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* A singular solution of the capillary equation, II: uniqueness. 

Paul Concustand Robert Finnt 

We discuss here a uniqueness question for the singular solution 

UCr) of the capillary equation 

(1) div Tu = -Cn-1)u , 1 Tu = - Vu , 
W W = -J 1 + I Vu I 2 

constructed in the paper [1] directiy preceding. There is some 

evidence that U(r) is - up to trivial transfor.mations - the 

only solution of (1) with an isolated singularity. We have as yet 

no proof for that assertion, even in the symmetric case con

sidered in [lJ. Our intention in the present work is to show 

that any symmetric solution uCr) with a (non-removable) isolated 

singularity at r = 0 is asymptotic to U(r) as r ~ o. 

Precisely, we intend to prove: 

Theorem 1: ~ u(r) be a solution of 

(2) = (n - 1) u r n- 1 

in an interval 0 < r < R. Then either u{r) can be defined at 

r = 0 so as to satisfy (1) in'the entire open ball 0 ~ r < R, 

or for any two constants 

~ > o 

there holds 

, ).1 >t 2 
.. n-1 

, 
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(3) - ~or < U(r) + lu(r)1 < ~lr 

for all sufficiently small r. 

Theorem 2: Under the conditions of Theorem 1, either u(r) 

can be defined as a solution in the entire ball 0 ~ r < R, 

or for any > (11'+ 12) 2 
Y 2 there holds 

(4) sin ",(r) =ilurl > l-yr4 

for all sufficiently small r. 

We note that ",(r), defined by (4), is the angle between 

the line tangent to the solution curve and the (positively 

directed) raxis. 

We prove these theorems in several steps: 

i) Suppose -1 u(r) = oCr ) 

We have for any E: > 0 

dp = 

and since w-1 lu I < 1 we obtain 
p 

r 

as 

r 

~£ 

(5) 
W 

~ pn-l u dp 

o 

r ... O. 

n-1 p u dp 

= 

as r + O. Thus, lim u = 0, and we conclude also 
r+O r 

Uo = lim u(r) 
r ... O 

exists. Defining ~(O) = uo' we find from (5) that u'(O) 

exists, and u'(O) = lim ur{r) = O. Putting this information 
r ... O 

,I 

.. : 
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into (5) and integrating by parts now yields 

n-1 r ur = 
W 

-: .'·~,~}.·:.'.2~"'.\J_' . 

from~lch 

1 ur 1 = r W n 

From (2) we now obtain . 

+ 

and hence there exists 

rn ·n Uo + oCr ) 
n 

Uo + 0(1) , r ... 

r W 

lim urr r .... O 

= - (n-1) u(r) 

0 . 

The mean value theorem yields immediately the existence of 
·11 

Urr(o) = - n uo • ~,if u(r) = o(r- ) , any singularity at 

r = 0 is removable. 

11) Suppose there were a sequence r k -+ 0 along which 

Iu(rk )/ ~ r;l + ~lrk. By restricting attention to a suitable 
. 

subsequence and (if necessary) replaCing u by -u in (2), 

we may suppose 

(6) • 

Lemma 1: Let a(p) > 0 satisfy 

Under the hypotheses of ii), a sequence 

at which {6) holds and also 

(7) f- 2 - ~ - a(f ) k 1k 

ro 
lim (. a(p) dp = m. 

r-+o) 
r 

fk -+ 0 can be found, 

Proof: Set fer) = - r-1 - ~ r • Let k be the smallest 
. 1 

integer ~ 2, such that the function 
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vCr) = f(r) - (f(rk)-u(rk )} - ~ a(p) dp 
r k 

will satisfy v(rl) s u(r l ). In the interval r k s r ~ r 1 we 
-2 then have vCr) S fer), and vier) = r - Al - a(r). Since 

v(rk ) ~ u(rk ), v(rl) s u(rl ), there must be at least one point 

t l , r k ~ i l S r l , with· u(fl ) = v(fl ), u' (fl ) ~ v' (f l ). 

