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ABSTRACT OF THE DISSERTATION 

 

Mixture and Mixed Models Analysis for Genetic Variants 

by 

Haimao Zhan 

 

Doctor of Philosophy, Graduate Program in Cell, Molecular and Developmental 

Biology 

University of California, Riverside, August 2013 

Dr. Shizhong Xu, Chairperson 

 

Advances in DNA sequencing technologies allow us to genotype most of the 

genetic variants and investigate their effects on phenotypes. Although many genes 

controlling Mendelian disorders were successfully identified in the past two decades, 

the genetic mechanisms underlying complex traits controlled by lots of genes with 

small effects are still not well understood. It becomes desirable to develop more 

powerful statistical methods that can integrate information from the quantitative traits, 

gene expression and high-density genetic markers, and precisely identify the genetic 

variants for complex traits.  

In Chapter 2, we developed a stochastic expectation-maximization algorithm for 

mixture model-based cluster analysis which is a general framework for integrated 

study for genetic variant, gene expression and phenotype. The strength of association 

is modeled using Gaussian mixture with two components. The sampling step in 

stochastic EM algorithm improves the convergence of parameters when initial values 
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are poor. The same mixture model and stochastic EM algorithm can be used to 

identify expression QTL and association study between gene expression and 

quantitative trait. 

In Chapter 3, we proposed a generalized linear mixed model for mapping 

segregation distortion loci which can affect the viability of individuals in a population. 

This dissertation presents a method in which the segregation distortion analysis is 

formulated as a quantitative genetics problem using hypothetical liability. The 

generalized linear mixed model contains the genetic variants across the whole genome 

and estimates genetic effects using Bayesian approach which only requires likelihood 

function, linear predictor and prior distribution. The mixed model approach is able to 

handle high-dimensional genomic data. 

In Chapter 4, adaptive ridge regression method is used to estimate the collective 

effects of rare variants within the same functional group for continuous traits. The 

adaptive ridge regression model does not assume the directions of the effects. The 

shared variance for one group is used as a score for testing the overall effects of rare 

variants. Genetic variants in the same group are selectively weighed to prevent the 

shared variance being diluted by non-functional variants. The adaptive ridge 

regression method can be easily extended to handle multiple groups of rare variants.  
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Chapter 1 

Introduction 

1.1 Genetic variants and complex traits 

A central goal of biological research is to understand the genetic basis of complex 

traits. It is widely believed that variations in DNA sequence can influence the 

phenotypic variation observed in a population. Genomic loci that vary from individual 

to individual are called genetic variants or genetic markers. Normally there are two 

alleles for one genetic variant in diploid organism. The individuals carrying two 

identical alleles are homozygous and those with two different alleles are heterozygous 

at that locus. In contrast to phenotype which has great variability, most of DNA 

sequences are identical among individuals in the same population. For example, in 

human population, any two people may share more than 99% of DNA nucleotides. 

The most common genetic variant is single nucleotide polymorphism (SNP) which is 

caused by point mutation (e.g. transition, transversion, etc.). SNP in coding region can 

be non-synonymous SNP or synonymous SNP depending on whether the SNP 

changes the amino acid sequence of the protein or not. Another genetic variant 

widespread in genome is copy number variant (CNV) which is first found by two 

research groups in 2004 (IAFRATE et al. 2004; SEBAT et al. 2004). Most of copy 

number variants are deletion, insertion or duplication in some specific genomic 

regions which results in variation in copy number of the genomic regions.  It has been 
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found that some CNV and SNP are in linkage disequilibrium (MCCARROLL et al. 

2008). Several high-throughput genotyping platforms have been developed to 

genotype SNP and CNV simultaneously (MCCARROLL et al. 2008). Both SNP and 

CNV are believed to be associated with many disease phenotypes and gene expression 

levels (BARRETT et al. 2008; HENRICHSEN et al. 2009). In DNA coding region, CNV 

such as deletion or insertion can directly influence gene expression level or gene 

function. For example, if the deletion or translocation occurs in regulatory element of 

some functional genes, gene expression may be repressed or activated. Pollack et al. 

(1999) found that copy number variants cause the overexpression of ERBB2 gene 

which may lead to breast cancer.  Swaminathan et al. (2012) identified several CNVs 

that are strongly associated with Alzheimer’s disease phenotypes. 

Based on molecular mechanisms or inheritance patterns, phenotypes can be 

divided into two major categories: Mendelian trait and complex trait. Mendelian traits 

or single-gene disorders are caused by mutation in one gene, such as non-synonymous 

SNP which may lead to changes in amino acid sequence (STENSON et al. 2009). It has 

been found that many rare human diseases are Mendelian diseases. For example, 

Phenylketonuria is caused by mutation in PAH gene and sickle-cell anemia is 

associated with the mutation in HBB gene. For single-gene or monogenic disorder, we 

can easily observe Mendelian pattern of inheritance in a family. Since most of 

Mendelian disorders are very rare, it is challenging to identify families with the 

disease and obtain enough sample size for statistical analysis.  In contrast, complex 

traits determined by both genetic factors and environmental factors are more common 

than Mendelian traits. We cannot find obvious Mendelian patterns for complex traits 

in families. It has been known for a long time that the molecular basis underlying 
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most of the complex traits involves many genes with lower relative risk, gene-gene 

interaction and gene-environment interaction. For example, the genetic basis of type 1 

diabetes involves many genes, including HLA class II genes (HLA-DRB1, HLA-

DQA1, HLA-DQB1 genes) (TODD et al. 1987), INS gene (encoding insulin), CTLA4 

gene, PTPN22 gene (BOTTINI et al. 2006), IL2RA gene (LOWE et al. 2007; VELLA et 

al. 2005). Over the past decade, genome-wide association studies which investigate 

the causal genes over the whole genome also identified lots of causal genes for type I 

diabetes (BERGHOLDT et al. 2012; BRADFIELD et al. 2011) and many other complex 

diseases, such as asthma(MOFFATT et al. 2010; TORGERSON et al. 2011), Alzheimer’s 

disease (ERTEKIN-TANER 2010; KAMBOH et al. 2012), Obesity (SPELIOTES et al. 2010), 

Osteoporosis(ESTRADA et al. 2012; GUO et al. 2010; RICHARDS et al. 2012). Since 

environmental factors also play an important role in the development of complex 

disease, individuals carrying the causal genes may not have the disease phenotype. In 

the genetic architecture, effects of some causal genes for complex traits may be 

confounded by the effects of other genes or environmental factors. To find out the 

disease causal genes, we need to use some statistical methods that can deal with the 

confounding effects of other factors (PRICE et al. 2010b) and the interactions between 

genes and environment (THOMAS 2010). 

Localizing genomic regions underlying complex traits would help understand the 

complicated gene network and gene function. For gene expression data (eQTL), we 

are able to identify the genetic polymorphisms which regulate the gene expression 

across the whole genome (CHEUNG and SPIELMAN 2009). Association studies have 

been widely applied to pharmacogenomics which investigates the genomic loci 

involved in the drug response and adverse drug reactions(DALY 2010). For the same 
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prescribed drug, patients may have different response due to their genetic and non-

genetic factors. Until now, several genetic variants have been found to be related to 

drug response in the treatment of cardiovascular disease (SHULDINER et al. 2009) and 

infectious disease such as Hepatitis C (GE et al. 2009; TANAKA et al. 2009). 

Meanwhile, association studies were also carried out to detect loci involved in adverse 

drug reactions (DALY et al. 2009; LINK et al. 2008), which would help predict the 

toxicity of new drugs. Therefore, if the genetic variants can be correctly mapped on 

the genome, the results obtained from GWAS can be used for disease classification 

and facilitate the development of personalized medicine (KINGSMORE et al. 2008). 

1.2 Gaussian mixture model for quantitative trait associated genes 

Gaussian mixture model has been used to analyze biological data since 1894 

(PEARSON 1894). As an extremely flexible method in cluster analysis, mixture model 

assumes that data are collected from a finite collection of populations. Each 

component distribution represents one cluster and the data from each subpopulation is 

modeled separately. Suppose that 1 2, ,..., nx x x is a sample from a mixture of several 

subpopulations. 
j

x  represents the jth observation with probability density function

( | )
j

f x  . 

 
1

( | ) ( | )
g

j i i j i

i

f x f x 


   (1.1) 

where ( ; )
i j i

f x  is component density, i  is the unknown parameter for the ith  

component, i is mixing proportion for the mixture distribution. The parameters of the 

mixture model are represented by { , } 1,...,i i i g    . The distribution of j
x  is the 

mixture of g distributions with different mixing proportions. The number of 
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components in the mixture model which represents the number of cluster in cluster 

analysis can be inferred from the data using different approaches, such as information 

criteria, classification-based criteria. 

Once the component density and mixing proportion are fitted, the posterior 

probability of membership can be determined. Let us define 
jk  as the posterior 

probability of 
j

x  belonging to kth cluster, then jk  can be calculated by Bayes 

Theorem. 

 

1

( ; )

( ; )

k k j k

jk g

i i j i

i

f x

f x

 


 





 (1.2) 

Expectation-Maximization (EM) algorithm and Bayesian approach (MCMC) are 

the most popular approach for the estimation in mixture model with fixed number of 

components. However, EM algorithm does not guarantee global maximum likelihood 

estimates of parameters since the convergence of EM algorithm depends on the initial 

values. In the Bayesian method, if prior distributions of the parameters are specified, 

the marginal posterior distribution of the parameters can be obtained by Gibbs 

sampling or Metropolis-Hasting sampling method. Bayesian method implemented via 

Markov chain Monte Carlo (MCMC) is very time consuming. Stochastic EM 

algorithm, a modified version of EM algorithm, incorporates a sampling step in the 

iteration to give the computation a better chance of converging to global maximum 

when initial value is poor. In addition, stochastic EM algorithm converges much faster 

than MCMC sampling. 
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The correlations between gene expressions and quantitative traits are essential for 

understanding the functions of genes and dissecting gene regulatory networks. We 

adopted the stochastic Expectation and Maximization (SEM) algorithm to analyze the 

associations between gene expression levels and quantitative trait values and identify 

genetic loci controlling the gene expression variations. The expression levels of gene j 

can be expressed using the following linear model, 

 j j j jy X Z      (1.3) 

where 
j

y  is an 1n  vector for the expression levels of gene j for all the n subjects for 

1,...,j m . Z is an n q  matrix for phenotypic values of q quantitative traits 

measured from all n individuals. X is an n p  matrix for some factors not related to 

the quantitative traits, such as gender and age. The cofactors X are used to reduce or 

eliminate the interference on the association between Y and Z. where 
j

  is a 1p  

vector for the effects of cofactors, 
j

  is a 1q  vector for the regression coefficients 

of gene j on all the q traits. The residual error j
  is an 1n  vector with an assumed 

2
(0, )N I  distribution.  

Prior distributions are assigned to the parameters included in the linear model. 

The prior distribution for j
  is 

 ~ ( , )
j

N      (1.4) 

where   is a 1p  vector of mean and   is an p p  positive definite variance 

matrix. The prior distribution of j
  is a Gaussian mixture with two components, 

 1 0~ (0, ) (1 ) (0, )j N N       (1.5) 
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This Gaussian mixture contains two components with mean zero and two different 

variance matrix, 0  and 1 . 
0 q

I   is a known diagonal matrix with all the 

diagonal elements close to zero (e.g. 8
10 

  ). 1  is an unknown positive definite 

variance matrix. The Gaussian mixture prior divides all the genes into two clusters, 

one (cluster 1) being associated with the phenotypes and the other (cluster 0) not 

associated with the phenotype. Mixing proportion   ( 0 1  ) is a prior probability 

that a gene comes from cluster 1. This mixture model-based clustering method can be 

used for eQTL mapping and association study between gene expression and 

phenotype. In the first step, gene expression levels measured from microarray 

experiments were assigned to two different clusters based on the strengths of their 

association with the phenotypes of a quantitative trait under investigation. In the 

second step, genes associated with the trait were mapped to genetic loci of the 

genome.  

The estimates of parameters in Gaussian mixture model can be obtained using 

stochastic EM algorithm (CELEUX and DIEBOLT 1986). In addition to the traditional 

E-step and M-step in EM algorithm (DEMPSTER et al. 1977), there is a stochastic 

sampling step for cluster indicator variable in stochastic EM algorithm. Therefore, in 

the iteration, EM algorithm estimate the parameters by maximizing complete data log 

likelihood function given cluster indicator variables. Indicator variable is simulated by 

stochastic sampling based on its posterior probability.  
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1.3 Mixed model for segregation distortion analysis 

Segregation distortion is a phenomenon that the observed genotypic frequencies 

of a locus fall outside the expected Mendelian segregation ratio. The main cause of 

segregation distortion is viability selection on linked marker loci because the 

genotypes which have deleterious effects on viability may be eliminated from the 

population. These segregation distortion loci or viability selection loci can be mapped 

using genome-wide marker information. Segregation distortion loci can be identified 

by using probabilistic model or liability model which has an unobservable response 

variable. We developed a generalized linear mixed model (GLMM) under the liability 

model to jointly map all viability selection loci of the genome. In mixed model 

framework, effects of genetic markers can be considered as random effects and the 

effects of non-genetic covariates are fixed effects. Using a hierarchical generalized 

linear mixed model, we can handle the number of loci several times larger than the 

sample size. This method can also be used for mapping quantitative trait loci of 

disease traits using case only data in humans and selected populations in plants and 

animals. 

Liability model for segregation distortion analysis is defined as: 

 
1

p

j j jk k j

k

y X Z  


    (1.6) 

where j
y  is liability which is a hypothetical continuous variable for individual j . The 

unobserved liability j
y  determines the viability of individual j. It is assumed that the 

individual with liability 0
j

y  will survive and those with 0
j

y   will die. In segregation 

distortion analysis, all individuals in the sample have liability greater than zero since we can 

only observe the individuals that are able to survive in the population. For the genetic loci 
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associated with viability selection or other loci closely linked to the viability loci, we may 

observe some segregation ratios that are different from Mendelian ratio in the selected 

population. ~ (0,1)
j

N  is a residual error with a standardized normal distribution. The 

design matrix X  may be some other factors not related to genetics, such as age, location and 

other systematic effects, and these effects are captured by  . There are p  genetic loci each 

with an effect k  for 1,...,k p . The value of jkZ  is determined by the genotype of 

individual j at locus k. The expectation of the unobserved liability is:   

 
1

E( )
p

j j j jk k

k

y X Z  


    (1.7) 

The probability of survival for individual j  can be modeled by standardized cumulative 

normal function. 

 
1

Pr( 0) ( )
p

j j jk k

k

y X Z 


     (1.8) 

Numerous computational algorithms have been developed to implement the 

generalized linear mixed model (GELMAN et al. 2003; GELMAN et al. 2008b; 

MCCULLOCH 1997; WOLFINGER and O'CONNELL 1993b). The pseudo-likelihood 

algorithm (WOLFINGER and O'CONNELL 1993b) appears to be the most popular one. 

However, the pseudo-likelihood approach requires a normal transformation of the 

original data point using the first step Newton-Raphson update. The linear mixed 

model can be applied to the transformed data points which are treated as normal 

quantitative phenotypes. Since there is no phenotypic data in liability model, it is not 

clear how to use the pseudo likelihood approach to mapping viability loci. However, 

the method of McGilchrist (1994b) for generalized linear mixed model can be applied 

here. This method only requires a linear predictor, a likelihood and a prior distribution 
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for each effect in the linear predictor. In this study, we used the McGilchrist's method 

to perform parameter estimation.   

1.4 Mixed model for rare variant detection 

The detection of associated variants helps dissect the genetic basis underlying common 

disease. However, over the past decade, most GWAS were targeted to identify common 

variants which have minor allele frequency (MAF) greater than 1%. It is widely believed that 

both common and rare variants contribute to the risks of common diseases or complex 

traits and the cumulative effects of multiple rare variants can explain a significant 

proportion of trait variances. Since the minor allele frequencies of rare variants are 

extremely low (less than 1%~5%), the traditional univariate tests (e.g. Chi-Square test, 

Fisher’s exact test) and Multivariate test (e.g. Hotelling’s T2 test) do not have enough 

statistical power to detect individual rare variant for common disease (ASIMIT and 

ZEGGINI 2010; BANSAL et al. 2010; LI and LEAL 2008; MADSEN and BROWNING 2009; 

YI and ZHI 2010). Until recently, lots of new statistical methods have been developed 

to test the collective effects of rare variants and increase the statistical power in 

association studies (LI and LEAL 2008; MADSEN and BROWNING 2009; 

MORGENTHALER and THILLY 2007; MORRIS and ZEGGINI 2010; PRICE et al. 2010a). 

