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Abstract 

Sub-nano surface-supported catalytic clusters, can be generally characterized by many low-energy 
isomers accessible at elevated temperatures of catalysis. The most stable isomer may not be the most 
catalytically active. Additionally, isomers may interconvert across barriers, i.e. exhibit fluxionality, 
during catalysis. To study the big picture of the cluster fluxional behavior, we model such a process 
as isomerization graph using bipartite matching algorithm, harmonic transition state theory, and 
paralleled nudged elastic band method. All the minimal energy paths form a minimum spanning tree 
(MST) of the original graph. Detailed inspection shows that, at temperatures typical for catalysis, the 
cluster geometry changes frequently within several regions in the MST, while transition across 
regions is less likely. As a further confirmation, the structural similarity analysis was additionally 
performed based on molecular dynamics trajectories. This local fluxionality picture provides a new 
perspective on understanding finite-temperate catalytic processes. 
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Surface-supported transition metal clusters are attractive materials for heterogeneous catalysis. Many 
experimental and theoretical studies have been conducted on this topic recently.1 Small (sub-nano) 
clusters often appear to be more interesting than bigger ones, in terms of their catalytic activity and 
selectivity.2 However, most of their properties are “non-scalable” with cluster size, and that raises 
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many difficulties when traditional computational methods are applied to study these systems. Using 
global optimization algorithms3-5 combined with density functional theory (DFT), the potential 
energy surface (PES) of such systems can be explored, from which the geometric and electronic 
structures of some of the low-energy isomers of surface-supported sub-nano clusters can be 
identified and studied. However, many important finite-temperature effects, such as cluster 
isomerization process6,7, cannot be derived simply from the static (thermodynamic) isomer 
representation4. The kinetics of cluster isomerization is another important component contributing to 
the accessible system dynamics. However, finding efficient computational methods to study these 
dynamic effects remains a challenge. 

In this work we use as example the Pt clusters deposited on α-alumina, of interest to catalytic 
dehydrogenation. A particularly interesting cluster size regime is around seven or eight Pt atoms, 
where special catalytic activity was observed.2,8,9 In catalytic dehydrogenation of ethylene, for 
example, Pt7 on α-Al2O3 showed a special activity.8 Clusters of this size have a significant number of 
isomers, the number of which grows exponentially as the number of atoms increases.4 But only a few 
of these isomers are low enough in energy to be thermally accessible at temperatures of 
dehydrogenation (400-600 K).8 And a comprehensive view of the isomerization process will help us 
understand cluster fluxional behavior, which is believed to play an important role in catalysis.10,11 

Recently, some novel computational methods have been developed for investigating the 
isomerization process of molecules and clusters. Anharmonic downward distortion following 
(ADDF)6,12 and reactive global optimization (RGO)13 are low-frequency modes searching based 
methods, which have been successfully applied to gas phase systems and heterogeneous system, 
where for the later case the surface is approximately represented by point charges.13 However, it is 
known that the surface can form directional and strong bonds to the atoms of the cluster, and thus 
greatly impact the cluster geometry, electronic structure, and stability. Hence, both the surface and 
the cluster need to be represented accurately. In this case, the existing methods become inefficient, 
since they cannot be applied to large systems, particularly because of the computational expense of 
the vibrational frequency calculations (based on finite difference algorithm). An alternative is a 
two-step scheme, where the low-energy isomers are first obtained from global optimization, and then 
the transition paths between each pair of these isomers can be calculated, for example using the 
nudged elastic band (NEB) method.14 Since NEB calculations are completely uncoupled, the scheme 
can be highly parallelized. This is the basic computational framework used in this work. 

