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Pyramid-shaped metamaterials with tunable mechanical properties  1 

and broad frequency bandgaps  2 

Chi-Hao Kuo1, Zong-Ying Lin2, Shu-Tung Hsu3, Jing-Heng Chen4,  3 

Jiun-Shyun Chen, M.ASCE5, Tungyang Chen6 4 

Kuo, C. H., Lin, Z. Y., Hsu, S. T., Chen, J. H., Chen, J. S., Chen, T., “Pyramid-shaped 5 

metamaterials with tunable mechanical properties and broad frequency bandgaps,” Journal of 6 

Engineering Mechanics, Vol. 152(3), 04025102, 2026. 7 

Abstract 8 

We propose a novel elastic metamaterial offering a number of tunable macroscopic mechanical 9 

properties, including effective elastic moduli, overall anisotropy, mass density and frequency 10 

band structures. The unit cell of the periodic metastructures is composed of three-dimensional 11 

pyramid-shaped inclusions, similar to the geometry of a traditional Chinese food Zongzi. A 12 

unique feature of this configuration is that the geometry can be described by a simple algebraic 13 

equation, enabling transformation of the geometric configuration into a few variant forms upon 14 

simple coordinate scalings. We demonstrate that a number of macroscopic properties can be 15 

adjusted by geometric parameters scaling without altering the internal structure or the 16 

constituent materials. Numerical simulations are conducted to estimate the effective elastic 17 

properties. Specifically, the effective elastic moduli can be reduced by two to three orders of 18 

magnitude compared to those of the original constituent material. In addition, the tunable 19 

mechanical properties offer flexibilities to control frequency bandgap with adjustable 20 

bandwidths. We find that the periodic array of Zongzi matastructure could generate very wide 21 

frequency bandgaps, which can be utilized to control wave propagation characteristics. A 22 

number of specimens fabricated with 3D printing have been tested for validation of the 23 

numerically estimated effective mechanical properties of Zongzi microstructures. The present 24 

study provides insightful information towards a new three-dimensional metastructure with 25 

tunable mechanical properties and frequency band structures. 26 
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1. Introduction 27 

 28 

Metamaterials are engineered composite materials composed of a periodic or non-periodic 29 

array of unit cells with artificially designed microstructures. The metamaterial properties can 30 

go beyond those of the constituent materials, particularly with tailored functionalities not 31 

typically seen in nature. The concept of metamaterials was originated about two decades ago 32 

in electromagnetic and optic waves. Specifically, scientists have been able to achieve 33 

invisibility cloaking with the use of a novel metamaterial to manipulate light paths and, in the 34 

process, an object can be rendered invisible to electromagnetic radiation within a certain 35 

frequency range (Pendry et al. 2006). The metamaterial notion was later extended to different 36 

physical phenomena, including acoustics, elastodynamics, thermal conductions and some 37 

others (see for example, Norris 2015, Milton et al. 2006, Leonhardt 2013). In this study, we 38 

focus on the study of elastic metamaterials. Numerous aspects of mechanical metamaterials 39 

have been explored in the past decade, such as unit cells with one or more constituent materials, 40 

geometry with 1D, 2D and 3D configurations, static and dynamic behavior, isotropic and 41 

anisotropic properties, auxetic and non-auxetic behavior, and extremal or pentamode materials. 42 

A detailed exposition of mechanical metamaterials can be referred to the articles (Craster et 43 

al. 2023, Jiao et al. 2023, Kardic et al. 2019, Yu et al. 2018, Bertoldi et al. 2017, Berger et al. 44 

2017, Kolken and Zadpoor, 2017).  45 

In this study, we propose a new type of microstructure that is composed of a periodic 46 

array of three-dimensional pyramid-shaped inclusions (Figure 1a). For convenience, the 47 

inclusion will be referred to as Zongzi for its geometric resemblance to a traditional Chinese 48 

food, Zongzi, a pyramid-shaped rice dumpling. The present study is motivated by an 49 

interesting observation that the geometry of Zongzi is, to some extent, analogous to that of 50 

pentamode structures (PMs) (Fig.1) (Milton and Cherkaev 1995, Milton 2002). Pentamode 51 

materials are an iconic example of mechanical metamaterials, in which they behave like liquid 52 

but with solid structures, so that compression waves and shear waves in PMs could be 53 

decoupled (Milton 2002). We will demonstrate that the array of Zongzi structures 54 

demonstrates remarkable features that exhibit profound implications for optimal design of 55 

metastructures with tunable functionalities. Specifically, we will demonstrate the tunable 56 

properties of effective elastic moduli, overall anisotropy, mass density, and frequency band 57 

structures. A unique feature of this configuration is that the three-dimensional Zongzi 58 

geometry can be described by a simple algebraic equation, which allows simple coordinate 59 

scaling to transform the three-dimensional Zongzi configuration into a few variant forms 60 
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analytically, yielding tunable macroscopic static and dynamic properties. For convenience of 61 

expositions, a schematic diagram and a snapshot of the periodic array of Zongzi is depicted in 62 

Figure 2. In view of the geometric configuration, we will show later that the periodic array of 63 

Zongzi structure exhibits a face-centered-cubic (fcc) symmetry.  64 

To study the effective elastic properties, we have performed finite element simulations 65 

based on static continuum mechanics using the commercial software package, COMSOL 66 

Multiphysics with solid mechanics module. As the Zongzi inclusions connect each other at 67 

point-like tips, we introduce a ball joint at the connection points to provide stability. We show 68 

that the effective constants of the periodic array can be controlled by the size of ball joint, up 69 

to a 2 to 3 orders of magnitude. In addition, upon a simple coordinate scaling, the overall 70 

symmetry of the periodic array of Zongzi can be made with an orthotropic symmetry 71 

consisting of 9 independent elastic constants. Also, we will demonstrate that effective mass 72 

density can be adjusted by considering a hollow Zongzi structure. Specifically, a hollow 73 

Zongzi with a similar shape of geometry can be preciously characterized with an additional 74 

scalar parameter. The effective mass density for a solid Zongzi can be as large as 10 times 75 

compared to that of a hollow one. In summary, we can adjust the effective elastic properties, 76 

overall anisotropy and mass density of the periodic array of Zongzi simply by incorporating 77 

scalar parameters into the algebraic equation of Zongzi inclusion. 78 

In addition to static mechanical properties, we also examine frequency band structures 79 

of Zongzi structures. The study of periodic metastructures with a sub-wavelength lattice 80 

constant under plane wave excitations is of particular interest in the control of wave 81 

propagation through a periodic array of medium, for applications in sound and vibration 82 

insulation. These tunable mechanical properties can offer flexibilities to achieve desired 83 

frequency bandgaps with tunable bandwidths. We find remarkably that the proposed periodic 84 