These methods collapse rare variants in the same groups into single genetic variant 

and then test the effect of this single variant on phenotypes. It has been shown that 

these methods are much more powerful than the traditional single-marker and 

multiple-marker tests. 

In the present study, we propose a new method to estimate the single marker 

effect and the collective effect of multiple markers in the same group (gene or other 

functional unite of interest). In the proposed method, we use a linear mixed model to 
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analyze rare variants and relate genetic variants to continuous phenotype for unrelated 

individuals from different populations. It also incorporates covariate to adjust the 

possible confounding effects of other factors such as race, age and gender. This is 

very important in rare variant analysis because many rare variants seem to be 

population specific (BODMER and BONILLA 2008). We do not make any assumption 

about the direction or magnitude of rare variant effects. The weight of each variant is 

estimated based on the strength of association with phenotype. To address the low 

statistical power of rare variants analysis, we propose an adaptive ridge regression to 

selectively weight each rare variant and assign two effects to each marker. We divide 

genetic variants into several groups according to their functions. Adaptive ridge 

model tests the group effect and individual marker effect simultaneously. Likelihood 

ratio test was conducted to test the variance components of the mixed model. The test 

statistic is approximately chi-square distributed with one degree of freedom. In other 

words, we do not need to do any multiple tests adjustment for the rare variants in the 

same group. In each iteration, the adaptive ridge algorithm assigns different weight to 

each marker and avoids the noises introduced by non-functional rare variants. Marker 

effect could be interpreted as LASSO(TIBSHIRANI 1996a) estimate of model 

parameters. The rare variants effects which are normally undetectable by traditional 

ridge regression can be identified by adaptive ridge regression due to the weight of 

each marker in the iteration. We test our model by simulated data and the data from 

Dallas Heart Study.  
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Chapter 2 

A Stochastic Expectation and Maximization 

Algorithm for Detecting Quantitative Trait 

Associated Genes 

2.1 Introduction 

Differential expression analysis often applies to discrete phenotypes (primarily 

dichotomous phenotypes). The phenotype is often defined as "normal" or "affected". 

If a phenotype is measured quantitatively, it is often converted into two or a few 

discrete ordered phenotype so that a differential expression analysis or an analysis of 

variances (ANOVA) method for multiple comparisons can be applied (CUI et al. 2005; 

KERR et al. 2000; WERNISCH et al. 2003; WOLFINGER et al. 2001). It is obvious that 

such discretization is subject to information loss. The current microarray data analysis 

technique has not been able to efficiently analyze the association of gene expression 

with a continuous phenotype. Pearson correlation between gene expression and a 

continuous phenotype has been proposed (BLALOCK et al. 2004; KRAFT et al. 2003; 

QUACKENBUSH 2001). Blalock et al. (2004) ranked genes according to the correlation 
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coefficients of gene expression with MMSE, a quantitative measurement of the 

severity of Alzheimer disease, and detected many genes that are associated with 

Alzheimer disease. Kraft et al. (2003) used the within family correlation analysis to 

remove the effect of family stratification. Pearson correlation is intuitive and easy to 

calculate. However, it may not be optimal because (1) the correlation coefficient may 

not be the best indicator of the association, (2) higher order association cannot be 

detected, (3) data are analyzed individually with one gene at a time, and (4) the 

method cannot be extended to study association of gene expression with multiple 

continuous phenotypes. Potokina et al. (2004) investigated the association of gene 

expression with six malting quality phenotypes (quantitative traits) of 10 barley 

cultivars. They compared the distance matrix of each gene expression among the 10 

cultivar with each of the distance matrix calculated from the phenotypes using the G-

test statistic. The distance matrix comparison approach may have the same flaws as 

the correlation analysis.  

Recently, we proposed to use the regression coefficient of the expression on a 

continuous phenotype as the indicator of the strength of association (JIA and XU 2005). 

Instead of analyzing one gene at a time, we took a model-based clustering approach to 

studying all genes simultaneously. Qu and Xu (2006) extended the model-based 

clustering algorithm to capture genes having higher order association with the 

phenotype. The model-based clustering analysis (JIA and XU 2005; QU and XU 2006) 

classifies genes into several clusters and all clusters share the same variance-

covariance structure. The analysis is implemented via the expectation-maximization 

(EM) algorithm (DEMPSTER et al. 1977). Several problems have been encountered for 

this method. One is the identifiability problem where the cluster labels can be 
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exchanged among different clusters. The other problem occurs when two or more 

clusters often have the same cluster mean. These two problems can be avoided by 

introducing a small noise to the cluster means in every iterative step of the EM 

algorithm (QU and XU 2006). This ad hoc modification of the EM algorithm lacks 

strong theoretical foundation and cannot guarantee to produce the optimal result. In 

this study, we proposed an alternative method with a rigorous theoretical basis to 

solve the problem. We used this new method to detect expressed genes that are 

associated with multiple quantitative traits of barley. 

The gene expression levels are quantitative traits (MORLEY et al. 2004). Finding 

the genetic loci controlling the expressions can help identify gene regulation network 

(COOKSON et al. 2009). Trait specific gene networks can be inferred by studying the 

genetic loci controlling the expressed genes only associated with the phenotypes of 

the traits under study. In this study, we focus on a new method called the stochastic 

expectation and maximization (SEM) algorithm (CELEUX and DIEBOLT 1986) and its 

application to both eQTL mapping and phenotype associated study. This new method 

is then compared with the existing EM algorithm (JIA and XU 2005) to demonstrate 

its properties. A real dataset collected in the North American Barley Genome Project 

(NABGP) is used to test and method. 
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2.2 Materials and Methods 

2.2.1 Experimental materials 

The gene expression data were published by Luo et al. (2007) and downloadable 

from the ArrayExpress: http://www.ebi.ac.uk/microarray-as/aer/entry with accession 

number: E-TABM-112. The phenotypic values of eight quantitative traits of barley 

were published by Hayes et al. (1993) and downloadable from the following website: 

http://wheat.pw.usda.gov/ggpages/SxM/phenotypes.html. Detailed description of the 

experiment can be found from the original study (HAYES et al. 1993). The experiment 

involved 150 double haploid (DH) lines derived from the cross of two spring barley 

varieties, Morex and Steptoe. All the 150 DH lines were microarrayed for 22840 

transcripts. The eight traits are  -amylase, diastatic power, grain protein, grain yield, 

heading date, plant height, lodging and malt extract. The phenotypes of the traits were 

measured in different environments (locations and years). The number of replicated 

measurements ranged from 6 to 16 depending on different traits. Both the single trait 

association and multiple trait joint association analyses were conducted for all the 

eight traits using the average trait values across all environments.  

The original (raw) microarray data were normalized using the RMA algorithm 

(IRIZARRY et al. 2003) implemented in the GeneSpring GX 11 software package 

(Agilent Technologies, Santa Clara, CA). ArrayExpress also provides the 

preprocessed dataset without log transformation. The phenotypic values of each trait  

http://www.ebi.ac.uk/microarray-as/aer/entry
http://wheat.pw.usda.gov/ggpages/SxM/phenotypes.html
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were rescaled so that the range of each trait is between -1 and +1. The formula for the 

rescaling is 

 min

max min

2 1k
k

X X
Z

X X


 


 (2.1) 

where kX  is the original phenotypic value for the kth line, minX  and maxX  are the 

minimum and maximum values of the phenotypic value, respectively, and kZ  is the 

rescaled phenotypic value for 1, ,k N , where N is the sample size (number of DH 

lines). 

2.2.2 Statistical methods 

2.2.2.1 Linear model 

Denote the microarray data by a data matrix Y with n rows and m columns, where 

n is the number of individuals (subjects) subject to the microarray analysis and m is 

the number of microarrayed genes. Let 
j

y  be the jth column of matrix Y, i.e., an 1n  

vector for the expression levels of gene j for all the n subjects for 1,...,j m . Let Z be 

an n q  matrix for the rescaled phenotypic values of q quantitative traits measured 

from all n individuals. Let X be a n p  matrix for some factors not related to the 

quantitative traits, for example, gender effect, age effect and so on. We now have 

three sources of data, (a) Y the microarray data, (2) Z the phenotypic data, and (3) X 

the cofactors not relevant to the association study. The cofactors X are not something 

of interest, but are used to reduce or eliminate the interference on the association 

between Y and Z. The expressed levels of gene j can be expressed using the following 

linear model,  
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j j j jy X Z      (2.2) 

where 
j

  is a 1p  vector for the effects of cofactors, 
j

  is a 1q  vector for the 

regression coefficients of gene j on all the q traits. The residual error 
j

  is an 1n  

vector with an assumed 2
(0, )N I  distribution. In the special case of one phenotype 

with no other unrelated effects, 1p q   and X  is a vector of unity with a 

dimensionality of 1n .  

We now assign prior distributions to the parameters included in the linear model. 

The prior distribution for 
j

  is 

 ~ ( , )
j

N      (2.3) 

where   is a 1p  vector of mean and   is an unknown p p  positive definite 

variance matrix. The prior distribution of 
j

  is a Gaussian mixture with two 

components, 

 1 0~ (0, ) (1 ) (0, )j N N       (2.4) 

In the above Gaussian mixture, 
0 q

I   is a known diagonal matrix with a common 

8
10 

  across all the diagonal elements. In other words, 0  is a known positive 

definite matrix with values close to zero and the value can be changed according to 

the investigator's preference. For the other cluster, 1  is an unknown positive definite 

variance matrix. This Gaussian mixture prior divides all the genes into two clusters, 

one (cluster 1) being associated with the phenotypes and the other (cluster 0) not 

associated with the phenotype. Variable   ( 0 1  ) is a prior probability that a 

gene randomly selected from the pool belongs to cluster 1. A gene classified into 



18 

cluster one is claimed to be associated with the trait while genes classified into cluster 

zero are not associated with the traits. The actual parameters involved in the problem 

are denoted by 

  2

1, , , ,        (2.5) 

We are also interested in 
j

 , the posterior probability of gene j being associated with 

the traits. The relationship between the posterior 
j

  and the prior   will be given 

later. 

Let ~ Burnoulli( )
j j

  , for 0 1
j

  , be an indicator variable for the cluster 

membership of gene j. It is defined as  

 
1 if  belongs to cluster 1

0 if  belongs to cluster 0
j

j

j



 


 (2.6) 

Given 
j

 , the genetic effect 
j

  has the following distribution,  

 1 0~ (0, ) (1 ) (0, )j j jN N       (2.7) 

Note that this conditional distribution is not a Gaussian mixture because the 

membership is already known. The indicator variable 
j

  tells which Gaussian 

component j
  belongs to. Also note that the parameter vector does not include j

  

and j
 . Under the random model framework, j

  and j
  are treated as missing values. 

If they are integrated out, the density of j
y  given the cluster membership is normal 

with mean and variance shown in the following normal density 

  2
( | , ) | ,

T T

j j j jp y N y X X X Z Z I          (2.8) 

where  
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1 0(1 )j j j        (2.9) 

and the notation  | ,N y a b  stands for the normal density of variable y with mean a 

and variance b. Given the cluster membership,  j  , the log likelihood function 

for the entire dataset is 

 
1

( | ) ln ( | , )
m

j j

j

L p y   


     (2.10) 

The MLE of parameter are obtained through two stages. The first stage is to 

estimate the parameters by maximizing the above log likelihood function given 

 j   through the regular expectation-maximization (EM) algorithm (DEMPSTER et 

al. 1977). This stage is called the EM stage. The second stage is to stochastically 

simulate  j   from its posterior distribution. This stage is called the stochastic 

stage. The two stages are repeated iteratively until a stationary stage is reached, an 

algorithm called the stochastic expectation and maximization (SEM) algorithm 

(CELEUX and DIEBOLT 1986).  

2.2.2.2 Stochastic sampling 

The density of j
y  defined in equation (8) can be split into the following two 

densities, 

 
2

1 1( | ) ( | , 1) ( | , )
T T

j j j jp y p y N y X X X Z Z I             (2.11) 

and 

 
2

0 0( | ) ( | , 0) ( | , )
T T

j j j jp y p y N y X X X Z Z I             (2.12) 
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The posterior probability that 1
j

   is 

 
1

1 0

( | )
E( | , )

( | ) (1 ) ( | )

j

j j j

j j

p y
y

p y p y

 
  

   
 

 
 (2.13) 

Because 
j

  is a Bernoulli variable, it is sampled from  

 ( ) Bernoulli( | )j j jp     (2.14) 

distribution. Once  j   are sampled for all genes in the stochastic process, we can 

proceed with the EM algorithm described below.  

2.2.2.3 EM algorithm  

The EM algorithm for the Gaussian mixture model is standard (DEMPSTER et al. 

1977) and thus we only provide the EM steps without proof. Denote the variance 

covariance matrix of 
j

  conditional on 
j

  by 

 1 0var( | ) (1 )j j j j j           (2.15) 

Let us define  

 
2T T

j jV X X Z Z I       (2.16) 

We now provide the formulas for updating each parameter using the EM algorithm. 

Given j
 , the updated proportion of genes coming from cluster 1 is 

 
1

1 m

j

jm
 



   (2.17) 

The population mean   is updated using 

 

1

1 1

1 1

m m
T T

j j j

j j

X V X X V y



 

 

   
    
   
   (2.18) 
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The variance-covariance matrix of 
j

  is denoted by   and updated using  

 
1 1

1 1
( ) ( ) ( ) var( )

m m
T T

j j j j j

j j

E E E
m m

     
 

        (2.19) 

where 

 
1

E( ) ( )
T

j j jX V y X  
    (2.20) 

and 

 
1

var( )
T

j jX V X   
     (2.21) 

Given 
j

 , the unknown variance-covariance matrix of 
j

  is 
1 0(1 )j j j       . 

However, the corresponding matrix 0  is a constant. Therefore, we only need to 

update 1  using all 
j

  that come from cluster one. The updated equation for 1  is 

 1

1 1

1 1
( ) ( ) ( ) var( )

m m
T T

j j j j j j j

j j

E E E
m m

      
  

        (2.22) 

where 

 
1

1E( ) ( )
T

j j jZ V y X  
    (2.23) 

and 

 
1

1 1 1var( )
T

j jZ V Z 
     (2.24) 

The residual error variance is updated using 

    2

1

1
( ) ( )

m
T

j j j j j

j

y X y X XE ZE
mn

      


      (2.25) 

The E-step of the EM algorithm consists of calculating ( )
j

E  , ( )
j

E  , var( )j  and 

var( )
j

 . The M-step consists of calculating  2

1, , , ,       . So far all 

parameter have been updated. We can now combine the stochastic steps with the EM 

steps to compete the analysis. 
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2.2.2.4 SEM estimate 

The SEM algorithm differs from the classical EM algorithm in that the 

parameters do not converge to some fixed values; rather, they converge to a stationary 

distribution due to the stochastic process of  j  . We can monitor the converging 

process for each parameter. Once all parameters have converged, we start to collect 

the posterior sample for  . Unlike the posterior sample for the fully Bayesian analysis, 

the observations with the posterior sample for the SEM algorithm are not correlated. 

The posterior sample size, denoted by T, does not have to be large; 100T   seems to 

be sufficient. Let  ( ) ( ) ( ) ( ) 2( ) ( )

1, , , ,
t t t t t t

        be the t-th observation in the 

posterior sample (after convergence), the estimate parameter vector of the SEM 

algorithm is 

 ( )

1

1ˆ
T

t

tT
 



   (2.26) 

The most important quantity of the SEM analysis is not the entire vector of  ; rather, 

it is  

 ( ) ( )

1 1

1 1
ˆ

T T
t t

j j j

t tT T
  

 

    (2.27) 

that is most important because it represents the posterior probability that gene j 

belongs to cluster 1, i.e., gene j is associated with the quantitative traits. These ˆ
j

 ’s 

are ranked in a descending order. The top proportion of genes is selected as candidate 

genes associated with the phenotypes. The proportion is defined by the investigator in 

an arbitrary manner. Some objective criteria, e.g., false discovery rate (FDR), may be 

used, but it is not the focus of this study. Here, we simply chose an arbitrary cut-off 

value of 0.9
j

   to declare significant association. 
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2.2.2.5 Expression quantitative trait locus (eQTL) mapping 

The gene expression levels can be treated as quantitative traits and QTL mapping 

can be performed on each transcript, so called eQTL mapping (KENDZIORSKI et al. 

