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S U M M A R Y
Several recent studies have used palaeomagnetic estimates of the virtual axial dipole moment
to construct a quantitative stochastic model for fluctuations and reversals in the Earth’s dipole
field. We investigate the physical significance of the terms in a standard stochastic (Langevin)
model using output from a numerical geodynamo model. The first term, known as the drift
term, characterizes the slow adjustment of the dipole field toward a time-averaged state. We
find that the timescale for this slow adjustment is set by the magnetic decay time of dipole
fluctuations. These fluctuations are typically be represented by the first few decay modes. The
second term is often called the noise term because it characterizes the influence of short-
period convective fluctuations in the core. We establish a connection between the noise term
and the rms variation in magnetic induction. Applying these results to the palaeomagnetic field
suggests that the rms variation in dipole generation exceeds the mean rate of generation. Such
large fluctuations may be necessary to permit magnetic reversals. Palaeomagnetic estimates
of the drift term favour a high electrical conductivity in the core. A lower bound on electrical
conductivity is 0.6 × 106 S m−1. Similarly, we establish an upper bound on turbulent magnetic
diffusivity (0.8 m2 s−1), although realistic estimates may be much less.

Key words: Probability distributions; Dynamo: theories and simulations; Palaeomagnetic
secular variation.

1 I N T RO D U C T I O N

Fluctuations in the Earth’s magnetic field provide insights into the
dynamics of the core. Turbulent fluid motions regenerate the internal
magnetic field, producing a time-dependent dipole at the Earth’s
surface (e.g. Kuipers et al. 2009). While changes in the dipole
field do not uniquely constrain the flow, it is feasible to construct a
stochastic model by approximating elements of the dynamics as a
random process. Such an approach is particularly useful for studying
palaeomagnetic observations because the record is often restricted
to the dipole component of the field. Indeed, stochastic models have
previously been used to reproduce statistical properties of the dipole
field (Brendel et al. 2007; Buffett et al. 2013). However, a physical
interpretation of the terms in the stochastic model relies on poorly
understood details of the physical processes.

Stochastic models are commonly used to describe a small subset
of variables in a larger physical system (e.g. van Kampen 2007).
In this context we seek to characterize the evolution of the axial
dipole moment without explicitly accounting for all of the complex
interactions between the flow and the magnetic field. Regeneration
of the dipole field is divided into two parts, based on the inher-
ent timescales. One part describes slow adjustments of the dipole
field toward the time-averaged state. For example, when the dipole

field is less than the time average, we might expect convection to
gradually restore the field to the time-averaged state. This slow ad-
justment defines the deterministic part of the time evolution and
is often described as the drift term. The second part represents the
effects of short-period convective fluctuations. These short-period
fluctuations might be attributed to turbulent interactions between
the flow and the magnetic field at smaller scales. Such fluctuations
are treated a stochastic process in the time evolution. It is customary
to think of the stochastic process as a source of noise. In the case
of Brownian motion there is a close connection between the noise
source and the diffusivity of particles undergoing this type of mo-
tion. In fact, the amplitude of the noise source is usually described
as the diffusion term. However, to avoid confusion with the effects
of magnetic diffusion, we refer to this amplitude as the noise term
rather than the diffusion term.

Previous studies of palaeomagnetic observations suggest that the
noise term is relatively insensitive to the amplitude of the axial
moment (Brendel et al. 2007; Buffett et al. 2013). We infer that
convective fluctuations have nearly constant amplitude as the dipole
field evolves. The stochastic models also suggest that slow adjust-
ments in the dipole field (associated with the drift term) are linearly
proportional to departures from the time-averaged state. This de-
pendence constantly drives the axial dipole moment toward the time
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average. Interestingly, palaeomagnetic observations suggest that the
timescale for adjustment is roughly comparable to the decay time
of the dipole field (e.g. Gubbins & Roberts 1987), independent
of whether the adjustment involves growth or decay. Fluctuations
due to the noise term disrupt the axial dipole moment, so the time
evolution never settles permanently into the time-averaged state.

Deeper insights into the connection between the stochastic model
and the internal dynamics can be established using numerical geody-
namo models. Output from the numerical models can be analysed in
much the same way as estimates of the virtual axial dipole moment
(VADM) from palaeomagnetic studies (Valet et al. 2005; Ziegler
et al. 2011). The advantage of numerical models is that we have
access to details of the flow and magnetic field inside the core. In
principle, this information can be used to establish the physical ba-
sis of the drift and noise terms in the stochastic model. In turn, we
can apply those insights to the palaeomagnetic field. While com-
putational limitations prevent numerical geodynamo models from
reaching Earth-like conditions (Glatzmaier 2002), many features of
the Earth’s magnetic field are successfully reproduced (Christensen
et al. 2010). Indeed, many of the physical processes in these mod-
els are thought to be qualitatively similar to those in the Earth’s
core (Takahashi & Shimizu 2012). Analysing the dipole generation
in numerical models enables us to extract quantitative information
about the dynamics from palaeomagnetic observations.

