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 ABSTRACT

In an earlier publication the'validify-of the radiatioﬁ transport
. theofy wés studied for'the'calculafion of multiple scgtﬁering of electro-
__magnetic waves.by a turbulent plésma,  In the present,papef we extend the
transport fheory'to include a description ofithe_Doppler shift in frequency

due to electron motion.
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I. INTRODUCTlON
In Part I-of this series1 the class1cal radiation transport
equatlon was derlved from MaXWell's equatlons for the study of scattering
of electromagnetlc waves by a turbulent plasma. In Eart 112 some |
techniques for us1ng the transport equatlon were dlscussed. .Tn both of

these papers the Doppler shlft in frequency due to the motion of the

fscatterlng electrons was neglected. ‘In ‘the Present paper we extend the

transport theory to 1nclude any frequency shlft of the scattered waves,
An exhaustlve analys1s of the relatlon between a wave equatlon

and the correspondlng classical transport approx1matlon has yet to be

made.. The first such analysis seems to have been given by Foldy5 who

discussed the scattering of scalar waves hy'a set of uncorrelated point

:scatterers, obtaining a-transport equation. The quantum theory of

scatterlng by a weakly bound medium" was related to a class1cal trans-

L
port theory by Watson. It was an adaptation of the methods used in

this work to Maxwell's equations which was given in I. A different

approach was used by Barabanenkov and Finkel'berg,5 who derived a transport

equation .from the scalar wave equation using a "Bethe-Salpeter” type of
equation. | |

In Section II we summarize the results derived in this paper.
These lead to a radlatlon transport equatlon of conventional form,6 the

scatterlng kernel belng exp11c1tly expressed in terms of plasma density

) fluctuations. The reader who is not interested in the details of the

derivation will Probably find the account in Section IT adequate for

' using the transport equation.
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II. SUMMARY OF RESULTS

The phenomena which we wish to describe are illustrated in
Fig. 1. A plasma of finite extent is illuminated by an electromagnetic
wave emitted by a'diétant source S and propagating in the direction g .
The intensity of the waves scattered by the plasma is measured with a
‘receiver R, als§ a great distance away. (The restriction to a distant
'sourée and receiver_is of course not required fof.a'défivation of the.
transport equation.) -

Several éssumptions conéerning ﬁhe piasma were introduced in I.
We shall accépt these here and, in addition, .explicitly suppése the
Plasma electrons to héve nonrelativistic energiés. The assumed turbulence
properties of thévplasma will be reviewed later in this section. The non-
relativistic assumption will be expressed by the inequaliﬁy-

(kR )(v/e) < 1. | (N8)

A

Here k/éx is the wave number of the radiation, Rc a measure of the
distance over which plasma motions are correlated, v the mean speed of
the plasma electrons, and ¢ the speed of light.

As in I, we suppose the plasma to bevunderdense and that

kR, >> 1, | | (BL4)
where Ry is the "size" of the plasma. Assumption (B4) allows us to
ignore diffraction scattering from the entire Plasma (in all but a small

oY
cone with axis parallel to k ).

N
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Tn the classical theor;} of bradiati.on transport the flow of
fediant energyiat a point x per unit area; per unit time, end fraveling
in the direction :g is |

Iz D o) A% @ . o (2.1)

The notation here implies fhet the radiation has an angular ffequency a;
within the interval dw', and is coﬁfined to propagatioﬁ directions lying
within the solid angle o . ' |

For waves wﬁich~ha;e some degree of polarization.it 1s necessary
telgeneralize (2.1); .This was done by Chandrasekhar6 and,jin.a similar

manner, in Ref. 1. To do this we shall follow the notation of T and

~introduce the two unit vectors jgg(i), i=1 2, for a-plane electro-

magnetic'wave.traveling in the direction ﬁ - The electric field vector

‘for such a wave is of the form

B - [E§(1) &) 'E§<2)§§(2)Ji it (2.2)

The unit: vectors ,§§(i) are defined in terms of £ ; the direction of pro-

1 T

pagation of the incident wave before entering the plasma. These are
‘@) - c@®B g,
Sa(1) = 2A2) x %, | (2.3%a)
~p ~D ~ | S .
where
' A=l : _ : .
c®) = (P x k)7 . (2.3b)
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To define the,polarizationAvectors.for the incident wave, we orient the
" z—ax1s .of a rectangular coordinate system to be parallel to ﬁ and
choose eﬁ(l) and eA(E) to be parallel to the x- and y-axes,

respect;vely. For backscatter we define

UR'D
H
!

