UC Irvine
UC Irvine Electronic Theses and Dissertations

Title

Zeros of Dirichlet L-functions over Function Fields and Connections to Random Matrix
Theory

Permalink
https://escholarship.org/uc/item/6080t9zm|
Author

Lin, Hua

Publication Date
2023

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/6080t9zm
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA,
IRVINE

Zeros of Dirichlet L-functions over Function Fields and Connections to Random Matrix
Theory

DISSERTATION

submitted in partial satisfaction of the requirements
for the degree of

DOCTOR OF PHILOSOPHY

in Mathematics

by

Hua Lin

Dissertation Committee:

Professor Alexandra Florea, Chair
Professor Nathan Kaplan
Professor Christopher Davis

2023



(©) 2023 Hua Lin



DEDICATION

To all of my teachers, mentors, family and friends.

i



TABLE OF CONTENTS

Page

LIST OF TABLES \%
ACKNOWLEDGMENTS vi
VITA vii
ABSTRACT OF THE DISSERTATION viii
1 Introduction 1
1.1 Dirichlet Characters . . . . . . . . . . . . . . ... ... . 1

1.2 Dirichlet L-functions . . . . . . . . . .. 4

1.3 Background in Function Fields . . . . . . .. .. ... .. ... ... ... 6
1.3.1 Order ¢ Dirichlet Characters . . . . . . . .. ... ... ... ..... 9

1.3.2 The Riemann zeta function and Dirichlet L-functions over function fields 15

1.4  Spectral interpretation of the non-trivial zeros of the zeta and L-functions . 18
1.4.1 Montgomery’s pair correlations of zeros . . . . . . . ... ... 19

1.4.2 Katz and Sarnak’s philosophy . . . . . . ... ... L. 20

1.4.3 Moments conjectures of the Riemann zeta function and L-functions . 22

1.4.4  One-level density of zeros . . . . . . . . ... ... L. 27

1.5 Outline. . . . . . . . e 30

2.1
2.2
2.3
24

1.5.1  One-level density of cubic and quartic families in the Kummer setting 30
1.5.2  One-level density of cubic, quartic and sextic families in the non-

Kummer setting . . . . . . .. ... oo 33

1.5.3 Remark on the application to non-vanishing at low-lying heights at
the central point . . . . . . ... 35
2 One-level density of zeros of Dirichlet L-functions in the Kummer setting 36
Introduction . . . . . . ..o 36
The Explicit Formula . . . . . . . ... 0o 37
Preliminary Computations . . . . . .. . . . ... ... ... 40
Cubic Dirichlet L-functions . . . . . . . . . . .. ... L 43
24.1 The Main Term . . . . . . . .. .. 43
24.2 The Error Term . . . . . . . .. ... 50
2.4.3 Proofs for ¢ = 3 Kummer setting results . . . . ... ... ... ... 53

2.5

Quartic Dirichlet L-functions . . . . . .. . .. .. ... ... ... . ..., 55

il



2.5.1 The Main Term . . . . . . . . . . 5%

2.5.2 The Error Term . . . . . . . .. ... 62
2.5.3 Proofs of the Kummer setting results for =4 . . . . . .. ... ... 64

3 One-level density of zeros of cubic, quartic and sextic Dirichlet L-functions
in the non-Kummer setting 67
3.1 Imtroduction . . . . . . . .. L 67
3.2 Cubic, Quartic and Sextic Dirichlet Characters in the Non-Kummer Setting . 68
3.3 Preliminary Computations . . . . . . . . ... ... oL 71
3.4 The non-Kummer setting . . . . . . . . . . ... 74
3.4.1 The Main Term . . . . . . . . . .. .. 74
3.4.2 The Error Term . . . . . . . . . . .. 80
3.4.3 The Non-Kummer Setting Results . . . . . . .. ... ... ... ... 83
Bibliography 85

Appendix A Order ¢ Dirichlet characters in the non-Kummer setting for ¢ a
Mersenne prime 89

v



LIST OF TABLES

1.1 All characters modulo 12. . . . . . . . . . . ... .. ... ...
1.2 Number fields to function fields analogies. . . . . . . . ... ... ... ...
1.3 One-level density of zeros results over number fields. . . . . . . ... ... ..



ACKNOWLEDGMENTS

I would like to first thank my advisor, Alexandra Florea, for without whom this thesis
and the work done towards it would not be possible. Thank you for accepting me as your
student and thank you for patiently guiding me through the beginning of my research career.
I appreciate you always making time to help me and sharing your insights in this subject.
It is difficult to imagine being where I am today without your mentorship and support.

I am thankful for professors Matilde Lalin and Fai Chandee, who encouraged me and sup-
ported me in my journey, especially through the job search process. I also feel fortunate
having the chance to know professors Chantal David, Alex Dunn and the CRG: L-functions
leaders, Aliah Hamieh, Habiba Kadiri, Greg Martin and Nathan Ng. Thank you all for being
such amazing people, role models and sources of inspiration.

To all my teachers and friends at UC Irvine, thank you for supporting me through my
graduate studies. Thank you, professors Alessandra Pantano and Bob Pelayo, for helping
me become a better teacher and for always encouraging me and supporting me. Thank you
to my committee members, professors Chris Davis and Nathan Kaplan. I have learned a
lot of algebraic number theory from professor Davis; thank you for being a fantastic mentor
and teacher. Professor Kaplan always have insightful questions in seminars and his curiosity
for math is contagious. Thank you for being an awesome mathematician and a wonderful
person.

I want to thank my dear friends during graduate school. I remember and cherish so many
moments during our time together, words on this page (including its margins) will be insuf-
ficient to describe them. Special thanks to our regular board game crew: Matthew Cheung,
Chao-Ming Lin and Edward Martinez, for your company and friendship. Thank you to my
friend since undergraduate, David Qu, for your numerous visits in Irvine, defeating me in
video games, and your keen interest in L-functions since attending one of my talks.

I am also thankful for teachers who inspired me to pursue mathematics at different stages
of my life. My first (and probably the worst) math teacher, my grandfather; my elementary
math teacher, Mrs. Chen, who was unhappy with me for getting 98% on an exam; and my
high school math teacher, Patrick Honner, for showing me the beauty of mathematics and
encouraging me to explore it.

To my family, thank you for your love and support through my academic journey. I am
thankful for my parents who always encouraged me to pursue my studies. Thank you for
your love and sacrifice. Thank you to my grandmother, who played a vital role in raising
me, keeping me fed and pushing me to achieve my dreams.

[ am eternally grateful for my fiancée, Ellen Wang, for relocating across the country to be by
my side during the time of graduate school. Thank you for always making me smile. Thank
you for your constant companionship and your limitless love and devotion.

vi



VITA

Hua Lin

EDUCATION

Doctor of Philosophy in Mathematics
University of California, Irvine

Master of Science in Mathematics
University of California, Irvine

Bachelor of Arts
Vanderbilt University

TEACHING EXPERIENCE

Instructor
University of California, Irvine

Teaching Assistant
University of California, Irvine

Teaching Assistant
Vanderbilt University

vil

2023
Irvine, CA

2019
Irvine, CA

2017
Nashuville, TN

2022
Irvine, CA

2017-22
Irvine, CA

2016
Nashuville, TN



ABSTRACT OF THE DISSERTATION

Zeros of Dirichlet L-functions over Function Fields and Connections to Random Matrix
Theory

By
Hua Lin
Doctor of Philosophy in Mathematics
University of California, Irvine, 2023

Professor Alexandra Florea, Chair

We study the one-level density of zeros for several families of Dirichlet L-functions over
function fields and prove results which support the connection between zeros of families of

L-functions and statistics of eigenvalues of random matrices.

In Chapter 1, we introduce definitions of various objects of relevance, such as Dirichlet
characters and Dirichlet L-functions over number fields, and present analogous ones over
function fields F,(t). We discuss the construction of order ¢ Dirichlet characters over F,|¢]
specifically in Section 1.3.1, for both the Kummer setting (¢ = 1 (mod ¢)) and the non-
Kummer setting (¢ Z 1 (mod £)). Section 1.4 dedicates to results that build connections
between statistics of the Riemann zeta function and families of L-functions and random
matrix theory; we also define and discuss the one-level density of zeros here in detail. Section
1.5 outlines the rest of the thesis, including statements of main theorems and a remark on

the average order of non-vanishing at low-lying heights.

In Chapter 2, we study the one-level density of zeros for cubic and quartic Dirichlet L-
functions over function fields in the Kummer setting. We prove the general explicit formula
for order ¢ Dirichlet L-functions in Lemma 2.1 and evaluate the main terms and error terms

for each order. As a consequence of Theorems 1.1 and 1.2, we prove that the cubic and

viii



quartic families have unitary symmetry, supporting the philosophy of Katz and Sarnak.

In Chapter 3, we study the one-level density of zeros for cubic, quartic and sextic Dirichlet L-
functions over function fields in the non-Kummer setting. We discuss a crucial construction
of non-Kummer characters in Section 3.2, motivated by the works of Baier and Young, and
David, Florea and Lalin. Similar to the Kummer setting, we evaluate the main terms and
error term of the one-level density and prove that the families of cubic, quartic and sextic

Dirichlet L-functions have unitary symmetry.

Appendix A somewhat extends the construction of non-Kummer characters in Section 3.2

to include characters of order equal to a Mersenne prime.

X



Chapter 1

Introduction

1.1 Dirichlet Characters

The following definitions and facts about Dirichlet characters can be found in Chapter 1 of

[15] and Section 4.2 of [37].

In 1837, Dirichlet introduced arithmetic functions called Dirichlet characters to study primes

in arithmetic progression.
Definition 1.1. A function x : Z — C* is a Dirichlet character modulo q € N if for all
mntegers n,m:

e X (nm) = x(n)x (m),

e x(n)#0 < (n,q) =1,

e x(n+4q)=x(n).

The character xo(n) = 1 for all (n,q) = 1 is called the principal character modulo



q. Furthermore, when x has a period exactly q (on nonzero outputs), then x is called a

primaitive character, and the modulus q is called its conductor.

When a character x (mod ¢) is imprimitive, there exists a proper nontrivial factor ¢; | ¢ and

a primitive character x; (mod ¢;) such that

x1(n) if(n,q) =1,
X (n) =
0 if (n,q) > 1.

In this case, we say that y; induces x and the conductor of x is ¢;.

One can also think of these Dirichlet characters as an extension of some group homomor-

phisms

f1(Z)qZ)" — C*.

Namely, we can define

0 if (n,q) # 1.

x(n) =

Using this interpretation and facts from group theory, we can deduce that the number of

characters modulo ¢ is |(Z/qZ)"| = ¢(q) and

0 otherwise.



Furthermore, if (n,q) = 1,

S () = ¢(q) ifn=1(mod q),

X 0 otherwise,

where the sum is over all Dirichlet characters modulo ¢q. These two summation formulas are

referred to as orthogonality relations.

For example, there are ¢(12) = 4 Dirichlet characters modulo 12. They are the following.

X0 | Xa | Xb | Xe
1 1 1 1 1
) 1 1 [-1]-1
7 1 (-1]1]-1
11,1 -11-11]1

Table 1.1: All characters modulo 12.

Observe that characters xo, x, and x, are imprimitive. By examining their periods, we see

that x, is induced by a character modulo 4 and Y, is induced by a character modulo 6 .

In general, Dirichlet characters can be defined on any ring of integers O for a global field
K. Those over F[t] will be discussed in Section 1.3.1. Some features of Dirichlet L-functions

differ depending on the value of x on (O)”, so we have the following definition.

Definition 1.2. Let x be a Dirichlet character on Og. Then

even if x ((Ok)™) =1,
X 18
odd  otherwise.

Observe that Z* = {1, —1}, thus y is even if x (=1) = 1. If x (—=1) = —1, then x is odd.



1.2 Dirichlet L-functions

We refer the reader to [15] for some historical background and the proof of Dirichlet’s theo-

rem.

Long before the time of Dirichlet, it was conjectured that, for (a,q) = 1, there are infinity
many primes in the sequence

a,a+q,a+2q,....

Dirichlet proved this statement for prime ¢ in 1837, and for general ¢ in 1839. He was

motivated by Euler’s proof for the infinitude of primes, which showed

1 +
E — 00 ass— 1.
pS

p prime

In a key step, Dirichlet showed

when y # o, the principal character. We now name the following functions after him.

Definition 1.3. Let x be a Dirichlet character modulo q and s = o+it be a complex variable.

For o0 > 1, the Dirichlet L-series is defined as

L(s,x)=>» x(n)n™*.

After analytic continuation to the whole complex plane, we also let L (s,x) denote the

Dirichlet L-function associated to .

We note that when x # xo, L (s, x) is an entire function; when xq is the principal character

modulo ¢, L (s, xo) has a pole at s = 1 with residue ¢ (q) /q.

Let x (mod ¢) be a Dirichlet character and R(s) > 1. Since x is completely multiplicative,

4



we can express the L-function as the product,

plg
Riemann zeta function

The Riemann zeta function can be interpreted as a Dirichlet L-function with xo (mod 1).

We have for R(s) > 1,
— 1
C(S)ZZ_:L(S71)7
n=1

nS

and

co=T1 (1-4) (12)

p prime p
Equations (1.1) and (1.2) are equivalent to the fact that every natural number has a unique

prime decomposition.

Furthermore, for the principal character xo (mod ¢)

s =co IT (1)

p prime
plg

Functional Equations

In 1860, Riemann proved the functional equation for the zeta function and obtained that

( (s) is analytic on the whole complex plane except at s = 1. For R(s) > 0, let

F(s):/ tte tdt
0



denote the gamma function, and let

£(s) = %s (s— 1) (s)T (5/2) 72 (1.3)

(&(s) is sometimes referred to as the completed zeta function.) Riemann showed that & (s)
is entire, and £ (s) = £ (1 — s) for all s. Since ( (s) # 0 for R(s) > 1, and I" (s/2) has simple
poles at 0, —2, —4, —6...,  (s) has simple zeros at —2, —4, —6,.... We call those the trivial
zeros. All non-trivial zeros of zeta are in the critical strip 0 < R(s) < 1. In fact, the famous

Riemann Hypothesis states that all non-trivial zeros of the Riemann zeta function lie on the

line R(s) = 1/2.

Similar to the zeta function, we have functional equations for Dirichlet L-functions. These
functional equations differ for even and odd characters as defined in (1.2), so we use the
following notation. Let

0 ifx(=1)=1,

1 if y(=1) = —1.