However, one major problem still exists for studying a cluster like Pt7, or any other system that 
consists of many atoms of the same element. For a given pair of two different isomers, determination 
of an initial “guessed” path as the staring point of NEB will no longer be trivial. To determine an 
initial path, a matching (hereafter “atomic matching”) between atoms of the two isomers (namely, a 
map from the atomic indices of isomer A to the atomic indices of isomer B) has to be established. 
Then, the coordinates of intermediate structures along the path can be calculated by linear 
interpolation between coordinates of every pair of matched atoms. If the atomic matching is not 
optimal, the minimal energy path (MEP)15 given by converged NEB generally will not be optimal 
either. For example, in Fig. 1 we show two possible paths that connect the isomers #19 and #11 that 
resulted from a global optimization run. For every pair of Pt7 isomers, the number of possible atomic 
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matches is 7! = 5040. Obviously, it is computationally unaffordable to traverse all these possible 
matches to find the optimal isomerization path. (Note that here we do not consider the matching of 
surface atoms. We assume that the displacement relative to their individual equilibrium positions is 
small for surface atoms, so that surface atoms will directly match to the closest surface atoms in the 
other isomer.) 

 

Figure 1. The two pathways of isomerization from the isomer #19 to the isomer #11 (numeration comes from the 
global optimization, starting from the global minimum as isomer #1), with different atom matching schemes. The 
atoms that move significantly during isomerization are labeled as 1 and 2 in the isomer #19. Along the upper 
pathway (green dashed lines), atom 1 goes towards center. Along the lower pathway (red solid lines), atom 1 goes 
away from center. It turns out that the second pathway has a much lower barrier height. Black circles, red dots, and 
brown dots represent Pt, O, and Al atoms, respectively. 

One possible solution is performing NEB calculations only for “promising” atomic matching. We 
define the difference between the geometry of two isomers 𝑖,   𝑗 as 

Δ!" =
!
!

min
!∈! !"#$

min
!∈!!

𝑆𝑃𝒙!
!
− 𝒙!

!!
!!! ≡ min

!∈!!
  Δ!" 𝑃          (1) 

where 𝑛 is the number of atoms in the cluster (for Pt7, n = 7), G(surf) is the subgroup of the space 
group of the support material (in this work, Al2O3), including only those symmetric transforms, 
namely, 𝑆, that keep z coordinates invariant, 𝑃! is the set of all permutations 𝑃 of a sequence 

1,2, …, n, 𝒙!
!  is the x,y,z coordinates (as a vector) of the kth atom in isomer j, and ⋅  denotes the 

2-norm of a vector, which is also the Euclidean length of the vector. The geometric difference Δ!" 
defined by Eq. (1) is a measurement of linear Euclidean distance between two isomers based on 
optimal symmetry transformations, which is also known as root-mean-square distance (RMSD) 
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between the two isomers.16 If the structural difference Δ!" is directly evaluated using Eq. (1), the 
time complexity will be O(n!), which is non-polynomial. We propose to evaluate this using an 
efficient matching algorithm in graph theory, called Kuhn-Munkres (KM) algorithm,17,18 which has 
been widely applied and adapted to similarity measurement and alignment problem of gas phase 
clusters.16,19-22 There are two major differences between the KM algorithm implementation adapted 
for this work and previous gas-phase-focused applications: (i) the RMSD Δ!" is minimized over 
symmetry operations related the space group of the support material, as shown in Eq. (1); (ii) not 
only the optimal, but also sub-optimal atomic matches are used for MEP optimization, as explained 
below. A weighted bipartite can be denoted as B = (X, Y, E, W), where X and Y are two vertex sets 
satisfying that |X| = |Y| = n, 𝐸 ⊆ 𝑋×𝑌 is edge set (in this work we always have 𝐸 = 𝑋×𝑌), and 
𝑊:𝐸 →   ℝ defines weights of all edges. A matching M is a subset of edges no two of which share a 
common vertex. A matching M is best if |M| = n and the sum of weights of edges in M is minimal. 
The bipartite model for solving cluster atomic matching is demonstrated in Fig. 2. We further assume 
that if the MEP between two isomers is a direct path (without any intermediates), the geometry of the 
two isomers must be similar enough. This assumption is based on the following argument. The actual 
distance measured along MEP (MEP distance) is at least as long as the linear distance defined in Eq. 
(1). Therefore, the MEP distance is generally long for isomers with large Δ!". Under this case, either 
there will be more likely some intermediates along the MEP, or the energy barrier of a direct 
transition will possibly be high. Then it is reasonable to consider only k permutations 𝑃 of atomic 

indices, which gives k minimal Δ!" 𝑃 , where k is a small constant. Kuhn-Munkres algorithm finds 

k best solutions for bipartite matching with 𝑂 𝑘 + 𝑛 𝑛!  time complexity (k is set to 4 in this 

work). This means that the value of min
!∈!!

