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ABSTRACT OF THE DISSERTATION

The Brauer-Siegel Theorem for Fields of Bounded Relative Degree
by

Aaron Wong
Doctor of Philosophy in Mathematics

University of California San Diego, 2007

Professor Harold Stark, Chair

In this dissertation, we undertake the study of the class numbers of fields of bounded
relative degree. Fix B > 1 and let B(B) be the set of all number fields M such that
M can be reached by a tower of fields, Q = My C My C My C --- C M,, = M such
that [M; : M;_1] < B for 1 < i < n. Building on the work of Harold Stark [Sta74]
and Andrew Odlyzko [Od175], we show that there for a fixed B there are only finitely
many CM fields M of degree greater than or equal to 387 with a given class number.
In the process of proving this, we also obtain lower bounds for the residue of Dedekind
zeta functions and L(1,x). We also obtain some upper bounds for these functions by

mimicking some of Jeffrey Hoffstein’s calculations [Hof79).
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Preliminaries

This chapter is only meant to introduce the main ideas used in this dissertation.
Stark’s chapter in [WMLI92] gives a good exposition of these topics as well. For a gentle
introduction including many explicit examples, the reader should read [Mar77]. Both

[Lan94] and [Neu99] give a more formal presentation.

1.1 Algebraic Theory

The main algebraic structures we’ll be working with in this dissertation are

extensions of number fields and their associated invariants.

1.1.1 An Example
Before diving into formal definitions, we will start with an example. We begin
with the simplest example of a number field, the set of rational numbers,

Q:{%:a,beZandb#O},

where

Z={.,-3,-2,-1,0,1,23,.. .}

The common term for Z is the set of integers, but we will be generalizing this word
soon so we will call Z the set of rational integers to avoid confusion. There is a special
subset of the rational integers, the primes. Usually in the context of the rational integers,
primes are taken to be positive. However, in the general context we will be considering,

we will not have a notion of “positive”, so that in the generalized definition, the rational



primes will be paired off together as being the “same” prime,
P = {42 43,4547, £11,...}.

We are interested in looking at extensions of number fields. We will extend the
field that we're looking at by adjoining a root of an irreducible polynomial, a process
which is described below. For our example, we will adjoin a, a root of f(x) = 23 — 2.

Notice that there are three roots of this polynomial when its roots are viewed
over the complex numbers C. However, the algebraic structure is independent of which
root is chosen. The reason is that the only algebraic property we have is that f(a) =0,
or a® = 2. In other words, we cannot distinguish between the real root and the complex
pair of roots based on this properly alone. We will discuss the implications of this later.

Returning to the example, to adjoin @ we will consider the collection of all
possible finite sums and products that can be built up from @ and «. We will write this

as Q(«). It is not hard to see that
Q(a) = {a+ba+ca®: a,b,c € Q}.

We know that the set is at least this big. If we have higher powers of «, we can use the
property that a® = 2 to reduce the power. For example, o® = (a?)2a? = 2202 = 402
Therefore, Q(«) is exactly this set.

Viewing Q(a) as a vector space over Q (with basis vectors 1, o, and a?), we
see that we have a 3 dimensional vector space. We say that Q(«) is a degree 3 extension
over Q, and this is written [Q(«), Q] = 3.

As stated earlier, the algebraic property alone does not distinguish between the
various roots of the polynomial. To make the distinction between the roots, we must view
them as elements of C. Since f(x) is a real polynomial, we know that the roots will either
be real or come in complex pairs. For the specific example, there is one real root (¥/2,
the real cube root of 2) and there is one complex pair of roots, (—% + @z) V/2. For each
root, there is an embedding of the number field Q(«) into C. The number and types of
embeddings are important features, as we will later see. (The embeddings of a particular
field are also called its conjugate fields, and we will use these words interchangeably.)

We have briefly looked at Q(«), but have not answered two basic questions.
What are the integers of Q(«)? What are the primes? At this point, it is best to work

with the formal definitions.



1.1.2 Field Basics

Keeping the previous example in mind, we will begin to build the formalism of
algebraic number theory by discussing general fields and their extensions. Any introduc-

tory algebra text will have this information.

Definition 1.1. A field L containing K is said to be an (algebraic) extension of K
if every element of 3 € L is the root of some non-zero polynomial with coefficients in
K. We write L/K to denote that L is an algebraic extension of K. If fg(5) = 0 and
fs € Klx] is irreducible over K, then we call f3 the minimal polynomial of 3 over K.

We use the word algebraic to distinguish this type of extension from a transcen-
dental extension. A transcendental extension has elements in it which are not the root
of a polynomial with coefficients in the lower field. An example of this is the extension
Q(7)/Q. We will not deal with transcendental extensions in this dissertation.

In the example, we looked at the extension Q(a)/Q. We did not show that
every element of Q(«) is the root of a polynomial with rational coefficients, we only
noted that o was the root of such a polynomial. However, it is a theorem that sums and
products of algebraic numbers (that is, roots of certain polynomials over a given field)

are also algebraic numbers.

Definition 1.2. The degree of an extension L/K is the dimension of L over K as a

vector space. The degree of L/K is denote [L : K].

We will only be working with finite degree extensions, so we will not discuss
infinite extensions here. We were able to come up with an explicit form of Q(«) in the
example that allowed us to quickly see its dimension over Q as a vector space. The ability
to find a single element such that its powers generate the basis for the vector space for
the field extension was not unique to this example. For the cases we are considering, it
is always true that for a finite degree algebraic extension L/K is of the form L(«) for

some .
Definition 1.3. A number field is a finite (algebraic) extension of Q.

The reason we are interested in number fields is that we want to build on the
idea of primes, and the primes in Q are familiar and fairly well understood.
There are two special type of field extensions that we will be using repeatedly.

The first is the compositum of number fields.



Definition 1.4. The compositum of number fields K7, K», ..., K,, which we denote
by K1Ks--- K,, is the field generated by all the K;.

In this definition, we are ignoring some technical problems that arise in the
general situation since we can view all of our fields to be subsets of C. If we did not
allow ourselves that luxury, we would have to define the compositum of two fields by
taking the quotient of a certain tensor product and prove that this extends in a reasonable

way to taking the compositum of many fields.
Definition 1.5. A normal extension of a number field K is a field N such that
1. N>oK

2. For any 3 € K, if fg is the minimal polynomial of 3 over Q, then all the roots of

fs are contained in K.

If, furthermore, N has the property that it is contained in every other normal extension

N’ of K, then N is called the minimal normal extension of K.

A normal extension of a number field K is a critical idea because the main
theorem that we use (Theorem 1.15) requires Galois theory, which can only be applied
to normal extensions.

The minimal normal extension of our example field Q(«) is N = Q(«a, w), where
w is a primitive cube root of 1. This is a degree 6 field ([N : Q] = 6) that is degree 2
over Q(a) ([N : Q(a)] = 2). Tt is also the compositum of Q(«) and Q(w). Notice that
[Q(a) : Q] =3 and [N : Q] = 6 = 3!. In general, if N is the minimal normal extension
of K, then [N : Q] < [K : Q]

1.1.3 Algebraic Integers and Unique Factorization

Definition 1.6. We define the set of algebraic integers to be the set
A = {f € C: (3 is the root of a monic polynomial with coefficients in Z}.

Definition 1.7. The algebraic integers of a number field K is the set K N A.

We will show that the rational integers are indeed the algebraic integers of Q.
Since every element of Q is of the form a/b where a,b € Z with b # 0, we see that every

element of @ is the root of a polynomial of the form f(x) = bx —a. The algebraic integers



of Q are those which are the root of a monic polynomial, which means that b = +1, and
this completes the proof.

In general, computing the algebraic integers of a number field can be compli-
cated task. To demonstrate this, we will compute the integers of Q(v/5) = {a + bV/5 :
a,b € Q}. It is easy to check that a + bv/5 is a solution to

2% — 2ax + a® — 5% = 0.

We want to find rational values of a and b so that this is a polynomial with coefficients
in Z.
From the z term, we can see that a = a’/2, where @’ is a rational integer. We

will now consider the constant term. We want

(/)2 2 1 N2 2
ACRE T . ) Z.
o 4((a) 0v°) €

We need the term on the right to be an integer divisible by 4. This means that b can

have at most a 2 in the denominator. We let b = '/2 so that our condition is now
(a')? = 5(b)? € 4Z.

If @’ is even, then ' must also be even, and this is the case where @ and b are
already rational integers. So we now consider the case where a’ is odd, which forces v’

to be odd. We will write ' =2k + 1 and V' = 2j + 1, with k, j € Z. Then we have

(a')? —5()2 = 4k® + 4k +1 — 5452 + 45 + 1)
= 4k% + 4k — 205% — 205 — 4.

This is divisible by 4 for any choice of k and j. Therefore, we have shown that the
integers of Q(+/5) are numbers of the form (a + bv/5)/2 where a and b are either both
even or both odd.

In order to avoid a long discussion about ideals that will not directly be used
anywhere else in this dissertation, we will simply have a brief overview of the important
ideas, and the reader is advised to pick up a book on algebraic number theory for the
details.

The easiest way to view an ideal is that it is the set of all integral linear
combinations of a collection of elements. The notation will be understood by writing a

couple examples. In Q, we have

8)={8-z:x€QnNA}



and

(10,15) ={10- 2+ 15-y:z,y € QN A}.

(Note that Q N A = Z, but we write it this way to illustrate the idea.) In the example
of Q(«), we have
24+a)={2+a) z:xe€Q(o)NA}

and

l1-a,3)={1-0a)-z2+3-y:z,y € Qlo)NA}.

Ideals have divisibility based on containment. We say that an ideal a divides
an ideal b if a D b. (It is conventional to use a fancy German character to represent
ideals in number theory.) In the rational integers, this correspondence is pretty clear

upon considering an example. Comparing the ideals (3) and (6) we get
(3)=1{3-2:2€Z} ={0,£3,46,...} > {0,4£6,£12,...} = (6),

and we know that 3 divides 6.
Products of ideals are obtained by multiplying all possible pairs of elements,

taking one from each ideal. For example,
(2)-3)={2z-3y:z,ycZ} ={62:z2¢€Z}=(6).

It turns out that you can simply multiply the generators of the two ideals to get a list

of generators for the product ideal, such as
(6,4) - (9,3) = (54, 18,36, 12).

To verify this, we can use what we know about linear combinations and divisibility in
the rational integers, namely that the collection of all integral linear combinations of a
set of elements is generated by the greatest common divisor of the elements. In this case,

the product reduces back to

Ideals which can be generated by a single element are called principal ideals.

The divisibility property gives us the definition of primes:

Definition 1.8. An ideal p # (1) is prime if whenever p divides ab, then p divides a or
p divides b.



The algebraic integers of a number field all have unique factorization into prime
ideals. The need to generalize from elements to ideals is not immediately obvious. We
will work through a brief example to illustrate the problem that arises and how it is
resolved.

Consider the number field Q(v/—5). The algebraic integers of this field are
everything of the form a+bv/—5 where a,b € Z. Consider the following two factorizations
of 6:

6=2-3=(14++vV-5)(1-V-5).
It does not take much effort to see that each of the two factorizations cannot be reduced
any further as numbers. As numbers, this shows a violation of unique factorization.
However, as ideals, the factorization can continue and thus preserve this nice property.

To understand how it works, it’s good to look at a case in the rational integers:

(60) = (6) - (10) = (4) - (15).

Pretend for the moment that you could not tell that you could factor the ideals on the
right any further, but you expected unique factorization to hold. For this to work, you
would have to surmise that there is a way that (6) splits such that part of it “belongs”
to (4), which we will suggestively denote as (6,4), and the rest of it “belongs” to (15),
denoted (6,15). By doing this to (10) as well, we would get another factorization of (60):

(60) = (6,4) - (6,15) - (10,4) - (10, 15). (1.1)
Of course, we can see that this is
(60) = (2)-(3)-(2) - (5),
which confirms our suspicions in this case. Furthermore, by taking appropriate pairs, it
is possible to get both of the previous factorizations. For example,
(6,4) - (10,4) = (60,24,40,16) = (2)-(2) = (4).
Returning to the Q(v/—5) example, following the same process we get

(6) = (2,14 v=5) - (2,1 = v=5)- (3,1 +v=5)- (3,1 — V=5).

This factorization behaves the same way as Equation (1.1), except that there is no single
number that generates the ideals on the right. In fact, the term ideal originated from
the context of saying that there is some ideal number which was the greatest common

divisor, so that unique factorization of numbers could still be true.



(0,0,0) (0,0,1) (0,0,2)
(0,1,0) (0,1,1) (0,1,2)
(0,2,0) (0,2,1) (0,2 2)
(1,0,0) (1,0,1) (1,0,2)
(1,1,00 (1, 1,1) (1,1,2)

Figure 1.1: 18 of the 27 congruences classes of the algebraic integers of Q(«) modulo (3).

1.1.4 Field Invariants

The term field invariant refers to a collection of values associated to a number
field K. These values are intrinsic to the structure of K and do not depend on any
particular choices, such as the set of generators. We will not discuss these invariants
in detail, but only point out the properties that are relevant to the remainder of the
dissertation.

We have already seen in the Q(«) example that a® = 2 has three possible choices
when viewed over C. For any number field K, there are always as many embeddings as
the degree of the extension over Q. Furthermore, the complex embeddings (those which
are not contained in the real line) always come in complex conjugate pairs. We will
express this relationship as n = ry + 219, where r1 is the number of real embeddings, ro
is the number of complex conjugate pairs of embeddings, and n = [K : Q).

The norm of an ideal a is the number of congruence classes of the algebraic
integers of K modulo a and is denoted by INg(a). We say that two algebraic integers
x and y are in the same congruence class if x —y € a. It is easy to see that for a
rational integer n viewed in Q, Ng((n)) = |n|. The number field affects how the norm
is computed, as we will show in the next example.

We will continue to work with Q(av), with a® = 2. We will compute Ng4)((3)).
Note that

(3) = {3a + 3ba + 3ca’ : a,b,c € Z}.

We can view these as 3-tuples of integers (a, b, ¢). Therefore, two algebraic integers are in
the same congruence class if each term in the difference between the 3-tuples is divisible
by 3. This observation allows one to write out all 27 congruence classes. The list is

started in Figure 1.1.



It is also interesting to compute Ng(q)((1 + «)). Note that

(1+a)={(1+4+a)-a+(1+a) ba+(1+a) -ca®:a,b,ccZ}
={(a+2¢)+ (a+ba+(b+c)a?:ab,cecZ}.

The requirement for two algebraic integers to be in the same congruence class is much
more complicated. There are other methods to compute the norm besides this brute
force method, but we will not introduce them because they will not be used later. Using
the idea of 3-tuples again, we see that two algebraic integers are congruent modulo (1+«)

when their difference is in the Z-span of

{(1,1,0),(0,1,1),(2,0,1)}.

The Z-span of this set is difficult to discern in this form. However, if we do a Z-row

reduction, we get

110 1 1 0 110
0o11}]~10 1 1 ]|~|0T171
2 01 0 -2 1 0 0 3

From this, we can see that any 3-tuple is equivalent to exactly one of
{(0,0,0),(0,0,1),(0,0,2)},

so that N ((1 +a)) = 3.

