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ABSTRACT

~

We show that the representation of particles and antipar-
ticles by the same graphical structure but by opposite orientations
yields the quark structure of mesons and baryons and Justify

Zero triality'for all hadrons. Such an approach explains the

.neZessity and sufficiency of three colors and justifies the exclusive

use of 2- and 3- vertices in the "Ordered Hadrqgic S-matrix."

This work was supported by the U. S. Department of Energy.

I. Introduction

In quark models, mesons and baryons are depicted as quark-
antiquark objects and three-quark objects, respectively. Further-
more, three colors are introduced to explain certain features of the
experimental data. The obj;ctivé'of this paper is to present a
connection between the requirement of charge conjugation on the
one hand and the quark structure of hkadrons on the other. Our
topological férmalism exhibiis features similar to those of
quark models but uses less ad-hoc hypothesis. In particular, the
number "three" (colors) emerges naturally from topological consider-
ations. The formalism also provides a Justification for the basic
"puilding blocks" used in the ordered hadronic S-matrix (i. e.,
the two-and three-vertices of ordered graphs).l

As in the "topological expansion",2 the starting point is
to associate one or more graphs with each transition amplitude.

The structure of the graph and the descriptién of particles however
qiffer considersbly from the topological expansion. The point
of view taken here emphasizes the notion of particle (1. e., pole
in an amplitude) rather than the notion of quark consfituents.
The structure of mesons and baryons as q q - and q q q respectively
will emerge as a natural consequence of the formalism.

} In the next section we state the two basic postulates
adopted for this study and describe their immediate consequences.
In Section III we present the formal argument, based on graph theory.
Section IV describes the connection between this formalism and the
formalism of the "ordered hadronic S-matrix" and Section V

summarizes the results.



~ II. The basic postulates and their consequences

The basic ingredients of this study are the concepts of
3

uké;aphs and hypergréphs which we now define. Consider a set of
points V = {vl,...,vn} called a vertex set and a family of subsets
of V called an edge set .E. E = {(v1v2),(vlv3v4),...}. The
elements of E are called edges i1f they are defined by two vertices
and hyperedges of order n (or n-edges) if they are defined by

n vérfices {n > 2). A hypergraph is defined as the couple H = (V,E)
and it is called a graph if all elements of E are edges.

. . ..The vertices of any given edge or hyperedge are said to be
a&ﬁacént. Thus, for all practical purposes in this paper, an n-
e&ge can be asgoclated with - or replaced by - a complete graph ofb
order n: KnA (i. e., a graph with n vertices, aﬂ.adjacent to one
anothef) 80 long aé the edges of Kn are not considered as elements
of E; (This.latter point 1s relevant only if one is interested in

the incidence matrix of H which is of no concern in this paper.)

The edges of a graph can be given an orientation if one as-
3umes'that (vivj) 7 ( vJvi) and, correspondingly the hyperedges of a
hypergraph can be given an orientation if (vivJ,...,vk) #
(vJvi,...,vk). In this case the corresponding complete graph Kn
is no longer unique: some or all of its edges may be oriented
(in the sense defined above.) We denote such a partially or totally
oriented complete graph by. Kn' We can now state the two postuiates

adopted for this study.

-l

(a) First;poétulate: To each state in the physical Hilbert
space corresponds a labeled  connected hypergraph (or graph). The
labels and the connectedness structure completely specify the state.
All possible hyperedges are allowed a priori. We shall
see however that a second postulate will considerably reduce the
nunber of allowed states. .

(b) Second postulate: A particle and its antiparticle are

represented by lasbeled graphical structures differing only by the
"orientation". Conversely, if two labeled graphical structureé differ
only by their orientation, they are related by charge conjugation.

The orientation of a graph is given by the orientation of eaéh
of its edges of hyperedges. Reversing the orientation of a graph

means reversing the orientation of all edges and hyperedges in the

- graph. To satisfy our second postulate, all hyperedges in particle

graphs must have two and only two possible orientations. The notion
of orientation of a hyperedge will be given a specific mathematical
meaning which, In conjunction with a theorem due to Kagno,‘ will

enable us to exhiblt a comnection with concepts relevant to

hadron physics.

