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FOREWORD

In connection with the construction of Oroville Dam,
a nunber of analyses were performed at the University of
California utilizing a new analytical tool termed the
method of finite elements. These design studiles, ranging
over a number of design elements, will be described in a
series of reports, each report dealing with one class of
structural elements. However, the method of finite ele-
menté itself will be described only in this, the first
report of the’projected series, with the particular appli-~
cation of the method to the stresses in the grout gallery

glven secondary emphasis.



STRESS ANALYSIS IN NON-UNIFORM MEDIA BY THE FINITE ELEMENT METHOD
WITH SPECIAL REFERENCE TO THE GROUT GALLERY FOR OROVILLE DAM

Ray W. Clough.and Jerome M. Raphael

" Professors of Civil Engineering
University of California
Berkeley, California

SUMMARY

Stresses‘in a number of configurations of a grout gallery to be embed-
ded at the base .of Oroville Dam are‘analyzed by the méthod of finite
elements. The mathematical basis of the method is described, and the
essential equations governing the deformation of the individual elements
are derived. Three distinctive shapes of the grout gallery cross-section
are analyzed: the gallery without gutter, the gallery with gutter, and a
widened gallery used as an instrument chamber. In all, eleven distinct
cases are anaiyzed. Statics checks show that computed stress resultants
agreé with imposed loads within anbaverage of just over 2 percent. Magni-
tude and direction of principal stresseg for all cases are shown on & series

of drawings, together with a table of stress concentration factors.
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STRESS ANALYSIS IN NON-UNIFORM MEDIA BY THE FINITE ELEMENT METHOD
WITH SPECTAL REFERENCE TO THE GROUT GALLERY FOR OROVILLE DAM

Ray W. Clough end Jerome M. Raphael

Professors of Civil Engineering
University of California
Berkeley, California

INTRODUCTION

The Physical Problem

| Oroville Dam is designéd as a 735 ft high by 5000 ft long embankment
dam. Above the foundation, the water barrier consists of a variable«
thickness sloping impermeable core,'protected and‘strengthened up- and
downstream by & more permeable gravel shell. Below the foundstion line,
a barrier against seepage of water through the foundation is formed by a
grout curtain. Instead of the usual grout cap at the foundation line through
which grout holes might be drilled and filled, a feature of Oroville Dam
is & permanent grout gallery which furnishes a means to regrout the founda-
tion, if necessary, as well as to permit the drilling of drainage holes
to relieve pore pressures in the foundation. As shown on Fig. 1, the grout
gallery runs practically the whole length of the dem with the exception
of the top 100 ft of elevation, and a section in the center of the dem where

the gallery runs into the concrete core wall. In general, it is a 5 ft

by T £t opening set into & concrete-lined wedge-shaped trench. Loads on

the gallery vary greatly depending on the height of the embankment above
the foundation. Because of its great size and cost, it was desired to
find the stress distribution in this irregularly shaped concrete structure

as related to the thickness of the concrete around the opening.
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Choice of Method of Analysis

- The grout gallery structure is essentially a hollow truncated wedge
loaded on the top by the earth embankment and supported on the sides and
bottom by the rock foundation. Internal stresses and reactions depend on
the relative stiffness of the concrete and the foundation rock. Consider-
ation had been given flrst to designs in which thg grout gallery protruded
to varying degrees into the fill. Study of the meagre existing records
of concrete conduits embedded in earth fills showed that the loading
depended greatly on the degree to which the conduit protrﬁded into tﬁe‘
£i1l, as well as on the general shape of the foundation in the immediate
vicinity of the conduit. However, no general criteria were available to
establish loadings for this case. It was finally decided to‘embed the
grout gallery flush with the level of the foundation rock, as shown in
Fig. 2, and to assume that for this condition, the load on top of the
gallery, as well as on the foundation line, could be considered to ﬁe uni-
form. It was reéqgnized thét the reactions between the rock and the concrete
would be detérmined by the geometry of the gallery and the relative stiff-
ness of the concrete and rock. Accordingly, a method of'analysis'was
sought which would take into account the interacting deformations of the
two materials rather than to assume some arbitrary set of reactions at the
outer boundary of the grout gallery. In general, two methods of analysis
were considered: photoelastic analysis, and the finite element analysis(l’a)
described here.

Photoelastic analysgs, in addition to requiring a new model for eVery

cage considered, has the disadvantage that the photoelastic material has

(1) Clough, R. W., "The Finite Element Method in Plane Stress Analysis"
Proceedings, 2nd ASCE Conference on Electronic Computation, Pittsburgh,
Penn., Sept. 1060.

(2) Clough, R. W., "The Stress Distribution of Norfork Dam" Univ. of California

Institute of Engineering Research Report Series 100, Issue 19, Aug. 1962.
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a fixed Polsson's ratic of 0.50. It was desired in this case to use

two Poisson's ratiocs. close to those of the agtual meterliale involved;
0.20 for concrete and 0.15 for rock. Furthermore, although photoelastic
analyses give the stresses at boundaries gquite easily, they regquire addi-
tional numeric&i analyses for stresses remobte from free surfaces. The
Tinite element method has none of these objections, and conseguently it
wag chosen for this study. A general descripbion of the method ig given

in the next chapter of this report.

Scope of the Analyses

Apalyses dlscussed in this report were made for speeific degigns of
the grout gallery furnished by the State of California Depvartment of Watér
Resources. A variety of configurations was considered in order to arrive
at the optimum design for the assumed conditions of loading and support.
However, this report is concerned solely with evaluaﬁion of the stresses
in the given designs, and no attempt is made to indicate which design

should be used in specific instances.

St
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METHOD OF ANALYSIS

The "finite element method" is a general method of structural anal-
ysis in which & continuous structure is replaced by a finite number of
elements interconnected at a finite number of nodal points. {Such an
idealization is inherent in the conventional analysis of Trames and
trusses.) In this investigation the finite element method is wused to
determine the stresses and displacements developed in two-dimensional
elastic structures of arbitrary geometry and material properties. Anv
assemblage of triangular plate elements is used to represent the conbtin-
uous structure. Forces acting on the actual structure are replaced by
statically equivalent concentrated forces acting at the nodal points of
the finite element system. Figure 3 illustrates a very coarse-mesh

idealization of the cross-sectlon of a gravity dam.

Bagic Assumptions

Continuity between elements of the gystem is maintained by requiring
that within each element "lines initially straight remain straight in
their displaced position." This is similar %o the assumption made in clas-
sical beam theory that "transverse sections, originelly plane, remain plane
and normal to the longltudinal fibers of the,beam §ftar bending"”. The
requirement for continuity is satisfied if the strains 6;@ nyg and B&g
are assumed to be constant within each element. Therefore, the stresses
g x, Ty, and Txy which a;t on the edges of each &i@ment are also cons-
tant. These stresses are replaced by stress resulitants whiéh act on the
corners of the element. Based on these assumptions, it is possible to
determine the stiffness of a typical element, which is an expression for

the corner forces resulting from unit corner displacements. After this
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FIG. 3-THE TRIANGULAR FINITE ELEMENT IDEALIZATION



relationship is developed stendard methods of structural analysis are

employed to solve the complete system of elements.