Now, for y a primitive character modulo ¢ > 1, the function

E(s,x)=L(s,x)T (S —g K) (q/ﬁ)(sﬂc)ﬂ

is entire, and £ (s,x) = £(1 —s,%X) for all s. For more details on functional equations for

Dirichlet L-functions, please see Section 10 of [37].

1.3 Background in Function Fields

For more background on function fields, we refer the reader to [43].

Many features of F[t] are similar to those of Z. For example, both rings are principal ideal



domains; they both have infinitely many primes, and finitely many units, F; and {-1,1}
respectively. Yet, many problems which are intractable over Z can be solved over F,[t]. For
instance, the Riemann Hypothesis, still open over Z, was proven for curves over finite fields
by Weil in 1948 [46]. The Generalized Riemann Hypothesis (GRH), which states that all
zeros of Dirichlet L-functions L(s, x) lie on the line R(s) = 1/2, is true over function fields,

but still open over number fields.

The table below shows the dictionary from Z to F,[t].

Over Number Fields ‘ Over Function Fields

Z [
Q Fq(t)
n positive integer F monic polynomial
p prime number P irreducible (prime)
In| = |Z/nZi| |Flg = |Fy[t]/ F| = g=®)

Table 1.2: Number fields to function fields analogies.

List of notations

We use the following notations in this document.

Let M, denote the set of monic polynomials in F,[t] and M, 4 be those monic poly-

nomials of degree d. (Note that M, 4| = ¢%.)

e Let P, be the monic irreducible polynomials in F,[¢] and P, 4 be those monic irreducible

polynomials of degree d.

e Let #H, be the monic squarefree polynomials in F,[¢] and H, 4 be those monic squarefree
polynomials of degree d. (Note that for d > 2, we have |H, 4| = ¢° (1 - %) )

e Let d(f) denote the degree of the polynomial f. If convenient, we also use deg(f).

o Let e(x) := ™",



o Let |f[ .= q") define the norm of f in Fyx[t], and we write |f| := ¢¥) if f € F,[t].

Some familiar arithmetic functions are defined analogously over F,[t|. For example, for

c € Fy, the Mobius function is

(=1)" if F=cPP--- P,
p(F) =
0 if I is not squarefree.

The von Mangoldt function A is defined analogously as

deg (P) if F'=cP* for some ¢ € F and o > 1,
A(F) =

0 otherwise.

Using the von Mangoldt function, the Prime Polynomial Theorem can be written as

> A =q"

feMs

Lastly, we write the function field analogue of the familiar Perron’s formula.

Lemma 1.1 (Perron’s Formula). If the generating series S(u) = 3_rc py, a(f)u? is abso-

lutely convergent in |u] < r <1, then

1 S(u) du
Z G(f) - % uler ud 37
feMyq,d

where, as usual, § denote the integral over the circle oriented counterclockwise.



1.3.1 Order 7 Dirichlet Characters

The works described in the later sections involve families of Dirichlet L-functions of a specific
order. For example, we will compute the average behavior of low-lying zeros of cubic Dirichlet
L-functions L (s, x) over function fields, such that y® = 1. Hence, we discuss order ¢ Dirichlet

characters over function fields more specifically.

First, analogous to Definition 1.1, we define Dirichlet characters x : F,[t] = C* as follows.

Definition 1.4. A function x : F,[t] = C* is a Dirichlet character modulo a polynomial

m of positive degree if for all a,b € F[t]:

e x(a)#0 < (a,m) =1,

o x(at+m)=x(a).

The character xo(a) = 1 for all (a,m) = 1 is called the principal character modulo m.
Furthermore, when x has a period exactly m (on non-zero outputs), then x is called a prim-
itive character, and the modulus m is called the conductor. We use the notation x, (+)

to denote the Dirichlet character with conductor m.

Now, order ¢ Dirichlet characters ., (a) over F,[t] can be defined based on the ¢ residue
symbol <%)z7 which are defined analogously as residue symbols over number fields. These
(" residue symbols are defined when ¢ = 1 (mod ¢), i.e., when F[t] contains an (*" root
of unity. (Since units are of degree 0, we will simply write F) instead.) We can extend the
definition of the ¢ residue symbol to F,[t] when ¢ # 1 (mod ¢) and thus Dirichlet characters
in these settings differ. We call the case when ¢ = 1 (mod ¢) the Kummer setting and

when ¢ # 1 (mod /) the non-Kummer setting.



Primitive characters in the Kummer setting

First, we define the /*" residue symbol (%) on primes P over F,[t] and the associated
¢
primitive character with conductor P. Then, we extend multiplicatively to general /** power-

free conductors H. The following definition can be seen in Chapter 3 of [43].

Definition 1.5. Let f, P € F [t] and P a prime polynomial that does not divide f. The ('

Jacobi symbol (%) is the unique element of T, such that
¢

(%)@ = {77 (mod P).

We can extend this definition multiplicatively to any residue symbol (%) , where H is a
¢

monic polynomial in F,[t]. We also note that (%) is an (" root of unity in Fy.
¢

Given the definition above, we define primitive characters with a prime conductor P in the

Kummer setting.

Definition 1.6. Let ), be a fized isomorphism from the {** roots of unity py C C* to the

0" roots of unity in Fx. We define xp(f) =0 if P| f, and otherwise

win-o((£))

Similarly to above, extending multiplicatively to a monic polynomial H = P{*--- P with

distinct primes factors P;, we have..

X =Xp Xp, (1.4)

where x4 = 1 with conductor H' = P, --- P,. Furthermore, Yy is a primitive character if

and only if 1 < e; < ¢ —1 for all 7. For instance, when ¢ = 3, xp is primitive if and only if

10



e; € {1,2} as in [17].

Observe that grouping the primes factors by their exponents, we can write
H:FlFQQ-.-Ffjll,

where the F;’s are monic squarefree polynomials and pairwise coprime. Thus, given these

F;’s, we can consider the conductor
H = F\Fy-- Fyy, (1.5)
which corresponds to the original primitive character

XH = XEXE, Xep - (1.6)

Defining the family FX(g)

In Chapter 2, we study the family of primitive cubic Dirichlet characters of genus g in the
Kummer setting. We denote this family by FX(g). Here, we give the general definition of

F(g) for a prime £ > 3. We also work with F(g) (defined separately below) in Chapter 2.
Let x¢ be a fixed order ¢ character such that on the group of units Fy,

Ye(a) = Q! (aq%) : (1.7)
A character on F[t] is even if it is the principal character on F, and odd otherwise. Thus
in the Kummer case, any order ¢ character on F,[t] falls into ¢ classes depending on its

restriction to F;: it is either the principal character o or it is X? for some integer 1 < j < /.

The character is even in the first case, and odd otherwise.

11



For some a € F/, we have by definition

Xp Fy? R (@) = Q! <aq%1(d1+2d2+"'+(£_1)d£_1)) ;
where d; := deg (F;). Thus this character is even if and only if d; +2ds+---+({—1)d;—1 =0
(mod ¢). Furthermore, using the Riemann-Hurwitz formula, such as the version given in

(1.9), the degree of H' is given by the following.

—29—;3!1_2 ifdi+2dy+---+ (¢ —1)dy—1 =0 (mod ¢),
!
d(H') =

6422 iy 4 2dy 4+ (£ — 1)dpy # 0 (mod ).

For convenience, we restrict to the case of odd primitive characters whose restriction to F

is x¢ as seen in (1.7). This means dy +2ds + -+ ({ —1)dy—y =1 (mod ¢) and deg (H') =
29+20—-2

1 1. Hence, using the notation in (1.5) we have

Ffg):={H : H =F\F,---F,_,, F, squarefree and pairwise coprime,

2
deg(H') = g_—gl 1, dy 2ot (0= 1)dpy =1 (mod 0)).

(1.8)

Defining FX(g)

For the family of quartic Dirichlet L-functions in the Kummer setting, we consider curves of

the affine model
Y= () F5 (1),

where F(t), F3(t) are squarefree and (Fi(t), F3(t)) = 1. This correspond to characters of

order four, such that y* = 1 and y? remains primitive. As in the cubic case, we consider

12



characters whose restriction to the units F* is x4 as given in (1.7).

The Riemann-Hurwitz formula [43, 35] states that for characters of genus g and order ¢

29+2£—2:i(€—(E,i))di+(€—(€,d)), (1.9)

i=1

where d; = deg(F;) and d = Zf;ll id;. For £ = 4 and for the affine model above, we have
29 + 6 = 3d; + 3d + 3,

which implies that the degree of the conductor is

29+ 6
3

—1=d; +ds. (1.10)

Note that (1.10) gives an analogous formula to the degree of the conductor when ¢ is prime;

if do # 0, then the relation between the genus and the conductor degree becomes more
2 2

complicated compared to the prime case. Lastly, since d; + d3 = gg + 1, there are gg

non-trivial zeros for each L-function.

Let Fi(g) denote the conductors of primitive quartic characters of genus g. Following the

discussion above and the notation in (1.5) by denoting the conductor as H', we have

Ff(g):={H : H' = F\F3, F; squarefree and pairwise coprime,

2
deg(H') = gg +1, d; +3d3 =1 (mod 4)}.

(1.11)

Before defining characters in the non-Kummer setting, we give the condition for perfect
reciprocity. We will consider the case of perfect reciprocity for convenience in the later

sections. The following is the reciprocity law derived from Theorem 3.5 in [43].

Lemma 1.2 (Order ¢ Reciprocity). Let a,b € M, be relatively prime polynomials, and let

13



Xa and xy be the order {** characters defined above. If ¢ =1 (mod 2(), then

Xa(b) = xp(a).

Primitive characters in the non-Kummer setting

Recall that when ¢ #Z 1 (mod ¢), we have characters in the non-Kummer setting.

First, we consider the case when the character x has a prime conductor P. Let n, be the

multiplicative order of ¢ (mod ¢), such that
q"* =1 (mod /). (1.12)

If xp is an order ¢ character over F,[¢] in the non-Kummer setting, then n, must divide the
degree of P, since ¢ | (¢"* — 1) and
ng __ P —
Xo =Xt = =1
Recall that |P| = ¢ denotes the size of the prime P. Thus, we define the ¢ Jacobi

symbol and the associated order ¢ primitive character with a prime conductor P the same

way as in the Kummer setting when the degree of P is divisible by n,.

Definition 1.7. Let n, be defined as in (1.12) and P a prime of degree divisible by n,. Then

1. for any f € F,[t] such that Pt f, the '™ Jacobi symbol (%) is the unique element
¢
of F%., such that

q"a

57 (mod P) = (%L'

2. Let Q; be a fized isomorphism from the (' roots of unity py C C* to the ™ roots of

14



unity in Fr,. We define xp(f) =0 if P | f, and otherwise

wn-o((£))

For works in the non-Kummer setting, it is crucial to have another (perhaps more natural)

description for these characters. We give more details in Section 3.2.

1.3.2 The Riemann zeta function and Dirichlet L-functions over

function fields

We refer to [43] for background on the zeta function over function fields.

For R(s) > 1, the zeta function over F,[t] is defined to be
1 1)
Co(s) = T = - —5 ;
= 2 = =g

where M, (given in the list of notations in Section 1.3) is the set of monic polynomials over

IF,[t], analogous to the positive integers on Z. Since | M, 4| = ¢?, we have

O P S—

fr —_ s
= qns 1 q S

It is convenient to make the change of variable u = ¢°, therefore we use the notation

1

2,(u) = G) = 1=

For an order ¢ character x with conductor h, the Dirichlet L-function attached to x is defined

15



x(f)

Ly(s,x) = ) T4

With the same change of variable u = ¢~*, we have

L,(u,x) =1Ly (s,x) = Z x(f)udd) = H (1- X(P)ud(P))fl.
feEMq P]gg}?q

Now let C' be a curve of genus g with conductor h over F,(¢) and let the function field of C
be a cyclic degree ¢ extension of the base field. From the Weil conjectures, the zeta function

of the curve C can be written as

Pc(u)
(1 —u)(1—qu)’

ZC’ (U) =

where Pc(u) is a polynomial of degree 2g. Furthermore, we have that from [16], when x is

an odd character

-1
PC(u) = H ‘Cq(uv XZ)7
i=1
and when Y is even

-1
Pe(u) = (1 — u)—z+1 Hﬁq(u,xi).

The Riemann Hypothesis for curves over function fields [46] states that all non-trivial zeros

2mix

of L,(u,x) are on the circle |u| = ¢~2. Recall that e(z) = 2™, Hence we can express the

L-function in terms of its zeros

Lolux)=1—w) [T (O—uyae(n), (1.13)

where b = 1 if x is even, and b = 0 otherwise.

Similar to the number field setting, “completed” L-functions with primitive characters y have
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functional equations over function fields. Let

Aq(uv X) = (1 - bu)_lﬁq(u7 X)

denote the “completed” L-function where b is defined as above. Then

Ay, ) = w(x) (V) ™1 A, (i,x) | (1.14)

qu

with |w(x)| = 1 [45]. This implies that angles of zeros of L,(u, x) corresponds to the negative

of angles of zeros of £,(u,Y).

Given a Dirichlet character of genus g, we have the following relation. To simplify notations,

let

29+20-2

Dy(g) = 1.1
e(9) /—1 (1.15)
Using the Riemann-Hurwitz formula [43], the degree of the conductor is
Dy(g) if x is even,
d(h) = (1.16)

Dy(g) —1 if x is odd.
Thus, there are D,(g) — 2 non-trivial zeros for each L-function.

When evaluating the error term in sections such as 2.4.2, we use following results from [17]

to bound the size of L-functions. Note that these results hold for characters of any order.

Lemma 1.3. Let x be a primitive order ¢ character of conductor h defined over F,[t]. Then

for R(s) > 1/2 and for all € > 0,

|Lq(57 X)| < qu(h)-
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Lemma 1.4. Let x be a primitive order { character of conductor h defined over F,[t]. Then

for R(s) > 1 and for all € > 0,

|Lg(s, x)| > g~

Note that Lemma 1.3 is analogous to the Lindelsf Hypothesis, since ¢““®) = |h|°.

1.4 Spectral interpretation of the non-trivial zeros of

the zeta and L-functions

In the early 1900s, Hilbert and Pdlya independently stated that the non-trivial zeros of the
Riemann zeta function correspond to eigenvalues of a self-adjoint operator. Although there
seems to be no first-hand account due to Hilbert, Pélya discussed some historical details in
his correspondence with Odlyzko [40]. While in Gottingen studying analytic number theory
with Landau, Pélya was asked by Landau one day if there is a physical reason for the truth of
the Riemann Hypothesis (RH). He answered that if the non-trivial zeros of the £(s) function
(1.3) are associated to a physical problem, then RH would be equivalent to the fact that
eigenvalues of the physical problem to are real. This remark was never published, but it

became known and remembered.