f.bgg(l),:f

g = -x@ . (e.n)
The electric field at any p01nt can be represented as a sum of

waves of the form (2.2).  If we flx our attention on & 51ngle'"bundle"l.’

of wavelets propagating'within dﬂs ,and  dw , We may define the intensity

~

as -

N . . * ) ) i o - .
,lJ(zs, B o) = constant, x <-E;§(i)_E§(j)v>, B (2.5)

i, :'1’2 Héfe EEEED L represents an ensemble (or statistical) average
over the plasma (and any source) fluctuatlons The eonstant in Eq. (2.5)
is defired by the following cohdition. We suppose that a fllter at X
rasses only the - component ‘of E parallel to some dlrectlon e « Then

the power Per unit area passed by the filter,-corresponding to propagation

~ within dQ§ -and frequency within dw , is

~

2 :
- 1) I B o) {)| - fag . (2.6)

i,4=1

g
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We suppose the statistical properﬁies of the plasma to be

| represented as a stationary random p;odess. If the plasma contains N

freé ele¢tronslwith coqrdinaﬁgs 51,‘52,"-5N,_we take the»probability

that'electron_l is dat %l within dBZi;.at time tl; etc., to be
Pz, t.; 2., t; -04 z s & )d5z ceedoz . ' {2 7).
BRI\ R IR~ E~ S e Rt | N~ ’

The statement that this ié a stationary distribution function is equivalent

9

Ry by T gp iyt T g byt T) = Pylzys 65 2 i egpty).
(2.8)
We further suppose that from BN we can define s hierafchy‘qf distribution

functions as follows:

» N 3 ....3 B .'

Pi(gl) = Ph a z,d ZN R » , v(279a)
_ ) - : 3. ...33. o .

Pg-.(,.z,l:tl, ,%2)t2 ) = PN d Z3 a Zy . (2.9)

ete. Here

‘ete.

Following the notation of I, we assume that Pé, IB"- may be

developed in terms of correlation functions. Thus,'for”éxample;

Pz1st) 5250%,) = Py (z)) Py (z,) [1 + g(él,tljéé:tE)} : (2.10)
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Here the "pair correlation function" g 1is considered to vanishiwheni

151'- %2] >> Rc; thg "gorrelation range;" §r‘fOr: ltl -:t21‘>>'tc{"-the_

"correlation time." Again, we write P, in the form
Pyl2yr b5 2o b5 2585) = P(z) Pl(ge) Py (z5)
o1 syt %)+ ety apty)
+'g(g3,t3;vgi;tl) + g5(51?t15'52{t2; 55,t3)}.-
(2.11)
The "triplet correlationlfunctibn" &s ‘isvassﬁmed:tbuvanish when any
pair of the three céordinates is separated by a distance 1argé compared to
Rc - or any'pair‘of'times by an interval large.comparedrfo' t,. |
Continuing as above, Wé can-expfeSs the-pfobability‘functions'v
Py B

function gn(gl’tls".én’tn)< vanishes uhleSs all n 'coordinatesilie

**° in terms of correlation functibns.lo The n-particle correlation

within a volume characterized by the linear dimension Rclfénd‘all n
times within an interval of order tc.
In the absence of significant effects from external magnetic

fields and/br Coriolis forces time reversal invariance implies several
11,12,13

symmetry relations for the P's and g's. For the pair.,
correlation we have,.for'example, o ' s
g(gl,t; 2,,0) = g(gl,-t; 2,50) - | : , (2-l2§)

Because we have assumed a stationary random process, :we may conclude that
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-T=

g(z1,t5 2,,0) g(z,,05 z,,-t)

~—

i}

(21505 2558) 5 - (2.120)

using (2.12a). On setting %, - t. = T , We obtain

2" "
g(zy,t5 2558,) g(zy,255 )

= gz 255 -7) . (2.13)

We finally assume, following I, that

i

o g(z,2,5T) glz,s |z, ~ 2,05 )
17%2 1P 12 " %

e

_ g(QQ;'lgl - zpl5 7). " (2.14)