Behavior of a Typical BElement

Strain-Displacement Relationship - The first step in the development of

the stiffness of a typical element igs to express the three components of
strain within each element in terms of the six corner displacements. The
geometry of a typical element is defined in Pig. 4. The assumed dis-
placement pattern is illustrated in Fig. 5. This linear displacement
field is defined in terms of wu(x,y) and v(x,y) by equations of the follow-

ing form: »
u(w): wy T C,x o+ Gy
Viy) = Vi o+ Cox + Cuy

The constants Cl’ C?’ C3 and Ch can be exypressed readily in terms of the

corner displacements and the geometry of the element:

= (bt wd B ww) 3 / (a9, - a0

e {ma(ww) v a(u-u) )/ (b - ahy)

Ca={ by (v - ) - bJ-(\Vk“’\fiU/ (o - G‘kcé)

oo o=} / (a0,

The strains within the element can be Obtaine£ from the assumed displace-
ment field, Equation'l, by considering the basic definitions of strain:
g = 22+ C
£, = %“){-}' Ce
L) %3;+%—L§:C2+Ca

]

(1)

(2)

(2}
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FIG.5 - ASSUMED DISPLACEMENT PATTERN



If Equations 2 and 3 are combined, the element straine in terms of corner

displacements are expressed by the following eguations:
i by

l
Ex-- "&}‘"’Ok‘ O\kbj [( bd - bk)ui. + bk'U\\\j b\iuk}

i [ |
g2 ———l(a-a )y — + a ]
y ~ . ;= O, A
4 0E Oy R A (1)

u
i [(“k" Oput (o =b )V - g+ bar + - bi‘%]
Jj k k.j

Bquations 4 can be expressed in matrix form as:

- - ey
€, b-by o b, o -b o v,
¢ = : o  a-a o o i (ka)
= o O 0 -0y .
7 O‘ka O‘kbj J J V:j
| ¥ 0 b-b - N
| N R bi-b, -G b g b;
| L

or in symbolic form

[e]-[A1Lr] IR

| Stress-Strain Relationship - One important advantage of the finite element

method in two-dimensional elasticity is that structures with any form of
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material properties can be considered. In general, the stress-strain

relationship is of the form

Tx

I

Cn EX T C\z g‘/ + Claa’\

’er g C3| E)( 4+ ng 8\/ + C33 b’\

which, in matrix notation, may be written as

or in symbolic form

[e]= [e][e]

For all structures considered in this investigation, the stress-strain

relationship was assumed to be that of an isotropic material in the state

of plane strains

= '(I—V)éx + g, ]

T S O+X1-27)

E -VZX-F (x—\?‘)ey]

W = G (z)

___E -2
Yy woxiewy | 2 X"]

Tx C“ C,a C,z
G} joun C2| sz ng €
Ty Cop Cqp Gy || 7

= 2(1+)

=t
o

S
T
Su

(3a)

(5b)

(6)
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In matrix notation, Equations 6 reduce to the following:

- Ty - 1~V - O €,
E
= |-~ 0 € ey
Ty ERDIQEI-EV) V Y (68)
T 0 0 l;zzi 3
L B 11 J

Stress-Resultants - The next step in the development of the stiffness of

a typical element is to replace the uniform stresses acting on the edges
of the element with stress-resultants acting at the corners of the element.
Fig. 6 illustrates a set of .statically equivalent corner forces for each
component of stress. The corner forces expressed in terms of the three

components of stress are

_
S = 7 ({7 b G + (A= a) Ty |
- 1 ]
Syi = Zz @ -apw + (b - bk)’l:xy‘
5. = L 7
x = 7z bkqx'_ ak,\fxy ]
. . (7)
o
% T 3 T RSy bkh‘:xy-
S, = L[- b. o . T ]
T TN ST ATy,
- 1
Sk'-“-"_' Q’Q‘ — b'U
’ 2 LY Ty
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These may be expressed in matrix
Sx: b-b, 0
Sy O Q- O
ij 1 b, o)
Sy; 2l o -0y
Sxk ’bJ' O

L SYk_ X © a‘j

or in symbolic form as

LS]=1(gI[ «]

Element Stiffness - Element stresses can be expressed in terms of

corner displacements by substituting Eq. 4b into Eq. 5b. Or

[c]=[cI(allr]

form as

ak‘_ O\j

o;- b,

The substitution of Eq. 8 into Eq. Tb yields

[s1=T[e](c][Allr]

Bg. 9, which is an expression for corner forces in terms of corner

displacements, can be rewritten in the following form:

(51 =Tk][r]

7 o '\
\Ta/

{10}

(8)

{9)

- {10)



where [\<:] ig the 6x6 stiffness matrix for the element and is glven

by

k] = [B][c][A]

It should be pointed out that the algebraic manipulation necessary to
establish the individual terms of this stiffness matrix for & Lypical
element is not required, since within the computer program the stiffness

matrices are numerically formed by standsard matrix subroutines.

Bouilibrium Equations For Complete Structure

The equilibrium of the complete system of elements, which is an
expression for nodal point loads in terms of nodal point disylacement59

can be expressed by the following matrix equation:

[R]=[k][r]

where the stiffness of the complete structure [lfi] can be found by a
direct additlion of the stiffnesses of all elements in the gystem. This
addition can best be illustrated if Eg. 190 isg rewritten in terms of a

typlecal element g

-

(1)T
L

)
3j

(%)

i

(%)

g
@

JJ

)]

(%)
ik

(gp)
kjk

(%)
kk

e

,,,,,,

{

i

S




(g)
where, in terms of arbitrary nodal points R and m, SR and

are vectors of the form

A
S BN
SX - S('lp
L Yy 13
" -
r, = | 4
W
- - &

is a 2x2 subnatrix of the form

and the sgtiffness coefficient- k/QW\

() (%)

P Kok
L AN (g
K yx Kyy
L
(g)
The term fwy represents the forces developed on element g at

nodal point L due to unit displacements at nodal point m. Therefore,
the general stiffness term, K 2 for the complete structure, which
is the sum of the forces acting on all elements at nodal point £ due to

unit displacements at nodal pointwm, is given by
(%)
KRM ; kﬂm
%

It should be pointed ocubt that K,Qm exists only if { equals m, or if

R and m are adjacent nodal points in the physical system.

Solution of Eqaili‘brium Equations

For structures considered in this investigation, Eq. 12 represents
a system of several hundred equations. Three major difficulties are

encountered in a direct solution of such a large set of equations.