In this study, we use a numerical geodynamo model called
Calypso (Matsui et al. 2014) to produce a time-series of variations
in the axial dipole moment. We use this time-series to construct
a stochastic model, following the procedures that were previously
applied to VADM estimates from two studies (Valet et al. 2005;
Ziegler et al. 2011). Detailed output from the geodynamo model is
analysed to establish the physical meaning of the stochastic model,
and those insights are extended to the palaeomagnetic field. We
begin with a brief description of the numerical geodynamo model
in Section 2 and outline the stochastic analysis of the axial dipole
moment in Section 3. A physical interpretation of the stochastic
model is developed in Section 4, and those results are applied to the
palaeomagnetic field in Section 5. We conclude in Section 6 with a
brief summary of the main findings.

2 N U M E R I C A L S I M U L AT I O N U S I N G
C A LY P S O

Numerical geodynamo models solve the equations that govern ther-
mal convection and magnetic-field generation in an electrically con-
ducting fluid. The fluid is confined to a spherical shell, which rotates
about the ẑ axis at a constant angular velocity �. The inner, ri, and
outer, ro, radii of the shell are assumed to have an Earth-like ge-
ometry with ri/ro = 0.35. Convection is driven by maintaining an
unstable temperature difference, �T, across the spherical shell. We
follow the benchmark study of Christensen et al. (2001) by choos-
ing L = ro − ri as the characteristic lengthscale and take L2/ν as
the characteristic timescale, where ν is the kinematic viscosity; the
characteristic velocity is ν/L. The non-hydrostatic pressure, P, is
scaled by ρν2/L2 and the magnetic field, B, is scaled by (ρμ�η)1/2,
where ρ is the fluid density, μ is the magnetic permeability and η is
the magnetic diffusivity. Finally, we scale temperature with �T to
obtain the dimensionless governing equations

E(∂t + V · ∇ − ∇2) V = −E∇ P − 2ẑ × V + Pm−1(∇ × B)

× B + Ra T
r

ro
(1)

(∂t − Pm−1∇2) B = ∇ × (V × B) (2)

(∂t + V · ∇ − Pr−1∇2) T = 0 (3)

∇ · V = ∇ · B = 0, (4)

where ∂ t denotes differentiation with respect to time. Numerical
solutions are specified by a set of non-dimensional parameters in
(1)–(4), including a modified Rayleigh number

Ra = αg(ro)�T L

ν�
, (5)

where α is the coefficient of thermal expansion and g(r) is the
radially dependent gravity, the Ekman number

E = ν

�L2
, (6)

the Prandtl number

Pr = ν

κ
, (7)

where κ is thermal diffusivity, and the magnetic Prandtl number

Pm = ν

η
. (8)

The mantle and inner core are assumed to be electrically insulating,
so the magnetic field in these regions is described by a potential
field, B = −∇ψ , where the potential satisfies ∇2ψ = 0. Details of
the numerical implementation are given in Matsui et al. (2014).

A representative numerical solution to (1)–(4) is obtained using
Ra = 1400, E = 5 × 10−5, Pr = 1 and Pm = 0.5. This solution
is computed using 97 radial levels and a spherical harmonic ex-
pansion to degree lmax = 95. A stable, but time-dependent dipolar
magnetic field is produced outside the spherical shell. A somewhat
larger Rayleigh number (Ra = 1600) yields a reversing solution (see
Christensen & Aubert 2006). The potential field at the core–mantle
boundary (r = ro) is represented by Gauss coefficients (gm

l , hm
l )

using the standard Schmidt normalization for spherical harmonics
with degree l and order m (Winch et al. 2005). The axial dipole
moment,

x(t) = 4π

μ
g0

1(t) r 3
o , (9)

is output every 103 time steps. A fixed (dimensionless) time step of
δt = 5 × 10−7 is used in the calculation, so the axial dipole moment
is recorded at increments of �t = 5 × 10−4. We convert the solution
to physical time by adopting a realistic magnetic diffusion time. We
set η = 1.6 m2 s−1, which implies ν = 0.8 m2 s−1 for Pm = 0.5.
With a characteristic length scale of L = 2.26 × 106 m, we obtain
a time scale of 0.2 Myr. Consequently, the axial dipole moment is
recorded every 100 yr.

Fig. 1 shows a time-series of the axial dipole moment over
0.83 Myr, corresponding to 8.3 million time steps. The Gauss co-
efficients are converted to physical units using the magnetic scale,
B∗ = (ρμη�)1/2 = 1.2 mT, where ρ = 104 kg m−3, μ = 4π ×
10−7 H m−1 and � = 0.73 × 10−4 s−1. We find that the time-
averaged rms value of the magnetic field inside the core is Brms =
1.56 mT. The corresponding time-averaged fluid velocity is Vrms

= 0.64 × 10−4 m s−1, which gives a convective overturn time of
τc = L/Vrms = 1120 yr.

The axial dipole moment in Fig. 1 fluctuates about a mean value
of 16.26 × 1022 A m2, which is larger than the present-day value
of 7.63 × 1022 A m2 (Finlay et al. 2010). This difference is less
important for our purposes than the nature of the underlying physical
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Physical interpretation of stochastic models 599

Figure 1. Axial dipole moment from a 0.8-Myr numerical simulation using Calypso.

processes that generate the field (e.g. Takahashi & Shimizu 2012).
In the next section, we apply a stochastic analysis to the time-series
in Fig. 1 with the aim of understanding the physical basis of the
stochastic model.