When the norm of an ideal generated by the element x is 1, so IN((x)) = 1, we
call x a unit. In particular, it means that there is some other algebraic integer y such
that zy = 1. The units of a number field play a role in the computation of the requlator
of the number field. The regulator is computed by taking the determinant of a matrix
which represents the volume of a fundamental mesh in an (r; + r2)-dimensional space
(where r1 and 79 correspond to the number of real and complex pairs of embeddings of
the number field into C). We will not work through the details of this calculation here
even though it will be necessary at one point in this dissertation. The curious reader
can read more about the regulator in the references given.

The different Di and the discriminant Dg of a number field K are difficult
objects to define, but they have nice properties that we will discuss in the next section.

The important fact is that the norm of the different is the discriminant, Nx (Dg) = Dk



10

The last invariant that we will discuss is the class number, denoted hg or h(K).
The class number is one of the two primary objects of study for this dissertation. Its
value reflects the failure of ideals to be principal ideals. There are several methods for
computing the class number, but the one we will use will have to wait for a few sections,

as there is more formalism that needs to be developed first.

1.1.5 Extensions of Number Fields

Up to this point, we have been focusing on extensions of Q. However, it is
possible to discuss field extensions of any number field. Basically everything we have
done over Q can be repeated starting with a different base field. There are analogous
notions of integrality, relative norms, relative differents, and relative class numbers. The
details of these constructions fill several chapters of a book on algebraic number theory,
so we will only touch on the essential properties.

We will be building towers of fields throughout this dissertation. If K D L D M
are all fields, with K/L and L/M both finite algebraic extensions, then we have the

following properties:
1. The degree is multiplicative: [K : M| = [K : L|[L : M].
2. The relative different is multiplicative: D(K/M) = D(K/L)D(L/M).
3. The relative norm respects composition: Ng/pr = Nz /i 0 Ny -
Furthermore, when the base field is @, the relative objects reduce appropriately:
1. The relative different is the different: Dy q = Dk

2. The relative norm is the norm: Ng /g = Ng

1.1.6 CM Fields
There are two concepts to introduce before we can define CM fields:

Definition 1.9. A field is totally real if all of its embeddings are contained in the real
line. Alternatively, if n is the degree of the extension, then ;1 = n and ro = 0.
A field is totally complex if none of its embeddings are contained in the real

line. Alternatively, if n is the degree of the extension, then 1 = 0 and 279 = n.

Now we can define CM fields:
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Definition 1.10. A CM field is a totally complex quadratic extension of a totally real
field.

The term CM field comes from the theory of complex multiplication. Initially,
complex multiplication was almost a geometric theory: A lattice A in the complex plane
is said to have complex multiplication if there is a complex number § € C\RR such that
O0A C A. The idea of complex multiplication has been generalized to the theory of elliptic
curves. For our purposes, the definition alone is sufficient.

The reason we will want to study CM fields is to control the size of the ratio of
the regulators of the totally real field and the totally complex field. The only place this
calculation is applied is with Equation (3.4). This is taken directly from [Sta74], so the

details of the calculation are not included.

1.2 Analytic Theory

Analytic number theory seeks to gain information out of special complex ana-
lytic functions that can be built from number fields. We will begin with the Riemann

zeta function, which is the prototype for the Dedekind zeta functions.

1.2.1 The Riemann Zeta Function

There is much that can be said about the Riemann zeta function, but we will
confine ourselves to the relevant features.
For s € C,s = o +it, for ¢ > 1 we define

(o)

((s)=> n*
n=1

The unusual choice of symbols was introduced by Bernhard Riemann in his 1859 paper
where he discussed the properties of this function and demonstrated how information
about the primes can be obtained by understanding the behavior of this function.

The clue that information about primes is encoded into this function is found
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by rewriting the sum as a product over the (positive) rational primes:

((s) = 1+1+1+1+1+1+1+1+1+1

B 35 45 58 7s o 105 T
—1+1+1+1+1+1+1+1+1+1+
25 3s (22)5 5s 925 .3s 7S (23)3 (32)5 925 . 5s

:<1+213+(2$)8+--~)(1+;s+@§)8+ : >< + = +(5§) >

] G 128{)(11135) (1)

The product over primes is known as an FEuler product. The reason this product works

out correctly is that each n™® term can be expressed uniquely as a product of (p;*)~*
terms, and each combination of such terms appears exactly once in the final product.

The Euler product allows us to quickly compute the logarithmic derivative of
¢(s):

¢\ d
s) = 4 ToB(C(s)

_ %log (1;[ (1 _p—s)—l)

_ _Z log p

ps—1
We can also compute the logarithmic derivative a different way, by expanding out the

logarithm in a power series:

m=1
==Y ) log(p)p ™
p m=1
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where A(n) is known as the Von Mangoldt function and is defined by

A(n) logp, if n = p® for some prime p and integer a > 0
n)=

0, otherwise.

The sum diverges as s — 17, which shows that there is a pole at s = 1. It
turns out that the pole is simple and has residue 1. In fact, the Riemann zeta function
is analytic everywhere except for this pole. We will see later that the residue of the
Dedekind zeta function gives information about the field invariants.

The Riemann zeta function satisfies a functional equation. If we define

E(s) = s(s — )m*/*T(s/2)¢(s),

then £(s) is an entire function satisfying £(s) = £(1 —s). The functional equation can be
used to compute estimates for the value of ((s) for o < 0 by relating them to the values

of ((s) for ¢ > 1, where we have formulas that allow us to make explicit calculations.

1.2.2 Dedekind Zeta Functions

To understand the transition from the Riemann zeta function to Dedekind zeta
functions, we need to reconsider the infinite sum in a different context. Instead of viewing

it as a sum over positive rational integers, we treat it as a sum over the ideals of Z:
C(s) = Cals) = D N((n)) ™.
(n)

In the same way the sum over rational integers was expressed as a product over positive

prime integers, we can write this as a product over prime ideals:

Gls) =] -N@)™)".

p
Definition 1.11. The Dedekind zeta function of a number field K is defined for ¢ > 1
by
Crels) =) IN(a)~,
a

where s = o + it and the sum is over all the ideals of K.

By the unique factorization property of ideals, we also have

C(s) = [[(1-N@p)=) "

p
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The Euler product also gives us the logarithmic derivative:

k() _ Z log IN(p) . (1.2)
Cx () IN(p)® —1
Just like the Riemann zeta function, Dedekind zeta functions are analytic ev-
erywhere except at s = 1. The residue, kg, is given by
2" (27)"2hg Ry
-~ wi /DK

KK ; (1.3)

where r; and 7o are the number of real and complex pairs of embeddings (respectively),
hx is the class number of K, Ry is the regulator of K, wg is the number of roots of
unity in K, and Dg is the discriminant of K.

Dedekind zeta functions satisfy a functional equation which is similar in form

to the one satisfied by the Riemann zeta function. If we set

s/2
Excls) = ( D] ) D(s/2)""T ()" s(s — 1) (s),

227"2 T

where n = [K : Q), then £x(s) is an entire function satisfying i (s) = Ex (1 — s).

1.2.3 Dirichlet L-Functions

Dirichlet L-functions are simpler than Artin L-functions. They can be under-
stood without any background in number theory at all, which cannot be said of their
complicated counterparts. A thorough discussion of Dirichlet L-functions will be given
as these are the type that arise from quadratic extensions, in particular from the CM

field situation.

Definition 1.12. A character x of modulus m is a map from Z-¢ into the complex

plane such that
1. x(1)=1.
2. x(ab) = x(a)x(b).
3. x(a) = 0 when (a,m) > 1.
4. x is periodic with period m.

It is helpful to look at a few examples of characters to get a sense of how they
look. Table 1.1 provides a small sample of characters. The character g is known as the
trivial character. Notice that the examples exhibit the following properties (which will

not be proven).
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Table 1.1: A complete table of characters modulo 4, 5, and 8. The names are not
standard.

mod4 | 1] 3 mod 5 | 1 3 |4 mod8 1|3 |5 |7
X0 1]1 X0 1] 1 1|1 X0 11|11
X1 1]-1 X1 1]-1-1|1 X1 1]-1]-1]1
Y2 | 1| i | —i]-1 x2 | 1]|-1]1]-1

s | 1| —i| i |-1 s | 1|1 [-1]-1

1. The character table is always square.
2. The columns of each table are orthogonal when viewed as (complex) vectors.
3. The rows of each table are orthogonal when viewed as (complex) vectors.

4. All the columns of a particular table have the same norm when viewed as a (com-

plex) vector.

5. All the rows of a particular table have the same norm when viewed as a (complex)

vector.

From any character, we can construct the corresponding Dirichlet L-function:

Definition 1.13. Given a character , for o > 1 (s = o + it), we define

L(s,x) = > _ x(n)n"".
n=1

Because of the multiplicative property of the characters, we can factor this in

exactly the same way we factored the Riemann zeta function,
sy —1
L(s,x) =[] (0 = xp~*) ",
P

and we get an expression for the logarithmic derivative,
L =
Z(50 == S xm A,
n

When x = xo is the trivial character, this gives us a relationship between the Dirichlet

L-function and the Riemann zeta function:

) =Ta-p) ' [Ta-p) " =10 -p) " Lis.x0)-

plm pfm plm
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The analytic behavior of the L-functions mimics the behavior of the Riemann
zeta function. The L-function is analytic everywhere except possibly at s = 1 (the L-
functions corresponding to the trivial characters have a pole at s = 1 and the others are
analytic there).

The important feature of Dirichlet L-functions for us is that they arise from

CM fields. If K is a totally complex extension of a totally real field k, then then we have

Ck(s) = CGe(s)L(s, x)

for some Dirichlet L-function L(s, x). In fact, the factorization holds for any quadratic
extension K of any field k& once the L(s,x) concept is generalized to general number
fields. This can be understood in the more complicated context of the formalism of Artin
L-functions, but we will refrain from that discussion and present an explicit example.

Consider the CM field Q(i)/Q, where i = —1. It is not hard to show that the
algebraic integers of Q(i) are simply all the numbers of the form a + bi where a,b € Z.
Furthermore, all the ideals of Q(i) are principal and the norm is given by IN((a + bi)) =
a® + b2

We want to compute the expansion for (g(;)(s). To do this, we need to know
the possible values of IN((a + bi)) for all the primes of Q(i). Fortunately, this is well

understood:
1. There is one prime ideal of norm 2, namely (1 + 7).

2. If p € Z is a prime congruent to 1 modulo 4, then there are two distinct primes p

such that IN(p) = p.

3. If p € Z is a prime congruent to 3 modulo 4, then (p) itself is a prime ideal and
N((p)) = p°.
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Therefore, we have

Cow(®) =]~ N@p)=)~"

—(1-27)" ) II a-»97° ) [T a-—»>"
— (-2 ] I (-»)> ) 11 [(1 —p) 7 (1 +p*3)*1}
=T L (- o)

= CQ(S)L(Sa Xl)a

where x1 is the nontrivial character modulo 4 as shown in Table 1.1.
We can combine the factorization of (i with the functional equation for the
Dedekind zeta functions to get a functional equation for L(s, x). If we take K to be a

quadratic extension field k and [K : Q] = 2n, then we have

_ Sk(s) (22‘9?;‘2")5/2F(3/2)plr(8)p23(3 — 1)k (s)
Ex(s) = £4(5) = 5/2 ,
A (B T (/2T (s (s — 1)G(s)

227‘2 n

where the number of real and complex pairs of embeddings of k are 1 and ry, the number
for K are p; and po.

The complex pairs of embeddings of k all give rise to two complex pairs of
embeddings of K. The real embeddings of k£ may or may not continue to be real when
we move to K, but each real embedding will either give rise to two new real embeddings or
two complex pairs of embeddings. Let pf, be the number of complex pairs of embeddings

that arose from a real embedding. Then we have the following relationships:

1 /
7'12501-1-/)2
p2 = 2r9 + ph

Plugging in these values in the equation above gives

(Dl 1\ apay sz (D) N2
€X(8)<|Dk]2:02+f/27r”> ['(s/2)? QF(S)P p 2<F(3/2)> L(s, x).

It turns out that we can write |Dg| = D3 f, where f is the period of y (which

is also the norm of the conductor of x). Also, by using Legendre’s duplication formula
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(see [Dav00], for example),
I'(2s) 2s—1_—1 1
%) 928 /21 -
T(s) i sT3)
we can simplify the expression further:

3/2 / / / pl2
E(s) = ('Dk’f > D(s/2)P/2T (5)(P2=r2)/2 (2(51);)277;)2/211 (; + ;) > L(s, x).

9p2+p n
After some rearranging, this is

| Dyl f
2P2—P5 1

., 5/2 . Po
SX(S) = Q*PQW*PQ/Q ( > F(S/Q)Pl/QF(S)(PZ*PQ)/QF <; + ;) L(S,X). (14)

Since pa > ph, we see that all of the exponents on the gamma functions terms are
non-negative. This gives the form of the functional equation for L-functions.
In the special case of CM fields, we have 1 = n and ro = 0 (since k is totally

real) and p; = 0 and pa = n (since K is totally complex). The relationships force p), = n

s/2 n
£ (s) = 27 a2 <|D’“|f> r (5 n 1) L(s,x).

and we get
ik 2 2
1.2.4 Artin L-Functions

Artin L-functions are a generalization of Dirichlet L-functions. I have chosen
to discuss these separately because the level of detail for this section is significantly less
than the previous section. This section can be skipped if the reader intends to skip the
details of Brauer’s Theorem (Theorem 1.15). The statement of that theorem and its
applications can be understood without having any knowledge of Artin L-functions.

There is a more general notion of characters than what we have discussed.
A representation of a group is a map from the group into the group of invertible n-
dimensional matrices that preserves the group structure. A representation is called
irreducible if you cannot block-diagonalize the matrices into more than one block. From
the representation, one gets a character on the group by taking the trace of the repre-
sentative matrices. An irreducible character is a character derived from an irreducible
representation.

For the characters corresponding to the Dirichlet L-functions, we are looking
at representations of the cyclic group of order m. The characters are the traces of

one-dimensional matrices, which are simply the values of sole matrix entries.
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Let H be a subgroup of a group G. Given a character x on G, it can be viewed
as a character on H by restriction, ¢» = x|g. It turns out that given a character ¢ on
H, one can define another character on G in a well-defined manner, x = ¥*. This is
known as the induced character of G by x (of H). A special case of this is the character
of the regular representation, xreg, which is the character induced from the character of
the trivial subgroup.

When the group is a Galois group of a field extension, then to each character
there is a corresponding Artin L-function. The definition of these L-functions is a bit
complicated and can be looked up in the references. It is enough to know that the L-
function depends on the character and the field extension (say K/k), and we denote it
by L(s,x, K/k).

There are four major properties:

1. L(s,xo0, K/k) = (k(s), where xq is the trivial character.

2. If x1 and x9 are characters of GG, then
L(s,x1 + X2, K/k) = L(s,x1, K/k)L(s, x2, K/k).

3. If K D K D k is a bigger Galois extension, and if x is a character of G(K/k), also
viewed as a character of G(K'/k), then

L(s,x,K/k) = L(s,x, K'/k).