There was little evidence at the time suggesting the connection between zeros of the zeta
function and the spectrum of matrices, but many results since then have supported such an
idea. Notably, Montgomery’s pair correlation conjecture [36], Katz and Sarnak’s philosophy
[31, 32] and conjectures on moments of the zeta function and L-functions using random

matrix theory by Keating and Snaith [34, 33]. We discuss these works in this section.

18



1.4.1 Montgomery’s pair correlations of zeros

Let Z(T) ={s =0+iy:((s) =0,0 <o < 1,0 <y < T} denote the set of zeros in
logT
the critical strip up to height 7" and 4 = 7 ;)g be the normalized imagarinary part of
T

s. To study the zeros of the Riemann zeta function, Montgomery [36] computed the pair

correlation of the normalized zeros, and found that, assuming the Riemann Hypothesis, for

a test function f with the support of its Fourier transform f in (—1,1),

bty X SG-7) = [ (- (M) e

5,8 EZ(T
a<i—'<p

In an encounter with the renowned physicist Freeman Dyson in 1972, Montgomery discovered
sin(mx)

that the function 1 — (
T

) in the integrand above (what we refer to as the distribution
function today) also appears in statistics of eigenvalues of large random complex Hermitian or
unitary matrices [36]. Since then, this connection has been supported by extensive numerical
and theoretical tests, such as those done by Odlyzko in [38]. It deepened to give random

matrix models for moments of the zeta function and the low-lying zeros of families of L-

functions [31, 32, 34, 33].

One-level density of zeros by Ozliik and Snyder

Before discussing the works of Katz and Sarnak in 1999, it may be worth highlighting
the results obtained in 1993 by Ozlikk and Snyder, the former of which was a student of
Montgomery. The authors studied the average behavior of low-lying zeros of quadratic
Dirichlet L-functions in a statistic called the one-level density. We discuss their results

below and give more details in Section 1.4.4.

Assuming the Generalized Riemann Hypothesis, Ozliik and Snyder computed the one-level

density of quadratic Dirichlet L-functions and found that this family has a symplectic sym-
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metry. To determine the “symmetry type” of the family for quadratic L-functions, one does
it in the same way as in (1.17) for zeros of zeta. (The zeros of zeta up to height T" actually

behave similarly to zeros of families of L-functions.)

The authors’ results also shed light on the important question of non-vanishing of L-functions.
Studying the non-vanishing of the zeta function was key in proving the Prime Number The-
orem in the late 1800s, and studying the non-vanishing of L-functions, besides being part
of the proof of Dirichlet’s theorem, gives arithmetic information about objects such as the
class number and the rank of an elliptic curves. Using their computation, Ozlitk and Snyder
showed that more than 93.75% of L-functions in the family do not vanish at the central point
s = 1/2. This corresponds to their result holding for test functions ¢ with Fourier transform
¢ supported in (—2,2). In fact, Chowla’s conjecture [9] states that L (1/2,x) # 0 for any
Dirichlet character. Obtaining the one-level density result for qg supported in (—A, A) for

any A is equivalent to 100% non-vanishing as predicted by Chowla’s conjecture.

1.4.2 Katz and Sarnak’s philosophy

The works by Katz and Sarnak [31, 32] further strengthened the connection between random
matrix theory and statistics of zeros of L-functions. In their works in 1999, the two authors
computed the one-level density of zeros for Dirichlet L-functions for curves over finite fields
as the genus of the curve g and the size of the finite field ¢ both tend to infinity. They
showed that for some families of L-functions, their statistics of zeros follow distribution laws
of eigenvalues of classical groups. This lead them to predict that, in general, statistics of
families of L-functions have a spectral interpretation, i.e., there is a symmetry type associated
to each family given by the classical groups, such as the group of symplectic, unitary and

orthogonal matrices. This is referred to as Katz and Sarnak’s philosophy.

For example, in the case of quadratic characters, let Fx denote the family of L-functions
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with conductors ¢; < X (as f varies over Fx) and, following the notation in [31], let A (f, ¢)

be the sum over imaginary part of zeros 7
~v¢log e
N IE
f

where ¢ € S (R) is a test function in the Schwartz space. The one-level density of zeros in

this family is

1
W(X7F>¢):E Z A(f7¢)7
cp<X

which tends to the integral

W (X, F, ) - / " b (@)w(Sp) (2) do

as X — oo and for any test function whose Fourier transform is supported in (—2,2).

sin2wx .

The function w (Sp) (z) =1 — is called the one-level scaling density for symplectic

T
matrices.

In general, Katz and Sarnak found that

(

1 if G =U or SU,
1 — sa2ne if G = Sp,

w (@) (2) = § 14 L(2) if G =0,
1 4 sh2ne if G = SO (even),
do(x) +1— 22 if G = SO (odd),

\
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with the Fourier transform given in [16],

8o () if G =U or SU,
do(x) — 5n(=) if G = Sp,
W (G) (x) = ¢ 1 4 5(x) if G =0, (1.18)

do(z) + 3n(x) if G = SO (even),

1+ 0o(z) — 3n(z) if G =S50 (odd),
\

where

1 if |z < 1,
n(x) =91 iffa] =1,
0 if 2| > 1.

\

Confirming Katz and Sarnak’s philosophy by computing the symmetry type of several fami-

lies of Dirichlet L-functions over function fields is a goal of works described in this document.

1.4.3 Moments conjectures of the Riemann zeta function and L-

functions

Motivated by the connection of non-trivial zeros of the Riemann zeta function to eigenvalues
of random unitary matrices, such as Montgomery’s pair correlation result discussed in 1.4.1,
Keating and Snaith computed moments of the characteristic polynomial of unitary matrices,

averaged over the group U (N) with respect to the Haar measure (over the circular unitary
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ensemble in random matrix theory). They found that for Z (U,6) = det (1 — Ue™"),

12 WU.0) )y = [ 2L )

J:1

(j+s)

(U (j + 5/2)) (1.19)

for any 0 € R and R(s) > —1.

This led them to conjecture asymptotics for moments of the zeta function, a difficult problem
that traces its origin from Hardy and Littlewood in the early 20*® century. Studying moments
of the zeta function on the critical line s = 1/2 leads to results about the size of ((1/2 + it)

and progresses towards the Lindelof Hypothesis, which states that

1C(1/2 +it)| < t, for any € > 0 as t — oo.

The 2k*™ moment of the zeta function on the critical line is defined to be the integral

I (T) = / 1C(1/2 + it) [ dt.

T

Hardy and Littlewood computed the 2°¢ moment in 1916 [25] and Littlewood’s student, Ing-
ham, computed the 4" moment in 1927 [29]. For higher moments, only bounds for have been
computed, such as those assuming the Riemann Hypothesis in [42, 28] and unconditionally

in [41, 5, 26, 27]. Using Equation (1.19), Keating and Snaith conjectured that

2T
lim 1C(1/2 +it) " dt = apgi T (log T)" |

T—00 T
where

_GP(1+k)
G (1+2k)
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for the Barnes G-function
G(1+2) = (2m) 2 e =+l TT [ [ 1+z/n)" —2“2/(2")] (1.20)
n=1
The a; term is a known arithmetic factor

w2 (o= (T (k+m)\* __
o= 11 {(1—1/p> (Z(ém—%)) p )}

p prime m=0

Note that we have gy = 1 and for integer k > 1,

k—1

i
gk:H(j+k)!'

Jj=1

In particular, g = 1 and go = 1/12, which match those computed by Hardy and Littlewood
and Ingham respectively; g3 = 42/9! and g, = 24024/16!, which match those conjectured
by Conrey and Ghosh [13], and Conrey and Gonek [14] respectively using number theoretic

arguments.

As discussed in Section 1.4.2, Katz and Sarnak predicted that statistics of zeros of fami-
lies of L-functions correspond to the distribution of eigenvalues of random matrices in the
classical groups U(N), O(N) or USp(2N) [31, 32]. Motivated by these works, Keating and
Snaith [33] investigated moments of L-functions, applying the method they developed for
the unitary family in [34] to other families suggested to exhibit non-unitary symmetry types.
For example, the family of quadratic Dirichlet L-functions is suggested to have symplectic
symmetry, since statistics of zeros for the family, such as the one-level density of zeros, obey

the distribution law of the group of symplectic matrices.

For instance, in the symplectic family USp(2N), the eigenvalues of U € USp(2N) lie on the

unit circle and come in complex conjugate pairs 1, e W2 =02 N =N Thus
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the characteristic polynomial related to such a matrix U can be written as

Zo(0) = T[] (1 = @) (1 — i)

=1

Keating and Snaith computed k' powers of Z;;(0), averaged over USp(2N) with respect to

the Haar measure and obtained that

<ZU (O)k> _ NR/2HR /29522 o G(l+s)yI'(1+s) (1.21)
USp(2N) VG (1+2s)T (1 + 2s)

as N — oo, where G is the Barnes G-function given in (1.20). We note that for integer k,

Equation (1.21) simplifies to

(200) gy = (L =10)

j=1

The authors then conjectured that in the case of quadratic Dirichlet L-functions,

1
D~ > L(1/2,xa)" ~ argx (log D)* D2
ldI<D

where D* is the number of quadratic characters in the sum and

5 1
gp = oK) <H (2] — 1)!!> :

=1
with the arithmetic factor given explicitly in [22],
E(k+1) -1 —k —k
1 2 1 1 1 1 1
a=TT(1-- 1+—> - (1——) +<1+— ) +- .
k 1;[( P ) ( b (2 ( VP NG p

By Equation (1.4.3), g1 =1, g2 =3, g5 = = and g4 = which agree precisely with those

L
47257

Conrey and Farmer reported in [11], supporting this conjecture.
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Moments conjecture and results over function field

In 2014, Andrade and Keating [2] gave conjectures for moments of quadratic Dirichlet L-

functions over function fields, adapting the approach in [12] over number fields. The method

used in [12] by Conrey, Farmer, Keating, Rubinstein and Snaith is often referred to as

the “recipe”. For the ideas used in the “recipe” over function fields, Florea gave a nice

presentation in Section 1.9 of [22].

Let ¢ be a fixed odd prime, Hg41 the set of monic squarefree polynomials of degree 2g + 1,

and X (s) = ¢'/?**. Andrade and Keating conjectured that

> L/2.xp)" = > Qr(log,|D]) (1+0(1)),

DeHag+1 DeHagi1

where @y is the polynomial of degree k(k + 1)/2 given by the k-fold residue

-1 k+1/22k 1 ) A2 R .
Qk(l’) = ( ) f % Zl’ Zk (Zl’ ’Zk) q5H?:1Zfdzl...dzk,

2mi 22kl
J 1%
with A (21, ..., 2) being the Vandermonde determinant given by

1<i<j<k

and the function

G’(zl,...,zk):A< zk>HX( +z])1/2 [T ¢a+z+z).

1<i<j<k

in which A (%, 21y, zk) is the Euler product, absolutely convergent when |R(z;)| <

26
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defined by

1 1
A(ﬁ;zl,...,zk): H H (1_|P|1+—zz~+4)

P moinc 1<i<j<k

irreducible
1[4 1 . 1 o 1 1\ !
x | = 1-— + 1+ — + — (1 + —) .
2 ]1:[1 ( |p|§+Zj> 31:[1 ( |p|é+zg-> |P| |P|

For the first moment, the conjecture matches the result computed by the same authors in
2012 [1]. Florea computed the asymptotics for the second and third moments in [21] and

the fourth moment in [20], all matching the prediction of the conjecture.

Compare to the wealth of literature on quadratic Dirichlet L-functions, there are few works
on higher order families of Dirichlet L-functions. Over number fields, Baier and Young [3]
computed the smoothed mean value of cubic Dirichlet L-functions and obtained that more
than Q7 ¢ cubic characters with conductors at most @ satisfy L(1/2,x) # 0. More recently,
David, Florea and Lalin [17, 18] computed the mean value of the cubic family over function
fields and found results corresponding to those with a unitary symmetry. The works of these
authors motivated the projects described in this thesis, where we study the same cubic family

and similar families of quartic and sextic L-functions.

1.4.4 One-level density of zeros

The one-level density of zeros studies the average behavior of low-lying zeros for families of
L-functions, L(s,y) in the complex plane. More specifically, the one-level density formula
in the Kummer case can be seen in (2.3), and non-Kummer case in (1.27). As in the
case of moments, this statistic on families of L-functions corresponds to the distribution of

eigenvalues of random matrices in the classical group.
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In the works of Katz and Sarnak, the authors computed the one-level density for families of
L-functions for curves over finite fields by taking both the genus and the size of the field to
infinity. This allowed them to use deep equidistribution theorems by Deligne. Near the end

of 2010s, Rudnick considered the one-level density in the hyperelliptic ensemble
Y?=F(t), for F(t)€ Hayi1,

without taking ¢ to infinity. One cannot use the equidistribution theorems by Deligne in

this case and the computation depended more on the arithmetic of the family.

Rudnick [44] proved that for Ha,4; the set of monic, squarefree polynomials of degree 2g + 1
over Fyt], ¢ (0) = >, 1<n ¢ (n) e (nh) a real, even trigonometric polynomial, where e(x) =

e?™ and @ (2g0) = ¢(0), the one-level density of quadratic Dirichlet L-functions is

LS S 2e80) = (0) — L3 d(n/g) + de“;q’) To(1/g).

H
| 2g+1| DeHay i1 j=1 g n<g

Here we have

d(1)
qg—1

: d(P)
dev(®) = &(0) Pze;j 1~
where the sum is over all monic irreducible polynomials P, and d(P) denotes its degree. Bui
and Florea computed the one-level density in the same family, obtained the result above
along with extra lower order terms not predicted by the powerful Ratios Conjecture by
further restricting the support of (/zAS Additionally, using the optimization in [30], Bui and
Florea showed that more than 94% of the L-functions in the family do not vanish at the

central point.

Katz and Sarnak predicted that the one-level density of zeros for higher order Dirichlet L-

functions should have the unitary symmetry. As discussed in 1.3.1, we need to consider two
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different settings (Kummer and non-Kummer) for higher order Dirichlet characters. In the
cubic Kummer setting over number fields under GRH, Cho and Park [8] studied the one-level
density of cubic L-functions and obtained results matching those predicted by the Ratios
Conjecture. David and Giiloglu computed the one-level density of a thin family of cubic
Dirichlet L-functions under GRH and obtained a positive proportion of non-vanishing at
s = 1/2 [19]. Gao and Zhao [23, 24] studied the one-level density of thin families of quartic
and sextic L-functions over number fields under GRH, and obtained at least 5% and 2/45

of non-vanishing respectively.

