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AN INVESTIGATION OF THE STATES OF 2s,1d SHELL NUCLEI
*
BASED ON THE FOUR-PARTICLE, FOUR-HOLE STATE IN 16O
S. N. Tewari
Lawrence Radiation Laboratory
University of California
Berkeley, California 94720
and
G. L. Struble
Lawrence Radiation Laboratory and
Department of Chemistry,
University of California

Berkeley, California 9LT20

September 1969

ABSTRACT

The four-particle, four-hole state in 16O ahd the correépondihg states
in the even-even, N = 7 nuclei of the 2s,1d shell have 5een invéstigated in the
framework of ﬁhe ﬁartree—Fock approximation. Detail calculations weré per-
formed in each;case £§ determine the most stable Hartreé—Fock solution.' By
assuming a simple ﬁodel thé excitaﬁion energies of the baﬁd heads Were‘calcu-
lated which showed‘that thg'is,the last nuecleus where a'state'analégous to
the fouf—particle, four-hole state in 16O might be observed. Energy levels have_
been calculated in 160, 20Ne and 21LMg using a basis of good angular momegtum
states. A comparison between the predicted and the obeserved energy spectrum
has been shown. 1In 1 05 calculations have been”éérformed both with phenomeno-
logical and realistic interactions and the results have been compared. The
accuracy of the projected angular momentum states from the twelve-particle,
four-hole solution in 2l‘Mg has been estimated and shows -that the projected states in

this case are close to the eigenstates. We have demonstrated that one of two

+
0 states observed around T MeV in 20Ne is a eight-particle, four~hole state.

.
i
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INTRODUCTION .
The analysis of the experimental results of Carter gg_gl:l suggests
that many of the low-lying positive parity excited states in l60 may be

approximately fitted into rotational bands. This identification is further

supported by large E2-transitions encountered,g’3 e.g.

4
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Although the rdtational_features in 16O are not as striking as in thé éasé of
‘heavy deformed nuclei.of the rare—eafth region, the interpretation of ité,
experimen£a1 data in terms Qf a rotating deformed intrinsic state is very
tempting. |

| During the‘last decade the Hartfee—Fock_(HF) method has been éuccessQ
fully applied to caiculate intrinsic states of the deformed ﬁhclei in the
2s,ld shell.h' The application of this method to calcualte intrinsic states.
in l60 theréfore seems desirable. A number of HF calculafions has already

16

been performeds’6 in O and an analysis of the resuits of these éalculations
leads to the impoftant conclusion that the intrinsic state_bf the rotational
band starting at 6.05 MeV is mainly composed of a four-particle, four-hole
(Lp-kn) state.

By using certain symmetries of the HF density Banerjee §§_§;36 have

shown that the most stable shape of the Up-bh intrinsic state is ellipsoidal
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(triaxial). .Theyhhare also-calculated the energy levelsiof the'band by‘a
crude approximation and their results are encouraging for undertaking a more
_rigorous calculation iﬁvthe basis of good angular momentum states projected

out from the trlax1al bp-kh state. We have performed'such avcalculation and
our results, to be presented in the text, are in good agreement w1th the
experiment. vHowever, in order to obtaln a better agreement with the experlment
and. in partlcular to account for the ohserved electromagnetlc transition rates
it is essential that the hp—hh state, the closed 13 shell and the two—partlcle,
. two-hole’ (2p—2h) states be admlxed In fact, the observed electron—pos1tlon

v palr tran51t1on of the excited O to the ground state can be explalned through

7,8 9

© such admlxtures only. The shell—model calculatlons of Brown and Green,

“and those of Celenza, et al.lO estlmate such admlxtures to the extent of 137
to 16%. Since thelr predlcted B(E2) s are in satlsfactory agreement Wlth

a number of observed B(E2)'s, their calculations may be taken as an excellent
verificatlon ofdthe HF results concerning the importance of the hp-hh state.
'lt may be pointed out here that the investigation by Kriegerll shows |
l that;the hp-hh state‘can not be brought down below 20 MeV gbove the ground
state by HF calculatlonS’with present generation of realistic forces. However,
desplte this unpleasant feature the hp-hh state calculated with reallstlc
potentlals may be phy51cally qulte 1mportant Energy levels calculated from
this intrinsic state may compare well With the energy levels observed within
the rotational.band‘startingvat 6.0S_MeV. A detailed discussion on this

aspect will be presented elsewhere in the text.
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The fact of the Lp—hh‘sfafe playiﬁg the maj6£ réie in generating the
intrinsic étate of the lowest rotational band in l60 makes it Very tempting
to examine if similar n;particle h-hole (np—hh)ﬂstates‘exist in the even-
even, N = 7 nuclei (4n nuclei) of the 2s,1d shell;v (The notation np-ih
will refer to the statesvin Un nuclei constructed by promoting four particles
from the closed p shell to the 2s,1d shell; For example, in'zoNe it will
refer to.the 8p—hﬂ's£;te\) An analysis.of the results of the va&ious-caléula&
12-14

tions performéd'using the basis df'2s,ld shell for the excited states

of 2ONe lends S£rong.éupport to this hypothesis. Theré are two O+ states in
2ONe obséfved groﬁnd 7.MeV,'whereas gll these calcuiétioné predict onl& one
O+ state iﬁ this region. The other 5* states predicted,by these calculations
aré nowhere close tov7.MeV. In particular, the faiiuré of the complete shell-

. ‘ + :
model ca.lculationl)4 in predicting two O states around T MeV convincingly

demonstrates.that’the basis of Qé,ld.shell is not adequate. Therefore one of

+ . . : ' ‘
.the O states is most likely due to the multiple particle-hole excitations from

the l60 core. The Lp-kh structure'of.second 0" state in l6O which lies at
approximately the‘same energy suggests that one of the O+ states in 2ONe.
around 7 MeV méy be a 8p-Uh state.