16

(13a)

(15)
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First, the storage required by the complete stiffness mabtrix is equal

to N2, where N is the -number of eguations. Second, the time required for
golution is proportional to NS. Third, accuracy of solution can be a
serious problem. Even on a large computer, such as the IBM 7090, these
problems still exist; however, these difficulties can be minimized by

the use of iterative methods.

Iteration Procedure - The specifié iterative method used is a modifica-

tion of the well-known Gauss-Seidel iteration procedure which, when
applied to Eq. 12, involves the repeated calculation of new displacements
from the equation
= Ry 2 ke n = T ke ] (26)
1= ,h- i= A+l N

where n is the number of the ungnown and s is the cyecle of iteration.

The only modification of the procedure introduced in this analysis
is the application of Eg. 16 simultaneously to both components of
displacement at eaéh nodal point. Therefore, fn and Rn‘become vectors
with x and ¥ camponents, and the stiffness coefficients may be expressed

in the 2x2 submatrix form of Eq. 1k4.

Over-Relaxation Factor - The rate of couvergence nf the Ganss;Seidal
procedure can be greatly increased by the use of an over-relaxation
factor. However, in order to apply this factor it is first necessary
to calculate the change in the displacement of nodal point n between

cyeles of iteration:

) . (s+D s) N
Ar, = v,  ~r (17)

n "



The substitution of Equation 16 into Equation 17 yields for the change

in displacement

L A W) B

The new displacement of nodal point n is then determined Ffrom the

following equation

(5+1) © s)
' =, + p[\rh (19)

where B is the over-relaxation factor. For the structure considered in
this report it was found that values of B between 1.8 and 1.9 gave the most

rapld convergence.

Physical Interpretation of Method - There is important physical signifi-

cance in the terms of Equation 18. The term 1kh4ml is the flexibility
of nodal point n. This represents the nodal point displacements result-
ing from unit nodal point forces, and can be written in the form of a

submatrix

- fos {xy

hn
VRS (20)

The summation terms in Equation 18 represent the elas,lc forces acting

at nodal point n due to the deformations of the plate elemenbs:

(SH <s+|)
Z km i + Z k (z1)

1= Nt N



19

The difference between these elastlc Torces and the applied loads

is the total unbalanced force which in sub-matrix form may be written:

(s+1) (S+1)

Ry Q,
Y R Qy

n 7 n

i
P
Do
2%
St

Equation 19, which gives the new displacement of nodal point n, may

now be rewritten in the following sub-matrix form:

(S+1) (s) (S+1)
Yy Lo {xx —ny
= -+ (3) (23)

Py n Y\)’ " , {734 {77 n Y

It is important to note that any desired nodal point displacement rﬂ(o)
may be assumed for the first cycle of iteration. A good choice of these
displacements will greatly speed the convergence of the solution. In
fact, if all displaéements were assumed correctly, the unbalanced forces
given by Equation 22 would be zero and no iteration would be necessary.
However, in a practical case there always will be unbalanced forces in
the system at first, and the iteration process continually reduces them

toward zero.

Boundary Condition - Equation 23 ig wvalid for all aodal points within the

structure; however, in order for it to be applied to boundary nodél voints
the flexibility coefficlents must be modified to account for the specific
types of rastraint which meay exist. Since these Flexibility coefficlents
are independent of the cycle of iteration, this medification is performed
before the start of iteratién. Thefe are three p@ssible types of boun~
dary nodal points vwhose flekibility coefficients must be modified as

follows:
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(1) For points fixed in both x and y directions, Z&rx = ZXry.m @

* ¥ _ ® ¥ .
fe = ﬁy = ﬁ.x = ﬁ\, = 0 (2ha)

(2) For points fized in the x direction only, 4 r, = O

¥ *® *
{;x = +; = oo ©

‘ (2hb)
ff = gy - tote
I
xR
(3) For points fixed in y direction only, Ar = 0:
* #* #» M
‘FXY = {:\/X = ‘Fyy =0
« y (2hc)

Fax

i
<h
*

{
-g—)
b8
P

Nodal Point Loads

Three types of loadings will be discussed here: dead loads, live
loads, and thermal loads. However, Tor the struectures considered in this
investigation only live loads were applied.

Dead Loads - The dead welght of each plate element is given, of course,
by the product of its area, its thickness (which was taken as one foot)
and its unit weight, . One third of the botal element weight is
applied at each of the three nodal poimts to which it is attached. Thus
the total dead load at any nodal point ig taken as one-third of the
welghts of all elements attached at that point, applied in a downward,

"y, direction.

or negative
Live Loads ~ Forces acting on the boundary of the structure are replaced

by statically equivalent concentrated forces acting at the nodal points
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of the finite element system.

Thermal Loads - The thermal loads may be caleulated by firet calculating

the stresses which would exist in the elements if strains due to temper

S .

ature changes were fully constrained. In a plane strain system these

stresses are gilven by

_ Eot
TR 1-29)

&= & =& AT

in which © 1s the thermal coefficient of.expansion, and D oris the
change of temperature. The nodal forces required to maintasin these
internal stresses in each element may then be found by simple staties.,
While these constraining forces are applied, no displacements or deform-
ations of the structure may occur, and the stresses are given directly
by Equation 25. However, the constraints are nob raally present, so
their effect must be‘eliminated by epplying egual and oppesite nodal
forces. These reversed constraining forces are the’thermal loads for
which the structure is analyzed. For the element shown in Fig. k, they

would be expressed by

R.. b, - b
Ryu O‘J =0y
;x\jb - .% -ok Si
% k
ka bj.
| Ry | "%

‘ ~
in which @ is given by Eguation 25.
The displacements resulting from these thermal lcads are the true

thermal dispiacements in the system. However, the stresses resulbing
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from these loads are only the part of the thermal stress associated with
the nodal displacements. The total thermal stress is the sum of the
deformation stress resulting from the thermal loads, plus the constrained

stress given by Equation 25.

Blement Stresses

Equation 8 expresses the three components of stress T x, Ty, and
Txy within a typical element in terms of the six corner displacements
of the element. Therefore, after Equation 12 is solved Ffor the nodal
point displacements of the finite element system, the stresses within each
element are determined by the direct application of Bguation 8 to all
elements of the system.

"Although the normal and shear stresses ( Tx, Ty, and Txy) com-
pletely define the state of stress in the elémentgy it frequently is of
interest to know the principal stresses crl and ﬁ"a‘and thelr directions
0. In this investigation these principal stress values were determined
from the stress values related to the x, y coordinate axes by the standard

transformation formulas of elementary mechanies.



COMPUTER PROGRAM

The digital camputer program perf@rmsvhhre& major tasks in the com-
plete analysis of a plane stress system,& Firet, the equilibrium equations
for the system are formed from a basic numerical description of the system.
Second, this set of equations is solved for the displacements of the nodal
points by an iteration procedure. Third, the internal element stresses
are determined from these displacements.