Below is a possibly non-exhaustive summary of one-level density results for Dirichlet L-

functions over number fields. All results assumed the truth of the Generalized Riemann

Hypothesis.
Over number fields ‘ Kummer ‘ non-Kummer ‘ Notable contributions
Cubic Cho and Park [§] matched the prediction
of the Ratios Conjecture [10]
David and Giiloglu showed > 2/13 non-vanishing
[19] for the thin family
Quartic Gao and Zhao [23] at least 5% non-vanishing
for thin family for the thin family
Sextic Gao and Zhao [24] at least 2/45 non-vanishing
for thin family for the thin family

Table 1.3: One-level density of zeros results over number fields.

Although there are no one-level density results in the non-Kummer setting over number
fields in the literature (nor function fields besides the work in this thesis), we note that the
work of Baier and Young [3] on the mean value of cubic Dirichlet L-functions studies the
cubic non-Kummer family. The cubic non-Kummer family over function fields was studied

by David, Florea and Lalin [17, 18].
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1.5 Outline

We summarize Chapters 2 and 3 in this section. We also note an application of one-level
density results, such as Theorems 1.3 and 1.5, to the question of non-vanishing at low-lying
heights. This outline is written to be read as independently from the rest of this thesis as

possible.

1.5.1 One-level density of cubic and quartic families in the Kum-

mer setting

In Chapter 2, we compute the one-level density of zeros of cubic and quartic Dirichlet L-
functions in the Kummer setting over function fields. In Section 2.1, we briefly discuss
relevant works and reference results we obtained. We also prove the explicit formula for any
order ¢ Dirichlet L-functions over function fields, which rewrites the sum over zeros to a sum

over prime power.

For the cubic case, we consider the family of L-functions £,(u, xz) given by primitive cubic
characters yp of genus g, where H denotes its conductor. Let Fi(g) be the set of conductors
of this family as seen in (1.8). Recall that for convenience, x g is odd and each L£,(u, xm)
has g non-trivial zeros. Furthermore, the Riemann Hypothesis over function fields implies
~1/2

that, under the change of variable u = ¢~°, all non-trivial zeros lie on the circle |u| = ¢

parametrized by their angles {0 i }7_,

Given a test function ¢(6) in the Schwartz space S (R), the one-level density of zeros of cubic

Dirichlet L-functions in the Kummer setting is

Dy (¢,9) = ’FK Z Zcb O1) - (1.22)

HE]:K(g) Jj=1
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I proved the following.

Theorem 1.1 (Cubic Kummer setting). Let ¢(0) = >, <x d(n)e(nb) be a real, even
trigonometric polynomial and ® (g0) = ¢(0). The one-level density of zeros of cubic Dirichlet

L-functions is

Koo e 2 - (3n d(Q)
Dy (¢,9) = ¢(0) g Z ® ( g) Z r QP72 (1+2|Q| )

1<n<N/3 QEPy n/
r>1
hy - [ 3n d(Q)(l_CQ)
e |25 0 () ¥ AR
9 s N9 o, QPR+ 2101
r>1

+2_h2 Z b (S_n) Z 2d(Q)*1Q|™! L0 (qN/qug/Qqu)
2 )
Y 1<n=nys 97 QeP,m) QF 72 (1+2Q)

r>1

(1.23)

where cg, hy and hy are explicitly defined in (2.10), (2.11) and (2.12) respectively.

We note that |cg| < 2, and hy, he are of order 1/¢ and the sums over n and ) are convergent
in each lower order terms. Therefore, when N < g, all terms except for CiD(O) vanishes as the
genus ¢ tends to infinity, as predicted by random matrix theory. The lower order terms are

not predicted by random matrix theory.

For the quartic Dirichlet L-functions, we consider curves of the affine model
Y= R(t)F;(t),

where Fi(t), F5(t) are squarefree polynomials and (Fi(t), F3(t)) = 1. This correspond to
characters such that y* = 1 and x? remains primitive. The Riemann-Hurwitz formula gives
the relation between the genus and the degree of the conductors as seen in (1.10), which

stays analogous to the prime case in this model. This implies that there are 2¢g/3 non-trivial
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zeros for each L-function. With the definition of F£(g) correspondingly modified in (1.11),

the one-level density of zeros in the Kummer setting for quartic Dirichlet L-functions is

29/3
Dy (¢,9) = Fa3rl Z AU DE (1.24)
’F HEfK(g Jj=1

I proved the following statement.

Theorem 1.2. Let ¢(0) = 3, <x d(n)e(nb) be any real, even trigonometric polynomial and

2g0
) <%> = ¢(0). The one-level density of zeros of quartic Dirichlet L-functions is

Diog)=b0)-2 Y &(2)

d(Q)
9 2 QP (1+2|Q7)

1<n<N/4 QEPy 1/r
r>1
- (1.25)
3s . [ 6n 2d(Q)?1Q|! s e
By g (S) s MR o,
I 1<n<nya 97 Py QP (1+2(Q7)

r>1

where G = %g + 1 is the degree of the conductor, and sq is explicitly defined in (2.18).

Note that the constant s, is of order 1/g. Therefore, similar to Theorem 1.1, when N < %9—1—1

every term except for <i>(0) vanishes as the genus ¢ tends to infinity.

Computing the limit as the genus ¢ — oo, I proved that both families correspond to the
unitary symmetry, confirming the suggestion of Katz and Sarnak’s philosophy [31, 32]. We
note that the condition N < D,(g) — 2 below is equivalent to ® being supported in (-1,1),
analogous to the Fourier transform of the test function having limited support over number

fields.

Theorem 1.3 (Symmetry type of the Kummer families). Let ¢(0) = >_, <y d(n)e(nb) be

any real, even trigonometric polynomial and ® ((Dy(g) —2)0) = ¢(0). For N < Dy(g) —2 =
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29

—1 we have in the Kummer setting for { = 3,4,

lim Dy (¢,9) = / (Y)W (Dy()-2) (W)dy + o(1). (1.26)

g—0o0 )

Here WU(DZ(Q)_2)<y) = do(y) denotes the one-level scaling density of the group of unitary

matrices seen in (1.18).

1.5.2 Omne-level density of cubic, quartic and sextic families in the

non-Kummer setting

In Chapter 3, we study the families of cubic, quartic and sextic Dirichlet L-functions in
the non-Kummer setting. As discussed in Section 1.4.4, Baier and Young [3] studied the
cubic non-Kummer Dirichlet characters in their work on the mean value of cubic Dirichlet
L-functions over number fields. They classified the characters as the restriction of those

2mi/3 " and suggested that the cases of quartic and

in the Kummer setting in Z[w| for w = e
sextic characters in the non-Kummer setting should be similar. Bary-Soroker and Meisner
[4] found analogous constructions over function fields and David, Florea and Lalin [17, 18]

studied cubic non-Kummer characters over function fields analogously to that of Baier and

Young over number fields.

We describe this interpretation of non-Kummer characters for the cubic family, and extend
it to families of quartic and sextic Dirichlet L-functions. The set of conductors for the

corresponding family is denoted F;'¥ (g) and explicitly defined in (3.3).

The one-level density of order ¢ Dirichlet L-functions in the non-Kummer setting for ¢ €
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{3,4,6} is

D (b g) = e S 3 6(0u). (1.27)

I proved the following.

Theorem 1.4. Let ¢(0) = >, <x d(n)e(nb) be any real, even trigonometric polynomial and

290
o <%) = ¢(0). The one-level density of zeros of order ¢ Dirichlet L-functions in the

non-Kummer setting for € € {3,4,6} is

g 29

B @(W_l)”) 3 d(Q) 10 (Vg P05y

br —2/mg\™e
9 oagmge N W o, 17 (14101
r>1

DI (¢, g) = b (0) — —— & (M) -
1<n<N

(1.28)

where mg = ged (d(Q), 2).

Using Theorem 1.4, I proved that the families of cubic, quartic and sextic Dirichlet L-

functions in the non-Kummer setting have the unitary symmetry.

Theorem 1.5 (Symmetry type of the non-Kummer families). Let ¢(0) = >_,, <y d(n)e(nb)

be any real, even trigonometric polynomial and ® ((Ds(g) — 2)6) = ¢(0). For N < Dy(g) —
29

2=
(-1

1mzﬁ@m:/'@w%@@m@@+mx (1.20)

g—0 o

for £ € {3,4,6} in the non-Kummer setting. Here WU(DZ(Q)_2)<y) = do(y) denotes the one-

level scaling density of the group of unitary matrices as seen in (1.18).
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1.5.3 Remark on the application to non-vanishing at low-lying

heights at the central point

Modifying results from a recent paper by Carneiro, Chirre, and Milinovich [7], and Theorems
1.3 and 1.5 above on symmetry types, one can prove results on the average order of non-

vanishing at s = 1/2 + it for small ¢t > 0 for families considered in this thesis.

Following the notation in [7], the reproducing kernel for unitary symmetry, where the Fourier

transform of the test function is in (—A, A), is given by

sintA (z — W)

Kpyan (w,2) = (1.30)

7 (z — W)

Given that the families of cubic and quartic Dirichlet L-functions in the Kummer setting and
cubic, quartic, and sextic Dirichlet L-functions in the non-Kummer setting are of unitary
symmetry, and the support of ® is in (—1,1), Theorem 2 of [7] states that for these families

the average order of vanishing at s = 1/2 + it for ¢t > 0 is at most

1 1

= . (1.31)
Kyx (t,t) + [Kux (T, —t sin(2nt)
vn () + [Kua (8, 1) 1 4 |sinCen
Thus the average order of non-vanishing at s = 1/2 + it for ¢t > 0 is at least
1 1

n(t)=1- T <5 (1.32)

1+ 51n2(7r;1't) 2

1
where for t € (0,0.5), n(t) is decreasing and Ilfir% n(t) = 5
—
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Chapter 2

One-level density of zeros of Dirichlet

L-functions in the Kummer setting

2.1 Introduction

As mentioned in Section 1.3.1, for families of order ¢ > 3 Dirichlet characters over function
fields, either F) contains an ™ root of unity, i.e., ¢ = 1 (mod /), or otherwise when q #
1 (mod /). The former scenario is called the Kummer setting, which is the focus of this

chapter.

The one-level density of zeros for quadratic Dirichlet L-functions over number fields was
computed by Ozlitk and Snyder in 1993 under the Generalized Riemann Hypothesis [39].
Many conditional one-level density results over number fields, some with the thin subfamily
restriction, were computed in the works such as [8, 19, 23, 24] as mentioned in Section 1.4.4.
Over function fields, Rudnick [44] and Bui and Florea [6] computed the one-level density for
quadratic Dirichlet L-functions. The works of these authors and the study of cubic characters

in [17, 18] of David, Florea and Lalin motivated the work in this chapter.
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Let Fi(g) be as defined in (1.8) for £ = 3, the set of conductors of primitive cubic Dirichlet
characters with genus ¢ in the Kummer setting. The one-level density of zeros of cubic
Dirichlet L-functions in the Kummer setting is defined in (1.22) and I proved the statement

as seen in Theorem 1.1.

We highlight that for N < ¢ and g — 0o, the main term matches that predicted by random

matrix theory. The lower order terms are not predicted by random matrix theory.

For the quartic Dirichlet L-functions, we consider curves of the affine model

where Fi(t), F5(t) are square-free and (Fy(¢), F3(t)) = 1. This corresponds to conductors
Fi(g) as defined in (1.11). The one-level density of zeros in the Kummer setting for quartic

Dirichlet L-functions is defined in (1.24) and I proved Theorem 1.2.

As a consequence of Theorems 1.1 and 1.2, I prove the result in Theorem 1.3, which states
that the one-level density for both families corresponds to the unitary symmetry type as ¢
fixed and g — oo. This confirmed suggestions of Katz and Sarnak’s philosophy [31, 32]. We
note that the condition N < Dy(g)—2 is equivalent to o being supported in (-1,1), analogous

to the Fourier transform of the test function having limited support over number fields.

2.2 The Explicit Formula

A key step in the computation of the one-level density is to rewrite the sum over the zeros
of £, (u, x) to a sum over prime powers. We call this type of equation the explicit formula.
We prove the following statement for order ¢ Dirichlet L-functions for any integer ¢ > 3 for

both even and odd characters. (We will use the case of odd characters in Chapter 2 and
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even characters in Chapter 3.)

We use notations given in the beginning of Section 1.3 and recall that A(f) is the von

Mangoldt function given in (1.3).

Lemma 2.1. Let xp,XFr be Dirichlet characters of conductor F € F,[t| and {0, r} be the

angles of non-trivial zeros of the L-function L, (u, xr) as seen in (1.13). For any n € N,

D
Z;e nbjr) = —7-+ Z ’f’lﬂ . (2.1)
=

feMgn

When n < 0,

- Ze(nij) = q|n—b/2 + Z M (2.2)

1/2
7=1 FEMq,n| 71
Here D = deg(F') — 1 — b denotes the number of non-trivial zeros, in which b = 1 if xp is

even and b =0 if xr is odd.

Proof. We compute the explicit formula for n > 0 first.

In terms of its zeros
D
L,(u, xr) = 1—ubH 1 —uy/qe (0;r)),
7j=1

for some integer b € {0,1}, where b = 1 if and only if xr is an even character. Here
D = d(F) — 1 — b denotes the number of non-trivial zeros, where F' is the conductor of xf.

Alternatively, we can express the L-functions as the product over primes

Loluxr) = [[ (1= xe(Pyud®)™

PeP,

Using log differentiation on the two expressions of £,(u, xr) and setting them equal, we
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obtain

d(P)—1

Z —/qe(0;.r) _ Z d(P)xr(P)u
)

(1= uy/Gellyr) g 1= xr(P)ud®

Now, expanding the denominators using geometric series, we have

o) D
Z —b+ Z_\/ae(ej,F) (vqe(0;,r) n] u" = Z Z d(P)y WPyt DdP) -1
n=0 j=1 n=0 PP,

Rewriting using the von Mangoldt function, the sum over primes P on the right can be

expressed as Z A)xr(fu™ =L hence we write

f=prtt
Pep,
S 1-b+ > —vae(b,r) (ﬂe(Qj,F))n] w =" ) Axe(fu
n=0 j=1 n=0 feMg nt1

We match corresponding terms with the same power on u from both sides and obtain

D

feEMqgn

as given in the statement of the lemma.