[The assumption (2.1L4) is not required for the derivation of the trans-
port eration. It does permit us to write the scattering kernel (2.19)
in "prettier" form, however. ]

The mean plasma electron density at a point z is
olz) = WP (). _ _ (2.15)

The electron collision frequency at 2z  Wwill be written as Vc(g) and

the plasma frequency as

5 1/2
w (z) = [br e pﬁg)/ﬁ]~f L : (2.16)
The refractive index n(g) of the plasma was discussed in I.
The first approximation to this was written as ny and is given by the

familiar expression
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nle(g) = 1 - abg[@(w + ivc)] (2.17a)

We shall, as in I, suppose the imaginary part of n(z) . to be negligible
for propagation over distances comparable to .Rc; This Permits us to
take

2( 25-1"

o

n g)

2,2
1 1- &b (w» + vy
~in Egs. (2.20) and (2.22) below.

The absorptionvlength %c(g) due.tO'electrbn collisions is

expressed as

2 R - .
. BN Eh) v :
l  ~ __ P [ , . . (2.18)
£CZ'%5 ((l) + Vc2_) (C ) E . » .

where ¢ is the speed of light.

We now deflne the scatterlng kernel M for scattering a wa#e_

from the dlrectlon P! to direction P asv

l n‘lul s ) - (2.19)

3>
-
&g
9 .
N
~~
[
()

(13 |‘M(§:§i; Q) | sr) = og( o
whereu
(i |m] s r? = (1) . %,(s)]{%(;) . §§,(r)'] | (2o
and:‘ |
r'g 3 . . 00
cg(§,§'5 Q) = "'_——f%?—ii [92(5)] 'éi-' . dr -elQTv
1 +<' EC_ _’ -

x [ R g(z; R,7) explin (g) k(3 - $)R] .  (2.20)

(2.17b)}_

%
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~ For later reference we observe that because of the time reversal

invariance property (2.12a) Oy is even in Q .

’ : ' The absorption length zt(g) for scattering is defined by the
equation |
1 _ _]_._ o Ny oy 2 -
W = 3 d%'_ O’g(:'g D ) »[l _+_‘ (g D ) ] (2.21)
where .
QO .
o (B -3') = a2 o (3,3 2)

r .
v .
. e :
1l + - : .

x exp[]l‘: ny k(D' - ’I‘))B ]

(2.22)
and
g(z; R) = g(z; R,0) . S ' (2.23)
An elementary calculation yields |
~ o2 | " @® ' . : L
' t:-—, ~n A Y :
., ag - fdfy, (1 MB35 2)ls s) = 85/ - - (2.24)
$ oAl P ‘
The net absorption length &(E) is defined, finally, as |
1 1 1 S
S (2-252)
t c
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We note that this is equivalent to the equation
7 = 2k Imn, - | ‘ ~ (2.25Db)

where nl,is the refractive index given to the order of accuracy obtained
in TI.
Thevtransportvegyation for Iij' (to be derived in Section V) is

Q0

B - V,E(,{S,:fj;w) C3] ;(5;"@,@) =
(2.26)

Here we have written inj as a column matrix with four elemenfs and
(i jlMls ) asa L4 X & équare matrix [evaluated at the point x , of

coursel. The brodquct M T is then the column matrix with elements

Gols )1, 4,5 =1, 2.
. S,r=l- .. R :, ‘ S
We see from Eq. (2.20) that M will vanish for |o - w'| > 1/tc.
If I 1is nearly constant over a frequencyvrange of order'll/'tc we can

re-write Eq. (2.26) in the form

PrVvIGmBe) + gy Hede) = | ag, MG 1050 -
' - _ , (2.27)
Here
© | |
M(B,p') = ae M(5,3'; «) . ' (2.28)

aw! %, M(3,3'; o0 )I(x,Pre0).
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Alternatively; if the radiation is confined to a sufficiently
- narrow frequency interval A, we can integrate Eq. (2.26) over
' frequency to obtain Eq. (2.27) as satisfied by the intégrated intensity

w I, B o). (2.29)

o
Y €]
M
3>
~—
]

<0
It was this equation which was obtained in I.
- The fundamental assumption required to derive the classical

transport equation (2.26) is that

R, < & ,  (2.2%)

where (we recall) Rc is the correlation length. When 'Rc may be

-takénvas Kt , We may re-write (2.29) as the condition that

. : : L S : ’
I _ R w :
. b <1, (2.29p)
where
¢ = s/t , I ' (2.30)

with & p2 the mean. square electron density fluctuation.