Zongzi matastructure could generate very wide complete bandgaps in frequency intervals, in 85 

which an incident wave can be completely filtered through the periodic medium. To validate 86 

the accuracy of our simulations we have implemented a plane wave expansion method 87 

(Kushwaha et al. 1994, Dal Poggetto and Serpa 2020) for the periodic array of Zongzi based 88 

on Fourier expansions. The study of band structures will offer great value in controlling energy 89 

attenuations of wave motions through the periodic medium. Lastly, a number of centimeter-90 

scale specimens of a periodic array of Zongzi were fabricated by 3D printer techniques (Fig.6a) 91 

and tested experimentally in the laboratory. We find that our experimental results are in good 92 

agreement with the finite element simulations, not only the overall trend but also the simulated 93 

data quantitatively. 94 
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The outline of this paper is as follows. We start with a description of a periodic array of 95 

Zongzi metamaterials with detailed geometrical illustrations given in Section 2. We show that 96 

the periodic array of Zongzi exhibits a face-centered cubic symmetry. The theoretical 97 

frameworks and numerical simulations of the effective elastic properties, overall anisotropy 98 

and mass density are discussed in Section 3. Dynamic behaviors with frequency band 99 

structures for the periodic array of Zongzi are discussed in Section 4. Experimental 100 

investigation of the effective elastic properties is presented in Section 5. Lastly, some 101 

discussions and concluding remarks are addressed in Section 6.   102 

 103 

2. A Periodic array of Zongzi structures 104 

 105 

The geometry of the Zongzi inclusion can be described by a simple algebraic equation (Zheng 106 

and Chen 2001) 107 

 108 

 𝑥! + 𝑦! + 𝑧! + 2𝑥𝑦𝑧 = 1,	                                                (1) 109 

 110 

lied within a simple cube, with domain −1 ≤ 𝑥 ≤ 1,−1 ≤ 𝑦 ≤ 1,−1 ≤ 𝑧 ≤ 1 in Cartesian 111 

coordinates. The configuration of Zongzi was found previously in a study of admissible 112 

Poisson’s ratios for an elastically orthotropic material (Zheng and Chen 2001). Here we propose 113 

a metamaterial that is composed of a periodic array of unit cell, with a lattice constant a, in 114 

which each unit cell contains four Zongzi inclusions arranged in an opposite diagonal manner, 115 

as depicted in Fig.1a. In this arrangement, the metamaterial is only constituted by a single 116 

ingredient material with void phase outside the Zongzi inclusions. We mention that the three-117 

dimensional configuration of Zongzi can be viewed as an assemblage of rotated ellipses along 118 

the three coordinate axes (Fig.1b). For example, the cross-section of the Zongzi geometry along 119 

𝑧 = 0 is simply a circle. For a cross-section along z = constant > 0, the contour is a rotated 120 

ellipse with major axis dimension √1 + 𝑧	and minor axis dimension √1 − 𝑧, and with principal 121 

axes being along 𝑥" = (𝑥 + 𝑦) √2	⁄ and 𝑦" = (−𝑥 + 𝑦) √2	⁄  . For 𝑧 < 0,	the role of the major 122 

and the minor axes switches. The present study was motivated by an interesting observation 123 

that the geometry of Zongzi is, to some extent, analogous to that of pentamode structures (PMs) 124 

(Fig.1c) (Milton and Cherkaev 1995, Milton 2002). Specifically, when the structures of Zongzi 125 

and PM structures are aligned together, we see that both geometric configurations share some 126 

similarities. First, on the top and bottom surfaces of a unit cell, the two configurations are 127 

connected by square diagonals, both being perpendicular to each other; see the red dashed lines 128 
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in Fig.1c. That is the top surface of the cube 𝑧 = 1 degenerates to a diagonal edge 𝑥 + 𝑦 =129 

0,	while the bottom surface 𝑧 = −1 of the closed region becomes another diagonal edge in the 130 

opposite direction 𝑥 − 𝑦 = 0. As Eq. (1) is invariant with the three coordinates, x, y and z, this 131 

geometric feature applies also to two other perpendicular directions as well, that is 𝑥 =132 

±1	and	𝑦 = ±1. 133 

 134 

 135 

Figure 1. (a) The three-dimensional contour of Zongzi, 𝑥! + 𝑦! + 𝑧! + 2𝑥𝑦𝑧 = 1,−1 ≤ 𝑥 ≤ 1,−1 ≤136 
𝑦 ≤ 1,−1 ≤ 𝑧 ≤ 1.	Note that the geometry is invariant with respect to, x, y, and z. (b) By setting z = 137 
constant, the configuration of Zongzi can be represented as an assembly of ellipses with  major axis 138 
√1 + 𝑧	and minor axis √1 − 𝑧 for z > 0. The role of the major and the minor axis switches for 𝑧 < 0. 139 
(c) Pentamode structure, with diamond-type structure consisting of four linkages connecting at a point 140 
with symmetric double-cone elements.  (d) A unit cell of a periodic array of Zongzi structure, containing 141 
4 Zongzi inclusions, with a lattice constant a. The configuration of Zongzi can be viewed as an outer 142 
envelope of pentamode material structure.  143 
 144 
Further, the geometry of Zongzi structure can be viewed as an outer envelope of a PM structure 145 

(Figure 1d), in which the former structures can be viewed as curved bulk solids, while the latter 146 
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is like skeletal structures. We note that a major distinction between the two structures is that the 147 

central point is an internal point within a Zongzi inclusion, while it is a point-like connection 148 

point for a PM unit cell. 149 

 An ideal configuration of Zongzi would be unstable, as each building block of Zongzi is 150 

connected with the neighboring elements by a point-like tip with zero contact area, see Figure 151 

2a. To stabilize the structures, we introduce a ball joint with a diameter d at the connection 152 

point. The idea of introducing a ball joint is analogous to the notion of finite connection of 153 

touching cones in PMs (Kadic et al. 2012). As each connection point will be joined by four 154 

different cones, a schematic diagram of the ball joint from different angles is depicted in Figure 155 

