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ABSTRACT OF THE DISSERTATION

Testing and Learning in High-Dimensions:

Monotonicity Testing, Directed Isoperimetry, and Convex Sets

by

Hadley Black
Doctor of Philosophy in Computer Science
University of California, Los Angeles, 2023
Professor Raghu Meka, Chair

This thesis studies testing and learning of monotone functions, k-monotone functions,
and convex sets over high-dimensional domains. Our primary focus is monotonicity testing,
which has been one of the central problems in the field of property testing since its beginnings
in the late 90’s. Monotonicity testing has generated a lot of interest, partially due to its
connection to isoperimetric inequalities, which are a fundamental tool in Boolean function
analysis. Our secondary focus is on testing and learning convex sets. Our contributions are

presented in four parts summarized as follows:

1. We present a nearly optimal non-adaptive monotonicity testing algorithm for Boolean
functions over d-dimensional hypergrids and continuous product spaces. Among other
technical contributions, a central tool in our proof is a new isoperimetric inequality for

Boolean functions over hypergrids.

2. Given the impact of isoperimetric inequalities for testing monotonicity of Boolean func-
tions, a natural question is whether these inequalities generalize to larger ranges. We

give a black-box reduction showing that the known inequalities in this area generalize
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to real-valued functions. We use this result to obtain nearly optimal bounds for (non-
adaptive, one-sided error) monotonicity testing parameterized by the range size and an
improved upper bound for approximating the distance to monotonicity of real-valued

functions on the hypercube.

. We present nearly matching upper and lower bounds for sample-based testing and

learning of k-monotone functions over hypercubes and continuous product spaces.

. Motivated by the limited understanding of convexity testing in high-dimensions we
initiate the study of convex sets over the ternary hypercube, {—1,0,1}¢, which is
the simplest high-dimensional domain where convexity is a non-trivial property. We
obtain (i) nearly tight bounds on the edge-boundary of convex sets in this domain, (ii)
new upper and lower bounds for sample-based testing and learning, and (iii) nearly

matching upper and lower bounds for non-adaptive testing with one-sided error.
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LIST OF FIGURES

On the left is a pictorial representation of an anti-majority function on the hypercube,
AM(z) = 1(|z| < |d/2]). On the right is a pictorial representation of a anti-dictator
function AD(x) = 1 — x1. Both functions satisfy eam = eap = 1/2, while their edge-
boundaries are quite different. We have I, = 1/2 since the influential edges are exactly
those crossing the first dimension cut, of which their are exactly 24=*. On the other hand
Iy = Q(Vd) since there are (Ldl/izj) = Q(2¢/V/d) vertices on the boundary of f~1(1),
each incident to [d/2] influential edges. However, notice that both functions satisfy
El\/Ixp(@)], E[y/Iam(2)] = ©(1). Thus, both of these functions are tight examples for
the directed Talagrand inequality Theorem 2.1.12, which is not the case for the directed

Poincaré inequality Theorem 2.1.2. . . . . . . . . . . . e

This figure shows the key argument that either the down-shifted upwalk test or the

downwalk test find a violation with probability ~ \/Ellogn when the good subgraph is a

matching of size Q(n?). The left drawing illustrates how red edges enable the analysis
of the down-shifted upwalk test and the right drawing illustrates how blue edges enable
the analysis of the downwalk test. In both drawings, the edge (z,y) is in the initial

violation matching. . . . . . . . . . e e e e e e

An example of a function f: [n] x [n — 1] — {0,1} where stacks of size > 2 are un-
avoidable. Black (white, resp.) circles represent vertices where f =1 (f = 0, resp.).
First observe that there exists a perfect violation matching as follows: perfectly match
the two blocks of size (n—1)(n/2—1) and then perfectly match the bottom line of 1’s to
the right-most slice of 0’s. Thus, any mazimum cardinality violation matching, M, will
match all of the (n—1) 0’s in the right-most slice. There are only n/2 lines containing
1’s and so by the pigeonhole principle M contains at least n/2 — 1 pairs belonging to

stacks of size > 2. . . . L L L e
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3.2

3.3

4.1

4.2

4.3

4.4

Accompanying illustration for Ex. 3.1.4 showing two different maximum cardinality

2 — {0,1} which have very

violation matchings for the anti-majority function f: [5]
different stack sizes. Black (white, resp.) circles represent vertices where f =1 (f =0,
resp.) and connecting lines represent pairs of the matching. Observe that for the left

matching, the bottom line and the right-most slice form a stack of size 4 while the right

matching has stack sizes all < 1. . . . . . oL

Accompanying illustration for the proof of Claim 3.3.2. The black connecting arrows
represent the matching, M, while the dashed green arrows represent the new matching,

N. The bold orange segment of £ is the interval Z,. . . . . . . . . . .. . .. ...

The blue function f : [n]¢ — {0,1} is defined in the middle using bold, gothic characters.
We have d = 2 and n = 2. For each of the 4 points of this square, we have four
different gx : {0,1}2 — {0,1} and they are described in the four green squares. For any
S C {1,2}, if we focus on the corresponding corners of the four squares, then we get
the function (S o f). For instance, if S = {2}, then if we focus on the top left corners,
then starting from goo and moving clockwise we get (0,1,1,0). These will precisely the

function f (read clockwise from 00) after we sort along dimension 2. . . . . . . . ..

In the figure, we see an example with d =2 and n = 8 = 23. There are 22 many 4 x 4

green (hyper)-grids, and 4> many 2 x 2 red squares. . . . . . . . .. ... ...

The function f = fy is described to the left, and then one obtains f1, fo and f3. The

43

48

function h which is obtained doing sort on the whole of f is described below. Note h # f3. 89

We are considering only the interval I. The line below is £ and the line above is ¢'. The
green shaded zones correspond to where the function evaluates to 1s. The situation to
the right is after sorting. Only the violating edges are marked. On the left, the red solid
edges are colored x(e) = 1 while the blue dashed are colored x(e) = 0. On the right, the

color-coding is the same but for x'. All other unmarked edges inherit the same colors

GS X+ o e e e e e e e e e e e e s e e
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4.5

6.1

6.2

6.3

8.1

The two vertical black lines demarcate I. The green shaded zones correspond to where
the function evaluates to 1s. The situation to the right is after sorting. y is a point
with f(y) = 0 to the right of I; z is a point with f(z) = 1 to the left of I. Only the
violating edges incident to 'y and z are marked. On the left, the red solid edges are
colored x(e) = 1 while the blue dashed are colored x(e) = 0. On the right, the color-
coding is the same but for the recoloring x'. All other unmarked edges incident of y
or z inherit the same colors as x. FEdges with both endpoints in I or both endpoints

outside I also inherit the same color. . . . . . . . . . . . ... .

An dllustration for Alg. 2 with input matching M = {(a,x), (b,y), (c,z)}. We initialize
Qo = {({a}, {=}), {0} {y}), {c}. {z1)}. The pairs ({a},{z}) and ({b},{y}) conflict,

so we merge them to obtain a new and final collection @1 = {({a,b},{x,y}), {c}, {z})}.

An illustration for the case of (X1,Y1) # (X2,Y2) in the proof of Claim 6.2.6. The
solid lines represent directed paths. The dotted line represents the pair (x2,y1) added

to obtain the final matching M. The only vertices of X UY mnot participating in M are

An illustration for the Boolean function f; of Definition 6.2.11. The diamond represents
the DAG G whose paths are directed from bottom to top. The hexagon represents the
sweeping graph H; = H(S;, T;). The value of f; is 1 for the vertices in S; and 0 for
the vertices in T;. For vertices outside of H;, its value is 1 for those vertices which are

above H; and 0 for vertices which are not above H;. . . . . . . . . . . ... .. ..

91

193

194

An illustration to Definition 8.0.3. Two cases are depicted: when x <y and when y < x.215
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An illustration of the construction used in our proof of Theorem 9.1.1. The image

represents the set of points in the hypercube {0,1} with Hamming weight in the inter-

val [g, % + 6\/&), increasing from bottom to top. The numbers on the left denote the
Hamming weight of the points lying in the adjacent horizontal line. The B; blocks are
the sets of points contained between two adjacent horizontal lines. Each orange shaded
region within B; represents the set of points satisfied by a term t“J. The blue numbers
represent the value that functions in the support of Dyes and Dy, can take. We have

used the notation “r — 1,27 as shorthand forr—2,r—1. . . . . . . . . .. ... ..

Ezample of a conver set in {0,:&1}3. The black dots are the set and the convex red

ellipsoid contains them. Note that the set may not be “connected” on the hypergrid.

An illustration of {0,£1}2. Arrows indicate the direction of the partial order. The red
triangle shows the convex hull of X := {(—1,1),(1,0), (0,1)}, which contains the origin.

Le. (X,(0,0)) is a minimal violating pair for X. . . . . . . ... ...

This figure shows a pictorial representation of {0,£1}" as a poset. Any vertical slice
represents the set of all points with some fixed number of mon-zero coordinates, and
this number is increasing from left to right. The left-most point is the origin and the
right-most points are the vertices of the hypercube {£1}". The outward-oriented poset
goes from left to right. The shaded blue region emanating from y is the set Up(y) of
points above y in the partial order. The set X represents some minimal set of points

for which y € Conv(X) and thus y < x for all x € X, by Fact 12.4.5. . . . . . . . ..

An idllustration of the t-truncated (T,v)-anti-slab. The dotted circle represents {£1}"
and everything within it is {0,+1}". The dark shaded regions are TAS,. The pair

({x1, 2,23}, y) is a violation for the set.. . . . . . . . . . ...
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LIST OF TABLES

Current state of the art for monotonicity testing over the d-dimensional hypercube and
hypergrid. All results are stated for constant . We use a./n.a. to denote adaptive/non-

adaptive and 1-s/2-s to denote one-sided/two-sided error. . . . . . ... ... ...

This table displays the isoperimetric inequalities for Boolean functions on the hyper-
cube, f:{0,1}¢ — {0,1}, and the monotonicity testing results that follow from the
directed versions. In fact, all of the directed inequalities hold for real-valued functions

f:{0,1}¢ = R by [BKR23, Theorem 1.3]. . . . . . . . . .. .

This table displays the directed isoperimetric inequalities for Boolean functions on the
hypergrid, f: [n]* — {0,1}, and the monotonicity testing results that follow from them.
In fact, all of these inequalities hold more generally for real-valued functions f: [n]* —
R (by [BKR23, Theorem 1.3], or Theorem 6.0.1 in this thesis). See Theorem 6.0.3
which generalizes the robust directed Talagrand inequality in this table to real-valued

functions. . . . .. L e e e e e e
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CHAPTER 1

Introduction

“The work is mysterious and important.” - Mark Scout!

An emergent aspect of modern computer science is the massive growth in data which
our algorithms must consider. This quantity of data demands that we design algorithms
whose run-times are extremely fast compared to the size of their input. Often this means
our algorithms must run in sublinear time, meaning that they’re only allowed to examine
a tiny fraction of their input. To meet this run-time constraint, we are generally forced to
relax various other demands of our algorithm, such as the quality of the solution it produces,

or the class of inputs it is required to perform well on.

1.1 The Challenges of Massive Data

To illustrate the innate challenges of dealing with massive data, consider the following basic

algorithmic question:

Is the given array of N bits sorted, or not?

An algorithm which answers the above question correctly on all inputs must answer

differently on the following two arrays, which differ on a single bit.

From Severance on Apple TV [SWCT22].
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Thus, answering the above question requires the algorithm to look at every bit of its input
and hence perform at least N operations. A conservative back-of-the-envelope calculation
shows that on a modestly sized 1 terabyte dataset using a modern 3.5 GHz CPU, this would

take on the order of roughly 5-10 minutes, which is far too long for many applications.

The inherent difficulty of the problem comes from the fact that we are asking our algo-
rithm to answer correctly on every input and with 100% probability. Suppose instead we

ask the following relaxed version of the question:

Is the given array of N bits sorted, or does it differ from every sorted N bit array on at

least 1% if its entries?

The following algorithm succeeds in answering the above question with 99% probability.

Check if the array is sorted on a sub-array of 10,000 randomly chosen locations. If so, output

13

yes”, and otherwise output “no”.

Note that now the number of operations required has no dependence on N (the size of
the dataset), but instead depends on the desired probability of success (99%) and level of
tolerance it has for unsorted inputs (1%). Performing 10,000 operations on the same modern

CPU from the previous scenario would take less than 1 millisecond.



1.2 Property Testing and Computational Learning Theory

Property testing, originally credited to [RS96, GGRI8], is a subfield of theoretical computer
science (TCS) which aims to study the types of relaxed algorithmic decision problems posed
in Section 1.1. In general, decision problems pose a yes/no question about a problem instance,
e.g. “is this array sorted?”, or “does this graph contain a clique of size k”?7 Property testing
poses the following type of relazed decision problem: “does this large object (input) have
the property P, or is it far from having the property P?”, where the notion of “far” is
prescribed by a distance metric and a proximity parameter. Some examples of commonly
studied objects are functions, graphs, and probability distributions. The property P is
formalized as some specific subset of the objects; for example monotone functions, bipartite
graphs, or uniform distributions. To answer such a question, a property testing algorithm is
given the power to locally inspect the object at various locations, which it is either allowed
to choose (query-based algorithms?) or which are given to it randomly according to some
underlying distribution (sample-based algorithms®). The goal is to design an algorithm which

makes as few inspections as possible.

Property testing is closely related to computational learning theory, in particular the
probably approximately correct (PAC) learning model introduced by Valiant [Val84]. A PAC
learning algorithm for a property P is given access to an input object X € P and is required
to produce a hypothesis H which is “close” to X with “high probability”. Concretely, the
connection between testing and learning is due to the fact that a PAC learning algorithm
can always be transformed into a property testing algorithm for the same property which
makes roughly the same number of inspections to its input. Therefore, learning is always at

least as hard as testing.

Often times property testing and PAC learning algorithms are quite simple and intuitive.

The real depth in these areas comes from asking “what are the structural properties of this

2This is the standard algorithmic model in property testing.

3This is the standard algorithmic model in learning theory.
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class of objects that allow this intuitive algorithm to work efficiently?”. This type of question
has led to many interesting mathematical ideas in combinatorics and probability theory. A
notable example is Fourier analysis of Boolean functions (see [O’D14]) which has seen a lot
of attention recently due to being extremely useful for a broad class of learning problems.
Another example which is quite relevant to this thesis is that of isoperimetric inequalities for
Boolean functions, which have turned out to be essential for analyzing monotonicity testing

algorithms.

1.3 Contributions and Organization

This thesis studies testing, learning, and structural aspects of monotone functions, k-monotone
functions, and convex sets in high-dimensional domains. The thesis is divided into four parts.
We give a very brief introduction for each part below. In Chapter 2 we give a survey on
the monotonicity testing problem for Boolean functions over hypergrids. This serves as an

introduction for Parts I and II.

Part I: Monotonicity Testing of Boolean Functions over Hypergrids: The primary
topic studied in this thesis is monotonicity testing of Boolean functions over hypergrids,
f:[n]® — {0,1}. This problem was first considered by [GGLT00] for the special case of
n = 2 (the hypercube) and for general n > 2 (the hypergrid) by [DGL199]. After a long
line of work, [KMS18] gave a non-adaptive upper bound of 5(\/3) for the hypercube setting,
and this is known to be optimal for non-adaptive testers [CWX17]. This breakthrough was
enabled by the development of new isoperimetric inequalities for Boolean functions in the
directed hypercube. At the time of this result, the best upper bound for hypergrids (even
n = 3) was O(d). In this thesis, we develop many new techniques for monotonicity testing
over hypergrids, culminating in a d'/?*°() query non-adaptive tester for all n [BCS23a),

thus resolving this question up to a o(1) factor in the exponent. This result also holds

for Boolean functions f: RY — {0,1} under any product measure over R%. The material



presented appeared in the following works:

e [BCS20]: “Domain Reduction for Monotonicity Testing: A o(d) Tester for Boolean
Functions in d-Dimensions”, with Deeparnab Chakrabarty and C. Seshadhri, appeared
in SODA 2020.

e [BCS23b]: “Directed Isoperimetric Theorems for Boolean Functions on the Hypergrid
and an O (n\/a) Monotonicity Tester”, with Deeparnab Chakrabarty and C. Seshadhri,
appeared in STOC 2023.

e [BCS23a] “A dY/?+°() Monotonicity Tester for Boolean Functions on d-Dimensional
Hypergrids”, with Deeparnab Chakrabarty and C. Seshadhri, appeared in FOCS 2023,
and was invited to the SICOMP Special Issue.

Part II: Directed Isoperimetry and Monotonicity Testing of Real-Valued Func-
tions: Isoperimetric inequalities over the directed hypercube and hypergrid have been a
central tool for analyzing monotonicity testers for Boolean functions. Given the impact of
these inequalities, it is natural to ask whether they extend to broader classes of functions.
We give a black-box result showing essentially that any such inequality for Boolean-valued
functions f: D — {0,1} over a partial order D in fact holds for all real-valued functions
f: D — R. In particular, we generalize all known directed isoperimetric inequalities for
f:{0,1}¢ — {0,1} and f: [n]? — {0,1} to f: {0,1}¢ — R and f: [n]¢ — R. We apply
these new inequalities to obtain new results for the tasks of monotonicity testing and ap-
proximating the distance to monotonicity of a function. The material presented appeared in

the following work:

e [BKR23|: “Isoperimetric Inequalities for Real-Valued Functions with Applications to
Monotonicity Testing”, with Iden Kalemaj and Sofya Raskhodnikova, appeared in
ICALP 2023.



Part III: Sample-Based Testing and Learning of k-Monotone Functions: The
monotonicity testing literature has primarily focused on query-based algorithms, which are
allowed to request the value of the function on points of their choosing. Another natural
algorithmic model is that of sample-based algorithms, which are only allowed to see the
function’s value on points independently sampled from the underlying distribution. One
of the original works on monotonicity testing of [GGLT00] initially studied this question,
but their lower bound only covered a very specific parameter regime. We close this gap
in the literature by giving nearly matching upper and lower bounds for this problem in all
parameter regimes. In fact our results hold more generally for sample-based testing and
learning of k-monotone functions with image size r, f: {0,1}? — [r]. We also provide nearly
matching upper and lower bounds for functions f: R? — [r] when the underlying distribution

is any product measure. The material presented appeared in the following work:

e [Bla23] “Nearly Optimal Bounds for Sample-Based Testing and Learning of k-Monotone

Functions”, unpublished manuscript.

Part IV: Testing and Learning Convex Sets in the Ternary Hypercube: Convex
sets are extremely natural, appearing in a wide array of contexts. Somewhat surprisingly,
many open questions still remain regarding the complexity of testing set convexity, in par-
ticular in high-dimensional domains. The “simplest” such domain where convexity is a
non-trivial property is the ternary hypercube, {—1,0,1}%. We study the testing and learning
problems for convex sets in this domain. The material presented appeared in the following

work:

e [BBH23]: “Testing and Learning Convex Sets in the Ternary Hypercube”, with Eric
Blais and Nathaniel Harms, appearing at ITCS 2024.



CHAPTER 2

Monotonicity Testing of Boolean Functions over

Hypergrids: A Short Survey

Monotonicity testing is one of the most classic problems in property testing. Naturally, the
most well-studied setting is that of testing monotonicity of Boolean functions f: {0,1}¢ —
{0,1} over the hypercube, first studied by [GGL700], and the generalized problem over
the hypergrid, [n]?, first studied by [DGL'99]. Here [n] denotes the set {1,...,n} and the
partial order over the hypergrid is defined as: = < y iff x; < y; for all ¢ € [d]. A function

f:[n]¢ — {0,1} is monotone if f(x) < f(y) whenever z < y.

The Hamming distance between two functions f and g, denoted A(f,g), is the fraction
of points where they differ. We say a function f: [n]¢ — {0,1} is e-far from monotone if
A(f,g) > ¢ for all monotone functions g: [n]? — {0, 1}. Given a proximity parameter € and
query access to a function f, a monotonicity tester must satisfy the following criteria: (a)
if f is monotone, then the tester accepts with probability at least 2/3, and (b) if f is e-far
from monotone, then the tester rejects with probability at least 2/3. If the tester accepts
monotone functions with probability 1, it is called one-sided. If the tester decides its queries

without seeing any responses, it is called non-adaptive.

Monotonicity testing of Boolean functions over the hypercube has attracted a great deal
of attention and the query complexity of this problem is still an outstanding open question,
with the current gap standing at Q(d%/3) vs O(v/d) [CWX17, KMS18]. The tester attaining
this upper bound is non-adaptive and in fact is optimal among non-adaptive testers due

to a matching lower bound of Q(\/E) also due to [CWX17]. The road to resolving the



non-adaptive query complexity of this problem led to the development of novel techniques,

notably the notion of directed isoperimetric inequalities for Boolean functions.

After the resolution of the non-adaptive question over the hypercube, the more general
problem over the hypergrid, [n]¢, remained open, even for n = 3. Recently, this question was
(nearly) resolved by [BCS23a], who gave an upper bound of d'/2+°(") for all n, matching the
non-adaptive lower bound of (NZ(\/E) [CWX17] up to a d°!) factor. This upper bound was due
to the culmination of many techniques by the authors [BCS18, BCS20, BCS23b, BCS23a]
which also built upon a long line of results studying the hypercube case [GGLT00, CS14a,
CST14, KMS18] and the hypergid [Ras99, DGLT99, BRY14a, BKKM23]. The purpose
of this chapter is to give an overview and history of the ideas that eventually led to the
d'/?t°() non-adaptive tester for hypergrids, highlighting the connection with isoperimetric

inequalities. This serves as an introduction for the technical contents of parts I and II.

Domain | Co-domain Lower Bound Upper Bound

{0,1}¢ {0,1} Q(d*3) a. 2-s [CWX17] O(Vd) n.a. 1-s [KMS18]
Q(Vd) n.a. 2-s [CWX17] O(Iy) a. 1-s [CS19)]
Q(Vd) n.a. 1-s [FLN*02]

{0,1}4 [r] Q(min{d, r2}) [BBM12] a. 2-s | O(rv/d) n.a. 1-s [BKR23]
Q(rv/d) n.a. 1-s [BKR23]

{0,1}4 R Q(d) a. 2-s [BBM12, CS14b] O(d) n.a. 1-s [CS13]
[n]¢ {0,1} - d/#°M n.a. 1-s [BCS23a)
[n]? 7] - -

[n]? R Q(dlogn) a. 2-s [CS14b] O(dlogn) n.a. 1-s [CS13]

Table 2.1: Current state of the art for monotonicity testing over the d-dimensional hypercube and
hypergrid. All results are stated for constant €. We use a./n.a. to denote adaptive/non-adaptive
and 1-s/2-s to denote one-sided/two-sided error.

Organization: In Section 2.1 we give a history of directed isoperimetric inequalities and
upper bounds for Boolean monotonicity testing over the hypercube. The remainder of the
sections pertain to the techniques developed for hypergrids: Section 2.2 discusses domain
reduction [BRY14a, BCS20, HY22] which is the topic of Chapter 3, Section 2.3 discusses
generalized directed isoperimetric inequalities over hypergrids [DGL*99, BCS18, BKKM23,



BCS23b] which is the topic of Chapter 4, and Section 2.4 discusses the techniques from
[BCS23a] and the d/2t°W) tester which is the topic of Chapter 5. We conclude in Section 2.5

with a discussion of some open questions and final remarks.

2.1 Monotonicity Testing and Isoperimetry on the Hypercube

The directed hypercube is the DAG with vertex set {0,1}% and edge set
E = {(z,y): 3i € [d] such that z; < y; and z; = y; for all j € [d] \ {i}}.

Given a function f: {0,1}¢ — {0, 1}, we use G;(X;, Y}, Ef) to denote the violation graph of
f which is the subgraph of the directed hypercube defined as follows: Xy = {z: f(x) = 1},
Yy ={y: fly) =0}, and E;y = {(z,y) € E: v € Xy, y € Y¢}. That is, G¢ is the bipartite
subgraph consisting of all edges where f violates monotonicity. Observe that if a tester
manages to query points x € X7, y € Yy for which # < y, then it has found a certificate
of non-monotonicity of f and it may safely reject. All of the testers which we consider in
this survey are pair testers, meaning that they work by independently sampling pairs of
points (z,y) from a distribution D supported over {(z,y): x < y}, rejecting if they ever see
a violation, and accepting otherwise. Note that if T is a pair tester using distribution D and
Puy~plz € Xy Ay € Yy] > p(e) whenever f is e-far from monotone, then 7" is a O(p(e) ™)
query tester since the probability of not seeing a violation across this many trials is at most
(1 —p(e)°®©)™) < 1/3. By definition, pair testers are non-adaptive and have one-sided

error.

Note that f is the characteristic function for the set X; and EY is the set of edges on the
boundary of Xy, or equivalently, of f. A central theme in the monotonicity testing literature
has been to prove theorems that relate the structural properties of these boundary edges to

the distance to monotonicity, ¢, and to exploit this structure to analyze testers.



2.1.1 The Edge Tester and the Directed Poincaré Inequality

The starting point for these results is the very natural edge tester considered by [GGLT00]:
sample a uniform random edge (z,y) € E and reject if (z,y) € Ef. The total number of
edges in the hypercube is |E| = d- 297! and so the probability that this test finds a violation
is precisely |E|/(d-2%71). Thus, the analysis of this tester amounts to proving a lower bound

on |E¢|. Another way to look at this quantity is in terms of influence.

Definition 2.1.1 (Influence). The influence and negative influence of a function f: {0,1}¢ —

{0,1} are defined as

I;=27"{(x,y) € E: f(z) # f(y)} and [} =27 {(z,y) € E: f(z) > f(y)} =27~ | Ef]
(2.1)

The following bound on the negative influence was proven by [GGL*00].

Theorem 2.1.2 (Directed Poincaré, [GGLT00]). Every f: {0,1}¢ — {0,1} satisfies I; =
Q(ey).

This bound immediately implies that the edge tester is a O(d/e) query tester since it
implies a random edge violates monotonicity with probability at least 21 /d = Q(e/d)

whenever f is e-far from monotone.

Corollary 2.1.3 (Edge tester bound, [GGL*00]). For every f: {0,1}¢ — {0,1}, the edge
test finds a violation of monotonicity with probability Q(e¢/d). Therefore, the edge tester is
a O(d/e) query tester.

It was later observed by [CS14a] that Theorem 2.1.2 can be viewed as a directed analogue
to the following standard edge isoperimetric bound for the undirected hypercube attributed

to Poincaré.
Theorem 2.1.4 (Poincaré). Every f: {0,1}% — {0,1} satisfies I; = Q(var(f)).

10



Going from Theorem 2.1.4 to Theorem 2.1.2, the influence I; is replaced by the negative
influence I and var(f) is replaced by ;. The influence measures the quantity of edges in
the undirected hypercube which leave the set Xy = {z: f(x) = 1} and the negative influence
measures the quantity of edges in the directed hypercube which leave the set X;. In this
sense Theorem 2.1.4 is an edge isoperimetric bound for the directed hypercube and hence

we refer to it as the “directed Poincaré inequality”.

Remark 2.1.5 (On ¢; as a directed analogue of var(f)). A useful viewpoint to appreci-
ate the analogy between c¢ and var(f) is the following. First, we note that var(f) is a
2-approximation of the distance of f to the nearest constant function, which we’ll denote by
d(f,const). This is because var(f) = E[f](1 — E[f]), while d(f,const) = min(E[f], 1 — E[f]).
Thus, Theorem 2.1.4 can be written as Iy = Q(d(f, const)), which compares the number
of non-constant edges to the global distance of f to being constant. On the other hand,
Theorem 2.1.2 can be written as I, = Q(d(f, monotone)), which compares the number of
non-monotone edges to the global distance of f to being non-monotone. Non-constant edges
are those that “leave the set of 1’s”, f~1(1), in the undirected hypercube and non-monotone

edges are those that “leave the set of 1’s”, f=1(1), in the directed hypercube.

2.1.2 The Path Tester and the Directed Margulis Inequality

It is straightforward to see that the directed Poincaré inequality of [GGLT00] is tight by
considering an anti-dictator function AD,(r) = 1—1; and observing that I, = eap, = 1/2.
Therefore, the edge tester requires Q(d) queries. So, how can we achieve a o(d) query tester?

Consider the following more general type of test.

Definition 2.1.6 (7-Length Path Test). Given 7 € N, the T-length path test samples z €
{0, 1} uniformly at random, chooses a set T C [d] of T i.i.d. uniform random coordinates,

and then obtains y = x by setting y; = 1 for alli € T and y; = x; for all j € [d]\ T.

In other words, y is the upper endpoint of a 7-length random walk from z in the directed

hypercube. The edge tester corresponds to the case of 7 = 1 and this test catches a violation

11



for AD; with probability O(1/d). Suppose instead we set 7 = v/d. In this case the 7-length
path test catches a violation as long as (i) x; = 0 and (ii) 7" > 1, and the probability of these
events both occurring is Q(1/v/d), a vast improvement over the edge test!. At an intuitive
level, the reason why this test works well for the family of anti-dicators is that, while these
functions have few boundary edges, they have many boundary vertices (in fact all vertices are
on the boundary). Thus, informally, at each step of the walk there is an ©(1/d) probability

of crossing the boundary and the final success probability is the sum of these probabilities.

Inspired by the above reasoning, one may ask if there is a directed isoperimetric inequality
which says “when there are few boundary edges, there are many boundary vertices”. Such
an inequality was proven by [CS14a] which led to the first o(d) query tester. To state
their inequality we need to define the notion of directed vertex boundary, defined as I'; =
27 |{x: 3(x,y) € Ef}|. Le. T is the fraction of points which are the lower endpoint of

some edge violation.

Theorem 2.1.7 (Directed Margulis, [CS14a]). Every f: {0,1}% — {0,1} satisfies
I; T = Q).

This inequality gives a tradeoff between the edge and vertex boundaries. In fact, [CS14a]

prove a stronger inequality implying that either G(Xy, Yy, Ef) (i) contains many edges, or

(ii) contains a large matching. Formally, let I'y .o

in Gf(Xf, Yf, Ef) divided by 2d.

denote the size of the largest matching

!The reader may wonder why not set 7 > v/d. The reason we are limited to 7 = O(V/d) is as follows.

Consider a truncated anti-dictator function: TAD;(x) = AD(z) if |z| € [d_T\/E, d+2\/a], TAD;(x) = 0 if

x| < d%ﬂ and TADy(z) =1 if |z| > d%ﬁ. By standard concentration bounds, we still have I15p = O(1)
and e7ap, = (1), but now if 7 > v/d, then one of the endpoints of the walk will be outside of the middle
layers and we will not catch a violation. In fact, truncated anti-dictator functions were used by [FLNT02]
to prove an Q(\/&) lower bound for non-adaptive, one-sided testers.

12



Theorem 2.1.8 ([CS14a)). Every f: {0,1}¢ — {0,1} satisfies

[]: ’ F]7,matching = Q(€?>
Theorem 2.1.8 enables us to achieve o(d) query complexity using the 7-length path test
for 7> 1. Originally, [CS14a] gave a O(d7/8c73/2) tester and [CST14] later gave a O(d*/6e~*)

tester. Later [KMS18] formalized the path tester as follows.

Definition 2.1.9 (Path test). Choose p € [logd] uniformly at random and set T = 2P. Run
the T-length path test?.

Using Theorem 2.1.8 one can show the following bound for the path tester, as defined in

Definition 2.1.9.

Theorem 2.1.10 (Path tester bound from Margulis). For every f: {0,1}% — {0,1}, the

path test finds a violation of monotonicity with probability 62(531/3 -d=%/%). Therefore, the path

tester is a O(d®%=4/3) query tester.

It turns out that Theorem 2.1.7 is a directed version of the following isoperimetric inequal-
ity due to Margulis [Mar74], and hence we refer to it as the “directed Margulis inequality”.

In the following theorem I'y denotes the vertex boundary of f in the undirected hypercube.

Theorem 2.1.11 (Margulis, [Mar74]). Every f: {0,1}¢ — {0,1} satisfies
I;- Ty = Qvar(f)?).

2.1.3 The Directed Talagrand Inequality

The directed Margulis inequality Theorem 2.1.7 tells us, informally, that “either the edge

boundary is large, or the vertex boundary is large”. One may ask if there is an inequality

2To be completely formal, the path test actually performs a random walk going up or down, each with
probability 1/2. We ignore this detail for clarity.
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which interpolates smoothly between these two cases and if this could lead to a better
analysis of the path tester. Both of these questions were answered in the affirmative by
[KMS18] (referred to henceforth as “KMS”) who proved the following. For a point z € X,
the negative influence at z, denoted I, (), is the number edges incident to x that violate

monotonicity. If z € Yy, then I; () = 0.

Theorem 2.1.12 (Directed Talagrand, [KMS18]). Every f: {0,1}¢ — {0,1} satisfies®
E, [ I]?(a:)] = Q(ey).

Again, Theorem 2.1.12 is a directed analogue of the following isoperimetric inequality in
the undirected hypercube due to Talagrand [Tal93]. For a point x € X, the total influence
at x, denoted I¢(x), is the number of sensitive edges in the undirected hypercube incident

to x. If x € Yy, then If(x) = 0.

Theorem 2.1.13 (Talagrand, [Tal93]). Every f: {0,1}¢ — {0,1} satisfies
E, |y/15(0)] = 2var(r).

We can think of the square root function in Theorem 2.1.12 as interpolating smoothly
between the two extremes “the edge boundary is large” vs. “the vertex boundary is large”.
Two very useful examples that illustrate this tradeoff are the anti-majority function and the

anti-dictator function, for which we give a discussion in Fig. 2.1.

Structurally, the hope is that this gives an interpolation between the two cases “G (X, Yy, E¥)
contains many edges” vs. “Gf(Xy,Ys, Ef) contains a relatively large matching”. To obtain
such a structural result [KMS18] actually show a much stronger, robust version of Theo-
rem 2.1.12. Note that in Theorem 2.1.12 all the edge violations are “charged” to the the

points x where f(x) = 1. Allowing for edges to be charged to different endpoints arbitrarily

3The original inequality due to [KMS18] had Q(s¢/logd) on the RHS and this was improved to Q(e¢) by
[PRW22].
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(1,1,...,1)

1,....1)

(0,...,0) (0,0,...,0)

Figure 2.1: On the left is a pictorial representation of an anti-magjority function on the hypercube,
AM(z) = 1(|z| < |d/2]). On the right is a pictorial representation of a anti-dictator function
AD(z) = 1 — 1. Both functions satisfy eam = eap = 1/2, while their edge-boundaries are quite
different. We have I, = 1/2 since the influential edges are exactly those crossing the first di-
mension cut, of which their are exactly 24=. On the other hand Ing = Q(\/&) since there are
(de/izj) = Q(2%/V/d) wertices on the boundary of f~'(1), each incident to [d/2] influential edges.

However, notice that both functions satisfy E[\/Ixp(x)], E[\/Iay(x)] = O(1). Thus, both of these
functions are tight examples for the directed Talagrand inequality Theorem 2.1.12, which is not the
case for the directed Poincaré inequality Theorem 2.1.2.

can greatly reduce the quantity in the LHS, due to the the square root inside the expecta-
tion. As a simple example, suppose f(z) = 0 iff z = (1,1,...,1). Then charging edges to
the points where f(x) = 1 or where f(z) = 0 causes the LHS to equal d-2~¢ or v/d - 27,
respectively. [KKMS18] are able to show that the inequality always holds regardless of how
the edges are charged. This charging is specified by an edge coloring: given y: £ — {0, 1},

let I} (z) denote the number of violating edges (z, y) incident to  such that x(z,y) = f(z).

Theorem 2.1.14 (Robust directed Talagrand, [KMS18]). Every f: {0,1}¢ — {0,1} and
x: E — {0,1} satisfy?
Ex[ ];X(m)} = Q(ey).

The following lemma describes the structural property of the violation graph implied by
Theorem 2.1.14.

Lemma 2.1.15 (Good subgraphs, informal, [KMS18]). Suppose f: {0,1}4 — {0,1} s Q(1)-

far from monotone. There exists A € [d] such that G;(X;, Yy, Ef) contains a subgraph
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Geood(X,Y, Egood) with max degree A and |Egooq| = Q(VA - 29).

If A = 1, the good subgraph is a matching of size ~ 2¢ and when A = d the good
subgraph contains at least ~ v/d- 2% edges. The analysis of the path tester (Definition 2.1.9)
given by [KMS18] proves that there is a choice of 7 ~ /d/A for which the 7-length path

1/2

test finds a violation with probability &~ d~/“. This results in the following theorem since

the right choice of 7 is selected with probability 1/logd.

Theorem 2.1.16 (Path tester bound from Talagrand, [KMS18]). For every f: {0,1}¢ —
{0,1}, the path test finds a violation of monotonicity with probability ?2(8?/\/6_1) Therefore,
the path tester is a O(\/d/e2) query tester.

2.1.4 The KMS Optimal Path Tester Analysis

The main ideas behind the KMS analysis of the path tester are best illustrated by the case

when the good subgraph is a matching, i.e. when A =1 in Lemma 2.1.15.

When the good subgraph Ggeod(X, Y, Egood) is a matching from X to Y, KMS show that
a random walk of length 7 &~ v/d succeeds in finding a violation with ~ d~'/2 probability. A
key definition in their analysis is the notion of 7-persistence: a vertex x is T-persistent if a 7-
length directed random walk leads to a point z where f(x) = f(z) with constant probability.
Using a simple argument based on the influence of the function, KMS argue that an average
directed random walk has S 7/v/d = o(1) influential edges. Using Markov’s inequality, at
most 0(24) points in {0,1}¢ can be non-persistent. Thus, we can remove all non-persistent
points and their matched partners from X and Y and still maintain |X| = Y] = Q(2%).

Thus, going forward we will assume that all points in X UY are persistent.

With Q(1) probability, the tester starts from x € X. Note that f(x) = 1. Let y denote
x’s partner in the matching and note that f(y) = 0. Let i be the dimension of the edge (x,y).
With probability roughly 7/d ~ d='/2, the directed walk will cross the ith dimension. Let us

condition on this event. We can interpret the random walk as traversing the edge (z,y), and
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then taking a (7 — 1)-length directed walk from y to reach the destination y’. (Note that we
do not care about the specific order of edges traversed by the random walk. We only care
about the value at the destination.) Since y is T-persistent?, with (1) probability the final

destination y' will satisfy f(y') = f(y) = 0. Putting it all together, the tester succeeds with

probability ~ d~'/2.
Undirected Directed Tester Queries
Poincaré I = Q(var(f)) I; =Q(ey) Edge test |  O(de™)
Margulis I; - Ty = Q(var(f)?) I;-T; = Q) Path test | O(d®/%=4/3)
Talagrand | E, { If(x)w = Q(var(f)) | E, [, /1 (x)| = Q(ef) | Path test O(Vde2)

Table 2.2: This table displays the isoperimetric inequalities for Boolean functions on the hypercube,
f:{0,1}¢ — {0,1}, and the monotonicity testing results that follow from the directed versions. In
fact, all of the directed inequalities hold for real-valued functions f: {0,1} — R by [BKR23,
Theorem 1.5].

2.1.5 On the Relationships Between Isoperimetric Inequalities

In this section we briefly discuss the formal relationships between the isoperimetric inequal-
ities over the hypercube covered in this section. First, each directed inequality implies its
undirected analogue, e.g. Theorem 2.1.2 implies Theorem 2.1.4. A formal proof is given in
[KMS18, Section 9.4]. The idea is that one can express the total influence as the sum of the
negative and positive influences: I;(x) = Iy (z) + I (x). Then, for example, the directed
Poincaré inequality yields Iy = I, + 1 ;I = Q(a? + 6;) where 5;{, £ denote the distance of f
to being monotone increasing and monotone decreasing, respectively. Thus, one just needs
to show that 7 +¢; = Q(var(f)), or equivalently e} +¢; = Q(d(f, constant)). See [KMSI8,

Lemma 9.6] for a proof of this.

Second, we show how the directed Talagrand inequality (Theorem 2.1.12) implies the
directed Margulis inequality (Theorem 2.1.7), which implies the directed Poincaré inequality

(Theorem 2.1.2). The same chain of implications holds for the undirected inequalities by

4Technically, one needs (7 — 1)-persistence, which holds from 7-persistence.
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analogous arguments. These proofs are straightforward and can be originally attributed to

[KMS18, Section 1.1].

Proof. Margulis = Poincaré: Recall the definition of I () and let I'; (z) = 1(I, (x) > 0).
We have

I; = E,[I; (v)] > E,[1(I} () > 0)] = E[[; ()] = T}

and so I, > /I, - I'; which completes the proof. O

Proof. Talagrand = Margulis: We have

where the last step follows from Cauchy-Schwartz. m

2.2 Domain Reduction for Hypergrids

We turn now to the general case of hypergrids, [n]?. What is the effect of n on the mono-
tonicity testing problem? It is a folklore result that testing Boolean functions on the line,
f: [n] = {0,1}, can be done with O(¢™!) queries, independent of n: (i) sample a set T' C [n]
of O(e7!) random points and (ii) accept iff f|7 is monotone. The analysis of this tester

exploits the fact that [n] is a total order and that the function is Boolean.

In contrast, testing real-valued functions on the line, f: [n] — R, requires Q(logn)
queries (see e.g. [CS14b]). Essentially, this is because one can construct real-valued func-
tions where all violations exist at a certain distance: consider the function assigning values
2,1,4,3,6,5,...,n,n—1]. This function is 1/2-far from monotone while all violations occur
between adjacent entries. Boolean functions on the line are quite different in that it is not
possible to avoid “long-distance violations”. I.e., consider a Boolean function with two viola-
tions between adjacent entries, [...,1,0,...,1,0,...]. Here the left-most 1 and the right-most

0 also form a violation. Is it possible to exploit this structure for Boolean functions over
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the d-dimensional hypergrid, [n]¢? In particular, is it possible to exploit this structure to
reduce monotonicity testing of f: [n]? — {0, 1} to monotonicity testing of f: [k]? — {0,1}
for k < n? We refer to this as the domain reduction problem.

Formally, consider sampling % i.i.d. uniform elements of [n] across each dimension and
restricting f to the resulting [k]? sub-grid. For k independent of n, can we lower bound
the expected distance to monotonicity of this restriction? Note that if one can prove a
lower bound of Q(e), then this reduces the problem over general [n]? to the smaller domain
[k]. Tt turns out that one needs k = Q(v/d) for this to hold [BCS20, Theorem 8.1] (and
Theorem 3.6.1 in this thesis). In particular, a reduction to the hypercube domain is not
possible using such a method. Nonetheless, we show that such a result indeed holds for

k = poly(d/ef). We give a proof of this theorem in Chapter 3.

Theorem 2.2.1 (Domain Reduction Theorem for Hypergrids, [BCS20]). Let f: [n]¢ —
{0,1} and k € Z*. If T =Ty x --- x Ty is a random sub-grid, where for each i € [d], T; is a
(multi)-set® formed by taking k independent uniform samples from [n], then

C-d
ET [EﬂT} Z&f—w

ef

7
where C' > 0 is a universal constant. In particular, if k > (ﬁ) , then Eq [e4,] > €4/2.

For the d = 1 case (the line domain), [BRY14a] prove a stronger bound. More recently,
[HY22] achieved a domain reduction style result using only O((d/ef)?) samples by choos-
ing a random “gridding” of the domain. Both the results of [BCS20, HY22] also hold for

measurable functions over continuous product spaces f: R? — {0,1}.

5We treat duplicate elements of a multi-set as being distinct copies of that element, which are then treated
as immediate neighbors in the total order.
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2.3 Monotonicity Testing and Isoperimetry on the Hypergrid

Domain reduction (Theorem 2.2.1) allows us to assume that n = poly(d/e), but even so the
techniques discussed in Section 2.1 do not directly port to the hypergrid, even for n = 3.
The initial proofs for the directed isoperimetric inequalities spelled out in Section 2.1 were
all highly specific to the n = 2 case, and in fact it is not clear a priori what the right
generalizations are. In this section we discuss the generalizations of the inequalities in

Table 2.2 which have been proven for hypergrids and the resulting monotonicity testers.

All of the inequalities for hypercubes listed in Table 2.2 involve some notion of the
negative influence and it is not clear what the right generalization of this is for functions
f:[n]*— {0,1}. The typical treatment of the hypergrid as a DAG considers (z,%) to be an
edge iff Zle |z; —y;| = 1. One may wonder why not define influence using this set of edges.
Consider the function f: [n] — {0,1} defined as f(z) = 1 iff x < n/2. We have ¢, = 1/2,
but only a single violating edge meaning that the influence would be only O(1/n), precluding
any inequality resembling those in Table 2.2 from holding. Thus, one needs to consider other
notions of influence which consider “long-distance interactions” between points on the same

line to obtain such inequalities.

2.3.1 The Line Tester and Dimension Reduction

Recall the directed Poincaré inequality Theorem 2.1.2 and the resulting bound for the edge
tester, Corollary 2.1.3. A natural generalization of the edge tester is the line test, first
considered by [DGLT99]: given f: [n]? — {0, 1}, sample a random axis-parallel line £ in [n]?
and run a d = 1 monotonicity tester on f|,. A folklore result is that O(e™!) queries suffice
to test monotonicity of Boolean functions on the line and so the query complexity of the line
test depends on the distance to monotonicity, ey, of this random line restriction. A lower

bound on E[ef,] was proven by [DGL"99], who referred to this inequality as dimension

reduction.
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Theorem 2.3.1 (Directed Poincaré for Hypergrids, [DGL*99]). Let f: [n]? — {0,1} and

let ¢ denote a uniform random azis-parallel line in [n]®. Then Eylep,] = Q(e;/d).

Note that when n = 2 (the hypercube) an axis-parallel line £ in [n]? is an edge. Moreover,
if this edge is a violation, then €7, = 1/2 and otherwise ey, = 0. Thus, the above inequal-
ity generalizes the directed Poincaré inequality (Theorem 2.1.2). From Theorem 2.3.1 one

obtains the following bound using the line tester with some technical modifications.

Theorem 2.3.2 (Line tester bound, [DGLT99, BRY14a]). There is a O(de™") query mono-

tonicity tester for functions f: [n]® — {0,1}.

2.3.2 The Directed Margulis Inequality for Hypergrids

In Section 2.1.2 we discussed how the edge tester requires Q(d) queries and so to obtain
o(d) testers one needs to query pairs of points differing on more than one coordinate, i.e.
path testers. As we discussed in Section 2.1.2, more sophisticated directed isoperimetric
inequalities involving some notion of vertex boundary are needed to analyze path testers.
This was first achieved for hypergrids by [BCS18] who generalized the directed Margulis
inequality, Theorem 2.1.7. To capture long-distance interactions between points on the
same line, they used the following notion of the “augmented hypergrid”, which was first

considered by [CS13].

Definition 2.3.3 (The augmented hypergrid, [CS13]). Let n be a power of two. The aug-

mented hypergrid, denoted A, 4, is the DAG with vertex set [n]? and edge set

E ={(z,y): 3i € [d], m € [logn] such that |x; —y;| = 2™ and x; = y; for all j # i}.

For f: A,q4 — {0,1}, the negative influence I, and directed vertex boundary I', are
defined analogously to the hypercube setting, but with respect to the edge set given in
Definition 2.3.3. Similarly, let I', denote the size of the largest matching of decreasing

f,matching

edges for f in A, 4, divided by n?.
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Theorem 2.3.4 (Directed Margulis for Hypergrids, [BCS18]). Every f: A, 4 — {0,1} sat-
isfies

-

f - F]7,matching =

In the hypercube setting, recall that the 7-length path test samples x uniformly at ran-
dom, chooses a set T' of 7 random coordinates, and then obtains y by incrementing x; for
all © € T where z; = 0. In the hypergrid, we have a new issue to consider: by how much
should we increment x;7 We will call this parameter the step size, which should also be
chosen randomly according to some distribution. Loosely speaking, we will consider a path
test in the hypergrid to be any generalization of Definition 2.1.9: choose z € [n]¢ uniformly at

random, then “increment” z in 7 = 2P coordinates where p is uniformly chosen from [log d].

In light of Theorem 2.3.4, [BCS18] choose the step size for the path tester as a random
power of two in the interval [1,n]. Combining Theorem 2.3.4 and an appropriate generaliza-

tion of the path tester analysis by [KMS18] (sketched in Section 2.1.4), [BCS18] show that

c4/3
d5/6polylog (n,d,1/¢)

this version of the path test finds a violation with probability ( ). Since the
dependence on n is poly-logarithmic, applying the domain reduction theorem, Theorem 2.2.1,

yields the following testing result for hypergrids, generalizing Theorem 2.1.10.

Theorem 2.3.5 (Path test bound for hypergrids from domain reduction and Margulis,
[BCS18, BCS20]). For every f: [n]¢ — {0,1}, the path test using random-power-of-2 step
sizes finds a wviolation of monotonicity with probability fl(si/gd*‘r’/(s). Therefore, this is a

O(d3/5=4/3) query tester.

2.3.3 The Directed Talagrand Inequality for Hypergrids

The question now is whether it is possible to generalize the directed Talagrand inequalities
Theorems 2.1.12 and 2.1.14 to hypergrids. We achieve such a result in Chapter 4 (originally
published in [BCS23b]) using yet another way of capturing long-distance interactions on a

line, by what we call the fully augmented hypergrid.

22



Definition 2.3.6. The fully augmented hypergrid is the DAG with vertez set [n]¢ and edge
set

E ={(x,y): 3i € [d] such that x; < y; and x; = y; for all j € [d]\ {i}}.

Given a function f: [n]? — {0,1}, we use G;(X;, Y}, Ef) to denote the violation graph
of f which is the subgraph of the fully augmented hypergrid defined as follows: X; =
{x: f(x) =1}, Yy ={y: f(y) =0}, and Ey = {(z,y) € E: v € Xy, y € Yy} An i-aligned
violation is an edge (z,y) € E such that ; <y, and v € Xy, y € Y.

Definition 2.3.7 (Thresholded Influence). Fiz f: [n]¢ — {0,1} and a dimension i € [d]. Fiz
a point x € [n|?. The thresholded influence of f at x along coordinate i is denoted ®;(z;1i),

and has value 1 if there exists an i-aligned violation (x,y). The thresholded influence of f

at x is $y(z) = Z?Zl D p(x;i).

Note that the thresholded influence coincides with the definition of negative influence in
the hypercube when n = 2. Also note that for any z, ®¢(x) € {0,1,...,d} and is independent

of n.

Theorem 2.3.8 (Directed Talagrand for Hypergrids, [BCS23b]). Every f: [n]¢ — {0,1}

E e o { cbf(x)} o) (10271) .

As is the case in the hypercube setting, obtaining the right structural result for the

satisfies

violation graph (recall Lemma 2.1.15) requires a robust version of Theorem 2.3.8. We achieve

this using the following colorful version of the thresholded influence.

Definition 2.3.9 (Colorful Thresholded Influence). Fiz f: [n]? — {0,1} and x: E — {0,1}.
Fiz a dimension i € [d] and a point x € [n]?. The colorful thresholded influence of f at
along coordinate i is denoted @y, (z;4), and has value 1 if there exists an i-aligned violation

(x,y) such that x(z,y) = f(z), and has value 0 otherwise. The colorful thresholded influence
of fatxis ®sy(z) = Zle Qs (x;1).
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In Chapter 4 we prove a robust directed Talagrand isoperimetry theorem for Boolean

functions on the hypergrid. It is a strict generalization of Theorem 2.1.14.

Theorem 2.3.10 (Robust Directed Talagrand for Hypergrids, [BCS23b]). Every f: [n]? —
{0,1} and every x: E — {0, 1} satisfies

Er
Ea:e[n]d { q)fjx(x)} =0 (logn) .

From Theorem 2.3.10, one obtains a generalization of Lemma 2.1.15 in the fully aug-

mented hypergrid. Running the path tester with each step size chosen uniformly at random
from [n] yields the following testing result by following an appropriate generalization of the

KMS analysis sketch in Section 2.1.4.

Theorem 2.3.11 (Uniform-length path test for hypergrids, [BCS23b]). For every f: [n]? —

{0,1}, the path test with uniformly random step sizes finds a monotonicity violation with

probability ﬁ(nia) Thus, this is a 6(71 de™?) query tester.

Notice that here the dependence on n is linear, meaning that the domain reduction
theorem, Theorem 2.2.1, by itself will not wash it away. Thus, a new set of ideas are required

and this is where the contents of Chapter 5 (originally published in [BCS23al) comes in.

Directed Inequality Tester Queries

Dimension Reduction E/leg,] = Qey/d) Line test O(de™1)
Margulis I; Ty =Q(e}) Path test in A,, 4 O(dP/6c=4/3)
Talagrand E, {\/(I)f,x(x)-‘ = Q(ey) | Shifted path test | d'/2o(Dg=2

Table 2.3: This table displays the directed isoperimetric inequalities for Boolean functions on the
hypergrid, f: [n]® — {0,1}, and the monotonicity testing results that follow from them. In fact,
all of these inequalities hold more generally for real-valued functions f: [n]¢ — R (by [BKR23,
Theorem 1.3], or Theorem 6.0.1 in this thesis). See Theorem 6.0.3 which generalizes the robust
directed Talagrand inequality in this table to real-valued functions.
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2.4 Nearly Optimal Path Tester Analysis for Hypergrids

The following question is the starting point for the most recent work of [BCS23a] for hyper-
grids: is it possible to remove the dependence on n from Theorem 2.3.11 with Theorem 2.3.10
being the isoperimetric inequality at the core of the analysis? We answer this question in
the affirmative in Chapter 5, proving the following result, using a modified version of the

path tester.

Theorem 2.4.1 (Shifted path test, [BCS23a]). There is a path tester for hypergrids which,
for every f: [n]t — {0,1}, finds a monotonicity violation with probability at least dl/f—jo(l).

Thus, there is a d/**°MNe=2 query tester.

We defer a definition of the path test used to prove Theorem 2.4.1 for now (see Defini-
tion 2.4.2 and Definition 2.4.3), until after we’ve given some context. For a formal definition

see Section 5.1.

In addition to Theorem 2.3.10, the analysis leading to the above theorem requires many
new ideas that go beyond the analysis due to KMS sketched in Section 2.1.4 for the hypercube
case. This section is devoted to discussing the key challenges in analyzing path testers from
Theorem 2.3.10 without incurring a polynomial dependence on n and how we circumvent

these challenges in Chapter 5.

As we mentioned, Theorem 2.3.10 implies a similar structural result to Lemma 2.1.15
implying the existence of a “good subgraph” Ggeod(X, Y, Fgeod) in the fully augmented hy-
pergrid. The simplest, most instructive case is again when this graph is a matching between
X and Y. As in our discussion for the hypercube case, let us assume that e, = €2(1) and
so | X| = |Y] = Q(n?). Note that the matched pairs (z,y) are axis-aligned, that is, differ in
exactly one coordinate i, but now y; — x; is an integer in {1,2...,n — 1}. The remainder of
this section is devoted to showing how we analyze path testers in the hypergrid under the as-
sumption that we have such a matching. First, we discuss briefly how one obtains an O(nv/d)

tester by a natural extension of the KMS analysis for the hypercube case. Then we discuss
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how we improve this to O(log n\/g) and the key challenges in doing so. Note that by domain
reduction, Theorem 2.2.1, we may assume n < poly(d/e;) and so O(log nv/d) = O(\/d).

An O(nVd) Tester in the Matching Case: Recall the KMS path tester analysis for
the matching case which we sketched in Section 2.1.4. One can generalize the hypercube
persistence arguments to again allow us to assume that every point participating in the
matching is persistent while still maintaining | X| = |Y| = Q(n?).

The tester picks = € X with Q(1) probability. Let y be its matched partner, which differs
in the ith coordinate. If the number of steps is 7 ~ v/d, then with 7/d ~ d~'/? probability,
the walk will choose to move along the ith coordinate. Conditioned on this event, we would
like to relate the random walk to a persistent walk from y. However, there is only a 1/n
chance that the length jumped along that coordinate will be exactly y; — x;. Thus, this loses

an n factor, and indeed this is the argument leading to Theorem 2.3.11.

2.4.1 The BCS Shifted Path Tester Analysis for the Matching Case

In this section we sketch the arguments from [BCS23a] that lead to a O(lognvd) query
tester when the good subgraph is a matching of (n?) violating edges in the fully augmented
hypergrid. In general, the good subgraph may not be a matching. This leads to another set
of challenges, which lead us to incur an extra d°®) factor. We briefly discuss these at the

end of the section.

Internal Points and the Issue of Persistence: Our first idea is to try conditioning the
random walk on passing through a random internal point between a matched pair (x,y).
Formally, let I(x,y) = {w: x < w =< y}. For the random walk to pick a random point in
I(x,y) with large enough probability, one needs to first modify the way the step sizes are
chosen in each coordinate. Thus, the tester will generate walks according to the following

distribution. See Definition 5.1.1 for a formal definition.
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Definition 2.4.2 (Random Walk Distribution, informal). A 7-step upwalk from a point
x € [n]? generates a point z = x as follows. First choose T C [d] of T coordinates at random
to increase. For each i € T, the step size for coordinate i is chosen by picking q; € [logn]
uniformly, then picking a uniform random step value a; € [min(2%, n—ux;)]. Then, z; = x;+q;

for each i € T and z; = x; for each i ¢ T. Downwalks are defined analogously.

The point of choosing step sizes in this way is as follows. Again, we set the walk length
as T ~ Vd and we may assume that every point in X UY is persistent with respect to our
new random walk distribution, Definition 2.4.2. Our tester will pick € [n]? uniformly at
random, generate z according to the new random walk distribution, and check if f(z) > f(z).
Again, our starting point x belongs to X with Q(1) probability. Let y € Y be 2’s partner in

the matching. L.e. y = z+s-¢; for some i € [d], s € [n]. Again, we have i € T' with probability

1

o Conditioned on these
gn

~ d~'/2. For the step size, we have ¢; € [s, 2s] with probability
events, the random walk passes through a uniform random internal point w € I(x,y) with
constant probability. We may assume that at least half of w € I(z,y) satisfy f(w) = 0,
for otherwise we may perform a symmetric tester analysis using the version of the tester
performing downwalks. Now, if we could argue that these internal points were persistent,
then we would be done. Unfortunately, this is not possible; even though these edges form a
matching, i.e. their endpoints are distinct, they may share internal points arbitrarily. Thus,
it is possible that the number of internal points is extremely small and so removing non-
persistent points may remove all internal points. This brings us to our main idea which

circumvents this issue. The following is an informal statement of the tester. We provide a

sketch for why this tester works well in the remainder of the section.

Definition 2.4.3 (Shifted Path Test, informal, [BCS23a)). Sample a pair of points according

to the following distributions, each with probability 1/2:

1. (Down-shifted Upwalk) Sample x € [n]* uniformly at random and generate z according
to the T-length upwalk distribution from x. Generate z’ by a (T — 1)-length downwalk

from z and let s = z — 2. Return (x — s,z — s).
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2. (Downwalk) Sample x € [n]¢ uniformly at random and generate z according to the

T-length downwalk distribution from x. Return (z,x).

Mostly-Zero-Below Points, and Red Edges: The following is a key definition: call a
point z mostly-zero-below for length 7—1, or simply (7 —1)-mzb, if a (7 —1)-length downwalk
from z leads to a zero with > 0.9 probability. Suppose an upwalk of length 7—1 from a point
x € X reaches an (7 — 1)-mzb point z. Then, a random shift (z — s,z — s) has a constant
probability of being a violation. The reason is (i) P[f(z — s) = f(x) = 1] > 0.9 because z
is (17 — 1)-persistent, and (ii) P[f(z — s) = 0] > 0.9 because z is (7 — 1)-mzb. By a union
bound, the tester will find a violation with constant probability (conditioned on discovering

the pair (z, z)).

To formalize this analysis, we call a matching edge (x,y) red if for a constant fraction
of the interior points w € I(x,y), a (7 — 1)-length upwalk ends at a (7 — 1)-mzb point
with constant probability. If there are Q(n¢) red matching edges, one can argue that the
down-shifted upwalk test (item (1) of Definition 2.4.3) succeeds with the desired probability.
Firstly, with probability (1), the tester starts the walk at an endpoint = of a red edge,
(z,y). With probability 7/d ~ d~/2, the walk will cross the dimension corresponding to
(x,y). Conditioned on this event, we can interpret the walk as first moving to a random
internal point w € I(x,y) (with probability ~ @) and then taking a (7 — 1)-length upwalk
from w to get to the point z. (Refer to the left side of Fig.2.2.) Since the edge was red,
with constant probability, z is (7 — 1)-mzb. Consider a random shift of (z,z), shown as
(x — s,z — s) in Fig.2.2. As discussed in the previous paragraph, this shifted pair is a
violation with constant probability. All in all, the tester succeeds in finding a violation with
R~ \/&l;ogn probability. But what if there are no red edges? This brings us to the next key
idea.

Translations of Violation Subgraphs, and Blue Edges. Suppose a matching edge

(x,y) is non-red. So, for most internal points w € I(x,y), a (1 — 1)-length walk will instead
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Z mzb

Figure 2.2: This figure shows the key argument that either the down-shifted upwalk test or the

downwalk test find a violation with probability =~ \/Ellogn

size Q(n?). The left drawing illustrates how red edges enable the analysis of the down-shifted upwalk

when the good subgraph is a matching of

test and the right drawing illustrates how blue edges enable the analysis of the downwalk test. In
both drawings, the edge (x,y) is in the initial violation matching.

reach a (7 —1)-mostly-one-below (mob) point, z. (Refer to the right side of Fig.2.2). Fix one
such walk, which can be described by an “up-shift” s. I.e. the walk from w reaches z := w+s.
Consider the corresponding shift of the full edge (x,y) to (2',y'), where '’ = x + s and
y' = y+s. What can we say about this edge? Since both = and y are (7 — 1)-persistent, with
high probability both f(z') = f(x) = 1 and f(y') = f(y) = 0. Observe that most internal
points z € I(2',y') are (7 — 1)-mob. Now, performing a 7-length downward random walk
from ¢’ will pass through a mostly-one-below internal point from I(z’,y’) with probability
. This motivates the definition of a blue edge. A violating edge is called blue if a

~ 1
~ Vdlogn

constant fraction of its internal points are (7 — 1)-mostly-one-below.

Red-blue Win-win Flow Argument: We now have two types of edges which are each
good for the tester (Definition 2.4.3) for different reasons; red edges are good for the down-
shifted upwalk test, and blue edges are good for the downwalk test. Again, if the matching

contains a large fraction of red edges, then the down-shifted upwalk test discovers a violation

1

with probability ~ Tdioan

Suppose instead that most edges in the matching are non-red. Then informally, we argue
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that performing a random translation of the matching discovers another violation matching
consisting mostly of blue edges. What does it mean to translate “all edges together”?
Through the random translation, every non-red edge (z,y) in the original violation matching
leads to a distribution over blue edges (2’,%'). The idea is to treat this as a fractional flow
on these blue edges. If the original matching had few red edges, one can construct a large
collection of blue edges sustaining a large flow. Integrality of flow implies there must be
another large violation matching in the support of this distribution whose edges are blue.
This large blue matching implies that the downwalk test succeeds in discovering a violation
with probability ~ \/&+ogn‘ This concludes the proof sketch for the case when the good

subgraph is a matching.

Thresholded Degrees, Peeling, and the d°") Loss: Another gnarly issue with hyper-
grids is the distinction between degree and “thresholded degree”. The relevant “degree” of
a vertex x (for the path tester analysis) in a violation subgraph is not the number of edges
incident to it, but rather the number of different dimensions 7 so that there is an i-edge
incident to it. This is the “thresholded degree” (coming from Definition 2.3.7), and it is
between 0 and d, whereas the standard degree could be as large as nd. It is critical one
uses thresholded degree for the path tester analysis, to avoid the linear dependence on n.

Observe that for the matching case, these degrees are identical, making the analysis easier.

While the path tester analysis works with thresholded degree, the flow-based transla-
tion arguments alluded to above need to use normal degrees. In particular, one can use
flow-arguments to relate the bound on the standard degree of the new violation subgraphs.
However, one cannot a priori do so for the thresholded degree. To argue about the thresh-
olded degree, we need a stronger notion of a good subgraph, satisfying specific conditions
for both thresholded and standard degrees of the vertices. It is in the construction of this

graph where we lose the d°®") factor.
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2.5 Open Questions in Monotonicity Testing

We conclude the chapter by discussing some of the open problems in monotonicity testing

which we find most notable.

Adaptivity: The most obvious question is to resolve the gap of Q(d*/3) vs O(V/d) for

adaptive testing.

Question 2.5.1. What is the adaptive query complezity of monotonicity testing of functions
f:{0,1}4 — {0,1}?

So far, essentially all upper bounds for monotonicity testing use non-adaptive testers. The
state of the art non-adaptive testers of [KMS18, BCS23a] work by querying the endpoints of
a directed random walk. At a qualitative level, the longer the random walk the better, since
this increases the likelihood of the test leaving the set of 1’'s. An important limitation of this
approach is that the walk length cannot be >> v/d since otherwise one of the endpoints will be
outside of the middle layers of the hypercube. For any function f: {0,1}¢ — {0,1} one can
consider the “truncated” version of f which sets f(z) = 0 whenever |z| < ¢ — C\/dlog(d/¢)
and f(z) = 1 whenever || > 4+C'/dlog(d/e). This truncation has a negligible effect on the

distance to monotonicity, but now querying points in the outer layers gives no information.

Thus, to increase the walk length beyond v/d, one has to consider undirected random
walks: sample z uniformly and obtain y by incrementing or decrementing = on a random set
of 7 coordinates. The problem is now that x and y are not comparable. To deal with this, one
may try to use adaptivity in various ways. For example, [CS19] gave an O([I)-poly (e, log d)
query adaptive tester for functions with total influence Iy < I, which uses adaptivity to
perform a binary search procedure which looks for violations on a long undirected random
walk. Another novel use of adaptivity is described by [CWX17] (see Section 7) who gave an
adaptive tester achieving O(d'/?) queries against the hard distribution which they used to
prove their ﬁ(dl/ %) lower bound. This tester uses adaptivity to search for coordinates which

are “safe” to decrement.
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Tolerant Testing: A tolerant monotonicity tester is given two proximity parameters
g1 < g2 € (0,1) and should (a) accept with probability > 2/3 when ey < ; and reject
with probability > 2/3 when e; > £,. Tolerant monotonicity testing has seen some recent
attention [PRW22, BKR23, CDL"23]. Motivated by a direct connection with the problem
of approximating the distance to monotonicity, [PRW22] and [BKR23] obtain poly(n,1/es)
query tolerant testers for the “large-gap” regime when &; < &3/9Q(y/dlogd) for Boolean
functions, and real-valued functions, respectively, over the hypercube. In general, agnostic
learning algorithms (e.g. [LV23]) imply 20(v/d/(e2=21)) query testers and recently [CDLT23]
proved a 9% */Ve2=eD) Jower bound for non-adaptive testers. Resolving this gap is an out-

standing open question.

Hypergrids: In light of our d'/?*°() tester for hypergrids, one may wonder if the o(1)
factor can be removed to obtain a bound more closely resembling the best upper of 5(\/3)

for hypercubes due to [KMS18|.