2006). The problem with the eQTL analysis is that the large number of expression 

traits make eQTL mapping very difficult. The SEM algorithm developed for the 

quantitative trait associated microarray data analysis can be extended to eQTL 

mapping with limited modification. This section describes the application of the SEM 

algorithm to eQTL mapping. 

Consider Q markers with known map positions and the genotypes for all the n 

individuals. We will study the association of all the m transcripts simultaneously with 

the kth marker for 1, ,k Q . The approach is similar to the interval mapping in 

which one marker is studied at a time (LANDER and BOTSTEIN 1989a). The entire 

eQTL mapping will take Q separate analyses. Using the same model as given in 

equation (2), we now replace the phenotype Z  by the numerically coded genotype of 

marker k denoted by kZ  so that 

 j j k jk jy X Z      (2.28) 

where jk
  is the QTL effect for transcript j at marker k. The kZ  variable is defined as 

 
1 1

2 2

1 for

1 for
k

A A
Z

A A


 


 (2.29) 

where 1 1A A  is first genotype and 2 2A A  is the second genotype of marker k. The barley 

population under study is a doubled haploid population and thus only two genotypes 

exist for each locus.  
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We now have to analyze the data Q times, one for each marker. Previously, we 

have a single   for the proportion of genes associated with the phenotype. We now 

have Q such  's to indicate the proportions of transcripts associated with all markers, 

denoted by a vector 

 
1[ ]Q    (2.30) 

In addition, the posterior probability of gene j associated with marker k is denoted by 

jk . These parameters  ,k jk   are important to the eQTL mapping. The SEM 

algorithm remains the same as before except that we must analyze the data Q times 

(one for each marker).   

2.3 Results 

2.3.1 Single trait association 

Since each trait was measured from multiple environments, we took the average 

of the phenotypic values across the environments as the phenotypic values that 

entered the linear model for analysis. Therefore, the Z  matrix for each trait analysis 

was an 1 150 1n    vector for the average phenotypic values (rescaled between -1 

and +1). The number of transcripts (genes) measured in the experiment was

22840m  . Since no other cofactor existed except the intercept, j
  is a scalar with 

dimension 1p  . For the single trait analysis, 1q   for each trait analysis. Each of the 

five parameters  2

1        is of single dimension.  

Both the (two-cluster) SEM algorithm developed here and the three-cluster EM 

algorithm of Jia and Xu (2005) were used for the single trait association study. The 

EM algorithm of Jia and Xu (2005) classified each gene into one of three clusters. The  
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Table 2.1: Numbers of genes associated with individual traits in the barley microarray data 

analysis using the two-cluster SEM algorithm and the three-cluster EM algorithm.  

Trait SEM Algorithm  EM Algorithm 

 Number Proportion  Number Proportion 

Alpha-amylase 644 2.82%  233 1.02% 

Diastatic power 467 2.04%  195 0.85% 

Grain protein 888 3.89%  257 1.13% 

Grain yield 457 2.00%  139 0.61% 

Heading date 401 1.76%  166 0.73% 

Height 784 3.43%  264 1.16% 

Lodging 650 2.85%  173 0.76% 

Malt extract 526 2.30%  216 0.95% 

 

 

 

Figure 2.1: ROC curve comparing the SEM and EM algorithms in the simulation study. 
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three clusters shared a common variance of the regression coefficient but with three 

different means. The three cluster means were restricted with negative value for the 

first cluster, zero for the second cluster and positive value for the third cluster. Genes 

classified into either the first or the third cluster is differentially expressed genes. The 

criterion of detection for each gene was that the posterior probability of being in 

cluster 2 (the neutral cluster) was less than 0.1. This is equivalent to the criterion of 

0.9
j

   in the SEM analysis. The numbers of genes associated with each of the eight 

traits are listed in Table 2.1 for the SEM and the EM algorithms. We can see that the 

SEM algorithm consistently detected more genes than the EM algorithm.  

In order to compare the performance of the SEM model and the EM model, we 

carried out a simulation experiment based on the SEM model by using the estimated 

parameters obtained from the barley data (grain yield) analysis. The ROC curve 

(Figure 2.1) shows that both the SEM and the EM models have high sensitivity and 

specificity, but the SEM model performs better and has higher sensitivity. It is well 

known that the EM algorithm tends to converge to some sub-optimal values which are 

close to the initial values. We set different parameters and simulated several datasets 

based on the EM model to test the convergence of parameters. When parameters are 

precisely estimated, the EM model is able to identify most of the associated genes. If 

parameters converge to some local optimal values that are different from the true 

values, the sensitivity is quite low. However, the SEM model can identify most 

associated genes in both cases and has high sensitivity and specificity, which are 

similar to the EM results when parameters were estimated well.  We also performed  
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Figure 2.2: The SEM convergence processes of five parameters for the grain yield trait and 

the regression coefficient (  ) of gene AF250937_s_at (the gene having strong association 

with grain yield). 
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permutation for the real data analysis by permuting the phenotypes (grain yield) to 

test the specificity of the two methods. After 100 permutations by the grain yield, we 

took average of the posterior probabilities generated from the 100 permutations for 

each gene and we found that no gene had probabilities exceeding the cut-off point 

(0.9), which indicates that the SEM method also has good specificity in real data 

analysis. 

We choose the grain yield as an example to demonstrate the converging process 

of the estimated parameters. The trace plots (parameters against the iteration) are 

depicted in Figure 2.2 for all the five parameters and the regression coefficient of 

gene AF250937_s_at. From the trace plots, we can see that all parameters have 

converged in about 10 iterations. After the parameters converged to their stationary 

distributions, the parameters fluctuated around the mean values and the means are the 

SEM estimates of the parameters.   

We also presented the predicted regression coefficients obtained with the SEM 

analysis and the scatter plots of the observed genes expressions for the genes 

associated with each trait (Figure 2.3). Some genes have positive associations with the 

traits, e.g., AF250937_s_at and Contig6445_at, and some have negative associations 

with the traits, e.g., Contig23592_at and Contig3295_at.  

2.3.2 Multiple trait association study 

For the joint association study of eight traits, the dimensionality of the parameters 

increased to 8p   and 8q  . Therefore,   is an 8 1  vector,   is a 8 8  matrix 

and 1  is an 8 8  matrix. The rest of the parameters,   and 2 , remain scalars. The  
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Figure 2.3: The estimated regression coefficient and the scatter plots of the observed gene 

expressions for genes associated with the traits obtained from the separate SEM analyses. 
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Z  matrix is an 150 8  matrix for all the eight traits measured from all the 150 DH 

lines. Only the SEM algorithm was used in this analysis because the EM algorithm of 

Jia and Xu (2005)cannot be applied to multiple trait association study.  

Using the same criterion of 0.9
j

   to declare significance association, we 

detected a total of 1646 genes that are jointly associated with the eight traits, 

accounting for 7.2% of all the 22840 genes included in the analysis. The estimated 

parameters are ˆ 0.089  and 2ˆ 0.067  for the proportion and residual error 

variance, respectively. The estimated   and   are ˆ 7.978  and ˆ 4.652 
, 

respectively. The estimated variance matrix of the differentially expressed cluster is  

1

0.107 0.002 0.027 0.023 0.027 0.074 0.033 0.023

0.002 0.052 0.026 0.009 0.007 0.002 0.013 0.005

0.027 0.026 0.204 0.095 0.0003 0.017 0.026 0.012

0.023 0.009 0.095 0.084 0.015 0.009 0.026 0.008
ˆ

0.027 0.007 0.0003 0.015 0.

 

 

    

  
 

096 0.039 0.025 0.024

0.074 0.002 0.017 0.009 0.039 0.198 0.097 0.048

0.033 0.013 0.026 0.026 0.025 0.097 0.193 0.054

0.023 0.005 0.012 0.008 0.024 0.048 0.054 0.151

 
 
 
 
 
 
  
 
    
     
 

      

 

Note that the proportion of genes detected (7.2%) in the experiment is not the same as 

ˆ 8.9%   because the former depends on the cut-off point ( 0.9
j

  ) used for gene 

declaration whereas the latter represents the probability that a randomly selected gene 

belongs to the associated cluster and it does not depend on the cut-off point. 
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Table 2.2: The estimated regression coefficients for the top ten genes jointly associated with all eight traits. The partial regression coefficients of gene 

on the eight traits are denoted by 1 8, ,  . 

Rank Probe set ID 1  
2  

3  
4  

5  
6  

7  
8  F-test p-value 

1 Contig1132_s_at -2.99 0.99 3.42 -1.99 -0.25 0.75 -0.40 -0.05 945.74 <0.0001 

2 Contig124_at 2.32 -0.68 -2.93 1.76 0.38 -0.55 0.41 0.12 581.69 <0.0001 

3 Contig2163_at -0.12 -0.77 -1.88 0.62 -0.89 0.45 2.15 1.62 543.99 <0.0001 

4 Contig11524_at 0.71 -0.83 1.18 -0.10 2.30 0.61 1.62 -1.63 492.94 <0.0001 

5 Contig2279_at 0.10 0.35 -0.72 0.80 -0.82 -2.05 -1.51 4.94 481.06 <0.0001 

6 Contig4769_at 2.67 -0.18 -2.32 1.23 0.55 -0.82 0.28 0.21 435.55 <0.0001 

7 Contig23772_s_at 1.81 -0.67 -2.53 1.50 0.13 -0.55 0.59 0.003 421.31 <0.0001 

8 HVSMEf0020F06r2_at 0.55 -0.74 0.92 -0.16 2.16 0.75 1.33 -1.45 396.72 <0.0001 

9 Contig11126_at -0.44 -0.21 0.62 -0.86 0.88 1.91 1.09 -4.10 348.06 <0.0001 

10 Contig4526_at -0.45 -1.17 1.11 0.88 1.27 1.38 0.58 -1.35 347.99 <0.0001 
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Interestingly, all genes associated with the 8 traits in the single trait analysis were 

also detected in the joint analysis, demonstrating the high efficiency of the joint 

analysis. The estimated regression coefficients for the top ten genes jointly associated 

with all traits are listed in Table 2.2 along with the F-test statistics and the p-values. 

The F-test statistic was calculated using 

  
1

1

1 1 1

1ˆ ˆˆ ˆ ˆˆ ˆT T

j j j j
F Z V Z

q
 


     (2.31) 

where  

 1

1
ˆˆˆ ˆ( )

T

j j j
Z V y X  

    (2.32) 

and 

 2

1
ˆ ˆ ˆ ˆT T

j
V X X Z Z I       (2.33) 

The p-value was calculated using 

 
8,

ˆvalue 1 ( )
j

p F F


    (2.34) 

where 8,
( )F x

  is the cumulative distribution function of the central F distribution with 

numerator degree of freedom 8q   and denominator degree of freedom  .  

2.3.3 Expression quantitative trait locus (eQTL) mapping 

The purpose of the eQTL mapping is to identify the locations of the genome that 

control the expressions of the transcripts. We used the results of the previous analysis 

to reduce the number of transcripts for the eQTL analysis. For example, out of the 

22840 transcripts, we identified 888 that are associated with grain protein traits. The 

eQTL mapping was then targeted to these 888 transcripts. This has dramatically 

reduced the number of transcripts for eQTL mapping related to the grain protein trait. 
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Recall that Table 2.1 gives the number of transcripts that are associated with each of 

the eight traits. The eQTL mapping for each trait was only conducted on the identified 

transcripts. The barley genome contains seven chromosomes. The total number of 

SNP markers investigated was 495Q  with an average marker interval less than 2 

centiMorgan, covering the entire barley genome.  

The entire eQTL analysis took about nine hours of Intel Core Duo CPU P8400, 

2.27GHz in a Hp Pavilion dv4 computer. Figure 2.4 (a-d) shows the plots of the 

proportions of transcripts associated with markers for four of the eight traits. There is 

too much information obtained from the eQTL analysis. Figure 2.5 (e-h) shows the 

plots of the remaining four traits. Here, we used grain protein and yield traits as 

examples to describe the plots. For the grain protein trait, three chromosomes (2, 3, 5) 

seem to control more genes than other chromosomes. For example, the central region 

of chromosome 2 contains almost 50% of the 888 transcripts. This region is 

considered as a hot spot. For the yield trait, chromosome 3 is the only one containing 

more transcripts. The hot spot is located in the middle of the chromosome and it 

controls the expression of about 80% of the 457 transcripts.  
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Figure 2.4: Proportions of transcripts associated with markers for the first four traits (Amylase, 

Diastatic power, Grain protein, Heading date). 
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Figure 2.5: Proportions of transcripts associated with markers for the remaining four traits 

(Height, Lodging, Malt extract, Yield). 
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2.4 Discussion 

We developed a new statistical method (SEM) for quantitative trait associated 

microarray data analysis. We used the method to analyze 22840 microarrayed genes 

associated with eight quantitative traits in barley. Many genes have been identified to 

be associated with these traits. The actual functions of these genes in barley are not 

known prior to this study. For example, among the 22840 genes, 888 are related to 

grain protein content. This dataset provides much information for barley biologists to 

further study these genes. The functions of some genes are known in rice. For 

example, according to BLASTX results, transcript 22767 (rbah35f01_s_at) is the code 

for the Cyclopropane-fatty-acyl-phospholipid synthase in rice. This gene is strongly 

associated to the grain protein in barley, with an F-test statistic of 1436.718 and a p-

value of zero.  

The same SEM algorithm for phenotype associated microarray data analysis has 

been applied to eQTL mapping with virtually no modification. The eQTL mapping 

conducted was still an interval approach where one marker is analyzed at a time. 

However, all the transcripts were analyzed simultaneously. This is already a 

significant improvement over the traditional interval mapping for QTL where one 

transcript was analyzed at a time (KENDZIORSKI et al. 2006). Transcripts 

simultaneously associated with one marker belong to the same network (or pathway) 

because they are all controlled by the segregation of the same locus. For example, 

marker ABC152D (83.1 cM) on chromosome 2 controls the expression of about 

50% 888 444   transcripts. These transcripts are allegedly to be in the same pathway 

for the development of grain protein.  
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Theoretically, the method can analyze all markers simultaneously using a single 

model. This is the all-transcript-and-all-marker model. Practically, however, it is 

difficult to handle the large 1  matrix with a 495 495  dimensionality repeatedly in 

the SEM algorithm. The theory is identical to the joint analysis of all the eight traits (a 

8 8  matrix). Further study on this simultaneous analysis is needed for the SEM 

algorithm. The MCMC implemented Bayesian eQTL mapping (JIA and XU 2007) can 

be adopted here, but it is a sampling based method and is time consuming in terms of 

computing time. This study focused on the SEM algorithm for phenotype associated 

microarray analysis with the eQTL mapping as an example of extension to other 

problems.  

Finally, the data were analyzed using an R program, which can be downloaded 

from our laboratory website (www.statgen.ucr.edu) under the "Phenotype Associated 

Microarray" section. A sample dataset (subset of the barley data) is also provided in 

the website for interested users to test the method. Users may customize the code to 

analyze their own data using the SEM algorithm.   

http://www.statgen.ucr.edu/
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Chapter 3 

Generalized Linear Mixed Model for 

Segregation Distortion Analysis 

3.1 Introduction 

Segregation distortion refers to a phenomenon that the observed genotypic 

frequencies deviate significantly from the expected Mendelian frequencies (SANDLER 

et al. 1959). Different populations have different Mendelian ratios, e.g., the typical 

Mendelian ratio for an F2 population is 1: 2 :1  for the three genotypes 

1 1 1 2 2 2: :A A A A A A . Many reasons can explain the observed distortion (FARIS et al. 