2b,c. We will demonstrate later that the diameter of the ball joint plays a crucial role in 156 

controlling the effective moduli of the periodic array of Zongzi. A unique feature of the present 157 

configuration is that the Zongzi geometry can be described by a simple algebraic equation (1), 158 

which allows us to transform the configuration into a few variant forms upon coordinate 159 

scalings. This offer a number of flexibilities, through simple analysis, to achieve a number of 160 

tunable macroscopic properties, including effective elastic properties, overall anisotropy, and 161 

effective mass density. It is observed that altering the coefficients in equation (1) can lead to 162 

significant changes in the configuration, which may no longer form a closed contour. 163 

To visualize the periodic array of Zongzi structures, we construct a number of centimeter-164 

scale specimens (Figure 2d) using 3D printing as monolithic pieces without requiring assembly, 165 

since the inclusion contour is defined by a simple algebraic equation. were fabricated with 3D 166 

printer . In view of the geometric configuration, in Appendix A, we show that the periodic array 167 

of Zongzi structures exhibits a face-centered cubic symmetry. In terms of Voigt’s notations 168 

(Nye 1985, Ting 1996, Dvorak 2013), the elastic constants of cubic solids are described by 3 169 

independent constants, 𝐶## = 𝐶####, 𝐶#! = 𝐶##!!, and	𝐶$$ = 𝐶!%!%	, or by bulk modulus 𝐾 and 170 

two shear moduli 𝜇"	and 𝜇"" , with 	𝐾 = (𝐶## + 2𝐶#!) 3,⁄  µ" = (𝐶## − 𝐶#!) 2⁄  and 𝜇"" = 𝐶$$ 171 

(Thomas 1966, Walpole 1986, Norris 2006). When the cubic solid exhibits additional 172 

symmetries, its overall symmetry becomes isotropic, and the two shear moduli, 𝜇"	and	𝜇""  , 173 

become equal. Note that for isotropic solids we have 𝜇" = 𝜇"". 174 

 175 
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 176 
Figure 2. (a) An illustration of a periodic array of Zongzi with ball joints. Figure 2b is an enlarged 177 
diagram of a ball joint. Each ball joint will connect 4 end points from different Zongzi inclusions. See 178 
the illustration in Fig.2a. Figure 2c is a schematic diagram of a ball joint in two different angles. Figure 179 
2d is a photo of a periodic array of Zongzi structure with ball connectors, manufactured by 3D printers, 180 
with a lattice constant a = 1.86 cm and d = 0.26 cm.  181 
 182 

3. Tunable effective elastic moduli, overall anisotropy and mass density 183 

 184 

We now examine the effective elastic properties of a periodic array of Zongzi structures. The 185 

designed microstructure can be generally regarded as a two-phase composite medium, 186 

consisting of Zongzi inclusions and a void phase. At the macroscopic level, the representative 187 

volume element (RVE) can be homogenized into a continuum medium, characterized by 188 

effective material properties. To study the effective elastic properties, we have carried out finite 189 

element simulations based on static continuum mechanics using a commercial software package, 190 

COMSOL Multiphysics, with solid mechanics module. To characterize the three elastic moduli, 191 

three different loading conditions on the boundaries are prescribed (Figure 3). It should be noted 192 

that, for an isotropic microstructure, the boundary conditions depicted in the second and third 193 

configurations of Fig. 3 are effectively identical. The effective moduli of the periodic array of 194 
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Zongzi 𝐶&'() are evaluated based on volume averages over a representative volume element V, 195 

	𝜎<&' = 𝐶&'()𝜀(̅), where (Hill 1963)  196 

 197 

𝜎<&' =
#
* ∫ 𝜎&'* 𝑑𝑉, 𝜀&̅' =

#
* ∫ 𝜀&'* 𝑑𝑉.                                  (2) 198 

 199 

Under a homogeneous displacement boundary condition u& = 𝜀&'+ 𝑥' , it is known that 	𝜀&̅' = 𝜀&'+  200 

(Hill 1963). For numerical calculations, we consider a periodic array of Zongzi that is made of 201 

a type of polymer with Young’s modulus E+ =	3 GPa and Poisson’s ratio ν+ =0.4 (Kadic et al. 202 

2012). To gain confidence of our computation procedures, we have reconstructed the numerical 203 

solutions of the effective elastic properties of PMs presented by Kadic et al. (2012). The finite 204 

element calculations for a periodic array of Zongzi structures are performed with N × N × N 205 

unit cells, totalling 4𝑁% Zongzi inclusions. Our numerical solutions show that N = 3, with a 206 

total number of 108 Zongzi inclusions, discretized by about 1.7~4.1 × 10,  tetrahedral 207 

elements in finite element calculations, will give converged field solutions.  208 

 209 

 210 
Figure 3. The prescribed boundary loadings for the estimates of 𝐾, µ"	and	𝜇""  211 

 212 

The calculations of effective bulk modulus and two shear moduli are evaluated by 213 

prescribing a homogeneous displacement boundary condition along the boundary of a bulk 214 

medium (Figure 3) and measure the average stresses (Hill 1963). See also a monograph on 215 

computational homogenization on heterogeneous materials (Yvonnet 2019). In Figure 4a, we 216 

show the results of the bulk and two shear moduli versus the ball joint diameter 𝑑 𝑎.⁄  For 217 

scalability we emphasize that the calculated effective moduli will be the same for any array 218 

with the same 𝑑 𝑎⁄ . Here we consider the lattice constant 𝑎 = 2m for potential applications in 219 

seismic metamaterials (Fabbrocino et al. 2016, Brule et al. 2020, Mu et al. 2020), and the 220 

diameter d for numerical calculations in the range of 0.01 ≤ 𝑑 𝑎⁄ ≤ 0.09.  For different 221 



  

9 

scalability we have verified the effective elastic properties numerically for different lattice 222 

constants. The calculated effective moduli exhibit a linear dependence on 𝑑 𝑎,⁄  as illustrated in 223 

Fig.4a. In comparison of the original bulk material with 𝐾+ = 5	GPa and 𝜇+ = 1.07	GPa, the 224 

effective elastic constants can be reduced to 1 100⁄  -	1 1000⁄  in the order of MPa (Fig.4b). We 225 

note that since the radius of the ball joint is very small compared to the dimensions of the Zongzi 226 

inclusion, its volume contribution is negligible. As a result, the volume fraction of the bulk 227 

phase is not a dominant factor in determining the effective material properties. This is of 228 

particular interest as we can control the magnitude of effective moduli by up to 2 to 3 orders, 229 

simply by varying the joint diameter without changing the internal structures or the constituent 230 

material. However, we find that the ratios of 𝐾 𝜇"⁄  or 𝐾 𝜇""⁄  for Zongzi structures are reduced 231 

by only a factor of 2.5 to 3.5 compared to those in the bulk material, in contrast to PMs in which 232 