Question 2.5.2. Is there an 5(\/3) query monotonicity tester for functions f: [n]? —
{0,1}7

A possible approach towards answering this question was proposed by [BCS23b, Section
8] who conjectured a stronger directed isoperimetric inequality than Theorem 2.3.10 holds,
using a notion they called the weighted influence [BCS23b, Def. 8.1, 8.3]. In fact they prove
that the non-robust version of the directed Talagrand inequality using weighted influence
does hold [BCS23b, Theorem 8.6]. Interestingly, it follows quite easily from the robust
version of the Talagrand inequality using thresholded influence (Theorem 2.3.10). However,
to yield the desired monotonicity testing result we again require a robust version, which

seems much harder to prove [BCS23b, Conjecture 8.5].

Monotonicity Testing on General Posets: Another natural question which has re-

ceived little attention is that of monotonicity testing of Boolean functions over arbitrary
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partial orders (posets). For N-element posets, [FLN*02] proved an upper bound of O(/N/e)
and a lower bound of Nz for non-adaptive testers. It would be interesting to resolve
this gap. Towards this, it would be interesting to understand what structural properties of a
poset dictate the hardness of testing monotonicity. Given that directed isoperimetric theo-
rems have been central in the study of monotonicity testing over hypercubes and hypergrids,
it may be an interesting direction to explore the concept of directed isoperimetry for other

partial orders.

Real-Valued Functions: Recently [Fer23] studied monotoncity testing of Lipshitz fun-
tions with continuous domain and range f: [0,1]¢ — R with respect to L' distance. They
prove a version of the the directed Poincaré inequality (see [Fer23, Theorem 1.2]) for such
functions and conjecture that a version of the directed Talagrand inequality should also hold

(see [Fer23, Conjecture 1.8]).

Functions with Bounded Image Size: Monotonicity testing of functions whose image
consists of at most r distinct elements f: {0,1}¢ — [r] is studied in Part II of this thesis
(originally published in [BKR23]) and also by [PRV18]. We prove a Boolean decomposition
theorem (see Theorem 6.0.1 or [BKR23, Theorem 1.3]) for functions f: D — R for any
partial order D which implies that all the directed isoperimetric inequalities discussed in
this chapter also hold for real-valued functions, even those over hypergrids (in particular,
see Theorem 6.0.3). Still, many aspects of the path tester need to be generalized and
the modified analysis incurs a loss of a factor of r. We generalize this analysis over the
hypercube in Chapter 7 and show matching upper and lower bounds of é(r\/a) for one-
sided non-adaptive monotonicity testing of functions f: {0,1}¢ — [r]. A natural question is
whether the tester analysis of [BCS23a] (Chapter 5 of this thesis) for f: [n]? — {0,1} can be
generalized to functions with image [r]. We believe this is possible using Theorem 6.0.3 (our
robust directed Talagrand inequality for f: [n]¢ — R), but may require carefully generalizing

each step of the arguments in Chapter 5, which is quite involved and technical.
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Conjecture 2.5.3. There is a (rv/d)"/>7°We=2 query monotonicity tester for functions

fi[n]d—[r].

Another natural open question is whether one can generalize the ﬁ(\/c_i) lower bound for

non-adaptive two-sided testers of [CWX17].

Conjecture 2.5.4. Non-adaptive monotonicity testing of functions f: {0,1}% — [r] requires

Q(rvVd) queries.
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Part I

Monotonicity Testing of Boolean

Functions over Hypergrids
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CHAPTER 3
Domain Reduction

In this chapter we prove domain reduction theorems for d-dimensional hypergrids and contin-
uous product spaces. These results were originally published in [BCS20]. We refer the reader
to Section 2.2 for a discussion on domain reduction. Our main result is the following domain
reduction theorem for hypergrids, which reduces monotonicity testing of Boolean functions

over [n]¢ for arbitrary n to the same problem over domain [k]¢ where k < poly(d/e).

Theorem 3.0.1 (Domain Reduction Theorem for Hypergrids). Let f: [n]? — {0,1} be
any function and let k € Z* be a positive integer. If T = Ty X --- X Ty is a randomly
chosen sub-grid, where for each i € [d], T; is a (multi)-set formed by taking k i.i.d.
samples from the uniform distribution on [n|, then

C-d

Erles] 2 65 = 97

7
where C' > 0 is a universal constant. In particular, if k > <%d> , then Ex [er,] > €4/2.

The construction in Section 3.6 shows that such a theorem is impossible for k = o(v/d),

and thus, domain reduction requires k£ and d to be polynomially related.

Continuous Domains. The independence of n in Theorem 3.0.1 suggests the possibility
of a domain reduction result for Boolean functions defined over R?. We show that this is
indeed true if f: R? — {0,1} is measurable (formal definitions in Section 3.5) and defined

with respect to a (Lebesgue integrable) product distribution.
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Theorem 3.0.2 (Domain Reduction Theorem for R?). Let f: R — {0,1} be any mea-
surable function and let k € Z* be a positive integer. Let D = H?Zl D; be a (Lebesgue
integrable) product distribution such that the distance to monotonicity of f w.r.t. D is
gr. If T =Ty x --- x Ty is a randomly chosen hypergrid, where for each i € [d], T; C R
is formed by taking k i.i.d. samples from D;, then Er[ep.| > 5 — %, where C' > 0 is

7
a universal constant. In particular, if k > (i—f) , then B [e4,] > €5/2.

The above theorem essentially reduces the continuous domain to a discrete hypergrid
[k]¢ where k is at most some polynomial of the dimension d, and this enables one to obtain

monotonicity testers for Boolean functions over R? under product measures.

The main ingredient in the proof of Theorem 3.0.2 is a discretization lemma (Lemma 3.5.5).
Using standard measure theory, one can show that for any measurable Boolean function over
R? and any § > 0, there exists a large enough natural number N = N(f,§) with the following
property. The domain R? can be divided into an N¢ sized d-dimensional grid, such that in
at least a (1 — d)-fraction of grid boxes, the function f has the same value. (In some sense,
this is what it means for f to be measurable.) Ignoring the d-fraction of “mixed” boxes, the

function f can be thought of as a discrete function on [N]?.

The only guarantee on N is that it is finite; as it depends on f, N could be extremely
large compared to d. This is where Theorem 3.0.1 shows its power. The sampling parameter
k is independent of N, and this establishes Theorem 3.0.2. We give a detailed proof in
Section 3.5.2.

3.1 Domain Reduction Proof Overview

Theorem 3.0.1 is a direct corollary of the following lemma, applied to each dimension.

Lemma 3.1.1 (Domain Reduction Lemma). Let f: [n] x (Hsz[n,D — {0, 1} be any func-

tion over a rectangular hypergrid for some n,no,...,ng € Z* and let k € Z". Choose T to
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be a (multi-) set formed by taking k i.i.d. samples from the uniform distribution on [n| and
let fr denote f restricted to T X (Hfzz[nl]) Then Ep[ef — ey, ] < k1—C/7 where C > 0 is a

universal constant.

This lemma is the heart of our results, and in this section we give an overview of its
proof. Let us start with the simple case of d = 1 (the line). Monotonicity testers for the
line immediately imply domain reduction for d = 1 [DGL"99, BRY14a]. A u.a.r. sample of
5(1 /e¢) points in [n] contains a monotonicity violation with large probability (> 9/10, say),
and thus the restriction of f to this sample has distance Q(e;). However, Q(c;) is weak for
what we need since, even if one could generalize this argument to the setting of Lemma 3.1.1,
we would need to apply it d times to get the full domain reduction (Theorem 3.0.1). This
would imply a final lower bound of £;/C?, for some constant C, which has little value towards

proving a sublinear-in-d query tester.

Fortunately, quantitatively stronger domain reduction exists for the line. BRY [BRY14a,
Theorem 3.1] proves that if one samples ©(s*/e;) points, then the expected distance of the
restricted function is at least e;(1 — 1/s). Numerically speaking, this is encouraging news,
since we could try to set s = ©(d) and iterate this argument d times (over each dimension).
Of course, this result for the line alone is not enough to deal with the structure of general

hypergrids, but forms a good sanity check.

Consider the general case of Lemma 3.1.1. For brevity, we let D := [n] x (Hf:z[nzD and
Dy =T x (Hgl:2 [nz]) denote the original and reduced domains, respectively. Note that
|Dr| = 31D,

The standard handle on the distance to monotonicity is the violation graph of f, arguably
first formalized by Fischer et al. [FLNT02]. The graph has vertex set D and an edge (x,y) iff
x <yand f(x) =1, f(y) =0. A theorem of [FLNT02] states that any maximum cardinality
matching M in the violation graph satisfies |M| = ¢¢|D|. Fix such a matching M. For a
fixed sample T', we let M7 denote a maximum cardinality matching in the violation graph

of fr. To argue about €y,., we want to give a lower bound on the expected size |Mr|. To do
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so, we give a lower bound the expected number of endpoints of M that can still be matched

(simultaneously) in the violation graph of fr.

We use the following standard notions of lines and slices in D, with respect to the first
dimension. Refer to Fig.3.1 and Fig. 3.2 for visual examples in two dimensions. In these
examples the rows represent the lines while the columns represent the slices. Below, for

x € D, the vector x_; is used to denote (g, x3,...,2q).

e (Linesin D) L := {éz 1z € H?ZQ[ni]} where 0, :={x € D:x_1 = z}.

e (Slicesin D) S := {5, : ¢ € [n]} where S, :={z € D : z; =i}.
We partition M into a collection of "local” matchings for each line:
e (Line Decomposition of M) For each £ € £: M) = {(z,y) € M : v € (}.

We find a large matching in the violation graph of fr by doing a line-by-line analysis. In

)

particular, for each line ¢ € £, we define the following matching Mg in the violation graph

of fT-

e (The matching Mg)) For each ¢ € L, consider the collection of all maximum cardinality
violation matchings w.r.t. fr on the set of vertices that (a) are matched by M®, and

(b) lie in some slice S; where i € T. We let M}Z) denote any such fixed matching.

We stress that Mr_(pg) is not a subset of M) but the endpoints of the pairs in Mg) are
a subset of the endpoints of the pairs in M®. Thus, by the above definition, the union
My = UgeﬁMr}e) is a valid matching in the violation graph of fy since M® and M) have
disjoint endpoints for all ¢ # ¢ € £. We will lower bound the size of this matching, |M7|,

by giving a lower bound on |M}£) | for each line ¢.

Fix some ¢ € £. By definition, the lower-endpoints of M all lie on ¢, and thus are all

comparable. Let M = {(x1,41),..., (Zm,ym)} where z; < --- < x,, and observe that, for

39



any j € [m], x1,...,%; < Yj,...,Ym. Since the function is Boolean, every x € {z1,...,z;}
forms a violation to monotonicity with every vy € {y;,...,¥n}, and therefore these vertices

can be matched in M}Z), if their 1-coordinates are sampled by 7'

Since all the x;’s lie on the same line ¢, their 1-coordinates are distinct. Suppose that
the 1-coordinates of all the y;’s were also distinct and distinct from those of the x;’s too.
Under this assumption we can proceed with our analysis as if all the x;’s and y;’s lie on
¢, and the analysis becomes identical to the one-dimensional case. We could thus apply
[BRY14a, Theorem 3.1] to each ¢ € L to prove Lemma 3.1.1. However, the assumption that
the y;’s have distinct 1-coordinates is far from the truth. As we explain below, there are
examples where all the y;’s have the same 1-coordinate, thereby lying in the same slice S,
(for some a € [n]). In this case, with probability (1 — k/n) we would have the size of M:(FZ)
be 0 (if a ¢ T'), implying that Er [[M}é)q could be as small as (k/n)? - |[M®|. Thus, if
there existed a function f such that a “collision of y’s 1-coordinates” could not be avoided
for a large number of lines, then this would preclude such a line-by-line approach to proving
Lemma 3.1.1. Unfortunately, there are examples of violation matchings where this happens.
Consider Ex. 3.1.4, and the left part of Fig. 3.2, shown at the end of this section. For the

lowest line, all the corresponding y’s in M ® have the same 1-coordinate.

Our main insight is that for any f, there always exists a violation matching M where
the problem above does not arise too often. This motivates the key definition of stacks; the
stacks are what determine the “shape” of a matching. Formally, for any ¢ € £ and S € S,

the (¢, S)-stack is the set of pairs (z,y) € M, where z € £ and y € S.
e (Stacks) M"Y .= {(z,y) € MY :y € S} ={(v,y) € M :x € L,y € S}.

We call |[M 9| the “size of the stack (¢,5)”. To summarize the above discussion, small

stacks are good news while big stacks are bad news. This is formalized in Lemma 3.1.3.

If there is a maximum cardinality matching M in the violation graph of f such that

all stacks have size at most 1, then the one-dimensional domain reduction can be directly
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applied. Unfortunately, this is not possible. We give an example in Fig. 3.1 of a function
where stacks of size at least 2 are unavoidable!. One reason for this difficulty may be that
there can be various maximum cardinality matchings in the violation graph that have vastly
different stack sizes (shapes); again consider Ex. 3.1.4. Nevertheless, we prove that there is
a matching M such that for every positive integer A, the total number of pairs belonging to

stacks of size at least A is at most |D|/poly ().

n/2 -1

n/2 -1

Figure 3.1: An example of a function f: [n] x [n — 1] — {0,1} where stacks of size > 2 are
unavoidable. Black (white, resp.) circles represent vertices where f = 1 (f = 0, resp.). First
observe that there exists a perfect violation matching as follows: perfectly match the two blocks of
size (n —1)(n/2 — 1) and then perfectly match the bottom line of 1’s to the right-most slice of 0’s.
Thus, any maximum cardinality violation matching, M, will match all of the (n — 1) 0’s in the
right-most slice. There are only n/2 lines containing 1’s and so by the pigeonhole principle M
contains at least n/2 — 1 pairs belonging to stacks of size > 2.

Lemma 3.1.2 (Stack Bound). There exists a mazximum cardinality matching M in the

violation graph of [ such that for every A € Z, M satisfies Z(&S):\M(Z»SMZA |MES)| < %|D|

The main creativity to prove this lemma lies in the choice of M. Given a matching,
we define the vector A(M) that enumerates all the stack sizes in non-decreasing order. We
show that the maximum cardinality matching M with the lexicographically largest A(M)

serves our purpose. That is, we choose M that maximizes the minimum stack size, and then

nterestingly, we don’t know of a function where stacks of size strictly larger than 2 can’t be avoided. In
fact, we can prove that for the grid (the d = 2 case) one can always find a maximum cardinality violation
matching M where [M(5)| < 3 for all (¢,5). The proof is cumbersome and so we exclude it since it is not
relevant to our main result.
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subject to this maximizes the second minimum, and so on. It may seem counter-intuitive
that we want a matching with small stack sizes, and yet our potential function maximize
the minimum. The intuitive explanation is that the sum of the stack sizes is | M|, which is
fixed, and so in a sense maximizing the minimum also balances out the A(M) vector. The
proof uses a matching rewiring argument to show that any large stack must be “adjacent”
to many moderate size stacks. If two stacks are appropriately “aligned”, one could change
the matching to move points from one stack to the other. Large stacks cannot be aligned
with small stacks, since one could rewire the matching to increase the potential. But since
the function is Boolean one can show that there are many opportunities for rewiring the
violation matching. Thus, there isn’t enough “room” for many large stacks. We then apply
some technical charging arguments to bound the total number of points in large stacks. The

full proof is given in Section 3.3.

With the stack bound in hand, we need to generalize the one-dimensional argument of
BRY (Theorem 3.1 [BRY14a]) to account for bounded stack sizes. Then, we bound |M¥)\

for all ¢, and get the final lower bound on the distance €,..

Lemma 3.1.3 (Line Sampling). Suppose that M is a matching in the violation graph of f,
such that for some A € Z+, M| < X for all ¢ € L and S € S. Then, for any { € L,

Er [|M¥>|} > % IMO| = 30k Ink.

The proof is a fairly straightforward generalization of the arguments in [BRY 14a] for the
A = 1 case. The idea is to control the size of the maximum cardinality matching M}Z) by
analyzing the discrepancy of a random subsequence of a sequence of 1s and 0s. For the sake
of simplicity, we give a proof that achieves a weaker dependence on ¢y than in [BRY14a].
Our proof of Lemma 3.1.3 is given in Section 3.4. We note that BRY give a stronger lower
bound (without the v/In k) and also bound the variance for the A = 1 case. A more careful
generalization of BRY which removes the vInk would yield an improved loss of C/k!/

instead of C'//k'7 in Lemma3.1.1, but we prefer to give the simpler C/k'/7 exposition for
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the purpose of ease of reading.

Example 3.1.4 (A Two Dimensional Example). Consider the anti-majority function on
two dimensions. More precisely, let f: [n]> — {0,1} be defined as f(z,y) =1if x +y < n,
and f(x,y) = 0 otherwise. We describe two maximum cardinality matchings with vastly
different stack sizes. The first matching R matches a point (x,y) with z+y < n to the point
(n—y+1,n—z+1). For an illustration, see the left matching in Fig. 3.2 for the case n = 5.
Observe that whenever 24y < n, we have (n—y+1)+(n—x+1) > n. The second matching
B matches a point (z,y) with x +y < n to the point (z +y,n —x + 1). Again, observe that
(x +y)+ (n—x+1) > n. For an illustration, see the right blue matching in Fig. 3.2 for the
case n = 5. Note that the stack sizes for the matching R are large; in particular, they are
n—1,n—2,...,2,1for n — 1 stacks and 0 for the rest. On the other hand, any stack in B

is of size < 1.

®) O

Vs i

Figure 3.2: Accompanying illustration for Ezx. 3.1.} showing two different mazximum cardinality
violation matchings for the anti-majority function f: [5]> — {0,1} which have very different stack
sizes. Black (white, resp.) circles represent vertices where f = 1 (f = 0, resp.) and connecting
lines represent pairs of the matching. Observe that for the left matching, the bottom line and the
right-most slice form a stack of size 4 while the right matching has stack sizes all < 1.

3.2 Domain Reduction: Proof of Lemma3.1.1

In this section, we use Lemma3.1.2 and Lemma3.1.3 to prove Lemma3.1.1. Recall that

D :=[n] x (Hd [nl]) and Dp =T X (Hd [nl]) denote the original and reduced domains,

=2 =2
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respectively. Note that |Dr| = £|D|. Let M be the matching given by Lemma3.1.2 and
consider A = [25k%/7]. Clearly, A € [25k%/7, 26k/7).

D]
- Let

Thus, by Lemma3.1.2, we have U, sy saoer MO < 5520 - 1D] =

M:= M\ U M)

(0,S):| M (&:5)| >26K2/7

denote the set of pairs in M which do not belong to stacks larger than 26k*7; we therefore
have
T T D]

S MY = M| > |M]| — (3.1)

teL
In this proof, our goal is to construct a matching Mr in the violation graph of fr whose
cardinality is sufficiently large. We measure Er [|Mr|] by summing over all lines in £ and
applying Lemma3.1.3 to each. Notice that M is a matching in the violation graph of f

which satisfies |Z\7(Z’S)] < 26k*/7 for all £ € £ and S € S. Thus by Lemma3.1.3, for every
le L,

Er [yM}”@ > Z MO = 3. 2687) - VEInk > = - | MO — 78K/ (3.2)

SEIES

k
n

where we have used vInk < k'/372/7. Now, using eq. (3.1) and eq. (3.2), we can calculate
Er [|[M7]|]. We use the fact that {M\“)}geg is a partition of M, apply linearity of expectation

and use Lemma 3.1.3 to measure ETHM}Z ) |] for each ¢. Also note that the number of lines is
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L] = |D|/n.

r1Mrl) = Ep |3 |10 ] > Er |1 >Z( |30 - 78%5/6) (by eq. (3.2))
el el lel

= (E . Z|J\’Z(€)|> _ (78k5/6 1Dl
n LeL
k D) o 10|

>~ (yM| k1/7> - (78k (by eq. (3.1))
k ID|  78|D| k; C-|D|

:E'(|M|_W_ o ) = \MI= 43)

for a constant C' > 0, since k1—1/7 dominates k1—1/6 eq. (3.3) gives the expected cardinality of

our matching after sampling. To recover the distance to monotonicity we simply normalize

>|M| c  _

by the size of the domain. Dividing by |Dr| = £|D|, we get Er [e/, ] Dl "R = Ef T kl—c/7

This completes the proof of Lemma3.1.1. O]

3.3 Stack Bound: Proof of Lemma3.1.2

We are given a Boolean function f: D — {0, 1} where D = [n] x (H?:z [nl]> is a rectangular
hypergrid for some n,ny,...,ng € Z*. Lemma3.1.2 asserts there is a maximum cardinality

matching M such that 3=, ¢ vy [M 5] < 5 [D] for all A € Z*.

Given a matching M, we consider the vector (or technically, the list) A(M) indexed
by stacks (¢,5) with Ays := |[M®)| and list these in non-decreasing order. Consider the
maximum cardinality matching M in the violation graph of f which has the lexicographically
largest A(M). That is, the minimum entry of A(M) is maximized, and subject to that the
second-minimum is maximized and so on. We fix this matching M and claim that it satisfies
D (0.5):|MES) 3 |MES)| < % - |D] for all A € Z*. Note that the inequality is trivial for
A < 100, since M itself is of size at most ef|D| < 1|D|. Thus, in what follows we prove
that the inequality is true for an arbitrary, fixed A > 100. We first introduce the following

notation.
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e (Low Stacks) L :={(¢(,S) € L. x S : |M®3]| < X\ —2}.

e (High Stacks) H := {((,5) € L x S: [M©9]| > A},

Let V(H) denote the set of vertices matched by U, )cn M5 Let B (for blue) be the
set of points in V(H) with function value 0, and R (for red) be the set of points in V(H)
with function value 1. M induces a perfect matching between B and R, and we wish to

prove |B| = |R| < % -|D|. Indeed, define ¢ to be such that |B| = §|D|. In the remainder of

: 5
the proof, we will show that § < it
We make a simple observation that for any fixed line ¢, there cannot be too many non-low

stacks (¢, .5).
Claim 3.3.1. For any line £, the number of non-low stacks £ participates in is at most 1.

Proof. Fix any line ¢ and consider the set US:(Z,S)géL {xl : 3(z,y) € M(Z’S)}. That is, the set
of 1-coordinates that are used by some non-low stack involving ¢. The size of this set can’t
be bigger than the length of ¢, which is n. Furthermore, each non-low stack contributes at
least A — 1 unique entries to this set. The uniqueness follows since the union |J S:(0,9)¢L M &S)

is a matching. O]

We show that if the number of blue points |B]| is large (> 5/D|/v/)), then we will find a
line participating in more than n/(A — 1) non-low stacks. To do so, we need to “find” these
non-low stacks. We need some more notation to proceed. For a vertex z, we let £, (S, resp.)
denote the unique line (slice, resp.) containing z. For each blue point y € B, we define the

following interval
Z,={z€l,: 2z € x1,y|} CL, where (z,y) € M.

Note that Z, is the interval of ¢, whose endpoints are given by the projection of (z,y) onto

¢,. Armed with this notation, we can find our non-low stacks. Our next claim, which is the
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heart of the proof and uses the potential function, shows that for every high stack (¢,.5), we
get a bunch of other “non-low” stacks participating with the line /. Refer to Fig. 3.3 for an

accompanying illustration of the proof.

Claim 3.3.2. Given y € B, let x := M~ (y) and suppose ({,S) € H is such that (z,y) €
M®S) (note that this stack, ((,S), exists by definition of B). Then, for any z € T, N B,
(¢,S,) ¢ L.

Proof. The claim is obviously true if z = y, since this implies S, = S (since y € S) and
(¢,S) € H by assumption. Therefore, we may assume z # y, and we also assume, for

contradiction’s sake, (¢, S,) € L. Note that x € ¢ and by definition of Z,, we get x < z < .

Since z € B, it is matched to some w € R. Note w < z < y. Furthermore, the stack
(0, S.) € H (by definition of B). Thus, note that if ¢,, = ¢ (i.e., w € {), then we’re done and
so in what follows we assume ¢,, # ¢. By assumption of the claim, (¢,S) € H. In particular,
z,w,z,y € V(H). Now consider the new matching N which deletes (z,y) and (w, z) and

adds (z, z) and (w,y). Note that the cardinality remains the same, i.e. |N| = |M].

We now show that A(N) is lexicographically bigger than A(M). To see this, consider the
stacks whose sizes have changed from M to N. There are four of them (since we swap two
pairs), namely the stacks (¢, 5), (€, S:), (¢, S.), and (£, S). For brevity’s sake, let us denote
their sizes in M as A1, Ao, A3, and A4, respectively. In N, their sizes are Ay — 1, A\ — 1, A3+ 1,
and \; + 1. Note that A3 < A —2 and both A\; and Ay are > \. In particular, the “new” size
of stack (¢, S,) is still smaller than the “new” sizes of stacks (¢, S) and (¢, S.). That is, the
vector A(IV), even without the increase in A4, is lexicographically larger than A(M). Since
increasing the smallest coordinate (among some coordinates) increases the lexicographic

order, we get a contradiction to the lexicographic maximality of A(M). O]

The rest of the proof is a (slightly technical) averaging argument to prove that |B] is

small. We introduce some more notation to carry this through. For a blue point y € B, let

By = |Z|y12f| denote the fraction of blue points in Z,. For o € (0,1), we say that y € B is
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Figure 3.3: Accompanying illustration for the proof of Claim 3.3.2. The black connecting arrows
represent the matching, M, while the dashed green arrows represent the new matching, N. The
bold orange segment of £ is the interval Z,.

a-rich if f, > a. A point x € R is a-rich if its blue partner y € B (i.e. (z,y) € M) is a-rich.
We also call the pair (z,y) an a-rich pair. For what follows, recall that 6 € (0, 1) is defined
such that |B| = d|D]|.

Claim 3.3.3. At least 0|D|/2 of the points in B are §/4-rich.

Proof. Let BP°®) C B be the points with 8, < §/4. We show |B(P°)| < §|D|/2 which

proves the claim. To see this, first observe B(®°) C |J _ e (Z, N B). Now consider the

yeB(

minimal subset B C B such that Uyernﬁﬁ"’) Z, = Uyepwon L. That is, given a
collection of intervals, we are picking the minimal subset covering the same points. Since
these are intervals, we get that no point is contained in more than two intervals Z, among

Yy € BP) 1y particular, this implies

min

Y Li<2| Y 7 (3.4)

yeB(Poor) yeB(poor)

min min

Therefore,
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B <| | @nB)|=| |J @nB)|< > [I,nB

yEB(poor) yeBr(nﬁ:or) yEB,Eﬁsor)
) ) d
<Z E |Iy’ < § U Iy < §‘D|
yEB<P-°0r> yeB(p'oor)

The first equality follows from the definition of Br(:iﬁor) (taking intersection with B), and the
third (strict) inequality follows from the fact that none of these points are §/4-rich. The

fourth inequality is eq. (3.4). This completes the proof. O

A corollary of Claim 3.3.3 is that there are at least §|D|/2 red points which are §/4-
rich. In particular, there must exist some line ¢ that contains > dn/2 red points in it which
are /4-rich. Let this line be ¢ and let R, C ¢ be the set of rich red points. Let By be
their partners in M. Let 8¢ = {S €eS:dze SN (UyerIy N B)} denote the set of slices
containing blue points from the collection of rich intervals, {Z, : y € B‘}. By Claim 3.3.2,
we know that all these stacks are non-low, that is, (£,.5) ¢ L for all S € S*. We now lower

bound the cardinality of this set.

Consider the set of blue points in our union of rich intervals from B, UyeneZy N B.
There are precisely n slices in total, and for a vertex z € D, S, is the slice indexed by the
1-coordinate of z. Thus, we have |S*| = |[{z1 : z € U, Z, N B}|. That is, [S‘| is exactly

the number of unique 1-coordinates among vertices in UyE gLy N B.

Since we care about the number of unique 1-coordinates, we consider the “projections” of
our sets of interest onto dimension 1. For aset X C D, let o(X) := {z; : € X} be the set of
1-coordinates used by points in X. In particular, note that for y € B, o(Z,) := [z1, 1] C [n],
where z := M ~!(y) and observe that |S¢| = U,epe0(Z, N B)|. Now, given that each interval
from {Z,} cpe is a %—fraction blue, the following claim says that at least a g-fraction of the

union of intervals consists of blue points with unique 1-coordinates.
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Claim 3.3.4. |, 0(Z, N B)‘ > ¢ ‘UyeBe o(Z,)

Proof. As in the proof of Claim 3.3.2, let BY. C B’ be a minimal cardinality subset of B*

min

such that {J,cpe 0(Z,) = U,cpe 0(Zy). For any y € B, y belongs to at most two intervals

from B¢, .
1
|J o@,nB)|=| | oZ,nB) > > lo(Z,nB)
yEBZ yeBﬁﬂn yeBﬁ]in
J o
2> 2 Z o(Zy)[ = 3 U o(Z,) =3 U o(Z,) [
yeBrl;in yeBﬁlin yGBe
Now importantly, |o(R‘)| = |Rf| > £ - n since the 1-coordinates of elements of R’ are

distinct (since R’ is contained on a single line). Moreover, by definition of Z,, o(R’) C

U,epe 0(Z,) and so ‘UyeBg o(Z,)| > |o(R")| > £-n. Finally, combining this with Claim 3.3.4,

we get
8| = || o(z,n B) >0 J o(z,) LA
Y ~ 8 Y1716
yeB?t yeB!
Therefore, ¢ participates in at least %-n non-low stacks. Thus, by Claim 3.3.1, ‘ls—z-n <15
and so 0 < \/%. Since A > 100, we conclude that § < % This concludes the proof of
Lemma 3.1.2. O

3.4 Line Sampling: Proof of Lemmma 3.1.3

We recall the lemma for ease of reading. Given a line £ € £, we have defined M9 := {(x,y) €
M : x € ¢}. Given a stack S, we have defined M%) = {(z,y) € MY : y € S}. Given a

20



multi-set 7" C [n], recall M}e) is a maximum cardinality matching of violations (x,y) such
that (a) 2 and y are both matched by M, and (b) z; and y; both lie in 7. Given \ € Z*
such that [M %] < X for all £ € £ and S € S, the line sampling lemma (Lemma 3.1.3)

states

Er [w}“@ > " MO~ 3\kInk. (3.5)

3|

We note that BRY (Theorem 3.1, [BRY14a]) prove a stronger theorem for the A = 1 case

(that gets an additive error of ©(v/k)). Our proof follows a similar approach.

Consider an arbitrary, fixed line ¢ € £. We use the matching M to induce weights
w* (i), w™ (i) on [n] as follows. Initially w*(i),w™ (i) = 0 for all i € [n]. For each (z,y) € M®

if z € S; then we increase w™ (i) by 1, and if y € S; then we increase w™(j) by 1.

Claim 3.4.1. We make a few observations.

1. For anyi € [n], wT(i) < 1.
2. For anyi € [n], w (i) < .

8. Foranyt € [n], > ., (w™(s) —w'(s)) <0.

Proof. The first observation follows since the lower endpoints of M@ all lie on ¢, and
thus have distinct 1-coordinates. The second observation follows from the assumption that
|IMES)| < X for all (¢,5) € L x S. The third observation follows by noting that whenever

w™(j) is increased for some j, we also increase w™ (i) for some i < j. O

Define VT := {i : w™(:) > 0} and V™ := {j : w™(j) > 0}. Given a multiset T' C [n],
denote V7 := VTNT and V; := V~NT. Also, define the bipartite graph G := (V7 , V., Er)
where (i, j) € Ep iff i < 7. A w-matching A in G is a subset of edges of Er such that every

vertex i € V1 has at most w' (i) edges of A incident on it, and every vertex j € V. has at
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most w™ (j) edges of A incident on it. Let v(G7) denote the size of the largest w-matching

in GT.

Lemma 3.4.2. For any multiset T C [n] and any w-matching A C Ep in Gr, we have
|M¥)| > |A|. In particular, Ep [|M¥)|} > Er [v(Gr)).

Proof. Consider any w-matching A C Ep. For any vertex i € V1, there are at most w™ (i)
edges in A incident on it. Each increase of w* (i) is due to an edge (z,y) € M where
x1 = i. Thus, we can charge each of these edges of A (arbitrarily, but uniquely) to w™ (i)
different « € ¢. Similarly, for any vertex j € V., there are at most w™(j) edges in A incident
on it. Each increase of w™(j) is due to an edge (z,y) € M® with y; = j. Thus, we can
charge each of these edges of A (arbitrarily, but uniquely) to w™(j) different y € S;, the jth
slice. Furthermore, any z € ¢ with z; < j satisfies z < y. To summarize, each (i,5) € A
can be uniquely charged to an z € ¢ with z; = i and y € S; such that (a) (z,y) forms a
violation, (b) z,y were matched in M, and (c) z1,y € T. Therefore, \M}€)| > |A| since

the LHS is the maximum cardinality matching. O

Lemma 3.4.3. For any T C [n], we have

V(Gr) =Y w () —max Y (w(s) — w(s).

Proof. By Hall’s theorem, the maximum w-matching in G is given by the total weight on

the V5 side, that is, ZjeT w~(7), minus the total deficit
6(T) := max Zw‘(s) — Z w(s)
SCVr \ ses seI'r(S)

where for S C V., I'r(S) C V; is the neighborhood of S in G7. Consider such a maximizer
S, and let ¢ be the largest index present in S. Then note that ZseFT(S) wt(s) is precisely

> seris<t W (). Furthermore note that adding any s <t from Vi won’t increase |I'z(S5)].

52



Thus, given that the largest index present in S is ¢, we get that 6(7') is precisely the summa-
tion in the second term of the RHS. §(7") is maximized by choosing the ¢ which maximizes

the summation. ]

Next, we bound the expectation of the RHS in Lemma 3.4.3. Recall that T":= {s1,..., sk}

is a multiset where each s; is u.a.r. picked from [n]. For the first term, we have

Er

Zw-@)] =SS Bl =gl w ()=t Y w G = MOl (6)

jeT i=1 j=1
The second-last equality follows since s; is u.a.r. in [n] and the last equality follows since
>_;w™(j) increases by exactly one for each edge in M (). Next we upper bound the expec-

tation of the second term. For a fixed ¢, define

k w(s) —wh(s;) ifs; <t
Zy = Z (w(s) —wt(s)) = ZX“ where X, =
sET:s<t i=1 0 otherwise
Note that the X;,’s are i.i.d. random variables with X, € [—1, \] with probability 1. Thus,

applying Hoeffding’s inequality we get

P[Z, > E[Z)] +a] < 2exp <2_]:;22> . (3.7)

Now we use Claim 3.4.1, part (3) to deduce that
k k
E[Z)=> E[Xi,]=Y_ > (w(s)—w(s)) - Pls; =s] <0

i=1 i=1 s<t

since P[s; = s] = 1/n. Therefore, the RHS of eq. (3.7) is an upper-bound on P[Z; > a]. In
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particular, invoking a := 2AvkIn k and applying a union bound, we get
P {maTXZt > 2)\\/klnk] =P [Ht eT: 7, > 2)\\/klnk} <k-e M =1/k
te
and since maxer Z; is trivially upper-bounded by Ak, this implies that

Er

— - + .
max GTZQ (w™(s) —w (s))] < \e-P [%%X Zy > a] +a<A+a<3\Vklnk. (3.8)

Lemma 3.1.3 follows from Lemma 3.4.2, Lemma 3.4.3, eq. (3.6), and eq. (3.8).

3.5 The Continuous Domain

We start with measure theory preliminaries. We refer the reader to Nelson [Nell5] and
Stein-Shakarchi [SS05] for more background. Given two reals a < b, we use (a, b) to denote
the open interval, and [a,b] to denote the closed interval. Given d closed intervals [a;, b;]
for 1 < i < d, we call their Cartesian product J[;cyla:, b;] a box. Two intervals/boxes are
almost disjoint if their interiors are disjoint (they can intersect only at their boundary). An
almost partition of a set S is a collection P of sets that are pairwise almost disjoint and
Upep P = S. A set U is open if for each point « € U, there exists an € > 0 such that the

sphere centered at x of radius ¢ is contained in U.

We let = Hie[d] p; be an arbitrary product measure over R%. That is, each p; is described
by a non-negative Lebesgue integrable function over R, whose total integral is 1 (this is the
pdf). Abusing notation, we use ;([a;, b;]) = Pyop,[a; < 2 < b;] to denote the integral of p;
over this interval. Indeed, this is the probability measure of the interval. The volume of a
box B = [[;cglai, bi] is denoted pu(B) = [ [;eiq pi([as, bi]) = Ponylz € Bl

We use the definition of measurability of Chapter 1.1.3 of [SS05]. Technically, this is
given with respect to the standard notion of volume in RY. Chapter 6, Lemma 1.4 and

Chapter 6.3.1 show that the definition is valid for the notion of volume with respect to p,
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as we've defined above. The exterior measure u, of any set E is the infimum of the sum of

volumes of a collection of closed boxes that contain F.

Definition 3.5.1. Given a product measure 1 =[], pt; over R?, we say E C R? is Lebesque-
measurable with respect to p if for any € > 0, there exists an open set U O E such that

(U \ E) < e. If this holds, then the p-measure of E is defined as pu(E) := pu.(E).

Given a function f: R? — {0, 1}, we will often slightly abuse notation by letting f denote
the set it indicates, i.e. the set in R? where f evaluates to 1. We say that f is a measurable
function w.r.t. p if this set is measurable w.r.t. p. Similarly, we use f to denote the set

where f evaluates to 0.

We are now ready to define the notion of distance between two functions. In Section 3.5.3,
we prove that all monotone Boolean functions are measurable (Theorem 3.5.6) with respect
to p. Also, measurability is closed under basic set operations and thus the following notion
of distance to monotonicity is well-defined. Thus, the monotonicity testing problem for

functions f: R? — {0, 1} is also well-defined.

Definition 3.5.2 (Distance to Monotonicity). Fiz a product measure D on R?. We define

the distance between two measurable functions f,g: RT — {0,1} with respect to u, as
distp(f,9) = ({z € R?: f(2) £ g(2)}) = u(fAg). (3.9)
The distance to monotonicity of f w.r.t. D is defined as
Efp = glél/\f/[ distp(f,g) = glen/\f/tﬂ (fAg) (3.10)

where M denotes the set of monotone Boolean functions over RY.

3.5.1 Approximating Measurable Sets by Grids

We first start with a lemma about probability measures over R.
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Lemma 3.5.3. Given any probability measure D over R, and any N € N, there exists an
almost partition of R into N intervals In = {Z1,...,Zn} of equal u-measure. That is, for

each j € [N], Ppoplz € Z;] = % Furthermore, for any k € N, Iy is a refinement of L.

Proof. pis a probability measure, and thus is described by a non-negative Lebesgue-integrable
function (it’s pdf). Chapter 2, Prop 1.12 (ii) of [SS05] states that the Lebesgue integral is
continuous and thus it’'s CDF, F(t) := p({z € R : o < t}), is continuous. Moreover
F is non-decreasing with range [0,1]. Therefore, for every # € (0,1) there is at least
one t with F(t) = 6. Thus, let’s define F~(f) to be the supremum over all ¢ satisfying
F(t) = 6. Let F71(0) = —oo and F~!(1) = +o0o0. The lemma is proved by the intervals
I, =[FY(j—1)/N),F~j/N)| for j € {1,...,N}. The refinement is evident by the fact

that any interval in Iy can be expressed as an almost partition of intervals from Iy (for

ke N). O

Thus, given a product distribution D = Hfil D; and any N € N, we can apply the above
lemma to each of the d coordinates to obtain the set of Nd intervals {Ij(»i) cield:je[N ]}
for which p; (Ip) = 1/N for every i € [d], j € [N]. We define

d
Gy = {HIS) iz € [N]d}
i=1

and observe that (a) Gy is an almost partition of R and (b) G}y is a refinement of Gy for
any k € N. (Since d is fixed, we will not carry the dependence on d.) We informally refer to
Gy as a grid. Since Gy is an almost partition, we can define the function boxy : R — [N]4
as follows. For z € R? we define boxy(z) to be the lexicographically least z € [N]¢ such
that the box H?legf), of Gy, contains z. (Note that for all but a measure zero set, points

in R? are contained in a unique box of Gy.)

In the following lemma, we show that any measurable set can be approximated by a

sufficiently fine grid. In some sense, this is the definition of measurability.
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Lemma 3.5.4. For any measurable set E and any a > 0, there exists N = N(E,a) € N
such that there is a collection B C Gy satisfying p(E A geg B) < .

Proof. Chapter 1, Theorem 3.4 (iv) of [SS05] states that for any measurable set £ and any
€ > 0, there exists a finite union J" ; B, of closed boxes such that p(EAJ", B,) <e. We
invoke this theorem with € = /2 to get the collection of boxes By, ..., B,,. Note that these
boxes may intersect, and might not form a grid. We build a grid by setting N = [2md/«]
and considering G'. The desired collection B C G is the set of boxes in G contained in

U:Ll B,.. Observe that

u(EA U B) §u<EAQBT) +M<QBT\ U B) §a/2+§u<3r\ U B)

BeB BeB BeB

(3.11)

by subadditivity of measure. We complete the proof by bounding u(B, \ |Jgcp B) for an

arbitrary r € [m].

Let B, := [[,[as, bi] denote an arbitrary box from {By, ..., By} and let 6; := p;([as, bi]).
Observe that the interval [a;, b;] contains exactly |6; /N | contiguous intervals from the almost
partition {Ij@ : j € [N]} of R. Let I; denote the set of such intervals. Thus, p;([a;, b;] \
Urer, 1) < 6 — (1/N)([&:N]) < 6 — (1/N) (0;N —1) = 1/N. Thus, the total measure
of B, we discard is (B, \ Ugeg B) < I1;0i — [[;(6; — 1/N). This quantity is maximized
when the §;’s are maximized; since §; < 1 (each y; is a probability measure), we get that

N(BT\UBGBB) < 1_(1_1/N)d§ %

Finally, plugging this into eq. (3.11), we get u(EAUgep B) < a/2 +m - 5 < «, since

4
N
N > 2md/a. O

We are now ready to prove our main tool, the discretization lemma.

Lemma 3.5.5 (Discretization Lemma). Given a measurable function f: R* — {0,1} and

§ > 0, there exists N := N(f,0) € N, and a function f9 : [N]® — {0,1}, such that
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Poplf(z) # f(boxy ()] < 0.

Proof. By assumption, f and f are measurable sets. By Lemma3.5.4, there exists some
Ny and a collection of boxes Z; C Gy, such that u(fAlJgcy, B) < 6/6. (An analogous
statement holds for f, with some N, and a collection Z,.) Since Lemma 3.5.4 also holds for
any refinement of the relevant grid, let us set N = NyN;. Abusing notation, we have two

collections Zy, Z1 € G such that u(fAUpez B) < 6/6 and p(fA Ugez, B) < 4/6.

For convenience, let us treat the boxes in Zy U Z; as open, so that all boxes in the

collection are disjoint. Define h: R? — {0, 1} as follows:

(

1 ifzre UB€Z1\Z0 B

h(z) =90 if2 € Upezpz B -

0 ifze UB¢ZOA21 B

\

Since f and f partition R?, 1(Upezonz, B) and i(Upg 7,02, B) are both at most pu(fAUpe 7, B)+
pw(fA Upez, B) < ¢/3. Combining these bounds, we have y(Upgz,az, B) < 20/3. Thus

distp(f,h) = Poup[f(z) # (@) <p| |J Bnf|+u| |J BN/ +u< U B)

BEZl\Zo BGZO\Zl B¢Z0AZ1

< 5/6+0/6+25/3 = 3.

By construction, h is constant in (the interior of) every grid box. Any z € [N]¢ indexes
a (unique) box in Gy (recall the map boxy: RY — [N]?). Formally, we can define a func-
tion fds¢: [N]? — {0,1} so that Vo € R, f%(boxy(z)) = h(x). Thus, Pyup[f(z) #
f95¢(boxy (z))] = distp(f, h) < 4. O
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3.5.2 Domain Reduction for Continuous Space: Proof of Theorem 3.0.2

Proof. Recall that T' =T} x --- x Ty is a randomly chosen hypergrid, where for each i € [d],
T; C R is formed by taking £ i.i.d. samples from D;. We need to show that

c"-d
Erlefp] > ep — A

for some universal constant ¢’ > 0. Set § < k=% - 15717’ where C' is the universal constant

in Theorem 3.0.1. Applying Lemma3.5.5 to f with this §, we know there exists N > 0 and
fdise: [N]® — {0, 1}, such that P,p[f(z) # f9(boxy(z))] < . Given a random T sampled
as described above, define T := {boxy(z) € [N]? : € T}. Observe that (a) T is a [k]?
sub-hypergrid in [N]? which (b) can be equivalently defined as T = T} x --- x Ty where
cach T} is formed by taking & ii.d. uniform samples from [N]. This is by construction of the
partition {box, : 2 € [N]?} and by definition of boxy (). Theorem 3.0.1 and the observations
above imply
C-d

]Ef |:€f¥sc:| Z €fdisc — F (312)

where C' is some universal constant. Next, we relate ¢pac and ey. Observe that there is

a bijection between T and T (namely, boxy restricted to T'). We say fr = f%isc if for all
reT, f(x) = f9(boxy(x)).

By a union bound over the k% samples,

Pr [fr # J§%] = Pr (3o € T f(a) # [ (bocn(@)] <5 < S d =

since each x € T has the same distribution as x ~ D, and P,.p[f(x) # f4¢(boxy(z))] < 4.
Thus, we get Er [e4,] > (1 —§)Es [Effﬂsc} — ¢', since in the case fr # f%isc, the difference in

their distance to monotonicity is at most 1. Substituting in eq. (3.12), we get

, c-d\ 3C - d
ET [ng] Z (]_ —6) . <€fdisc — W) — 0 Z 5fdisc — W (313)
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by definition of ¢'.

Now, let g: [N]? — {0, 1} be any monotone function satisfying d(f9¢, g) = € asc. Define
the monotone function f(z) = g(boxy(z)) for all z € R? Note that e; < dist(f, f) <
P,op[f(x) # f9(boxy(z))] + dist(f9¢, g) < & + & asc. This, in turn, implies € pasc > 5 —§ >
£f — %. Substituting in eq. (3.13), we get

4C - d

Erefr] > €5 — i

which proves the theorem. O

3.5.3 Measurability of Monotone Functions

Theorem 3.5.6. Monotone functions f: R* — {0,1} are measurable w.r.t. product mea-

d
sures po = [ [y fi-

Proof. The proof is by induction over the number of dimensions, d. For d = 1, the set f is
either [z,00) or (z,00) for some z € R, since f is a monotone function. Any open or closed

set 1s measurable.

Now for the induction. Choose any ¢ > 0. We will construct an open set O such that
(O \ f) < 8. Consider the first dimension, and the corresponding measure p;. We use
p—q for the (d — 1)-dimensional product measure in the remaining dimensions. (We use
p—1. for the (d — 1)-dimensional exterior measure.) As shown in Lemma 3.5.3, there is
an almost partition of R into N = [1/£?] closed intervals such that each interval has -
measure at most 2. Let these intervals be I, 5, I3, ..., In. We will consider the set of
intervals I = {[; Uy, I,UIs,...,Ix_1UIx} (let us treat these as open intervals). Observe
that Urerl = R, and (1) < 2% for all T € I.

For any = € R, let S, be the subset of f with first coordinate z. We will treat S, as a
subset of R4~ and use {z} x S, to denote the corresponding subset of R?. By monotonicity,

Vz <y, Sp C S,. By induction, each set S, is measurable in R4~ and thus there exists an
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open set O, C R4 such that p_1.(0, \ S,) < e. Define the function h: R — [0,1] such

that h(z) is the measure of S, (in R¢"!). Crucially, h is monotone because f is monotone.

Call an interval (z, y) jumpy if h(y) > h(x)+e and let J C I be the set of jumpy intervals
in I. For a non-jumpy interval I = (z,y) € I\ J, define O; := I x O,. Note that Oy is

open and by monotonicity, Oy 2 U, ({2} x S;) ={z € f: 2z €I}

The open set O := (U,c;J x R™1) U (Urens Or) contains (the set) f. It remains to
bound

u*(O\f)Su*<UJ><R“> +u | | O\ f

JeJ Iel\J

<Y om)+ D O\ f) <28 T+ Y w(Or\ ) (3.14)
JeJd Ien\Jg Ien\J
To handle the first term, note that there are at least |J|/2 disjoint intervals in J and each
such interval represents a jump of at least ¢ in the value of h. Thus, |J|/2 < 1/¢ and so
|J| <2/e.

Now, consider I = (z,y) € I\ J. We have O; = I x O,. By monotonicity O; \ f C
Or\(IxS;) = U xO)\(IxSy) =1Ix(0,\S;). Since S, 2 Sy, Oy\ Sy = (Oy\S)U(S,\ Sz)-
By sub-additivity of exterior measure, p_1.(Oy \ Sz) < pi—1.£(Oy \ Sy) + p—1,4(Sy \ Sz). The
former term is at most ¢, by the choice of O,. Because I is not jumpy, the latter term is

h(y) — h(z) <e. Thus,

Z M*(O]\f) S Z ,ul(]> ’ (N—l,*(oy \ Sy) +N—1,*(Sy\s$)> S 2e Z ,ul(]) S 4e.

Iel\J Iel\J Ien\g

All in all, we can upper bound the expression in eq. (3.14) by 2e%(2/¢) + 4¢ = 8e. O
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3.6 Lower Bound for Domain Reduction

In this section we prove the following lower bound for the number of uniform samples needed
for a domain reduction result to hold for distance to monotonicity. Recall the domain
reduction experiment for the hypergrid: given f: [n]? — {0,1} and an integer k € Z*, we
choose T := T} x --- x T; where each T; is formed by taking & i.i.d. uniform draws from [n]

with replacement. We then consider the restriction fr.

Theorem 3.6.1 (Lower Bound for Domain Reduction). There exists a function f: [n]¢ —
{0,1} with distance to monotonicity ey = Q(1), for which Ex[e;,] < O(k*/d). In particular,

k = Q(v/d) samples in each dimension is necessary to preserve distance to monotonicity.

3.6.1 Proof of Theorem 3.6.1

We define the function Centrist: [0, 1] — {0,1}. The continuous domain is just a matter of
convenience; any n that is a multiple of d would suffice. It is easiest to think of d individuals
voting for an outcome, where the ith vote z; is the ”"strength” of the vote. Based on their
vote, an individual is labeled as follows.

e 1; €[0,1—2/d]: skeptic

o z; € (1—-2/d,1—1/d]: supporter

e 1; € (1—1/d,1]: fanatic
Centrist(x) = 1 iff there exists some individual who is a supporter. The non-monotonicity

is created by fanaticism. If a unique supporter increases her vote to become a fanatic, the

function value can decrease.

Claim 3.6.2. The distance to monotonicity of Centrist is (1).

Proof. Tt is convenient to talk in terms of probability over the uniform distribution in [0, 1]¢.

Define the following events, for i € [d].
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e S;: The ith individual is a supporter, and all others are skeptics.
e F;: The ¢th individual is a fanatic, and all others are skeptics.

Observe that all these events are disjoint. Also, P[S;] = P[F] = (1/d)(1 — 2/d)* ! =
Q(1/d). Note that Vz € S;, Centrist(z) = 1 and Va € F;, Centrist(x) = 0.

We construct a violation matching M: |J,S; — U, Fi. For x € S;, M(x) = = + ¢;/d,
where e; is the unit vector in dimension i. For z € §;, x; € (1 —2/d,1 —1/d|, so M(x); €
(1 —1/d,1], and M(x) € F;. M is a bijection between S; and F;, and all the S;, F; sets
are disjoint. Thus, M is a violation matching. Since P[J, S;] = Q(d - 1/d), the distance to

monotonicity is Q(1). O

Lemma 3.6.3. Let k € Z*+ be any positive integer. If T := T} x --- x Ty is a randomly
chosen hypergrid, where for each i € [d], T; is a set formed by taking k i.i.d. samples from
the uniform distribution on [0, 1], then with probability > 1 —4k*/d, Centristy is a monotone

function.

Proof. Each T; consists of k u.a.r. elements in [0,1]. We can think of each as a sampling of
the ¢th individual’s vote. For a fixed i, let us upper bound the probability that T; contains

strictly more than one non-skeptic vote. This probability is

1—(1-2/d)f —k(1—2/d)*1(2/d) = 1—(1-2/d)**(1—2/d+ 2k/d)

where we have used the bound (1 — z)" > 1 — ar, for any x € [0,1] and » > 1. By the
union bound over all dimensions, with probability > 1 — 4k%/d, all T}’s contain at most
one non-skeptic vote. Consider Centristy, some x € T', and a dimension i € [d]. If the ith

individual increases her vote (from x), there are three possibilities.

e The vote does not change. Then the function value does not change.
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e The vote goes from a skeptic to a supporter. The function value can possibly increase,

but not decrease.

e The vote goes from a skeptic to a fanatic. If Centristr(x) = 1, there must exist some

j # 1 that is a supporter. Thus, the function value remains 1 regardless of i’s vote.

In no case does the function value decrease. Thus, Centristy is monotone. O

Theorem 3.6.1 follows from Claim 3.6.2 and Lemma 3.6.3.
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CHAPTER 4
The Directed Talagrand Inequality for Hypergrids

In this chapter we prove a generalization of the celebrated directed Talagrand inequality of
[KMS18] to the hypergrid. The results in this chapter were originally published in [BCS23b].
We refer the reader to Section 2.3 for a discussion on isoperimetric inequalities over hyper-

grids. Our results use the following notion of influence for a function f: [n]¢ — {0, 1}.

Definition 4.0.1 (Thresholded Influence). Fiz f : [n]¢ — {0,1} and a dimension i € [d].

d

Fiz a point x € [n]*. The thresholded influence of x along coordinate i is denoted ®(x;1),

and has value 1 if there exists an i-aligned violation (x,y). The thresholded influence of x

is ©p(x) = S0, Dp(x;).

Note that the thresholded influence coincides with the hypercube directed influence when
n = 2. Also note that for any x, ®¢(x) € {0,1,...,d} and is independent of n. We
prove the following theorem, a directed Talagrand theorem for hypergrids, which generalizes

the [KMS18] result.

Theorem 4.0.2 (Directed Talagrand Inequality on the Hypergrid). Let f : [n]? —

{0,1} be e-far from monotone.

Eoec o) { @f(x)} = (10;1)

We define the robust/colorful generalizations of the thresholded negative influence on

hypergrids. Consider the fully augmented hypergrid, where we put the edge (x,y) if x and
y differ on only one coordinate. Let E be the set of edges in the fully augmented hypergrid.
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Definition 4.0.3 (Colorful Thresholded Influence). Fiz f : [n]¢ — {0,1} and x : E —
{0,1}. Fiz a dimension i € [d] and a point x € [n]?. The colorful thresholded negative
influence of x along coordinate i is denoted Py, (x;1), and has value 1 if there exists an
i-aligned violation (x,y) such that x(x,y) = f(x), and has value 0 otherwise. The colorful

thresholded negative influence of x is By (x) = S0, @, (x;1).

The main result of our paper is a robust directed Talagrand isoperimetry theorem for
Boolean functions on the hypergrid. It is a strict generalization of the KMS Talagrand

theorem for hypercubes.

Theorem 4.0.4 (Robust Directed Talagrand Inequality on the Hypergrid). Let f: [n]? —
{0,1} be e-far from monotone, and let x: E — {0, 1} be an arbitrary coloring of the edges
of the augmented hypergrid.

€
s [y =0 (15

The importance of being robust. We briefly explain why the robust Talagrand ver-
sion is central to the monotonicity testing application. All testers that have a o(d)-query
complexity are versions of a path tester, which can be thought of as querying endpoints of
a directed random walk in the hypercube. Consider a function f as the indicator for a set
14, where the violating edges form the “up-boundary” between 1; and its complement. To
analyze the random walk, we would like to lower bound the probability that a random walk
starts in 1y, crosses over the boundary, and stays in 1y, that is, the set of 0’s. To analyze
this, one needs some structural properties in the graph induced by the boundary edges,
which [KMS18] express via their notion of a “good subgraph”. In particular, one needs that
there be a large number of edges, but also that they are regularly spread out among the
vertices. It doesn’t seem that the “uncolored” Talagrand versions (like Theorem 4.0.2) are

[4

strong enough to prove this regularity, but the robust version can “weed out” high-degree

vertices via a definition of a suitable coloring function y. In short, the robust version of the
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Talagrand-style isoperimetric theorem is much more expressive. Indeed, these style of robust

results have found other applications in distribution testing [CCK™21] as well.

4.1 Challenges

We explain the challenges faced in proving Theorem 4.0.4. The KMS proof of the directed
Talagrand inequality for the hypercube is a tour-de-force [KMS18], and there are many parts
of their proof that do not generalize for n > 2. We begin by giving an overview of the KMS

proof for the hypercube case.

For the time being, let us focus on the uncolored case. For convenience, let T'(f) =
Ey[y/1; (x)] denote the hypercube directed Talagrand objective for a f : {0,1}* — {0,1}.
To lower bound T'(f), [KMS18] transform the function f to a function g using a sequence
of what they call split operators. The ith split operator applied to f replaces the ith
coordinate/dimension by two new coordinates (i,+) and (i,—). One way to think of the
split operator is that takes the ((0,x_;),(1,x_;)) edge and converts it into a square. (Here,
x_; denotes the collection of coordinates in x skipping x;.) The “bottom” and “top” corners
of the square store the original values of the edge, while the “diagonal” corners store the min
and max values (of the edge). The definition of this remarkably ingenious operator ensures
that the split function is monotone in (i,+) and anti-monotone in (¢, —). The final function
g:{0,1}* — {0, 1} obtained by splitting on all coordinates has the property that it is either
monotone or anti-monotone on all coordinates. That is, ¢ is unate (or pure, as [KMS18] call
them), and for such functions the directed Talagrand inequality can be proved via a short

reduction to the undirected case.

The utility of the split operator comes from the main technical contribution of [KMS18]
(Section 3.4), where it is shown that splitting cannot increase the directed Talagrand objec-
tive. This is a “roll-your-sleeve-and-calculate” argument that follows a case-by-case analysis.
So, we can lower bound T'(f) > T'(g). Since g is unate, one can prove T'(g) = Q(g,) (the

distance of g to monotonicity). But how does one handle ¢,4, or g more generally? This is
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done by relating splitting to the classic switch operator in monotonicity testing, introduced
in [GGLT00]. The switch operator for the ith coordinate can be thought of as modifying
the edges along the i-dimension: for any i-edge violation (x,y), this operator switches the
values, thereby fixing the violation. The switching operator has the remarkable property of
never increasing monotonicity violations in other dimensions; hence, switching in all dimen-
sions leads to a monotone function. [KMS18] observe that the function g basically “embeds”
disjoint variations of f, wherein each variation is obtained by performing a distinct sequence
of switches on f. The function g contains all possible such variations of f, stored cleverly so
that ¢ is unate. One can then use properties of the switch operators to relate €, to 4. (The

truth is more complicated; we will come back to this point later.)

Challenge #1, splitting on hypergrids? The biggest challenge in trying to generalize
the [KMS18] argument is to generalize the split operator. One natural starting point would
be to consider the sort operator, defined in [DGL799], which generalizes the switch operator:
the sort operator in the ith coordinate sorts the function along all i-lines. But it is not at all
clear how to split the ith coordinate into a set of coordinates that contains the information
about the sort operator thereby leading to a pure/unate function. In short, sorting is a much
more complicated operation than switching, and it is not clear how to succinctly encode this

information using a single operator.

We address this challenge by a reorientation of the KMS proof. Instead of looking at
operators on dimensions to understand effects of switching/sorting, we do this via what we
call “tracker functions” which are n¢ different Boolean functions tracking the changes in f.

We discuss this more in Section 4.2.

Challenge #2, the case analysis for decreasing Talagrand objective. As mentioned
earlier, the central calculation of KMS is in showing that splitting does not increase the
directed Talagrand objective. This is related (not quite, but close enough) to showing that

the switch operator does not increase the Talagrand objective. A statement like this is proven
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in KMS by case analysis; there are 4 cases, for the possible values a Boolean function takes
on an edge. One immediately sees that such an approach cannot scale for general n, since
the number of possible Boolean functions on a line is 2". Even with our new idea of tracking
functions, we cannot escape this complexity of arguing how the Talagrand-style objective
decreases upon a sorting operation, and a case-by-case analysis depending on the values of

the function is infeasible.

We address this challenge by a connection to the theory of majorization. We show that
the sort operator is (roughly) a majorizing operator on the vector of influences. The concavity
of the square root function implies that sorting along lines cannot increase the Talagrand

objective. More details are given in the next section.

Challenge #3, the colorings. Even if we circumvented the above issues, the robust
colored Talagrand objective brings a new set of issues. Roughly speaking, colorings decide
which points “pay” for violations of the Talagrand objective, the switching/sorting operator
move points around by changing values, and the high-level argument to prove T'(f) drops is
showing that these violations “pay” for the moves. In the hypercube, a switch either changes
the values on all the points of the edge or none of the points, and this binary nature makes
the handling of colors in the KMS proof fairly easy, merely introducing a few extra cases in
their argument. Sorting, on the other hand, can change an arbitrary set of points, and in
particular, even in the case of n = 3, a point participating in a violation may not change

value in a sort.

To address this challenge, as we apply the sort operators to obtain a handle on our
function, we also need to recolor the edges such that we obtain the drop in the T-objective.
Once again, the theory of majorization is the guide. This part of the proof is perhaps the

most technical portion of our paper.

Other minor challenges, the telescoping argument. The issues detailed here are not

really conceptual challenges, but they do require some work to handle the richer hypergrid
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domain.

Recall that the KMS analysis proves the chain of inequalities, T'(f) > T'(g) = Q(e,).
Unfortunately, it can happen that ¢, < f. In this case, KMS observe that one could redo
the entire argument on random restrictions of f to half the coordinates. If the corresponding
g4 is still too small, then one restricts on one-fourth of the coordinates, so on and so forth.
One can prove that somewhere along these logd restrictions, one must have e, = Q(ey).
Pallavoor, Raskhodnikova, and Waingarten [PRW22] improve this analysis to remove a log d
loss from the final bound. We face the same problems in our analysis, and have to adapt the

analysis to our setting.

4.2 Main Ideas

We sketch some key ideas needed to prove Theorem 4.0.4 and address the challenges detailed
earlier. We begin with a key conceptual contribution of this paper. Given a function f :
[n]¢ — {0,1}, we define a collection of Boolean functions on the hypercube called tracker
functions. We will lower bound the directed Talagrand objective on the hypergrid by the
undirected Talagrand objective on these tracker functions. Indeed, the inspiration of these
tracker functions arose out of understanding the analysis in [KMS18], in particular, the
intermediate “g” function in their Section 4. As an homage, we also denote our tracker

functions with the same Roman letter, even though it is different from their function.

4.2.1 Tracker functions g, for all x € [n]?

Let us begin with the sort operator discussed earlier. Without loss of generality, fix the
ordering of coordinates in [d] to be (1,2,...,d). The operator sort; for ¢ € [d] sorts the
function on every i-line. Given a subset S C [d] of coordinates, the function (S o f) is

obtained by sorting f on the coordinates in S in that order.

Sorting along any dimension cannot increase the number of violations along any other

70



dimension, and therefore upon sorting on all dimensions, the result is a monotone func-
tion [DGL'99]. Suppose f is e-far from monotone. Clearly, the total number of points
changed by sorting along all dimensions must be at least en?. While this is not obvious here,
it will be useful to to track how the function value changes when we sort along a certain
subset S of coordinates. The intuitive idea is: if the function value changes for most such
partial sortings, then perhaps the function is far from being monotone. To this end, for every
point x € [n]?, we define a Boolean function g, : 2% — {0, 1} that tracks how the function
value f changes as we apply the sort operator a subset S of the coordinates. It is best to

think of the domain of gy as subsets S C [d].

Definition 4.2.1 (Tracker Functions gx). Fiz an x € [n|¢. The tracker function gy :

{0,1}¢ — {0, 1} is defined as

We provide an illustration of this definition in Figure 4.1.

Note that when f is a monotone function, all the functions g, are constants. Sorting does
not change any values, so g«(5) is always f(x). On the other hand, if f is not monotone
along dimension 4, then there are points such that gx({i}) # f(x). Indeed, one would expect
the typical variance of these g, functions to be related to the distance to monotonicity of f

(technically not true, but we come to this point later).

The tracker functions help us lower bound the (colorful) Talagrand objective for thresh-
olded influence, in particular, the LHS in Theorem 4.0.4. Recall that the Talagrand objective
is the expected square root of the colorful thresholded influences on the hypergrid function
f. We lower bound this quantity by the expected Talagrand objective on the undirected (col-
orful, however) influence of the various g functions. Note that gy functions are defined on
hypercubes. So we reduce the robust directed Talagrand inequality on hypergrids to robust

undirected Talagrand inequalities on hypercubes. This is the main technical contribution of
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Figure 4.1: The blue function f : [n]? — {0,1} is defined in the middle using bold, gothic char-
acters. We have d = 2 and n = 2. For each of the 4 points of this square, we have four different
gx : {0,1}2 — {0,1} and they are described in the four green squares. For any S C {1,2}, if
we focus on the corresponding corners of the four squares, then we get the function (S o f). For
instance, if S = {2}, then if we focus on the top left corners, then starting from goo and moving
clockwise we get (0,1,1,0). These will precisely the function f (read clockwise from 00) after we
sort along dimension 2.

our paper. Let us define the (colored) influences of these gy functions.

Definition 4.2.2 (Influence of the Tracking Functions). Fiz a x € [n]? and consider the
tracking function gy : {0,1}% — {0,1}. Fiz a coordinate j € [d]. The influence of gx at a
subset S along the jth coordinate is defined as

I7(S) =1 iff g«(S)#gx(S@®j) thatis (Sof)(x)#(S®j of)x)

In plain English, the influence of the jth coordinate at a subset S is 1 if the function value (the
hypergrid function) changes when we include the dimension j to be sorted. Once again, note
that the same sensitive edge (S, S @ j) is contributing towards both I:7(S) and I7(S @ j).

We define a robust, colored version of these influences.

Definition 4.2.3 (Colorful Influence of the Tracking Functions). Fiz a x € [n]? and consider

the tracking function gy : {0,1}* — {0,1}. Fiz any arbitrary coloring & : E(219) — {0,1}

72



of the Boolean hypercube. Fiz a coordinate j € [d]. The influence of g« at a subset S along
the jth coordinate is defined as

L7 (S)=1 iff gx(9) #gx(S®J) and gx(9) =4(S,S @)

The colorful total influence at the point S in gy is defined as

As before, for a sensitive edge (.S, S@j) of gx, we count it towards the influence of the endpoint
whose value equals the color (.S, S @ 7). The main technical contribution of this paper is
proving that for any function f : [n]¢ — {0,1} and any arbitrary coloring x : £ — {0,1}
of the hypergrid edges, for every x € [n]? there exists a coloring &, : E(24) — {0,1} of the
Boolean hypercube edges, such that

To, (f) = Exepe [ (I)f,x(x)} 2 ExempEscia [\ Tgxen(S)] (H1)

We explain the &~ in the above inequality in the next subsection.

Why is a statement like eq. (H1) useful? Because the RHS terms are Talagrand objectives
on colored influences on the usual undirected hypercube. Therefore, we can apply undirected

Talagrand bounds (known from KMS, Theorem 4.3.8) to get an upper bound on the variance.

Corollary 4.2.4 (Corollary of Theorem 1.8 in [KMS18]). Fiz f : [n]¢ — {0,1}. Fiz an
x € [n]? and consider the tracking function gy : {0,1}% — {0,1}. Consider any arbitrary

coloring & : E(21) — {0,1} of the Boolean hypercube. Then, for every x € [n]?, we have

]Esg[d} [ [gx’gx(Sﬂ = Q(V&I‘(gx))
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The final piece of the puzzle connects var(gy)’s with the distance to monotonicity. Ideally,

we would have liked to have a statement such as the following true.