Now for n < 0, using the functional equation in (1.14), we see that if {g=*/?e(—0; )} are
zeros of L,(u, xr), then {g7/2e(0; )} are zeros of L,(u,Xr). Thus doing the computations

above for Yz, we derive that for n < 0

D

—ZG(TL@JF |n‘/2+ Z |f|—1/2

j=1 JEMg |n|
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2.3 Preliminary Computations

In this section, we derive main terms and the error term of the one-level density computation
for a general order ¢ in the Kummer setting. For ¢ = 3,4, we prove a lemma that helps to

evaluate the character sum over the family F}*(g).

Recall that the one-level density of zeros for order ¢ Dirichlet L-functions is

Df (¢.9) =

Z Z ¢ (0m,) (2.3)

He]—‘K

70

where F/ (g) denotes the set of conductors defined in (1.8) for prime £ and (1.11) for ¢ = 4.

Dy(g) —2 = is the number of non-trivial zeros of the L-functions given in (1.15) and

7 _
o (0) = Z|n\§N ) (n) e (nh) is any real, even trigonometric polynomial.

Let & ((Dy(g) — 2)0) = $(6). Since

P ((De(g) —2)05r) = m Y @ (ﬁ) e(nbd;r),

the sum over zeros in (2.3) can be written as

De(9)~2 Di(g)—2
B(Dilg) ~20,0) =80+ 5y 3 b () S elutin)

Jj=1 0<|n|<N j=1

Applying the explicit formula on the inner most sum by using (2.1) and (2.2) for b = 0 and
D = Dy(g) — 2, we have
Dy(g)—2

D((De(g) — 2)05r)

=1

40



Thus, we write the one-level density in (2.3) as

D (¢,9) = $(0) — Af (¢, 9), (2.4)
where we let
K (5. 0) — 1 i n ALS) -y
Ap (9,9) = (Du(9) — 2)|FK(9)| 12;\[@ (Dg(g) — 2) fgw:qm ’f‘l/QHE%(Q) [XH(f) +xu(f)|-
(2.5)

We decompose AK (¢, g) as the sum

Af (0,9) = M (¢, 9) + Ef (6, 9),

where its main term MK (¢, g) comes from f being an ¢*! power

M (¢, 9)
- BT DI (5 =2) pa o H%;(g) b (Q) + 3 (@)
h (2.6)
and the non-/** power contribution is
Ef (4, 9)
- BT g (m) Py el He%(g) (D) + 3 (D).
f o o »

These equations hold for ¢ = 3,4 and ¢ an odd prime power coprime to /.
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Character sum lemmas

Recall that for £ = 3, the set of conductors of primitive cubic characters Fi (g) as given by

(1.8) is
Fi(g):={H: H=FF, € Hygp1, (F1,F) =1, deg(Fy) +2deg(Fy) =1 (mod 3)}.

Thus we have the following lemma.

Lemma 2.2. Let q be a prime power coprime to 6, f € F[t] be a monic polynomial, and x3

be as defined in (1.7). Then

o oxth= >, o oxnlf) D, xnlh)

X primitive cubic di+d2=g+1 Fretq,qy FaeHty,d,
genus(x)=g di1+2d3=1 (mod 3) (F1,f)=1 (Fa,F1f)=1
X|]F;< =X3

For the quartic case, recall that we defined Fi(g) in (1.11).

Lemma 2.3. Let ¢ be an odd prime power, f € F,[t] be a monic polynomial, and x4 be as

defined in (1.7). Then

oo oxh= ) dooxe(h) Do xR

X pri;nitive quartic d1+d3:%g+l Fietya, F3€Hq,dq4
x2primitive d14+3d3=1 (mod 4) (F1,f)=1 (F3,F1f)=1
genus(x)=g

X|F;< =X4

We use these lemmas in the computations of (2.6) and (2.7) for £ = 3,4 in sections below.
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2.4 Cubic Dirichlet L-functions

2.4.1 The Main Term

First we compute the following sum over the family of cubic Dirichlet L-functions with

primitive cubic characters of genus g and derive the size of the family ‘]-g( (g9) ‘

Lemma 2.4. For f a monic polynomial, let

=Y - Y Y ¥y

Fe]'g( (9) di+do=g+1 Il qu,dl Fy E'Hq’dQ
(F.f)=1 di+2d2=1 (mod 3) (Fy,f)=1 (Fp,F1f)=1
Then
d J 1 ¢ 1+2a
gott 11 2uJ (w1, u) |1/ (q’ q> 3 5
T = g ZJ(—,— — = — 2R + O (¢9/3+%9) |
ol A qq q — (3 ( )
where

J(z,y) = H [(1 + 24P 4 yd(P)) (1 _ xd(P)) (1 _ yd(P))} H (1 4 dP) 4 yd(P))_17

PeP, PeP,
PIf

and (3 denotes the 3™ root of unity, (s = e* /3.

Proof. We consider the generating series for the sums over F; and F3 in 77, which is

S(uy, ug) = Z uil(Fl) Z ug(FQ).

FieH, FreH,
(F1,f)=1 (F2,F1 f)=1
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Now, S(uq,us) can be written as the product over primes as

14 14+ u4® d(P) | d(P)
s ) [lper, +m [pep, (1412 [Irer, <1+u1 + Uy >
U, Ug) = = .
AP d(P)  d(P)
g ()T () g (7
P|f 2 P|f
Hence
S(ur,uz) = Z4(u1) Z,(uz)J (ur, ug),
where

-1
) = TT (1@ +ud®) (1= (1= T (1+6d® +ug®)

PcP, PeP,
PIf
-1
=11 (1 — 2D 20P) ()P 1 ()P (ulug)d(P)) I1 <1 bl u;’“’)) ‘
Pep PEP,
PIf

Note that J (uy,us) has analytic continuation when |u;| < ¢~%/? and |uy| < ¢~ /2.

Using Perron’s formula twice, we have

1 J(Ul ’UQ) dUQ du1
T — , 7{ f ’ dus duy.
! Z (27i)? (1 —quy)(1— qu2)u’f1ugr" Uy Uy

di1+d2=g+1
d1+2d2=1 (mod 3)

Since ¢ is fixed, we let ¢ = b (mod 3) for some b € {0,1,2} and take the difference of
equations

di+dy=g+1, and dy +2dy =1 (mod 3)

to obtain that

dy = b (mod 3).

Thus for some integer k and a fixed a € {0, 1, 2},

d1:3k+a.
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By analyzing the cases, the sum over d; is a sum over integers 0 < k < [g/3], where []

denotes the closest integer to x.

Computing the sum inside the integrals first,

7_ g/3 %% (ul,u2) d'LLQ dU1
1 — 27”/ 1— qul 1 o QUQ) 3k+aug+1 3k—a Uy Uy

(27Ti)2 lut|=¢=3 J|uz|=¢—2 (1—(]U1)(1—QU2)(U%—U§) Ug—i_a b Ug“ ‘] ur wy

We write the integral above as the difference of two integrals. Note that the second one

vanishes since the integrand over u; has no poles inside the circle |u;| = ¢~3

Hence

ult 0 J (uy, Usg) dus duy

us=g2 ] (1 — qui) (1 — qua)(ud — ul) U2 w

9

u1|=q~

where the integrand has poles w1, (3u, (3u; integrating over uy. Here (3 denotes the third

root of unity /3.

Computing the residue at the poles above, we have

1 1 Ju,w)  J(un, Gu)CE e I, Gu)C 0
== g+l + + > aun
270 Jjuyj=q-3 3u" (1 —qup) | 1 —qua 1 — qCuy 1— ¢Cuy ”
(2.8)

Now to integrate over u;, we write (2.8) as the sum of three integrals

For each Tj, we shift the contour to |u;| = ¢~'/3%¢, compute the residue at the corresponding

poles at either 1/q, 1/(¢3q), or 1/(¢3q) and bound the integral on the circle |u,| = ¢~ 1/3+¢.
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T; has a double pole at 1/q, and we obtain

Tl 1 J(U1,U1) %

" 2mi S g Buf T qui)? un

d
S Py (1,1) ()
3 ¢’ q q

+0 (qg/3+eg> )

T5 has two simple poles at vy = 1/q and u; = 1/((3q). Hence we have

T 1 §+a_bj<ul» C3U1) du,
) haint)

27 |u1|=q=3 3u§’+1(1 - qul)(l - C3C]U1) Uy

R Gk A GO
EEREERE =G

+ 0 (qg/3+eg) )

T has two simple poles at u; = 1/q and u; = 1/(¢3¢). We obtain

_—— G (w, Guy)  du
3 duy

270 g —gs 3udT (1 — qua) (1 — Gqur)

1 Q 24a G 1 2a
:qg+1 J(Q’ ;) o J<;’ q) 3 +0 (g7/3+)
3 1-@ 1—Gs

=T
where the last equality holds since J(uy,us) = J(ug, u;). Hence, we can reduce (2.9) to
Ti=T+To+ G =T — G

Plugging in the value of T}, we have

1 ¢ 1+ ¢z 249
o [ (L) e (G R) 6T ()6
T q 1-G 1-C

+0 (qg/3+cg) :

where we use the fact 2g + 1 = a (mod 3).
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The size of the family is the following, obtained by removing the coprimality condition of f

in 77 as seen in Lemma 2.4.

Corollary 2.1. Let Jy (u1, us) H (1 —l—ul +u2( )> (1 — ul(P)> (1 — ug(P)> , then
PeP

¢ 1+ 2 942
}]:K( )‘ - qurl ( +2) J (1 1) _ #ZJJO(Ul,Ul) |1/q B J() <$7?3> : 9 - JO <?3’ é) 2 g
3 \9 3 g 0 q q q 1—G 1‘@}?

+0 (qg/3+eg) )

Now we compute the main term MX (¢, g) of the one-level density of zeros of cubic Dirichlet

L-functions in the Kummer setting. We use notations in Section 1.3 as needed.

Lemma 2.5. Recall the main term of the one-level density of zeros in the Kummer setting
is given in (2.6). Let ¢ = 3 for cubic Dirichlet L-functions with characters of genus g, we

have

< _2 N 3_n d(Q)
M (qb,g)—g > ‘D(g) Z yQ\3T/2(1+2|QI b

1<n<N/3 QEP,
r>1
I (2" d(Q) (1 - cq)
ARe | Z ®<_> Z 3r/2 )
9 1 <nengs 97 ey QP2 (1+2|Q71)
r>1
2h . (3n 2d(Q)2|Q|~! ) E
LS @<_) 3 371/2( 1) |2! 0 (g ),
g2, o) o2 TP 2Qry
r>1

where cq, hi, hy are explicitly defined in (2.10), (2.11) and (2.12) respectively.

Proof. Recall that for £ = 3, the degree of the conductor is D3(g) — 2 = g given by (1.16),

and the main term of the one-level density of zeros described in (2.6) comes from when f is
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a cube. For some monic irreducible polynomial () and some positive integer r, let

f=q".

Thus xr(f) = xr(f) = 1, and we can write

K(hg) = ——2 b (2" AT
o0 = e 2 *(5) 2 e

1<n<N/3

Let

-1

Dy(uy,us) = H <1 - ucll(P) + ug(P)> .
PEP,
PIf

Since f = @Q*", we have
-1
Dy(uy,ur) = Do(uy,u1) = (1 +ud@ 4 ug(Q)) 7

and

J(ul, Ug) = Jo(ul, UQ)DQ (ul, Ug) .

Now, using Lemma 2.4 for 7, we can write the sum over () as two sums
H,+H,+ 0O <q7nqg/3+eg) ;

grouped by the same order of derivation on Dg(uy, us).
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We have

¢! 1
QF72 (14 21Q[ )

H =

erq,n/r
r>1

1 GY g —7 (4G 1) 2+
1)ty _oh(38)67_wa($)s
q7 q q ]_ — <—3 1 _ <§ 3

(g+2)Jo <

where we denote

= M. (2.10)

Taking the derivative of Dg (u1,u1), we obtain

o @, <%,%) Z 2d(Q)2|Q|_1
2Q == - -~ .
3 oS, QP (14211

r>1

H;
We now consider each < )
|75 (9)]

H Q) AQ) (1 - co)
= Re | h
Fl 2 @Fraaer | M 2 aEEa e |

r>1 r>1

where h; denotes the constant

(2.11)

We remark that hy is of order 1/¢, and when d(Q)) = 0 (mod 3), ¢g = 1 and latter two terms

in the sum vanish.
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Let

q’q

qg+1J0 (l l)

hy = — (2.12)
3175 (9)]
Thus we have
2§ a(Q)
Mg =2 ¥ 6 (M) ¥ o _
Iicmenss N7 Qéppn QP72 (1+2(QI7)
r>1
i b (30 d(Q) (1 = cq)
ARe | 7 Z (I) <_> Z 3r/2 1
9 iy N9 ol QP (14 21Q17
r>1
2h . (3n 2d(Q)?| Q| ~ )
P (b(_) 2 3r/2(1)‘2’ vz O (),
Sy N9 5 QP2
r>1
where hs is also of order 1/g. O

2.4.2 The Error Term

Recall that if f is not a cube, we have the error term EX (¢, g) of the one-level density of

zeros expressed in (2.7). We prove the following upper bound.

Lemma 2.6. Let f € F,[t] be a monic polynomial and xs as defined in (1.7). Let

= > X

X primitive cubic
genus(x)=g
X|F5< =X3

Then

To = > S owE) DY () < gg?Pq .

di+do=g+1  F1€Hqa, Fa€Hq,a,
d1+2d2=1 (mod 3) (F2,F1)=1

The error term for the one-level density of zeros of Dirichlet L-functions in the Kummer
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setting is given in (2.7). For { =3, we have
Ex (¢.9) < ¢VPq7 9.

Proof. First we give an upper bound on 7s.

By Lemma 2.2, we have

T2 = > Y)Y )

d1+da=g+1 F1€’Hq,d1 FQEHq)d2
di+2da=1 (mod 3) (Fg,Fl):l

Then we consider the generating series for the sums over F} and Fj,

d(F d(F:
S(ur,uz) = Y xp(F)uf™ 7 xp () us ™.
F1eHy FyeHy
(Fa2,F1)=1

The sum over Fy can be written as the product

rer, (1+xs(P1a™)

I1pm, (1 + Xf(P)zug(P)>

thus factoring out the L-functions

S(uy, up) = £luag) > X (Fruy ™
Y 2 *
£ (uz, xs) Frerq [ pim (1 + Xf(P)QUg(P)>

Similarly, we write the sum over F} as the product

d(P)

10 (1 L Py ) _ Ll pp (P (P
2§ ) L \3) pe, (1 ¥ Xf(p)u;lw)) (1 n Xf(p)zugap))

PeP, L+ x(P)?uy
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Combining the two, we obtain

£ (. xp) £ (w2, x7) 1+ xr(P)uy™ + xp (P)*ug”

L (U% X?r) L (u3, xr) Pep, <1 + Xf(P)ugl(P)> (1 + Xf(p)ng(P)> .