This determines the first pOint of the new sequence. 

The nth pOint rk having been determined, let kn+l be the 

smallest k such that r k . < fn • Repeating the procedure 
n+l 

with r l replaced by r
kn

+
l 

yields an (n+l)st point fn+l S r n+1 • 

An induction completes the construction. 

In what follows, we use the original notation r k to 

describe the sequence rk • 

Lemma 2: If u(r) < 0 in an interval r k < r < R ~ ~, 

then u'(r) > 0 in this interval. 

Proof: We have, in such an interval, 

r n- l u' (r) r~-l u' (rk ) 
= 

W W 

.j 

~ pn-l u(p) dp > o. 
r k 

We conclude from Lemma 2 that a segment of the solution 

curve passing through (rk , u(rk » projects simply on the 

u· - axis, covering at least the interval u(rk ) - u(rkl, for 
o 

any fixed ko • In particular, for any fixed a > 0, an interval 

of length at least a will be~overed, for all sufficiently 

large k. 

i 
I 
I 
I 

.1 
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We now write (2) in the form 

(8) sin", _ --L.(cos til) = - u 
r n-1 u 

which splits the mean curvature of the solution surface into 

latitudinal and meridional components~ 

We integrate (8) from uk to uk+O' ; noting that on this 

interval, 0 < sin til < 1, r > r k , cos til > 0, we find 

(9) > 1 '2 
- ~O' -''2 0' 

In Lemma 1, we may choosea(p) so that r-2 -). - a(r) 
1 

= r-2 (1 - £(r» with, £(r) = oCr) (a possible explicit 

choice is £ = r/ln -1 r ); we then 

Using again (6), we find from (9) 
I 

If 

- ).1 r k a + 
r, 

(n-l) (l-£) 

).2 > 2 ,the choice 
1 n-r 

obtain 

+ ! 0'2 
2 

for all r sufficiently small that £(r) 

Thus, 
- u(r) - r-1 < 

r2 
cos tIIk < 1-£ • 

> o. 

yields a contradiction, 
2 

< 1 - (n-l»).2 • 
1 

for all sufficiently small r. From the result of [1J we have 

(10) U(r) 
i 

= 
I , 

as r + O. These two relations establish the right side of (3). 

iii) We establish the left side of (3) by reducing the 
, I 

problem'to the case just disc'!ssed. We shall show that if the 

singularity is not removable, then the existence of a sequence, 
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r k + 0 for which 

(11) > 

implies the existence of a sequence tk + 0, with u(tk ) 

< -

We note first that if a sequence r k + 0 exists for which 

(11) holds and if the singularity is not removable, then by i) 

there exists a sequence - which we again label r k - for which (11) 

holds and for which u(rk ) < - C r;1 , for some fixed C > o. 

For any fixed k > 1, define 

vCr) = 

If k i$ sufficiently large, there will be exactly two pOints 

at which vCr) is not differentiable, and the lower derivate 

O-v of vCr) will satisfy (at all points) 

Since vCr) is continuous, there must exist at least one pOint 

and 

r k S tl So r 1 

ul(t) ~ t-2 
1 1 

, at which 

• 

'The nth point tn having been determined, let kn+l be the 

smallest integer for which r k < t n ; repeating the procedure 
n+l 

with r 1 replaced by r k yields a pOint 
n+l 

t +1 S r k ' with 
n n+l 

U(~n+l) ~ t~!1 + Aotn+l and u ' (tn+1) ~ -2 
tn+l + Ao ' and· 

t + 0 , n+l u(tn+1 ) + -CD • We conclude by induction the existence 

of a sequence tk + 0 with those properties. 