Exepn)e [Var(gx)] ~ Q(ey) (H2)

We now see that eq. (H1), Corollary 4.2.4, and eq. (H2) together implies Theorem 4.0.4
(indeed without the logn).

4.2.2 High level description of our approaches

Addressing the =~ in eq. (H1) via semisorting. As stated, we do not know if eq. (H1) is
true. However, we establish eq. (H1) for semisorted functions f : [n]¢ — {0,1}. A function f
is semisorted if on any line ¢, the restriction of the function on the first half is sorted and the
restriction on the second half is sorted. This may seem like a simple subclass of functions, but
note that all functions on the Boolean hypercube (n = 2) are vacuously semisorted. Thus,
proving Theorem 4.0.4 on semi-sorted functions is already a generalization of the [KMS18§]

result. Theorem 4.4.2 is the formal restatement of eq. (H1).

We reduce Theorem 4.0.4 on general functions to the same bound for semisorted functions.
Consider semisorting f, which means we sort f on each half of every line. Suppose the
Talagrand objective did not increase and the distance to monotonicity did not decrease.
Then Theorem 4.0.4 on the semisorted version of f implies Theorem4.0.4 on f. What we
can prove is that: given the semisorted function, one can find a recoloring of the hypergrid
edges such that the Talagrand objective doesn’t increase. The precise statement is given
in Lemma 4.4.1. We comment on our techniques to prove such a statement in a later

paragraph.

Although semisorting can’t increase the Talagrand objective, it can clearly reduce the
distance to monotonicity. However, a relatively simple inductive argument proves The-

orem4.0.4 with a logn loss. Any function can be turned into a completely sorted (aka

74



monotone) function by performing “logn semisorting steps” at varying scales. In each scale,
we consider many disjoint small hypergrids, and convert a semisorted function defined over a
small hypergrid to another semisorted function over a hypergrid of double the size (the next
scale). In one of these scales, we will find a semisorted function that has §2(e/logn) distance
from its sorted version. One can average Theorem 4.0.4 over all the small hypergrids at this
scale to bound the Talagrand objective of the whole function by €2(¢/logn). This is the
step where we incur the log n-factor loss. This argument is not complicated, and we provide

illustrated details in Section 4.4.

The real work happens in proving Theorem 4.4.3, that is, eq. (H1) for semisorted func-

tions.

Approach to proving eq. (H1) for semisorted functions. Recall, we have a fixed
adversarial coloring y : £ — {0,1}. The proof follows a “hybrid argument” where we define
a potential that is modified over d+ 1 rounds. At the beginning of round 0 it takes the value
Exepma[v/ @rx(x)] which is the LHS of eq. (H1). At the end of round d it takes the value
ExemaEscia[v/Lgxex (S)] which is the RHS of eq. (H1). The proof follows by showing that

the potential decreases in each round.

Let us describe the potential. Let us first write this without any reference to the colorings
(so no x’s and &’s), and then subsequently address the colorings. At stage i, fix a subset

S C [i]. Define

i d
Ri(S) = Exepue || DT (S) + D Psor(x:)) (Hybrid)

j=1 j=it+1
We remind the reader that So f is the function f after the dimensions corresponding to ¢ € S
have been sorted. Thus, R;(S) is a “hybrid” Talagrand objective, with two different kinds
of influences being summed. Consider point x € [n]?. On the first i coordinates, we sum the

undirected influence (along these coordinates) of S on the function gx. On the coordinates
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1+ 1 to d, we sum to directed influence along these coordinates in the function S o f. The

potential is A; := Egcp [R;i(5)).

To make some sense of this, consider the extreme cases of © =0 and ¢ = d. When i = 0,
we only have the second ®g.¢ term. Furthermore, S is empty since S C [i]. So Ay is precisely
the original directed Talagrand objective, the LHS of eq. (H1). When ¢ = d, we only have
the Ig:xj terms. Taking expectation over S C [d] to get Ay, we deduce that Ay is the RHS of
eq. (H1).

We will prove A;_; > A; for all 1 <1i < d. To choose a uar set in [i], we can choose a uar
subset of [i — 1] and then add ¢ with 1/2 probability. Hence, A; = (Egcpi—1)[Ri(S) + Ri(S +
i)])/2, while A;_y = Egcp—1[Ri—1(5)]. So, if we prove that R;_1(5) is at least both R;(S)
and R;(S + 7), then A;_; > A;. The bulk of the technical work in this paper is involved
in proving these two inequalities, so let us spend a little time explaining what proving this

entails.

Let’s take the inequality R; 1(S) > R;(S). Refer again to eq. (Hybrid). When we go
from R;_1(S) to R;(S), under the square root, the term ®g,f(x;1) is replaced by I-7(S).
To remind the reader, the former term is the indicator of whether x participates in a i-
violation after the coordinates in S C [i — 1] have been sorted. The latter term is whether
gx(S +1) equals gx(.5), that is, whether the (hypergrid) function value at x changes between
sorting on coordinates in S and S + ¢. Just by parsing the definitions, one can observe that
Dgor(x;1) > I;}j(S); if a point is modified on sorting in the i-coordinate, then it must be
participating in some i-violation (note that vice-versa may not be true and thus we have an
inequality and not an equality). The quantity under the square-root point-wise dominates

(ie, for every x) when we move from R;_1(5) to R;(S). Thus, R;—1(S) > R;(5).

The other inequality R; 1(S) > R;(S + i), however, is much trickier to establish. In
R;(S + 1), the second summation under the square-root, the ® terms, are actually on a
different function. The ®g.p(x;j) terms in R;_;(S) are the thresholded influences of the

function after sorting on coordinates in S. But in R;(S + i), these terms are ®(g44)07(X;7),
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the thresholded influences of x for the function after sorting on S + 7. Although, it is true
that sorting on more coordinates cannot increase the total number of violations along any
dimension, this fact is not true point-wise. So, a point-wise argument as in the previous

inequality is not possible.

The argument for this inequality proceeds line-by-line. One fixes an ¢-line ¢ and considers
the vector of “hybrid function” values on this line. We then consider this vector when moving
from R;_1(S) to R;(S + i), and we need to show that the sum of square roots can get only
smaller. This is where one of our key insights comes in: the theory of majorization can be
used to assert these bounds. Roughly speaking, a vector a (weakly) majorizes a vector b if
the sum of the k-largest coordinates of a dominates the sum of the k-largest coordinates of
b, for every k. A less balanced vector majorizes a more balanced vector. If the £;-norms of
these vectors are the same, then the sum of square roots of the entries of a is at most the

sum of square roots of that of b. This follows from concavity of the square-root function.

Our overarching mantra throughout this paper is this: whenever we perform an operation
and the hybrid-influence-vector induced by a line changes, the new vector majorizes the old
vector. Specifically, these vectors are generated by look at the terms of R;_1(S) and R;(S+1)

restricted to ¢-lines.

To prove this vector-after-operation majorizes vector-before-operation, we need some
structural assumptions on the function. Otherwise, it’s not hard to construct examples
where this just fails. The structure we need is precisely the semisortedness of f. When a
function is semisorted, the majorization argument goes through. At a high level, when f
is semisorted, the vector of influences (along a line) satisfy various monotonicity properties.
In particular, when we (fully) sort on some coordinate i, we can show the points losing
violations had low violations to begin with. That is, the vector of violations becomes less

balanced, and the majorization follows.

The above discussion disregarded the colors. With colors, the situation is noticeably more

difficult. Although the function f is assumed to be semisorted, the coloring x : £ — {0,1}

7



is adversarial. So even though the vector of influences may have monotonicity properties,
the colored influences may not have this structure. So a point with high influence could have
much lower colored influence. Note that the sort operator is insensitive to the coloring. So the

majorization argument discussed above might not hold when looking at colored influences.

With colors, eq. (Hybrid) is replaced by the actual quantity eq. (Colorful Hybrid) de-
scribed in Section 4.6. To carry out the majorization argument, we need to construct a family
of colorings & on the n? different hypercubes. We also need 2¢ many different auxiliary col-
orings xs of the hypergrid, constructed after every sort operation. The argument is highly
technical. But all colorings are chosen to follow our mantra: vector after operation should
majorize vector before operation. The same principle is also used to prove Lemma 4.4.1
which claims that semisorting an interval can only decrease the Talagrand objective, after a

recoloring.

The details of the actual R;(S) hybrid function and the strategy to use them is presented
in Section 4.6. The most technical part of the paper is in Section 4.7, which proves that the

potential decreases in each round.

Addressing the ~ in eq. (H2) via random sorts. To finally complete the argument,
we need eq. (H2) that relates the average variance of the gy functions to the distance to
monotonicity of f. As discussed earlier, eq. (H2) is false, even for the case of hypercubes.
Nevertheless, one can use eq. (H1) and Corollary 4.2.4 to prove a lower bound on Ty, (f) with
respect to e7. This is the telescoping argument of KMS, refined in [PRW22]. We describe
the main ideas below. The first observation (see Theorem 4.5.2) is that Eycp,a [var(gy)] is
roughly Eg[A(So f, S o f] where S is a uniform random subset of coordinates. The distance
to monotonicity €; is approximated by A ( f,SoSo f) which, by the triangle inequality, is
at most A(f,S o f) + A(S o f,So f). Thus, we get a relation between ¢;, the expected
var(gx), and the distance between f and a “random sort” of f. Therefore, if eq. (H2) is
not true, then a random sort of f must be still far from being monotone, and then one can

repeat the whole argument on just this random sort itself. In one of these logd “repetitions”,
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the eq. (H2) must be true since in the end we get a monotone function (which can’t be far
from being monotone). And this suffices to establish Theorem 4.0.4. We re-assert that the
main ideas are already present in [KMS18, PRW22]. However, we require a more general

presentation to make things work for hypergrids. These details can be found in Section 4.5.

4.3 Preliminaries

A central construct in our proof is the sort operator.

Definition 4.3.1. Consider a Boolean function on the line h : [n] — {0,1}. The sort

operator sort() is defined as follows.

0 fbd —||h
sort(h)(b) = Fo<n |l

1 ifb>n—|hl;

Thus, the sort operator “moves” the values on a line to ensure that it is sorted. Note
that sort(h) and h have exactly the same number of zero/one valued points. We can now
define the sort operator for any dimension ¢. This operator takes a hypergrid function and

applies the sort operator on every i-line.

Definition 4.3.2. Let i be a dimension and f : [n]® — {0,1}. The sort operator for

dimension i, sort;(), is defined as follows. For every i-line ¢, sort;(f)|, = sort(f]s).

Let S be an ordered list of dimensions, denoted (iy,is,...,1;). The function S o f is

obtained by applying the sort;() operator in the order given by S. Namely,

So f =sort; (sort; ,(...sort,(f)))

Somewhat abusing notation, we will treat the ordered list of dimensions S as a set, with
respect to containing elements. The key property of the sort operator is that it preserves

the sortedness of other dimensions.
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Claim 4.3.3. The function S o f is monotone along all dimensions in S.

Proof. We will prove the following statement: if f is monotone along dimension ¢, then
sort;(f) is monotone along both dimensions ¢ and j. A straightforward induction (which

we omit) proves the claim.

By construction, the function sort,(f) is monotone along dimension j. Consider two ar-
bitrary points x < x’ that are i-aligned (meaning that they only differ in their i-coordinates).
We will prove that sort;(f)(x) < sort;(f)(x’), which will prove that sort;(f) is monotone

along dimension .
For convenience, let the j-lines containing x and x’ be ¢ and ¢, respectively. Note that

these j-lines only differ in their i-coordinates. Let ¢ denote the j-coordinate of x (and x').

Observe that sort;(f)x = sort;(f)|¢(c) (analogously for x’).

Note that, Ve € [n], flo(c) < fle(c). Thisis because f is monotone along dimension 4, and
¢ has a lower i-coordinate than that of ¢'. Hence, ||f|¢ll1 < ||f|e||1. By the definition of the
sort operator, Ve € [n], sort(f|,)(c) < sort(fls)(c). Thus, sort;(f)l«(c) < sort;(f)|e(c),

implying sort;(f)(x) < sort;(f)(x'). O

A crucial property of the sort operator is that it can never increase the distance between
functions. This property, which was first established in [DGL799] (Lemma 4), will be used
in Section 4.5, where we apply our main isoperimetric theorem on random restrictions.We

provide a proof for completeness.

Claim 4.3.4. Let f, f' : [n]? — {0,1} be two Boolean functions. For any ordered set S C [d],

A(So f,Sof) <A(f, [)

Proof. 1t suffices to prove this bound when S is a singleton. We prove that for any i € [d],
A(sort;(f),sort;(f") < A(f, f). In the following, we will use the simple fact that for
monotone functions h, b’ : [n] — {0,1}, A(h,h') = |||h]1 — ||W]]1]|. Also, we use the equality
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Isort(R)[l = [l

A(sort,(f),sorti(f)) = Y A(sort;(f)]s,sort;(f)|)

£ i-line

[sorti(f)|ellr — [Isort;(f")|ells
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>
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The method of obtaining a monotone function via repeated sorting is close to being
optimal. For hypercubes, this result was established by [FR10] (Lemma 4.3) and also present

in [KMS18] (Lemma 3.5). The proofs goes through word-for-word applied to hypergrids.

Claim 4.3.5. For any function f : [n]¢ — {0,1},
er <A(f[d o f) < 2

Proof. The first inequality is obvious since [d] o f is monotone as established in Claim 4.3.3.
Let h be the monotone function closest to f, that is, e = A(f, h). So,

Alfldlef) - = AlULW+A(dS h) - = AL R+ A(d o f.ld oh) < 2A(f, ) = 2¢;

triangle ineq since h=[d]oh <A(f,h) by Claim 4.3.4

]

We provide one more simple claim about the sort operator that will be used throughout

81



Section 4.7. Given h, h': [n] — {0,1}, define

A~ (h, 1) = {c € [n]: h(c) > W (c)}| and AT (h,h') = |{c € [n]: h(c) < I'(c)}|.
Claim 4.3.6. Let h,h': [n] = {0,1} be any two functions. Then, A~ (sort(h),sort(h’)) <
A~ (h, ).
Proof. Observe that if ||h]|, < [|A']|;, then A™(sort(h),sort(h')) = 0 and so we are done.

On the other hand if |||, > ||/||,, then we have

A~ (sort(h),sort(h)) = ||h|l,— I, = Z h(c = A" (h,h)=AT(h,h') < A (h, 1).

c€[n]

4.3.1 Colorful Influences and the Talagrand Objective

We will need undirected, colorful Talagrand inequalities for proving Theorem 4.0.4. For the

sake of completeness, we explicitly define the undirected colored influence.

Definition 4.3.7. Consider a function g : {0,1}% — {0,1} and a 0-1 coloring & of the
edges of the hypercube {0,1}¢. The influence of z € {0,1}%, denoted 1,¢(z), is the number

of sensitive edges incident to z whose color has value f(z).

(An edge is sensitive if both endpoints have different values.)

Talagrand’s theorem asserts that E,[\/I,(z)] = Q(var(g)) [Tal93]. The robust/colored

version proven by KMS asserts this to be true for arbitrary colored influences.

Theorem 4.3.8 (Paraphrasing Theorem 1.8 of [KMS18]). (Colored Talagrand Theorem on

the Undirected Hypercube) There exists an absolute constant C' > 0 such that for any function
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g:{0,1}* = {0,1} and any 0-1 coloring & of the edges of the hypercube,
Bactony |y 1e(a)| = € vau(o)

It will be convenient in our analysis to formally define the Talagrand objective for colored,

thresholded influences on the hypergrid.

Definition 4.3.9 (Colored Thresholded Talagrand Objective). Given any Boolean function
f:[n]?— {0,1} and x : E — {0,1}, we define the Talagrand objective with respect to the

colorful thresholded influence as

Ta,(£)i= By |\/2rx)

where, @y 1s defined in Definition 4.0.3.

4.3.2 Majorization

It is convenient to think of the Talagrand objective as a “norm” of a vector. Throughout

the paper, we (ab)use the following notation:

¢
given a vector v € RY, 1V = Z VVi.
i=1

If we imagine an n-dimensional vector indexed by the points of the hypergrid, we see that
the Talagrand objective is precisely the norm of the vector whose x’th entry is @y, (x).
Most often, however, we would be considering the Talagrand objective line-by-line, with the
natural ordering of the line defining a natural ordering on the vector. To be more precise, fix
a dimension ¢ € [d] and fix an i-line . An i-line is a set of n points which only differ in the

—_—>

ith coordinate. This line £ defines a vector ®,(f) € R%, whose jth coordinate, for 1 < j <n
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is precisely @, (x) where x € ¢ has x; = j. Note that

Vi € [d], T@X(f)Z% > HWHW'

i-lines £

Our proof to establish (the correct version of) eq. (H1) proceeds via a hybrid argument that
modifies the function and the coloring in various stages. In each stage, we prove that the

norm decreases. We use the following facts from the theory of majorization.

In the rest of this subsection all vectors, unless explicitly mentioned, live in tho for some
positive integer ¢. Given a vector a, we use (a)* and (a)' to denote the vectors obtained by
sorting a in decreasing and increasing order, respectively. Given two vectors a and b with

the same ¢, norm, we say a =myj b if forall 1 <k <t¢, >, (a)f > i<k (b)?.

Throughout this paper, when we apply majorization the LHS vector would be sorted
(either increasing or decreasing) while the RHS vector would be unsorted. To be absolutely
clear which is which, when a is sorted decreasing, we use the notation a =n,; (b)i and when
a is sorted increasing we use the notation a =, (b)T. Here is a simple standard fact that
connects majorization to the Talagrand objective; it uses the fact that the sum of square

roots is a symmetric concave function, and is thus Schur-concave.

Fact 4.3.10 (Chapter 3, [MOAL1]). Let a and b be two vectors such that a =ma b. Then,

all 2 < By,

Next, we state and prove a simple but key lemma repeatedly used throughout the analysis.

Lemma 4.3.11. Let U = > W; be a finite sum of t-dimensional non-negative vectors.

— — —\ 4 — —
Let S =), (W;)*. Then, S =pmaj (U) . Analogously, if S =3, (w;)", then S =pmj
>\ T
(7)-

Proof. We prove the first statement; the second analogous statement has an absolutely

analogous proof. We begin by noting S is a sorted decreasing vector since it is a sum
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— —\ 4 —
of sorted decreasing vectors. For brevity, let’s use V' := <U > . Next, we note that H S
1

V]|, = = il

Now fix a 1 < 7 < t. We need to show 7, §j > > \7j. Consider the 7 largest

coordinates of U, and let them comprise T' C [t] where |T| = 7. Consider the 7-dimensional
vectors w;[T"] where we restrict our attention to only these coordinates. Let 5" be the 7-
dimensional vector formed by the sum of the sorted versions (w;[T])*. Note that > i1 §9 =
> i1 ‘_/)j. Also note that for any 1 < j < 7, the number 3’); equals >, (jth max of w;[T7)
and §j equals >, (jth max of w;). Thus, §j > g;, proving that > 7_, §j > ‘7j. O

4.4 Semisorting and Reduction to Semisorted Functions

As we mentioned earlier when we stated eq. (H1), we do not know if this is a true statement
for an arbitrary function. It is true for what we call semisorted functions, and proving this
would be the bulk of the work. In this section, we define what semisorted functions are,
we prove that the Talagrand objective can only decrease when one moves to a semisorted
function, and therefore how one can reduce to proving Theorem 4.0.4 only for semisorted

functions.

Fix a function f : [n]¢ — {0,1}. Fix a coordinate i and fix an interval I = [a,b].
Semisorting f on this interval in dimension i leads to a function h : [n]? — {0, 1} as follows.
We take every ¢-line ¢ and consider the function restricted on the interval I on this line, and
we sort it. The following lemma shows that semisorting on any (i, 1) pair can only reduce

the Talagrand objective. We defer its proof to Section 4.4.1.

Lemma 4.4.1 (Semisorting only decreases Tp.). Let f be any hypergrid function and
let x be any bicoloring of the augmented hypergrid edges. Let i € [d] be any dimension

and I be any interval [a,b]. There ezists a (re)-coloring X' of the edges of the augmented
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hypergrid such that
To, (f) = To,(h)

where h is the function obtained upon semisorting f in dimension i on the interval I.

A function f : [n]? — {0,1} is called semisorted if for any i € [d] and any i-line ¢, the
function restricted to the first n/2 points is sorted increasing and the function restricted to
the second half is also sorted increasing. It is instructive to note that when n = 2, that is
when the domain is the hypercube, every function is semisorted. This shows that semisorted
functions form a non-trivial family. However, the semisortedness is a property that allows

us to prove that eq. (H1) holds. In particular, we prove this theorem.

Theorem 4.4.2 (Connecting Talagrand Objectives of f and Tracker Functions). Let
f:[n]¢ — {0,1} be a semisorted function and let x: E — {0,1} be an arbitrary
coloring of the edges of the fully augmented hypergrid. Then for every x € [n]¢, one can

find a coloring & of the edges of the Boolean hypercube such that
To, (f) = Exepna { (I)f,x(x)] > Exempt Escig [\ Loesn (9)]-

We can use the above theorem to get set the intuition behind eq. (H2) correct, and prove The-
orem 4.0.4 for semisorted functions. We state this below, but we defer the proof of this
to Section 4.5. At this point we remind the reader again that this is not at all trivial, but
the proof ideas are generalizations of those present in [KMS18, PRW22] for the hypercube

case.

Theorem 4.4.3 (Theorem 4.0.4 for semisorted functions.). Let f : [n]? — {0,1} be a

semisorted function that is e-far from monotone. Let x : E — {0,1} be an arbitrary
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coloring of the edges of the augmented hypergrid. Then there is a constant C” such that
Ts, (f) := Ex { Cnyx(x)} > ("

Lemma 4.4.1 shows that the Talagrand objective can’t rise on semisorting. The distance
to monotonicty, however, can fall. In the remainder of the section we show how we can
reduce to the semisorted case with a loss of logn, and in particular, we use Theorem 4.4.3

to prove Theorem 4.0.4.

Sequence of Semisorted Functions and Reduction to the Semisorted Case. We
now describe a semi-sorting process which gives a way of getting from f to a monotone
function. Without much loss of generality, let us assume n = 2* which we can assume by
padding. Iteratively coarsen the domain [n]? = [2¥]? as follows. First “chop” this hypergrid
into 2¢ many [n/2]¢ = [2871]¢ hypergrids by slicing through the “middle” in each of the
d-coordinates. More precisely, these 2¢ hypergrids can be indexed via v € {0,1}¢, where

given such a vector, the corresponding hypergrid is

d

Hv—g{vi-g+1,vi-g+2,-~ ,Vi'ﬁ—i-g}

Each hypergrid Hy is an [n/2]% = [2¥7!]? hypergrid. Let us denote the collection of all these
hypergrids as the set H;. So, H; has 2¢ many hypergrids and each hypergrid has dimension
[n/2]% = [2871]9. Repeat the above operation on each hypergrid in H;. More precisely,
each hypergrid H, in H; will lead to 2¢ hypergrids each with dimension [n/4]¢ = [2F2]2.
The total number of such hypergrids, which we collect in the collection Hs, is 2¢ x 2¢ =
(22)4. More generally, we have a family H; consisting of (2i)d many hypergrids of dimension

[n/21]? = [2*=1]9. The collection Hj,_; consists of (2¥71)? many d-dimensional hypercubes.

Note that in any family H; for 1 <14 < k— 1, each H € H; is a sub-hypergrid of [n]?. We let

fm denote the restriction of f only to this subset H of the domain. Also, let Hy denote the
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Figure 4.2: In the figure, we see an example with d =2 and n = 8 = 23. There are 22 many 4 x 4
green (hyper)-grids, and 4> many 2 x 2 red squares.

singleton set containing only one hypergrid, [n]?. Define the function f; : [n]¢ — {0,1} as
follows: consider every hypergrid! H in H;_; and apply the sort operator on fy for all these
hypergrids. Note that f; is a monotone function when restricted to H € H;_;. Recursively
define f; as follows: consider every hypergrid H € Hj_; and apply the sort operator on
(fi—1)m for all these hypergrids. Figure 4.3 is an illustration for d = 2 and k = 3, i.e. n = 8.

Claim 4.4.4. There must exist an 0 < j < k — 1 such that A(f;, fj11) > €¢/k.
Proof. This follows from triangle inequality and the fact that A(fo, fi) > €. [

Proof of Theorem 4.0.4. We now show how Theorem 4.0.4 follows from Lemma 4.4.1 and The-
orem 4.4.3 via an averaging argument. We fix the j as in Claim 4.4.4. By Lemma 4.4.1
we get that for any function f and any coloring x, there exists a recoloring x’ such that
To, (f) = T ,(f;). Now consider the hypergrids in H € Hjy—;—1. Let f;|u be the function
restricted to this sub-domain H. Note that the function f;|y is indeed semisorted by con-

struction. Therefore, by Theorem 4.4.3 (on the coloring x’) we know that for all H € H;_;_1,

To, (filu) = C" g1

'these will be hypercubes
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Figure 4.3: The function f = fo is described to the left, and then one obtains f1, fo and fs3. The
function h which is obtained doing sort on the whole of f is described below. Note h # fs.

By Claim 4.3.5, we know that 2ey,, > A(fjlu, fj+1|z). Taking expectation over H €
Hy—j—1, we see that the LHS is at most (at most since we only consider violations staying in
H) Tp ,(f;), while the RHS is precisely A(fj, fj+1)/2 > €7/2k. Putting everything together,

we get T (f) > 201:;’; proving Theorem 4.0.4. O

4.4.1 Semisorting only decreases the Talagrand objective: Proof of Lemma 4.4.1

Let us first describe the coloring y’.

e First let us describe the recoloring of pairs of points (x,x’) which differ only in some
coordinate j # i and x; = X} lies in the interval [a,b]. We go over all these edges by
considering pairs of i-lines which differ on a single coordinate j # i. More precisely,
if £ = x & te; then ¢/ = x’ + te; for some x' = x + ae; with a > 0. We now consider

re-coloring the pairs (x,x’ = x + ae;) as follows.

Let V denote the points x € £ such that (a) x; € I, (b) f(x) = 1, but (¢) f(x+ae;) = 0.
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That is (x,x + ae;) is a violation. Consider all edges By = {(x,x +ae;) : x € V}
and let X be the |Ey| dimensional 0, 1-vector which are the y values of edges in Ey

going left to right.

Now consider the function h where I has been sorted on both ¢ and ¢'. Let U denote
the points x € ¢ such that (a) x; € I, (b) h(x) = 1, but (¢) h(x + ae;) = 0. That
is (x,x + ae;) is a violation in h. Firstly note that |U| < |V and furthermore, these
|U| points form a contiguous interval of I. We now describe the recoloring x’ of the
edges in Ey := {(x,x + ae;) : x € V}; all the other recolorings are immaterial since
they don’t contribute to T ,(h) since the edges are not violating. We take the [V|-
dimensional vector Y, sort in decreasing order, and then take the first |U| coordinates

and use them to define y'(e) for e € Ey, left to right. See Figure 4.4 for an illustration.

’010000110‘ 1000000111‘

—)

| | |
| | |
1 1 1
‘110101100‘ ’000011111‘
W U

Figure 4.4: We are considering only the interval I. The line below is ¢ and the line above is {'.

The green shaded zones correspond to where the function evaluates to 1s. The situation to the right
is after sorting. Only the violating edges are marked. On the left, the red solid edges are colored
x(e) =1 while the blue dashed are colored x(e) = 0. On the right, the color-coding is the same but
for x'. All other unmarked edges inherit the same colors as x.

e Now we describe recoloring of pairs of points (x,y) which only differ in coordinate i.
First, if both x; and y; lie in I, or if they both lie outside I, then we leave their colors
unchanged. Furthermore, if (x,y) is not a violating pair in f, then we leave its color
unchanged. Now consider a y to the right of I, that is, y; > b and f(y) = 0. Consider
the x’s with x; in [ with f(x) = 1, each of which forms a violation with y. Suppose
there are k many of them, of which kg of them are colored 0 and k; of them are colored
1. We now consider the picture in h, and once again there are exactly k (possibly

different) points in the interval which are violating with y in h. Going from left to
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right, we color the first k; of them 1 and the next kg of them 0, in x’. We now do a
similar thing for a z to the left of I, that is, z; < a and f(z) = 1. We now consider
the x’s with x; € I with f(x) = 0, each of which forms a violation with z. As before,
suppose there are k many of them k; of them colored 1 and kg of them colored 0. In g
also there are k locations with which z is a violation. We, once again, going from left
to right, color the first k; of them 1 and the next kg of them 0, in x’. See Figure 4.5

for an illustration.

1 110101100 0 ) 1 000011111 0

Figure 4.5: The two vertical black lines demarcate I. The green shaded zones correspond to where
the function evaluates to 1s. The situation to the right is after sorting. y is a point with f(y) =0
to the right of I; z is a point with f(z) =1 to the left of I. Only the violating edges incident to y
and z are marked. On the left, the red solid edges are colored x(e) = 1 while the blue dashed are
colored x(e) = 0. On the right, the color-coding is the same but for the recoloring x'. All other
unmarked edges incident of y or z inherit the same colors as x. FEdges with both endpoints in I or
both endpoints outside I also inherit the same color.

Now we prove the lemma “line-by-line”. In particular, we want to prove for any ¢-line ¢,

S0 2 Y ()

xel xel

we have

Note that it suffices to prove the above for x whose x; € I.

ey

To prove the above inequality, it is best to consider the two vectors ®,(f) and ®,/(h)
which are |/|-dimensional whose xth coordinate is precisely @, (x) and @, ,+(x) respectively.

We want to prove

X (1)

> |7

1/2 1/2
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First we divide the |/| coordinates of ®,(f) into O U Z corresponding to when f(x) =1
and f(x) = 0. Let’s call these two vectors CIDS)(f) and @&0)(]“). The former vector is |O)|

dimensional, the latter is |Z| dimensional, and ®,(f) is obtained by some splicing of these

two vectors. We will do the same for the coordinates of ®,/(h) to obtain q);l,)(h) and CIDES)(h).
Note that since sorting doesn’t change the number of 0s or 1, both these vectors are |O| and

|Z| dimensional, respectively. We now set to prove

(4.2)

1/2

), > oo

i (¥, [0

1/2 1/2

and this will prove eq. (4.1). We prove the first inequality; the proof of the second is
analogous. For brevity’s sake, for the rest of the section we drop the superscript (1) from

o),

P—

The plan is to write ®,(f) as a sum of (Boolean) vectors, and then show that ®,.(h) is

dominated by the sum of sorts of those Boolean vectors. Then we invoke Lemma 4.3.11.

We write @, (f) as a sum of Boolean vectors as follows. Fix any other i-line ¢ := ¢+ ae;

for some j # i and a > 0. Define the following (0, 1)-vector also indexed by elements of O.
up(x) =1 if f(x+ae;) =0 and x(x,x + ae;) =1

That is, up(x) = 1 if the projection of x onto ¢, (x,x’ := x + ae;), is a violating edge in f

with y-color 1.

Define the following vector ;11) as follows.

Definition 4.4.5. For any x € O,

P(X):Zmin 1, Z up(x) ::ij(x)

i O'=t+ae; i

let’s call this w;(x)€{0,1}
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Finally, for x € O, define All(x) = 1 if there is some y to its right, potentially outside

the interval [ with f(y) = 0 and x(x,y) = 1. Using the vectors, we can write the following.

Observation 4.4.6. For any x € O,

- 5 —

oy (f)(x) = AL(x) + Al (x)

Now let’s consider the situation after I is sorted. The ones of O now “shift around”;
indeed, they are the |O| many right most points. Let’s call these locations O" and note

0| = [0].

Now define the |0’| = |O| dimensional vector v, where for x € O’

ve(x) =1 if h(x+ ae;) =0 and x'(x,x + ae;) =1

Now we will use the property of the recoloring we performed. We claim two things:

Claim 4.4.7. The number of 1s in vy is at most the number of 1s in uy, and vy is sorted

decreasing.

Proof. The number of 1s in uy is precisely the number of violating edges of the form (x,x’)
in f, where x; € I and x’ = x + ae; and x(x,x’) = 1. Similarly, the number of 1s in uy are
precisely the number of violating edges of the form (x,x’) in h, where x; € I and X’ = x+ae;
and x/(x,x’) = 1. When we recolored to get x’ we made sure by property (a) that the latter

number is smaller.

Take x and y in O, with x; < y;, but suppose, for the sake of contradiction, vy (x) = 0
and vy (y) = 1. The latter implies h(y’ :=y + ae;) = 0 and x'(y,y’) = 1. Since h is sorted
on V', h(x' :==x+ ae;) =0 as well. Since x € O, h(x) = 1 which means (x,x’) is a violating

edge in h. vy (x) = 0 implies x'(x,x’) = 0. But this violates property (b) of y’. O
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What we need is the following corollary.
For any (' = (+ aej, Vo <coor (u@/)i (4.3)
where recall that (z)i is the sorted-decreasing version of z.
Just as we defined A+, define the |O|-dimensional vector B+ as follows.
Definition 4.4.8. For any x € O/,

B—I(X):Zmin 1, Z Vi (X) ::sz(x)

jF#i V'=l+ae; jF#i

[ J/

let’s call this z;(x)€{0,1}

Note that for every j # i, w; and z; are |O| = |O'| dimensional Boolean vectors which

we index by x € O and x € O, respectively.

Claim 4.4.9. For all j, z; <coor (Wj)i.

Proof. Follows from eq. (4.3), and the defintions of z; and w; as described in definition 4.4.5
and definition 4.4.8. O

Finally, for x € (', define the |O'| = |O| dimensional vector Bl as Bll(x) = 1 if there is
some y to its right, outside the interval I with h(y) = f(y) = 0 and \/(x,y) = 1. Just as
in Observation 4.4.6, note that the following holds.

Observation 4.4.10. For any x € O/,

We now connect Al and B!l as follows.

—> —\ |
Claim 4.4.11. Bl <., <A||>
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Proof. Similar to Claim 4.4.7, this follows from the following claim.

Claim 4.4.12. The number of 1s in Bl is at most that in Al, and Bl is sorted decreasing.

Proof. This also follows from the way we recolor x’ the pairs of the form (x,y) with y lying
to the right of I and f(y) = 0. First let’s show BT is sorted decreasing. Take two points x
and z with a < x; < z; < b both evaluating to 1 in g. Say, BT(Z) = 1 implying there is some
y with g(y) = f(y) = 0 to the right of I s.t. x/(z,y) = 1. However, the way we recolor the
edges incident on y, this implies x/(x,y) = 1 as well. But that would imply BT (x) = 1.

The first part of the claim also follows from the way we recolor. Suppose the number of
ones in ﬂ is t. That is, only ¢ of the points in O have 1-colored edges going to the right of
the interval. Consider the subset W of these outer endpoints. The function value, both f
and g, are 0 here. Note that none of these points in W have more than ¢ edges incident on
them which are colored 1 in x. Now note that in x’, this number of 1-edges are conserved,
and so for every w € W, the number of 1-colored violating edges is still < t. Now suppose
for contradiction H has (t+ 1) ones. Take the right most point x and consider the violating
edge (x,y) which is colored 1 in x’. By construction, this y must have 1-colored edges to
all the (¢ 4+ 1) points (since we color them 1 left-to-right). This contradicts the number of
1-edges incident on y. O

O

To summarize, we have from Observation 4.4.6 and definition 4.4.5,

(I)XT)):ZWJ—FE
J#i

that is, we have written the LHS as a sum of Boolean vectors. And, we have from Observa-
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tion 4.4.10 and definition 4.4.8, followed by Claim 4.4.9 and claim 4.4.11 that

= Y0+ B e S+ (A1)

J#i j#i

J/

-~

call this 53

Trivially, we have HCIJ
1/2

H Hs_q;” , and from Lemma 4.3.11, we get HS_CI;H
1/2 1/2

HCD H , completing the proof of the first part of eq. (4.2).

4.5 Connecting with the Distance to Monotonicity: Proof of The-

orem 4.4.3

In this section, we set the intuition behind eq. (H2) straight. We show how the isoperi-
metric theorem Theorem 4.4.2 on semisorted functions can be used to prove Theorem 4.4.3.
We begin by recalling the corollary of the undirected, colored Talagrand objective on the
hypercube.

Corollary 4.5.1 (Corollary of Theorem 1.8 in [KMS18]). Fiz f : [n]¢ — {0,1}. Fiz an
x € [n]? and consider the tracking function gy : {0,1}% — {0,1}. Consider any arbitrary
coloring & : E(21) — {0,1} of the Boolean hypercube. Then, for every x € [n]?, we have

Escig [\/ Lot (S)] = Q(var(gx))

As mentioned earlier, one can’t show eq. (H2), that is, Ex[var(gx)] = Q(cf). Indeed, there
are examples of functions even over the hypercube where the above bound does not hold.
KMS deal with this problem by applying Theorem 4.4.2 to random restrictions of f. One can
show that there is some restriction where the corresponding Ey[var(gx)] is large. They re-
ferred to these calculations as the “telescoping argument”. This argument was quantitatively

improved by Pallavoor-Raskhodnikova-Waingarten [PRW22].
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In this section, we port that argument to the hypergrid setting. Our proof is different
in its presentation, though the key ideas are the same as KMS. Our first step is to convert

Theorem 4.4.2 to a more convenient form, using the undirected Theorem 4.3.8.

Theorem 4.5.2. There exists a constant C' > 0 such that for any semisorted function
f:[n]? — {0,1} and any arbitrary coloring x : E — {0,1} of the augmented hypergrid, we
have

To,(f) > C'-Es[A(S 0 £, 50 f)].

Proof. By Theorem 4.4.2, there exists some colorings & such that Tp, () > ExEg[\/Zg. .. (S)]-
By the undirected Talagrand bound Theorem4.3.8, Eg[\/I,, ¢, (S)] > C - var(gx).

Es[A(Sof,Sof)] = EsEx[L((So f)(x)# (So f)(x))]

= ExEs[L(gx(S) # 9x(5))] < 4Ex[var(gx)] (4.4)

(The final inequality uses Claim 4.5.3, stated below.) Hence, ExEg[\/I,, ¢(S)] > (C/4)Eg[A(So
f,Sof)]

Claim 4.5.3. For any Boolean function h : {0,1}% — {0,1}, Pg[h(S) # h(S)] < 4var(h).

Proof. Recall that var(h) = 4Pg[h(S) = 0]Ps[h(S) = 1]. Hence, var(h) = 4 maxyc(o1} Ps[h(S) =
b] minye 013 Pg[h(S) = b]. Since one of the values is taken with probability at least 1/2,
var(h) > 2minyeqo,13 Ps[h(S) = b].

Let S = {S | h(S) # h(S)}. Observe that half the sets in S have an h-value of 1, and the
other half have value zero. Hence, Pg[h(S) # h(S)] < 2minye(o,13 Ps[h(S) = b]. Combining
with the bound from the previous paragraph, Pg[h(S) # h(S)] < 4var(h). O

]
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We now give some definitions and claim regarding the Talagrand objective of random

restrictions of functions.

Definition 4.5.4. Let S C [d] be a subset of coordinates. The distribution of restrictions on
S, denoted Rg, is supported over functions and generated as follows. We pick a uar setting
of the coordinates in S, and output the function under this restriction. (Hence, h ~ Rg has

domain [n]°.)

The isoperimetric theorem of Theorem 4.4.2 holds for any ordering of the coordinates. In
this section, we will need to randomize the ordering of the sort operators. We will represent
an ordering as a permutation 7 over [d]. Abusing notation, for any subset S C [d], 7(S) is

the induced ordered list of S.

Definition 4.5.5. For any function h : [n]* — {0,1}, define 6(h) to be E [A(h, m([k]) o h)].

By Claim 4.3.3, sorting on all coordinates leads to a monotone function. Thus, §(h) is
at least the distance of h to monotonicity. We will perform our analyses in terms of §(f),

since it is more amenable to a proof by induction over domain size.

The following claim is central to the final induction, and relates d( f) to Es[A(So f, So f)].
This is the (only) claim where we need to permute the coordinates. All other claims and

theorems hold for an arbitrary ordering of the coordinates (when defining S o f).
Claim 4.5.6. §(f) < EsEjor(s)[0(h)] + E-Es[A(n(S) o f,7(S) o f)]

Proof. Let us consider an arbitrary ordering of dimensions. By triangle inequality,
A(f,SoSof)<A(f,Sof)+A(Sof,SoSof)

Observe that S o So f = S o f, since sorting repeatedly on a dimension does not modify a
function. Hence, A(Sof, SoSof) = A(SoSof,SoSof) < A(Sof, Sof). The latter inequality

holds because sorting only reduces the Hamming distance between functions (Claim 4.3.4).
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Plugging this bound in and taking expectations over ordered subset S of dimensions:
Es[A(f,SoSo f)] SEs[A(f, S o /)] + Es[A(S o f,S o f)] (4.5)

Observe that S o f only changes the function in the dimensions in S, and can be thought to
act on the restrictions of f (to §). Hence Eg[A(f,S o f)] = Epur(s)[A(h, S o h)]. Roughly
speaking, the quantity A(f,So So f) is e(f) and Epur(s)[A(h, S o h)] is Epurse(h). So we
would hope that eq. (4.5) implies £(f) < e(h) + Es[A(S o f, S o f)].

Unfortunately, the quantities are only constant factor approximations of e(f),e(h). So by

converting eq. (4.5) in terms of (f), we would potentially lose a constant factor in eq. (4.5).

To avoid this problem, we deal with d(f) instead. By randomly permuting S and taking
expectations, the quantities in eq. (4.5) can be replaced by §(-) terms. Taking expectations

over a uar 7, eq. (4.5) implies
E-Es[A(f, 7(S) om(S) o )] < ExEs[A(f,7(S) o f)] + E<Es[A(7(S) o f,7(S) o f)] (4.6)
Note that the switching order in the LHS, 7(S) o 7 (S), is uniformly random. Moreover,
ErEsEpr(s)[Ah, 7(5) o h)] = EsErE-[A(h, 7(S5) o h)] = EsEx[d(h)]
Combining all our bounds, we get that
0(f) < EsEpur(s)[0(h)] + E-Es[A(n(S) o f,7(S) o f)].

]

We prove a useful claim about the Talagrand objective of restrictions, made in [PRW22].

Claim 4.5.7. Let p € (0,1), and H(p) be the distribution of subsets of [d| generated by
selecting each element with iid probability p. Then, Te, (f) > (1/1/P) - Esenm) Ervrs[To, (h)].
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Proof. Fix a set S. For any subset S of coordinates, let the define the influence in S as

Dr(x:5) = cq Pry(x:4). We are just summing the influences over the coordinates of S.

Consider the quantity Eyrg[Te, (h)] = EpvrgsEs[v/Pry(z)]. Note that z denotes a uar
setting of the coordinates in S. The colorings of h are inherited from the coloring of f. Each

function h is indexed by a (uar) setting of S. Hence,

En~rsBaly/ Py (2)] = Ex[y/ @r(x3.5)] (4.7)

The point x is uar in the entire domain [n]?. Note that Egz)[® . (x;S5)] is precisely

p- Pr,(x;9), since each coordinate is independently picked in S with probability p.

Esnp)Erors[To, (h)] = EsEx[y/ Py (x;5)]

= E Es| q)f,x(XQS)]

< Bx|\/Es[2y3(x:8)]] = Ex|\/p- 210(x:5)] = VBT, (f)

The inequality above is a consequence of the concavity of the square root function and

Jensen’s inequality. O

Now we have all the ingredients to prove Theorem 4.4.3 whice we restate below for

convenience.

Theorem 4.4.3 (Theorem 4.0.4 for semisorted functions.). Let f : [n]? — {0,1} be a
semisorted function that is e-far from monotone. Let x : E — {0,1} be an arbitrary

coloring of the edges of the augmented hypergrid. Then there is a constant C" such that
Ts, (f) := Ex { <I>f,X(x)} > ("

Proof. The proof is by induction over the dimension d of the domain. Formally, we will

prove a lower bound of (C"/10)e, where C” is the constat of Theorem4.5.2.
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Let us first prove the base case, when d < 10. Note that ®;,(x) = S0, s (x;4),

where each term in the summation is 0-1 valued. Hence, by the [;-lr-inequality, /@y, (x) >

Zza‘lzl Dr(x54)/d = Py (x)/d.
Thus, Ty, (f) > Ex[®f,(x)]/d. Furthermore, By [, (x)] = S0, E,[®;,(x;7)]. We can

break the expectation over x into lines as follows.

E [(I)fX ZEZ uarzhne]E [q)f\e X( )]

(The coordinate ¢ is uar in [n].) Now, for a Boolean function f|, on a line, if the distance

to monotonicity is ¢, then there are at least en violating pairs [EKK™00], and thus for any
COlOI‘iIlg X, We have EC[CI)ﬂZ,X(C)] Z 8(./:‘5)7 and Zgzl ]EZ uar i—linea(fu) = Q<€(f))

Hence, To, (f) = Q(g/d). For d < 10, the lemma holds, and so henceforth we assume

Now for the induction step. We now break into cases.

Case 1, E,Eg[A(n(S) o f,(S) o £)] > 6(f)/10: By Theorem 4.5.2, Ty (f) > ¢-Eg[A(So
f,S o f)] (for any ordering of coordinates). So Ty, (f) > ¢ - E.Es[A(x(S) o f,7(S) o f)] >
(¢/10) - 5(f).

Case 2, EﬂEs[A(S 9] f7§ o f)] < (5(f)/10 By Claim 456, ESEhNR(S) [5(}1)] > 5(f)—E7T]Es[A(SO
f,S o f)]. In this case, we can lower bound EsEjrs)[6(h)] > (9/10)5(f). Note that S is
drawn from the distribution #(1/2). When S # [d], we can apply induction to Ty (h) for
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h ~ R(S). Hence,

Eswn(1/2Enrs)[To, ()] = 279" Bror(s)[To, (h)] > 277 (¢/10) - > Enupis)[6(h)]
SAd iy

— (¢/10) - ( Z Epr(s) EhN’R([d})[(S(h)])

— (¢/10) (ESEMW 5(h)) - 2‘d5(f)> (h~R((d]) is )
> (¢/10)-(9/10) - §(f) —27%- (¢/10) - 6(f) (by case condition)
= (9/10 = 27%) - (¢/10) - 5(f) = (4/5) - (¢/10) - 6(f) (4.8)

By Claim 4.5.7, To (f) > V2 - Eswn(/2)Enwr(s)[To, (h)]. Combining with the inequality of
section 4.5, Tp (f) > (V2-4/5) - (¢/10) - 6(f) > (c/10) - 5(f). O

4.6 Connecting Talagrand Objectives of f and the Tracker Func-

tions

In this section and the next, we establish our main technical result Theorem 4.4.2 relating
the Talagrand objectives on the colorful thresholded influence of the hypergrid function
f:[n]* — {0,1} and the Talagrand objectives on the undirected influence of the tracker

functions. We restate the theorem below for convenience.

Theorem 4.4.2 (Connecting Talagrand Objectives of f and Tracker Functions). Let
f:n]* — {0,1} be a semisorted function and let x: E — {0,1} be an arbitrary
coloring of the edges of the fully augmented hypergrid. Then for every x € [n]?, one can
find a coloring & of the edges of the Boolean hypercube such that

To (f) := Exepne { q’f,x(X)] > Eyeme Escig [v/ gt (S)]-

To prove Theorem 4.4.2 we need to describe the coloring &, for each x in [n]¢. We proceed

doing so in d stages.
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4 we define a partial edge coloring

e For every i € {0,1,...,d} and for every x € [n]
5,(3) of the hypercube which assigns a {0, 1} value to every hypercube edge of the form
(T, T®j) for all j <4, and for all T C [i]. The process will begin with the null coloring,

5,(40), and end with a complete coloring, & := 5}({01), for every x € [n]?.

e For every i € {0,1,...,d} and every S C [i] we will also define a coloring X(;) of the
edges of the augmented hypergrid. We start with Xéo) := x where x is the original

coloring which, recall, is adversarially chosen.

For every i € {0,1,...,d} and S C [i] we will use the above colorings to define the

(1, S)-hybrid Talagrand objective

) d
Ri(S) := Eyeppa I (8) + > o, pr (539). (Colorful Hybrid)
j=1 j=i+1

Recall that S o f is the function obtained after sorting f on the coordinates in S. Note that
R;(S) is well-defined given the partial colorings 5,(5) for each x € [n]? as defined above. Also
observe that since Xéo) := ¥, the arbitrary coloring specified in the theorem statement, we
have that Ro(()) is precisely the LHS in the statement of Theorem 4.4.2, that is, Ry(0)) =
Een)d [ @f,x(x)]~ Additionally, since we use & := &, observe that Escia[Ra(S)] is

precisely the RHS in the statement of Theorem 4.4.2.

With the above setup in mind, we show that the following Lemma 4.6.1 suffices to prove

Theorem 4.4.2.

Lemma 4.6.1 (Potential Drop Lemma). Fiz i € {1,...,d}, f,(f*l) for all x € [n]%, and
X(;fl) for every S C [i — 1], which all satisfy the specifications described in the previous
paragraph. There exists a choice of f,(f) for every x € [n]? and X(;), XSL for every

S C [i — 1] all satisfying the specifications described in the previous paragraph, such that
for all S C [i — 1], we have (a) R;_1(S) > R;(S) and (b) R;_1(S) > R;(S +1).
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Proof of Theorem 4.4.2. Consider the following binary tree with d + 1 levels. Each level
i € {0,1,...,d} has 2/ nodes indexed by subsets S C [i]. Every such node is associated with
a coloring X(Si) of the augmented hypergrid edges. The level 7 is also associated with a partial
coloring & for every x € [n]°.

The 0’th level contains a single node indexed by (). The associated augmented hypergrid

coloring is Xé)o) := x. The partial coloring 5)((0) is null for all x € [n]?. We associate the value

Ro(0) = Ty (f) with the root.

For 1 < i < d, we describe the children of each node in level ¢ — 1. Each node in level
i — 1 is indexed by some S C [i — 1]. We associate this node with the value R; ;(S). This
node has two children at level i: one, the left child, indexed by S and the other, the right
child, indexed by S +i. The coloring of the hypergrid edges at the left child is defined as Xg)
from the lemma, and that of the hypergrid edges at the right child is defined as XS)H from
the lemma. The left and right children hold the quantites R;(S) and R;(S + i), respectively.
At level 7, the partial coloring {,(f_l) is also extended to f,(f) for every x € [n]? as stated in
the lemma. From the lemma, we have R;_;(S) > R;(S) and R;_1(S) > R;(S + ). This

immediately implies the following:
For all 7 € {1, .. ,d}, we have ]Egg[i_l} [Rz_1<S)] > Esg[i] [Rz(S)]

and chaining these d inequalities together yields Ro(0) > Egciq[Ra(S)].

Now consider the leaf nodes of this tree, which hold the values R4(S) for every S C [d].
Observe that Ry(S) = Exepye [ I, (S)] since & = &7, Recalling that Ro(0) = T (f)

X7§X
yields
Ts (f) = Ro(0) > Escag[Ra(S)] = EscigExepme { fgx,fx(s)]
and this establishes the claim after exchanging the expectations. O]
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4.7 Proof of Potential Drop Lemma 4.6.1

Recall i € {1,...,d} is fixed. For brevity’s sake, we will fix a set S C [i — 1] and call
h = (So f). Let’s refer to ngl) as simply y without confusing with the original y in the
theorem. The two colorings Xg) and ngﬂ that we construct will be simply called x" and ",
respectively. Let’s call the partial colorings f,(ffl) as simply &x. We will call the coloring 5,(3)
which we need to construct simply &, in the latter. Recall that & is defined on all edges
(I'T @ j) for T C[i —1] and j < i— 1 and in order to prove the lemma we will need to

define & on all edges ('@ j) for T' C [i] and j < i.

Fix an ¢-line /. We prove the lemma line-by-line. To be precise, let us consider the

following vectors. First,

Ly= Z[;{&(S) + DPp o (x:0) Z O\ (x:7) 1 xel (4.9)
=1 T j=it1
N——— L(Z)[
L, LG,

Observe that

Ri (S |z |0+ £, + 26, 4.10
1(8) = ndz s ndﬂz e+ L0 L] (4.10)
where, recall, we are (ab)using the notation |[v|[, , :== 3=, /vi.
Define
Ry = Z]gx&:j(S) + ]gfj Z Q) v(x;5) o xel (4.11)
j= T =it+1
R(®?), —~~
R, RO,

where we have denoted, in red, the recolorings that we need to define. The “first” RHS term
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18

1 — 1
Ri(S) = =5 3 |7 =y |R®e+ B, + RO, . (4.12)
i-lines ¢ / i-lines ¢ /
Similarly, define
]T/[)giz I_]/S—i-l + I_Z/S—i-l (bzoh //Xj cx e/ 413
é £ WX
T =i+l
~~ d M3, < —~~
M, M3,
and notice that the “second” RHS term is
4 ) = M MY, £ M@, ¢ B, 4.14
(S +1) nd Z H 1/2 nd Z H et et 1/2 ( )

i-lines £ i-lines ¢

Observe now that it suffices to prove that there exists colorings X/, x”, and £, ’s such that

Hfg > HE@ and Hfg > HM@ for all i-lines ¢. Thus, we now fix an i-line
1/2 1/2 1/2 1/2
¢ and drop the subscript, ¢, from all the previously defined vectors for brevity. We define
LHS := Hf , RHS, = Hﬁ , RHS, = ‘]\7 , and set out to prove LHS > RHS; and
1/2 1/2 1/2
LHS > RHS..

A Picture of the Line. Since h is semisorted, the picture of h restricted to ¢ looks like
this. The green zone is where the function is 1. Without loss of generality we assume /¢
has more ones than zeros. We use A to denote the ones on the left and C' to denote the
zeros on the right. We use k := |C|, and B C A are the k right most ones in the left side.

Throughout, we will use the notation A x to denote the sub-vector of A defined on ¢ with

coordinates restricted to x € X; we will always use this notation when X is a contiguous
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interval. Indeed, these X’s will be always picked from {W, A,C, O, B, A\ B} or unions of

these, always making sure they form a contiguous interval.

High Level Idea. Before we venture into proving the inequalities, we would like to remind
the reader again of the proof strategy discussed in Section 4.2. We need to define the colorings
X', X", and also 5,(3)’8 such that the objective after recoloring satisfy the inequality we desire
to prove. This going to hinge upon showing that the vector obtained after operation either
majorizes or is coordinate-wise dominated by a vector that majorizes the vector before the
operation. In particular, these are the conditions (a)-(d) and (e)-(h) mentioned below in
the grey boxes. To show these properties, we would be crucially using the property that the
function f is semi-sorted which leads to certain monotonicity properties that allows us to
claim them. In particular, we would be using Lemma 4.3.11 when establishing almost all the
conditions mentioned above. There is a certain sense of repetition in which these arguments

are made, however, we have provided all the details for completeness.

4.7.1 Proving LHS > RHS;

During the proof of LHS > RHS;, we will define the coloring x’ on all edges of the fully

augmented hypergrid and &.(S,S @ j) where j < i for all x € [n]¢. We will not specify

(S 41,5 +1i@ j) since these won’t be needed to prove this inequality; we will describe
them when we prove LHS > RHS,.

Before we describe the recolorings, it is useful to describe the plan of the proof. This will

motivate why we recolor as we do. We will actually consider

S = [T, + 2], +[[Ze] .+ | o],
1/2

1/2 1/2 1/2

and

RHS: = |||, + |, + | e, + 7o
1/2 1/2 1/2 1/2
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and argue domination term-by-term.

More precisely, we find recolorings x’, ¢’ such that
— — >\ + —_— — >\ 4
(a) Rg]) Z maj (L(Z)> and Rg]) > maj (Lg)) , for ¢ € {1, 3},
— — — >\ | —> —_—
(b) 3L such that L'® =, <L§f)> and L' = coor R,
(c) Rg,f,) Z maj (Lﬁ‘é)> and R(g) Z maj (L(Cq)) , for q € {1, 3},

—> —> —\ T —_— —>
(d) 3L such that L = s <L(§)> and L = coor RY.

Let us see why the above conditions suffice to prove the inequality. The second part of (b)

RY +RY + L'

. Part (a) and the first part of (b), along

implies that H}?A) H <
1/2 1/

with Lemma 4.3.11, implies R(Al) + Rf) + L;(lz) > maj (ZZ)% And so, [[Lally o = [[Rallyjo- A
similar argument using (c) and (d) implies || Lc ||, 5 2> [[Ecll; -

One last observation is needed to complete the proof. Note that R%,) is the zero vector:
the points x € W don’t change value even when ¢ is sorted. Also note that Lgf,) is the zero
vector; the points x € W don’t participate in a violation in direction i. And therefore, part (c)
along with Lemma 4.3.11 implies Ry > maj (L_W)>T implying || Lw||;/, = [|Rwl, 5. Similarly,
Rg) = Lg) = 0, and thus part (a) along with Lemma 4.3.11 implies ||Lo|, 5 > [[Roll, jo-

4.7.1.1 Proving (a) and (c) for ¢ =3

Defining the Coloring x’: We will now describe the coloring x’ on all edges of the form
(x,x + ae;) where j > i+ 1, h(x) =1 and h(x + ae;) = 0. For all other edges e, we simply
define x'(e) = x(e) as these edges do not play a role in proving the inequality.

Given a pair of i-lines ¢ and ¢' = { + ae; for j > i+ 1 and a > 0, we consider the set of
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violations from ¢ to ¢ in h:
Vi={(x,x+ae;): x €, h(x) =1, and h(x + ae;) = 0}. (4.15)

Since h is semi-sorted, it’s clear that we can write V' = V;, U Vg as a union of two intervals, in
the sense that {x: (x,x+ae;) € V. } is an interval in the lower half of £ and {x: (x,x+ae;) €
Vgr} is an interval in the upper half of ¢. Similarly, the upper endpoints form two intervals

in /. We then obtain x’ by down-sorting x on each of these intervals, moving left-to-right:
(X'(e):ee V) = (x(e): ee V)" and (Y'(e): e € Vi) = (x(e): e € Vi)*.

We provide the following illustration for clarity. The white and green intervals represent
where h = 0 and h = 1, respectively. The vertical arrows represent violated edges. Blue
edges have color 0 and red edges have color 1. The left picture depicts the original coloring,

X, and the right picture depicts the recoloring y’.

hlf’ hlf’
l | | l | |
AAAAAA AAAA AAAAAAL / AAAA
— Y- —y -
l | | l | |
S [I— ) [I——
Vi h Ve Vi hl Vr
|Lﬂ 4

We now return to our fixed i-line ¢ and set out to prove parts (a) and (c) for ¢ = 3,

given this coloring x’. Let’s recall our illustration of ¢ and our definition of the intervals

W, A, C,O.
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Proving (a) for ¢ = 3: Fix j > ¢+ 1 and a i-line ¢ := ( + ae;. Let A’ := {x €
A : h(x+ae;) =0} and O :={x € O : h(x+ ae;) = 0}. Since h is semi-sorted, it is not

hard to see that A" and O’ are prefixes of A and O, respectively.

Claim 4.7.1. If x; < x| in A such that X' € A’, then x € A’. The same is true for O and
O

Proof. Since h is semisorted, h(x’ + ae;) = 0 implies h(x + ae;) = 0. O

Moreover, observe that our definition of ¥’ gives us
(X'(x,x +ae;): x € A') = (x(x,x + ae;): x € A)*

and
(X'(x,x +ae;): x € O') = (x(x,x + ae;): x € O')*.
Let’s investigate what this leads to. These are key properties.

Definition 4.7.2. Fiz j > i+1 and fix an i-line ¢’ :== {+ae; for a > 0. Define the following

two boolean vectors

Vfa = (1(h(x+ae;) =0 and X' (x,x+ae;) =1) x € A)
and
Vﬁa = (L(h(x+ae;) =0 and x(x,x+ae;)=1) : x€ A)

Observe, for x € A,

D, (x5 7) m1n< Zvja > and @5, (x;7) mln( nga ) (4.16)

Claim 4.7.3. Fiz a j > i+1 anda > 0. For any two x; < xj in A, we have v}, (x) > vi (x).

R

That 1is, the vector v, is sorted decreasing.
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Proof. Since h is semisorted h(x’'+ae;) = 0 implies h(x+ae;) = 0. Furthermore, since both

these are violations, by design x'(x’,x’ + ae;) = 1 implies x'(x,x + ae;) = 1. O

Claim 4.7.4. Fizaj > i+ 1 and a > 0. The vectors Vf‘a and Vj[-:a are permutations of one

another.

Proof. This is precisely how Y’ is defined: it only permutes the colorings on the violations

incident on A. O]

In conclusion, using the observation eq. (4.16), we conclude that we can write

— d
Lf) = (Z P (x57) © x€ A)

j=i+1

as a weighted sum of Boolean vectors, and the above two claims imply that the vector

. d
RY = (Z O (x;j) 1 x€ A)

j=i+1

is the same weighted sum of the sorted decreasing orders of those Boolean vectors. Therefore,

we can conclude using Lemma 4.3.11,
—_— —\ J
RY) = (Lf)) (4.17)

An absolutely analogous argument with O’s replacing A’s gives us

— ——\ &
R = maj (Lg’)) (4.18)

Proving (c) for ¢ = 3: The picture is similar, but reversed, when we consider the points
in W U C, where h(x) = 0. Recall the definition of W and C' as in the illustration. Fix
j > i+ 1 and a iline " := ¢ —ae;. Let W = {x e€ W : h(x—ae;) = 1} and
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C":={xeC : h(x—ae;) =1}. It is not hard to see that W’ and C" are suffixes of W and
C, respectively.

Claim 4.7.5. Ifx; < x; in W such that x € W', then x' € W'. The same is true for C and
.

Proof. Since h is semisorted, h(x — ae;) = 1 implies h(x' — ae;) = 1. m
) 7 P J
Again, observe that our definition of y’ gives us
(X'(x —ae;,x): x € W) = (x(x — ae;,x): x € W')*
and
(X' (x —aej,x): x € C') = (x(x — ae;,x): X € Y

Definition 4.7.6. Fiz j > i+1 and fix an i-line (" := {—ae; for a > 0. Define the following

two boolean vectors

and

Observe, for x € C,

D, (x37) mm( ZVM > and Py, (x;7) mln( Zvja ) (4.19)

Claim 4.7.7. Fizaj > i+1 anda > 0. For any two x; > X} in C, we have v}, (x) > vit (x).

R

That is, the vector v3', is sorted increasing when considered left to right.

Proof. Since h is semisorted h(x’ —ae;) = 1 implies h(x —ae;) = 1. Furthermore, since both

these are violations, by design x'(x’,x’ + ae;) = 0 implies x'(x,x + ae;) = 0. O
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Claim 4.7.8. Fizx a j > 1+ 1 and a > 0. The vectors Vfa and VjLﬂ are permutations of one
another.

—>

A similar argument to the one given above now implies Lg’) is a sum of Boolean vec-
tors, and R(C?) is the sum of the sorted increasing orders of those Boolean vectors. Us-

ing Lemma 4.3.11, we can conclude

., N

RE) = (Lg’)) (4.20)
And an absolutely analogous argument gives

- — 1

B (Ls&)) (4.21)
This finishes the proofs of ¢ = 3 for (a) and (c).

4.7.1.2 Proving (a) and (c) for ¢ =1

Defining &, (S,5 @ j) for S C[i — 1] and j <i—1: We now define the partial coloring
& = ¢ on all edges (S, S @ j) where S C [i — 1] and j < i — 1 for all x € [n]?. These are
exactly the relevant edges for the proof of parts (a) and (c) for ¢ = 1. Note that the partial
coloring & = f,(f;l) is defined over precisely these edges for each x € [n]?. The color of £,
on the edges (5,5 + 1) for S C [i — 1] will be defined when we prove parts (b) and (d). The
color of & on the edges (S +14,S+i® j) for S C[i — 1] and 7 < i — 1 will be defined when
we prove LHS > RHS,.

Fix j <i—1,5 C [i— 1], and a i-line £. We consider the set of x € ¢ such that (S, S ® j)

is influential in gy:

Vi={xel: gx(S)=1and g«(S®j) =0}. (4.22)
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Note that since f is semi-sorted, we have that (So f) and (S@®jo f) are both semi-sorted.
Thus, we can write V' = V; U Vg where V;, and Vi are intervals contained in the left and
right half of ¢, respectively. We again obtain &, by down-sorting the original coloring on

these intervals:

(S, S@j):xeVy) =(&(S, 5@ )):xe V)

and similarly

(E(S,S@j):x e Vi) = (&(S, S @ j): x € Vp)'.

For all x € ¢\V, we define £ (S, S®j) := & (S, S@j). This completely describes &, (S, S®j)

for every x € [n]<.

We provide the following illustration for clarity. Note that the picture is quite similar
to the one provided in Section 4.7.1.1, when we defined x’. The key difference is that the
bottom and top segments represent the same line ¢, but with different functions S o f and
(S @ j) o f, respectively. The vertical lines are no longer arrows to emphasize that they

represent undirected edges in the hypercube as opposed to directed edges in the augmented

hypergrid.
(S®N-Nl, (S®N-Nl,
l | | l | |
—¢ - — ¢ -
l | | l | |
7 (— (E— (E—
v SeNl, Ve v (SN, Ve

We now return to our fixed i-line ¢ and set out to prove parts (a) and (c) for ¢ = 1,
given the colorings £.. Let’s recall our illustration of ¢ and our definition of the intervals

W, A, C,O. Recall that g, = h(x) and so the definition of these intervals is the same.
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Proof of Part (a) for ¢ = 1: Fix j <i—1andlet A" = {x € A: (S & j) = 0}
and 0" = {x € O: gx(S @ j) = 0}, which are prefixes of A and O, respectively. From our
definition of &, (S, S @ j) above, we have

(€S, S®j):xe A)=(&(S, S D j): x € A

and similarly
(EL(S,S@j):x € 0) = (&(S, S @ j): x € O')*.

Claim 4.7.9. (I;Jé/ (S) : xe€ A) s a sorted decreasing vector, and is a permutation of

(I;’jgx(S) . X EA).
Proof. Take x; < x; in A. Note that g«(S) = 1 for both x,x’. Thus,

17 (S) = 1(gx(5@j) =0 and 6;«(575@]) = 1)

9x 7&&

and

I, (8)=1(gx(S®j) =0 and &(S,S @ j) = 1)

gx,Ex

The two vectors are Boolean vectors with number of ones equal to the number of ones in
(&x(S, S @ j) : x € A") which equals the number of ones in (£.(S,S @ j) : x € A’). Thus,
they are permutations. By design of £/ ’s, this vector is sorted decreasing on A’, and all zeros

in A\ A’ (which come to the right of A’). O

Observing that

N -1 N -1
LY = <Z I7:.(S) : xe A) and Ry = (Z I (S) : x€ A)
j=1

Jj=1

using Lemma 4.3.11 and the claim above, we get
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P —\ 4
RY) = (Lﬁ)) (4.23)
Absolutely analogously, we get

— — >\ 4
Ry Zmaj (Lg)) (4.24)

Proof of Part (c) for ¢ = 1: The picture is similar, but reversed when we consider the
points in W U C', where g5(S) = 0. Fix j <i—1 and define W' :={x € W: g (S®j) =1}
and C" := {x € C': gx(5S @ j) = 1} which are suffixes of W and C, respectively. From our
definition of &, (S, S @ j) above, made from the perspective of the set S @& j, we have

(S, S®j):x € W) = (&(S, S @ j): x € W)

and similarly

(&S, 5@ j): x € ') = (&(S, S @ j): x € C')".
Analogous to Claim 4.7.9, we have the following claim.