S(U1,U2> =

Note here that the product over P is absolutely convergent for |u, |, |us| < ¢~%/2.

Using Perron’s formula,

Ty = 7{ ]{ S(u1, uz) duy duy
2 d1 d2 :
d1+d2 g+1 27” lu1|=q=1/2 Jlug|=¢g=1/2 Uy Ug Uy Uz

d142d2=1 (mod 3)

Then by Lindel6f Hypothesis type bounds (Lemma 1.3 and Lemma 1.4), we obtain the

following bounds on the integrals. For i € {1,2}

1 L (ui, Xf)

_— ed(f)
211 us|=g—1/2 ( uz, X ) d dul

< ¢h/%

Hence
g+1

Ty < Z q9/2q€d(f) < q9/2q6d(f).
di=1
Now for 73, since Lemma 1.3 and Lemma 1.4 hold for £ (uz,x_fz) and E( us, Xf ) for ¢ €
{1,2}, we have

TQ < q9/2q€d(f) .

The error term in the Kummer setting given in (2.7) for £ = 3 can thus be written as

1 : (n A(f)
EX §j (- Ej T+ Ta
((ba ) |fK( )| = (g> Pl ‘f|1/2 ( + )
f noncube
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where trivially bound the double sum over f and n, then divide by ’]—}f((g){ to obtain

EX (¢,9) < ¢V2q 92 ¢,

2.4.3 Proofs for / = 3 Kummer setting results

Proof of Theorem 1.1. Recall that we use notations in Section 1.3 and Fi (g), the family of
cubic Dirichlet L-functions in the Kummer setting is defined in (1.8). The one-level density

of zeros for cubic Dirichlet L-functions in the Kummer setting is

DX (6,9) = $(0) — A (¢,9) (2.13)

where

A9 = e 3 o () ¥ @j{lez [ () + (7))

1<n<N feEMgn €FX(g)
Note that DX (¢, g) is defined in (1.22) and A (¢, g) is the £ = 3 case in (2.5).

Using Lemma 2.5 and Lemma 2.6, we have the following result given in (1.23).

K A 2 - (3n d(Q)
P =00-0 3 #(3) 5 g vagmy

glgngN/:a g QEPym

r>1
I 5 (30 4(Q) (1 - cq)
e |25 9 (2) > e
I 1<y g Qqu,n/JQ' 2A+21Q1)

r>1

—|—2_h2 Z é(?’_n) Z 2d(Q)*1Q|™" + 0 (292N
12 :
I ranzns NI odpr, 1@ (1 +2Q17Y
r>1
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Here cg, hy and hy are explicitly defined in the main term lemma, Lemma 2.5, by (2.10),

(2.11) and (2.12) respectively. O
Computing the limit as ¢ — oo, we confirm the symmetry type of the family.
Proof of Theorem 1.3 for £ = 3. Let N < g. Then

lim D (¢, 9) = &(0),

since the double sums over n and () above are of constant size.

Furthermore, we compute the two integrals below and confirm that

/ " (g W (y)dy = B(0) = / " $(y)ooly)dy,

[e.9] o0

where Wy (g)(y) = do(y) denotes the one-level scaling density of the group of g x g unitary

matrices. L

This proves that the symmetry type of the family is unitary and it supports Katz and Sar-

nak’s philosophy.
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2.5 Quartic Dirichlet L-functions

2.5.1 The Main Term
First we compute the following sum over the family of quartic Dirichlet L-functions and
derive the size of the family |Ff(g)|.

Lemma 2.7. For f a monic polynomial, let

Ki= ) ooy 1

d1+d3:2§g+1 Fietga; Fs€Htq,a4
d1+3ds=1 (mod 4) (F1,f)=1 (F3,F1f)=1

Then

2
where G = ?g +1, and

J(x7y) = H (1 + 2UP) + yd(P)) (1 _ l’d(P)) (1 _ yd(P)) H (1 + 24P) + yd(p))—l .

PeP, PeP,
Plf

Proof. We first rewrite the outermost sum of ;.
The degree of the conductor is the integer %9 + 1 given in (1.16), so ¢ = 0 (mod 3). We let
g be even for convenience, which implies that d3 must also be even. The case when ¢ is odd

is the symmetric case when d; must be even. To simplify some notations, we let

2
v:%and G:§g+1:2v+1. (2.14)
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Using dy + d3 = G and d; + 3d; = 1 (mod 4), we found that
2d; =0 (mod 4) = d3 =0 (mod 2).

Since G is odd, for some integer ki,

2k1+1=d; <G. (2.15)
Lastly, d3 = G — d;, which simplifies to

d3=2v—Fky). (2.16)
We also note that the congruence
dy + 3d3 = 1 (mod 4)

is satisfied for all dy, d3 in agreement with equations (2.15) and (2.16). Thus, we are summing

over all non-negative integers k; < v. Hence we rewrite the sum as

Ki= > > > L

di=k1<v Fi€Hga) F3€Hq,a3
d3=2(v—k1) (Fy,f)=1 (Fs,F1f)=1

Then, similar to the cubic case, we consider the generating series for the sum over F; and

F3 of ICl

S(uruz) = > wf™ Y g™

ety F3eH,
(F1,f)=1 (F3,F1 f)=1
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We can write it as the product,

d(P)
[pep, (1 d(P)) [pep, (1 T U ) [Trer, (1 +uf? ug(P)>

S, ug) = A7) ary Lo P AP
[Irer, | 1+ —awy | [1Per, (1 + us ) [Trer, (1+ur " +uy
P 1+ug P|f
If P|f
Hence
S(ur,uz) = Z4(u1) 24 (us)J (ur, us),
where

Note that J (u,us) has analytic continuation when |u;| < ¢~*/3

Using Perron’s formula twice,

and |ug| < ¢7'/3.

dU3 du1

e 7{% J (w1, ug)
1=
k 70 27TZ 1 — quy)(1 — qug)u™ thul

Computing the sum over k; first, we have

v

> 7 (
2k1+1, 20—2k1 2w (,2 _ .2 2
Us (U3 ui) uy

k1= oul 3

Thus

2v—2kq Us Uy

1 J(Ula U3) |: U3 1 }
Ky = : ]{ ]{ — dusduy.
F 202 St Salege (T = qu) (1= qus) (ud — u?) [ ™ W51
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We write the integral above as the difference of two integrals correspondingly and note that

the second one

—J(u1, u3)
> du3du1 =0
27” %un —- ]{m 2 w3 (1 = qui) (1 — qus)(u — ui)

since the integrand over u; has no poles inside the circle |u;| = ¢=3

Hence

ug (uy, us3)
1 " dU3dU1,
(2mi)? ﬁm — ]{m —gm2 up (L = qua)(1 - qus)(uf — uf)

where the poles of the integrand integrating over us are uy, —u;.
Computing the residue at the poles above, we have

1 1 J(uy,ur)  J(ug, —uy)
K= — + d 2.17
Y7 o 1 | =g~ 2u2”+2(1 —qup) | 1—qu 1+ quy - ( )

Now to integrate over u;, we write (2.17) as the sum of two integrals

Kl == Kl —|—K_1

where for 5 € {1, -1},

Kﬁ — L J(“’l?ﬁul) dul
2700 Sy =g 2072 (1 — qua) (1 — gfun)

For each Kj, we shift the contour to |u;| = ¢~'/37¢ and encounter the pole 1/q and 1/(¢f).
We compute residues at the corresponding poles and bound the integral on circle |u;| =

q—1/3+e'

K has a double pole at 1/¢, and we obtain

G+2

2

Klzq

1 1) duy i (ur, ) [1/4 L0 (qG/3+eg) _

q q

(G+UJ<
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K_4 has two simple poles at u; = 1/¢q and u; = —1/q.

Computing the residues, we have

G 1 —1 —-11
1§ G e
q q q q

1 -1 -1 1
where since J (—, —) =] <_7 _)’ K ,=0 (qG/3+eg)‘
q

qa q q
Thus
G+2 11\ g (un,u
Ki=L l(G+1nJ <—,—) _ au ) O (q/*+).
2 q q q
This gives the result as desired. O

From Lemma 2.7, the size of the family is the following.

Corollary 2.2. Let Jy (u) = H (1+ 2ud(P)) (1- ud(P))Q, then
Pep

(G+1)J0<l)_m

q q

G+2

2

4q L0 (qG’/3+eg) 7

FAOIE

2
where G = gg +1 as in (2.14).

Now we compute the main term of the one-level density of quartic Dirichlet L-functions over

function fields. We use some notations as needed given in Section 1.3. Furthermore, by

29

Equation (1.16), we have Dy(g) — 2 3

Lemma 2.8. Recall the main term of the one-level density of zeros in the Kummer setting

is given in (2.6). Let { = 4 for quartic Dirichlet L-functions with characters of genus g, we
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3 . [6n d(Q) 35, . (fm) 2d(Q)?*|1Q|*
e o — —= o —
g 2 (g)Qe%;ﬁ Q1> (1+2[Q|71) 7 1§§N/4 g Qe%n/r Q2 (14 2(Q|™1)?
r>1 r>1

where s is an explicit constant defined in (2.18) and G = %g + 1.

Proof. Recall that for ¢ = 4, the main term of the one-level density (2.6) comes from when

fis a 4" power. Since xr(f) = xr(f) =1, we have

2g 3 . [6n d(Q)Ky

e (05) =, 2,0 (5), 2 e

BANE gIHK(g)IngN/4 g Qe%;nﬁ QP
r>1

Let
Di(u) = H (1+2ud(P))—1,
PeP,
P|f
then

J(u,u) = Jo(u)Dy(u).

Furthermore, if f = Q*" for some monic irreducible polynomial () and some integer 7, then
Dy(u) = Dg(u) = (1 + 2ud(Q))71 .
Now using Lemma 2.7 for Ky, we can write the sum over () as two sums
H,+Hy,+O (q’"qG/?’“g)

2
grouped by the same order of derivation on Dg (u). Here G = ?g + 1 as given in (2.14).
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We have

1 o (@) lo Q)
O+ () - B2 ]Q; QP (1 2Q )

r>1

and

G’+2J 1 _
P ) s _dere
acrr, 1QP (1+2(Q1Y)

r>1

Let s; denote the constant obtained by the coefficient of H; divided by ‘ff(g)’.
We note that s; = 1, and we have

B qG+2JO(%)
2|75 (9)]

59 (2.18)

Therefore

3 . (6n d(Q) 35, (6n) 2d(Q)*|QI™
bl o — —= O —
> (Q)QE%JQ|”<H2‘@|‘1>+ g ZN/ g erzq,n/r QP (1+21Q11)
r>1 r>1

where s3 is of order 1/g. O
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2.5.2 The Error Term

Recall that if f is a non-4"" power, the error term contribution to the one-level density of

quartic Dirichlet L-functions over function fields is

2g 3 - (3n A(f)
BN (6 2) = e > & (0 ) ) .
f non-4t" powers E

We prove the following upper bound.

Lemma 2.9. Let f € F,[t] be a monic polynomial and x4 as defined in (1.7). Let

Ky = Z x(f)-

X primitive quartic
X2 primitive
genus(x)=g

Xlrz =x4

Then
Ko=) Do oxrE) ) x(F) < GgRg,
di1+d3=G F1E’Hq,d1 F3€Hq,d3
d14+3d3=1 (mod 4) (F3,F1)=1
2
for G = g‘q +1.

The error term for the one-level density of zeros of Dirichlet L-functions in the Kummer

setting is given in (2.7). For { =4, we have
2g _ .
Ef (cb,g) < ¢"PqmOPgN.
Proof. We consider the generating series of Ky

S(uy,uz) = Z X (Fy)u"™ Z X (F)Pug ™.

et F3eH,
(F3,F1)=1
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First, the sum over F3 can be written as the product

rer, (1+ 5Py ™)
d(P
I1pm (1 + X (P)Bug )>

Y

thus
F d(Fl)
S(Ul,us) = H <1+Xf(P)3ug(P)> Z Xf( 1)U1 apP)\
PEP, Fer, [pim (1 + x5 (P)ug )

Writing the sum over Fj as the product as well, we combine the two and obtain

Stunyus) = TT (1, (Pyuit™ + xp(PYus™)
Pep,

Thus

L (ur, xs) £ (us, x3) 14 x5 (P)uf™ + x;(P)3ud™
L (U%, X?c) L (u§, X?r) Pep, <1 + Xf(p)ufli(P)> (1 + Xf(P)BUg(P)> ;

S(uy,uz) =

where the product over P is absolutely convergent for |us], |us| < ¢~'/2.

Using Perron’s formula,

ul, Ug) du1 dU3

1/2 uﬁhug?’ up uz

Ko =

—1/2

— \
dy +3d3 (

u1l=q lus|=q~

Then, we use the Lindeléf Hypothesis type results (Lemma 1.3 and Lemma 1.4) to obtain a
bound for each of the following integrals.

For 5 € {1, 3}, we have

1 L (“5’Xf> dug

27 lugl=q=1/2 L u% >u66 Up

< go/2qellh),
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thus trivially bounding the outer sum, we have

Since Lemma 1.3 and Lemma 1.4 hold for £ (uﬁ,x_fﬁ) and L (u%,x_fw) for 5 € {1,3}, we
have

The error term in the Kummer setting is defined as in (2.7) for ¢ = 4.

20 ’ 5 (31 AS) e
EK(¢’_)_— q’(_) (1, + 1Cy)
4 3 29 |Fi(g)) 1;]\, 29 f;m GEE (1 2)

f non-4t" powers

We trivially bound the double sum over f and n, then divide by ‘ff(g)‘ to obtain

EX (¢, 9) < ¢VPq 2.

2.5.3 Proofs of the Kummer setting results for / =4

Proof of Theorem 1.2. We compute the one-level density of zeros of quartic Dirichlet L-
functions in the Kummer setting. We use some notations in Section 1.3 and recall that
F&(g) denotes the family of quartic Dirichlet L-functions in the Kummer setting as in

(1.11). We have
Di (¢, 9) = (0) — Af <¢, 239) : (2.19)
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where

fﬁcﬁ%>:2mé%mlz:@(%g > g X e+ ).

<n<N FEMan FeFK(g)

Note that DY (¢, g) is defined in (1.24) and A (¢, 22) is given by setting ¢ = 4 in (2.5).

