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Reformulated McNamara RBE-weighted Beam Orientation 
Optimization for Intensity Modulated Proton Therapy

Pavitra Ramesh1, Qihui Lyu1, Wenbo Gu2, Dan Ruan1, Ke Sheng1

1Department of Radiation Oncology, University of California Los Angeles, Los Angeles, CA 
90095, USA

2Department of Radiation Oncology, University of Pennsylvania, Philadelphia, PA 19104, USA

Abstract

Purpose: Empirical relative biological effectiveness (RBE) models have been used to estimate 

the biological dose in proton therapy but do not adequately capture the factors influencing 

RBE values for treatment planning. We reformulate the McNamara RBE model such that it 

can be added as a linear biological dose fidelity term within our previously developed sensitivity-

regularized and heterogeneity-weighted beam orientation optimization (SHBOO) framework.

Methods: Based on our SHBOO framework, we formulated the biological optimization problem 

to minimize total McNamara RBE dose to OARs. We solve this problem using two optimization 

algorithms: FISTA (McNam-FISTA) and Chambolle-Pock (McNam-CP). We compare their 

performances with a physical dose optimizer assuming RBE=1.1 in all structures (PHYS-FISTA) 

and an LET-weighted dose model (LET-FISTA). Three head and neck patients were planned with 

the four techniques and compared on dosimetry and robustness.

Results: Compared to Phys-FISTA, McNam-CP was able to match CTV [HI, Dmax, D95%, 

D98%] by [0.00, 0.05%, 1.4%, 0.8%]. McNam-FISTA and McNam-CP were able to significantly 

improve overall OAR [Dmean, Dmax] by an average of [36.1%,26.4%] and [29.6%, 20.3%], 

respectively. Regarding CTV robustness, worst [Dmax, V95%, D95%, D98%] improvement of 

[−6.6%, 6.2%, 6.0%, 4.8%] was reported for McNam-FISTA and [2.7%, 2.7%, 5.3%, −4.3%] 

for McNam-CP under combinations of range and setup uncertainties. For OARs, worst [Dmax, 

Dmean] were improved by McNam-FISTA and McNam-CP by an average of [25.0%, 19.2%] 

and [29.5%, 36.5%], respectively. McNam-FISTA considerably improved dosimetry and CTV 

robustness compared to LET-FISTA, which achieved a better worst-case OAR doses.

Conclusion: The four optimization techniques deliver comparable biological doses for the head 

and neck cases. Beside modest CTV coverage and robustness improvement, OAR biological dose 

and robustness were substantially improved with both McNam-FISTA and McNam-CP, showing 

potential benefit for directly incorporating McNamara RBE in proton treatment planning.
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I. Introduction

The linear energy transfer (LET) of protons is 1–2 orders of magnitude greater than MV 

X-rays and vary substantially with depth. The greater LET values have been conventionally 

accounted for using a generic relative biological effectiveness (RBE) of 1.1 in proton 

radiotherapy planning1. However, related to the variable LET values, studies have shown 

that RBE is not spatially invariant across the spread-out Bragg peak (SOBP) region2. 

Besides LET, the RBE values are further compounded by factors including cell alpha-beta 

ratio, physical dose, cell type and biological endpoints3–5. Using generic RBE in treatment 

planning may lead to inaccurate estimation of the biological affects and increased toxicity to 

adjacent critical structures6. Patients with tumors at intricate anatomies and close proximity 

to radiosensitive organs, i.e., the head and neck region, are particularly vulnerable to 

the inaccuracy7,8. These concerns motivated more accurate modeling of proton RBE and 

incorporation of the variable RBE into treatment planning.

Several empirical RBE models have been proposed to improve the calculation of RBE in 

human tissue9–12. Amongst these models, the McNamara model is fitted from extensive 

in vitro cell survival datasets published through 2015, making it one of the most 

comprehensive proton RBE models for treatment planning and optimization12. However, 

inverse optimization incorporating McNamara type of RBE is not straightforward due to 

its dependence on both the physical dose and LET-weighted dose. The non-linearity of 

the cost function renders typical optimization methods impractical. The RBE optimization 

problem is further complicated by the robustness consideration. As simplification, several 

alternative optimization problems were solved. First, LET or LET weighted dose distribution 

was used as a surrogate for McNamara RBE-weighted dose distribution13–18. Second, the 

optimization problem was divided into subproblems calculating McNamara RBE, physical 

dose, and LET separately. The RBE dose was evaluated at the end of treatment planning19,20 

or sequentially in an iterative process21, which does not promise problem convergence.