Claim 4.7.10. <[:j

gxyfé(

of (I;{SX(S) : xeW).

(S) : x¢e€ W) s a sorted increasing vector, and is a permutation

Arguing similarly to the proof of eq. (4.23) we get
P 3\
Ry = (L(w) ) (4.25)

and absolutely analogously, we get
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., — o\ T
RY = (D) (4.26)

eq. (4.17), eq. (4.18), eq. (4.20), eq. (4.21), and eq. (4.23), eq. (4.24), eq. (4.25), eq. (4.26)
establish (a) and (c).
4.7.1.3 Proving (b) and (d):

Finally, we need to establish (b) and (d). Let us recall these and also draw the picture of ¢

that we have been using.

—> — —\ 4
(b) 3L such that L' =, (Lﬁf)) and L") = coor RY.

> —_—> (—>

T
(d) 3L such that L = s, L(CQ)> and L\ = coor RY.

k k
B

We remind the reader that L®)(x) = @, (x;i) for all x € /. We begin with an observation

which strongly uses the “thresholded” nature of the definition of ®.

Claim 4.7.11. No matter how x is defined, either Lf) 15 the all 1s vector, or L(CQ) 15 the all

1s vector.

Proof. Suppose for the sake of contradiction, there exists x € A and y € C such that
@y, (x:1) = Dy, (y;4) = 0. But the edge (x,y) is a violation, and if x(x,y) = 1 then
P, (x;1) = 1, otherwise @, (y;i) = 1. Contradiction. O
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Next we remind the reader that R®(x) = I, (S). We now define the &.(S,S + 1)

9x,E%

colorings for x € A U C' using the above claim in the following simple manner.

If LP =1, then €(5,5+i)=1 V¥xec AUC (4.27)
otherwise,
we have Lg) =1, and so we define & (S,S+1i)=0 Vxe AUC (4.28)
In the former case, we have Rf) = (111---10000) and Lf) = 1 and so we pick L;(lz) = L(A2).
k
many
Also note that we have R(C2) as the all zeros vector, and so we pick ng) = (Lg) . These

satisfy (b) and (d). In the latter case the argument is analogous. Thus, in either case we

have established (b) and (d), and this completes the proof of LHS > RHS;.

We remind the reader that we have now defined &, (S, S @ j) for all subsets S C [i — 1]
and 1 < j <. In the next subsection, when we prove LHS > RHS,, we will need to define
& (S+i,S+i®j) for all j <i—1. Note that for j = i, we have (S+4,S+i®j) = (S+1,S)
and the coloring &, has already been defined for these edges in eq. (4.27) or eq. (4.28).

4.7.2 Proving LHS > RHS,

This inequality is a bit trickier to establish because the function h itself now changes to ioh
in RHS,. For instance, focusing on the illustration we have been using, upon sorting the

picture looks like this.

We have now partitioned the interval A into I U B where B is the k-ones closest to the
semi-sorting boundary. After sorting, we think of the ones in B moving into C', and the ones
in [ shifting and moving to @ C A. The first k£ entries of A, which we call Z, takes the value

0 after sorting this line.
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k k
w [ B C 0
w z |  a C 0

To argue LHS > RHS,, we break the vector I as

and argue vector-by-vector. The plan of the proof is similar to the previous case. We want

to find recolorings x” and &, such that

(e) 3MpD, such that Mo =ma (ng0) and M2y >coor Mo, for q € {1,3}.

!

(f) EIL}%)O such that L’,%)O = maj ( and L,BO coor MS2o.

and MWZ > coor MWZ, for ¢ € {1, 3}.

)
)

(1) 3P, such that I'D, = (L(V?C) and Ly =coor Mgy

(g) IMY) such that M{) = (

Let us see why the above conditions suffice to prove the inequality. The second part

. Part (e) and the first part

of (f) implies that HMQCO HMS(,)‘O + M, g,o + LI(BO
1/2

—\ !
of (f), along with Lemma 4.3.11, implies M éo + Mggo + LI(BO > maj (L[BO> . And so,

ILiBolli 2 = IMisoll,o- Now, by the second part of (g) and the second part of (h) we
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and by the first part of (g) and (h) we have

have [[Wwc]| , < HM;;% YoMl
1/2

ot
HMII/I(}g'_'—MII/I(?g'—i_L/(WmC > maj (LWC> - Thus, [[Lwzll ), = [[Mwzl[; -

1/2
4.7.2.1 Proving (e) and (g) for ¢ =3

Defining the Coloring x”: We now describe the coloring x” on all edges of the form
(x,x + ae;j) where j > i+ 1, (ioh)(x) =1 and (i o h)(x + ae;) = 0. For all other edges e,
we simply define x”(e) = x(e).

Given a pair of i-lines ¢ and ¢ = { + ae; for j > i + 1 and a > 0 we consider the set of
violations from ¢ to ¢ in h and in 7 o h. As before, the violations in A form two a union of
two intervals V' = V, U Vx. Recall the definition of V' in eq. (4.15). Since (i o h) is sorted in

dimension 7, the violations from ¢ to ¢ in (i o h) form a single interval which we will call U:
U:={(x,x+aej): xel, (ioh)(x)=1), and (i o h)(x + ae;) =0}.

Since the sort operator can only reduce the number of violations in a dimension, we have
|U| < |V| (Claim 4.3.6 applied to h|, and h|x). We define J to be the interval of |V| — |U|

points directly to the right of U so that U U J is an interval of size |V/|. We then define

(X"(e): x e UUJ) = (x(e): e € V)".

We now have a complete description of y”. We provide the following illustration for
clarity. The white and green intervals represent where h = 0 and h = 1, respectively. The
vertical arrows represent violated edges. Blue edges have color 0 and red edges have color
1. The left picture depicts the original coloring, y, and the original function, h. The right

picture depicts the recoloring, x”, and the function after sorting, i o h.
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We now return to our fixed i-line ¢ and set out to prove (e) and (g) for ¢ = 3, given this
coloring x”. Let’s recall our illustration of h and (i o h) restricted to ¢ and our definition of

the intervals W, I, B,C, 0, Z, Q.

Proving (e) for ¢ = 3: Recall the definition of A = I U B, O, and Q UC U O as in the
illustration. Fix j > i+ 1 and a i-line ' = { + ae;. Let A" := {x € A: h(x + ae;) = 0},
O ={xe€0:hx+ae;) =0},and U :=={x € QUCUO: (ioh)(x+ ae;) = 0}. Again,
applying Claim 4.3.6 to hl, and h|y, we have |U| < |A'| + |O’|. Let J denote the interval of
size |A'| + |O'| — |U| directly to the right of U so that U U J is an interval of size |A'| + |O|.

Observe that by our definition of x” above, we have
(X"(x,x+ae;): x e UUJ) = (x(x,x +ae;): x € A UO)".

Let’s see what this leads to.

Definition 4.7.12. Fiz j > i+ 1 and fix an i-line I’ := { + ae; for a > 0. Define the
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following two boolean vectors:
v = (1((ioh)(x+ae;) =0 and Y'(x,x+ae;)=1) : x€QUCUO)

and

vi = 1(h(x+ae;) =0 and x(x,x+ae;)=1) : x€IUBUO).

Observe, for x e QU C U O,

Dion (X5 7) mm( ZV]a > (4.29)

and forx e TUBUO,
Dy, (x5 7) mm( ZV]a > . (4.30)

Claim 4.7.13. Fiz j > i+ 1 and a > 0. For any two x; < X, in Q U C U O, we have

Vja( X) > v; (X’). That 1is, the vector V% is sorted decreasing.

Proof. Since (ioh) is semisorted (ioh)(x'+ae;) = 0 implies (ioh)(x+ae;) = 0. Furthermore,
since both these are violations, by design x”(x’,x'+ae;) = 1 implies X" (x,x+ae;) =1. O

L

Claim 4.7.14. Fiz j > i+1 and a > 0. The fuectorv o has at most as many 1s as v, and

thus ( Ja)i > coor v%

Proof. This is precisely how x” is defined: it only permutes the colorings on the violations
incident on I U BU O, and this number can only decrease upon sorting (Claim 4.3.6 applied

to y restricted to the edges going from ¢ to ¢'). O]

In conclusion, we can write

IBO—(Z Dy, (x57) xEIUBUO)

j=i+1
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as a sum of Boolean vectors, and the above two claims imply that the vector

, d
Mégg(),*o = ( Z Pliony v (%57) ¢+ x€QUCU O)

j=it1

is coordinate wise dominated by the sum of the sorted decreasing orders of those Boolean
S

vectors. Defining Mggc)o to be the sum of the sorted decreasing orders, using Lemma 4.3.11,

we establish part (e) for ¢ = 3. Namely, we get

= ¢ _— ey
MWDy My (Lgigo) and MDp oo M (4.31)

Proving (g) for ¢ = 3: A similar argument but working with the zeros establishes part (g)
for ¢ = 3. The picture is similar, but reversed, when we consider the points in W U C', where
h(x) = 0. Fix a dimension j > i+ 1 and some ¢’ = {—ae;. Let W = {x € W: h(x—ae;) =
1}, " ={x € C:h(x—ae;) =1},and U = {x € WU Z: (ioh)(x —ae;) = 1}. Note
that |U| < |[W’| +|C"| (Claim 4.3.6 applied to h|x and hls). Let J denote the interval of
|W'| +|C"| directly to the right of |U] so that U U J is an interval of size |IW'| 4 |C’|. Observe

that by our definition of x” above, we have
(X"(x — ae;,x): x e UUJ) = (x(x — ae;,x): x € W UC)".

Let’s see what this leads to.

Definition 4.7.15. Fiz j > i+ 1 and fix an i-line {" := { — ae; for a > 0. Define the

following two boolean vectors:
vigi=(1((ioh)(x—ae;) =1 and x'(x—ae;;x)=0) : xeWULZ)

and

vi = (1(h(x —ae;) =1 and x(x—ae;,x)=0) : xe WUO).
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Observe, for x € WU Z,

Dion (X3 7) mm( ZVM > (4.32)

and for x e WU C,
P, (x;j) = min < ZV]a > : (4.33)

Claim 4.7.16. Fiz j > i+ 1 and a > 0. For any two x; < x; in W U Z, we have

Vja( x) <v; (X’). That is, the vector V% is sorted increasing.

Proof. Since (i o h) is sorted in dimension i, we have (ioh)(x — ae;) = 1 implies (io h)(x' —
ae;) = 1. Furthermore, since both these are violations, by design x”(x — ae;, x) = 0 implies
X' (x' —ae;,x") = 0. O

L

Claim 4.7.17. Fix j > i+ 1 and a > 0. The vector V o has at most as many 1s as v, and

thus ( ]a)T > coor Vin-

Proof. This is precisely how x” is defined: it only permutes the colorings on the violations
incident on W U C', and this number can only decrease upon sorting (Claim 4.3.6 applied to

X restricted to the edges going from ¢” to ¢). O

In conclusion, we can write
WC_ (Z P\ (x57) - XEWUC)
Jj=t+1
as a sum of Boolean vectors, and the above two claims imply that the vector
WZ— (Z Doy (X5 7) XEWUZ>
Jj=i+1

is coordinate wise dominated by the sum of the sorted increasing orders of those Boolean

vectors. Defining M{,f,?’% to be the sum of the sorted decreasing orders, using Lemma 4.3.11,
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we establish part (g) for ¢ = 3. Namely, we get

—> e —>\ 1T —> —
T s M i (1) ond M e M (434)

4.7.2.2 Proving (e) and (g) for ¢ =1

Defining ¢/ (S +i,S+i®j) for S C[i —1] and j <i— 1: We now define the partial
coloring &, := ¢ on all edges (S +i,5 + i@ j) where S C [i — 1] and j < i — 1 for all
x € [n]?. These are exactly the relevant edges for the proof of parts (e) and (g) for ¢ = 1.

Note that the partial coloring & := 5,(3_1) is undefined over these edges.

Fix S C [i—1], 7 <i—1, and a i-line £. We consider the set of x € £ such that (S, S ® j)
is influential in gx and the set of edges where (S +i,S + i@ j) is influential in g. As before,
the former is a union of two intervals V' = V; U Vi. Recall the definition of V' in eq. (4.22).
Since (S +i)o f and (S+i@ j)o f are both sorted in dimension ¢, the set of x € ¢ such that

(S+1i,5+1i® j) is influential forms a single interval which we will call U:
U:={x€l:g(S+i)=1and gx(S+i®j)=0}.

Again, we have |U| < |V| (Claim 4.3.6 applied to (So f)|, and ((S@® j)o f)|¢) and we let
J denote the |V| — |U| points directly right of U, so that U U J is an interval of length |V/|.
We then define

(E(S+i,S+i@)):xeUUJ)=(&(S, 5@ j): xe V)*.

For all x € ¢\ (U U J) we define (S + 7,5 +i @ j) = 1. Note that this is an arbitrary
choice since such edges are not influential and so they do not come in to play in the rest of

the proof.

We now have a complete description of £ on (S+1i,S+i@®j) for all x € [n]¢. We provide
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the following illustration for clarity, which is quite similar to the illustration provided in
Section 4.7.2.1 when we defined y”. The left picture depicts the original colorings, &, and

the relevant functions before applying the sort operator in dimension i¢. The right picture

4

depicts the recoloring, &,

and the relevant functions after applying the sort operator in

dimension 1.

(S®)N-NHl, (S+idj)Nl,
l | | l [ |
&~ & = <&
l | | l \ : [ |
v, Vi U I=@
(SeNl, S+,

We now return to our fixed i-line ¢ and set out to prove (e) and (g) for ¢ = 1, given the
colorings £.. Recall gx(S) = h(x) and gx(S + i) = (i o h)(x) and so we can reference the
same illustration and our definition of the intervals W, I, B, C, O, Z, Q).

Proving (e) for g =1: Fixj<i—landlet A :={x€ A: gx(S@j) =0}, 0 :={x €
O:9x(S®J)=0,and U :={x € QUCUO: gx(S+i®j) = 0}. As before, |U| < |A'|+ |0
(applying Claim 4.3.6 to (S o f)|, and ((S @ j) o f)|¢) and we define J to be the |A'| — |O|
points directly to the right of U so that U U J is a prefix of Q U C' U O of size |A'| + |O'|.

From our definition of & from above we have
E(S+i,S+idj):xeUUJ)=(&(S,S@j):xe AUO).

We now get the following claim.
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Claim 4.7.18. ( el (S+1) : xeQUCU O) is a sorted decreasing vector, and has at

most as many ones as the vector ([;J;gx(S) : xelUBUO,).

Proof. Take x; < x; in Q U C UO. Note that gx(S + i) = g (S + i) = 1 by definition
QUCUO. Thus,

L7, (S+i)=1(g(S+i®j)=0and &(S+i,S+idj)=1)

and

I7.(S)=1(gx(S®j) =0 and &(S,S @ j) = 1)

gx,€x

By design of the £ ’s, the first vector is sorted decreasing on Q UC'UO (it takes value 0 after
U). Also by design, the number of ones in the latter vector can only be larger since we obtain

¢ by taking a permutation and possibly discarding some ones (the ones corresponding to

7). O

Observing that

IBO (Z e ( :xG]UBUO) andMQOO (Z §,S+z :XGQUCUO)

we see that the latter vector is coordinate-wise dominated by a vector which is a sum of
sorted decreasing versions of Boolean vectors which add up to the former one. Defining
m to be the sum of the sorted decreasing orders, using Lemma 4.3.11, we establish part
(e) for ¢ = 3. Namely, we get

—>

1 1 1 1 1
My M (ngo) and Mg oo Mo, (4.35)

Proof of Part (g) for ¢ = 1: A similar argument but working with the zeros establishes
part (g) for ¢ = 1. Recall the definition of the sets W, C, and Z. Let W/ = {x €
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W:g(S®j)=1}HC' ={xeC: 9x(SP®j) =1}, and U ={z e WUZ: g (S+ij) = 1}.
As before |U| < |W’| + |C’| (applying Claim 4.3.6 to ((S @ j) o f)|¢ and (S o f)|,) and we
define J to be the set of |W’|+|C’| — |U| points directly to the right of U so that UUJ is an
interval of size |W’'| 4 |C’|. Note that U is a suffix of W U Z and J is a prefix of Q UC UO.

From our definition of £, above, made with the set S @ j, we have
(E(S+i,S+idj):xeclUUJ)=(&(S,Sdj):xe WUl .

Claim 4.7.19. <Ig:j;£, (S+i) : xeWu Z> is a sorted increasing vector, and has at most

as many ones as the vector (I;{EX(S) . xeWuQ).

Proof. Take x; < x; in W U Z. Note that gx(S + i) = ¢gx(S + i) = 0 by definition W U Z.
Thus,
L7 (S+i) =1(gx(S+i®j) =1 and &(S+1i,5 +i®j) =0)

and

I7, (S)=1(gx(S®j) =1 and &(S,S ® j) = 0)

gx,€x

By design of the £ ’s, the first vector is sorted increasing on W U Z. Also by design,
the number of ones in the latter vector can only be larger since we obtain & by taking a

permutation and possibly discarding some ones (the ones corresponding to .J). O]

Observing that

i1
L(l)C: <Z[;{£X(S) : XEWUC) and MIEVZ (21_35, (S+1i) : xEWUZ)
j=1

we see that the latter vector is coordinate-wise dominated by a vector which is a sum of
sorted increasing versions of Boolean vectors which add up to the former one. Defining

MS}% to be the sum of the sorted increasing orders, using Lemma 4.3.11, we establish part

(e) for ¢ = 3. Namely,
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e —_— \L =
WL My o (1) and M men ML 430

4.7.2.3 Proving (f) and (h):

Let us now prove part (f) and (h). Note, at this point, & is fully defined on all pairs
(S,S @ j) for S C [i] and j < i. We don’t have the freedom to redefine. However, we see
that the definition we made in eq. (4.27) and eq. (4.28) suffices. Let us recall what we want
to establish.

x s o

(f) 3L such that L' = ma; (L§20> and L3 =coor MG2o.
— >\ 1T _— —_—

(h) EILWC such that L Lo o T maj (LE/‘Q,)C) and L,(WQ)G > coor M‘S&)Z

We remind the reader that L(®(x) = ®,_, (x;i) for all x € £ and the coloring was defined
as follows:

If L' =1, then €(S,5+i)=1 V¥xeIUBUC

otherwise,

—>

we have L(g)El, and so £ (S,S+i)=0 Vxe IUBUC

We remind the reader that W( ) = I (S+i) and therefore this is 1 iff gx(S+1i) # gx(S5)
and &.(5,S +1i) = gx(S + 7). The former implies x € Z U C.

Suppose we are in the first case. Then, m(x) = 1 if and only if x € C. Since
ZQ =1 "coor ]Tig{); we can set L—’I@; to be the vector that is 1sin / U B and 0’s in O. This
establishes (f). To establish (h), we observe that M is the zero vector, and thus we can
choose [@; to be ([@;)T

Suppose we are in the second case. Then, W (x) = 1 if and only if x € Z. Since

—

Lg) =1 >coor Mg), we can set L,(W23; to be the vector that is 1s in C' and 0’s in W. This
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establishes (h). To establish (f), we observe that Mggo is the zero vector, and thus we can
s !
choose L/I%)O to be (L(ﬁg)o> .

In either case, we have established (f) and (h), and thus completed the proof.
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CHAPTER 5
A d'2t°() Query Tester

In this chapter we obtain a nearly optimal non-adaptive monotonicity tester for Boolean
functions over d-dimensional hypergrids, which also yields the same result for continuous
product spaces. These results were originally published in [BCS23a]. We refer the reader to

Section 2.4 for a discussion of the main proof techniques and challenges.

Theorem 5.0.1.  Consider Boolean functions over the hypergrid, f : [n]® — {0,1}.
There is a one-sided, non-adaptive tester for monotonicity that makes e~2d'/?+0(1/loglogd)

queries.

Let u = Hfil i be a product Lebesgue measure over RY. A function f: R? — {0, 1} is
measurable if the set f~1(1) is Lebesgue-measurable with respect to p. The u-distance of f to
monotonicity is defined as inf e t(A(f, g)), where M is the family of measurable monotone
functions and A is the symmetric difference operator. (Refer to Section 3.5 for more details.)
Domain reduction results (Theorem 3.0.1, Theorem 3.0.2, or alternatively the techniques by
[HY22]) show that monotonicity testing over general hypergrids and continuous product
spaces can be reduced to testing over [k]¢ where k = poly(e~'d) via sampling. Thus, a direct

consequence of Theorem 5.0.1 is the following theorem for continuous monotonicity testing.

Theorem 5.0.2.  Consider Boolean functions f : R4 — {0,1}, with an associated
product measure p. There is a one-sided, non-adaptive tester for monotonicity that

makes e~2d1/2+0(1/loglogd) gy epies,
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5.1 Random Walks and the Monotonicity Tester

Without loss of generality! we assume that n is a power of 2. We use z € S to denote
choosing a uniform random element z from the set S. Abusing notation, we define intervals
in Z, by wrapping around. So, if 1 < i < n < j, then the interval [¢, j| in Z, is the set
[i,n] UL, (j —1) (mod n)].

The directed (lazy) random walk distribution in [n]? that we consider is defined as follows.
The distribution induced by this directed walk has multiple equivalent formulations, which

are discussed in Section 5.2.2.

Definition 5.1.1 (Hypergrid Walk Distribution). For a point x € [n]? and walk length T, the

distribution U, (x) overy € [n]? reached by an upward lazy random walk from x of 7-steps

1s defined as follows.

1. Pick a uniform random subset R C [d] of T coordinates.

2. For eachr € R:
(a) Choose q, €g {1,2,...,logn} uniformly at random.
(b) Choose a uniform random interval I, in Z, of size 2% such that x, € I,.

(¢c) Choose a uniform random ¢, €g I \ {x,}.

3. Generate'y as follows. For every r € [d], if r € R and ¢, > x,, sety, = ¢.. FElse, set

Yr =X

Analogously, let D, (x) be the distribution defined precisely as above, but the >-sign is replaced
by the <-sign in step 3. This is the distribution of the endpoint of a downward lazy random

walk from x of 7-steps.

1See Theorem A.1 of [BCS18]. Note this assumption is not crucial, but we choose to use it for the sake
of a cleaner presentation.
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A crucial step of our algorithm involves performing the exact same random walk, but
originating from two different points. We can express our random walk distribution in terms

of shifts (rather than destinations) as follows.

Definition 5.1.2 (Shift Distributions). The up-shift distribution from x, denoted US.(x) is
the distribution of x' — x, where X' ~ U,(x). The down-shift distribution from x, denoted

DS, (x) is the distribution of x — x', where x' ~ D, (x).

Note that U, (x) is equivalent to the distribution of x + s, where s ~ US,(x). Similarly,
D, (x) is equivalent to the distribution of x — s, where s ~ DS, (x). Using Definition 5.1.1
and Definition 5.1.2, our tester is defined in Alg. 1.

Algorithm 1 Monotonicity tester for Boolean functions on [n]?

Input: A Boolean function f: [n]* — {0, 1}
1. Choose p € {0,1,2,..., [logd]} uniformly at random and set 7 := 2P.
2. Run the upward path test with walk length / =7 — 1 and ¢ = 7:

(a) Choose x € [n]? and sample y from Uy (x).
(b) If f(x) > f(y), then reject.
3. Run the downward path test with walk length ¢ =7 — 1 and ¢ = 7:
(a) Choose y €p [n]? and sample x from D,(y).
(b) If f(x) > f(y), then reject.
4. Run the upward path + downward shift test with walk length £ =7 —1 and ¢ = 7:
(a) Choose x € [n]?, sample y from Uy(x), and sample s from DS, _;(x).
(b) If f(x —s) > f(y —s), then reject.
5. Run the downward path + upward shift test with walk length { =7 — 1 and ¢ = 7:
(a) Choose y €p [n]?, sample x from D,(y), and sample s from US, _(y).
(b) If f(x+s) > f(y +s), then reject.

Remark 5.1.3. Given a function f : [n]¢ — {0,1}, consider the doubly-flipped function
g :[n]¢ — {0,1} defined as g(x) := 1 — f(X) where X; :== n — x;. That is, we swap all the
zeros and ones in f, and then reverse the hypergrid (the all zeros point becomes the all n’s

point and vice-versa). The distance to monotonicity of both f and g are the same: a pair
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(x,y) is violating in f if and only if (X,y) is violating in g. In Alg. 1, Step 2 on f is the same
as Step 3 on g, and Step 4 on f is the same as Step 5 on g. In our analysis, we will construct
a violation subgraph between vertex sets X andY . Points in X are 1-valued and points in'Y
are 0-valued. If | X| < |Y'|, then the steps 2, 3, and 4 suffice for the analysis. If |Y| < |X],
then (by the same analysis) we run steps 2,3, and 4 on the function g. This is equivalent to
running steps 2, 3, and 5 on the function f. So, the tester covers both situations, and we

can assume wlog that | X| < |Y|. This discussion happens in Section 5.5.1.1.
Our main result is the following lower bound on the rejection probability of Alg. 1.

Theorem 5.1.4 (Main Theorem). Let n,e* < poly(d). If f: [n]¢ — {0,1} is e-far
from being monotone, then for any § > (loglognd)™t, Alg. 1 rejects f with probability at

least €2 - d—(1/2+0(9)

Theorem 5.1.4 is proved in Section 5.4. We first use Theorem 5.1.4 to prove our main

testing results, Theorem 5.0.1 and Theorem 5.0.2.

5.1.1 Proof of Theorem 5.0.1 and Theorem 5.0.2

To prove Theorem 5.0.1, we use the domain reduction Theorem 1.3 of [BCS20], which we

state here for ease of reading.

Theorem 5.1.5 (Domain Reduction Theorem 1.3, [BCS20]). Suppose f : [n]? — {0,1} is
e-far from being monotone. Let k = (¢7'd)®. If T = T, x --- x Ty is a randomly chosen
sub-grid, where for each i € [d], T; is a (multi)-set formed by taking k independent, uniform
samples from [n|, then Exles ] > /2.

Remark 5.1.6. We note that [HY22] obtain a more efficient domain reduction result. How-

ever, the domain reduction from [BCS20] can be used in a black-boz fashion, resulting in a

simpler tester.

For ease of reading, we give a simplified proof of a weaker version of Theorem 5.0.1. This

2

proof obtains a tester with an €3 dependence, instead of the stated e=2. A more nuanced
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argument yields the improved e =% log(1/e) dependence, which proves Theorem 5.0.1 as stated®.
For details, we refer the reader to Section 7 of [BCS20]. In particular, we run Algorithm 1
in Section 7 of [BCS20] with the sub-routine in line 5 replaced by Alg. 1.

Proof. of Theorem 5.0.1: Consider the tester which does the following, given f: [n]¢ — {0, 1}
and € € (0,1).

1. If ¢ < d~Y2, then run the O(ed) query non-adaptive and 1-sided tester of [DGL*99]
or [BRY14a].

2. If e > d~%/2, then set k = (¢7'd)® < d'? and repeat the following 8! times.

(a) Sample a [k]¢ sub-grid T C [n]¢ according to the distribution described in Theo-
rem5.1.5.

(b) Run 32-72-d"/?t90) jterations of the tester described in Alg. 1 on the restricted

function f|r.

3. Accept.

If ¢ < d/2, then the number of queries is O(¢'d) = O(¢~2d"/?). We are done in this
case.

Assume € > d~'/2. The total number of queries made by this tester is at most 73 -

d'/?+00) - Clearly, if f is monotone, then the tester will accept, so suppose & ¢ > €. By the
domain reduction Theorem 5.1.5, we have Ex[ef.] > €/2. So, Ex[l —ep,] <1 —¢/2 and

thus by Markov’s inequality,

1—¢/2 1—¢e/4—¢/4
IP’T[l—ef|T21—£/4}< e/2 _ e/ e/

= <1l-—¢/4.
~1—¢/4 l—¢g/4 — ¢/

loglog1/e

2When we invoke Alg. 1, we assume that ¢ > d~'/2 and so log 1/e =d foed < dO(1/loglogd)  The
factor of log 1/¢ is absorbed by d®(1/1°glo8d) in the query complexity.
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Thus, Prles, > /4] > /4. Thus, with probability at least 1 — (1 —g/4)%° > 1 — e72,
some iteration of step (2a) will produce T such that 4. > /4. When this happens, some
iteration of step (2b) will reject with probability at least 1 — e™2, by Theorem 5.1.4. Thus,
the tester rejects f with probability at least (1 — e 2)? > 2/3. O

The proof of Theorem 5.0.2 for testing on R? follows the exact same argument, using the
corresponding domain reduction Theorem 1.4 of [BCS20] for functions over R%. We omit the

proof.

5.2 Technical Preliminaries

In this section, we list out preliminary definitions and notations. Throughout the section,
we fix a function f : [n]* — {0, 1} that is e-far from monotone. For ease of readability, most

proofs of this section are in the appendix.

5.2.1 Violation Subgraphs and Isoperimetry

The fully augmented hypergrid is a graph whose vertex set is [n]? where edges connect all
pairs that differ in exactly one coordinate. We direct all edges from lower to higher endpoint.
The edge (x,y) is called an i-edge for i € [d] if x and y differ in the ith coordinate. We
use I(x,y) = {z: x < z =< y} to denote the points z in the segment [x,y]|, that is, they
are the points which differ from x and y only in the ith coordinate, and x; < z; < y;.
Given a function f : [n]¢ — {0,1} the edge (x,y) of the fully augmented hypergrid is a
violating/violated edge if f(x) =1 and f(y) = 0.

Definition 5.2.1. A violation subgraph is a subgraph of the fully augmented hypergrid all

of whose edges are violations.

Note that any violation subgraph is a bipartite subgraph, where the bipartition is given

by the 1-valued and 0-valued points. We henceforth always express a violation subgraph as
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G =(X,Y,FE)such that Yx € X, f(x) =1 and Yy € Y, f(y) = 0. There are a number of

relevant parameters of violation subgraphs that play a role in our analysis.

Definition 5.2.2. Fix a violation subgraph G = (X,Y | E) and a point x € X.

e The degree of x in G is the number of edges in E incident to x and is denoted as
Dg(x).

e [or any coordinate i € [d], the i-degree of x in G is the total number of i-edges in E
incident to x and is denoted as ' ;(x). Note Dg(x) = Z?Zl Lai(x).

o The thresholded degree of x in G is the number of coordinates i € [d] with I ;(x) > 0

and is denoted as Pg(x).
Whenever G is clear from context, for brevity, we remove it from the subscript.

Note that ®(x) is an integer between 0 and d, I';(x) is an integer between 0 and (n — 1),
and D(x) is an integer between 0 and (n — 1)d. We next define the following parameters of

a violation subgraph G.
Definition 5.2.3. Consider a violation subgraph G = (X,Y | E).
o D(X) is the maximum degree of a verter in X, that is, D(X) = maxxex D(x).
o Foric[d], T(X) is the mazimum i-degree in X, that is, I';(X) = maxyex I';(x).
o ['(X) is the maximum value of T;(X), that is, I'(X) = max?®_, T;(X).
o O(X) is the maximum thresholded degree in X, that is, ®(X) = maxyxex P(x).
e m(G) is the number of edges in G.

(We analogously define these parameters for 'Y .)

We recall the notion of thresholded influence of a function f : [n]¢ — {0,1} as defined
in [BCS23b, BKKM23]. For any x € [n]? and i € [d], ®;(x;i) is the indicator for the
existence of a violating i-edge incident to x. The thresholded influence of f at x is ®;(x) =

S ®f(x;4). We use the same Greek letter @ both for thresholded influence and thresholded
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degree. In the graph Gy = (X, Yy, F') consisting of all violating edges of the fully augmented
hypergrid, ®;(x) is indeed P¢,(x).

For applications to monotonicity testing, we require colored/robust versions of the thresh-
olded influence. For hypercubes this was suggested by [KMS18], and for hypergrids this was
generalized by [BCS23b]. Let x : E — {0, 1} be an arbitrary coloring of all the edges of the
fully augmented hypergrid to 0 or 1. Given a point x and i € [d], @, (x;%) is the indicator
of a violating i-edge e incident to x with x(e) = f(x). The colored thresholded influence of

x wrt x is simply @, (x) = Zle ®,(x;7). The Talagrand objective of f is defined as

The main result of [BCS23b] is the following.

Theorem 5.2.4 (Theorem 1.4, [BCS23b]). If f: [n]¢ — {0, 1} is e-far from monotone, then

End
To (f) = Qisr)-
We stress that the RHS above only loses a logn factor, which allows for domain re-
duction (setting n = poly(d)). This is what yields the nearly optimal v/d dependence and

independence on n in the tester query complexity:.

We extend the definition of Ty (f) to arbitrary violation subgraphs as follows. Given a
violation subgraph G = (X, Y, F') and a bicoloring x : E' — {0, 1} of its edges, for z € XUY
and i € [d] let ®¢ ,(z;i) = 1 if there is a violating i-edge e € E(G) incident to z such that
x(e) = f(z), and B¢, (z;7) = 0 otherwise. Define ®g , (x) = 3.0, P, (x;1). Note, if y = 1,
that is every edge is colored 1, then ®¢ ,(x) = ®¢(x) for x € X and ®¢,(y) = 0 for all
y € Y. Similarly, if y =0, then ¢, (y) = ®¢(y) fory € Y and @¢,(x) =0 for x € X.

Definition 5.2.5. Given a violation subgraph G = (X,Y , E), we define



where the min is taken over all edge bicolorings x : E(G) — {0, 1}.

If Gy is the subgraph of all violations in the fully augmented hypergrid, then Theo-

rem 5.2.4 states To, (Go) = Q(en?/logn). We make a couple of observations.

Observation 5.2.6. For any violation subgraph G = (X,Y | F),

e D(X) < T(X)®(X) and D(Y) < T(Y)®(Y).

o m(G) > Ts (G).

Proof. For any x € X, we have D(x) = Y0 Ti(x) = Y1 20 [i(%) < (max; Ty(x)) -
d(x) < I'(X)®(X). The proof is analogous for Y. For the second bullet, observe that

M(G) = 2ex D(x) 2 Dxex PX) 2 2iex VEX) = 2exoy VPanx=1(2) 2 To, ().
0

Remark 5.2.7. Throughout the remainder of the paper, we consider d to be at least a large

constant and fix § > As a result, we use bounds such as “d® > polylogd” or

loglégnd'
“d — CVd > d/3” without explicitly reminding the reader that d is large. We use O(d) to

denote C' - & for some unspecified, but fixed constant C.

5.2.2 Equivalent Formulations of the Random Walk Distribution

Recall the random walk distribution described in Definition 5.1.1. It is useful to think of this
walk as first sampling a random hypercube and then taking a random walk on that hyper-

cube. The following definition describes the appropriate distribution over sub-hypercubes in

().

Definition 5.2.8 (Hypercube Distribution). We define the following distribution H, 4 over

sub-hypercubes in [n]?. For each coordinate i € [d):

1. Choose q; €g {1,2,...,logn} uniformly at random.

139



2. Choose a uniform random interval I; of size 2% in Z,.

3. Choose a uniform random pair a; < b; from I;.
Output H = H?Zl{ai, b;}. When n and d are clear from context, we abbreviate H = H,, 4.

It will also be useful for us to think of our random walk distribution as first sampling
x €p [n]?, then sampling a random hypercube which contains x, and then taking a random
walk from x in that hypercube. The appropriate distribution over hypercubes containing a

point x is defined as follows.

Definition 5.2.9 (Conditioned Hypercube Distribution). Given x € [n]¢, we define the

conditioned sub-hypercube distribution H, 4(x) as follows. For each i € [d]:

1. Choose q; €gr {1,2,...,logn} uniformly at random.
2. Choose a uniform random interval I; in Z,, of size 2% such that x; € I;.
3. Choose a uniform random c¢; €g I; \ {x;}.

4. Set a; = min(x;, ¢;) and b; = max(x;, ¢;).

Output H = Hle{ai, b;}. When n and d are clear from context we will abbreviate H(x) =
Hn’d(X).

The random walk distribution in a hypercube H is defined as follows.

Definition 5.2.10 (Hypercube Walk Distribution). For a hypercube H = [ {a;, b;}, a
point x € H, and a walk length 7, we define the upward random walk distribution U, -(x)

over points'y € H as follows.

1. Pick a uniform random subset R C [d] of T coordinates.

2. Generate'y as follows. For every r € [d], if r € R and x, = a,, sety, = b,. FElse, set
Yr = X
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Analogously, the downward random walk distribution Dg ,(x) is defined precisely as above,

but instead in step 2 if r € R and x, = b,, we set 'y, = a,, and otherwise y, = X,..

We observe that the following walk distributions are equivalent and defer the proof to

the appendix Section 5.8.1.

Fact 5.2.11. The following three distributions over pairs (x,y) € [n]?x[n]¢ are all equivalent.

1. x €g ]t y ~ U (x).
2. H~H, xepgH, y~ Z/{H,T(X)~
3. x€pgnt H~H(x), y ~Un,(X).

The analogous three distributions defined using downward random walks are also equivalent.

It is also convenient to define the shift distribution for hypercubes.

Definition 5.2.12 (Shift Distributions for Hypercube Walks). Given a hypercube H, the
up-shift distribution from x € H, denoted USw (x) is the distribution of x' — x, where
x' ~ Un,(x). The down-shift distribution from 'y € H, denoted DSu ,(y) is the distribution
ofy —y', wherey' ~ DSy ,(y).

5.2.3 Influence and Persistence

We define the following notion of influence for our random walk distribution Definition 5.1.1.

Definition 5.2.13. The total and negative influences of f: [n]¢* — {0,1} are defined as

follows.

° ch = ]Exe[n]d [d : ]P)ywul(x) [f(X) 7é f(y)]]

b T; - IExe[n]d [d ’ waul(x) [f<X> > f(Y)H
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The probability of the tester (Alg. 1) finding a violation in step (2b) when 7 = 1 is
precisely Tf’ /d. Recall the definition of the distribution H in Definition 5.2.8. For brevity,
for a hypercube H = Hle{ai,bi} sampled from H, we abbreviate Iy := Iy, and Iy :=
I, That is, if f(x) = 1, then In(x) is the number of coordinates ¢ for which x; = a;,
and f(x1,...,Xi-1,0i,Xi41,...,%Xq) = 0, and if f(x) = 0, then Ig(x) = 0. Then, Iy =

Exer[lu(x)]. The definition is analogous for I5.
Claim 5.2.14. I; = Eyg [In] and I; = Epn [Ig].
Proof. By Fact5.2.11, the distribution (x €g [n]?, y ~ U;(x)) is equivalent to first sampling

H ~ H, then sampling (x €z H,y ~ Un1(x)). Recalling Definition 5.2.10, observe that
Pyt 0 [f (%) # f(y)] = Tu(x)/d. Putting these observations together yields

It = Excpe [d Pyag, 0 [f (%) # f(¥)] = EnenBxen [[r(x)] = Exon[/n]

An analogous argument proves the statement for negative influence. O

The following claim states that if the normal influence is (very) large, then so is the
negative influence. This is a simple generalization of, and indeed easily follows from, Theorem

9.1 in [KMS18]. The proof can be found in Section 5.8.2.

Claim 5.2.15. If I; > 9V/d, then I; > V/d.

Next, we define the notion of persistent points. This is similar to that in [KMS18] with

a parameterization that we need for our purpose.

Definition 5.2.16. Given a point x € [n|¢, a walk length 7, and a parameter 3 € (0,1), we

say that x is (1, B)-up-persistent if

Py, 0lf(y) # f(x)] < B.

Similarly, x is called (1, 3)-down-persistent if the above bound holds when 'y is drawn from

the downward walk distribution, D, (x). If both bounds hold, then we call x (1, B)-persistent.
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The following claim upper bounds the fraction of non-persistent points. This is a gener-

alization of Lemma 9.3 in [KMS18]. The proof is deferred to Section 5.8.2.
Claim 5.2.17. [f:ff < 9V/d, then the fraction of vertices that are not (1, B)-persistent is at

- . .
most Cwm where Cpe, is a universal constant.

5.2.4 The Middle Layers, Typical Points, and Walk Reversibility

All proofs in this section are deferred to Section 5.8.3.

Definition 5.2.18. In a hypercube {0,1}¢, the c-middle layers consist of all points with
Hamming weight in the range [d/2 + \/4cdlog(d/e)]. Given a d-dimensional hypercube H,
we let H, C H denote the c-middle layers of H.

We state a bound on the number of points in the hypercube which lie in the middle

layers. This follows from a standard Chernoff bound argument.

Claim 5.2.19. For a d-dimensional hypercube H and ¢ > 1, we have |[H.| > (1 — (g/d)¢)-2.

We now define the notion of typical points in [n]¢. Recall the distribution H,, 4 (Defini-
tion 5.2.8) over random sub-hypercubes in [n]? and the distribution H,, 4(x) (Definition 5.2.8)
over random sub-hypercubes in [n]¢ that contain x. A point x is c-typical if for most sub-

hypercubes containing x, the point x is present in their c-middle layers.

Definition 5.2.20 (Typical Points). Given ¢ > 1, a point x € [n]? is called c-typical if
]PHN]HI(X) [X c Hc] >1- (€/d)5
Claim 5.2.21 (Most Points are Typical). For any ¢ € (0,1) and ¢ > 6,

Prepme [X 15 c-typicall > 1 — (¢/d)*™°.
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Intuitively, a short random walk from a typical point will always lead to point that is

almost as typical. This is formalized as follows.
Claim 5.2.22 (Translations of Typical Points). Suppose x € [n]? is c-typical. Then for a

walk length 7 < \/d, every point X' € supp(Uy(x)) U supp(D,(x)) is (¢ + \/La)—typical.

Recall the three equivalent ways of expressing the walk distribution in Fact5.2.11. We
define the random walk probabilities only on points in the middle layers. This setup allows

for the approximate reversibility of Lemma 5.2.24.

Definition 5.2.23. Consider two vertices x < x' € [n]¢ and a walk length 7. We define
Pxr(X) = Exempo [1(x € Higg A X' € Higo) - Porgy (02 = X]] (5.1)

to be the probability of reaching X' by a random walk from x, only counting the contribution
when the random walk is taken on a hypercube that contains x and x' in the 100-middle

layers. We analogously define py - (x) using the downward random walk distribution in H.

Consider x < x’ are two points in the middle layers. The following lemma asserts that
the probability of reaching from x to x’ via an upward walk of length < v/d is similar to the

probability of reaching from x’ to x via downward walk of the same length.

Lemma 5.2.24 (Reversibility Lemma). For any points x < x' € [n]? and walk length
¢ < Vd/log®(d/e), we have

Pxe(X) = (1 £1og™® d)pyr o(x).

5.3 Red Edges, Blue Edges, and Nice Subgraphs

We now set the stage to prove Theorem 5.1.4. The first definition is that of mostly-zero-below
points. These are points from which a downward random walk (Definition 5.1.1) leads to a

point where the function evaluates to 0 with high probability.
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Definition 5.3.1. A point z is called (-mostly-zero-below, or £-mzb, if Pyup,)[f(2') =
0] > 0.9.

To appreciate the utility of -mzb points, consider the following scenario. Suppose X is a
point with f(x) = 1 and is (¢, §)-down-persistent (Definition 5.2.16) for some small 5. Next
suppose an upward random walk from x reaches an /-mzb point z. Then, we claim that Step
4 of Alg. 1 would succeed with constant probability in finding a violated edge. An ¢-length
downward walk from x, due to down-persistence, would lead to a x’ with f(x') = 1 with
probability at least 1 — 8. The same ¢-length downward walk from z would lead to a 2z’ with
f(z") = 0 with > 0.9 probability, since z is mostly-zero-below. Since (x,z) are comparable,

so would be (x’,2’). By a union bound, (x’, z) is a violation with probability at least 0.9 — .

The next definition describes edges (x,y) of the violation subgraph most of whose internal
vertices lead to mzb-points via an upward random walk. Uncreatively, we call such edges

red. Recall that I(x,y) = {z: x <z <y} denotes the closed interval of points from x to y.

Definition 5.3.2. A violated edge (x,y) is called/colored red for walk length ¢ if

Poerxy)Pantty(z) |z’ is (-mzb] > 0.01.

When ( is clear by context, we call the edge red.

There may be no /-mzb points for the lengths we choose, that is, a downward walk from
any point leads to a point where the function evaluates to 1. In that case, Step 3 of Alg. 1 is
poised to succeed; for any violating edge (x,y), if we start from y then the downward walk
should give a violation. This motivates the next definition which recognizes violated edges
(x,y) most of whose internal vertices lead to points where the function evaluates to 1 via a

downward random walk. We call such edges blue.

Definition 5.3.3. A violated edge (x,y) is called/colored blue for walk length € if

Pzel(x,y)Pz’NDg(z) [f(zl) = 1] > 0.01.
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When ¢ is clear by context, we simply call the edge blue.

We note that a violating edge (x,y) may be both red and blue, or perhaps more problemat-
ically, neither red nor blue. One of the key lemmas we prove is that we can get our hands
on a violation subgraph with sufficiently many colored edges. If we have our hands on a
large violation subgraph G with few red edges (but has some other properties), then we can
find another comparable sized violation subgraph H all of whose edges are blue, and whose
maximum degrees are bounded by those in G. The precise statement is given below. We

defer the proof of this lemma to Section 5.6.

Lemma 5.3.4 (Red/Blue Lemma). Let G(X,Y,E) be a violation subgraph and 1 < ¢ <
Vd/log®(d/e) be a walk length such that the following hold.

1. At most half the edges are red for walk length €.
2. All vertices in X UY are (£,log™° d)-up-persistent.
3. All vertices in X UY are 99-typical.
Then there ezists another violation subgraph H(L, R, E") such that
1. All edges are blue for walk length ¢ and m(H) > m(G)/7.
2. T(L) < T(X) and [(R) < T(Y).

3. D(L) < D(X) and D(R) < D(Y).

The next two definitions capture certain “nice” violation subgraphs consisting of either
red or blue edges. In Section 5.4, we show that if either of these subgraphs exist then we
can prove the tester works with the desired probability. In Section 5.5 we show that one of
these subgraphs must exist. Recall, ®y(x) is the thresholded degree of x in the subgraph H
and ¢ > (loglognd)~! is fixed (Remark 5.2.7).

Definition 5.3.5 ((o, 7)-nice red violation subgraph). Given a parameter o € (0,1) and a
walk length T, a violation subgraph H(A, B, E) is called a (o, 7)-nice red violation subgraph
if the following hold.
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(a) All edges in H are red for walk length 7 — 1.
(b) All vertices in A are (T — 1,0.6)-down-persistent.
(c) o®y(x) < dV/? for allx € A.

(d) 03 cnPu(x)>e?- nd . d-00),

(e) d/2700) > 1 > 5. J1/2-00),

The first two conditions dictate that the subgraph is nice with respect to the length
of the walk. In particular, the edges are red with respect to this length and furthermore
the 1-vertices are down-persistent. As explained before the definition of red edges, this
property is crucial for the success of Step 4 of Alg. 1. The fourth condition says that the
total thresholded degree of the 1-vertices in H is large. l.e. for an average vertex x € A,
there will be many coordinates ¢ for which there is an i-edge in H incident to x. The third
condition says that the max thresholded degree of vertices in A is not too large and so the
total thresholded degree from the fourth condition must be somewhat spread amongst the
vertices in A. The final condition shows that the length of the walk is large compared to o.
Note, if o = ©(1) and the third bullet point’s right hand side was 1 instead of v/d, we would
be in the case of a large matching of violated edges, which was the “simple case” discussed

in Section 2.4.1.

The next definition is the analogous case of blue edges. When this type of subgraph
exists we argue that Step 3 of Alg. 1 succeeds. Note that Step 3 is the downward path
test (without a shift) and so we don’t need a persistence property like condition (b) in the
previous definition. This definition has the same conditions on the thresholded degree as the

previous definition, but with respect to the 0-vertices of the subgraph.

Definition 5.3.6 ((o, 7)-nice blue violation subgraph). Given a parameter o € (0,1) and a
walk length T, a violation subgraph H(A, B, E) is called a (o, T)-nice blue violation subgraph
if the following hold.
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(a) All edges in H are blue for walk length T — 1.
(b) o®y(y) < d'/? for ally € B.

(¢) 03 yep Puly) > e nt-d"90).

(d) d1/2—0(6) >7r>0- d1/2—0(6)_

The following lemma captures the utility of the above definitions. It’s proof can be found

in Section 5.4.

Lemma 5.3.7 (Nice Subgraphs and Random Walks). Suppose for a power of two 7 > 2,
there ezists a (o, T)-nice red subgraph or a (o, T)-nice blue subgraph. Then Alg. 1 finds a

violating pair, and thus rejects f, with probability at least €2 - d~(1/2+00))

The following lemma shows that one of the two nice subgraphs always exists. It’s proof can

be found in Section 5.5.

Lemma 5.3.8 (Existence of nice subgraphs). Letn,e~! < poly(d). Suppose f: [n]¢ — {0,1}

1s e-far from monotone and E < 9vd. Let s > be a parameter. There exists

1
loglognd

0 < o1 < o0y <1, a wviolation subgraph H(A, B, E), and a power of two T > 2, such that

either H is a (01, 7)-nice red subgraph or a (o9, T)-nice blue subgraph.

5.4 Tester Analysis

In this section we prove Theorem 5.1.4. First, in Section 5.4.1 we prove Lemma 5.3.7 which
is the main tester analysis. Then in Section 5.4.2 we combine Lemma5.3.7, Lemma5.3.8

(which will be proven in Section 5.5), and Claim 5.2.15 to prove Theorem 5.1.4.

5.4.1 Main Analysis: Proof of Lemma5.3.7

There are two cases depending on whether we have a nice red subgraph or a nice blue

subgraph. In Case 1, Step 4 of Alg. 1 proves the lemma while in Case 2, Step 3 of Alg. 1
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proves the lemma. The proofs are similar, but we provide both for completeness.

5.4.1.1 Case 1: H is a (0, 7)-nice red subgraph

Since 7 is a power of 2, the tester in Alg. 1 chooses it with probability log™ d. Thus, in the

rest of the analysis we will condition on this event.

Given x € A, let Cy C [d] denote the set of coordinates for which x has an outgoing
edge in H. Note |Cx| = ®y(x). Recall the upward path + downward shift test described
in Step 4 of Alg. 1 and the walk distribution U, _;(x) defined in Definition 5.1.1. We first
lower bound the probability that x € A and RN Cx # 0 where x is chosen uniformly by
the tester and R C [d] is a random set of 7 coordinates. Let £ denote this event. The main

calculation is to lower bound the probability of this event as follows.

- g 5 (-9 s g ()

XEA x€EA xX€EA

The RHS can only decrease if we replace 7 with its lower bound (Definition 5.3.5, (e))

/2-0(5) .
of o - dV/?=00). Also, observe that 22 v I — d‘f;};’jgg) < 1 using our upper bound,

0Py (x) < d"/? (Definition 5.3.5, (c)). Now, using e™® < 1 — £ for z < 1, the exponential

term in the RHS is at most 1 — ﬁ—+&)@, yielding

2

£
PEL > o 00 2 qmeow >
X€EA (Definition 5.3.5, (d))

The event &; asserts that the tester has chosen a point x € A and there is at least one
r € R for which there exists a red edge (x,x + ae,) € E for some integer a > 0 in the

subgraph H. Fix the smallest such » € RN Cx and the corresponding edge in H.

Recall the random walk process in Definition 5.1.1. We define the following good events.

e &: Step (2a) chooses g, satisfying: if a < n/4, then 27 € [2a,4a]; if a > n/4, then

29" = n,.
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e &3: Step (2b) chooses the interval I, D [x,, X, + a].

e &, Step (2¢) chooses ¢, uniformly® from [x,,x, + a.

e &: yis (1 — 1)-mostly-zero-below as per Definition 5.3.1.

o &: f(y —s) =0 for s chosen in Step 4 of Alg. 1 from DS, _;(x).

e &: f(x—s) =1 for s chosen in Step 4 of Alg. 1 from DS, _;(x).

Firstly, note that P[&;] = log™' n for both cases of the edge length, a. Now, suppose
a < mn/4. Then, P[& | &] > 1/2 by the condition ¢. > 2a and P[&, | &, 5] > 1/4 by the
condition ¢, < 4a. If a > n/4, then P[&; | &) = 1, since in this case I, = [n] and again

P&y | &, &3] > 1/4 since [x,, X, + a] is at least a fourth of the entire line, [n].

Now, since the edge (x,x + ae,) is red (Definition 5.3.2) for walk length 7 — 1, we have
P& | £4) > 0.01.

Since y is (7 — 1)-mostly-zero-below, if we sample s’ from DS, _1(y) we get f(y —s') =0
with probability > 0.9. Now note that DS,_(y) and DS, _;(x) differ only when the set R C
[d] chosen in Definition 5.1.1 contains a coordinate in supp(y — x). Since |supp(y — x)| < 7,
|R| < 7, and 7 = o(v/d), we have P[R Nsupp(y — x) # 0] < 72/d = o(1). Therefore, when
s is drawn from DS, _1(x), we get f(y —s) = 0 with probability > 0.9(1 —o(1)) > 0.8. That
is, P[& | &] > 0.8.

Finally, all points in A are (7—1, 0.6)-down-persistent (Definition 5.2.16) and so P[&7 | x €
Al > 04.

Now, let’s put everything together. The final success probability of the tester is at least

3We point out the following minor technicality in our presentation. From Definition 5.1.1, note that c,
is chosen from I,. \ {x,} and so technically we will never have ¢, = x,.. However, note that Step 4 of Alg. 1
also runs the upward path + downward shift tester using walk length 7 — 1 and this is equivalent to setting
¢ = X, in this analysis, so that the first step of the walk is of length 0. Thus, it is sound in this analysis to
think of ¢, as uniformly chosen from I, and we make this simplification for ease of reading.
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P[€ A &7], which by a union bound and the reasoning above, is at least

(1 —P[& | &) —P[-& | x € A)) - P [/\ 52-]

2 1111 2
> (1-02-06) —— e e

where in the last inequality we used n < poly(d). This completes the proof when the nice

subgraph is red.

5.4.1.2 Case 2: H is a (0,7)-nice blue subgraph

As in Case 1, since 7 is a power of 2, the tester in Alg. 1 chooses it with probability log™* d.
Thus, in the rest of the analysis we will condition on this event. Given y € B, let Cy C [d]
denote the set of coordinates for which y has an incoming edge in H. Note |Cy| = @y (y).
Recall the downward path tester described in Step 3 of Alg. 1 and the walk distribution
D, _1(y) defined in Definition 5.1.1. We first lower bound the probability that y € B and
RN Cy # 0 where y is chosen uniformly by the tester and R C [d] is a random set of 7
coordinates. Let £ denote this event. The main calculation is to lower bound the probability

of this event as follows.

- g g (-2 |2 g ()

yeB yeB yeB

Asin Case 1, the RHS can only decrease if we replace 7 with its lower bound (Definition 5.3.6,

(d)) of o - d/279©) and a similar argument as in Case 1 gives

62

o 1
PIE)2 o o Pul) 2 o (53)
yEB (Definition 5.3.6, (c))

As in Case 1, the event & says that the tester has chosen a point y € B and there exists

r € R such that there exists an edge (y — ae,,y) € F in the subgraph H for some integer
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a > 0. Fix the smallest r € RN Cy and the corresponding edge in H. Now define the

following good events for the remainder of the tester analysis.

e & Step (2a) chooses g, satisfying: if a < n/4, then 27 € [2a,4a]; if a > n/4, then

29" = n,.
e &;: Step (2b) chooses the interval I, D [y, — a,y,].

e &;: Step (2¢) chooses ¢, uniformly* from [y, — a,y,].

o & f(x)=1.

The final success probability of the tester is at least P[A?_,&;]. Firstly, note that P[&;] =
log~'n for both cases of the edge length, a. Suppose a < n/4. Then, P[&; | &] > 1/2 by
the condition ¢, > 2a and P[&, | &, 3] > 1/4 by the condition ¢, < 4a. If a > n/4, then
P[&; | &) =1, since in this case [, = [n] and again P[&, | &, &] > 1/4.

Finally, since the edge (y — ae,,y) is blue for walk length 7 — 1, by definition (Defini-
tion 5.3.3) we have P[&; | &] > 0.01. Putting everything together, we have

5 2 2
€ 1 1 1 1 €
P [/_\1 gi] = J1/2+0(5) log n 94 100 = 1/2+0(3)

where in the last step we used n < poly(d) and this completes the proof when the nice

subgraph is blue. Together, the cases complete the proof of Lemma 5.3.7.

5.4.2 Tying it Together: Proof of Theorem 5.1.4

Suppose f : [n]? — {0,1} is e-far from being monotone. Recall the definitions of ff, ff_ in
Definition 5.2.13. By Claim 5.2.15, if :ff > 9v/d, then ff_ > v/d and so the tester (Alg. 1)

4The same minor technicality arises here as in the previous subsection. We will never have ¢, =y, as
per Definition 5.1.1, but Step 3 of Alg. 1 also runs the downward path tester with walk length 7 — 1 and this
is equivalent to setting ¢, =y, in this analysis. Thus, it is again sound in this analysis to think of ¢, being
uniformly chosen from I,..
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finds a violation in step (2) when 7 = 1 with probability Q(d='/2). Thus, we will assume
ff < 9v/d and so we may invoke Lemma 5.3.8 which gives us either a nice red subgraph or a
nice blue subgraph. Lemma 5.3.7 then proves that Alg. 1 finds a violating pair and rejects

with probability at least €2 - d~(1/249) This proves Theorem 5.1.4.

5.5 Finding Nice Subgraphs

In this section we prove Lemma 5.3.8 which we restate below.

Lemma 5.5.1 (Existence of nice subgraphs). Letn,e~! < poly(d). Suppose f: [n]¢ — {0,1}

1s e-far from monotone and Tf < 9vd. Let§ > be a parameter. There exists

1
loglognd
0 < o1 < o0y <1, a wviolation subgraph H(A, B, E), and a power of two T > 2, such that

either H is a (o1, 7)-nice red subgraph or a (o9, T)-nice blue subgraph.

The proof proceeds over multiple steps and constitutes a key technical contribution of

the paper. We give a sketch of what is forthcoming.

e In Section 5.5.1 we describe the construction of a seed regular violation subgraph G.
This uses the directed isoperimetric result Theorem 5.2.4 proved in [BCS23b] and a
“peeling argument” not unlike that present in [KMS18]. At the end of this section, we
will fix the parameters o1, 05 and the walk length 7. In particular, the length 7 will be

defined by the larger side of this violating bipartite graph.

e In Section 5.5.2, we obtain a regular violating graph H that has persistence prop-
erties with respect to the walk length 7. In [KMSI18] and [BCS23b], one obtained
this violating graph by simply deleting the non-persistent points from the seed viola-
tion subgraph. In our case, since we choose the walk length depending on the larger
side, we need to be careful. We use the idea of “translating violation subgraphs” on
G (repeatedly) to find a different violation subgraph H with the desired persistence

properties.
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e In Section 5.5.3, we use the graph H to obtain either a nice red subgraph H; or a nice
blue subgraph Hs. If most of the edges in H were red, then a simple surgery on H
itself gives us Hy. On the other hand, if H has few red edges (but has the persistence
properties as guaranteed), then we apply the red/blue lemma (Lemma 5.3.4) to obtain
the desired nice blue-subgraph H,. The proof of the red/blue lemma, which is present

in Section 5.6, uses the translating violation subgraphs idea as well.

Throughout, we assume f : [n]? — {0, 1} is a function which is e-far from being monotone,
ff <9vd and n,e! < poly(d). In particular, we fix a constant ¢ so that nd < d°. We also
fixa d~ ——— = o(1).

loglognd =

5.5.1 Peeling Argument to Obtain Seed Regular Violation Subgraph

Recall the definition of the Talagrand objective (Definition 5.2.5) T, (G) of a violation sub-
graph G = (X,Y, E). Let Gy denote the violation subgraph formed by all violating edges in
the fully augmented hypergrid. Theorem 1.4 in [BCS23b] (paraphrased in this paper as The-
orem 5.2.4) is that Ty (Go) = Q(en?/logn). Also recall the definitions in Definition 5.2.2.
The following lemma asserts that there exists a subgraph of Gy whose Talagrand objective

is not much lower, but satisfies certain regularity properties.

Lemma 5.5.2 (Seed Regular Violation Subgraph). There exists a violation subgraph G(X,Y | E)

satisfying the following properties.
(a) To (G) >e-d - n
(b) m(G) = d=>* max(| X |2(X)T(X), |Y[|®(Y)I(Y)).
(¢) All vertices in X UY are 98-typical.
(@) |X|,[Y] = g5 - .

Let us make a few comments before proving the above lemma. Condition (a) shows that

the Talagrand objective degrades only by a d°) factor. Condition (b) shows that the graph
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is nearly regular since the RHS term without the d=°") term is the maximum value of m(G).
This is because ®(X )['(X) is an upper bound on the maximum degree of any vertex x € X.
Indeed, if one can prove a stronger lemma which replaces the d°™) terms in (a) and (b) by
polylog(d)’s, then the remainder of our analysis could be easily modified to give a O(e~2v/d)

tester.

We need a few tools to prove this lemma. Our first claim is a consequence of the subad-

ditivity of the square root function.

Claim 5.5.3. Consider a partition of (the edges of ) a violation subgraph G into Hy, Ho, . .., Hy.
Then 3 To, (Hj) > To (G).

Proof. Let x; denote the coloring of the subgraph H; that obtains the minimum Tg (H;).

Since the Hy, ..., Hy form a partition, we can aggregate the colors to get a coloring x of G.

Consider any z € X UY. Let @y, ,,(z) be the thresholded degree of z, restricted to the
edges colored by x;. By the subadditivity of the square root function, ) i<k \/m >
\/ > i<k Pm;x;(z). Observe that thresholded degrees are also subadditive, so > . P, ,(z) >
O, (z). Hence,

D ToH) =D 3, fPap(a)= >, D /il

i<k j<k zeXUY zEXUY j<k
>\ Paxlz) > Ts (G). (5.4)
zeXUY

]

Remark 5.5.4. The proof of Claim 5.5.3 crucially uses the fact that in the definition of
Ts, (), we minimize over all possible colorings x’s of the edges. In particular, if we had
defined Ty (G) only with respect to the all ones or the all zeros coloring, then the above proof
fails. In the remainder of the paper, we will only be using the x = 1 or x = 0 colorings,
and the curious reader may wonder why we need the definition of Ty, (G) to minimize over

all colorings. This is exactly the point where we need it. We make this remark because the
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“uncolored” 1soperimetric theorem is much easier to prove than the “colored” version, but

the colored/robust version is essential for the tester analysis.

Our next step is a simple bucketing argument.

Claim 5.5.5. Consider a violation subgraph G = (X,Y |, E). Both of the following are true.

1. There exists a subgraph G' = (X', Y', E') of G such that Te, (G') > 6*Te, (G) and
m(G") > (nd)~°| X'|®(X")I(X).

2. There exists a subgraph G' = (X' Y',E') of G such that Ty (G') > 6*Ts (G) and
m(G') > (nd)°[Y'|®(Y")D(Y").

Proof. We prove item (1) and the proof of item (2) is analogous.

For convenience, we assume that ¢ is the reciprocal of a natural number. For each
x € X, we bucket the incident edges as follows. First, for each a € [1/0], let S, be the set of
dimensions 4, such that the i-degree of x is in the range [n(®=1° n%). Note that Si, ..., S1/s
forms a partition of the set of coordinates, [d]. Now, for each a,b € [1/4], let the (a,b) edge
bucket of x, denoted E,;y, be defined as follows. If |S,| € [d®~1° d*), then E,; is the
set of all edges incident to x along dimensions in S,. If |S,| & [d®~1° d¥), then E, ;. = 0.

Observe {E,px: a,b € [1/d]} partitions the edges incident to x.

Now, let G, denote the subgraph formed by the edge set Uyxex Eypx- Let X, be the set
of vertices in X with non-zero degree in G, ;. Observe that (X, ;) < d® and ' Xap) < n.
Moreover, the degree of each x € X, is at least d®~V° x n(@=D% > (nd) (X, ;,)T(Xap)-
Hence, m(Gap) > (nd) ™| Xop| P(Xap)T(Xap).

Finally, by construction, the G, ; subgraphs partition the edges of G. Hence, by Claim 5.5.3
we have Za,be[l/a] Ty (Gap) > Tp, (G). By averaging, there exists some choice of a,b such
that Ty (Gap) > (52T¢X(G). This gives the desired subgraph G'. O

Claim 5.5.5, part 1 above gives the regularity condition only with respect to X, and

part 2 gives the analogous guarantee with respect to Y, but the trouble is in getting both
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simultaneously. We do an iterative construction using Claim 5.5.5 to get the simultaneous

guarantee.

Proof. (part (a) and (b) of Lemmab.5.2) By the robust directed Talagrand theorem for
hypergrids (Theorem 5.2.4), there is a violation subgraph Gy = (X, Yo, Fy) such that

Ts, (Go) = Q(en?/logn). We construct a series of subgraphs Go 2 G; 2 Gy 2 --- D G, as

follows.

Let i > 1. If 7 is odd, we apply item (1) of Claim 5.5.5 to G;_; to get G;(X;,Y;, E;) with
the regularity condition on X;. If i is even, we apply item (2) of Claim 5.5.5 to G;_; to get
Gi(X;,Y;, E;) with the regularity condition on Y;. If i > 1 and m(G;) > (nd)~°m(G;_,),
then we terminate the series. By Claim 5.5.5, the series satisfies the following three properties

for all i > 1.
o Ty (G;) = Q(6%en?/logn).
e Ifiisodd, m(G;) > (nd)~°| X;|®(X,)T(X;). Ifiis even, m(G;) > (nd)~°|Y;|®(Y,)'(Y5).
e If the series has not terminated by step i, then m(G;) < (nd)~°m(G;_,).
The first two statements hold by the guarantees of Claim 5.5.5 and the fact that Ty (Go) =
Q(en?/logn). The third statement holds simply by the termination condition for the se-

quence. The trivial bound on the number of edges is m(Gy) < nd-n?. The third bullet point

yields m(G;) < (nd)~® - nd - n?, if the series has not terminated by step i.

Claim 5.5.6. The series terminates in at most 3/ steps.

Proof. Suppose not. Noting that m(G;) > T, (G;) (Observation 5.2.6), we get the following

chain of inequalities using the properties of our subgraph graph Gss.

(nd)” ¥ nd-n? > m(G;) > T, (Gy) = Q6%°en?/logn) = (nd)~* = Q(6%°¢/logn)
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Note that we may assume € > 1/d and so Ce/logn > (nd)~! for any constant C. Thus we

have (nd)~' > 6%°. Given that § > 1/loglognd, this inequality is a contradiction. O

By the previous claim the series terminates in some r < 3/0 steps, producing G.(X,,Y,, E,),
which we claim has the desired properties to prove conditions (a) and (b) of Lemma5.5.2.

Since r < 3/, Ty, (G,) = Q(65/%en?/logn). Note that since 6 > 1/loglognd, we have

_ 6 logloglognd

6%/% > (loglog nd)fg = (nd)~5 " oend > (nd)"" > (nd)? -logn > d"logn

3
where the second to last step holds because %ﬁg’g"d < <m> < 6. The last
inequality used nd < d°. This proves condition (a). Towards proving condition (b), note

that C6%°/logn > (nd)~° for any constant C.