𝑆𝑃𝒙!
!
− 𝒙!

!!
!!!  and the corresponding 𝑃 in Eq. (1) 

can be evaluated in polynomial time. 

 
Figure 2. We model the atoms in two isomers as vertices in two sub-graphs (X and Y) in the bipartite graph, and the 
weights of edges are defined by the Euclidean distances between each of all possible pairs of the atoms. Using 
Kuhn-Munkres algorithm, we are able to find the best correspondence of atoms, which gives the smallest mean of 
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displacements over all matched pairs of atoms. 

The alumina surface support is modeled as a 3  ×  3 unit cell slab model, with lattice constants a = 
4.807 Å and c = 13.117 Å. To find all relevant Pt7 isomers (local minima) with surface-cluster 
interaction fully considered, the Basin Hopping (BH) method23 is used, with the electronic structure 
calculations performed by plane wave density function theory (DFT) implemented in Vienna Ab 
initio simulation package (VASP) 5.4.1.24-26 In BH method, 10 paralleled Monte Carlo (MC) walkers 
are initiated, each performing 200 moves, at temperature 1,500 K. Initial structures are generated 
using second-order Bond Length Distribution Algorithm (BLDA).4 The 30 low-energy local minima 
(considered as isomers) are shown in Supporting Information Table S1. 

In order to study the cluster isomerization at the temperature that is typical for catalysis (about 700 
K), we consider isomers with energy less than 0.6 eV. Using similarity measurement Eq. (1), we can 
now calculate pathway between pairs of isomers with Δij lower than a threshold (in this work, 1.5 Å) 

by NEB optimization. For each pair, if there are multiple 𝑃 satisfying Δ!" 𝑃 < 1.5  Å, at most four 

different 𝑃 that give relatively lower Δ!" 𝑃  will be used. Some additional higher-energy isomers 

are found to be intermediates along the transition paths between these low-energy isomers, and they 
are also included in Table S1. Based on NEB optimized MEP, an isomerization graph (Supporting 
Information Fig. S1) can be constructed. Isomers are represented as vertices. If the optimized path 
contains no intermediates (a direct path), it corresponds to an edge in the graph; otherwise, it 
corresponds to a path in the graph. When only edges in MEP are retained in the graph, the graph 
becomes a tree (a tree is a connected n-vertex graph with n – 1 edges) shown in Fig. 3. The energy 
and geometry of transition states in direct paths are shown in Supporting Information Table S2. An 
alternative way to visualize the connection between isomers is the disconnectivity graph27 shown in 
Supporting Information Fig. S2. For every direct path, according to harmonic transition state theory 
(HTST) the rate constant for isomer transition is estimated to be14 

𝑘!"#" =
!!
!"!#!!

!
!!
!"!!!!

!
e!

!!"!!!"!#

!!!                 (2) 

where N is the total number of atoms, including cluster atoms and upper half of the surface atoms 
(which are not fixed during the relaxation, N = 7 (cluster) + 135 (surface) = 142 in this work). 𝑣!!"!# 
and 𝑣!!" are frequencies of the vibrational normal modes at the initial state and transition state, 
respectively. 𝐸!"!# and 𝐸!" are energies of the two states, respectively. The rate constants are 
evaluated at 450 K and 700 K and listed in Supporting Information Table S3. We note that in HTST 
harmonic approximation of the PES has been made in the vicinity of isomers and transition states. 
This makes HTST suitable for probing finite temperature effects, which are not included in simple 
local minima representation of the PES. 