The program is coded in the FORTRAN language and has been used with
both the IR 704 and IBM 7090 compubers. The maximm size of system that
can be analyzed is governed by the availability of computer storage. For
computers with 32K (32768) storage the maximum number of elements is 450
and the maximum nnmber of/nodal points is 350. Only the main sequence

of operations of the computer program will be described; the details of

‘coding will be omitted.

Sequence of Operations

Input Data - For the purpose of numericallw*defining a structore, all
nodal points and elements are numbered ag illustrated‘in Fig., T. The
numerical deseription is read into the machine, in the form of punched
cards, by the following four arrays:
A. Parameter Array (6 numbers)
1. Numbered elements
2. Number of nodal points
3., Number of boundary points
L, Over-relaxation factor
5. Convergence limit
6. Cycle limit
B. Element Array (8 mumbers per element)
1. Element number '

2. Number of nodal point i
3. DNumber of nodal point J
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FIG.7 - NUMBERING SYSTEM FOR NODAL POINTS AND
PLATE ELEMENTS



Y, Number of nodal point k

5. Moduwlus of elasticity E

6. Poisson's ratio -

T. Unit weight of element T

8. Temperature change within element AT

C. Nodal Point Array (7 numbers per nodal point)

1. HNodal point number

2. zx-ordinste

3. y-ordinate

. X-load

. Y-load

. Initlal x-displacement
. Initial y-displacement

—3 O\ B

D. Boundary Condition Array (2 numbers per boundary point)
1. Nodal point number
2. This number indicates the type of restraint; "0" for
fixed in both directions; "1" for fixed in x-direction;
and "2" for fixed in y-direction.
It should be noted that for a fixed boundary point, the initial displace-
ment is the final displacement of the point, since it is not albered by

the iteration procedure.

Formaticn of Element Stiffness Matrices - The stiffness mabrix for each

element is determined from Equation 11. The basic element dimensions
are calculated from the coordinates of the connecting nodal points:
4 = %7 X

by = ;-
4y = X~ Xg

b = Y= Vi

‘where 1, J, and k are the nodal point mumbers of the three connecting

pointe and are given in the element array.

Formation of Caomplete Stiffness of System - Because of the large matrices

that are developed in a plane stress system, the stiffness mabrix used in
Boguation 12 is nob formed directly. Since the complete stiffness matbrix

containg many zero elements, only the non-zero elements are developed
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and retained by the program; thus, 1t is possible to treat large plane
stress pystems without exceeding the storage capscity of the eompuﬁer,

Formation of Nodal Point Loads - The loads acting on the nodal points are

composed of live loads, dead loads, and temperature loads. The equations
which are used to determine these loads have been presented in the pre-
ceding section of thils report.

Formation of Nodal Flexibilities - The nodal point flexibilities are deter-

mined from the previously developed stiffness ceoefficients. The Fflexibil-
ities - associated with the boundary nodal points are modified by the

application of Equations 24, as required.

Tterative Solution - The repeated application of Eguation 23 at éll nodal
points constitutes the lterative procedure. The sum of the absolute mag-
nitude of the umbalanced forces at all nodal points {given by Equation 22)
is also computed for each cycle; this sum, when compared to the convergence
limit, serves as a check on the convergence of the procedure. In all
analyses presented in thils report, this sum wes reduced to less than 1/1000
of the value obtained in the first eycle of iteration.

Calculation of Element Stresses - From the nodal point displacements,

with the aid of Equation 8, the element stresses O x, Ty, and T xy are
caleulated. As added informaﬁion3 the principal stresses Crl and 0’2
and directions @ are.also calculated.

Output Information - At desired points in the iteration procedure, nodal

displacements and element stresses are printed. Fig. 8 illustrates the
form of the computer output, in a typical case.
The computational time required by the prqgram‘is appfoximately eqgual

to 0.012 n.m seconds, where n equals the mumber of nodal points and



‘NGDAL PCINT X~DISFLACEMENI
I -0.9532116-04
2 -0.7C37T61E-04
2 -0.3C04T71E=04
4 -G
-
1 -0.1220157-04
e —0.283552E~04
S ~0.5C3175E-C4
1€ ~0.667064E-04
11 ~0.871272E-04
12 ~0.5484856-04
12 -0.
14 -0,
15 ~0.1466TEE-04
& ~0.317685E-04
17 ~0.44305CE-04
18 ~0.3685610-04
1S -0.206652E-04
2C ~0.156906£-05
21 -0. :
22 -o0.
23 0.1821426-04
24 0.1733812-04
25 0.44580££-C5
26 ~0.14935CE-04
27 ~0.31176EE-C4

FIG. 8 - COMPUTER OUTPUT

{(PSt) (Psi) {PS1)
ELEMENT X-STRESS Y-STRESS XY-STRESS
1 -99,6921 0.C186 ~C.CY74
2 ~96,9554 0.ClICH -0.C512
3 ~69,5371 0.C280 ~0.C4C0
4 -1QC.C2€89 -0.CCCO ~C.ClE9
5 ~96,56C1 0.C112 -0.0088
6 99,5925 ~0.€C20 ~0.C0C6
7 ~99.4$921 0.CC45 0.0023
8 ~10C.C3CSs ~0.CC30 C.C157
9 ~G5,69¢1 -0.C073 0.(058
10 -100.C482 0.C4€8 0.C019
11 -10C.C145 0.1012 ~0.(3C3
12 ~100.1767 C.C5&3 -0.(510
13 ~99.67CS 0.1140 -0.1128
14 ° -10C.1CS6 0.C647 ~0.1479
15 ~99,8664 0.C348 ~0.1551
16 ~9G,6072 0.0253 ~0.1543
17 -99.4556 ~0.C280 -0.1610
18 -99,75€89 . -0.C274 ~0.0974
19 -99.2481 ~0.£9C1 -0.(813
20 -99,7122 ~0.C850 ~0.(468
21 -995.7697 -0.3149 -0.0488
22 -100.C4¢€0 ~0.2267 ~0.145%8
23 ~99. 8480 -0,2588 ~0.2282
24 -10C.2C20 -C.C660 ~-0.2122
25 . -99.9842 -0.C121 -0.2962
26 -10C.4016 0.€933 ~0.2982
27 ~-100.1288 0.1882 -C.2053
28 ~-100.4712 0.1588 ~C.1238
29 ~100.1462 0.,2832 ~0.£3%9
30 -10C.3824 0.1170 0.0851
{ INCHES) (INCHES )

Y~CISPLACENMEN |
-{.353ClE-C2
(3464520 -0
~C.3427161L-02
~C.34z1CEE~(7
~C.2945€50-0L7
. 2257560-C2
~(.F512520-C2
~C.28T1276-C2
~CL3020%66-C2
(. 323(46E-02
~(.26CES5E-C2
~Cu3669CEE~C2
~C.36557GE-C2
~C.311026£-02
~C.205%E5E-C2
~C.30C372E-C2
~C.2842€6E-02
(. 262266L-C2
~C.238266E-C2
~Ca19CT46E-02
<C.154623E-C2
—C.7229€1E-C3
~C.1148C7E-C2
~C.14247T1E-C2
~C.166TE26-02
-C.1973¢76~C2
~€.216980E~-C2

