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ABSTRACT OF THE DISSERTATION

Second-Derivative Sequential Quadratic Programming Methods for
Nonlinear Optimization

by

Vyacheslav Kungurtsev

Doctor of Philosophy in Mathematics with specialization in Computational Science

University of California, San Diego, 2013

Professor Philip E. Gill, Chair

Sequential Quadratic Programming (SQP) methods are a popular and successful
class of methods for minimizing a generally nonlinear function subject to nonlinear con-
straints. Under a standard set of assumptions, conventional SQP methods exhibit a fast
rate of local convergence. However, in practice, a conventional SQP method involves solving
an indefinite quadratic program (QP), which is NP hard in general. As a result, approxima-
tions to the second-derivatives are often used, which can slow the rate of local convergence
and reduce the chance that the algorithm will converge to a local minimizer instead of a
saddle point. In addition, the standard assumptions required for convergence often do not
hold in practice. For such problems, regularized SQP methods, which also require second-
derivatives, have been shown to have good local convergence properties; however, there are

few regularized SQP methods that exhibit convergence to a minimizer from an arbitrary

Xi



initial starting point. This thesis considers the formulation, analysis and implementation
of SQP methods with the following properties. (i) The solution of an indefinite QP is not
required. (ii) Regularization is performed in such a way that global convergence can be
established under standard assumptions. (iii) Implementations of the method work well on

degenerate problems.

xii



Chapter 1

Introduction

1.1 Introduction

This thesis concerns the formulation and analysis of methods for the solution of
a smooth nonlinear optimization problem with equality and inequality constraints. Let
f: D C R® — R! be a differentiable scalar-valued function of the components of an n-
vector x. Similarly, let ¢c: D C R ~— R! be a differentiable vector-valued function of z.
Consider the optimization problem

minimize f(x)

subject to ¢;(z) =0, i €& (1.1)

C,L(l') > 07 (NS Z7

where £ and Z are non-intersecting index sets such that EUZ = {1,2,...,m}. Any point
x satisfying the constraints of (1.1) is called a feasible point, and the set of all such points

is the feasible region. The Lagrangian function associated with problem (1.1) is given by
m
L(z,y) = f(z) — c(x)Ty = f(z) = > yici(x) (1.2)
i=1

with Hessian H(z,y) = V2, L(z,y). The components of the vector y are known as the dual
variables.

Most algorithms seek to find a local minimizer of (1.1) by finding a point that
satisfies the first-order Karush-Kuhn-Tucker (KKT) conditions. These conditions state that

under certain regularity assumptions on the constraints, at a local solution z* of (1.1), there



must exist at least one m-vector y such that

Vi(x*)— Zychi(a:*) 0,
i=1

ci(z*)=0 €€,

@20, el (13)
Yi > 07 (&S Iv
yici(z*) =0, i €.

The components of any y satisfying these conditions are known as Lagrange multipliers. In
general, there may be a set M, (z*) of Lagrange multipliers that satisfy the KKT conditions
(1.3). A point z* satisfying the KKT conditions (1.3) for some y € M, (z*) is known as a
first-order KK'T point.

The first-order KKT conditions are satisfied at a local minimizer only if certain
regularity conditions hold. These regularity assumptions are known as constraint qualifica-
tions. There are a number of alternative constraint qualifications, but almost all of them
involve the properties of a subset of the constraints that includes all the equality constraints
together with the inequality constraints that are satisfied exactly at x*. The set of indices
of the inequality constraints that are satisfied exactly at a point is known as the active set.

The active set at the point = is denoted by A(x), i.e.,
A(x) ={i|ci(z) =0, i € Z}.

The linear independence constraint qualification requires that the gradients of the equality
constraints and active constraints are linearly independent.
Second-order conditions for optimality also involve the properties of the active set.

For any KKT point « and multiplier y € My (x), we define the index sets
Ao(z,y) ={i € A(z) | ys = 0} and A, (z,y) ={i € A(z) | y; > 0}.

As y > 0, it follows that A(z) = Ao(z.y) U A, (x,y) and Ag(z,y) N A (z,y) = 0. Given
a point (z,y) satisfying the first-order conditions, the sets A, (z,y) and Ag(z,y) define a

cone F (x) that consists of directions emanating from z such that
F(z)={d| Vei(z)Td=0,i € &, Vei(x)Td=0,i € A, (z,y), Ve(z)Td > 0,i € Aoz, y)}.

The second-order necessary conditions hold if there is a (x,y) satisfying the first-order
conditions (1.3) such that d7V2,L(z,y)d > 0 for all d € F(z). The second-order sufficiency
conditions hold if there exists a strictly positive o such that d? H(x,y)d > o||d||? for all



d € F(z), where H(z,y) denotes the Hessian of the Lagrangian function L(z,y), i.e.,
H(z,y) = V2,L(x,y). Some subtle variations of these conditions are discussed in Chapters 2

and 5.

Optimization problems of the form (1.1) may be solved using a sequential quadratic
programming (SQP) method. Conventional SQP methods solve a sequence of quadratic
programming (QP) subproblems defined in terms of a quadratic model of the objective
function and a linearization of the constraints. Given estimates (xy,yx) of primal and dual

variables satisfying (1.3), the QP subproblem for a conventional SQP is given by

minimize () + V f () (@ — o) + 1@ — o) H (g ) (@ — 20)

r€eR™

subject to ¢;(z1) + Vei(2)H(z — x) =0, i €€,
ci(ry) + Vei(x)(x —a) >0, i €T

If the change in variables is written as p = x — x, then an equivalent QP is given by

mini]glize Vf(zp)Tp + %pTH(azk, Yk)D
pER™
subject to c¢;(z) + Vei(2)Ip=0, i €&, (1.4)

ci(zp) + Vei(z)'p >0, i €T

(Note that the constant term in the objective may be omitted without changing the solution
of the QP.) In the original SQP method proposed by Wilson [85], the next iterate is zp11 =
Xk + pr, where py is a solution of (1.4). The new estimate yi,1 of the Lagrange multipliers
are the Lagrange multipliers of the QP subproblem.

SQP methods use some method to ensure global convergence. This usually takes
the form of a line-search, trust-region or filter to either reject a subproblem step or limit it
by defining zr,1 = xx + apg, for some a > 0. For example, a line-search method defines
the new iterate as xp+1 = xx + agpr, where oy is a nonnegative scalar step length. In this
case, i is chosen to reduce the value of a merit function, whose value provides a measure
of the distance of the point zj + agpy to a solution z* of the nonlinear problem.

If the Hessian H (zy,yx) is indefinite, then the QP subproblem is non-convex. Non-
convex quadratic programming is NP-hard and there may be no positive a that gives a
reduction in a merit function. As a result, many practical SQP methods use a positive-
definite approrimation to the Hessian. However, the use of an approximate Hessian may
have a detrimental effect on the convergence properties of an algorithm (see Chapter 3).
In this thesis we consider methods that use exact second derivatives in the QP subproblem

but do not require the solution of an indefinite quadratic program.



Proofs of convergence generally rely on a set of assumptions called constraint qual-
ifications (CQs) that describe the geometry of the feasible region. Most SQP convergence
proofs have relied on the linear independence constraint qualification (LICQ), a relatively
strong assumption. There has been some theoretical work in the development of new CQs,
convergence theory and SQP methods that converge under weaker assumptions. Much of
that work, however, is limited to local convergence, and relies on finding a solution of the
QP subproblem, even though the subproblem may be indefinite. In this thesis, we formulate
and analyze effective computational methods that are able to use exact Hessian matrices

while avoiding the difficulties that are usually associated with them.

1.2 Previous Work

There are a few recent examples in the literature of second-derivative SQP methods.
In most of these methods, each iteration has two parts. The first part involves the solution of
a convex QP subproblem based an approximate Lagrangian Hessian. The optimal active set
of this QP is then used to define the constraints of an equality-constrained QP that is defined
in terms of the exact Hessian. For example, Byrd et al. [15] use a convex piecewise linear
problem to estimate the optimal active set, followed by an EQP step wherein the constraints
corresponding to the estimated active set are constrained to be equalities. They prove that
limit points of the sequence of iterates satisfy the first-order optimality conditions, and also
that the method eventually estimates the active set at the solution. (No results concerning
the rate-of-convergence are given.)

Chin and Fletcher [17] estimate the active set by first solving a linear program, and
then define a EQP based on the final linear programming active set. Their algorithm uses
a filter to ensure global convergence. They do not assume any constraint qualifications,
however, their (strictly global) convergence results are weak. In particular, the sequence
of the algorithm either ends at a point not satisfying the filter and failing to generate a
solvable LP, a Fritz John point, or generates an infinite sequence with all cluster points
feasible and one satisfying the Fritz John conditions.

Gould and Robinson ([49], [48], [47]) analyze an SQP method with several different
components, some involving convex subproblems and some using the exact Hessian. They
begin with a “predictor” step wherein a standard convex QP is solved. In [48] they propose a
method that uses some combination of 1) a “Cauchy step” that minimizes the merit function

with the exact Hessian using the predictor step, 2) an inequality-constrained SQP step using



the exact Hessian, 3) an equality-constrained SQP step using the active set estimated by
the predictor step, and 4) an implicitly constrained SQP step that includes the constraints
as a penalty term in the objective. They use a trust-region approach and heuristics to
take the additional steps only if they demonstrate descent for the merit function. They
prove global convergence for the overall framework, never requiring a full solution to a
non-convex problem. Even though they provide a complete picture of how to incorporate
second-derivatives in a method that solves two or more subproblems, it remains unclear as
to the benefit of solving each particular additional subproblem.

In [47], Gould and Robinson analyze the local convergence of this framework. In this
case they use a predictor step that is the solution of a convex QP and an accelerator step
that consists of either an equality-constrained problem with the active set at the predictor
solution set as equality constraints, or an inequality constrained problem with a descent
constraint, both using the exact Hessian. The accelerator step here is meant to speed
convergence. Using strong assumptions (LICQ and second-order sufficiency at the limit
point) they are able to show a quadratic rate of convergence of the iterates. This points to
the feasibility of such a scheme in terms of using second derivatives as an additional element
to a conventional quasi-Newton SQP method to ensure rapid local convergence.

The methods discussed in this thesis differ from Gould and Robinson in 1) discussing
global convergence to second-order optimal points 2) only solving a modified convex problem
as necessary, and 3) ensuring local convergence under weaker assumptions.

Even though there are a number of papers on local convergence theory for SQP
methods under weak regularity assumptions, there are few fully-developed methods in this
area. Qi and Wei [78] demonstrate global and superlinear local convergence of the Panier-
Tits method under weak constraint qualification assumptions. Although this thesis will
reference their results in the subsequent convergence theory of the algorithm SQP2d, the
Panier-Tits method [75] on which their results are based relies on feasibility of the iterates
and has not performed particularly well in practice.

Regularized SQP methods are a class of modified SQP methods for which superlinear
convergence has been established for degenerate problems. Wright [87] discusses the the-
oretical aspects of several regularized SQP methods, including the stabilized SQP method.
This method was formulated by Wright [86] as one of a class of inexact SQP methods. The
analysis is purely local, and requires obtaining the closest solution to the current iterate of
the possibly indefinite SQP subproblem at each iteration. In [89], Wright presents a more

practical algorithm, wherein active-constraints are identified and an equality-constrained



problem is solved with the active constraints enforced as equalities. However, the analysis
is still purely local, and one would still expect that, far away from the solution, numerous
incorrect guesses as to the active set would require the solution of a large quantity of EQPs
whose results would then be subsequently thrown out. The numerical results of this class
of methods are mixed (see, e.g., Mostafa et al. [68]).

This thesis will demonstrate how to take advantage of the local convergence prop-
erties of these methods in practical implementations involving a complete algorithm with
global and local convergence properties. In addition, it should be noted that much of these
strong local convergence results rely on the assumption of second-order sufficiency holding
at the limit point. By proving global convergence to a point satisfying second-order neces-
sary conditions, this assumption can be considerably weakened to just requiring that the
reduced Hessian at the solution is nonsingular, a condition generally expected to hold for

almost all NLPs.

1.3 Contributions of this Thesis

In this thesis we formulate and analyze sequential quadratic programming algo-
rithms that use second-derivatives for the definition of the quadratic programming sub-
problem. Two methods are considered for convezifying the QP subproblem. Convexifica-
tion obviates the need to solve an indefinite quadratic programming subproblem. Three
main SQP algorithms are presented for general (i.e., nonconvex) nonlinear optimization.
Algorithm SQP2d is a conventional primal second-derivative line-search method that uses
a primal-dual merit function to force global convergence. Algorithm pdSQP is a regular-
ized method based on minimizing a bound-constrained primal-dual augmented Lagrangian
function. Algorithm pdSQP2 is an extension of Algorithm pdSQP that provides conver-
gence to points that satisfy the second-order necessary conditions for optimality. Results
are presented for both methods that establish the global convergence and local superlinear
convergence degenerate and nondegenerate optimization problems. Preliminary numerical

results are presented using an implementation in MATLAB.

1.4 Organization of the Thesis

This thesis is organized as follows. The next chapter gives a background of nonlin-

ear programming optimality conditions and constraint qualifications. Chapter 3 discusses



conventional SQP methods. Chapter 4 discusses convergence theory and stability results
and provides some classical examples from the literature with regards to applications of
these results for proofs of convergence of algorithms. Chapter 5 discusses regularized SQP
methods, a class of theoretical SQP methods that have been proven to exhibit superlinear
convergence under weak CQ assumptions. Chapter 6 discusses convexification, the primary
methodology by which second derivatives are used in the algorithms discussed in this thesis.
Chapter 7 provides an application of convexification and degenerate convergence theory to
SQP2d, an inexact SQP method with an augmented Lagrangian merit function. Chapter
8 provides an application of convexification to a primal-dual augmented Lagrangian im-
plementation of SQP (pdSQP) , wherein the subproblems are equivalent to the familiar
regularized stabilized SQP method. Chapter 9 discusses directions of negative curvature
and convergence to second-order optimal points for pdSQP.

Chapter 10 includes numerical results for the algorithm pdSQP on a set of example

problems. The final chapter concludes and discusses the main results of the thesis.

1.5 Notation

1.5.1 Vectors

The i-th component of a vector labeled with a subscript will be denoted by [-];,
e.g., [ux];i is the i-th component of the vector vy. Similarly, a subvector of components with
indices in the index set S is denoted by (-)s, e.g., (vy)s is the vector with components
[y]i for i € S. The vector e will be used to denote the vector of all ones with length
determined by the context. The vector with components max{—=z;,0} (i.e., the magnitude
of the negative part of x) is denoted by [z ]_. Similarly, the magnitude of the positive part
of a vector x is denoted by [z ]

Unless explicitly indicated otherwise, || - || denotes the vector two-norm or its in-
duced matrix norm. Given vectors ¢ and b with the same dimension, the vector with i-th
component a;b; is denoted by a + b. The component-wise maximum of two vectors x and y
is denoted by max(z,y), i.e., [max(z,y)]; = z; if z; > y;, and [max(z,y)]; = y; otherwise.

A set of vectors {v;} is said to be positively linearly dependent if there exists a set
of scalars {«;} such that a; > 0 for all i, there is at least one i for which a; > 0, and
>oiouv; = 0.

Let {a;};j>0 be a sequence of scalars, vectors or matrices and let {3;};>0 be a

sequence of positive scalars. If there exists a positive constant v such that ||o;|| < v3;, we



write aj = O(3;). If there exist positive constants 1 and 2 such that v13; < |loj|| < 7285,
we write a; = O(3;). If ||| /B; — 0, then a; = o(B;).
Given a point z and a set S, the distance of x to S is the distance of x to the closest

point in S, i.e., dist(z,S) = inf,cs ||z — 2]

1.5.2 Matrices

The symbol [ is used to denote an identity matrix with dimension determined by the
context. The j-th column of I is denoted by e;. Unless explicitly indicated otherwise, || - ||
denotes the vector two-norm or its induced matrix norm. The inertia of a real symmetric
matrix A, denoted by In(A), is the integer triple (ay,a_, ap) giving the number of positive,
negative and zero eigenvalues of A. Given vectors a and b with the same dimension, the
vector with i-th component a;b; is denoted by a « b. The columns of the matrix N(A) form
a basis for null(A), the null-space of A. The column space of A is denoted by range(A).

The ith eigenvalue of a symmetric matrix A will be denoted by A;(A), and the
eigenvalues will be ordered in decreasing order A;(A) > A2(A) > -+ > A\ (A). In(A4)
denotes the inertia of A, which is the integer triple (a4, a—_,ag) indicating the number of
positive, negative, and zero eigenvalues of A. Finally a sequence of matrices {A} is said

to be bounded if the sequence of norms {||Ax||} is bounded.

1.6 Some Useful Results

The first result appears prominently in this thesis.

Lemma 1.6.1 (Debreu’s Lemma [21]). Let H and A be matrices of order n xn and m X n,
respectively, with H symmetric. If vIHv > 0 for all v such that Av = 0, then there exists
a finite p. such that H + pATA is positive-definite for all p > pe.

The next result is an important characterization of a class of matrices associated
with second-order conditions for optimality.
Theorem 1.6.1. Let H and A be matrices of order n X n and m X n, respectively, with H
AT

0

only if ZTHZ is positive-definite, where Z is a matriz whose columns form a basis for the

symmetric. Assume that A has rank m. The matrix ( ) has inertia (n,m,0) if and

null-space of A.



Chapter 2
Optimality Conditions

This chapter provides a brief overview of optimality conditions and constraint qual-
ification for a nonlinear optimization problem written in the form:
minimize  f(x)
x
subject to  ¢;(x) =0, 1e& (2.1)
cj(xz) >0, jeTl.
Almost all algorithms attempt to find a point that satisfies a set of nonlinear equations,

constraint qualifications provide a link between the local optimality of that point and these

nonlinear equations.

2.1 First-Order Necessary Conditions

The Fritz John conditions hold at a point x if there exists an m-vector y and a

scalar yg such that

wV f(x) =Y yiVei(z) =0,
=1

cj(z)=0, for every j € €U A(x),

cj(x) >0, y; >0, yjcj(z)=0, for every j € Z,

where A(z) C 7 is the index set of the active inequality constraints at x. At a local
minimizer of (2.1), the Fritz John conditions always hold (see John [58], and Mangasarian
and Fromowitz [63]). Notice that yp may be zero. If yo = 0, then the Fritz John conditions

are satisfied by a stationary point of the sum of the constraints. This implies that there
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are many problems for which there are points that are not local minimizers but satisfy the
Fritz John condition.
The Karush-Kuhn-Tucker (KKT) conditions hold at a point z if there exists an

m-vector y such that

Vf(z)— iyZ-Vci(x) =0,
i=1

cj(x)=0, forevery je&UA(z), (2:2)
0

cj(x) >0, y; >0, yjcj(x)=0, forevery jeZ

(see Karush [59], and Kuhn and Tucker [61]). A point z* satisfying the KKT conditions
(2.2) is known as a first-order KKT point. In general, there is an infinite set of Lagrange

multipliers associated with a first-order KK'T point.

Definition 2.1.1. The set of Lagrange multipliers associated with a first-order KKT point x
(i.e., an x that satisfies (2.2)) is denoted by My (z). A pair of vectors (x,y) withy € M, (zx)
is called a primal-dual first-order KKT pair.

The KKT conditions are just the Fritz John conditions with the value yo = 1. The
Fritz John conditions always hold at a local minimizer, but the first-order KKT conditions
will satisfied at a local minimizer only if certain regularity conditions hold. These regularity
assumptions are known as constraint qualifications.

Since yp must be nonzero at a KKT point, most algorithms seek to generate a

sequence of points that converge to a point £* that satisfies the first-order KKT conditions.

2.2 Overview of First-Order Constraint Qualifications

Constraint qualifications (CQs) are regularity assumptions about the geometry of
the feasible region of a constrained problem that guarantee that the Karush-Kuhn-Tucker
(KKT) conditions hold at a local minimizer. These conditions are necessary assumptions
in the convergence proofs of most algorithms for constrained nonlinear programming.

Global convergence results define the conditions under which a sequence of iterates
converge to a point that either satisfies the Karush-Kuhn-Tucker (KKT) conditions or fails
to satisfy a constraint qualification. Local convergence results state that, once a point in the
sequence of iterates is sufficiently close to its limit, the iterates converge at a superlinear
rate or that limit fails to satisfy the constraint qualification. The weaker the conditions

associated with a constraint qualification, the stronger the result of the convergence proof.
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Constraint qualifications specify geometric details of the local feasible region and
the constraint gradients. The condition introduced by Guignard [50] is the most general
(i.e., the weakest) constraint qualification. However, it is too theoretical for use in the
convergence proofs of algorithms.

The constraint qualification used in many proofs of convergence is the linear inde-
pendence constraint qualification (LICQ), which is a relatively strong condition that fails
to hold for a large class of problems. The LICQ has the advantage that it can be verified
using a finite linear algebraic procedure. Moreover, it is possible to prove strong stability
results when the LICQ holds (see Chapter 4).