1998; HACKETT and BROADFOOT 2003; HARTL et al. 1967; LU and BERNARDO 2002; 

TAYLOR and INGVARSSON 2003; XU et al. 1997). The most promising explanation is 

viability selection on the distorted markers or loci linked to the markers 

(CHARLESWORTH and CHARLESWORT 1998). In genetic mapping for quantitative traits, 

the basic assumption is Mendelian segregation (LANDER and BOTSTEIN 1989b). 

Therefore, distorted markers are usually discarded prior to QTL mapping because 

people usually fear unexpected consequences of distorted markers on the results. In a 

recent study (XU 2008), we found that segregation distortion is not necessarily 
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harmful to QTL mapping; rather, it can help in some circumstances. Consequently, 

we can incorporate segregation distortion into existing QTL mapping programs (XU 

and HU 2010). 

It appears that segregation distortion is common rather than rare. If segregation 

distortion is indeed caused by viability selection loci, these loci themselves are of 

interest because they may help to understand the mechanism of natural selection and 

evolution. Chi-square tests are commonly used to test segregation distortion. Fu and 

Ritland (1994) and Lorieux et al.(1995) developed maximum likelihood methods to 

map segregation distortion loci. The methods are interval mapping approaches in 

which one distortion locus is tested at a time. Vogl and Xu (2000) used an MCMC 

implemented Bayesian algorithm to detect multiple segregation loci simultaneously. 

These methods are quite different from the usual QTL mapping procedures in 

quantitative trait genetic mapping. Luo and Xu (2003) first developed an expectation 

and maximization (EM) algorithm for mapping viability selection loci. This method 

takes advantage of the well-known EM algorithm in interval mapping. Recently, Luo 

et al. (2005) developed a quantitative genetic model to map viability loci. The authors 

postulated a hidden underlying liability for each individual. The liability is an 

unobserved quantitative trait and natural selection acts on the liability. The method of 

Luo et al. (2005) actually maps loci controlling the hidden liability (a quantitative 

trait). Therefore, methods of QTL mapping and viability locus mapping have been 

unified into the same framework of interval mapping. Both methods are called QTL 

mapping, but the traits mapped are different, the former maps observed quantitative 

traits and the latter maps unobserved liability.  
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The quantitative genetic model of Luo et al. (2005) is an interval mapping 

approach. The state-of-the-art QTL mapping procedure is the Bayesian shrinkage 

method (SILLANPAA and ARJAS 1998; WANG et al. 2005; XU 2003) because it 

simultaneously evaluates the entire genome. It is natural to extend the Bayeisan 

shrinkage method to map multiple viability loci. The Markov chain Monte Carlo 

(MCMC) algorithm is commonly used to implement the Bayesian method. Such a 

sampling based method is time consuming. A fast version of the Bayesian method is 

the empirical Bayesian method (XU 2007) where the variance components in the prior 

distributions of QTL effects are first estimated from the data and then used as the 

priors to estimate the QTL effects under the general Bayesian framework. This 

method is essentially the linear mixed model approach. When applied to discrete traits, 

the method is called the generalized linear mixed model (GILMOUR et al. 1985; 

HARVILLE and MEE 1984). 

Numerous algorithms have been developed to implement the generalized linear 

mixed model. The pseudo likelihood algorithm (GELMAN et al. 2003; GELMAN et al. 

2008a; WOLFINGER and O'CONNELL 1993a) appears to be the most popular one. The 

method requires a normal transformation of the original data point using the first step 

Newton-Raphson update. Once the data points are normally transformed, they are 

treated as normal quantitative phenotypes. The usual linear mixed model applies to 

the transformed data points. The difference between the Newton-Raphson 

transformation and the data transformation commonly seen in data analysis is that the 

Newton-Raphson transformation is a function of the data point and parameters while 

the usual data transformation is a function of the data point only. Therefore, the 

Newton-Raphson transformation is required for each cycle of the iteration process.  
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It is not clear how to use the pseudo likelihood approach to mapping viability loci 

because there is no phenotypic data point to transform. However, the method of 

McGilchrist (1994a) for generalized linear mixed model can be applied here. This 

method only requires a linear predictor, a likelihood and a prior distribution for each 

effect in the linear predictor. In this study, we used the McGilchrist's (1994a) method 

to perform parameter estimation.   

3.2 Methods 

3.2.1 Liability model and viability selection 

Let us define a continuous variable 
j

y  as the liability for individual j, 

 
1

p

j j jk k j

k

y X Z  


    (3.1) 

where ~ (0,1)
j

N  is a residual error with a standardized normal distribution. Other 

model effects are defined as follows. There may be some effects not related to 

genetics, such as age, location and other systematic effects, and these effects are 

captured by   and the design matrix X . There are p  genetic loci each with an effect 

k  for 1,...,k p . The value of jkZ  is determined by the genotype of individual j at 

locus k. For example, an F2 individual derived from the cross of two inbred lines can 

take one of three genotypes, 1 1A A , 1 2A A  and 2 2A A . Under the additive genetic model, 

jkZ  is defined as 

 

1 1

1 2

2 2

1 for

0 for

1 for

jk
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Z A A
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 (3.2) 
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and k ka   is the additive genetic effect for locus k. Under the dominance effect 

model, the genetic effect for locus k is a 2 1  vector [ ]
T

k k ka d  , where kd  is 

called the dominance effect. The corresponding Z variable is also a vector and defined 

as 

 

1 1 1

2 1 2

3 2 2

for

for

for

jk

H A A

Z H A A

H A A




 



 (3.3) 

where iH  is the i-th row of matrix H, as shown below, 

 

1 1

  0 1

1 1

H

  
 

 
 
   

 (3.4) 

The liability 
j

y  is not observed but it determines the viability of individual j. It is 

assumed that individual j  will survive if 0
j

y   and die otherwise. Since we can only 

observe the surviving individuals, all individuals in the sample have liabilities greater 

than zero. This will cause the selected population to deviate from the expected 

Mendelian segregation ratio for loci responsible for viability selection and all loci 

linked to the viability loci. Although all individuals have survived, some may have a 

high liability and some may have a low liability, but all have a liability greater than 

zero. We now use the concept of penetrance to describe the survivability of an 

individual. Let  

 
1

E( )
p

j j j jk k

k

y X Z  


    (3.5) 

be the expectation of the unobserved liability (a linear predictor). We use the normal 

or the logistic function to model the probability of survival for individual j , i.e., 
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( )
j

  or logistic( ) exp( ) [1 exp( )]j j j    . Conditional on the genotypes of all 

other loci, the penetrances for the three genotypes of locus k are defined as 

 

1 ( ) 1 1

2 ( ) 1 2

3 ( ) 2 2

( ) for

( ) for

( ) for

k j k jk

k j k jk

k j k jk
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 (3.6) 

where  

 
( ) ' '

'

p

j k j jk k

k k

X Z  



   (3.7) 

is the linear predictor excluding locus k. This model was first introduced by Luo et al. 

(2005) for single locus analysis, which does not include 
( )j k




 in equation (3.6). The 

data that allow us to estimate k  is the genotype array for all individuals at locus k. 

Define  

 
(11) (12) (22)j j j jw w w w     (3.8) 

as a multivariate Bernoulli variable with three categories (i.e., a multinomial variable 

with sample size one). If individual j has a genotype 1 1A A , then 
(11)

1
j

w   and 

(12) (22) 0j jw w  . The probabilities of individual j taking the three genotypes are 

derived from the Bayes’ theorem, 
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where  

 

11 1 ( )

12 2 ( )

22 3 ( )

   ( )

       ( )

       ( )

j k j k

k j k

k j k

H

H

H

   

  

  







  

  

  

 (3.10) 

is the mean of the three penetrances and 

  11 12 22     (3.11) 

is the expected Mendelian ratio. In an F2 population, the expected Mendelian ratio is 

 1 2 1
4 4 4

  . Note that if 0k  , vector 
(11) (12) 22j j j j      （ ）  will be 

equivalent to the expected Mendelian ratio for every individual at the locus.  

If there is no factor to be considered other than the markers, the term 
j

X   

should disappear here. This is different from the usual linear regression analysis 

where an intercept should always appear in the model. With the liability selection 

model, there is no intercept. We now assume only one co-factor to consider. The 
j

X  

variable can be discrete or continuous, but the distribution in the unselected 

population must be known. In this study, we first assume that 
j

X  is discrete, say 

gender, a variable indicating the gender of individual j  with 1
j

X   representing 

male and 1
j

X    representing female. In the unselected population, the sex ratio 

should be 1:1. If the population evaluated has a biased sex ratio, this means that the 

gender has an effect on the liability. We can estimate the gender effect   on the 

liability. Let    1 1
1 2 2 2

     be the expected sex ratio (prior to the selection). 

Define (1)j
  or 2j

（ ） as the posterior probability that individual j is male or female, 

respectively. These posteriors are calculated using  
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(2) 2 ( )

1
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1
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j j
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 (3.12) 

where 

 1 ( ) 2 ( )( ) ( )j j j               (3.13) 

is the mean penetrance of the two genders and  

 
( )

1

p

j jk k

k

Z 



  (3.14) 

is the linear predictor excluding the gender effect.  

We now assume that 
j

X  is a continuous non-genetic effect, e.g., age. Let us 

assume that 
j

X  follows a normal distribution in the unselected population, i.e., 

2
( ) ( | , )j jp X N X   , where   and 2  are known. Let   be the effect of 

j
X  on 

the liability. Define ( )( )j jX      as the probability that individual j has survived 

the selection. The posterior probability is defined as 

 
2

( )

1
( | , ) ( )j j j j

j

N X X     


    (3.15) 

where 
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2 2 1/2
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( | , ) ( )

   ( ) / ( 1)
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j

N X X dX



    

   








  

     


 (3.16) 

Proof of this equation (3.16) is straightforward and thus given in the next paragraph.  
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Let 
2

( ) ( | , )j jf X N X    be the normal density for variable 
j

X  with known   

and 2 . The following Lemma (CAVALLI-SFORZA and BODMER 1971) is used to 

derive equation (3.16).  

 
2 2
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j j

X
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  (3.17) 

Let us rewrite equation (3.17) as 
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 (3.18) 

Comparing equation (3.18) with equation (3.17), we can see that ( ) /j      and 

2 2
1/  . Substituting these into equation (3.17), we get 
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 (3.19) 

This concludes the derivation of equation (3.16) presented in the previous paragraph.  

3.2.2 Likelihood, prior and posterior 

It is difficult (if not impossible) to construct the joint likelihood for all loci, but 

conditional on the effects and the genotypes of other loci, the likelihood for locus k 

can be derived based on the multivariate Bernoulli distribution, that is 

 (11) (11) (12) (12) (22) (22)

1

( ) ln( ) ln( ) ln( )
n

k j j j j j j

j

L w w w   


      (3.20) 
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The exact notation for this log likelihood should be 
( )( | )k kL   

 because it is 

conditioned on the gender effect and effects of other loci. We use the simplified 

notation to improve the readability. Let us assign a normal prior to k , i.e., 

 ( ) ( | 0, )
k k k

p N    (3.21) 

Furthermore, we assign a hierarchical prior to 
k

 , 

 ( ) Inv-Wishart( | , )
k k

p      (3.22) 

where   is the prior degree of freedom and   is the prior scale matrix with the same 

dimension as 
k

 . The reason for assigning these prior distributions is to handle a 

possible large number of loci involved in the model. Uniform prior for the gender 

effect is assumed. The log posterior (denoted by LogPost) is  

 LogPost( ) ( ) ln ( | 0, ) ln[Inv-Wishart( | , )]
k k k k k

L N          (3.23) 

where a constant has been ignored. 

For the sex effect (discrete co-factor), the likelihood for   conditional on ( )j    

is 

 1 1
(1) (2)2 2

1

( ) ( 1) ln( ) (1 ) ln( )
n

j j j j

j

L X X  


       (3.24) 

For the continuous co-factor, the log likelihood for parameter   can be written as 
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 (3.25) 

Prior distribution for the non-genetic effect is assumed to be uniform (uninformative 

prior) and thus only the likelihood is needed to find the posterior mode estimate of  . 
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3.2.3 Posterior mode estimation 

Due to the possible large number of parameters, we take a sequential approach to 

estimating the posterior mode parameters with one locus at a time. This approach is 

also called the coordinate descent algorithm. Once the parameters of all loci are 

updated, the sequence is repeated until a certain criterion of convergence is reached.  

Let us define the first step of the Newton-Raphson iteration as 

 

1
2

( 1) ( ) LogPost( ) LogPost( )t t k k
k k T

k k k

 
 

  



     
     

     
 (3.26) 

and denote the variance of this updated parameter by  

 

1
2LogPost( )

k
k T

k k

V


 



 
   

  
 (3.27) 

where the first and second partial derivatives are evaluated at ( )t

k k
  . The posterior 

mean and posterior variance matrix for k  at iteration t are denoted by ( 1)
E( )

t

k k  
  

and var( )k kV  , respectively. Since the posterior distribution of k  is approximately 

multivariate normal (asymptotical theory), the posterior mean is identical to the 

posterior mode. The posterior of 
k

  remains scaled inverse Wishart due to the 

conjugate property of the prior. Therefore, the posterior mode of k  is 

 
( 1) E( ) E( )E( ) var( )

( 1) 2 1 ( 1) 2 1

T T
t k k k k k

k

      

 

   
  

     
 (3.28) 

where 1   is the degree of freedom for the inverse Wishart posterior and the number 

2 represents the dimension of vector k .  
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The posterior mode estimation of   conditional on the effects of all loci is 

 

1
2

( 1) ( ) ( ) ( )t t

T

L L 
 

  



     
     

    
 (3.29) 

with an estimation error variance approximated by  

 

1
2 ( )

var( )
T
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 (3.30) 

The iteration process of the posterior mode estimation is summarized as follows. 

Step 0: Initialize all parameters. 

Step 1: Update the non-genetic effect using equation (3.29). 

Step 2: Update effect of marker k for 1, ,k p  using equation (3.26). 

Step 3: Update k  for 1, ,k p  using equation (3.28). 

Step 4: Repeat step 1 to step 3 until the iteration process converges. 

3.2.4 Genetic contribution from an individual locus 

An obvious advantage of the liability model is that we are able to calculate the 

proportion of the liability variance contributed by each SDL, similar to the proportion 

of quantitative trait variance contributed by each QTL. Suppose that we have detected 

one SDL with both additive and dominance effects. The theoretical variances of the Z 

variables in an F2 population are 0.5  for the additive part and 1.0 for the dominance 

part. The reason is that the three genotypes are coded as +1, 0 and -1 for the additive Z 

and -1, 1 and -1 for the dominance Z (YANG et al. 2006). Let ka  and kd  be the 
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additive and dominance effects of this SDL. The genetic variance explained by this 

locus is 

 2 21

2
G k kV a d   (3.31) 

The residual variance of the liability is set at unity and thus the variance of the 

liability is 

 2 21
1 1

2
P G k kV V a d      (3.32) 

The broad sense heritability is defined as 
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 (3.33) 

This is the proportion of the liability variance contributed by the kth SDL. Assuming 

that the multiple SDL are not closely linked, the overall contribution from all SDL is 

approximated by  
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 (3.34) 

The liability model has unified QTL mapping and SDL mapping in the same 

framework of quantitative genetics.  
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3.3 Results  

3.3.1 Mouse experiment 

We used a published dataset of an F2 mouse experiment to demonstrate the 

application of the method. The dataset was published by Lan et al. (2006) and is 

freely available from the internet. The mouse genome has 19 chromosomes 

(excluding the sex chromosome). The data contains 110 F2 ob/ob mice derived from 

the cross of two inbred lines (BT×BTBR) and 193 markers covering 1,800 cM of the 

entire mouse genome. The average marker distance was 9.35 cM per marker interval. 

We inserted one or more pseudo markers in intervals larger than 5 cM to make sure 

that the entire genome is evenly covered by (pseudo or true) markers with no intervals 

larger than 5 cM. The number of pseudo markers inserted was 273, resulting in a total 

of 466 markers (193 true and 273 pseudo markers). For the pseudo markers, the 

genotype indicator variable, 
(11) (12) (22)j j j jw w w w    , is missing for every 

individual. In the data analysis, the missing variable was replaced by the conditional 

probability calculated using the multipoint method (JIANG and ZENG 1997).  