It is shown in Fig. 3 and Table S3 that transition barrier (along MEP) varies from 0.0004 eV to 
0.7771 eV. In addition, there are some regions in the graph where the transition rate constant 
between adjacent isomers is relatively high (greater than 5.0×1010 s-1) at 700 K (which typically 
corresponds to low energy barrier), for example, isomers #1, #3, #6, #16, and #24 form region I, 
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while isomers #2, #4, #5, #7, #18, etc. form region II (See Supporting Information Figs. S3 and S4). 
The two separated regions can also be clearly identified in disconnectivity graph (Supporting 
Information Fig. S2). Note that the number of isomers that should be included in each region also has 
dependence on temperature. More importantly, if we consider a “local interval” in time axis (with 
time span less than 1 ns), the cluster isomerization will also happen in a “local” region in 
configuration space, consisting of only structures of similar shape. For example, the rate constant for 
transition from isomer #3 to isomer #1 (with in region I) is 1.07×1013 s-1, which is much higher than 
the rate 9.65×107 s-1 transition from isomer #1 to isomer #15 (leaving region I). The region 
boundaries at 450 K are similar but more contracted. We further note that the RMSD between 
isomers in the same region is very small (for example, RMSD between isomer #1 and isomer #3 is 
0.26 Å), while the RMSD between isomers in different regions is much larger (for example, RMSD 
between isomer #1 and isomer #2 is 2.71 Å). However, the energies of isomers #1 and #2 only differ 
by 0.0727 eV, and they form two “basins” (regions in Fig. 3) attracting higher-energy isomers with 
similar shapes. But the two “basins” are separated by high-energy barrier due to the large difference 
in geometry between isomers #1 and #2.  This gives a “local fluxionality” picture of cluster 
isomerization at a finite temperature. The two regions also feature differences in the electronic 
structure of the clusters. As discussed in Ref. 9, the family of the isomers in Region I (including the 
global minimum) feature more prismatic, globular shapes, while species in Region II (containing the 
second lowest-energy isomer) have more open, or single-layer geometries. Species of Region II 
exhibit greater charge transfer from the support to the cluster, and that makes them more prominent 
players in catalytic dehydrogenation than the more stable global minimum. Pt atoms in these cluster 
isomers additionally exhibit stronger intra-cluster polarization. 
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Figure 3. The minimal energy paths (MEPs) in the minimum spanning tree (MST) derived from isomerization 
graph. Isomers, transition paths, isomer energies and transition barrier energies are denoted as circles, arrows 
(edges), numbers in bracket and numbers on arrows, respectively. Isomers are labeled from 1(lowest energy, GM) 
to 30 (highest energy). In MST, there is a unique path between any two isomers, which represents the MEP 
between the two isomers. The rough boundaries of the region I and region II (discussed in text) are labeled in red 
and green, respectively. 

 

