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ABS5!RACT 

The theory of cluster expansions is studied by a new method. A 

general procedure for obtaining the thermal average of a many body function 

as a series in powers of density is derived. A recipe based on the Baker 

Hausdorf theorem for reducing quantum thermal averages to their classical 

aimloes is also described.. These results are used to express the slow 

neutron cross sections of ierfect gases as power series in molecular 

density. Formulae are given for the leading contributions to both elastic 

and inelastic scattering. 
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1. flThODUCTION 

The scattering of slow neutrons by nuclei subject to 	chemical 

forces in atomic and molecular systems can be used as a tool to study these 

forces. This technique is being developed as a new and welcome supplement 

to such well established methods as x-ray.and electron diffraction. Consider 

able work has been done on neutron diffraction by crystals and within the 

past few years, the use of neutrons in the study of gases and liquids has 

been initiated. 1 	 .. 	 . . 

Methods have recently been developed2  for the treatment of inelastic 

as well as elastic scattering of neutrons by gaseous systems. Since the 

•effects of intermolecular interactions were considered quite crudely, and 

Only in connection with the "outer effect", the results are strictly valid 

only in the limit of vanishing density.. When scattering experiments are 

performed at gas densities at which the departure from ideality is manifested 

in other properties, corrections to the formulae previously given may be 

required. From the investigation of such imperfect gas corrections, one may 

hope to elicit information on the potentials which act between gas particles 

and on other aspects of the behavior of dense gases. 

In the present work, we extend the methods of reference 2 to obtain 

the neutron cross section in a power series in the gas density, the leading 

term of which is the ideal gas result. For this purpose, a method is 

presented in the next sectibn which both unifies and generalizes procedures 

previously used for deriving density expansions in simpler contexts. We 

shall confine our treatment to gases whose behavior approximates that of a 

1 G. E. Bacon, Neutron Diffraction, Oxford,. 1955. 

2 A. C. Zemach and R. J. Glauber, Phys. Rev. 101, 118, 129 (1956), hereafter 

called ZG. 
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classical ensemble of particles (a slight restriction in practice)0 A concise 

tech ique for obtaining classlôal limits of averages over systems in thermal 

equilibrium and quantumcorrections to them is also explained in section 2 

We discuss first some .aspe.ctsof the scattering formalism. The 

excitations of a target system bombarded by a slow neutron beam remain, as a 

rule, unobserved. We recall the optical theorem which relates a total cross 

section; sued over all scattering processes, to a coherezit scattering 

amplitude, i.e. to an amplitude for the process which leaves the dynamical 

system as a whole unaltered. An analogous result is achieved in the present 

case where a. sununation is performed over the final states of the scattering 

medium only. In the time dependent fornthlation of the diffraction problem, 

the relation takes the form3 	 .. . 

a(e) 	(2t) 	 + 	, c 2 ) fj (k/k e-i t <X,>dt d€ 

iHt 	 iHt 

	

>• = < 	 exp(iKo 	)e 	exp(iK.r') 	r. > 

(1.2) 

for the differential cross section when the initial stá.te of the scatterer 

is 	 . 	.. 

Thus the crOss section, originally couted within the formalism of 

the first Born approximation, may be reinterpreted in terms of a twofold 

collision of the neutron and the scatterer following which the scatterer 

returns to its initial state. Specifically, if the expression for 

is read from right to left, we find that thescattérer, initially in state, 

lOses momentum K in. collision Of the neutron with nucleus W; propogates 

The read.er is referred to ZO for definitions and notation. Bolt2Mannts  

constant and IT have unit magnitude in the system of units a opted. 
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through a time interval t, and. regains the momentum K in a collision 

involving nucleus P• The cross section depends upon the overlap of the 

latter state with the state et*  resulting from an uninterrupted temporal 

development of * in the course of the "collision time" t. The final states 

* 	 . 

 

of the true scattering processes appear as intermediate states in the double 

scattering picture. The preseflce of the phase factor, elEt  insures that in 

the 1nte'ation over collision times, contributions from intermedIate states 

which disobey the conservation condition 

€ = E1  - 

interfere destructively. Eq. (1.1) leads to compact• and powerful methods for 

the calculation of cross sections; in addition, the accompanying physical 

interpretation is of great utility in appreciating the qualitative features 

of the scattering. 