The top panel of Figure 3.1 shows the frequencies of the three genotypes, 1 1A A , 

1 2A A  and 2 2A A , plotted against the mouse genome. It is obvious that there is a severe 

distortion in the beginning of chromosome 6 where the population contains almost 

exclusively the 2 2A A  genotypes with 1 1A A  and 1 2A A almost eliminated from the 

population. Chromosomes 14 and 18 also show mild segregation distortion. 
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Figure 3.1: Frequencies of the three genotypes and LOD score profiles of the mouse genome. 

This is an F2 population derived from the cross of two inbred lines (BT×BTBR). (a) The top 

panel shows the frequencies of three genotypes with the blue, red and green patterns 

representing the 1 1A A , 1 2A A and 2 2A A  genotypes, respectively. (b) The bottom panel shows 

the LOD score profiles for the mouse genome obtained from the interval mapping of 

segregation distortion. The profile in red (LOD SDL) represents the LOD score for 

segregation distortion. The curves in blue and black are the LOD scores for QTL of the 10 

week body weight and joint testing of the QTL and segregation distortion. 
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Interval mapping for segregation distortion using the QTL procedure in SAS (HU and 

XU 2009) showed that the LOD score for chromosome 6 is 43.25 (see the bottom 

panel of Figure 1 for the LOD score profile obtained from the interval mapping 

analysis). The interval mapping procedure is a separate analysis for each marker. With 

the interval mapping, the position with the highest LOD score (43.25) occurred at a 

pseudo marker (at position 15.69 cM) between the first true marker (D6Mit86, 0 cM) 

and the second true marker (D6Mit224, 30.4 cM) on chromosome 6. The estimated 

frequencies of this pseudo marker are 0.0000, 0.0001 and 0.9999 for the three 

genotypes ( 1 1A A , 1 2A A and 2 2A A ), respectively. 

We used the generalized linear mixed model to analyze all the 466 markers (193 

true and 273 pseudo) jointly. In the mouse data, among the 110 mice, 52 were male 

and 58 were female. Apparently, the sex ratio is not biased and thus sex appears to 

have no effect on the survivorship. However, we included the sex factor as a fixed 

effect in the model to test the robustness of our model. We expected that our model 

would detect no sex effect on the survivorship. The generalized linear mixed model 

had 466 2 1 933    model effects, including 466 additive effects, 466 dominance 

effects and one sex effect. This GLMM with 110 individuals was indeed able to 

handle such a large model (933 model effects). The hyper parameters used in the 

analysis was ( , ) (0,0)   , equivalent to the Jeffrey's prior for the variance 

components. The estimated additive and dominance effects along with the 

corresponding LOD scores are depicted in Figure 3.2. One segregation distortion 

locus was detected on chromosome 6 (same as that of the interval mapping). The
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Figure 3.2: QTL effects and LOD scores of the mouse genome estimated by GLMM. The 

additive effect and the dominance effect are shown in the top panel and LOD score of 

additive effect and dominance effect are in the bottom panel. Additive effect and the LOD 

score profiles are color coded in blue and the dominance effect and LOD score profiles are 

coded in red. Positions of the 193 true markers are indicated by the barcode like ticks on the 

horizontal axis. The critical value (95% of the LOD score generated under the null model) is 

2.99, which is smaller than the observed LOD score of 25.0.   
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location of this distortion locus is right at the first marker of chromosome 6 (D6Mit86, 

0 cM). The interval mapping approach described in the previous paragraph also 

detected a segregation distortion locus. However, the SDL detected by interval 

mapping was located halfway (15.69 cM) between markers D6Mit86 (0 cM) and 

D6Mit224 (30.4 cM) (see Figure 3.1 for the result of interval mapping). The GLMM 

analysis also showed some distortion for the second marker (D6Mit224, 30.4 cM), but 

the LOD score is only 3, barely significant. Therefore, we can safely ignore this locus 

due to linkage with the first marker. Let us go back to the first marker D6Mit86, the 

major SDL detected by the GLMM method. This segregation distortion locus is 

caused by both the additive and dominance effects. The estimated additive effect (± 

standard error) is ˆ 4.6230 0.4248a    while the estimated dominance effect (± 

standard error) is ˆ 1.6656 0.1833d    . The LOD scores are 25.69 and 17.92, 

respectively, for the additive and dominance effects. Simulation experiment under the 

null hypothesis (Mendelian segregation) showed that the 95% value of the null 

distribution of the LOD scores is 3.8, much smaller than the actual LOD score of 

25.69. Therefore, we are very confident for this detected segregation distortion locus. 

As expected, the estimated sex effect is ˆ 0.1969 0.3002    with a LOD score of 

0.0934, smaller than 1.0255, the 95% value of the LOD score generated under the null 

model. Therefore, we can safely claim that the gender effect is insignificant. 

In the GLMM analysis, the QTL effect has been interpreted as an effect on a 

hypothetical liability. The total variance of the liability is (see the Method section) 

 

2 2 2

Liability

2 2

ˆˆ0.5 1

0.5 4.6230 ( 1.6556) 1

14.4606

a d    

    



 (3.35) 
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Therefore, the proportion of the liability variance explained by this segregation 

distortion locus is 

 
2 2

2 2

ˆˆ0.5 13.4606
0.9308

ˆ 14.4606ˆ0.5 1

a d
H

a d

 
  

  
 (3.36) 

which is also called the broad sense heritability. This single locus contributes 

approximately 93% of the liability variance. We can also calculate the expected 

frequencies of the three genotypic based on the estimated QTL effect. Let  

 

ˆ ˆ ˆˆ ˆ0.25 ( ) 0.5 ( ) 0.25 ( )

  0.0003878 0.0239483 0.25

  0.2743361

a d d a d         

  



 (3.37) 

The expected frequencies for the three genotypes are  

 

11

12

22

1 ˆˆ0.25 ( ) 0.0014

1 ˆ0.50 ( ) 0.0873

1 ˆˆ0.25 ( ) 0.9113

a d

d

a d










     

   

    

 (3.38) 

respectively, for 1 1A A , 1 2A A  and 2 2A A . 

3.3.2 Simulation experiment 

We simulated a single chromosome with 2400 cM in length covered by 481 

markers evenly placed on the genome with 5 cM per marker interval. The additive 

QTL effects of six markers were simulated with the true positions and true effects as 

presented in Figure 3.3 (bottom panel). Dominance effects were not simulated (zero  
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Figure 3.3: Genotype frequencies and the true QTL effects for segregation distortion in the 

simulation experiment. In the top panel, blue and green areas represent the frequencies of the 

two types of homozygote while the red area represents the frequency of the heterozygote. The 

true QTL effects are shown in the bottom panel. 
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Figure 3.4: Estimated additive QTL effects and the LOD scores for segregation distortion in 

the simulation experiment. The additive QTL effects (top panel) and LOD scores for the 

additive effects (bottom panel) are estimated by GLMM. The true effect is colour coded in 

red and the estimated effect is coded in blue. 
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values) although they were included in the data analysis. Frequencies of the three 

genotypes of a simulated F2 family with 500 individuals are also presented in Figure 

3.3 (top panel). We also simulated two co-factors that influence the liability. The first 

co-factor was the sex effect coded as 1 for male and -1 for female with an effect value 

of 1 1.0  . The second co-factor was a continuous variable with 0   and 

2
0.25  . The effect of this co-factor on the liability was 2 1.0  . The liability of 

each individual was generated using the linear model containing the two cofactors and 

the six QTL. An individual with a liability greater than 0 survived the selection, 

otherwise, it was eliminated. All the 500 individuals in the sample survived the 

selection. The simulated data were analyzed using the generalized linear mixed model 

with ( , ) (0,0)    as the hyper-parameter values.  

The estimated additive effects and the LOD scores are given in Figure 3.4. The 

estimated dominance effects and LOD scores were all near zero and thus not 

presented in the figure. Critical value of the LOD score generated from the null model 

was 2.99, which is smaller than the LOD score of each identified QTL. Therefore, all 

the six QTL have been identified by the method with no false positive identification. 

Figure 3.5 gives the estimated QTL effects and LOD scores for a dataset simulated 

under the null model. We can see that both the effects and the LOD scores are 

extremely small. The estimated QTL effects from simulation experiment (not the null 

model) are also presented in Table 3.1 along with the true values. Except QTL 5, all 

other QTL have been identified at the positions where they were simulated. QTL 5 

was missed at the simulated position (1750 cM) but the effect was picked up at 
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Figure 3.5: The estimated QTL effects (top panel) and LOD scores (bottom panel) under the 

null model. The data was simulated with no segregation distortion. 
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Table 3.1: Estimated parameters of the QTL identified by GLMM compared to true values in 

the simulation. 

 True 

effect 

True 

proportion 

Estimate StdErr Position 

(cM) 

LOD Proportion 

QTL 1 1.4135 0.1543 1.1905 0.1357 50 16.6828 0.1224 

QTL 2 -0.9993 0.0771 -0.8296 0.1252 125 9.5271 0.0594 

QTL 3 0.9993 0.0771 0.9605 0.1328 360 11.3536 0.0796 

QTL 4 -1.2048 0.1121 -1.1991 0.1353 905 17.0304 0.1241 

QTL 5 1.0000 0.0772 0.8593 0.1310 1735
a
 9.3347 0.0637 

QTL 6 -1.41354 0.1543 -1.2959 0.1380 2115 19.1230 0.1450 

Co-factor 1 1.0000 0.1545 1.0217 0.1020 -- 21.7673 0.1803 

Co-factor 2 1.0000 0.0386 1.1007 0.1809 -- 8.0412 0.0523 

  0.8455
b
     0.8272

c
 

a
1735 The true location is 1750 cM and the estimated location is 15 cM away from the true 

location.  
b
0.8455 This is the true (total) proportion of the liability variance contributed by the six QTL 

and the two co-factors.
 

c
0.8272 This is the estimated (total) proportion of the liability variance contributed by the six 

QTL and the two co-factors. 
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position 1735 cM, 15 cM away from the true position. The six QTL plus the two co-

factors contributed 84.55% of the total variation of the liability and the estimated 

proportion was 82.74%, very close to the true proportion. The simulated data analysis 

demonstrates that the generalized linear mixed model successfully identified the 

simulated QTL and the two co-factors.   

This paragraph describes the result of 100 repeated simulations generated from 

the same set of parameters. This experiment allowed us to evaluate the power and 

false positive rate of QTL identification. The critical value for the LOD score was 

2.99, which was generated empirically from multiple simulations under the null 

model (see the Methods section). For each of the true QTL, if any marker with 15 cM 

away from the true QTL had a LOD score greater than 2.99, this QTL was declared as 

being detected. Since each marker interval was 5 cM, the 30 cM (15 cM left and right) 

coverage contained five markers (including the one with the true effect). If any 

marker more than 15 cM away from a simulated true QTL had a LOD score greater 

than 2.99, that marker was declared as a false positive. Results of the replicated 

simulation experiments are given in Table 3.2. The average estimated effects (QTL 

and co-factors) are consistently smaller than the true values due to the shrinkage 

nature of the estimation. The biases, however, are not too strong to affect the powers 

because all effects have been detected with very high powers (ranging from 71% to 

100%). For the entire 100 replications, we only detected five false positives (positive 

markers that are 15 cM away from a true effect). The overall false positive rate is 

5 / [100 (481 5 6)]=0.000111   , extremely low. The number 481 in the denominator 

is the total number of markers, the number 6 is the number of markers with true 

effects and the number 5 is the number of markers in the window covering a true QTL. 
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Table 3.2: Average estimates of effects and powers of simulated QTL and co-factors from 

100 replicated simulations.  

 True  Estimate StdEv Power (%) 

QTL 1 1.4135 1.1028 0.1329 99 

QTL 2 -0.9993 -0.5964 0.1270 71 

QTL 3 0.9993 0.7663 0.1474 91 

QTL 4 -1.2048 -0.9858 0.1310 98 

QTL 5 1.0000 0.7166 0.1375 87 

QTL 6 -1.41354 -1.1977 0.1488 100 

Co-factor 1 1.0000 0.9192 0.1299 100 

Co-factor 2 1.0000 0.8894 0.1895 95 

True - The true effects used to simulate the data. 

Estimate - The average estimated effects obtained from 100 replicated simulation experiments. 

StdEv - The standard deviation of effects from the 100 replications. 

Power - The number of replicates in which the effect was detected out of 100 replicated 

samples 
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3.4 Discussion and conclusions 

Genome-wide segregation distortion is a common phenomenon in genetic 

mapping, but it is usually ignored. The main reason is the difficulty in joint estimation 

and tests of the segregation distortion loci. We formulated the problem as a typical 

quantitative genetics problem using a hypothetical liability to describe the fitness of 

each individual. Using a generalized linear mixed model, we were able to estimate 

and test genome-wide quantitative trait loci controlling the hidden liability. We used a 

mouse dataset to demonstrate the method and detected a major QTL for the liability 

that explains 93% of the liability variance. The simulated data experiment showed 

that the method can detect a QTL (e.g., the second QTL simulated) explaining 7.71% 

of the liability variation with 71% power. The method was implemented in a 

SAS/IML program. The code is posted on our website (www.statgen.ucr.edu) for 

general application. With this method and the program, genome-wide segregation 

distortion can be investigated routinely in future genetic data analysis.  

As a Bayesian method, there are a rich array of prior distributions can be 

explored. In this study, we used the inverse Wishart as the prior distribution for the 

prior variance matrix of QTL effects. For the additive genetic model (one effect per 

locus), the inverse Wishart distribution becomes a scaled inverse Chi-square 

distribution. It is possible to use the exponential distribution (the Lasso prior) as an 

alternative prior (TIBSHIRANI 1996b). Because the method uses multiple levels of 

prior choice, the model can also be called hierarchical generalized linear mixed model 

(GELMAN et al. 2008a; YI and BANERJEE 2009). This study opens a new area in 

statistical genetics and further studies are expected to arise. For example, how to use 
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the adaptive Lasso (ZHOU 2006) to address this problem is entirely unknown and can 

be explored in the future.  

A caveat of this method is the requirement of Mendelian segregation ratio (before 

the selection). For populations generated through line crossing experiments, 

Mendelian ratios are known. However, for uncontrolled populations, the theoretical 

Mendelian frequencies are not available. In this case, one needs to survey the 

unselected population to obtain the genotypic frequencies as the controlled 

"Mendelian segregation". If one can genotype both the selected and unselected 

individuals, one may simply use the case-control study and there is little reason to use 

this case-only study approach. In reality, genotyping individuals is much more costly 

than pooling the DNA of a sample of individuals. The cost effective approach is to 

genotype each individual in the surviving sample and genotype the pooled DNA 

sample for the unselected population because we only need the frequencies of 

genotypes (not the genotypes of individuals) in the unselected population. For the co-

factors, we also need the expected frequencies of the co-factors in the unselected 

population. We examined the sex effect (discrete co-factor) and a normally distributed 

co-factor. The expected 1:1 sex ratio was used as the expected frequency. For the 

normal co-factor, we used the mean and variance of the co-factor used in the 

simulation (the true values) to construct the expected distribution. In reality, one 

needs to survey the entire population to obtain the expected distribution. For 

continuous variables deviating from normality, one may discretize a variable to a few 

groups. For example, age is a quantitative variable but one can arbitrarily divide 

individuals into a few age groups. This discretization will eliminate the restriction of 

normal distribution.  
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The method developed here can be applied to more broad situations beyond 

genetics without much modification. For example, if we know the joint distribution of 

k variables in a base (unselected) population and the joint distribution of the variables 

in a selected sample. We can simply test the difference between the two distributions 

to see which variables influence more on the selection. However, the pair-wise 

covariance may not allow us to make a precise decision on the importance of each 

variable. If two variables both influence the selection and they are highly correlated, 

the influence of one variable may be simply caused by the high correlation with the 

true causal variable. The proposed method here can help separate the true causality 

from the influence due to correlation.  