There is no such_evidéncé for thé éxistencévof np*hﬁisﬁates in othef '

bn nuclei of the 2s,1d shell. However our preliminary calculations reported

. . ' . 28 .. 32
earller15 show.that such a state may be important in thg. "In Si, 3 S

and 36Ar it is very doubtful that such states will be of any_reiative

5/2

importance because the 1d shell is completely filled in this region.

We have pérformed HF calculations for the np-Lh states in all the Ln

nuclei of the 2s,1d shell. 1In 20Ne and 2hMg where np-hh HF states are found
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.to lie at reasonablé,energies relative to their'ground states, energy levels
have been calculated by projecting out good angular momentum states. The
accuracy of the projected states have been tested in thg; In other
interesting casés;;ike 16O‘and “Ofe similar accuracy fests are extremely
involved because the_shépe of their intrinsic.states is triaxial. In
Sections II, and IIT We.will describe the methods of our calculations.
_Section=IV'contains-the‘numericaifresults and discussions. - A summary is

presented in Section V.
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SECTION IT

As mentioned in the introduction, the concept of an intrinsic sfafe
plays a very impqrtant role in describing.the rotational bands of deformed
nuclei. It repreSehts, in an intefnally correlated manner,‘all the members
of the §§nd; and the phjsicai quantities characterizing the band, such as the
' momeﬁts of inertia ete., can all be derived from a knowledée of the intrinsic
state. By assﬁﬁing that it can be répresented by a Slater Qeterminant, a
.‘definite proéedure for obtaining the intrinsic wave fUnétion ié provided by
thé‘ﬁF theory. Excellent discussiohé on the HF method are available in

literatureh’l6 and only an outline of the method will be presented here.

‘A. HF Equations

" Let o, B, etc., represent a complete set of single-particle basis

states for which-aa, ad are, respectively, the creation and destruction operators

with respect ﬁo éome reference vacuum IO ). In the second—quantizéd form,

the nuclear Hamiltonian is written as

H= Z<.OLIKIB ) a;as + -)_%- | Z ~ (aB|v|6y )A.S‘ a;agayaa | (1)
a,B _ 058,Y,6 -

where K is the one-body kinetic energy operator and V is the
" two-body intéracﬁion operator.

Given the Hamiltonian defined in Egq. (l) the prescription of the
HF theory for determining the intrinsic wave function & of a-nucleus with A
nucleons out of the vacuum 10 > consists in finding a unitary transformation
U which defines a new basis of single—particleistates IA ) and the associated

o+
creation and destruction operators bk’ bk:
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' + A+

by = Z”uoc?‘a

u" .

b)\ = Z‘u
oo

such t;hat 4] defined‘ as the Slater determinant:

(2)

*

‘a
o

Q>

e A . +, ’ : . .
o) = ]T'bklo') S g (3)
A=l ' :

is a solution of the stationary condition:
S (oluler =0 . ¢
The condition (L) is satisfied if the HF matrix

| A - |
hyg = (a]k|8 ) + Z {ax|v]8a )_AS ' | (5)
' A=l

is just diagonal on the new basis, i.e. if
hlk) = e l»)\) . _ _ ' (6)

The Egs. (5) and (6) define a self-consistency problem because the HF
Hamiltonian h is defined in terms of the new orbitals [\ ). The solution to

this problem is obtained through an iterative procedure:
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‘a. An'initialuget of orbitalsv|x ), Ain numbér, are guesSéd.

b. HF Hamiltonian h is constructed using Eq. (5) and diagonalized.

c.A Finally A appropriate'eigenvectors-of h give.a néw set of orbitals
|A )Hwhiéh are again used to perform the operation b, This
process is repeated until successive diagonaliiationé produce

the same set of orbitals [A ).

VB. Symmetries of HF Hamjiltonian
The définition of. the HF Hamiltonian h as given by Eq. (5) does not
imply that h be»invariant under the symmetry operations which keep the actual
‘Hamiltonian H inva;iant. To see this point more ciearly let us introduce

the oneébody density operafor p:
P='Za§ax . - (7)
. A :

In térms of the density»operatbr p, the HF Hamiltonian h can be written as

By =K ?réV12p2 | | (8)
where thé subscripts refer to theiparticles in whose spaée thé operators.
operate. Since the density operator p as defined in Eq. (7) does not
necessarily possess the symmetries of H, therefore it is also true that h
does not necessarily poésess the symmetries of H. However, it is clear from

Eq. (8) that whatever symmetries of H are incorporated into density p, they

also become incorporated in the HF Hamiltonian h.

The importance of the various symmetries of the actual Hamiltonian in

relation to the HF Hamiltonian has been studied in great detail by many

authors.6’l7’18 Banerjee gz_g;,é have
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~recently shown that the general exchange nature-andvthe short range of the
effective shell-model Hamiltonian lead to the.existence of:symmetries of .-
HF‘density p of Un nuclei under the following operationé:
(1) Time reversal; T,
S . -ind
- (2) reflection through a plane, e.g. the X-Z plane; Pe - y,‘
and -
(3) rotation by T @bout an axis in the plane of the reflection
' ind

symmetry, e.g. the z axis; e Z,

where P in (2) is fhe pafity operator. They fufther arguelthat as an implication
of this one shéuld not expect parity mixing in the'HF wavé fucntioﬁs‘of these
‘nuélei. Theuéaicﬁlafion'bf Bassichié, Kerman, and SVennelS.étrongly support
thisvimﬁliéatibﬁ beéause they find no édvéntage in pafify'ﬁixing.unless thé
ténsbf foréé ié incfeased to nearly twice its normal strength. Similar
conclusioné abonﬁ_ﬁérity admixture are aléo réaéhea by Pal and Stampl7 in
their HF caleulations with the Yale potential.
Besides the symmetries (1), (2), and (3) the HF dénsity.of kn nuclei
also has approxiﬁatevsymmetry under. rotations invSpin4isospin space. -A discussed
by Banerjee g§;§;3,6ﬁthisysymmetry is 6nce again due to the exchange-natﬁre
" of tﬁe effective interaction because it leads to the occupation of each
space orbital four.times.
The knowledge of the symmetries of HF density'is'of great importance in
carrying out the HF calculations. It simplifies thé choice of the initial p
in the iterative program required in the HF calculations. Clearly, a

completely arbitréry choice for the initial p can immensely increase the

labor in such-célculations.
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SECTION III