The approximation method2)  based on an expansion of all or part of 

the expectation values (1.2) in ascending powers of t is of particular 

importance both because of its wide domain of validity, and the, comparative. 

simplicity of"the ensuing computations. The procedure is applicable when the 

variation in time ot:.the expanded quantities is slow compared to the rate of 

oscillation of 	We shall employ it in treating the imperfect gas 

probleme Work extending these calculations to denser systems such as liquids, 

is planned. 

4 
.G. C. Wick, Phys. Rev. 914., 1228 (19). 
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2 CLUSTER EaANS IONS MID TRMkL AVERAGES 

We present a theory of cluster ,  expansions which unifies and extend 

the. formalism originated by Urseil and I4ayer5  and which provides a foundation 

for our 1a.er calculations. 	.. 	 . . . 

The central problem concerns the .average of a manyparticle operator 	- 

<* I Q I 	> 	 £2' 	 'n1' 

insonie state or thermal ensemble of states of a gaseous system. The integrand 

above is a separable function, i.e., when theparticles dIvide into isolated 

clusters, the function itself separates into factors, each a function of the 

coordinatesof particles in one cluster. Corrections to the ideal gas limit 

of (2.1) which account for Interparticle collisions make up a series in 

powers of molecular density. Series of this type are closely related to the 

cluster expansions of separable functions.  

A situation of cclete sinunetry will be examined first. For 

brevity., we designate aset of coordinates l' £2' 	 and. 

12"N by d6'Fór.eách integer N. let wN() specify a syetric 

coordinate functiOn which is separable in the sense that if r' divides into 

isolated clusters r' and rnni, ii + ni = N, then 

N 	 1 n W(r) - 	W(r ) W(r  ) 	 . 	. 	 (2.2) 

• 	We introduce a parmetric function a( e ) of a single position 
coordinate and write 	

(n) 	in abbreviation of the product 

See, for example, Hirschfelder, et al., Molecular Theory of Gases and 

Liuids, Wiley, 1955.  Also, J. deBoer, Dissertation, Amsterdam. 

6 That is, clusters whose:physieal separation exceeds the range of molecular 

forces. 	 • 
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O(p ) .(p  ) ... 	( p ).. A generator G ( c) W 	
for the W functions is 

then defined by 

00 

Gw() = 4 f ct 	w(p) dp 	 (2.3) 

In this eiation, W0  is taken to be unity. Employingthetechnique of 

functional differentiation with respect to the parametric function, as expressed 

by 	. 

ct.() = 

() f O- (p) W(p)d 	= . W(r), etc., 

we recover each WN  from the generator by the recipe: 

WN(rN) .= 	
-cN- 	

Gw(.) 	
=0 

A many particle function which vanishes when its arguments separate 

into isolated clusters will be termed a cluster function. The expansion of 

W. in terms of cluster functions will now be derived. Let us define, as 

in (2.3), a. generator o.(i) for a set of functions uN(r)  and consider 

the relation 
- 	 . 	 . 	

. 

	

= e 
	

(2.5) 

which serves as, a definition of the U functions in terms of the W functions., 

The fundamental property of Eq. (2.5)  is that each UN  so defined is a cluster 

function if and only if each W is separable. A proof of his theorem is 

given in the Appendix. Applying (2,4) to (2.5), we infer 
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wN(r) = UN(r") ± ZUNlUl + 	+ U1()U1(r2)U1()1OK 

(2.6) 

The general term of (2.6) is 

ZUN UN; . tJN , 	 EN=N., 
1. 2 

where the symbol N indicates suxmnation over all ways of ailoting N 

arguments to the functions which follow. For exanle, 

= U2(r1, r2)U1(r3 ). + U2(r1,,r3)U1() + U2(r2, r3)U1(r1), 

Solving (2.6) for the U functions, one obtains 

U0  = 0, U1(r1) = w1 ) 

u2(, 	= W2(r1, 	w1 ( 1) w1( 2 ) 

U3(, 	, ,) = W3(r1, 	, r) 	E W2  W1  + 2W1(r) :W1(4) W1(r3), 

etc. 
(2.7) 

We suppose hereafter that the cluster functions of interest depend 

on coordinate differences only. When n is sufficiently small, a connected 

npartIcle cluster will occupy a negligible fraôtion of the volume V which 

encloses the gas particles. In this case, the cluster Integral 
f 

 U n  (Lr 
N  )dr  N 

is proportional to V. For if the integrations over r are carried out 

with ZN  fixed, the effective limits of integration are set by the range of 

molecular forces rather than the size of the enclosure. Then the result must 

be independent of both .V and 
N'  and the final integration over AN 

supplies a factor of V. 
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We now consider separable functions WMN(r 
M N , ,) which are syetric 

functions of the groups' rM  and  N  separately. A second parmetric function 

b(d) is reciuired for the definition of the generator: 

a(a) b) 	a(m) 
6(n) . 	(em, 	dOmddn 

• m 	fl 	 m, fl __ - 

where W0,0 
 1. It follows that 

.WMN( , ?) = 	 bç) Gw(8, 

With.a similar definiton for the generator GU(a, b) of the cluster functiqnS 

wehave 	 I  

G(a,b) = e G(a,b) 

	
(2.8) 

The derivation of U ( rN,  sM) in terms of the W functions closely 
N,M 

resembles the method of the previous case. 