Another often overlooked factor influencing proton planning is the beam orientation 

selection. Compared with manually selecting beam orientations, we have shown that inverse 

optimization with a group sparsity term can more thoroughly search through the beam 

space for both superior physical dosimetry22 and robustness23. Because the beam orientation 

separately affects the plan RBE due to the RBE variation along the beam direction, 

integrating RBE into the beam orientation optimization (BOO) framework would help select 

beams that are both dosimetrically and biologically desirable. To demonstrate the benefit, we 

previously studied LET weighted proton planning with BOO24. We showed that compared 

with manually selected beams, including LET substantially reduced the OAR LET weighted 

doses.

As a logical extension of previous research, in this study, we employ the same BOO 

framework for the RBE-weighted dose optimization problem. We reformulate the empirical 
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McNamara model into a single and mathematically tractable optimization problem such that 

the biological detail of the fitting parameters is preserved. A robustness analysis is also 

performed to assess the plan robustness with varying RBE considerations.

II. Materials and Methods

The general goal of our IMPT McNamara RBE-based BOO algorithm is to select 2–4 beams 

out of all candidate beams and simultaneously generate a robust fluence map that minimizes 

biological dose in the OARs while maintaining dose to the target, all while achieving 

sufficient physical dose distribution.

A. RBE-weighted Dose Fidelity

In a typical inverse optimization problem, we set the initial biological dose fidelity as

Γ Ax = ∑i ∈ Tωi RBEi x ⋅ Di − qi
2 + ∑i ∈ Oωi RBEi x ⋅ Di − mi +

2 , (1)

where fluence map x is the optimization variable, dose is Di = ∑j aijxj and dose-averaged 

LET is LETdi = 1
Di

∑j lijaijxj. The dose calculation matrix A includes all candidate beams, 

with each column being the vectorized doses delivered from one intensity spot to its 

surrounding voxels. The LET calculation matrix, L, is calculated similarly to dose matrix 

A for vectorized LET-weighted dose. The phenomenological McNamara model is used to 

calculate RBE values for protons in each voxel and is formulated as

RBE D, α
β x

, LETd = 1
2D

α
β x

2
+ 4D α

β x
p0 + p1

α/β x
LETd + 4D2 p2 + p3 α/β xLETd

2 − α
β x

(2)

. The fit coefficients are p0=0.99064 (Standard Error (SE) 0.014125), p1=0.35605 (SE 

0.015038), p2=1.1012 (SE 0.0059972), and p3=−0.0038703 (SE 0.00091303)12. Without 

losing generality, the alpha-beta ratio values from reference photons α
β x were assigned 10 

Gy in the target volumes and 3 Gy in the surrounding normal tissues.

The first term minimizes the difference between the RBE-weighted dose to the target 

volumes  and the prescribed biological dose (GyRBE) q; the second one-sided quadratic 

term minimizes dose to OAR , where m is the maximum allowable biological dose 

(GyRBE) in that structure. Individual structure tuning is controlled by weights ωi. CTV 

volumes were assigned highest priority.

However, this optimization problem is difficult to solve since (2) also depends on 

optimization variable x. We propose an alternative approach for incorporating the 

McNamara model within the optimization framework.
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B. Reformulated McNamara RBE-Weighted Dose Fidelity

The alternative approach attempts to optimize the total dose in each structure. In inverse 

optimization schemes, the objective function is formulated to account for minimum and 

maximum dose constraints to the target and for maximum dose constraints to the organs 

at risk (OARs)13. Since it would be difficult to satisfy both maximum and minimum total 

dose constraints in the target volume without loss of homogeneity, the following approach 

assumes previously calculated values of RBE (via physical dose optimization), which are 

static during the CTV biological dose optimization, and for OARs, a direct reduction of 

biological dose using reformulated McNamara RBE values. The McNamara model can be 

written more simply as

RBE × D i = 1
2 a1 + a2Di + a3 LET × D i + a4Di + a5 LET × D i

2 + a6 (3)