A,  Angu1ar'Momentum Projection

The calcuiafion of the intrinsic wave function, though very usefui,
is certainly not ehéﬁgh by itself to ?rovide quantitative description of the
'rotafional band}' One has to pfoject ou£ states of godd ahgular mbmeﬁtum
from the intrinsic wave funétion inborder-to'calcﬁlate the physical quantities,
115.; energieg 6f the rotationaible§els, electromagnetié moments etec. An
alternativé to fhe angular momentum projeétion could beuuéed for the calculation
of energy 1e§els ﬁy making uée of the momen£ of inertia Whicﬁ cén be directly‘
computed from‘tge intrinsic single-particle wave functions-and eneréies.
HoWeQer due:tO’thérambiguities involved in the calculations of moment of
inertia?;9’?o thevalternate approach is not very reliable. Given the intrinsic
wave fﬁnction thevmethod.of angular mémentum projection is certainly more
réliable and»accﬁfate. There are severai methodszl.for projecting Out angular
mdméntum statés aﬁd in:our calculations we have applied the method based on .
the ﬁse'Qf the HillfWheelgr integral.22 In the following we will briefly . .
‘describe this method with reference to the calculation of energy levels. |

Let M and K denote the projection of J along the.laboratory and bod&—
fixed z axis réspeétively. The angular momentum projection operator P;K is

given by

_ 2J+1

J J oy _ '
Pl = o2 an DMK(Q) R() , (9)

Where R(Q) is the rotation operator:
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' -iuJZ -iBJ —YJZ ] )
R(R) = e e Ve , _ (10)
in which Q.stands'as an abbreviation for the Euler angles o, 8, Y, and the

vmatrix elements of which are

DB‘IJK(Q) 5_'<J‘M|R(Q)|JK> . | | (11)

The integral SfdAQ is an ébbreviation for the triple integral:

oo omo2m » | e .
fdQ = | | @aosingaBay . . ' (12)
J o JoJoJo | o - |

The‘o?erator P;thés the fdllowing properties:

(Fd” = P
emd | | @)

J _ . J
Pmpm_*Pm

To discuss the procedure for the calculation of energy levels let us
consider the case when the intrinsic state ¢ is triaxial. Acting on & the

voperator PJ

MK first projects out the angular momentum eigenstate,

KUIJ;K = P;Kl@ ? | (14)

with gquantum numbers J and K and then steps wiK into a state wﬁK with guantum

numbers J and M. The projected states satisfy the following orthogonality
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relations:

J J! _ _ J ' _ .
whére
) J
Xoer = (OB @) o | (16)

A state of good angular momentum Wﬂ corresponding to the intrinsic state @

is now gi?en by
_ J . J
\Pfa "'ZQ‘K,_"’W{ S (a7)
K ' '

. t -
It is clear that the coefficients ai do not depend on M. The energy

of the state TM is determined from the variational principle
J o J
» ) = .
8¢ ‘PMIHI‘PJM /Saip = 0 (18)

"This is equivalent to diagonalizing H in the non-orthogonal basis spanned by
the wave functions wﬁK. Therefore the solution to Eq. (18) reduces to

solving the following set of linear equations

V| - o - )

K

where

= Colmp? |o) (20)
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and

J J |
X = (OB le) - - | (21)
The quantities YJ ‘and XMK are 3~fold 1ntegrals of the functlons Y(Q) and X(f)

respectively,
Y(Q) = (o|HR(Q) |2 )

and |
@ = Gh@ler . e

These functions,_and the integralvaﬁK and X&K can be evalﬁated by following
the  techniques discuésed in Refs. 21 and 23.

The eigenvalues EJ and the eigenfunctions Wﬂ detefmined by solving
the Eq. (19) in. the space of the wave functions wMK correspond to the
approx1mate elgenvalues and.the elgenfunctlons of the actual Hamlltonlan H.

v.In case when the intrimsic state ¢ is axially symmetric, the projection

operator P deflned by Eq (9) reduces to

-iBJ '
Y sinB dB ) . (23)

where diK(B) is the reduced rotation matrix,

-igJ

d;K(B) =(Jkle Jlx) . o (2k)
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The Eq. (17) reduces to an identity and consequently the Eq. (19) is reduced

to
J _ oI
B = Ty M
(¢K|HPiK|®K) | ' ‘
= T . ‘ (25)
<®K|PKK|¢K>

The energy given by Eq. (25) can be more easily evaluated than in Eq. (19).
Various simplfying features of this calculation are discussed in great detail

in Ref. 2h.

B. Accuracy of the Projected States

.It is important to know how accurate'are the projected states when com-
pared to the actual eigenstates,fi.e.,:the~ététes which are obtained by the complete
sheli—model calculation. A simple accuracy test can be developed in the
following way:

Let TJ denote the projected angular momentum state.’ We have

= By o+ Z.an¢i | | | (26)

where EJ is given by Eq. (19) in the triaxial case and by Eq. (25) in the
axial case. The wave functionsb¢i»together with WJ define a complete ortho-

normal basis. The coefficients a are given by

R S,
a =f{o [B]Y" ) . (27)
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where Eé and e& in‘Eq. (33) are respectively the.experimental binding energy
of 16O‘and 8 setvosting1e4particle energies relative to 16O. The normal
product in Eq. (33) refers to the 16O core and to the h-He core in Eq. (3k4).