In the derivation of Eq. (2.26) it was also assumed that the paths

. of geometrical optiecs for rays propagating with the refractive index n(g)
. . could be approximated by straight lines. More.generally, Eq. (2.26) must

be integrated along curved ray paths.
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. III. THE POWER SPECTRUM
We cens1der an electrlc fleld varlable E(t) defined over the
long tlme 1nterval -(T/E) <t < (T/2) and vanishing outside this
1nterval. In representing a seattered wave, E Will depend parameteri-

~1

. characterizing the-source}v It will be cenvenient to use a complex

. cally on the electron coordinates z ,f"gN and on any random variables
representation for E ; so the "power density” is

@ - 8r;< 5" <t> E(t)) R RS
in a suitable system of units.llL Here the average "<'-~)"*represents

an average over both plasma electron coordinates and over source '

fluctuations. That 1s,
¢ B (6) B(t) ) = ® ci_3z -f}dB_zN ( E(t) B(t) )y (3.2)

"where "(**6)5" represents an average over source fluctuatlons only We
extend the assumptlon (2 8) that we are deallng w1th a statlonary random

bprocess to include the source. Thus, for example,

o, T/2' , , s
(5 (6) B(6) ) = % @B E) ) . . (5.3)
-(T/2) -
. o The_field~'E(t).'is expressedfinvterms:of its Foufiefetfaneform
E(w) ‘as | |
E(t) Y )1 5 / E(w) | (3.4)

-(1/2)

»
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The power spectrum of E(t) is then
. .
1 ;E w
Q;%aﬂ T { T )
iwT

5 | (F@Ee ) &

ar, . (3.5)

normalized to

__[_-{J(w)am - @ S (.6)
J ' S :

. "™

'It_shOUld be noted that we are here defining the power spectrum
over the interval 0 << +0 . We shall see that our transport equation
is even in o 5> 80~ I may be defined on the interval 0 <w < ®m.

The incident plane wave emitted by the diétant.source (see-Fig. 1)

is assumed, for the present, to be plane polarized15 and of the form

:ég(l)‘ EI(,i;',t') ;

EI(E"t) =
) L e st |
EI(z,t) = 25;3:75- Eo(w) e | dw ,(3'7)

The power spectrum of the incident wave 1s’

- ,E(a))l2 | |
(?I(‘“) =-%<—gﬂ————>=é)l(-w), : . (3.8)

which must be even in o if it is to correspond to a physical wave. The
incident.intensity, representing flow of power per unit area, is then

[here ¢ 1is again the speed of light]
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1k
@) = 2 6)1@)) . o0<e<ow. (3.9)

The total intensity is then

° = [00 Io(a))dw. | | o (3.10)
Jo ’ '
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IV. THE BORN APPROXIMATION
. It is instructive to first calculate the scattered power in the
Born approximation.l6 The scattered waves at a point r far from the

plasma can then be written in the form [see Eqs. (2.3)]

_ 2
"N .
E.(zt) = :>: 50) £ Gs0),
=1 -
N - : '
. 0 A
E, (3,8) = E G fjl(,g,%) E(z,t) . (k1)
o=l -
Here E; is the incident field (3.7) and Zo = ga(_ta), o= 1,2,--+N, is

an electron cdordinate evaluated at the retarded time

t =t—RO/c,' L o : (4.2)

04
where
R, = ¢ - éa(ta)" ' (k.3)
and ﬁ =7.
For a plane wave having wave number k/éﬂ and angular frequency
® = ke,
ikR .
o _ e © | | (h.1)
G = .
o R, |
and
: Ve -1 :
AN . N . 'I\ .
£, ®BRe) = @ +1 ) sﬁ(a)gg(l) (4.5)

is the Thomson amplitude (here ro is the classical electron radius).
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.