(PsS1)

MAX-STRESS
Ca.C2
G.Cl
0.C3
~C.CC
T 0lCl
~0.CC

C.CC
-C.CC
~0.Cl

C.C5

27

{(Ps1) (DEGREES)
MIN-STRESS CIRECTICN
~99.€9 85.54
~99.96 85.97
~99.54 89.54
-1CC.C3 BY.459
~59.59 BG. 64
~-99.99 90.CC
-99,99 -GG. L0
~1CC.C3 ~89.59
-1CC.C0 -9¢.C0
-100.C% -90.0C
-1CC.01 89.%6
-1CC.18 8G.47
-8%,.67 89.G4
-100.11 89.92
-99,87 89.51
-46,51 89.61
-99,50 89.561
~99.76 89.94
~99,25 89.95
-GG, 71 89.97
-89,77 89.657
-100.05 89,42
~99.,85 89.67
-1CC.20 89.62
-96.,69 89.63
~100.40 89.43
-100.13 89.€8
-1CC.47 89.63
-10C.15 86.98
-100.38 -89.95



m equals the number of cyeles of iteration, and using an IEM 7Ok computer
for calculations. If the IRM 7090 is used computational time is only
one-sixth this time. The number of cycles required depends on the accuracy

| of the initially assumed displacements and on the desired degree of con-

vergence. For the struecture considered in this réport, the computer time
| per solutlion was approximately 1 1/2 minutes for the ceoarse mesh and 2 1/2
minutes for the fine mesh idealization. Between TO and 100 cycles of

iteration were used in typical cases.
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SCHEDULE OF ANALYSES

The Structural System

Figure 9 shows the typilcal cross-section of the grout gallery as
designed by the Department of Water Resources, tégehher with three ideal~
ized sections used in the analyses. Fram these three basic éonfigurationgﬁ

repregenting a gallery without gutter, an enlarged gallery section used

as an instrument chamber, and a gallery with gﬁﬁter, eleven baslc cases
were analyzed as shown in Table 1. Case 1 was a coarse mesh system spread
over a wide area which was used to find the deformations at an inner
surface used subsequently as the outer boundary‘for all the fine mesh cases.
Cases 2 through T represented basic variations of the gallery without gutter.
Cases 8 and 9 represented a thick-walled and thin-walled instrzment chamber.
Cases 10 and 11 represented a thick-walled and thin-walled gallery with
gutter.

For each case, symmetry was used wherever possible Lo reduce the number
‘of elements included in the analysis as well as to reduce the number of
operations necessary for convergence of the solution.

The elastic modulus of rock and concrete wWas sgsumed equal to
3.0 % 106 psi. Polsson's ratio for concrete was taken as 0.20 and for
the rock 0.15, except for Gases l‘and 2 where it was taken as 0.20 for
both materials. While tests showed a falrly high mo@ulus of elasticity
for both ;oncrete and rock cores, the low values used in the analysis
reflect creep for the concrete, and cracks and other defects in the rock,

which act to reduce their effective moduli and Poisson's ratio.



30

I IT
PROTOTYPE GALLERY GALLERY WITHOUT GUTTER
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FIG. © - GROUT GALLERY SECTIONS FOR ANALYSIS



TABLE 1 -~ Schedule of Cases Analyzed

Dimensions: Ft-in.
Case Figurea Crown Invert Side
A B ¢

1 II 365 40 2-10
2 IT 3-5 Lo 2-10
3 II 3-5 hoo 2-10
L IT 3-0 4.0 2-10
5 II 3-5 3-6 2-10
6 IT 3-0 3-6 2-0
T I 1-6 2-0 1-6
8 III 30 ke 2.0
9 III 1-6 2-0 1-6

10 v 1-6 2.0 1-6

11 v 3-0 3-6 2-0

% Tllustrated

in Figure 9.




Loading

In constructing the grout gallery, a trench is first excavabed,
next the invert of the gallery is poured, and finelly the arch. is
poured bringing the concrete up flush with the level of the rock. At
a later time, the grout gallery receives the weight of from 100 to 600 Ft
of backfill from the dam above. Hence, in this analysls, it was consider-
ed that the gallery was essentially unloaded upon the completion of
concrete construction, and that all load came from vertical distributed

loads bearing directly on the concrete grout gallery and also on the

~surface of the adjacent rock. Since these loads vary greatly from place

to place in the dam, it was decided to make all amslyses for a unit load
of 1000 psi so that the Department of Water Resources could apply what-
ever actual load was appropriate to the location being considered, and

determine the appropriate stresses by direct proportion.

Scheme of Analysis

Fligure 10 shows the general scheme used in the analysis. The grout

gallery is essentially 5' x 7' in dimension. At a distance of 4 diameters

“in all directions from the grout gallery, it was assumed that stress and

strain concentrations due to the opening would have disappeared, and the
boundaries for the analysis were set here. The analysis was split in two
on a vertical plane of symmetry through the cehterlime‘of the gallery.
The bottom boundary AB was considered to bé fixed., The vertical side
bouudary BC was congidered to be a boundary across which there could be
no horizontal movement under loading and along which there could be no
vertical shear force, but which would permit vertical deformztion.

Within boundary ABC, a course network of finite elements was drawn

in the rock and in the concrete of the grout gallery as shown in Fig. 10.
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With a load of 1000 psi applied to the top surface of the figure, dis-
placements were found at all nodal points of the figure. The translations
along the surfaces DEFG were noted particularly, since these deflections
become the boundary conditions for the megh of finite elements shown in
Figure 10B. There are about ten times as many elements within the concrete
structure in the fine network as there are in the coarse network shown in
Figure 10A. It will be noted that various element sizes were employed in
the fine mesh system, with smaller elements being used near the gallery
opening so that greater detail on the stress distribution could be obtain-
ed in this critical area.

Boundary DEFG shown in Figure 10B remained fixed in dimension for all
subsequent studies. However, the concrete boundary HIK changed in position
as dictated by the dimensions used in the several analyses. It was con-
sidered that these minor changes had negligible effect on the translationsg
at boundary DEFG, and the boundary displacements determined in Case 1

were used throughout the analyses that followed.



RESULTS OF ANALYBES

Form of the Results

The direct results of the machine analyses were a series of tabu-
lations giving the displacements of each nodal peoint, the vertical and
horizontal normal stresses, vertical and horizontal shear stresses, and
the maximum and minimum principal stresses together with their inclina-
tion. However, these tabulated data did not permit ready visualization
of the effect of load on the structures, hence a series of drawing has
been prepared to show the variation of stress throughout the structure
for the loadings and configurations considered.