The relations between the integrals of the fictions at band are 

also of interest. If we define. 

wM, N = 	 S WM,N(. 	N S)drM dj , 	
. 	(2.9) 

UN, N = • r -iir 	1 U, N' ?) d 

and replace a(p) and b(a) by the constants a and b, respectively, 

then (2.8) becomes 	 . 	. 

m n E am  b 'w m,n = exp(E ab .m,n u ) . 	 (2,10) 
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The extension to situations of still lower syetry is obvious. 

As an application of the foregcing work, we determine the density 

- expansion for the thermal averae <o(,) >T  of an operator function 0(r)., 

The operator may depend, in general, on all molecular coordinates of the N 

particle assembly; thenotation indicates, however, a lack of syxietry between 

r and the remaining coordinates. 

We, define W0 
N  as the Slater sum over a complete set of molecular 7 

states *. : 

WON(S) = 	 e /T( s ) , 	 (2.11) 

and W1 N 	as the generalized Slater sum: , - .  

Wl,Nl(r 	1) = () 3N/2 E. * ( 	G( eE t ')/T 	5N1)  

(2fl2) 

Functions Wwith M 	2 remain undefined, but no definitions are needed. M,N 

The relations ilicit in(2.8) and (2.10) are still of value; one si1y 

iOres all terms containing a power of Ct, higher than the first. Utilizing 

the definitons above, we find that 

< 0(r) >T = ( VN) w,N_l/wO,N) , 	 (2.13) 

Equating coefficients of M in (2.10), we obtain 

	

ri n.'. 	k Z b w1,  = E b Ul,n  exp(E b uO,k). 

n 	k =Ebu 	Ebw 0,k. .l,n  

We omit consideration of quantum statistics in this paper. The Slater sums 

require an additional factor of N if the wave functions represent Bose 

or Fermi systems. 



-10- UCRL-3931 

whence 
N-i 

w 	= 	E. 	u. 	•w 1,N-1 	n.  (2.14) 

We introduce the quantities 	D - 

= 	(Vv) U1  (2.15) 

which, for small 	n, are essentially volume, independent. 	The partition sums 

are connected with the fugacity 	z 	of the gas by5  

= 	zWON 	0 (2.16) 

The substitutIon of (2.14) into (2.13) yields, In virtue of (2.15) and (2.16), 

N-i 
<0(i') >T 	= 	(V' 	D n0 •(2 .17) 

Finally, we take advantage of the equation 

z 	= 	(N/V) 	exp[- 1 	(N/v)] (2.18) 

whiôh expresses the fugacity in terms of the molecular density and the 

irreducible cluster Inteals 	13 . 	The latter are derivable from the 

molecular potential. 	With the help of (2.18), we conclude that 

= 	D0  + (N/V)(D1 - 
	

D0 ) + (N/V) 2  LD2 - 2P 	 D1 - ( + 	000 

(2.19) 

which Is the desired density series. 

In terms of the molecular potential' 	- 	r) the classical 

expressions for the first two irreducible cluster Intea1s are 

= 	'çf(r)d 	, '(2.20) 

= 	1 	If(r) f(r - a) f(s) dr ds 7 2 	. 	 __ 	__ 
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where f(r) = e_VW/T 1. 

For later use, we compute the thermal average <O(r, r'). >T  where 

no symietry is assumed between r and rt  or between these coordinates and 

the others. We define WO,Q,N  by the expression (2.11), and W1,11N_2  by 

\3N/2 
= 	( 	) 	

E 	iIr 	(r. r' 	0(r, 	) 111,N-2

• 	N-2,T 	: 
i
1 . 	 N-2 

x e 

	

.-H(r , r:', S 	)/ 	fr r, r', 
.. - 	- 	I , 

Additional functions W 	and. W 	are inferred from the Ssumed. 0,1,N-1 	1,O,N1 

separability of Wi 3. N i 
The cluster expansion of Wi 1 N 2 Is obtained. 