𝜇" ≪ 𝐾 and 𝜇"" ≪ 𝐾 (Kadic et al. 2012). This could be explained by the intrinsic difference 233 

between the two metastructures. Specifically, as we mentioned earlier, the central point of 234 

Zongzi structure is an internal point within a bulk medium, while it is a point-like connection 235 

for PM structures (see Figure 1). Although Zongzi structure does not provide effective shear 236 

modulus as low as that of the PM structures, we emphasize that the present structure offers 237 

flexibilities to generate tunable mechanical properties and large frequency bandgaps, which will 238 

be addressed later.  239 

 240 

 241 
 242 
Figure 4.  The effective moduli of a periodic array of Zongzi, N × N × N = 3 × 3 × 3, versus the ratio 243 
𝑑 𝑎⁄ , where the lattice constant	𝑎 = 2m and d is the ball joint diameter. The bulk material parameters 244 
are K" = 5	GPa and 𝜇" = 1.07	GPa. The elastic moduli of 𝐾, 𝜇#, and	𝜇##	are presented in Figure 4a and 245 
the ratios of 𝐾" 𝐾⁄ ,	𝜇" 𝜇′′⁄ , and 𝜇" 𝜇#⁄  versus 𝑑 𝑎⁄  are shown in Figure 4b.  246 

 247 

Next, we demonstrate that the overall symmetry of the effective medium can be made 248 

further anisotropic upon a simple coordinate scaling. To show this, we introduce a change of 249 
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length scales along the three coordinate axes. The algebraic equation of Zongzi inclusion in (1) 250 

is rewritten as 251 

 252 

																																													Q-
.
R
!
+ Q/

0
R
!
+ Q1

2
R
!
+ 2Q-

.
R Q/

0
R Q1

2
R = 1.	                                      (3) 253 

 254 

Here α, β, and	γ	 are positive anisotropic parameters. With this representation, the Zongzi 255 

originally placed within a simple cubic is bounded inside a rectangular parallelepiped with 256 

domain |𝑥| ≤ α, |𝑦| ≤ β, and	|𝑧| ≤ γ.   The overall symmetry of a periodic array of Zongzi 257 

described by (3) is with orthotropic symmetry. For simplicity, we demonstrate in a video in 258 

Supplementary Material A showing the geometric configuration for α = β = 1 with a varying 259 

parameter 0.1 ≤ γ < ∞.  260 

 261 
In Figure 5a-5b, we present the effective elastic moduli of Zongzi with α = β = 1, and 262 

with different values of γ. The effective Young’s modulus in three directions versus different 263 

values of γ are presented in Figure 5a and the three effective shear moduli are shown in Figure 264 

5b. It is seen that the effective Young’s moduli become anisotropic, where the Young’s modulus 265 

in the z direction increase with the value of γ. This offers a systematic geometric control on the 266 

structural anisotropy. We note that, for PMs, Kardic et al. (2013), Cai et al. (2015), and 267 

Mohammadi et al. (2020) proposed more complex topological anisotropic lattices to achieve 268 

structural anisotropy. 269 

  270 
Figure 5.  The effective properties of a periodic array of Zongzi structures, Eq. (3), with α = β = 1 are 271 
presented. In Figure 5a, we calculate the effective Young’s modulus in three directions versus different 272 
value of γ, and in Fig. 5b the three effective shear moduli. Here 𝑎 = 2m, 𝑑 = 0.06	m	and	N × N × N =273 
	3 × 3 × 3. The parameters of the bulk material are K" = 5	GPa and 𝜇" = 1.07	GPa.  274 
 275 
 276 
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Next, we demonstrate that the effective mass density of a periodic array of Zongzi 277 

structures can be adjusted by incorporating a thickness parameter δ  as shown in Figure 6. To 278 

do this, we consider the Zongzi inclusion as hollow, bounded by an outer and an inner surfaces. 279 

This allows us to control the volume and the total mass within the unit cell, leading to a tunable 280 

mass density. To demonstrate this, we consider the outer surface of Zongzi as the one described 281 

in (1). For an inner surface, by letting 𝑥 → 𝑥 (1 − 𝛿),⁄  𝑦 → 𝑦 (1 − 𝛿),⁄  𝑧 → 𝑧 (1 − 𝛿),⁄  we can 282 

change the algebraic equation of Zongzi (1) to the form 283 

 284 

 𝑥! + 𝑦! + z! + 2𝑥𝑦𝑧 (1 − 𝛿)⁄ = (1 − 𝛿)!, 0 ≤ 𝛿 < 1,                      (4) 285 

 286 

where  |𝑥| ≤ 1 − δ, |𝑦| ≤ 1 − δ, and	|𝑧| ≤ 1 − δ.  287 

 288 

	
 

Figure 6. (a) A hollow Zongzi with 	𝛿 = 0.2, (b) A solid Zongzi with	𝛿 → 1, (c) the effective elastic 289 
properties of a periodic array of Zongzi with α = β = γ = 1 for different values of thickness parameter  290 
𝛿. Here 𝑎 = 2m, d = 0.06	m	and	N × N × N = 	3 × 3 × 3. 291 
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 292 

When δ = 0, Eq.(4) recovers the outer surface of Zongzi. For the inner surface of Zongzi, a 293 

certain value of δ between (0,1) describes a similar shape of Zongzi. For example, a value of 294 

δ = 0.2 depicts a hollow Zongzi with a small shell thickness, as shown in Figure 6a. When	δ →295 

1, the inner surface of Zongzi reduces to a point and thus the Zongzi becomes a solid one, see 296 

Figure 6b. For example, the total volume of a solid Zongzi with δ → 1	is about 10 times of the 297 

hollow one with δ = 0.05.	 In Figure 6c, we demonstrate the effect of thickness parameter	δ on 298 

the effective elastic properties. It is seen that the effective elastic moduli of a periodic array of 299 

Zongzi structures with a thickness δ = 0.05 can be as low as half of a solid one. We note that 300 

the effective mass density of the Zongzi structures is crucial for the frequency bandgap under 301 

wave propagation to be addressed later.  302 

 303 

4. Frequency band structures  304 

 305 

In addition to static continuum mechanics analysis, we examine the bandgap structures of 306 

Zongzi metastructures. The study of periodic metastructures with a sub-wavelength lattice 307 

constant is of particular interest in the control of wave propagation through a periodic medium.  308 