Stress Contours

The magnitude of the principal stresses for each configuration
studied has been shown on two drawings for each cage. The maximum
compressive stresses are defined on one drawing by means of contours
conneeting points having equal magnitbudes of compres&ive principal
stresses. On the second drawing only the tensile principal stresses
are shown, for the reagon that any compressive principal stresses on
this figure will be esmaller in magnitude than those shown on the previous
drawing. By examining the two drawings, regions of high compressive stress
coneentration and regions of potential cracking reguiring reinforcement
are easlly identified.

For three typical configurations, representing thick; intermediate
and thin sections, three drawings showing the directions‘of principal
gtress have been given. These are so similar for all cases studied that

it was not considered necessary to present them for every case.
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Another drawing shows the distribubtion of shear stress on a line
drawn vertically downward from the corner of the gallery, this being the
region of the greatest variation in shear stresgs. ALl these results will

be discussed in detall for each case studied in the sections that Follow.

Coarse Mesh -~ Casge 1

Cage 1 is the coarse-mesh analysis covering a wide and deep area of
the foundation rock which was used to establish the boundary conditions
on the inner boundary used on all subsequent fine-mesh analyses. Figure 11
has been included to show the magnitude of the maximum compressive prin-
cipal stregses throughout the grout gallery and the surrouﬁding rocky mass.
It can be seen that at not too remote a distance from the concrete grout
gallery, the stresses are everywhere compressive and of the order of
1,000 psi, which is the same as the applied load. Hence, the inner boun-
dary defined as the outer boundary of the fine network is fairly uniformly
stressed. DLittle attention should be paid to the stresses shown in
Figure 11 for the grout gallery itself, as these necessarily represent only
gverage stresses for the cross section. Betbter detail for these stresses

will be shown in the fine network analyses that follow.

Thick-Walled Grout Gallery - Casge 2 (vorcson zZamia = 0.2.)

Figures 12 and 13 are typleal of the stress reswnlis thained for all
the fine mesh cases. Figure 12 shows conbours of the compressive principal
stresses. It can be seen that there are two regions of maximum stress
concentration: the springing of the arch, and the lower corner of the
gallery. Everywhere else, stresses are smaller in magnitude. Similarly,
in Figure 13, it can be seen that there are three regions of tensile
stress: the crown of the arch (which in this particular case has so little

stress that only the zero stresé line is plotted), the center of the invert
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or floor of the gallery (which hag a concentrabion factor of G.&)} and
the upper outside corner of the concrete. Because the latter region
could be extensively cracked without affecting the structural action of
the grout gallery, the existence of tensile stresses here hasg not been
consldered important.

In interpreting the stress results shown in the figures, it should be
remembered that the 1,000 psi load placed on topcof the grout gallery is
almost double the maximum load expected in the dam; it was adopted merely
as a convenient reference quantity. Thus for a typical maximum load of
600 psi applied to the top of the gallery the maximum compressive stresses
in the galléry for Case 2 might be of the order of 2,000 psi, a load that
is easily handled with 4,000 psi concrete. Similarly, by examining
Figure 13, it can be seen that the structural tensile stresses are quite

moderate, that the tensile stress region is amall, and these two facts

Lo

together dictate the use of quite light reinforcement, with the probability

that nominal or temperature reinforcement might suffice all around the

-opening for this configuration.

Another factor to be kept in mind is that it is impossible to deter-
mine, whether by mathematical analysis, structural medel, or by any
analogy, what the gtresses are at a sharp corner such as at the lower
corner of the gallery opening. Hence, the stress consentration Factor at
this polnt must be interpreted with caution. It is alse guite Llikely
that in constructing the gallery in two sheps (by conereting up to the

level of the invert or gallery floor first andmthen conereting the remain-

der of the grout gallery in a subseguent operabtion) thet a horiszontal

shrinkage crack probably would be formed at the 1@ﬁar corner of the gallery

opening. This would transfer the compressive stress further into the
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concrete mass, away from the loner boundary of the opening, and would
reduce greatly the stress concentration factor found here.

Figure 14 presents information on the shear stress distribution
determined for Case 2. The curve ghows the variation of shesr stress
on the vértical gsection y-y extending downward from the lower corner of
the grout gallery. The computed stresses increase from less than 200 psi
at the rock liné to a theoretical value of infinity at the corner. However,
6 inches below the surface, at the level where the steel is likely to be‘
found, the stresses have reached a maximum concentration factor of only
0.7T. All‘along this line, shear stress has the same sign indicating that
the side ﬁall is tending to be forced downward past the lnvert. The high
shear stresses in this region should not cause alarm, however, because
conerete does not actually fail in shear, bubt rather in tension. Refer-
ring back to the contours of principal stress (Figure 16), it is seen that
no tension exists along the line y<y, and hencé, it shouid be conecluded

that no more than nominal reinforcement is needed in this region.

Case 3

Results for Case 3 which concerns the same grout gallery configuration
as Case 2, alre shown in Figures 15 to 18. The iny difference between the
two cases is that for Case 3 (and all subsequent cases) Poisson's ratio
for the rock was assumed to bé 0,15, while in Caze 2 abratio of 0.2 was
assumed. Despite the change in rock properties, stress results are
essentially the same as those found for Case 2, showing that weakening the
rock support by reducing Polsson's ratio by 25 psr cent makes very little
difference. Concentration factors, stress contours, and shear stresses

are practically unchanged from those Ffound for Caze 2.
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It is interesting to note the distribution of stress at the boundary
betweeﬁ rock and concrete. Most elementary analyses of structures of this
type assume uniform or linearly varying stress along these boundaries.

The finite element approach however, indicates a definitely non-linear
boundary stress distribution. These results, in fact, confirm the stresses
found by observation of the stress meters at several field installations.

Fﬁgure 18 shows the directions of principal sbresses determined for
Casge 3, and can be used as a guide in the layout of reinforcement. The
solid lines show the directions of the maximum compressive stresses, and
the dashed lines refer to the minitum compressive stresses (or maximum
tengile stresses). The solid lines clearly show the stress flow paths

carrying the applied load around the gallery opening.
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Cases %, 5, and 6 are of variations of Case 3. In each case, one
dimension is made slightly smaller than that for Case 3 to gage its
effect separately. For Case 4, the thickness at the crown is reduced
from 3'-5" to 3'-0". This pro&ucéd no noticable change in the maximum
compressive sbresses, as may be seen in Figure 19. However, the tensile
stress at the crown, the region which was made thinner, has been doubled
to & maximm tensile principal stress concentration factor of 0.2 as
shown in Figure 20. No significant change resulted in the tensile
stresses near the base, but shear stresgses near the base, shown in
Figure 21, are found to be slightly higher near the rock base and slightly

lower near the Tloor of the opening.