.' 	) 	- 	 .. 	 .. 	' 	., 	- 	H 

using generators which depend on three parametric functions, and integrals 

w11 	etc. are defined. in analor to (2.9).  The equation corresponding to 

(2.10) is . 	. 	. 	. 

m n k inn k 

	

E a b c Wm;n,k = exp(E a k c  um,fl,k).. 	 (2.22) 

so that 	.. 	. 	. 	. 	. 	. 	.... 	.. 

= 	 . YQ,O,N2n. 	.. ; 

With the definitions . 	•• 	 . . 	. . 	. 

i 	V)u 	. 	, 	.• 
• 1, 1 , n.  

(Vv) u1,0, 	' 	. • I 	• 	( v) u0,1,  

weget 	 . 
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-1 
<0(r, r') >T  = LN(N - 1)] 	w , ,N- /w 

= V 	- i)J 
-1 	 1 (X 	(2) )  n2 

= (v) 10 + (N)(I1  - 20, 1 	 I 

+ 1(1) I(2) + (N/v)LIo(l) Ii(2)  + I (1) I (2)  - 2 1I0(l) Io(2)J+ 0.0 

To arrive at (2.23) from the preceding line, we have equated N/(N - i) to 

unity. 

The generator equations and the process of functional differentiation 

were of value in proving the cluster property of the U functions. We observe, 

however, that for the calculation of terms in the density series, the simpler 

relations among integrals, as expressed by (2010) and (2.22), are sufficient. 

At high temperatures, the thermal averages and Slater sums approximate 

their classical analogues. In concluding this section, we show how the Baker-

Hausdorff theorem may be used to effect the passage to the classical limit in 

an elementary way. The quoted theorem is an operator identity which states 

that if 

	

A B 	C e e = e 	 2.2 

then C is given by a series, 

C = A + B +[A,B] + .- 	[A - B, 	[A, B]1 	- -. 	[B, [A, [A, BJ]) + 

(2.25) 

whose higher terms are successive commutators of A and B. 

To illustrate the principle, we examine a two particle system with 

the Ilarniltonian 

H = (p12• + p22)/2M + v( 	2:2). 	 (2.26) 



-13 
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The corresponding classical Remiltonian H is formed by replacing the
C. 

operator momenta in (Ze2) by cnumbers 	and wq2 .. Let Z(r1, r2 ): deyote 

the generalized Slater sum7  over a complete set of states, 

2' z(,, 	
= () 	

£ 4' 	 2' h' 2 e 

(2.27) 

whose integral, properly normalized, -represents the thermal average of the 

operator Q. If a suitable classical analogue, %( 	2' ,i' 	) of Q, can 

be defined, we eect (2.27) to reduce, at high temperatures, to 

where 

-H/T 
Z(r1, r2) = (2ir 	•J' 

%(r1, r2, q1, q) e 	dq 

Since the complete set of states 	is arbitrary, we choose plane waves, 

exp ( iq] .r1  + 1q2.r2 ) ; 

and replace the sunation in (2.27) by V2(2y6 f d 	in the usual 

way0 In virtue of the translatiOn property, 

, 	e'' 	= 	+ 	Y 	 1, 2 

Eq. (227) assumes the form 

z(,r 	(20  NT) -3 f r r p2' L + l'2 	
eB ti 	(2,28) 

where 

B 	=- 	(p1  +q1) 2/2NT 	(p + q/ MT V/T 



UCRL-3931 

The operator nomenta appearing as arguments 'f Q in (2.28) are now to be 

coirunuted to the extreme left where they disappear, leaving a function 

%(' 2' 	. The occurrences of 	 in th exponential are 

to be comited to the extreme right with the aid. of (2.24). Thus if we set 

A = Heft, then 

eB = eIT exp1' + ( vv) 2 	i(q, 	2Y + 
L2MT 	3NT 	 2MT 

a -J2v + 
. 00] 

6r4T3  

(2.29) 

= ec1T Ii V 2v + (vv) 2  - 

2MT 

+ [)V 2Jv Eq- 4.vJ 2  
.BMT 

+ .... (.30) 