, where a1-a6 are constants derived from parameters in the McNamara model. For OARs, 

minimization of (1) can be equivalently achieved by minimizing the following function fi(x),

fi x = a1 + a2Dix + a3 LET × D ix + a4Dix + a5 LET × D ix 2 (4)

Summing over all voxels, we obtain a new set of biological dose fidelity terms for OARs in 

(5). c  is the sum over the columns of matrix a2Di + a3(LET × D)i and H is simply a4Di + 

a5(LET × D)i.

f x = ∑ifi x = c x + Hx 2
2 + constant (5)

The optimization problem is then extended in (6) to include our previously formulated 

sensitivity and heterogeneity weighted group sparsity terms,

minimizex c x + Hx 2
2

OAR RBE term
+ RBE ⋅ Ax − d 2

2

Static RBE dose for CTV
+ ∑b ∈ β αbℎb xb 2

1
2  

group sparsity term
subject to   x ≥ 0

+ ∑k ∈ u, v λksk
Tx

sensitivity term

,
(6)

where xb is a vector representing the intensities of scanning spots from the candidate beam 

b, so optimization variable x is the concatenation of all vectors xb (b ∈ β). The third term is 

an L2,1/2-norm group sparsity term. A proper value of weighting hyperparameter αb is set 

for each beam, defined as

αb = z ACTV
b 1 2

nb

p/2
(7)

, where ACTV
b  is the dose calculation matrix of the target volume for beam b, nb is the 

number of candidate spots in beam b, and z is a regularization parameter. This weight 

ensures that most beams are penalized to be identically zero, turning most candidate beams 
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off, and leaving a small number (2–4) of beams active. Parameter z is tuned higher to further 

force convergence to a smaller number of active beams. The lateral tissue heterogeneity 

observed along beam b is represented by its heterogeneity index hb, choosing beams with 

less sensitivity to setup uncertainties. The fourth term is a sensitivity regularization term, 

where λk is a regularization parameter, su and sv are longitudinal and lateral sensitivity 

vectors that account for range uncertainties for each spot in each beam, both in the beam 

direction (u) and perpendicular to the beam (v)25.

FISTA, an accelerated proximal gradient method known as the Fast-Iterative Shrinkage 

Thresholding Algorithm26, or Chambolle-Pock, a primal-dual algorithm27, are used to 

solve this non-differentiable problem. Both proximal gradient and first order primal 

dual methods have efficiently solved inverse optimization problems with applications to 

treatment planning in the past28,29 and are straightforward to implement for large scale, 

nondifferentiable, constrained convex optimization problems using a faster line-search 

method. Other algorithms like the alternating direction method of multipliers (ADMM)30 

must solve a large linear system at each iteration, while algorithms like CP and FISTA 

require only matrix-vector multiplications31. Compared with CP with convergence rate 

of O(1/k2) FISTA is faster because of its high convergence rate of O(1/k2)26. On the 

other hand, for non-convex problems such as the one at hand, CP may find a better local 

minimum32. Therefore, both solvers are studied here. The solution for the FISTA method 

can be found in our previous work33 and the CP method is described in Section S1.

C. Comparison with LET-Weighted Dose Fidelity

The above McNamara formulation is compared with our previously developed LETwBOO 

framework24 to determine the efficacy of integrating RBE into proton treatment planning. 

Using the same SHBOO-FMO basis, the LET-weighted optimization problem is

minimizex∑i ∈ Tωi Di − qi
2 + ∑i ∈ Oωi Di − mi +

2

+ ∑i ∈ Tωi LETdi ⋅ Di − LD i
ref 2 + ∑i ∈ Oωi LETdi ⋅ Di +

2

+ ∑b ∈ β αbℎb xb 2

1
2 + ∑k ∈ u, v λksk

Tx subject to   x ≥ 0

(9)

The first two terms represent conventional physical dose fidelity and the third and fourth 

terms represent the LET × D conditions. LD i
ref is the minimum LET-weighted dose in 

the CTV to prevent cold spots in the biological dose. It was evaluated as the mean LET-

weighted dose from conventional plans optimizing physical dose with manually selected 

beams. This problem was solved using FISTA.