4. Let k C F C K be an intermediate field, and let 1) be a character of G(K/F). Let
¥* be the induced character of G(K/k). Then

L(s,%, K/F) = L(s, ", K/k).

In the same way that we were able to factor (x (s) into the product of an Dirich-
let L-function and (j(s) in the CM field situation, there is a corresponding factorization

in general:

CK(S) = Ck’(s) H L(57X7K/k)X(1)7

x irreducible

where x(1) is the evaluation of y on the identity element of the group.

These L-functions are known to be analytic for all s # 1 for all characters
whenever the field extension is normal. Artin’s conjecture is that these L-functions are
analytic for all s # 1 for any field extension. If Artin’s conjecture were true, many of

the results of this dissertation could be strengthened.
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1.3 Brauer’s Theorem

An important key to some of the proofs in this dissertation is the ability to
locate a zero of the Dedekind function of one field by knowing the location of a zero of a
different Dedekind zeta function. In [Lan94], the main result needed to accomplish this

is called Brauer’s Lemma.

Lemma 1.14. (Brauer’s Lemma) Let G be a finite group and xreq be the character
of the regular representation. Then there exist cyclic subgroups H; # 1, positive rational

numbers \j, and one-dimensional characters 1; # 1 of H; such that
Xreg = X0 + Z)‘]d};
J

We will use this to prove what Stark refers to as Brauer’s Theorem:

Theorem 1.15. (Brauer’s Theorem) Suppose that K/k is a normal extension and

that C(s0) = 0. Then Cx(so) =0 as well.

Proof. Let G = G(K/k) be the Galois group of K/k. Then by Brauer’s Lemma (Lemma
1.14), we have

X(reg,©) = X(0.6) + >_ N5,
J

where X (g ) 18 the character of the regular representation of G, x(o,q) is the trivial
character on G, A; are positive rational numbers, and ¢* are one-dimensional characters
induced from cyclic subgroups H; < G.

Consider the Artin L-function of K /k given by this character. On the left side,
we get

L($7X(reg,G)7K/k) = L(S7X>E0,1)7K/k> = L(37X07K/K) = CK<3>

On the right side, we get

L s, x0e + > \v5 K/k | = L(s,x0,6), K/k) [ [ L(s, v}, K/k)™
J J

= (i(s) HL(S,i/);-‘, K/k)M.

Notice that sy # 1 and K/k is normal, so that the L-functions are all analytic
at sg. This implies the result. ]
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1.4 The Brauer-Siegel Theorem

In this section, we will briefly discuss the inspirations for the work contained

in this dissertation.

1.4.1 The Original Theorem

In [Lan94], Lang devotes a short chapter to this theorem.

Theorem 1.16. (The Brauer-Siegel Theorem) If k; ranges over a sequence of num-
ber fields Galois over Q, of degree n; and discriminant D;, such that n;/log|D;| tends
to 0, then we have

log(hiR;) ~ log | Di]"/? as i — oo,

where h; and R; are the class number and requlator of k;, respectively.

The proof of this theorem has two parts. The first is an upper estimate for the
residue of the Dedekind zeta function and the second is a lower estimate. The proof for
the upper bound is effective, which means that one could compute explicit numerical
values in the estimates. However, the proof of the lower estimate is ineffective, so that
the proof relies upon the mere existence of constants without providing a way to compute
them.

Notice that in situations where the regulator is well-behaved, this gives a rela-
tionship between the size of the class number and the size of the discriminant. We will

see this when we work with CM fields.

1.4.2 Some Effective Cases of the Theorem

In [Sta74], Stark provided a method with which one can compute an effective

lower estimate of the residue of the Dedekind zeta function in special cases.

Theorem 1.17. (Stark Theorem 1) There is an effectively computable constant ¢ > 0

such that
c

ng(n)| Dy
Here, we have set n = ny and g(n) = 1 if there is a sequence of fields Q = ko C k1 C

Kl >

-+« C ky, = k each normal over the preceding field and g(n) = n! otherwise. If k contains

no quadratic subfield, we even have
c

R > ————————-
g(n)log | Dy|
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This lower bound can be used in place of the one used in the usual proof and

makes the entire proof effective.

1.4.3 Fields of Bounded Relative Degree

Stark uses towers of normal fields in the proof of Theorem 1.17. The work in
this dissertation is based on a similar idea. Instead of taking fields k& where there is a
sequence of fields Q = kg C k1 C -+ C k,, = k each normal over the preceding field, we

focus on fields of bounded relative degree.

Definition 1.18. Let B(B) be the collection of all fields M for which there is a sequence
of fields
Q=MyC M CMC---CM=M

such that for each 1 <i <t¢, [M;: M;_1] < B.
One of the primary goals is to prove the following;:

Theorem 1.19. Fiz B > 1. There ezist only finitely many CM fields M € B(B) with

any given class number.

We will trace the history of the improvements by Odlyzko ([Odl75]) and Hoff-
stein ([Hof79]) based on Stark’s original work with calculations performed on fields of
bounded relative degree. In the end, we will also obtain a number of explicit numerical
calculations which give us the values of many of the constants that arise throughout the

dissertation.



Generalizing Stark’s Calculations

The goal of this chapter is to generalize some of the results of [Sta74]. In
particular, we will be introducing parameters which will allow us to optimize our final

results and give us better values for our numerical computations.

2.1 General Lemmas

These first lemmas are stated in a very general form, but they will specifically
be applied to Dedekind zeta functions and L-functions. The first is a straightforward
calculation involving the functional equation and the Hadamard product formula and
is stated without proof (the proof is found in the original paper). The second is a

generalized version of a calculus lemma that was implicit in Stark’s paper.

Lemma 2.1. (Stark Lemma 1) Let f(s) be an entire function and let

() =20 ()" e (24 2) 5to)

g\s)=m 5 $ 5 9 $),

where n > 0, a; > 0 fori=1,2,3. Suppose that f(s) is positive for real s > 1 and g(s)
is an entire function of order 1 whose zeros p =  + iy all satisfy 0 < § < 1. Suppose
further that g(s) = g(1 — s). Then

1 1 a IV /s I’ as" (s 1 1
dusre 35 () el 25 (52)
zpjs—p 5lognt o5 (5 —|—a21_,(s)—|— > 313 +f(s)

where the p and p terms are grouped together in the sum and are counted according to

their multiplicities.

23
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Figure 2.1: Graphs for the proof of Lemma 2.2.

We note that for a number field M of degree n, when f(s) = s(s — 1)(ar(s) we
have n = |Dys|/(22727™), where a; = r; is the number of real embeddings, ag = 73 is the

number of complex pairs of embeddings, and as = 0.

Lemma 2.2. Suppose § >0, ¢ > 1, and let zo =1+ 9. Define

—p
hg (@) = (x_xﬁw

forO0<pB<1,v>0, and 1 <z < xg. Then for all (3,7) except possibly for

) co
(ﬂﬁ)e[l_c—l’ox 0’(c—1)<c+m> ’

we have h(gy(z) < chg)(zo)-

Proof. A quick calculation shows that for fixed (3,~) with v > 0, h(g,)(7) has a global
maximum at 2 = 3+~ and h(g ) (B+7) = (27)~'. We also find that h(g.)(z) increases
on [, B+~] and decreases on [+, 00). We will consider three cases to prove the result.
Figure 2.1 graphically represents the three cases.

The inequality is trivially true when z¢ € [3, 3 + 7], for then

hp) (@) < B ) (T0) < chigq) (o)

since the function is increasing there. This translates to the region z¢o < 4+ « since

xo > 3 is always true. This is region A in Figure 2.1.
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The inequality is also trivially true when chg ) (zo) > (27)~!. Computing
directly, this happens when

B (e=VeE—1) <m < B+ (c+ V1),

This is region B in Figure 2.1.
We will compute the inequality explicitly for 8 4+ v < 1. In this range, the
function is decreasing so that the maximum value is attained at x = 1.
1-6 . %—F
(=B +72 = “(oo— PP +7?
= (-1 -p)c—1)—cd) < (1+5 - B)(1 = B) (1~ P)c—1) ).

Note that the left side is always nonpositive and when § < 1 — §/(c — 1) the right side

is nonnegative. This is region C in Figure 2.1. O

Remark 2.3. In the original paper, the inequality was computed for ¢ = 2. The allowed

region for the potential zero was weaker in v than our result.

Lemma 2.4. (Stark Lemma 2) Suppose that f(s) satisfies the conditions of Lemma
2.1 and let n = a1 + 2a2 + a3. Suppose further that there exist b, c1, co, and d such that

1. fTI(U) < %—I— ﬁ +cilogn for 1 <o <1461,
2.d>3,d>n, andlogd > 02_112,
3. there is at most one zero of f(s) in the set S defined by
b b
S=|1———1 0,—| cC.
[ log d > - [ logd}
If this zero exists, it is real and simple and we denote it as Oy.

Let ¢ > 1 be chosen so that
1) (c Ve 1) < 0.461. (2.1)
c logd —
Let o9 = ag(c) = 1+ b(c — 1)(logd) (< 1.461) and set

1-Bo : :
0 if By exists
E={ (2.2)

1, otherwise.
Then
F() Z 5 Ef (00),

where c3 = c3(c) > 0 is computable from ¢ and ca.
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Proof. We will follow the case where 3y exists.

1 1 1
Za— :0—ﬁ+ §Ro’— ’
P P 0 %k P

where the we are allowed to take the real part because the sum groups complex conjugate

pairs together and for p = 8 + i,

1 1 1 -
TN SN S S el A
o—p o—D c—p (0= +y

We apply Lemma 2.2 with § = b(c — 1)(logd)~!. Then for zeros outside of the

set

b c b
1—-—1 0 S
[ logd’ )X[’c+\/c2—1logd “
we have for 1 < o < 0y < 1.461,
1 1
<c .
o—p~ oo—p

All of the zeros except [y lie outside of .S, so we can apply this to all of them. Therefore,

1 1 1
Za_pga_ﬁ0+czp: , (2.3)

O‘ —_—
5 0— P

where we have added back the fy into the sum (it is positive since fy < 1 < ay).

By Lemma 2.1,

I 1 1 a1 I’ /o I’ a3’ (o 1
I = _ _77<f>_ Ly @l (o 1
7o) Zp:a—p pleen =51 \g) et -5 5t3

1 1 1 al /o I\ al (o 1
< e () ol 58 (5
_U—B0+CZ,O:UO—p plogn— 5w (g) ~etl -5 F (513

_ L ety _@5’<0) @5’(@)
To—f 2 %1797 2 T \2

I’ I’ a3’ (o 1 "(og 1 I
— GQF(U) + CGQF(U()) - ?? <2 + 2) + TF (2 + 2) + 07(00).

Notice that I'(z)/T'(x) is monotonically increasing for > 0 and is negative for 0 < z <

1.461. Then for 1 < o < 0y < 1.461,

1! 1 c—1 ai as\ IV /1
I < _ (2= bt W e
7o) s o g loe (2+a2+2>r 2

/ !

+c (% +a + %) %(00) +cj;(ao)

1 2cc;1 +c—1 nF’<1> c c

2

< logn — == — ,
O'*ﬂo—i_ 2 o8N 2T +O’0+0'0*1

2
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where we have used the first hypothesis and dropped the I'/T'(cg) term because it is
positive.

Integrating this on the interval 1 < o < g¢, we get

log f(1) > log f(o0) — log (010__5)0>

( 1) 2001+c—11 n c n c nl’ /1
— (o9 — e — [ — — = )
0 2 BN T oe=1 2T

But since o9 — 1 = b(c — 1)(logd) ™! < bea(c — 1)/n and n < d,

2cc1 +c—1 c c nl' /1
B A et SN | £ (2
(o0 )( 2 8t T —1 2T <2>>

Sb(c—l)<2ccl+c—llogn)+c(ao_1)<1+ 1 >

logd 2 oy} gg — 1
b=l (1
n 21 \2
_ _ _ /
< b(c —1)(2¢cc1 + ¢ 1)10g77+c 2_i Cbep(e—DI" (1
2 logd o0 2 T \2
b(c—1)(2cc1 +c—1) beo(c—1)T (1
< 316c— ———2— (= ).
< 5 + 1.316¢ > r (3
Exponentiating both sides gives
—1 (90—
£(1) > es(e) ™ ( 22L2) foo), (2.4)
—Bo
where
—1)(2 —1 -1 /1
c3(c) = c3 = exp (b(c I 6201 te-l) + 1.316¢ — bCQ(CQ)F <2>) . (2.5)

Notice that F is defined to be the middle term of Equation (2.4), so that the proof is
complete when (3 exists.
When 3y does not exist, the (o — (3p) ! term does not arise in Equation (2.3),

and so can we take EF = 1. O

2.2 Results Near s =1

The lemmas in this section are all calculations near s = 1. The first lemma
relies on the generality from Lemma 2.2. The next two lemmas are applications of the
first lemma, looking first at the residue of a Dedekind zeta function and then at the

value of an L-function at s = 1.
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Table 2.1: Allowed values of y and v, where ¢ is chosen to be 1+ k(log |Dys|) 7.

| k] 083 ] 083 ] 0.84 | 084 [ 0.90 | 0.95 |

w2915 | 2.915 | 2.989 3 3.618 | 4.079
v || 1000 | 100 10 | 9.343 | 3.618 3

(k] 110 | 112 | 1.22 | 1.22 | 1.22 [ 122 |

wl| 8.826 10 100 | 1000 | 10000 | 100000
v 2 1.949 | 1.688 | 1.668 | 1.666 | 1.666

Lemma 2.5. (Stark Lemma 3a) Let M be an algebraic number field of degree n =

r1+2ry where M has 1 real conjugate fields and 2ry complex conjugate fields. Foro > 1,

Cvr 1 1 1 | Dl mnI' /o I’
Moy < = ] S (8) +rro). 2.
o <ot oo g ) T T (3) TreT @) (2:6)
Proof. This is a direct application of Lemma 2.1 with f(s) = s(s — 1) (s). O

Lemma 2.6. (Stark Lemma 3b) Let M be an algebraic number field of degree n > 1.

Then Cpr(s) has at most one zero (3 in the region
1— (plog| D)~ < B <1 and |y| < (vlog |Dul) 7",

where p and v can be chosen according the Table 2.1. If there is such a zero, then it is

also simple.