Let us immediately consider the possibility of associating
certain single-particle states with connected hypergraphs that con-
taln a single orientable hyperedge. The simplest orientable hyper-

edge Is the 2-edge. Let E = (v1v2) be a 2-edge (as shown on
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Fig. 1-a). Orienting the edge means, in this case, that the couples
(v1v2) and (vzvl) have differenf signification. These two
oriented edges are shown on Figs. 1-b and l1-c. The "arrow" on the
edge defines the orientation we are referring to. The next level
of complexity is the 3-edge. As will be shown later, there is

only one way to define a 3-edge such that it has two and only two
orientations. These are represented in Figs. 2-b and 2-c.

One might suppose that this process can be continued with
any n-edge, but we shall see that such is impossible. First, an
important remark is in order.

Assuming for the moment that Figs. 1 and 2 represent the
only possible way of orienting the 2- and 3-edges, fespectively
(as will be shown later), one can identify the usual quark structure
associated with mesons and baryons. As one can easily guess, the
2-edges are associated with mesons. One of the vertices may be
associated with the quark while the other may be associated with
the antiquark. The orientation of the connecting edge provides in
this case a natural way to distinguish between them. The vertices
of the 3-edge are also assocliated with quarks, but there the par-
ticular orientation of the edge prohibits any distinction in the role
played by any of the vertices so the associated particle must be of
the type q q q as postulated in the quark models. Note that the
structures of the oriented edges are not tailored to obtain this

result. They are imposed by the requirement that to each particle

corresponds a unique antiparticle (and hence two and only two
orientations are required). Finally, the requirement of the two
orlentations to represent a pole of the scattering amplitude
prohiﬁits association of a single vertex with a particle (pole)
since a vertex stahding alone is not orientable. This latter
statement is equivalent to quark confinement. We shall discuss
in Section IV in what sense the "quarks" of a 2-edge are equivalent to
those of a 3-edge. |
To summarize, the requirement that particle and antiparticle
are represented by graphical structures differing only by orientation
leads to the quark structures of mesons and baryons. Furthermore,
as we shall discuss next, no higher order hyperedges possesses two
and only two orientations. So all hadrons must correspond to
connected hypergraphs built from hyperedges of the type of Figs.

1 and 2 (b,c). Zero triality for all hadrons 1is thereby assured.



III. Defining "orientation" and formalism.

III.1 Connection between groups and graph35

Consider a set of n elements (vertices) V.

vV = {vl,...,vn} and a one to one mapping of -V onto itself:

P 1is called a permutation.

Now we define an automorphism of a graph G as a permutation
acting on the set of vertex labels of G preserving adjacency.
That is, if E is the set of edges of G and P is the

automorphism then:
(u,v) € E > (K(u),P(v)) € E.

The set of all permutations on a graph G, preserving adjacency
tdgether with the usual composition law forms a group called

the automorphism group of G and is denoted T (G).

II1.2 Equivalent ways of labelling a graph

Given an unlabeled graph G of degree n (n vertices)
there are nl| ways to label it with n labels. Let G1 and GJ
represent two different ways of labeling G. We say that Gi

ﬁnd GJ are equivalent if and only if there is a permutation

-8-

P ofT(G) connecting the two graphs:

G1 > 02/5—’7:71’6' I(G) such that Gl =P(G2).

This 1s obviously an equivalence relation. The number of

inequivalent ways of labeling a graph is thus given by the number

of class of equivalences S: namely:

(1) s = _nl
Ir(e)]

where |[I(G)| is the order of TI(G). This result is a corollary

of the Lagrange theorem.