3 S T O C H A S T I C A NA LY S I S O F A X I A L
D I P O L E M O M E N T

The time evolution of the axial dipole moment, x(t), is approximated
by a stochastic differential equation

dx

dt
= v(x) +

√
D(x)�(t) , (10)

where v(x) is the drift term and D(x) specifies the amplitude of
the random fluctuations. The time dependence of the noise source,
�(t), is commonly assumed to be Gaussian with a vanishing time
average,

〈�(t)〉 = 0 , (11)

and an autocorrelation function,

〈�(t1)�(t2)〉 = 2δ(t1 − t2) , (12)

which is approximated by a Dirac delta function. For a continuously
evolving system, the autocorrelation function in (12) is intended to
represent a process in which the correlation time is short compared
with the sampling of x(t). The factor of two in the autocorrelation
function is simply a convenient convention.

Some insight into the role of noise is gained by letting the drift
term in (10) vanish. The resulting differential equation describes
standard Brownian motion. The time average of x(t) − x(0) vanishes
due to (11) and the mean-square deviation is given by (van Kampen
2007, p. 221)

〈[x(t) − x(0)]2〉 = 2Dt . (13)

The amplitude D can be interpreted as a diffusivity if x(t) refers
to the position of a particle undergoing Brownian motion. In the

context of the axial dipole moment, we expect D to characterize
the amplitude of short-period convective fluctuations. These per-
turbations prevents x(t) from adjusting into the time-averaged state.
When D(x) varies with x (i.e. multiplicative noise) we need to specify
whether D(x) is evaluated before or after the application of a short-
period noise event. In physical systems it is customary to adopt the
Stratonovich convention by evaluating D(x) using the mean value
of x over a short time step (e.g. van Kampen 2007). In this case a
gradient in D(x) contributes to the drift in a statistical description of
the process (see Risken 1989). We use ve(x) to denote the effective
drift, although ve(x) and v(x) differ by only a small amount in the
present application. To a good approximation ve(x) is shifted in x
relative to v(x), where the shift, �x/x, is typically a few tenths of a
percent.

Estimates of the drift and noise terms can be extracted from a
realization of the stochastic process (e.g. Friedrich et al. 2011).
Defining the nth moment of the process as

M (n)(x, τ ) = 〈[x(t + τ ) − x(t)]n〉�x(t)=x , (14)

the drift term is

ve(x) = lim
τ→0

1

τ
M (1)(x, τ ) (15)

and the noise term is

D(x) = lim
τ→0

1

2τ
M (2)(x, τ ) . (16)

When a realization is sampled at finite intervals (say �t), we can-
not evaluate the moments in the limit of vanishing τ . Reducing
�t is not a practical option because the noise source will cease to
be uncorrelated if �t becomes too small. In the present context
we sample the time-series at �t = 100 yr, whereas the convec-
tive overturn time is roughly τc = 103 yr. Convective fluctuations
are liable to be correlated on timescales less than τc, so we adopt
a time difference in (13) that exceeds τc. This restriction ensures
that the random component of the model can be approximated as
uncorrelated noise.
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Figure 2. Drift term, ve(x, τ ), calculated from the axial dipole moment as a function of time difference, τ (in kyr). Each line is identified by the value of the
dipole moment, x, at the mid-point of the bin.

To illustrate, we calculate ve(x, τ ) and D(x, τ ) when x(t) is sub-
divided into 10 bins. Each x(t) in the time-series is used to calculate
[x(t + τ ) − x(t)]n for a specific choice of τ . This contribution to
the moment is assigned to a bin based on the amplitude of x(t).
Averages for M(1)(x, τ ) and M(2)(x, τ ) are evaluated in each bin,
and the resulting drift and noise terms are computed using (14) and
(15) without taking the limit. Fig. 2 shows ve(x, τ ) as a function
of τ ; each line represents the result for a single bin, identified by
the value of x at the centre of the bin. No values are reported when
the number of entries is less than 100. We find significant variation
in ve(x, τ ) when τ < 1 kyr, consistent with expectations that con-
vective fluctuations are correlated at time differences less than τ c.
Once τ > τ c, we find that many of the values for ve(x, τ ) become
nearly independent of τ . Only ve(x, τ ) for the bin centred at x =
14.98 × 1020 A m2 continues to vary significantly once τ > 2 kyr,
but even this term becomes constant at τ = 3.2 kyr. We conclude
that τ c ≈ 1 kyr is a reasonable estimate for the correlation time of
the noise source; adopting τ = 2 kyr ensures that the noise is nearly
uncorrelated.

Fig. 3 shows a summary of estimates for ve(x) and D(x), evaluated
at τ = 2 kyr using both nine and ten bins in x. Different numbers
of bins give estimates of ve(x) and D(x) at different bin locations,
although we only retain results for bins with 100 or more entries. A
low-degree polynomial is fit to the individual estimates. The drift
term can be approximated by

ve(x) = −γ (x − 〈x〉), (17)

where 〈x〉 = 16.26 × 1022 A m2 is the time average and the best-
fitting slope is γ = 106 Myr−1. When x exceeds 〈x〉, the drift terms
restores x to the mean value on a timescale of γ −1 = 9.4 kyr. Simi-
larly, when x is less than 〈x〉, the drift term returns the axial dipole
to the mean value. On the other hand, the noise term continually
disturbs x away from the mean value. There is some indication in
Fig. 3 that D(x) decreases at higher values of x, implying that con-
vective fluctuations are weaker when the magnetic field is strong.