The Mangasarian-Fromovitz constraint qualification (MFCQ), a weaker condition
than the LICQ that involves the existence of an interior feasible direction. The satisfaction
of the MFCQ is sufficient to ensure local and global and local convergence for a large class
of algorithms.

The constant-rank constraint qualification (CRCQ) is weaker than the LICQ, though
it is neither stronger nor weaker than the MFCQ. In this chapter it is shown that different
kinds of geometric irregularities present problems for the CRCQ and the MFCQ.

The constant positive linear dependence (CPLD) condition is a constraint qualifi-
cation that is weaker than both the MFCQ and the CRCQ. It was first introduced in Qi
and Wei [78] and used in the context of the convergence theory of an SQP method. In that
paper Qi and Wei conjecture that CPLD is a general constraint qualification and proved
the strongest result for convergence of SQP methods among the literature at the time.
Andreani, Martinez, and Schuverdt [5] proved the conjecture of CPLD being a constraint
qualification by showing that CPLD implies quasinormality, an established constraint qual-
ification. In subsequent papers, they proved global convergence of a standard augmented
Lagrangian method, assuming the CPLD condition.

Weaker constraint qualifications that define “relaxed” variations of the CPLD and
CRCQ have been developed by Andreani et al. [3]. In a separate paper, Andreani et al. [4]
introduce the weakest constraint qualifications with associated convergence results among
all of the ones discussed.

Research into second-order constraint qualifications, for which at a local minimizer
second-order (curvature) relations can be expected to hold, has been more limited. Far
fewer algorithms attempt to generate a sequence of points that converge to a second-order
optimal point. This is because algorithms rarely use explicit second derivatives, and so

accurate curvature information is not available, and with global convergence safeguards,
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convergence to saddle points and local maxima is rare. However, for more sophisticated
methods utilizing negative curvature and exact (as opposed to approximate) Lagrangian
Hessians, second-order constraint qualification theory is still useful for their convergence

theory.

2.3 First-Order Constraint Qualifications

In general, constraint qualifications involve structural relationships concerning the
constraint gradients and locally feasible points in a neighborhood of the point in consider-
ation, x*. Designating the feasible region of the NLP as F, consider the definition of the

tangent cone at at a feasible point x € F.

Definition 2.3.1. A nonzero vector p is a tangent at x € F if there exists a feasible sequence

{zg Y0 such that xy, # x for all k and
i (2 —2)/[lzg — 2| = p/llpl-
—00

The set of all tangent vectors at x is denoted by T, (x). The set T (x) 2 T, (x)U{0} is called

the tangent cone at x.
Definition 2.3.2. The polar of the tangent cone T (x) is the set
T (x)° = {w | wlp <0, forall pecT(z)}.
The most succinct necessary condition for optimality is
—Vf(x) e T(x)°.

This condition implies that every feasible direction at = has a positive directional derivative

with respect to f.

Definition 2.3.3. Let F(z) denote the set of directions
F(z)={d| Ve (2)ld =0, i €&, and Vei(x)Td >0, i € Az)}.
The normal cone of F(x) is the set

N(z) = {z | z = — Zuchi(ac) + Z )\,-Vci(x)} (2.3)
i€l ic€
defined for all X such that \; =0, i & £, and all p such that p; > 0, i € A(x) and p; =0,
i ¢ A(z). The normal cone is the polar of F(x), i.e., N(x) = F(x)°.
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Note the resemblance to the KKT conditions. In particular, —V f(x) € N(z) is
precisely the first-order condition that the gradient of the Lagrangian is zero. From this it

can be implied that A (z) = T (x)° serves as a suitable constraint qualification.
Definition 2.3.4. The Guignard constraint qualification holds at = if N'(x) = T (z)°.

The Guignard constraint qualification is the most general constraint qualification possible.
Gould and Tolle [44] show that this condition is equivalent to the KKT conditions being

necessary conditions for a local minimum for any objective function.
Definition 2.3.5. The Adabie constraint qualification holds at = if F(x) =T (x).

It may appear that the Guignard and Abadie constraint qualifications are equivalent.
However, T () is an arbitrary (possibly disconnected) set, whereas F(x) is a convex cone.
As an example, consider the equality constraint c(z) = (23 — z1)(w2 — 23) = 0 at

x = 0. The gradient is given by

Ve(a) = (_(“ — o) — 2m (23 _”“’1)) . with Ve(0) = (0) .

2x9(z9 — 23) + (23 — 21) 0

This implies that every d € R? satisfies Vc(0)?d = 0 and hence F(0) = R2. However, note
that a point is feasible with respect to this constraint if and only if it lies on one of the

parabolas w3 = 23 or x5 = 22. At x = 0, the tangent cone is the finite set

{00 () €) () o

0 0
However, notice that N'(0) = ( ), and 7°(0) = (
0 0

so N (0) = 7(0)° and the Guignard constraint qualification holds.

) since the elements of 7(0) span R?,

The Abadie and Guignard constraint qualifications are not useful for proving the
convergence of algorithms because they are too abstract. However, Adabie’s condition is
frequently used in theoretical analyses because is does not involve the use of the polar

operation on a nonconvex set.

2.3.1 List of first-order constraint qualifications

One of the most commonly used constraint qualifications is the linear independence

constraint qualification.
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Definition 2.3.6. The linear independence constraint qualification (LICQ) holds at = if
the set {Vc;(x)}icsua is linearly independent.

If LICQ holds, then at a local minimizer, the set of multipliers satisfying the KKT
conditions contains a single point, i.e., My(z*) = {y*}. If LICQ does not hold at z, then
the point z is said to be degenerate. In the degenerate case, the Lagrange multipliers are
not unique in general.

Another strong constraint qualification used in convex programming is the Slater

constraint qualification (see Slater [84]).

Definition 2.3.7. The Slater constraint qualification holds if {c;(z) }ice are affine, {c;(x)}jez

are concave and there is a & feasible with c;(x) > 0 for every j € I.

The Slater constraint qualification is a constraint qualification used in convex opti-
mization. It is the only condition that is defined for the whole feasible region instead of a
specific point, and implies that there is no duality gap for a convex problem.

The MFCQ is a weaker condition than LICQ that is also frequently used in the

literature.

Definition 2.3.8. The Mangasarian-Fromovitz constraint qualification (MFCQ) holds at
x if x is feasible, {Vcice(x)} is linearly independent and there exists a direction d € R™
such that

Vei(x)ld=0,i€&, and Vei(x)'d>0, i€ Alx).

Gauvin [34] has shown that the MFCQ is equivalent to the set M, (z*) being bounded.
The constant-rank constraint qualification is another condition that is weaker than
the LICQ. It has been used in some convergence theory, and is neither weaker nor stronger
than the MFCQ in terms of both the geometric conditions involved and the strength of the
convergence results implied. Essentially it states that the linear dependence of subsets of

the active constraint gradients is preserved locally.

Definition 2.3.9. The constant-rank constraint qualification (CRCQ) holds at a feasible
x if there is a neighborhood B(x) such that the linear dependence of {V¢i(Z)}ieu for any
index set U C €U A(x) implies the linear dependence of {V¢;(x)}ieu for every x € B(x).

The relaxed constant-rank constraint qualification states that just subsets of the ac-
tive constraint gradients that include all of the equality constraints, rather than all possible

subsets of {Ve¢;(z)} () need to maintain their linear dependence.

1€EUA
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Definition 2.3.10. The relaxed constant-rank (RCR) constraint qualification holds at a
feasible = if there is a neighborhood B(x) such that for every subset U C A(x), the matriz

composed of constraint gradients {Ve¢;(z)} has the same rank for every T € B(x).

i€EUU

The constant positive linear dependence constraint qualification is similar to the
CRCQ but involves the positive linear dependence of the active constraint gradients. This

constraint qualification is weaker than the CRCQ.

Definition 2.3.11. A feasible x satisfies the constant positive linear dependence (CPLD)
condition if it satisfies the MFCQ, or if the positive linear dependence of {Vcicy(x)} for any
U C EU A(x) implies positive linear dependence of {Vcicy ()} for all T in a neighborhood
of x.

Just as CRCQ has a weaker version requiring linear dependence preservation in a
smaller set, there is a similarly weaker relaxed constant positive linear dependence condition,

also involving only sets that include all of the equality constraints.

Definition 2.3.12. Consider a feasible point x. Let V C & be the index set such that the
gradients {Vc¢;(z)}icy are linearly independent and span the same subspace as {V¢;(x)}ice.
The point = satisfies the relaxed constant positive linear dependence (RCPLD) constraint

qualification if there is a neighborhood B(x) of x such that the following conditions hold.

e The matriz with columns {V¢;(Z)}ice has constant rank for every & € B(x).

o For all subsets U C A(x), if the gradients {V¢;(x)} are positively linearly de-
pendent, then the gradients {Ve;(z)}

z € B(x).

1eUUuyY

euuy ore positively linearly dependent for all

The next two constraint qualifications use more specific index sets of the constraints.
The first identifies the set of inequality constraints that behave like equalities. For example,
inequality constraints ¢1(x) > 0 and co(x) > 0 such that ¢;(x) = —co(x) may be replaced
by the single equality constraint c(z) = c¢1(z) = ca(z) = 0. As Vei(z) = —Vea(x), both
constraint gradients are in the normal cone and Z_. This behavior can be generalized to be
a local property that is characterized by i € A(x) and Ve;(x) € N(z). Let Z_ denote the
index set

I ={je Alx)|Vej(z) e N(x)}.

Indices in the set Z, = A(x) \ Z_ correspond to the well-behaved inequality constraints.
Let & C & be such that {Ve¢;(z)}iceruz, is a positively linearly independent spanning set
of {Vei(7)}icsua(z)- It can be shown that the MFCQ implies that Z_ is empty.
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An an example, consider the constraints ¢;(x) = z > 0 and ca(x) = —z > 0, for
which Ve = 1 and Vey = —1. Clearly these are both in the normal cone, as Ve (z) =
—Vea(z). For this set of constraints, Z_ = {1,2} and Z, is empty.

These sets attempt to separate the two geometric patterns of constraint qualification
—a subspace of equality constraint gradients with a locally stable dimension and a tangent
cone of inequalities with a locally constant topology. The following two constraint qualifi-
cations make this formal by requiring on constant rank of the de facto equality constraints
and the local maintenance of the positive linear basis for all of the constraint gradients.

Since the constraints in Z_ behave like equalities, the next condition is the weakest

generalization of the constant rank conditions.

Definition 2.3.13. The constant rank of the subspace component (CRSC) holds at x if
there is a neighborhood B(z) of = in which the rank of {V¢;(z) | i € EUI_} is constant for
all T € B(x).

The following condition is the weakest generalization of the constant positive linear

dependence conditions.

Definition 2.3.14. The constant positive generator (CPG) constraint qualification holds
at x if there is a neighborhood B(x) of x wherein {Ve;(Z) | i € & UL} positively spans
{Vei(z) |ie EUA(x)} for all x € B(z).

There are two final constraint qualifications mentioned in the literature. These are

more for theoretical interest and have not been used in the convergence theory of algorithms.

Definition 2.3.15. The quasinormality constraint qualification holds at x if either x sat-

isfies the MFCQ or there are no nonzero vectors A and p such that
o 1; >0, with p; =0 fori & A(x);

. Z)\chi(x) + Z wiVei(x) =0; and
ic ieA(z)

e there is no sequence x — x such that for all i such that \; # 0 and p; # 0,
Aici(xg) >0 and pici(zy) >0,
for all k.

Definition 2.3.16. The pseudonormality constraint qualification holds at = if either x

satisfies the MFCQ or there is no (A, u} such that
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o u; >0, with p; =0 fori & A(x);
° Z /\1V61(33) + Z,uzvcz(x) =0;
ie€ €T

e there is no sequence {xy} such that xy — x with

Z )\ici(xk) + Z,uici(xk) > 0,
for all k.

Bertsekas and Ozdaglar [9] showed that these two conditions imply that there exists
an exact penalty function for the original problem as well as implying the existence of strong

and informative Lagrange multipliers, which can identify redundant constraints.

2.3.2 Relationships between first-order constraint qualifications

The LICQ implies the CRCQ holds. If the LICQ holds, then none of the constraint
gradients are linearly dependent at x, therefore the implication that linear dependence at

x implies linear dependence in a neighborhood of z is trivially true.

The CRCQ does not imply the LICQ. Consider the inequality constraints c¢;(x) =

1
x1 4+ 2 > 0 and ca(x) = —x1 — 22 > 0 at x = 0. The gradients are Ve;(z) = ( ) and
1

-1

Veo(x) = ( ) which are linear dependent for all x.
-1

The LICQ implies the MFCQ. Let J denote the matrix of active constraint gradients.

If the LICQ holds, then J has full row-rank and the system J(z)p = r has a solution for

every vector r. The right-hand side r such that r, =0, i € £ and r; = 1 for i € A(x) gives

a p such that Ve;(z)Tp =0 for i € £ and Ve;(z)Tp =1 > 0 for i € A(z).

The Slater constraint qualification implies the MFCQ. If the equality constraints
are linear, then their gradients must be linearly independent, otherwise they are redundant
constraints or there is no feasible point.

If the inequality constraints are concave and there is an & for which ¢;(z) > 0 for all
i € A(z), then at a feasible point x, every point along =+ tp = x 4 t(Z — x) must be feasible
since —¢;(x + tp) < —ci(z) — ¢;(x) < 0. This implies that p is a strictly feasible direction.
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The MFCQ does not imply the LICQ. Consider the inequality constraints c¢;(x) =
r1 >0, co(x) = 21 — 23 > 0 and c3(z) = 1 — 22 > 0 at z = (0,0). All three constraints are
active at x, which implies that LICQ does not hold since the constraint gradients are three
vectors in R? and must be dependent. However p = (1,0) is a strictly feasible direction at

x.

The CRCQ does not imply the MFCQ. Consider the constraints ¢;(x) = = > 0 and
ca(z) = —x > 0 at « = 0. The constraints are linearly dependent for every feasible x.

However, there is no strictly feasible direction.

The MFCQ does not imply the CRCQ. Consider the constraints ¢i(z) = 1 > 0

and co(7) = 71 — 23 > 0 at 2 = 0. The vector p = (1,0) is a feasible direction. However,

1 1
the constraint gradients Vep(z) = ( ) and Vep(z) = ( ) are linearly dependent only
0 —X9

when x5 = 0.

The CRCQ implies the CPLD. The rank of {Ve¢;ey(x)} is the same as the rank of

{Veicuizj (@)} U =Vejeu(n)}
Let Veiey(x) be positively linearly dependent. Then all subsets of

{Ver(z),...,Vea(z),—Ver(z),...,—Ve(x)}

that include one positive or one negative gradient for each i are linearly dependent. Then

for every neighborhood of z, the CRCQ implies that the same subsets among
{VC1(CE), ) VCZ(LE), —VC1(CE)7 ) —VCl(f)}

are linearly dependent for = in a neighborhood of x. This implies that Vei(x), ..., Ve (x)

are positively linearly dependent.
The MFCQ implies the CPLD. This follows directly from the definition of the CPLD.

The CPLD implies neither the MFCQ nor the CRCQ. Consider the inequalities
ci(z) =21 >0, ea(x) = 21 + 23 >0, c3(x) = 21 + 22 > 0, and c4(z) = —x1 — 29 > 0 at
xz* = 0. The CPLD holds because c1, ¢3, and ¢4 are linear, so Ve (z*), Vesg(z*), and Veg(z*)
being positively linearly dependent implies that they are positively linearly dependent for
all z € R2,



19

However, since Veg = —Vey, the MFCQ cannot hold.
Also Ve (2*) and Veg(z*) are linearly dependent but not Vei(x) and Veo(z) for
any point, for instance, at which xy = x9 # 0. This example is in Andreani, Martinez and

Schuverdt [5].

The CRCQ implies the RCRCQ. This is trivial, since the set of subsets for which
constant rank must be maintained is strictly larger for the CRCQ as compared to the

RCRCQ.

The CPLD implies the RCPLD. This is trivial, since the set of subsets for which
constant positive linear dependence must be maintained is strictly larger for the CPLD as

compared to the RCPLD.

The RCRCQ implies the RCPLD. A proof is given by Andreani et al. [3].

The RCPLD implies the CRSC. A proof is given by Andreani et al. [4].

The CRSC implies the CPG. A proof is given by Andreani et al. [4].

The CPG implies the Abadie constraint qualification. A proof is given by Andreani
et al. [4]. As many of the constraint qualifications imply CPG, this implies that CPG is
the weakest of a hierarchy of constraint qualifications starting with the Abadie constraint

qualification.

CPLD implies quasinormality. A proof is given by Andreani, Martinez and Schuverdt

[5].

Quasinormality does not imply CPLD. Consider the equality constraints ¢;(z) =
x9e™ =0 and co(xz) = zo = 0 at x = 0. Then ¢; and ¢y are the same sign so take A; < 0,
A > 0 to satisfy quasinormality. However, the gradients are trivially positively linearly
dependent at * = 0 but not at any point in a neighborhood of z*. This example is given
in Andreani, Martinez and Schuverdt [5].

Consider the following illustrative examples to understand the nuances of the hi-
erarchy of constraint qualifications. The first example is an illustration of the excessive

strictness of LICQ. Here there are three constraints that are active at = = (0,0). Since
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Figure 2.1: Hierarchy of constraint qualifications

these constraints live in R? their gradients are trivially linearly dependent. Hence the
LICQ does not hold. However, all other constraint qualifications hold.

In the second example, there are two inequalities that are in actuality an equal-
ity constraint. Notice in this case MFCQ and the stronger conditions fail, however, the
constraint qualifications corresponding to constant rank in a neighborhood hold.

The next example illustrates a situation where locally the two active inequality
constraints are identical while otherwise entirely different functions. In this case the constant
rank conditions fail, while as there is a clear feasible direction, MFCQ holds.

In the final example, the challenges presented by the previous two example simul-
taneously hold, so there are two inequality constraints that act as equalities, and there are
two inequality constraints with the same gradient at the point of interest. Here, MFCQ
and CRCQ both fail. However, both pseudonormality and CPLD hold, since positive linear-

dependence is maintained locally.
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Figure 2.2: Many (three in 2D) constraints active at a point resulting in linear dependence
of the constraint gradients. The constraint qualifications Slater, MFCQ, CRCQ, RCRCQ,
CPLD, RCPLD, pseudonormality, quasinormality, CRSC, CPG, Adabie, and Guignard all
hold. LIC(Q) does not hold.

2.4 Second-Order Optimality Conditions

Second-order constraint qualifications define conditions on the geometry of the fea-
sible region that certify that a local minimizer is a second-order KKT point. Broadly
speaking, a second-order KKT point is a point at which the objective function exhibits
positive curvature along certain feasible directions. Consider the problem

minilﬁgze %(m% —122) subjectto —1<x; <1 and —1<ay<1. (2.4)

xe
Notice that at * = (0,0), it holds that V f(z*) = 0. Since both constraints are feasible and
inactive, x* satisfies the first-order KK'T conditions. Yet, clearly x* is a saddle point, and
movements in the feasible directions p = (0, 1) or p = (0, —1) would result in a decrease of the

objective function. This highlights the importance of curvature in determining optimality.
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1 +x9 >0

—x1— 29 >0

x=(0,0)

v

Figure 2.3: Equality constraint written as two inequalities. The feasible region is strictly
along the line. The constraint qualifications CRCQ, RCRCQ, CPLD, RCPLD, quasinor-
mality, CRSC, CPG, Adabie, and Guignard all hold. On the other hand, LICQ, Slater,
MFCQ, and pseudonormality fail to hold.

In addition, consider the problem

miniigize %(—x% —x1) + 25 subjectto —1<x; <1 and —1<azy <1, (2.5)
xre

which has a local (and global) minimizer at * = (1,0). In this case, the curvature of the
objective function is negative in a direction along e; = (1,0) close to z*, suggesting that a
very particular set of directions have to be chosen in order to assess the relationship between
optimality and curvature.

For these examples the constraints are linear, which implies that the curvature of f
on the constraints with indices in £U.A(z) does not involve the curvature of the constraints.

However, when the constraints are nonlinear, the curvature of f is characterized by the
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Figure 2.4: Locally linearly dependent constraints. The constraint qualifications MFCQ,
pseudonormality, CPLD, RCPLD, quasinormality, CRSC, CPG, Adabie, and Guignard all
hold. However, LICQ), Slater, CRCQ, and RCRCQ all do not hold.

Hessian of the Lagrangian function, i.e.,

H(z,y) = Vf(x) =Y uiVielz) — Y viVie(z),

€€ i€ A(x)
which depends on the value of the multiplier vector y. In this case, the analysis is compli-
cated by the fact that there may be many y associated with a first-order KKT point, with
each y giving a Hessian with different properties.