QTL mapping is usually conducted in unselected populations. Individuals with 

undesired phenotypes must also be evaluated to obtain unbiased estimates of QTL 

effects. This is not a cost effective approach in breeding companies. Breeders wish to 

use only selected individuals to breed and keep no records for the unselected 

individuals. If we only evaluate the selected individuals, markers associated with the 

traits of interest will show distorted segregation. If the selection criterion is not well 

defined, for example, drought resistance, it is hard to map QTL. The segregation 

distortion loci are actually the QTL for drought resistance if one knows that there is 

no segregation distortion in the unselected population. The method developed here 

can be directly applied to mapping drought resistance QTL. Because we can perform 

QTL mapping using selected population, this approach may be called "mapping while 

selecting". For example, breeders may want to evaluate drought resistance of a family 

of recombinant inbred lines (RIL) by planting all seeds in a harsh drought 

environment. Eventually all plants die except the ones with strong resistance of 
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drought. Breeders may have no records of the plants eliminated, but they can still 

perform QTL mapping for this trait (drought resistance) using all plants that have 

survived the selection. Other stress related traits can also be mapped using this 

approach, e.g., pest and salinity resistances. 

In human genetics, case-control study is a common approach for mapping disease 

loci. In situations where there are no records for the control but the case, this case-

only study may benefit from the new method. For example, one may easily get patient 

data from hospitals but hardly has individual records for the entire population. QTL 

mapping for the disease trait is still possible if we have the population records 

(frequencies) of genotypes in the entire population.  

In summary, we developed a hierarchical generalized linear mixed model to map 

QTL for liability. This is a new approach to genetic mapping. It incorporates a 

seemingly different problem (segregation distortion) into the same QTL mapping 

framework for quantitative traits. Statistically, it shows that the generalized linear 

mixed model can be applied to situations where there are no phenotypic records; one 

only needs a likelihood function, a linear predictor and a prior distribution to infer the 

posterior mode estimation of the model effects.  
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Chapter 4 

Adaptive Ridge Regression for Rare 

Variant Detection 

4.1 Introduction  

Over the past decade, many causal polymorphic variants for common diseases 

have been successfully identified by genome-wide association studies (GWASs) 

(AULCHENKO et al. 2009; BARRETT et al. 2008; KATHIRESAN et al. 2008) which are 

based on the common disease common variants (CDCV).  The associated variants 

greatly facilitate the understanding of the genetic basis underlying common diseases. 

However, most of those association studies were targeted to common variants which 

have minor allele frequency (MAF) greater than 1%. This is mainly because 

traditional SNP genotyping arrays only capture variants with relatively high MAF. 

Although many genetic variants have been identified for common diseases, large 

proportion of the heritability of a trait cannot be explained by the detected variants. 

Many factors can lead to the missing heritability: (1) the underestimation of the 

effects of common variants, (2) undetectable common variants with small effects, and 

(3) rare variants (ALTSHULER et al. 2008; MANOLIO et al. 2009).  The advances in 
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sequencing technology make it possible to sequence some important candidate genes 

(ROMEO et al. 2007; ROMEO et al. 2009) and even the whole genome (THE 1000 

GENOMES PROJECT CONSORTIUM 2010). The available sequence information allows us 

to find out most variants across the genome and identify associated variants with 

different allele frequencies.  

Meanwhile, it is found that genetic variants with low MAF, often called rare 

variants, may substantially contribute to phenotypic expression (BODMER and 

BONILLA 2008; CIRULLI and GOLDSTEIN 2010; COHEN et al. 2004; COHEN et al. 2006; 

GORLOV et al. 2008; PRITCHARD 2001). The missing heritability phenomenon in 

GWAS may be due to rare variants which may not be captured by the traditional SNP 

genotyping arrays (MANOLIO et al. 2009). Therefore, identifying rare variants would 

help understand the genetic basis and disease etiology. Rare variants, which have 

lower minor allele frequencies compared to common variants, tend to have larger 

effects than common variants (BODMER and BONILLA 2008). Many GWAS studies 

indicate that most identified common variants have odds ratio ranging from 1.1 to 1.3 

with a mean odds ratio of 1.36. However, the mean odds ratio of rare variants is 3.74 

and most rare variants have much greater odds ratio than common variants (BODMER 

and BONILLA 2008). In addition, lots of nonsynonymous rare mutations from exon 

sequencing are functional variants for some common diseases (BODMER and BONILLA 

2008). Many studies have been carried out to investigate the effects of rare variants by 

sequencing exons of candidate genes (COHEN et al. 2004; COHEN et al. 2006; 

NEJENTSEV et al. 2009; ROMEO et al. 2007; ROMEO et al. 2009) and several rare 

variants have been found to be associated with common diseases. For example, rare 

variants in the IFIH1 gene were found to be strongly associated with Type I diabetes 
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(NEJENTSEV et al. 2009). Some rare variants in ANGPTL3 and ANGPTL5 are much 

more common in the lowest quartile of plasma triglyceride level (ROMEO et al. 2009). 

Statistical power of identification of genetic variants depends on sample size, the 

effects rare variants and the minor allele frequency (BANSAL et al. 2010; GORLOV et 

al. 2008). Since the MAF of rare variants are extremely low (less than 1%~5%), it is 

very challenging to identify the causal rare variants by using methods of traditional 

association study (ASIMIT and ZEGGINI 2010; BANSAL et al. 2010; LI and LEAL 2008; 

MADSEN and BROWNING 2009; YI and ZHI 2010). The univariate tests (e.g. Chi-

square test, Fisher’s exact test, linear regression) have to take multiple testing 

corrections to control family-wise error rate (FWER) and false discovery rate (FDR). 

Multiple-marker tests (e.g. multiple regression, Hotelling’s 2T  test) increase the 

degree of freedom in the hypothesis testing. Univariate test and multivariate test both 

loose power when the allele frequencies are very low (LI and LEAL 2008). 

Until recently, much effort has been focused on the development of new 

statistical methods for detecting rare variants. Most of the existing methods pool 

variants in the same group into one variant, which collectively combines the 

information from multiple variants and tries to increase the power of identification of 

rare variants. For example, Cohort allelic sum test (CAST) (MORGENTHALER and 

THILLY 2007) combines the rare variants in the same region into a single variant. The 

frequency of the pooled single variant can be compared between the case and control 

populations. The Combined Multivariate and Collapsing (CMC) method (LI and LEAL 

2008) collapses rare variants in the same group into one single marker, and then 

counts the number of individuals carrying this marker in the case and control 
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populations. The Hotelling’s 2T test is used to analyze the collapsed genotype data. 

The authors proved that the CMC method is much more powerful than the traditional 

single marker and multiple marker tests. It is also robust to the misclassification of 

rare variants. Morris and Zeggini (MORRIS and ZEGGINI 2010) proposed two 

likelihood ratio tests (RVT1 and RVT2) based on different linear regression models to 

analyze rare variants. The first model treats the proportion of rare variants carrying at 

least one minor allele as predictor variable. In the second model, the indicator of 

presence or absence of the minor allele at any rare variant for one individual is used as 

the predictor in the linear model, which is similar to the collapsing method proposed 

by Li and Leal (LI and LEAL 2008). Madsen and Browning (MADSEN and BROWNING 

2009) weighed each rare variant by the minor allele frequency in unaffected 

individuals and found that this weighted approach can magnify the signal of rare 

variants. In this analysis, each individual was assigned a genetic score and the scores 

were ranked to test the significance of the association signal. Price et al. (PRICE et al. 

2010a) adopted a variable-threshold approach to analyzing rare variants. They 

calculate a z-score for each reasonable threshold and find the maximum z-score. The 

significance of the z value was then tested using a permutation analysis.  

All these so called burden test methods assume that the effects of rare variants are 

in the same direction. They collapse rare variants into a single variant and then 

compare the frequencies in the case and control populations. However, it is well 

known that many genetic variants may not have effects on the phenotype of interests, 

and some of the variants may have beneficial effects and others have deleterious 

effects. Therefore, such assumptions seem to be inappropriate and collapsing rare 

variants in this way will introduce noise and decrease the power. Taking into account 
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different directions of the variants will increase the power of rare variant detection 

(HAN and PAN 2010; PAN and SHEN 2011).  

More recently, Yi and Zhi (YI and ZHI 2010) proposed a Bayesian hierarchical 

generalized linear model (BhGLM) to analyze rare variants without assuming known 

directions of the variant effects. They assigned two types of parameters to the 

regression model, a weight parameter for each variant and an overall effect for all 

variants in the same functional unit. The weights and the overall effect are estimated 

using the weighted least squares method that incorporates hierarchical prior 

information. As a result, the weights are estimated based on the contribution of the 

variants to the phenotype of interest. The association between rare variants and the 

phenotype of a target trait can be found by testing the significance of a single 

parameter, the overall effect (or score). Yi et al. (YI et al. 2011) eventually proposed a 

similar method based on the Bayesian hierarchical generalized linear model. The new 

method incorporates covariates and divides rare variants into several groups according 

to the minor allele frequencies and the functions of the variants. They also assigned 

hierarchical prior distributions to the weights of the variants and the groups. The 

association between the phenotype and the variants in the same group can be found by 

testing the group effects. These two methods do not assume known directions of the 

effects of the rare variants and can identify the collective effects of rare variants in the 

same group as well as individual variant effects. The Bayesian hierarchical 

generalized linear model has a higher power than all the burden test methods. This 

new method is considered the state-of-the-art method for rare variant detection.  
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We believe that the high power of the Bayesian hierarchical generalized linear 

model of is due to (1) appropriate combination of the individual rare variants (the new 

score) and (2) assignment of the hierarchical priors. After a thorough evaluation of 

these new methods, we found that there is still some room for improvement. The new 

score BhGLM is a first moment parameter (shared effect). An alternative score may 

be a second moment parameter (shared variance). The Yi and Zhi’s method requires 

prior distributions, and thus different priors may produce different results. The hyper-

parameters involved in the prior distributions may also affect the results. In this study, 

we proposed to use a shared variance among rare variants as the new score. The 

method is originally called ridge regression (HOERL and KENNARD 1970). It is further 

modified to discriminate against rare variants with small effects. This modified ridge 

regression is called the adaptive ridge regression (GRANDVALET 1998). The adaptive 

ridge regression (ARR) is performed under the maximum likelihood framework, and 

thus prior distributions of parameters are not required. 

4.2 Methods 

The key issue in rare variant detection is to combine all rare variants into a single 

score (shared feature) and perform a single test for the collective effect of all rare 

variants. Our new method will be developed based on this notion. For the paper to be 

self-contained, we will briefly introduce ridge regression (HOERL and KENNARD 

1970), based on which a new method called adaptive ridge regression will be 

developed.  
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4.2.1 Ridge regression 

Let 
j

y  be the phenotypic value of a quantitative trait measured from individual j 

for 1, ,j n , where n  is the sample size. The following linear model is used to 

describe the relationship between 
j

y  and the rare variants,  

 
1

m

j j jk k j

k

y X Z  


    (4.1) 

where m  be the number of rare variants, 
j

X  is a row vector representing the 

incidences of some covariates (fixed effects),   is a column vector for the fixed 

effects, jkZ  is a genotype indicator variable for marker k, k  is the effect of the kth 

rare variant, and 
2

~ (0, )j N   is the residual error with an assumed normal 

distribution. The genotype indicator variable is coded as 

 

1 1

1 2

2 2

1 for

0 for
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jk

A A

Z A A

A A




 


 (4.2) 

where 1A  is the rare allele and 2A  is the common allele of locus k. This coding system 

is adopted from that of QTL mapping (XU 1998). An alternative coding system is  

 
1 1 1 2

2 2

 or 1 for

1 for
jk

A A A A
Z

A A


 


 (4.3) 

where a genotype carrying one or two rare alleles is coded as 1 and the common allele 

homozygote is coded as -1. Because of the rare frequency of allele 1A , the probability 

of 1 1A A  is negligible and thus the population virtually consists of only the 

heterozygote and the homozygote of the common allele. The second coding system 
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has an advantage of saving computer storage. In this study, we took the first coding 

system, i.e., equation (4.2). 

We assume that the effect of each rare variant is sampled from a normal 

distribution with mean zero and a common variance, i.e., 2
~ (0, )

k
N   for 

1, ,k m . By doing this, we can evaluate the shared nature of the rare variants, i.e., 

they all have the same variance, so that a test statistic can be derived to test this single 

variance. If 2
0  , none of the rare variants are associated with the trait of interest. 

This particular formulation treats the cofactors as fixed effects and the rare variants as 

random effects. If 2  is a predetermined constant, the method is called ridge 

regression analysis with a ridge factor (HOERL and KENNARD 1970) of 
2 2

/   . 

However, we can estimate 
2  from the data under the mixed model framework 

(HENDERSON 1975), in which the expectation is E( )y X   and the variance 

covariance matrix of the phenotypic values is 

 
2 2

var( )
T

y V ZZ I     (4.4) 

where  jkZ Z  is an n m  matrix for the genotype indicators of all subjects for all 

rare variants. The maximum likelihood or restricted maximum likelihood methods can 

be used to estimate the parameters  2 2
, ,     and test 2

0
: 0H   . Rejection of 

0H  leads to a conclusion that these rare variants are collective associated with the 

trait. The likelihood ratio test statistic may be used to test 0H , 

 2 2 2ˆ ˆ ˆ2 ( , ) ( , , )L L        
 

 (4.5) 
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where  2 2ˆ ˆ ˆ ˆ, ,     represents the ML estimate of   under the full model and 

 2
,    represents the ML estimate of   under the null model. When the sample 

is sufficiently large,   follows approximately a chi-square distribution with one 

degree of freedom ( 2

1
 ). Crainceanu and Ruppert (CRAINICEANU and RUPPERT 2004) 

stated that   follows asymptotically a mixture of two chi-square distributions denoted 

by 2 2

0 1
0.5 0.5  . We will use both distributions to draw the critical values for the 

test statistic. In addition, we will also perform permutation tests (CHURCHILL and 

DOERGE 1994) to find the empirical distribution of the likelihood ratio test statistic 

and thus the empirical threshold for the controlled Type I error rate. Therefore, the 

asymptotic chi-square distributions may not be required in real data analysis.  

The whole purpose of rare variant analysis is to test all the rare variants 

collectively using the likelihood ratio test statistic for 2

0
: 0H   . However, each 

individual rare variant can also be estimated and tested using the mixed model 

equation (HENDERSON 1975) with   substituted by ̂ . The mixed model equation is  

 

1
ˆ

ˆˆ

T T T

TT T

X X X X X y

Z yZ X Z Z I



 



    
     

      

 (4.6) 

where 2 2ˆ ˆˆ /   . Let us define a C matrix by  

 

1

2
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 (4.7) 

The sub matrix C  is the variance matrix for all the rare variants. Given the estimated 

k  and its estimation error ˆvar( )
k k

s  , a test statistic can be drawn, 
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2ˆ

ˆvar( )

k
k

k

W



  (4.8) 

from which a p-value can be found, assuming that (under the null model) kW  is 

approximately distributed as a chi-square variable with one degree of freedom. Again, 

in rare variant detection, our main purpose is to test 2
0  , and thus testing an 

individual rare variant is only a by-product of the analysis.  

Under the ridge regression method, each rare variant is treated as a random 

variable. The shared feature is the common variance denoted by 2 , This particular 

treatment has eliminated the assumption of same direction of rare variant effects in all 

the burden test methods described in the introduction. 

4.2.2 Adaptive ridge regression  

If only a few variants are associated with the trait, then 2  will be "diluted" by 

those non-associated variants. This means that the assumption of a common variance 

is violated. We now propose an adaptive ridge regression to selectively weigh each 

rare variant. The modified model is formulated as 

 
1

m

j j jk k k j

k

y X Z c  


    (4.9) 

where kc  is another effect for variant k. It seems redundant to define two effects for 

each rare variant. However, the two effects, kc  and k , have different meanings. The 

first effect kc  may be defined as a random effect with a marker specific variance, i.e., 

2
~ (0, )

k k
c N   for 1, ,k m . The second effect k  is defined as a random effect with 

a common (shared) variance, i.e., 2
~ (0, )

k
N   for 1, ,k m . Because kc  and k  
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have different variances, they can be estimated separately. This partitioning of the rare 

variant effect appears to be similar to the model proposed by Yi and Zhi (YI and ZHI 

2010) but they differ in a fundamental way. Using our notation, their model can be 

expressed as  

 
1

( )
m

j j jk k j

k

y X Z c  


    (4.10) 

in which the authors proposed a common effect   (a single first moment parameter) 

for all variants. We proposed marker specific effect k  but with a common variance 

2 . Our model is more like the polygenic model for quantitative traits, where each k  

is a polygenic effect with a common genetic variance 2 .  