If the Lorentz force suppresses convection then we might expect
a reduction in the amplitude of convective fluctuations [and hence
D(x)] when x is large. A nominal amplitude for the noise term is
Deq = 33 × 1044 A2 m4 Myr−1, which is evaluated using D(x) at
x = 〈x〉.

Several tests of the stochastic model are used to assess the sta-
tistical consistency with the input time-series x(t). For example,
the standard deviation of the time-series can be approximated by
(Buffett et al. 2013)

σ ≈
√

Deq

γ
(18)

which yields σ = 0.56 × 1022 A m2 compared with σ = 0.59 ×
1022 A m2 for the standard deviation of the input time-series. A
more comprehensive test of the model is made using a histogram
of the time-series. When the time-series is sufficiently long, the
histogram provides a good estimate for the probability distribution
of x(t). We can compare this estimate with a theoretical probability
distribution, based on the stochastic model. The time-dependent
probability distribution, P(x, t), is governed by the Fokker–Planck
equation

∂ P(x, t)

∂t
= − ∂

∂x
[ve(x)P(x, t)] + ∂2

∂x2
[D(x)P(x, t)] , (19)

where

ve(x) = v(x) + 1

2

dD(x)

dx
(20)

defines the effective drift for a Stratonovich process. Integrating
(19) for a sufficiently long time yields a steady-state probability
distribution, P(x, ∞). [Details of the numerical solution are given in
Buffett et al. (2013)]. The resulting distribution is compared with the
histogram in Fig. 4. Good agreement between the histogram and the
predicted distribution suggests that the stochastic model reproduces
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Physical interpretation of stochastic models 601

Figure 3. Summary of drift term, ve(x), (in units 1022A m2 Myr−1) and diffusion term D(x) (in units 1044A2 m4 Myr−1). A best-fitting polynomial in x is
used to approximate the drift and diffusion terms (solid line).

the statistical properties of the time-series. A more quantitative test
uses the first and second moments of the distribution

E(x) =
∫ ∞

−∞
x P(x,∞) dx = 16.2628 × 1022 A m2 (21)

and

E(x2) =
∫ ∞

−∞
x2 P(x,∞) dx = 264.7820 × 1044 A2m4. (22)

The first moment agrees with the sample mean 〈x〉 = 16.26 × 1022

A m2, whereas the sample standard deviation σ = 0.59 × 1022

A m2 agrees reasonably well with [E(x2) − E(x)2]1/2 = 0.551 ×
1022 A m2.

4 P H Y S I C A L I N T E R P R E TAT I O N O F
S T O C H A S T I C M O D E L

Detailed output from the geodynamo model can be used to interpret
the stochastic model. We begin with an equivalent definition of the
axial dipole moment,

x(t) = 1

2

∫
Vc

ẑ · [r × J(r, t)] dV , (23)

where J is the electric current density and Vc is the volume of
the core. Because there are no currents outside Vc (i.e. no exter-
nal sources), the axial moment can be expressed in terms of the
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Figure 4. Histogram of axial dipole moment compared with a numerical solution of the Fokker–Planck equation for the steady-state probability distribution
(solid line).

magnetic field B (Jackson 1998) as

x(t) = 3

2μ

∫
Vc

ẑ · B dV (24)

when Vc extends over the entire core, including the insulating region
below the conducting shell. (The same volume applies in (23) be-
cause J vanishes in the insulating region.) Only the dipole part of the
magnetic field contributes to the integral in (24) because spherical
harmonic components with degrees l > 1 vanish when integrated
over the spherical volume. To make the role of the axial dipole field
more explicit we introduce the notation B to denote the projection
of the total magnetic field onto the l = 1 and m = 0 poloidal part of
a vector spherical harmonic expansion (e.g. Chandrasekhar 1981).
Consequently, we represent B using

B = ∇ × ∇ × [P(r, t) cos θ r̂], (25)

where P(r, t) is a scalar function of radius and time; θ denotes the
colatitude. Noting that∫

V
ẑ · B dV = 8π

3
P(ro, t)ro (26)

we find that the dipole moment in (24) reverts to the familiar
definition in (9) on replacing P(ro, t) with the Gauss coefficient
g0

1(ro, t) = P(ro, t)/r 2
o .

The axial component of the magnetic field is generated primarily
by helical convection (e.g. Olson et al. 1999). Convective flows
lift and twist an initially azimuthal field (denoted by Bφ), causing
electric currents in the azimuthal direction (Parker 1955). The time
evolution of B is governed by the induction equation, which is
written in dimensional form as

∂B

∂t
= ∇ × (V × B) + η∇2B . (27)

Changes in B are expected to alter the dipole moment according
to (24). Differentiating (24) with respect to time and substituting

for ∂t B from the induction equation yields an equation for the time
dependence of the dipole moment,

dx

dt
= S(t) − �(t) , (28)

where the source term, S(t), is

S(t) = 3

2μ

∫
Vc

ẑ · ∇ × (V × B) dV (29)

and the loss due to magnetic diffusion, �(t), is

�(t) = − 3

2μ

∫
Vc

ẑ · η∇2B dV . (30)

Both S(t) and �(t) can be evaluated directly using the output from the
numerical geodynamo model (see below). However, it is instructive
to introduce an approximation for the effects of magnetic diffusion,