If we assume that the self-consistent orbitals in hHe and l6O afe the same,

then the primed and unprimed gquantities are related by

: 1 EE: . '
= B! ~ 1 - LI = ( rt ) t )
E, helpl/2 881;93/2 + > BR'|v|8B s v (35)
U
ey = €y - ) (oBlV[aB) o (36)
B
where fhé indicesAB,B‘ run overithe ip shell only.
v 16
0 and

) In Table T we list the eiperiméﬁtal—énefgies §5 rélatiVe to
the eqqi?alent-energies éj relative to hHe. Iﬁé experimental binding enefgy
iﬁcrease'betweéﬁ hHevénd 160 is 99.3 MeV. Our calculated binding energy
increase is 100.05 MeV. Even assuming.an increase in the Coulomb repulsion of
abouﬁ 10 Mev, we.qbtain good agreement with the experimeﬁtal number.

.In the case of 160 we performed an additional HF calcuiafion usiné
a realistig intéraCtion>whichiwas définedsbymthe éfféctive matrix eléments-of. 

the Yale potential calculated by Shakin gﬁtglfzs

Although the HF energy: -
of the defofmed hp—hh intrinsic state Qf 16O calculétedIfrom1tﬁis_interéctidn
is‘expected-to be very poor it may thgn cqntainviméortanf dynamical cor- .
relations to providé a good explanation for thé nucléar prééérties within

the band. Further discussion will be presented later in this section with

the help of tables.
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" The HF éalcﬁlations fo? the np-lh sﬁates can be very’difficult in
practice because there can exist many HF solutions with different of similar
shapes. Howéver, the work of thé calculation can be considérably simplified
if one knows the most stabié shapeé of the n particles in 2s,1d shell and
4 holes in 1lp shell, i.e.'lQC.

Recently Banerjee §§_§;,6 have predicted the most stable shapes of
the HF solutions of the Lin nuclei in 2s,1d shell from a consideration of short
range attracfion and general exchange properties of the éffective two~-nucleon
interacfion.v Their predicted shapes afe listed for the nuclei of interest
b 21

in Table II. These shapes correspond to results known from earlier HF

and SU 26 calculations. Now this information and the fact that the most

3
stable shape OfIlEC has a spheroidal oblafe density distribution éllows one
to predict the most stable shapes of the np-4h states, if we assume that
the mos£ étable np-4h state is that which gives the maximum overlap of
ﬁhe density’diétributions of the 2s,1d shelllnucleons with the lQC density
distribution.6 For example, cénsider the Lp-kh state in 160. The four
ﬁarticles in 2s,1d shell correspond to_2ONe having a spheroidal prolate’
density distribution for thé‘most'stable state. This can.béﬁéombinéd wifh the
oblate spheroidal dehsity of 120 in various ways. It can be séé; that the
maximum dénéity ovefl%p will not be obtained by superimposing the two
densities so thaﬁ their resultant density is rotationali& invariant sbout
the 2z axis; a'betfer overlap is obtained by rotating the 120 density so
that the two axes of rotational symmetry are perpendicular. The combined

density destribution is thus triaxial. That this is true has already been

verified in Ref. 6. Our HF calculations of the 4p-bh state of 16O also
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| confirm the.correctness of this result. Usipg énalogoﬁé a?gumentsvfor'the
remaining nuclei we_predict-their m§é£ stable shapes, i.e.-their lowest
intrinsic states as listed in Table III.

To verify the validity>of these argumenté other HF solutions were
aiso calculated in these nuclei. The properties of the various solutions are
listed in Table IV.  Comparing Table III with:Table IV it is seen that the
. lowest solution in ééch case is_thét expected from these arguments. We con-
sider this as one”oflthe important conclﬁsions of our calculations. |

In Fig. 1 éfe plotted’the excitation energies EX‘Qf the_band.heads of
the np—hh states'as‘a function of the mgss'number A. The quantities'Ei were

calculated by the following equation:
B o= (8, - K32)) - (5. - aXa2)) G
x . TG - ph . R : '

where EG'and A are respectively the HF energy and the moment of inertia

pargmétér for the éround state, Eph and.A' are thé cérrespondingiQuantities 
for the np-ih stafe; The pérameters A and A' were calculéted by the first
order cranking model. |

Thé resulf on 16O as shown in Fig. 1 is completely unsatlsfactory
because the band head of the hp—hh state comes about 2 MeV below the ground
state. This is due to the fact that the cranking model predlcts too large a
value for_the parameter A'. Since the value A is zero for the spherical ground
state no compensation occurs from the possible cancellation implied in BEq. (37).

The results for the 4n nuclei in the 2s,1d shell are-physically quite

significant. In this case where both A and A' dontribute, and the excitation
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energies Ex are perhaps not much affected by the errors in A and A'. The

cancellation implied in Eq. (37) may minimize the effect of such errors. It is

interesting to note from Fig. 1 that the excitation energy gradually increases - .
L .

through 2 Mg and then increases rapidly. This is quite'understandable because

14 shell is expected to be completely filled around 2881 and hence it is

5/2 _ v
relatively more costly to promote_four=particles from the élosed 1p shell to
the 2s,1d shell. It is quite cleaf from the results that ghMg‘ié the °
last nucieus Whére it might be possible to find a étate which is doﬁinantly
np—hh state.

To underétand properly the significance of fhe results.in Figl.i, the
fblléwing.limitaﬁions of our calculations should be noted. (i) 'The choice
of the SAme set Qf singlé—particle energies €j fér all the hn nuclei;
16 SSA < 36, is not quite justified. However; this may not be a serious
. deféct beéause it:can be seeﬁ from the discussions of Ripkah on thé extfa—
polation of sj thfough the 2s,1d shell that the variatioﬁ of,sj with A coulq
be small. (ii) PFurther correction is eipeéted due to not taking into |
account the center of mass (c.m.) excitation likely to be important for the
np—hh states. An estimate of the c.m. excitation can be obtained by evaluating
the quantity S E.(QIA%-AJQ ) where the opérator A was defined by Baranger
and Lee.28‘ The valué of S for the triaxial Up=Uh state has been calculated
by Giraud and Sauer29 and found to be very small, S = 0.009. Thereforé we
‘expect thét the c.m. excitation will not be important for the np-Lh states
of the remaining hnvnuclei. It should be pointed out that the condition
S << 1 implies-fhat the c.m. stays close to:the external origin (tg'which the -