Using Lemma 2.8 and Lemma 2.9, we obtain the following result in (1.25).

DX (4,9) = @ (0)

Y (6_”) 3 AQ___ 3 o5~ (6_n> s Qe
9\ <menya g QEPy,n/r QP (L +2lQ™) Y 1<nena g QEPy.n/r Q> (1 + 2|Q‘_1)2
r>1 r>1

+0 (qN/Qq—G/Qqu) 7

2
where sy is an explicit constant defined in (2.18) and G = Eg +1. O

Using the theorem, we confirm the symmetry type of the family.
Proof of Theorem 1.3 for £ = 4. Let N < 2¢g/3. Then

lim DY (¢, 9) = $(0),

g—00

since the double sums over n and @ are o(1) as g — c©.

Furthermore, by computing the two integrals, we confirm that

o0

@m—/f@@wmwﬂw@—/’éwmwm%

o0 —00

where Wy (24/3)(y) = 0o(y) denotes the one-level scaling density of the group of unitary

matrices. ]
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Thus the symmetry type of the family is unitary. This supports Katz and Sarnak’s philoso-

phy.
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Chapter 3

One-level density of zeros of cubic,
quartic and sextic Dirichlet
L-functions in the non-Kummer

setting

3.1 Introduction

In this chapter, we study the low-lying zeros of order ¢ Dirichlet L-functions over function
fields for £ € {3,4,6} and when F does not contain an (™ root of unity. For a general order
¢ > 3, we say this is the non-Kummer setting. In terms of congruences modulo ¢, this is
equivalent to ¢ Z 1 (mod ¢). We describe the cubic non-Kummer characters over function
fields as appeared in [17, 18], previously studied by David, Florea and Lalin, and extend that

interpretation to quartic and sextic families in Section 3.2.

Let F¥(g) denote the set of conductors for the family of order ¢ characters in the non-
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Kummer setting as defined in (3.3). The one-level density of zeros of order ¢ Dirichlet
L-functions in the non-Kummer setting for £ € {3,4,6} is defined in (1.27) and I proved the

statement in Theorem 1.4.

Using Theorem 1.4, I proved that the families of cubic, quartic and sextic Dirichlet L-
functions in the non-Kummer setting have the unitary symmetry in Theorem 1.5. We note
that the condition N < D,(g) — 2 is equivalent to d being supported in (-1,1), analogous to

the Fourier transform of the test function having limited support over number fields.

3.2 Cubic, Quartic and Sextic Dirichlet Characters in

the Non-Kummer Setting

Recall that we first discussed order £ non-Kummer characters in Section 1.3.1. In this section,
we talk about works on cubic non-Kummer characters [3, 17, 18] and use results in [4] to

generalize the cubic case to the quartic and sextic case.

Baier and Young [3] observed that over number fields, if p = 1 (mod 3) is the prime conductor

2mi/3

of a cubic non-Kummer Dirichlet character, then p = 77 over Z[w| for w = e and 7,7

are primes with N(7) = p. Thus x, corresponds to either x, or Y.

Over function fields, David, Florea and Lalin [17, 18] found an analogous result for the cubic
non-Kummer characters. Since in the non-Kummer setting ¢> = 1 (mod 3), characters with
a prime conductor P € F,[t] have degree divisible by 2. Using results from the work of
Bary-Soroker and Meisner [4], P = 77 over F[t], and xp corresponds to either y. or X,

restricted to F[t].

Extending this construction to higher orders, since the Lemma 2.9 in [4] about the splitting

of P works for ¢ not necessarily a prime, we have the following lemma.
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Lemma 3.1. Let ¢ # 1 (mod ¢) and n, the multiplicative order of ¢ (mod (), i.e., n, is the
smallest integer such that ¢"* = 1 (mod (). Let P € P, be a prime factor of the conductor

of an order ¢ character. Then
P=m - -my, €Fgpt], (3.1)
with {m;}1* being Galois conjugates.

Note that for ¢ an odd prime power, if ¢ Z 1 (mod £), then ¢*> = 1 (mod /) for £ = 4,6.
Thus conductors of quartic and sextic characters have prime factors of even degree and
those primes split into two primes in F 2 [t]. Therefore, as suggested by Baier and Young, the

non-Kummer characters for the quartic and sextic case are indeed similar to the cubic one.

Lemma 3.1 implies that

|P| _ qd(P) — qnqd(m) — |7Ti|q”q
for any i € {1,2,...,n,}. We give the definition of x,. below and note its relation to xp for
general multiplicative order n,. One can also use the definition given in Section 1.3.1 for the

Kummer case by setting the size of the base field equal to ¢™.

Definition 3.1. Let P € P, be the conductor of a primitive order £ character in the non-
Kummer setting, with the splitting P = mymy - - -7, over Fynq[t]. Let m € Pyna be one of its

prime factors.

1. For any f € F,[t] such that P f, the {* Jacobi symbol (i) is the unique element
7T

¢
quzqil (mod 7) = <i> .
¢

0

of Fony such that

2. Let Q; be a fized isomorphism from the (' roots of unity py C C* to the {** roots of
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unity in Fr.,. We define x-(f) =0 if 7 | f, and otherwise

Note that by definition, one of the prime factors 7 dividing P satisfies
N (L
T/ i

X (f) = xp(f). (3.2)

and

Thus, we have a (non-canonical) definition of the Jacobi symbol and associated character

with a prime conductor in the non-Kummer setting.

Focusing on ¢ = 3,4, 6, we extend the definition above multiplicatively to general conductors

H of genus g, where

H = F1F27 He Hq,Dg(g)7 and <F1;F2> = 17

similar to those given in (1.5). Note that for quartic characters such that y* = 1 and
x? remains primitive, the conductors should be H = F,F; following the notations used in
Section 1.3.1; similarly H = F} Fy for sextic characters, x® = 1 and x?, x® remains primitive.

This does not change the correspondence below.

Using (3.2), we can thus consider characters y p with certain conductors F' € Fp[t] restricting
their input to F,[t]. We observe that the corresponding conductors F' € F[t] must also be
squarefree polynomials, and if P = 77 | H, since (Fy, F5) = 1, 7 and T do not both appear

in the factors of F. Since each prime P | H is represented by a prime (either 7 or 7) of

degree degT(P), we have deg(F) = Dg(g). Thus we have the one-to-one correspondence between
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the set of conductors H and F;¥(g), given by

Fi'g) ={F: F€MNep,gn P|F = P¢F,t]}. (3.3)
We have proved the following result for £ = 3,4 and 6, where the cubic case first appeared
in [17].

Lemma 3.2. Let f € M,. For { =3,

ooooxh= > xelh.

X primitive cubic FGHqQ D3(9)/2
genus(x)=g P|F = PgF,[t]

For ¢ =4, we have

oo xth= > xelh)

X primitive order 4 FEHq2,D4(g)/2
ggnus(x):g P|F = P¢F,[t]
X“primitive
For{ =6
X primitive order 6 FeH 2 pe(g)/2
genus(x)=g P|F = P¢F[t]

x2,x3 primitive
3.3 Preliminary Computations

Recall that the one-level density of zeros for order ¢ Dirichlet L-functions in the non-Kummer

setting is

D% (¢,9) = PK > Zcb On15) - (3.4)

HE]:"K(g Jj=1

2
where F* (g) denotes the set of conductors defined in (3.3), D,(g) — 2 = ﬁ given in

(1.15) is the number of non-trivial zeros of the L-functions and ¢ (0) = >_, <y ¢ (n) e (nh)
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is any real, even trigonometric polynomial.

Let @ ((Dy(g) — 2)8) = ¢(6). Then

P ((De(g) —2)05r) = m Y @ (ﬁ) e(nbdjr),

and the sum over zeros in (3.4) can be written as

Dy(g)—2 Dy(g)—2

O((De(g) — 2)0;r) =2(0) + m O<|HZ<N&) (ﬁ) > e(nbyr).

j=1 j=1

Using the explicit formula (Lemma 2.1) for b = 1 and D = Dy(g) — 2, we rewrite the inner

most sum above and obtain

Dy(g9)—2

IV Y0) P R Sy (- PR
j;l (Dels) = 2)05r) =2(0) Dy(g) —2 1<n<N(I) (Dz(g) — 2) ¢
. i A(f)
_ Di(g) — 1;]\7 (Dg(g)—Q) fe;n GEE [XH(f)-i—XH(f)

Dg) =2 5= 9)
where
A9, 9)
- B, (53) P e o (e () + X ()
PIP=PEE 1]
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We decompose AJX (¢, g) as the sum

AL (6, 9) = M (¢, 9) + E;"(0, 9),

where the main term comes from when f is an /*" power

K B 1 A n d(Q)

1S?’LSN/Z erq,n/r
r>1
(3.7)
<> @) @],
Fe€H2.py(9)/2
P|F=-P¢F,[t]
and the non-/** power contribution is
1 (o A(S)
SUNP I S VI RV
Do -Eel, 2\ ow—z) 2
f non-£* power
(3.8)

< > e +xen].

FEH 2 p,(g)/2
P|F=P¢F,|t]

Lastly, we use the following fact to select conductors of the three non-Kummer families
studied in Section 3.4.

Lemma 3.3. Let F' be a polynomial in Fp(t]. Then

1 if F has no prime divisors in IF[t]

> u(D) =

D|F 0 otherwise
DEF,[t]

Proof. We observe that the sum above can be written as the product

> u@ = 1] Q+up).
D|F P|F
DEF[t] PeP,
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If F is divisible by a prime P € F,[t], then 1 4 pu(P) = 0, making the product on the right

vanish.

3.4 The non-Kummer setting

3.4.1 The Main Term

]

First we compute the main term in (3.7) of the one-level density of zeros of Dirichlet L-

functions for £ = 3,4 and 6 in the non-Kummer setting.

Lemma 3.4. Let Dy(g) be the degree of conductors of primitive order { characters over IF|t]

as seen in (1.16) for £ = 3,4 or 6. For a fired f € Mg, we have

_ Dy(9) (,,—2 —4 Eo(l/QZ) 1\~
. 1=d" (¢ )WH <1+|7T|q2>

FEHq2,Dg(g)/2 71'673[12
P|F=P¢F,|t] x| f
(F.f)=1

where

ao= I () 1T (

PePy PePy
Plh Pl
d(P)=0 (mod 2) d(P)=1 (mod 2)

and Ey(u) is the product over all primes in P,.

Proof. Since

> uD)=

DeF,[t] 0 otherwise.
D|F

74

! +0 (qDe(g)/2+eg) :

1 if F has no prime divisors in F,[t],



the generating series for the sum over F' can be written as

Swy= > w= "N uD)y= Y pDu® Y wl(3.10)

FeM 2 FeH 2 DeF,[t] DeF,[t] FeM 2
P|F=P¢Fq[t] (F.f)=1 DIF (D,f)=1 (F,Df)=1
(F.)=1

Writing the inner sum over F' as the product over primes,

Zy2(u)
d(F) _ d(m)\ _ q
Z u H (14 u'™) Zg2 (@) [Tner,n (1 + W@y

FeH TeP
(FDf=1 D mIDf
Thus (3.10) above is
1 — q*u? uP)
S(u) = d(r Z )y
(1_QU)HWEP2 1+U DEF[t]HWGPQ 1+U )
7r|f (D, f)q | D
Similarly, the sum over D can be written as the product
1(D)udP) uP)
Z Dl d(r) H - d(r)
DEFq t] HWEP 2 (1 —I— u ) Equ HWEPqQ (1 + u )
d(P) d(P)
- H (1 a (1 +uud(P)/2)2) H <1 R i ud(P)) )
PeP, PeP,
Pif ptf
d(P)=0 (mod 2) d(P)=1 (mod 2)
(3.11)
. . . EO(U)
where the last equality follows from lemma 2.9 in [4]. We denote this product by RO)
Flu
where Fj(u) is as defined in (3.9).
Ep(u) . . .
Note that o) is absolutely convergent for |u| < 1/q. We can see this by expanding the
rlu

denominator of the fraction in each product of (3.11), where for j € {0,1}, each term can
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be written as

H (1- w1+ B ()
PePy, Pif
d(P)=j (mod 2)

where B(u) contains u® for o > d(P).

Hence
1 — q?u? E
S(u) = 7u X 0(u)7
(1= ¢*u) [Trep,, (1 +ud™) = Ep(u)
wlf

which is absolutely convergent for |u] < 1/¢>.

Using Perron’s formula (Lemma 1.1), we first integrate along a circle of radius |u| = 1/¢**¢
and then shift the contour to |u| = 1/¢*™, where we encounter a simple pole at u = 1/¢>.
Let S(u)(1 — ¢?u) = F(u). For a small circle around the origin, for example, |u| = 1/¢'%,
we have

Z - 1 F(u) du

271 lul=1/q 100 U De(9)/2 (1—qu)

FEH 2 pyg)/2
P|F¢P¢]Fq[t]
(F,f)=

1 F(u) du
=—R =1/¢%) + — —.
es (u=1/¢%) + 5 ﬁ:l/q“’f uPe2(1 = ¢?u) u

We bound the integral and compute the residue to obtain

Z 1=— lim F( )(u — 1/q2) + O (qu(g)/2+eD4(g)/2>

us1/q2 uPe@)/2(1 — q2u)

FeH 2 p,(g)/2
P|F=P¢F,[l]
(F.f)=1

F(1/a%)aPe(9)

P E(l/q2) N\
_D(g) 2 —4y Z0\H/9 ) <1 1) O (P 9)/2+eg
q"" (¢ —¢q )Ef(l/‘f),relpt +irlZ ) +0(q ).
xlf

This gives the result stated in Lemma 3.4. O
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Now we compute the size of the family |F*(g)| in the non-Kummer setting. The proof is

similar to the previous lemma.

Corollary 3.1. For { = 3,4 and 6, the size of the family of Dirichlet L-functions of order
s

IFPE ()] = ¢P9 (¢72 — ¢7*) Eo(1/¢?) + O (¢P9)/>+e9)

Proof. The number of primitive characters of order ¢ with conductor of degree Dy(g) is given

by

F@l= Y L

FeH 2 pyg)/2
P|F=P¢F,|{]

Using the same method as in Lemma 3.4, its generating series can be written as

Swy= > w™ =" N D)= > wDu® Nyt

FeH o FetH 2 DeF,t] DeFy[¢] FeH 2
P|F=P¢Ft] DIF (F\D)=1

The sum over F' is

Zg2(u)
d(F) _ d(m)) _ q
2 Il ) =7 2(U2) [Inep o (14 ut™)’

q
FEHqQ 7r€79q2

(F,D)=1 D D

so we can rewrite S(u) as

7



Now the sum over D can be written as the product

p(D)ud®) 4 A(P)
Z D) amy H 1- ()
DeF,[t] H’TGP > (14 i) PeP, [Trep,, (1 +ul™)
| P
d(P) d(P)
- I (aem) I ()
PeP, PeP,
d(P)=0 (mod 2) d(P)=1 (mod 2)

which we denote by FEy(u) as in Lemma 3.4. Note that Ey(u) is absolutely convergent for

|u| < 1/q as in the same lemma. Thus

(1 — ¢*u?) Ey(u)

S(u) = vy

which is absolutely convergent for |u| < 1/¢*.