The gradients are with respect to ,1  

In the calculation of the bracketed series in (2.29) via (2.25), each 

additional conutation supplies another gradient applied to V. Thus, eB mi 	is 

equal to exp(_Hc/T) multiplied, by a series of powers of the gradient. Each 

gradient carries with it a factor of ' , although this is not evident in our 

notation. Then the series proceeds in powers of ' 	The use of (2.30) in 

(2.28) yields the classical limit with quantum .correcti6ns. Since, however, 

Qc  may itself coitain a dependence on 	, the so-called quantum corrections 

are not alwas smaller than all contributions from the leading . term, even in 

the limit of large T. (Compare the treatment of interference scattering in 

See. 4 where these corrections cancel against otiier terms,) The effects of' quantum 

statistics may also be. computed. by this formalism without difficulty. 
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3. ElASTIC SCATTERING 

In the absence of extensive experimental information on neutron 

scattering by imperfect gases, we shall be content to mark out the general 

features of the problem rather than essay an exhaustive treatment of different 

examples. For this purpose, we neglect the role of internal deees of 

freedom which formed the principal concern of ZG A temperature sufficiently 

high to permit an approximately classical evaluation of thermal averages 

(including lowest order quantum corrections) will be assumed. 

The initial term arising from the time expansion procedure is treated 

in the present section. This forms the static approximation which is valid 

when the scattering is predominantly elastic. The direct scattering is then 

found to be independent of molecular coordinates. Accordingly, imperfect 

gas corrections to elastic scattering must be sought in the interference terms. 

Let 012(0)  represent one of the two terms of the elastic cross 

section due to interference between moleciles (i) and (2) 

a (e) =A2 <X 	> = A2 <exp iK(r 	r.)> 	, 	(3.1) 1,2 	 1,2 	 ,J. 	2 T 

where K is evaluated with k k • •Then the elastic interference cross 
0 

section per molecule is given by 

N 
ai 0. () 	n2 	a,(e) . 	 (32) 

We suppose that molecular interaction is due to a spherically 

synetric two particle potential v(,  -rj ). We shall frequently write 

for 	rj  and V. for V(r - ). Averaging classically, we have
Ok 
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f exp (- v /T + iiCr 	drN 
< 	 jj 	w12-i 	 (303) 

i,2T 	( 	 N j exp (- z v1/T ) dr 

• Quantum corrections to (.3) are considered together with Inelastic corrections 

in the next section, Eq,. (3.3) leads to the Zernike-'Prins formula8  and the 

final result below can be obtained from the known density expansion of the 

pair didtri'bution function. The treatment here illustrates the methods of 

Sec. 2 and serves as an introduction to the work of the next section. 

The first two terms In the density series for (.3) will be determined. 

• We defIne the separable functions: 

w 	( 	ex1(i . 
1,0 , ) =  , .0 1) = exp(-ir2 ) 

W . 	' l,l,01f , 	= e
12  exp(i 	2 ) K°  

and 

v/T 

	

= e 13 	exp(iIc' ,) , 

-V 
• 	W01,1(r2, r3) = e 	exp(-iI') , 

-(V +v +v )/T 
• 	w 	 12 	23 	3l 

1,l,l',' 2' 	= e 	
• exp(i.r12 ) 

The u integrals are now dedi.ced from (2.22). Thus, 

8 J. deBoer, Reports on Progress in Physics XII, 305 (1949); 

N. S. Gingrich, Revs, of Modern Physics 15,  90  (1943), 
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(v 
u1,1,0 	i,o v0,1,0  w10,0 = 

	
) (e 12 
	- i) exp(i 12)dr1 2 

(3.) 

u1,1,1  = v1,1,1  w1,,0  v020,1  v1,0,1  v0,110  - v1,1,0  v0,021  

/ 	 + 2 w ,0,0  v0,1,0  v0,0,1  

= 
J(e_(V12 + 

V23  + v3)/T - e 
	 e23/T 

e13/T + 2 J ° 121 2' etc 

(3.5) 
(1) 	(2) 

The terms I 	and I 	 are seen to be 
n 	 xi 

proportional to the inte'ais 

v1 
 j 

e(i.r1) 1  , 	 v f e(-iK.r2)dr2 
(.6) 

respectively and may be dropped. For when the 'volume of integration is 

macroscopicaily large, one readily confirmà. that for scattering angles 

differing even minutely from the precise forward direction, the integrals 

(3.6) are vaniahingly small. 

We get, by (2.19) and (,4), 

1
0  = 
	f(r) exp(iKor)dr'.  _ 

Further, by (3,5) and (2.18), we have 
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f 
V(r)/T 

I =e 	f(.r - s) f(s) exp(i K'r)dr d.s + 2 	1 
 __ 	1 0 

It follows from (2.25) and  (3.2) that 

a °) () =A2 [ (N/v) f P(r) exp(iIc.r)dr 

+ (N/v)2 j  e 	f(r - s)f(s) 

xexp(iic.r)drds + ... 

