).

The values used for K, the correction for 1-prong annihilation, were
calculated from the predictions of the statistical model for \ = 5, However,
there is some indication that A\ may be closer to 6. Fortunately, K is nota
strong function of A\ and decreases by only about 2% if' A is changed from 5
to 6. A more sericus question is whether the statistical -model prediction of
12% for the l-prong annihilation is in error.

An analysis of the ratio of the number of 2-, 4-, and 6-prongs in p-p
annihilation also gives a fit to the statistical-model predictions for a \ of
about 5 or 6. 27

The total inelastic crose section for antiprotons on n’eu‘trons7 is
A (p-n) = 65+4 mb at 900 Mev, Since this is in a pure ilotQpic triplet state
also, it should be the same as the inelastic n-p cross section. Assuming

this to be 50 implies that the inelastic n-p cross section not due to annihilation
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is 2027 mb. The vproton»pro‘ton interaction is aleo a pure isotopic triplet state,
and its inelastic cross section at 900 Mev {8 about 255 mb. 28

The total charge exchange cross section Cue = 7.8%.6 mb is in agreement
with previous results. 3'? This result contains an inelastic part due to Reaction
{2), which, frém statistical-model arguments, was estimated to be about 1 mb.
The angular differential cross section for charge exchange, 'dace/dn, plotted
in Fig. 9, also containe this 13% inelastic contamination. The inelastic differ-
ential croes eection is probably similar to that for Reaction (3).;+p-¢;+p ‘0,
which is not peaked as strongly in the forward direction (see Fig. 12).

In four events of the O-prong n production, the antineutron came off
backward in the center-of-mass frame (see Fig., 9). Since there are estimated
to be 5 or 6 false associations, some or all of the backward evente may be false.
However, the angular distribution for the false associativns-s exp&cted to be
isotropic. Therefore, at least some of these backward events are believed to
be real associations, but may be due to Reaction (2), the inelastic charge-ex-
change mode. Note that in two cases'the n went backward for Reaction (3)

(see Fig. 12).

On the basis of the statistical model, 2% of the antiproton-proton
annihilations should be O-prong annihilations. From the total number of anti-
proton interactions, 18,728, and the annihilation and total p-p cross sections,.
the predicted number of O-prong p-p annihilations was 212415. The number of
O-prong p annihilations determined Iroin the number of electron-positron pairs
(Section III-D-1) was 61+54. There appérently is disagreement here with the
statistical model predictions for the fraction of annihilations producing all

uo's.29
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APPENDIX

Statistical - Model Pr edictions

30 s 36 have been made of the pion multiplicity

Several calcualtions
in nucleon-antinucleon annihilation according to the Fermi statistical model.
The original form for the phase space associated with each pion, Qd‘3 ;, sug-
gested by Fermi, 30 was not Lorentz-invariant. Numerical evaluation of the
phase-space integrals, however, can be greatly simplified if the covariant
form -E“?—di; is used. 33 1= 36 Here ), w, p, and p are, respectively, the
| interaction volume, energy, momentum, and mass of the pion. Thie modifice-
tion seems plausible on the basis of field theory. This covariant form is ac-
tually the expression obtained {rom the covariant S-matrix theory if it is assumed
that the 8 matrix for the emission of n plons is independent of the energies and
momenta of the emitted pions. In view of the crude nature 6f the Fermi model,
such a simple modification may not be unreasonable. For these reasons the
covariant form for the phase space was used. |

With no consideration of salection rules and assuming that the matrix
element for nucleon-antinucleon annihilatioﬁ ié constant, one obtains, for the
transition probability for a state of n piohs in an isotopic spin state I,

Gm ( —
8 (1) = 'E—g" T (E) . {A-1)
n B3 (2r)

Here f=c = 1, G(I) is the isotaopic spin weight factor, A is a constant independent
of n, and Tn(E) is the covariant phase-space integral in the center-of-mass
frame at total energy E.
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For a particular n and E the only variable parameter in Sn(l) is O,
the interaction volume. Convenient vaviation of this parameter was achieved

. o a 4 1 c e =
by setting _mo. where ﬂo =g “-3-‘ e (h=c¢c =1)., Thus Qo is the volume

of a sphere with a radius of one pion Compton wave length.

Eqguation (A-2) can be written

ro. - / 3 ]
T(E)=4w | pdaw | [T —tb|E-w - N ow B py ,(4-3)
i (%) ) [ i! 1 fi i
J_ Jia?_ i i=2 f \ i=2

where dé'p.n 4w pz dp = wp dw.