2.4.1 Second-order necessary conditions

The set of all first-order feasible directions is
F(x)={d | Ve;(2)Td =0, i &, and Vei(x)Td >0, i € A(z)}

see Definition 2.3.3, page 12). Consider any d € F(z). If Vf(2)™d > 0, then d is a direction
( pag y

of increase for f, and the curvature is irrelevant. The inequality V f(z*)’d < 0 cannot hold
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Figure 2.5: Equality constraint written as two inequalities and locally linearly depen-
dent constraints. The feasible region is the origin. The constraint qualifications CPLD,
RCPLD, pseudonormality, quasinormality, RCPLD, CRSC, CPG, Adabie, and Guignard
hold, whereas LICQ, Slater, MFCQ, CRCQ, and RCRCQ all fail to hold.

because the first-order stationarity condition, since by taking inner product of d with the
vanishing Lagrangian, it must hold that y;Ve;(2*)7d < 0, i € € or y;Vei(2*)d < 0,i € T
for some i. It follows that the directions of interest have the property that V f(z*)’d = 0,
i.e., if the objective is flat along a feasible direction at a local minimizer, the curvature must

be positive.
Definition 2.4.1. Given a KKT point x, the set of directions

C(x) ={d|Vf@a")Td=0, V() d=0,i€&, Vej(z)d>0,ic Alx)}  (2.6)
is called the critical cone at x.

Alternatively, in practice the appropriately named weak reduced semidefiniteness

property (WSRP) is sometimes used (see Andreani, Martinez, and Schuverdt [6]) where the
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Table 2.1: List of second-order necessary conditions of optimality

Condition | Cone | Curv Second-Order Necessary Conditions

WSRP C(z*) | L Jy € My(a*) s.t. d'V2,Ld > 0, for every d € C(x*)

Fritz John | C(z*) | Lg for every d € C(z*) IH{yo, y} € My(z*) s.t. dT'V2, Lod >0
SO-2 C(z*) | L for every d € C(z*), Jy € My (x*) s.t. dTV2,Ld >0

SO-3 C(z*) | L Jy € My(z*) s.t. dTV2,Ld > 0, for every d € C(x*)

x

cone on which positive-semidefiniteness of the Hessian is required is
C(z*) ={d| Vei(a)Td =0, i € &, Ve;()Td=0, i € A(z)}. (2.7)

If strict complementarity holds at z*, then C(z*) = C(z*).

Consider the generalized Lagrangian

Le(z,y0,y) = o f () = Y _wici(x) = > yjc;(a).

i€€ JEA(z)

Without any constraint qualifications, a local minimizer satisfies the Fritz John second-
order necessary conditions, which state that there exist {yo,y} satisfying the first-order
Fritz John conditions and for every d € C(z*), there are multipliers {yo,y} such that
d'V?%.. Le(x*, yo,y)d > 0.

This condition is difficult to verify computationally. First, yg may be zero. Second,
there may be many multiplier vectors satisfying the conditions, and an algorithm may
generate multiplier estimates that do not approach those that satisfy the second-order
conditions. Finally, the optimality condition require that L¢(z, yo,y) has positive curvature
at least one y € M, but there may be other y € M, for which L(z, yo,y) has negative or
Zero curvature.

A stronger condition, which avoids the first issue, requires that for every d € C(z*),
there is a y for which d”' V2, L(z*,y,y)d > 0. This condition will be referred to as SO-2.

Finally, the condition SO-3 is said to hold if there exists a multiplier y such that
for all d € C(x*), d' V%, L(z*,y)d > 0. Here there is a multiplier for which the Hessian is
positive semidefinite on the entire cone. This condition is commonly associated with the
existence of a single unique set of multipliers at *, with some exceptions (see [7]).

The second-order necessary conditions are summarized below:
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2.4.2 Second-order sufficient conditions

Definition 2.4.2 (Second-Order Sufficient Condition (SOSC)). The second-order sufficient

condition is said to be satisfied at a KKT point x* if there is a positive o such that
for every y € My(z*), it holds that d*'V2,L(z*,y)d > o||d||* for all d € C(z*).

Definition 2.4.3 (Relaxed Second-Order Sufficient Condition (RSOSC)). A relazed second-
order sufficient condition is said to be satisfied at a KKT point x* if there is a positive o

such that

for some y* € My(2*), it holds that d" V2, L(z*,y*)d > o||d||* for all d € C(z*).

The verification of the RSOSC at a KKT point requires finding the global minimizer
of a possibly indefinite quadratic form over a cone, which is an NP-hard problem. However,
stronger conditions may be formulated that can be verified using linear algebraic procedures.

For any y € M, (z*), consider the inner product of any d € C(z*) with the gradient
of the Lagrangian evaluated at (z*,y). As z* is a first-order KKT point, it must hold that

Vf(z*)Td - Z yiVei(x*)d — Z yiVei(z*)d = 0.
€€ i€ A(z*)
The first two terms are zero, so that

0= Z yiVei(x*)ld = Z yiVei(z*)Td + Z yiVei(x*)Td
ie_A(x*) ier(:v*,y) i€A+(w*,y)

i€AL(z*,y)

where A,(z,y) and A, (x,y) are sets containing the indices of the constraints with zero and

positive multipliers, i.e.,
Ao(z,y) ={i€ A(z) |y; =0} and A, (x,y) ={i € A(x)|y; > 0}.

As each term in the sum (2.8) is nonnegative, it must hold that Ve;(z*)%d = 0, for every
i € A,(z,y). This restriction and the overall requirement that Ve;(z*)7d > 0, for every

i € A(z*), implies that the critical cone (2.6) may be written in the alternative form:
Clx*)={d| Vei(z*)Td=0, i € &,

Vei(x*)Td=0, i € A (x,y), (2.9)
Vei(x*)Td>0, i € Ay(z,y) }.
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It must be emphasized that although the critical cone C(z*) can written in terms of any
y € My(z*), the definition (2.6) implies that C(z*) is independent of the choice of y. The
characterization of the critical cone in the form (2.9) implies that C(z) = C, (z,y) NCo(z,y),

where C, and C, are the index sets

Co(z,y) ={d | Vei(z)Td =0, i € EU A, (z,y)}
and  Co(z,y) = {d | Vei(x)Td > 0, i € Ay(x,y)}.

As C(z) is contained in both C, (z,y) and Cy(x,y), it follows that by working with the set
C.(z,y) only, (which is larger and hence leads to more restrictive conditions than those

imposed by C(z)), we may derive conditions that are verifiable computationally.

Definition 2.4.4 (Strong Second-Order Sufficient Condition (SSOSC)). A strong second-
order sufficient condition is said to be satisfied at a first-order KKT point x* if there is a

positive o such that:
for every y € My(2*), it holds that d*V2,L(z*,y)d > o||d||* for all d € C,(z*,y).

This condition was proposed by Robinson [82]. It is equivalent to the locally strong
second-order sufficient condition (LSSOSC) considered by Wright [87].

Definition 2.4.5 (Relaxed Strong Second-Order Sufficient Condition (RSSOSC)). The
relazed strong second-order sufficient condition is said to be satisfied at a first-order KKT

point x* if there is a positive o such that:

for some y* € My(z*), it holds that d' V2, L(z*,y*)d > o|d||* for all d € C,(z*,y").

2.4.3 Second-order conditions involving strongly active constraints

Definition 2.4.6. A constraint c;(x) > 0 is said to be strongly active at a KKT point x*
if i € A(z*) and there exists at least one y* € M,y (z*) with y7 > 0. Similarly, the ith
constraint is said to be weakly active at 2* if i € A(z*) and y; =0 for all y* € M, (z*); in

this case, we say that constraint ¢ has a null multiplier.

For example, the problem

minir%ize %(ac% + x%) subject to x7 + 22 >4 and xz9 > 2,
z€R

has a unique solution x* = (2,2) with (unique) multiplier y* = (2,0)7, which implies that

the second constraint has a null multiplier.
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The set of strongly active constraints at z* is denoted by A, (z*) (without a second
argument y), i.e.,
Au(5) = Uy, Ay (27, 37)

With this definition, the set
Ag(z") = A(z") \ Ay (z")

is the set of all weakly active constraints.

Definition 2.4.7. The property of strict complementarity holds at the KKT point x* if
there is a multiplier y* € My(x*) such that y; > 0 for all i € A(z*).

If strict complementarity holds at z*, then A, (z*) = A(z*), in which case A,(z*)
is empty.

Consider the set of critical directions defined in terms of the sets A, and A,, i.e.,
Clz) = { d|Vei(z)Td=0, i€ EUA, (z), Vei(z)Td>0, i € Ay(x) } :
which is the intersection of the sets

Co(x)={d|Ve;()d=0, i€ EUA,(2)}
and  Co(z) = {d | Vei(z)Td > 0, i € Ay(z)}

(cf. the critical set (2.9)).

Definition 2.4.8 (Second-Order Sufficient Condition (SOSC2)). The second second-order
sufficient condition is said to be satisfied at a KKT point x* if there is a positive o such

that
for every y € My(z*), it holds that d* V2, L(z*,y)d > o||d||* for all d € C(z").

Note that any d € C(z*) must also be in C(z*), but C(z*) may include directions

from the set
{d | Vej(z*)d >0, for y; =0, j € A (z%), and Ve;(z*)Td >0, for all i € A(z*)},

which has no intersection with C(z*). It follows that C(z*) is a larger set than C(z*), so

that the SOSC is a stronger condition than the SOSC2.
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2.4.4 Second-order constraint qualifications

Definition 2.4.9. Let x denote a first-order KKT point, and let y be any multiplier y €
My(x). A nonzero p is a second-order tangent at x if there exists a feasible sequence

{x } >0 with xy, # x such that
Cz(xk’) = Oa XS 57 Cz(xk’) = 07 S A+($7y)7 Cz(l'k;) > 07 1€ Ao(xay)>

and limg_, o, (zx — x)/||zx — x|| = p/||pl|. The set of all second-order tangent vectors at x
is denoted by 71(2) (z). The set TP (x) 2 71(2)(56) U {0} s called the second-order tangent

cone at x.

For a point z* to be a local minimizer, it must hold that d”H (x*,%)d > 0 for some
y € My(x*) and all d € T?)(2*).

From the discussion above, it can be seen that if it is possible to establish that
a method generates a sequence of iterates that converge to a point where strong rather
than weak, second-order conditions hold, then the method will converge on a wider class
of problems. This class includes problems for which strict complementarity does not hold
and problems having positive-curvature hold for all multipliers satisfying the first-order
condition allows for robustness in primal-dual algorithms that converge to a point for which
the set of optimal multipliers is nonunique. However, for stronger results, it is necessary for
stronger constraint qualifications to be assumed. In the next section we define a number
of different second-order constraint qualifications and discuss the second-order conditions
that they imply.

There are far more first-order than second-order constraint qualifications. On the
other hand, most of the theoretical results have been with regards to the stronger second-
order condition, in particular showing SO-3.

Analogous to the Adabie first-order constraint qualification, the second-order Adabie

constraint qualification holds if

C(z) = T (x),

which implies that the critical cone is the same as the second-order tangent cone.

The CRCQ was shown to be a second-order constraint qualification in Andreani,
Echagiie and Schuverdt [2], implying that, at a local minimum, SO-3 holds. Andreani et
al. [3] also remark that the RCRCQ has similar enough geometric properties to the CRCQ
so that the results for CRCQ can also be applied to RCRCQ to show the same property.
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In general, MFCQ is not a second-order constraint qualification. However, MFCQ
together with some additional assumptions does become a second-order constraint qualifi-
cation. Baccari and Trad [8] discuss this in detail. They give an example for which MFCQ
holds but WSRP does not hold. They show that if the set of multipliers M, (z*) satisfying
the first order conditions is a bounded line segment and there is at most one constraint
which is weakly active for all multiplier vectors in M, (z*), SO-3 holds. Under MFCQ,

My(z*) is a bounded line segment under any one of the following conditions:

1. n<2

2. |A(z)| <2,
3. f; affine for all i € EUZ,

4. f is convex, c;, @ € & affine, ¢;, j € T convex, and x satisfies the Slater constraint

qualification,

5. there are multipliers (y,y) such that (z*,y) is a saddle point for the Lagrangian

function, or

6. the rank of {Ve;(2*), Ve (2%) bies jea() 18 [E] + [A(7)] — 1 and there is only one j for
which y; = 0 for every y € M, (z*)

In addition, Andreani, Martinez, and Schuverdt [6] introduce a condition called the WCR
(weak constant-rank) which holds if {V¢;(7), Vc;(7) }ice jea(z) has constant rank for 7 in
a neighborhood of z*. This, while not on its own even a first-order constraint qualification,
in conjunction with the MFCQ is a second-order constraint qualification that implies SO-3
holds at a local minimizer.

As the MFCQ is not a second-order constraint qualification, the set of constraint
qualifications that hold if the MFCQ holds, in particular, the CPLD, RCPLD, quasinor-
mality, CRSC, CPG, Adabie, and Guinard constraint qualifications, cannot be second-order
constraint qualifications. This implies that the extensive research associated with constant
positive linear dependence geometry for developing constraint qualifications is applicable

only to first-order conditions.



Chapter 3

SQP Methods

3.1 SQP Methods for Constraints in All-Inequality Form

As discussed briefly in Chapter 1, a conventional sequential quadratic programming
(SQP) method involves the solution of a sequence of quadratic programming subproblems
in which a quadratic model of the objective function is minimized subject to a linearization
of the constraints. Without loss of generality, the description of an SQP method may
be simplified considerably by assuming that there are no equality constraints, i.e., all the

constraints are inequalities. In this case, the QP subproblem (1.4) (Page 3) is given by

TER?

minimize f(xx) + V f(2x) (@ — 2) + 5 (2 — 2) " H (2, i) (2 — 22)
>

subject to ¢;(zy) + Vei(x)H(x —x) >0, i=1,2,...,m,

where (xg,yx) is the kth primal-dual iterate and H(x,y) denotes the Hessian with respect
to z of the Lagrangian function (1.2). If the change in variables is written as p = x — xy,
then an equivalent QP is given by

minimize V f(xx)"p + 5p"H (2x, yi)p

PER (3.1)
subject to c¢;(z) + Vei(2)'p >0, i=1,2,...,m.

This problem may be written in matrix form as

minimize g(zx)Tp + SpTH (21, yr)p
pER™ 2 (3.2)

subject to  J(xg)p > —c(xk),

where g(z) = Vf(x), and J(x) is the Jacobian matrix of the vector-valued function c(z).

The Lagrange multipliers for the QP subproblem (3.2) may be regarded as estimates of the

31
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Lagrange multipliers of the nonlinear problem and are called the QP multipliers. If the
QP multipliers are written in the form y; + g (so that g defines the change to the dual
variables analogous to the change py in the primal variables), then the first-order conditions

for (zx + pk, Yk + qx) to be a primal-dual solution of the QP (3.2) are:

gk + Hipe = JE(yk + ai), Yr +aqr > 0,

(yr +ax) - (Jepr +cx) = 0, Jkpk + ¢ > 0,

(3.3)

where g = g(xx), Hp = H(zk, yk), ¢k = c(xg), and Ji = J(x). The second-order neces-
sary conditions require the additional condition that the QP Hessian H; has nonnegative
curvature on the surface of the active constraints at xy + py. Let A(x) denote the index set
of the active constraints of the QP subproblem (3.1). Similarly, let J, denote the matrix
of rows of J;, with indices in A(x). Then the curvature condition is equivalent the reduced
Hessian ZTH, Z, being positive semidefinite, where the columns of Z, form a basis for the

null-space of J,, i.e., J,Z, = 0.

In a line-search SQP method, the new iterate is defined as xpy1 = x + axpg, where
pr is a solution of (3.2) and ay, is a nonnegative scalar step length. The step length is chosen
to reduce the value of a merit function, whose value provides a measure of the distance of
the point xj + agpr to a solution x* of the nonlinear problem. Other SQP methods use a
trust-region or filter strategy to define the new point x; based on the QP step pi. Various
trust-region and filter SQP methods are described in [10, 43, 71].

The step length «j is included to ensure “progress” at every iteration, since the
current approximation of the Lagrangian function and/or the constraints may be inaccurate
when the current iterate is far from z*. In line search methods for unconstrained and linearly
constrained optimization, the value of the objective function f alone provides a “natural”
measure to guide the choice of . Matters are more complicated when solving a nonlinearly
constrained problem. Except in a few special cases, it is impossible to generate a feasible
sequence of iterates with decreasing values of the objective function.

The most common approach is to choose the step length «j to yield a “sufficient
decrease” (in the sense of Ortega and Rheinboldt [73, 74]) in a merit function M that mea-
sures progress toward the solution of the constrained problem. Typically, a merit function
is a combination of the objective and constraint functions. An essential property of a merit
function is that it should always be possible to achieve a sufficient decrease in M when
the search direction is defined by the QP subproblem (3.2). A desirable feature is that the

merit function should not restrict the “natural” rate of convergence of the SQP method,
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i.e., ap = 1 should be accepted at all iterations “near” the solution, in order to achieve
quadratic convergence (see Section 3.1.1 below). An intuitively appealing feature is that x*
should be an unconstrained minimizer of M. A feature with great practical importance is
that calculation of M should not be “too expensive” in terms of evaluations of the objective
and constraint functions and/or their gradients.

A commonly used merit function is the ¢1 penalty function:
M(z) = Pi(,p) = f(z) + py_max{—ci(z),0} = f(z) + plle(x) |1, (3.4)
i=1

where p is a nonnegative penalty parameter. (Han [52], first suggested use of this function
as a means of “globalizing” an SQP method.) This merit function has the property that, for
p sufficiently large, z* is an unconstrained minimizer of M (z, p). In addition, p can always
be chosen so that the SQP search direction py, is a descent direction for P (x, p). However,
requiring a decrease in M; at every iteration can lead to the inhibition of superlinear
convergence (the “Maratos effect”; see Maratos [64]), and various strategies have been
devised to overcome this drawback (see, e.g., Chamberlain et al. [16]). In practice, the

choice of penalty parameter in (3.4) can have a substantial effect on efficiency.

3.1.1 Convergence rate of SQP

An important issue associated with an SQP method is the rate of convergence of
the iterates {xr} to a local minimizer. Given an m-vector v, let v, denote the vector of
elements v; such that i € A(zy + px), where A(zy + pr) denotes the active set at an optimal
solution xy + pg of the QP subproblem (3.2). Similarly, let J,(x) denote the matrix of
rows of J(z) with indices in A(xy, + pg). With this notation, the matrix-vector quantities
associated with the first-order optimality conditions (3.3) for the QP subproblem may be

written in the matrix form:

(H(xk,yk) —JA(a?k)T) (pk) _ (9(%) - JA(JTk)TyA) ‘ (3.5)
Ja(wy) 0 qa ca(zk)

These conditions are the Newton equations for finding a stationary point of the equality
constrained problem defined in terms of the active set, i.e., (3.5) are the Newton equations

for solving the equations F'(x,y,) = 0, where

x) — Ju(x) Ty,
F(xvyA)ZVLA(l',yA): (g( ) J( ) Yy ) '

—cu(x)
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Robinson [81] has shown that if xj, is sufficiently close to a local minimizer x* that satisfies
the linear independence constraint qualification (LICQ), then the QP solution has the same
active set as the solution of the nonlinear problem. The LICQ implies that the active set
remains constant in a neighborhood of a solution and J,(xj) has full row rank. If, in ad-
dition, the second-order sufficient conditions hold, then the equations (3.5) are nonsingular
and the QP direction is equivalent to that defined by Newton’s method associated with an
equality-constraint nonlinear problem defined by the optimal active set. Under these cir-
cumstances, Newton’s method is quadratically convergent. Hence, under ideal conditions,
a conventional SQP method with a global optimization procedure that does not suffer from

the Maratos effect is quadratically convergent.

3.1.2 Difficulties associated with conventional SQP methods

Nonconvex QP subproblems. As mentioned in the introductory section of Chapter 1,
the problem of finding a local solution of a nonconvex QP is an NP-hard problem. The
principal difficulty occurs at so-called dead-points, where the QP second-order necessary
conditions for optimality hold, but the second-order sufficient conditions do not. At such
points, the verification of optimality is equivalent to verifying the copositivity of a symmetric
matrix (see, e.g., Forsgren, Gill and Murray [31]). Because of this, many existing SQP
methods implemented as software use a positive-definite approximations to the Hessian.
Unfortunately, if second derivatives are not used to define the QP direction the property
of quadratic convergence is lost. Furthermore, since any negative curvature of the reduced
Hessian is discarded, there is no readily available away to check whether, and ensure progress
towards, a stationary point satisfying the second-order optimality conditions. This implies

that the sequence of SQP iterates may converge to a local maximizer or saddle point.

The effects of rank-deficiency (I). For the Newton equations to be well defined, the
active-constraint gradients must be linearly independent, otherwise the matrix is singular.
Linear independence of the active-constraint gradients implies that the LICQ holds at the
limit point of the sequence of iterates. For many practical problems, the LICQ does not
hold at a local minimizer, in which case the equations (3.5) are singular with no unique
solution. In this situation, one remedy is to use a stabilized SQP method, which is based on

solving the QP subproblem:

minxiglize ng(:c — ) + %(:1: — o) TH (2, yp) (x — 21,) + %ukHyHQ (3.6)
subject to  cx + Ji(z — xx) + pr(y — yr) >0,
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where py is a scalar parameter such that pp — 0 (see, e.g., Wright [86], Hager [51], Li and
Qi [62], and Ferndndez and Solodov [25]).