Proof. We begin with Equation (2.6) and rearrange the terms to get

1 1 1
> = + 5 log [ Dy
< s—p s—1 2
1 nlogm r I’ /s I Cy
- Ly —(s) —log2 ) + M (s). (2.7
+<S . >+2F(2>+r2 [ (5) —log2 ) + 2 (s). (27)
The sum runs over all the zeros p of (y/(s) with 0 < (p) < 1. For s = o > 1, note that
1 1 2(0 —
+ G ) B

o—p o—p (0-B)P2+9?

so that

1 1
! <
25

oc—p o—p’

where the Y is a sum over any subset of the p such that if p is in the set then so is p.
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Notice that for 1 < o < 2.479 the terms in the second line of Equation (2.7)

are all negative, with the ro term being the first term to change signs. Therefore,

1 1 1
> < ——+ - log|Dyl.
p oco—p o—1 2

We will first consider the case where = 3 and v = 9.343. Suppose that there
is a complex zero in the region. Then its complex conjugate must also be in the region.
Taking just these two zeros for 3/ with o = 1 + 0.84(log |Dys|) ™!, we get

5 . 2 (1 +0.84) (log | Dps]) !
= 0= P (4 4+0.84)° (log |Du]) "2 + gigz (log [Dar]) 2
> 1.6901og | Dy

On the other hand,

1
oc—1

1
+ Q(log |Das])™! = 1.6901og | Dyl

This gives a contradiction, so there cannot be a complex pair of zeros in this region.
Now suppose that there are two real zeros in the given range. Taking the same value of

o as before, we have

!/ 1 1
>2.
2 =52 (T 080 (og I Dul)

> 1.7041og | D/,

yielding the desired contradiction. Therefore, there is at most one real zero in the region.
The other cases are similar to this one, and the appropriate values of o are

described in Table 2.1. O

Remark 2.7. Throughout the dissertation, we will take p and v to be a fixed pair of
values given by this lemma. The specific choice will only be relevant when we attempt to
compute numerical values for our bounds. In our applications, the value of b in Lemma,

2.4 will be the maximum of y and v.

Lemma 2.8. (Stark Lemma 4) Let M # Q be a number field and let kyr be the
residue of Cpr(s) at s = 1. Let By be the exceptional zero of (p(s) if it exists, so that

Bo >1— (ulog|Dy|)~t. Then for ¢ > 1 chosen as in Lemma 2.4

-1 c—1 ; ;
Kar > Cs W(l - 50) Zf /80 ex1sts

3 'b(c — 1) (log|Dpr|)~Y,  otherwise.
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Proof. We want to apply Lemma 2.4 to f(s) = s(s — 1){a(s) with n = |Dyy|. It can be
shown (see [Sta74]) that we can take ¢; = 0 and cp = 2/log 3. Therefore,

f(1) = 5 Ef(o0) (2.8)

where ¢35 = c3(c) is given by Equation (2.5), E is given by Equation (2.2), and o¢ =
oo(c) = 1+ b(c—1)(log |Dys|) L.
Note that f(1) = kp and

f(o0) = oo(o0 — 1)Cus(00) > (00 — 1).

If By exists then
1—p

0
a0 — Bo (0 =1)
b(c —1)(log [ Dy]) !

% 5(e— 1)(0g Darl)* + (nlog [Dar]) |
c—1
RECEIE TR

Ef(O'(]) >

(1 - 05o)

Otherwise,
Ef(og) > (00 — 1) = b(c — 1)(log | Das]) ™t

Combining these results with Equation (2.8) gives the result. O

Before we proceed to the next lemma, we will set some notation. Let k be a field
of degree n = r1 + 2ry where k has r; real conjugate fields and 2ry complex conjugate
fields. Let K be a quadratic extension of k, so (x(s) = (x(s)L(s,x). Define f > 1 by
|Di| = D3 f. Notice that f(s) = L(s, x) satisfies the hypotheses of Lemma 2.1 with

_ | Dxlf

- 9272 tn

since pa = 21y + pfy (under the notation of Section 1.2.3).

Lemma 2.9. (Stark Lemma 5) There is at most one real zero By of L(s,x) in the

range 1 — (ulog D f)~' < 8 < 1. Further, for any o1 with
14+ blc—1)(logDif) ' =09 <01 <2,

where ¢ is chosen as in Lemma 2.4, we have

B o (Y A\ (2 (koY
L(l,X)>c41ﬁ‘Dk| 3( 1)<F(01/2)> <F(01)> <§(01) )
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where

—b (1 —pfy), if it exists
o) = | @G =Y (2.9)

b(c—1)(log Dif)~1, otherwise
and ¢y = c4(c) is effectively computable.
Proof. It is shown in [Sta74] that we can apply Lemma 2.4 with ¢; = 1/2 and ¢z =

1/log 3, so that
L(1,x) > ¢5 ' EL(09, X), (2.10)

where E is defined in Equation (2.2).

It is also shown that

UO(UO _ 1) ﬁ —%(01—00) F(Uo/Q) 1 F(O’O) T2
L(o0, x) > L(O'laX)io_l(o_l Y <f) (F(01/2)> (F(Ul)) (2.11)
00(0'0 — 1) _%(01_1)6_(00_1)71 ﬁ 71 201—1 T2 7-‘-%(01—1) n
" (e - () (o) (o
(2.12)

Noting that c; log D;%f > n, by the second hypothesis of Lemma 2.4 we have
exp(—(o0 — 1)n) > exp (—bea(c — 1)).

We also have 0g/o1 > 1/2 and E(0¢p—1) was computed in Lemma 2.8 (we get E(op—1) >
z(c, Bo)). Bringing all these results together we get

—12(¢, 60) 5(aln( il )”(201—1)7@ r@D)"
FLo0 = 65 7 1P Mo/2)) \Tew) \ o )

where ¢4 = c4(c) = 2c3 exp(bea(c — 1)). O

2.3 Other Results

These results are taken directly from [Sta74] without proof and are given here

for reference.

Lemma 2.10. (Stark Lemma 7) Let K1, Ko,...,K, be number fields and let M =
K1K2 e Ka. Then

Dy| [[ D"
=1
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Lemma 2.11. (Stark Lemma 11) Let F be a quadratic field. There is an effectively
computable constant c5 > 0 such that (p(o) # 0 for o > 1 — (05\DF|1/2)_1. The value

of ¢5 can be taken to be /6.

Theorem 2.12. (Stark Theorem 3) Let B be a normal extension of A and suppose
B is a real simple zero of (g(s). Then there is a field F between A and B such that for
any field E between A and B, (g(8) = 0 if and only if F C E. Furthermore, F = A or

F is quadratic over A.



Application to B(B)

Having generalized the necessary results from [Sta74], we will now apply them

to our primary object of study.

3.1 A Lower Bound for s,

Our first goal is to obtain a lower bound for the residue ks of the Dedekind
zeta function (p7(s) associated to the number field M. To do this, we first show that
under certain hypotheses the a zero of (3/(s) can be “knocked down” to a quadratic field.
Combining this result with Lemma 2.11, we find that we have some information about

the location of the zero, which gives us information about the size of kj;.
Lemma 3.1. Suppose M € B(B) and there is a real B in the range
1— (u(2B —1)!(2B — 1) log|Dy|) "L < B < 1

such that (pr(B) = 0. Then there is a quadratic field F' contained in M such that
Cr(B) =0.

Proof. We will prove the lemma by successively reducing the length of the sequence by
one or two until there are less than four fields remaining. Figure 3.1 will guide the proof
by graphically keeping track of the fields.

Suppose K C L C M is a sequence of fields with [L : K],[M : L] < B and such
that (y7(8) = 0 where (3 is in the range given in the statement of the lemma. We want
to show that there is a field F' between K and M with (¢(8) = 0 and [F : K] < B.
Then the sequence K C L C M can be replaced by K C F' (note that [Dp| < |Da| so
that ( is still in the required range).

33
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N
<(B-1)!
M N’
normal \ <(2B-1)!
<B P P
L <25 <2B F
<B ArZ
K K

Figure 3.1: Field diagrams for the proof of Lemma 3.1.

Let N be the compositum of all the conjugates of M containing L. This is
clearly a normal extension of L. Since (y/(3) = 0, by Theorem 1.15 we have {n(8) = 0.
. [M:L]-1
By Lemma 2.10, Dy]| (D][\]/\[['M]> , S0 that

|Dy| < |DM|([M:L]—1)!([M:L]—1) < |DM’(2B—1)!(2B—1).
Note that
1— (ulog|Dy|)™ <1— (u(2B — )28 — 1) log |Dy|) ™ < B < 1

so that by Lemma 2.6 we see that § must be a simple zero of {xn(s).

We can now apply Theorem 2.12 with A = L and B = N to produce a field P
contained in N such that {(p() = 0 and either P = L or [P : L] = 2. Note that P C M
since (pr(8) = 0. If P = L, then we can take F' = P and we have shortened the sequence
by one and the new sequence is K C L.

In the second case, let N’ be the compositum of all the conjugates of P con-
taining K. This is a normal extension of K, so by Theorem 1.15, (p(/3) = 0 implies that
Cnv/(8) = 0. We use Lemma 2.10 as before to get |DYy| < |Dp|ZB=D'ZB-1 " Then we
have

1 — (ulog|Dy|) ™' <1 — (u(2B - 1)!(2B —1)log |Dp|) ' <8< 1
and so by Lemma 2.6, 3 is a simple zero of {y(s).

Applying Theorem 2.12 with A = K and B = N’, there is a field F' contained

in N’ such that (¢(3) =0and F = K or [F : K] =2. If F = K then we are done, since

K C M by assumption. In this situation, we have managed to remove two fields from
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the sequence (only K remains). Otherwise, we note that (p(f) = 0 implies that F' C P
and so F' C M. Clearly, we have 2 = [F' : K] < B, so that the new sequence is K C F.

Suppose the sequence of fields is reduced to three terms, say Q C K C M.
Following the process above we find that there is a field P C M such that (p(8) = 0
and either P = K or [P : K] = 2. In either case, we have a sequence Q C P and
[P: Q] <2B.

For a sequence of two terms, the desired quadratic field F' is obtained by taking
N to be the normal extension of K as described above and following the same procedure.
The fact that (g(s) has no real zeros forces the field derived from Theorem 2.12 to be
quadratic. ]

We will now compute the lower bound for k.

Theorem 3.2. If M € B(B) and [M : Q] = n, then

c—1
(c— 1)+ (bu) !

K > cgt min | (u(2B — 1)!(2B — 1) log | Das|) 7, (es|Dag|V™) 71
Furthermore, if M has no quadratic subfields, then

ks > c3 (e —1)(log [Das]) "
Proof. Suppose that (y(8y) = 0 for some [y in the range

1— (u(2B — 1)!(2B — 1) log |[Dy|) ! < fo < 1.

By Lemma 3.1, there is a quadratic subfield F' of M such that (z(8y) = 0.
If M has no quadratic subfields, then there cannot be such a zero. In this case,

we apply Lemma 2.8 to get
Ky > c3tb(c —1)(log [Da])
If M has a quadratic subfield, then by Lemma 2.11,
Bo < 1= (es|Dp|)™H < 1= (es|Dy|/™) 7,

where the last inequality follows from the equation D(M/Q) = D(M/F)D(F/Q), where
D(A/B) is the relative different of A/B (take the norm of the equation). We are assuming

that [y exists, so this implies that there are no zeros § such that

max [1 — (2B = 1)!1(2B —1)log | D)) 71,1 — (C5|DM11/”)—1] <p<1. (3.1)
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Note that this statement is also true if (3/(s) does not have the exceptional zero. Then

by Lemma 2.8,
—1 c—1 _
G e
1 c—1 ; 1) _ -1 1/ny—1
> e g e (428 — 1B — D) log D) (esl D) 7

3.2 Class Number Bounds for CM Fields in B(B)

Let k be a totally real field in B(B) of degree n and let K be a totally complex
quadratic extension of k. Let (x(s) = L(s, x)(x(s). Define f by |Dg| = D} f. Define

o(B) 4B —1(B-1), if B>2 52)
1, if B=2.

If we were to apply Theorem 3.1 directly, we would have to take g(B) to be
significantly larger. The end result would be 4u(2B — 1)!(2B — 1). If K is a CM field
of degree 2n, then K € B(n), so that our improved result gives 4u(n — 1)!(n — 1) =
4u(l — 1/n)n!. In [Sta74], Stark managed to reduce the corresponding factor down to
16n! for CM fields. This shows that the improvement is minimal when & has no subfields,
but could be significant when k£ has many subfields.

This lemma shows how the structure of CM fields allows us to reduce the

constant.

Lemma 3.3. Suppose k is a totally real field with k € B(B) and K is a totally complex
quadratic extension of k. Suppose further that (i (s) has a real (simple) zero (3 in the
range

1—(9(B)log| D)t <p <1
and that (i.(8) # 0. Then there is a complex quadratic field F' contained in K such that

Cr(B) = 0.

Proof. As in the proof of Lemma 3.1, it is sufficient to shorten the length of the chain
and use induction to complete the argument. In Figures 3.2 and 3.3, the fields in the

left column are totally real and the fields in the right column are totally complex.
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Figure 3.2: Field diagram for the proof of Lemma 3.3.

We will first consider the case where B > 2. Suppose that L C k£ C K such
that [k : L] < B, k is totally real, K is a totally complex quadratic extension of k, and
(i (s) for has a real simple zero (3 in the given range. We want to produce a field P
which is a totally complex quadratic extension of L such that {(p(3) = 0 and this is a
simple zero.

We will first work with the case that [k : L] > 2. Let k() denote the conjugates
of k over L, where k() = k. Then let

M =kVE@ LY N = g = KE@EG) gL

Let K denote the conjugate of K given by sending k to k() and let N() = MK® . We
want to show that all N are the same, that is N is normal over L.

Note that N is normal over K. Then by Theorem 1.15 we have (n(3) = 0.
Let [M : k] = m. Then [N : k] = 2m since [N : M|[M : k] > 2m (since N # M, N
being complex and M being real) and [N : k] = [N : K][K : k] < 2m. By Lemma 2.10,
Dy|D7 (D) L=2 Gince D2| Dy, this implies that Dy| DY Gince M is the a
normal extension of L and [M : L] = m[k : L] < [k : L]!, we have m < ([k : L] — 1)\
This shows that

1D | < [ Dy | FH-DEL=1) < | (B-DIB-1), (3.3)
Therefore,

1~ (ulog|Dy])™ <1~ (u(B ~ DB ~ 1) log | Dx) ™ < § < 1,
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N=MK

—

M
normal/ \
{ K
2 Ql
S

k

Figure 3.3: A totally real field cannot contain a totally complex field.

which by Lemma 2.6 shows that [ is simple zero of {y(s).
Suppose for a contradiction that not all the N are the same, say N(}) £ N (),
Let @ = NWN® and note that this is a biquadratic extension of M. In particular, this

allows us to factor the (g(s) as

Go(s) = Car(s)L(s,xV, Q/M)L(s, X', /M) L(s, XV, Q/M),
where the y() are the irreducible characters of the Galois group of Q /M, with (o) (s) =
Cu(s)L(s, xM, Q/M) and Cye (s) = Car(s)L(s,x?,Q/M), say. Thus, 8 is a multiple
zero of (g(s) or 3 is a zero of (ps(s).
By Lemma 2.10, DQ|D]2V(1>D2 By applying Equation (3.3), this shows that

N@)-
DQ|D§§371)!(371). Now we see that [ satisfies

1= (ulog|[Dg|) ™' <1— (4u(B - 1){(B —1)log [Dg[)"' < B <1,

so that (3 is a simple zero of (g(s). Therefore, it must be the case that 3 is a zero of
().