Using the notation 

= 	f F(rN) e(iK.ri)d/ fF(rN) 
and the definitions (2.16),(2.17), we obtain for the interference cross 

section in the present approximation: 

	

'int = A2  (N/v) 1  <f(r) > +(N/v)(2 2 	
l< eV(Tf(rs)f(s)> 

	

+ I," 	 (3,7) 

The expressions In angular brackets above are essentially weighted 

averages of exp(iKer). They are equal to unity for K = 0 (forward 
'Wt'n 

scattering) and oscillate with decreasing amplitude as K increases For 

molecular potentials of the Lennard-Jones type, these functions can be 

couted, for example, by the method Kihara employed for the virial 

coefficients. 9  

T. Kihara, J. Phys. Soc. Japan 3, 265 (194.8and6, 184 (1951). 
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Quantitative statements are more easily made if the molecules are 

assumed to be hard spheres In terms Of the hard sphere diameter ;  we have 

= '(/3)d3, 13P,
= .(2/ 12)d6 0 The coefficients of the angular 

brackets are conveniently expressed in terms of the ratio v/v where 

V0  = ( 4t/ 3)N d3  is the total "interaction volume." If a hard sphere is 

introduced into a rare gas of N hard spheres, V 0  is esseiftially the 

volume from which the first sphere is excluded in virtue of the particle 

- 	interactions0 The coefficients of the first and second angular brackets are 

then (V0/v) and (17 32)(VjV) 2, respectively0 The first term of (3.7) 

is s1ly the Debye formula for the outer effect0 The second bracket is 

reducible to the form 

<e 	Tf( r. 	s f 	>= ( 6/25) 	(Ka 1  sin(z)(z 	12 z + 16 z)dz, 

which, if desired, can be integrated in terms of elementary functions 0 

The terms which appear in the density expansion for the cross 

section are quite similar to the luster. integrals and the virial coefficients0 

Their evaluation presents difficulties of a comparable order of maguitud.e 

and the domain of convergence is probably equivalent to that of the virial 

expansion 0 
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4. INELASTIC COBBECTIONS 

We have observed that apart from the first term the terms of the 

density series for the expectation values• XYY > yield only inelastic. 

corrections to the direct scattering. To investigate, the relative. iortance 

of the succeeding part we examine the portion which is linear in (N/V) and 

compute the leading terms obtained by the time expansion method. 

The development of 	XV.V  >T  in powers of t gives rise to terms 

of two types. Froin:'the classical'evaluation of the thermal averages, we 

obtain spatial integrals of 	V9  (w) 2  and higher derivatives, multiplied 

by certain powers of t. The latter cause the appearance of inverse 'powers 

. the incidert neutrons enerr, in the cross section. In addition, we 

have the quantum corrections to the classical averaging process which contain 

similar integrals over derivatives of the potential, divided by powers of T. 

Since the two kinds of terms may be of comparable magnitude, it is necessary 

to consider them together in a consistent calculation. It is then natural to 

order the varioua quantities according to the number of derivatives applied 

to the potential that they contain and to study, in a first. approximation, 

the initial terms of the resulting series.' 

This procedure is quite analogous to the familiar method for 

approximating the partition function which was discussed earlier, and may 

be expected to have the same validity; that is, the series, in powers of 

v v/, etc. is presumably asymptotic, and its leading terms 

yield an adequate' approximation when and T. are not much lower than 

ordinary thermal energies. 

We consider now the direct scattering by a gas particle specified 

by the coordinate ,. We seek to determine the linear term in the density 

expansion of the thermal average of the operator 
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lilt 	 -iHt 	 lilt 	-lH 	t 
e 	exp(lKr1) e 	exp -IK.r1) = e 	e 
	

(5 1) 

The operator H( 1)  , as defined in ZG, is obtained from H by replacing the 

the momentum p1  wIth p1  K. If the particle at r 1  is free, we have, 

simply, H = p12/2ii and (.i) reduces to a quantity we denote by X0(t): 

x0(t) = exp 	i t(2 	ic 	) / 243 	 . 	 (5.2) 