Case 5

In Case 5, the invert thickness is reduced frem 4'-0" to 3'-6" (with
the crown thickness again returned to 3'-5"). The maximum compressive
stresses, shown in Figure 22, are still unchanged. Interestingly enough,
maximum tensile stresses, shown in Figure 23, are of the same order of
magnitude as those fTor Case‘3, shown in Figure 16. However, the region
of tensile stress in the invert hag increased in'size-slightly, and now
begins to reach into the region of sghear shown on line yéy. Shear stresses,
shown in Figurgvah, éfe roughly §f the same order as those shown Tor Case L,

but are increased slightly near the rock base.

Cage 6

Caée 6 differs from Case 3 in that all &imensiéns were reduced simul-
taneously to the slimmer configuration shown in Figure 25. Despite this
reduction in vblume,’stresé concentration factors are only slightly in-

creased. The maximum compressive stress concentration factor increases
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- FIGURE 20- CASE 4
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by only 0.2, as shown on Figure 25. The waximum tensile shtress concentra-
tion factor, shown on Figure 26, is increased by only O.1. It is evident
that a considerable volume of concrete can be saved with this thinner
configuration without affecting the stresses measurebly. Shear stresses,
shown on Figure 27, do not differ greatly from those shown previously.

In general, the directions of prineipal stresses shown on Figure 28
resemble those drawn previously for the larger-volume Case 3 with only
slight differences in detail at the crown. These differences result from
the fact that the horizontal compressive stresses at the top, due'to‘beam
action, now exceed the vertical stresses due directly to the applied load.

Thus the prinecipal sbress directions are reversed.

Thin-Walled Grout Gallery - Case 7

For Case T ali important dimensions were roughly half those used
previously in Case 3. This strﬁcture is intended to be used where the
loading will be considerably less than maximm, as at the upper levels of
the dam. Hence, although the stress concentration factors shown in
Figures 29 and 30 are increased appreciably, the superposed loads will be
much smaller and the actual magnitudes of stresses in the structure may
be of the same magnitude as those found previously. Despite the radical
change in dimensions of the section, stress concentration factors are only
slightly increased. This case demonstrates, therefore, that a minimum
dimensioned gallery, constructed of strong concrete, can safely withstand

all superimposed loads.

Tastrument Chamber - Case 8
Case 8 corresponds most closely to Case 6, with the exception that
the gallery has been widened by 15 ingheé g0 that it can be used as an

instrument chamber. In general, as shown in Figures 32 to 34, this has
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resulted in higher stresses all around, the greatest change being the
increase in compressive stress at the spring line of the arch., Maximum
tensile stresses in crown aend invert are both of the ssme order of mag-
nitude, the stress concentration factor being 0.6, higher than in any of

the cases yet discussed.

Case 9
Case 9 also represents a widened gallery to be used as an instrument

chamber, with generally thinner side, top, and bottom dimensions. Thus

Case 9 most nearly resembles Case 7 with the addition of the widened

central portion. However, as'shown in Figures 35 and 36, the maximum
stress concentration factor at the crown has inereased from 2.8 to 4.4 and
the waximum tensile stress concentration factor at the crown has increased
from 0.3 to 1.0 (more than threefold). The maximum tensile stress at the
invert has increased slightly frem 0;6 to 0.7. The tensile regions have
increased in size and occupy all of the invert and sbout half of the

crown of the arch. In general, as shown in Figure 37, shear sbresses
throughout the base of thinner-walled galleries are much larger than those
showvn for thick-walled sections. Bireeﬁiomé of principal stresses shown

in Figure 36 are gquite similar to those ghown previously for Figure 28.

Gutter Effect - Case 10

In the cases discussed‘to now, the gutter which exists at one side
of the invert in the actual structure has been omitted. The next two
cages were designed to explore the change in stress induced by the gutter.
Case 10 represents the thin-walled section of Case 7 with the addition
of the gutter. Actimlly, since symmetry was assumed to shorten the work
of the computation, the analysis provided results for a symmebrical

section having two gutters, as shown in Pigure 9. These stress results,
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however, combined with those for Case T show a nearly continuous stress
distribution, as will be discussed later, hence it is believed that the
agsumption of symmetry introduced negligible error.

The compressive stress distribution Feor Case 10 ig shown in Figure ho,
The changes from Case 7 (Figure 29) caused by the introduction of the
gutter are guite interesting. Thehfilleﬁ effect at the base of the wall
causes a significant reduction of the stress concentration in thisg zone ,
from 3.6 to 3.0. At the same time, however, the concentration at the
springing of the arch increased from 2.8 to 2.4, Tensile stress concen-
trations at the crown of the arch are unchanged, but the invert tensile

stresgses are reduced roughly by half.

Cage 11

Case 11 is the seme as Case 6 with the addition of the gutter, This
case represents the ultimate development of the thicker sections for the
heavy loads. The compressive stresses (shown in Figure 42) are the same
as in Case 6 (Figure 25) at the spring line, but have been reduced signi~
ficantly at tﬁe base, ffdm a factor of 3.4 to 2.8, by the fillet effect of
the gutter. Maximm tensile stresses {Figure hs} in erown and invert have
been greatly reduced from Case 6 (Figufevﬁé} by’ﬁhe gutter, as have the

base shearing stresses, shown in Figure bk.

Stress Concentration Factors

In discussing the stresses found in the 11 separate cases analyzed,
maximum tensile and compressive stresses have been cited in terms of
stress concentration factors, which are the ratios of the computed max-
imum stress to‘ﬁhe superposed stress of 1000 pei. It will be noted that
while there were differences in magnitude of these fa@ﬁ@rs for the indivi-

dual cases, the regions of highest compressive snd tensile stress were in
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roughly the same position for each configuration studied. Meximum compres-
sive stresses were found at the spring line of the arch, and at the side

of the gallery near the base. Maximum tensile stresses were found at the
crown of the arch, and at the center of the invert, or floor of the gallery.
Hence, for direct comparison of the effect of configuration and dimension
on maximum stresses, Table 2 has been assembled giving the stress concen-

tration factors for all cases studied.
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TABLE 2 - Stress Concentration Factors

9

Dimension - Ft-in Concentration Factors
Case |Figure | Crown Invert Side Compression Tension
: A B ¢ Spring | Base Orown |Invert
1%5P 1y 3-5 4-0 2-10 " - - -
2P IT 3-5 k.o 2-10 2.6 3.2 .09 N
3 II 3-5 L-0 2-10 2.6 3.2 .1 A
L It 3-0 4o 2-10 2.6 3.2 .2 N
5 II 3-5 3-6 2-10 2.6 3.2 el A
6 I 3-0 3-6 2-0 2.8 3.k .2 5
7 | m | 16 | 20 1-6 | 2.8 | 3.6 3 | .6
8 I1I 3-0 h-0 2-0 3.2 3.6 .6 .6
9 | IIX 1-6 2-0 106 k. k.0 1.0 T
10 v 1-6 2-0 1-6 3:h 3.0 3 | .30
11 v | 30 36 2-0 2.8 2.8 1 .2°