D. Patient Evaluations

Three bilateral head-and-neck (HN) patients were tested. The original candidate beam set 

of 1162 non-coplanar beams was evenly distributed across a 4π space with 6° separation. 

A subset of about 220 beams were used for the head and neck patients, the rest excluded 

due to infeasible depths, undesired entrance through incompletely segmented vital organs as 
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a result of limited CT range, or collisions between the proton nozzle and patient or couch. 

All beams were tested for collision using 3D visualizations of STL files of the IBA Proteus 

Plus gantry with PBS-dedicated nozzle, scissor couch, and each of the patient masks34. 

A range shifter was added to degrade the proton range to treat at superficial depths35. 

The dose loading matrix A and LET matrix L were calculated using matRad v2.1.036,37, 

a MATLAB-based 3D treatment planning toolkit, describing the dose and LET from the 

scanning spots covering the CTV and a 5 mm margin to a voxels of resolution 2.5 × 2.5 × 

2.5 mm3. Energies are interpolated in matRad to achieve a uniform layer spacing of 3 mm 

in the beam direction, and the spot spacing in the lateral direction was 5 mm (please refer 

to matRad documentation for more information on dose influence matrix calculation). The 

CTV was set as the optimization target and CTV-based robust optimization was performed. 

The prescription dose, target volume, and average number of spots per beam for each patient 

are shown in Table I.

Three plans were created for each patient, all of them including group sparsity-based 

beam orientation optimization (SHBOO): 1) optimization of physical dose using the FISTA 

algorithm (Phys-FISTA); 2) optimization of the reformulated McNamara RBE-weighted 

dose using FISTA (McNam-FISTA); 3) optimization of the reformulated McNamara RBE-

weighted dose using Chambolle-Pock (McNam-CP). A separate analysis is conducted with 

a fourth plan that was created for all three patients: 4) optimization of LET-weighted dose 

using FISTA (LET-FISTA), for direct comparison against McNam-FISTA. For each patient, 

all four plans were optimized using the same structure weighting. All plans are optimized 

using their respective biological dose fidelity terms. Once all optimizations were completed 

and fluence maps were obtained, final RBE dose (GyRBE) for each plan was calculated 

using (3) and compared.

Plans were normalized such that 95% of the target volumes received the prescribed dose. 

CTV homogeneity, D95%, D98%, and maximum dose were evaluated. CTV homogeneity is 

defined as D95% /D5%. The maximum dose is defined as the dose to 2% of the structure 

volume, D2%, following the recommendation by ICRU-8338. The mean and maximum 

doses for OARs were also evaluated. The robustness analysis considered twenty-one 

scenarios: a result of all combinations of (a) two range uncertainty worse-case scenarios, by 

scaling the CT number ± 3% and (b) six setup uncertainty worst-case scenarios, by shifting 

the beam isocenter by ± 3 mm along anteroposterior, superior-inferior, and mediolateral 

directions. The range and setup uncertainties were combined in the robustness analysis since 

they are not mutually exclusive. The robustness of each plan was evaluated by the DVH 

band plots39. Worst Dmax, D98%, D95%, and V95% for each CTV and worst Dmean and 

Dmax for OARs were calculated between plans.

III. Results

A. Runtime and Selected Beams

The dose, sensitivity and heterogeneity calculation for all candidate beams were performed 

with MATLAB and the Parallel Computing Toolbox on an i7 12-core CPU desktop. The 

average time per beam to calculate this data, along with the total beam orientation with 

fluence map optimization runtime for Phys-FISTA, McNam-FISTA, McNam-CP, and LET-
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FISTA for each patient is listed in Table II. Dose calculation among patients used the 

same ray-tracing procedure in matRad for the same number of candidate beams24. Lateral 

tissue heterogeneity index values of all scanning spots in the same beam are calculated and 

averaged to represent the beam heterogeneity, adding more time to initial calculation23. The 

McNam-FISTA and McNam-CP plans increased the total optimization time by 130–410% 

and 400–1370%, respectively, compared to Phys-FISTA. Since both McNamara plans use 

extra terms in their objective functions to accurately represent biological dose fidelity, it is 

understood that total optimization time increases. There is an 8–350% increase in runtime 

between FISTA and CP. Even with a higher regularization parameter z, CP struggled to 

produce less than 4 beams during beam selection. The increase can also be attributed to the 

fact that computation of additional proximal operators was necessary for reformulating the 

objective function into the CP standard form. McNam-FISTA increased optimization time on 

average by 11% compared to LET-FISTA.