We now discuss parameter estimation for the new adaptive ridge regression 

method. The method is based on the classical mixed model methodology. Given the 

value of each kc , we can rewrite the adaptive ridge regression model as 

 *

1

m

j j jk k j

k

y X Z  


    (4.11) 

where 
*

jk jk kZ Z c  is a weighted independent variable. We can estimate 2  and 

predict k  under the original ridge regression procedure (mixed model methodology) 

described in the previous section with jkZ  substituted by 
*

jkZ . Hypothesis test for 

2

0
: 0H    can also be performed under the mixed model framework. Each individual 

marker effect is actually redefined as *

k k k
c   and the W test statistic remains the 

same as described before,  

 
*2 2 2 2

* 2

ˆ ˆ ˆ

ˆ ˆ ˆvar( ) var( ) var( )

k k k k
k

k k k k

c
W

c

  

  
    (4.12) 
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The question left is how to find kc  so that the adaptive ridge regression can 

selectively adjust 
jkZ  to preventing 2  from being diluted by the non-associated rare 

variants. There might be many different ways to estimate kc . For example, we may 

use an iterative approach to estimating kc  given k  by reformulating the model as 

 *

1

m

j j jk k j

k

y X Z c 


    (4.13) 

where 
*

jk jk kZ Z   is a newly weighted independent variable. Given kc  to estimate k  

and given k  to estimate kc  require iterations. The iteration process continues until 

the sequence converges. Estimating kc  given k  using this approach may be 

complicated because each kc  has its own variance. For m markers, we need to 

estimate m marker specific effects kc  and m marker-specific variances 2

k
  for 

1, ,k m .  

In this study, we adopted a different method to estimate kc . This approach leads 

to the Lasso(TIBSHIRANI 1996a) estimate of k  if kc  is restricted in a special way. 

Grandvalet (GRANDVALET 1998) demonstrated that if we let 0kc   and enforce the 

following constraint  

 2

1

m

k

k

c m


  (4.14) 

the solution for k  is the Lasso estimate of k , assuming that   is removed from the 

model by centralization of the data and 
2 2

/    is a constant provided by the 

investigator prior to the analysis. In our problem, we also estimate  2 2
, ,     
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using the mixed model methodology. The Lasso parameter is estimated as a by-

product because 2 2ˆ ˆˆ /    is estimated from the data, not predetermined by the 

investigator. Whether such a solution of k  is Lasso or not is unknown. Any way, we 

adopted the approach of Grandvalet (GRANDVALET 1998) to find kc  given k , which 

is 

 
2

2

2

1

k
k m

kk

m
c









 (4.15) 

During the iteration process, if any 2 5
10

k
c


  happens, kc  is set to zero and the 

corresponding 
jkZ  will be deleted from the model permanently so that the dimension 

of the model will be quickly reduced to the number of non-zero elements of vector 

 kc c .  

4.2.3 Adaptive ridge for multiple groups of rare variants 

The model can be extended to handle multiple groups of rare variants. The 

notation become complicated so we have to use a compact matrix notation for the 

model. For a single group, we may use  

 y X Z      (4.16) 

where  jkZ Z  is an n m  matrix and  k   is an 1m  vector. Assume that we 

now have g groups and the number of markers in the lth group is lm , where 

1

g

ll
m m


  is the total number of markers. We now label the appropriate matrices by 

a subscript l to indicate the group, the extended model becomes 
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1

g

l l

l

y X Z  


    (4.17) 

where lZ  is an ln m  matrix and l  is an 1lm   vector. The group specific l  is 

assumed to be 2
(0, )

l
N I  distributed. The variance matrix is 

 2 2

1

g
T

l l l

l

V Z Z I 


   (4.18) 

The parameter vector is  2 2 2

1, , , ,g     , which can be estimated using the 

maximum likelihood method (HARTLEY and RAO 1967; HARVILLE 1977). Once   is 

estimated, the effects of rare variants are estimated using the mixed model equation. 

For example, when 2g  , the mixed model equation is 

 

1

1 2

1 1 1 1 1 1 2 1

2 22 2 1 2 2 2

ˆ

ˆˆ

ˆ ˆ

T T T T

T T T T

TT T T

X X X Z X Z X y

Z X Z Z I Z Z Z y

Z yZ X Z Z Z Z I



 

 



    
    

     
          

 (4.19) 

where 
2 2ˆ ˆˆ /l l    for 1,2l  . We now have g  different weight systems, one for 

each group. Let lc  be an 1lm   vector of weights for group l . It is defined by  

 | |l
l lT

l l

m
c 

 
  (4.20) 

where | |l  is an 1lm   vector of the absolute values of l  because of the constraint 

0lc  . The weighted Z matrix is defined as *
diag( )

l l l
Z Z c , where diag( )lc  is a 

diagonal matrix with the diagonal elements filled by the values of vector lc . The 

adaptive ridge regression for multiple group rare variants is performed simply with 

lZ  substituted by *

l
Z .  
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Many different hypotheses can be tested for the multiple group variant analysis. 

An overall hypothesis is 
2 2

0 1: ... 0gH     , which can be tested using the 

likelihood ratio test statistics. Under the null hypothesis, the test statistic follows 

asymptotically a chi-square distribution with g degrees of freedom. Each individual 

group can also be tested. For example, to test the lth group, one needs to evaluate a 

reduced model by excluding l  from the model and defining a likelihood ratio test 

statistic. Under the null hypothesis 2
: 0

l l
H   , the test statistic follows asymptotically 

a chi-square distribution with one degree of freedom. In this study, we used the 

permutation test to draw the empirical threshold values of the likelihood ratio test 

statistics for a given Type I error rate. As a result, the asymptotic chi-squares critical 

values are not used in real data analysis. 

4.3 Results 

4.3.1 Application to the Dallas Heart Study Data  

Angiopoietin-like proteins (ANGPTLs) (COHEN et al. 2006; KOISHI et al. 2002; 

KOSTER et al. 2005; ONO et al. 2003; YOSHIDA et al. 2002) can regulate triglyceride 

metabolism by inhibiting the activity of lipoprotein lipase. Romeo et al. (ROMEO et al. 

2007; ROMEO et al. 2009) resequenced the exons and some intronic regions of 

ANGPTL3(MIM 604774), ANGPTL4 (MIM 605910) and ANGPTL5 (MIM 607666) 

genes in 3551 individuals from a multiethnic population (601 Hispanic, 1830 African 

American, 1045 European American and 75 others). They wanted to find the 

sequence variants which have effects on the regulation of plasma triglyceride level. 

For the three genes, ANGPTL3, ANGPTL4 and ANGPTL5, a total of 282 sequence 

variants (SNP) were genotyped (88 variants in ANGPTL3, 94 variants in ANGPTL4 
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and 100 variants in ANGPTL5). In addition to triglyceride level and race, gender and 

age were also recorded for each individual. To test the effects of sequence variants, 

age, gender and race were treated as covariates in the adaptive ridge regression 

analysis. Since there are some missing data in age, all missing values for age were 

replaced by the mean age of all subjects. The original phenotypic value (triglyceride 

level) was log transformed prior to the analysis, as did by the original authors.  

In the population of the Dallas Heart Study, the minor allele frequency of rare 

variants ranges from 0.014% to 37.9%. Most of the sequence variants have MAF less 

than 1%. Therefore, the data contain many rare variants as well as a few common 

variants. Since there are three genes, variants within the same gene are considered in 

one group.Variants may be grouped based on the minor allele frequencies or predicted 

biological functions (YI et al. 2011). It is reasonable to analyze the variants in the 

same gene as one group because variants in the same gene may work systematically.  

First, we analyzed the rare variants one group (gene) at a time. The adaptive ridge 

regression tests the group effect of variants in the same gene. The single group model 

is 

 
6

1 1

m

j ji i jk k k j

i k

y X Z c  
 

     (4.21) 

where the six covariates represent the intercept ( 1 ), age effect ( 2 ), gender effect 

( 3 ), and three effects for the race ( 4 , 5  and 6 ). Note that there are four ethnic 

groups, but only three estimable effects, which explains why we have three fixed 

effects for the race factor. The number of markers m  takes 88, 94 and 100, 

respectively, for the three genes. We reported the empirical p-value for each gene  
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Table 4.1: Parameters of three genes of the Dallas Heart Study estimated separately using the 

ARR method proposed in this study.  

Parameter ANGPTL3 ANGPTL4 ANGPTL5 

Intercept (
1 ) 4.201 0.112  4.152 0.175  4.304 0.069  

Age (
2 ) 0.009 0.001  0.009 0.001  0.009 0.001  

Gender (
3 ) 0.088 0.009   0.089 0.009   0.087 0.009   

Race 1 (
4 ) 0.142 0.024  0.135 0.024  0.139 0.024  

Race 2 (
5 ) 0.214 0.021   0.206 0.021   0.230 0.021   

Race 3 (
6 ) 0.020 0.022  0.012 0.022  0.027 0.022  

Residual variance (
2 ) 0.310  0.310  0.311  

Genetic variance ( 2 ) 0.026  0.077  0.010  

Likelihood ratio test ( ) 7.248  9.935  0.000  

Theoretical p-value ( 2

1 ) 
3

7.10 10


  
3

1.62 10


  1.000  

Theoretical p-value 

 ( 2 2

0 10.5 0.5  ) 

3
3.39 10


  

4
6.80 10


  1.000  

Empirical p-value 

 (permutation) 

0.029  0.001  1.000  

 

The numbers after   for the six fixed effects are the standard errors. The theoretical p-value 

( 2

1 ) for each gene was calculated using a threshold of 3.84 for the test statistic. Theoretical 

p-value ( 2 2

0 10.5 0.5  ) for each gene was calculated using a threshold of 2.71 for the test 

statistic. The empirical p-value (permutation) was calculated using a threshold drawn from 

the permutation study.  
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Table 4.2: Parameters of three genes of the Dallas Heart Study estimated separately using 

BhGLM.  

Parameter ANGPTL3 ANGPTL4 ANGPTL5 

Intercept (
1 ) 6.051 0.523  7.211 0.528  3.677 0.512  

Age (
2 ) 0.009 0.001  0.009 0.001  0.009 0.001  

Gender (
3 ) 0.088 0.009   0.088 0.009   0.088 0.009   

Race 1 (
4 ) 0.144 0.024  0.133 0.024  0.137 0.024  

Race 2 (
5 ) 0.220 0.020   0.214 0.020   0.224 0.020   

Race 3 (
6 ) 0.024 0.022  0.016 0.022  0.022 0.022  

Residual variance (
2 ) 0.311  0.309  0.312  

Overall score ( ) 0.020 0.006  0.038 0.007  0.007 0.005   

Wald test (W ) 11.062  30.250  1.588  

Theoretical p-value ( 2

1 ) 
4

8.81 10


  
8

3.80 10


  0.208  

Empirical p-value  

(permutation) 

0.033  0.000  0.355  

 

The numbers after   for the six fixed effects are the standard errors. The theoretical p-value 

( 2

1 ) for each gene was calculated using a threshold of 3.84 for the test statistic. The 

empirical p-value (permutation) was calculated using a threshold drawn from the permutation 

study.  
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(group) drawn from permutation analysis (1000 permuted samples) along with the 

theoretical p-values from 2

1
  and 2 2

0 1
0.5 0.5   distributions. In the permutation 

analyses, we kept the marker genotype data intact but reshuffled the phenotype along 

with the six covariates (fixed effects) across all the subjects. This permutation 

analysis only destroyed the associate between the phenotype and the markers and did 

not destroy the association between the phenotype and the covariates. The estimated 

parameters along with the test statistic and the p-values are listed in Table 4.1 for the 

adaptive ridge regression analysis. Genes ANGPTL3 and ANGPTL4 had p-values 

smaller than 0.05, and thus rare variants of these two genes are collectively associated 

with triglyceride level. Variants of gene ANGPTL5 are not associated with the trait at 

all because the p-value is 1.00. Estimated individual marker effects will be reported 

later when the joint analysis of three genes are reported.  We also analyzed the three 

genes separately (one gene at a time) using the BhGLM (YI et al. 2011). The results 

of BhGLM are listed in Table 4.2 and they are similar to our ARR analysis. Genes 

ANGPTL3 and ANGPTL4 are strongly associated with the triglyceride level but gene 

ANGPTL5 is not.  

We now report results of joint analysis for the three genes in the Dallas Heart 

Study. First, we used the adaptive ridge regression method to analyze the three genes 

jointly. The overall test for all three genes, 2 2 2

0 1 2 3
: 0H      , and a test for each, 

i.e., 2

1 1
: 0H   , 2

2 2
: 0H    and 2

3 3
: 0H   . The p-value of each test was calculated 

using the permutation generated empirical threshold value of the corresponding test 

statistic (1000 permuted samples) and the theoretical p-values from 2  and mixture 

2  distributions. The results are listed in Table 4.3. First, the estimated parameters of  
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Table 4.3: Parameters of three genes of the Dallas Heart Study estimated jointly using the 

ARR method proposed in this study.  

Parameter ANGPTL3 ANGPTL4 ANGPTL5 

    

Gene specific information    

Variance component 2
( )l  0.023  0.059  0.009  

Likelihood ratio test (
l ) 11.051  13.733  0.979  

Theoretical p-value ( 2

1 ) 
4

8.86 10


  4
2.11 10


  0.322  

Theoretical p-value ( 2 2

0 10.5 0.5  )   
4

4.60 10


  
4

1.30 10


  0.162  

Empirical p-value (permutation) 0.027  0.010  0.558  

    

Model information    

Intercept (
1 ) 4.032 0.181  

Age (
2 ) 0.009 0.001  

Gender (
3 ) 0.088 0.009   

Race 1 (
4 ) 0.138 0.024  

Race 2 (
5 ) 0.208 0.022   

Race 3 (
6 ) 0.016 0.022  

Residual variance (
2 ) 0.307  

Likelihood ratio test ( ) 21.269  

Theoretical p-value ( 2

3 ) 
5

9.26 10


  

Theoretical p-value ( 2 2

2 30.5 0.5  )    
5

8.00 10


  

Empirical p-value (permutation) 0.014  
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Table 4.4: Parameters of three genes of the Dallas Heart Study estimated jointly BhGLM. 

Parameter ANGPTL3 ANGPTL4 ANGPTL5 

    

Gene specific information    

Group effect ( )l  0.017 0.005  0.049 0.009  0.006 0.005   

Wald test (
lW ) 9.716  30.692  1.266  

Theoretical p-value ( 2

1 )  
3

1.83 10


  8
3.02 10


  0.261  

Empirical p-value 

(permutation) 

0.031  0.000  0.390  

    

Model information    

Intercept (
1 ) 9.066 0.987  

Age (
2 ) 0.009 0.001  

Gender (
3 ) 0.088 0.009   

Race 1 (
4 ) 0.139 0.024  

Race 2 (
5 ) 0.218 0.020   

Race 3 (
6 ) 0.018 0.022  

Residual variance (
2 ) 0.308  

Wald test (W ) 41.673  

Theoretical p-value ( 2

3 )  
9

4.71 10


  

Empirical p-value 

(permutation) 

0.000  
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the joint analysis regarding the model are similar to the separate analyses shown in 

Table 4.1. The estimated gene specific parameters and the p-values showed that genes 

ANGTPL3 and ANGTPL4 are associated with triglyceride level but ANGTPL5 is not. 

The overall test for the three genes is also significant. This time, we also report the p-

values for each individual rare variant, as shown in Figure 4.1 (the top panels). In fact, 

it is the 10log ( )p  value that is plotted against the markers. One marker 

(8357_non_coding) in gene ANGPTL3 is significant (p < 0.05). Two rare variants 

(1313_E40K and 8191_R278Q) in ANGPTL4 are significant (p<0.05). No variants 

are significant in gene ANGPTL5. 