& Coarse mesh analysis

Poisson's ratio for rock and concrete equal

C'Concentration Factor of .4 found in gutter
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Stresses at Base of Gallery with Gutter

Pigure 45 has been prepared to show the distribution of the stress at
the base of a thick-walled gallery for the unsymmetrical case of the gubter
on one side only. This has been done by combining the results for Case 11
(with gutter) with the results from Case 6 (without gutter). The top
sketch shows the principal compressivé stresses and the bobttom shows the
principal tensile stresses. BRach drawing has been made éeparately on
either side of the center line with no attempt to smooth the stresses
across the center line. Howewer, examination of the drawing shows that
the compressive principal stress pattern is nearly continuous across the
center line. For the principal tensile stresses, there is some difference
in detall in the continuity of the maximum stresses, and the outline of the
complete tensile stress region is somewhat discontinuous. However, it is
expected that very little difficulty would be experienced by the designer
in using these diagrams for the determination of required tensile reinforce-
ment.

Similarly, results for Case 7 have been combined in Figure 46 with
results for Gase 10 to show the stresses for the thin}walled non-
symmetrical gallery with gutter. For thils thinner section, the tensile
stress patterns are more nearly continuous and the compregsive stress pat-
tern is the more discontinuous of the two. However, the stress patterns
are continuous enough to indicate that no egignificarnt stress differences
would be obtained if a complete analysis were made for the unsymmebrical

case.



-e200
-2400

1600

-2800
~-3000
3*\2()0

3400

-1400 120

>/

%\f/

o 1000

PRINCIPAL

(

COMPRESSIVE

CASE 1|

STRESSES

N

T
O\Aﬂm——a

PRINCIPAL

STRESSES

FIGURE 45 - EFFECT OF GUTTER ON STRESSES

THICK - WALLED GALLERY




82

- y— / ; \ n
: L |
| Q‘f’”"f!@,__/
&//:’;%Ov 2[0“
| f B l

-2000

-2200

~3000

400/ .20

CASE 10

FLTIRLRL N

PRINCIPAL COMPRESSIVE STRESSES

PRINCIPAL TENSILE STRESSES

FIGURE 46 - EFFECT OF GUTTER ON STRESSES

THIN-WALLED GALLERY




]
|
|

o
i

Statics Check

In order to provide an indication of the overall accuracy obtained in
the computations, a static equilibrium check was made for each individual
case studied. Since the system considered in each case represents a small
portion of a semi-infinite body, the check was made for a free body bounded
by the centerline, the upper surface, the vertical boundary of the analysis,
and a line drawn horizontally in the concrete midway between %ﬁe invert
floor and the base of the grout gallery, as shown in Figure 47. For Case 1,
the forces acting are the external load applied on the upper surface
L}&Yd»(y and. the sum of the vertical stress on the lower boundarybfvyctﬁ .
For: all other cases, some shear acts on the right hand boundary, and a

force j;qayGQ# had to be ineluded in the computation. The equation of

gtatics to be satigfied in these cages was:

TV = fwobﬁ +f<r7d./x “‘\jﬂ"‘%(y@% = Q

The results of the statics check are summarized in Table 3. This shows that
the average error was less than 2 1/2 percent, and that the maximm error
was just under 3 percent.

In evaluating the accuracy of the analysis, It should be recognized
that the analysis procedure successively relaxes constraining forces at the
nodal points until equilibrium of nodal forces is fully achieved. Thus,
if the staties check were applied to the nodal peint forces, a complete
check would be obtalined. The slight &igerepam@ies‘noﬁed are assoclated with
the process of determining the stresses in the system, which are established
b& first computing a uniform stress for each element and then "averaging"

these discrete stresgs values in the construction of the sbtress contours.
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R STATICS CHECK



TABLE 3 « Btatics Check ofEOmmputed Stregses
: :

. . s gy ax
Cage A DlmenglOHS ¢ A%gigﬁﬁ j 5+ Difference Pgi;iit
LB JTycly
1 3-5 i) 2-10 270,000 263,327 6,673 2.47
2 3-5 oo | 2-10 | 120,000 123,011 3;011 2.51
3 3-5 b0 | 2-10| 120,000 122,561 2,561 2,13
L 3-0 o) 2-10 120,000 122,507 2,507 2.09
5 35 3-6 | 2-10 | 120,000 123,556 3,556 2.96
6 3-0 | 3-6 2-0 | 120,000 122,535 2,535 2.11
7 16 | 20 | 16 120,000 | 123,070 3,070 2.56
8 3-0 b0 2-0 127,800 129,940 2,140 1.67
9 1-6 2-0 1-6 127,200 130,611 3,h11 2.68
10 1-6 2-0 1-6 120,000 117,307 2,693 2.24
11 3-0 3-6 2-0 120,000 123,168 3,168 2.6k
Averafe 2.37
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CONCLUSIONS

Method of Analysis

One of the most important conclusions to be drawn from the investigation
reported herein is with regard to the effectiveness and practicality of the
finite element method of analysis. The complex systems which have been solvéd
demonstrate that the method can be used in determining stresses and deflec-
tiong in completely arbitrary plane stress or plane strain problems. Vari-
ations of material properties, complicated boundary configurations, difficult
loading conditions all are handled automatically by the single standardized
procedure. It is not necessary to treat the grout gallery as an isolated
system subjected to some assumed farce distribution along the concrete-rock
interface. Instead, the combined system, including the grout gallery and
the supporting rock, 1s treated in a single analysis with boundaries agsumed
at a great enough distance that they have negligible influence on the gallery
stresses. The triangular element pattern may be laid ocut so as to accommodate
any arbltrary configuration easily, and the element sizes may be si&lected
to give the desired emount of detail regarding the stress distribution in
each reglon of the structure.

Grout Gallery

As described under "Scope", it was not the purpose of this investigation
to draw conclusions as té the éptimum dimepgions of the grout gallery for
any specified loading conditions. However, the analyses described here in-
dicate that a grout gallery of cousiderably slimmer dimensiong than those
first proposed can carry heavy superimposed loads safely, and where light
loads are anticipated, a nominally-dimensioned grout gallery was Ffound to
give very reasonable stresses. Increasing the width of the gallery to

form an instrument chamber caused only a minor increase in stresses, and
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reguired ne radical change oﬁ dimension. The unsymmetrical case of the
grout gallery with gutter was analyzed approximately by Jjoining two halves
of two symmetrical analyses: with and without the gutter. By this
expedient, a larger number of finite elements and nodal points could be
used in each individual analysis, thus increasing the detail obtained at
the regions of concentration of stress. Results indicate that the gutter
does not lead to significant stress increases, in fact, the maximm stress

values are actually reduced in these analyses.
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