Since N = M K is normal over k and (x(3) # 0, by Theorem 2.12 with A = k
and B = N, we see that there is a quadratic extension Q" of k such that (gp/(8) = 0,
Q' C K, and Q' C M (since (x(B8) = (u(B) = 0). Note that [K : k] =2 and Q' C K
imply that K = Q'. But this gives a contradiction since K = Q' C M is impossible as
K is complex and M is real. (See Figure 3.3.) Thus, all the N are the same. This
shows that N is normal over L.

Finally, we apply Theorem 2.12 with A = L and B = N. There is a field P
which is degree 1 or 2 over L such that {p(3) = 0. Since L C k C N and (i(3) # 0,
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we cannot have (7,(3) = 0. Therefore, P must be quadratic over L. If P were real, then
P C M so that P C k@ for some i and Cp (B) = 0. But the zeta functions of conjugate
fields are the same, so this implies that (;(3) = 0, giving a contradiction. This shows
that P is complex.

Now suppose that [k : L] = 2. Then K is biquadratic over L, and in particular
it is normal over L. By Lemma 2.6, 3 is a simple zero of (x(s). Therefore, we can apply
Theorem 2.6 directly with A = L and B = K to obtain a field P of degree 1 or 2 such
that (p() = 0. But since (x(8) # 0 and we cannot have P = L, so P is a quadratic
extension of L. Finally, since K is complex and k is real, the remaining two quadratic
fields over L are both complex, so P is a complex quadratic extension of L.

When B = 2, we can use the argument of the previous paragraph repeatedly

to get the result. I
Before we continue, we will introduce some notation. Define
a(s) = 20(s/2)¢(s)m>=)/2,

Theorem 3.4. Suppose k € B(B) is a totally real field and K is a totally complex

quadratic extension of k. Let o1 satisfy
1+ b(c — 1)(log(|D*f)) ™" = a0 < o1 <2,
where ¢ is defined as in Lemma 2.4. If there is Cx(s) has a zero in the range

1—(g(B)log|Dk|)' <8 <1,

c—1 ) (DR
(c— 1)+ Ow) L ealor — Dalor)® | 9(B)log DIf

h(K) >

where h(M) is the class number of M. If there is no such zero then

h(k)b(c — 1) jpuk%f%
cq(o1 — Da(og)™ log D% f

Proof. From Equation (31) of [Sta74],

h(K) >

(2m)"h(K)

L0 < 1 iRy

(3.4)
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Let ¢ be defined as in Lemma 2.4 and note that 1 = n and r9 = 0 since k is a totally
real field. Applying Lemma 2.9 we have

h(k)z(c, Bo) | De|' "% £2
ca(or — Va(o)” 7’

h(K) > (3.5)

where

A( — Bo), if it exists
2(e, ) = 4 VY

b(c—1)(log D f)~!, otherwise.
Suppose that [y exists and can be found in the range
1—(g9(B)log |Dg|)™" < By < 1.
By Lemma 3.3, there is a quadratic field F' such that (z(8y) = 0. Then by Lemma 2.11,
-1
fo < 1= (es|Dr[?)
Since D(K/Q) = D(K/F)D(F/Q) and [K : Q] = 2n, we have |Dg| > |Dp|™ and
therefore
-1
fo < 1= (e5|Dic|'/2")
This shows that

By < max [1 — (g(B)log |Dk|)"L,1 — (C5DK|1/2”)1] . (3.6)

Then by Equation (3.5) combined with this result,

c—1 WD TE S JUNTaR o) !

h(K) > (C _ 1) + (bu),l 04(0_1 — 1)@(0’1)” min |:(g(B)l g|DKD ’ (65’DK| ) :|
e 1 h(k) Dy % 1 el
7 oo+ G el - Datey ™ gm0z P ]

If By does not exist, then we immediately get from Equation (3.5) that

h(k)b(c—1) | Dy'~% f2

E) > cy(o1 — Da(oq)” logD f

O

Remark 3.5. In [Sta74], Stark proved that for any fixed n > 2 and h > 1, there are only
finitely many totally complex fields K of degree 2n with h(K) = h. By taking B = n,
we can reproduce this result. However, we cannot prove Theorem 1.19 for all n because

of the a(o1)™ factor in the denominator.



Odlyzko’s Improvement

In [Od175], Odlyzko improved Stark’s result by producing a more explicit growth
factor on the class number. We will apply his improvement to Stark’s method to prove

a partial result for Theorem 1.19.

4.1 Odlyzko’s Theorem

Odlyzko showed that by choosing the parameters carefully, it is possible to get
a better lower bound on the discriminant. Let K be a CM field with £ as its maximal real
subfield, [k : Q] = n, and (x(s) = L(s, x)Ck(s). Also, let f be defined by |D| = D3 f
and define

I ¢ d
= F(s)7 Z(s) = —C—Z(s), Zi(s) = —£Z(s).

We will state the main lemma and the main theorem. The proofs are given in

U(s)

full detail in the original paper.

Lemma 4.1. (Odlyzko Lemma 1) Suppose o > 1 and

5+ V1202 -5
6

0 > max 1+ ao

a= \/14_374 V128 0.281.

)

where

41
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Then

o— n c—1+4+=x
(7= +y? - 1+op+y?

<g_1> y*— (6~ ) y?— (G- 1+12)°

>
Z 5 +

P 2
(+@-27) (P+E-1+2))
for all z € [0,1] and all real y.

Proof. The proof is a long, but straightforward calculation. O

Theorem 4.2. (Odlyzko Theorem 1) For any o > 1 and ¢ as in Lemma 4.1, we

have

log|Dy| = 1 (logm — v (3 ) ) +2rs (log(2m) — ¥())+(20—1) (jw @ + w'(a))

2 20 —1 20 —1
o—1 o (0 —1)%

+22(0) + (20 — 1) Z1(5) — ; -

Proof. The proof begins with Equation (2.7) and differentiates both sides with respect
to s. The differentiated equation then becomes an estimate for the sum over the zeros
in Equation (2.7) through Lemma 4.1. Some of these steps are shown in the proof of

Lemma 5.2. O]

Remark 4.3. We can take 0 = 1 4+ a0 as long as o — 1 is sufficiently small. To see that

the first condition on & is satisfied, we must have

5+ V1202 -5
6

1+ ao > — (36a% — 12)0? + 12a0 + 6 > 0.

This implies that
< 12a + /288 — 72002

=a~ 1.014.
7= 24 — 7202 a~ 10

4.2 Three Lemmas

The first two lemmas are also taken from Odlyzko’s paper. However, he does
not compute values for the constants. The proofs presented here give the explicit choices
for the constants, which will be used in a later chapter (Chapter 6). The third lemma
is actually an implied calculation in the proof of Theorem 2 of the paper. Again, it’s

included here for the explicit computation of the constants.
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Lemma 4.4. (Odlyzko Lemma 2) For o > 1,
Z(0) = log k(o) — cs(o — 1)n,
where cg = —2(log 2)? + log 2 ~ —0.268.

Proof. If x > 3 and ¢ > 1, then

logx —ro —ro o\ —
— Zlogm >Z —z7" =log(1 —z7°)" L.

x°
r>1 7">1

In the case where x = 2, we want to find a bound of a similar form. We note that

_ 10g2 —o\—1
f(0) = 5282 ~log(1~27)
satisfies f(1) = 0 and that
27 (log 2)?

(o) = ((1+1og2) —27(1 — log 2)).

@ -1
When this is positive, the tangent line approximation will be an underestimate of the

actual function. This is true for

1 1+ log?2
l<o<—1 —_—
7= log 2 Og<1—10g2>

> L lo !
U_log2 & 1—log2

L 1 _ 1 (L4log?
o o
log 2 & 1 —log2 log 2 & 1—1log2)’

the tangent line is an underestimate for all ¢ > 1. Therefore,

In fact, since f'(c) > 0 for

and

flo) =z (e = 1)f'(1),

which can be rewritten as

log 2
20 —1

>log(1—279)"1 —¢5(0 —1).

Using Equation (1.2),

log IN(p)

20 = L N1

logIN log IN
-y g(p)+z gN(p)

N(p)” — 1 N(p)o 1
N D P) N D P)
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The worst case scenario is that the rational prime 2 is totally ramified, in which case

there are n primes with IN(p) = 2. Therefore,
Z(0) = Y log(1 = N(p)~*) ™ = co(0 — )n
p

=log (i(0) — ce(o — 1)n,
where the sum is over all prime ideals and IN(p) is the norm of the ideal p. O

Lemma 4.5. (Odlyzko Lemma 3) There exist c; and cg = cs(cr) such that for 1 <

oc<o < 1—|—c;1, we have
Z@)> 1+ 1 +cgh)(o —a)Z(d).

Proof. If z > e and 1 < 0 < o’ <2, then

/

7 —1 oz
= > (o' — :
log " log:r/g w“—ldu_(g o)logx

Therefore, we have

o'—o (A (A
1 - x, S 1—|—loga€ (o' — o) - 1+(1+<?) (o a)’
7 —-1" 27 -1 z7 -1 - 7 -1

for any small € > 0. Similarly,

/ ! !

29 —1 7 v 7 d 2% log 2
log = log2/ T du > 27 logZ/ v o528 (o' — o),
g

20 -1 | e 20—17 20 1
so that
1 2%log?2 , , 1 2%log?2, , 1
20—12eXp<20’—1(0_U)>2a’—1><1+2o’—1((’_0) 90" 1’

So if we restrict to 1 <o <o’ <1+ 0771 < log(1 + log4)/log2, then we have

-1 ’_
1 (14 21(_)1g2 (o — o) /1 21—}-(1—i—c/8 )(o O’)’
20 — 1 ol+e;m _q 200 —1 200 — 1
where
2log 2
R LA Y} (4.1)
21+c7 -1

Therefore,

L0+ —0)
Np© = Nep©e -1
which implies the lemma by multiplying by log IN(p) and summing over the prime ideals.
O




45

Remark 4.6. When ¢ is large, cg is small. This shows that if we restrict the values of
o and ¢’ to a smaller range, the we can take a larger constant in the inequality of the
lemma. We can compute an explicit range for ¢y, which will also give an explicit range

for cg. We have

log(1 + log 4 log(1 + log 4
1<1+c7‘1<—0g( +log4) — (Og( + 08

) -1
-1 = 3.92
log 2 log 2 3.926 < c7 < o0,

which implies that
(2log2 —1)7! = 2.589 < ¢g < oo.

Lemma 4.7. There exist constants cg and cig such that when n > cg(oq —1)71, cip(o —

1)<(o1—1),and 1 <o <01 < 1+c7_1 then
<1—(01 —1)—2) (14+ 1 +cg")(o1—0)) =1,
where ¢ and cg are obtained from Lemma 4.5.
Proof. Since cg > 0, we have
1+ (14 cgh) (o1 —0)>1
forl<o<o; <1+ C;I. Suppose that cg and c1g are chosen so that
(1+cgH(A —ej9) > 14 2¢5 (4.2)

This is possible for any fixed value of cg if c¢g and c1 are taken to be large enough. Notice
that
2
n>color — 1) = —=>-2c5" (o1 — 1)
n

and
cro(c—1)< (01 —1) = o1 —0= (01— 1) — (0 —1) > (1 — ;g ) (o1 — 1).

Therefore,

n

2
(1-@-0-2) 1+ 4o -0) 2
(1= +2eg") (o1 =1) (1+ 1+ gL —cp) (o1~ 1))
This expression is of the form f(x) = (1 — a1x)(1 + asz), where x = 07 — 1. A quick
calculation shows that f(x) > 1 with x is between 0 and (a2 — a1)/(a1a2). Since o1 > 1,

we want f(z) > 1 for some interval with > 0, which requires ag > a;. But this is just

Equation (4.2), so the proof is complete. O
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Remark 4.8. The right side of Equation (4.2) is always greater than one. For a fixed
value of cg, we see that we must have c;g > 1+ cg. Once cjg has been chosen, we can
pick ¢g from Equation (4.2),

2

Ccg > — — .
(1+egH)(1—cy) -1

4.3 Computing the Lower Discriminant Bound

It is important for our application to obtain a sufficiently strong lower bound
on the discriminant. The reason is that we need it to grow fast enough to offset the a

(2m)™ term in the denominator of our final result.

Theorem 4.9. For 1 < o < g1 sufficiently small and n sufficiently large,
[Di|2 720 = el Gulon) (2 + e)",
where c11 and c12 are effectively computable.

Proof. We apply Theorem 4.2 with Remark 4.3 so that for 1 < 0 < o7 <1+ 61_31 =

min(@, 1 + ¢; ') and

0 > max 1+ ao|,

5+ V1202 -5
6

the following inequality holds:
1.1 1 1 1 1
log|Dy|z7 2@ D=n > (2 - Z(c1—1)— =) -
og Dy > (3-3@-0-1)

n (1og7r ) (3)) 4 (20 — 1)%/)’ (5) +22(0) + (20 — 1)Z1(5)

A B

We will work each piece separately and combine them together in the end. Let

cg and cyg satisfy Lemma 4.7. Then for n > co(o1 — 1)7! and c19(0 — 1) < (07 — 1),

1 1 1 1

(2 —5lon=1) - n) > (1= (1 +2¢") (o1 - 1)
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For term A, we note that ¢(0/2) is a negative increasing function near o = 1

which is concave up. We can calculate a number ¢4 > 0 so that for 1 <o <1+ 01_31,

v (%) <v (;) +en(o— 1),

(M) v ()

ey 1
2

We can take

Cl4 =

Then we have

% (1= (142651~ ) n (logm— 4 (5))
< W (;) —ena(o — 1)) D2 on 1) <log7r _ ¢ <;>>
<10g7r 9 (;)) - g(al —1) (014 +(142c5Y) (1og7r — @))) . (4.4)

For term B, we use the fact that ¢//(5/2) is a positive, decreasing, concave up

v Vv
N3 o3
)

oQ

=

|

function for o > 0. Therefore,

, (1+ao ,(1+« a , 1+«
v (757) e () ra (7)o

Using this fact, we have

31—+ 26 "0 1) 5o (5)
- 30(5) g omse ()
20 (19) g () 0) - Borasno o (15)

> %p’ (1;O‘> — g(a1 1) <(1+2c9—1)¢’ (1;a> _ %W <1J;O‘>> . (45)

Term C'is controlled using Lemmas 4.4, 4.5, and 4.7. We get for n > cg(o1 — 1),

cip(lc—1)<(o1—1),and 1 <o <o < 1+cl_31,

n

(1 (o1 —1)— 2) Z(0) > <1 (o —1)— i) (1+ (14 g D) (o1 = 0)Z(on)

> log Ck(al) — 66(01 — l)n. (4.6)
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Term FE is bounded by a constant,

1 1 2 20-1 20 -1
—(1-(1+2 —1)) (=
2( (1+2c5 )(01 - 1)) <0+ 52 +(5_1)2)
1 2 2(1+0131)—1+2(1+0131)—1>

> 2(1—(1+2C§1)(1—1)) (1+ 1+ a)? a?