Since EI contains a spectrum ofvplané.waves, we interpret (h.l) as

. follows:
s
ikR ' e
a i(kez -wt)
6] o B aw e FSEAEIRY - 04
Cra Ty (B8 Bylzpt) = e Ry 51 Brho)E (@)e

Here Xk = E(k) is the wave number after scattering for an incident -
wave number k . Now, |k - k| = CE%&?Vé/E) << k by assumption INR
made at the beginning of Section II. We shall interpret this to mean,

for example, that

~ ’\._. : ' ' A
' fji(r’é’%’w) = fji(;ﬁyl,é’w)_ ) ' ()'l'-'?)

where o = kc .

On setting t' =+t + 7, using Egs. (4%.1) and (k.6), and writing

Ra T r - @ * Eop etec., we obtain
) T/2 . . |
* 1 *
. Xi - = . 1
(B (3,8) B (5,87)) = % at (B (3,%) Beltt) )
-(1/2)
N @
2 1 oD
= F dw f Jl(g’%’w) f&l(P,k,UJ)
Q,B=1 -CD.
1 2 y
x — =1 . . £
([ T Iﬁo(w)l expl-iwr] | _ :

% el 1l t,) - ) E3 -0 .
v (4.8)

According to Eq. (3.2) the avérage "(+++)" here implies the integration
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3 ) o, oa .
jdzadzﬁ P(z,.ta, Zg) tB) . (u9)
From Eq. (2 lO) we see that the term not involving the pair correlation
function does not involve the tlmes "t' and tB -» Which could be taken

to be 9111 two times in the ihtérval -(T/2) <t <T/2 . Also, for this
tverm we have k =‘k, correspondlng to coherent scatterlng.

For the other term, involving the rair correlation functioh, we
havé Iga - EBI ~ @J(Rc) . Since the distribution fuﬁction_ is stationary,

"we may set

ga(tr,a) --'%ﬁ(tﬁ) «%a(t,a +r/e) - ’%B(tﬁ + r/c)

I

) g0 G2 1) o)

C

within ‘the average in Eq. (L. 8) The term of ﬁ( — R k) may be
dropped in the exponential, us:Lng assumption NR. Also, since
k-k = (k ve)/c , We may use assumption MR to set &k = k in (4.8).

'Finally, then', ve may write this equation in the form

E (J;t) E (& t')) = Z ] dw' f (p,k(b )

a, B=1
£, Brk,01) (6x @(w)]
~iw't
x e P (x) P ()1 +glx,x'; 1)
x expli(k' - p')(x - x")] Px Ox! ,  (b.11)

where p' = k' T .
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The power spectrum of the scattered waves is then
ior ar
2

P

L,* . '
@™ (5 (5,4) B (4,4)) e
1 * AN A ,?','dfc
= I'E T jl(f’,%’w) le(’g,'lé,d))[dw I(w ) | oy
X |.5

|da'x de' o(x) p(x")1 +glx x5 ™)1

i (') o a . -
x € exp[i(g - E).(¥ -x")1. | (k.12)

We have here used the relation (4.7) to remove the scattering ‘amplitudes
from the w'-integrgnd. .

The coherent scattering in Eq. (4.12) is given by the term that
does not involve. g. This is immediately seen to reducé to

@,@)

= 1 * A D p AN . P .

coh r

x| | @ expliCe - pexd o) |, (4.13)

where p =k

“~

R

The remaining part of (4.12) represents the incoherent scattered

. . 1
bower. This may be written in the form

k

5 (@) = % | a3 l M('Nﬁ,%; ®=-w)]11) @(w’) ) (4.14) ’

inc v J

where M is defined by Egs. (2.19) and (2.20) and the refractive index

nq is replaced by unity.
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To derive the transport_éqnation.we must COnsidér-a.sequence of

scatterings, just like the single one just described. In I it was

shown{that all coherent scatterings result in propagation with the

refragtive index n . The incoherent scatterings lead to the transport

eQuétion.

A sequence ofvcoherentrscatterings will not lead to a frequenc§
shift. On tﬁe othér hand, a long seqﬁence of incoherent_scattefings
may lead to a large frequency shift in the wéve.' For each single |
scattering in.such a -sequence, we can cohtinue to assume that the
frequency shift '(6'- w) = (:7ﬂ; ve/b) is small, because of fhe.

assumption NR. In particular, we can continue to use the relation (4.7),

where ® and @ are the respective frequencies before and after a

given single scattering.
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V.- DERIVATION OF THE TRANSPORT EQUATION

The derlvatlon of the transport equation as given in I needs

L]

only minor modlflcatlons to ‘take account of the frequency shlft In
this section we shall therefore rely heavily on the development giren
in I. "

Follow1ng the discussion glven in I ‘we wrlte a partlcular

component ‘of the scattered electrlc field’ vector in the form

E(r) > > - Q (r, By 2y ) L (5.)