motion of the individual nucleons are referred), and therefore the presence
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of phenomenologicei €; in the nncleer Haniltonian H is justified. (iii) The
calculation of the;inertial parameter by the first order cranking model may
be a poor approximetion. Despite these limitations, ne'beiieVe that the |
results in Fig. i'ere of conéiderable physical significance. A:rigorous
calculation for:thefenergy levels of the np—hh,intrinsic states in 160, QONe
" and 2hMg has been performed. - | |
. The energy levels have heenvcalculated b& neing‘the.techniqnes of
angular‘momentun projection dieeussed in Section IIIA;. Thebsingle:particle
Wave-fnnctions of.thevHF determinants ueed‘in‘the caiculetione are'given in
Tables V - VI. A COmparison'between the calculated and experimental energy
levels are éiven in Fig. 2 and Table VII;‘

It can be seen from the Flg. 2 that the calculated and experlmental_
_energy.levels are: on the whole in good agreement up to about 5 MeV in ;60.
It may be noted that the 0 state of the Lp-4h band has been plotted at the
zero of the energy scale in the flgure. Our calculatlon predlcts thls O
.state at 3 06 MeV.above the ground state as compared to the experlmental
value of 6.06 MeV. This is honever a great 1mprovement over ‘the correspondlng
"result in Fig. 1. By 1ncreas1ng the energy separatlons~between the 1p and
2s ,1d shell by about 1 MeV it should be possible to bring our predlcted 0
state close to 6.Q6 MeV. Such an increment is unlikely to change the
structure of the Yp-kh intrinsic etate and hence_the'energy levels of the
4p-bh band will remain the eame as shown in Fig. 2. Confining ourseives to
the comparisonuwithin the band we note that the predicted and experimentel
h+ states are very close in energy. The'Closeiagreement-iends'strongvsupﬁort

9

N .
to the conjecture of Brown and Green’ that the L state is purely a Up-bh

- 4 .
state. We further note that the perdicted 2 state is about 0.4 MeV above
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the corresponding Qbsefved state. This is a gratifying feature. It is knowﬁ
that the 2p-2h states admix with the states of the hp—hhvband. Brown and
Green’ predicted approximately 14% and 5% of such admixtures for the 2" and
O+ §tates of the‘hp—hh band respectively. Therefore it is clear that as a
result of such admixtures our caiculated 2+ state will.be furfhe? lOWered
in energy to préduce a better agreement With experiment. = The corresponding
effect on the O state of the Yp-hn band will be relatively smaller. The 37
staﬁe is pfedié£éd fo be degenerate with the h+ state and about 1 MeV lower
than the corresponding observed étate. " As we go to the higher members of
the band thé agreeﬁenf with the experiment fuither deteriorafes. It appears
thaf‘the‘K = é bgnd is not adequately represented in the triéxial HF state.

30 from the triaxial HF groundstate in 2hMg.

We have calculated the energies
Theléomparisoﬁbof these energies with the experiment shown in Fig. 2 lends
supporf to this cbnjecturef The 0+ and 2+ states predicfed around 10 MéV
and 11 MeV reépéctively in 2thg have been qalculated frém its lép—kh HF stafe.'
It is significant to note that there also exists an experiméntal O+ étate
around 10 MeV in thg. |

The results on 20Ne are of considerable importgnce. It_seéms quite
evident from them that one of the two O+ states observed: around T MeV is
mostly a 8p-lh sfate and the other is a B—vibrating(étaté described by the
Tamm-Dancoff approximation (T.D.A.). It can be further seen from Fig. 2
that our calculation also reproduces many of the excited states in 20Né.
However, a one-to-one correspondence between the predicted and oﬁserved

levels cannot be made without further theoretical and experimental studies. An

+
interesting feature of the calculated spectrum is the presence of a 3
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state at abqut 10.5 MeV. Our experience in l6O and 2‘hMg'sh,ow;«r*s that the 3+
state calculated from the triaxial HF solution ié always abouf 1 MeV lower
than’thé éorresponding experimental étate. Therefore a 3+ state shouldvbe
expected experimeﬁtally iﬁ ?bNe at about 11.5 MeV.
It shﬁuld bé,notedvthat the levelé labelled by (TH} in 20Ne are

describéd.by a iinear‘combination of projectéd angularvﬁoﬁentum states of

two types. The first type is obtained from the HF groundvstate and the second
type is obtained ffém an intrinsic sfate coﬁstruété& out of the HF groﬁhd'

+ L+
s 4

sfate_by TDA; The Wéve functions 6f ﬁhe firsf set of O+, 2 and 6+
levéls.arélmostly Qf the first typé and those of remainingv(TH) levels are
mbstly of the sécdnd ﬁyﬁe; The mixing between the two #ypes of stétes is
J-dépendent'and'varies from 2% to L. vDetailé'on this calculation can be found
‘in an eariiér publiﬁation by'one of us.12 |
The accﬁracy of fhe projected angular moﬁentum states has been_testéd
for the 12p-lh HF solution in 2'Mg by the method discussed in Section III B.
~ The resﬁlts are listed in Table VIII. It'is ciéar'from thé¥nﬁmbérs in. column
-4 that the projectedvstates in this case are, fd a very good approximation,
the actual eigenstates.of the Hamiltonian. In view of this conclusion it
followévthat the_adﬁixtﬁres of the 10p-2h and ground states with the 12p-bh
state in 2uMg are negligible. | | |
| It has_beeﬁ pointed out earlier in this section that the first'order ,
craﬁking model predicts a large value for the moment ofrinértia (mfi.) |
parameter A' of fhe hb—hh band in 16O. The values of A(AX? Ay"Ai) for .
the various intrinsic states of the different‘hn'nuclei are given in Table IV.
Tt will be instructive to calculate the energies of the Lp-lh band by the

cqs 431 . : ‘ : :
Davydov-Filipov (DF) mode1’ using the predicted values of A'(A;, A§, Aé)
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compare the eneréies'thus obtained with the energies obfaiﬁed.by the projection
method. Such a comparison is>presented in Table IX." A similar coﬁparison
is also presented in the same table for the 8p-bh state of 20Ne. It is clear
from the Table IX that the m.i. parameter A' from thé cranking model is
quite large in 16O, about twice its value obtained from the progectlon method
In the case of‘eONe both the methods predlct about the same value for A'.
It should be noted that it is only some average value of the m.i. parameter
whlch can be inferred from the Table IX.