We also analyzed the three genes jointly using BhGLM. The results of this 

analysis are listed in Table 4.4. The general conclusions are the same as the ARR 

analysis, ANGPTL3 and ANGPTL4 are associated with triglyceride level but 

ANGPTL5 is not. The plot of 10log ( )p  against the markers for the BhGLM analysis 

is presented in Figure 4.1 (bottom panels). The same variant (8357_non_coding) in 

gene ANGPTL3 is also significant here. The two significant rare variants (1313_E40K 

and 8191_R278Q) detected for gene ANGPTL4 with the ARR analysis are also 

significant in the BhGLM analysis. In addition, two more rare variants (1175_Intronic 

and 8279_P307P) are detected by the BhGLM analysis. Each of the two additional 

rare variants is closely linked to one of the previously detected ones by the ARR 

analysis. The rare variant named 1313_E40K, detected by both the ARR and BhGLM 

methods, was also found to be significantly associated with plasma triglyceride level 

in different population-based studies (Dallas Heart Study, Atherosclerosis Risk in 

Communities Study and Copenhagen City Heart Study) (ROMEO et al. 2007). 



 

90 

 

Figure 4.1: Significance level (p-value on the –log10 scale) for each marker in genes 

ANGPTL3, ANGPTL4 and ANGPTL5 generated from the joint analyses. The top panels 

show the result of the adaptive ridge regression (ARR) analysis and the bottom panels show 

the results of the Bayesian hierarchical generalized linear model (BhGLM) analysis. The red 

dots represent variants with p-values smaller than 0.05, i.e., 
10log ( ) 1.301p  .  
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The analyses of Dallas Heart Data showed that the method is not sensitive to the 

number of groups, because results of separate and joint analyses are much the same. 

Because ridge regression is a random model approach, the method is also not sensitive 

to the number of markers within each group. In fact, the number of markers of each 

group can be more than the sample size. This is the beauty of the random model 

approach, which the fixed model lacks. 

4.3.2 Simulation Studies 

Instead of using population genetics models to generate the genotype data, we 

used the sequence data from the Dallas Heart Study for the simulation studies without 

making any assumption about the rare variants. The real sequence variants are 

believed to be more appropriate in the simulations (BANSAL et al. 2010; YI et al. 

2011). The covariates such as age, gender and race were included in the model. The 

effects of the fixed effects (including the intercept) and the residual error variance 

used to generate the data took the estimated values obtained from the ARR analysis 

for gene ANGPTL4. The marker genotypes took the genotypes of the 94 rare variants 

of this gene only. The purpose of the simulation study is to evaluate the empirical type 

I error and statistical power. Therefore, we only used the single gene model to 

evaluate the type I error and power of the ARR method and BhGLM for comparison.  
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4.3.2.1 Evaluation of Type I Error Rate 

The phenotypic value for each of the 3551n  subjects was generated using the 

following model, 

 
6

1

j ji i j

i

y X  


   (4.22) 

where the 
ji

X ’s are covariates of the Dallas Heard Study, the i ’s are fixed effects 

estimated in the analysis of ANGPTL4 and 
j

  was simulated from a 2
(0, )N   

distribution with 2  taking the value estimated from the analysis of gene ANGPTL4. 

This model assumes zero effects for all the 94 rare variants and thus any association 

of the variants is a false positive. The simulated data were then subject to the same 

analysis as the real data described early with all the 94 rare variants included in the 

model. For the ARR analysis, we used two criteria to evaluate the type I error rate. In 

the first criterion, we choose 
2

0.05,1 3.84   as the threshold value for the likelihood 

ratio statistic, above which the gene (group of variants) was declared as significance. 

The threshold value of the likelihood test statistic for the second criterion was 

0 1

2 2

,0 ,10.5 0.5 2.71    , where 0 1 0.05   . The simulation was replicated 1000 

times. Under each criterion, the number of replicates whose test statistics reached the 

corresponding threshold was counted as the number of false positives. This number 

divided by 1000 is the actual (observed) type I error. If the observed type I error is 

below 0.05, we then conclude that the type I error is under control (may be 

conservative). The criterion that is closer to 0.05 should be recommended.  
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Figure 4.2: Type I error rates of the ARR and BhGLM method obtained in the simulation 

studies. The Type I error rate of the Bayesian hierarchical generalized linear model (BhGLM) 

method was calculated using a threshold of 3.84 for the Wald test statistic. The Type I error 

rates of the adaptive ridge regression (ARR) method were calculated using thresholds of 3.84 

and 2.71, respectively, corresponding to the 
2

0.05,1 and 
0 1

2 2

,0 ,10.5 0.5   criteria 

(
0 1 0.05   ). 
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We suspected that the actual type I error rate is related to the number of rare 

variants included in the model. Therefore, we evaluated the type I errors under 

different numbers of variants included, starting from 3m   and progressively 

increased to 94m  . Under each model size (m), 1000 replicated simulations were 

conducted and the actual type I error rate was observed. Figure 4.2 shows the 

observed type I error rate plotted against the number of rare variants included in the 

model for the ARR method along with the BhGLM method(YI et al. 2011). For the 

BhGLM method, the test statistic was the Wald test statistic and the threshold value 

for the Wald test is also approximated by 
2

0.05,1 3.84  . From Figure 4.2, we can see 

that the actual type I error rate is indeed related to the model size, large models tend to 

give higher type I error rates. However, according to
2

0.05,1 3.84   , the type I error 

rate for the ARR method is under control (all below the expected 0.05 probability). 

Therefore, this criterion may be too conservative. For the 
0 1

2 2

,0 ,10.5 0.5 2.71     

criterion, the observed type I error rate is much closer to the expected 0.05 probability. 

When 60m   and 80 , the type I error rates are exactly 0.05. However, when m 

reaches 94, the observed type I error rate is slightly higher than the 0.05 probability. 

The observed type I error rate for the BhGLM method, however, is out of control for 

all model sizes examined except when only 3m   variants were included in the 

model. 

Our conclusions from this simulation experiment are (1) the 

0 1

2 2

,0 ,10.5 0.5 2.71     criterion is recommended for the likelihood ratio test (in the 

ARR analysis), (2) the 
2

0.05,1 3.84   criterion for the likelihood ratio test is over 
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conservative and may be more preferable to some investigators (in the ARR analysis) 

and (3) the
2

0.05,1 3.84  criterion for the Wald test statistics is too liberal (out of 

control for the type I error rate) in the BhGLM analysis. To control the type I error 

rate under 0.05 for the BhGLM, the threshold level should be further increased. The 

type I error analysis is useful if permutation analysis is not performed.  

4.3.2.2 Evaluation of Empirical Power 

Again, we used the 94 rare variants of ANGPTL4 as the true genotype data for the 

power analysis. The estimated fixed effects and the estimated effects of the 94 rare 

variants for ANGPTL4 from the ARR analysis were used as the true values for the 

power analysis. The residual variance will determine the proportion of the phenotypic 

variance explained by the rare variants. Recall that the linear model for ANGPTL4 is  

 
94

1

j j jk k j

k

y X Z  


    (4.23) 

where 
j

X  and jkZ  were chosen from gene ANGPTL4 from the Dallas Heart Study, 

  and k  took values estimated from the ARR method, and 
2

~ (0, )j N   is the 

residual error with variance 2 . The genetic value for individual j is defined as  

 
94

1

j jk k

k

a Z 


  (4.24) 

The genetic variance is defined as the variance of j
a  across all individuals, as shown 

below, 

 
3551

2 2

1

1
var( ) ( ) 0.0021071

3551
G j

j

a a a


     (4.25) 
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The total phenotypic variance is  

 2 2 2 2
0.0021071

P G
        (4.26) 

in which the variance due to the covariates (fixed effects) has been removed. The 

heritability of the trait is  

 
2 2

2

2 2 2 2

0.0021071

0.0021071

G G

P G

h
 

   
  

 
 (4.27) 

We choose several different values of 2  to control the heritability at the following 

levels, 0.6%, 0.8%, 1%, 2% and 3%. At each level of the heritability, we calculated 

2  and used 2  to simulated a random residual error to add to the fixed effect and 

the genetic effect to generate a phenotypic value 
j

y . At each level of the heritability, 

the simulation was replicated 1000 times. The empirical statistical power was then 

obtained by counting the proportion of the replicated samples that are significant over 

the 1000 replicates. For the ARR method, three criteria were used to determine the 

threshold values for the likelihood ratio test statistic. They are 
2

0.05,1 3.84  , 

0 1

2 2

,0 ,10.5 0.5 2.71     and 0.05 3.45  . The last one, 0.05 3.45  , was obtained 

from the simulation experiment in the section of type I error rate study. To compare 

the power of the ARR analysis with that of the BhGLM analysis, the same datasets 

were also analyzed using the BhGLM program. The power of BhGLM was 

determined using two criteria, 
2

0.05,1 3.84   for the Wald test and 0.05 9.78W   

obtained from the null model simulation study (type I error rate study). We knew that 

using the 
2

0.05,1 3.84   criterion would overestimate the power for the BhGLM 

method because the actual type I error rate for the BhGLM analysis was much higher  
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Figure 4.3: Power comparison between the ARR and BhGLM at significance level of 0.05. 

The top panel (a) gives the powers of the adaptive ridge regression (ARR) and Bayesian 

hierarchical generalized linear model (BhGLM) evaluated at the threshold empirical 

thresholds are used (drawn from the type I error rate study), the ARR method is more 

powerful than the BhGLM method (see Figure 4.3, of 3.84. The panel in the middle (b) shows 

the powers of ARR and BhGLM evaluated at the threshold 2.71 for ARR and 3.84 for 

BhGLM. The bottom panel (c) shows the powers of ARR and BhGLM using permutation 

generated thresholds of 3.45 and 9.78, respectively, to control the 0.05 Type I error rate. 
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Figure 4.4: Changes of the p-values of the three genes in the Dallas Heart Study during the 

iteration process for the separate analysis using the ARR method.  P-values are calculated 

based on 2 2

0 10.5 0.5   distribution. 
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than 0.05. The power analysis showed that using the theoretical threshold
2

0.05,1 3.84  , 

the BhGLM method appears to be more powerful than the ARR method (see Figure 

4.3, panel a). However, ARR results based on 
0 1

2 2

,0 ,10.5 0.5 2.71     has almost the 

same power as BhGLM at different levels of heritability (see Figure 4.3, panel b). 

When the empirical thresholds are used (drawn from the Type I error rate study), the 

ARR method is more powerful than the BhGLM method (see Figure 4.3, panel c). A 

permutation generated threshold for the BhGLM method should be used in real data 

analysis because the type I error cannot be controlled using the theoretical threshold. 

 4.4 Discussion 

The adaptive ridge regression method was developed based on the original ridge 

regression (HOERL and KENNARD 1970). The purpose of the adaptation is to 

selectively weigh each rare variant based on its size, denoted by kc  for the kth rare 

variant, so that the overall genetic variance 2  is not “diluted” by the non-associated 

variants. The adaptive ridge regression requires just a few iterations to converge. 

Figure 4.4 shows the iteration process of the p-values calculated from the 

0 1

2 2

,0 ,10.5 0.5 2.71     criterion for the three genes (ANGPTL3, ANGPTL4 and 

ANGPTL5) analyzed separately by the ARR method. For gene ANGPTL3, the p-

value of the initial step (ridge regression without adaptation) is greater than 0.05. Just 

one step of adaption, the p-value has dropped to the 0.05 significance level. For gene 

ANGPTL4, the p-value of the initial step (ridge regression without adaptation) is 

already lower than the 0.05 probability. Further iterations continue to drop the p-value. 
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For gene ANGPTL5, the p-value is very high and remains high after iterations. This 

figure clearly shows the necessity of the adaptive steps for rare variant detection.  

One reviewer brought a recent publication to our attention (WU et al. 2011). The 

method is called sequence kernel association test (SKAT). After reading this paper, 

we agreed that our approach is similar to SKAT. However, SKAT only gives the 

score test and no parameter estimation is provided. This explains why SKAT is fast 

computationally. There are three major advantages of the adaptive ridge regression. 

First, a high score test does not mean the effects are large. It may be caused by small 

effects but large sample size. The score test cannot tell the difference. Our method not 

only provides a test but also an estimate of the group variance. We can provide a total 

proportion of the phenotypic variance contributed by the rare variants. Secondly, we 

introduced an adaptive step to the original ridge regression. This step plays the role of 

“weighting” of the SKAT method but it can “homogenize” the effect of each rare 

variant within a group. The ridge regression performs better under the “homogenized” 

rare variant effect assumption. Thirdly, our method works for both rare and common 

variants. However, the SKAT method was particularly designed for rare variants 

because the “weights” for the common variants will be almost zero (excluded from 

the model), according to the authors of that paper. There is a possibility to use the 

score test under our adaptive ridge regression framework. The estimation procedure 

will remain the same, but we may simply replace the likelihood ratio test by the score 

test. The “weights” obtained from the adaptive ridge regression will be used in the 

score test. This needs to be further investigated. 
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We did not compare the ARR method with other rare variant detection methods 

other than the BhGLM method. The reason for this is that Yi and Zhi (YI and ZHI 

2010) already compared BhGLM with many other methods and showed that BhGLM 

outcompeted all of them. Given the fact that our method is more powerful than 

BhGLM (simulation study), we concluded that the ARR method is also more 

powerful than the other methods. The BhGLM program provides a set of default 

priors, which were used in this study. Users do have the option to choose their own 

priors. If different priors were chosen, the power of the BhGLM may change slightly 

(in either direction). The default priors provided by Yi and Zhi (2011) were drawn 

from extensive simulation studies and should be quite robust. It is difficulty to choose 

the optimal set of priors in simulation studies. However, it is easy to choose the 

optimal prior set in real data analysis. We need a criterion to evaluate the priors. 

Statistical power is not a viable criterion in real data analysis because the true rare 

variant effects are not known. The mean squared error (MSE) via cross validation 

may be a viable choice for the criterion. This requires further investigation. Our ARR 

method is a maximum likelihood approach, equivalent to uniform priors for all 

variances. In theory, we can also assign the variances to other priors to improve the 

power. This deserves further investigation.  

The adaptive ridge regression method has been shown to be the Lasso 

(TIBSHIRANI 1996a) estimation if the Lassos parameter 
2 2

/    is predetermined 

by the investigator. Our new contribution is to estimate 
2 2

/    using estimated 

variance components. This approach has provided a new way to select the shrinkage 

factor   based on data. In the original Lasso method, the author used cross validation 
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to determine the shrinkage factor. With the new method, the Lasso parameter is 

estimated from the data and thus has eliminated the cross validation step. The 

extension of the ARR to multiple groups of rare variant detection is conceptually 

similar to the group Lasso method (ANTONIADIS and FAN 2001; YUAN and LIN 2006) 

in which different groups have different Lasso parameters, as given by 2 2
/

l l
   . 

This idea has a general application to detection of multiple groups of variants as well 

as their interactions (epistatic effects). The current methods of rare variant detection 

have not been able to detect interactions between two groups of rare variants. The 

Dallas Heart Study dataset contains three genes (groups). Our next project will be 

analyzing the three pairs of group interactions among the three genes. Gene 

ANGPTL5 has no effect on triglyceride level. However, it may interact with other two 

genes. The full model will include three group variances plus three variance 

components of the interaction.  

The Lasso method itself may not be perfect for all data. It may work for some 

data but not work for other data. Using the adaptive ridge regression approach, we 

may modify the shrinkage factor through different choice of the constraint. For 

example, the constraint of kc  given by Grandvalet (GRANDVALET 1998) is 

2

1

m

kk
c m


 . This constraint determines the level of shrinkage. An obvious extension 

may be 
2

1

m

kk
c m


 , where 0     is another factor we can use to control the 

strength of the shrinkage. Our adaptive ridge regression is equivalent to 1  , a 

special case of the general method.  
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The new method is developed for continuous traits under the linear mixed model 

framework (HENDERSON 1975). In many situations, the trait of interest may be a 

binary trait. The generalized linear mixed model (GLMM), which is an extension of 

the linear mixed model, can be used to analyze the association of multiple rare 

variants and a binary trait. This extension is very straight forward because the 

methodology of GLMM has been well established. The simple extension includes the 

adaptive steps.  
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