The couch and gantry angles for the beams for each case are listed in Table III. The angle 

notation follows IEC 61217 coordinate conventions. A three-dimensional portrayal of beam 

angles selected are shown in Figure 1.

B. Patient Dosimetry

The dosimetric features across plans can be seen in Figure 2. Dose maps for each patient 

are normalized to the same biological dose for clear comparison. Compared to Phys-FISTA, 

CTV homogeneity index (HI) and maximum biological dose (Dmax) are either matched 

or improved by McNam-CP by an average of 0.00 and 0.05% of the prescription dose, 

respectively. McNam-FISTA did not improve the CTV homogeneity as shown by an average 

decline of 0.02 and 8.2% for HI and Dmax compared to Phys-FISTA. D95% and D98% 

are changed by McNam-FISTA and McNam-CP by [−3.5%, −0.3%] and [1.4%,0.8%] of 

the prescription dose, respectively, compared to Phys-FISTA. CTV statistics for the three 

patients are listed in Table IV.

All RBE-weighted plans met the dosimetric standards set during optimization. Generally, 

relatively large improvement could be seen in the mean and maximum biological doses of 

all structures with the McNamara plans compared to the physical dose plan. Table V reports 

these dose statistics for all structures. [Dmean, Dmax] (GyRBE) were improved by [−1.8, 

7.3] in the right submandibular gland, [1.7, 1.8] for the left parotid, [4.6, −2.0] for the right 

parotid, [4.0, 11.5] in the larynx, [2.3, 6.4] for constrictors, [4.5, 19.5] in the esophagus, and 

[5.1, 36.2] in the spinal cord for McNam-FISTA, with negative values representing better 

performance with Phys-FISTA. Similarly, [Dmean, Dmax] (GyRBE) were improved by [2.9, 

7.4] in the right submandibular gland, [2.1, 0.8] for the left parotid, [4.5, −0.6] for the right 

parotid, [1.8, 5.2] in the larynx, [0.3, −1.1] for constrictors, [4.3, 19.5] in the esophagus, 

and [5.1, 36.2] in the spinal cord for McNam-CP. Biological dose volume histograms for the 

three H&N patients are shown in Figure 3.

C. Plan Robustness

All plans were optimized to account for uncertainties in range and setup due to sensitivity 

regularization and heterogeneity weighting. The DVH bands of the three methods are shown 
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in Figure 4. CTV robustness was improved for both McNam-FISTA and McNam-CP. Under 

range and setup uncertainties, narrower DVH bands, showing superior robustness, were 

generally observed with the McNam-CP plans for OARs compared to Phys-FISTA. McNam-

FISTA also managed to provide comparable OAR robustness to Phys-FISTA plans.

The worst (highest) Dmax, and worst (lowest) V95%, D95%, and D98% of each CTV were 

calculated and plotted in Figure 5. On average, the worst [Dmax, V95%, D95%, D98%] 

improved by [−6.6%, 6.2%, 6.0%, 4.8%] with McNam-FISTA and [2.7%, 2.7%, 5.3%, 

−4.3%] with McNam-CP compared to Phys-FISTA. The worst Dmax and Dmean for each 

OAR under range and setup uncertainty combinations were calculated and plotted in Figure 

6. The worst [Dmax, Dmean] was improved by McNam-FISTA and McNam-CP by an 

average of [25.0%, 19.2%] and [29.5%, 36.5%], respectively.

D. McNamara RBE Comparison with LET

Tumor coverage and normal tissue sparing with McNam-FISTA plans were compared 

directly to LET-FISTA plans for all patients as well. McNam-FISTA was able to improve 

tumor [HI, Dmax, D95%, D98%] by [0.08, 10.8%, −3.0%, 0.4%]. Average [Dmean, Dmax] 

(GyRBE) were improved by McNam-FISTA by [0.9, 9.8] in the right submandibular gland, 

[5.2, 8.2] for the left parotid, [8.6, 7.6] for the right parotid, [2.9, 4.4] in the larynx, [7.0, 

16.0] for constrictors, [3.3, 12.3] in the esophagus, and [5.1, 36.2] in the spinal cord. 