The effects of rank-deficiency (II). If the active set .4 associated with a solution of
the subproblem (3.2) is known, then xj, + px, may be found by solving the Newton equations
(3.5). In general, however, the optimal QP active set is not known in advance. The
general class of active-set QP methods are based on the observation that the equations (3.5)
represent the optimality conditions for an equality-constrained quadratic program (EQP) in
which the constraints in the active set are fixed as equalities. This suggests an algorithm in
which an estimate of the QP active set is used to define an EQP with solution satisfying a
system analogous to (3.5). If a component of the Lagrange multiplier vector for the EQP is
negative, then the estimate of the optimal active set is updated by excluding the constraint
with the negative multiplier.

If equations of the form (3.5) are to be used to solve for estimates of py and ga,
then it is necessary that J, have full rank, which is probably the greatest outstanding issue

associated with methods that solve systems of the form (3.5). Two remedies are available.

o Rank-enforcing active-set methods maintain a set of row indices W associated with
a matrix Jy, of full rank, i.e., the rows of J,, are linearly independent. The set W
defines a “working set” of indices that estimates the set A at a solution of (3.5). If N
is a subset of A, then the system analogous to (3.5) is given by

(H@k,yk) _JWm)T) (pk) o (g(xw = JW<xk>Tyw) | 57
Juw (1) 0 qw cw (k)

which is nonsingular because of the linear independence of the rows of Jy. (More

details of rank-enforcing active-set methods are given in Section 3.1.3 below.)

o Regularized active-set methods include a nonzero diagonal regularization term in the
(2,2) block of has (3.5). The magnitude of the regularization is generally based on
heuristic arguments that give mixed results in practice. The formulation and analysis

of regularized methods are discussed in Chapter 5.

3.1.3 Active-set methods for a QP subproblem in all-inequality-form

The SQP methods described in thesis utilize the properties of primal-feasible inertia-

controlling active-set methods for quadratic programming (see Gill et al. [37], and Gill and
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Wong [40]). An important feature of these methods is that once a feasible iterate is found,
all subsequent iterates are feasible. The methods have two phases. In the first phase
(called the feasibility phase or phase one), a feasible point is found by minimizing the sum
of infeasibilities. In the second phase (the optimality phase or phase two), the quadratic
objective function is minimized while feasibility is maintained. Each phase generates a
sequence of inner iterates {p;} such that J(xy)p; > —c(x). The new iterate pj;1 is defined
as pj+1 = pj+o;dj, where the step length o; is a nonnegative scalar, and d; is the QP search
direction. For efficiency, it is beneficial if the computations in both phases are performed by
the same underlying method. The two-phase nature of the algorithm is reflected by changing
the function being minimized from a function that reflects the degree of infeasibility to the
quadratic objective function. For this reason, it is helpful to consider methods for the
optimality phase first.

As the equations (3.5) may be singular for a general QP, inertia-controlling methods
approximate A by a working set WW of m, row indices associated with a linearly indepen-
dent subset of the rows of J. Analogous to the active-constraint matrix J,, the my by
n working-set matrix Jy contains the gradients of the constraints in WW. Once feasible,

inertia-controlling active-set methods solve the equations

JW 0 qw Cw — Jpj

where g = g(xx), H = H(xg, yx), J = J(xx), and ¢y, are the elements of the vector ¢ = c(xy)
corresponding to indices in the working set. At each QP iteration the working set is chosen
in such a way that the implicit equality constrained problem associated with the working

set constraints has a well-defined minimizer.

Definition 3.1.1 (Subspace stationary point). Let W be a working set defined at a point p.
Then p is a subspace stationary point with respect to YW (or, equivalently, with respect to
Jw) if g+ Hp € range(JL), i.e., there exists a vectory such that g+Hp = JLy. Equivalently,
p is a subspace stationary point with respect to the working set W if the reduced gradient

ZE(g+ Hp) is zero, where the columns of Zy, form a basis for the null-space of Jy .

At a subspace stationary point, the components of y are the Lagrange multipliers associated
with a QP with equality constraints Jyp = —cy. The identity g + Hp = JLy holds at a
subspace stationary point.

To classify subspace stationary points based on curvature information, we define the

terms second-order-consistent working set and subspace minimizer.
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Definition 3.1.2 (Second-order-consistent working set). Let W be a working set associated
with a point p, and let the columns of Zy, form a basis for the null-space of Jy,. The working

set W is second-order-consistent if the reduced Hessian Z1 HZ,, is positive definite.

The inertia of the reduced Hessian is related to the inertia of the (n + my) x (n + my)

H J,
KKT matrix K = "] through the identity In(K) = In(ZLHZ,,) + (n,my,0)
Jw 0

(see Gould [45]). It follows that an equivalent characterization of a second-order-consistent
working set is that K has inertia (n,my,0). A KKT matrix K associated with a second-
order-consistent working set is said to have “correct inertia”. It is always possible to impose
sufficiently many temporary constraints that will convert a given working set into a second-
order consistent working set. For example, a temporary vertex formed by fixing variables

at their current values will always provide a KKT matrix with correct inertia.

Definition 3.1.3 (Subspace minimizer). If p is a subspace stationary point with respect to
a second-order-consistent basis VW, then p is known as a subspace minimizer with respect
to W. If every constraint in the working set is active, then p is called a standard subspace

minimizer; otherwise p is called a nonstandard subspace minimizer.

Suppose that p; is a subspace minimizer. If yy is nonnegative, then p; is the solution
of the QP subproblem because conditions (3.3) are satisfied and ZL HZ,, is positive definite.
Otherwise, there is at least one strictly negative component of yy, (say, the i-th), and there
exists a feasible descent direction dj, such that gde + djTH d; < 0 and Jyd; = e;, where
e; is the i-th column of the identity matrix. Movement along d; causes the i-th constraint
in the working set to become strictly satisfied. The direction d; is computed by solving
equations (3.8) with the shifted right-hand side ¢y +e; — Jp;. At this stage, two situations
are possible. The point p; +07;d; such that o minimizes the quadratic along d; may violate
a constraint (or several constraints) not currently in the working set. In order to remain
feasible, a nonnegative step ; < o} is determined such that 7 is the largest step that retains
feasibility. A constraint that becomes satisfied exactly at p; + 7;d; (defined as a blocking
constraint) is then “added” to the working set (i.e., Jy includes a new row). If the blocking
constraint is dependent on the constraints in W; then the blocking constraint is swapped
with the working-set constraint corresponding to (yw);. In either of these situations, it can
be shown that p,;,, = p; + 0;d; is a subspace minimizer with respect to the new working
set (see Gill and Wong [40]).

If there is no blocking constraint, then the feasible point p; ; = p; + ojd; is a

subspace minimizer with respect to Jy, and the iteration may be repeated at p;y1 with the
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constraint corresponding to (yw); deleted from the working set. Methods of this general
structure will converge to a local solution of the QP subproblem in a finite number of

iterations if at every iteration the active set has full rank,

It is always possible to impose sufficiently many temporary constraints that will
covert a given working set into a second-order consistent working set. For example, a tem-
porary vertex formed by fixing variables at their current values will always provide a KKT
matrix with correct inertia. Alternatively, if J is a full-rank matrix of active constraints

such that JZ = 0, and

ztaz, ZIHZ,

, with ZI HZ, positive definite,
zraz, zIHz,

ZTHZ = (2y Z,)'H(Z, Zy) =

then Zg p = 0 is an appropriate set of temporary constraints.

3.2 SQP Methods for Constraints in Standard Form

Every nonlinear program may be defined in the form

mini}]}glize f(z) subject to c(x) =0, ¢<z<u,
zeR™

where ¢(x) is a vector of m nonlinear constraint functions ¢;(z), and ¢ and u are vectors of
lower and upper bounds. For example, an all-inequality constraint problem may be written
in the form

minimize f(z) subject to c(z) —s=0, s>0, (3.9)

zeR™
where s are a set of slack variables. Without loss of generality, we will consider a simpler
form of problem in which the upper bounds on z are omitted, i.e.,

minimize f(z) subject to ¢(z) =0, x >0. (3.10)

r€eR™

This problem format is known as standard form. The vector-pair (x*,y*) is a first-order

solution to this problem if it satisfies
¢(z*) =0 and min (2*,2%) =0, (3.11)

where y* and z* are the Lagrange multipliers associated with the constraints c¢(z) = 0 and

x > 0 respectively, with z* = g(x*) — J(z*)Ty*.
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Given an estimate (xg,yx) of a primal-dual solution of (3.10), a line-search SQP
method computes a search direction py such that xj + py is the solution (when it exists) of
the quadratic program

e . T 1 T
minimize g (x—xp,) + 5(x —x,)" Hy(x — xp)
(3.12)
subject to ¢ + Ji(x — ) =0, x>0,
where ¢, gi, Jr and Hy denote the quantities c(z), g(x), J(z) and H(z,y) evaluated at
(zk, yx). If the Lagrange multiplier vector associated with the constraint i+ Jx(z —xx) =0
is written in the form yy + g, then a solution (x + pk, yx + qx) of the QP subproblem (3.12)

satisfies the optimality conditions
ek + Jkpr =0 and  min (zg + pr, gk + Hepr — Ji(yk + qx)) = 0,
which are analogous to (3.11). Given any x > 0, let A and F denote the index sets
A(z)={i|z; =0} and F(z)={1,2,...,n}/A(x). (3.13)

If z is feasible for the constraints cx + Ji(z — ) = 0, then A(x) is the active set at x. With

these definitions, the optimality conditions analogous to (3.5) for all-inequality form are

(HF —Jg) (pF) _ ([Qk - ngk}F) (3.14)
Jp 0 qk Ck |

where pr, Hr and Jp are the components of p, J, and Hj associated with the indices in
F(zx+ pr). These conditions represent the Newton equations for finding a stationary point
of the equality constrained problem defined in terms of the free variables. If H; and J have
full rank in a neighborhood of a solution, then Newton’s method converges at a quadratic
rate.

For problems in standard form, rank-enforcing active-set methods maintain a set
of indices B associated with a matrix of columns J; with rank m, i.e., the rows of J; are
linearly independent. The set B is the complement in (1, 2, ..., n) of a “working set” A of

indices that estimates the set A at a solution of (3.12). In this case, the system analogous

(HB Jg) (pB ) _ ([Qk - ngk]B) (3.15)
Jy 0 s Ck ,

which is nonsingular because of the linear independence of the rows of Jz. More details are

to (3.14) is given by

provided in the following section.
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3.2.1 Active-set methods for QPs in Standard Form

The QP subproblem associated with the NLP (3.10) with constraints written as in

standard form is given by

minimize  g(zy)"p + 5p"H (x1, yi)p
pek” ? (3.16)
subject to J(zk)p = —c(xr), xp+p>0.

Let J be m x n. An active set method keeps a set of my, fixed nonbasic variables with
indices in A and nz = n — my, free basic variables with indices in B. Let EL denote the

rows of the identity corresponding to the nonbasic variables. The working-set matrix is

Jue () | 37

If P is a permutation such that ELP = (0 IN>, then

Js J H, H
JoP="7 Y| and Pmp=|("° ""|.

Definition 3.2.1 (Subspace stationary point). If the following conditions hold,

g+ Hp=Jr+2
ZB:[g—f—Hp]B—JgW:O

AN = [9+Hp]N - Jgﬂ-?

then p s a subspace stationary point. FEquivalently, p is a subspace stationary point if the

reduced gradient Z(g + Hp) is zero, where Zy is a basis for the null-space of Jy, .

Definition 3.2.2 (Second-order consistent working set). If ZL HZy is positive definite, or,

K, — Hy JT
Jp

has inertia (ng,m,0), then the set N of nonbasic indices forms a second-order consistent

equivalently, the matrix

working-set.

Definition 3.2.3 (Subspace minimizer). If p is a subspace stationary point, and the current

working-set is second-order consistent , then p is also a subspace minimizer.

Moreover, if zy > 0, then p is a local minimizer of(3.16).
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3.2.2 Temporary bounds

Let pg be a stationary point for (3.16) and H be indefinite. In general the point
po may not be at a second-order consistent working set, however, one may be formed by
introducing temporary bounds on the constraints.

Decompose the null-space of Jy:

Z = N(JyP) = (N(JB)) :

Oy

Attempt to form a inertia-revealing factorization (such as Cholesky or block diagonal with
interchanges) of Z' HrZ. At some point the factorization stops, resulting in the partially

factorized matrix

D 0
0 U

MPZTHpZPTMT =

where, after permutation, the first m, columns of Z satisfy [ZPTMT|TH[ZPTM™), = D
which is a positive diagonal matrix. Let ZPT = (Zl ZQ>. Similarly as in the all-inequality
case, we can make Z;‘F p = 0 an temporary constraint to construct a second-order consistent

working set.



Chapter 4

Stability and Convergence

4.1 Background

For a given scalar or vector quantity ¢, consider an optimal solution z*({) of the

parameterized problem

minimize f(z, Q)
(,¢) i€€, (4.1)

subject to ¢)=0,
(x7 C) 2 07 Z E I’

Ci
ci
associated with the problem (2.1). The study of the stability of the problem (2.1) is the
study of the solutions of (4.1) as ¢ — ¢*, where (* is a value such that z* = z*(¢*). In
general, let ¢ be such that ¢ € II, with II a Banach space and f and ¢ are both redefined
as f:R" x Il — R and c: R™ x II — R™. Throughout this chapter, f and ¢ are assumed
to be three-times Frechet differentiable in both x and (.

As an example, consider ¢, ¢* € R"™™ with ¢* = (z*,9*), ¢ = (Z,¥), and functions

f(@,Q) = f(@) + 9(@)(x — 7) + 5(z — ) H(Z,7)(z — 7)
ci(z,¢) = ci(%) + Ve () (z — 7), i=1,2,...,m.

In this case, (4.1) is a quadratic program that has a local solution (z*,y*) for ¢ = ¢*.

If z* satisfies the optimality conditions of (4.1) for some (*, an important topic is
the existence and characterization of solutions x(() for (4.1) for ¢ in a neighborhood of {*,
including existence, uniqueness, and bounds on ||z(¢) — z*|| and [|y(¢) — v*||.

Stability, as the study of solutions to perturbed problems is called, assists in the

convergence theory of algorithms. For global convergence, the stability properties that hold

42
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under different constraint qualifications can be used to show that as the steps pi in some
sequential algorithm (xgy1 = xp + pr) approach zero, the iterate zj approaches a KKT
point. For local convergence, continuity assumptions together with stability are used to
show convergence rates, as the subproblem begins to resemble a framework or other specific
algorithm known to converge at the desired rate.

A multifunction is a multivalued (set-valued) function. A multifunction r : R — R
may take on one value, no values, or multiple values for any x. A multifunction r(z) is upper
semicontinuous at xq if for every neighborhood B, of r(zp), there exists a neighborhood
B, such that for every x € B,, it holds that r(z) C B,. If a multifunction is upper
semicontinuous for every point x € B, then it is said to be upper semicontinuous on the
set By (see, e.g., Bonnans and Shapiro [12]).

Let U be a neighborhood ¢ C R™ and consider the quantity

cdist(¢,U) = sup sup max {\ci(:r, ¢) —ci(x™)], IVei(z, ¢) — Vei(x™)|,
i xeU

V% (,¢) = Ves(a™) ]},

which measures the perturbation in the constraints and their derivatives induced by the
perturbation (.

The set A, (y*) contains the indices corresponding to the positive elements of y*
(see Section 2.4.2, page 26). Let A, and Ao denote the sets A, = Uy«c g, (o) A+ (y*) and
Ao = A\ A,.

Definition 4.1.1. The second-order sufficiency condition (SOSC) holds at x* if for all
y* € My(z*), wIV2, L(z*, y*)w > o||w||? for all w such that Ve;(z*)Tw =0 fori e EUA,,
and Vei(z*)Tw > 0 for w € Ay.

Definition 4.1.2. The strong second-order sufficiency condition (SSOSC) holds at x* if
for all y* € My(z*), wIV2, L(z*,y*)w > o||w||?® for all w such that Ve;(x*)Tw = 0 for
i1e A, UE.

4.2 Robinson’s Theorem and the LICQ

Robinson [81] establishes a set of stability results that hold under the linear in-
dependence constraint qualification (LICQ). Nonlinear optimization convergence theorems
frequently refer to these results because of their strength and reliability. As these results

are the strongest stability results in the literature, and are relatively simple to apply, many
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proofs of global and local convergence assume that the LICQ holds at cluster points of the
sequence of iterates.

Robinson analyzes the solutions of a perturbed problem near a point z* satisfying
the LICQ), strict complementarity, and the sufficient second-order optimality conditions. He
proves the following main result, which implies that that for small perturbations, there is

always a solution of the perturbed problem that is close to the original solution.

Theorem 4.2.1 (Robinson [81, Theorem 2.1)). Let x* satisfy the first-order necessary and
the second-order sufficient conditions for optimality of (4.1) with ( = (*. Furthermore,
let the LICQ and strict complementarity hold at x*. Then there are open neighborhoods
V((* e¢) C II and U(x*,y*, ;) C R x R™ with ¢* € V and (x*,y*) = 2" € U and a
continuous function G : V + U such that for each ¢ € V, G(¢) = (z,y) = 2(¢) uniquely
satisfies the first-order KKT conditions of the perturbed problem (4.1). Furthermore, second-
order sufficiency, complementary slackness and the LICQ hold at z(¢) = (z(¢),y(()).

The proof relies on the implicit function theorem and the local stability of linear
independence. The implicit function theorem requires a nonsingular Jacobian at z*, which
implies that it is not possible to relax the assumption that the LICQ holds.

Robinson also derives a bound for points close to solutions of (4.1). Specifically,
consider the constraints arranged sequentially with the first |£| constraints being equalities
and the remaining constraints inequalities. Consider the vector defined as a concatenation

of all of the quantities that are required to be zero at a KKT point,

€(.’IJ, Y, G) = [Lz(.%',y, C)7 Cl(l‘, C)v s ,C‘g|($, C)7y|€\+1c|€|+1(xa C)a s ,ymcm(x, G)]Ta

measuring the distance of the current values of the problem functions from optimality.
Denote the Jacobian matrix de(z,()/dz|; ¢ = e’ (z,0).
The following holds:

Theorem 4.2.2 (Robinson [81, Theorem 2.2]). Consider U, V, and G defined as in The-
orem 4.2.1. For any scalar € > 0, there are open neighborhoods U, C U and V. C V, such
that for any C € V. and % € UL,

Iz =GOl < et (%, ¢) " Hlle(Z, O

1—ce€
This theorem implies that the distance of a point z to the solution to a problem
perturbed by ( is bounded by the size of the violation of the first-order optimality conditions

of the perturbed problem at the point zZ. This is later used to derive convergence rates of
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iterative algorithms, since, as illustrated by the introductory examples, subproblems can be
defined as perturbations of the original nonlinear problem. Specifically, Robinson [81] then

makes the following Lipschitz continuity assumption:
le(G(2), G(2)) = e(G(2), 2)]| < al|G(2) — =1,

and is able to prove linear (for A = 1) and superlinear (A > 1) convergence for a class of

Newton-like recursive algorithms.

4.2.1 Application to convergence theory

As an illustrative example of the applicability of these results, consider the sequential
quadratic programming of Gill et al. [36]. Their algorithm solves nonlinear programs by
solving a series of quadratic program subproblems

minimize g(zy)Tp + 3pTH (xk, yr)p
Z 2 ’ (4.2)
subject to  J(x)p + c(xk) > 0.
where zj, is the point at the current iteration. In addition, to force iterates towards a local
minimizer from an arbitrary starting point, they include an augmented Lagrangian merit

function,
d(x,y,5:p) = f(z) +y'(e(z) = 5) + 5plle(x) — 5%,

where s are the slack variables and p a penalty parameter. Choosing an « that reduces
the merit function sufficiently, the algorithm sets xx11 = 2 + apk, Yr+1 = Yr + aqr and
Sk+1 = Sk + arg, where pg is the solution, g; are the change in the multipliers g, = 7 — yx
for (4.2), and r the change in the slack variables.

For global convergence, Gill et al. [36] cite Robinson [81] to show that if a step
pr is sufficiently small, then the active set at zj is the same as the active set at x*, the
nearest KKT point. They then use the full row rank of the linearization matrices of the
SQP subproblem (which holds under the LICQ) to bound |z* — x| by ||pkl|.- Finally,
they use the properties of the merit function to show that ||px|| — 0. Local convergence
is shown by proving that eventually o« = 1 and, since the correct active set is estimated,
the subproblem solves Newton’s equations for the optimality conditions, as described in
Chapter 3 (Page 33). Since the LICQ holds, Newton’s method on the first-order KKT

conditions is well-defined.
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4.3 Stability under the MFCQ

4.3.1 Robinson’s results for the MFCQ

Robinson also analyzed the stability of a perturbed problem under the Mangasarian-
Fromovitz constraint qualification and the second-order sufficiency condition [83]. The

optimality conditions are considered in the context of a generalized equation
0€ F(z)+T(z),

where F : R — R and 7 is a multifunction 7 : R! — RL In the context of nonlinear

- (Vf<x>+J<x>Ty) +( 0 )
—c(x) R(y)

where R(y) is the cone of nonnegative vectors that are complementary to vy, i.e.,

optimization

R(y) =

{beR™|b>0, bjy; =0 for all i} if y >0,
0, otherwise.