Siace d%’/w is Lorentz-invariant, the equare bracket in the Lorentz

- frame where

“’i' = E' becomes

e

{A-4)

;B 3 / n | ‘ n‘
]JTT d-'pf 5&12'- Z wi'/\a‘/ Z gi'

{
! !
a - , |
L7 =2 " i=2 \ i-2 ]

which is just Tn_l(E') according to Eq. (A-2). Hence, the recursion relation is

{i‘i _
T (E)=4w J pydu, T, (E'). (A-5)
M
n v n \ 2
\ -
From Lorentz invariance, Y "’1) - y P | = constant in all
. AN
i-2 i=2 /

coordinate systems. Thus we have (E')z -0 = (E-ml)2 - plL2 , defining E'.

The maximum energy 251 assumed by particle 1 corresponds to E' =(n-1)u.
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E® - n(n-2)u

The upper limit to the integral in Eq. (A-5) ie then u, = . By
2E ’
‘means of Eq. (A-5), Tn(E) can be evaluated successively, where finally
T,(E) = 2n(1 - 4u2/EH) /2 (A-6)

Thus for a par.ticular energy E and volume factor \ the relative probabilities
for producing various numbers of pions can be calculated.

If it is assumed that all individual channels contribute, with the same
weight, to the total transition prolﬁabﬂlty. the branching ratios for the various
modes can be calculated for each number of pions emitted. For example, in the
case in which n = 3, there are two modes of antineutron-proton annihilation:

E+p-2no+w*.

-— + -
n+p-=-2v +w .,

37

The branching ratios have been calculated by Pais™ as 2/5 and 3/5, respectively.

35 and the branching ratios

The values of ’1‘u (E) calculated by Desai
evaluated by I-’adrs?’7 were used to calculate the fraction of annihilations occurring
by each mode, for values of n up to n = 8 and for various values of \ and E.
(The annihilations with n greater than 8 is less than 1% for the energies considered )
These calculations were performed by an IBM 650 program called PASBAR. This
program also determined the average pion multiplicity, the ratio of the number
of charged pions to neutral pions, and the fraction of annihilations giving 1-, 3-,

5-, and 7-prongs (a l-prong corresponds to one charged pion, a w+). In addition,

the number

K(E) = (A-T7)

1
fractionof 3 + 5 + T prongs °
which is the correction for unobservable l-prong annihilations, wae also calcu-
lated. In Fig. 7 K is plotted as a function of antineutron laboratory-frame kinatic

energy for A\ =5,
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The ratio of the number of 5-prong to 3-prong annihilations as a function
of antineutron 1aboratory*fram§ kinetic energy is plotted in Fig. 6 for various
values of .

- The momentum distribution for one of the pions in an annihilation pro-
ducing n pions can be obtained by simply not performing the first integral in

Eq' (A"3)o

e KIS 4 ]
dTn(E) plz / i d,,,pi = \‘g {-—w n 4\\3
3 1 L), | o \ Y]
iz2 i=2 \ =2 /
ds_(E)

From Eqgs. (A«IL and (A-8), -az??r can be obtained. The momentum distri-
bution for pions in a 3-prong annihilation is then given by

as ds_(E)
3PR _ n ‘
Z f3,n T (A-9)

._.a..ﬁ.l_... =
where f, = 1is the fraction of the n pion annihilations giving 3-prong stars.
A similar relation gives the momentum distribution of pions in 5-prong annihilations:

das a5 (E) . .
5PR _ , n -1
T 2 fon ~Tp— (4-10)

The £3,n and fs.’ , 3re determined from the PASBAR output.

kqu&tion (A-8) was evaluated for values of n upton = 8 by an I'BM 709
program which used the Monte Carlo method to evaluate the integrals, (A normal
numerical integration for the larger n values would have required too much
computer time. )

Momentum distributions thus calculated, for \ = 5and )\ = 6 and an
antineutron lab kinetic ehergy of 900 Mev.. are given in Figs. 14 and 15, for

3-prong and S-prong. annihilations, respectively. The curves have been norm-

alized to the nimbers of pions observed,
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Table I. Summary of beam characteristics.

Energy of protons incident on the Bevatron target

- Aluminum Bevatron target

Size

Physical position Radius to outside edge

6.2 Bev

5 in. azimuthally
1/2 in. radially
1/8 in. vertically

599.4 in.
Azimuth (NW quadrant 22.34 deg
measured from west
tangent tank)
Distance !i'om Q 1 entrance 190 in.
Virtual position (Distance from principal
rlane of Q1)
Horizontally 600 in.
Vertically 230 in.
Antiproton beam
Momentum at target 1.64 Bev/c
Production angle (relative to internal 141 deg
proton beam)
Solid angle accepted 0.20 msr
Transmission of total system 0.33
Momentum (center of bubible chamber) 1.62 Bev/c
Momentum bite (at bubble chamber) 4+ 0.02 Bev/c
1.1

Average p flux per picture
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Table I (cont'd)

‘Sega ration

Spectrometer characteristics

Plate length : 19 £t

Width of uniform field o | ~ 6in. .