Figure 7 shows a biological dose volume histogram comparison between plans for the three 

patients.

In terms of CTV robustness, the worst [Dmax, V95%, D95%, D98%] improved with 

McNam-FISTA compared to LET-FISTA by [26.2%, 21.1%, 19.9%, 37.0%] under range 

ad setup uncertainties. For OARs, however, the worst [Dmax, Dmean] was worsened by 

McNam-FISTA under uncertainties by an average of [2.3%, 4.4%]. The right-hand side of 

Figure 4 shows a biological DVH band plot representing the robustness comparison.

Although the McNamara model preserves the biological accuracy and preferentially spares 

OARs, the OAR sparing is less robust than the LET model. For CTVs, the McNamara model 

is more robust. This shows that for LET-FISTA, Bragg peaks are placed away from the distal 

edge of the CTV, giving a large range of RBE values within the tumor, showing a trade-off 

between dosimetry and robustness.

IV. Discussion

In this study, we have developed a framework that directly optimizes the McNamara 

RBE model, which comprehensively captures extensive proton cell survival datasets. We 

reformulated the phenomenological McNamara RBE equation for tractable optimization 

solution. Our method better preserves model details in optimization compared with previous 

studies using simplified RBE or LET surrogates. More importantly, the RBE is incorporated 

into the BOO framework that performs a global search among all feasible candidate beams 

for optimal physical and biological dose distribution. Compared with previous approaches 

appending RBE or LET optimization to the physical dose optimization the linear McNamara 

reformulation further reduces biological dose in OARs without loss of tumor coverage.

Ramesh et al. Page 8

Med Phys. Author manuscript; available in PMC 2023 February 02.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



The alpha/beta values used in this study are generalized based on type of structure (OAR vs 

CTV) rather than specific cell line. However, these values directly impact the voxel-based 

McNamara RBE calculations for each method. A Monte Carlo robustness study has gathered 

the uncertainties listed for the McNamara model parameters and alpha/beta values from 

a variety of studies40. Uncertainties in tumor radiobiology and their varying endpoints 

propagate errors throughout the optimization, disrupting the accurate assessment of tissue 

toxicities. While further investigations are needed to better understand the radiobiology 

of proton therapy, a method improving biological effectiveness is a safe and clinically 

acceptable solution.

Because the main concern for the proton RBE is on normal organs41,42, to formulate the 

RBE optimization problem for tractable solution, we focused our efforts on RBE-dose in the 

OAR structures. Since the OAR RBE term in (8) represents a minimization over the total 

dose in the structure volume, the goal for total dose can be 0 GyRBE if for all voxels the 

desired dose is 0 GyRBE. It is not as straightforward to optimize the total CTV dose around 

a set value if, in each voxel, the dose is then allowed to significantly vary from prescription 

dose. This would lead to inhomogeneity within the CTV. Although the reformulated method 

is not applied to the CTVs, McNamara RBE should still be incorporated into CTV dose 

optimization since in vivo RBE within large HN tumors may not be uniformly 1.1. Voxel-

based RBE values for CTVs are therefore calculated via physical dose optimization prior to 

McNamara RBE-based optimization.

Because RBE values are largely dependent on LET values, the method calculation of LET 

values should be noted for this study. Due to the prohibitively long time required to calculate 

dose and LET for over 200 candidate beams using Monte Carlo, the current study used an 

analytical method for all patients. While the analytical method was shown to be acceptably 

accurate for dose calculation and BOO planning in our previous papers22,23, it is limited 

in LET calculation accuracy due to reasons including failing to account for secondary 

protons43. The deficiency is shown as overestimation of LET in the low-density region 

compared with the Monte Carlo method. It is also observed that a different dose and LET 

calculation method can result in different optimized beams.