 309 
Figure 7. (a) Illustration of Zongzi metamaterial in the extended face-centered-cubic (fcc) unit cell (red) 310 
and the primitive cell (black). (b) The corresponding face-centered-cubic Brillion zone. The irreducible 311 
Brillouin zone, Γ → X → W → K → Γ → L → U → W → L → K|U → X (red). 312 
 313 

Again we utilize finite-element simulations by a commercial software package COMSOL 314 

Multiphysics, with Bloch boundary conditions (Bloch 1929) imposed on the primitive real-315 

space cell in Figure 7a. The corresponding fcc Brillion zone for a fcc unit cell and the 316 



  

13 

charcateristic points are depicted in Figure 7b (Brillion 1953, Kittle 1996). To verify the 317 

accuracy of our finite element simulations, we first reconstruct the band structures for the 318 

periodic array of pentamode structures presented in Martin et al. (2012, Fig.1), and good 319 

agreement with both results was observed, see Appendix B.  320 

 321 

 322 
Figure 8. (a) The primitive cell of Zongzi structure. See also the black box in Fig.7a. (b) Finite element 323 
mesh with a total of 7350 tetrahedra elements.  324 
 325 

To examine the bandgap structures for the periodic Zongzi structures, we consider a 326 

primitive cell, depicted as in Figure 8a with a mesh diagram shown in Figure 8b. A converged 327 

solution with finite element simulations is achieved by a total of 7350 tetrahedra elements 328 

within the primitive cell. To connect with our previous static analysis, we use the same material 329 

parameters	𝐸+ = 3GPa, 𝜈+ = 0.4	and	𝜌+ = 1190kg/m% for numerical illustratons. To examine 330 

the wave behavior, we consider a periodic array of Zongzi structure with lattice constant 𝑎 =331 

2m and the ball joint diameter 𝑑 = 0.06m. We show that different length scales, namely 332 

different lattice constants with ball joint diameters, can be adjusted to achieve different 333 

frequency ranges. In Figure 9a, we present the frequency bandgap structure of the Zongzi 334 

structures. The baseline geometry of Zongzi is solid with homogeneous material as mentioned 335 

before. Unlike the pentamode structures (Martin et al. 2012, Huang and Zhang 2021), the 336 

Zongzi structures do not have any single-mode regions for the low frequency regime, see also 337 

the left column in Figure B1. This is due to the fact that our effective bulk and shear moduli for 338 

Zongzi structures do not differ much as shown in Fig.4, contrasting to that of pentamode 339 

structures. However, we find that, remarkably, the periodic Zongzi matastructure composed of 340 

a single material could exhibit a very wide complete frequency bandgap (Figure 9a), in the 341 

range of 98-528 Hz. This means that, within the bandgap frequency interval, an incident wave 342 

can be completely filtered through the periodic medium. To further validate the accuracy of our 343 
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finite-element calculations for Zongzi structures, in a separate study (Lin, 2023), we have 344 

implemented a plane wave expansion (PWE) method (Kushwaha et al. 1994, Dal Poggetto and 345 

Serpa 2020) based on Fourier expansions for a comparison. It shows that the bandwidth and the 346 

frequency interval are in reasonable agreement betwen these two different approaches. The 347 

formulation algorithm of plane wave expansion methods for Fourier coefficients corresponding 348 

to the primitive region of Zongzi structures is rather complicated, and the details of PWE 349 

method will be reported elsewhere.  350 

Figure 9. Calculated Band structures for the periodic array of Zongzi structure, with	𝑎 = 2m	and	𝑑 =351 
0.06m.  The geometry of Zongzi is solid made of a homogeneous material with parameters 𝐸" =352 
3GPa, 𝜈" = 0.4	and	𝜌" = 1190kg/m$ . (a) The calculated first complete band structures of Zongzi 353 
metastructure. (b) The first six bands, in which the first two bands correspond to the lateral motion of 354 
shear wave along the ΓX direction, and the the third band can be attibuted to the compression wave 355 
motion along the wave direction. The red straight lines are fitted to dispersion branches, in which  356 
𝑐%	corresponds to phase velocity of compression wave and 𝑐&  is the phase velocity of shear wave .  357 

 358 

In Figure 9a, we demonstrate the first frequency bandgap, where the lower limit of the full 359 

bandgap is the 6th mode, while the upper limit of the bandgap is the 7th mode. To perceive 360 

further the underlying mechanism of the bandgap, we examine the wave modes in the dispersion 361 

relation.  These bandgaps arise from the interaction between the neighboring structural unit and 362 

the incoming waves, leading to interference effects that attenuate the wave energy. Within the 363 

bandgap frequency range, local resonance behavior can be observed between the neighboring 364 

Zongzi inclusions, characterized by out-of-phase motion between different inclusions. A video 365 

file, Audio S2.gif, was included in supplementary materials, which shows the out-of-phase 366 

motion between the neighboring Zongzi inclusions. For illustrations, we generate a video in 367 

Supplementary Materials B that describes the wave motions for the 6th mode and the 7th mode. 368 

Interestingly, it appears that, within this excitation frequency, the Zongzi inclusions between 369 

neighboring blocks move in opposite directions. This suggests a mechansim of local resonances 370 
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(Liu et al. 2000), often characterized in three-phase composite systems containing a hard 371 

inclusion with a soft coating within a hard matrix medium. See for instance the relevant 372 

references, in which both continuum models and discrete models are simulated (Liu et al. 2005, 373 

Huang et al. 2009, Huang and Sun 2009). Note that our present periodic array could be 374 

considered as two-phase systems consisting of the constituent material of Zongzi inclusions 375 

with the surrounding void phase. Further examining the band structures in Figure 9b for the 376 

array of Zongzi, it appears that, for the wave vector along the ΓX direction, the first two bands 377 

correspond to the lateral displacement due to shear wave, while the third band can be attributed 378 

to the compression waves as the displacement vector is along the wave direction. In Figure 10, 379 

we illustrate the first three bands corresponding to Figure 9b, where the yellow ones indicate 380 

the undeformed structure and the red ones show the deformed structure, with the wave vector 381 

k pointing in the ΓX direction (the y axis).  382 

 383 

 384 



  

16 

Figure 10. Illustrations of the first three modes for the band structure calculated with the parameters 385 
given in Fig.9. Fig.10 (a), (b) and (c) correspond respectively to the first, second and the third band.  The 386 
wave vector k is along the ΓX direction, i.e., the y axis. We display the undeformed structure in yellow 387 
and the deformed structure in red (enlarged snapshot). 388 
 389 