We will now conclude the.discuésions with some remarks oh the signifi-
bcance of fhe results dvaF calculatioﬁs Qith the realistic forces for the .
hp-hn statevin l60. Our HF calculation with the Yéle potential yields, as ex-
pected,-évtriaxiai shape for the mosf stable Up-lbh intrinsic state. .The HF |
energy of the intrinsic state is 37.62 MeV relative to the spherical ground .
state. The energieé of the vafious J étates of the intfinsic state have also
béen calcuiatea by using the projection techniques discussed in Sec. IIIA,
The J ; 04 member 6f tﬂe intrinsic state comes down in energy by 5.80 MeV after
projection to give it a net excitation eneréy of 31.82 MeV;

Krieger has recently made a detail study of the ip-lbh state by using a
velocity-dependent potential which was especially derived to be used in the HF
calculatiop.. The energy of the Up-bh intrinsic stéte is'predictéd in his cal-
culations as 26.1 MeV relati&e.to the ground state. Assuming an expeéted gain
of 6 MeV after projection the excitation energy of the O+ state comes to ap-
proximately 20 MeV. This value is certainly very large when compared to the ex-
perimental value of 6.06 MeV. In view of the various refineﬁents considered by
Krieger in his calculations it may be stated that the HF calculations with

+
realistic forces cannot reproduce the experimental O state at 6.06 MeV.
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The failure of the HF calculations with realistic forces in reproducing

the O+ state at 6.06 MeV is not surprising. It is well known from the various
17,25,32

publications that the HF and the Brueckner-Hartree-Fock (BHF) calcula-

tions>under5indkali'the nuclei ﬁo a lérge‘extent ahd’do not reporduce the ex-
perimental_singlééparticle énergies at éll Qell. The results- of Pal and Stamp17
obtained from the Yale poteﬁﬁial for the ground state of 160 show that the enérgy
gap beﬁween'the ipi/2 anq ld/5/2 orbitals is'aboqt L.3 Mev larger‘than thaﬁ

obtained from experiment.. Thus it iS'expectedithat‘thé-J~= 0+ meﬁber'of the

hp-lh intrinsic state will have a.ﬁuéh highér.eXCitatioﬁ.energy compared to 6.06
MeV. Nevertheless it is our contention that the upshhlintfinsic state obtained from

the réalistic fofces is physically important and it contains' the nécessary
dynamical correlaﬁioﬁs to explain the properties of the different member states
of the Up-4h band: That this is a justifiable contention is strongly suggested

20Ne.~'Although the binding energy

by the HF calcuiations with Yale potential on
of 2QNe is poorly reproduced, the energy spectrum of the groﬁnd band is very
-well reproduéed. ‘The exaﬁple of 20Ne clearly suggests to expeét.a similar
agreement in fhe case of the hp-hh intrinsic stéte of 160} In Table X is.
preéented a compariéon éf.fhe énergy’levels from. the hp—hh intrinsic'sfaﬁes
calculated with thevYale potential and the phenomenologicalfpotential'definéd
in Eq. (32). It is quite clear from the Table X that our contention is -

physically meaningful and justified.:
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SECTION V
Surmary

We haVe_shown that thé préjected angulaf momentum étates from the tri-
. axial HF determinant of the Lp-kh state in 16O pro&ides.a good quantitative
interbretation of ﬁhe energy spectrum of the rotational band stérting at 6.06
MeV. By assuming'a reasonable phenomenological interaction in the HF éalcu—-
lation it is also possible to reproduce the O+ state at 6.06 MeV. This is no
more true if‘a realistic interaction is used in thé HF calculation.

Our calculation on 20Ne shows that one of the two 0+ states around
~ 7T MeV in 2ONe is a 8p—hh state and the other can be obtaiﬁedvfrom the deformed
ground state.by.thé_TDA. In 2hMg we have predicted a 0' state at 10.3i’Mev.
The existeﬁcé of an experimental 0+ state at sbout the samé energy in ehMg sug-
gests that the experimental'studies on its structure will be'extremely interesting.
It is clear from our calculations thét 21‘Mg is the last nucleus where a state
corresponding to the four-particle excitatidn.from the 160 éqre might be ob- o

served.
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'TABLE CAPTIONS

Table I. Single partlcle energles used in the celculatlons with the Rosenfeld
fonce. The energles in the second column are relatlte to a 160 core and
energies in the third column are relativevto a. He core.

Table II. Shapes of the ﬁost stable ground intrinsic states of tne N=2
even-even nucle1 in the s-a shell as predicted by HF calculatlons.

Table III. Predlcted shapes of the most stable np-bh solutlons of the HF
equations for,Nﬂs Z even-even nuclei in the s-d shell.- |

Table IV. Propertles of’ HF intrinsic states for N = Z even—even nucle1 in the
s-d shell. Columms l,.2, and 3 list the nucleus, its partlcle hole neture,
and the ekpectationvvalue of the Hemiltonian. Colnnns h.and 5 describe the

‘shape of the nucleus by presentlng the expectatlon value for the operations

rng and r2(Y§ + Y22) respectively. Columns 6, 7, and 8 glve the 1nert1al
» parameters A _=’h2/2? where g is the 1th component of the mnoment of 1nert1a.

Columns 9, lO, and ll present the expectation values of theoperators

'Jf in units of h where Ji is the 1th component of the total angular momentum.
Finaliy in column 12 we give the position of the band head by subtracting the
rotationsl energy from the intrinsic states energy. All energy units arei

in MeV.and all solutions were calculated with a Rosenfeld force and experimental
singlevparticle energies.