Let’s assume without loss of generality that r is even. Thus we have m(G,) > (nd)~°|Y,|®(Y,)T'(Y,)

by the second bullet point above. Next, since the series terminated at step r, we have
m(Gy) = (nd) m(Gr1) = (nd) 21X, 1 |(X, 1)T(X, 1) = (nd) 2] X, [ 0(X,)T(X,)

where the second inequality is again by the second bullet point above and the fact that ¢ —1
is odd and the third inequality is simply because G, is a subgraph of G,_;. Again using
nd < d°, we have (nd)=° > d~® and so we get that G, satisfies conditions (a) and (b) of

Lemma5.5.2. ]

Proof. (Conditions (c) and (d) Lemmab5.5.2) To obtain condition (c), we simply remove
the non-typical points. Recall the definition of c-typical points (Definition 5.2.20). By
Claim 5.2.21, the number of points that are not 98-typical is at most (¢/d)*n? Thus,
removing all such vertices can decrease T (G) by at most (¢/d)*n? - v/d which is negligible
compared to the RHS in condition (a). Thus, we remove all such vertices from G and

henceforth assume that all of X UY is 98-typical.

Condition (d) follows from condition (a). Consider the constant coloring x = 1 and
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observe that

| X |Vd > Tal,— (G) > Tal(G) >e-d~* - nl.

where the first inequality follows from the trivial observation that the maximum ®¢(x) can

be is d. Using the coloring y = 0 proves the same lower bound for |Y|. O

5.5.1.1 Choice of the walk length

We end this section by specifying what the parameters o1, 05 and 7 are going to be in Lemma 5.3.8.
We now make the assumption | X| < |Y|. Given Remark 5.1.3, this is without loss of gener-
ality; this fact would be true either in f or in g, and running steps 2, 3, 5 on f is equivalent

to running steps 2, 3, 4 on g. The violation subgraphs for f and ¢ are isomorphic. Then,

and set 7 to be the unique power of two such that

(UY . d1/277c6“ <7-1< (UY i d1/277c6“'

DN | —

We conclude the subsection by establishing the following upper bound on the number of

vertices which are not up-persistent.

Claim 5.5.7. We may assume that

o the number of vertices x € X where f(x) = 1 that are not (7 —1,log™° d)-up-persistent
is at most d~%° - | X|, and
o the number of vertices y € Y where f(y) = 0 that are not (7 —1,log™° d)-up-persistent

is at most d=5 - Y.

Proof. The statement for points where f(x) = 1 is implied by item (4) of Lemma5.5.2, for

otherwise the tester succeeds with the desired probability when it runs the upward path

159



tester with walk length 7 — 1 (step (2) of Alg. 1).

Now we prove the statement for points where f(y) = 0. By Claim 5.2.17, the total number
of (1 — 1,log™® d)-non-persistent vertices is at most CherT - log® d - \/Lg n? < oy -d6° . nd,

where we have simply used log® d < d® and our definition of 7. O

5.5.2 Using ‘Persist-or-Blow-up’ Lemma to obtain Down-Persistence

Lemma 5.5.2 provides a seed violation subgraph which has a large Talagrand objective and
has regularity properties. Claim 5.5.7 shows that we may assume these vertices are up-
persistent with respect to walk length of 7— 1. However, we may not have down persistence.
In particular, it could be | X | < |Y'| and if we try to apply Claim 5.2.17 and remove all nodes
from X which are not (7 — 1,0.6)-down-persistent, we may end up removing everything. To
obtain a subgraph with down-persistence properties, we need to apply a translation procedure

which is encapsulated in the lemma below. The proof of the lemma is deferred to Section 5.7.

Lemma 5.5.8 (Persist-or-Blow-up Lemma). Consider a violation subgraph G = (X,Y , E)
such that all vertices in G are c-typical where ¢ < 99 and (¢,log™" d)-up persistent where
1 <0 <+d/log’(d/s). Then, there exists a violation subgraph G' = (X', Y", E') where all

vertices are (¢ + \%)—typical and satisfying one of the following conditions.

1. Down-persistent case:
(a) All vertices in X' are (£,0.6)-down persistent.
(b) m(G") > m(G)/log” d.
(¢) D(X') < D(X), and Vi € [d],I';(X’) < T';(X)

(d) D(Y') < D(Y), and Vi € [d], T;(Y") < T,(Y).

2. Blow-up case:
(a) m(G") > 2(1 —3log*d) - m(G).

(b) D(X') < D(X), and Vi € [d),T;(X") < T'4(X)
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(¢) D(Y') < 2D(Y), and Vi € [d], T;(Y") < 20y(Y).

That is, the application of the above lemma either gives the violation subgraph we need,
or it gives us a violation subgraph with around double the edges. In the remainder of this
section we use Lemmab5.5.8 and the graph G(X,Y, E) derived in the previous section to

prove the following lemma.

Lemma 5.5.9 (Down-Persistent Violation Subgraph). Let G(X,Y, E) be the subgraph as-
serted in Lemma 5.5.2. There exists a natural number s < log®d and a violation subgraph

H(A, B, E) with the following properties.

3. D(A) < D(X) and D(B) <2°D(Y).
4. All vertices in AU B are (1 — 1,log™° d)-up-persistent and 99-typical.

5. All vertices in A are (1 — 1,0.6)-down-persistent.

Proof. We use Lemma 5.5.8 to define the following process generating a sequence of viola-
tion subgraphs. The initial graph is Gy = (X, Yo, Fy) which is the seed regular violation
subgraph obtained from Lemma5.5.2.

For each 7 > 1:

1. Obtain G’_, by removing all vertices from X;_; UY;_; that are not (7 —1,log ™" d)-

up-persistent.
2. Invoke Lemma5.5.8 with walk length 7 — 1 on G}_, to obtain G; = (X, Y}, E;).

3. If G; satisfies the down persistence condition of Lemma5.5.8 then halt and return

Gi.
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4. If G; satisfies the blowup condition of Lemma5.5.8, then continue.

By Lemmab.5.8; if the process does not halt on step ¢, then we have the following

recurrences.

o m(G;) >2(1 —3log*d)-m(G_,).
e D(X;) < D(X;-1), I'(Xy) <T(Xi-1), D(Y:) <2D(Y;-1), I'(Y;) < 2I(Yi-0).
Furthermore, we have the following claim that bounds the number of edges lost in step

(1).

Claim 5.5.10. For every i > 1, we have m(G’_,) > m(G;_1) — d=2° - 2071 . m(G).

Proof. By Claim 5.5.7, the number of vertices we remove from X;_; in step (1) is at most
d=% .| X | and the number of vertices we remove from Y;_; in step (1) is at most d~5 - |Y|.

The number of edges we remove by deleting these vertices from Y;_; is at most
d5°Y|D(Y;—1) < d 527N Y|D(Y) < d 32 'm(G) (5.5)

where in the second inequality we used D(Y) < ®(Y)['(Y') and the regularity property on
G (item (2) of Lemma5.5.2).

An analogous argument bounds the number of removed edges when we delete non-

persistent vertices from X;_;. Thus the total number of edges removed is at most d=22!=1m(G).

O

Claim 5.5.11. If i < log®d and the process has not halted by step i, then m(G;) >
Q2'm(QG)).
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Proof. For brevity, let a = 2(1 —3log ™ d) and 8 = d~>**m(G). Using the above bounds, we
get the recurrence

m(G;) > a-m(G;_,) > a(m(Gi_y) — f2'71).

Expanding this recurrence yields m(G;) > a'm(G) — 3 23:1 o’ - 2777 Observe that the
subtracted term can be bounded as

B ol 27 =d7P2'm(G) Y (1-3log™*d) < d~*2'm(G)
j=1

J=1

simply using the fact that i < log®d < d®. The first term is
a'm(G) = 2/(1 — 3log 2 d)'m(G) > C - 2'm(G)

for some constant C'. Combining the above two bounds completes the proof. O

Claim 5.5.12. The above process halts in s < log®d iterations.

Proof. Suppose that the above process has not halted by step i = log®d. By the previous
claim, the number of edges in G; is at least C - 2im(G) = C - d'°8”4m(G) for some constant
C. By Observation 5.2.6, note that m(G) > Tp (G) and thus is > e - d~ - n? by item (1)
of Lemma5.5.2. Thus, the number of edges in G; is at least C' - ¢ - dlos” 4=<dpd - Note that

4. Moreover,

the total number of edges in the fully augmented hypergrid is at most nd - n
recall that we are assuming nd < d° and ¢ > d~'/2. Therefore, m(G;) > nd - n® and this is

a contradiction. O

By Claim 5.5.12 and Lemma 5.5.8, the process halts in some s < log® d number of steps

producing G4(X, Y;, Es) with the following properties.

o m(Gy) > 2* P

e All vertices in X are (7 — 1,0.6)-down-persistent.
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o I(X,) < I(X) and I(Y;) < 2°T(Y).
o D(X,) < D(X) and D(Y;) < 2°D(Y).

Note that by Lemma5.5.8 and (c) of Lemma5.5.2, all vertices in G1,..., G, are (98 + 2%)-
typical. Moreover, by our choice of 7, we have s < V/d and so all vertices in Gy, ..., G, are
99-typical.

One last time, we remove all vertices in X;UY/ that are not (7 —1, log™® d)-up-persistent
and obtain our final graph H(A, B, E). Using a similar argument made above in eq. (5.5),

the number of edges that are removed by deleting the non-persistent vertices from Y is at

most
A=Y |D(Y;) < 2°d7*°|Y |D(Y) < 2°d7*m(G) < d~**m(G,)log® d < d7*m(G,)

and an analogous argument bounds the number of edges lost when we remove the non-

persistent vertices from X,. Thus we have m(H) > m(G,)(1 — d=°) > 2° ;Zg(% and this

completes the proof of Lemma5.5.9. O

5.5.3 Using Red/Blue Lemma to Obtain the Final Red/Blue Nice Subgraph

In this section, we prove Lemma 5.3.8 using the violation subgraph H(A, B, E') obtained in
the previous section (Lemma5.5.9) and the red/blue lemma, Lemma 5.3.4. We split into two

cases depending on how many edges in H are red.

5.5.3.1 Case 1: At least half the edges of H are red

In this case, we consider the graph H; by simply removing all the non-red edges. We claim
that H; makes progress towards a (o1, 7)-nice red subgraph (Definition 5.3.5). Condition (a)
holds by definition. Condition (b) is satisfied due to Lemma 5.5.9, condition 5). Condition

(e) is satisfied because 7 — 1 > 0.50yd’*>~ " and oy > ox = o0;. We need to establish
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condition (c¢) and (d). That is, we need to establish
(c) ox - Py(x) < Vdforallx € A
(d) ox > ycaPu(x)>e?-nt.d=5

Let A’ C A be the vertices x € A which have &y (x) > g. If |A’| > d=59| X, then simply
consider H,(A’, B, E') by deleting all vertices not in A’ from A. Conditions (a), (b), (e)
still hold, and (c) holds by design. Furthermore,

. Vd . £ 6
> ¢H1<X>Zd56|X|'g = ox ) (Iml(X)ZalE’é-dl/ﬂcé-nd-\/azs-nd-d6‘S
x€A’ xCA’

where we used Lemma 5.5.2, part (d) for the lower bound on |X|. Note that this implies
something slightly stronger than condition (d) above (the exponent of ¢ is 1).

Therefore, we may assume |A’| < d~°|X|. In this case, let H; = (A\ A’, B, E') where

we simply remove the A’ vertices. The number of edges this destroys is at most
d°D(A)|X| < d*°D(X)|X| < d*m(G) < d“m(H)

where in the second inequality we used D(X) < ®(X)['(X) and the regularity property
(Lemma 5.5.2, property (b)) of G. Thus, the number of edges we've discarded is negligible,
and condition (c¢) holds. In particular, the number of edges in H; is at least m(H)/2. We

now prove condition (d) also holds.

Claim 5.5.13. ox > 4\ 4 Py (X) > €7 - - d707,

Proof. For any x € A\ A, we have &y, (x) > % and thus erA\A, dy(x) > m(H)/2
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Since I'(A) < T'(X) we have

SETCE m(H) _ 2-m(G) _ d*|X[9(X)I(X)

> > — > &

eAA! 2I'(A) ~ 2I(X) log" d 2I'(X ) log" d

> d I X|D(X) > d ) a(x (5.6)
xeX

where in the second inequality we used (P1) to lower bound the number of edges in H
with that of G. In the third inequality we used the regularity property (property (b)
of Lemma 5.5.2), in the fourth we used d® > 2log’d for large enough d, and the fifth
inequality uses the trivial upper bound ®(X) > ®4(x) for all x € X.

Now we apply the fact (Lemma 5.5.2, condition 1) that Ty (G) is large. Using the

coloring x = 1 for edges in GG, we get

Z Va(x) > Tp (G)>c-d n' = Exex[vVPa(x)] > e d

o
xeX X

Jensen’s inequality gives

2, d—2c§
Exex[Pa(x)] = 8—2 = Z do(x) > 2d™* = ox Z D (x) > 2d2nd
ox ’X| e X =~
Plugging into eq. (5.6) proves the claim. O

5.5.3.2 Case 2: At most half the edges of H are red

In this case we invoke the Red/Blue lemma, Lemmab5.3.4 to obtain a violation subgraph

Hy, = (L, R, E') with the following key properties.

(P1) All edges are blue and m(H) > 2° 77;1(;)(1
(P2) T(R) <T(B) <2°-T(Y).
(P3) D(R) < D(B) <2°-D(Y).
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We claim that H, makes progress towards a (o, 7)-nice blue subgraph (Definition 5.3.6).
Condition (a) holds by definition. Condition (d) is satisfied because 7 > 0.50yd**~7% and

oy = 03. We need to establish condition (b) and (c). That is, we need to establish

(b) oy - Pu(y) < Vdforallx € R

(c) oy Yoyer ®uly) > e n-d™%°

As in Case 1, we begin by removing low degree vertices. Let R’ C R be the vertices y € R
which have ®y(y) > ;/—E. If |R'| > d=5?°|Y|, then we would just focus on Hy(R', L, E') and
this would satisfy (b) and (c) for a very similar reason as in Case 1. And so, we may assume
|R/| is smaller than d=5?|Y | and we define Hy(L, R\ R', E’), and this leads to a negligible
decrease in the number of edges. Condition (b) holds by design, and the proof that condition

(c) holds is similar. We provide it for completeness.

Claim 5.5.14. 0y Y g g P, (y) > €% -0 - d 7%,

Proof. For any y € R\ R', we have ®p,(y) > % and thus > p g Pm,(y) > mlfg%ﬂ.
Since I'(R) < 2°-T'(Y') we have

m(H) 2°-m(G) d=39|Y|®(Y)I(Y)
ye;\R’ Puly) 2 2I'(R) = 25 . 14T(Y) log" d = 140(Y) log” d
> d)Y]D(Y) > d Y da(y). (5.7)

where in the second inequality we used Lemma 5.5.9, part 1, to lower bound the number
of edges in H with that of GG, the original seed graph from Lemma 5.5.2. In the third
inequality we used the regularity property (property 2 of Lemma 5.5.2), in the fourth we
used d® > 14log’ d for large enough d, and the fifth inequality uses the trivial upper bound
O(Y)> Pg(y) forally e Y.

The rest of the proof is the same as Case 1 except we apply the coloring y = 0 for edges

in G. We omit this very similar calculation. O
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These two cases conclude the proof of Lemma 5.3.8. All that remains is to prove the Red/Blue
lemma, Lemma 5.3.4 and the Persist-or-Blow-up lemma, Lemma 5.5.8. We prove these in
the subsequent two sections, and both of these use the translation of violation subgraphs

idea.

5.6 Proof of the Red/Blue Lemma, Lemma 5.3.4

Let us recall the red/blue lemma.

Lemma 5.6.1 (Red/Blue Lemma). Let G(X,Y, E) be a violation subgraph and 1 < £ <
Vd/log®(d/e) be a walk length such that the following hold.

1. At most half the edges are red for walk length (.
2. All vertices in X UY are (£, log™® d)-up-persistent.
3. All vertices in X UY are 99-typical.
Then there exists another violation subgraph H(L, R, E') such that
1. All edges are blue for walk length ¢ and m(H) > m(G)/7.
2. (L) <T(X) and T'(R) < T(Y).

3. D(L) < D(X) and D(R) < D(Y).

Proof. We first recall the definition of px¢(x’) in Definition 5.2.23. For a fixed x, consider
the process of sampling a hypercube H ~ H(x) and then sampling z ~ Ug(x). Recall
from Fact5.2.11 that this is one of three equivalent ways of expressing our random walk

distribution. Given x,x’, ¢, we have
pxe(x') =P[x,x € Hip and z = X'].

We use these values to set up a flow problem as follows.

Recall the definition of red and blue edges (Definition 5.3.2 and Definition 5.3.3). Let B
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denote the set of all edges in the fully augmented hypergrid that are blue for walk length
0. For every non-red edge (x,y) of G and every shift s € supp(USy(x)), if the edge e =

(x + s,y +s) is blue, then we put py¢(x + s) units of flow on e.

Claim 5.6.2. Fvery non-red edge of G inserts at least 0.95 units of flow in B.

Proof. Fix a non-red edge (x,y), and let i denote its dimension. Generate H ~ H(x) and
s ~ USh (x). Note that it is equivalent to directly sample s ~ US,(x). We then consider the
random edge e = (x+s,y +58). We set X’ = x+s and y’ =y +s. Let us define the following
series of events. (i) &: s; = 0. (i) &: f(x') = 1. (iii) &: f(y') = 0. (iv) & at least half
of I(x',y’) is not ¢-mostly-zero-below, (v) &: x,x" € Hygp. We will show that whenever &,
&;, and &, occur, the edge (x',y’) is blue by definition. Therefore, recalling the definition of
Pxe(X'), the edge (x,y) inserts at least P[AS_, ;] units of flow in B. Subsequently, we will
show that the probability of this event is at least 0.95 and this will prove the claim.

Since ||s||, < ¢ < V/d, we have P[€;] > 1 — 1/+/d. Since x is (¢,1log™" d)-up-persistent,
P[&,] > 1 —1log °d. Note that conditioned in &, the distribution on y + s is identical to

Uy(y). Thus, since y is (¢,log™° d)-up-persistentP[E5 | £] > 1 —log™°d. By a union bound
PELAE NE] > 1 —3log™ d. (5.8)
To deal with &, we bring in the non-redness of our edge (x,y). By definition,
Pocr(x.y)Pormity(z) |2 is not £-mzb] > 0.99
In terms of shifts, we can express this bound as

Paci(x.y)Pstis,(z)|Z + s is not £-mzb] > 0.99
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Since the probability of & is at least 1 — o(1), we have
Per(x,y)Ps~uis,(z)[Z + s is not £-mzb | £;] > 0.98

Note that conditioned in &;, the distributions USy(z) and US,(x) are identical. Hence,
Ps 115, Paci(x,y)[Z + s is not £-mzb | &] > 0.98

Let X be the fraction of points in I(x + s,y + s) that are not ¢-mzb. By linearity of
expectation, Eq[Xs | &] > 0.98. Hence Eg[1 — X; | &1] < 0.02 and by Markov’s inequality,
P[1—Xs > 0.5 ] &] < 1/50. Hence, Ps[Xs > 0.5 | &] > 49/50 = .98. Since P[&;] = 1—0(1),
we have P[&,] = Ps[Xs > 0.5] > 0.97.

Combining with eq. (5.8), we have P[A]_,&;] > 0.96. When Aj_,&; occurs, the edge
(x',y’) is a violated edge and at least half of I(x’,y’) is not £-mzb. For z’ € I(x/,y’) that is
not £-mzb, by definition Pw..p,z)[f(Ww) = 1] > 0.1. Hence,

Pz/eRl(x’,y’)]PWNDg(z’)[f(w) = 1] >0.5x0.1>0.01

We conclude that (x’,y’) is blue, whenever Aj_,E; occurs.

Stepping back, with probability at least 0.96 over the shift s ~ US,(x), the edge (x +
s,y+s) is blue. Finally, since all points in X are 99-typical, we have P[x € Hgg] > 1—(g/d)?,
and conditioned on this event we have x' € Hyg since ¢ < V. Together, we get P[] >
1 —2(¢/d)® > 0.99. Thus, by a union bound P[A>_,&;] > 0.95 and so the amount of flow
that (x,y) inserts is at least 0.95. O

Let £ C B denote the set of blue edges which receive non-zero flow. Let H(L, R, E’)
denote the bipartite graph on these edges. Since ¢ < v/d/log®(d/e), by the reversibility
Lemma5.2.24, py o(x') < 2py o(x) for any x € X, x’ € L and py(y') < 2py ¢(y) for any
y € Y,y € R. Using this bound we’re able to establish the desired capacity constraints on

170



the flow as follows.

Claim 5.6.3 (Edge Congestion). The total flow on an edge (x',y') € B is at most 2.

Proof. By construction, the total flow on an edge (x’,y’) is at most

D pel¥) €2 pui(x) <2

xeX xeX

since Y o x Pxr (%) < 1. O
Claim 5.6.4 (Vertex Congestion). The following hold.

1. The total amount of flow through a vertex x' € L is at most 2D(X).

2. The total amount of flow through a vertex'y’ € R is at most 2D(Y').

3. For alli € [d], the total amount of i-flow through a vertex x' € L is at most 2I';(X).

4. For alli € [d], the total amount of i-flow through a vertery’ € R is at most 2I';(Y').

Proof. The total flow through a vertex x’ € L is at most

Z Pxe(X') < D(X) Z Pxe(x’)  (max degree of x € X is D(X))

(x,y)€EE xeX
<2D(X) Z Pxre(X)  (since pye(X') < 2pyr o(x))
x€[n]d
<2D(X) (since S pr) < 1)

x€[n]d

and an analogous argument proves (2). For a coordinate i € [d], let E; C E denote the set
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of i-edges in G. The total i-flow through a vertex x” € L is at most

37 p®) STUX) Y pre(x’)  (max i-degree of x € X is [;(X))

(xy)€E; x€X

< 2lh(X) Z Pxe(x)  (since pye(x') < 2py o(x))

x€[n]d

<2TY(X)  (since Y poe(x) < 1)
x€[n]d

and an analogous argument proves (4). O

By Claim 5.6.2 and the fact that at least half the edges in G are not red, the total amount
of flow is at least m(G)/3 and this flow satisfies the constraints listed in Claim 5.6.3 and

Claim 5.6.4. Thus, dividing by 2 yields a flow of value m(G)/6 satisfying the following.
1. The flow on every edge is at most 1.

2. The total flow through any vertex in L is at most D(X). The total i-flow through any
vertex in L is at most [';(X).

3. The total flow through any vertex in R is at most D(Y"). The total i-flow through any
vertex in R is at most [';(Y').

By integrality of flow, there exists an integral flow of at least |m(G)/6] > m(G)/7 units
satisfying the same capacity constraints. By item (1) above, the integral flow is a subgraph
containing at least m/7 edges and satisfying the desired constraints listed in the lemma

statement. ]

5.7 Proof of the ‘Persist-or-Blow-Up’ Lemma, Lemma 5.5.8

Let us recall the ‘Persist-or-Blow-Up’ lemma.

Lemma 5.7.1 (Persist-or-Blow-up Lemma). Consider a violation subgraph G = (X,Y, E)
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such that all vertices in G are c-typical where ¢ < 99 and (¢,log™" d)-up persistent where
1 <0 <+d/log’(d/s). Then, there exists a violation subgraph G' = (X', Y", E') where all

vertices are (¢ + \/La)—typical and satisfying one of the following conditions.

1. Down-persistent case:
(a) All vertices in X' are (£,0.6)-down persistent.
(b) m(G") > m(G)/log’ d.
(¢) D(X') < D(X), and Vi € [d],[';(X") < T;(X)

(d) D(Y') < D(Y), and Vi € [d], T;(Y") < T,(Y).

2. Blow-up case:
(a) m(G") > 2(1 —3log™d) - m(G).
(b) D(X') < D(X), and Vi € [d],T;(X") < T;(X)

(¢c) D(Y') < 2D(Y), and Vi € [d], T;(Y") < 2I(Y).

We first recall the definition of py ¢(x’) in Definition 5.2.23. For a fixed x, consider the process
of sampling a hypercube H ~ H(x) and then sampling z ~ U ¢(x). Recall from Fact 5.2.11
that this is one of three equivalent ways of expressing our random walk distribution. Given
x,x’, ¢, we have

pxe(x') =P[x,x € Hipo and z = x'].

We use these values to set up a flow problem as follows. For every edge (x,y) of G and
s € supp(US,(x)), if e = (x + s,y + s) is a violation, then we put py(x + s) units of flow on
e. The flow, denoted F, is supported on a violation subgraph G’ = (X', Y’ E). Note that

by Claim 5.2.22, all vertices in G’ are (¢ + \/Lg)—typical.

Claim 5.7.2. Every edge of G inserts at least 1 — log™*d units of flow.

Proof. The proof of this claim is similar to that of Claim 5.6.2. Fix an edge (x,y) € G and
let this be an i-edge. Generate H ~ H(x) and a shift s ~ USh(x), and let x’ = x + s
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and y' = y + x. Consider the events: (i) &: s; = 0, (ii) &: f(x') =1, (iii) &: f(y') =0,

1 —1/V/d, since ||s|, < ¢ < V/d. Since x,y are both (¢,log™® d)-up-persistent and f(x) = 1,

fly) = 0, we get P[&)],P[&)] > 1 — Finally, since x is 99-typical, with probability

1
log®d”
1 — (¢/d)® we have x € Hgg which implies x’ € Hjgg since ¢ < v/d. Thus by a union bound,
PINLE] 2 1~ 2log ™ d — 1/Vd - (/)" = 1~ log™"d =

Claim 5.7.3 (Edge Congestion). The flow on any edge (X', y') is at most Y x Pxe(x') <
(1+log™2d).

Proof. Consider an edge (x’,y’), which receives flow from some (x,y) in G. Flow is inserted
by translations of edges, so y — x =y’ — x’. Hence, for a given x, there exists a unique y
such that (x,y) inserts flow on (x’,y’). By construction, the flow inserted is px ¢(x’). Thus,
the total flow that (x',y’) receives is at most ) _y px-(x'). The RHS bound holds by
Lemma 5.2.24 and observing that »__y pxe(x) < 1. O

Claim 5.7.4 (Vertex Congestion). The following hold.

1. For any x' € X', the total flow on edges incident to x' is at most

D(X) ) pxe(x') < D(X)(1+log™*d).

xeX

2. For any x' € X', the total i-flow on edges incident to X' is at most

Ti(X) > pee(¥) <To(X)(1 +log™ d).

xeX

3. For anyy’ € Y', the total flow on edges incident to 'y’ is at most

DY) Y pyaly’) < DY)(1 +log ™ d).

yeY
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4. For anyy' € Y', the total i-flow on edges incident to y' is at most

Y)Y pyey) STi(Y)(L +1log™ d).

yey

Proof. Consider x" € X’. All the i-flow inserted on edges incident to x’ comes from i-edges
(x,y) in G. Every i-edge in G inserts flow on at most a single edge incident to x” and there
are at most I';(X) i-edges incident to any vertex x € X . Hence, the total i-flow inserted by
a x € X through x’ is at most I';(X) - px-(x’). Thus, summing over all x € X and using

the reversibility Lemma 5.2.24 shows that the total i-flow on edges incident to x” is at most

X)) pur(¥) < (L +10g P d)T(X) Y purr(x) < (1+1log ™ d)y(X)

xeX xeX
and this proves (2). The proof of (1) is identical, with D(X) replacing I';(X'), and statements

(3) and (4) have analogous proofs. O

We now come to a key definition in our analysis.

Definition 5.7.5 (Heavy Vertices). A vertex x' € X' is called heavy if it satisfies any of
the following.
1. There is an edge (X',y’) receiving at least 1/2 units of flow.

2. The total flow on edges incident to X' is at least D(X)/2.

3. There ezists i € [d] such that the total i-flow on edges incident to X" is at least I';( X') /2.

We refer to the flow passing through heavy vertices as the heavy flow.

Claim 5.7.6. All heavy vertices are (¢,0.6)-down persistent.

Proof. Consider a heavy vertex x’. That is, x” satisfies one of the three conditions listed in
Definition 5.7.5. Suppose it satisfies the first condition: there is some violated edge (x',y’)

receiving at least 1/2 units of flow. By Claim 5.7.3, the total flow on (x',y’) is at most
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Y owex Pxe(x'). Hence, >y pxe(x’) > 1/2. In fact, observe that we can prove the exact
same inequality if x” satisfies the second or third condition of Definition 5.7.5, by using the
upper bound given by the LHS of items (1) and (2), respectively, of Claim 5.7.4. Now,
applying the reversibility Lemma 5.2.24, we have (1 +log™>d) Y, _x px¢(x) > 1/2. Note
that f(x) =1 for all x € X. Hence,

1

IP’z~Dg(X’)[f(Z) =1] > );pr’,ﬁ(x) > m >04 (5.9)

and so x’ is (¢, 0.6)-down-persistent. O

We are now set up to complete the proof. For convenience, we use m to denote m(G). We
refer to the flow on edges incident to heavy vertices as the heavy flow. Welet Gy (Xy, Yu, Ex)
denote the bipartite graph of all edges incident to heavy vertices, that is, Xy is the set of
all heavy vertices. We refer to the flow on edges incident to non-heavy vertices as the light
flow. We let G(X,Yr, Er) denote the bipartite graph of all edges incident to non-heavy
vertices, that is, X, = X'\ Xy is the set of all non-heavy vertices. We split into two cases

based on the amount of heavy flow.

m
4

5.7.1 Case 1: The total amount of heavy flow is at least ogTd

Note that by Claim 5.7.6, all vertices in Xy are (¢,0.6)-down persistent.
By Claim 5.7.3 and Claim 5.7.4, the heavy flow satisfies the following capacity constraints.
1. The flow on every edge is at most (1 + log™> d).

2. For every X' € Xy, the total flow on edges incident to x’ is at most D(X)(1 +log™* d)
and the total i-flow on edges incident to x’ is at most I';(X)(1 + log™* d).

3. For every y' € Yy, the total flow on edges incident to y’ is at most D(Y)(1 + log™* d)
and the total i-flow on edges incident to y’ is at most I';(Y)(1 + log™* d).

176



m > _m
(14+log=3d)log*d = log®d

Let us divide the flow by (1 +1log™®d). Thus, we now have at least

units of flow satisfying the following capacity constraints.

1. The flow on every edge is at most one.

2. For every x' € Xy, the total flow on edges incident to x’ is at most D(X) and the

total i-flow on edges incident to x’ is at most I';(X).

3. For every y’ € Yy, the total flow on edges incident to y’ is at most D(Y") and the total

i-flow on edges incident to y’ is at most I';(Y).

By integrality of flow, there is an integral flow of at least units satisfying the above

logéd
constraints. By condition (1) above, this integral flow is a subgraph of Gy with at least
1os5a €dges, and satisfying the degree bounds listed in (1c) and (1d) of the lemma statement.

Thus, this subgraph satisfies case (1) of the lemma statement.

5.7.2 Case 2: The total amount of heavy flow is at most ﬁ—d

By Claim 5.7.2, the total flow is at least m(1 — log™*d) units. Thus, after removing the
heavy flow, the remaining light flow is at least m(1 — 2log™*d) units. The light flow satisfies

the following capacity constraints.

1. Every edge has at most 1/2 units of flow.

2. For every x' € X, the total flow on edges incident to x’ is at most D(X)/2 and the

total i-flow on edges incident to x’ is at most I';(X)/2.

3. For every y’ € Yz, the total flow on edges incident to y’ is at most (1 +log™® d)D(Y")

and the total i-flow on edges incident to y’ is at most (1 +log™> d)[;(Y).

Items (1) and (2) are simply by Definition 5.7.5 since all vertices in X, are not heavy. Item

(3) follows from RHS bound on the vertex congestion in Claim 5.7.4.
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(1—2log=*d)

We now by rescale the flow by multiplying it by Hlfm. We now have 2m1+10—g—3d >

2m(1 — 2log ™ d) units of flow with the following capacity constraints:

1. Every edge has at most one unit of flow.

2. For every x' € X, the total flow on edges incident to x" is at most D(X) and the

total i-flow on edges incident to x’ is at most I';(X).

3. For every y’ € Y}, the total flow on edges incident to y’ is at most 2D(Y") and the

total i-flow on edges incident to y’ is at most 2I';(Y").

By integrality of flow, we obtain an integral flow of at least [2m (1 —3log™*d)| > 2m(1—
3log™®d) units satisfying the same constraints listed above. In particular, the flow on any
edge is at most one and so the integral flow is a violation subgraph with at least 2m(1 —

3log™? d) edges and satisfying the degree bounds listed in case (2) of the lemma statement.

5.8 Deferred Proofs

5.8.1 Equivalence of the Walk Distributions: Proof of Fact 5.2.11

Proof. Fix a pair (u,v) in [n]¢ where u < v. We will show that the probability of sampling
this pair from each distribution is the same. Let S = {i € [d]: v; > w;}. Note that u; = v;
for all j # S. The probability of sampling the pair (u,v) from the distribution described in

item (1) of Fact5.2.11 is computed as follows.

IP>x€R[n]‘7l, yNL{T(x)KXa y) = (u7 U)]

- % Z (f>_ HP[Ci = | x =1 H Ple; <wu; | x = ul. (5.10)

RDS : |R|=T1 €S 1€R\S

Recall the distribution of ¢;, I;, ¢; from Definition 5.1.1. Consider i € S and let d; :=

min(v; — u;,n — (v; —u;)). Note that conditioned on ¢;, the total number of intervals I; 5 u;
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is 29 and the number of such intervals that contain v; is max(0,2% — d;). Thus, we have

1€8 = P[Cz = U; | X = u] = E%’ |:]P)]Z [Ui € Ii]IP’CZ.eIZ.[cZ- = ; | v; € [z]:|

1 2% — d; 1 1 max (0, 2% — d;)
= > _ - .E, .
logn 24i !

- — = 7 (5.11)
q: 2% >d; 2% =1 2 (22 )

For an interval I; 3 w;, let I;,, denote the prefix of I; preceding (not including) u;. Note

that conditioned on an interval I; 3 w;, the probability of choosing ¢; < u; is |1, ,,|/(2% — 1).
Thus, we have

1
We now compute the probability of sampling (u,v) from the distribution described in item

(2) of Fact 5.2.11. Recall the distribution of ¢;, I;, a;, b; from Definition 5.2.8. For i € [d], let
&; be the event that a; = u; or b; = u;. Note that

29 2 2
PIE] = By P13 wlPrcncnlus € {onbi) | us € 1] =B, |0 2] =2
Let &, denote the event that x = u. We have
d d
1 2 1 1
P&, = P& - = - ==—. 5.13
el =107 5= (7) 5= (5.13)

Let &, denote the event that y = v. We have

PIE, &)= (f)_ [IPla;i=w and b =v; [ £]- [] Ploi=w | &] (5.14)

RDS : |R|=T i€S i1€ER\S

Fix an i € S and recall d; := min(v; — u;, n — (v; — u;)). We have

P[ai = and bl =V | gu] = ]P)[al = U; and bz = | 51] = [a/z uip?gn] i UZ]
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where the numerator is

Pla; = u; and b; = v;] = E,, =E

g

P [1; 2 [ug, vi]] - (2;)—1

max (0, 2% — dz)]

v )

and so

1 28 _ g
i€eS = Pla,=w;and b; =v; | &) = = - E,, max(0,2qi )] (5.15)
2 (%)
which is equal to the probability computed in eq. (5.11).
Now fix an ¢ € R\ S. Recall the definition of I, ,,. We have
Plb. — . —Plh = w | & =
[bi = u; | & [bi = u; | & P[E]
where
|1,
]P)[bz = ul] = EQiEIi l(U,Z - Iz) 2q;
()
1 26\ ' 2 1
=Eq | >, |Ii,ui|( 2) ] =K, {F 'Eliauiﬁf@uiu]
Iiu;
and so recalling that P[&;] = 2/n we have
1
i¢ R\S = Plbi=u; | &) =E, [F B s, [ i, ]] (5.16)

which is equal to the probability computed in eq. (5.12). Combining eq. (5.10), eq. (5.11),
eq. (5.12), eq. (5.13), eq. (5.14), eq. (5.15), eq. (5.16), we have

PriPxe b, yothr 0% ¥) = (0, 0)] = PE] - PIE, | Eu] = Pue e, yottr 0 [(%,¥) = (u,0)]

and this proves that (1) and (2) of Fact 5.2.11 are equivalent.
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To show equivalence of (1) and (3), note that we only need to show that

IEDHNH(U), y~Ug, - (u) [y = U] = IP)y~1xlf(u) [y = U] (5~17>

This is proven by an analogous calculation. The expression for Py 4 ]y = v] is given
by dropping the n—ld factor from eq. (5.10) and then plugging in the expressions obtained in
eq. (5.11) and eq. (5.12). The quantity P m(w), y~t4. (w)|y = v] is precisely P[E, | &,], and
an expression for this is obtained by eq. (5.14) and plugging in the expressions obtained in

eq. (5.15) and eq. (5.16). Thus, (1) and (3) are equivalent and this completes the proof. [

5.8.2 Influence and Persistence Proofs
Claim 5.8.1. If I; > 9Vd, then I; > V/d.

Proof. Theorem 9.1 of [KMS18] asserts that for any H, if Iy > 6v/d, then Iz > Iy/3.
(This holds for any Boolean hypercube function.) If INf > 9v/d, then by Claim 5.2.14,
Ex[la] > 9vd. Hence,

IVd < Eu[lg] = P[yu < 6Vd Enllu|lu < 6Vd + Py > 6Vd] Eg[lu|lu > 6Vd]
< 6Vd+P[lg > 6VdEy[3I5|Iu > 6Vd] < 6Vd + 3Eu|I5]
Hence, En[Ig] > Vd. By Claim 5.2.14, I; > V/d. O

Claim 5.8.2. Iffjc < 9V/d, then the fraction of vertices that are not (1, B)-persistent is at

. . .
most Cperm where Cpe, is a universal constant.

Proof. We will analyze the random walk using the distributions described in the first and
second bullet point of Fact 5.2.11 and leverage the analysis that [KMS18] use to prove their

Lemma 9.3. Let o, denote the fraction of vertices in the fully augmented hypergrid that
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are not (7, B)-up-persistent. Using the definition of persistence and Fact 5.2.11, we have

Qup * B < Preppuia, yate (o) Lf (%) # f(2)] = Ertet [Preptt, yntha 0 Lf (%) # f(2)]] . (5.18)

Let LA{HJ(X) denote the same distribution as U -(x) except with the set R being a uar

subset of the 0-coordinates of x. IL.e. Z:{\HJ-(X) is the non-lazy walk distribution on H.

Let x = x",x!,...,x” = z be the 7 steps taken on the walk sampled by U .(x) and let
x =X, x!,...,X" = z be the 7 steps taken on the walk sampled by ﬁHJ(X). For a fixed H
we have
—1 1
Prent, yottr 00 [[(X) # [(2)] <D P[f(x) # f(xTH] <Y P[fE) # FEH)]. (5.19)
£=0 £=0

The first inequality is by a union bound and the second inequality holds because the first
walk is lazy and the second is not. More precisely, we can couple the 7 < 7 steps of the
lazy-random walk where the point actually moves to the first 7" steps of the second non-lazy

walk, and the remaining 7 — 7’ terms of the non-lazy walk can only increase the RHS.

By Lemma 9.4 of [KMS18], the edge (X¢,%!) is distributed approximately as a uniform
random edge in H. In particular, this implies P [ f(X*) # f(X“!)] < C-2I/d for an absolute
constant C'. (Note 2/g/d is the probability of a uniform random edge in H being influential.)
Putting eq. (5.18) and eq. (5.19) together yields o, < %TEy|I3] and an analogous argument
gives the same bound for agey,. Thus, by Claim 5.2.14 we have Ex[/g] < 9v/d and the

fraction of (7, )-non-persistent vertices is at most 7;\% Therefore, setting Cpe, = 72C

completes the proof. O

5.8.3 Typical Points and Reversibility Proofs
Claim 5.8.3. For a d-dimensional hypercube H and ¢ > 1, we have |H.| > (1 — (¢/d)°) - 2.

Proof. Consider a uniform random point x in the hypercube. The Hamming weight [|x]|; is
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Zle x;, where each x; is an iid unbiased Bernoulli. By Hoeffding’s theorem, IED[‘ IIx]1 —d/2‘ >
t] < 2exp(—2t%/d). We set t = y/4cdlog(d/e). The probability of not being in the c-middle

layers is at most
2 exp(—2t%/d) = 2 exp(—8clog(d/e)) = 2(g/d)* < (¢/d)".

Hence, the probability of being in the c-middle layers is at least (1 — (¢/d)°). O

Lemma 5.8.4 (Most Points are Typical). For any e € (0,1) and ¢ > 6,
Pyepnje [X is c-typical) > 1 — (e/d)?

Proof. Given x € [n]? and a hypercube H > x, let x(x,H) = 1(x € H\ H.). By Fact5.2.11
and Claim 5.2.19, we have

Exe pmjiEr e [X(X, H)] = EgouExepm [X(x, H)| < (¢/d)°

Let us set gx = Epgune[X(x, H)], so Ex[gx] < (¢/d)°. By Markov’s inequality, Px[gx >
(e/d)?] < (e/d)*®. Note that when ¢x < (£/d), x is c-typical. Hence, at least a (1 —

(g/d)¢™®)-fraction of points are c-typical. O

Claim 5.8.5 (Translations of Typical Points). Suppose x € [n]? is c-typical. Then for a

walk length 7 < \/d, every point X' € supp(Uy(x)) U supp(D,(x)) is (c + \/LE)—typical.

Proof. We prove the claim for x" € supp(U,(x)). The argument for points in supp(D,(x))
is analogous. Let H be any hypercube containing x and x’ and let ||x||¢, ||X/|| denote the
Hamming weight of these points in H. Observe that ||x'|g < ||x|lg + 7 and so if x € H,,
then ||x'||;y < d/2 + v/edlogd + 7 and since 7 < v/d, we have

Vedlogd + 7 < \/cdloch— rVdlogd = \/(c+ %) dlog d.
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To see that the first inequality holds, observe that by squaring both sides and rearranging

terms, it is equivalent to the inequality
72 +27/cdlogd < 7Vdlogd <= 7 < Vd(logd — 2\/clogd)

which clearly holds by our upper bound on 7. Thus, if x € H,, then x’ € HC+%. Therefore,
the number of hypercubes H for which x’ € HC+% is at least the number of hypercubes H

for which x € He. Therefore x is (¢ + J=)-typical. O

Lemma 5.8.6 (Reversibility Lemma). For any points x < x' € [n]? and walk length { <
Vd/log®(d/e), we have
Pxe(X') = (1 £1og™" d)px o(x).

Proof. If t := ||x — xX'|jo > ¢, then pxe(x') = pxe(x) = 0. So assume ¢ < (. Fix any
H containing x and x’ such that x,x’ € Hjo and let x and 2’ denote the corresponding
hypercube (bit) representations of x,x" in H. Let p,¢(7") = Pouyy ) [2 = 2] and py(2) =
P. Dy )z = z]. It suffices to show that p, ,(2') = (1 £ log™® d)pw o(x).

Let S be the set of ¢ coordinates where x and ' differ. Let Z(z) be the set of zero
coordinates of the point x; analogously, define Z(z'). Recall that the directed upward walk
making ¢ steps might not flip ¢ coordinates. The process (recall Definition 5.2.10) picks a

uar set R of ¢ coordinates, and only flips the zero bits in x among R. Hence, an {-length

walk leads from z to 2" iff RN Z(z) = S.

Let the Hamming weight of x be represented as d/2 + e,, where e, denotes the “excess”.
Since z is in the 100-middle layers, |e,| < 1/400dlog(d/¢).

The sets R that lead from x to y can be constructed by picking any ¢ — ¢ coordinates in

Z(x) and choosing all remaining coordinates to be S. Hence,

)

(%)

px,ﬁ(x/) -
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Analogously, consider the downward ¢ step walks from /. This walk leads to x iff
RN Z(x') = S. The sets R that lead from y to x can be constructed by picking any ¢ — ¢
coordinates in Z(2') and choosing all remaining coordinates to be S. The size of Z(2') is

precisely |Z(z)| —t = d/2 — e, — t. Hence,

(257

(%)

Dz (l‘) -

Taking the ratio,

1

) CE) ey fodizvecs
Pare() (2t Ty 1(d/2 —ep—t—i) g d)2—e—t—i
) O—t—1 (1 N 2e, + 1t )
. d/2—e, —t—i

Recall that |e,| < /400dlog(d/c), t < ¢ < V/d/log’(d/e). For convenience, let b :=
400d log(d/e). So 2e, +t < 3b. Also, d/2 —e, —t —1 > d/3 for all i < {. Applying

these bounds,

/—

pM < < d/3> exp (9%) = ex p<\/_ W) <1+log™3d

Par d dlog’(d/e)

[asry

=0

An analogous calculation proves that i ”/Z[(Zi; >1—log2d. O
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Part 11

Directed Isoperimetry and
Monotonicity Testing of Real-Valued

Functions
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CHAPTER 6

Directed Isoperimetric Inequalities for Real-Valued

Functions

The results in this chapter were originally published in [BKR23]. The main result is a gener-
alization of the robust directed Talagrand inequality for hypergrids (stated in Theorem 4.0.4
and Theorem 2.3.10) to real-valued functions. This generalization is achieved via the follow-
ing Boolean decomposition theorem. Given a DAG G and a function f: V(G) — R, we use
the notation Sy = {(z,y) € E(G): f(x) > f(y)} to denote the set of all edges in G where f

is decreasing.

Theorem 6.0.1 (Boolean Decomposition). Suppose G is a DAG and f: V(G) — R
s a function over the vertices of G that is not monotone. Then, for some k > 1, there
exist Boolean functions fi, ..., fr: V(G) — {0, 1} and vertez-disjoint (induced) subgraphs
Hi, ..., Hi of G for which the following hold:

1. 22?21 e(fi) = e(f).

2. 8; C€S; NE(H,;) for all i € [k].

We prove Theorem 6.0.1 in Section 6.2. The main application of Theorem 6.0.1 is that it
immediately implies the robust directed Talagrand inequality for hypergrids (Theorem 4.0.4)
holds for real-valued functions. To state the generalization we will need to generalize the
notion of colorful thresholded influence (Definition 4.0.3) to real-valued functions. As in

Chapters 4 and 5, we work with the fully augmented hypergrid which is the DAG over vertex
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set [n]? and edge set

d
E = LJEZ where E; = {(z,y): x; <y; and z; = y; Vj # i}. (6.1)

i=1
Given f: [n]? — R, an i-aligned violation is an edge (z,y) € E; such that f(z) > f(y).

Definition 6.0.2 (Colorful Thresholded Influence). Fiz f: [n]? — R and x: E — {0,1}.
Fiz a dimension i € [d] and a point x € [n]¢. The colorful thresholded negative influence
of x along coordinate i is denoted Py, (x;1), and has value 1 if there exists an i-aligned
violation (x,y) such that x(xz,y) = 1(f(xz) > f(y)), and has value O otherwise. The colorful

thresholded negative influence of x is @, (x) = S0 & (x;1).

In words, the above definition charges violating edges colored 1 to the lower endpoint
and violating edges colored 0 to the upper endpoint. Note that this is consistent with the
definition given for Boolean functions (Definition 4.0.3). In Section 6.1 we prove the following
inequality using Theorem 6.0.1. This inequality generalizes the robust directed Talagrand

inequality proven by [KMS18| with respect to both the domain and the co-domain.

Theorem 6.0.3 (Robust Directed Talagrand Inequality for Real-Valued Functions on
the Hypergrid). Let f: [n]? — R be e-far from monotone, and let x: E — {0,1} be an
arbitrary coloring of the edges of the augmented hypergrid.

€
E P o)
weln) { ﬂx(x)] ( og n)

6.1 Directed Talagrand Inequality for Real-Valued Functions

In this section, we use our Boolean decomposition Theorem 6.0.1 and our robust directed Ta-
lagrand inequality for Boolean functions Theorem 4.0.4 to prove Theorem 6.0.3. We invoke
Theorem 6.0.1 with the underlying DAG being the fully augmented hypergrid, which has ver-

tex set [n]¢ and edge set E defined in eq. (6.1). Let f: [n]? — R be a non-monotone function
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and let x: E — {0,1} be an arbitrary 2-coloring of E. Given z € {0,1}¢ and a subgraph
H of the fully augmented hypergrid, let ® ¢, 3 (x) denote the colorful thresholded influence
of = (Definition 6.0.2), but restricted to the edges in ‘H, E(H). Formally, @, 3 (x;i) = 1
iff there exists an i-aligned violation (z,y) € E(H) such that x(z,y) = 1(f(z) > f(y)), and
Pyymulz) = Z?:l D).

Let fi,..., fx: [n]® — {0,1} be the Boolean functions and H;,...,H; be the vertex-
disjoint subgraphs of the fully augmented hypergrid that are guaranteed by Theorem 6.0.1.

Let C” denote the constant from the robust Boolean isoperimetric inequality (Theorem 4.0.4)

that is hidden by 2. We have

Eonpop l <1>f,x(x)] >E. [0, @)] 6.2)
- Ek)E o 63)
2 éE O (x)l (6.4)
[y .
> i ey, (6.6)
> 02 - (6.7

The inequality eq. (6.2) holds simply because Ule H; is a subgraph of the fully augmented
hypergrid, while the equality eq. (6.3) holds because the H;’s are vertex-disjoint. The in-
equality eq. (6.4) holds since S; C §; and the equality eq. (6.5) holds since S C E(H,;)
(these are both by item 2 of Theorem 6.0.1). Finally, eq. (6.6) is due to Theorem 4.0.4 and
eq. (6.7) is due to item 1 of Theorem 6.0.1.
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6.2 Boolean Decomposition: Proof of Theorem 6.0.1

In this section, we prove the Boolean Decomposition Theorem 6.0.1. Our results consider
any partially ordered domain, which we represent by a DAG G. The transitive closure of
G, denoted TC(G), is the graph with vertex set V(G) and edge set {(x,y): x < y}. The
violation graph of f is the graph (V(G), E’), where E’ is the set of edges of TC(G) violated
by f.

In Section 6.2.1, we define the key notion of sweeping graphs and identify some of their
important properties. In Section 6.2.2, we prove a general lemma that shows how to use a
matching M in TC(G) to find vertex-disjoint sweeping graphs in G satisfying a “matching
rearrangement” property. The techniques in Section 6.2.1 and Section 6.2.2 are inspired by
the techniques of [BCS18] used to analyze Boolean functions on the hypergrid domain, [n]?.
In Section 6.2.3, we apply our matching decomposition lemma to a carefully chosen matching

to obtain the subgraphs H, ..., Hg. Finally, in Section 6.2.4, we define the Boolean functions

f1,---, fr and complete the proof of Theorem 6.0.1.

6.2.1 Sweeping Graphs and Their Properties

Given a graph G and two subgraphs H; and Hs, we define the union H; UHs to be the graph
with vertex set V(H1) UV (Hz) and edge set F(H) U E(H,).

Definition 6.2.1 ((S5,T)-Sweeping Graphs). Given a DAG G and s,t € V(G), define H(s, 1)
to be the subgraph of G formed by the union of all directed paths in G from s tot. Given two
disjoint subsets S, T C V(G), define the (S,T)-sweeping graph, denoted H(S,T), to be the

union of directed paths in G that start from some s € S and end at some t € T". That s,

HST) = | His ).

(s,t)eSXT
Note that if s A ¢ then H(s,t) = 0.
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We now prove three properties of sweeping graphs which we use in Section 6.2.4 to analyze
our functions fi,..., fr. Given disjoint sets S,7 C V(G) and z € V(H(S,T)), define the

sets

S(z)={seS:s2ztand T'(2) ={t € T: z < t}.

Claim 6.2.2 (Properties of Sweeping Graphs). Let G be a DAG and S,T C V(G) be disjoint

sets.

1. (Property of Nodes in a Sweeping Graph): If z € V(H(S,T)) then S(z) # 0 and
T(z) # 0.

2. (Property of Nodes Outside of a Sweeping Graph): If z € V(G) \ V(H(S,T)) then
at most one of the following is true: (a) Jy € V(H(S,T)) such that z < y, (b)
dx € V(H(S,T)) such that x < z.

3. (Sweeping Graphs are Induced): If z,y € V(H(S,T)) and (x,y) € E(G) then (z,y) €
E(H(S,T)).

Proof. Property 1 holds by definition of the sweeping graph H(S,T). If z € V(H(S,T)),
then, by definition of H(S,T), there exist s € S and t € T for which z belongs to some
directed path from s to t. That is, z € V(#H(s,t)). Thus s € S(z) and ¢t € T'(z), and

property 1 holds.

We now prove property 2. Suppose, for the sake of contradiction, that there exist x,y, z €
V(G) for which z,y € V(H(S,T)), z ¢ V(H(S,T)), and = < z < y. By property 1, there
exist some s € S(x) and some t € T(y). Then s < x < z < y < t and, consequently, z
belongs to some directed path from s to t. Thus z € V(H(s,t)), and so z € V(H(S,T)).
This is a contradiction.

We now prove property 3. Suppose z,y € V(H(S,T)) and (z,y) € E(G). By property 1,

there exist s € S and t € T for which s < z and y < ¢. Since (z,y) € E(G), we have x < y
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and so s = x <y <X t. Thus, the edge (x,y) belongs to a directed path from s to ¢. That is,
(z,y) € E(H(s,t)) and so (x,y) € E(H(S,T)). O

6.2.2 Matching Decomposition Lemma for DAGs

In this section, we prove the following matching decomposition lemma. Recall that TC(G)
denotes the transitive closure of G, which is the graph with vertex set V(G) and edge set
{(z,y): x < y}. Consider a matching M in TC(G). We represent M : S — T as a bijection
between two disjoint sets S,T C V(G) of the same size for which s < M(s) for all s € S. For
a set S" C S, define M(S") = {M(s): s € S'}. Note that for convenience we will sometimes
abuse notation and represent M as the set of pairs, {(s, M(s)): s € S}, instead of as a

bijection.

Lemma 6.2.3 (Matching Decomposition Lemma for DAGs). For every DAG G and every
matching M: S — T in TC(G), there exist partitions (S;: 1 € [k]) of S and (T;: i € [k]) of
T, where M(S;) =T, for all i € [k], and the following hold.

1. (Sweeping Graph Disjointness): V(H(S;, T;)) N V(H(S;,T;)) = O for all i # j, where
i,j € [k].

2. (Matching Rearrangement Property): For alli € [k] and (x,y) € S; x T;, if x < y then
there exists a matching M: S; — T in TC(G) for which (z,y) € M.

Proof. In Alg. 2, we show how to construct partitions (S;: ¢ € [k]) for S and (T;: i € [k]) for

T from a matching M in TC(G). Alg. 2 uses the following notion of conflicting pairs.

Definition 6.2.4 (Conflicting Pairs). Given a DAG G and four disjoint sets X, Y, X', Y' C
V(G), we say that the two pairs (X,Y), (X', Y") conflict if V(H(X,Y))NV(H(X',Y")) # (.

The following observation is apparent and by design of Alg. 2.
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Algorithm 2 Algorithm for constructing conflict-free pairs from a matching M
Input: A DAG G and a matching M: S — T in TC(G).

Qo+ {{z},{y}): (z,y) € M} > Initialize pairs using M
2: for s > 0 do
3: if two pairs (X,Y) # (X", Y’) € Qy conflict then

4: Qi1+ (QN\{X,Y),( X, Y)HU{(XUX"' YUY’} > Merge conflicting pairs
5: else
6: s* <+ s and return Q,- > Terminate when there are no conflicts
_ae] a-f/‘\ o
b ° y b = . Sey
c @ { ] oz c @ L oz
L { ]

Figure 6.1: An illustration for Alg. 2 with input matching M = {(a,x), (b,y), (¢, z)}. We initialize

Qo = {({a}.{=}), {0}, {y}), ({c}, {z})}. The pairs ({a},{x}) and ({b},{y}) conflict, so we merge
them to obtain a new and final collection Q1 = {({a, b}, {x,y}), {c}, {z})}

Observation 6.2.5 (Loop Invariants of Alg. 2). For all s € {0,1,...,s*}, (a) M(X) =Y
for all (X,Y) € Qs, (b) (X: (X,-) € Qq) is a partition of S, and (c) (Y: (-, Y) € Q) is a
partition of T'.

Given a matching M : S — T in TC(G), we run Alg. 2 to obtain the set Q. See Fig. 6.1

for an illustration. Define k = | Q-

and let {(5;,T;): i € [k]} be the set of pairs in Qg. By
Obs. 6.2.5, (S;: i € [k]) is a partition of S, (T;: i € [k]) is a partition of T, and M(S;) = T;
for all ¢ € [k]. Item 1 of Lemma6.2.3 holds since Alg. 2 terminates at step s only when all
pairs in Qg are non-conflicting (recall Definition 6.2.4). Thus, to prove Lemma 6.2.3 it only
remains to prove item 2. To do so, we prove the following Claim 6.2.6, that easily implies
item 2. Note that while we only require Claim 6.2.6 to hold for the special case of s = s*,

using an inductive argument on s allows us to give a proof for all s € {0,1,...,s*}.

Claim 6.2.6 (Rematching Claim). For all s € {0,1,...,s*}, pairs (X,Y) € Q,, and (z,y) €
X x Y, there exists a matching M: X \ {z} = Y\ {y} in TC(G).
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Proof. The proof is by induction on s. For the base case, if s = 0, then, by inspection of
Alg. 2, for (X,Y) € Qy, we must have X = {z} and Y = {y}. Thus, setting M = 0 trivially

proves the claim.

Now let s > 0. Fix some (X,Y) € Q, and (z,y) € X x Y. Let (X1,Y1),(Xs,Y2) € Q44
be the pairs of sets in Q, ; for which x € X; and y € Y;. First, if (X1,Y7) = (X5, Y5),
then by induction there exists a matching M': X, \ {z} — Y1\ {y} in TC(G). Note that
by definition of Alg. 2, we must have X; C X and Y; C Y. Then the required matching is
M=MU M| x\x, where M|y denotes the restriction of the original matching M to the set
(+). Suppose (X1,Y7) # (X2, Ys). This is the interesting case, and we give an accompanying
illustration in Fig.6.2. By definition of Alg. 2, it must be that (X1,Y]) and (Xs,Y3) conflict
(recall Definition 6.2.4) and were merged to form X = X;UX;, and Y = Y; UY;. Thus, there
exists some vertex z € V(H(X1,Y1)) NV (H(X2,Ys)) and 1 € Xy,1p1 € Yy, 20 € X, 90 €Y,
for which z; <z < y; and 29 < 2 < y».

We now invoke the inductive hypothesis to get matchings M : X, \{z} = Y1\ {1} and

]/\/[\2: Xo \ {z2} = Y5\ {y} in TC(G). Observe that x5 < z < y; and thus we can match x,
and y;. The required matching in TC(G) is M =M, UM U {(z2,11)} O

Figure 6.2: An illustration for the case of (X1,Y1) # (Xa,Ya) in the proof of Claim 6.2.6. The
solid lines represent directed paths. The dotted line represents the pair (x2,y1) added to obtain the
final matching M. The only vertices of X UY not participating in M are x and y.

We conclude the proof of Lemma6.2.3 by showing that Claim 6.2.6 implies item 2. We
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are given (5;,T;) € Q- for some i € [k] and (x,y) € S; x T; where x < y. By Claim 6.2.6
there exists a matching M’: S; \{z} = T;\ {y} in TC(G). We then set M=MU {(z,y)}.
Since x < y, the final matching M: S; — T; is a matching in TC(G) which contains the pair

(z,y). O

6.2.3 Specifying a Matching to Construct the Subgraphs Hi,...,H;

In this section, we apply Lemma 6.2.3 to a carefully chosen matching M in order to construct

our vertex-disjoint subgraphs Hi, ..., Hs.

Definition 6.2.7 (Max-weight, Min-cardinality Matching). A matching M in TC(G) is
a maz-weight, min-cardinality matching for f if M maximizes Z(xjy)eM(f(a:) — f(y)) and

among such matchings minimizes |M|.

Henceforth, let M denote a max-weight, min-cardinality matching. Let S and 7" denote
the set of lower and upper endpoints, respectively, of M. We use the following well-known

fact on matchings in the violation graph.

Fact 6.2.8 (Corollary 2 of [FLN102]). For a DAG G and function f: V(G) — R, the distance
to monotonicity e(f) is equal to the size of the minimum vertex cover of the violation graph

of f divided by |V (G)|.

Fact 6.2.9. M is a matching in the violation graph of f that is also mazximal. That is, (a)
f(x) > f(y) for all (z,y) € M and (b) [M] = (e(f) - [V(G)])/2.

Proof. First, for the sake of contradiction, suppose f(z) < f(y) for some pair (z,y) € M.
Then we can set M = M \ {(z,y)}, which can only increase > ., (f(z) — f(y)) and
will decrease |M| by 1. This contradicts the definition of M. Thus, f(z) > f(y) for all
(x,y) € M and so M is a matching in the violation graph of f. Second, since M maximizes
> wyen(f(®) = f(y)), it must also be a mazimal matching in the violation graph of f.
Thus, (b) follows from Fact 6.2.8 and the fact that the size of any maximal matching is at

least half the size of the minimum vertex cover. O
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We now apply Lemma6.2.3 to M, obtaining the partitions (S;: i € [k]) and (T;: i € [k])
for S and T, respectively, for which M(S;) = T; for all ¢ € [k]. For each i € [k], let
H; = H(S;, T;). We use the collection of sweeping graphs H, . .., Hy to prove Theorem 6.0.1.
Note that these subgraphs are all vertex-disjoint by item 1 of Lemma 6.2.3. We use item 2 of
Lemma6.2.3 to prove the following lemma regarding the (S;,T;) pairs. The proof crucially

relies on the fact that M is a max-weight, min-cardinality matching.

Lemma 6.2.10 (Property of the Pairs (S;,T;)). For alli € [k] and (x,y) € S; x T}, if x <y
then f(x) > f(y).
Proof. Suppose there exists i € [k], x € S;, and y € T; for which z < y and f(z) < f(y). By

item 2 of Lemma6.2.3 there exists a matching M:S —Tin TC(G) for which (z,y) € M.

In particular, since M and M have identical sets of lower and upper endpoints,

Yo (fe) = F1) = D (f(s) = f(1)) and |M] = [M].

(S,t)GM\ (st)eM

Now set M’ = J\//T\ {(z,y)} and observe that since f(z) < f(y),

o (fs) = F®) = Y (f(s) = f() and [M'] < |M].

(s,t)e M’ (s,t)eM

Therefore, M is not a max-weight, min-cardinality matching and this is a contradiction. [J

6.2.4 Tying it Together: Defining the Boolean Functions fi,..., fx

We are now equipped to define the functions fi,..., fr: V(G) — {0,1} and complete the
proof of Theorem 6.0.1. First, given ¢ € [k] and z € V(G) \ V(#H;), we say that z is below
H; if there exists y € V(H,;) for which z < y, and z is above H; if there exists x € V(H,;)
for which = < z. Since H,; is the (S;, T;)-sweeping graph, by item 2 of Claim 6.2.2, vertex z
cannot be both below and above H;, simultaneously. Second, given z € V(H;), we define the

set T;(z) = {t € T;: z < t}. Note that by item 1 of Claim 6.2.2, T;(z) # 0 for all z € V(H,),
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and so the quantity maxer,(.) f(t) is always well-defined.

Definition 6.2.11. For each i € [k], define the function f;: V(G) — {0,1} as follows. For
every z € V(G),

1, ifz e V(H;) and f(2) > maxser, ) f(1),
0, ifzeV(H;) and f(2) < maxier,() f(t),
fi(z) =
1, ifz¢ V(H;) and z is above H,;,

0, ifz¢ V(H;) and z is not above H;.

See Fig. 6.3 for an illustration of the values of f;. We first prove item 1 of Theorem 6.0.1.
Recall that M(S;) = T; for all i € [k]. Let M; = M]|s, denote the matching M restricted to
S;. Consider x € S;. By Lemma6.2.10, f(z) > f(y) for all y € T; such that x < y. Thus
f(x) > maxer,z) f(t) and so fi(x) = 1. Now consider y € T;. Observe that y € T;(y). Thus,
clearly, f(y) < maxser,) f(t), and so f;(y) = 0. Therefore, fi(z) = 1 for all x € S; and
fily) = 0 for all y € T;. In particular, fi(z) =1 > 0= f;(M(x)) for all x € S; and so M; is
a matching in the violation graph of f;. Thus, (f;) > ‘Ml  for all i € [k]. Tt follows,

k
>_elf) = V(G |121M! LMz VG S =

by the above argument and Fact 6.2.9. Thus, item 1 of Theorem 6.0.1 holds.

To prove item 2 of Theorem 6.0.1, we need to show that for all i € [k] the following hold:
S; CE(H;) and S C S;.

We first prove that S; C E(H;). Consider an edge (z,y) € E(G) \ E(H;). We need to show
that f;(x) < fi(y). First, observe that if both z,y € V(H,;), then by item 3 of Claim 6.2.2,

we have (z,y) € E(H;). Thus, we only need to consider the following three cases. Recall
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Figure 6.3: An illustration for the Boolean function f; of Definition 6.2.11. The diamond represents
the DAG G whose paths are directed from bottom to top. The hexagon represents the sweeping graph
H; = H(S;, T;). The value of f; is 1 for the vertices in S; and 0 for the vertices in T;. For vertices

outside of H;, its value is 1 for those vertices which are above H; and 0 for vertices which are not
above H;.

that fz(x)vfz(y> < {07 1}

1. 2 € V(H;), y ¢ V(H;): In this case, y is above H;, and so f;(y) = 1. Thus, f;(z) <

2. x ¢ V(H;), y € V(H;): In this case, x is below H;, and so x is not above H; by item
2 of Claim 6.2.2. Thus, fi(z) =0, and so f;(z) < f;(y).

3. x ¢ V(Hi), y & V(H;): If x is above H,;, then y is above #H,; as well, and so fi(z) =
fily) = 1. Otherwise, z is not above H; and so f;(z) = 0. Thus, f;(z) < fi(y).

Therefore, S C E(H,).

We now prove that S; C S;. Consider an edge (z,y) € S;. Then fi(z) = 1 and
fily) = 0. Since S; C E(H;), we have (z,y) € E(H;) and so x,y € V(H;). By definition
of the functions f;, it holds that f(z) > maxyer,) f(t) and f(y) < maxiery) f(t). Since
x <y, then T;(y) C T;(x), because all vertices reachable from y are also reachable from z.
Therefore,

f(z) > hax f(t) = Jnax f (t) > f(y).
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Thus f(x) > f(y), and so (z,y) € S;. As aresult, S; C S, and item 2 of Theorem 6.0.1
holds. This concludes the proof of Theorem 6.0.1.
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CHAPTER 7

Monotonicity Testing of Functions with Bounded
Image Size
In this chapter we prove nearly matching upper and lower bounds for non-adaptive, one-sided
error monotonicity testing of functions over the hypercube with image size at most r. These

results were originally published in [BKR23]. Our upper bound relies on the robust directed

Talagrand inequality Theorem 6.0.3 for the special case of n = 2, i.e. the hypercube.

Theorem 7.0.1. There exists a non-adaptive, 1-sided error e-tester for monotonicity of

&

f:{0,1}¢ — R that makes 5(min (r;@, 4)) queries and works for all functions f with

1mage size r.