’oooa

Here Qn represents the contrlbutlon from a wave multlply scattered
by electrons at 2y 50'1%&' and the sum is over all electrons and- numbers
of scatterings. -

To find the séattered power ue must eva1Uate>such'quantities as

]

Fm = .( Q*m(r,; 'Zﬁlg;'%m) ‘Qn(;;;' Zo "TEy ) )

1 n

, o 3y eengd | | | |
<]Pm+anQ‘ﬂdzBl &z, by | (5.2)

using the notation of Eq. (3.2). We suppose the Probability function
nin to be decomposed into a cluster'expansion of correlated coordinates; B
. ) / \
as in Egs. (2.10) and (2.11). For each term of this expansion each

coordinate is a member of a correlated cluster of coordlnates F1rst, E

given coordinate Z,, may be uncorrelated with another coordinate. If

not uncorrelated, =z, is correlated with other members of the set

Z. ez in (5.?){
Nﬁl ~9%
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.- Let us suppose that ‘ga belongs to the correlated cluster set

“**%, s Which consist of .only Zo In this case the'integral over
c d -’ : _ ‘
';‘éa “involves only Q, - This was called a "coherent part" of the

A . .

Ra
e ) - o , .
averagé in I. Such "coherent part"” averages may clearly Le performed on

“each factor of E(r) before squaring. It was shown in I that the effect

‘of the "coherent part" averages is to give the plasma a refractive index.

This result may be taken unchanged‘for our present analysis.
To ‘see this, we note that the introduction of the time-dependeht
correlation functions does not modify the expressions obtained in I for

the refractive index. This is obvious [because of the stationary property

(2.8)] for scatterings which are uncorrelated. Secatterings which are

‘correlated are separated by distances of the order of Rc . Dﬁring the

time Rc/b required for prbpagation across a correlated cluster a
typical electron will have moved a'distance ‘(Rc Ve)/b » The resulting
change of phase in the exponentials is therefore of order

v
e

(kR) = <« 1, | .,. J | - (53)

by assumption NR, and can be neglected.

The resulting equations for the multiply scattered waves are

{see Eqs.'(I 3.31), (I 3.32), (I 3.33)]

| , N 2 |
Blgpt) = Ec(za;t) + y Z Sp(d) Bg(ist) , - (5.1)

B(#x)=1 =1
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00
B0 (%) = Gy 7,008, 80) B (5,) + X Y“M 8 50)E, (38).
st B til b ' /4 /. ILJ P) “8g JsT /.
| c(%B) 1 J . ok
(5.5)
Here -
B s @, 5.6)

where § is the unit vector parallel to (z,, - %B) . The quantity -

t) represents the coherent wave [see Egs. (3.7)]

!

_Ec@a’f“)_ = 5O E(z,0)

L 1 B i(kea;mt) IR
Beli®) = [ e Be)e T, )
where :Sa is the eikonal for the coherent wave [Eq. (I 3.34)]
Z
~

s(z,) = () -1las+§ -z, . (5.8) |

192}
it

Hére n(x) is the refractlve 1ndex and the constant of 1ntegrat10n has

been chosen to be consistent with Eq. (3. 7) The Thomson amplitude (k.5)