−η∇2B ≈ B/τd , (31)

where τ d is the dipole decay time for a spherical shell. A simple
extension of the usual expression for τ d in a sphere (e.g. Gubbins &
Roberts 1987) is needed to account for the insulating inner core in
the geodynamo model. Eq. (31) is exact when B has the structure of a
dipole decay mode, and this result may be extended to more general
magnetic fields when B is represented as a linear superposition
of decay modes. Using (31) in the definition of �(t) permits the
time-dependence of x(t) to be written as

dx

dt
= S(t) − x(t)

τd
. (32)

Taking the time average of (32) yields

〈S〉 = 〈x〉
τd

, (33)

so the time dependence of the dipole moment becomes

dx

dt
= − 1

τd
(x(t) − 〈x〉) + �S(t) , (34)
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where �S = S(t) − 〈S〉 defines the fluctuations in the source about
the time average. Eq. (34) has the same form as the stochastic model
in (10), so we use this correspondence to establish the physical
meaning of the terms in the stochastic model.

4.1 Slow adjustment of the dipole field

Slow changes in the axial dipole moment are described in the
stochastic model by the drift term. Output from the geodynamo
model suggests that ve(x) is a linear function of x(t) − 〈x〉, where
the slope is specified by γ . The best-fitting slope from the geody-
namo model is γ = 106 Myr−1, so the corresponding adjustment
time is γ −1 = 9.4 kyr. The deterministic part of (34) also depends
linearly on x − 〈x〉 with a characteristic timescale τ d. This corre-
spondence suggests that τ d = γ −1 = 9.4 kyr. By comparison, the
decay time for the slowest decay mode in a conducting shell is τ 1

= 23.9 kyr, where the subscript identifies the first (slowest) decay
mode. One possible explanation for the difference is that the dipole
field from the geodynamo model is not adequately described by the
slowest decay mode. A more complicated spatial structure could be
represented by a linear combination of decay modes, which would
imply a shorter decay time in the stochastic model.

Fig. 5 shows a comparison of the time-averaged poloidal scalar
〈P(r )〉 from the geodynamo model with the first (slowest) decay
mode P1(r ). Close agreement indicates that most of the dipole
field resides in the slowest decay mode. Small deviations can be
represented by the next few decay modes, but the amplitude of those
higher-order modes are insufficient to explain the short timescale
inferred from γ −1. We conclude that the time-averaged dipole is
well explained by the first decay mode, but this does not rule out the
possibility that fluctuations in B have a more complicated spatial
structure.

We examine the time dependence of the poloidal scalar P(r, t)
using snapshots from the geodynamo model at an interval of 500 yr
over a period of 50 kyr. For each snapshot in time we fit the first three
decay modes to P(r, t). Fig. 6 shows the evolution of P(ro, t) at the

top of the core versusP1(ro, t) as a function of time. The fluctuations
in P1(ro, t) explain most of the variation in P(ro, t), consistent with
expectations from the time average in Fig. 5. However, there are
times when fluctuations in P(ro, t) deviate from P1(ro, t). These
deviations indicate the presence of higher-order modes.

The preceding discussion suggests that effects of magnetic dif-
fusion can be partitioned into a steady part due the time-averaged
dipole field and a residual component associated with fluctuations
in the magnetic field. Consequently, we seek to approximate �(t) in
the form

�(t) = 〈x〉
τd

+ x(t) − 〈x〉
τ f

, (35)

where τ d is now the decay time for the time-averaged field and
τ f denotes the decay time for the fluctuations. A direct calculation
of �(t) from the geodynamo model can be used to constrain the
representation in (35). For example, the time average of �(t) implies
τ d = 21.7 kyr, which is compatible with the suggestion that 〈x〉 is
well approximated by the slowest decay mode (τ 1 = 23.9 kyr). The
value for τ f is more difficult to constrain. For example, we might
compare the rms variation in �(t) with the rms variation in x − 〈x〉.
Because the time-average field makes a steady contribution to �,
the fluctuations require τf = 5.8 kyr. A drawback to this estimate is
that we do not use any information about the temporal evolution of
�(t). Specifically, we do not know if a larger-than-average value for
x(t) corresponds to a larger-than-average value for �(t). In general,
this is the case. However, it is difficult to recover a reliable estimate
for τf from a detailed comparison of x(t) and �(t) in time. The key
point here is that fluctuations in the dipole field appear to have more
complicated structure than the time-averaged field. As a result, we
expect the decay time for the fluctuations to be short compared with
τ d.

If we use (35) in (32) we obtain the same time average as before,
namely

〈S〉 = 〈x〉
τd

. (36)

Figure 5. Radial structure of time-averaged dipole field from the geodynamo model, 〈P(r )〉, is well approximated by the slowest decay mode, P1(r ).
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Figure 6. Time evolution of the dipole field at the core-mantle boundary is compared with the time evolution of the best-fitting decay mode P1 (see text). The
overall agreement confirms the importance of the slowest decay mode, but deviations indicate the presence of higher-order decay modes.

However, the resulting equation for the time evolution of x(t)
becomes

dx

dt
= − 1

τ f
(x(t) − 〈x〉) + �S(t) , (37)

which suggests that the timescale from the stochastic model rep-
resents the decay time of the fluctuation (γ −1 = τf ). The value
recovered from the geodynamo model, γ −1 = 9.4 kyr, is compati-
ble with a fluctuation having roughly equal contributions from the
first and second decay modes, where the decay times are 23.9 and
5.3 kyr, respectively. It is likely that the process is more complicated
in detail, but it seems plausible for fluctuations to involve the first
few decay modes. The resulting decay time is within expectations
of the value inferred from the stochastic model.