Theorem 7.0.2. There exists a constant € > 0, such that for all d,r € N, every non-
adaptive, 1-sided error e-tester for monotonicity of functions f: {0,1}% — [r] requires

Q(min(rv/d,d)) queries.

We prove Theorems 7.0.1 and 7.0.2 in Sections 7.1 and 7.2, respectively.

7.1 An 5(7“\/&) Monotonicity Tester over the Hypercube

In this section we prove Theorem 7.0.1. We show that the tester of [KMS18] for Boolean
functions can be employed to test monotonicity of real-valued functions with bounded image

size. The tester is simple: it queries two comparable vertices x and y and rejects if the pair
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exhibits a violation to monotonicity for f. The tester tries different values 7 for the distance
between z and y, that is, the number of coordinates on which they differ. The key step in
the analysis of [KMS18] (and in our analysis) is to show that for some choice of 7, the tester
will detect a violation to monotonicity with high enough probability. The extra factor of r
in the query complexity of our tester arises because we are forced to choose 7 which is a
factor of (r — 1) smaller than for the Boolean case. Intuitively, the reason for this is that
as the walk length 7 increases, the probability that the function value stays below a certain

threshold decreases. We make this precise in Section 7.1.2.

We first define the distribution from which the tester samples z and y. Following this,
we present the tester as Alg. 3. Let p denote the largest integer for which 2? < y/d/logd.
In Alg. 3, we sample pairs of vertices at distance 7, where 7 ranges over the powers of two

up to 2P.

Definition 7.1.1 (Pair Test Distribution). Given parameters b € {0,1} and a positive
integer T, define the following distribution Dyesr(b, T) over pairs (z,y) € ({0,1})%. Sample
x uniformly from {0,1}¢. Let S = {i € [d]: x; = b}. If T > |S|, then set' y = x. Otheruwise,
sample a uniformly random set T C S of size |T'| = 7. Obtain y by setting y; = 1 — x; if

1 €T andy; = x; otherwise.

Algorithm 3 Monotonicity Tester for f: {0,1}¢ — R
Input: Parameters € € (0,1), dimension d, and image size r; oracle access to function

f:{0,1}¢ - R.

1: for all b€ {0,1} and 7 € {1,2,4,...,2P} do

2 repeat 9) (min (T;@, g)) times:

3 Sample (X,y) ~ Dpair(b, 7).

4: if b=0and f(x) > f(y) then reject. >if b =0 then x <y
5 if b=1and f(x) < f(y) then reject. >if b=1thenx =y
6: accept.

Our tester only uses comparisons between function values, not the values themselves.
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Thus, for the purposes of our analysis we can consider functions with the range [r] w.l.o.g.

When 7 = 1, the algorithm is simply sampling edges from the d-dimensional hypercube.
The distribution from which we sample is not the uniform distribution on edges, but following
an argument from [KMS18], we can assume that for 7 = 1, our tester has the same guarantees

as the edge tester.

The choice of the distance parameter 7 for which the rejection probability of the tester is
high depends on the existence of a certain “good” bipartite subgraph of violated edges. Our
analysis differs from the analysis of [KMS18] both in how we obtain the “good” subgraph of

violated edges and in the choice of the optimal distance parameter 7.

We extend the following definitions from [KMS18]. Let G(A, B, Eap) denote a directed

bipartite graph with vertex sets A and B and all edges in E g directed from A to B.

Definition 7.1.2 ((K, A)-Good Graphs). A directed bipartite graph G(A, B, Eap) is (K, A)-
good if for X, Y such that either X = A, Y =B or X = B, Y = A, we have: (a) |X|=K.
(b) Vertices in X have degree exactly A. (c) Vertices in' Y have degree at most 2A. The
graph G is (K, A)-left-good if X = A and (K, A)-right-good if X = B.

The weight of z € {0,1}%, denoted by |z|, is the number of coordinates of z with value 1.

Definition 7.1.3 (Persistence). Given a function f: {0,1}* — [r] and an integer T €
[1, \ /@ . a vertez x € {0,1} of weight in the range 4 + O(y/dlogd) is T-right-persistent
for fif

where y is obtained by choosing a uniformly random set T C {i € [d]: z; = 0} of size T and

settingy; = 1 if i € T and y; = x; otherwise'. We define T-left-persistence symmetrically.

We use the following technical claim implicitly shown in the analysis of the tester of

[KMS13].

Note that 7 > |{i € [d]: z; = 0}| by our assumption on z and 7.
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Claim 7.1.4 ([KMS18]). Suppose there exists a (K, A)-right-good subgraph G(A, B, Eap)
of the directed d-dimensional hypercube, such that (a) Eap € Sy, (b) KVA = @(E(f)'2d),

logd

and (c) at least 55| B| of the vertices in B are (7' — 1)-right-persistent for some 7' such that

7' A < d. Then there exists a constant C" > 0, such that for (x,y) ~ Dpa:ir(0,7),

-7 K

d 2d

Peylf(x) > f(y)] =

The analogous claim holds given a (K, A)-left-good subgraph with many (7" — 1)-left-

persistent vertices in A and (x,y) drawn from Dpair(1, 7).

In Section 7.1.1, we prove Lemma 7.1.6 which obtains a good subgraph for f satisfying
conditions (a) and (b) of Claim 7.1.4. In Section 7.1.2, we prove Lemma 7.1.8 which gives an
upper bound on the fraction of non-persistent vertices, enabling us to satisfy condition (c).
Finally, in Section 7.1.3, we use Lemma 7.1.6 and Lemma7.1.8 to show that the conditions

of Claim 7.1.4 are satisfied. Finally, we use it to prove Theorem 7.0.1.

7.1.1 Existence of a Good Bipartite Subgraph

In this section, we prove Lemma 7.1.6 on the existence of good bipartite subgraphs for real-
valued functions, which was proved in [KMSI18] for the special case of Boolean functions.
This lemma crucially relies on our isoperimetric inequality for real-valued functions (Theo-
rem 6.0.3 for the special case of n = 2). We first state (without proof) a combinatorial result

of [KMS18|, which we need for our lemma.

Lemma 7.1.5 (Lemma 6.5 of [KMS18]). Let G(A, B, Eap) be a directed bipartite graph
whose vertices have degree at most 2°. Suppose in addition, that for any 2-coloring of its

edges col : Eap — {red, blue} we have

Y Vdegig(@) + > V/degye(y) > L, (7.1)

€A yeB
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where deg,.4(x) denotes the number of red edges incident on x and degy,,.(y) denotes the
number of blue edges incident ony. Then G(A, B, Esp) contains a subgraph that is (K, A)-
good with KvVA > é.

We can now generalize Lemma 7.1 of [KMS18].

Lemma 7.1.6. For all functions f: {0,1}¢ — R, there exists a subgraph G(A, B, Ep) of
the directed, d-dimensional hypercube which is (K, A)-good, where Kv/A = @(M) and

logd
Eap CS;.

Proof. Our proof relies on Lemma7.1.5. Condition eq. (7.1) is clearly reminiscent of the
isoperimetric inequality in Theorem 6.0.3. We want to partition the vertices in {0, 1}¢ into
sets A and B such that all the violated edges are directed from A to B and apply Theo-
rem 6.0.3 to the resulting graph. In addition, we want eq. (7.1) to hold for a big enough
value of L. In the Boolean case, we can simply partition the vertices by function values. In
contrast, for real-valued functions, a vertex x € {0,1}¢ can be incident on both incoming
and outgoing violated edges. To overcome this challenge we resort to the bipartiteness of the
directed hypercube, where each edge is between a vertex with an odd weight and a vertex

with an even weight. Partition S, into two sets:

Ey ={(z,y) € S; : [7| is even};

By ={(z,y) € §;: |z is odd}.

For j € {0,1}, let V; and W; denote the set of lower and upper endpoints, respectively, of the
edges in E;. We consider the two subgraphs G,(V;, W;, E;) for j € {0,1}. Notice that the
vertices in VU W; have even weight and the vertices in V; UW, have odd weight. Obviously,
Vo and Wi may not be disjoint, and similarly V; and Wy may not be disjoint, and thus Gg

and GG; may not be vertex-disjoint.

We quickly explain why we cannot simply use Lemma 7.1.5 with either G, or G;. Fix a

2-coloring of the edges Ey U E;. By averaging, one of the graphs will have a high enough
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contribution to left-hand side of the isoperimetric inequality of Theorem 6.0.3. Assume this
graph is G. As a result, condition eq. (7.1) will hold for Gy with L = Q(e - 2¢). However,
one cannot guarantee that condition eq. (7.1) holds for all possible colorings of the edges
of Gy. Our construction below describes how to combine Gy and Gy so that we can jointly

“feed” them into Lemma7.1.5.

We construct copies @0 and @1 of Gy and G, so that CAJO contains a vertex labelled (x,0)
for each vertex = of Gy, and G contains a vertex (x,1) for each vertex = of G;. For each
edge (z,y) in Gy we add an edge from (z,0) to (y,0) in Go. We do the same for the edges
of G1. Note that each edge of S; has exactly one copy, either in CAJO or G.

Let G (‘A/, /V[7, Sf_) denote the union of the two vertex-disjoint graphs @0 and él. That is,

V ={(z,0) |z € o} U{(z,1) |z € N},

—~

W ={(y,0) |y € Wo} U{(y,1) |y € W1}.

All the edges of G are directed from V to WW. Although imprecise, we think of the edges of

G as S}, since each edge in §; has exactly one copy in G.

Consider a 2-coloring col: §; — {red, blue}. Observe that

Z \/ rea(®) Z Vi@ = D V@ Y AT e®)

zeVoUWVp yeWoUWy
Z \/I];red('r) + \/I]zblue(x) + Z \/I]Zred (m) + \/I;,blue('r)
z€{0,1}¢ ze{0,1}4
|| is even |z| is odd
Z \/ If_red Z \/ If_blue > - 5
ze{0,1}¢ yE{O 1}d

where the inequality holds by Theorem 6.0.3.

By construction, If_,red(x) = degred(('r7 )) for all (IE, ) S ‘7 and ]f_,blue(y) = degblue((yv ))
for all (y,-) € W. We have that condition eq. (7.1) of Lemma 7.1.5 holds with L = C-e(f)-2¢.
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Thus, G contains a subgraph Ggood(A, B, E4p) that is (K, A)-good with KVvA > L

8logd"
Without loss of generality, assume Gyood(A, B, Eap) is (K, A)-right-good.

Let Ggooa0 = (Ao, Bo, Ea,p,) denote the subgraph of Ggeoq lying in @0 and let Ggooa1 =
(A1, By, E4, p,) denote the subgraph of Ggooq lying in @1. Since By N B; = (), we know that
either |By| > K/2 or |B;| > K/2. Suppose |By| > K/2. Moreover, since Gy and G, are
vertex-disjoint subgraphs, the degree of a vertex of Ay U By in Ggeoa, is the same its degree
in Ggooda. Thus, Ggeoap is a (K/2, A)-right-good subgraph of the d-dimensional directed
hypercube for which §\/Z > _L

16logd"
By removing some vertices from By, and redefining K if necessary, we may assume that

KVA =06 <%>. This completes the proof of Lemma 7.1.6. m

7.1.2 Bounding the Number of Non-Persistent Vertices

We prove Lemma 7.1.8 that bounds the number of non-persistent vertices for a function f

and a given distance parameter 7. All results in this section also hold for 7-left-persistence.
For a function f: {0,1}* — R, we define I} as %
Corollary 7.1.7 (Corollary of Theorem 6.6, Lemma 6.8 of [KMS18]). Consider a function

h: {0,1}¢ — {0,1} and an integer T € [1, A /@ L If I, < V/d then

Pyrfo.1y¢[X is not T-right-persistent for h| = O (%) . (7.2)

We generalize the above result to functions with image size r > 2.

Lemma 7.1.8. Consider a function f:{0,1}* — [r] and an integer T € [1,,/@ CIf
IJT < \/E, then

Py f0,134 [X is not T-right-persistent for ﬂ =(r—-1)-0 ( T

2

206



Proof. For all t € [r], define the threshold function h,: {0,1}¢ — {0,1} as:

() — 1 if f(z) > t,

0 otherwise.

Observe that for all ¢ € [r], we have S, € SJT, and thus [, < I, < vd. By Corollary 7.1.7,
we have that eq. (7.2) holds for h = h; for all ¢ € [r]. Next, we point out that a vertex
r € {0,1}¢ is 7-right-persistent for f if and only if z is 7-right-persistent for the Boolean
function hy(,). Too see this, consider a vertex z such that < z. First, note that hyq(x) = 0.
Second, note that hyy(2) = 1 if and only if f(2) > f(x) by definition of hy). Therefore,
f(z) < f(z) if and only if hpy(2) < hpe)(x). Finally, note that all vertices are persistent

for h, since h,(z) = 0 for all z € {0,1}?. Using these observations, we have

Py {0,134 [X is not 7-right-persistent for f] =Py 101} [X is not 7-right-persistent for h f(x)]

< Pyogo34 [3t € [r — 1]: x is not 7-right-persistent for f]

r—1
< Z Py {0,132 [X is not 7-right-persistent for A,
t=1

r—1
T T
= Ol—=|=0r-1)-0(—|,
>0(7)=r-v-o(F)
where the second inequality is by the union bound and the last equality is due to the fact

that eq. (7.2) holds for all hy, t € [r]. O

7.1.3 Proof of Theorem 7.0.1

In this section, we show how to use Lemma7.1.6 and Lemma 7.1.8 to ensure that the condi-

tions of Claim 7.1.4 hold. Once the conditions are met, we prove Theorem 7.0.1.

Proof of Theorem 7.0.1. Let G(A, B, Esp) be the (K, A)-good subgraph for f which we ob-

tain from Lemma7.1.6. Then KvA = @(%) and Fap C Sf_. Without loss of generality,
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suppose that G(A, B, E4p) is a (K, A)-right-good subgraph. Note that G(A, B, E4p) satis-
fies the conditions (a) and (b) of Claim 7.1.4. We define o = K/2¢, so that ov/A = ©(&4).

logd

Before proceeding with the main analysis, we rule out some simple cases with the following

claim.

Claim 7.1.9. Suppose any of the following hold: (a) I > V. (b) r > l(fd, (c) o < _’”'i;%d,
Then, for (x,y) ~ Dpair(0,1), we have Py y[f(x) > f(y)] > ﬁ(%)

Proof. As we remarked, for 7 = 1, Alg. 3 has the same guarantees as the edge tester. By
definition, the edge tester rejects with probability at least %. Therefore, (a) implies the
conclusion, since if [, > Vd, then the edge tester succeeds with probability Q(\/LE) In
addition, the edge tester rejects with probability Q(%{)) for all real-valued functions. Thus,

. . . . . d 2
(b) implies the conclusion, since if r > lggfd, then %{) > r\jg;lg -

To see that (c) implies the conclusion, suppose o < 7%2  Recall that ov/A = O(

(/)
NZ ogd
Thus,

1

).

oVA)? -1 e(f)\?2 5f2\/_
U-A:( ):0' -@((1(){%31)):{](%).

Next, recall that Exp C §; and since G is (K, A)-right-good, we have [Eap| = |B|-A = K-A.

-
Thus, I, > I;—f = 0 - A. Therefore, the edge tester rejects with probability % > % >

e(f)?
£ (T\/a-(logd)?’)' -
In light of Claim 7.1.9, we henceforth assume that I, < Vi, r < vd and o > rlogd

logd’ Vvd

Note that this implies T'ij%d < 1 and T'i;gd < o < 1. Since the tester iterates through all

values of 7 that are powers of 2 and at most

_d_
logd?’

7 < 0 d <27,
r—1\ logd

Note that these bounds imply that 7/ > % - v1ogd. Moreover, since I < Vd, we can apply

we can fix the unique value 7’ satisfying
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Lemma7.1.8 to conclude that the fraction of vertices in {0, 1} which are not (7' — 1)-right-

persistent for f is at most % for some constant ¢ > 0. Using our upper bound on 7/,

ag

2 for sufficiently large d. Since |B| = o - 2%, we conclude that

this value is at most \/Tc.)—Lgd <

at least 5| B| vertices in B are (7/ — 1)-right-persistent. Finally, we show that A - 7/ < d.

d 1 dA 1 e(f)
A7 <A g = .oV A < e\
= r—1\logd r—1 ’ logd = r—1 (logd

< d,

Vlogd

and therefore condition (c¢) of Claim 7.1.4 holds. We have shown that all conditions, (a),
(b), and (c) of Claim 7.1.4 hold. Therefore, for (x,y) ~ Dpair(0,7), we have

o .7
.o - A for some constant C’ > 0.

Paylf(x) > f(y)] =

Using our lower bound on 7/, it follows that

Puylf(x) > f( )]>O/'T'—""A>1 g d C-o-A  C-0*A
Xy Yz d 2 r—1\ logd d _2(7,_1>\/ng.

Since (0v/A)? =0 ((E(f))2>, then:

logd

P (s ) Dyase0.) [ (%) > f(¥)] = Cre(f)” 5 <€(f)2) '

2(r — 1)v/d(log d)5/2 rd

Therefore, 6(%) iterations of the tester with (x,y) ~ Dpair(0,7) will suffice for the tester
to detect a violation to monotonicity and reject with high probability. This concludes the

proof of Theorem 7.0.1. O

7.2 An Q(rv/d) Lower Bound for Non-adaptive One-Sided Testers

In this section, we prove Theorem 7.0.2 which gives a lower bound on the query complexity of

testing monotonicity of real-valued functions with 1-sided error nonadaptive testers. Fischer
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et al. proved Theorem 7.0.2 for the special case of r = 2 [FLNT02, Theorem 19]. Our
proof of Theorem 7.0.2 is a natural extension of their construction to the more general case

of r € [2,V/d].

Proof. Fix r € |2, \/3] We show that every nonadaptive, 1-sided error tester for functions
over {0, 1} with image size r must make Q(rv/d) queries. This implies Theorem 7.0.2, since

Blais et al. [BBM12, Theorem 1.6] proved an (min(d, r?)) lower bound for all testers.

For convenience, assume d is an odd perfect square and r divides 2v/d + 1. We partition
the points 2z € {0,1}%°! into levels, according to their weight |z|. We group levels from the
middle of the (d — 1)-dimensional hypercube into r blocks of width w, where w = Ngﬁ.

Specifically, for each j € [r], we define the set
a1, (; d—1 :
Zj =320, (= D < |4 - (5= = Vd) < ju .

Observe that

OZJZ{ZE{O,l}d—lz —Vd < ‘\z|_%’ S\/g}

and Z; is a block of w consecutive levels from the middle of the (d—1)-dimensional hypercube.
For each i € [d], we define function f;: {0,1}¢ — [r] as follows. For x € {0,1}% and i € [d],
let x_; be the point in {0,1}?"! obtained by removing the i’th coordinate from z. Given

x € {0,1}4, we define

/

r if |x_i|>%—|—\/3,

filz) = {1 if lv_;| < 452 — V4,

\j + (1 - l’z) if r_; € Zj.

Claim 7.2.1. For alli € [d], =(f;) = Q(1).

Proof. Consider the matching of edges M = {(x, y):zi=0,y;=1andz; =y € U,_, Zj}.

210



Observe that all pairs in M are edges violated by f; and |M]| = Q(1) - 24. O

Every 1-sided error tester must accept if the function values on the points it queried are
consistent with a monotone function. We say that a set @ C {0, 1}d of queries contains a
violation for a function f if there exist z,y € @ such that x < y and f(z) > f(y). If @
does not contain a violation, then the function values on () are consistent with a monotone

function.

Claim 7.2.2. For all sets Q C {0,1}¢ of queries,
[{i € [d]: Q contains a violation for f;}| <w-|Q|.

Proof. We use the following claim due to [BCP*20].

Claim 7.2.3 (Lemma 3.18 of [BCP*20], rephrased). Let ¢,d € N and Q C {0,1}%. Given
zr,y € Q, define cap,(x,y) as follows. If x and y differ on at least ¢ coordinates, then
let cap.(x,y) be the set of the first ¢ coordinates on which x and y differ. Otherwise,
let cap.(x,y) be the set of all coordinates on which x and y differ. Define cap,(Q) =

Usyeq cope(,y). Then |eap (Q)| < c(|Q] = 1).

By design of f;, if () contains a violation for f;, then there exist x,y € @) that differ in at
most w coordinates, one of which isi. Then i € cap, (z,y) and thus ¢ € cap,(Q). Therefore,

by Claim 7.2.3,
[{i € [d]: Q contains a violation for f;}| < |cap,(Q)| < w(|Q] —1) <w-|Q).

This completes the proof of Claim 7.2.2. O]

Now, consider a nonadaptive tester 7" with 1-sided error that makes g = ¢(e, d, r) queries.

Let @ C {0,1}" denote the random set of queries of size ¢ made by 7. Using linearity of
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expectation and Claim 7.2.2,
d
Z P[T finds a violation for f;] = Ig;“{@ € [d]: Q contains a violation for fl}u <w-q

=1

and therefore there exists i € [d] such that

. 2vVd+1) -
P [T finds a violation for f;] < i (2Vd+1) g < i ,
d rd r\/c_i

whereas, if T is a valid monotonicity tester, then we must have P[T" finds a violation for f;] >
2/3. Therefore, for T to be a valid monotonicity tester, we require that it makes ¢ > %r\/a =
Q(rv/d) queries. O
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CHAPTER 8

Approximating the Distance to Monotonicity of

Real-Valued Functions

In this chapter, we prove the following theorem on approximating the distance to mono-
tonicity of real-valued functions over the hypercube. Our proof follows by showing that the
algorithm of Pallavoor et al. [PRW22] can be employed for real-valued functions, using our
generalized directed Talagrand inequality for real-valued functions Theorem 6.0.3 (here we

use the n = 2 case). This result was originally published in [BKR23].

Theorem 8.0.1. There exists a nonadaptive O(y/dlogd)-approximation algorithm for
the distance to monotonicity that, given a parameter o € (0,1) and oracle access to a

function f: {0,1}¢ — R that is a-far from monotone, makes poly(d,1/a) queries.

To prove Theorem 8.0.1, it is sufficient to give a tolerant tester for monotonicity of func-
tions f:{0,1}? — R. A tolerant tester for monotonicity gets two parameters ¢, &, € (0, 1),
where €1 < &9, and oracle access to a function f. It has to accept with probability at
least 2/3 if f is e1-close to monotone and reject with probability at least 2/3 if f is eqo-far
from monotone. Our tester distinguishes functions that are 5(5/ Vd)-close to monotone
from those that are e-far. Suppose this tolerant tester has query complexity ¢(e,d). Then,
by [PRW22, Theorem A.1], it can be converted to a distance approximation algorithm with
the required approximation guarantee and query complexity O(q(«, d) loglog(1/«)). The fol-
lowing lemma, proved by Pallavoor et al. for the special case of Boolean functions, states
our result on tolerant testing of monotonicity. Together with the conversion procedure from

tolerant testing to distance approximation discussed above, it implies Theorem 8.0.1.
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Lemma 8.0.2. There ezists a fized universal constant ¢ € (0,1) and a nonadaptive al-
gorithm, ApproxMono, that gets a parameter € € (0,1/2) and oracle access to a function

f:{0,1}¢ — R, makes poly(d, 1/¢) queries and returns close or far as follows:

1. Ife(f) < Tt Ut outputs close with probability at least 2/3.

2. If e(f) > € it outputs far with probability at least 2/3.

Proof. We show that Algorithm ApproxMono of Pallavoor et al. [PRW22], presented as Alg. 4,
works for real-valued functions. At a high level, the algorithm uses the fact that a function
that is far from monotone violates many edges or has a large matching of violated edges of a
special type. The first subroutine estimates the number of edges violated by the function by
sampling edges uniformly at random and checking if they violate monotonicity. The second
subroutine estimates the size of the special type of matching of violated edges. If either of

these estimates is large enough, the algorithm outputs far. Otherwise, it outputs close.

The class of matchings sought by the algorithm is parametrized by a subset of the co-
ordinates S C [d]. The special property of these matchings is that one can verify locally

whether a given point is matched by querying its neighbors and their neighbors.

To estimate the size of the matching parametrized by S, the algorithm estimates the
probability of the following event Capture(x,S, f). We denote by () the point in {0, 1}¢

whose i-th coordinate is equal to 1 — z; and the remaining coordinates are the same as in z.

Definition 8.0.3 (Capture Event). For a function f:{0,1}* = R, a set S C [d], and a

point x € {0,1}4, let Capture(z, S, f) be the following event:

1. There exists an index i € S such that, for y = 29, the edge between x and y is violated

by f. (Note that the edge between x and y is (x,y) if x; = 0; otherwise, it is (y,x).)

2. Neither the edges of the form (y,yY9) nor the edges of the form (y),vy), where j €
S\ {i}, are violated by f.

Denote Py (9134 [Capture(x, S, f)] by ps(S).
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Observe that pi/(S) can be estimated nonadaptively, by sampling vertices z uniformly
and independently at random and querying f on x and all points that differ from x in at

most two coordinates.

Figure 8.1: An illustration to Definition 8.0.3. Two cases are depicted: when x < y and when
y < .

Algorithm 4 Algorithm ApproxMono

Input: Parameters € € (0,1/2) and dimension d; oracle access to function f: {0,1}¢ — R.

1: Calculate 7, an estimate of the fraction of the hypercube edges that are violated by f,
up to an additive error #\/ng.

2: if U > 3¢/(4y/dlogd) then return far.

3: for t € {1,2,4,...,2l°524} do

: Sample S C [d] by including each coordinate ¢ € [d] independently with probability
1/t.

5: Calculate /i, an estimate of ps(S) = Py.fo13¢ [Capture(x, S, f)] up to an additive

c e /
CITOT e for some constant ¢ > 0.

. LY 3c'-e
6: if o > NI then return far.

7. Return close.

The first component of the analysis is the observation that both the fraction of violated
edges and pf(S), for every S C [d], provide a good lower bound on the distance to mono-
tonicity. We state this observation without proof because the proof for the Boolean case
from [PRW22] extends to the general case verbatim. Intuitively, it tells us that, assuming
that the two estimates computed by Alg. 4 are accurate, if one of the estimates is large

enough then the input function is far from monotone.
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Observation 8.0.4 ([PRW22]). For every function f : {0,1}¢ — R, the distance £(f) is at
least half the fraction of the hypercube edges that are violated by f and e(f) > pug(S)/2 for
all S C [d].

The second (and the main) component of the analysis for the Boolean case is [PRW22,
Lemma 2.8|, which relies on the robust isoperimetric inequality of [KMS18]. We generalize
this lemma to real-valued functions in Lemmag8.0.5 below. Intuitively, it states that, if
function f violates few edges then, for one of the O(logd) choices of the parameter tried
in Step 3 of Alg. 4 for sampling set S, the expectation of us(S) is large in terms of (f).
That is, again assuming that the estimates computed by Alg. 4 are accurate, if none of the

estimates is large enough then the input function is close to monotone.

Equipped with Observation 8.0.4 and Lemma8.0.5, it is easy to convert the intuition
above into the formal proof that the algorithm satisfies the guarantees of Lemma8.0.2. This
part of the proof uses standard techniques and is the same as for the case of Boolean functions

described in [PRW22], so we omit it. This completes the proof of Lemma8.0.2. O

It remains to prove the following lemma, which crucially relies on our robust isoperimetric
inequality for real-valued functions. We generalize the quantities used by Pallavoor et al. so
that the proof is syntactically similar to that for the case of Boolean functions. One subtlety
that arises in the case of real-valued functions is that a vertex can be incident to violated
edges of both colors. In constrast, in the case of Boolean functions, each vertex can be
adjacent either to violated edges going to higher-weight vertices or to violated edges going

to lower-weight vertices, that is, it cannot be incident on both blue and red violated edges.

Lemma 8.0.5 (Generalized version of Lemma 2.8 of [PRW22]). Let f: {0,1}% — R be

€
dlogd”

e-far from monotone, with fraction of violated edges smaller than Then, for some

t€{1,2,4,... 20} it holds that

3

E, 1= (7).

€S w.p. 1/t
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Proof. For z € {0,1}%, let U () denote the number of violated edges incident on z (both

incoming and outgoing). Consider the following 2-coloring of the edges in Sp:

<

red if Uy (z) > Uy (
blue if U, (z) < U, (

);
).

col((r,y)) =

<

This coloring ensures that, in the isoperimetric inequality, each edge is counted towards the
endpoint incident on the largest number of violated edges (and, in case of a tie, towards the

lower endpoint).

The proof of [PRW22, Lemma 2.8] relies on the existence of a set B C {0,1}% and a color

b € {red, blue} that satisfy the following two properties:

1. no edge violated by f has both endpoints in the set B;

2. 312 sen \ I, (x) = Q(e).

To obtain the set B and the color b, we partition {0, 1}¢ into two sets:

Beven = {7 € {0,1}% : |2| is even},

Boaa = {x € {0,1}%: |z is odd} .

The sets Bewen and Boqq clearly satisfy property 1. Note that, for the case of Boolean
functions, Pallavoor et al. partition the domain points according to their function values

instead of the parity of their weight to guarantee property 1.

By Theorem 6.0.3 (invoked for the special case of n = 2),

> V@ 4 Te@ + Y Tal®) 4 Trele) 2 €227,

TE€ Beven z€Bodd
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By averaging, there exist a color b € {red, blue} and a set B € { Boyen, Boaa} that satisfy

> (@) > % -2, (8.1)

zeB

Therefore, property 2 also holds. Note that due to the partition into even-weight and odd-
weight points we loose an extra factor of 2 as compared to Pallavoor et al. in the contribution
of the set B and the color b to the isoperimetric inequality. This results in a loss by a factor

of 2 (hidden in the Q-notation) in the lower bound in Lemma 8.0.5.

The rest of the proof is the same as in [PRW22], so we only summarize the key steps.
We proceed by partitioning the points x € B into buckets B; ¢ for ¢,s € {1,2,4, ... , 2los2d]

where t > s, as follows:
Bis={reB:t<U;(r)<2tands<I(z) <2s}.

Each vertex z € B, is incident on between t and 2t violated edges and between s and 2s

edges colored b, which are counted towards x in property 2.

When the set S is chosen so that each coordinate is included with probability 1/¢, it
holds for all = € B, ¢ that the event Capture(x, S, f) occurs with probability Q(s/t). Using
this claim, one can lower bound the contribution of each bucket towards Egcq[us(S)]. By
combining the contributions of the buckets with the same value s and applying the Cauchy-

Schwartz inequality, one obtains

155 | Brs|V/$ ?
> E [w(S)stz(;- <Z§m2‘8,&"$‘f’ ) 2)

te{1,2,4,..,2008241} g wp 1/t

We lower bound the sum in the numerator using (8.1) and upper bound the sum in the

denominator using the assumed upper bound on the number of violated edges. As a result,
we get that the left-hand side of (8.2) is Q(ey/Iog d/v/d). Averaging over the O(log d) possible
values of ¢ yields Lemma 8.0.5. O
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Part I11

Sample-Based Testing and Learning

of k-Monotone Functions
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CHAPTER 9

Introduction

A function f: X — R over a partial order P = (X, <) is k-monotone if there does not
exist a chain of k + 1 points 1 < zo < -+ < x4y for which (a) f(zi1) — f(z;) < 0
when i is odd and (b) f(xi41) — f(z;) > 0 when ¢ is even. When k& = 1, these are the
monotone functions, which are the non-decreasing functions with respect to <. Monotone
and k-monotone Boolean functions over domains {0, 1}¢, [n]¢, and R? have been the focus of
a significant amount of research in property testing and computational learning theory. We

give an overview of the literature in Section 9.2.

The field of property testing is concerned with the design and analysis of sub-linear time
randomized algorithms for determining if a function has, or is far from having, some specific
property. A key aspect in the definition of a property testing algorithm is the type of access
it has to the function. Early works on property testing, e.g. [RS96, GGRI8], focused on the
notion of query-based testers, which are allowed to observe the value of the function on any
point of their choosing, and since then this has become the standard model. The weaker
notion of sample-based testers, which can only view the function on independent uniform
samples, was also considered by [GGR98] and has received some attention over the years,
see e.g. [KR00, BBBY12, FLV15, GR16, FH23]. Sample-based algorithms are considered
more natural in many settings, for example in computational learning theory, where they are
the standard model. In fact, sample-based testing and learning are closely related problems;
given a learning algorithm, it is always possible to design a testing algorithm with the same

sample complexity, up to an additive poly(1/e) factor!.

!See Lemma 11.6.1 for a precise statement. Also, note that if the learning algorithm is proper, then the
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For many fundamental properties, there is still a large gap between how much we know
in the query-based vs the sample-based models. Monotonicity (and k-monotonicity) is such
a property; despite a vast body of research on query-based monotonicity testing over the
hypercube {0,1}4, the only work we know of which considers this problem in the sample-
based model is [CGL*00], who gave an upper bound of O(,/24/¢) and a matching lower
bound for the case when ¢ = O(d~/?) on the number of samples needed to test monotonicity
of functions f: {0,1}% — {0,1}. The upper bound for learning monotone Boolean functions
due to [BT96, LRV22] also implies a testing upper bound of exp(O(%\/a)). Thus, this

question has been wide open for £ > d=3/2.

Our work addresses this gap in the monotonicity testing literature, proving a lower bound
which matches the learning upper bound for all £ at most some constant. More generally,
we prove tight lower bounds for k-monotonicity testing of functions, f: {0,1}¢ — [r], i.e.
functions with image size at most r. To round out our results, we also give an improved
learning algorithm for Ak-monotone functions over R? under product distributions whose
sample complexity matches our sample-based testing lower bound, up to poly-logarithmic

factors in the exponent.

9.1 Results

Before explaining our results and the context for them, we first provide some terminology
and basic notation. Given a domain & and a distribution u over X', we denote the Hamming
distance between two functions f,g: X — R under p by d,(f, 9) = Pou[f(z) # g(z)]. We
say that f is e-far from k-monotone if d,(f,g) > ¢ for every k-monotone function g. The
results in this paper pertain to sample-based testing and learning of k-monotone functions

with respect to Hamming distance. We use the following terminology:

time complexity is also preserved. If the learning algorithm is improper, then there is a time complexity
blow-up, but the sample complexity is still preserved.
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e The example oracle for f under p, denoted by EX(f, ), when queried, generates an

example (z, f(z)) where x is sampled according to p.

e A sample-based k-monotonicity tester under i is a randomized algorithm which is given
access to EX(f, p) for an arbitrary input function f and satisfies the following: (a) if
f is k-monotone, then the algorithm accepts with probability at least 2/3, and (b) if
f is e-far from k-monotone, then the algorithm rejects with probability at least 2/3.

The tester has one-sided error if in case (a) it accepts with probability 1.

o A sample-based learning algorithm for k-monotone functions under p is a randomized
algorithm which is given access to EX(f, i) for an arbitrary k-monotone input function
f and outputs a hypothesis h such that d,(f, h) < e with probability at least 1 —¢. If
left unspecified, 6 = 1/3.

In all of the above definitions if p is unspecified, then it is the uniform distribution.
Testing and learning are closely related problems; any sample-based learning algorithm can
be used to construct a sample-based tester with the same sample complexity. We refer to
this transformation as the testing-by-learning reduction and although this is not a new idea

we provide a proof in Section 11.6 for completeness.

9.1.1 Sample-Based Testing and Learning on the Hypercube

The problem of learning monotone Boolean functions over the hypercube {0, 1}% was studied
by [BT96] who proved an upper bound? of eXp(O(min{%\/E, d})) for improper learning and
very recently by [LRV22, 1.V23] who obtained the same upper bound for agnostic proper
learning. The improper learning upper bound was extended by [BCO'15] who showed

matching upper and lower bounds of exp(@(min{gx/a, d})) for learning k-monotone Boolean

2We remark that any function over {0,1}% can be learned exactly with O(d2%) = exp(O(d)) samples
by a coupon-collector argument. Combining this with the exp(O(1v/d)) upper bound by [BT96] yields

exp(O(min{é\/a, d})). We use this slightly clunkier notation involving the min to emphasize that our upper
and lower bounds are matching in all parameter regimes.

222



functions for any k > 1. The testing-by-learning reduction shows that their upper bound
also holds for sample-based testing. The only prior lower bound for sample-based testing
that we're aware of is Q(y/2%/¢) when ¢ = O(d~%?) and k = 1 [GGL*00, Theorem 5]. Our
main result is the following much more general lower bound for this problem, which we prove

in Chapter 10.

Theorem 9.1.1 (Testing Lower Bound). There is an absolute constant ¢ > 0 such that
for all € < ¢, every sample-based k-monotonicity tester for functions f: {0,1}% — [r]

under the uniform distribution has sample complezity

oo s8]

Even for the special case of sample-based monotonicity testing of Boolean functions
(k=1 and r = 2), Theorem 9.1.1 is already a new result, which matches the upper bound
for learning by [BT96] and is the first lower bound to hold for ¢ > d~3/2. Moreover, our
lower bound is much more general, holding for all r, k, and is optimal in all parameters,
d,r, k,e, up to a constant factor in the exponent. We show a matching upper bound in

Theorem 9.1.3.

We also note that the testing-by-learning reduction implies that the same lower bound
holds for learning with samples. As we mentioned, this result was already known for Boolean
functions (the r = 2 case) [BCO™15], but the general case of r > 2 was not known prior to

our work.

Corollary 9.1.2 (Learning Lower Bound). There is an absolute constant ¢ > 0 such
that for every ¢ < ¢, every sample-based uniform-distribution learning algorithm for

k-monotone functions f: {0,1}2 — [r] has sample complexity

oo s8]
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On the upper bound side, a relatively straightforward argument extends the learning
algorithm of [BCO™*15] for Boolean k-monotone functions, to k-monotone functions with
image size at most r. We give a short proof in Section 9.3. This shows that our lower

bounds in Theorem 9.1.1 and Corollary 9.1.2 are tight.

Theorem 9.1.3 (Learning Upper Bound for Hypercubes). There is a uniform-distribution
learning algorithm for k-monotone functions f: {0,1}¢ — [r] which achieves error at

most € with time and sample complexity

ool 04))

The testing-by-learning reduction again gives us the following corollary.

Corollary 9.1.4 (Testing Upper Bound for Hypercubes). There is a sample-based k-

monotonicity tester for functions f: {0,1}¢ — [r] with sample complezity

ool 04))

Lastly, we consider the problem of sample-based testing with one-sided error. For mono-
tonicity testing of functions f: {0,1}¢ — {0, 1} with non-adaptive queries, we know that one-
sided and two-sided error testers achieve the same query-complexity (up to polylog(d, 1/¢)
factors): there is a O(v/d/c%) one-sided error upper bound due to [KMS18] and a Q(v/d)
two-sided error lower bound due to [CWX17]. We show that the situation is quite different
for sample-based monotonicity testing; while the sample complexity of two-sided error testers

is exp(@(min{i\/a, d})), one-sided error testers require exp(©(d)) samples for all .

Theorem 9.1.5 (Testing with One-Sided Error). For every d,r,k, and € > 0, sample-

based k-monotonicity testing of functions f: {0,1}% — [r] with one-sided error requires
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exp(O(d)) samples.

9.1.2 Sample-Based Testing and Learning in Continuous Product Spaces

Learning k-monotone Boolean-valued functions has also been studied over R? with respect
to product measures by [HY22] who gave an upper bound of exp(5(min{€%\/3, d})) where
5() hides polylog factors of d, k, and 1/e. Our next result gives an upper bound which
improves the dependence on € from 1/£2 to 1/¢ in the exponent. By the same approach we
used to generalize the upper bound in Theorem 9.1.3 to arbitrary r» > 2, we get the same
generalization for product spaces. We obtain the following upper bound which matches our

lower bound for {0,1}¢ in Theorem 9.1.1 up to polylog factors of d, k,r, and 1/e. We say

that a function f: R? — [r] is measurable if the set f~1(i) is measurable for every i € [r].

Theorem 9.1.6 (Learning Upper Bound for Product Spaces). Given an arbitrary prod-
uct measure i, there is a learning algorithm under u for measurable k-monotone functions

f: R? — [r] with time and sample complexity
~ . [k
exp <O (mm {?\/a,d}>) :
The 5() hides polylogarithmic dependencies on d,r,k, and 1/e.

We prove Theorem 9.1.6 in Chapter 11. Once again the testing-by-learning reduction

gives us the following corollary for sample-based testing.

Corollary 9.1.7 (Testing Upper Bound for Product Spaces). Given an arbitrary product

measure pi, there is a k-monotonicity tester for measurable functions f: R — [r] under

oo (o(en {25}
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The 5() hides polylogarithmic dependencies on d,r,k, and 1/e.

9.1.3 Proof Overviews

In this section we give an overview of our proofs for Theorem 9.1.1 and Theorem 9.1.6.

9.1.4 The Testing Lower Bound for Hypercubes

Our proof of Theorem 9.1.1 uses a family functions known as Talagrand’s random DNF's
introduced by [Tal96] which have been used by [BB21] and [CWX17] to prove lower bounds
for monotonicity testing of Boolean functions f: {0,1}¢ — {0, 1} against adaptive and non-
adaptive query-based testers. Very recently, they have also been used to prove lower bounds

for tolerant testing by [CDL"23].

To understand our construction, let us first consider the special case of monotonicity of
Boolean functions, i.e. k=1 and r = 2. We think of a DNF term as a point ¢ € {0, 1} which
is said to be satisfied by z € {0,1}% if ¢ < z, where < denotes the standard bit-wise partial
order over {0,1}¢. Consider N randomly chosen terms t!,... t¥ each of width |t/| = w.
We will see later how to choose N and w. Let B := {z: ¢ < |z| < ¢ + &V/d} and for each
J € [N], let

U={zecB:t <gand t/ £ forall j #j}

be the set of points in B which satisfy #/ and no other terms. Let U := Uje[N] U;. Now observe
that any two points lying in different U;’s are incomparable and therefore independently
embedding an arbitrary monotone function into each U; will result in a function which
globally is monotone if one defines the function outside of U appropriately. Using this fact
we can define two distributions Dyes and Dy, as follows. Let A denote the set of points in

z € {0,1}¢ for which either |z| > ¢ + ev/d or x € B and #/,#/' < x for two different terms
J#7
o f ~ Dy is drawn by setting f(x) = 1 if and only if z € AU (UjeT Uj) where T C [N]
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contains each j € [N] with probability 1/2, independently. Such a function is always

monotone.

e f ~ D, is drawn by setting f(x) = 1 if and only if z € AU R where R contains each
x € U with probability 1/2, independently. Such a function will be Q(|U| - 27¢)-far

from monotone with probability (1) since its restriction with U is uniformly random.

Now, each z € U satisfies Pyop,,,[f(z) = 1] = Prop,[f(z) = 1] = 1/2 and for both
distributions the events f(z) = 1 and f(y) = 1 are independent when z,y lie in different
Uj’s. Therefore, any tester will need to see at least two points from the same U; to distinguish
Dyes and Dy,. Roughly speaking, by birthday paradox this gives a Q(\/N ) lower bound on
the number of samples. The lower bound is thus determined by the maximum number of

terms N that can be used in the construction for which |U| = Q(g2).

So how are N and w chosen? By standard concentration bounds, we have |B| = Q(g2¢)
and observe that a point x € B satisfies a random term with probability exactly (|z|/d)™.
We need U to contain a constant fraction of B, i.e. we need x to satisfy exactly 1 term with
constant probability. The expected number of satisfied terms is N - (|z|/d)" and, roughly
speaking, we need this value to be ©(1) for all x € B. Applying this constraint to the case
when || = d/2 forces us to pick N ~ 2¥. Now when |z| = d/2 4 eV/d, the expected number
of satisfied terms is N - 27 - (1 4+ 2¢/v/d)” ~ (1 4 2¢/+/d)” and we are forced to choose
w =~ v/d/e. The lower bound for sample-based monotonicity testing of f: {0,1}¢ — {0,1}
is then Q(VN) ~ exp(Q(V/d/¢)).

Let us now think about generalizing this construction to testing k-monotonicity of func-
tions f: {0,1}¢ — [r]. The moral of the above argument is that the permitted number of
terms is controlled by the number of distinct Hamming weights in the set B. We observe that

for larger values of k and r we can partition B into k(r—1) blocks as B := B;UBsU- - ‘UBj(r—1)

each with a window of Hamming weights of size only e f . We are able to essentially repeat
the above construction independently within each block wherein we can set w ~ EHr=0Vd

&€
-1V
and consequently N = gH
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For each block i € [k(r — 1)], the random Talagrand DNF within block B; is defined
analogously to the above construction, except that it assigns function values from {i mod
(r—1),imod (r — 1) + 1}, instead of {0,1}. See Fig.9.1 for an illustration. Since there
are k(r — 1) blocks in total, the distribution Dyes only produces k-monotone functions. At
the same time, a function f ~ D,, assigns uniform random {a,a + 1} values within each
block By, (r—1)4¢. This results in a large number of long chains through B, U B _1)4,U---U
B(—1)(r—1)+o Which alternate between function value a and a+1. Considering the union of all

such chains for a = 0,1, ..., 7 —2 shows that f is (¢)-far from k-monotone with probability

Q(1).

9.1.5 The Learning Upper Bound for Product Spaces

As we discussed in Section 9.1, it suffices to prove Theorem 9.1.6 for the case of r = 2,
i.e. learning functions f: R? — {#1} under a product measure u. We use a downsampling
technique to reduce this problem to learning a discretized proxy of f over a hypergrid [N]¢
where N = ©(kd/e) with mild label noise. This technique has been used in previous works

[GKW19, BCS20, HY22] and our proof borrows many technical details from [HY?22].

Next, for N which is a power of 2, we observe that a k-monotone function f: [N]? — {41}
can be viewed as a k-monotone function over the hypercube {41}¢°¢" by mapping each
point x € [N]? to its bit-representation. We can then leverage a result of [BCO™15] which
shows that all but a e-fraction of the mass of the Fourier coefficients of k-monotone Boolean
functions f: {0,1}% — {0,1} is concentrated on the terms with degree at most %&' We can
then use the Low-Degree Algorithm introduced by [LMN93] which was shown to work under

random classification noise by [Kea98].
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Figure 9.1: An illustration of the construction used in our proof of Theorem 9.1.1. The image
represents the set of points in the hypercube {0, 1Y% with Hamming weight in the interval [2, 5 +5\f)
increasing from bottom to top. The numbers on the left denote the Hamming weight of the points
lying in the adjacent horizontal line. The B; blocks are the sets of points contained between two
adjacent horizontal lines. Fach orange shaded region within B; represents the set of points satisfied

by a term t"3. The blue numbers represent the value that functions in the support of Dyes and D,
can take. We have used the notation “r — 1,27 as shorthand for r — 2,7 — 1.
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9.2 Related Work

Monotone functions and their generalization to k-monotone functions have been extensively
studied within property testing and learning theory over the last 25 years. We highlight some
of the results which are most relevant to our work. Afterwards, we discuss some selected

works on sample-based property testing.

Sample-based monotonicity testing: Sample-based monotonicity testing of Boolean
functions over the hypercube, {0, 1}¢, was considered by [GGL*00] (see [GGL* 00, Theorems
5 and 6]) who gave an upper bound of O(y/29/¢) and a lower bound of Q(y/2%/¢) for
€= O(d_3/ 2). Sample-based monotonicity testing over general partial orders was studied by
[FLN*02] who gave a O(y/N/¢) one-sided error tester for functions f: D — R where D is
any partial order on N elements. Sample-based monotonicity testing of functions on the line
f:[n] = [r] was studied by [PRV18] who gave a one-sided error upper bound of O(y/r/¢)
and a matching lower bound of Q(,/r) for all sample-based testers.

Query-based monotonicity testing: Monotonicity testing has been extensively studied
in the standard query model [Ras99, EKKT00, GGLT00, DGL*99, LR0O1, FLN"02, HK03,
AC06, HK08, ACCLO07, Fis04, SS08, Bha08, BCSM12, FR10, BBM12, RRS*12, BGJ 12,
CS13, CS14a, CST14, BRY14a, BRY14b, CDST15, CDJS17, KMS18, BB21, CWX17, BCS18,
PRV18, BCS20, HY22, BKR23, BKKM23, BCS23h, BCS23a, CDL*23]. See Chapter 2 for

an extended discussion on this body of work.

k-Monotonicity testing: The generalization to k-monotonicity testing has also been
studied in the standard query model by [GKW19, CGGT19]. These works show that
the query-complexity of non-adaptive one-sided error k-monotonicity testing is exp(©(v/d))
for all k& > 2, demonstrating an interesting separation between (1-)monotonicity and 2-

monotonicity.
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Learning monotone functions: Monotone Boolean functions f: {0,1}¢ — {0,1} were
studied in the context of learning theory by [BT96] who showed that they can be (improperly)
learned to error € under the uniform distribution with exp(O(1v/d)) time and samples. Very
recent works [LRV22, LV23] have given agnostic proper learning algorithms with the same

complexity.

Learning k-monotone functions: The result of [BT96] was generalized by [BCO'15]
who gave upper and lower bounds of exp(@(fx/ﬁ)) for learning k-monotone Boolean functions
f:{0,1}¢ — {0, 1}. For Boolean functions over hypergrids f: [n]¢ — {0, 1}, [CGGT19] gave
an upper bound of exp(é(min(e%\/a, d))) where O(-) hides polylog factors of d, k, 1/e. This

result was generalized to functions f: R? — {0, 1} under product measures by [HY?22].

Sample-based property testing: The notion of sample-based property testing was first
presented and briefly studied by [GGR98]. Broader studies of sample-based testing and its
relationship with query-based testing have since been given by [FGL14, FLV15, GR16]. A
characterization of properties which are testable with a constant number of samples was

given by [BY19].

As we mentioned, sample-based algorithms are the standard model in learning theory,
and learning requires at least as many samples as testing for every class of functions. Thus,
it is natural to ask, when is testing easier than learning in terms of sample complexity?
This question is referred to as testing vs learning and has been studied by [KKR00] and more

recently by [BFH21, FH23].

There has also been work studying models that interpolate between query-based and
sample-based testers. For instance, [BBBY12] introduced the notion of active testing, where
the tester may make queries, but only on points from a polynomial-sized batch of unlabeled
samples drawn from the underlying distribution. This was inspired by the notion of active

learning which considers learning problems under this access model.

Sample-based convexity testing of sets over various domains has also seen some recent
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attention [CFSS17a, BMR19a, BMR19b, BBH23).

9.3 Learning Functions with Bounded Image Size: Proof of The-

orem 9.1.3

In this section we give a short proof showing that the learning algorithm of [BCO™15] can be
extended in a relatively straightforward manner to functions f: {0,1}¢ — [r] by increasing

the sample-complexity by a factor of r in the exponent.

Proof of Theorem 9.1.3. [BCO'15, Theorem 1.4] proved this result for the case of r = 2.
By standard arguments, their theorem can be strengthened slightly so that with probability
at least 1 — 9, the learner outputs a hypothesis with error at most ¢, and the time and
sample complexity is only larger by a multiplicative factor of poly(e~!,§71). We will need
this slightly stronger statement.

For each t € [r], let f;: {0,1}% — {0, 1} denote the thresholded Boolean function defined
as fi(z) := 1(f(z) > t). Observe that for all z € {0, 1} we have f(z) = argmax,{fi(x) = 1}.
Thus, for each ¢ € [r], run the learning algorithm of [BCO™15] with error parameters set to
¢’ :=¢/r and 0 = 1/3r to obtain a hypothesis h;. We have P[d(h:, f;) > ¢/r] < 1/3r. By a
union bound, with probability at least 2/3, every ¢ € [r| satisfies d(hy, fi) < e/r. Moreover,
if this holds then by another union bound we have P,[3t € [r]: hy(z) # f(x)] < e. Thus, the
hypothesis h(x) := argmax,{h,(z) = 1} satisfies d(h, f) < e. The number of samples used is
poly(e~1,r) - exp(O(min{g\/El, d})) and this completes the proof. O

9.4 Preliminaries on k-Monotonicity

We use the notation [n] :={0,1,...,n—1}.

Definition 9.4.1. Given a poset P = (X, =X) and a function f: X — R, an m-alternating

chain is a sequence of points x1 < Ty < -+ < X, such that for alli € {1,...,m — 1},
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1. f(ziy1) — f(z;) <0 when i is odd, and
2. f(ziy1) — f(x;) > 0 when i is even.

Definition 9.4.2 (k-monotonicity). For a poset P = (X, =X), a function f: X — R is called

k-monotone if it does not have any (k + 1)-alternating chains.

Let Mp denote the set of all k-monotone functions f: X — R over the poset P =
(X,=). The Hamming distance between two functions f,g: X — R is d(f,g) = |X|™* -
H{z € X: f(x) # g(x)}|. The distance to k-monotonicity of f is denoted by e(f, Mpy) =
minge pp , d(f, g). The following claim is our main tool for lower bounding the distance to

k-monotonicity.

Claim 9.4.3. Let f: X — R and k' > 3k be an integer. Let C C X*¥ be a collection of

disjoint k'-alternating chains for f. Then

(faM’Pk >

> — U7

cec

Proof. Observe that every k-monotone function g € Mp has the following property: for

every C' = (x1, 22, ...,x)) € C, the sequence
(1, g(w2) — g(x1), 9(w3) — g(x2), ..., g(xp) — 9(95k’—1))
changes sign at most £ — 1 times, whereas the sequence

(1, fxa) — f(a1), fxs) = flz2), ..., flaw) = f(zr-1))

changes sign exactly & — 1 times. We have prepended a 1 so that the first sign change occurs
as soon as the function value decreases. Now, changing f(x;) can only reduce the number of

times the sequence changes sign by at most 2 and so |{i: f(z;) # g(z:)}| > ’“/T_k Summing
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over all chains in C and normalizing yields

K-k ||
>
2 |X

€| 1
B el B O

X[~ 3|

wl| =

d(f,g) >

Uc

cecC

where the second inequality follows from k& < k’/3 and the third inequality is due to the fact
that the chains in C are all disjoint and each of size k’. This completes the proof since this

inequality holds for all g € Mp . H

We use the notation M, to denote the set of all k-monotone functions f: {0,1}% — [r]

over the hypercube whose image has at most r distinct values.
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CHAPTER 10

Lower Bounds for Sample-Based k-Monotonicity

Testing

In this chapter we prove the following lower bounds on the sample complexity of testing k-
monotonicity of functions f: {0,1}¢ — [r]. The main result in this chapter is Theorem 10.0.1
which we prove in Section 10.1. The proof of Theorem 10.0.2 is given in Section 10.2 and is

relatively straightforward.

Theorem 10.0.1 (Testing with Two-Sided Error). There is an absolute constant ¢ > 0
such that for alle < c, every sample-based k-monotonicity tester for functions f: {0,1}¢ —

[r] under the uniform distribution has sample complezity
. [rk
exp (Q (mln {—\/&,d})) ;
€

Theorem 10.0.2 (Testing with One-Sided Error). For every d,r, k, and € > 0, sample-
based k-monotonicity testing of functions f: {0,1}¢ — [r] with one-sided error requires

exp(O(d)) samples.

10.1 Two-Sided Error Lower Bound

Our proof of Theorem 10.0.1 follows the standard approach of defining a pair of distributions

Dyes, Duo over functions f: {0,1}% — [r] which satisfy the following:
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e Dy is supported over k-monotone functions.

e Functions drawn from Dy, are typically Q(e)-far from k-monotone: Pyop, [e(f, M, k) =
Q)] = Q(1).

e The distributions over labeled examples from Dyes and D,, are close in TV-distance.

Our construction uses a generalized version of a family functions known as random Ta-
lagrand DNFs, which were used by [BB21] and [CWX17] to prove lower bounds for testing

monotonicity of Boolean functions with adaptive and non-adaptive queries.

(7”1

Let r, k satisfy rk < Vd oy convenience, we will assume that and V/d are integers

4800
and that @ divides v/d. Let L; := {z € {0,1}%: |z| = £} denote the £'th Hamming level

of the hypercube. We partition Uy Laj2+¢ into k(r — 1) blocks as follows. For each
i € [k(r —1)], define

(i+1)- k(r 1) -1

Bi= U Luw

. evd
=i kfr‘—l)

The idea of our proof is to define a random DNF within each B;. The width of each DNF

— (r=Dkvd Uk\[ and for each 7, the number of terms in the DNF within B; will be

will be set to w :=
set to N; := 2V . e~ = 2%(1_0(1)). The DNF defined over B; will assign function values
from {i mod (r —1),7 mod (r — 1) + 1}. The terms in each DNF will be chosen randomly
from the following distribution. We think of terms as points ¢ € {0,1}¢ in the hypercube

where another point = satisfies t if t < x, i.e. t; = 1 implies z; = 1.

Definition 10.1.1 (Term distribution). A term t € {0,1}¢ is sampled from the distribution
Diern as follows. Form a (multi)-set S C [d] by choosing w independent uniform samples

from [d]. For each a € [d], let t, :==1(a € S).
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10.1.1 The Distributions Dy.s and Dy,

We now define the yes and no distributions over functions f: {0,1}¢ — [r]. For each i €
[k(r—1)], choose terms ¢!, . .. ##Ni iid. from Dyery and let t = {t%7: i € [k(r—1)], j € [N;]}

denote the random set of all terms. Now, for each i € [k(r — 1)] and j € [IV;], define the set
U; = {x € B;: x>t and x ¥t for all j' # j} (10.1)

of all points in the ¢’th block that satisfy the j'th term uniquely. Let U; = Uje[Ni] U; ; denote
the set of points in B; that satisfy a unique term. The following claim is key to our result

and motivates our choice of w and N;. We defer its proof to Section 10.1.2.
Claim 10.1.2. For anyi € [k(r — 1)], j € [N;], and x € B;, we have

1
20N;

3

As a corollary, we have Pylx € U] > 1/20.

Functions drawn from Dyes are generated as follows. For each i € [k(r — 1)] choose a

uniform random assignment
¢;: [Ni] = {imod (r —1),imod (r — 1) + 1} and let ¢ = (¢;: i € [k(r — 1)]).

For every x € B; define

(

i mod (r — 1), if Vj € [N;], © # ¢

feo(@) = Qimod (r —1)+1, if3j £ € [N], & = ¥ 7

#:(7), if z € U,

\

Functions drawn D,, are generated as follows. For each i € [k(r — 1)] choose a uniform
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random function
r;: Uy — {imod (r — 1),imod (r —1) + 1} and let r = (r;: i € [k(r — 1)]).

For each = € B; define

/

i mod (r — 1), it Vj € [N;], © % t%

fer(2) = { i mod (r—1)+1, if3j#5 €[N], x> tid | gind’

ri(x), if v € U,.

\
For = not belonging to any B;: if |z| < %l, then both the yes and no distributions assign value

0 and if |z| > g + £v/d, then both the yes and no distributions assign value 7 — 1.

In summary, a function f;4 ~ Dyes assigns the same random value ¢;(j) € {i mod (r —
1),72 mod (r — 1) 4+ 1} to all points in U; ;, which results in a k-monotone function, whereas
a function f;, ~ Dy, assigns an i.i.d. uniform random {i mod (r — 1),4 mod (r — 1) + 1}-
value to each point in U;, resulting in a function that is far from being k-monotone. By
construction, to detect any difference between these cases a tester will need to sample at
least two points from the same U; ;. Theorem 9.1.1 follows immediately from the following

three lemmas.

Lemma 10.1.3. Every function in the support of Dy, is k-monotone.

Proof. Consider any fy¢(z) € supp(Dyes). For each a € [k|, consider the union of r — 1
blocks formed by
}/;1 = Ba(rfl) U Ba(r71)+1 U---u B(aJrl)(rfl)fl-

Recall that if |z| < d/2, then fig(z) = 0 and if |2| > d/2 + eV/d, then fi4(x) = r — 1.
If d/2 < |z| < d/2 + eV/d, then 2 € Usaeppy Ya- Therefore, it suffices to show that for any

pair of comparable points z < y € Y,, we have fi4(z) < fi(y). Firstly, observe that by
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construction all points z € By(,—1)4, have function value fy4(2) € {b,b+ 1}. Since z < y,
if x and y are in different blocks, then x € By _1)44 and y € Bgp—1)4y where b < 0" and so
the inequality is satisfied. Therefore, we may assume x,y € By(—1)45 are in the same block.
Since x < y, if t < x for some term t € supp(Dyern), then t < y as well. Le. the set of terms
in B,,—1)4+ satisfied by y is a superset of the set of terms in By(,_1)4s satisfied by z. By

construction, this implies fi4(2) < fio(y). ]

Lemma 10.1.4. For fi, ~ D,,, we have Py, [e(frr, M,yx) = Q(e)] = Q(1).

We prove Lemma 10.1.4 in Section 10.1.4.

Lemma 10.1.5. Given a collection of points x = (x1,...,7,) € ({0,1}%)* and a function
f:{0,1}¢ = [r], let (z, f(x)) = ((x1, f(21)),. .., (s, f(x5)))) denote the corresponding col-
lection of labelled examples. Let Eyes and &,, denote the distributions over (z, f(x)) when

r—1)kVa
consists of s i.1.d. uniform samples and f ~ Dyes and f ~ Dy,, respectively. If s < 9=t d,

then the total variation distance between Eyes and E,, is o(1).

We prove Lemma 10.1.5 in Section 10.1.3.

10.1.2 Proof of Claim 10.1.2

Proof. Recall w = %ﬁ, N; = 2% - e7%, the definition of Diern from Definition 10.1.1, and

the definition of U; ; from eq. (10.1). Since x € B; we have |z| = g + ¢ where ki(i‘ﬁ) </l<

(i+1)evd
k(r—1)

. Note that Pyop,.. [t < 2] = (|x|/d)" since t < z iff the non-zero coordinates of ¢ are

a subset of the non-zero coordinates of x. Therefore, we have

Pelw € Uyl =Pt 22 [[ Puslt” 2 2] = (Jal/d)” 1= (z|/d)*)" "
JeNI\{7}
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Note that the first term is upper bounded as

i+1)-eV/d

d 4 ) 1 % >w gitlto(l)  glto(l)
w 2 k(r—1) .
z|fd) < | ——F| == |1+ ——=-(+1 < <
(e1/d) : (1 ) <<

and this immediately implies the upper bound on P¢[z € U, ;]. We can also lower bound this

quantity by

w Rr—1) 1 2 \Y el 1
v > | =—— S =— (14— > > .
(’x‘/ ) — d 2w ( + k(?“ _ 1)\/3 Z) - 211/ - 60(1)Ni

Now, combining our upper and lower bounds on (|z|/d)" yields

1 el+o(1) Ni 1 N 1 1
y _ —(1o()e! o)

10.1.3 Dy and D,, are Hard to Distinguish

Proof. Recall the definition of the set U; ; in eq. (10.1). For a # b € [s], let E,, denote the
event that x, and z;, belong to the same U, ; for some ¢ € [k(r — 1)] and j € [V;]. Observe
that conditioned on V,pFEq, the distributions £,.s and &,, are identical. Let x,y € {0, 1}d

denote two i.i.d. uniform samples. We have

P[Eab] = ]P%y,t \/([L’ c U@j ANy € U@j)

1]
= ZP%M [l‘ S Ui’j ANy € Ui’j] = ZPth[CL’ € Ui,j]2 (102)
i i
where the first step holds since the U, ;’s are disjoint and the second step holds by indepen-
dence of z and y. Now, for a fixed i € [k(r — 1)] and j € [N;] we have the following: by

Claim 10.1.2, for z € B; we have Py[z € U, ;] < Ni and for z ¢ B; we have P¢[z € U, ;] = 0.
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Therefore P, ¢ [z € U; ;] < Therefore, the RHS of eq. (10.2) is bounded as

3
N;

prthUZ] ZN Pmter’LJ <Z 9

since the N,;’s are decreasing with respect to i. Therefore,

9
dTV(gyeS7gno) S Pw,t \/ Eab S 52 rk - N— = 0(1)

a,b€e|s]

(r—1)kVa
since N,_o =27 2= E (o) = w(s?-rk). O

10.1.4 Functions Drawn from D,, are Far from k-Monotone

Proof. We will use Claim 9.4.3, restated below for the special case of r-valued functions over

the hypercube. Recall that M., is the set of k-monotone functions f: {0,1}¢ — [r].

Claim 10.1.6. Let f: {0,1}* — [r] and k' > 3k be an integer. Let C C ({0,1})* be a

collection of disjoint k'-alternating chains for f. Then

1

(f MTIC) = 3. 2d

Uc

cecC ‘

From the above claim, we can lower bound the distance to k-monotonicity of f by showing
that it contains a collection of disjoint k’-alternating chains where & > 3k whose union makes

up an (e)-fraction of the hypercube.

Recall U; = U;; U ---UU; n;, € B; and note that fi, ~ Dy, takes values only from
{i mod (r — 1),imod (r — 1) + 1} in B;. In particular, for a € {0,1,...,r — 2}, let

Xa = Ba U B(r—1)+a U BQ(T—1)+a u---u B(k—l)('f—l)—l—a = U Bi(r—1)+a (10?))

and note that all points z € X, are assigned value f;,(x) € {a,a+ 1}. Moreover, this value
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is chosen uniformly at random when = € Uie[k] Ui(r—1)4+a, Which occurs with probability

> 1/20 by Claim 10.1.2. Let k" := %? and recall that we are assuming rk < Zgﬁ% and so
k" > 4800k. We first show there exists a large collection C, of length-k” disjoint chains in

X, foralla € {0,1,...,r —2}.

Claim 10.1.7. For every a € {0,1,...,7 — 2}, there exists a collection of vertex disjoint

chains Cy C (Xo)¥" in X, of length k" of size |C,| > Q(%)

Proof. We start by showing that there is a large matching in the transitive closure of the
hypercube from Lg to L%Jra\/g_l. Consider the bipartite graph (U, V, E) where U := Lg,
Vi=La, jgy and E:= {(z,y) € U x V: z < y}. Observe that vertices in U have degree

d d _
exactly A := (E ‘8 1) while vertices in V' have degree exactly (2:[;/_3 ) 1) > A. Note also that

V= ( g%%il) > Q(\%) by Stirling’s approximation. We now use the following claim from
[BBH23].

Claim 10.1.8 ([BBH23]). Let (U,V, E) be a bipartite graph and A > 0 be such that (a) each
vertex x € U has degree exactly A and (b) each vertex y € V has degree at least A. Then
there exists a matching M C E in (U, V,E) of size M| > 1|V|.

By the above claim and the previous observations, there exist subsets S C Lg and
T C La gy of size S| =1T| = Q(\Q/—%) and a bijection ¢: S — T satisfying z < ¢(x) for
all z € S. We now use the following routing theorem due to Lehman and Ron to obtain a

collection of disjoint chains from S to T

Theorem 10.1.9 (Lehman-Ron, [LRO1]). Let a < b and S C L,, T C L, where m := |S| =
|T|. Moreover, suppose there is a bijection ¢: S — T satisfying x < ¢(x) for all x € S.

Then there exist m vertex disjoint paths from S to T in the hypercube.