Let z* solve the KKT conditions for the perturbed problem (4.1) with perturbation

Co. The following continuity of perturbed problem solutions results hold.

Theorem 4.3.1 (Robinson [83, Theorem 3.1]). If the MFCQ and second-order sufficiency
conditions hold at x*, then there are neighborhoods U andV of x* € U and (s € V such that
¢ €V implies that the perturbed problem (4.1) with perturbation ¢ has a solution x € U.

Theorem 4.3.2 (Robinson [83, Theorem 3.2]). Let the MFCQ and the SOSC hold at
x*. There are neighborhoods U and V of x* and (y such that z* € U, (o € V and the
multifunctions SU : Us X Vo = R™ and SP : Vo — Uy defined as

U(z,C) :={y € R™ | (x,y) satisfies the KKT conditions for
the problem (4.1) with perturbation (},
SP(C) := {x € Uy | there is a multiplier y such that (x,y, ()
satisfies the KKT conditions for the problem (4.1) with perturbation (},

are upper semicontinuous.
Robinson establishes the following result.

Theorem 4.3.3 (Robinson [83, Theorem 3.3]). Let LM : IT — R™ be defined as

LM(¢) = {x | = is a local minimizer of (4.1)},
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There are neighborhoods Us of x* and Vs of (o, for which then SP NUs, with SP as in
Theorem 4.3.2, is continuous and for each ¢ € V3, LM ({) C SP(¢) NUs.

These results establish local existence of solutions for perturbed problems as well as
provide some bound as to the distance of the perturbed problem solutions to the original
solution. While weaker than Lipschitz continuity, the local boundedness associated with up-
per semicontinuity does provide tools for convergence theory. Robinson’s results are applied

by Wright [87] for his analysis of the inexact SQP subproblems discussed in Chapter 5.

4.3.2 Kojima’s results for the MFCQ

Kojima [60] gives the following stability result for nonlinear programs for which the

MFCQ holds at a solution x*.

Theorem 4.3.4 (Kojima [60, Theorem 7.1]). Let x* satisfy the first-order KKT conditions
and the MFCQ hold at x*. Then the strong second order sufficiency (SSOSC) condition
holds at z* if and only if there exists a 0* such that for all § € (0,5%], there is an € such
that when

cdist(¢, Bs(x™)) <,

Bs(z*) contains a KKT solution & to (4.1) unique in Bs(z*).
Corollary 4.3.1. The MFCQ and strong second-order sufficiency conditions hold at .
Corollary 4.3.2. The minimizer x* is an isolated KKT point.

The proof relies on the fact that under the MFCQ), the set of multipliers is bounded,
and in particular, it is a convex polyhedron. At an extreme point of the polyhedron, the
active constraint gradients for the equalities and the inequality constraints corresponding
to positive multipliers are linearly independent, and so he is able to apply the same results
he had developed earlier in his paper using degree theory for the case of the LICQ.

Kojima does not provide rate of convergence results. In particular, Kojima shows
continuity but not Lipschitz continuity of the solutions subject to perturbations. In the
proof of Lipschitz continuity under the LICQ in Robinson [81], the Lipschitz constant is the
inverse of the local linearization of the optimality conditions. As the constraint gradients
may be linearly dependent, this inverse may or may not exist. Robinson [83] gives an
example where Lipschitz continuity in the solutions does not hold when MFCQ holds but
the LICQ does not hold.
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The results of Kojima [60] and Robinson [83] imply that, while under the MFCQ), for
small perturbations, solutions should be expected to exist, no precise bound can be made
in proportion to the perturbation, regardless of the smoothness of the original problem
functions. To contrast the two results, Robinson [83] shows local boundedness of perturbed
problem solutions, while Kojima [60] shows local uniqueness, the reverse implication that
local existence implies the SSOSC and the local preservation of the MFCQ and SSOSC,
under the stronger assumption of the SSOSC.

4.3.3 Convergence theory for the MFCQ

Qi and Wei [78] provide convergence theory for both generic and specific SQP meth-
ods that use a constraint qualification that is weaker than the LICQ. Consider the approz-

imate KKT sequence,

Definition 4.3.1. A sequence of primal-dual iterations {(x, yx)} is an approximate KKT

sequence if it holds that

V (k) + J (@) yr = e
ci(wg) > 6, 1€
lyki >0, i €T
[yrlici(z) — 0k =0, i €T

|cies (zr)[] < vi,
where {eg, Ok, Uk} converges to zero as k — 0o.

If an approximate KKT sequence converges to x* and the constant positive linear
dependence condition (CPLD) holds at z* then z* is a KKT point. This implies that for a
generic SQP method with a well-defined line-search, if the sequence has a cluster point z*
and, along the sequence converging to =*, liminf ||pg|| — 0, then z* is a KKT point.

They require an additional assumption, namely that the second order sufficiency
condition holds at z*, for showing results for sequences as opposed to subsequences. This is
because the second-order sufficiency conditions together with the CPLD imply that KKT
points are isolated. This fact is central to the proof that if ||px| — O then xp — z*.

They then analyze the Panier-Tits [75] SQP method, wherein a generic SQP step
is combined with a step of descent and a second-order correction, using a line-search to

ensure global convergence. They assume that the CPLD holds at a limit point «* and that
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the MFCQ holds at all other points. The MFCQ condition implies that feasible sufficient
descent directions at non-KKT points will always exist. This fact is used by Qi and Wei to
show global convergence (i.e., z — x*, where z* is a KKT point).

Qi and Wei [78] then adjust the algorithm and decompose the constraints into
a subset with linearly independent constraint gradients and the rest, and assuming, in
addition, the CRCQ (implying that these sets are locally maintained), they show two-
step superlinear convergence, using the results of Kojima [60] to show that the perturbed
problems arising from selecting subsets of constraints are still feasible.

Qi and Wei [78] are able to use a number of weaker-than-LICQ assumptions to show
that the KKT conditions hold at limit points, global convergence, and local convergence,
with increasingly stronger conditions. As such, the results are some of the strongest among

the convergence theory in the literature.

4.4 Convergence Under Weak Constraint Qualifications

This section describes additional global convergence results that rely on constraint
qualifications that are weaker than the MFCQ.

In their paper on the constant rank subspace component (CRSC) and constant
positive generator (CPG) conditions, Andreani et al.[4] are able to show that a convergent
approximate KKT sequence converges to a KKT point z* if the CPG holds at z*. This
allows them to generalize the results from Qi and Wei to assume the CPG instead of the
CPLD where appropriate. Specifically, if there is a convergent subsequence z; — z*,
liminfdi = 0 and the CPG holds at z*, then x* is a KKT point. Likewise, if the CPG
holds at z* and the MFCQ at all other points, then the generic SQP algorithm converges
(z — x* with z* a KKT point).

Andreani et al. [4] are also able to show a stronger result (assuming just that the
CPG holds at a cluster point z*) for an augmented Lagrangian method. They apply the
standard Conn, Gould, and Toint [19] augmented Lagrangian for problems with general
equality constraints and bound constraints on the variables. They show that by the inherent
properties of the augmented Lagrangian function, the algorithm converges to a stationary
point of |lc(z)||?. This implies that one of two cases occur, convergence to a feasible point or
convergence to an infeasible minimum of the sum of squares of the constraints. It is shown

that a sequence with a feasible limit point is an approximate KKT sequence, which implies

that the feasible limit point is a KKT point.
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As there are no continuity-of-solution estimates, however, there are no known local
convergence results for these weaker constraint qualifications. However, in Chapter 5 it will
be seen that there are stability and resultant convergence results for a class of algorithms

that rely strictly on assumptions of second-order sufficiency.

4.5 Second-order Convergence Theory

Traditionally, algorithms have been constructed strictly to generate sequences of
iterates converging to first-order optimal points. Most algorithms calculate directions of
descent that decrease an objective or merit function until there is no feasible descent direc-
tion without being concerned with the curvature along that direction. However, it is also
possible to calculate directions of negative curvature that decrease the objective or merit
function until the curvature in the proper space is positive-definite. Computing a direction of
negative curvature and verifying second-order optimality is far more computationally chal-
lenging than finding a descent direction and checking for first-order optimality. Ultimately,
since both types of directions result in a decrease in the objective or a merit function, in
practice most strictly first-order algorithms end up rarely terminating at a saddle-point or
local maximum. Nevertheless, as algorithms in constrained nonlinear optimization become
increasingly successful, progress in the field entails solving a wider class of problems to full
optimality. Furthermore, it has been demonstrated that directions of negative curvature
can considerably decrease the required number of iterations for convergence to solutions
of unconstrained problems. A few algorithms demonstrating convergence to second-order

local minima for constrained problems have been formulated and will be discussed here.

4.5.1 Computing directions of negative curvature

Recall from Chapter 2 (Page 25) that C(z) = {d | Ve;(z)Td = 0, i € &, Vej(z)d =
0,7 € A}. Convergence to a second-order optimal point requires computing directions of
negative curvature for the reduced Hessian matrix Z7H Z, where H is L., and Z is a basis
for the space corresponding to C(x).

This is done by performing a factorization of ZTHZ which reveals its inertia, cal-
culating a direction of negative curvature from the remaining portion of the matrix to be
factorized, then performing a curvilinear line search or trust-region step using both the
direction of descent and the direction of negative curvature. The two most common such

factorizations are the partial Cholesky and the LBL” symmetric indefinite factorization.
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Forsgren et al. [33] describe a method in which a Cholesky factorization with piv-
oting is performed until there are no remaining potential positive pivots. The remaining
pivot element is a direction of negative curvature, whereas the completed portions of the
factorization correspond to directions of positive curvature for the particular reduced Hes-
sian.

Forsgren [29] describes a method using a modification of the symmetric indefinite
LBL” factorization to reveal the inertia of a KKT matrix. By specific selection of pivots,
the inertia of the initial phase of the factorization remains “correct” and modification in
the form of adding the norm of the remaining Schur complement to the components of the
Hessian matrix remaining to be factorized corrects the inertia while only changing H and
not the other blocks of the KKT matrix.

These procedures are discussed in more detail in Chapter 9.

4.5.2 A second-order exact Lagrangian method

DiPillo et al. [22] present a second-order augmented Lagrangian algorithm for in-
equality constrained problems. They use the following augmented Lagrangian function, an
alteration of the standard Hestenes-Powell-Rockafeller function to make it exact:
| max(c(z), —pr(z, y)y)||>
2pr(x,y)

+ IVe(@) Vo L(z,y) + > Viei(@)yill?,

La(z,y,p) = f(z) + y max(ci(z), —pr(z,y)y) +

where the function r(z,y) = (o — |le(z)||2) /(1 + [|y||*), where ||a| ;s is defined as (S lal)l/P
for some integer p.

Assuming the LICQ, they show that if there is a positive-definite matrix W €
0% Lo (x*,y*; p) (notice that L, is not twice continuously differentiable), then (z*,y*) satisfy
the second order necessary optimality conditions. They define a the matrix ) as capturing
an appropriate amount of second-order information of the problem approximating W. For
each step of the inner augmented Lagrangian iteration, they perform a curvilinear line-
search:

z + o?d + as,

where d’VL, <0 and s7Qs < 0 and s'VL, < 0. They derive that szsk — 0 implies that
the underlying sequence of iterates converges to a second-order optimal point, and show

that the properties of the line-search ensures this limit holds.
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4.5.3 A second-order standard augmented Lagrangian method under weak

regularity assumptions

Andreani et al. [1] manage to also prove second-order convergence for an augmented
Lagrangian algorithm, but use much weaker assumptions, in particular the MFC(Q and the
WCR condition.

In solving the augmented Lagrangian subproblem, their inner iterations calculate
a descent and a negative-curvature step. They then choose the one that provides for the
largest reduction in the value of the augmented Lagrangian. The inner iterates stop when
the augmented Lagrangian has both vanishing gradient and positive curvature in the re-
duced space. The outer iteration is the standard augmented Lagrangian multiplier, penalty
parameter and tolerances updating procedure.

In their convergence proofs, they use a technical lemma from Andreani et al. [6] that
states that for any element of d € C (z*), there is a sequence of dj € E(xk) converging to
d (where z; — x*). The lemma allows them to prove that limit points of the sequences of
iterates generated by the algorithm satisfy the second-order necessary conditions for opti-
mality, and will be used in the second-order global convergence proofs of SQP2d (Chapter 7)
and pdSQP (Chapter 9).

Note that the cone in which positive semidefinite curvature is shown to hold is C: (x*),
so a constraint qualification certifying the weak semidefinite reduced property (WSRP) is
sufficient. There are currently no known factorization methods of computing directions of
negative on a cone as opposed to a subspace (as in, directions satisfying Ve;(z)'p > 0 for

i€ A).



Chapter 5

Regularized SQP Methods

5.1 Introduction

Regularized SQP methods are a class of methods that involve slightly altered quadratic
programs as subproblems. They have been shown to converge at a superlinear rate for de-
generate problems. There are several regularized SQP algorithms, the most common one
being the stabilized SQP.

Except where otherwise noted, this chapter will concern problems with inequality
constraints only. The problem is written in the form

minimize f(x) subject to c(z) > 0.
TERM

At any x, the gradient of f and the Jacobian of ¢ will be denoted by g(z) and J(z) re-
spectively. Similarly, the Hessian of the Lagrangian function with respect to x for given
multipliers y will be denoted by H(z,y).

The convergence theory for stabilized SQP requires some form of second-order suf-
ficiency assumption. The three principal forms that appear in the literature are presented
below in order of increasing strictness.

As defined in Section 2.4.2, page 26, A, (z*) contains the indices corresponding to
the positive elements of y*. Similarly, A, and A, are the sets A, = Uy-cpy, (2) A4 (¥) and
A=A\ A,

Definition 5.1.1. The second-order sufficiency condition (SOSC) holds at =* if for all
y* € My(z*), dTH(x*,y*)d > o||d||? for all d such that Ve;(z*)d = 0 for i € A, and
Vei(z*)Td > 0 for d € A,.

93
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Definition 5.1.2. The relaxed second-order sufficiency condition (RSOSC) holds at (z*) if
for some y* € My(z*), dTH (x*,y*)d > o||d||* for all d such that Ve;(x*)Td =0 fori e A,
and Vei(z*)d > 0 for d € A,.

Sometimes, it will also be said that the RSOSC holds at a particular (z,y), implying
that the RSOSC holds and, in particular, this particular y is among the multipliers satisfying

the condition.

Definition 5.1.3. The strong second-order sufficiency condition (SSOSC) holds at x* if for
all y* € My(x*), dTH (z*,y*)d > o||d||? for all d such that Vc;(z*)1d =0 forie A, UE.

Definition 5.1.4. The relaxed strong second-order sufficiency condition (RSSOSC) holds
at x* if for some y* € My(z*), dTH(z*,y*)d > o||d||* for all d such that Vc;(z*)Td = 0 for
i1e A, UE.

Note that these cones also correspond to cones in the definitions for the weak and
strong second-order necessary conditions.

The relaxed conditions are clearly weaker, but this is only because the Hessian
H(z*,y*) is a different matrix for each y* € M,(z*), the space is directions are actually

equivalent.
Lemma 5.1.1 (Wright [89, Lemma 2.1]). The set of directions defined by:
{d| Vei(z*)ld =0 forie A, UE}
is equivalent to the set:
{d | Vei(z*)d =0 forie A (y*)UE}
for all y* € My(z*).

Regularized SQP methods often use a regularization parameter p. The parameter

1 is most commonly defined in terms of the optimality condition violation:
g(x) = J(z)Ty
n(z,y) = [e(x)]_
c(a)"y

(5.1)

Typically p = n(z,y)”, where 0 < 7 < 1. Some methods require 7 to be strictly less than
one, but if 7 = 1 is permitted, then the local convergence rate is quadratic. If 7 < 1, the

local convergence rate is superlinear.
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It can be shown that n = ©(d(x,y)) where d(z,y) is the distance to the nearest
first-order KKT point,
§(z,y)? =|lz —2*|>+ inf — "%
@ = o =o'+ ity

In what follows, we define 61 (z) and d2(y) to be §1(x) = ||[x—z*|| and d2(y) = dist(y, My(z*)).

5.2 The Inexact SQP Method iSQP

First introduced by Wright [87], there is a class of methods called inexact SQP
(iSQP) that involve iterated solutions of subproblems perturbed in some way from the
standard SQP subproblem.

A number of methods can be fit into the iSQP framework including the first regu-
larized iSQP method of Fischer [26], and the stabilized SQP method described below. In
addition, many commercial SQP solvers do not solve the conventional subproblem exactly,
and have certain features that can be formalized as involving stabilized working-sets [87].

Throughout this section, assume that the MFCQ holds at all KKT points.

The iSQP subproblem at a given (z,y) is:

mi;leilgrllize (g(x) +t)Tp + %pTH(x, y)p 52)
subject to J(z)p +1r > —c(x),
where ¢t € R™ and r € R™ are perturbations that may also depend on z and y..

Assume there is a local minimizer z*. Consider an initial primal-dual estimate

(0, v0)-

Theorem 5.2.1 (Wright [87, Lemma 5.1]). If the SOSC and the MFCQ hold at (z*,y*), a
first-order KK'T point, then for all (xq,yo,t,r) with 6(xo,y0) and ||(t,7)| sufficiently small,
the iSQP subproblem has a local solution (p,y1) = (1 — o, y1) near (0,y9) that satisfies

Ipll + 61(y1) = O(61(w0)) + O(II(E, 7))

This result may be derived from Robinson’s general stability theorem (see Robin-
son [83, Theorem 3.2]), which is given as Theorem 4.3.2 in Section 4.3.1, page 46. Con-
sider the perturbation parameter as ( = (zg,%0,t,7) and let the base perturbation be
Co = (z*,y*,0,0), the results of the Theorem implies the existence of solutions to the per-

turbed problem, and the locally bounded continuity of solutions estimate bounds ||p|| and

ly1 — woll-
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Consider a general iSQP algorithm wherein at each iteration, the iSQP subproblem
is solved and the step p closest to zero is chosen when there are multiple solutions. The

following local convergence rate holds.

Theorem 5.2.2 (Wright [87, Theorem 5.3]). For d(x,y) and ||(t,r)| sufficiently small,

5(Tha 1, Ynr1) = [hr1 — wll O(61(xx)) + O(61(w)?) + O(lI(t, 7))

Fischer [26] introduces a general framework of generalized modified Newton equa-
tions and a method that computes a step from the solution of two quadratic programs. It
can be shown that the method fits into the iSQP framework and superlinear convergence
can be proven. Fischer’s method requires the solution to two QPs, and whereas it is one of
the earliest regularized SQP methods in the literature, it does not resemble the others and
requires stronger assumptions for convergence.

Stabilized SQP, which also fits the context of the iSQP framework, will be discussed
in detail in the next few sections. The specific results achieved by using the iSQP framework
for stabilized SQP is presented as reference Wright [87] in Table 5.1.

There is one additional algorithm to discuss that fits in the iSQP framework, stabi-

lized working sets.

5.2.1 Stabilized working sets

In practice, the state-of-the-art SQP optimization packages rarely converge linearly
or worse to optimal points for most mildly degenerate problems. It appears as though this

is a result of two standard features of these algorithms:

e Use of the working set from the solution of the previous QP subproblem as an initial

working set for the current one.

e Allowing constraints not in the working set to be violated by small tolerances.

The stabilized working-set algorithm is an attempt to formalize these features [87].
A stack {Bs, Bs—1, ..., Bo = {1, ..., m}} of working sets is maintained with B; C B;_1. At
each major iteration, the subproblem
minimize g(zx)’p + 1p"H (xk, yi)p

pER™ (5.3)
subject to c;(z) + Vei(xy)p >0, i € B,.
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is solved. If the primal solution p violates any of the constraints not in Bs; by more than
,u,ch“T, the subproblem is solved again with the constraints from the working set Bs;_1 and
the process is repeated.

Otherwise, Bsy1 is defined as the final working set for the subproblem (5.3), and
added to the stack of working sets. The multipliers for the constraints not in Bsy; are set
to zero.

Consider the extended ©SQP subproblem, which is defined to be the iSQP subprob-
lem (5.2) defined with a subset of constraints B. The following result holds:

Lemma 5.2.1 (Wright [87, Lemma 8.2]). If the SOSC and the MFCQ hold at x*, then
there exists a value & such that if §(z,y) < & and ||(t,75)|| < § and y; = 0 fori ¢ B, for B =
A, (y*) for some y* such that {Vep(z*))} are linearly independent, then the corresponding
extended iSQP subproblem has at least one solution that satisfies, for this y*,

Ipll + lly = ™Il = O(llz = =*[)) + O(lI¢, r5l1)-

The next theorem concerning convergence of the stabilized working sets algorithm

follows from this result.