Another interpretation of the short decay time might involve
the influence of turbulence. Magnetic induction due to small-scale
flow can transfer energy from the dipole field into small scales.
Such a process can be approximated by an enhanced (turbulent)
magnetic diffusivity (e.g. Schrinner et al. 2007; Matsui & Buffett
2013). On the other hand, turbulence is not solely a dissipative
process because small-scale flow can also transfer energy into the
dipole field (Steenbeck et al. 1966; Moffatt 1970). We attempt to
quantify these effects by examining the dipolar parts of the magnetic
induction, which is represented by

V × B = ∇ × [T (r, t) cos θ r̂], (38)

where T (r, t) is the associated toroidal scalar. Fig. 7 shows the
time-averaged scalar 〈T (r )〉 from the geodynamo model. All of the
magnetic induction is confined to the interior of the fluid core be-
cause the velocity (and hence T ) vanishes on the boundaries. This
means that changes in the dipole field at the top of the core are
due entirely to diffusion of magnetic field from the interior region
where the field is generated. As an experiment, we recalculate 〈T 〉
after removing the contribution to velocity from spherical harmonic
degrees 47 ≤ l ≤ 95. This procedure has the effect of eliminating
the smallest scales from the velocity field. The resulting magnetic

induction is largely unaltered, implying that most of the induction
occurs at the largest scales (i.e. 1 ≤ l ≤ 46). If turbulent diffusion
was an important effect in the geodynamo model, then we would
expect to see an increase in magnetic induction once the dissipa-
tive small scales were removed. In fact, we observe the opposite.
Removing the smallest scales reduces the time-averaged generation
of the dipole field immediately below the core-mantle boundary. In
other words, small-scale flow makes a constructive contribution to
the dipole field. Fluctuations in magnetic induction at small scales
may occasionally be dissipative, but Fig. 7 shows that these dissi-
pative effects are not persistent. Moreover, there is little room to
accommodate a large turbulent diffusivity because the structure of
the dipole field and its fluctuations are confined to the first few decay
modes. The minimum contribution to dissipation from molecular
diffusion occurs if the dipole field is entirely confined to the slowest
decay mode. Turbulent diffusion can only account for the residual
dissipation. Allowing for higher order modes increase the molecular
diffusion and reduces the allowable amount of residual dissipation.

4.2 Turbulent fluctuations in the dipole field

Short-period fluctuations in the dipole moment are driven by de-
viations from the time-averaged source (i.e. �S = S(t) − 〈S〉). We
represent these deviations in the stochastic model as a random pro-
cess. Integrating �S for the resulting fluctuation in x gives

�x(τ ) =
∫ τ

0
�S(t) dt =

∫ τ

0

√
D(x)�(t) dt . (39)

Recall that the noise source in the absence of a drift term describes
Brownian motion. Thus a fluctuation due solely to the noise term
has a variance

〈�x(τ )2〉 = 2D(x)τ , (40)

which is expected to increase linearly with τ . We now set τ equal
to twice the convective overturn time to be consistent with the
calculation of D(x) from the original time-series (see eq. 15). The
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Figure 7. Time-averaged magnetic induction V × B as a function of radius through the core. Filtering the velocity field to remove small scales in spherical
harmonics 47 ≤ l ≤ 96 causes only a small reduction in the magnetic induction.

next step is to relate the variance of �x to the variance of �S.
Letting �x(τ ) ≈ τ�S for small τ gives

〈�x(τ )2〉 ≈ τ 2〈�S2〉 (41)

which yields

〈�S2〉1/2 ≈
√

Deq

τc
(42)

on setting τ = 2τc and letting D(x) ≈ Deq. Recall that Deq = 33 ×
1044 A2 m4 and τ c = 1 kyr, so 〈�S2〉1/2 = 1.8 × 1024 A m2 Myr−1,
which is about 10.5 per cent of the time-averaged value 〈S〉= γ 〈x〉.
Eq. (42) establishes a connection between the amplitude of the
noise term in the stochastic model and the statistical properties of
the source S(t) in the physical model. We proceed by assessing the
origin of fluctuations in S(t).

The source for the dipole moment cannot be evaluated in a mean-
ingful way from (29). To illustrate, we calculate S(t) using the def-
inition of V × B in (38). Integrating over the volume of the core
yields

S(t) = 4π

μ
T (ro, t)ro (43)

which vanishes when V obeys no-slip conditions on the outer bound-
ary. Magnetic induction still occurs in the interior of the core, but
we cannot alter the dipole moment (or the strength of the dipole
field at the core–mantle) through fluid motions alone. Instead, we
change the dipole field at r = ro by diffusing magnetic field from
the interior through a magnetic boundary layer at the top of the core.
In fact, the dipole moment is effectively sustained by diffusion of
magnetic field from below. To quantify the role of induction we
might exclude the thin magnetic boundary layer from Vc in the cal-
culation of S(t). Something similar was done in the calculation of
� in Section 4.1 to get a meaningful time average for the diffusive
losses. We expect the time average of �, including the boundary
layer region, to vanish because both S and dx/dt vanish in the steady

state. This expectation is confirmed by direct calculations, but we
emphasize that diffusive losses do not vanish in the entire core.
It only means that the diffusive losses and gains at the top of the
core are in balance. In the previous calculations we established a
boundary-layer thickness by requiring the direct calculation of � in
the underlying region to agree with an estimate inferred by fitting B
to a linear combination of decay modes. In practice the least-squares
fit of decay modes to the dipole field in the interior of the core gives
relatively little weight to a narrow boundary layer region.