Now, invoking the above theorem on our bijection ¢: S — T yields a collection P of
|P| > Q(\Q/—%) vertex disjoint paths from Lg to La, /g, Foreacha € {0,1,...,7—2}, let C,

denote the collection of chains formed by taking a path in P and including only the vertices
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from X, (recall eq. (10.3)). Note that the resulting chains in C, are of length k" = %?. This
completes the proof of Claim 10.1.7. O]

From Claim 10.1.7, we have Cy,Ci,...,Cr_y where each C, C (X,)*" is a collection
of vertex disjoint chains of length k” > 4800k of size |C,| > Q(\%) Fix a chain C =
(x1,x2,...,210) € C,. Let A(C) be the random variable which denotes the max-length alter-
nating sub-chain (recall Definition 9.4.1) of C' over a random f;, ~ Dyo. Fix x; in the chain
and suppose z; € B; C X,. By Claim 10.1.2, P¢[z; € U;] > 1/20. Moreover, conditioned
on z; € U, fer(z;) is chosen from {a,a + 1} uniformly at random. Thus, any step of the

sequence

(1, ft,r(l’z) - ft,r(xl)a ft,r(-TB) - ft,r(332), S 7ft,r(xk”) - ft,r(xk”fl))

is non-zero and differs in sign from the previous non-zero step with probability at least 1/40
and so E[A(C)] > k"/40. le., 0 < E[” — A(C)] < k"(1 — 2). Thus, using Markov’s

40

inequality we have

IP[A((J) < 1280] :P[k"—A(o) Y (1—%) (1+$)} < <1+1i> “1-

(10.4)

Now, let C = CoUC,U---UC,_g and let Z := |{C € C: A(C) > %H. By eq. (10.4) we have

E[Z] > |C|/41 and 0 < E[|C| — Z] < |C|(1 — £ ). Again using Markov’s inequality, we have

P[Z<%] :P[|C|—Z>\C| (1—%) (1+$)} < (1ji):1—4—12. (10.5)

41

Now, for C' € C such that A(C) > k”/1600, let C' be any (k”/1600)-alternating sub-chain
of C. Let C' = {C": C € C such that A(C) > k”/1600} which is a collection of disjoint
(k" /1600)-alternating chains for f;,. Now, recall that £” > 4800k and so k”/1600 > 3k.
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Thus, if Z > |C|/1681, then |C’| > |C|/1681 and so by Claim 10.1.6 we have

1

1 k// k,// . ‘C‘
324 =

10! -
324 € 1600 — 10,000,000 - 2¢

g(ft,ra Mr,k) 2

U

crec’

> (10.6)

By Claim 10.1.7 we have |C| > (r — 1) - Q(\%) and recall that k" = %?. Thus, the RHS of

eq. (10.6) is Q(e). In conclusion,
Per [e(fors Mrg) > Q)] > P {Z > _} >

by eq. (10.5) and this completes the proof of Lemma 10.1.4. O

10.2 One-Sided Error Lower Bound

In this section we prove Theorem 10.0.2, our upper and lower bound on sample-based testing

with one-sided error over the hypercube.

Proof of Theorem 10.0.2. By a coupon-collecting argument, there is an O(d - 2¢) sample
upper bound for ezactly learning any function over {0, 1} under the uniform distribution

and therefore the upper bound is trivial.

It suffices to prove the lower bound for the case of r = 2 and & = 1, i.e. for testing

monotonicity of Boolean functions. We will need the following fact.

Fact 10.2.1. Let A C {0,1}¢ be any anti-chain and let £: A — {0,1} be any labelling of
A. Then there exists a monotone function f: {0,1}¢ — {0,1} such that f(z) = {(z) for all

x € A. Le. A shatters the class of monotone functions.

Now, let T be any monotonicity tester with one-sided error and let S C {0,1}% denote a
set of s i.i.d. uniform samples. Since T" has one-sided error, if the input function is monotone,
then T must accept. In other words, for T' to reject it must be sure without a doubt that the

input function is not monotone. By Fact 10.2.1 for T" to be sure the input function is not
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monotone, it must be that S is not an anti-chain. Let f: {0,1}¢ — {0,1} be any function
which is e-far from monotone. Since T is a valid tester, it rejects f with probability at least

2/3. By the above argument we have
2/3 < Ps[T rejects f] < Pg[S is not an anti-chain] < s* - P, ,101y¢[z =< y] (10.7)

where the last inequality is by a union bound over all pairs of samples. We then have

d
]Px,y~{0,1}d [z 2y] = ]P)x,yw{o,l}d [z; <y, Vi € [d]] = pri,yw{o,l}[ﬂ?i <yl = (3/4)d- (10.8)

=1

Thus, combining eq. (10.7) and eq. (10.8) yields s > 1/2(3)? = exp(Q(d)). O
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CHAPTER 11

Learning Upper Bound for £-Monotone Functions in
Product Spaces

In this chapter we prove the following upper bound for learning measurable k-monotone

functions in R?.

Theorem 11.0.1. Given an arbitrary product measure i, there is a learning algorithm

under p for measurable k-monotone functions f: RY — [r] with time and sample com-

o (oo 5]

The 5() hides polylogarithmic dependencies on d,r,k, and 1/¢.

plexity

We restate the theorem below without any hidden logarithmic factors and for the case
of r = 2. The theorem for general r > 2 can then be obtained by replacing ¢ with ¢/r and

d by 1/3r following the same approach we used to prove Theorem 9.1.3 in Section 9.3.

Theorem 11.0.2. Given an arbitrary product measure i, there is a learning algorithm under
w which learns any measurable k-monotone function f: R — {+1} to error e with probability

1 — 0 with time and sample complexity

In (%) - min {(dlog(dk;/g))()(f\/m), (%)O(d)} (11.1)

Our proof uses downsampling to reduce our learning problem over R? to learning over

a hypergrid, [N]?, under the uniform distribution with mild label noise. In Section 11.1 we
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synthesize the results from [HY22] which we borrow for our proof. In Section 11.2 we give
two learning results for hypergrids whose time complexities correspond to the two arguments
inside the min expression in eq. (11.1). In Section 11.3 we describe the learning algorithm

and prove its correctness.

Throughout this section, let p = H?Zl i be any product measure over R? and let N be
a power of two satisfying 8kd/e < N < 16kd/e.

11.1 Reduction to Hypergrids via Downsampling

The idea of downsampling is to construct a grid-partition of R? into N¢ blocks such that (a)
the measure of each block under yu is roughly N~¢, and (b) the function f we're trying to
learn is constant on most of the blocks. Roughly speaking, this allows us to learn f under u
by learning a proxy for f over [N]¢ under the uniform distribution. The value of N needed
to achieve this depends on what [HY22] call the ”"block boundary size” of the function.
Formally, the downsampling procedure constructs query access to maps block: RY — [N]4
and blockpoint: [N]¢ — R? which have various good properties which we will spell out in
the rest of this section. One should think of block as mapping each point € R? to the
block of the grid-partition that x belongs to and blockpoint as mapping each block to some
specific point contained in the block. See [HY22, Def 2.1] for a formal definition. Given
these maps and a function f: R? — {41} we define the function fPok: [N]¢ — {£1} as
fPlosk(2) = f(blockpoint(z)). We let block(x) denote the distribution over [N]¢ induced by

sampling x ~ p and then taking block(z).

Proposition 11.1.1 (Downsampling, [HY?22]). Let f: R — {0,1} be a k-monotone func-
tion and N,Q € Z*. Using

- NQ2d? Nd
m=0 (min(é, SER (T»

samples from = py X -+ X g, there is a downsampling procedure that constructs query
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access to maps block: RY — [N]¢ and blockpoint: [N]¢ — RY such that with probability at

least 1 — 0 over the random samples, the following two conditions are satisfied:

1. ||block(p) — unif ((N]%)| 1,

2. Py [ f(@) # fPo%(block(z))] <.

The total running time and number of samples is O(m).

Proof. [HY22, Prop. 2.5] shows that there is a randomized procedure using m samples from
w1 and O(m) time which constructs the maps block and blockpoint such that with probability

1, we get
Poy [f(z) # fP°%(block(x))] < N=*- bbs(f, N) + ||block(y) — unif (N]9)]| ,,,  (11.2)

where bbs(f, N) is the N-block boundary size of f [HY22, Def. 2.4], which is at most kdN¢~1
when f is k-monotone [HY22, Lemma 7.1]. Thus, the first of the two quantities in the RHS
is at most kd/N which is at most /8 using our definition of N. Then, [HY22, Lemma 2.7]

states that

2
- rad B m
P [|[block(x) — unif([N] )HTV > 3] <ANd-exp (—m) (11.3)
and so invoking this lemma with 5 := min(§/4Q,e/8) and m := 18éV2d2 In (%l) completes
the proof. O

11.2 Learning over Hypergrids

For a function f: X — {£1} and a measure p over X, recall that the ezample oracle for
f under p, denoted by EX(f,u), when queried, generates an example, (z, f(z)), where x
is sampled from p. Given a noise parameter n, the noisy example oracle EX"(f, i), when

queried, samples z from pu, returns the true example (z, f(x)) with probability 1 — 7, and
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returns the corrupted example (x, — f(x)) with probability 7. This is referred to as random

classification noise (RCN).

We prove the following two upper bounds for learning over hypergrids under RCN. The
bound in Lemma 11.2.1 is relatively straightforward to prove using coupon collector argu-

ments plus some additional work to handle the label noise. We give a proof in Section 11.5.

Lemma 11.2.1 (Coupon Collecting Learner). Let €,6 € (0,1), n € (0,1/2), and N € Z™*.

There is an algorithm which, given any k-monotone function f: [N]* — {&1}, uses at most

(L 1 1 0(d)
0] ((1 — o) (log6 —|—10g5)> N

examples from EX"(f,unif([N]%)) and returns h: [N]? — {1}, satisfying Pyld(f, h) < e] >
1-0.
Lemma 11.2.2 (Hypercube Mapping Learner). Let £,0 € (0,1), n € (0,1/2), and N € Z*

be a power of two. There is an algorithm which, given any k-monotone function f: [N]* —

{£1}, uses at most

1 1 Kk
log ~ loo N O(LydlogN)
0 (g o) (e )

ezamples from EX"(f,unif([N]%) and returns h: [N]¢ — {&1}, satisfying Pyld(f, h) < e] >
1—9.

Proof. Let b: [N] — {£1}1°" denote the bijection which maps each element of [N] to its
bit representation. Let b: [N]¢ — {£1}%°¢N be defined as b(z) = (b(zy),...,b(xs)). Given
f:[N]? — {£1} define the function feube: {41}418N — I41} as fUbe(z) = f(b71(2)).

Observation 11.2.3. If f is k-monotone over [N|?, then f<°¢ is k-monotone over {41}41°8 N
Proof. Observe that if b(z) < b(y) in {£1}9°6¥ then x < y in [N]¢. Thus, if b(z;) < -+ <

b(x,,) is an m-alternating chain for f<®¢ then z; < --- < z,, is an m-alternating chain for

f. Therefore, if f®¢ is not k-monotone, then neither is f. O
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Now, given Observation 11.2.3 and the bijection b: [N]¢ — {&1}4°sN it suffices to
provide a learning algorithm for f€'*®. This is achieved using the Low-Degree Algorithm
introduced by [LMNO93] which was shown by [Kea98] to be robust to classification noise.
Formally, we use the following theorem, which we prove in Section 11.4 for the sake of

completeness.

Theorem 11.2.4 (Low-Degree Algorithm with Classification Noise). Let £, € (0,1) and
n € (0,1/2). Suppose C is a concept class of Boolean functions over {+1}¢ such that for

some fixed positive integer T, all f € C satisfy qud} ]/“\(5)2 < e/2. Then there is an

2 |S|>T

algorithm A which, on any input f € C, uses at most

0((@“@ "”)

ezamples from EX"(f,unif({£1}%)) and returns a hypothesis h: {£1}¢ — {£1} where
Puld(f,h) <e] >1-4.

We use the following Fourier concentration lemma due to [BCOT15] for k-monotone

Boolean functions.

o~

Lemma 11.2.5 ([BCO*13]). If f: {#1}¢ — {%1} is k-monotone, then 3 (S| £V f(9)? <

g.

By Lemma 11.2.5, we can invoke Theorem 11.2.4 with 7 = k—vdiogN, concluding the proof
of Lemma 11.2.2. O]

11.3 Putting it Together: Proof of Theorem 11.0.2

Proof. We now have all the tools to define the algorithm and prove its correctness.

Recall that given maps block: RY — [N]¢, blockpoint: [N]¢ — R% and a function f: R? —
{£1} we define the function fP°ck: [N]? — {£1} as fP°k(2) = f(blockpoint(z)). Recall that
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Algorithm 5 Learning algorithm for k-monotone functions under product measure p
Input: ¢,§ € (0,1) and access to examples from EX(f,u) where f: R? — {&1} is k-
monotone.

1. Let N be a power of 2 such that % <N @. Let A denote the learning algorithm for
k-monotone functions g: [N]? — {41} which has the smaller sample complexity of the two
algorithms from Lemma 11.2.1 and Lemma 11.2.2. Let @) be the sample complexity of A.
2. Run the downsampling procedure of Proposition 11.1.1 to obtain the maps block,
blockpoint, and access to the corresponding function f®°k: [N]? — {41},

3. Obtain a set of @ examples S € (R? x {£1})? from (EX(f, n))%.

4. Let SPlek = {(block(z), f(z)): (z, f(x)) € S} € ([N]? x {£1}).

5. Run A using the sample S*° which returns a hypothesis AP [N]? — {£1} for fblock,
Return the hypothesis h: RY — {41} for f: R? — {41} defined as h(x) = hP°*(block(z)).

block(p) is the distribution over block(z) € [N]¢ when x ~ u. By Proposition 11.1.1, step
(2) of Alg. 11.3 results in the following items being satisfied with probability at least 1 — 4.

1. ||block(x) — Unif([N]d)HTv

2. Py [f() # fPo%(block(z))] < e.

Firstly, by item (2), an example (block(z), f(z)) where z ~ pu, is equivalent to an
example (z,b) ~ EX"(fP°* block(u)) for some n < e. lLe. the set Sk e ([N]¢ x
{£+1})? from step (4) of Alg. 11.3 is distributed according to (EX"(fP° block(u)))%.
Now, as stated, Lemma 11.2.1 and Lemma 11.2.2 only hold when A is given a sample
from (EX7(fPleck unif([N]4)))?. However, the following claim shows that since block(x) and
unif ([N]?)) are sufficiently close (item (1) above), the guarantees on A from Lemma 11.2.1

and Lemma 11.2.2 also hold when A is given a sample from (EX"(fP° block(1)))?.

Claim 11.3.1. Let C: X — {1} be a concept class and let A be an algorithm which given
any f €C, e,0 € (0,1), andn € [0,1/2) uses a sample from (EX"(f,unif([N]9)))? and pro-
duces h satisfying P, unisvja)[0(7) # f(2)] < € with probability at least 1 — 5. If D is a dis-
tribution over [N]* with ||D — unif([N]d)HTV < 7, then given a sample from (EX"(f,D))?,
A produces h satisfying Pp.p[h(x) # f(x)] < e+~ with probability at least 1 — (6 + Q) .

Using Claim 11.3.1 and item (1) above, if step (2) of Alg. 11.3 succeeds, then with
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probability at least 1—24, step (5) produces h*°% such that P, piock(u) [27°(2) # fP°*(2)] <
2e. By the triangle inequality and using our definition of h in the return statement of

Alg. 11.3, we have

Poulh(2) # F(@)] < Pony[f(2) # 122 (block(x))] + Bye [5°* (block(x)) # h%*(block(x))]
— Po[f(2) £ 17°(block(2))] + Pvbior P2 (2) # hP°4(2)]. (11.4)

The first term in the RHS is at most € by item (2) above and the second term is at most 2e
as we argued in the previous paragraph. Finally, adding up the failure probabilities of steps
(2) and (5), we conclude that Alg. 11.3 produces h satisfying P, ,[h(z) # f(x)] < 3¢ with
probability at least 1 — 3. m

11.3.1 Proof of Claim 11.3.1

Proof. 1t is a well-known fact that for two distributions D; and D,, the TV-distance between

the corresponding product distributions satisfies HD? — Dg

. < Q||D1 — Dsl| 7 and thus
we have

D9 — unif ((N])%|,, <@

Given a set of  examples S € ([N]? x {£1})9, let E(S) denote the event that the algorithm
A fails to produce a hypothesis with error at most e, after sampling S. First, note the

distribution over labels for the distributions are the same, and therefore

Ps~xns.0)e[E(9)] — Poe(exn(sunitnn)e [E(S)] = Psupe[E(S)] — Pyunirnjaye [E(S)].
(11.5)

Using the definition of TV-distance we have

Ps.pe [E(S)] - IPSNUnif([N]d)Q[E(S)] < HDQ - U”if([N]d)QHTV <@ (11-6)
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and therefore

Ps(zxn(s,0)e[E(S)] < Psomxn(punitnae[E(S)] +7Q < 6 +~Q (11.7)

where we used Pg.gxn(funif(vja)))e[£(S)] < 6 by the assumption in the statement of the
claim. Now, conditioned on ~E/(S), we have that A produces h satisfying P, unir(nvje)[2(2) 7#

f(z)] < e. Again using our bound on the TV-distance, we have

Pop[h(@) # f(2)] = Ponunisqni [2(2) # f(2)] < ||D = unif ((N]) 1, <7

and so P,uplh(z) # f(x)] <e+7. O

11.4 Low-Degree Algorithm with RCN: Proof of Theorem 11.2.4

In this section we prove Theorem 11.2.4, showing that concept classes with bounded Fourier
degree can be learned efficiently in the presence of random classification noise (RCN). This
fact is already implicit from previous works [LMNO93, Kea98], but we give a proof for the

sake of completeness.

For S C [d], the parity function xg: {#1}¢ — {£1} is defined as xs(z) = [[_, #;. The
parity functions form a Fourier basis for the space of functions f: {+1}¢ — {£1} and the

unique representation of f is given by

= > f(S)xs(x) where f(S) = Eq[xs(z)f ()]

SCld]
is Fourier coefficient for f on S. The idea of the Low-Degree Algorithm is to learn f by
learning its low-degree Fourier coefficients. From the definition of f(S), observe that an
estimate of f(S) can be viewed as a call to a statistical query oracle, which returns an
estimate of f(S’) to within some specified allowed query error, a.. In [Kea98], Kearns showed

how to simulate statistical query algorithms using only examples with classification noise.
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Theorem 11.4.1 (Theorem 3 of [Kea98|, paraphrased). Suppose there is an algorithm which
learns a concept class C of Boolean functions over {£1}? to errore, using at most Q statistical
queries with allowed query error a. Then, for any €,6 € (0, 1), there is a learning algorithm

for C which on any input f € C, uses at most

o((rtzm) e (8) v ()

ezamples from EX"(f,unif({£1}%)) and outputs a hypothesis h where P, [d(f,h) < g > 1-§.

In light of the above, we prove Theorem 11.2.4 by first giving an efficient statistical query

algorithm, and then applying Theorem 11.4.1.

~

Proof of Theorem 11.2.4. Since we assume » g g, f(9)* < e/2 for all f € C, the idea is

to use a statistical query to obtain an estimate of f(S) for all |S| < 7. Define A := {S C
[d] : |S| < 7} and note that

|M=§2@)s(%fsouv (118)

We define our statistical query algorithm L to do the following:

~

1. For each S € A, make a statistical query for an estimate of f(S) = E,[xs(z)f(z)] to
allowed query error o = y/¢/(2|A|). Let Zg denote the obtained estimate for f(.5).
2. Return h: {£1}? — {£1} where h(z) = sgn (> g 4 Zsxs()) -

We now prove that this hypothesis h satisfies P, [f(z) # h(x)] < e. First, observe that
P, [F(x) # h(e)] = 1E. [(7(2) — h(2))?]. (11.9)

Now, if f(z) # h(z), then (f(z)— Y gca ZSXS(x))2 > 1 = 2(f(z) — h(z))® In the other
case, clearly if f(z) = h(x), then (f(z)— Y gca ngg(x))2 > 0 = 1(f(x) — h(z))®. Thus,
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for any z € {£1}%, this inequality holds. Combining this observation with eq. (11.9) yields

P, [f(x) # h(z)] < E, (f(a:) =S ZsXs(f’C)> . (11.10)

SeA

~

In the next calculation, for S ¢ A, let Zg := 0. Now, writing f(z) = > ¢ f(S)xs(z), expand-
ing the squared sum, applying linearity of expectation, and using the fact that E,[xs(z)] =0
for any S # (), the RHS of eq. (11.10) is equal to

-~ -~

Using eq. (11.10), eq. (11.11), and the fact that |f(S)—Zs| < afor S € Aand ) g4 f(9)? <
/2, yields

3

~ 2 ~
=3 (F(8) - 25) + Y F(9)* < Alggy +e/2 ==
SeA SgA
Thus, L makes |A| < O(d") statistical queries to f with query error a = /¢/(2]A|) and

returns a hypothesis h satisfying d(f, h) < e. Therefore, applying Theorem 11.4.1 completes
the proof of Theorem 11.2.4. O

11.5 Coupon Collecting Learner: Proof of Lemma 11.2.1

Proof. The learner is simple. Take s samples from EX"(f, unif([N]¢)) and for each x € [N]¢,
let m, denote the number of times = has been sampled. Let m},m, denote the number

of times x has been sampled with the label +1, —1 respectively. The learner outputs the
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hypothesis h: [N]¢ — {£1} defined by h(x) = sgn(m} —m]).
Claim 11.5.1. Suppose that m, > m := ﬁ In(2/58). ThenP[sgn(mt—m) # f(x)] < 5.
Proof. Each label seen for  is an independent {£1}-valued random variable which is equal

to f(x) with probability 1 —n and so E[m} —m;| = m.((1 —n)f(z) +n(—f(z))) = m.(1 —
2n) f(x). Thus,

P [sgn(m} —m,) # f(x)] <P [|(m} —m;)—E[m} —m;]| > m.(1—2n)]
2m2(1 — 277)2> <3

<2 —
< 2exp ( .
by Hoeffding’s inequality and our bound on m,,. O]

Claim 11.5.2. Suppose we take s := In(X)N?? samples. Then P[Fz € [N]*: m, = 0] < a.

Proof. For any x, Plm, = 0] = (1 — N™%)* < exp(—%) < oN % and a union bound

completes the proof. O

The following claim is an immediate corollary of the previous claim.

Claim 11.5.3. Suppose we take m - In(22)N?* samples. Then P[3x € [N]*: m, < m] <

N[,

Proof. Partition the samples into m batches of size In(32)N??. Invoke Claim 11.5.2 on each

batch of samples with « := %. By the claim, each batch of samples contains a least 1 copy

of every point in [N]? with probability at least 1 — %. Thus, by a union bound over the
m batches, our sample contains at least m copies of every point in [N]? with probability at

least 1 — g. O

. 2 4
Let m = mh’l (5

EX"(f,unif([N]9)). Let £ denote the event that m, > m for all x € [N]?. By Claim 11.5.3,
we have P[€] > 1 — &, For each z € [N]¢, let B, = 1(sgn(m} —m;) # f(x)), i.e. the

) and s = mln(QTm)N 24 The learner takes s samples from

indicator that x is misclassified by the learner.
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By Claim 11.5.1, we have

ZBQE‘S g%]\fdandthus[? ZBx>eNd)£ <

z€[N]4 z€[N]¢

4]
2
by Markov’s inequality. Therefore,

P|S B, >eNt| =P ZB>€Nd) Pl€] + P ZBI>5N””—|€ P[€]

x€[N]d | z€[N]4 z€[N]4

<P ZB>5Nd‘ + P[=£]

| z€[N]4

which is at most §. The number of examples used by the learner is

_ 2m\ vea _ (1 (1 VY vow
S—mln(é)N —O<(1_2n)2(1n5+1n5)> N

and this completes the proof. O

11.6 Testing by Learning

Lemma 11.6.1. Let X be a domain, let u be a measure over X, and let F: X — {£1} be
a class of Boolean-valued functions over X. Suppose that for every e € (0,1) there ezists a
learning algorithm L for F under p using s(e) samples. Then for every e € (0,1) there is

an e-tester for F under p using s(e/4) + O(1/e%) samples.
Proof. We define the property testing algorithm 7' as follows.

1. Take s := s(¢/4, X) samples (1, f(21)), ..., (xs, f(z5)) and run L to obtain a hypoth-
esis h for f.

2. Compute a function g € F for which d(h,g) = d(h,F). (We remark that this step
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incurs a blowup in time-complexity, but does not require any additional samples.)

3. Take s’ := 2 new samples (z1, f(21)), ..., (2v, f(2¢)) and let o := 525/:1 1(g(z) #
f(2;)) be an empirical estimate for d(f,g).

4. If a < 3‘5 , then accept. If o > 2 then reject.

Claim 11.6.2. If f € F, then Pld(f,g) < /2] > 5/6.

Proof. By the guarantee of the learning algorithm, we have P[d(f,h) < /4] > 5/6. Now,
since ¢ is a function in F as close as possible to h, we have d(h,g) < d(h, f). Thus, if
d(f,h) <e/4, then d(h,g) < /4 as well. Thus, by the triangle inequality, with probability
at least 5/6 we have d(f,g) < d(f,h)+d(h,g) <e/2 as claimed. O

Now, consider the quantity « from step (4) of the algorithm, T". Let X be the Bernoulli
random variable which equals 1 with probability d(f,g). Note that o = & Zflzl X; where
the X;’s are independent copies of X. Using Hoeffding’s inequality we have

! 2. (s'e/4)? 2
(&

SI

Plla—d(f.g)l= 7| = [

which is at most 1/6 when s’ > 81n(12)/e%. We can now argue that the tester 7' succeeds

with probability at least 2/3. There are two cases to consider.

1. f € F: By Claim 11.6.2, d(f,g) > /2 with probability less than 1/6 and by the
above calculation | — d(f, g)| > €/4 with probability at most 1/6. By a union bound,
with probability at least 2/3 neither event occurs, and conditioned on this we have

a <d(f,g)+e/4 <3e/4 and the algorithm accepts.

2. d(f,F) >e: Then d(f,g) > e since g € F. Again, |o —d(f, g)| < /4 with probability
at least 5/6 and conditioned on this event occurring we have o > d(f,g) —e/4 > 3¢/4

and the algorithm rejects.
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Therefore, T satisfies the conditions needed for Lemma 11.6.1.
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Part IV

Testing and Learning Convex Sets in

the Ternary Hypercube
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CHAPTER 12

Introduction

A subset S C [m]™ of the hypergrid is discrete convez if it is the intersection of a convex set
C C R" with the grid, S = C N [m]", or equivalently if S = [m|™ N Conv(S) where Conv(S)
is the convex hull of S. Discrete convex sets may not even be connected (see Figure 12.1),
which, along with some of their other unpleasant features, makes them difficult to handle
algorithmically and analytically, the most famous example being the difference between linear

programming and integer linear programming.

We are interested in testing and learning discrete convex sets. A learning algorithm
should output an approximation of an unknown convex set S by using membership queries
to S, while a testing algorithm should decide whether an unknown set S is either convex or
e-far from convex, meaning that dist(S,T") > € for all convex sets T, where dist(S,7") is the

measure of the symmetric difference.

Convexity is particularly interesting for property testing because it can be defined by
a local condition: a set S C R™ is convex if and only if for every 3 colinear points x,y, z,
if x,z € S then y € S. This means that, to certify the non-convexity of a (continuous)
set, it suffices to provide 3 colinear points that violate this condition. Speaking informally,
property testing results, especially testing with one-sided error, are statements about the
difficulty of finding such a certificate of non-membership to the property, when the object
S is e-far from satisfying the property. But, the fact that convexity is defined by a local
condition does not make it easy to find violations of the condition when a set is far from
convex. This is particularly evident for discrete convex sets where, unlike continuous sets,

there may not be any lines which witness non-convexity, and one must instead look for up
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to n + 1 points that violate Carathéodory’s theorem.

We are aware of no non-trivial algorithms for testing or learning discrete convex sets in
high dimensional grids [m]? when m is small. Prior works on testing and learning convex

sets include:

1. The analysis of convexity testers, such as the line tester and more general convez hull
testers, which are designed to simply “spot-check” for violations of the local conditions
that define convexity in R™ [RV04, BB20]. These works show that these spot-checkers
are not very efficient, requiring 2™ queries to detect sets that are Q(1)-far from

convex.

2. Testing or learning convex sets in two dimensions, including the continuous square

0,1]% [Sch92, BMR19a] or the discrete grid [m]? [Ras03, BMR19b, BMR22].

3. Testing convexity in high dimensions with samples, either in the continuous setting
[CFSS17b, HY22] or discrete setting [HY22], and learning convex sets from random

examples of the set [RG09] or from Gaussian samples [KOS08].

When m > poly(d), a “downsampling” or “gridding” approach can reduce to the case
m = poly(d) [CFSS17b, HY22], but once m is small the only known algorithm for testing or
learning is brute-force. So let us see what happens when we make m as small as possible.
When m = 2, testing and learning convex sets in [m]® = {0,1}" is trivial, because every
subset of {0, 1}% is convex and therefore testing is as easy as possible (the tester may simply

accept on every input) and learning is as hard as possible (requiring ©(2") queries).

The story changes significantly when m = 3, so that [m]" is equivalent to the ternary
hypercube {0,4+1}", where the difficulties of handling high-dimensional discrete convex
sets suddenly become evident. Although this is the simplest domain where where high-
dimensional discrete convex sets are non-trivial, little is known about the structure of dis-

crete convex sets on the ternary hypercube that would help in designing testing and learning

262



Figure 12.1: Ezample of a convex set in {0,41}3. The black dots are the set and the convex red
ellipsoid contains them. Note that the set may not be “connected” on the hypergrid.

algorithms. In this paper we will give the first results towards understanding testing and

learning discrete sets in high dimensions by focusing on the ternary hypercube.

12.1 Results

For two sets S, T C {0,+1}", we define dist(S,T) := |S3AnT|, where SAT denotes the sym-
metric difference. A set S C {0, £1}" is e-far from convex if for every (discrete) convex set
T C {0,£1}", dist(S,T) > . Given € > 0, a convezity tester is a randomized algorithm

which is given membership oracle access to an input S C {0, £1}" and must satisfy

1. If S is convex then the algorithm accepts with probability at least 2/3.

2. If S is e-far from convex then the algorithm rejects with probability at least 2/3.

The tester is one-sided if it must accept convex sets S with probability 1 instead of 2/3. A
tester is mon-adaptive if it chooses its set of queries before receiving the answers to any of

the queries and it is sample-based if its queries are independently and uniformly random.

A learning algorithm is given membership oracle access to a convex set S C {0,+1}"
and must output (with probability at least 2/3) a set 7' C {0, £1}" with dist(S,T) < ¢; it is

proper if its output 7" must be convex.
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12.1.1 The Edge Boundary and Influence of Convex Sets

One of the most important things to know about a set is its edge boundary. The edge set of

the ternary hypercube is defined as

E:{(x,y) ({0, £1}™)? Zp:l yz|—1} (12.1)

Observe that |E| = 2n - 3""'. We will identify a set S C {0,+1}" with its characteristic
function and write S(z) = 1 if x € S and S(z) = 0 otherwise. An edge (z,y) is on the
boundary of S if S(xz) # S(y). The influence of a set S C {0,£1}" is its normalized

boundary size:

I(S) i= o= - [{(1,0) € B: S(u) # S} = 2t - PunyplS(u) £ S()]. (12.2)

3n 3
Before we state our results, consider some examples. T'wo important classes of convex sets
in {0, £1}" are halfspaces and balls, which often have minimal “boundary size” in various

settings.

Example 12.1.1 (Halfspaces). A halfspace is a set H = {z € {0, £1}" : (v,x) < 7} where
v € R" and 7 € R. To maximize the influence, we want 7 to be small, say 7 = 0, and we
want v ~ 1. The probability that a random edge (x,y) is on the boundary is at most the
probability that a uniformly random x ~ {0, +1}" satisfies |(1,2)| < 1, and it is not difficult
to show that this is at most O ( ) giving an estimate of O(y/n) for the mazimum influence
of a halfspace.

Example 12.1.2 (Balls). A ball is a set B, = {z € {0,£1}" : ||z|3 < r} where r € R
is the radius. The average (squared) norm El||x||3] for x ~ {0,£1}" is the same as the
expected number of nonzero coordinates of x, which is %n, so to maximize the edge boundary
we think of r ~ %n Similar to above, the probability that x ~ {0,£1}" is close enough to
this threshold to find a boundary edge is O (\%) , again gwing an estimate of O(y/n) for the

264



maximum, influence.

Our first result shows that there are convex sets with significantly larger influence, which
can be obtained by taking S to be the intersection of roughly 3°(V") random halfspaces with
thresholds 7 = ©(n3/*); we think of these sets as interpolating between the halfspaces and the
ball. Our construction is inspired by [Kan14], who showed bounds on the influence of inter-
sections random halfspaces on the hypercube {0, 1}", and we note that similar constructions

also achieve maximal surface area under the Gaussian distribution on R” [Naz03].
Theorem 12.1.3. There exists a convex set S C {0, +1}" with influence 1(S) = Q(n®/*).

Our main result on the influence of convex sets is that this construction is essentially
optimal: we show a matching upper bound (up to log factors) for any convex set in {0, +1}".
Due to the discrete nature of the domain, our proof of this theorem is significantly different
from the previous techniques that have been used to bound the surface area of convex sets

in continuous domains.

Theorem 12.1.4. If S C {0, £1}" is convez, then 1(S) = O(n*/*log"/* n).

12.1.2 Sample-Based Learning and Testing

As an application of our bounds on the influence, we show using standard Fourier analysis
that any set S C {0,£1}" can be approximated with error ¢ by a polynomial of degree
I(S)/e. Using Theorem 12.1.4 and the “Low-Degree Algorithm” of Linial, Mansour, and

Nisan [LMNO93] then gives us the following upper bound for learning.

Theorem 12.1.5. There is a uniform-distribution learning algorithm for conver sets in
{0, £1}"™ which achieves error at most e with time and sample complezity 30*4/e)  The

5() hides a factor of log"* n.
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A corollary of Theorem 12.1.5 is that the same upper bound on the sample complexity
holds for sample-based testing, due to the testing-by-learning reduction (which is slightly

non-standard because the learner is not proper, see Section 11.6).

Corollary 12.1.6. There is a sample-based convezity tester for sets in {0,+1}" with

sample complexity 300**/e) where the 5() hides a factor of log1/4n.

To complement our upper bounds, we prove also a lower bound for sample-based testing.
Here we remark that one of our motivations for studying convex sets in {0, 4+1}" is their
similarity (in an informal sense) to monotone functions on {0,1}"; an analogy between
monotone functions on {0, 1}" and convex sets in Gaussian space was proposed in [DNS22]
and we are interested in this analogy for discrete convex sets. Our lower bound for sample-
based testing discrete convex sets uses a version of Talagrand’s random DNFs, which were

used previously to prove lower bounds for testing monotonicity on {0, 1}" [BB21, CWX17].

Theorem 12.1.7. For sufficiently small constant € > 0, every sample-based convezity

tester for sets in {0,+1}" has sample complexity 3%V™.

Again, the testing-by-learning reduction of Lemma 11.6.1 implies that this lower bound

also holds for learning.

Corollary 12.1.8. For sufficiently small constant € > 0, sample-based learning convez

sets in {0, £1}" requires at least 3%°V™ samples.

12.1.3 Non-Adaptive One-Sided Testing

A convexity tester with one-sided error is one that finds a witness of non-convexity with
probability at least 2/3 when the tested set is e-far from convex. A convexity tester is
non-adaptive if it must choose its set of membership queries before receiving any of the

query results. Bounds on non-adaptive one-sided error testing therefore have a natural
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combinatorial interpretation as bounds on the likelihood of blindly finding a witness of non-

convexity in a random substructure of the domain.

Our first result shows that there is a non-adaptive one-sided error tester with sub-
exponential query complexity 3°0™). In contrast, a similar bound for the Gaussian setting is

not yet known to exist.

Theorem 12.1.9. For every € > 0, there is a non-adaptive convexity tester with one-
sided error for sets in {0,£1}" that has query complezity 36<V nini/e) where the O(-)

notation s hiding an extra Inn term.

Next, we show that Theorem 12.1.9 is essentially tight, in that the exponential depen-

dence on +/n in its bound is unavoidable.

Theorem 12.1.10. For sufficiently small constant € > 0, every non-adaptive convezity

tester with one-sided error for sets in {0,£1}" has query complexity at least 3¥V™.

Our Theorem 12.1.7 above showed that 3%V is required for sample-based testing. For
one-sided error testers, we can improve this lower bound to show that non-adaptive testers

are significantly more powerful than sample-based testers for one-sided testing.

Theorem 12.1.11. For sufficiently small constant € > 0, sample-based convexity testing

in {0, £1}" with one-sided error requires 3%™ samples.

This theorem also includes a matching upper bound. The upper bound in Theorem 12.1.11
is trivial because a coupon-collector argument shows that one can learn any set S C {0, £1}"
exactly using O(n3™) samples. A slightly improved bound of O (3” . %log(l / 5)) also holds

by a general upper bound on one-sided error testing via the VC dimension [BFH21].
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12.2 Techniques

The discrete nature of the ternary hypercube, in contrast to the continuity of the domains
R™ or [0, 1], provides a new angle in the study of convexity which leads to the development
of a new set of combinatorial techniques and tools. In this section we give a brief overview

of the techniques we use to prove each of our theorems.

12.2.1 The Edge Boundary and Influence of Convex Sets

Influence Upper Bound: Our proof of Theorem 12.1.4, which gives an upper bound on
the edge boundary of a convex set, is accomplished by relating the number of boundary edges
to the expected number of sign-changes of one-dimensional random processes. This is done
by constructing a distribution D over the edge-set E of the ternary hypercube, such that
(a) D is “close” to the uniform distribution over £ and (b) the probability that a random
edge drawn from D is influential for our convex set S C {0, £1}" is equal to the expected
number of sign-changes of a certain random process. This process is defined by considering
a random walk X© ... X of length m ~ n'/? where X(© is a random point from the
middle layers of {0,41}" and each X is obtained by flipping a random 0-valued bit of
XD to a uniform random {=£1}-value; the process finally draws s ~ [m] uniformly at

random and outputs the edge (X (=1, X)),

The crux of the argument is to bound the expected number of times this random walk
enters and leaves the set S. Since S is convex, it can be written as an intersection of
halfspaces S = H; N Hy N --- N Hy of the form H; = {x € {0,£1}": (z,0"%) < 7;} where
v® € R™ and 7; € R. For each halfspace H;, we define a corresponding one-dimensional
random walk W;(s) = (X®) v®) — 7, and observe that the original random walk crosses
the boundary of H; at step s if and only if W; changes sign at step s. Then the number of
times the walk X (@, X®™ . crosses the boundary of S = (); H; is the number of times the

maximum of the processes M = max; W; changes sign. Therefore, our goal is to bound the
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expected number of sign-changes for M, which we accomplish by using Sparre Andersen’s
fluctuation theorem [Spab4] (as stated in [BB23]) to relate this quantity to the number of

sign-changes of a uniform random walk.

High-Influence Set Construction: Our proof of Theorem 12.1.3 is inspired by the proof
of [Kanl4, Theorem 2] which constructs a set in the Boolean hypercube {41}" with influence
Q(+v/nlog k) by considering an intersection of k random halfspaces each of which is at distance
~ +/nlogk from the origin. In particular, when k& ~ 2V" the construction has influence
~ n** and when k ~ 2" the set has influence ~ n. On the ternary hypercube {0, £1}",
the behaviour is different: here, halfspaces exhibit a “density increment” behaviour as their
threshold moves away from the origin, which prevents the influence from increasing as k

grows past 2V", when Q(y/nlogk) matches our upper bound of 6(713/4).

We can summarize this “density increment” phenomenon as follows. Most of the edges
of {0,%1}" occur in the middle layer {z € {0, £1}" : ||z], = 2n+0(vn)} = UPYe m iz
|z[y = 2n+0}. A convex set is an intersection of halfspaces, but for convenience we consider
its complement which is a union of halfspaces, and has the same influence. Consider the
“density” or measure of the halfspace with normal vector 1 at distance 7 from the origin on

the points {z : |z|l; = % + (}:

p(& T) = P$€{07:‘:1}n: Hx”1:2?n+g [Z xT; > T] .

Suppose that there is a fixed value p such that p(¢,7) ~ p up to constant factors for all
¢ = £0(y/n) simultaneously. Then we can take k ~ % random halfspaces with threshold 7
and combine their boundary edges, since they will be essentially disjoint on the whole middle
layer, and it is not hard to show that the influence of the resulting union is roughly 7. It
happens that the condition of p(¢, 7) being approximately equal for all values £ = +O(y/n)
holds for 7 up to 7 ~ n%/* but for 7 > n3* the intersection of the halfspace with the set

{z : |lzlli = % 4 ¢} grows extremely fast with ¢ making p(—v/n,7) < p(y/n,7), and the
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intersection of halfspaces with threshold 7 quickly approaches the ball with influence O(y/n)
(see Example 12.1.2).

12.2.2 Sample-Based Learning and Testing

Learning Upper Bound: Our proof of Theorem 12.1.5 follows by combining our upper
bound on the influence from Theorem 12.1.4 with the Low-Degree Algorithm of Linial, Man-
sour, and Nisan [LMNO93]. In particular, using Fourier analysis over {0, £1}" in combination
with Theorem 12.1.4 we can show that for convex sets, a (1 — ¢)-fraction of the Fourier
mass is on the coefficients with degree at most 5(713/ 1) /e. Then we may use the Low-Degree
Algorithm for learning the convex sets; see Section 14.1.3. Since the ternary hypercube is a
non-standard domain, we state the necessary Fourier analysis for functions over {0,+1}" in
Section 14.1.1, which follows [O'D14, Chapter 8]. One technical difference between Fourier
analysis over the Boolean and ternary hypercubes is that the standard Fourier basis over
{£1}™ is given by the parity functions which are bounded in [0, 1], whereas any Fourier
basis over {0, £1}" will have functions taking value 2°™ on some elements = € {0,41}".

Nevertheless, with some care, we show that the Low-Degree Algorithm still works.

Sample-Based Testing Lower Bound: Our proof of Theorem 12.1.7 uses a family of
functions known as Talagrand’s random DNFs adapted to the ternary hypercube. As we
mentioned, this family of functions has been used to prove lower bounds for monotonicity
testing [BB21, CWX17]. Our adapted version is described as follows. Each “term” of the
DNF is chosen to be a random point ¢ € {0,£1}" with ||¢||, = v/n. We then say that a
point z € {0,+1}" “satisfies” ¢ if x; = t; for all ¢ € [n] where ¢; € {£1}. After choosing
N random terms ¢t ... t™) we define the disjoint regions of {0, 41}" given by Uy,...,Ux
where U; is the set of points « € {0, £1}" with ||z||, € [2n/3 &+ /n] which satisfy a unique
term. Choosing N = 3V results in Ufil U; covering a constant fraction of the domain. We

then define two distributions Dy.s and D,, as follows. Recall that B, is the radius-r ball
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in the ternary cube (Example 12.1.2) and let D denote the set of points x € {0, £1}" with
|z|l, € [2n/3 £ v/n] that don’t satisfy any term.

o S ~ Dy is drawn by setting S = B%n_\/ﬁ UubDu (UiGT UZ») where T includes each

i € [N] independently with probability 1/2. Such a set is always convex.

e S ~ D, is drawn by setting S = B%_\/ﬁ U D U C where C includes each = € Uf\il U;
independently with probability 1/2. Informally, this set will be Q(1)-far from convex

with constant probability since its intersection with the middle layers is random.

For both distributions, each point « € (JX , U satisfies Pg[z € S] = 1/2 and if # € U; and
y € U; where ¢ # j, then the events z € S and y € S are independent. Thus, to distinguish
Dyes and Dy, one has to see at least two points from the same U; and this gives our sample

complexity lower bound.

12.2.3 Non-Adaptive One-Sided Testing

The proofs of Theorems 12.1.9 to 12.1.11 all rely on a partial order < defined on {0, +1}",
which we call the outward-oriented poset, that has the origin 0" as the minimum element and
the corners of the cube {£1}" as the maximum elements. (See Section 12.4.1 for the formal
definition of this poset and a discussion of its properties and history.) For any y € {0, £1}",
we define Up(y) = {z € {0,£1}" : y < z} to represent the set of points above y in this

poset.

Non-Adaptive One-Sided Upper Bound: An important property of the outward-
oriented poset in the context of testing convexity is that any point y in the convex hull
of a set of points X C {0,£1}" is also in the convex hull of X N Up(y). Conversely, if a set
S C {0,£1}" is not convex, then there is a certificate of non-convexity of the form (X, y)
where y ¢ S is in the convex hull of X C S, and X C Up(y). This property implies that a

convexity tester can search for certificates of non-convexity by repeatedly choosing a random
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point y and querying all points in Up(y). A naive implementation of this idea leads to a
query complexity that is significantly larger than the bound in the theorem. However, the
ternary hypercube satisfies a strong concentration of measure property: almost all of the
points in the ternary hypercube have %n + O(y/n) non-zero coordinates. As a result, we
can refine the convexity tester to only query the points in Up(y) whose number of non-zero
coordinates is at most %n + O(4/n) to obtain the desired query complexity. The details of

the proof of Theorem 12.1.9 are presented in Chapter 15.

Non-Adaptive One-Sided Lower Bound: The lower bound in Theorem 12.1.10 is
obtained by considering the class of anti-slabs, which are defined by choosing a vector
v € {0,£1}" with n/2 non-zero coordinates and taking the set of points {x € {0,£1}" :
|{(v,z)| > 7}. Tt is quite easy to find certificates of non-convexity for anti-slabs—the three
points —x, 0™, and x obtained by choosing x uniformly at random in the ternary hypercube
forms such a certificate with reasonably large probability whenever 7 is small enough. How-
ever, we can eliminate these certificates of non-convexity if we “truncate” the anti-slabs by
including the set of points whose number of non-zero coordinates is below %n —O(y/n), and
excluding the points whose number of non-zero coordinates is above %n + O(y/n). We show
that any certificate of non-convexity for these truncated anti-slabs must have two points x, z

with a large difference between (v,z) and (v, z), but on the other hand, any small set of

queries has a low probability of including such a pair when v is chosen at random.

Sample-Based One-Sided Lower Bound: Finally, the proof of the lower bound Theo-
rem 12.1.11 again uses the outward-oriented poset and the connection between convex hulls
and the upwards sets Up(y) to show that any set of 3°™) samples is unlikely to draw any
point y that is contained in the convex hull of the other sampled points and thus to have

any possibility of identifying a certificate of non-convexity of any set.
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12.3 Discussion and Open Problems

As far as we know, we are the first to study convex sets and their associated algorithmic
problems on the ternary hypercube. Thus there are many possible questions one could ask.

In this section we discuss a few such questions which we find most interesting.

Learning and sample-based testing. The most obvious question which our work leaves
open is that of determining the true sample complexity of learning and sample-based testing
of convex sets in the ternary hypercube, where our results leave a gap of 3%(V?) ys. 3004
By Theorem 12.1.3, our upper bound of 5(713/ 1) on the influence of convex sets is tight up

to a factor of log/*n, and therefore to improve our learning upper bound would require

another method.

Question 12.3.1. Can we close the gap of 3%V™ ys. 30(®) for learning convex sets and

for sample-based convezity testing in {0, £1}"7¢

Testing with two-sided error. Our results for testing with queries apply only to case of
one-sided error. Earlier work on testing convex sets under the Gaussian distribution on R"

with samples showed that, in that setting, two-sided error was more efficient than one-sided

[CFSS17h).

Question 12.3.2. Is there a two-sided error non-adaptive tester for domain {0, £1}" with

better query complexity than our one-sided error tester?

Our lower bound technique does not suffice for two-sided error. This is because the class
of anti-slabs, which we proved are hard to distinguish from convex sets using a one-sided
tester, can be distinguished from convex sets with two-sided error using only O(n) samples.
To do so, one may use the standard testing-by-learning reduction of [GGRI8], together with
an O(n) bound on the VC dimension of the anti-slabs (which are essentially the union of

two halfspaces).
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Testing convexity in other domains. Our results show that queries can be more effec-
tive than samples for testing discrete convex sets in some high-dimensional domains. Is this

true for all discrete high-dimensional domains?

Question 12.3.3. What are the sample and query complexities for testing discrete convexity

over general hypergrids [m]™?

Note that our techniques do not immediately generalize to larger hypergrids, so answering

the last question even for the hypergrid {0, £1,+2}" requires some new ideas.

It would also be interesting to see if the gap between sample and query complexity also

holds for continuous sets.

Question 12.3.4. Can queries improve upon the bounds of [CFSS17b, HY22] for testing

convex sets with samples in R™ under the Gaussian distribution?

It is not clear if there is a formal connection between testing convex sets on the domain
{0, £1}™ and on the domain R™ under the standard Gaussian distribution. One might expect
a connection here because the uniform distribution on {0, +1}" acts similarly to the Gaussian
in certain ways when n — co. But we do not see how to construct direct reductions between
these two settings for the problem of convexity testing. Also, there is an intriguing analogy
between monotone subsets of {£1}" and convex subsets of R” in the Gaussian space [DNS22].

How do convex subsets of {0, £1}" fit into this analogy?

12.4 Preliminaries: Convexity on the Ternary Hypercube

The main object of study in this paper is the ternary hypercube, an analogue of the Boolean
hypercube over the ternary set {0, £1}". This set can be viewed as a discrete subset of R",
as a (hyper)grid graph in which two points x,y € {0, £1}" are connected by an edge if and
only if > | |z; —v;| = 1, and as a poset that we will describe in more detail in the subsection

below.
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The study of the ternary hypercube and more general grid graphs goes back at least to
Bollobéds and Leader [BLI1]. As a poset, its study goes back at least to Metropolis and
Rota [MR78]. The ternary hypercube appears to have some particularly elegant structure
that is not necessarily shared by larger hypergrids. We describe some of these fundamental

properties in the following subsections.

12.4.1 The Outward-Oriented Poset

We define a partial order over {0, £1}", which puts the origin 0" as the minimum element

and the corners {£1}" as the maximum elements.

Definition 12.4.1 (Outward-Oriented Poset). We denote by ({0,+1}", <) the n-wise prod-
uct of the partial order defined by 0 < 1 and 0 < —1. FEquivalently, we write y =< x when
Vien|: (yy#0 = x=1y).

The outward-oriented poset can easily be extended to a lattice (by adding a global max-
imum point), though since we do not need this extension we do not pursue it here. The
outward-oriented poset appears naturally in many different contexts and, as a result, has
received different names. For instance, it arises in the study of the faces of the Boolean
hypercube [MR78|, where it is sometimes called the “cubic lattice”, and in the study of
partial Boolean functions (see, e.g., [Eng97]). We use the name “outward-oriented poset” to

emphasize the fact that this poset is distinct from the partial order inherited from R™.

Definition 12.4.2 (Upper Shadow). For any point y € {0, £1}", the upper shadow of y is
the set

Up(y) :={x € {0, £1}" 1y <z} .
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12.4.2 Convexity and Witnesses of Non-Convexity

Given a set of points X C {0,+1}", we denote the convex hull of X by

Conv(X) := {Z AT Z)\x =1land \, >0, Vz € X}.

zeX rzeX

Definition 12.4.3 (Discrete Convexity). A set S C {0,£1} is convex if S = Conv(S) N
{0, £1}".

Let A(S,T) denote the cardinality of the symmetric difference between S and T'. Given
S C {0, £1}", we define dist(S, convex) as the minimum, over all convex sets 7' C {0, +1}",
of A(S,T)-37". For brevity, we also sometimes use the notation £(5) := dist(.S, convex).

If £(S) > € for some € € (0, 1), then we say that S is e-far from convex.

Definition 12.4.4 (Violating Pairs). Consider S C {0,4+1}". If X C S andy € Conv(X)N
{0, £1}", but y ¢ S, then we call (X,y) a violating pair for S. The pair is called minimal
if y ¢ Conv(X') for any strict subset X' C X.

All of our results exploit the following key property of the outward-oriented poset. This
fact captures the structure of {0, £1}" which we use throughout the paper.

Fact 12.4.5. If a violating pair (X,y) is minimal, then X C Up(y).

Proof. We have y = Y _\ A, where ) A, = 1. Moreover, the minimality of (X,y)
implies that A\, > 0 for all x € X. Now, let i € [n] be some coordinate where y; # 0. We
need to show that x; = y; for all x € X. Without loss of generality, suppose y; = 1. Thus,
we have 1 = > Az If 2, < 1 for some z € X, then we would have }° _ A.2; < 1,

which is a contradiction. O

Fact 12.4.6. Let S C {0,£1}". The following two statements are equivalent.

e S is not conver.
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Figure 12.2: An illustration of {0,+£1}2. Arrows indicate the direction of the partial order. The
red triangle shows the convex hull of X = {(—1,1),(1,0),(0,1)}, which contains the origin. I.e.
(X,(0,0)) is a minimal violating pair for X.

o There exists a minimal violating pair (X,y) for S.

Proof. Suppose there exists a minimal violating pair (X,y) for S. Since X C S, we have
Conv(X) C Conv(S) and so y € Conv(S). Thus, y ¢ S implies S is not convex. Now suppose
S is not convex. Then there exists y € (Conv(S) N{0,£1}")\ S. Let X C S be a minimal

set of points such that y € Conv(X). The pair (X, y) is a minimal violating pair for S. [

Fact 12.4.7. Consider S,Q C {0,£1}". If Q does not contain any X U{y} such that (X,y)

is a violating pair for S, then there exists a convex set S" such that S'NQ = SN Q.

Proof. Let S” = Conv(S N Q) and consider an arbitrary y € ). We need to show that y € S
if and only if y € S’. Clearly, y € S implies y € S’. Now suppose y € S’ and note this
implies y € Conv(SN Q) C Conv(S). Thus, if y ¢ S, then (SNQ,y) is a violating pair for S

and this contradicts our assumption about Q). O

The following corollary is crucial for proving our lower bounds in Section 15.2 and Sec-

tion 15.3.

Corollary 12.4.8. Let T be a convezxity tester for sets S C {0,£1}" with 1-sided error.
Suppose T rejects a set S after querying a set Q. Then Q contains some X U {y} such that

(X,y) 1s a minimal violating pair for S.
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12.4.3 Concentration of Mass in the Ternary Hypercube

For z € {0,41}", observe that ||z||, = ||=|3 is precisely the number of non-zero coordinates
of x. Moreover, each coordinate of a uniformly random z is non-zero with probability 2/3,
and s0 E,eqo1130[[|z[,] = %*. Standard concentration inequalities yield the following bound

on the number of points x € {0, £1}" where ||z, is far from this expectation.

Fact 12.4.9. For every 7 > 0,

2n
Prefo,£13n { |lzll, — ?’ > T:| < 2exp(—72/2n).

Proof. We have |z||, = Y7, X; where X; = 1 with probability 2/3 and X; = 0 with

probability 1/3. Thus, the bound follows immediately from Hoeffding’s inequality. n

Given 7 > 0, we use the following notation to denote the inner, middle, and outer layers

of {0, £1}" with respect to distance 7:

2
Inn(7) := {x: |lzll, — ?n < —7'},

Mid(r) = {x: lzll, — %”' < r} ,
Out(r) := {:13: lell, — 2?” > T}. (12.3)
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{£1}"

Figure 12.3: This figure shows a pictorial representation of {0,£1}" as a poset. Any vertical slice
represents the set of all points with some fixed number of non-zero coordinates, and this number
is increasing from left to right. The left-most point is the origin and the right-most points are the
vertices of the hypercube {+1}". The outward-oriented poset goes from left to right. The shaded
blue region emanating from y is the set Up(y) of points above y in the partial order. The set X

represents some minimal set of points for which y € Conv(X) and thus y < x for all x € X, by
Fact 12.4.5.
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CHAPTER 13

The Influence of Convex Sets

In this chapter we prove that the maximum edge boundary of convex sets in {0, +1}" is

O(n3/*) - 3", or equivalently that the influence is O(n/4).

13.1 Upper Bound

We prove that convex sets in the ternary hypercube have influence O(n**). The main idea
in the proof is to relate the influence of a convex set S to the number of sign-changes in the
maximum of a set of one-dimensional random walks. The proof will consider a random walk

X0 x® X0 starting from a random position in the middle layer of the ternary hy-

n
logn

percube and moving randomly “outward” for m = O ( ) steps, and count the number
of influential edges crossed near the “middle layers” by relating them to one-dimensional
random walks. We begin in Section 13.1.1 with definitions regarding the one-dimensional
random walks that we require and then in Section 13.1.2 show how they relate to the num-

ber of influential edges of S; finally, in Section 13.1.3 we prove the necessary bound on the

number of sign-changes of the one-dimensional random walks.

Notation. In this section it will be convenient to use bold letters like X for random

variables, with the non-bold letter X being reserved for a fixed instantiation of X.

13.1.1 One-Dimensional Random Walks and the Max-Walk

Let us define the types of one-dimensional random walks that will be necessary for our proof.
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Definition 13.1.1 (Random Walks). Let x = (x1,...,2,) € R™. Fiz any permutation
o : [m] = [m] and sign vector ¢ = (e1,...,&m) € {£1}™. For any a € R, we define the
function W (t;0,¢) fort € {0} U[m] as

a ift=20
Wit (t;o,e) ==

a+ Z§=1 €%y Ut >0.

The random walk W is defined by choosing a uniformly random permutation o and vector

e ~ {£1}™ and setting W (t) = W (t;o,€) for every t. If a =0 we drop the superscript.

The main quantity of interest to us is the number of sign-changes of a random walk,

defined as follows.

Definition 13.1.2 (Crossing Number). Let W : {0} U [m] — R be any sequence. We define
the crossing number C (W) as the number of sign-changes of W, defined as the number of
times t € [m] such that either W(t) >0 >W(t—1) or W(t) <0< W(t—1).

An important feature of our random walks will be that they have the Distinct Subset-Sum

(DSS).

Definition 13.1.3 (DSS Random Walk). We say a sequence x € R™ has the Distinct Subset-
Sum (DSS) property if for every two disjoint subsets A, B C [m], it holds that ) _, xq 7

Y vep To- In particular, the random walk W, satisfies

Vt e [m], P [W,(t;o,e) =0]=0.

o€
Note that, if x has the DSS property, then so does any subsequence of x.

We will require an upper bound on the crossing number of maz-walks, which are random

walks defined as the maximum of a set of constituent walks of the type defined above.
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Definition 13.1.4 (Max-Walk). Let X be a set of sequences x € R™, and let a : X — R.

For a fized permutation o and vector e € {£1}™, define

M (t;0,€) == max W@ (t: 0, ¢),
xe

and let the random walk M* be defined as
M (t) = Mx*(t; 0, )

where o, e are chosen uniformly at random.
The main fact about max-walks that we require is the following, which we prove in
Section 13.1.3.

Lemma 13.1.5 (Max-Walk Crossing Number). Let X be a set of sequences x € R™, each
having the DSS property, and let a : X — R. Then

E [C(M3%)] = O(vim).

13.1.2 Upper Bound on the Number of Influential Edges of a Convex Set

We now prove the following upper bound on the influence of any convex set in the ternary

hypercube, restated below for convenience.

Theorem 12.1.4. If S C {0, £1}" is conves, then 1(S) = O(n3*log'/*n).

We require the following basic property of discrete convex sets.

Proposition 13.1.6. Let S C {0, £1}" be any discrete convexr set. Then there is a finite
set of vectors V. C R™ and thresholds T : V. — R, where each v € V defines a halfspace
H, = {z € {0,£1}" : (v,2) < 7(v)}, such that S = (,o, Hv. One may also assume

that V' satisfies the property that, for every v € V and every two disjoint subsets A, B C [n],
ZiGA v; # ZjeB Uy
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Proof. Since S is the intersection of its convex hull Conv(S) with {0, +1}", it may be written
as the intersection of {0,41}" with a finite set of halfspaces with normal vectors V' and
thresholds 7 : V' — R, and one may assume that none of the points in {0,4+1}" lie on the
hyperplane boundary of any of the halfspaces. Then there is some ¢ > 0 such that the
minimum distance between a hyperplane and a point of {0, £1}" is at least 0 - n. For each
v € V, apply independent random perturbations to each coordinate to obtain v, = v; 4+ 7;
where 7; is drawn from [—0d, §] uniformly at random. With probability 1, the resulting set

V' ={v" : v € V} satisfies the required conditions. O

Proof of Theorem 12.1.4. Recall the definition of the edge-set E of the ternary cube from
eq. (12.1) and the set Mid(¢) from eq. (12.3). Given ¢ > 0, let

Ey={(u,v) € E: u,v € Mid(¢)}

denote the set of edges lying in the middle ¢ layers of {0,+1}". We consider the following
process which samples a random edge in {0, +1}". Define ¢ := \/2nlogn and m := , /logn.

Let D denote the distribution over edges defined by the following procedure.
1. Sample X© ~ Mid(¢).

2. Choose a random subset T C {i: Xi(o) = 0} with |T'| = m of coordinates where X

has a 0.

3. Let € = (e1,...,&,) € {£1}™ be independent Rademacher random variables and let

o: [m|] — T be a random bijection.

4. For each s € [m], let X) = X (=1 + E5€o(s) = X0 4 > i i €i€o(i) Where € is the unit

vector with a 1 in coordinate j.
5. Choose s ~ [m] and return the edge (X,Y) = (XD X)),

Note that the above process can be equivalently defined as obtaining X ) by selecting a
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)

uniform random coordinate ¢ where X i(sfl = 0 and flipping that bit to a random value in

{+1}, with equal probability. This results in a random walk X X® X of length

s=1)_ We use two main

m where each (X1 X)) is a random out-going edge from X
claims regarding this random walk to complete the proof of the theorem. The first is that
choosing an edge (X,Y) ~ D is approximately the same as choosing a uniformly random

edge from the middle layers.

Claim 13.1.7. Fiz any z € Mid(¢) and s € [m]. Then P[X®) = 2] = ©(3™"). Le., each
step of the random walk is approximately uniformly distributed over Mid({). As a corollary,

for any fized edge (u,v) € E,, we have

ool X.¥) = (woll =0 ().

n-3"

The second claim is that the probability of (X,Y") ~ D being an influential edge is small.

Claim 13.1.8. P(x y-p[S(X) £ S(Y)] < O (ﬁ)

We defer the proof of both claims to the end of the section. We now prove Theorem 12.1.4
using Claim 13.1.7 and Claim 13.1.8 as follows. Let E denote the edges of the ternary
hypercube and let E, = {(u,v) € E: u,v € Mid(¢)}. By definition,

I(S) = 31 (H(wv) € B\ Be: S(u) # S@)} + [{(w,v) € Be: S(u) # S@)}).

The first term is bounded using Fact 12.4.9 as

[{(u,0) € E\ Ep: S(u) # S)} _ |E\NE _,,  [Mid({0)]

3 -3

< 2n-2exp(—£*/2n) = O(1)
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since every vertex has degree at most 2n. The second term is bounded as

|{(U,U) EEZSS(U)%S(U)H _ |§;f| 'P(uvwEg[ ( )#S( )] 2;’ ,]P)(uUNEg[ ( >7é8( )]

< Ln Pxy)plS(X)#S(Y) <Ln-m™? =L n**1og"*n

where L, L' are absolute constants. The first inequality follows simply from FE, C E and
|E| = 2n - 3""1. The second inequality follows from Claim 13.1.7 and the third inequality
follows from Claim 13.1.8. This completes the proof of Theorem 12.1.4. O

Let us now complete the deferred proofs of Claim 13.1.7 and Claim 13.1.8.

Proof of Claim 15.1.7. Let [|z||, = & + r where |r| = O(y/nlogn). In order for X*) = z to

occur we must have HX ©) H == %” + r — 5. Thus, the probability is

1

1 " . -1
PIX® =2 =—((, s ) (LT ) oF

3n ?n—i—T—S %—{—r

1

1 n n -t
. =0O(3™"
3n 28 (%"+r—s><%"+r) ( )

where the last step is due to the following fact:

If [r] < O(v/nlogn) and s = O(, /i), then (20 _.) (2" )_1 = 0(2%). As a corollary,
ogn 5 TT—Ss 5 T
the number of points in the ternary cube with hamming weight 2?” +7r—s and %” + r differ

by at most a constant factor.

This is proved as follows.

) | (enlGonl H Berop , F 3eiod
— _/rl -

() @)l =)l i reemr T ey
1_[1n_r+ns—p+(%+§—s):zs_ﬁ(1+n3§+§—s )
- - 3 Tr+s—p =0 3—Tr+s—p

Observe that the numerator inside the product is +O(y/nlogn) since r is the dominating
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term and the denominator is £2(n) since n/3 is the dominating term. Therefore, we have

T (o f52)) eorw

since s = O(, /a7 O

Proof of Claim 13.1.8. Let S be an intersection of halfspaces S =

vev Ho, with thresholds
7:V — R, in the form promised by Proposition 13.1.6. In particular, each vector v € V has
the DSS property (Definition 13.1.3). Fix any value of X(© = X(© and fix any permutation
o and sign-vector € = (e1,...,&,) € {£1}™ in the definition of D, and consider the resulting

fixed values of X(© XM X0 Definea:V — R as a(v) = (v, X)) — 7(v).

For each v € V, consider the sequences W, ") := W, a(v)(- :0,¢). For each X observe
that X € H, if and only if (v, X)) < 7(v), which is equivalent to the condition W, (s) < 0,

since

a(v 0 s
Wr(s) =a() + Y g vopy = | D wiX” | —tw)+ Y X ve
=1 i:x (90 =t

Therefore X € S if and only if W, ") (s) < 0 for all v € V, which is equivalent to
M%(s) < 0 where M;t* is the max-walk (recall Definition 13.1.4). Then for fixed sequence
X© . X and uniformly random s ~ [m], the probability that (X~ X)) is an

C(MF)
m

influential edge is equal to . Therefore, taking o and € to be random, we have

P [S(X)#S(Y)] =

1
(va)ND m

E[C(M*)] = O(vim).

where the final bound is due to Lemma 13.1.5, since each vector in V' was assumed to have
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the DSS property. This concludes the proof of the claim. n

13.1.3 Crossing Bound for the Max-Walk: Proof of Lemma 13.1.5

We prove an upper bound on the number of times the maximum of a set of one-dimensional

random walks can change sign. Let us define certain special events in a random walk.

Fix any walk time m and let W : {0} U [m] — R. We define:

e A downcrossing of W is a time t € [m] such that W(t) <0 < W (t —1). C (W) is the

number of downcrossings of W.

e An upcrossing of W is a time t € [m] such that W(t) > 0 > W(t). C4(W) is the

number of upcrossings of W.
e A downwards level return of W is any time ¢ such that either:
— If W(0) > 0 then the smallest time ¢ € [m] such that W (t) < W (0) is a downwards
level return.
— For any upcrossing s of W, the first time ¢ > s such that W (t) < W(s) is a
downwards level return.

We write L (W) for the number of downwards level returns of .

e The downwards level decrease times of W is the unique sequence s; < s < --- defined

inductively as follows.
— If W(0) > 0 then s; is the first time such that W(s;) < W(0). Otherwise let ¢ be
the first upcrossing of W. Then s; is the first time such that W(s;) < W(t).

— For i > 1, if W(s;_1) > 0 then s; € [m] is the smallest time such that W(s;) <
W (s;—1). Otherwise, if W(s;_1) < 0, then let ¢ be the first upcrossing t > s,
and define s; as the first time s; > ¢ such that W(s;) < W (t).

We write S| (W) for the number of downwards level decreases of W.
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e The upwards level increase times of W is the unique sequence t; < to < --- defined

inductively as follows.
— If W(0) < 0 then t; is the first time such that W (t;) > W(0). Otherwise let s be
the first downcrossing of W. Then ¢, is the first time such that W (t;) > W ().

— For ¢ > 1, if W(t;—1) < 0 then t; is the first time such that W(t;) > W (t;—1).
Otherwise if W (t;_1) > 0, then let s be the first downcrossing s > t;_; and define
t; as the first time ¢; > s such that W (¢;) > W (s).