Theorem 5.2.3 (Wright [87, Theorem 8.3]). Assume the SOSC and the MFCQ hold at
x*, then there exists a & such that if §(z,y) < 0, and there is a B in the stack of the
stabilized working sets algorithm satisfying the assumptions of the previous lemma, then this
B remains in the stack for all subsequent iterations and the algorithm converges superlinearly

to (z*,y*), y* the multiplier referenced in the previous lemma, to order 1+ 7.

Consider an additional procedure of dropping linearly dependent constraints to en-
sure linear independence of the working sets at each iteration. Upon adding this feature to

SQPsws, the following result holds.

Theorem 5.2.4 (Wright [87, Corollary 8.4]). Suppose that the LSSOSC, the MFCQ, and
the the CRCQ are satisfied at *. There is a § such that if (z,y) < 8, the stabilized working

sets algorithm converges superlinearly to a primal-dual solution.

It should be noted that for the SQPsws method, the parameter 7 must satisfy
0 < 7 < 1, which implies that only superlinear, and not quadratic, convergence can be

proven.
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5.3 Stabilized SQP

The most common and well known regularized SQP method is the stabilized SQP
method, introduced first by Wright [86]. Dropping the dependence of g(x) and J(z) on x and
H(z,y) on (z,y) in the notation, the sSQP algorithm involves the following subproblem:

ngn I;lgg(pTg + %pTHp + (y+ q)T(C + Jp) — %HHQ||27

which may be rewritten as

se . T 1 Trr 1 2
minimize g'p+ gp" Hp + silly +qll (5.4)

subject to Jp + pug > —c.

Let the initial point (zg, yo) be sufficiently close to a first-order KKT point (x*, y*).
There are a number of convergence results on stabilized SQP. In the first result, quadratic
convergence is shown to hold if 4 = n for both exact and finite arithmetic under the as-
sumptions of the MFCQ), strict complementarity, and the SOSC (assumption 5.1.1) condi-
tion holding at (z*, y*), a first-order KKT point (see Wright [86]). Subsequently, quadratic
convergence was proven assuming just that the strong second order sufficiency condition
(assumption 5.1.3) holds (see Hager [51]).

Hager [51] proves quadratic convergence under the assumption that the relaxed
strong second order sufficiency condition (RSSOSC) holds (see Definition 2.4.5, page 27).
Instead of requiring p to be the measure of optimality violation n explicitly, p is relaxed
to require that og|lx — 2*|| < u < o1, where oy is sufficiently large and o; depends on oy.
With pu = 1", Hager requires 7 to satisfy 0 < 7 < 1. Since 7 may equal one, quadratic
convergence can be proven.

The strength of the stabilized SQP method relies on the properties of the perturbed

KKT matrix
(H(x,y> —J(w)T)
J(x) wul

which can be nonsingular even when J(z) is not full rank. The smaller the value of p, the
closer the method is to a conventional SQP method, while at the same time the closer the

KKT matrix is to being ill-conditioned if the constraints are degenerate.
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5.4 Indefinite sSQP Subproblems

One issue that many of the convergence results do not address is the fact that in
using the exact Hessian, the sSQP subproblem,

s T 1 Trr 1 2
minimige g'p + 3p" Hp + shlly + 4l

subject to Jp + pug > —c,

may be nonconvex, even close to a solution, and hence could have multiple, if not an
unbounded set of solutions. This can be the case even close to a point satisfying the
second-order sufficiency conditions, for which the reduced Hessian at the optimal active set
may be positive-definite, but not the Hessian of the subproblem.

This implies that there there are implicit assumptions in the strong local convergence
results of the sSQP literature in terms what the “sSQP method” means, such as that at
each iteration, either the global minimizer or the minimizer closest to the current point or
just any minimizer is taken as the iteration step. On the other hand, perhaps in penalizing
large multipliers, sSQP results in the active-set estimate being maintained to be optimal
once y is close to a y* satisfying the optimality conditions.

This section will discuss an illustrative example and discuss the results in the liter-

ature related to this issue.

5.4.1 Example

Consider the NLP:

minimize 73 — z3
z€R2 (55)

subject to —2 < z9 < 2.

2z 2 0
The objective gradient is g = "] and the Hessian is and hence is always

—2x9 0 -2
indefinite. Consider the bound constraints to be general inequality constraints, and consider

0 1
0 -1

the inequality-constrained sSQP subproblem. The Jacobian matrix is J =

The stabilized SQP subproblem becomes:

T 2 0
S 1,7 1 2
minimize (201 —225) p+dp N Lully + 4l

(5.6)
subject to  pa + (x2 + 2) + pug1 > 0,

—p2+ (2 —z2) + pg2 > 0.
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Since 1 = 0 is clearly optimal, and does not appear in the constraints, reduce the dimension
of the problem by setting x1 = 0, and it is clear that any solution to the subproblem has
p1=0.

The optimality conditions for the sSQP under this assumption are:

=2z —2p2 =y1 +q1 — Y2 — G2, (5.7a)

p2 + (22 +2) + pq1 = 0, (5.7b)

—p2 — (22 — 2) + gz > 0, (5.7¢)

(y1+a1)( p2+ (22+2) +pq1) =0, (5.7d)
(2 + q2)(—p2 — (z2 — 2) + pg2) = 0, (5.7¢)
y1+aq =0, (5.7f)

Y2 +q2 = 0. (5.7g)

Solving the stationarity condition (5.7a) for py yields
p2=—22+ 35(y2+ a2 — y1 — @).
As defined earlier in this chapter (Page 54), p is defined as the optimality condition violation:
g(@) = J(z)"y
n(z,y) = [e(z)]_
c(a)"y

7, with 7 > 0. At the same time, 7 must be

For superlinear convergence, p must be set to 7
set to satisfy 7 < 1 for the stability results to hold (see Hager [51, Theorem 1]). For this
example, set 7 = 1, which a typical value that guarantees quadratic convergence.

Calculate u, assuming x stays feasible, explicitly to be

= (222 + g1 — )2 + (1 (22 +2) — y2(2 — 22))2.

Consider, for example, o = 2, yo = 4. In this case, (x,y) = (z*,y*) and all the
optimality conditions for the NLP are satisfied and p = 0. In this case, the subproblem
reduces to a conventional QP. This is unavoidable, since as discussed, u must be u = 0.
As expected, it shall be seen that there are two solutions.

The problem is illustrated in Figure 5.1.

Consider the optimality conditions, using the substitution for ps obtained from the

stationarity condition, the complementarity conditions become

Ha) B+q—q1) =0,

24+ @) (@ +aq)=0.
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Figure 5.1: Example of nonconvex problem

Note that, in addition, each product in both equations must be nonnegative. Consider the
graph of the lines in (g2, q1) space in Figure 5.2.

Note that a solution needs to be both feasible, and be a point at which a line A
intersects a line B. It is clear that there are two solutions, (0,0), and (—4,4), corresponding
to staying at the current point, and jumping to the other solution to the NLP.

It can be observed that the shape of these lines depends heavily on the value of p.
A slight perturbation of y or x changes p considerably. For instance, if zo = 1.9, y; = 0.01,
and yo = 3.9, then p = 0.42. Furthermore, there is a factor of (1 — 2u) for the slope and
intercept of the upper B line, so the shape of the line changes considerably as u approaches
one half.

If the same values for all the other quantities are maintained, but p is set to be 0.45,
then the diagram in (g2, q1) space changes to appearing as in Figure 5.3.

In this case, the second solution is (—4,40), a greater deviation from the original

point.



62

q2

Figure 5.2: sSQP/SQP solution for example with (z,y) = (z*,y*), p = 0.

If 1 = 0.55 the qualitative nature of the solutions change completely, see Figure 5.4.

Note that the second solution disappears entirely, and, for ;> 0.5, there is only one
unique solution to this nonconvex QP.

This suggests that practically, u does serve as a parameter penalizing jumps between
optimal active sets once y is sufficiently close to y*. However, as ; — 0, the stabilized SQP
subproblem approaches the conventional one, and is consequently more likely to contain
multiple solutions.

Unfortunately, however, artificially raising p invalidates the fast local convergence
rates. Yet, as a theoretical point, it does appear that for some relatively large set of cases,
it could well be that stabilized SQP subproblems, even with an indefinite Hessian, have
unique solutions, and uniquely define a sequence of iterations towards an optimal point. It

still remains open as to the theoretical universality of this idea, and an open problem as to
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q1

Figure 5.3: sSQP solution for example with (z,y) = (z*,y*), p = 0.45.

how to ensure unique solutions while maintaining superlinear local convergence. However,

in practice, it appears that stabilized SQP may not suffer from this drawback frequently.

5.4.2 Uniqueness results

This illustration suggests that there are implicit assumptions and possible limita-
tions to the presentation of stabilized SQP. If there is no precisely defined “sSQP method”
in a practical sense, as there could be more than one solution to each subproblem, the
question arises as to what in particular the convergence results refer to.

The fine detail is that the results show that the solution satisfying the convergence
estimate is locally unique, in that there is a neighborhood around the current point for
which there is only solution to the subproblem.

In the one convergence result for sSQP, Wright [86] demonstrates that if strict
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q1

q2

Figure 5.4: sSQP solution for example with (z,y) = (z*, y*), p = 0.55.

complementarity holds at the z*, then if yq is sufficiently strictly complementary, as in,
it is close to a multiplier y* € M,(z*) with min; y7 > v for some 7, the solution to the

optimality conditions with [yx]4 > 0 and [yx]4c = 0 satisfies

(2 Ykt1 — u)|| < Cu

and is the only solution to the stabilized SQP problem that satisfies this estimate.

On a practical level, this suggests that, if one adds a trust region constraint that
limits the step in x and y, with the trust region radius being C'u, then the solution to the
stabilized SQP subproblem is unique. While, as an example of a set of nonconvex QPs with

unique solutions, this is theoretically interesting, it is practically useless, since C' depends
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on both the Lipschitz constants of the objective and constraint functions as well as the
distance to the optimal solution, the latter of which is obviously unknown a priori.

In a different convergence result Hager [51] shows the local uniqueness of the sSQP
solution. In particular, it is shown that there is a locally unique point satisfying the first-
order optimality conditions for sSQP given the conditions of RSSOSC at (z*,y*), (o, o)
being sufficiently close to (z*,y*) and u bounding that distance from above. This is accom-
plished by considering a similar result for variational problems in Dontchev and Hager [23]
and applying it for the nonlinear optimization case.

It is important to note that the required result only concerns points in a neighbor-
hood of (xg, yx). It is assumed that the strictly positive multipliers remain strictly positive
in the local linearization, which permits separating the active and inactive constraints as
done in Hager [51]. This suggests that estimating the optimal active set, and maintaining
that estimate, is crucial for obtaining a well-defined sequence of sSQP iterates. The only
numerical implementation of sSQP [68] uses an active-set estimation procedure including
several heuristics to maintain strongly active multipliers.

The implication of the local uniqueness results’ dependence on constraint identifica-
tion is that if the iterates converge to x* normal to the active constraints, the subproblems
may be nonconvex at every iteration regardless of how close the iterations get to a local

minimizer satisfying any second-order sufficiency assumption.

5.5 Active Set Identification

It is a general feature of SQP methods that once the optimal active-set A(x*) is
identified, convergence is usually reliable and rapid. This is also evident in the first two
convergence results of stabilized SQP, as the locally unique solution had the property of
having the same active set as the previous iterate which, in turn, had the same active
set as the closest local minimizer. This required the strong assumptions of either strict
complementarity or the strong second-order sufficiency condition. This implies that weakly
active constraints can make correctly identifying the active set in a well-defined algorithm

more difficult.

5.5.1 Multiplier adjustment

Facchinei, Fischer and Kanzow [24] propose a method for identifying active con-

straints. The method does not rely on any complementarity or multiplier uniqueness. It
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is shown that if there is a function p(x,y) such that p(z,y) — 0 as d(z,y) — 0, with
p(z,y)/6(z,y) — oo as d(z,y) — 0, then the classification of a constraint as active if
ci(x) < p(z,y) is correct provided that §(z,y) is sufficiently small.

This idea may be expanded to identify weakly and strongly active constraints. Let
A(z,y) denote the set of estimated active constraints. Similarly, let Ac A(z,y) denote
an estimate of the weakly active constraints. The ID0 Algorithm proposed by Wright [88]

solves a sequence of linear programs of the form:

minimize — Z Ui
Y icA
subject to  —n(x,y)"e <g(z) + Z yiVei(x) <n(z,y)Te, y;i >0 for i€ A.

i€A(z,y)

The estimated set of weakly active multipliers A is initialized to be A(z,y). Each step of
the algorithm involves solving the LP above and removing all multipliers from A such that
¥i > n(x,y)". The steps are repeated until no multipliers are removed from A. Tt can be
shown that Algorithm IDO0 estimates the weakly and strongly active sets correctly. In the
situation where it is necessary to solve many LPs, the computational cost may be reduced
by solving the dual of the LP and using the final working set from one problem as the initial
working set for the next.

At each iteration of the algorithm sSQPa (Wright [88]) a standard sSQP inequality
constrained problem is solved. If the reduction of the optimality measures is not sufficiently
large, an IDO algorithm is used to identify the weakly and strongly active multipliers. In
addition, an LP is solved to compute a multiplier such that the multiplier argmin; y; for
i € A, is as large as possible (the so-called interior multiplier). The sSQP subproblem is
then re-solved.

It can be shown that sSQPa converges superlinearly under the assumptions of the
MFCQ and the SOSC.

The algorithm sSQPa has been implemented by Mostafa, Vicente, and Wright [68].
These numerical results, which are obtained for a small number of problems, are relatively
inconsistent, with some exhibiting the desired fast local convergence properties relative to
competitors, and others showing slower convergence, or no convergence at all. (As algorithm
sSQPa includes no procedure to force global convergence, some of these results are to be ex-
pected.) The constraint identification procedure is relatively reliable, but does not seem to
be effective for all problems, and the overall performance of sSQPa does depend on the iden-

tification procedure. While the numerical results are illustrative and show some potential
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for sSQP methods, they clearly indicate a need for further analysis and development.
Note that no mention is made of stability in the theoretical results, and no mention
is made of addressing multiple subproblem solutions in the numerical results or Wright’s

presentation of sSQPa.

5.5.2 [Equality-constrained subproblems

As mentioned in Chapter 1, many of the second-derivative SQP methods involve two-
phase procedures of active-set estimation and equality-constrained subproblems. Noting

that the sSQP subproblem matrix,

H JT
J —pul

is nonsingular due to the regularization parameter, once the proper active set is identified,
convergence should be fast and reliable.

In one method, due to Izmailov and Solodov [54], the active set is estimated, and
then the solution is sought for the equality constrained problem on the projection onto the
kernel of the active constraint Jacobian. However, the method uses an expensive singular
value decomposition that can introduce dense matrices in the large-scale case, and provides
no safeguards in the event of inaccurate identification of the active set. However, if a point is
sufficiently close to a local minimizer to the extent that the active set is correctly identified,
then this algorithm converges at a quadratic rate under the assumption of SOSC only.

A more robust procedure that implements active set estimation is given by Wright [89].
This method is to be used with any reliable outer iteration procedure. Once an iterate from
the outer procedure satisfies a certain tolerance for optimality, he estimates the active set
and performs a sequence of equality-constrained Newton-Lagrange iterations. If, at some
point, the optimality measures from these iterations are not sufficiently reduced, a con-
straint not in the estimated active set becomes infeasible, the multipliers become negative,
or the step is too large, then the algorithm moves back to the outer iteration and decreases
the required threshold to come back to the equality-constrained problem. It can be shown
that once an iterate is sufficiently close to a KKT point and the correct active-set is iden-
tified, the iterations never leave the equality-constrained phase and converge quadratically
to the solution. The only assumption is the second-order sufficiency condition. This rela-
tively strong result points to the potential of integrating stabilized SQP with a robust outer

convergence procedure.
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5.6 Convergence and Stability of sSQP

By utilizing stability theory, it is possible to prove superlinear convergence for sta-
bilized SQP using only second-order sufficiency assumptions. As discussed above, stabilized
SQP subproblems have the effect of calming the dual iteration in the presence of nonunique
dual solutions of the nonlinear problem. This statement may be made more precise in terms
of specific statements about the solvability of the subproblems and relations between the
distances of the solutions to the previous iterate and the nearest KKT point. These proper-
ties, in turn, are shown to be responsible for the superlinear convergence rate of stabilized

SQP, independent of other stability results or constraint qualifications.

5.6.1 Fischer’s iterative framework

This section discusses the result by Fischer [27], which provides a link between cer-
tain stability properties and superlinear convergence. Fischer considers the same generalized

equation analyzed by Robinson [83], i.e.,
0€ F(z)+T(2),

where F' : R +— R2 is continuous, and 7 : R = R is a closed multifunction. Let
Y« denote the solution set of the generalized equation, with ¥y C X, a nonempty closed
subset of the solution set. Let 3({) denote the set of solutions of the perturbed equation
0e F(z)+T(2)+¢.

Consider a general iterative framework where subproblems of the form
0€Q(z 2" +T(2),

are solved, where Q(z, z¥) is an approximation to F. As the focus is on problems for which
the solutions are not unique, it is required that the iterative method define z;; to be such
that

l|zk+1 — 2kl < odist(zg, k).

This is an important restriction that reduces the chance of reaching a different local solution
when the subproblem is not convex. Nevertheless, this condition does not imply local
uniqueness of the solutions of the subproblem. The following main result holds for this

procedure,

Theorem 5.6.1 (Fischer [27, Theorem 1]). If the following conditions hold:
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1. There are €1, v, t > 0 such that, with QQ = X9 + €1 B, it holds that

SO NQ S +tc]B.

2. There is a €2 > 0 and ¢ > 0 such that, writing R(w, s) = F(w) — A(w, s),

sup{||R(w, s)|| | w € s + cdist(s, Xx), B} < o(dist(s, X))}

3. There is an €4 such that Z.(s) # 0 for all s € ¥g + €3B.

then the iterative procedure of solving 0 € Q(z,2*) + T(2) is well-defined, and converges
superlinearly to some w*.
If the order in Condition 2 is such that o(t) < cot®, with 3 = 2, then the convergence

rate is quadratic.

The first assumption is called upper Lipschitz continuity of the subproblem. The
second condition quantifies the precision of the approximation of F' by Q; and the third
condition stipulates that the subproblems are solvable.

The three properties can be shown to hold for a class of algorithms and problems,
including stabilized SQP under the assumption of the SSOSC (Assumption 5.1.3, see Fis-
cher [27]). The discussion that follows focuses on the specific results of Ferndndez and

Solodov [25], which are slightly stronger,

5.6.2 Convergence under the SOSC only

It can be shown that stabilized SQP satisfies the three properties required for su-
perlinear convergence under Fischer’s analysis, using only the assumption of the general
second-order sufficiency condition (Assumption 5.1.1, see Fernandez and Solodov [25]).

The solvability of the subproblem is demonstrated by showing that under the sta-
bilized SOSC, it holds that the quantity

p"Hp + ullql®
is bounded away from zero over all (p, q) in the reduced space
{(n,0) | Veil@)'p — g = 0, i € A (2", y"), and Vei(2)'p— pgi > 0, € Ay(a™,y") )

This implies that the stabilized SQP KKT matrix

H Jr
J—,u,I’
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is nonsingular, which is used in the existence result for the solution set.

Upper Lipschitz continuity of the subproblems can be shown using standard analysis,
and superlinear local convergence follows. Furthermore, under the SSOSC, the solution of
the subproblems are locally unique.

Note that, under the SOSC, although the sSQP method is well-defined and generates
superlinearly convergent iterates within a certain ball around the current point, the choice of
iterates is not unique. Under the SSOSC there is only one choice of iterate, and in practice,
this implies that choosing the closest subproblem solution to the current point produces local
superlinear (or quadratic) convergence, giving a precise convergence statement. However,

choosing the closest subproblem minimizer to the current point is NP-hard.

5.6.3 Convergence to noncritical multipliers

Izmailov and Solodov [57] also analyze the properties of sSQP subproblems in more
detail, analyzing the specific relationships between the notion of a critical multiplier, upper
Lipschitz stability, the SOSC, and subproblem solvability for equality, inequality and slack-

reformulated problems.

Equality constraints: Consider the following definition of a critical multiplier.

Definition 5.6.1. In the case of equality constraints, a multiplier y is critical if there exists

a nonzero d € null(J) such that H(z*,%)d € range(JT)*, and noncritical otherwise.

In this case, the existence of a critical multiplier implies that the Hessian is singular
in the first-order tangent feasible cone, and so the SOSC does not hold. A critical multiplier
not existing in the set M, (z*) is not equivalent, but is a weaker condition that the SOSC.

It is then shown that upper Lipschitz continuity around a solution (z*,y) is equiv-
alent to y being noncritical, and that either of these two properties imply solvability of the
sSQP subproblem. These two facts imply that sSQP satisfies the assumptions of Fischer’s

iterative framework.