Another means of assessing the role of magnetic induction relies
on the rms value of V × B from the geodynamo model. Averag-
ing both V × B and the dipole component, V × B, over the fluid
shell indicates that dipole generation represents about 2.6 per cent
of the total induction in the geodynamo model. In terms of non-
dimensional fields, the rms value of time-averaged dipole generation
is (V × B)rms = 4.5, whereas the rms value of the total induction is
(V × B)rms = 172.6. Interestingly, the total induction can be roughly
approximated by VrmsBrms = 234. We use these estimates below in
a simple physical model for field generation.

Dipole generation is thought to be a result of helical flows in-
side the core (see Fig. 8). Loops of magnetic field with an axial
component are produced by lifting and twisting an azimuthal field,
Bφ . When the columns of helical flow are sufficiently narrow, the
induction term can be approximated by

V × B = εBφV 2
rmsl/η, (44)

where l is the width of a convection column and Vrms is a typical
velocity (Moffatt 1970, eq. 4.7). The parameter ε is intended to
represent the fraction of field generation that contributes to the
dipole component and should be a few percent based on our estimate
for V × B from the geodynamo model. Adopting dimensionless
values l = E1/3 = 0.037, Vrms = 180, Bφ = Brms/

√
3 = 0.75 and

η = 1 requires ε = 2 per cent to match the value computed for
V × B. Rough agreement between the computed efficiency and that
inferred from (44) suggests that dipole generation in the numerical
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Figure 8. Schematic illustration of magnetic induction due to helical con-
vection. Flow lifts and twists an initial magnetic field to produce a loop of
magnetic field with both positive and negative Bz components. Expulsion of
one of the field pairs alters the axial magnetic moment.

model can be approximated by (44). Consequently, the source term
becomes

S ≈ 3

2μ

(
ε BφV 2

rmsl

Lη

)
Vc (45)

where L characterizes spatial variations in V × B. Fluctuations in
S(t) can arise from changes in any of the terms in (45). Considering
only the contribution from changes in Vrms gives

〈�S2〉1/2

〈S〉 = 2
〈�V 2

rms〉1/2

〈Vrms〉 , (46)

where 〈�V 2
rms〉1/2 is the standard deviation in the volume-averaged

rms velocity. Relative variations in Vrms from the geodynamo
model are 5.1 per cent, so the resulting variations in the source
are 10.2 per cent, which agrees reasonably well with the value of
10.5 per cent, based on our interpretation of the diffusion term in
the stochastic model (see eq. 42). Variations in Brms (and hence Bφ)
are somewhat smaller (3.1 per cent). Moreover these variations con-
tribute linearly to the fluctuations in S. Assuming that variations in
Vrms and Brms are statistically independent, the combined effect of
both terms would cause relative variations in S of 10.7 per cent. In
general, the statistical properties of the geodynamo model are con-
sistent with the properties inferred from the stochastic model, so we
use the underlying physical relationships to interpret fluctuations in
the palaeomagnetic field.

5 A P P L I C AT I O N T O T H E
PA L A E O M A G N E T I C F I E L D

Drift and noise terms have previously been recovered from palaeo-
magnetic estimates of the virtual axial dipole moment (VADM).
The SINT-2000 model of Valet et al. (2005) was analysed by Bren-
del et al. (2007), while the PADM2M model of Ziegler et al. (2011)
was included in the study of Buffett et al. (2013). Broadly similar
results were reported for the drift term, but small differences were
obtained for the noise term.

The drift term from PADM2M is well approximated by (17) with
a slope of γ = 34 Myr−1 and a mean VADM of 〈x〉 = 5.3 × 1022

A m2. (SINT-2000 gives γ = 35 Myr−1 and 〈x〉 = 6.2 × 1022

A m2). The corresponding timescale for adjustments in the dipole
field is roughly γ −1 ≈ 29 kyr for both models. This timescale is
associated with dipole decay, although the geodynamo model sug-
gests that several decay modes contribute to the slow timescale for
magnetic fluctuations. A lower bound on the electrical conductivity
of the core can be obtained by confining the fluctuations in B to
the slowest decay mode. For a uniformly conducting sphere, the
slowest decay time is τ1 = r 2

o /(π 2η). By setting τ 1 = γ −1 = 29
kyr, we obtain η = 1.34 m2 s−1, which corresponds to an electrical
conductivity of σ e = 0.6 × 106 S m−1. Allowing for higher-order
modes in the magnetic fluctuations shortens the decay time, re-
quiring a higher electrical conductivity to explain the slope of the
drift term. Our results from the geodynamo model suggest that the
spatial structure of a magnetic fluctuation can be represented by a
linear combination of the first two decay modes with roughly equal
amplitudes. If this structure is representative of conditions in the
Earth’s core, then we would require an electrical conductivity of
1.5 × 106 S m−1 to reproduce the slope of the drift term from the
palaeomagnetic estimates. Such high conductivities are supported
by several recent studies (de Koker et al. 2012; Pozzo et al. 2012;
Gomi et al. 2013).