> —C15. (4.7)

Term F' is easily estimated:

_1<1_(01_1)_2> 2 o 1 + c10(1 + 2¢5 ). (4.8)

2 n)jo—-1"7 o-1
We note that the D term is positive, so it can be dropped without damaging
the inequality. Combining Equations (4.3), (4.4), (4.5), (4.6), (4.7), and (4.8) we get

n 1 1 1+« 1 _
5 <10g7’[‘ — 1][) <2> + Z,(b/ < 5 >> +10ng(01) — C15 — ; +Clo(1 +2Cg 1)
14+«

-1
i (5 (552) o 28 et (3) v (4))

~~

C16

(4.9)
Note that we can explicitly compute that
1 1 1+«
1 - = —)’ ~ 3.925.
e (a) i ()
We can now take the exponential of both sides of Equation (4.9) to get
1 11—l —eis(o—1)-1 7.118 \"
|Dk|2 2(0’1 1) n Ze C15 (0' 1) Ck(o'l) <M"11)> 5 (410)

subject to n > co(o1 —1)7L, c1p(0—1) < (01 —1),and 1 < 0 < 01 < 1+¢3. By further

restricting o1 (say o1 <1+ 01_71 where ¢17 > ¢13), it will always be possible to force

7.118

prap oy > 2m.

We can then choose ¢ and o7 subject to these constraints to get

c11 = exp (615 + (0 — 1)_1 + c10(1 + 20;1))

) < 7.118 ) )1
= — 27 .
12 exp(cig(o1 — 1))

and
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4.4 Refining the Estimate

In this section, we will strengthen the lower bounds given on the class number

given in Theorem 3.4.

Theorem 4.10. Suppose k € B(B) is a totally real field and K is a totally complex
quadratic extension of k. Let g(B) be defined as in Equation (3.2) and z(c, Bp) be defined
as in Equation (2.9). Let By be the exceptional zero of L(s,x) if it exists. For ¢ > 1

chosen as in Lemma 2.4, if By exists then

—1 |Dk|%7%(0171)7% 1

c 1
h K > h ]C 18 27%7
(K) ()ng(B) (27)"Cr (1) /
therwi
olnerwise C_l ‘D ’%—%(0‘1—1)_% L L
h(K) > h(k) 29 12 2

> f2mm,
n (QW)an (01)
where both c13 and c19 are effectively computable, n is sufficiently large, and 1 < o < o1

are sufficiently small.

Proof. In Equation (3.6) of the proof of Theorem 3.4, we proved that there are no zeros
B of L(s,x) (and of (x(s)) in the range

-1
max [1 — (g(B)log |Dg|)~t,1— (C5|DK|1/2n) } <pB<l1.
This implies that if 3 is a zero of L(s, x), then

1 — /(> min [(g(B) log |Dk|) 7L, (CS|DK’1/%)1}

1 D 1/2n 1

2—|DK|_1/2”min Lvﬁ
9(B) 2nlog |Dgc|V/27

1 e 18n
= ng(m) Pl 5

-1

c
> 20 Dy, 71/nf71/2n’ 4.11
> D] (4.11)

where we have used e”/x > e (with x = (log |Dk|)/(2n)) and co9 = 2/e. Note that if we
had extra information about the size of |Dg| and n, we may be able to choose a better
value of ¢gg.

Following Odlyzko, we will start with Equation (3.4),

(2m)"h(K)
HO = oy ey
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which can be equivalently written as

| Dy f]1/?
(2m)"

We want to find a better bound for L(1,y) than what was used in Theorem

h(K) > h(k)L(1, x) (4.12)

3.4. Recall that the proof of Theorem 3.4 was dependent upon L(s, x) satisfying the
hypotheses of Lemma 2.4 with ¢; = 1/2 and ¢z = 1/log3. We return to Equation (2.11),
but instead of using Stark’s estimate (L(o1,x) > ((o1)™™), we use L(oy, x) > (i(o1) 7 .
This is true since (x(o1) > 1 and (x(s) = L(s, x)Cx(s). With this as the only change

between Equations (2.11) and (2.12), we have for o satisfying
L+ b(e—1)(og(|Del*f)) " =00 <01 <2,

where ¢ is defined as in Lemma 2.4 that
%m—n)”
Ce(o1)

-1 —2(01—1) ,—(o0—1)n " T
L(UO,X)>O-O(O-O_1;’D]€‘ %( 1 1)e (00—1) (Fﬁ )) (

o1(o1 (01/2

Notice that we have taken r;1 = n and ro = 0 so that this corresponds to the CM field
situation.

In our desired application, we will be using Theorem 4.9, which means we can
take a smaller range for oy,

op <o <1 —1—01_71.
As before, we have that
exp(— (oo — 1)n) > exp(—bea(c — 1)),

and under the new restrictions on o1, we have

g0 1
or 1+

Applying these inequalities and rearranging the terms gives

1 og—1 < 7o1/2 )n \Dk\_%(gl_l)

L(oo, x) > 1 —|—cl_71)exp(—bcg(0— 1)) o — 1 I'(01/2) Ck(o1)

Combining this result with Equation (2.10),

L(]-a X) > C;;lEL(oD?X)v



we get

L(1,x) > :
(1) (1+ 01_71)03 exp(bea(c — 1)) o1—1

|Dy,| 31D
C(or)

where the computation of E(oy — 1) is given in the proof of Lemma 2.8,

1 E(og— 1) ( 712 )"\Dky—é(m—l)

[(o1/2) Cr(01)

> cgllz(c, Bo)

co1 = (1+ ;7 )ez exp(bea(c — 1)),
and we’ve used the fact that
7TO'1/2

I(01/2)
when 1 < 07 < 2. Combining Equations (4.12) and (4.13), we get

1<

=,

1 12| Dg22( D
h(K) > h(k)cyy 2(c, Bo) f @) Ca(o1)

If there is an exceptional zero then by definition,
c—1
(c=1) + (bp)~"
Then from Equation (4.15) combined with Equation (4.11) gives

z(e, Bo) =

(1= Bo).

—1 1 1, _1)=-1L
cig |[Dyl22 7V 1_

M‘H

where
-1 -1 -1 -1 c—1
€18 = cis(c)” =y €20 (c—1)+ (bu)_l‘

If there is not an exceptional zero, then

-1
z(¢c,Bo) =b(c—1) (log D,%f) ,
and we get from this and Equation (4.15)
b(c— 1) |Dy|z2(@1=D f1/2 1
21 log D} f (2m)"Ck(01)
ble—1) [DEfM*  |Dy[rabm
co1 2nlog ]sz\l/zn (2m)"Cx (1)

h(K) > h(k)

= h(k)

_ 1_1ligp_1)—1
2 a8 IDulHO
- n (2m)"C(01)

where we have once again used e”/x > 1 with z = (log D} f)/(2n) and
b(c—1)e
2091

f37am

)

Clo = g (¢) =

o1

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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Remark 4.11. Notice that in both cases, we have the same general form for the bound
but with different constants. What remains is to compute the discriminant bound given

by Theorem 4.2.

4.5 Proof of Theorem 1.19

Fix B > 1. We will now prove that there are only finitely many CM fields
K € B(B) of degree with a given class number.

Proof. For fields of fixed degree, Theorem 1.19 follows from [Sta74] (see Remark 3.5).
This was effective for degree > 6 and ineffective for degrees 2 and 4. However, [GZ86]
makes the result effective for degrees 2 and 4.

In Remark 4.11, we noted that for a CM field K € B(B) we had two estimates

on the class number, both in the form

s

1 L(g—1)-1
h(K) > k) S 1PE2 2 JI

- n  (2m)"Cx(o1)

where C is either (c139(B))~! or 01_91 depending on whether there is an exceptional zero.

From Theorem 4.9, we see that for n > 387,

1 1 1 _ n
|Dy|z 72D ciy

> 1+ —== .
eorgeny -\ T o

Therefore, we have

f3im, (4.18)

where
o (c11c189(B))~!, if the exceptional zero exists
(c11c19)7 Y, if the exceptional zero does not exist.
This shows that h(K) — oo as n — oo, so that given some h, there are no CM fields

K € B(B) with h(K) = h whose degree is > ng for some ng. Therefore, there can only
be finitely many such CM fields of a given class number. O



Hoffstein’s Upper Bound

Hoffstein ([Hof79]) introduced techniques for both upper and lower bounds for
KK . We will mimic his upper bound techniques in a way that will allow us to make
numerical computations later. The techniques used here are very similar to the work we

did in previous chapters.

5.1 A Generalized Lemma

In Lemma 2.4, which was the basis for the calculations of Lemmas 2.8 and
2.9, we computed an effective lower bound of certain functions at s = 1. Hoffstein’s
first lemma is similar in form, except that he finds an upper bound instead. He applies
the calculation specifically with f(s) = s(s — 1)(x(s). He also mimics some of the
calculations of [Odl75] to get a stronger constant. We will take a more generic approach

to his calculations, using the same level of generality as in Lemma 2.1.

Lemma 5.1. (Hoffstein Lemma 1a) Let f(s) be an entire function and let
o) =71 (5)" T (5 4+ 5) 169 (5.1
where n >0, a; > 0 fori=1,2,3. Suppose that f(s) is positive for real s > 1 and g(s)
is an entire function of order 1 whose zeros p = § + iy all satisfy 0 < § < 1. Suppose
further that g(s) = g(1 — s).
Foroy >0 2>1, set

- ;1:%)0, if Bo is any real zero of Cx(s) (5.2)
1, if no such 3 exists.

93
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Also, let

e (To/2\™ (T (T (% +
o=t ) () (r (7
Then for o1 > o > 1, we have
f(o) < f(o1)Eh(0,01).
Proof. We have that
o) =4I (1-2).
P

where the prime means the product is taken over all zeros of g(s) in complex conjugate
pairs. Taking the logarithmic derivative, this becomes
/
g ;1 n 2(s—=D)
L(s) = =y
Z %;) (s —B)2 +2

) ST P

where the double prime means that the factor of 2 is omitted when v = 0.

Suppose that ((By) =0 for 0 < By < 1. Then for real s > 1,

gg/(s) ! 3 n 258 (5.4)

T e _ 3. — 324 2
s—Po = (s=0B)*+7
720
We integrate this from o to o:
g9(s) ™ g(o1) 9(9)
lo >0 = > .
gs—,@oa o1 — Bo o —fo

Using Equation (5.1), this becomes

o—p oo (T(o1/2)\™ (T(o1)\* (T (% +
F(0) < flon) - 2=y (F(;/Q)) (r@l)) (F(§+

Q
N[ =

o1 —Bo

)

D[

which is the desired expression.

Note that if 5y does not exist, Equation (5.4) simply reads

and the result follows by the same process. O

The next lemma uses a calculation by Odlyzko to obtain a stronger bound when

o and o1 are both close to 1.
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Lemma 5.2. (Hoffstein Lemma 1b) Let f(s) and g(s) be as in Lemma 5.1 and E be
defined by Equation (5.2). Suppose that

1202 — 5)1/2
0 > max 5+ ( 06 5) 14 aol|, (5.5)
where « is defined as in Theorem 4.2. Then for o1 > o > 1, we have
Eh

()" (o)™ (v Al (o))" 777

Proof. We improve the estimate of Lemma 5.1 by taking a nonzero lower bound in the

calculations above. Assuming 3y exists,
1 I,/ 1 1

== 5.7
—p 2%: <s—p+s—1+p> (5:7)

(this follows from the functional equation). Pulling out the 3y term as before, for s > 1

we have

/
g 1 1 " ( s—p s—14p >
=(s) — = - 2 + )
s w2 2 G TG
pFBo
720
where the double prime means that the factor of 2 is absent if v = 0.

We apply Lemma 4.1 with x = § and y = . Then we have

T S O B N B e Caletc) MG Gl Gl S ) ¥
s 2< >p;02 (72+(8’—ﬂ)2)2+(72+(5—1+ﬂ)2)2

-1 < 1 -1

E = > (s— ) E e (5.8)
= _ )2 = _ N2’

o @ =p) 2) & (a=p)

since when p = 3y, the term added back into the sum is negative.

We estimate the sum on the right by differentiating Equation (5.7) with respect

to s and take s = o:

gg,(s)zélogn—i-azlib(;)-i-azw() w(; ;)—i_f,(s):z/ :

— Sy (§) raw @+ v (5+5)+ 5|




7oy
g()

- >
s — o

SHIE

(9 1=y, A3 i
o (5)+aw @+ v (G
We integrate this with respect to s from o to o1 to get
log< 9(s)

Combining Equations (5.8) and (5.9), we get
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o1

2) vl (7))
s fﬂo) o ~

(-3

o1 ’ o / ~ / o 1 d
21, (CZW @*‘W @+ <§+2>+ds
g(o1)
— 01—50>
g(o)
o— 0o

((emg))‘“ CRONEX
From Equation (5.1) this becomes

flo) <

5.2 Explicit Upper Bounds

By taking ¢ = 1 in Lemma 5.2 and combining the result with Lemma 2.4, we
find that under certain restrictions on og and o7 we have

Af(o0) < f(1) < Bf(01),
now going to compute upper bound analogs to Lemmas 2.8 and 2.9.
First, note that for o = 1,

where A and B are computable functions for which we have very explicit forms. We are
max

5+ (1202 — 5)1/2
6

1+ ao
Equation (5.6):

=1+aq,

so that we can take 0 = 1 + «. This allows us to compute values for the denominator of
1

3V (%) ~ 1.505, 5% @) ~ 1.784, and e:¥'(5+3) ~ 1.186.
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5.2.1 Bounding k),

As with Lemma 2.8, we will take f(s) = s(s — 1)(ar(s). Notice that in order
to use Lemma 5.2, we must derive an upper bound on (js(o1). Hoffstein accomplishes
this bound by building off Odlyzko’s main inequality (Theorem 4.2). We will follow
Hoffstein’s calculations, but give a presentation that allows for easy computations of
numerical values. The key idea is to first find a lower bound for the Z(o) and Z;(o) in

terms of (pr(s), then relate (a7(s) to the discriminant of M through Odlyzko’s formula.

Lemma 5.3. (Hoffstein Lemma 2) For 1 < 01 < o, and o1 < 0y, both chosen to

satisfy Equation (5.5), there exists a constant ca(oy,) such that
calom) (2Z(01) + (201 — 1)Z1(01)) > log (i(01).-

Proof. Define cp(x,0) by

e(z.0) <210gx N (20 — 1)(1ogx)2x5> ~ log (1_ 1) ‘

o —1 (27 —1)2 z°

Notice that if we can bound cp(z,0) independent of z, then by setting x = IN(p) and

summing over all prime ideals p of M we get a relationship of the desired form.

We write
. 00(1:70-)
cp(w,0) = 1+ cp(z,0)’
where
71
co(z,o) = “logs lo ( — U)
and

We want to determine the behavior of c¢c(x,0) and ¢p(z,0) in order to bound cp(z, o)
independent of x.

Expanding the log term of cc(x,0) in a power series gives
—no

1 =z
colw,0) = 2log x (1 _Zn(n—l—l)> '

n=1

This shows that for o > 1,
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Also, by fixing o and writing u = 7 we get

u—1 1
=— 1 1——.
co(u) 20 logu ©8 < u>

Then we have
dec, . 1 log(u — 1)

“20logu  20u(logu)?’
Clearly, for v > 2 this is negative, so that for x > 2 and o > 1,

dcc 8udcic

e ordu

For cp(x, o), notice that when 1 < o < ¢ are fixed this function first increases
and then decreases for x > 1. Call the critical point g so that dcp/0x > 0 when
1 <z < xy. (zp does not have a nice analytic expression.) As o increases z( increases
and as ¢ increases xo decreases.