Inequality constraints: The definition of a critical multiplier may be extended to prob-

lems with inequality constraints.
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Definition 5.6.2. A multiplier is noncritical if and only if the problem
minidmize dTH (z*,y*)d
subject to Vei(z9)ld =0, i €€,

Vei(x*)Td > 0, i € A,,
Vei(z)Td =0, i € A,

has the unique solution d = 0.

If H(z*,y") is either positive-definite or negative-definite in the cone of directions d
defined above, then y* is noncritical. However, this is not a necessary condition.

Upper-Lipschitz continuity of solutions to the perturbed problem is again equivalent
to the current iterate being sufficiently close to a KKT pair with a noncritical multiplier.

However, neither of these two conditions implies solvability.

When combined with the second-order necessary condition, upper Lipschitz conti-
nuity, or the existence of a noncritical multiplier close to the current iterate, does imply

local solvability.

Slack variables: Finally, a mixed equality-inequality problem reformulated so that the
inequalities are defined as equalities and bounds on slack variables is analyzed. In this
case, the two properties of upper Lipschitz continuity of solutions and solvability hold if
the primal-dual point is close to a solution wherein the multipliers are noncritical and the
multipliers corresponding to the slacks (and so, the inequality constraints) satisfy strict

complementarity.

5.6.4 Presence of critical multipliers

In general, the set of critical multipliers are of measure zero in M, (z*). However, it
appears that there is evidence that Newton-like iterative methods, including stabilized SQP,
have inherent tendencies of generating dual iterates that converge to critical multipliers.
Izmailov and Solodov [56] point out that a relatively unlikely set of analytical conditions
have to hold for the dual sequence to not converge to critical multipliers. Numerical tests
in Izmailov and Solodov [55] confirm the tendency for dual iterates to converge to critical
multipliers, and numerical tests in [55] and [56] confirm that such iterations do not converge
superlinearly. These results show that this problem is pervasive with standard state-of-the-
art optimization software, specifically SNOPT and MINOS, and occurs far less frequently,
although still commonly (roughly half of the time) for sSQP.
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Note that this is still consistent with the previously mentioned convergence results.
Even if the set of critical multipliers is a set of measure zero, a trajectory of iterates could
converge towards one normal to the set of noncritical multipliers and never enter into a
domain of attraction for the noncritical multipliers.

This suggests that the research into stabilized SQP is by no means resolved, and care
must be taken to prevent convergence to critical multipliers if the superlinear convergence

results are to be realized.

5.7 Summary and Discussion

Table 5.1 summarizes the properties of the various regularized SQP methods that
have appeared in the literature. The column headed “Num” indicates if numerical results
have been given. Table 5.2 provides a legend for all of the abbreviations.

In Chapter 8, we discuss a primal-dual SQP method (pdSQP) that incorporates an
sSQP algorithm with a global optimization procedure. It is shown that pdSQP drives iter-
ates towards a KKT point and reproduces the fast local convergence properties of stabilized
SQP for degenerate problems.

The second derivative SQP method SQP2d, discussed in Chapter 7 is an algorithm
that is more similar to conventional SQP methods. It implements some of the ideas pre-
sented in Wright’s method of stabilized working sets. The method also has fast good local

convergence properties.



Table 5.1: Summary of the properties of various regularized SQP methods

Reference Algorithm Assumptions Stable? | Unique? | Order r» | Num
Fischer [26] Two QPs WCC, SOSC, MFCQ, WCR Yes Yes Quad | No
Wright [86] sSQP ineq MFCQ, RSOSC, SC No Yes Quad | No
Hager [51] sSQP ineq RSSOSC Yes Yes Quad | No
Wright [87] iSQP & sSQP MFCQ and SSOSC Yes No Super | No
Wright [87] SQPsws MFCQ, SSOSC, CRCQ No Yes Super | No
Wright [88] sSQP with IDO MFCQ and SOSC No No Super | Yes
Izmailov & Solodov [54] AS and proj RSOSC Yes Yes Quad | No
Wright [89] AS and eq sSQP | RSOSC on compact S C M, No Yes Quad | Yes
Fernandez & Solodov [25] sSQP ineq RSOSC Yes SSOSC Quad | Yes*
Izmailov & Solodov [57] sSQP eq Noncritical 3 Yes No Super | No
Izmailov & Solodov [57] sSQP ineq Noncritical y and SONC Yes No Super | No
Izmailov & Solodov [57] sSQP slacks Noncritical y and SC Yes No Super | No

* for one problem.

Table 5.2: Legend

iSQP | Inexact QP (page 55) AS Active-set estimation (page 65)

WCC range(J:‘L) is independent of y WCR Weak Constant Rank condition (page 29)
ineq | inequality-constrained eq equality-constrained

proj | Projection-based algorithm (page 65) | Noncritical | Noncritical multipliers (page 70)

€.



Chapter 6

Convexification

6.1 Introduction

This chapters considers the “convexification” of various general quadratic programs
(QPs) arising in SQP methods for nonlinear optimization. It considers both the all-
inequality and standard form QP subproblem.

As noted in earlier chapters, the Lagrangian Hessian is not guaranteed to be positive
definite, and so a conventional SQP method could require the solution of an indefinite QP.
Such problems are NP-hard, and may be directions of ascent for a merit function. As a
result, many SQP methods use positive-definite approximations to the Hessian. However,
by avoiding second derivatives, they do not have the potential Newton local convergence
rate.

The proposed convexifications modify the Hessian matrix in the objective function
glz+ %xTH x so that it is positive definite. This procedure makes extensive use of Debreu’s
Lemmoa, first defined in Chapter 1, which states that if H is positive definite on the null-space
of J, then there exists a finite p. for which H + pJTJ is positive definite for p > p..

6.2 Convexification in Standard Form

For a standard form quadratic program, a second-order consistent working set is
one at which the basic components of ZTH Z is positive-definite, where Z is the null-space
basis matrix of the equality constraint matrix J. This implies that by Debreu’s Lemma,

there is a p for which H = H + pJL.J,, = H + pJJ + pP,PL is positive definite, and the

74



75

quadratic program with H replaced by H is convex. Consider the QP,
minimize ¢7p+ %pT(H + pJET )P
PER™ (6.1)
subject to Jp=—c¢, xg+p > 0.
Consider obtaining the unique solution of (6.1) using an active-set method. Denote this

solution by p. Let N and B denote the set of the nonbasic and basic indices at p. The

stationarity condition for p implies:
z2=g+ (H+ pJ'J 4+ pPyPDp — I3
=g+ Hp— J' (G + pc) + Pupn-
Writing this equation in terms of the basic components gives
25 =9+ Hplg — JHG + pe) + p[Pubn]p = 0. (6.2)

Similarly, the nonbasic components are

zy =g+ Hply — JHy + pc) — p[PyZo]y > 0. (6.3)

6.2.1 Relationship between solutions

Note that, from (6.2), if BN AN is empty, then this implies p is also a stationary

J ) ,
_r Since
£y

P is a subspace minimizer, ZTHZ + pZTJTJZ + pZTENE£Z = ZTHZ + pZTENE£Z is
positive definite. This implies that for every z € null(Ag) either 27HZ > 0 or Zy # 0. The
latter condition implies N # N.

Finally, from (6.3), it holds that

point of (3.16) with y =y + pc.

Let Z denote a basis for the null-space for the final working set Jgz = (

l9+Hply — Jiy > p[PyZ]y > 0,

so if p is a subspace minimizer of 3.16, the reduced costs are nonnegative and p is also a

local solution.

Convexification at a QP local minimizer

Assume the convexification is formed at a local minimizer p* of (3.16). Let y = y—pc.

Then
. * T
0=[g+Hp"], - Jzy

=g+ Hp*], — JH(G + pc) + p(Expi) s,
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so p* is also a stationary point of (6.1). Furthermore, p* is a subspace minimizer of (6.1)

since the problem is convex. Finally,

0<|[g+Hp*], —Jty

= [g+ Hp"]y — Jx(§ + pc).

Comparing this to (6.3), p* may or may not be a local minimizer of (6.1) depending on the

size of (o).

6.2.2 Effect on slack-variable merit function

The directional derivative of the slack-variable augmented Lagrangian merit function

can be expressed as:
&' (a,p)|,eo = "9 — p" T yo + pp T (c — 50) — (¢ — s0) g+ yor — pri(c—s0),  (6.4)

where p to denotes that a different parameter is used for the subproblem and the merit
function.

Take the product p” with the stationarity condition for the convexified subproblem:
p'g+p"Hp + pp" " Jp+ pp" PxPip = p" Ty +p'=.
Input this into (6.4) to get

¢ (e, )| ,eg = —W"Hp + pp" J"Jp + pp" Py Plp) + p'=

+op' T (e—s)—(c— ) q+y'r—pri(c—s).
Let 6(p) be defined such that
0(p) = p"Hp + pp' J'Jp + pp' Px Py p.
The properties of ¢, r and ¢ — s imply that
80,7 omg = —0) + P72 + Ty — 2(c — 5)Tq — Fle — 5)T(c — 5).

Since Ty < 0, 6(p) > 0 and (¢ — 5)T(c — s) > 0, for large enough p and p, we can make
this expression negative or even bounded away from 0, below 0, regardless of the sign of

plz+(c—s)Tq.
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6.3 Convexification of all-inequality QPs

At a second-order consistent point, construct the convex subproblem

o T 1, T T
minimize +=p'(H + pJ T

e g pT3p ( Py w) (6.5)
subject to Jp > —c.

By Debreu’s Lemma, there is a p such that H + pJLJ, is positive definite and (6.5) is
convex.

Let p be a local minimizer of (6.5). Stationarity implies:
9+ (H+pJud )P = JiG (6.6)

Optimality implies y, > 0.

6.3.1 Relationship between solutions

Note that from (6.6), if J,, = J, then

g+Hp=Jly, —pJlJ.p

= TG4 + pe).

This implies that p is a stationary point for the original QP with y, = ¢4 + pca.

Since p is a subspace minimizer, letting Z = null(J,,), ZTHZ+pZ7JL ], Z is positive
definite. This implies that either ZTHZ is positive definite or J, # Jy.

Finally, the sign of y, and hence the optimality of the original QP for p depends on

the sign and magnitude of c,.

Convexification at a QP local minimizer

Let p* be a local minimizer for (6.5), and form the convexification at p*. Consider

the stationarity condition,

g+ (H+pJET, 0" = Jhy + pJLT 0" = Ty, — pey),

which implies that p* is also a stationary point for (6.5) with multiplier gy = yw — pcw.
By construction, p* is a subspace minimizer of (6.5). However, the sign of gy
depends on pcy,. This implies that a local minimum of the indefinite QP may not be a local

minimum of (6.5).
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6.4 Implementation

The implementation of convexification involves two primary considerations: 1) choos-
ing p and 2) the stage in the algorithm at which to apply the change to the Hessian matrix.
The challenges revolve around attempting to achieve the desired properties of a convex QP
while minimizing computational cost and the perturbation to the original indefinite prob-
lem. Three strategies will be discussed: 1) perfect convexification, 2) convexification using

Gershgorin circles, 3) streamlined-perfect convexification and 4) heuristic approaches.

6.4.1 Perfect convexification

Debreu’s lemma states that if H is positive-definite on the null-space of J there is a p
such that H + pJ*J is positive-definite for p > p. The original proof of Debreu’s lemma, [21]
suggests how to obtain the exact quantity p. From the proof, p can be understood as the
objective value at the solution to
2T

minimize —————o
zeRn  gTJTJx

subject to ||z|l2 =1, Jz #0. (6.7)
This nonlinear program is indefinite, however, and hence potentially just as difficult to solve
as the original QP.

Alternatively, note that the assumptions of the Lemma imply that under the con-
straint 7J7Jx = 0, 2THz has a minimum reached at only = 0. This implies that p > p
is the set of Lagrange multipliers for that problem. Hence, p¢ is the minimum p for which

max min = Hz + pzlJ z,
P T

has the unique solution = 0. This can be found by solving the problem

max min z Hz + pzlJ Tz — pp?,
P T

for an increasing sequence of p-values until z = 0 at the solution. At the solution for p to

the above problem,

_ 2TJ
p= 72,u
and so this problem becomes

(xTJTJx)?

min 2z Hzx +
T Q'u
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6.4.2 Standard form convexification with Gershgorin circles

Consider the Hessian decomposed as:

Hyp Hpyn

where Hp is positive definite and consists of the free indices. Consider adding a diagonal,

0 O
b o)
to H to make the entire Hessian matrix positive-definite, where D, is diagonal, but unlikely
previously, could have different values along the diagonal.
It holds that the entire matrix is positive definite if the Schur complement S =

Hy — HENHng BN is positive definite. The Gershgorin circle theorem will be used for the

following analysis.

Theorem 6.4.1. Gerhgorin circle theorem: All eigenvalues of a matriz A lie in at least

one circle D;, where D; is defined to have center a;; and radius R; = Z#i laij|.

This implies that if the entries of the Schur complement are such that s;;—3"; ., [si;| >
0 for all ¢, then H is positive definite. This motivates a bound that would imply that all of

the eigenvalues of S are positive.

Write
_ 1 | HpN|l

sii = [Hnli — > _[Hpn]ij[Hp ' Hpnlji > [Hni — THp] Z

J
and
_ 1 | HBN||
—|sij| = —|[Hpn)ij + > _[HpNlik|Hp Hpnlkjl > —|Hpnlij — THy] Z! (HeN]ik|-

%

This implies that

Grow = Sii — ;2 |84
H
> [Hhs — Wi S, e = Sz (1l + YL SilHanlil)
> [Hylis — [ Haw (1 + (m, + 1)z,

where the norm can be taken to be the one- or co—norm (which are the same since H is
symmetric).
This implies that if

[|Hpn]||

[HN]iz' +D; > ||HBN||(1 + (mA + 1)
||Hp]|

)

then the matrix has been sufficiently convexified.
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6.4.3 Streamlined-perfect convexification

In general, it is preferable to limit the degree to which the problem is altered in order

for the solution of the convex QP to be as nearest as possible to a solution to the original

CLT

indefinite QP. Consider a problem with two constraints 1T p > —c. If, at a point p,
a3
both constraints are active and the working set is second-order consistent, a convexification

"Nt/
aj aj

would add p to H in the objective. However, an active-set method moves off

as a3
one constraint at a time. This implies that if a; is held active, i.e., p € N(a?), then the
step would be identical as if the convexification only altered H by the term p (aZT)T(a2T>.
This suggests that it is possible to add one constraint at a time to H, i.e., H=H-+ psasal,
s denoting the constraint that the algorithm moves off of and ps chosen appropriately.
Additionally, ps can be chosen as in the perfect convexification for the entire J or a series
of ps can be chosen for each s. In the latter case, ps; can vary for each s, allowing a smaller

overall change in the Hessian matrix of the subproblem.

6.4.4 Heuristic convexification

If every step pi that the QP algorithm computes is a direction of positive curvature
for H, then the QP algorithm executes as if the problem was convex. One approach this
suggests is to convexify only if the calculated step is a direction of nonpositive curvature
for H, calculating p to be just large enough to change the curvature along the step. Such
an algorithm is summarized in Algorithm 6.4.1

One immediately noticeable drawback to this specific approach is that a potentially
excessive number of steps may have to be calculated. It’d be desirable to ascertain a priori
whether a direction moving off a constraint will be a direction of nonpositive curvature and
the magnitude of the negative curvature (and hence the necessary magnitude of p to correct
for it).

Consider a step p moving off of constraint s at a second-order consistent point. The
step p may be decomposed into p = aas + Zp,, where Z is the null-space of the current

working set. Consider the curvature along p,
p"Hp = o*aTHa, + 20aTH Zp, + p'ZTH Zp.,.

plZTH Zp, > 0 by assumption. If alHZ > 0 and alHas > 0 then for any value of a and

P2, the step p is a direction of positive curvature, and so a convexification is unnecessary.



Algorithm 6.4.1. [Heuristic Convexification]
Let flo =H, po = pmin, v > 0, n >0, J as empty.
while Not converged do
Let j = argming, yg;
if y; >0 then stop;
Calculate step pg1;
Let ppi1 = pr, Hyr1 = Hy ;
if p{+1ﬁk+1pk+1 < v, then
Je\
g

a;

Let ﬁk+1 =H + ijg+1jk+1§

Let jk+1 =

Recalculate step pi11 using the new ﬁk+1;

. T 17

if (piyiHk+1Pk+1) < v then

. pg_;'_alkJrl
PP Tk 1Pk

Let pxi1 = +
else
break
end
end
Remove j from the working set.

Calculate «, take the step, and add any blocking constraints;

end do
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Otherwise, p may be calculated as some combination of —a!HZ and —alHa,. Since a and

aTHZe o alHas
laslls las|* >

P, is unknown a priori, an algorithm could initialize p by setting pg = — and
then scale py11 = vpk, v > 1 as in Algorithm 6.4.1 if the direction turns out to still have
nonpositive curvature along H. Additionally, an initial scaling can be introduced based on

the size of ||g||, an estimate on the size of the feasible region or simply the size of the current

step pr.



Chapter 7

SQP with a Smooth Augmented

Lagrangian Merit Function

7.1 Introduction

This chapter discusses the convergence properties of a sequential quadratic pro-
gramming algorithm in which the QP objective is defined using the exact Hessian of the
Lagrangian. The algorithm uses the augmented Lagrangian merit function of Gill et al. [36],
and follows Murray and Prieto [69] in decomposing the QP subproblem into several simpler
parts where one requires only an approzimate solution of the QP.

In addition, rather than assuming the strong and commonly violated assumption of
the linear independence constraint qualification (LICQ) holding at the solution, as is stan-
dard in the literature, the weaker Mangasarian-Fromovitz constraint qualification (MFCQ)
and weak constant rank (WCR) conditions are assumed (see Chapter 2, page 12). The
global convergence theory utilizes results of Qi and Wei [79]. The local convergence theory
involves the properties of stabilized working sets proposed by Wright [87, Section 8] (see
Chapter 5). The local convergence results in Wright [87] require the satisfaction of the
second-order sufficiency conditions at a solution. However, as our analysis implies global
convergence to a point satisfying the second-order necessary conditions, it is necessary only

that the reduced Hessian be nonsingular at the solution.
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7.2 Description of Outer Algorithm

The following problem is to be solved:

minimize f(x)

subject to ¢(x) > 0.

The following smooth merit function is used:

La(w,y,5,p) = f(x) = y"(c(x) = 5) + gp(c(z) — )" (c(z) - 9), (7.1)

where s > 0 are slack variables, and the scalar p is known as the penalty parameter. In
other SQP methods the choice of merit functions is largely dictated by considerations of
efficiency. Here, however, it is essential that the merit function have continuous second
derivatives. The use of slack variables in the merit function is the feature that makes the
merit function smooth. Without slack variables it is necessary to define a merit function
in terms of only the “active” constraints. Such a merit function does not have continuous
second derivatives. Another virtue of this merit function is that it does not suffer from the
Maratos effect. A comparative discussion of this and other merit functions may be found
in Gill and Wong [41].

The choice of merit function requires a search direction defined in the z, y and s
variables and a search is performed on this expanded space. The approach adopted for the
slack variables is to set them at their optimal value (this is trivial since the merit function
is a quadratic function of the slack variables). Given a search direction in the z and y
variables, the search direction in the slack variables is then chosen to ensure that the slack
variables remain at their optimal values when the constraints are linear.

An important result of this chapter is to show how a direction of negative curvature
for the Hessian of the Lagrangian is transformed into a direction of negative curvature for
the Hessian of the merit function in the triple space of x, y and s.

For the curvilinear search used in the algorithm, the value of the merit function as

a function of the steplength « will be denoted by

In what follows, only those arguments relevant to the current discussion will be included
in the notation for ¢. At the kth iteration, the value of ¢ will be denoted by ¢g. The
first, second and third derivatives of ¢ with respect to a will be denoted by ¢, ¢” and ¢",

respectively.
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The following notation will be used when appropriate:
gk =Vf(ze),  Je=d (),  a=clar),  Hp=ViL(xk,yr),

where L denotes the Lagrangian function.
The norm of the Lagrangian gradient is used to limit the size of some values in the

algorithm. Let 6% = 6% (g, y, Sk; px), where

5 (z,y,5,p) = |lg(z) — T ()T (y — p(c(x) — 8)|| + |le(z) — s
+ 3y — plej(x) — s5)- (7.3)

18>0
The value of 6%(z,y, s; p) provides a measure of the accuracy of (x,y, s;p) as an estimate
of a first-order KKT point for NP (assuming s is defined as in (7.4) below). In particular,
(xk, Yk, s) is a first-order KKT point at zj, if and only if & = 0.

Finally, symbols of the form f,;, indicate constants related to properties of the
problem, or the implementation of the algorithm, where “ab” identifies the specific scalar
represented.

The computation of the search direction p, will be described in the next section.
Once py has been computed, the slack variables are adjusted to minimize the merit function
for a fixed value of x;. This gives the optimal value s such that

max {0, ¢, } if pp_1 =0,

Sk = (7.4)
max {0, ¢y — yr/pr—1} otherwise.