Even with these high electrical conductivies the dipole field can-
not be broadly distributed across a large number of decay modes.
The presence of higher order modes beyond the first few decay
modes would produce shorter decay times and require much higher
electrical conductivities. A similar limitation is imposed on the ef-
fects of turbulent diffusion. We obtain an upper bound on turbulent
diffusion by restricting all of the dipole variation to the slowest
decay mode. This implies an effective diffusivity of 1.34 m2 s−1,
which could include both molecular and turbulent contributions.
An electrical conductivity of σ e = 1.5 × 106 S m−1 corresponds
to a molecular diffusivity of 0.53 m2 s−1, so an additional turbulent
diffusivity of 0.8 m2 s−1 would account for the drift term. In prac-
tice the allowable turbulent diffusion is probably much less because
fluctuations in the dipole are liable to be distributed over the first
few decay modes.

Noise terms from the SINT-2000 and PADM2M models have
larger amplitudes at low x, which is consistent with the estimate
from the geodynamo model (see Fig. 3). Both of the palaeomagnetic
models exhibit a gradual increase in D(x) when x drops below 〈x〉.
At larger values of x the palaeomagnetic determinations of D(x) are
somewhat different. The value of D(x) from SINT-2000 increases
for larger x (Brendel et al. 2005), whereas the value from PADM2M
remains nearly constant (Buffett et al. 2013). We note that the def-
initions of D(x) in these two prior studies differ by a factor of 2,
but the general trends in the estimates for SINT-2000 are consistent.
From Buffett et al. (2013), the magnitude of D(x) at 〈x〉 is 69 ×
1044 A2 m4 Myr−1 for PADM2M and 99 × 1044 A2 m4 Myr−1 for
SINT-2000. Both estimates are substantially larger than the noise
term from the geodynamo model. From (42) we predict that the rms
variations in the dipole source for PADM2M and SINT-2000 are
2.6 × 1024 and 3.1 × 1024 A m2 Myr−1, respectively. These varia-
tions exceed the time average 〈S〉. In fact, the relative variations for
both models are close to 140 per cent, compared with 10.5 per cent
for the geodynamo model. Thus the Earth’s core exhibits substan-
tial fluctuations (Constable & Johnson 2005). The corresponding
velocity fluctuation is estimated from (46). Fluctuations in the con-
vective velocity relative to the time-averaged velocity are probably
in the range of 70 per cent.
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Such large velocity variations in the Earth’s core may be essential
for causing polarity reversals. A lower value for D(x) (and hence
lower velocity fluctuations) would tend to suppress reversals if all
other parameters in the stochastic model remained the same. For
example, a 50 per cent reduction in the value of Deq would lower
the fluctuations in the dipole source by about 30 per cent accord-
ing to (42). A 50 per cent decrease in D(x) would also decrease
the predicted reversal rate from 1 Myr−1 to 0.08 Myr−1 (Buffett
et al. 2013), so relatively modest changes in the convective fluctua-
tions can have a large influence on the reversal rate (Johnson et al.
1995). A further decrease in D(x) to the level of the geodynamo
model effectively eliminates reversals. A surprise from the palaeo-
magnetic field is that large velocity fluctuations in the core do not
produce complex dipole structures. Most of the magnetic energy
in the dipole field appears to reside in the first few decay modes.
Another surprise is that we do not see much evidence for turbu-
lent diffusion, particularly given the low value of Pm in the core
(Braginsky & Meytlis 1990; Schekochihin et al. 2007). Convection
at small scales would likely increase electric currents by creating
short-wavelengths in the magnetic field, yet there is little indication
of enhanced turbulent decay of the dipole field. An upper bound
on the turbulent diffusivity is 0.8 m2 s−1, but a more realistic value
would likely be much less.

6 C O N C LU S I O N S

We use a numerical geodynamo simulation to construct and inter-
pret a stochastic model for the axial dipole moment. We find that
the drift term varies almost linearly with the axial dipole moment,
where the slope is defined by the decay time of dipole fluctuations.
The structure of the time-averaged dipole field is well represented by
the slowest decay mode, whereas the fluctuations are characterized
by the first few decay modes. If the structure of the fluctuations in the
geodynamo model is comparable to that in the Earth, we require an
electrical conductivity of 1.5 × 106 S m−1 to account for the slope of
the drift term. Such a high electrical conductivity has recently been
proposed on the basis of theoretical calculations (de Koker et al.
2012; Pozzo et al. 2012), particularly in the deeper parts of the core.
A lower bound on the electrical conductivity is 0.6 × 106 S m−1.

The noise term characterizes fluctuations in dipole generation.
An estimate of the correlation time for these fluctuations is roughly
equal to the convective overturn time. Most of the fluctuations in
dipole generation are associated with variations in the convective
velocity, although smaller contributions also arise from variations
in the internal magnetic field. The geodynamo model predicts a rel-
ative modest fluctuation of 10 per cent in the dipole source. By com-
parison, the stochastic model for the palaeomagnetic field predicts
much larger fluctuations in the dipole source. The rms variations in
the dipole source, relative to the time average, probably exceed the
mean rate of generation. Such fluctuations are sufficient to initiate
magnetic reversals.
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