For oy, pick a valid corresponding o, according to Equation (5.5). For each
pair 0,0 with 1 < ¢ < o, and valid ¢ < o,,, there is a corresponding xo(0,). As
we range over all values, we have that the minimum =z is z,, = z¢(1,0,,), so that
dcp/0x > 0 for 1 < x < x, and all 0,0 in the range specified above.

We have
o Cc(l',O')
CB(:L'vo-) 1 +CD(ZL',O')’

and since cp(z,0) > 0, dcc/0x < 0, and dcc/do > 0, for & > xy,,
cp(x,0) < co(z,0) < co(Tm,om).

For 2 < x < am,, cp(x,0) increases and co(x, o) decreases, so cg(x,0) is a decreasing
function and

CB(I', G) < CB(27 U)'
Then for all z > 2,

CB(‘T’O-) < CA(Um)
where

calom) = max (cg(2,0),co(Tm,om)) -
1<o<om

So we have for 1 < o < 0, and valid o < o,,,

er(om) <210gx N (20 — 1)(1ogx)2x3> > log (1_ g;lo> ‘

z7 —1 (z7 —1)2
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We let x = IN(p) and sum over all prime ideals p of M to get
calom) (2Z(0) 4+ (20 — 1)Z1(0)) > log Ca (o).
O

Lemma 5.4. (Hoffstein Lemma 3) For 1 < o1 < oy, and o1 chosen as in Equation

(5.5),
| Dasl )CA(UT”)
CE'(O'l)n

Cu(or) < (

where, in the notation of Theorem 4.2,

ncsto = (lnz—0(3) - 227 (7))

2 200 -1, _
+=2 (1og2w—w<al)+ T <al>)
1 /2 2 +201—1+201—1
n \ oy o1 — 1 6—\{2 (5\;—1)2 '

Proof. Notice that from Theorem 4.2 we can write
log|Dys| > nlogep(or) +2Z(o1) + 2(01 — 1) Z1(071).-

We now use Lemma 5.3 to get
log Car(o1)
calom)

which is equivalent to the desired result. O

log |[Dn| > nlogep(or) +

We bring these results together to get a result which mimics the form of Hoff-
stein’s Theorem 1.

Theorem 5.5. Let M be a number field with all of the usual notation. Then

|DM|CA(O'm)+ 1_2”1

- E,

Ky <
cr(o1, om)"

where

logcp(o1,0m) = ca(om)logeg(or)

~6.633
+o1(o1 — 1) < n

+ "L(0.409) + 7“2(0.579)) + 2
n n

r
n

(0.572)

4 (01— 1) (%2(0.693) + 0.572) - %log(al(m ~1)

_n log (F (%)) — %2 log (I'(01)), (5.10)

n

and E is defined as in Lemma 5.1.
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Proof. We apply Lemma 5.2 with f(s) = s(s — 1)(ar(s). This gives

o1(o1 — 1)¢u(01)Eh(o, 01)

<(eéw'(§))” (e%w(a)?’? eé$15=;(§§;<s>+;+;l>>(“1")<Ul+01>‘

a(o = 1)Cu(o) <

Welet 0 — 1and o0 =1+ « to get

o1(o1 — )¢y (o1)ER(1,01)

! (01*1)01 :
§
((1.505>T1 (1.784)7’2 efﬁfz(ail)fr%% 5—7'(41\]\;(3)))

Fix 0,, and pick 1 < 01 < 0,. From the Dirichlet series, we see that

d @ )
. (CM(S) > 0,

ds
we can drop this term from the denominator. Use Equation (5.3) to replace h(1,01) and

Ky <

apply Lemma 5.4:

_ D )4 = (Dl N g "
B 0'1(0'1 1) (cE(Ul)"> E (227“27r"> (F (21>> 1 F(O’l)m-

((1.505)" (1.784)" (1.361 - 1073))(0171)01

After rearranging the terms, this can be written as

Dy oA+ 245

ry < -FE
cr(or, om)” ’

where cp(01,0y,) is defined in Equation (5.10). O

In Chapter 6, we will pick numerical values for ¢, and o1 and obtain an explicit

numerical upper bound for the residue.

5.2.2 Bounding L(1, )

We will now consider the case of a generic quadratic extension K/k. We take
X to be the character satisfying (x(s) = L(s, x)Ck(s), [k : Q] = n, and define f so that
|D| = Dif.

Theorem 5.6. Let K/k be described as above. Then

D|f| > alrn) Bh(1,00)
ce(om)" ((1.505)™ (1.784)°2 (1.186)" (1.935 - 10-3))(*~D71)’

L(1,x) < (

where a1, az, and a3z are chosen to make the functional equation for & (s) (Equation

(1.4)) satisfy the hypotheses of Lemma 5.2.
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Proof. We apply Lemma 5.2 with f(s) = L(s, x). Taking 0 =1 and ¢ = 1 + «, we get

L(o1,X)Eh(1, 01)
/ (1= ().~
<(1 505)% (1.784)% (1.186) 2 @+ L (s,x)))

L(1,x) <

To bound L(o71, x) we will use a crude bound by combining Lemma 5.4 and the fact that
Ck<01) > 1:

L(oy,x) =

() << D )CA(‘“)
Ck(o1) cp(om)" .

To bound the (L'/L)(s, x) term we note that,

(o))

d

ds

~ —12.495.

Bringing these calculations together gives

25 )( Eh(1,01)
L1 .
%) <CE(om)” ((1.505)" (1.784)° (1.186) (1.935 - 10-3))(71 D)

The following corollary follows immediately.

Corollary 5.7. If K is a CM field whose mazximal subfield is k, then

Dl%m)c Eh(1,01)
cp(om)” ((1.186)™ (1.935 - 10-3)) (7~ D(o1)

L(1,x) < (



Explicit Numerical Computations

This chapter is dedicated to computing specific values of the constants found in
the previous chapters. As best as we can, we will find the optimal values of the constants
and the most explicit expressions. We will proceed through the calculations in the same

order they are presented in this dissertation.

6.1 General Information

Before we begin into a long succession of calculations, it will be useful to review
all of the major constants that were introduced and describe their dependencies.

We began with a generalization of the lemmas found in [Sta74]. In Lemma 2.4,
we introduced four constants. The numbers ¢; and ¢ were values taken directly from
[Sta74] and had two different choices, depending on the situation. When working with

the residue of the Dedekind zeta function of an arbitrary field M, we have
c1 =0 and ¢ = 2/log 3. (6.1)
When working with quadratic field extensions, we have
c1 =1/2 and ¢ = 1/log 3. (6.2)

The value of b was related to the size of the exceptional box in which the functions
would have at most one zero. As noted in Remark 2.7, we take b = min[u,v], where
w and v are taken from Table 2.1 and control the vertical and horizontal dimensions of
the exceptional box, namely that there is at most one zero of the given function in the
region

1—(ulogd)™' < B <1and|y| < (vlogd)™,

62
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for an appropriately chosen d. The value of ¢ was a constant chosen in Equation (2.1) and
d > 1 ends up being the discriminant of some field (according to the specific application).
In the conclusion of Lemma 2.4, we obtain an effective constant c3 in Equation (2.5) and
we find ¢4 in Lemma 2.9, where it is related to the lower bound of L(1, x). The value of
¢s is fixed, ¢ = /6, and is given by Lemma 2.11.

The next series of constants came from Odlyzko’s work. The value of ¢g is fixed
and is part of the bound of the logarithmic derivative of (;(s) for s > 1 (Lemma 4.4). We
find ¢7 and cg in Lemma, 4.5. The choice of ¢7 is made so that we can restrict the value of
the parameters o and ¢’. Once c7 is chosen, we immediately get cg from Equation (4.1).
In Remark 4.8, we even computed the allowed range of values for these two constants.
Given these values, Lemma 4.7 introduces the two more constants as constraints. The
value of cg affects the degrees of the fields that we are considering and cig is a bound
that further affects our choice of o and o7 (in particular, it keeps them from getting too
close to each other). The result of Theorem 4.9 is the calculation of ¢1; and ¢12. Also,
in Theorem 4.10, we compute cig and cig.

Finally, Hoffstein’s work is not so much the calculation of constants, but eval-
uating functions at specific values. The choice of oy, gives the upper bound for the
parameter o1, to which there is a corresponding o7 given by Equation (5.5). The calcu-
lation of the functions c4(oy,), cg(o1), and cp(0o1,04,) are all given explicitly in the text

and are too involved to discuss here.

6.2 The Results of Stark’s Method

We will begin with the work from Chapter 2. These results are very straight-
forward, but serve as a good way to ease into the more complicated calculations that

follow.

6.2.1 The Lower Bound for xj,

In Lemma 2.8, we showed that for an arbitrary number field M and ¢ > 1

chosen such that
(c—1) (c—i— Ve — 1)
c log [D|

< 0.461,
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that we have
-1 -1 . .
Kag > C3 W(l — /80)7 if /60 exists
c3'b(c — 1)(log | D)), otherwise,

where ¢3 is taken from Equation (2.5),

b(e —1)(2 1 bea(c — DT (1
03:exp((c i CQC“LC )+1.3160—CQ(‘;)P(2>>.

Notice that we are in the situation of Equation (6.1), so that

b(c—1)? be—1)T' (1
= ~=_/ 41.316¢— —(=))-
“ eXp( 5 T T T3 T2

In a completely generic setting, we can do no better than to take M # Q so
that [Dys| > 3. Once we pick the values for p and v from Table 2.1, we immediately
have b, which leaves us with ¢ as the only free variable.

Suppose that the exceptional zero exists. In this case, we have
1 c—1
exp (M52 + 13160 - BT (1)) (0= D+ ()™

KM >

(1—5o) = A1(1 = Bo),

log 3

where ¢ must satisfy

(c=1) <C+ \/02—1) _ 0.461 -log3

6.3
c - b (6:3)
When there is no exceptional zero, we have
b(c—1 _ _
KM > b(c—1)2 ( ) ble=1) I (1 (log | Dar)™" = Ax(log| Dasl) ™",
exp (U522 + 13160 - YR T (1))

where ¢ must satisfy the same condition as above. In either situation, we can use a
computer to choose ¢ so that the value of A; is maximal, giving us the best lower bound.

The results of these calculations are given in Table 6.1.

Remark 6.1. Although the values for A; appear to be significantly better than even the
optimal value of As, notice that the exceptional zero must be within (ulog|Dps|)~t of
1, which makes the 1 — 3y term very small. This will be a recurring theme in the rest of

these calculations.

6.2.2 The First Lower Bound for L(1,y)

Suppose that K is a quadratic extension of k and define f by |Dg| = Di f.

Suppose that k is a degree n field with r; real conjugate fields and 2ry complex conjugate
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Table 6.1: Values for Ay and A, with the optimal choice of c.

A3 represents the optimal value of Ay over all ¢, not subject to Equation (6.3).

I 2.915 | 2.915 | 2.989 3 3.618 | 4.079
v 1000 100 10 9.343 | 3.618 3

c 1.120 | 1.085 | 1.083 | 1.083 | 1.067 | 1.075
A; || 0.0639 | 0.0639 | 0.0650 | 0.652 | 0.0738 | 0.0771
c 1.120 | 1.120 | 1.117 | 1.117 | 1.099 | 1.117
As || 0.0420 | 0.0420 | 0.0422 | 0.0422 | 0.0437 | 0.422
A5 || 0.0427 | 0.0427 | 0.0429 | 0.0429 | 0.0446 | 0.0429

I 8.826 10 100 1000 | 10000 | 100000
v 2 1.949 | 1.688 | 1.668 | 1.666 | 1.666

c 1.081 | 1.079 | 1.034 | 1.011 | 1.004 | 1.001
Ap || 0.101 | 0.111 | 0.197 | 0.243 | 0.260 | 0.266
c 1.167 | 1.171 | 1.194 | 1.194 | 1.196 | 1.196
Az || 0.0385 | 0.0382 | 0.0367 | 0.0365 | 0.0366 | 0.0366
A3 || 0.0388 | 0.0385 | 0.0369 | 0.0367 | 0.0367 | 0.0367

fields. Let L(s, x) be defined by this extension, L(s,x) = (x(s)/Ck(s). In Lemma 2.9,

we showed that

T o1 — T Lo, — n
1,0 > e 2B e (Y (22" (”)
9 o1 ] ’

[(01/2) I'(o1) (o)
where
1+b(c—1)(log Dif) ' < o1 <2,

¢ is chosen so that
(c—1) (c+ Ve — 1)
c log D,%f

< 0.461,
and

W(l — Bo), if By exists
b(c—1)(log Dif)~!, otherwise.

z(e, Bo) =

The value of ¢4 is given explicitly in the proof,

cq = 2cgexp(bea(c — 1))

— 2exp (b(c - 1)(20201 =1 L1316 1”2(62_1) <FF/ (;) . 2>> .
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In this case, there are two parameters to choose, ¢ and o1. The choice of each
is independent of the other, with ¢ affecting the ¢4 and z(c, By) terms and o; affecting
the rest. We can optimize ¢ as before, however the choice of o1 may vary with the
application. For example, if k is of small degree, it would be better to choose o1 small
so that the (o1 — 1)~! term dominates the expression. However, if the field has a large
degree then by taking o1 = 2 the last term is greater than one and this suggests that
L(1,x) is very large.

We will start by choosing ¢ following the pattern prescribed in the previous
section. We will take Dy > 3 and f > 1. We are in the situation where Equation (6.2)
applies. Therefore,

4 = 2exp (b(c - 1)2(26 — D 13160 - béio_g ;) (PF/ (;) . 2)> .

If the zero exists, then

c—1
(e=1)+(bp) 1

2exp (MDD 413160 — Y1) (1 (4) - 2)

2log 3
= A3 f(o1)(1 — fo),

L(1,x) >

) flo1)(1 = Bo)

where f(o1) consists of all the remaining terms in the product and c is subject to

(c—1) (C+vc2 - 1) _ 0.461 -log3
c - b '

If By does not exist, then we have
b(c—1)
2exp (M2 13160 - S5l ( (3) - 2

2log 3
= Ayf(o1)(log DR f) 71,

L(1,x) >

f(o1)(log Dif) !
)) '

where c is subject to the same constraint. Table 6.2 gives the results of the numerical
computations.
Since there is no uniformly ideal manner in which to choose o1, we will simply

take a few values and compute the results. But before we do this, we will rearrange the
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Table 6.2: Values for A3 and A4 with the optimal choice of c.