" 
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We now revert (for the same sequence) to the original 

notationrk , and consider, for fixed k, the auxiliary equation 

(12) = -(n-1)~ = nHk 

for a surface u(x) of constant mean curvature Hk • 

n-l Lenuna 3: Given. r k , ~, ~ . with. 0 < - ---n- rkuk ~ O:k < 1 , 

there is a unique solution v (r) of (12), for which sin~· (rk ) 

= ~, and which has the properties: the solution is defined in 

1 t 1 I ( b) 0 < - ~.-1 < b
k 

< n -1 an n erva k = ak , k' . < akK - n-l uk ' 

and satisfies sin ~(r) > 0 inIk , lim sin ~(r) = 1. 
r+ak,bk 

If n = 2, ~ ~ +·bk = -2 

holds aSymptotically as ~ + 

; if n > 2, this relation 
-1 

2!. bk + uk • 

Proof: In what followsi, we suppress the index k. For the 

most general real solution of (12), there holds 

sin ~(r) = Hr + A r 1- n 

n
1 (nn-l)n-l H1- n • for some constant . A < 

Set 

(13) 

r -= n~~ (1+0) 

If o < £ < 1, the solution: will exist on an interval (a,b) 

determined by the two real roots 0a' 0b of 

(14) 

There holds 
I 

£ 

n 
n {0(1+0)nr1 _ (1+0)- 1 } • 

n 
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of aaand the maximum of ab are attained in the limit as £ ~ 1. 

Asymptoticallyas £ ~O, 

(1S) £ 
n(n-l) 

~ 2 
2 a = 

If n = 2, (15) becomes an equality, and in that case 

aa + ab '= O. 

The initial condition will be satisfied by the choice 

(16) £ = n(a+l-a) (l+a)n-l + 1 - (l+a)n 

where a is the value corresponding to r k • We note a(rk ) ~ 0, 

£ ~ n(l-a) as r k '1c" -1. One verifies immediately that a 

solution of the type indicated is possible, with 0 < £ ~ 1, 

for all a in the range 

n-l --;-(1+a) S a < 1 

This relation yields the condition of the lemma. 

Lemma 4: Under the conditionsof Lemma 3, there hold, 

if n > 2, 

In particular, 

, I 

lim labl' = 1. 
£~o oa 

If n = 2 

Proof: Differentiating (14) yields 

(19) = n (n-l) a (l+a) n-2 

then -0 =0 =.t="£ a b I ~. 

• 

Thus, if a ~ -1, (14) has the unique solution a(O) = o. 

If n > 2 then £'(0) ~ n(n-l)o, equality,holding only 

at a = O. From this estimat,e the right sides of (17), (18) 
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follow dtrectly. 

To obtain the remaining inequalities we start with (16), 

which yields, for fixed E, 

(20) = (n-1) 1 - E 
(1+0)n+1 

Denoting by 0c' a c the values of 0, a at which a' (0) = 0, 

we find 

(21) = 1 + 0 = 
C 

Hence if 0 < 0c' then a' (0) < 0 and all (0) > (n-1) (l-d -lin. 

From this we conclude 

(22) da 
do < 

and noting that aCoa ) = 1, we obtain the left side of (17) 

from (22) after a further integration. 

If o > 0 
C 

then a'(o) >0, 

thus, (22) holds also in this case. Integration and use of (21) 

yields the left side of (18). 

We note also the expressions, for or 

Lemma 5: Under the conditiolS of Lemma 3, suppose -rk~ < 1, 
i 

and let ok correspond to r k , lab :£2 r b • Then the change in 

height 6v between the values ak ~ 0b satisfies 

(25) 

n+2 
2il 

(l-E) ael + 
n+1 2 
--r 

(l+ak) .' 