To examine the influence of the constituent material properties on the frequency bandgap, 390 

in Figure 11 we change the material parameters from 𝐸" = 800	MPa to 𝐸" = 3	MPa, with the 391 

same Poisson’s ratio. It turns out that the upper and lower limits of the first bandgap vary 392 

substantially. Specifically, for 𝐸+ = 3	MPa, the first bandgap is only around 3.5 to 16 Hz, which 393 

is of particular interest for applications in seismic waves with relatively low frequencies and 394 

long wavelengths. Our numerical results demonstrated that, with the same mass density, if the 395 

Young’s modulus is increased by 100 times, the frequency is increased by the square root, i.e., 396 

by factor of 10. The scalability between the lattice constants and the bandgap frequencies is 397 

demonstrated in Table 1 for different lattice constants a and joint diameters d. The results show 398 

that, for a same ratio of d/a, when the lattice constant a is increased by a factor of n, the upper 399 

and lower frequency limits are decreased by a factor of n.  400 
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 437 
 438 
Figure 11. Calculated band structures for a periodic array of Zongzi structures, with different Young’s 439 
modulus from 𝐸" = 3	MPa	to	𝐸" = 800	MPa, and	𝑎 = 2m	and	𝑑 = 0.06m. Other material parameters 440 
are 𝜈" = 0.4	and	𝜌" = 1190kg/m$. 441 
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 479 
 480 
Figure 12. Calculated band structures for a periodic array of Zongzi structures, with different thickness 481 
parameter δwithin the range 0.06 ≤ δ ≤ 1. As in Figure 11,	𝑎 = 2m	and	𝑑 = 0.06m. Other material 482 
parameters are 𝜈" = 0.4	and	𝜌" = 1190kg/m$. 483 
 484 
 485 

Lastly, we also examine the effect of thickness parameter δ on the frequency bandgap. 486 

Different value of δ changes the volume of inclusion and thus the effective mass density. In 487 

Figure 12, we present the band structures of Zongzi metastructures with different thickness 488 

parameters δ,  within the range 0.06 ≤ δ ≤ 1. When the value of δ is getting close to 1, the 489 

Zongzi inclusion is like a solid inclusion, while a small value of δ = 0.06 corresponds to a 490 

hollow inclusion with thin thickness. The finite element meshes within the primitive cell 491 

increase from 7350 for the meshes presented in Figure 8b to 10000-60000 tetrahedra elements 492 
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for our numerical simulations in Figure 12. Our numerical results indicate that, for the first 493 

bandgap, the upper limit of the bandgap increases substantially from 61 Hz for a thin hollow 494 

structure to 264 Hz for a solid Zongzi structure, while the lower limit does not influence much 495 

by the thickness parameter. This suggest that the thickness paramater has a great influence on 496 

the band width of the first band gap. 497 

 498 

5. Experimental validation 499 

 500 

For experimental tests, we have constructed a number of specimens of the periodic array of 501 

Zongzi at a centimeter scale (Figure 2d, Figure 13a) using a 3D printer, KINGSSEL K-2327, 502 

with blue PLA plastic filament with a diameter of 1.75 mm. The specimens were 3D printed in 503 

one piece without the need for assembly, as the contour of the Zongzi inclusion is defined by a 504 

simple algebraic equation as discussed in Equations (3) and (4). To validate the effective elastic 505 

properties computed by the finite element simulations, a number of samples were tested 506 

experimentally. Specifically, a number of centimeter-scale specimen of the periodic array of 507 

Zongzi, containing N = 3 × 3 × 3	 unit cells, were fabricated with 3D printer (Figure 13a). The 508 

lattice constant is a =1.86 cm with different sizes of ball joint diameter d.  A testing instrument, 509 

MTS 810 Material Test System, was utilized for experimental tests (Figure 13b). The 510 

mechanical properties of the base material, printed as a solid cube, were measured as 𝐸+ =511 

2.17	GPa	and	𝜈+ = 0.4. In Figure 14, we compare the data by the finite element calculations 512 

with the experimental results. We see that the experimental results are in reasonable agreement 513 

with the finite element calculations, not only the overall trend but also the simulated data 514 

quantitatively. It appears that larger, yet marginal, discrepancies occur for samples with smaller 515 

values of d. This could be due to the loss of precision control in printing smaller specimen. Also, 516 

a drastic difference in finite element mesh dimensions for the ball joint and for the bulk phase 517 

of Zongzi could lead to certain computational errors.  518 

 519 

 520 
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 521 

 522 
Figure 13. (a) A test specimen of a periodic array of Zongzi with ball connectors, with 523 
lattice	constant	𝑎 = 1.86cm, ball	joint	diameter	d = 0.26cm	and	N = 	3 × 3 × 3 . (b) A testing 524 
instrument, MTS 810 Material Test System. 525 
 526 

 527 

 528 
Figure 14. A comparison of the effective Young’s modulus based on COMSOL finite element 529 
simulation and experimental tests is shown with different values of d. A periodic array of Zongzi with 530 
a lattice constant a =1.86 cm was fabricated by 3D printer. The printing source material is blue PLA 531 
plastics. A testing instrument, MTS 810 Material Test System, is utilized for the tests. The material 532 
parameters of the source material were measured as 𝐸" = 2.17	GPa	and	𝜈" = 0.4. 533 
 534 

 535 



  

21 

 536 

6. Discussions and Concluding Remarks 537 

 538 

We present a new type of elastic metastructures composed of a periodic array of pyramid-539 

shaped inclusions, referred to as Zongzi. Each Zongzi inclusion is connected with neighboring 540 

inclusions by solid ball joints. We demonstrate that the effective properties of the periodic array 541 

of Zongzi can be controlled by the size of ball joints within a range of 0.01 ≤ 𝑑 𝑎⁄ ≤ 0.09.  542 

The frequency bandgap structures of Zongzi metastructures have also been examined. The 543 

tunable mechanical properties also provide degrees of flexibilities in the manipulation of wave 544 

characteristics, in which the frequency bandgaps can be systematically adjusted. Particularly, 545 

we find that, with proper geometric parameter scaling, the periodic array of Zongzi structures 546 

could generate a very wide bandgap, with tunable frequency ranges. This is due to local 547 

resonance mechanism, leading to an opposite motion between neighboring Zongzi inclusions. 548 