for scatterlng has been re-wrltten in Eqs. (5.5) to 1ndlcate scattering ﬁ
from the dlrectlon of (%B_- gd). to that of (ga - %B)’ etc.  For a .
monochromatic wave GQB is the Green's function [see Eq. (I 3.29)]
kS .
o B |
GO@ = R 2 7 v (5-9)
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S B = n(x) ds , : . (5.10)
- s
the integra1 being takeh along the straight line path from 55 to Zq
and-
S T L CE
'We have used the notation of Eq. (4.6) on the right-hand side of Eq. (5.5),
writing v
o 11508, B0) B, (5,8) = | B e P o po )8 (et
B 13t AN A /27 R 130 PO Bo Y
, (an) B ‘
(5.12)
in terms of the Fourier transform % of E .
T : Bo Bo -
The argument given following Eq. (4.6) lets us set Xk = k in the
exponential in (5.12). .
The "coherent part" averages in the expressions (5.2) permitted
us to derive the multiple scattering equations (5.4%) and (5.5). On
performing the remaining‘averageé, after using Egs. (5.4) and (5.5), we
must omit "coherent part" averages. This means that every coordinate
“ .%a must be now correlated with at least one of the gﬁ’s in (5.2).
Continuing to follow I, we define [a generalization of Eq. (I 5.6)]
. . f‘ | o= \
Uij(a,B, w) = 5 j dr e i d z,, d Z sl 2(Az‘7'+ 50) : %B]

X p@y)p(ég)g(éy’éo? ™) g <E O57(1,40) E,, (3 &+ r)>omj .

(5.13)
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2l

Here the notation (-- '>Ot7'o‘ means an average over all coordinates _ . ,
_excepf, for. Zoy 57, and gd, which are held fixed. 17

We now follow the derivation of Eq.. (I 5.11). Equations (5.5)
are sabstltuted into the right- -hand side of Eq. (5. 15) Equations (I 5.9)

and (I 5. lO) are used to write EB'G in terms of EBcr , ete., for

IEB_ - Z"B" @/ (Rc) . ,There( finally results
U; 5 (s 8) = (é“)flj, }dT elm ‘55__27»5»1_3_2_7"_ 6{%@7 + %7"._) ‘%6)
x olz,) p(zy,) g(,gy,,%y oT) | ’af) &
X (£ (8, 80) 1, -(as, 50) (60) (& <zB,t)E (20 &+ T>>

X expliny (z )(k | ..%)'(575 ' By-vB)J

*

&z, oz ) olz ) elz ,z 5 1)

1a°
o o' " ~o ~o ~g' g

Z

X { f*is(ag, ‘50‘)~f ,(aB,Scr) exp[1 ny (z )<ka£3-’l5[30.)'1’377’J

)((&r)'l < » (s,t) E ,(s , b+ 'r)\> + cross terms
, /600 -

(5.14)

To simplify the first term above we write
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' { SHior - : '
e fare @0 (F (gt gt o) g
o . '
1 ik(s_.-s )
-+ {9 BB !
& P
(5.15)
Whgre [see Eq.
T (z.,0) a8  (5.16)
e~ 2698 | .

and the integral is taken alohg the -straight line paralléi to % .

On making use of the assumption that Rc/£ << 1 , we may
neglect fhe,cross terms in Eq. (5.14) and express the second tefm in
'ter@s of U. In so dbing we make use of owr conclusgion of Section IV
thatvthe chaﬁge in frequency on a single scattering may be neglecteéed
inAthe.Thomson amplitude.and in the exponentials. | | _

To simplify the second term in Eq. (5.14), we‘write it in

the form
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2‘
2 o dﬂ)' —i(l)"f l(l)"["
X (Z )p(zyq)g(,v), ~71, T) 'G l . ET" e Ad.T e
- S’s":l" '

'l
- i
x | 3 3 1.3 /1 oy
Pa, 2, | @, 8(2(,%0+,%0.) FAR (2,

x g(gg,»%G,;'Ti)v[ :fis(aﬁ,‘ﬁc)-fj (06,60) exp[l n, (z )(k ~Bx) ~77,]
Boo!

x Q(Sﬁ)-; E*Bc(s,t) EBoy(S'J t.+-rf)>

J/ ' 6 1% (15 | Mlog,Br; w0t | ss')

(B,h ') .

XU ss'

(5}17)

In writing the exponential involvihg Ryy’- here we have replaced kB
in Eq. (S.lh) by 5Bx . ThlS is permissible since we assume
o> 'R . The quantlty M in Eq. (5. 17) is defined by Eqs. (2. 19)

with the obv1ous notational change of indicating dlrectlons of propagatlon
as ”B)\.“ and "Clﬁ I.