I-a 
.!sin-1 k 
n. I-a c 

+ 1 
2 



/ 

o"(a) 

o· (a) 

o"(a) 

- 10 -

Proof: We may write 

To 

> 

< 

c5v = 

= 

a 
dr (b 
da Ja 

k 

o do d 
J da 0 11-0~ 

estimate do we start with (16) • do 

(n-l) (1-£) (1+a )-(n+l) 
, c , thus 

+ 

If 

(n-l) (1-£) (l+a )-(n+l) (a-a) 
c c ; on the 

.c 
c 

o da 1 
~ do dOl' 
1-0 

a < a c then 

other hand, 

< (n-l) (1-£) (l+a
k

)-(n+l) , which with the above estimate 

,and (21) yields 

(26) 

(27) 

Thus, 

since 

(28) 

o < - da < L(o-o )-1/2 
do c ' L = 1 

-/2(n-l) 

Similarly, if a > ac we find 

da o < do 
-1/2 < R(o-o ) c , 1 

R = -;::====-12 (n-l) 2n+l 

1 

do + R ) , 

°c 

(1-£) 2il 

--{:=i-..... o-..;j;;-.a---o-
c 

dU} 

< 1. Formal integration yields the stated estimate. 
{2 

Lemma 6: Let u(r), vCr) satisfy 

sin 1P , 

" i 

1 
I.. ' 
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(29) sin $ = 

in r k ~ r < r b • Suppose u(r) > uk in this interval, and 
A sin tP (rk ) ~ sin tP (rk ). Then u (r) < v (r) , u· (r) < v' (r) in 

r k < r <: rb • 

Proof: Integrating the difference of (28), (29) yields 

r n- 1 (sin tP(r) - sin ~(r» 

= -(n-1) r pn-1(u_~) dp + r~-l(Sin ~(rk) - sin ~(rk» 
r k . 

< o. 

iv) We return to consideration of the singular solution 

u(r), for which we have supposed the existence of a sequence 
-1 

r k + 0 with uk = u(rk ) ~.-rk + Aork ' and have shown as a 

consequence that the sequence can be chosen so that 

(30) 

(31) 

u(rk ) + -110 

-2 u'(rk ) ~ r k + Ao 

-By Lemma 2, u(r) > u(rk ) = uk in any interval r > r k 

in which u(r) < O. We consider the solution vCr) of (29) 

with v(rk ) = Uk' v' (rk ) =! u' (rk ). By Lemma 3, this solution 

exists and has the propertie;s indicated in that lemma, for all k 

sufficiently large that 

u' (r ) k 
• 
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By Lemma 5, vCr) < 0 on a < r < b for large k, hence 

by Lenunas 2 and 6, u (r ) < v (r) on r k < r < b. From Lemma 5 'l 

we then conclude that the change in height ou on this interval 

satisfies, for any n > 0, 

(32) -u OU k 

for all k sufficiently large. 

We have by hypothesis 

= 

and 0a < Ok. Referring again to 

< 

(19) dE 
do = n-2 n(n-l)o(l+o) 

we find 

dE > n(n-l) 
0 do n-? 2 ~ 

in the range 1 
-2 S 0 < o. If -1 ~ 0 

event E' (0) > 0; thus 

2 -A r o k 

< 1 
-2 

n(n-l) i {2 2-2 } 
n-l m n 0a' 

2 

If > 0, (19) yields, since 1 
0 0 < --n-l 

dE n-l 
< n 

0 dO (n_l)n+l 

from which 

n-l 0 2 

< n b 
(n_l)n+l 2 

We conclude, for the solution considered, 

(33) 2 (n_l)n+2 2 
°b > 

2nn n- 2 °a 

We have 

there holds in any 

, 

..... i 
I 
i 

i 
\. ; 
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From the given relation 

>. r2 - r u. - 1: i < 0 ok IkK 

we conclude 

so that, for any 8 < 1, 

1 8>.0 - - +-r 
'1t uk 

< 

for all I~I sufficiently large, depending on S. Thus 

< 

so that from (33) 

and therefor 

(34) 1 ';c 
> ~ -- == 1+0b -2 rb 1 + >'oCn,S~ 

> 'it-
, -1 

>'oSCn,Suk 

for sufficiently large I ';cl '. But by Lemmas 5 and 6, 

=. = '1t + ~u < 11' 1 
'1t - 'it 1n- 1 - uk 1"1 

so that 
1 i 

~(~08Cn,8 11' 
1"1) - - u i > --- • rb D in- 1 

I 
I 
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Since 
1 < - - = 

there follows. finally 

1 . 
-- - u > rb b ( >. n-l a c 

o n n,a 
lTrn:::i _ n n-l) r 

n n b 

and we conclude from the result of 11) 