III.3 Identifying "orientable" hyperedges

The first postulate introduced in Section II implies
that some subset of physical states are represented by a single
labeled hyperedge (as a special case of a connected hypergraph).
These states are defined in terms of the vertex labels only
since the connectedness structure is trivial in that case
(Recall that in a hyperedge all vertices are adjacent and one
cogld formally represent a unique hyperedge by a complete graph).
However, since in general (V1Vj,...,vk) 7 (vJvi,...,vk), the
set of labels may not completely define the state. Thus, for this

particular subset of states, we seek hyperedges - or complete
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graphs - such that the association of a label with a particular
vertex is irrelevant modulo 2 (for particle-antiparticle represen-
tation) - that is to say, based on Eq. (1), we seek hyperedges -

or complete graphs Kn - such that

(2) InR)I = &

Now, since F(Kn) is a group of permutation of n objects

it must be a subgroup of Sn. Furthermore, since the order of
that group is fixed by Eq. (2), the subgroup can only be the

alternate subgroup. Thus:
(3) E) = 4&.

Now we examine the consequences of thls result for

each value of n separately.

For n = 1: Equation (2) would yield ~|r(xl)| = %- which is
impossible and corresponds to the statement that a single vertex

camnot have two orientations!

For n = 2: Y(KZ) = A2 = {identity}. Only one permutation should
be allowed for Rz: the identity permutation. This graph is
represented in Fig. 1-b or l-c (we see that the other possidle
permutation le would not preserve the orlentation of the

arrow). The graph 1-a would allow both permutations as auto-

morphisms and is therefore not orlented.

<10-

Porn =3, F(KB) = A3 = 03. Thus, here KB is the graph corresponding

to the cyclic group C This graph is shown on Fig. 2-b (or 2-c).

3
Again, graphs like those in Fig. 3 do not have C3 as auto-
morphism group and must be rejected.

For n = 4, F(K4) = A4. It turns out, howéver, that there is no
graph of degree 4 (with 4 vertices) whose automorphism group is

A4 ( Theorem due to Kagno4)- Therefore, 1t is impossible to label
a 4-edge in two and only two inequivalent ways. We conclude that
there are no particles corresponding to hyper-edges of degree 4.

The same result holds for all n > 4 (Kagno®).

We now make two remarks: First, the result above does not
preclude the existence of particles (poles) represented by
graphical structures containing more than three vertices; it only
precludes the use of orientable hyperedges of order higher than
three in graphs representing physical processes. Second, it is
interesting to note that if any other number of orientations were
required the situation would have been radically differenf. For
instance, if antiparticles did not exist, then only one orientation
would be required and the relevant group would have been F(Kn) =
= Sn (since |Sn| = nl) and the relevanf graph would have been
the complete graph Kn which of course exists for all values of
n, including n = 1. So the limitation of fundamental "building

blocks" is directly related to the existence of antiparticles.
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To complete tﬁe discussion we now Qefine the charge
conjugation operation as thevoperation mapping one orientation
onto the other. The operation can be defined on a complete scatter-
ing amplitude as well and corresponds to reversing the orientation
of evéry two -or three- edge separately in the graph representing

the amplitude.

III.4 Note on baryonium _

The results'above do not forbid the existence of poles
1ike baryonium (qq3g). It merely specifies that baryonium or,
for that matter, any pole, other than mésons and baryons, is to
be represented by a superposition of two- and three-edges. For
instance, baryonium is rebfesented_by two 3-edges with "opposite"
orfentations as shown on Fig. 4. (The orientation of 3-edges
is henceforth denoted by a + or - sign inside the 3-edge to

clarify the graph).

12~

IV. Scattering amplitudes and connection with the Theory of

Ordered Hadronic amplitudes

IV.1 Color

The question of baryon representation and orientation needs
to be clarified. To make contact with physics we assume that the
vertices of our edges correspond to the usual quarks. The natural
way of labeling the vertices would then be according to thg
flavors. This mechanism is acceptable for mesons. For instance,
(p n) would represent a 7 and (n p) would represent its anti-
particle (the m ). Edges like (n,n) are unaffected by inversion .
of orientation as it - should be.