The results (5.15) and (5.17) permit us to write (5.14) in the

form

5
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e | ERRCACE w) o= | avt | Gas, . (?LJ | M(oB, 0; ww') | 11) 5%,— I, (zgs0")
o 2 o , ,
£y a7z, (13 | M(0B,B0; ww')| ss')U__,(8,0; o)
s,st=1

(5.18)

Since M is even in (® - ') [see remark following Eq. (2.20)]
and Ic is even in ', it follows that U is even in ® . This lets
" us define the intensity I for ® >0 with the equation
1B Br0) = T (z,0) 8, ®1%,3+2c | R.2ar. U, (e850).
~ - (5.19)
The 3-function here is defined by the condition that

an £(5) 8y 5 = £(R)
B IR gy T TR

for a function f(P) which is regular at

LD

= % . The integration in
- Eq. (5.19).is performed over %6 along the sémi—infinite straight line

' begiming at 'z and directed parallel to (-p) .

~Q
' _ o ' Using'Eq. (5.19) we can express (5.18) in terms of Iij . If we
- _ : : oo ) | .
' © . write
' 2y
IG '2 _ ex - [ ds
oB R 2 P j &(z) ?
op b ‘
. Z
~B

we obtain [in the matrix notation of Eq. (2.26)]
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I(x, p. ) = (x,w)’s§,§ + ds(x) exp
R
,60 |
x [ aw A%, M(B, B'; © - ') Iz, B, o), (5.20)
. 4
where now '@ > 0 and
£ g o o
Lo = Peep|-f &y . (5 21)

The path 1ntegral in Eq. (5. 20). extends along the stralght line from z

to o in the dlrectlon (-p)

Differentiation of Eq. (5 20) along a ray path leads to Eq. (2. 26)
Equation (5 20) is ev1dently valld for arbltrary incident

polarization, to be specified by the choi¢e,of vg (w) .

U

L5
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VI. RADAR BACKSCATTER

It was p01nted out in I that the transport equatlon is not wvalid

for backscatter The reason for this is illustrated in Fig. 2. To each

ray path deflned by a partlcular sequence of multiple scatterings there

corresponds a path obtalned by revers1ng all propagatlon vectors. These
palrs of paths can interfere coherently, and this . 1s not included in the
transport equation. As was shown in I this effect can be accounted for,
however, by‘choosing e certain linear combination.of solutions of the
transport equation. The specificvexpression for bachscatter was given
in Bqs. (I 7.7) and (I 7.10). |

When there is a frequency shift, Eqs. (I 7.5a) and (I 7.5b) are

modified. These now read, respectlvely,

ik .S : .
T ' n+l rn N A A ~ 1k S
Qn(i’s)' - ZE: g?"“""“"" fij (- £n-l)‘..fj s(gl’%)e R ’
o g | -l - 1 -
Jl) Jn_l’ . .
v (6.Ja)
— ik .S ' :
: n+l rl : ’ : ik 8§
X (s ‘ e . oo . 5 N 1 nr
hwe) - Z CE oy (B Ry (B Be T
JlJ.' Jn_l X
' (6.1b)

Here vki is the incident wave number, k, that after the first scatterlng,

‘¢, and k that after the nth scatterlng.

n+1

For Qn and Qn to interfere coherently, the frequency (wave-

number ) spread must be small enough that the phase differences

[Szz-l(kz - kh_£+2)] are small.compared to unity. - The criterion for

this is that
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(A(szv)/c < 1 ,‘ . : " - (6.2) M

where A ls the total spread in frequency due to scatterlng.' If

condition (6.2) is satisfied the exgressions (I T 7) and - (I 7. lO)

vbe used

On the other hand, when -
(& wa)fe > 1, | R | (6.3)

Q and 5h will not interfere . Then the transport equation (2. 26)
lor (5. 20) does tend to be valid for backscatter, Wlthout the'special
~ correction of Egs. (I 7.7) and (T 7. lO)

In intermediate cages it is not antlclpated that the’ transport

equation will be appllcable to the calculatlon of backscatter

i¢)
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Fig. 1. Illustration of scattering from a plasma.
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Fig. 2. TIllustration of backscattering.



.

LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or ’

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, ''person acting on behalf of the Commission”
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.




TECHNICAL INFORMATION DIVISION
LAWRENCE RADIATION LABORATORY
UNIVERSITY OF CALIFORNIA
BERKELEY, CALIFORNIA 94720

- ot