Lemma 7: Let u(x) be a solution of (2) in 0 < r < R, 

with an isolated singularity at r = 0, such that u(r
k

) < 0 

for some sequence r k ~ o. Then either the singularity is 

removable or for any a, 0 < a < 1 and 

(35) 

. there holds 

(36) 

"' >. > o ( ---L + lTfi) n~1 ac 
1 

1n-1 n,a 

u(r) +! < 
r 

for all sufficiently small r. 

v) We proceed to use Lemma 7 to complete the ,main results. 

We note first that the estimate (36), together with the equation 

(2), yields, for T < r, 

n-1 r sin 1I1(r) = 

> 

from which, letting T ~ 0, 

(37) sin 1I1(r) > 
4\ n-l 2 

1 - >'0 n+1 r 

r 
( n-1 1r p u dp 

It follows in particular that the condition of Lemma 3 is 

fulfilled for all sufficiently. small r. If the data of that 

lemma are chosen from the given solution u(r), there follows 
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by (13), ( 36 ) 

(38) ~ 2 -,/\ r 
o k < < 0 • 

I , , 

From (16 ) follows, for a > ao ') 0 and lal small, 

.' £ < (n-l) U+na+ ~ a2 l - na(l+ (n-l) 0) + 1 • 

Thus, for the given solution, (37) and (38) imply 

A n-l r2 n(n-l) 2 "'2 4 
£ < nAo ii+T + 2 Ao r • 

In particular, £ .. 0 as r + O. It follows from Lemma 4 that 

also aa,ab + 0 and 

(39) ~I + 1 • 

Suppose there were a s~quence r k + 0 along which 
1 

, 
I 

(40) > 1 
Ao r k ~ --+ r k 

for fixed A > 
0 

O. Then 

1 ~ -'1c(-1 + ab + o Cab) ) -- = 1+0b 
= 

rb 

= -u (-1 k - 0 a +.0 (0 a» 

-~(-l + ). r2 2 >. o k + o (rk ) ) 

as r
k 

+ 0 by (39), since 
I 

, 2 I 

- 1 °a < ok = - '1crk < Aork 

by (40). 

We have again 

< -~ (-1 +". + 0(Ul
k
2) ) 

I~-In-l 
, 

so that, using (36), 
I, 
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1 
- - - u > r b · b (Ao - ~) r + oCr ) 

1n-1 k k • 
• 

This inequality contradicts the result of ii) if 

The proof of Theorem 1 is thus complete. 

vi) Suppose now the existence of a sequence r
k 

+ 0 along 

which 

sin lPk < • 

From (36) follows ok + 0, while from (16) we obtain 

£ 

for all sufficiently small lOki. By Lemma 4, 

°b > i n(!:1) (1-£) - ~ 
and hence 

(41) 0b > r~ i!!1 - c r: 

for a fixed constant C, as r k + O.Again using Lemmas 5 and 6, 

< ~ f 1- 2 1f - ~ 1 
1 ~~n-1 ~ 5 

while by (36), (41), 

1 
- - > . rb 

u. {,1- r2 i 2y + C r 4 1 -x k n-1 k ' 

so that, by Lemma 7, 

1 
-r;-~ > (' -.Oi - 2-) 'r 1 ii=i 1n-1 ' k 

• 

'. 
From (16) we find £ + 0, hence by Lemma 4, 0b + O. Since 

+ 1 , 

Theorem 2 now follows from Theorem 1 and from (10). 
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vii) We remark that a bound from above for sin ~ in an 

average sense follows immediately from Theorems 1 and 2. 

A more precise estimate could be a significant step toward 

a strict uniqueness proof for the singular solution UCr). 
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