The scheme, however, does not work for baryons where it
is impossible a priori to distinguish between the vertices. For
instance, a 3-edge labeled (ppp) can represent either st
or 'Z:*. To solve this question we must introduce another label

which we call "color" and which always distinguishes between the

three vertices. Three labels (1,2,3) are necessary and sufficlent’

and we can make the convention that arrows rumming (1+2+3-+1)
correspond to the baryon whereas the opposite orieﬁtation
(1+3+2+1) corresponds to the antibaryon. Of course, the flavor
label is in addition to the color label.

The vertices of a 2-edge (meson) are labeled with the
same color label. é.ggigzi; nothing precludes the existence of

2-edges labeled with two different colors but one can readily show
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such a difference to be in contradictionwithordered unitarity require-
ments (Weissnmap)- The argument is related to that connecting 2-

edge quarks to 3-edge quarks. We discuss the rule for the connection

in the next paragraph.

IV.2 Scattering Amplitudes
Initial and final states of a scattering amplitude are

represented by connected structures of 2- and 3-edges. If vertices
are superposed into one vertex, the overall flavor and color are
attached to the resulting vertex. For instance, the reaction
baryon + antibaryon + meson + meson can be expressed as in Fig. 5.
To make the discussion more formal, a sum is defined on the
set of vertex-labels (thus defining an abelian group). Two
vertices labeled é and b superposed become a simple vertex

(a + b). Now we adopt the following convention:

* a + sign for every vertex belonging to a positively
oriented 3-edge (1. e., representing a baryon) and a
- sign for every vertex negatively oriented (anti-

baryon).

* a + gign for the vertex at the tail of the arrow in
a 2-edge (meson) and a - sign for the other vertex.
Ih order to make contact with the "Ordered Hadronic Amplitudes",
we restrict ourselves to graphs such that all superposed vertices

correspond to the neutral element (o) . That is, a vertex with

-14-

(flavor) label a and (color) label i can only be superposed
with the same vertex but with opposite sign (its inverse). The
graph of Fig. 5 has been written with this convention. This represen-
tation is not crossing éymmetric. A crossing symmetric notation can be
obtained by superposing all vertices. That 1s, there should be
no pendant vertices. The reaction of Fig. 5 i3 represented in
Fig. 6 in a crossing symmetric notation.

Although this notation possesses the required properties
it can be very cumbersome in practice. 1t turns out to be much
simpler to use the edge-vertex reversed graphs. These graphs are
obtained simply by replacing every edge (or hyperedge) by a vertex
and every vertex by a two-edge in the crossing symmetric graphs.*
Figure 7 is the edge-vertex reversed graph of Fig. 6.

Contact is made with the "Ordered Hadronic S-matrix" if
one orients the edges of these new graphs from the + 3-vertices
toward the - 3-vertices (although this edge-orientation is not
necessary if the + and - signs are kept at each 3-vertex).

Thus the analysis of the present paper provides justifi-
cation for the exclusive use of 2- and 3-vertices as well as for
the use of edge coloring in the ordered graphs of the "Ordered

Hadronic S-matrix".

This notation was first proposed by G. F. Chew.
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V. Conclusion

We have shown that representation particles and anti-
particles by the same graphical structure but by opposite orien-
tations ylelds uniquely the quark étructure'of mesons and baryons
and zero triality fof all hadrons. Such an épproagh explains the
necessity and sufficiency of three colors and justify the exclusive
use of 2- and 3-vertices in tﬁe "drdered Hadronic S-matrix".

A.more detalled anaLysié.of the topéiogical properties
of the graphs representing amplitudes, using the methods of
-Algebraic Topology may yield further insight on the basic
mechanisms.suppressing certain transitions relative to others .

(baryonium decay into mesons, etec.)
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FIGURE CAPTIONS

Single 2-edge: (a) non oriented and (b) and

(c) the two orientations corresponding to a meson
and its antiparticle.

Single 3 edge: (a) non oriented and (b) and (c) the
two orientations corresponding to baryon and antibaryon
respectively.

Unacceptable "orientation" of a 3-edge.
Repreéentation of a baryonium.

Representation of the reaction baryon + antibéryon
—> meson + meson.

Crossing symmetric notatlion for the reaction of Fig.
5.

Edge-Vertex reversed graph of Fig. 6.
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