2915 | 2.915 | 2.989 3 3.618 | 4.079
1000 100 10 9.343 | 3.618 3

1.0v3 | 1.073 | 1.071 | 1.071 | 1.057 | 1.065
Az || 0.0281 | 0.0281 | 0.0286 | 0.0287 | 0.0327 | 0.0344
c 1.115 | 1.115 | 1.113 | 1.112 | 1.097 | 1.112
Ay || 0.0172 | 0.0172 | 0.0173 | 0.0173 | 0.0178 | 0.0173

I 8.826 10 100 1000 | 10000 | 100000
v 2 1.949 | 1.688 | 1.668 | 1.666 | 1.666
c 1.071 | 1.070 | 1.031 | 1.010 | 1.003 | 1.001
Az || 0.0485 | 0.0510 | 0.0957 | 0.120 | 0.129 | 0.133
c 1.153 | 1.156 | 1.173 | 1.174 | 1.174 | 1.174
Ay || 0.0158 | 0.0157 | 0.0151 | 0.0151 | 0.0151 | 0.0151

oR =

Table 6.3: Values of A5, Ag, A7, and Ag corresponding to choices of o7.

o1 1.01 1.05 1.10 1.25 | 1.50 | 2.00
As 100 20 10 4 2 1

Ag || 0.005 | 0.0250 | 0.0500 | 0.125 | 0.250 | 0.500
A7 || 0.0101 | 0.0524 | 0.110 | 0.310 | 0.737 | 1.910
Ag || 0.0102 | 0.0547 | 0.119 | 0.380 | 1.083 | 3.820

terms:

_|Dk|_%(a1—1) Jr "L/ 9o1—1\ "2 W%(ﬁ—l) r1+2ro
flo1) = op1—1 <F(01/2)) (F(gl)> (on)

_ | Dyl m2 < (2m)7 ! )
o —1 [(01/2)¢(01) [(o1)¢(01)

= As|Dy| 0 AT AR

These results can be found in Table 6.3. Notice these values confirm the suggestion that
larger values of o1 are better for fields of large degree (so that r; and rg are large) and

smaller values of o1 are better for fields of small degree.

6.2.3 First Calculations on B(B)

In Chapter 3, we computed some results for lower bounds on the residue s of

arbitrary fields in B(B) and the class number h(k) of the maximal real subfield of a CM
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C11 « Ce
NN
€10 C15 16 — C12 b,c —— ci19
NG A | X<
g —=C9 Ci4 C€2,C3 —— C21 ——= (18
T e ey
cr C13 C17 €20
a

Figure 6.1: The web of dependencies for the constants in Chapter 4.

field K. However, an inspection of Theorems 3.2 and 3.4 shows that the major constants

in these results are exactly the same as those in the previous sections.

6.3 The Results of Odlyzko’s Method

As seen in Figure 6.1, there are about twenty constants and parameters intro-
duced in Chapter 4, so before we begin we will review the definitions and constraints
for everything. However, instead of presenting the information in the order it was pre-
sented in the proofs, we will present them in the order that makes sense for performing

numerical calculations.

6.3.1 An Overview of the Constants

The first constant introduced is

[14 — /12

which is a value that arises from the proof of Lemma 4.1 (which was not included in this

dissertation). From this, we get

120 + /288 — 72002
o= ~ 1.014
@ 24 — 7202 014,

which is an upper bound for the parameter o that allows us to fix the value of another

parameter, ¢ = 1 + ao.
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We get
ce = —2(log2)? +log 2 ~ —0.268

from the proof of Lemma 4.4, which is a part of an estimate for the function Z(o), which

is defined at the beginning of Chapter 4. From Lemma 4.5 and Remark 4.6, we get

log(1 + log 4)
log 2

( 2log 2 )1
=\ — 1 )
21—|—c7 -1

where c7 is used as an upper bound and cg contributes to another lower estimate of Z (o).

-1
—1> =3.926 < c7 < @

and

By choosing cg and c1¢9 such that
(T4+cgh)(1—cp) > 14250,

thenforl <o <o1 < 1—|—c7_1, n > co(op —1)71, and e19(0—1) < (01 — 1), we can apply
the result of Lemma 4.7.

The process of computing c11 and c19 in Theorem 4.9 goes through 5 different
constants (c13 through c;7). Instead of presenting them in the order presented in the

text, we will review them in an order that makes sense computationally. We start with

1
6132maX<a_1,C7>,

which is related to the restrictions on ¢ and o;. In fact, we will simply take this to be

an equality for c¢13. From this we immediately obtain

1+cd 1
(4 (T“) ¥ (3)
Itey 1 )
2 2

Cl4 =

This value comes out of bounding term A in the proof. Once c14 is computed, we get

cu o ,(l1+a 1+ 2cy? 4 1 (14«
== — — =9 (1 — 4y | =
€16 = 16w ( 5 >+66+ 3 ogT Y 5 + >

c 3.925
_cu
2 C9

+1.840,

which arises from combining several terms together. We then pick ¢;7 so that when

o1 <1+ 01_71 we have
7.118

eC16 (o1—-1)

> 2m,
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which is equivalent to
7.118
-1
(01 —1) < ¢4 log <27r ) .

This implies that we want to take

7.118\\ !
c17 > Cig log ? .

We also want to have c¢;7 > 13, so that we can take

7.118\\
c17 > max | ci6 | log o ,c13 | -

The value of ¢15 can be computed from previously obtained values:

1 21 +cd)—1 21+ch)—1
<2+ ( 13) + ( 13) >

C15 = 5 (1 + Oé)2 062

In the end, we get that for 1 <o < o1 <1+ 01_71, n > co(oy — 1)~ and ¢jg(o — 1) <
(01 - 1)7
c11 = exp(cis + (0 — 1)_1 —c10(1 4+ 2051))

and

< 7.118 ) )‘1
C = — 2T .
2 exp(cig(o1 — 1))

Moving on to the calculation of ¢ig and c19 from Theorem 4.10, we find that

these are much more straight forward values to compute. We have cyp = 2/e from

Equation (4.11). From Equation (4.14),
ea1 = (1+ ¢ ez exp(bez(c — 1)),

where ¢; and ¢y are taken as in Equation (6.2). From these two values, we get

c—1 -1
C18 = €21C20 c— 1)+ (bp) 1

and
2¢91

b(c—1)e’

It is not necessary to compute each constant explicitly. For example, the value

C19 =

of cg is given directly from knowing c7;. Therefore, the results can be recomputed given
only a few of the many constants and parameters. Table 6.4 gives a few examples of

valid choices.
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Table 6.4: Examples of valid choices of the constants and parameters.

cr 3.927 70 70 1000 69.346
cy 40992 5.8 103 5.21 5.572
c10 10000 100 4 10000 25781
cir 70 70 70 1000 69.346

oc—1(141-107%[141-107%|354-1073[89-10"% | 5.58-10~"
o1—11142-1072[142-1072|142-1072| 9-10~* | 1.44-102
n> || 2.887-10°6 408.5 7253.52 5788.9 386.9

6.3.2 Another Lower Bound for L(1, )

Equation (4.13) in the middle of the proof of Theorem 4.10 gives another lower

bound for L(1,x) which is an improvement over Lemma 2.9. For
L+ b(c = 1)(log(IDx*f)) ™ =00 <o <1 +¢7,

where ¢ is chosen so that

(c—1) (c+m) b

< 0.461
c log D2 f — ’
we have " :
_ Dk’_i o1—1
L(l,x) >c 1y c, |7
(1, %) 21 (¢, o) Color)

Notice that the exponent of |Dg| is of the same form, but instead of an explicit de-
pendence on the number and types of field embeddings, it depends on the value of the
Dedekind zeta function near s = 1.

If we plug in the formula for co; we get

2 |Dy,| 31D

LX) > e ) 5o

and we already computed values for czlz(c, Bo) in Table 6.2. We cannot obtain good
numerical bounds for the remaining terms because we do not have a bound for (i (o)
except for (x(o1) < ((01)". Since we cannot find choices of the parameters to allow us
to compute bounds for fields of very small degree, this bound is unhelpful to us and we

will not compute numerical values for them.
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Table 6.5: Possible values of By and Bs using the parameters given by Table 6.4.

B —1 0.066 0.056 0.066 0.128 0.054
32 10—303671 10—3025 10—124 10—4873707 10—763094
n > 2.887-10% | 408.5 | 7253.5 5788.9 386.9

6.3.3 A Lower Bound for h(K) for CM Fields

In the proof of Theorem 1.19, where we show that

2 2n
n
where
o (c11c189(B))~1, if the exceptional zero exists
(c11c19)7 %, if the exceptional zero does not exist.
Notice that .
9=
el — %% 5= € As
18 = 7 1 1+ o1
+ 17 +c17
and
1 (&
Crog = —— Ay,
19 T Cf71

so we can use the values from Table 6.2. This indicates that we only need to compute
B =1+ (26127‘()71

and .
By= — 1,
1+cy

The results of these calculations are given in Table 6.5.
Remark 6.2. The first observation from this table is how poor these bounds are, especially
for By. The reason that they are so bad is that we are attempting to obtain uniform
bounds for fields of both high and low degree.

In the last four columns we can also begin to see the various trade-offs that are

made between the degree of the field, the size of By, and the size of Bs.
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6.3.4 Application to Theorem 1.19

Our numerical calculations have shown that we can apply our main results to
fields whose degree is at least 387. We will analyze this lower bound on the degree and
explain the major obstacles to obtaining a result for smaller fields.

From Lemma 4.7, the condition on n is
n > Cg(O’l — 1)_1.

We have that cg is bounded below,

2
It -—ag) -1

Cg >

and by Remark 4.6 we know that cg > (2log2 — 1)~!, so that as we let c19 — oo we get
cg > 2(2log2 — 1)~ ~ 5.177. The restriction

l<o<o<l+ey

gives us an lower bound on (o7 — 1)~!, namely that this is greater than c17. By tracing
the inequalities, we find that
1
c17 > c13 > —— ~ 69.345.
a—1
Therefore, the techniques we have developed can at best prove the result for fields with

2
> ~ 359.02.
"7 2log2— 1)(a—1)

However, we are unable to even attain this ideal because to minimize cg as above, we
must take ¢ very large, which affects the choice of ¢17. In fact, if we take ¢; = ¢17 and

let c17 approach (@ — 1)~! (still taking c¢ig — 00), we get

> 2022 —1) 386.34
n — ~ . .
(2log2 — 27 + 1)(a — 1)

We can see from the last column of Table 6.4 that we have found explicit values of these
parameters to obtain this optimal value (since n is always an integer).

It is not a surprise that our efforts fail to prove get results for fields of small
degree. In [Sta74], Stark observed that finding effective values for the lower bound of
the residue of Dedekind zeta functions, and hence class numbers of CM fields, is very

difficult for fields of small degree.
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6.4 The Results of Hoffstein’s Method

6.4.1 An Overview of the Calculations
Starting from Lemma 5.3, we pick o, to be an upper bound for o1, so that
1 < 01 < oyy,. From the choice of o,,, we take 7, such that

5+ (1202, — 5)1/2
6

Om > Max 1+ ao,

In fact, we will take this to be an equality. For each o1, we consider all possible choices
of o1 < 0, subject to the corresponding restriction. We are seeking a value c4(o,) that
will give us the inequality.

In the proof of the lemma, there are three functions introduced,

7 —1 1
co(xz,0) = — Slogz log (1 - I‘7>

and
(20 — 1)z°(log z)(z? — 1)
CD(x70—) - 2((E5— - 1)2 ’
which together give
CC’(:Ev J)
cp(z,0) = T+ ep(z.0)

We defined z(o,0) to be the critical point of ¢p(z,0) when ¢ and o were
fixed. After analyzing the function, we determined that the smallest value of xg (o, 7)
over the ranges 1 < o < oy, and valid o < o, was x,,, = zo(1,0,,). Although there
is no closed form expression for this value, it can easily be obtained numerically. This
value then immediately gives cc (%, 0m), which is one part of the bound for c(o,).
The second part of the bound for c4(0,,) is another calculation. We 1 < o < o,y,, we
want to maximize the function cp(2,0). Once again, we do not have a closed form for

this, but we can do it numerically. We then take

calom) = max (cp(2,0),cc(@m,om)).

Once this value is established, everything else is a matter of choosing o7 such

that 1 < o1 < 0,, and o7 such that

5+ (1207 — 5)1/2 .
max + 061 ) A1+ a0 | <o <o,

then using a computer to calculate various values. Table 6.6 lists some possible choices

of o, and the values of the corresponding constants.
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Table 6.6: The values of o,,,, s, and c4(o,,) for a given choice of oy,

| om [ 2 | 15 ] 13 ] 11 [ 101
Om [ 1.926 [ 1.615 [ 1.485 | 1.348 | 1.284
T | 2.710 | 4.938 | 7.864 | 18.217 | 34.889

ca(om) || 0.466 | 0.400 | 0.385 | 0.365 | 0.354

6.4.2 An Upper Bound for k),

In Theorem 5.5, we showed that

[Dyg oo+ 35

-FE

v <

cr(o1,om)" ’

where E is defined as in Lemma 5.1, c4(o,,) as described above,

log cp(o1,0m) = calom)loger(or)

—6.633
Yoi(or—1) ( + %(0.409) + 2(0.579)) + %(0.572)

+ (o1 —1) (%2(0.693) + 0.572) - %log(al((fl 1)
~og (T (%)) = Z1og (Do)

and

ncnto = (inx—0(3) - 227 (F))

2r 201 — 1 —
+ 222 (tog2r — w(on) + 270 @)
1 2+ 2 +20'1—1+20'1—1
n\oy o;—-1 012 (o1 —1)2)°

While this form is very cumbersome, it turns out that after rearranging the terms, this
can be more simply expressed as

Cy|Dp|©2
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Table 6.7: The values of the constants Cy through C5 for the choices of o,,, o1, and o7.

Om 2 2 2 1.1 1.1
o1 || 1.347 | 1.001 | 1.001 1.05 1.001
oL | 1.926 | 1.926 | 1.282 1.312 1.282
C; || 166129 | 10867 [ 10%72 | 1.801-10%2 | 10872
Co || 0.639 | 0.466 | 0.466 0.390 0.366
Cs || 4.315 | 3.474 | 2.908 2.395 2.310
Cy [ 29.293 | 13.017 | 16.284 10.018 8.919

with
2 2 20’1—1 20’1—1
— o1 (o1 —1) - , R A =
Ci =01 (01 ) - exp [(6633) o1 (o1 )+01+01—1+ EI2 (01—1)2]
-1
Cy =calom) + 012

C3 = exp -CA(Um) (logﬂ’ — (%) B 2014_ 1¢/ <5;>)

1(0.409) - o1 - (01 — 1) + (0.572) — logT (%) +(0.572) - (01 — 1)

i = exp [2ea(om) (1og2n — vion) + 22w/

+(0579) c0q - (0’1 — 1) -+ (0693) . (0'1 — 1) — logF(ol) + (1.157) . (01 — 1)]

Table 6.7 has the results of some these constants with the explicit choices of the param-

eters.



Future Work

This dissertation leaves the door open for many improvements and future in-
vestigations. There is plenty of room to improve this result and lots of places to begin
searching for inspiration. There was not enough time to attempt to replicate Hoffstein’s
lower bound methods and extend them to class number calculations and to B(B). This
would be the next logical step.

Stéphane Louboutin has done a large amount of work with ideas related to the
Brauer-Siegel Theorem and CM fields (see [Lou05], [Lou03], [Lou06] and their references),
and there are certainly many ideas and techniques that can be gleaned from those papers

and applied to our situation.

7
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