A comparison between optimization algorithms was performed using the same formulation 

for our objective function. The problem is efficient to solve using FISTA, which has an 

optimal convergence rate of O(1/k2) among first-order optimization methods26. The problem 

demands more time and computational power for Chambolle-Pock with convergence rate of 

O(1/k). With the heterogeneity weight included in the group sparsity term, Chambolle-Pock 

was unable to select 2–4 beams within a reasonable time span. The weight was excluded 

during beam selection to force convergence. Although CP convergence rate is not optimal, 

because of the non-convexity of the optimization problem, the CP plans in some cases find 

a better local minimum and provide superior dosimetry compared to FISTA. The superior 

dosimetry can be attributed to effectively higher OAR RBE priority in CP without the 

heterogeneity index term. CP on average selects two more beams than FISTA plans, which 

may also explain the differences in results. Previous studies have shown improvement in 

dosimetry with three-angle plans over two-angle plans but no advantage with four-angle 

plans over three-angle plans44,45.
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Further research should be conducted to optimize both physical dose robustness towards 

geometrical and range uncertainties, and RBE robustness towards biological model 

parameter uncertainties. Biologically robust optimization algorithms that have thus far 

been proposed mostly consider worst case optimization46–48, which would increase the 

computational burden of our current framework by at least 10 fold. Our sensitivity based 

robust planning method was able to handle physical dose robustness23,25 of IMPT plans with 

minimal additional computational cost. Therefore, a future direction is to incorporate the 

biological uncertainties into sensitivity regularization.

V. Conclusions

We have developed a robust RBE-weighted beam orientation optimization method using 

direct reformulation of the McNamara phenomenological model. The proposed optimization 

framework markedly improved OAR RBE doses while maintaining similar physical dose 

distribution compared with the conventional method assuming a generic RBE value for all 

voxels.
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Refer to Web version on PubMed Central for supplementary material.
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Figure 1. 
Beam angle comparison between Phys-FISTA, McNam-FISTA, McNam-CP, and LET-

FISTA (left to right) for all three patients. CTVs are shown in green and blue lines represent 

beams entering the patient.
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Figure 2. 
Isodose comparison in the transverse plane between Phys-FISTA, McNam-FISTA, McNam-

CP (left to right) for all three patients.
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Figure 3. 
Biological dose volume histograms for all patients. Solid lines represent Phys-FISTA, dotted 

lines represent McNam-FISTA and dashed lines represent McNam-CP. The bottom set of 

images is included as magnification of the above DVHs. Select structures are shown for each 

patient to portray the larger differences in dosimetry between plans.
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Figure 4. 
DVH band plots for three H&N patients, indicating the robustness of the beams chosen 

by different methods. Worst case comparison for the McNamara plans compared to Phys-

FISTA are shown on the left and comparison of McNam-FISTA with LET-FISTA are shown 

on the right. The worst D98% of each method is labeled by reference lines in the x-y plane. 

Select structures are shown on each subplot to portray the larger differences in robustness 

between plans.
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Figure 5. 
A comparison of worst Dmax, V95%, D95%, and D98% of the CTVs for each patient under 

range and setup uncertainties between Phys-FISTA, McNam-FISTA, and McNam-CP. Doses 

and volume are shown as a percentage of the prescription dose and total volume.
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Figure 6. 
Worst Dmax and Dmean for each OAR in each patient under various uncertainties between 

Phys-FISTA, McNam-FISTA, and McNam-CP. Dose values are given in GyRBE.
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Figure 7. 
Biological dose volume histograms for all patients. Solid lines represent McNam-FISTA and 

dotted lines represent LET-FISTA. The bottom set of images is included as magnification 

of the above DVHs. Select structures are shown for each patient to portray the larger 

differences in dosimetry between plans.
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Table I.

Prescription doses, CTV volumes and average number of spots per beam for each patient.

Case Prescription dose (GyRBE) CTV volume (cc) Average spots per beam

H&N 1 CTV54 54 141.29 10065

CTV60 60 160.89

CTV63 63 68.00

H&N 2 CTV54 54 108.00 10077

CTV60 60 127.26

H&N 3 CTV54 54 110.38 9433

CTV60 60 98.94

CTV63 63 10.23
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Table II.

Preparation time and runtime of each SHBOO-FMO method for the tested patients.

Calculation time (min) SHBOO-FMO runtime (min)

Case Dose Sensitivity Heterogeneity Phys-FISTA McNam-FISTA McNam-CP LET-FISTA

H&N 1 51 4 682 24 55 247 44

H&N 2 63 7 700 19 88 95 93

H&N 3 43 3 690 10 51 147 45
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Table III.

Beam angles (gantry, couch) in degrees selected for each patient.