But if the first particle interactswlth a second through a potential, then 

H = p12/ 	+ p22/ 	V(r 2) , 	 ( 503) 

whence 
 

H(l)= 	
2 /2M

+ p2
2/ 2M   + . V(r1 - 

In the latter case, (5.1) is a function of greater con1exity which we shall 

call x1(t), Hereafter, the symbol H will be reserved for the two particle 

Hamiltonian(5..3). and we shall write H0  for p2 
+ 

Following the prescription of Sec. 3, we have 

2 
D0 = (]/v)(2/MT)3/2 . 
	

) X(t)e 1 	.(r) 

Dl  = ( ]Jv)( 21(/MT) 3 
	E. 	t(,r2). .[%1(t)e /T - 0(t)eo/T] 

4r(r1,r2)drdr -'l 2 

Then the latter equation can be rewritten 
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=+ (i)(/) 	
& 	

' rAX (t)e 

(I:+0e6tT] 	
l 2 

• 	 (5.) 

where 	is the quantum version of the first irreducible cluster integral. 

The identity (2.25) allows us to express X(t)  as the exponential. 

of a series in ascending powers of t. A factor of x0(t) can then be 

separated from x1(t) by a second application of.(2.25.) so that 

+iflt-iH,t 
x1(t) = e 	e : 	= 

	

= x0(t)L+c2(-it)2 + c 3(it) 	+• c(it)k 	 () 

where 

1. 
02 = 

= [2(x.V) 2  v + 	l - 2J 16 

= - (Icw) 2/M2  • 

The gradients occurring above are with respect to r
l  • In computing the l' 

coefficients c, we have discarded terms containing more than two 

derivatives. We now insert (5.5) into (.i-), use momentum eigenfuctions for 

the and reduce e_Ift  to the form (2.30).  Upon integration 

over momentum and space coordinates, we find. 

I 	fl 	I -itK 	t2TK2  1 	 1 

	

n2 n  (-it) exp L 2M -. 	J 

= (VV)(2it/MT)3f 1 	EH - eO1'T .2 il'2l 2 * 
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where 

C2 = (K2/18 M2T 	(K2 /24 M2T2)v 

C3  = _( 0/9 M2 )?J + (,c2/12 M2T)l/ 

= (IT/18Iv1) V 	(ic2 /2IM2)2 2  

'i. 

= 	
e 	

/ T V2  
V dr, 

r_V
( -

V(r)/T 	2 
Je - 	(W)dr 

As was shown in ZG, the exponential in (5.6) produces corrections 

to the cross section of relative order (m/t) and 2  ;wiiere 

a2 =mT/M. 

Although their calculation involves no special difficulty; they are best 

omitted in a first estimate of inter.mo1ecu1ar effects. Accordingly, we 

replace the exponential by unity. 

It us write adir 	for the part of the direct cross section 

under calculation Then, by (2.19) and (za. I, .7), 

adir(e) = B2(N/v) ff (k/2 k0 ) e t(D1  - j D)d.t dE 

= B2(N/V) 
 

Z.( m d 
	(k c') 	 (507) 

where B2, apart from a faster of 	is the incoherent cross section for 

a gas particle. Consequently, we obtain 
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(1) 2 2N. 	7 T 
Cdl 	(e) = B. 	 , a  v (1 - 	 18 	214. NT3  / 	

' 	 8 

In order to estimate the maiitude of (.8), we choose for V the Lennard-

Jones potential 

r12 	r 6 	 V 

V(r) 	V0 L( 	) - ( 	 ) ] 	 ( 5'9) 

and suppose the scattering to be performed at room temperature. The values 

r0  =.(3.5) x 1(f8  cm, V0  = 0,05 ev aretypical of:.the magnitudes assumed 

by the Lenxiard-Joxies parameters. One may show, very approximately, that 

100 V0  r0 , 	 14.0 V 
0 
2 r0. For 	E 	T, (.8) becomes 

ad(e) 	B (N/v) (m/M) 2(Ii. x 10 23  cm3 ) 	 ( 5.10) 

Equation (5.10) is to be compared with the leading term in the direct cross 

section which is of the order of B2 . Thus, the calculated correction is.too 

small to be of importance at Standard conditions of temperature and pressure 

where, for a. gas, N/v 	3 x 1019  cm 3, but it may be of significance under 

other circistances. 	
V 

Our methods are not powerful enough to analyze in detail the V 

convergence properties of either the density expansion or the time expansion. 