Using Perron’s formula, we first integrate along a circle of radius |u| = 1/¢**¢, then we shift
the contour to |u| = 1/¢*™¢ and encounter a simple pole at u = 1/¢>.

Let S(u)(1 — ¢*u) = F(u). We have

1 F(u) du
> =55 Di@2(1 — g?u) u
Fqu2,D£(g)/2 X |ut|=1/¢100 (% q (%

P|F=-P¢F,[t]

1 F(u) du
= —Res (u=1/¢ +—.]{ :
( /7) 270 Jyy=1jqrve uPeO2(1 — q?u) u

Bounding the integral and computing the residue we obtain

F(u)(u—1/q)
nK _ _ _ Dy(g)/2+€De(g)/2
|7 (9)| = Z 1= ugl/q uP@/72(1 — g2u) +0 (¢ )

FeH 2 p,(g)/2
P|F=P¢F,[l]

2\ D
:M +0 (qu(g)/2+eg)

—P9 (¢ — ) By (1/?) + O (¢70)/2+<s) |
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Using our previous results, we compute the main term M (¢, Dy(g) —2) given in (3.7). We

recall some notations in Section 1.3 as needed.

Lemma 3.5. Let mg = ged (2,d(Q)). The main term of the one-level density of zeros of
Dirichlet L-functions with order ¢ characters for { = 3,4 and 6 in the non-Kummer setting

as given in (3.7) is

M;K (‘b? Df(g) - 2) =

(-1 2:@(%&1&) 3 Q) 0 (gD

Ir —2/mgo\MQ
9 1<nenye 29 QEPy o/ Q[/2 (1 4 |Q|~%/ma)
r>1

Proof. Recall that we use F (g) as in (3.3) to denote the family of order ¢ Dirichlet L-

functions in the non-Kummer setting. In this case, the number of non-trivial zeros is D,(g) —
29

2= 1 Thus the main term, which comes from the ¢*® power polynomials, is M ( , i—gl)
as follows.
2¢ (-1 - (Ll —1)n d(Q)
W (0 2) =gy 2 () X o
(=1 2070 =, 29 acr., 1@ /
r>
= (3.12)

x> xe(@N) + xr(Q).

FEH 2 p,(g)/2
P|F=P¢F,|t]

Since xr(Q™) = x#(Q") = 1, we have

2g (-1 - (00— 1)n d(Q)
W (02 ) = e & () Y g XL
1) T\ ) G AR T ey
r=1 P|F=P¢F,[t]
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Using Lemma 3.4, the sum over () can be written as

9) (-2 - d(Q)Eo(1/¢°) )t 0(9)/ 2+
g9 (g2 — ¢4 Z/T O 28, 1)) H (1—|—\7r\q21> + 0 (gPr@)/2tes)

QGqun WGqu [t]
rzl Q@
(3.14)
2
_ D) (q—z B q—4) Z d(Q)Eo(1/q7) 10 <qu(g)/2+69) '
erq n/r |Q|£r/2Ef(1/q2) (1 + |Q|_2/mQ) ¢

r>1

We divide (3.14) by |F;*(g)| and obtain

d Nq—De(9)/2+eg
Z Or/2 (Q> —2/mg\"e +0 ( : ) )
o5 QI (14 [Q2/me) g

r>1

Note here that the error term from dividing the size of the family is of the same size as the

error term above. Now using the equation above and (3.13) gives the stated result. ]

3.4.2 The Error Term

Recall that the error term in (3.8) comes from the non-¢** power contributions. To compute

the error term we first prove the following lemma.

Lemma 3.6. Let f be a monic non-l™ power polynomial in F,[t]. Then

Z xr(f) < qPe9)/2 el d(f)+De(g))

FEH 2 py(g)/2
P‘FiPéFq[t]
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Proof. We first write the sum over F' as

YoooxelH = D xe(f) D uD)

FE’HQQ»Dg(g)/? FEHQQ,Dz(y)ﬂ DeFq|t]
P|F=P¢F[t] DIF
= > D) > xr(f),
DEF,t] FE€M 2 b, () /2—a(D)
d(D)<Dy(g)/2 (F.D)=1
(D,f)=1

where the inner sum over F' has the generating series

o _ Ll xy) L= X (f)u"™
> xr(Hu® =] 1+Xﬂ(f)”d():m 11 1—;§(f)52d<w)'

Fe?—ng 7r€77q2 7r€’Pq2
D f w|D
wtf

We evaluate the inner sum above using Perron’s formula. Thus

1 L2 (u, x7) 1 — o (H)u?™ du
Z xr(f) = —]{ 2 qz D (f)/2—d(D) H 2 ) 2d(m) 4, °
21 £q2 (U ,Xf)u e\g 1 Xﬂ'(f)u u

FeHq2 py(g)/2-a(D) mE€P2
(F,D)=1 | D
wtf

1

where we integrate along a circle of radius |u| = ¢~ around the origin.

The Lindel6f bound in Lemma 1.3 for the L-function in the numerator gives

L2 (u, xp)| < >,

and the lower bound in Lemma 1.4 for the L-function in the denominator gives
|Lgz(u?, X )| > g2

Hence

Z Xr(f) < qPr9)/2=dD) ged(f)+2ed(D)

FeH 2 p,(g)/2-a(D)
(F,D)=1
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Now, trivially bounding the sum over D gives

3 ) < Z § P2 m e 2m o qDelo)/2 AN +D),
FEHQQ,Dg(g)/2 m=0 DE]Fq t]
P|F=P¢R,[t] d(D)=m

This concludes the proof of the above lemma.

Using Lemma 3.6, we bound the contribution from E}* (¢, Dy(g) — 2).
Lemma 3.7. The contribution of non-{** power terms is bounded by
E}* (9, Di(g) — 2) < ¢"Pq P02 V),
Proof. Recall that
E;™ (¢, De(g) — 2)
RTE T VR G BV, D VR (EE

1<n<N feMqn FEH 2 p,(g)/2
f non-£*" power P|F=P¢TF,[t]

as in (3.8).

Lemma 3.6 implies that,

Z xr(f) < ¢PH9/2gdN+Delg))

FEH 2 p,(g)/2
P|F=P¢F,|t]
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Thus

nK . g_l y (f—l)n
B 0. Dl9) =2 < iy 2 ‘I’( % ) 2

1<n<N feM,
f non-£*" powers

(-1 L (=1 n
K (( )n) nq (qPr@)/2e e+ Dela))

<< -
glFE= @I Sy 29 ) ¢

A(f)qu(g)/Qqe(n-i-Dz(Q))
’f’1/2

< qN/2que(g)/2q6(N+g)

)

which gives the result above. [l

3.4.3 The Non-Kummer Setting Results

2
Proof of Theorem 1.4. Recall some notations in Section 1.3. Since Dy(g) — 2 = g—g

one-level density in the non-Kummer setting is

DX (¢,9) = &(0) — AP¥ (as, ;_gl) - g; ! _Z b (ﬁ) a2, (3.15)

where as in (3.6)

2

= = s A(f)
— (De(g) — 2) | FF¥ (9)] Z o (Dg(g) — 2) Z m—l/QFGHZ [XF(f) +xr(f)] -

1<n<N

P|F=P¢F,t]

From Lemma 3.5 and Lemma 3.7, we write Equation (3.15) above as

N R (-1 L ((—=1)n\ _,
D (o) = 00 - 1 3 @ (L) g
1<n<N
(-1 . (ﬁ(ﬁ - 1)71) d(Q) N/2,—Dy(g)/2 (N
- - o= /" — + O (NP2 Pel9))2 s (N+9)y |
2, ) 2 e ey O )

r>1
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where mg = ged(d(Q), 2). This is the result in Theorem 1.4. O

Using the theorem above, we prove the symmetry type of the family below.

2
Proof of Theorem 1.5. Let N < —gl Then

lim D} (¢, ) = ®(0),

g—00
since the double sums over n and @ above are o(1) as g — oc.

Furthermore, compute both integeral to confirm that

o0

B(0) = / T S W2 (v)dy — / B(y)5(y)dy.

o0 —0o0

where Wy (p,(g)—2)(y) = do(y) denotes the one-level scaling density of the group of unitary

matrices. O

This proves the symmetry types of the families are unitary and it supports the philosophy

of Katz and Sarnak.
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Appendix A

Order ¢ Dirichlet characters in the
non-Kummer setting for ¢/ a Mersenne

prime

The works above required the multiplicative order n, of ¢ (mod ¢) to be 2. We discuss a
special case when n, is the prime exponent of a Mersenne prime. Suppose n, is a prime

number p, and ¢ (¢) = 2P — 2. Since

(el

the number of order ¢ primitive characters with conductor P equals to the number of con-
ductors F' # P, and F' a product of distinct primes in the splitting of P over Fy»[t]. More

precisely, let P splits as in (?7) and let S (P) denote the set

S(P)={F € Fpl[t] : F # P and F squarefree consisting of products of 7;}. (A1)
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For distinct {e;} coprime to ¢, we have

}{X§317 7X(]33¢(£>71}‘ = |S(P)| :

Furthermore, under certain conditions on ¢ (mod ¢), we have the equivalence of characters
as seen in (??). Let ¢ = 2 (mod /) for convenience. (In general, we can take ¢ = 2% (mod /)
for some positive integer k£ < p. This follows from the observation that a complete set of
residues modulo p is preserved under multiplication by an integer k for 1 < k < p—1.) The
¢'"-power Frobenius map 1 defined on F»[t] (as seen in Lemma 2.9 of [4]) acts on the prime

factors of P. For m; = a,t™ + an_1t" ' + -+ - + ao,
¥ (apt" + ap_1t" '+t ag) = alt" +al_ "+ + ad

where v raises the coefficients of 7; to the power ¢q. For convenience, we can order the prime

factors of P in the following way. Let m; = 7 as given in Remark 77, and

Ti+1, ]_Slgp—]_,
P (mi) = (A.2)

T, 1 =D.

Then, the character

X7ri+1 = Xw(ﬂ'i) = X72r1-7

and we have the equivalence of characters

{X?Dla e 7X;¢(Z>71} = {XF‘]Fq[t] (Fe S (P>}7

since each integer e; has a unique binary representation.

We have shown the following.
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Lemma A.1. Let { = 2P — 1 for some prime number p be a Mersenne prime. Suppose X p
is a primitive order { character over F,[t] with the prime conductor P and g = 2% (mod ()

for some integer 1 < k < p. Let xn, be the characters defined in Definition 5.1. Then

{xp. Xp o xXp 2 ={xr: F €S (P)}r,u

where the characters on the right are restricted to Fy[t] and S (P) is defined in (A.1).

The septic non-Kummer characters

As an example, we compute explicitly the equivalence of character for septic Dirichlet L-
functions when ¢ = 2 (mod 7). The case for ¢ = 4 (mod 7) is exactly the same with some

reordering.

The multiplicative order of 2 in (Z/7Z)™ is 3 = n,. Therefore, all prime conductors P € F,[{]

in the non-Kummer setting have degrees divisible by 3, and P splits over F|t] as

P = T1To7T3

for some primes 7; in the extension following the ordering given in (A.2). Thus, restricting

the characters to F,[t], we have

Xm1 = XP,
_ _ A2 _ _ A4
X(/J(ﬂ'l) - X7T2 - XP? Xﬂ)(ﬂ'z) - Xﬂ'3 - XP7

_ 33 _ 0 _ .6
X7r17r2 - XPv XTr17r3 - XPa X7r271'3 - XP'

Note it is not crucial to take the ordering in (A.2). Without it, we have, for a fixed positive
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integer « less than 7 and restricting the characters to IF,[t],

Xm = X%a
_ _ 22 _ _ Ao
Xp(m1) = Xme = XP s Xop(me) = X7z = XP s
Xmyimy = X?])Da7 Xmimg = X?z’aa Xmomz = X?Da'
Since multiplying by « is an automorphism on (Z/77Z)”,

IXE X X3 = {xp Xy X5

Thus we have shown the following.

Lemma A.2. Let xp be a primitive septic character over F[t] with the prime conductor P

for some ¢ = 2,4 (mod 7). Let xr, be the characters defined in Definition 3.1. Then

{Xpa X?Dv T 7X?—"} = {Xma Xmay Xmgy Xmimay Xmimss X7r27r3}|]Fq[t];

where the characters on the right are restricted to IF[t].

92



	LIST OF TABLES
	ACKNOWLEDGMENTS
	VITA
	ABSTRACT OF THE Dissertation
	Introduction
	Dirichlet Characters
	Dirichlet L-functions
	Background in Function Fields
	Order  Dirichlet Characters
	The Riemann zeta function and Dirichlet L-functions over function fields

	Spectral interpretation of the non-trivial zeros of the zeta and L-functions
	Montgomery's pair correlations of zeros
	Katz and Sarnak's philosophy
	Moments conjectures of the Riemann zeta function and L-functions
	One-level density of zeros

	Outline
	One-level density of cubic and quartic families in the Kummer setting
	One-level density of cubic, quartic and sextic families in the non-Kummer setting
	Remark on the application to non-vanishing at low-lying heights at the central point


	One-level density of zeros of Dirichlet L-functions in the Kummer setting
	Introduction
	The Explicit Formula
	Preliminary Computations
	Cubic Dirichlet L-functions
	The Main Term
	The Error Term
	Proofs for =3 Kummer setting results

	Quartic Dirichlet L-functions
	The Main Term
	The Error Term
	Proofs of the Kummer setting results for =4


	One-level density of zeros of cubic, quartic and sextic Dirichlet L-functions in the non-Kummer setting
	Introduction
	Cubic, Quartic and Sextic Dirichlet Characters in the Non-Kummer Setting
	Preliminary Computations
	The non-Kummer setting
	The Main Term
	The Error Term
	The Non-Kummer Setting Results


	Bibliography
	Appendix Order  Dirichlet characters in the non-Kummer setting for  a Mersenne prime