Table V. single'pafticle energies'in MeV, and wave functionsvfor the bp-Lh

HF solutions’for 160. .The first solution was obtained using a Rosenfeldvforce
and experimental_single particle energies. The second solution was obtained

with effective matrix elements of the Yale potential.
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Table VI. Single particle energies‘in'MeV and the wave functions for the
8p-4h HF solution in ?ONe and the 12p-lh HF solution in thg. These solu-
tions weré obtained using‘a Rosenfeld force and expefimental single particle
enérgies. | | |

Table VII. A tabuiation of the experimental and théoretiqal energieé presented
in Fig. 2. TFor convenience of comparison some of the theoretiéal energies
have Béen-ommittéd. The labels (ph).and (TH).are discuésed in the text and
Fig. 2.

Table VIII. A £abulétion of‘the results ffom é‘calculation éf thé energy fluctu-
ation for tﬂe states of good angular momenfum projectédvfrom the intrinsic
12p-Lh HF stéte.fof 21'LMg givén in Table VI. Since the ratios in column b

" are nearly unity; thebprojected solutions are a géod épproximation_to the
exéct éigenstates of the‘Hamiltoniah. .
Tabie IX. A comparison of'e#citation enéfgies relative to the band head for
| states of gobd angular momentum obtained from HF intrihsic states by exact
ahgular momenfum projection.and using the Davydov—Filipov model. The HF
solutions forbgoﬁe and 21\LMg are given in Tabie VI. '

Tabie X. A compérison of excitation energies relative to the band.head fqr
stateé of good'aﬁgular'momentum:obfained by exact projectionvfrom HF intrinsic
states given ih Table»V. Column 2 lists the energies obtained with the
Roéenfeld'fdrce.and column 3-gives the energies dbtaihed with the Yale

potenﬁial. _The gdbd agreement suggests that the intrinsic states are very

similar.
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Table I.

Spherical KHarmonic g Single-particie energies

oscillator states

J.‘ . o | _'ej'(MeY) g'j(MeV)

1p3/2- L - 21.8% . 1.06
»1pl/2 o | -15.67 - 7.22

14 - b1k o 8.26

5/2 |
2sl/2 ‘,'- - =327 | g . 1.97

14 0.94 1334

3/g;'w
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Table II.

Nucleus ] | S Shape
2ONe | . Prolate Axial
ehMg v‘ ' | Triaxial

By Oblate Axial

| 528. Triaxial
36

Ar ' Oblate Axial
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Table III.

Nucleus Hole-particle Structure Shape
160 bp-bh . triaxial
2Oye 8p-4h triaxial
2l :

Mg 12p-kn oblate axial
2851 16p-Lh triaxial
32 .

S 20p-Lh oblate axial.
36 ' .

Ar 2hp-kn oblate axial

Iy



Table IV.

<a> <r2_y§> <r2y§>

<38> . <g?>  <I%> <E-AFt>
X y Z

Nucleus Type A Ay A

16, Op Oh  -99.98  oO. 0. w ® ® 0. 0. -99.98
16, bp bh  -9L.37 17.62 -h.1k  0.3669 _o.ui93'10.9u9h C7.722  9.81L  3.803 -101.93
16, bp bh  -83.57 17.28 0.  0.3L3L 0.34zY 8.050 8.050 .-89;10'
16, bp by -87.38 -11.38 0.  0.8227 0.8227 b2 b2 962
EONe bp Oh -139.25 14.36 - 0. 0.3658 .0.3658 © -7.725 7.725 -14k,90 -
20ye _ 8p bh -129.62 19.41 =9.34 0.2302 0.3376 0.504k 11.61 13.05 .923. -140.69
“Ope 8p 4h -105.62  20.27 0. o.&o63_‘o.ho63 @ 12.91  12.91 -116.11
2ONe 8p 4h -116.81 -21.k0 0. 0.2914 0.291k4 © 11.88 11.88 | -123.73
ehMg 8p Oh -182.75 16.26 ;s.oh. o.é28u 0.2683_ 0.5767 11.51  11.17 .45 -190.9k -
2l*Mg 12p kh -173.17 —é8.h3 0. 0.3030 0.3030 e k.40 1k.ko -181.90 -
My 12p Lh -148.67 23.04 0.  0.1677 0.1677 = 16.91  16.91 -154.3k
288i 12p oh -231.70 '42;,30 0. 0.2434 - 0.2434 = 11.84  11.84 -237.&6'
2831 16p bh -202.56 ;2h.11 -4.05 0.2065 '0.3615 0.5857 18.57 11.1h4 10 -212.82
3284 16p Oh -283.36 -16.47 -L.1L 0.204k 0.2796 0.5146 14.21 9.56 . .72 =291.37
725 20p bh -238.74 -19.81 0.  0.1680 0.1680 . =  13.94 13.9k ~241.08 .
3.6!\ '20p Oh -340.65 -13.13 0. 0.2848 0.2848 - .9}h9 9.49 -346.06
36 2hp.hh -270.77 i78‘ 0. 0.2309 Q.2309. _w 3.59 3.59 -272.

L3

_1\-(5..
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Table V.