We write Si(W) for the number of upwards level increases of .

The main technical tool in our analysis is the following version of Sparre Andersen’s
fluctuation theorem [Spab4], as found in [BB23, Prop. 4.1]. Recall the definition of W, from
Definition 13.1.1 and the DSS property from Definition 13.1.3.

Theorem 13.1.9 (Sparre Anderson; see [BB23], Proposition 4.1). For every m € N, if
x € R™ has the DSS property, then the random walk W, satisfies

Pt € [m] : Wo(t) > 0] = g(m) = — <2m).

a4\ m

We define a random variable R on the positive integers with

e rir=t—gu-n-o0 - (") -4 (2)

where we define g(0) := 1. For each m € N, we also define a random variable Q™ by the
following process. Set ¢ = 0 and X = 0; while X < m, increment ¢ and set X < X + R
where R is a new independent copy of the random variable defined above. Then set Q™ = ¢

once this process terminates; note that Q) = 0. Observe that for every k € N,

P[Q"™ > k] =P[R, + Ry + -+ Ry, < m)
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where each R; is an independent copy of R, and

The following holds due to Theorem 13.1.9.

Proposition 13.1.10. Let x € R™ have the DSS property, let a € R, and let s1, t; denote
the first downwards level decrease time and upwards level increase times of W%, respectively.

xT

Then for all z € [m),

1. If a > 0 then P[s; = z] = P[R = z|; and,
2. If a <0 then Pt; = z] =P[R = z].

Proposition 13.1.11. Let x € R™ have the DSS property and let a € R. Then
E[Q™] =E[S,(W, ") + S;(W,!)] .

Proof. By induction on m. Form = 1 wehave E [QV] =P[R = 1] = 1/2 and E [S| (W) + S;(W, )] =
1/2 since the random walk has probability 1/2 of increasing or decreasing in the first step;
if a > 0 then the walk must decrease to create a downwards level decrease, while if a > 0

then the walk must increase to create an upwards level increase.

Now let m > 1. Suppose a > 0 without loss of generality. Then the first level increase
or decrease is a downwards level decrease. Let s; be the first downwards level decrease and
let y denote the random subsequence of x that remains after removing the first s; elements

according to the random permutation . Then by induction and Proposition 13.1.10,

NE

E[S| (W, ) + Sy(W,))] =) Pls; =1 (1 +E[S) (W W=60) 4+ 50 (WD) | gy = tD

t=1

PR=t-(1+E[Q""]) =E[Q"™] . O

[
NE

t=1
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For a sequence W : {0} U [m] — R, write Z(W) =>_7" 1 [W(t) € {0, £1}].
Lemma 13.1.12. For any m, E[Z(W3)] = O(y/m).

Proof. We first bound the number of times ¢ such that W3(¢) = 0. If ¢ is odd then P[W5(t) =

0] = 0. If ¢ is even then there is a universal constant C' such that

P{W:(t) = 0] = %(tjz) <. % |

Therefore the expected number of times ¢ with W3 () = 0 is at most

> BWi1) =0/ £C- 30— = 0ym).

t even

Now observe that the expected number of times ¢t where W3(t) = 1 is the average of the
expected number of times where the shifted walks W; “is 0 on domain [m — 1], where

a = %1, and the same holds for the number of times ¢t where Wx(t) = —1. O

Proposition 13.1.13. There exists x € R™ with the DSS property such that
B[S (Ws) + Sy (W) < E[Z(W7)].

As a consequence, E [Q™] = O(y/m).

Proof. Let 6 := 5. Let @ := I + z where z ~ [—0,6]™ uniformly at random. Note that
@ has the DSS property with probability 1. For any fixed z € [—§, §]", any permutation o,
and any r € {£1}", write W,(t) := W,(t;0,¢) for z = 1+ z. Then we have W,(t;0,¢) €
(Wi(t;0,€) — 1/3, We(t; 0,¢) + 1/3]. Now fix any z € [—0,6]™ such that z = I + z has the

DSS property; we show that it satisfies the required condition.

Let 51 < s9 < --- < s be the downwards level decreasing or upwards level increasing
points for W, let s = 0, and observe that a point cannot be both downwards level decreasing

and upwards level increasing. We show by induction on i that |W,(s;)| < 141/3 and therefore
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that Wr(s;) € {0,£1}. Since W,(0) = 0 it must be that s; is downwards level decreasing and
W,(s1) <0=W,(0) <W,(s; — 1) and therefore W,(s1) > W,(s; —1)—1—-1/3 > —4/3 so
it must be that Wy(s1) € {—1,0}. For ¢ > 1, suppose that s; is a downwards level decreasing
point. If there exists an upcrossing point a > s;_1 such that W,(s;) < W,(a), then we
observe that W (a — 1) < 0 < W,(a) and therefore W,(a) < 1+ 1/3 so Wy(a) € {0,1}.
Now W,(s;) < Wp(a) < W,(s; — 1) so it must be that —1 — 1/3 < W,(s;) < 1+ 1/3 so
Wi(s;) € {0,£1}. On the other hand, if W,(s;—;) > 0 and W,(s;) < Wy(s;—1) then by
induction we have Wi(s;,—1) € {0,1}, and also W,(s; — 1) > W,(s;_1), so again we have
—1—-1/3 <W,(s;) <1+ 1/3 and therefore W3(s;) € {0, £1}. A similar argument holds for

the upwards level increasing points.

The conclusion now follows from Proposition 13.1.11 and Lemma 13.1.12, since for the

x € R™ defined in the current proof,
E[Q™] = E[S,(W.) + S(Wa)] < E[Z(Wy)] = O(v/m). =

Proposition 13.1.14. Let X be a set of sequences x € R™ each having the DSS property,
and let a : X — R be arbitrary. Then

E[L(M{")] <E[Q™] .

Proof. By induction on m. For m = 1, the probability that Mx® has a downwards level
return is at most 1/2, because if M3*(0) > 0, all of the maximizing constituent walks z € X
satisfying W,(0)7%®) = M{*(0) must decrease. If ME*(0) < 0 then there is no downwards

level return for m = 1.

Let m > 1 and consider two cases. First assume that M{*(0) > 0 and let z € X be
an arbitrary constituent walk satisfying W, “”)(0) = M{%(0). For fixed permutation ¢ and
sign vector ¢, let s; be the first downwards level return point of M{%(- ;0,¢) and let s} be

the first downwards level return point of W, a(x)(- ;0,¢€). Note that s| < s; since M{* is the
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maximum of its constituents.
Now we may write

B [L(M5)] = 3 Plsi =] (1+E[L (M3?) | 51 =5]) |
s=1
where Y denotes the set of vectors X after removing the first ¢ coordinates according to the

) (1) of each walk

random permutation o and b : Y — R is the starting point b(y) =
y € Y obtained from the original vector x € X by removing the first ¢ coordinates according

to o. By induction, this is
E[L, (My’) | s1=s] <E[Q"].
Now we write s; = 8| + (s; — s}) where the second term is non-negative. Then

E [L,(M5*)] <Z]P>s1 +(s1—8}) =s]- (1+E[Q"])

m—t
= Z:IP’[S’1 = t] ZP[S1 — s =s| s =t](1+E[Q" T)]) .
t=1 s=0

The inner sum is a convex sum of terms 1 + E [Q(m_(”t))} which are each bounded by
1+E [Q(m_t)] because E [Q(k)] >E [Q(k/)} when k > k. We also have P[s| = t] =P[R = {]
due to Proposition 13.1.10. Therefore,

m

E[L(M{")] <> PIR=t(1+E[Q""]) =E[Q"] .

=1
We must now handle the case where M:*(0) < 0. Let ¢ be the smallest time where M{*(t) >
0. Then

E[L (M) =Y Pit=t-E[L (My®) | t=t],

t=1

where Y and b are defined similarly as before, as the sequences X after removing the first
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t coordinates according to the random permutation o and b(y) = W, "™ (t) is where the z
walk ended up at time ¢. This new walk starts above 0 so the above argument applies and

the conclusion holds. O
We can now prove Lemma 13.1.5.

Proof of Lemma 15.1.5. First observe that C(M*) < 2C (M) +1 so it suffices to bound
C,(M3*). By definition it holds that C|(Mx*) < L, (Mx*), so by Proposition 13.1.14 and

Proposition 13.1.13, we have

E[Cy(M{")] <E[Q™] = O(vim). =

13.2 Lower Bound

Recall the definition of the influence of a set in the ternary hypercube given in eq. (12.2).
In this section, we show that there exists a convex set whose influence is Q(n3/*), nearly

matching the upper bound given in Theorem 12.1.4.

The construction of the high-influence set is obtained by considering the intersection of
2v" random halfspaces whose distance from the origin is ©(n3/*). This approach is inspired
by [Kanl4, Theorem 2], who showed that in the Boolean hypercube, an intersection of k
random halfspaces with an appropriately chosen distance from the origin will have expected
influence Q(y/nlogk). In the ternary hypercube, this type of argument still works as long
as k < 200Y™_ This type of construction was also used by Nazarov [Naz03] to show the
existence of convex sets in R™ whose Gaussian surface area is Q(n'/4), which matches the

O(n'/*) upper bound proven by Ball [Bal93].

13.2.1 A Convex Set with Large Influence

We prove the following theorem.
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Theorem 12.1.3. There exists a convex set S C {0, +£1}" with influence 1(S) = Q(n3/4).

Proof. Recall that the edges of {0, +1}" are the directed pairs of points (x, y) such that there
exists ¢ € [n] for which z; =0, y; € {£1} and z; = y; for all j # i. We will use the following

claim which is also used by Kane (see [Kanl4, Lemma 7] and its proof).

Claim 13.2.1. For any n and € € [27",1/2], there exists T = O(y/nlogl/e) such that

]P)mw{il}" [Z T; > T] > €.

i=1

Let € = 27V" and choose 7 = O(y/nlog 1/¢) = ©(n**) so that

p = Pzw{i1}2”/3 [Z Zi > T] > e (131)

as guaranteed by Claim 13.2.1. The main technical lemma that allows our construction to
work is the following, which we prove in Section 13.2.2. Note that this lemma crucially uses
the assumption that 7 = O(n**) and this is where the structure of the ternary hypercube

prevents this construction from obtaining sets with influence > n3/4.

Lemma 13.2.2. For all n, all Q(y/n) <7 < 0N, and all £ = O(y/n),

) |

By Lemma 13.2.2 there are constants Cy < 1 < C} such that for all £ € [—y/n,/n], we

n+t

P xT; >
x~{E1}nt+t [; T

<0 P T; > T
x~{E£1}7 T

i=

have

< Cip. (13.2)

< .
Cop < ZN{il]I;Qn/3+z [Z 2 > T

Define H := {z € {0,£1}": >_"  x; > 7}. Let L,, = {x € {0,£1}": ||z||; = m} and note
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that

ZN{:tlI?Qn/S-M [ZZ: 2 > T] = P [212 Zi > T]

z~Lon 31

and so eq. (13.2) tells us that the density of H in Ly, 31, only differs by a constant mul-
tiplicative factor for any ¢ € [—/n,/n]. We abuse notation and write H(x) = 1(z € H).
Now, let £ s denote the set of edges in {0, 4-1}" which have both endpoints in Mid(y/n) and
let

ol H) = 5+ 1{(e.) € By H(z) £ H)) (13.3

denote the influence of H restricted to Mid(y/n). We prove the following lower bound on

this quantity.

Claim 13.2.3. ]Imid(H) = Q(p . T).

Proof. Let Z = [2n/3 — \/n,2n/3 + \/n — 1] and observe that we can write

Tosa (H) = éZ{E} (1l € ) (@) = HE )|+ [H ) — B )]
“5Y [l € 7)- () — 1) (134
3B [0, €3 (0 — )|
_ %zw{ E 21 (]|, ) H(z) - Zl 1(\\22'90”1)1{(,2)] (13.5)

where eq. (13.4) holds because H is a monotone function with respect to the standard partial
order, i.e., if z; <y, for all i € [n], then x € H implies y € H, and eq. (13.5) follows by the
observation that for each i, z € {0,4+1}" appears in the sum as H(z) whenever z = z*°

and z; = 1, and appears in the sum as —H(z) whenever x = 2% and z; = —1. Let
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=[2n/3 —\/n+1,2n/3 4+ \/n — 1]. Thus, the above expression can be rewritten as

1 - ;
lig(H) =5 B [H() Zz (|70, e D)

OOIH

> / . T / '
>s E H(z)l(HzHlEI)ileZ] > B HEWE, T (136)

where the first inequality holds since Z’ C 7 and ||z||, € Z’ implies ||z*%||, € Z for all i € [n].

The second inequality holds since H(z) =1 if and only if >, z; > 7. Finally,

oy H (2 € ] Z >, H

b=—+/n+12€Loy /34 ¢
vn—1 ( n ) . 22n/3+€

o 2n/3+4 . '
- Z 3n ZN{:I:l]:E)Zn/S-!—K [; %> T] (13'7>

=—\/n+1

and the quantity in the RHS is Q(p) by the lower bound in eq. (13.2) and since (2n /T; +£) .
22n/3+t = (3" /\/n) for all £ € [—+/n,/n] by an application of Stirling’s approximation.

Combining this with eq. (13.6), we conclude that Iiq(H) = Q(p - 7) as claimed. O

Let k := max{[(4C1p)~'],1} < 7. Choose vV,... v® € {£1}" ii.d. uniformly at
random and for each i € [k] define H; = {z € {0,£1}": (z,v®) > 7}. Let S = N*_ H;
be the convex set formed by the intersection of the complements of the H;’s. Note that
S =UF  H; and [(S) = [(S) and thus it suffices to give a lower bound on I(S). Observe that
every edge (r,y) that is influential for H; is guaranteed to be influential for S if z,y ¢ H,
for all j # i € [k]. Moreover, if ||z|; = & + ¢ where ¢ € [—\/n, \/n], then

<Ci-p.

P H.] = P () S 7l = >
v~ £1}m [xe J] v {1} RU ’$> T] z~{il}2"/3+f Zz T

Thus, by a union bound, the probability that a H;-influential edge (x,y) with 2,y € Mid(y/n)
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remains influential for S is at least 1 —2(k—1)-C1p > 1—2-(4C1p)~*-C1p > 1/2. Therefore,

k
15)] 2 5 3 IialH) = Q- 7) = Q1) = Q) (138)

.....

and this completes the proof. O]

13.2.2 Bounding the Density Increment of Halfspaces

In this section we prove Lemma 13.2.2. Our proof makes crucial use of the following tight

bound on the binomial coefficient (nﬂ) for any 7 = O(n**). Importantly, the bound is tight
2

up to constant multiplicative factors, as opposed to constant factors in the exponent.

Fact 13.2.4. If 7 = O(n®*), then (i;f) =0 (\2/—% : exp(—%)).

Fact 13.2.4 is a special case of a much more general approximation, Corollary 13.3.2,
specifically the case of s = 2. The proof is relatively tedious and so we relegate it to
Section 13.3. Using Fact 13.2.4 we are able to prove the following claim which is important

for the proof of Lemma 13.2.2.

Claim 13.2.5. For all n, all Q(y/n) <1 < On**), and all £ = O((n/7)?),

o(eif) cofe-(2))
T2 2

Proof. Since 7 = O(n**), by Fact 13.2.4

2 (n—w> = me@ (‘m) - 5 (_m) |

Observe that

T2 T2 ¢ T2 T2/ T2
( ) 2n+2n(n+€) 2n+0( )
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since £ = O((n/7)?). Therefore,

14 1 T2 n
9—(n+0) ntby _ )< 9—n
(b2) samen (5) <o (L

where the second inequality is by Fact 13.2.4 since 7 = O(n*/4). O

We are now set up to prove Lemma 13.2.2.

Proof of Lemma 13.2.2. First, write

n+t

n+¢ n+4
. — < )
xN{E}nH [ZZI Ti > T] xN{E}n+Z [T < Z% s 27 IN{E}TH-Z [ZZI Ti > 27—] ’ <13'9)

=1

By Hoeffding’s inequality, the second term is

n+¢
2. (27)?
2 < -
mw{:lzl}"+é [Z Ti > T] exp ( 4(n + 6))

con (2 (1)) <0 (e (-2)) s

since 5 ﬁ = O(1). Using Claim 13.2.5, the first term is

n+4 1 n4¢
IN{E}M-Z [T < Zl’z S 27—] = onte Z (n—I—E ol )

i=1 €(7,27] even 2

- 2 ()
2T n;T

(r 27—] even

<2 . 13.11
x~{i1}" [T<le_ T]) (13.1)

1

| /\
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We now just need to show that the first term dominates the second term. By Fact 13.2.4

25 ()

7'e(7,27] even 2

Q (% exp <—2%2>) ) (exp (—2772)) . (1312)

Plugging the bounds from eq. (13.10), eq. (13.11), and eq. (13.12) back into eq. (13.9) yields

<0 P T < z; <A O

13.3 Approximating Binomial Coefficients Near the Middle

n
P i <2
B [7’ <y m<or

=1

v

n—+4

P i >
e~ {£1}n+e [; x T

In this section we prove the following approximation of the binomial coefficient ( ey )
2

Theorem 13.3.1. For all 0 <7 < n(1l —Q(1)), we have

2n
n . 2 w(n—7)(n+7)
nr) o Sy ()Rl 11y L g (1))

2 exp (7320 (5) (g —=2) +0(3)
Theorem 13.3.1 implies the following corollary.

Corollary 13.3.2. For every constant integer s > 1, when 7 = O(nl_i) then

s—1
n 2" T2k 1 1
<%> -0 (ﬁ P <_ L kT (%— 1 %))) '

Proof. Since 7 = o(n), the square-root term in the numerator of Theorem 13.3.1 becomes
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O(1/y/n). Since 7 = O(n'~'/2%) we have
g;nikl <2k1_1 _) i:: o (%—_1 21k)
:i< 1/5) (g1 awrg) —OW

L.e., the infinite summation converges when one ignores the first s — 1 terms. O

| A

13.3.1 Proof of Theorem 13.3.1

We use the following standard identities and approximations in the proof.

Fact 13.3.3. If N > 1, then

<1+%)N:exp< Z]ék,lj:l > and (1—%)N:exp<—1—gm>.

Proof. Consider the Taylor series expansions In(1 + z) = "7, 12 " and In(l —2z) =

— > ey % at z € (0,1). Since N > 1, we have 1/N € (0,1). Thus,

(1+%)N:exp(Nln(1+%))ZeXp( . Nkk )‘eXP<1_gz\§k_(}g—>i:l1)>

Fact 13.3.4 (Stirling’s Approximation). For alln > 1

n\”" 1 n\”"
2mn - <—> e2ntt < n! < V27mn - <—> e12n
e

(&
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Therefore, for alln>1and 1 <k <n-—1,

(Z) — m <%>k (n - k)n_k’eXp (12n +1 o) 12k +1@(1) T 12(n— /j) + @(1)) ‘

We are now ready to complete the proof of the approximation for binomial coefficients.

Proof of Theorem 13.3.1. Letting k = “5* and substituting this value in Fact 13.3.4 yields

(%) - \/W(n — i;ﬁb(n—l—T) ' (%)n; (%) - -exp(©(1/n))
) 2n\/ﬂn - f;l(nH) ' (1 - —) (1 i g) i ~exp(©(1/n). - (13.13)

We now apply Fact 13.3.3 and get the following bounds:

and
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Taking the product of eq. (13.14) and eq. (13.15) gives

%(Tl—T) %(n—l-T)
(-2 0+
n n
T2 2SN T\k T — (—1)k+! T o= /T\F* 1+ (—1)k+t
= exp (z) exp (% G e a2 () )
In the first sum, the kth term cancels when k is odd and doubles when k is even. In the

second sum, the kth term cancels when k is even and doubles when k is odd. Thus,

7\ z(n—7) 7\ 3 (nt7) 72 7 TNk 1 > T\ *
(-2 (D) e Y () ) e X G)

k=2, even k=1, odd

k=2, even k=2, even
+2 O /7 2k+1 1 O s N2k—1 1
e (T (2O ) - (20" )
s TN2k-1 ] TN\ 21 ]
(O ) - (20 5))
— exp <7i (9%_1 (%1_ - %)) (13.16)
k=1

and plugging this quantity back into eq. (13.13) completes the proof of Theorem 13.3.1. [
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CHAPTER 14

Sample-Based Testing and Learning

In this chapter we prove upper and lower bounds for testing and learning convex sets on

{0, £1}™ with samples.

14.1 Upper Bound

Theorem 12.1.5. There is a uniform-distribution learning algorithm for convex sets in
{0, £1}"™ which achieves error at most e with time and sample complezity 30%4/e)  The

O(-) hides a factor of log"*n.

Our proof of Theorem 12.1.5 uses the standard approach of showing that when S is
convex, its low-degree Fourier coefficients contain most of the information about S. We can
then learn S by estimating its low-degree Fourier coefficients. This learning approach was
established by Linial, Mansour, and Nisan, and is referred to as the ” Low-Degree Algorithm”

[LMN93]. The section is organized as follows:

1. Section 14.1.1: Setup of the Fourier analysis over the ternary hypercube that will be

necessary for the learning result.

2. Section 14.1.2: Bounds on the Fourier concentration of convex sets, using the influence

bounds from Chapter 13.

3. Section 14.1.3: The low-degree learning algorithm and the proof of Theorem 12.1.5
and Corollary 12.1.6.
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14.1.1 Fourier Analysis Setup over the Ternary Hypercube

This subsection uses mostly standard techniques, following Chapter 8 of [O’D14] which

outlines how to generalize Fourier analysis of Boolean functions to arbitary product spaces.

Let m /3 and W%Té denote the uniform distribution over {0, +1} and {0, £1}", respectively.
Let L2({0, 1}, 7r1/3) denote the real inner product space of functions f: {0, £1}" — R with

inner product (f,g) = Eq[f(z)g(x)].
Definition 14.1.1 (Fourier Basis). A Fourier basis for L*({0, £1}, m/3) is an orthonormal

basis ¢_1, o, d11: {0, £1}" — R with ¢g = 1.

An important message in Chapter 8 of [0’D14] is that the specific choice of Fourier basis
does not matter. For concreteness, we can use the following basis given in Example 8.10 of

[0°D14].

Definition 14.1.2. Define the following Fourier basis for L*({0,£1},m1/3): ¢o = 1,

(6_1(—1),0_1(0), p_1 (1)) = (=v6/2,0,v6/2), and
(¢1(=1),¢1(0), 61(1)) = (—=V2/2,V2,—V2/2).

It can be easily confirmed that the basis in Definition 14.1.2 is orthonormal and so is

indeed a Fourier basis. Now, given « € {0, +1}", we define ¢, € L*({0, £1}", 7r1/3) as

- H e, (1) (14.1)

An immediate corollary of Proposition 8.13 from [O’D14] is that (¢a)acfo,+13» is a Fourier
basis for L?({0,+1}", 7T1/3) Le., ¢(0,0,.,0 = 1 and this basis is orthonormal. Definition 8.14

.....

of [O’D14] now asserts that every function f: {0, £1}" — R can be written as

fx)= Y fla)ga(x) where f = (f, ¢a) = Eu[f(2)da(x)] (14.2)

ae{0,£1}"
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is the Fourier coefficient of f on a.

14.1.2 Fourier Concentration for Convex Sets

We use the notation #a := [{i: a; # 0}|. Our goal is now to prove the following fact about
the Fourier coefficients of convex sets. Here we abuse notation and use S: {0,+1}" — {£1}

defined as S(x) = (—1)*%5) to denote membership in the set S.

Lemma 14.1.3 (Fourier Concentration for Convex Sets). There ezists a constant C > 0

such that for any convex set S C {0, £1}" and ¢ > 0,

Z S()? <e.

a: #a>%n3/4 log/4n
Proof. The idea is to make use of our upper bound on the influence of convex sets from
Theorem 12.1.4. We will need the following slightly different definition of the influence given
by [O'D14]. We will refer to this slightly different notion as Fourier influence and will
denote it by IFeurer(f) for clarity. We will show that these definitions are equivalent up to

a constant factor. Below, for z € {0,+1}", i € [n], and b € {0, %1}, we write 27 for the

vector obtained from z by setting x; to b.

Definition 14.1.4 (Def. 8.17 and 8.22, [O'D14]). For f € Lz({O,il}",ﬂ%’g) and i € [n],

the projection of f onto 7 s

Ef(z) = Ebe{o,ﬂ:l}[f(xi(_b)]'

The i’th coordinate Laplacian operator L; is defined as L;f :== f—E;f. The Fourier influence
of coordinate i on f is IFeuier(f) = (f, L,f). The total Fourier influence of f is IFourer(f) =

Z?:l Hfourier (f) )

We will need the two following identities.
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Proposition 14.1.5 (Prop. 8.16 and Prop. 8.23, [O'D14]). Every f € LQ({O,:H}",W%%)
satisfies the following two identities:

~

1Y peroanyn [(@)? = E[f?]
2. TFourer(f) = D ae{otiyn FO f(O‘>2

Lemma 14.1.6 (Fourier Concentration from Influence). Let F: {0,+1}" — {£1} be a class
of functions with Fourier influence upper bounded by I™°Ue(f) < B for all f € F. Then,

for any € > 0, we have

aef{0,£1}": #a>B/e

Proof. By item (1) of Proposition 14.1.5, we have Y f(«)? = 1. Thus, > #a« - ]/“\(oz)2 is

the expectation of #a when « is sampled with probability f(a)?. By item (2) of Proposi-

tion 14.1.5 we have

Z Ha - J/C\(Oé)2 _ ]IFourier(f) <B

ac{0,£1}"

and now applying Markov’s inequality yields the desired inequality. O

Fact 14.1.7 (Equivalence of Influence Definitions). For every f: {0,£1}" — {£1}, we have

3

e _]IFourier(f) S ]I(f) S

2 . ]IFourier<f)'

NIV

Proof. Let A;(f) denote the number of lines in the ternary cube of the form (21 279 7 1)
such that figic -1 4ico0 i1y is not constant, and let A(f) = > . A; be the total number of
such lines. Recall the definition of I(f) from eq. (12.2) and observe that since every such line
contains either 1 or 2 influential edges, we have A(f) - 37" < I(f) < 2A(f)-37". We will
show that IFurier(f) = SA(f) - 3™ and combining these observations completes the proof.

We have
U (f) = (f,Lif) = Bo [f(2)(f(2) = Eif (2))] = By [1 = f(2)Epeqoany [f(z"0)]] . (14.3)
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Now, for a fixed x, consider the line in dimension 4, containing x: ¢;(z) := (x*~ =1 279 i),

Observe that if f is constant on ¢;(z), then 1— f(z)Eyeqo, 13 [f (27?)] = 0. If f is non-constant

on ¢;(z), then either it contains two +1’s and one —1 or vice versa. In both cases we have

Eocfo.t1} [1 = f(@ ) Epeqoany [f (")) = 1 = Epegoany [f(2"7)]* = 8/9. (14.4)

Therefore,

I () = Bx [1 = F(@)Betosn [F@ )] = ExBaeqoan) [1 = £ Bueqonsn [F*)]

= SEx [1(f’gi(m) is not constant)} = gAi(f) .3

and summing over all ¢ completes the proof. O

Combining Theorem 12.1.4, Lemma 14.1.6, and Fact 14.1.7 completes the proof of
Lemma 14.1.3. O

14.1.3 Low-Degree Learning Algorithm and Proof of Theorem 12.1.5

Recall that we are using the basis for the space of functions f: {0,4+1}" — R given by
Go(z) = H bo, (x;) for every « € {0,£1}" (14.5)
i=1

where a1, ap, a; are a basis for the space of functions f: {0,£1} — R defined as: ¢y = 1,

(0_1(—1),0_1(0), p_1 (1)) = (—/6/2,0,v6/2), and
(¢1(=1),61(0), 1(1)) = (—V2/2,V2,-V2/2).

~

Recall that f(«) = E.[f(2)¢a(x)]. Our learning upper bound Theorem 12.1.5 follows imme-

diately by combining Lemma 14.1.3 with the following theorem.

Theorem 14.1.8 (Low-Degree Algorithm over {0,+1}"). Let F: {0,£1}" — {£1} be a
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class of functions such that for e >0 and 7 = 7(g,n),

ae{0,£1}": #a>T1

Then F can be learned with time and sample complexity poly(n™,1/¢).

Proof. Let A :={a € {0,£1}": #a < 7}. Note that [A| = Y %_, (X) - 2% = poly(n"). We
take s samples x1,..., 2, € {0,4£1}" where s will be chosen later. For each a, we use the

empirical estimate Z, := £ 3.7 | f(2;)da(2;) and return the hypothesis

h(z) = sgn (Z Za%(x)) . (14.6)
acA

Consider the event that |Z, — J/C\(Oé)| < /e/|A| for all a. We first show that this event occurs

with high probability, and then show that if it occurs, then A is a good hypothesis.

Claim 14.1.9. Set s := @ = poly(n™,1/e). Then

Proof. Fix any a € A and observe that Z, = %Zle X; where Xi, ..., X, are independent
copies of X = f(z)pa(x) for x ~ {0,£1}" drawn uniformly at random. Note that in the
setting of the Boolean hypercube when one uses the standard basis of parity functions, the
random variable X always lies in {#1}. In the ternary hypercube this is not the case and

n

in fact |¢o ()| can be exponentially large. For instance ¢3(0) = (v/2)". However, since

(Pa, Pa) = 1 for all a, we're able to show that Var(X) < 1 and this allows us to obtain good

~

estimates for f(a). We have

0? == Var(X) = E[(f(2)¢a(2))*] = Es[f(2)a(@)]* = 1 = f(a)*

-~

by definition of the Fourier coefficient f(«) and the fact that our basis is orthonormal and
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so in particular E,[¢a(2)?] = (¢a, da) = 1. Therefore, Var(Z,) = & = =L@ < L. Note

also that E[Z,] = f(a). Now, by Chebyshev’s inequality, we have

—~ k -~ 1
i [|Za ~ fla)| > ﬁl <P [yza ~ fla)| > /m/Var(Za)} <
Setting k = /3| A| and recalling s = @ yields

P[|Z. — f(0)] > Ve/IA] :p[%_ fla >|>\% éﬁ

and taking a union bound over all & € A completes the proof of the claim. O

Claim 14.1.10. Using the definition of h in eq. (14.6), if |Zo — f(a)\ < e/|A] for all
a € A, then Pyogornyn[h(x) # f(x)] < e

Proof. First, observe that
P, [7(x) # h(x)] = 1E. [(7(x) ~ h(x))?]. (14.7)

Now, if f(z) # h(z), then (f(z) = Y ocq Zada(®))? > 1 = L(f(z) — h(z))?. Clearly if
f(z) = h(x), then this inequality also holds. Thus, for any x € {0,£1}", this inequality

holds. Combining this observation with eq. (14.7) yields

P, [f(x) # h(x)] < E, (f(x) -y zaasa(x)) . (14.8)

a€cA

In the next calculation, for v ¢ A, let Z, := 0. Now, writing f(z) = > _, f(oz)qba(ac),

expanding the squared sum, applying linearity of expectation, and using the fact that
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E.[¢a(2)po ()] = (¢a, por) = 0 for any a # o, we get

(Z 6a(2) (F0) - Za)> > bal@)é (@) (Fla) - Za) (Fle) - Zo)

a,a!

= > {6as ) (Fle) = 2z) (Flo) - 2o)
NGOEPAR o

Finally, using eq. (14.8), eq. (14.9), and the fact that |f(c) — Za| < v/2/[A] for o € A and
Yaga F(a)? < e, yields

P, (/) # b)) < 3 (Flo) = 2) = 3 (Flo) = Zo) + 3 flop < 1] S e =20

acA agA

and this completes the proof of the claim. n

Combining Claim 14.1.9 and Claim 14.1.10 completes the proof of Theorem 14.1.8. [

14.2 Lower Bound

In this section we prove the following lower bound on the sample complexity of convexity

testing in the ternary hypercube.

Theorem 12.1.7. For sufficiently small constant € > 0, every sample-based convezity

tester for sets in {0,£1}" has sample complexity 3%V™.

Our proof of Theorem 12.1.7 follows the standard approach of defining a pair of distri-
butions Dyes, Dy, over subsets of {0, +1}" such that the following hold:

e Dy is supported over convex sets.

e Sets drawn from D,, are typically far from convex: Pg.p, [e(S) = Q(1)] = Q(1).
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e The distributions over labeled examples from Dyes and Dy, are close in TV-distance.

14.2.1 The Distributions Dy.s and Dy,

Our construction uses a variant of random Talagrand DNFs adapted to the case of testing
convexity in the ternary hypercube, {0,4+1}". In particular, our construction is inspired
by the approach of [BB21] and [CWX17] to prove lower bounds for testing monotonicity of

functions on the Boolean hypercube, {0,1}".

Let N = 3V" and choose N terms t!), ... tN) e {0, +1}" i.i.d. according the following

distribution. For each i € [N]:

1. Form a (multi)-set T; by taking y/n independent uniform samples from [n].

2. For each a € T, set t{ € {+1} uniformly at random. For each a ¢ T}, set t3) = 0.

Let t = (t1),..., ")) denote the random sequence of terms. Recall the outward-oriented

poset (Definition 12.4.1) over {0, £1}". For each i € [V], let
U = {z € Mid(v/n): x =t and = # ¢ for all j € [N]\ {i}} (14.10)

denote the set of points in the middle layers of the ternary hypercube which satisfy the i’th

term, uniquely. Let U = UY,U; denote the set of points which satisfy a unique term.

Sets drawn from Dyes are generated as follows. Choose a uniform random assignment

¢: [N] — {0,1}. For every x € Mid(y/n) define

(

1, if Vi € [N], z # t®)

Ste(r) =30, if 3i # j € [N], 2 =t and z > tU)

\

Sets drawn from D,, are generated as follows. Choose a uniform random function r: U —
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{0,1}. For each = € Mid(y/n) define

;

1 if Vi € [N], z # t®

Y

Str(x) =90, if 3 # j € [N], z = t% and x = t0)

r(z), ifxeU.

\

For x ¢ Mid(y/n): if z € Inn(y/n), then both the yes and no distributions assign value 1 and

if € Out(y/n), then both the yes and no distributions assign value 0.

Theorem 12.1.7 follows immediately by combining the following three lemmas.

Lemma 14.2.1. Every set in the support of Dyes is convex.

Proof. Let Sty C {0,£1}" be any set drawn from Dy.s. We observe that Sig4 is non-
increasing with respect to the outward-oriented poset (recall Definition 12.4.1). Suppose
y ¢ Ste and let © € Up(y) (recall Definition 12.4.2). We have three cases depending on

where y lies.
e y € Out(y/n): in this case x € Out(y/n) as well and so = ¢ S 4.

o y =t t0) for two terms i # j € [N]: in this case we have z = y = t® t0) and so
T ¢ St7¢.

e y € U; for some i € [N] and ¢(i) = 0: in this case we have z = y = t® and so either
(i) x € U;, (ii) there exists j # i € [N] for which z = t9), or (iii) # € Out(y/n). In all

cases T & S 4.

Since St g is non-increasing we have Up(y) C St and so by Fact 12.4.5 any minimal set of

points X such that y € Conv(X) satisfies X C S; 4. Thus St 4 is convex by Fact 12.4.6. [

Lemma 14.2.2. For Si, ~ Dy, we have Py [e(Str) > Q1)] > Q(1).

We prove Lemma 14.2.2 in Section 14.2.2.
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Lemma 14.2.3. Given a collection of points x = (xq,...,xs) € ({0,£1}")® and a set S C
{0, £1}", let (z,S(x)) := ((x1,S(x1)), ..., (zs,S(xs))) denote the corresponding collection of
labelled examples. Let Eyes and Eno denote the distributions over (x,S(x)) when T consists
of s i.i.d. uniform samples and S ~ Dyes and S ~ Dy,, respectively. If s < 3V7/3  then the

total variation distance between Eyes and &y, is o(1).

We prove Lemma 14.2.3 in Section 14.2.3.

14.2.2 Sets Drawn from D,, are Far from Convex: Proof of Lemma 14.2.2

Proof. Recall the definition of the set U in eq. (14.10). We prove Lemma 14.2.2 by showing
that with constant probability over the terms t and the random function r: U — {0, 1},
there exists a collection L of 2(3™) disjoint co-linear triples (z,y, z) such that z,z € S,
y & Sir, and y = L(2+2). The existence of such a set implies that £(S;,) > 5|L[-37" = Q(1)
since the membership of at least one point from each of these triples would need to changed
in order to make the set convex.

We first show that there is a large collection T of disjoint co-linear triples lying in
Mid(y/n). Then, by Claim 14.2.6 and fact that each point in U is included in the set
St» with probability 1/2, we can argue that with constant probability, a constant fraction

of the triples in 7" will be violations of convexity.

Claim 14.2.4. There exists a set T of Q(3™) disjoint co-linear triples (x,y, z) such that (a)
z,y,z € Mid(y/n), and (b) y = 3(z + z).

Proof. Given z € {0,+1}""! and b € {0,+£1}, let (b,2) € {0,£1}" denote the point whose
first coordinate is b and the rest of the coordinates are given by z. Consider the set of disjoint

triples

2—”—\/5,%"+\/ﬁ—1”.

T {<<—1,z>, (0,2), (+1,2)): 2 € {0,41}""" such that |2}, € | 5
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Observe that every triple (z,y,z) is contained in Mid(y/n) and clearly y = £(z + z). We
use the following fact to lower bound |T'|. This fact follows from an application of Stirling’s

approximation.

Fact 14.2.5. For any N and ( € [-O(vV/N),O(V'N)], we have (»5',,) = © (\/LN : WJZM)

By the above fact,

vn—1 n—1 " Vvn—1 1 3n—1 on /310
|T|:§:(2 )2n+:§:9( - )2n+:§z(3n)
n — (n—1)/3+¢
5+ 0 Py vn—1 2

=

and this completes the proof of the claim. O

Let T denote the set of ©2(3") disjoint co-linear triples in Mid(y/n) given by Claim 14.2.4.
We will need the following claim which shows that triples in 7" are contained in U with

constant probability.

Claim 14.2.6. For any (x,y,z) € T, we have Pyx,y, 2 € U] > 1550505

Proof. By definition of T' we have z,y,z € Mid(y/n) and z; = +1, 43 = 0, 21 = —1 and
z; = y; = z; for all j € [2,n]. Recall the distribution over the terms t = (¢tW,... ¢t()
defined in Section 14.2.1. Note that P, [t®) < y] = (%)\/ﬁ since t) < y if and only if
each of the \/n non-zero coordinates a of ¢ (a) is chosen as one of the non-zero coordinates
of y which happens with probability |y|| /n and (b) ) is set to y, which happens with

probability 1/2. Also note that for a term ¢, we have t®) < 5 implies t® < x, z. Therefore,

]P)t['xa Y,z S U’L] = ]P)t(i) [t(l) j x,Yy, Z] . H]Pt(j) [t(]) ﬁ x,Y, Z]

J#
=Py [t 2 y]- [[Pun [tV £ 2, 2]
J#
== ]:P)t(i) [t(i) j y] . H (1 — Pt(]‘)[(t(i) j J]) V (t(i) j Z)]) . (14.11)
J#
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The first term is lower bounded by

vn 2 _ v
P [t < ] = (M) > (3_\/5)

2n 2n
1 ( 3 >\/ﬁ 673/270(1) 1
— >

- 2 > 14.12
3V 2n N ~5 (14.12)

To lower bound the second term, observe that

n n Vn Vvn 3/2
Z. Iz N\ (& +vn 1 3 e 5
Pyot? <o = (% \" ) "o NSy B

IA

and the same bound holds for the point 2. Therefore, by a union bound P, [(*") < 2)v(t®) <
z)] < 10/N. Plugging this bound along with eq. (14.12) into eq. (14.11) and summing over
all i € [N] yields

N
Pifr,y,z €U =Y Pt <yl [[ (1 — R [(t? < 2) v (17 < 2)))
=1

J#i
1 10\"
>N — . [1- 2=
- 5N < N )
which is at least m and this completes the proof. O

Now, for a set Sy, ~ Dy, let
Tviol - {(Iayvz): T,z € St,r and Yy ¢ St,r}

denote the set of triples in 7" that are violations of convexity for S;,. By definition of Dy,

and using Claim 14.2.6, for any fixed (z,y, z) € T, we have

1
. — . = e = > —_— .
P[(Z‘,y,Z) S Twol] Pt[xayvz S U] IP)"‘V(‘T) T<Z) 17T<y> 0 | T, Y,z = U] - 8,000,000
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Therefore, B¢ [|T\ Tvial|] < |7'|(1 and so by Markov’s inequality

1
- 8,000,000)

T [ 1
P T Tvio S S P T T Tvio Z T 1—
tr | Tyl 8,000, 0002 b _| \ Tioll = [T 8,000, 0002

i 1 1
=Py [T\ Tyat] =T (1 - ——— ) (1 + ———
b _| \Tiall 2 | |( 8,000,000)( +8,000,000>]

- 1
< Piy |17\ Toiall = B [T\ Toiol] (1 N _)]

8,000,000
1 1
1 + s55000 8,000,001
Finally, since |T| = ©(3™), this gives us
|7 1
]P)t,'r [S(St,‘r) Z Q(l)] Z ]P)t,'r |Tviol| > >

— 8,000,000% | — 8,000,001

and this completes the proof of Lemma 14.2.2. O

14.2.3 Dy and D,, are Hard to Distinguish: Proof of Lemma 14.2.3

Proof. Recall the definition of the set U; in eq. (14.10). For a # b € [s], let E,;, denote the
event that x, and z;, belong to the same U; for some i € [N]. Observe that conditioned on

VapEap, the distributions &yes and &,, are identical.

Let x,y € {0,£1}" denote two independent uniform samples. We have

n

P[Ew) = Py oyt [\/(w ceUNyel)

=1

n N
= Poyelr €U Ny €U =D Pyuly € UJ (14.14)

i=1 =1

where the second equality holds since the U;’s are disjoint and the third equality holds by
independence of z and y. Now, for a fixed i € [N], if y ¢ Mid(y/n) observe that Py[y € U;] =0
and if y € Mid(y/n), we have Py[y € U;] < 5/N by eq. (14.13). Thus, P,+[y € U;] < 5/N and
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combining this with eq. (14.14) yields P[E,;] < 25/N. Finally, by a union bound, we have
drv(Eyess Eno) < P \/ E <32-§:0(1)
TV\Cyes; ¢no) = Txt s ab| = N

since N = 3" = w(s?). O
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CHAPTER 15

Non-Adaptive Testing with One-Sided Error

In this chapter we prove upper and lower bounds for non-adaptive convexity testing with

one-sided error in the ternary hypercube.

15.1 Non-Adaptive Upper Bound

We complete the proof of Theorem 12.1.9 in this section. The upper bound on the query
complexity for testing convexity non-adaptively with one-sided error is achieved by Algo-
rithm 6. (As a reminder, the notions of upward shadow Up(y) and middle layers Mid(¢) in

the algorithm are introduced in Definition 12.4.2 and eq. (12.3), respectively.)

Algorithm 6 Convexity tester for sets in {0, £1}".
Input: A set S C {0,£1}" and a parameter ¢ € (0,1).

Set £ := \/2nIn8/e and repeat 2 times:

1. Query y € {0, £1}" uniformly at random.

2. If y € SN Mid(¢), then query all points in Up(y) N Mid(¢).
3. If there exists X € SN Up(y) N Mid(¢) such that y € Conv(X), then reject.

Accept.

The analysis of Algorithm 6 relies on the following lemma regarding sets that are far

from convex.
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Lemma 15.1.1. Let S C {0,£1}" and ¢ < e(S). If ¢ = \/2nIn8/e, then

|Conv (S N Mid(£)) N (SN Mid(¢))] >

DO | ™

In words, there are at least §-3" points in the middle layers Mid(¢) that are not in .S but

that lie in the convex hull of the portion of S in the middle layers.

Proof. Let T := Conv(S N Mid(¢)) N {0, £1}". Clearly, T is convex and so
e(8)-3" < A(S,T)=|TNS|+|TNS|.

Now observe that S N Mid(¢) C T and so T NS € Mid(¢). Thus, |T N S| < [Mid(¢)|. Next,

we have

IT N8| =T N (SNMid()] +|T N (SNMid@))| < |7 N (SN Mid(€))] + [Mid(0)).

By Fact 12.4.9, [Mid(¢)| < 2exp(—1In(8/¢)) - 3" = § - 3". Therefore, combining the above
yields
< : n IV 1) € n €(S> n
TN (SNMid(0)] > £(S) - 3" — 2[Mid(0)] > (5(8) - 5) 312 23
where the last step holds since € < (). [

We now prove the correctness of Algorithm 6. The tester always accepts when S is
convex, since in this case Conv(S N Mid(¢)) C S. Now suppose ¢(S) > e. If y € Conv(S N
Mid(¢)) N (SN Mid(£)), then there exists some X C SN Mid(¢) such that (X,y) is a minimal
violating pair. Crucially, Fact 12.4.5 guarantees that X C Up(y). Thus, if the tester picks
such a y in step (1), then it is guaranteed to reject S since step (2) queries all points in

Up(y) N Mid(¢). Therefore, using Lemma 15.1.1, the probability that the tester rejects S
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after one iteration of steps 1-3 is at least

P [y € Conv(S N Mid(£)) N (S N Mid(£))] > e/2.

ye{0,£1}n

Thus, the tester rejects S with probability at least 1 — (1 —/2)%¢ > 2/3.

We now bound the number of queries. I.e., we need to bound the size of Up(y) N Mid(¢)
when y € Mid(¢). Note that each point in this set can be obtained by choosing a set of 2/
coordinates where y has a zero, and then flipping each of these coordinates to a value in

{0, £1}. Therefore, when y € Mid(¢), we have

Up(y) N Mid(0)] < (;) gt it T

and so the total number of queries made by the tester is at most é-n V32nIn8/e “Thig completes
the proof of Theorem 12.1.9.

15.2 Non-Adaptive Lower Bound

We complete the proof of Theorem 12.1.10 establishing the lower bound on the query com-
plexity of non-adaptive convexity testers with one-sided error in this section. The starting

point for the lower bound is the notion of an anti-slab in {0,+1}".

Definition 15.2.1 (Slab). Fiz 7 > 1 and v € {0, £1}". The (7,v)-slab is defined as
Slab,, = {z € {0, £1}": [(v,2)| < 7}.

We refer to Slab.,, as the (7,v)-anti-slab.

Note that a slab is an intersection of two parallel halfspaces and so an anti-slab is a union
of two parallel and disjoint halfspaces. Anti-slabs are clearly non-convex, and the following

claim establishes an important property of any certificate of non-convexity for the anti-slab.
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In particular, it shows that if a set of queries contains a witness of non-convexity for the
(7, v)-anti-slab, then it must contain two points = € Slab,, and y € Slab,, whose projections

onto v are separated by at least distance 7.

Claim 15.2.2 (The Structure of Violating Pairs for Anti-slabs). Suppose (X, y) is a violating

pair for the (T,v)-anti-slab, Slab,,,. Then there exists a point v € X for which |(v,z—y)| > T.

Proof. We have y € Conv(X) and so > _y A\;o =y where ) _ A\, = 1. Moreover, we have

y € Slab;, and so

Z AV, z) = <v, Z)\x$> = (v,y) € [-T,7]. (15.1)

zeX zeX

We also have X C Slab,,, which implies |(v, z)| > 7 for all x € X. Therefore, by eq. (15.1)
there clearly has to be some = € X where (v, z) is positive and some 2’ € X where (v, z’)
is negative, for otherwise the LHS would be outside the interval [—7, 7]. In particular, this

implies (v, x) > 7 and (v,2’) < —7 and so
(v,2y < =7 < (v,y) <7 < (v, ).

Thus, if (v,y) <0, then |(v,x —y)| > 7, and if (v,y) > 0, then |(v,2" — y)| > 7. O

We now introduce our hard family of sets: truncated anti-slabs. (As a reminder, the sets

Inn(t) and Out(t) are defined in eq. (12.3).)

Definition 15.2.3 (Truncated Anti-slab). Fiz 7 > 1, v € {0,+1}", and t > 1. The t-

truncated (T,v)-anti-slab is defined as follows:

TAS,,+ = (Slab,, U Inn(t)) \ Out(%).

In particular, we fix 7 = \/n, t = 0.7/n, and consider vectors v € {0, £1}" for which

|v|l; = n/2. Thus, henceforth we will drop the subscripts 7,¢ and abbreviate TAS, :=
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* Inn(7) Out(t)%

Figure 15.1: An illustration of the t-truncated (1,v)-anti-slab. The dotted circle represents {£1}"
and everything within it is {0, £1}". The dark shaded regions are TAS,. The pair ({x1,z2,z3},y)
s a violation for the set.

TAS\/H,U,O.'?\/E'

In other words, TAS, is the set obtained by taking the (y/n,v)-anti-slab, adding in all

2

¢n — 0.7y/n non-zero entries, and removing all points with more

points with fewer than
than %n + 0.74/n non-zero entries. The intuition for why these sets are hard to test (for
non-adaptive testers with one-sided error) is as follows. Suppose a one-sided error tester T
has queried a set @ C {0,£1}" and rejects TAS,. By Corollary 12.4.8, @) must contain a
minimal violating pair (X,y) for TAS,. Note that X C TAS,, y ¢ TAS,, and y < z for all
z € X by Fact 12.4.5. By Claim 15.2.2, there is some z € X such that |(v,z — y)| > /n.
Additionally, by the truncation, we have x ¢ Out(0.7y/n) and y ¢ Inn(0.7y/n). Since y < x,
this implies ||z —y||, < 1.4y/n. In summary, for T to reject TAS, after querying @, there

must be some y < x € @ for which [(v,z — y)| > /n, but also ||z — y||, < 1.4y/n.

We consider the family of sets F' = {TAS,: ||v||; = n/2}. By the above argument the
lower bound boils down to the following question: given y < z such that ||z —y||, < 1.4y/n,
how many vectors v € {0, £1}" (with |Jv||, = n/2) exist for which |[(v,z — y)| > /n? We

show that this number is upper bounded by |F|-exp(—2(y/n)) and so, by a union bound, the
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number of sets in F that T' can reject after querying @Q is bounded by |Q|*-| F|-exp(—Q(y/n)).
Therefore, for T to be a valid non-adaptive tester with one-sided error, we must have |Q|? =

exp(Q(y/n)) and this gives the result. This argument is formalized in Section 15.2.1.

Of course, for the above argument to prove Theorem 12.1.10, we need to show that

truncated anti-slabs are Q(1)-far from convex.
Lemma 15.2.4. Consider v € {0, £1}" where ||[v|5 = n/2. We have dist(TAS,, convex) =
Q(1).

The above Lemma 15.2.4 is a corollary of the following Lemma 15.2.5.

Lemma 15.2.5. Consider v € {0,£1}" where ||v|;, = n/2. There exists a set L C
({0, £1}™)3 of Q(3™) disjoint colinear triples such that for every (z,y,z) € L the follow-

ing hold.

1. y:%

and y € Slab s, v,z € Slab s .
2. x,y,z € Mid(0.7y/n).
In Section 15.2.1 we prove Theorem 12.1.10 using Claim 15.2.2 and Lemma 15.2.4. In

Section 15.2.2 we prove Lemma 15.2.5, which immediately implies Lemma 15.2.4.

15.2.1 Proof of the Lower Bound

Recall the definition of Inn(t), Mid(t), and Out(¢) in eq. (12.3). Given v € {0, £1}", recall
that

TAS, = (Slab s, U Inn(0.7y/n)) \ Out(0.7v/n)

is the 0.7/n-truncated (y/n,v)-anti-slab (Definition 15.2.3). Let V' denote the set of all
vectors v € {0,£1}" where |jv||5 = n/2. By Lemma 15.2.4, we have dist(TAS,, convex) =
Q(1) for all v € V. Also note that |V| = (n72) - 2M2 = 2302 /9 (\/n).
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Given z,y € {0,+1}", let A(z,y) = {i € [n]: x; # y;}. For v € {0,£1}", let NZ, =

{i: v; # 0}. Let T be a one-sided error, non-adaptive tester for convex sets in {0, £1}".

Claim 15.2.6. Fizv € V and suppose that T rejects TAS, after querying a set @ C {0, £1}".
Then there exists x # y € Q such that (a) |A(x,y)| < 1.4y/n and (b) |A(x,y) "NNZ,| > /n.

Proof. By Corollary 12.4.8, Q must contain a minimal violating pair (X,y) for TAS,. By
Claim 15.2.2, there exists € X for which |(y —x,v)| > y/n. Observe that |A(z,y) "NZ,| >
|(y — x,v)| and so (b) holds.

Now, since (X, y) is a violating pair we have x € TAS, and y ¢ TAS, and since (X, y)
is minimal, Fact 12.4.5 implies that y < x. By construction, we have Inn(0.7\/n) C TAS,
and Out(0.7y/n) C TAS, and so it must be the case that z,y € Mid(0.7y/n). In summary, =
can be obtained by changing at most 1.4/n zero values in y to non-zero values. Thus, (a)

holds. O
Now, given x,y € {0, £1}", let
V(z,y) = {u e V:|Alr,y) NNZ,| > \/ﬁ} CV. (15.2)

Claim 15.2.7. If |A(z,y)| < 1.4y/n, then |V (z,y)| < O(|V]) - 27008V,

Proof. Note that [NZ,| = n/2 for all v € V and so |V(x,y)| can be bounded as follows.
In the following calculation, a vector v € V(z,y) is chosen by picking ¢ > y/n coordinates

from A(z,y) and n/2 — ¢ coordinates from [n] \ A(z,y) to be non-zero. Then each of these
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coordinates is fixed to a value in {£1}.

Vi) = 3 (IA(Z,y)I) <n ;}?(_rag@l)zn/z

t>/n
< on? (”T;/gﬁ_(ﬁ;’/%ﬂ) é;ﬂ (IA(E, y)l)
- @2(3?//;) .2|A<x,y>|Z§E <|A(?y)!) _ O(\v\).zmu,y)leg ('A(z’y)‘) (15.3)

To bound the RHS, observe that 27 - Yo NG (’;) is precisely the probability that a random
subset S C [k] has size |S| > y/n, which is a monotone increasing function of k. Thus, the

RHS of eq. (15.3) is a monotone increasing function of |A(z,y)| and so is maximized by

setting A(z,y) = 1.4y/n. Thus,

V(x,y)| <O(V])- 274" Y (Mﬁ )

>yvn

<ov) v (M) <oqv) 20

The last inequality holds by the well known bound (’g) < (%)k as follows. We have
(1.%) _ (éj%) < (%)0,4\/5 _ 90.4logy(1.4e/0.4)y/n  91.31y/n ]

Now, given a set of queries @ C {0, £1}", let

V(Q) = {U € V: 3w #y € Q such that |A(z,y) NNZ,| > v/n and |A(z,y)| < 1.4\/5}.
(15.4)

By Claim 15.2.6, if T rejects TAS, after querying the set @, then v € V(Q). Informally,

V(Q) contains all v for which @ can contain a witness of non-convexity for the set TAS,,.

325



Moreover, by Claim 15.2.7 and the union bound, we have

V@I < Y Viey)l <[QP-O(v])- 2700V, (15.5)

z,Y€eQ

Now, let ) be the set of ¢ queries sampled according to the distribution defined by the
non-adaptive, one-sided error tester 7. Then, using linearity of expectation and the bound

from eq. (15.5) we obtain

Z]S[T rejects TAS, after querying Q] < Z]g[v e V(Q)]

veV veV

=E[IV(QI = - O(|V]) - 27008V
and therefore, by averaging over V', there exists v € V' such that

< IS[T rejects TAS, after querying Q] < O(1) - ¢? - 27098V (15.6)

Wl

where the first inequality is due to the fact that T rejects any .S, with probability at least
2/3. Therefore, it follows that ¢ > Q(1) - 2004V,

15.2.2 Truncated Anti-slabs are Far from Convex

We complete the proof of Lemma 15.2.5 in this section, restated below for ease of reading.

Lemma 15.2.8. Consider v € {0,£1}" where ||v|; = n/2. There exists a set L C
({0, £1}™)3 of Q(3™) disjoint colinear triples such that for every (z,y,z) € L the follow-

ing hold.

1.y === and y € Slab s ,, x,z € Slab ; ,..

2. x,y,z € Mid(0.7y/n).

Proof. Let J = {j € [n]: v; # 0}. Without loss of generality, by a rotation, we may assume
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that v; = 1 for all j € J. Note that under this assumption, we have (v, z) =)
z € {0,£1}™

e T for all

To construct our set L of disjoint colinear triples we start by constructing a matching of
Q(3") pairs (z,y) such that (a) y € Slab sz, N Mid(0.7y/n), (b) z € Slab s, N Mid(0.7y/n),
and (c) y can be obtained from z by changing a subset of z’s 4+1 coordinates in J to 0. A
third point z is obtained by reflecting = across y, i.e., this same set of coordinates is changed
to —1 to obtain z. By symmetry we have ||z||, = ||z||,, (=, v, 2) are colinear, and the resulting
set of triples are disjoint. We also choose the original matching so that we will always have
z € Slab s, MMid(0.7y/n) and so the resulting triple satisfies item (1) and (2) of the lemma,

i.e., it is a violation of convexity for the 0.7y/n-truncated (y/n,v)-anti-slab, TAS ;5 ,07/m-

To construct our matching we use the following simple claim.

Claim 15.2.9. Let (U,V,E) be a bipartite graph and A > 0 be such that (a) each vertex
x € U has degree exactly A and (b) each vertex y € V has degree at least A. Then there
exists a matching M C E in (U,V, E) of size |M| > (1 —1/e)|V].

Proof. We construct a random map ¢: U — V as follows. For each x € U let ¢(x) be a
uniform random neighbor of x. Observe that ¢! (y) N ¢~ 1(y') = 0 for all y # ' € V. Thus,
given ¢, we can obtain a matching M, as follows: for each y € V', if ¢~ !(y) # 0, then add

(z,y) to M, for some arbitrary = € ¢~*(y). To lower bound the size of My, observe that

By [[Mol] = [V —Eo | Y 1(¢7 (y) = 0)

yev

=[VI=> Pl

yev

0.

Now, if ¢~ 1(y) = (), this means that all deg(y) > A neighbors of y were mapped to some
neighbor other than y, of which there are exactly A in total. Therefore,

) 1 deg(y)
Plopy)=0] = (1—— <1
Pl =0 = (1-5) =i
since deg(y) > A. Thus, Ey4[|M4]] > |V]- (1 — 1/e) and so there exists a matching A
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satisfying the claim. m

Given z € {0,4£1}" and b € {0, %1}, let |z, ; = |[{j € J: x; = b}| and similarly for J.
Let I = [n/6 + 0.6y/n,n/6 + 0.8y/n]. We define the following sets.

X = {55 € {0, +1}": Vn < ij < 1.2v/n, |z]1,; > |z|oy + 1.1v/n, and |z], 5 € [}

jedJ

(15.7)

Y = {y € {0,£1}": —0.1vn <) y; < 0.1V, [yl > |ylos — 1.1v/n, and |y|,; € f}

jed

(15.8)

Observe that X C Slab 5, and Y C Slab s ,. We now partition X and Y as follows. For
each ¢ € N, let

Xe={oreX:|zg)oy=0 andY,={y €Y: |yloy =+ 1.1V/n}. (15.9)

For each such ¢ we consider the bipartite graph (Y7, Xy, E;) where there is an edge (y, x) € E,
if x can be obtained from y by choosing a set of 1.1/n coordinates from J where y has a 0
and flipping all of these bits to +1. Formally, (y,z) € E iff 3A C J of size |A| = 1.1y/n such
that (a) for all j € A, y; =0, z; = +1, and (b) for all j € [n] \ 4, y; = z;. Observe now

that (a) every vertex in Y, has degree exactly A := (EJ{.ll‘\%ﬁ), and (b) each vertex x € X,
has degree
1.1 1.1
deg(:p) _ ‘.’I’LJ > |.1'|07J + \/ﬁ _ l+ \/ﬁ — A
1.1y/n 1.1y/n 1.1y/n

where the inequality is by definition of X and the second to last equality is by definition of
Xy. Thus, by Claim 15.2.9, there exists a matching M, in (Y7, Xy, Ey) of size | M| > Q(| X|).
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Now, we obtain a set of disjoint colinear triples by taking
n_12yn
L= (x,y,?y—x): (y,l‘)E U ME

=2_13n
Note that by construction every (z,y, z) € L is a colinear triple in {0, £1}".
Proof of items (1) and (2) of Lemma 15.2.5: By definition of the sets X and Y, we

have z € Slab s , and y € Slab 5 ,. Note that z is obtained from x by flipping a set of 1.1\/n

coordinates in J where x is +1 to —1. Therefore, we have z € Slab, 5 , since

doz=) x;—22/n<12Vn-22yn=—vn

jeJ jeJ
where the inequality used the definition of the set X. Thus, item (1) of the lemma is satisfied.

Now, for every (z,y, z) € L, we have

n n
6“'1‘3\/5:f;|x|QJ = |zlo.s = lylos — 1.1v/n < 6'—-1-2x/ﬁ

and so

n n
\z0,75 1)o7, [Ylo,s € 6-—-1.3x/ﬁ,6-——0.1qu )

Now, recalling that I = [n/6 4 0.61/n,n/6 + 0.8y/n] and the the definition of X and Y, we

have

n n
ylo7:12loz: lalog € |5 +0.6vm, T + 08V .

Combining the two bounds above we get that the number of 0-coordinates of x,y, and z
are all in the range [n/3 — 0.7/n,n/3 + 0.7y/n]. Therefore, we have |z|, |lyl,,lz]l, €
2n/3 — 0.7y/n,2n/3 + 0.7y/n], i.e., item (2) of the lemma is satisfied.
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Proof that |L| > ©(3"): It remains to lower bound the size of L. Towards this, recall that

1.3v/n 1.3v/n
L= Y Myl = Y QXu06-) (15.10)
r=12yn r=12yn

We use the following claim to simplify our calculation of | X, /s_|.

Claim 15.2.10. If |z]o; <n/6 — 1.2¢/n and 3, ;x5 > \/n, then |z[1 ;7 > |2los + 1.1y/n.

Proof. Note that |z|y j — |2|-15 =D .. ;2; > y/n and

jeJ
|£C|17J + |$|_17J = n/2 — |l’|07j > TL/3 + 12\/% > 2|l’|0ﬂ] + 36\/5

Adding these inequalities and dividing by 2 yields |z|y ; > |z]os + 1.85y/n > |z|o.s + 1.1y/n.
O

In particular, recalling the definition of X in eq. (15.7), using Claim 15.2.10, we get that
for £ € [n/6 — 1.3y/n,n/6 — 1.2y/n], we can write

X, = {x € {0,£1}": /n < ij <1.2v/n, |z|oy = ¢ and |z|, 5 € I} :
jeJ
Le., the condition |z|; ; > |z|o.s + 1.1y/n in the definition of X is not needed to describe X,

for the values of ¢ that we consider.

Claim 15.2.11. Y1) [ X6, = Q(3").

1.3vn

Proof. For simplicity let us assume that y/n is an integer. Note that >y v

|Xn/6—r| 18

equal to

2 <§%Q>2gq 2 (

0.6/n<q<0.8y/n 1.2/n<k<1.3/n

n Lk
2 3
+k> 2 <§+§+s)

0.5/n<s<0.6\/n

w|3

(15.11)
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The first term in the product in eq. (15.11) comes from the fact that the bits in .J can be set to
anything, as long as the number of zero bits is in the interval I = [n/640.6y/n,n/6+40.8/n].
Equivalently, the number of non-zero entries is in the interval [n/3 — 0.8y/n,n/3 — 0.6/n].

Now consider the second term. The first sum is over the number of non-zero coordinates
in .J, which is in the interval [§ +1.2y/n, ¥ 4+ 1.3y/n]. The second sum is over all ways to set
the non-zero coordinates in J so that they're sum is in the interval (y/n, 1.2y/n). Notice that
if the number of non-zero coordinates is % + k, then the sum of the non-zero coordinates is in
the interval (y/n, 1.2y/n) iff the number of +1’s is in the interval (2+£+0.5\/n, 2+£+0.61/n).

This explains the second sum in the term.

To bound the RHS of eq. (15.11), we use the following fact, which follows readily from

Stirling’s formula.

Fact 15.2.12. Let N € N, t € Z be such that |t| < cv/N for some constant ¢ > 0. Then,

0 (32) 2 ) i ) Gy 22)

By part (b) of Fact 15.2.12 we can bound the first term of eq. (15.11) as

2 (ﬁ % q)zg_q - 2 0 (% ' 3"/2> = Q(3"?). (15.12)

0.64/n<q<0.8y/n 0.61/n<q<0.8\/n

For the second term in eq. (15.11), we have k, s = ©(y/n). Thus, by part (a) of Fact 15.2.12

we have

24k n 24k n
6Tt v 05yiicsc06ym N6 2 T8
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and so the second term of eq. (15.11) is

) (”%k) > (321) > Y (g%k).g(g%k)

1.2¢/n<k<13ym 3 0.5/n<s<0.6\/n 1.2¢/n<k<1.3y/n

which is at least €(3"/2) by part (b) of Fact 15.2.12 since k = O(y/n).

To summarize, the LHS in the claim statement is equal to the quantity in eq. (15.11),
which is a product of two terms, each of which is at least (3"/2) (eq. (15.12) and eq. (15.13)).

Therefore, Eijﬁ\/ﬁ | Xn/6—r| = 2(3") as claimed. O

Using the bound from Claim 15.2.11 in eq. (15.10) finishes the proof of Lemma 15.2.5. [

15.3 Sample-Based One-Sided Error Lower Bound

There is an upper bound of O(n3") samples required for exactly learning any set S C
{0, £1}", due to the coupon-collector argument, and therefore there is an upper bound of
390 on one-sided error testing of convex sets with samples. For large enough & > 0, there
is a slightly improved bound of O(3" - Llog(1/e)) for one-sided sample-based testers for
any property of sets on {0, +1}" (even in the distribution-free setting where the distribution
over {0, £1}" is arbitrary and unknown to the algorithm), due to the general upper bound of
O(VC(H)-11og(1/¢)) on one-sided sample-based testing, where VC(H) is the VC dimension
of the property H [BFH21]. We show that the exponent O(n) is optimal for one-sided sample-

based testers.

Theorem 12.1.11. For sufficiently small constant € > 0, sample-based convexity testing in

{0, £1}" with one-sided error requires 3°™ samples.

Proof. 1t suffices to prove the lower bound, due to the discussion above. Suppose that 7" is a

one-sided sample-based tester and let @@ C {0, +1}" denote a random set of s samples made
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by T. If T is given a non-convex set S C {0, £1}", then it must reject S with probability
at least 2/3. Moreover, by Corollary 12.4.8, for T' to reject S it must be that @) contains
a minimal violating pair (X, y) for S and, by Fact 12.4.5, X C Up(y). Thus, in particular,
there must exist two points z,y € @ such that z € Up(y). Thus, by the union bound over

all pairs in (), we have
2/3 < P[T rejects S] <P[Fx,y € Q: x € Up(y)] < 52 - P [z € Up(y)] (15.14)
Q Q z,ye{0,£1}"
To compute this probability, notice that

r € Up(y) ifand only if Vi€ [n]: (y; =0) V(s =y = 1)V (z; = y; = —1)

and so

ooty [ € Up(y)] = (5/9)" (15.15)
Thus, combining eq. (15.14) and eq. (15.15), we have s > y/2()» = 3", O
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