Beams Selected (gantry, couch)

Case Phys-FISTA McNam-FISTA McNam-CP LET-FISTA

H&N 1 (270,18), (30, 88) (270,18), (30, 88) (311, 41), (270, 18), (37, 43), 
(30,88)

(270, 18), (324, 301), (30, 88)

H&N 2 (101, 342), (316, 314) (36,0), (316, 314), (30, 88) (36,0), (315, 314), (321,308), 
(31,76)

(33, 294), (54, 353), (324, 301), 
(30,88)

H&N 3 (270, 18), (30, 88) (333, 297), (30, 88) (329,52), (43,18), (321, 308), (328, 
291)

(270, 18), (101, 342), (25, 346), 
(312, 352)
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Table IV.

CTV statistic comparison between three methods for all patients. All biological dose values are reported in 

GyRBE. Best values are denoted in bold.

HI Dmax D95% D98%

Case Phys-
FISTA

McNam-
FISTA

McNam-
CP

Phys-
FISTA

McNam-
FISTA

McNam-
CP

Phys-
FISTA

McNam-
FISTA

McNam-
CP

Phys-
FISTA

McNam-
FISTA

McNam-
CP

HN #1

CTV54 0.911 0.883 0.921 60.5 62.4 59.8 54.0 54.0 54.0 52.3 51.0 51.9

CTV60 0.941 0.925 0.932 65.6 68.0 65.3 61.2 62.0 60.3 60.1 59.8 59.3

CTV63 0.948 0.933 0.946 65.9 67.9 65.6 62.0 62.6 61.4 60.9 60.1 60.2

HN #2

CTV54 0.877 0.842 0.890 62.5 66.2 62.2 54.0 54.0 54.0 50.4 46.6 47.9

CTV60 0.899 0.905 0.919 69.4 71.6 69.3 61.6 63.8 62.8 58.2 55.0 56.9

HN #3

CTV54 0.930 0.817 0.928 58.9 67.1 59.1 54.0 54.0 54.0 52.0 46.3 51.5

CTV60 0.930 0.915 0.937 65.2 74.2 65.1 59.9 66.9 60.4 58.0 62.1 59.1

CTV63 0.930 0.914 0.932 67.8 76.6 69.3 62.6 69.2 64.0 61.0 66.5 62.9
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Table V.

OAR statistics comparison between three methods for all patient under. RBExDmean (Dmean for 

simplification) and RBExDmax (Dmax) are reported in GyRBE. Best values are denoted in bold.

HN #1 HN #2 HN #3

Phys-
FISTA

McNam-
FISTA

McNam-
CP

Phys-
FISTA

McNam-
FISTA

McNam-
CP

Phys-
FISTA

McNam-
FISTA

McNam-
CP

Right subm.

Gland

 Dmean 6.6 3.4 4.6 13.1 5.5 6.6 10.8 27.0 10.5

 Dmax 34.8 25.7 28.6 47.2 30.2 32.6 39.7 43.9 38.4

Left Parotid

 Dmean 7.0 5.1 5.4 12.6 7.2 9.1 9.8 12.0 8.7

 Dmax 44.7 38.9 40.9 46.8 40.2 46.0 49.8 56.8 52.1

Right Parotid

 Dmean 13.4 12.1 12.2 7.3 5.9 7.5 19.2 8.2 6.8

 Dmax 44.4 46.2 45.1 44.5 43.5 47.9 46.2 51.4 43.9

Larynx

 Dmean 3.6 2.3 3.4 13.6 4.4 7.7 3.7 2.1 4.4

 Dmax 20.0 15.6 18.5 54.5 30.0 39.6 20.5 15.0 21.3

Constrictors

 Dmean 3.2 1.3 3.2 8.7 4.8 6.4 4.3 3.2 5.8

 Dmax 17.2 11.8 18.0 43.7 33.1 37.6 27.3 24.2 35.9

Esophagus N/A N/A N/A

 Dmean 9.2 1.0 1.3 1.8 1.0 1.1

 Dmax 46.3 10.1 11.1 10.5 7.8 6.7

Spinal Cord

 Dmean 3.2 2.5 2.2 6.0 0.0 0.0 4.1 0.0 0.0

 Dmax 14.0 12.1 9.5 43.4 0.4 0.3 29.4 0.0 0.0
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