HF single- Basis states
particle : : el s ' _ .
worer M WP M a2 I adf aZ Wl i el
(MeV) - - R S , : R . -
| Rosenfeld Potential
-24.195 0.16470  0.92411 -0.34L80
- =17.973 "0.78576 0.08837 0.612;9
-15.158 | 0.05061 0.66086 0.0673h -0.63632 -0.03906 -0.3869T .
21364 0.71092 o;h7876 0.15173 0.42292 0.09952 0.23151
-3.713 0.50620 -0.37176 -0.71157 o _
_2.201 N 0.48838 -0.32237 -0.41335 -0.54905  0.29375 $0.31459
0.858 0.45226 -0.46238 0.36765 0.00219 -0.02272 -0.66781
2.3L3 0.12381 0.08410 -0.80572  0.27T4T -0.29275 -0.40709
€.323 o.i83hh -0.09628 0.13125 -o.19hho, ~0.90336 1o.é9325

{continued)
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Table V (continued)

HF single-

Basis states
particle N , . |
energy 1si§§‘ lp;?é? 1p§§§ lpi;;_ 1d;?ég' .1d;§§ . 1d§é§' 2si§g" .1d§?é2 1d§§§
(MeV) ' . : '
Yale Potential | ;
-43.597 0.98291 0.02115- 0.08009 0.04772 0.13106 -0.05083 =-0.07069
-23.253 -0;02215 0.86612 -0.49935
-17.331 -0.77852 0.29842  0.5521h4 |
-7.127 0.00469 | ~0.03270 ' 0.67904 -0.0508% -0.61611  0.05406 -0.39080
:-7.o6h 0.62723 0.40098 0.66768
-0.570 0.03048 0.80339 -0.37565 0.08926 -0.24666  0.21437 -0.31265
1.689  0.09%09 ~0.17778 -0.29607 0.54430 -0.61048  -0.27759 '0.35u79 |
L.k10 .ooSoh. -o.h66&9 -0.49150 -0.13578 -0.07667  -0.16567 -0.69927
7.048 0.07355 0.17128 -0.11590 -0.75377 -0.28196  -0.48610 0.260k9
| 9.972 0.13646 -0.32296 -0 0.77957T O

-0.27292 -0.22072

.29039

.2h862
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" Table VI.

HF single- Basis states
e e T T e T
~28.736 0.20316  0.92476  -0.32177 “ne
-23.201 0.75474 0.061L6 0.6531h
-17.627 .20650 0.64651  -0.06139  -0.T70kLbLT 0.13543  -0.1L4489.
~15.169 6TT6T 0.25620 0.05127 0.35818 0.21434 0.54613
-4.876 .11103 -0.55791 -0.51236  -0.4511k 0.29279 0.35303
-1.833 0.62378  -0.37555  -0.6854T
-0.880 .65813  -0.38378 0.17236 -0.04616 0.00043  -0.62269
0.669 .1hk139 0.20755 -0.81299 0.27hk28  -0.38797 -0.22h411
5.022 -0.121L45 0.20105 -0.30748 = -0.8363k 0.34373

. 18073

(continued)
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Table VI (continued)

HF single- Basis states
e PR wY2 M2 a2 a2 w2 a2 alfe g2
-32.923 1.0 thg
-29.162 0.66679  0.7k4525
-19.458 0.39790 0.88151 -0.25418
-19.006 1.0
-15.238 0.567L2 -0.82343
-5.991 0.74525  -0.66679
-2.238 0.82343 0.567k2
-1.418 0.8L706 -0.24659 0.47083
3.882 0.35237 ;o.u0265 -0.8L4481

_8€_
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Table VII.

16, 20, 2uMg
Experiment Theory Experiment Theory Experiment Theory
J. (MeV) (MeV) J (MeV) (Mev) J (MeV) (MeV)
o+ 0.0 0.0 o+ 0.0 0.0 o+ 0.0 0.0
ot 6.06 3.06 ot 1.63 1.20(TH) ot 1.37 1.ko
ot 6.92 L, 34 L+ L.25 3.80(TH) I h.12 2.58
ot 9.85 5.87 ot 6.72 5.76(TH) ot L.23 2.60
ut 10.36 7.13 o+ 7.20 6.79(ph) 3+ 5.23 3.95
3t 11.08 7.05 o+ T.43 8.05(ph) L+ 6.00 3.96
ot 11.26 ot 7.8k 8.61(TH) ot 6. 4k
ot 11.53 6+ 8.79 7.81(TH) ot T.35
u+ - 13.89 8.5L y+ 9.16 9.19(ph) 6* 8.12 T.27
2" 9.50 9.31(ph) I+ 8.4 7.55
3t 10.48(ph) 5+ 8.86 8.96
g 11.07 10.66(ph),10.97{(TH) &% 9.52 8.82
ot 10.68 10.31(ph)
ot 11.99 11. 4% (ph)
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Table VIII.
<Jlulg >?2 < glHe|s > E_<gJlHls>
(Mev)2 (MeV)?2 ¢ <J[H2|J > 1/2
31469, 23L4L 31475.976k4 0.9999
31070.0905 31106. 8366 0.9994
30162, 4846 30265.1558 0.9983
28799.9567 28996.9486 0.9966

-
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10.30

‘Table IX.

16, B N e |
Projection DF Model - - Projection DF Model

(MeV) | (MeV) (MeV) (MeV)

Y 0. 0 0

1.28 2.35 1.26 1.66

é.81 - 4,59 - ©2.52 2.62

3 3.99 6.9k 3.69 4,29

y b.o7 7.81 2.k 5.27

o 508 10.1L 63.87 6.9
oyt 16.77 5.71 9.2k
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Table X.
Phenomenological force Realistic force
(MeV) -~ (MeV)
0.0 - 0.0
1.28 - l.23
2.81° ' 2.31
3 3.99 ' ’ 3.50
T h.or - : 3.87
y* 5,48 , 5.25

10.30 |  9.48
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FIGURE CAPTIONS
Fig. 1. Excitation energies of np-bh intrinsic statés in the N = Z:evenueven
nuclei of the s-d shell. The excitation energies are computed using

Eq. 37 in the text.

20

Fig. 2. A comparison of experimental and calculated energies in 160, ~Ne, and

- +
2hMg. The zero of energy in lt)O has been taken at the first excited O

state. For 2ONe and 2hMg the‘zero of energy correspbnds to the ground state.

In Ne, J (ph) corresponds to the projected state from the 8p-4h intrinsic

L] + - . . 3 ’ : 0 ' s
state while J (TH) is a linear combination of projected states from the HF

. and TDA intrinsic'states.
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LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, "'person acting on behalf of the Commission”
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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