The local resonant behavior could be controlled by the ratio between ball-joint radius and the 549 

lattice constant of Zongzi microstructure. The investigated Zongzi metamaterial offers unique 550 

features in tunable mechanical properties and frequency bandgap, which have tremendous 551 

applications benifiting from the control of wave propagation.  552 

Although the ratio of bulk and shear moduli in the Zongzi microstructure is lower than 553 

that of the PM materials, its flexibility to generate large bandgaps and the potential to tune its 554 

effective properties without modifying the internal structure or material composition as shown 555 

in this study make it particularly attractive for vibration isolation in earthquake engineering 556 

applications. 557 

 558 

 559 
 560 
 561 
 562 
 563 
 564 
 565 
 566 
 567 
 568 
 569 
 570 
 571 
 572 
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Appendix A 573 

In this Appendix, we will show that the periodic array of Zongzi structures exhibits a cubic 574 

symmetry. To show this, we refer to the geometric configuration and coordinate systems as in 575 

Figure 1d. We will demonstrate that the Zongzi and PM structures are both cubic symmetries. 576 

To identify the symmetry planes of the periodic array, we place the origin of the Cartesian 577 

coordinates at the central point within the simple cube, as shown in Figure 1d. It can be seen 578 

that there exists 6 symmetry planes within the unit cell of Zongzi structures. The unit normals 579 

of the symmetry planes are indicated in Table A1. The presence of symmetry in the periodic 580 

array of Zongzi structures will reduce the number of independent elastic constants. For doing 581 

this, we introduce a transformation from one set of orthogonal axes 𝑥& to another set of new 582 

axes 𝑥&"   given by 𝑥&" = 𝑎&'𝑥' ,	so that 𝐶&'()" = 𝑎&3𝑎'4𝑎(5𝑎)6𝐶3456. For example, for symmetry 583 

plane a, the unit normal of symmetry plane is given by h1 √2⁄ ,−1 √2⁄ , 0i  and the 584 

transformation matrix of the reflectional symmetry will be  585 

 586 

𝑎&' = j
0 −1 0
−1 0 0
0 0 1

k.                                                       (A1) 587 

 588 

By direct expansion of the tensor transformation, it can be seen that the elastic constants can be 589 

reduced as 𝑐####" = 𝑐!!!!, 𝑐##%%" = 𝑐!!%%, 	𝑐!!%%" = 𝑐#%#%, 𝑐##!%" = 𝑐!!#%, 𝑐!!!%" = 𝑐###%, 	𝑐%%!%" =590 

𝑐%%#%, 𝑐!%#!" = 𝑐#%!#, 591 

For symmetry plane b, the non-zero component of the transformation matrix will become 592 

𝑎#! = 𝑎!# = −1, 𝑎%% = 1.  And the elastic constants can be reduced as 𝑐##!% = 𝑐!!#% =593 

𝑐!!!% = 𝑐###% = 𝑐!%#! = 𝑐#%!# = 0. In a similar way, one can repeat the derivations for other 594 

symmetry planes and show that final expression for the elastic stiffness matrix can be simplified 595 

as 596 

𝑪 =

⎣
⎢
⎢
⎢
⎢
⎡
𝑐#### 𝑐##!! 𝑐##!! 0 0 0
𝑐##!! 𝑐#### 𝑐##!! 0 0 0
𝑐##!! 𝑐##!! 𝑐#### 0 0 0
0 0 0 𝑐!%!% 0 0
0 0 0 0 𝑐!%!% 0
0 0 0 0 0 𝑐!%!%⎦

⎥
⎥
⎥
⎥
⎤

.                    (A2) 597 

 598 

 599 

 600 

 601 
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Appendix B  602 

 603 

To validate the accuracy of our numerical simulations of band structures, in Appendix B we 604 

demonstrate the results of our calculations of the band structures of three-dimensional 605 

pentamode metamaterials studied by Martin et al. (2012, Figure 1). The material and geometric 606 

parameters follow exactly the data from Martin et al. (2012). The results of the right column in 607 

Figure B1 are our calculations, while the ones from the left column of Figure B1 was the 608 

original plots from Martin et al. (2012). In the calculation, we utilized COMSOL commercial 609 

finite element program with about by a total of 10000 tetrahedra elements within the primitive 610 