V 	 But it is probably safe to assert that for gas densities which are.not too 

eat and neutron• energies which are not too small, the development presented 

here is valid. Equation (.8) contains the largest imperfect gas corrections 

to the direct cioss section in this development. 
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We turn now to a consid.eration of inelastic effects in the (N/V) part 

of the interference cross section. Again, only terms having fewer than three 

derivatives applied to the potential are to be retained, and quantuni 

modifications of the classically couted thermal averages are Included to 

this order. As In the previous section, we may drop all interference terms 

involving 	and 	The latter are,in fact, identical to their time 
In 

independent analogues and do not contribute noticeably to the cross section. 

We observe that 

jilt 	 -IHt 	 lilt 	iH( / 't e 	exp(iK.)e 	exp(.-iK.) = e 	e 	exp( °l2 

= 	1(t) exp(iKe , ) . 

Proceeding as before, we obtain for the cross section 

including presently calculated corrections, 

int (e) 	At(N/V) fJ(k/2 k 0  ) e€t 10 dt dE 

where 

= (1/v)(2/MT) 3 f{ z, rt(, , r2) [X1(t)exp(Ir12) eT 

exp(iKr12) 	'] ij,, 	 (5.11) 

The reduction of (5.11)  will yield a single spatial inte'al whose inteand 

contains the factor a v/T  exp(1K.r) 0 	Since 

V[e1'Texp(iK.r) 3 	= 	L(w)ft + 1K Je_V1'T exp(i,c.r) 	, 

it follows that by an integration by parts, faCtO3:5 of K can be replaced 

by derivatives of V inside the integral. According1y, such factors of K 

are to be counted equivalent to derivatives for the purpose of determining 



-26- 	 UCRL-3931 

which terms in the expansicn are to be retained.' or rejected.. Hence, from 

we derive 

= fi e  -V(r) T 	1) e(i•r d
OVVV 

+je_()u'T exp(j1c.r) [ 	+ a1t + d2t] d± 	 (5.12) 

with 	 . 

= (w) 2/2T - (cv)/6 MT2  

(,c.vV)/2 NT - 1K2/2M 

d.2  = _i(1c.vV)/2 M• - T K2/2 M 

But when the suggested inte'ations by parts are performed in (5.12) 

the t and t2  terms. disappear.. 	 All that is left is the 

term which represents the quantum correction to the classically evaluated 

int 

= a1 .) (9) + A2(N/V) f e 	. -VJT exp(iK.r) 	
2 - 

	
dr, 

int 

Nothing remains of the inelastic corrections, to the order considered.. Thus, 

in neutron diffraction by inerfect gases as in diffraction by free molecules, 

inelastic effects are much less prominent in the 

interference terms than in the direct scattering. 

In conclusion, one of us (R.M. M,) would like to thaDk Professor 

J. E. Mayer for stimulating discussions. The hospitality of the Radiation. 

Laboratory of the University of California to one of us (A. C. z.) during the 

final stages of the work is also gratefully acknowledged. 
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P2PEIWIX 

For a given integer N, consider the proposition P(N) that for 

all n <N, each U defined by Eq. (25) is a cluster function if and 

only if each W is separable. The truth of P(N) for the smallest 

values of .N is inferred directly from (27). Assuming P(N), we shall 

prove P(N + i) and so establish, by mathematical induótion, the fundaiental 

relation between U and W functions for clusters of arbitrary size0 
N 	N 

tet rN  be composed of two clusters r . . and r 2,  N + N. = N, 
1 	2 

with the coordinates of r 	labeled r 	, .., r 0 Then 

Gu(s) 	. G(a) 	N1  

8 a() 
	

8 a(NJ e 
	=, e 	[WN(r ). 

( N 	N N N 
~ (N1/N) \ a(p 

2) 
 (r  1, . 2)dp 2 + other terms 

i 	 N - w 
) 	 (..l) 

N 
We note that the right side of (A. 1) reduces to WN  (r 

l)  when a = 

Let (A.l) be differentiated with respect to each of the functional 

variables a(r,) with N, + 1 	I . N, and the parametric function 
40%]. 

then set equal to zero0 We find, that 

	

N 	N 
W (rN) = W (r l)  w (r 2) + 	(rN) + other terms. N1 	N2 . 	N AOK 

(A.2) 

where the "other terms" in (A.2) consist of certain products containing 

functions U with n <N0 At least one U in eac 
fl 	 N1 	N2 r 	N1 

dran from both the groups r 	and r 0 If r 

isolated from each other and the inductive hypothesis 

Li product has arguments 
N 

and r 
2 	e now 

P(N) is invoked, 
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the "other terms'T vanish. The validity of P(N + 1) follows iediate1y. 

The extension of this proof to cases of lower syetry requires 

only notational charges. 

/ 