To further examine the local fluxionality picture of isomerization of Pt7 clusters, we performed 
molecular dynamics (MD) simulations. The MD simulation can properly include the effect of 
anharmonicity, which is missing in our isomerization graph build upon HTST. The NVT ensemble 
simulation is performed at 450 K and 700 K, respectively, for the 5.0 ps duration with the time step 
being 0.5 fs. A Nose-Hoover thermostat is used. The system was considered to be equilibrated after 
0.5 ps, and after that time, information was collected. The geometry of the cluster part of the system 
at any moment of the simulation can be very different from the 0 K isomers, due to the complexity of 
PES and thermal expansion effect. To analyze the trajectories, Eq. (1) is used to measure the 
difference between geometry of the given cluster at every MD instant and geometries of several 
adjacent 0 K isomers. Fig. 4 (a) and (b) shows the trajectories starting from the isomer #1 simulated 
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at 450 K and 700 K, respectively. As the system evolves, the cluster loses its geometric identity, and 
may approach other isomers instead. It is shown that the (locally) equilibrated system is roughly a 
mixture of the isomers #1 and #3 at 450 K. The similarity to other isomers is small throughout the 
trajectory. However, when we simulate the system at 700 K, we can see much greater isomerization 
and geometric mixing, and, for example, at 3.9 ps of the trajectory the cluster is equidistant from the 
isomers #1, #3, #6, and #16. At this moment, the geometry is still far away from isomer #15 (with a 
distance of 1.0 Å). This implies that, at 700 K the locally fluxional region I (including isomers #1, #3, 
#6, and #16) may be a better representation of the system evolving from the isomer #1, than a fixed 
representation characterized by the geometry of isomer #1 alone. Similarly, Fig. 5(a) and (b) shows 
the trajectories starting from isomer #2 simulated at 450 K and 700 K, respectively. Although the 
energy of isomers #1 and 2 only differs by 0.072 eV, they are connected by a long path (including 
isomers #27, #17 and #15) with high barrier in isomerization MST and belong to different regions 
(Figure 3). It is shown that the system is fluxional among isomers #2, #4 and #5 at 450 K, and among 
#2, #4, #5, and #7 (all from region II) at 700 K, which are clearly indicated in Fig. 5(a) at 1.5 ps and 
Fig. 5(b) at 1.2 ps. This agrees with our previous analysis based on isomerization graph, and the 
regions I and II are actually connected subgraphs of the isomerization MST. This outcome is 
remarkable, because, in some cases of catalysis, it provides possible mechanism for the system to 
retain specific, highly active metastable states for some period of time. In the case of Pt7, the 
timescale for local fluxionality is about 1 ns (estimated from the cross-region transition rate at 700 
K). 

 

Figure 4. The MD trajectories starting from isomer #1 simulated at (a) 450 K and (b) 700 K. The trajectories from 
0.0 to 0.5 ps are used to establish the equilibrium and thus not included in this figure. For trajectory at each 
temperature, the snapshot geometry at every time step is compared against several isomer geometries inside the 
region I (isomers #1, #3, #6, #16 and #24) and outside the region I (#15). The geometrical difference between two 
structures is defined in Eq. (1). Note that during the simulation, the position of surface atoms also changes. These 
(usually small) changes are not included in the evolution of Eq. (1). 
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Figure 5. The MD trajectories starting from isomer #2 simulated at (a) 450 K and (b) 700 K. For trajectory at each 
temperature, the snapshot geometry at every time step is compared against several isomer geometries inside the 
region II (isomers #2, #4, #5, #7, #11) and outside the region II (#27). The geometrical difference between two 
structures is defined in Eq. (1). 

Finally, detailed analysis on MD trajectories allows us to estimate anharmonicity effects in the 
system. We note that the geometries in MD are at least 0.11 Å far away from the isomer #1 or #2 at 
450 K, and 0.17 Å far away from the isomer #1 or #2 at 700 K, respectively, which is a 
manifestation of the thermal expansion effect. In addition, there are some periodic patterns in Figs. 4 
and 5, which indicate that some detailed comparison can be made between HTST rate constants and 
information extracted from MD simulations. From MD trajectories in Figs. 4 and 5, rate constants of 
the fastest process (namely, transitions between isomers #1 and #3 in region I and between isomers 
#2 and #4 in region II) can be approximately estimated by plotting the difference between the two 
lowest lines in Figures 4 and 5, and locating maxima and minima (Supporting Information Figs. S5 
and S6). The rate constants estimated from HTST and MD trajectories for transition between these 
fast processes are summarized in Table 1. For transition between isomer #1 and #3, HTST predicts 
very different rates for the two directions, mainly due to the 0.226 eV energy difference between 0 K 
isomers #1 and #3. However, the geometrical difference between isomers #1 and #3 is only 0.26 Å. 
At finite temperature, the average electronic energies corresponding to these two isomer basins may 
become much closer as their geometries become more similar after thermal expansion. For transition 
between isomers #2 and #4, the MD predicted rates are close for the two directions as well, which is 
again explained by their very similar geometries. Finally, considering the nature and short duration 
of the MD simulation, we note that there are some important factors that may cause MD predicted 
rates listed in Table 1 to be inaccurate, as explained below. The vibrational frequencies of the cluster 
part of the system are ca. 50 cm-1 or 1.5 to 3.0 ps-1, which can couple with the fast isomerization 
process. In addition, when several fast isomerization processes happen simultaneously, we cannot 
distinguish them by the simple analysis here. More accurate analysis should be based on free energy 
sampling methods, such as free energy perturbation,28 umbrella sampling29 and metadynamics,30 
which is beyond the scope of the work. To sum up, anharmonicity should be important for these fast 
processes because of the small geometrical difference between isomers and coupling between 
vibrational motion and isomerization process. 