Plate spacing . 2-1/2 in,

Average operating voltage o 385 kv |

Average angular separation 3.1 mrad |

Image widthe W (vertical) at slits 0.20/0.18/0.4 in. ®

(lst/2nd/3rd aystems)
Magniﬁcaﬂon (vertical) per stage 1.2/1.0/1.0
Spatial separation S of image per A 0.5/0.40/0.49 in,

stage (at slits)

w/s 0.40/0.45/1.0%
target 20, 000/1
Pion/antiproton ratios at { 72-in. bubble 0.40/1
chamber

Rejection ratios for pions

System 1 50
System 2 100
System 3 108

Total 5x10¥P




~-38- UCRL-9589 Rev.

Teble I (cont'd) -

Beam Composition and Total Flux
Average beam composition at bubble
chamber B/ /w /K0 1.0/0.40/2.7/0.002
Total number of a\ntiprotona through
chamber 46,800

Number of antiproton interactions 18,900

(a)At the conclusion of the 1.65-Bev/c run, it was found that Q5 had a miéplaced
pole tip, which accounted for the poor image width at Slit 3,
(b)This rejection ratio is based on all visible pion background in the chamber.

Much of the pion background actually has a lower momentum than the antiproton

beam proper. See Fig. 4.
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Table II. Classification ae to reliability of stars associated with O-prongs.

Classification/event type (0,3) (0,5) (0,7)

a vig

I ‘ 21 35 1 Umin >1 Bev
vis

1n 9 Umln >KE (neutron)
vis

' 441 45 3 U min and momentum
unbalance > Bev
v 2 6b 1 unmeasurable
77 44 1 Total = 122

®Includes one uncertain event described in text,
bAlthough the star could not be measured on the six events, it was Poseible to

measure the 0-prong and the antineutron direction on three events.
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Tabie 1II. Classification of stare associated with 2-prongs.

Classification/event type® (2,3) (2,5) (2,7)

vis
1 4 9 2 Umin >1 Bev

vis
II 2 Umin >KE (neutron)
il 2 vis
hI 2 Umin and momentum

unbalance > 1| Bev
v — 1 . unmeasurable
8 10 2 Total 20

%Here the event type (2,3) indicates a 3-prong star associated with a 2-prong, etc.

S tvprori wt et by
= : = s
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Table IV. The ratio 7 for like, and y“ for unlike, pairs of pidomns of pions

: in annihilation stars
MY . : i _ J "

3-prong stars like (¢ . wh) y, = 1.74£0.43
unlike (81 - w") v, = 2.0220.36
5-prong stars like (u* - w+) y‘+ = 0.8720.16

like (w” - w") yl- =1,0£0.33

like (w+ - w+)
plus(v” -w") Y, = 0.90#0.15
unlike  (n' - %) y, =2.2120.32

3-prong plus S5-prong like (w+ - w*)
stars plus (v” -u") v, = 1.1120.15

unlike (¢ -uw) y“ & 2.135&0.24




Fig. 1.
Fig. 2.
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Figure Legends

Plan view of experimental arrangement.
Bubble chamber photograph of an antiproton charge exchange into

an antineutron. The antineutron then annihilated into five charged

 plons,

Fig. 3.

Fig. 4.
Fig. 6.

Ftg. 6.

Fig. 7.

Fig. 8.

Fig. 9.

Fig. 10.

Fig. 11,

Fig. 12.

Fig. 13.

Bubble chamber photograph of the reaction p+p - n+p¢s . Then
then annthilated into three charged pions {arrow).

Momentum distribution for antiprotons and #° mesons.

Energy distribution of antineutrons prodixc'ed by O0-prong charge
exchange {117 events).

Statistical-model predictions for the ratio R of the number of
S«prong to 3-prong annihilation stars. |

The correction factor for 1-prong annihilations, K, as a function
of antineutron kinetic energy. \ = 8,

The number of antineutrons produced by O«-prongs, Noa, as a
function of the core radiua. a.

Differential cross section for charge exchange as a function of
cos D %g%’ , and éngular diatribution of the 117 events.

x?‘ distribution for events to fit the reaction p+p~n+¢+p+uw

{70 eventa). |

Energy distribution of antineutrons produced by 2-prong

charge exchange (19 events). '
Center-of-mass angular distribution of the particles in the
reactionp+p » n+p+7w relative to the p direction (20 events).
Azimuthal angular distribution of the n about the p direction in the

reaction p+p = n+p+ v (20 events). Zero asimuthal angle is

defined by the direction of the proton,
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Fig. 14. Center-of-mass momentum distribution of charged pions
ir 3-prong annihilation stars.

Fig. 15. Center-of-mass momentum diatribution of charged pione
in 5-prong annihilation stars.

Fig. 16. Distribution of the number of charged pions as a fﬁnction

of cosei‘im%, . (Includes 3-, 5-, and 7- prong stars.)
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