cell. The results show good agreement between the two calculations.  611 

 612 
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 613 
 614 
Figure B1. Reconstruction of band structures of pentamode metamaterials presented in Martin et al. 615 
(2012, Figure 1). All the geometric and material parameters follow the paper (Martin et al. 2012). Left 616 
panel: the results of Figure 1 in Martin et al. (2012). Right panel: the present numerical simulations. 617 
The fixed parameters for the pentamode structures are 𝑎 = 37.3𝜇m, 𝐷 = 3𝜇m. The diameater of the 618 
connection region d.	(a)	𝑑 = 3𝜇m, (b)	𝑑 = 0.55𝜇m, (c)	𝑑 = 0.2𝜇m. 619 
 620 
 621 
 622 
 623 
 624 
 625 
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Data Availability: The data that support the findings of this study are available from the 626 
corresponding author upon reasonable request. 627 
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 668 
 669 
Figure Captions 670 
 671 
Figure 1. (a) The three-dimensional contour of Zongzi, 𝑥! + 𝑦! + 𝑧! + 2𝑥𝑦𝑧 = 1,−1 ≤ 𝑥 ≤ 1,−1 ≤672 
𝑦 ≤ 1,−1 ≤ 𝑧 ≤ 1.	Note that the geometry is invariant with respect to, x, y, and z. (b) By setting z = 673 
constant, the configuration of Zongzi can be represented as an assembly of ellipses with  major axis 674 
√1 + 𝑧	and minor axis √1 − 𝑧 for z > 0. The role of the major and the minor axis switches for 𝑧 < 0. 675 
(c) Pentamode structure, with diamond-type structure consisting of four linkages connecting at a point 676 
with symmetric double-cone elements.  (d) A unit cell of a periodic array of Zongzi structure, containing 677 
4 Zongzi inclusions, with a lattice constant a. The configuration of Zongzi can be viewed as an outer 678 
envelope of pentamode material structure.  679 
 680 
Figure 2. (a) An illustration of a periodic array of Zongzi with ball joints. Figure 2b is an enlarged 681 
diagram of a ball joint. Each ball joint will connect 4 end points from different Zongzi inclusions. See 682 
the illustration in Fig.2a. Figure 2c is a schematic diagram of a ball joint in two different angles. Figure 683 
2d is a photo of a periodic array of Zongzi structure with ball connectors, manufactured by 3D printers, 684 
with a lattice constant a = 1.86 cm and d = 0.26 cm.  685 
 686 
Figure 3. The prescribed boundary loadings for the estimates of 𝐾, µ"	and	𝜇"" . 687 
 688 
Figure 4.  The effective moduli of a periodic array of Zongzi, N × N × N = 3 × 3 × 3, versus the ratio 689 
𝑑 𝑎⁄ , where the lattice constant	𝑎 = 2m and d is the ball joint diameter. The bulk material parameters 690 
are K" = 5	GPa and 𝜇" = 1.07	GPa. The elastic moduli of 𝐾, 𝜇#, and	𝜇##	are presented in Figure 4a and 691 
the ratios of 𝐾" 𝐾⁄ ,	𝜇" 𝜇′′⁄ , and 𝜇" 𝜇#⁄  versus 𝑑 𝑎⁄  are shown in Figure 4b.  692 
 693 
Figure 5.  The effective properties of a periodic array of Zongzi structures, Eq. (3), with α = β = 1 are 694 
presented. In Figure 5a, we calculate the effective Young’s modulus in three directions versus different 695 
value of γ, and in Fig. 5b the three effective shear moduli. Here 𝑎 = 2m, 𝑑 = 0.06	m	and	N × N × N =696 
	3 × 3 × 3. The parameters of the bulk material are K" = 5	GPa and 𝜇" = 1.07	GPa.  697 
 698 
Figure 6. (a) A hollow Zongzi with 	𝛿 = 0.2, (b) A solid Zongzi with	𝛿 → 1, (c) the effective elastic 699 
properties of a periodic array of Zongzi with α = β = γ = 1 for different values of thickness parameter  700 
𝛿. Here 𝑎 = 2m, d = 0.06	m	and	N × N × N = 	3 × 3 × 3. 701 
 702 
Figure 7. (a) Illustration of Zongzi metamaterial in the extended face-centered-cubic (fcc) unit cell (red) 703 
and the primitive cell (black). (b) The corresponding face-centered-cubic Brillion zone. The irreducible 704 
Brillouin zone, Γ → X → W → K → Γ → L → U → W → L → K|U → X (red). 705 
 706 
Figure 8. (a) The primitive cell of Zongzi structure. See also the black box in Fig.7a. (b) Finite element 707 
mesh with a total of 7350 tetrahedra elements. 708 
  709 
Figure 9. Calculated Band structures for the periodic array of Zongzi structure, with	𝑎 = 2m	and	𝑑 =710 
0.06m.  The geometry of Zongzi is solid made of a homogeneous material with parameters 𝐸" =711 
3GPa, 𝜈" = 0.4	and	𝜌" = 1190kg/m$ . (a) The calculated first complete band structures of Zongzi 712 
metastructure. (b) The first six bands, in which the first two bands correspond to the lateral motion of 713 
shear wave along the ΓX direction, and the the third band can be attibuted to the compression wave 714 
motion along the wave direction. The red straight lines are fitted to dispersion branches, in which  715 
𝑐%	corresponds to phase velocity of compression wave and 𝑐&  is the phase velocity of shear wave . 716 
 717 
Figure 10. Illustrations of the first three modes for the band structure calculated with the parameters 718 
given in Fig.9. Fig.10 (a), (b) and (c) correspond respectively to the first, second and the third band.  The 719 
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wave vector k is along the ΓX direction, i.e., the y axis. We display the undeformed structure in yellow 720 
and the deformed structure in red (enlarged snapshot). 721 
 722 
Figure 11. Calculated band structures for a periodic array of Zongzi structures, with different Young’s 723 
modulus from 𝐸" = 3	MPa	to	𝐸" = 800	MPa, and	𝑎 = 2m	and	𝑑 = 0.06m. Other material parameters 724 
are 𝜈" = 0.4	and	𝜌" = 1190kg/m$. 725 
 726 
Figure 12. Calculated band structures for a periodic array of Zongzi structures, with different thickness 727 
parameter δwithin the range 0.06 ≤ δ ≤ 1. As in Figure 11,	𝑎 = 2m	and	𝑑 = 0.06m. Other material 728 
parameters are 𝜈" = 0.4	and	𝜌" = 1190kg/m$. 729 
 730 
Figure 13. (a) A test specimen of a periodic array of Zongzi with ball connectors, with 731 
lattice	constant	𝑎 = 1.86cm, ball	joint	diameter	d = 0.26cm	and	N = 	3 × 3 × 3 . (b) A testing 732 
instrument, MTS 810 Material Test System. 733 
 734 
Figure 14. A comparison of the effective Young’s modulus based on COMSOL finite element 735 
simulation and experimental tests is shown with different values of d. A periodic array of Zongzi with 736 
a lattice constant a =1.86 cm was fabricated by 3D printer. The printing source material is blue PLA 737 
plastics. A testing instrument, MTS 810 Material Test System, is utilized for the tests. The material 738 
parameters of the source material were measured as 𝐸" = 2.17	GPa	and	𝜈" = 0.4. 739 
 740 
 741 
Figure B1. Reconstruction of band structures of pentamode metamaterials presented in Martin et al. 742 
(2012, Figure 1). All the geometric and material parameters follow the paper (Martin et al. 2012). Left 743 
panel: the results of Figure 1 in Martin et al. (2012). Right panel: the present numerical simulations. 744 
The fixed parameters for the pentamode structures are 𝑎 = 37.3𝜇m, 𝐷 = 3𝜇m. The diameater of the 745 
connection region d.	(a)	𝑑 = 3𝜇m, (b)	𝑑 = 0.55𝜇m, (c)	𝑑 = 0.2𝜇m. 746 
 747 
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Table 1. The range of first bandgap for different lattice constants a and d  with fixed a/d 
𝑎 𝑑 Lower limit (Hz) Upper limit (Hz) Bandwidth (Hz) 

40 cm 1.2 cm 490 2640 2150 
2 m 0.06 m 98 528 430 
4 m 0.12 m 49 264 215 
8 m 0.24 m 25 132 107 
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 902 

Table A1 The unit normal of symmetry planes 
Symmetry plane unit	normal (𝑥#, 𝑥!, 𝑥%) 

a 1/√2	(1, −1, 0) 
b 1/√2	(1, 1, 0) 
c 1/√2	(1, 0, −1) 
d 1/√2	(1, 0, 1) 
e 1/√2	(0, 1, −1) 
g 1/√2	(0, 1, 1) 
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