#init #final Einit (eV) ETS (eV) T = 450 K T = 700 K 



 

 10 

kHTST (1/ps) kMD (1/ps) kHTST (1/ps) kMD (1/ps) 

3 1 0.226 0.227 10.6 2.47 10.7 2.01 

1 3 0.000 0.227 0.0337 2.33 0.272 3.08 

4 2 0.249 0.267 14.7 1.54 17.2 1.47 

2 4 0.073 0.267 3.56 1.20 21.3 2.02 
Table 1. The electronic energies, HTST predicted rate constants and rate constants approximately estimated from 
MD trajectories for the fastest isomerization processes, namely, transition between isomers #1 and #3 and between 
isomers #2 and #4, in MD simulation starting from isomer #1 and #2, respectively. 

In summary, in this work we build an isomerization graph of Pt7 isomerization on α-alumina surface. 
A MST derived from this graph shows all MEPs of transition between any two Pt7 isomers whose 
energies are below 0.6 eV, which are represented as vertices in the MST. We also introduced a 
structure difference measurement based on RMSD in cluster geometries and surface space group 
symmetry, and a fast polynomial algorithm based on bipartite model for efficient evaluation. This 
measurement is used to generate initial NEB paths and analyze MD trajectories. From both the 
HTST isomerization graph and MD trajectories, we find that the shape of surface supported Pt7 

isomers can be highly fluxional at finite temperature, with energy barriers of direct paths along MEP 
varying from ca. 0.00 eV to 0.78 eV. Based on our local fluxionality picture, the Pt7 isomerization on 
α-alumina surface can be understood in two different timescales. The short time (less than 1 ns when 
T = 700 K) behavior can be described as frequent transitions among similar shapes within a local 
region, and the relatively longer time (greater than 1 ns when T = 700 K) behavior is the thermal 
equilibrium across regions. At lower temperature, the time span for local fluxionality can be much 
larger. For example, Yin et al. recently showed experimentally that the turn-over rate (TOR) of CO 
oxidation reaction catalyzed by Pt10 cluster supported on amorphous alumina is about 3000 CO2 
molecule per Pt10 cluster per second at 300 K.31 If local fluxionality picture could also be valid for 
this system (which is unknown, after the realistic coverage of adsorbates are taken into 
consideration), assuming that the barrier height and imaginary frequency of “cross-region” transition 
were about 0.52 eV and ca. 50 cm-1, respectively, the TOR would have the same order of magnitude 
as the rate of the “cross-region” transition, at this temperature. We note that this locally fluxional 
picture may have important implications for explaining catalytic mechanisms. The structurally 
similar isomers within each region share some common binding sites for reactant or product 
molecules. These common binding sites will exist for a relatively long time when the system only 
fluctuates locally (namely, within the region) but not globally. On the other hand, after considerably 
longer time the thermal equilibrium among all low-energy isomers will be achieved, which brings to 
question the reactivity on such clusters being considered at nearly fixed geometries (usually the 
global minimum).32 An ensemble representation consisting of low energy isomers may be a better 
computational model for such occasions.4,33 

Finally, the computational tools that we have developed for this work could be useful for studying 
isomerization or fluxionality of other cluster catalysts. Given the fact that the number of isomers 
within an energy range such as 0.6 eV may not be significantly larger for larger systems,4,33 the cost 
of our approach should not increase dramatically. However, the realistic coverage and pressure may 
greatly change the potential energy surface,33,34 and in this situation, whether or not the local 
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fluxionality picture is still valid is unknown. Our future work will be along this direction. 
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