The following inequality will prove useful (see Murray and Prieto [70, Equation (2.9)].

le(@) [ < lle(z) = s]- (7.5)

Let (pg,m) be the primal-dual solution of the quadratic subproblem. If pp = 0,
then zj is a second-order KKT point for problem NP and the algorithm is terminated with

yr = m,. Otherwise, the dual search direction is given by

Gk = Tk — Yk- (7.6)

Let uy be a direction of negative curvature for Hy. The definition of uy is discussed in a
subsequent section.
The algorithm adjusts the penalty parameter to ensure that a sufficient reduction

in the merit function is possible. Let

wi = 3 (|lek — skl|* + PLBipy)» (7.7)
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where By, is a positive-definite matrix described in the next section. If
G105 pr—1,Tg) < —wy + sTULH, Gy, (7.8)

then pp = pr_1. Otherwise, p is chosen to satisfy py > pi, where

. wpt ngpk + (2yx — ) (e — sk)
ek — skl

When p;, = pr_1 the algorithm sets ux = U, otherwise ug = 0 since the direction of negative

curvature 4 may no longer be valid. It will be shown in Section 7.4.2 that when px # pg_1,

the choice of pj, ensures that ¢} (0; px, ug) < —wy, with ug = 0. If the condition (7.8) does

not hold and py, is updated, then ¢}(0; pp—1,u) > —wy with uy = 0.

The search directions for the slack variables are
e = Jppr + ¢ — Sg, and TR = Jpuyg. (7.10)

If a constraint is linear, these directions maintain the corresponding slack variable at its
optimal value.

When uy # 0 a curvilinear search is performed to obtain a step length ay such that
ZTr4+1 — X becomes parallel to a direction of negative curvature as ay — 0. This type of
search gives a method that makes fewer adjustments to p. It is possible that no simple
linear combination of p, and uy gives a direction of descent because p; is not a direction of
descent for ¢y, defined with the current value of p. In contrast, if u is a direction of negative
curvature, the merit function can be reduced by using a curvilinear search with the current
value of p.

The curvilinear search computes a steplength aj > 0 such that the new iterate

Tk U Pk

u | +an| 0| +0k | a

~

Sk Tk Tk
gives a sufficient reduction of the merit function L, while keeping the constraint violation
bounded.
The following termination criteria are used. If
or(1) = 81(0) < o (64(0) + 37(0)) , (7.11)
set @ = 1. Otherwise, & € (0, 1) is determined such that
or(@) — 31(0) < o (363, (0) + 3626{(0)) (7.12a)
& (@) = nw (6,(0) + a¢1(0)) , (7.12b)
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where 0 < 0 < % and % < nw < 1. Let ux (0 < g < 1) denote a stabilization parameter

defined in the next section. If the condition
c(xy, + auy + a%py) > — max(Be, e (7.13)

holds, let o = @; otherwise oy is computed by performing a backtracking linesearch from
a until (7.13) and (7.12a) are simultaneously satisfied. These conditions have been shown
by Olivares et al. [72] to be appropriate for combining descent and negative curvature
directions when solving unconstrained problems. It will be shown in Section 7.4.2 that such
step lengths exist, and that Algorithm SQP2D is well defined.

Given a feasible point x for linear constraints Az > b, the maximum feasible step ~y
such that A(z + vp) > b is given by

alz —b,

7 if al-Tp < 0;
Yy =min~y;, with ~ = —a; p
400 otherwise.

For brevity, the calculation of v for the constraints Az > b will be summarized as v =
maxStep(A,b, z,p).
The slacks si41 for the next iteration are recomputed from (7.4) based on the values

of T1 and ygy1-

Algorithm 7.2.1. [Algorithm SQP2D]
Given zq and g, choose p_1 >0
repeat
Compute g, Ji and cg;
if px_1 =0 then [Optimize the slack variables]
Compute s from s = max{0, cx};
else
Compute si as s, = max{0, cx — Yr/pr—1};
end if
Compute a feasible step pp; Compute Hy; ps; p; ;
Pk = Ps + b;
q =T — Yk,
w = 5(llex = skll® + piBypy;
if ¢/ (0; pp—1,u) < —w + %@THkﬁ then
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U= pr = Pr-1;

else

tw+ glpy + (2yp — m) ek — si) 8 )
yMp |

uw=0; pp=max (2,%—17 llex — skl

end if

r=Jppk +cx — Sg; T = Jru;

Perform curvilinear search to compute « using the merit function;
Th1 = T +u+ &Py yp = yp + 0’ ke k4L

until converged;

7.3 Solving the Subproblem

7.3.1 Calculating a feasible step, warm starts and stable active sets

A rank-enforcing active-set QP method maintains a linearly independent estimate of
the active set called the working set. The stabilized working-set algorithm uses the working
set from the previous subproblem as an initial estimate of the working set for the next
subproblems. In addition, there is a degree of infeasibility permitted for the constraints
not in the working-set. The details of such a procedure are discussed in this section. The
procedure described here is similar to, but not identical to, Wright’s stabilized working-set
framework [87], discussed in Chapter 5.

At the initial QP feasible point, the linearized constraints corresponding to the
previous working set are made active. If the final working set from the previous iteration
is Wy—1, then [J]y, _, is checked for linearly independence. If it is linearly independent,
then the initial working set Wy is set to be Wj_1. If it is not linearly independent, then
the algorithm finds a new working set Wi by removing linearly dependent constraints.

Subsequently, a feasible point satisfying the following conditions is found:

VciTpF +c¢ = 0,1 W,
VciTpF + ¢; > —pk, otherwise,

- (7.14)
lpell < Bprllell,

T ~
9'pr < Bprliel,
for some positive constant 3,0, where ¢; denotes the vector of normalized constraints, ¢; =

¢j/(1+ ||V¢ ). These conditions imply

el < Bpsllell, 9" pr < Bpslle |- (7.15)
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The parameter uy is defined as

p n(we, k)" i n(ze, yk) < pr-1;
k p—
Hptk—1 otherwise

where 1 and T are preassigned constants such that % <p<land0<7<1,and n(xg,yx)
is an estimate of the violation of the KKT conditions, i.e.,

(g(w) - J(w)Ty) ‘ |
min(c(z),y)

This definition implies that pu; monotonically converges to zero. Wright [87] shows that

n(x,y) = ‘

n(zk, yp) = O(5(zk, yr)), where §(zk, yi) is the distance to the nearest KKT point (x*, y*).
Let i be a vector such that [fi]; = 0 for ¢ € W and [fi]; = p otherwise.

If a point pj satisfying the conditions of (7.14) cannot be found, define py to satisfy
Jpr > —c, instead of the first two conditions of (7.14). In this case, define i = 0.

7.3.2 Definition of the QP stationary point pg

The direction pg is defined as a stationary point of the indefinite QP and satisfies

the conditions
g+ Hps=J"ns,

c+ Jps > —j1, (7.16)
ml(c+ Jps) =0.

The stationary point pg is found using the exact Hessian. The QP iterations are initialized
at pr. It will be shown later that as & — oo, the working set corresponding to pr and
ps are the same and the stationary point is also a local minimizer for the QP defined by
the conditions of (7.16), i.e., mg > 0 and the reduced Hessian is positive definite. When
this is the case and pg is also a local minimizer for the the convex QP defined in (7.17),
the subproblem returns (p,7) = (ps,ms). This ensures the fast Newton convergence rate

associated with using exact second-derivatives.

7.3.3 Convex QP
Convexification

A convex QP is defined with a Hessian B that must be sufficiently positive-definite,
i.e., B must satisfy the condition p”Bp > Bp,||p||? for all p. Debreu’s lemma [21] states that
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if H is positive-definite on the null-space of J there is a p such that H + pJT.J is positive-
definite for p > p. This means that a positive-definite B can be formed from H using the
active constraints in the working set, with additional artificial constraints as necessary. See

Chapter 6 for details.

Solution to the convex QP

The convexified subproblem is given by:

minimize g%(ps + D) + (ps + )" B(ps + D)
P (7.17)

~

subject to  J(ps +p) > —c — fi.

with solution (p, ).
Let the subscript w correspond to the entries or rows corresponding to the final
working set at pg. At the initial point for the convex QP, if there are no artificial constraints,

then
g+ Bps =g+ Hps + PJ:}F/JWPS = Jg;ﬁTs +,0J$]Wps = J;{/(Ws —cw — [).

This implies that pg is also a stationary point for (7.17).
If 7¢ — ¢y — @ > 0, where ¢y is such that [¢y]; = [cw]; for i € W and zero
otherwise, and there are no artificial constraints, then the convex QP is not solved. In this

case, if mg > 0, use (p,m) = (ps,7s) as the estimates for the line search, otherwise use

(p,m) = (s, ms — cw — fi).
Let Aj be the final active set and W the final working set from the subproblem.

7.3.4 Computation of the direction of negative curvature

Let Zy denote a basis for the null space of the active QP constraint matrix at pg,

with bounded condition number. If ZIH Z; is sufficiently indefinite, in the sense that
Amin(Z3 HZp) < —Bs6%, (7.18)
holds for 6% defined in (7.3), z is in a region that satisfies
0 x| < Bn, (7.19)
and the violation of the constraints is not too large, that is, if

c(z) > —% max(B., 2ur)e, (7.20)



91

compute u = Zyu, a feasible direction of sufficient negative curvature; otherwise, let u = 0.
More precisely, @ is required to satisfy
91 Zyu <0, ' ZIH Zot < But Amin(ZEH Zo)|u|?, (7.21)
ﬁu3|Amin(ZgHZO)| S ||ﬂH S ﬁu2|Amin(ZgHZO)|7
for positive constants 1, Bu2 and 5,3, where A\pin(H) denotes the smallest eigenvalue of
H. Note that the first condition is trivial to satisfy by adjusting the sign of any suitable
direction of negative curvature.
The direction of negative curvature u is scaled so that the scaled value @ is a feasible

step from pg, and also satisfies [Ju + ¢|; > 0 for ¢; > 0. Let v/ be

I . . [C+Jp5]j —1 : Cj =1 . .
v = mm{mjm (Ta]] | [Ju]; < O),mjln (Tﬂ]] | [Ju]; < 0,¢j > 0)} (7.22)
Let @ be defined as
@ = min(1,7")au. (7.23)

The actual direction of negative curvature used (if it is used at all) is a scaled version of .

The final scaling can be determined only after the descent step has been computed.
Details of the computation of a direction of negative curvature that satisfies the

requirements above are discussed in Chapter 9, which also describes another regularized

SQP algorithm incorporating directions of negative curvature.

7.3.5 Statement of the QP algorithm

Algorithm 7.3.1. [Algorithm QP2D]
Compute pp to satisfy (7.14);
Let J, o denote the working-set matrix at pr and wg = pg;

repeat

H Jr d; g+ Huw;
Solve | _ = — ;
Ji O —Tg —ﬁ

v = min (1,maxStep(J, —c,w;, d; )); wit1 = w; + vd;;
Set JAZ-H to be the working-set Jacobian at w;41;
141+ 1;

until (w;, 7s) satisfy (7.16)

Ps < Wi;



Let Zy be a basis for the null space at J;;
if Amin(Z0 HZy) < —Bs6" and 6%||z|| < B, and c(z) > —1B.e then
Compute u = Zyu, where u is a direction of negative curvature of ZOT HZy;
v« maxStep(J, —c¢,ps,u); U<+ min(1,")u;
else
w <+ 0;
end if
Construct a positive-definite approximate Hessian B.
if 7 — i1 —c>0 then
if 7 > 0 then
(P, ™) = (ps, Ts);
else
(pk, ) = (Psy ms — I — C);
end
exit;
else
Compute (p, ), the primal-dual solution of
minimize g%(ps +p) + (ps + p) B(ps + D)

p

~

subject to  J(ps +Pp) > —c — fi.

Set pr = ps + s
end if
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7.4 Global Convergence

7.4.1 Assumptions and preliminaries

Assumption 7.4.1. The functions f and c are three-times Lipschitz continuously differ-

entiable.

Assumption 7.4.2. For some constant B,¢, a feasible point pr exists for every QP sub-

problem satisfying,

— T o
lpell < Bprlici I, gk pr < Bprllcy |I-
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Assumption 7.4.3. All first-order KKT points satisfy the Mangasarian-Fromovitz con-
straint qualification (MFCQ) and the weak constant rank (WCR) conditions.

Assumption 7.4.4. The multipliers m and wg are uniformly bounded for every subproblem.
Note that this implies that the sequence of multipliers {y;} are uniformly bounded.
Assumption 7.4.5. All iterates xj, belong to a bounded, conver set.

In this case, the second-order necessary condition to be proven to hold at the solution
is the weak reduced semi-definiteness property (WSRP) which holds if the Hessian H (z*, y*)
is positive definite on the subspace {d | J4(,+)(7*)d = 0} (see Chapter 2 for details).

7.4.2 Existence of the iterates

In this section it is shown that each iteration of the algorithm is well defined. In
particular, it is shown that the penalty parameter and the steplength are well defined at

every iterate.

Lemma 7.4.1. Under Assumptions 7.4.1-7.4.5, the algorithm for computing the values of
the penalty parameter py and the steplength oy, are well defined.

Proof. In order to simplify notation, the subscript k associated with the iteration number
will be omitted. Consider the definition (7.9) of the penalty parameter.
The gradient of L ,, with respect to x, y and s is given by

g(x) = J(@)Ty + pJ (2) (c(x) - 5)
VLA(J}, Y, 8) = —(c(x) — 3) . (724)
y = ple(x) —s)
From (7.10) and (7.24) it follows that
#(0)= (u 0 ) VL,
= gTu — yTJu + puTJ (c — s) + yTF — prl(c — s)
=g"u, (7.25)
where g, J, and ¢ are evaluated at z. Note that from (7.21) it holds that ¢/(0) < 0.
Consider now the Hessian of L, with respect to z, y and s,
VL(z,y) + pd ()T (z) —J(x)" —pJ(x)"
VLa(x,y,5) = —J(z) 0 . (7.26)
—pJ(x) I pl
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From (7.24) and (7.26) it follows that

u
0"(0)=2(p" ¢" +T)VLi+ (uT 0 +T) VL |0
7
=2l — 2pT Ty + 2ppT T (¢ — 5) — 2¢1(c — 5) 4+ 2rTy — 2prT(c — ) + u'Hu
+ put T Tu — pu 7.

Using (7.6) and (7.10), this expression becomes
ul Hu +297p 4+ 22y — 7)T(c — s) — 2pl|c — s|*. (7.27)

The penalty parameter (7.9) is well defined whenever |c — s|| > 0. For the case
when ¢ — s = 0, from (7.15) and (7.5) pr must simply move on to the constraints of the
linearly independent working set, and the definitions in algorithm QD2D together with
the positive definiteness of B on the relevant subspaces imply that p is obtained by taking
descent steps from p. It follows that ¢g”p + %pTBp <0, and g7p < —%pTBp. It follows
from the definition of p that if ¢ — s = 0,

¢"(0) =2¢"p+uTHu < —p'Bp+ v Hu = —2w + u” Hu,

implying that if ¢ — s = 0, then (7.8) is satisfied and the penalty parameter need not be
modified.

If ||c — s|| > 0, then from (7.27) with u = 0 (if u # 0, condition (7.8) is satisfied by
the current value of p) and p = p (see (7.9)) it holds that

#"(0) = —2w,

which implies that (7.8) is satisfied for all p > p.

It also must be shown that ay introduced in the algorithm is well defined. It will be
shown that a steplength @ that satisfies either condition (7.11) or conditions (7.12a) always
exists (see, for example, Moré and Sorensen [67]).

Assume that condition (7.11) is not satisfied. Let ¢ be defined as,

o(a;0) = ¢(a) — 6(0) — a(ag'(0) + 507¢"(0)),

where ¢(0;0) = 0, ¢'(0,0) = (1-0)¢'(0) < 0and ¢"(0;0) = (1—-0)¢"(0) < 0 (all derivatives

are taken with respect to the first argument).
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As (7.11) is not satisfied, it must hold that ¢(1,0) > 0, and there must exist an
@ € (0,1] for which ¢'(@;nw) > 0, where 1 < ny < 1 is introduced in (7.12b). (If no
such @ exists, then ¢'(a;ny) < 0 for all a € (0,1], and from the condition that 1y > o,
#'(0) < 0 and ¢”(0) < 0 it must hold that ¢'(a;0) < 0 for all a € (0,1], and so (7.11) would
necessarily hold, contradicting our assumption that there is no such &.)

Suppose that @ is the smallest such point, which implies that ¢’ (a;ms) < 0 for all
a € (0,a). Integrating this inequality between 0 and & yields

$(a) < ¢(0) + nw(a¢'(0) + 3a°¢"(0)),

and from the conditions ¢'(0) < 0, ¢"(0) < 0 and o < Ny, (7.12a) must be satisfied at a.
In addition, the inequality ¢'(@;ny) > 0, implies that (7.12b) is satisfied at Q.

It remains to be shown that (7.13) can also be satisfied. The function
h(a) = c(z + au + o®p) + Bee (7.28)

has derivatives

h'(0) = Ju, hj(0) = ul Ve ju + Vc]Tp.

If —38. > ¢; > —B,, then condition (7.20) is not satisfied and u must be zero; from (7.28)
it holds that h;(0) > 0, h}(0) = 0 and h(0) = Vclp, > —¢; > 38, > 0. If ¢; > =35
then h;(0) > £, > 0 and in any case there exists a value & > 0 such that hj(a) > 0 (and
cj(x+ap) > —p.) for all j and all « € [0, @], implying that for a € [0, min{&, a}] conditions
(7.13) and (7.12a) hold simultaneously. O

The strategy for the selection of the penalty parameter p; is to define its value to
be large enough to satisfy (7.8), while remaining small enough to be bounded by a multiple

of pr. The selection rule is as follows: Let

_ if ¢7(0) < —w + fulHyuy,
ka{ Pk—1 ¢k( )_ QUL EUE (7'29)

max(pg, 2px—1,5,) otherwise,

where py is defined as in (7.9). Then, for any iteration k; in which the parameter needs
to be increased, it holds that py, > 2py,_,. It follows from this result and (7.9) that the
penalty parameter goes to infinity if and only if its value is increased in an infinite number
of iterations.

When py # pr—1 from (7.9) and (7.27) it holds that px > px_1, and the definition
in (7.29) satisfies pi, < 2py.
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The algorithm may generate an infinite sequence of iterates, or it may find a solution
after a finite number of iterations. For the rest of the proofs, and to simplify the arguments,
it will be assumed that there is always an infinite sequence {x}, and in the case of finite
termination the sequence is completed by repeating an infinite number of times the last
point computed. Lemma 7.4.1 implies that in both cases all the quantities associated with

the algorithm are well defined.

7.4.3 Properties of the merit function

Lemma 7.4.2. For any iteration k; in which the value of p is modified,
prllek, — sk ll < N (7.30)

and

o (w1 + g, ) < N (7.31)

Proof. Tt holds that
pller — skl = w + gipr + 2y — m) (cx — si)

and so
pliek — skl = (llcx — skl + pEBpr) + gipr + 2y — 7) (ck — si)-

Considering that ¢’p = —p Bp+pTJ %ﬂ', w corresponding to the final working set constraints,

and Jyp = —cy — [, the expression becomes

pllek = skll* = llek — sell* — clymw — 1 + (2yr — 7)o — si)-
It holds that 7, and g are uniformly bounded. Hence —chz < |c||||7| < Cxllc — s||. Also,
i < ng and so jilmr < C|le— s|.
Finally, the continuity of ¢ and boundedness of x imply that ||c — s|| < C.s. These
facts combined with the boundedness of multipliers and positive-definiteness of B give the
result

plle = s < Cille = s]| + Calle — s|| + Csllc — s,

bounding p||c — s|| by a constant.

Since p is being modified, equations (7.7), (7.8) and (7.27) imply that,

O (0; pr—1, 1) = up Hiup+20pr+2(2yr— ) (cr—sk) > —llce—sill* — $pi Bupr+ s uf Hyug.
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Considering that g’p = —p’Bp — ¢ir < —p'Bp + Cx||lc — s||, and the fact that ||c — s]| is
bounded, it holds that

3 ..
Cillex — sell > 517%314% — uf Hyug.

By construction, p! Bp > Bp,||p||? and Forsgren et al. [32, Lemma 2.4], ul Hyuy, < —Cy|lug|?,

the expression above becomes,
(lprll? + [Jugl®) < Csllex — sill-
Applying equation (7.30) and 2p > p, the desired result (7.31) follows. O
The subsequent results require the following assumption:
Assumption 7.4.6. There exists a & such that oy, > a for all k.
Lemma 7.4.3. La(zg, Yk, Sk; px) is bounded from below
Proof. This follows immediately from assumptions 7.4.4, 7.4.1, and 7.4.5. O
Lemma 7.4.4. For iterations in which p is not changed,

or(a) — ¢x(0) < C®(|lprll® + lluel?)-

Proof. Using the definition of u based on the penalty parameter update (7.8), the positive-

definiteness of B, and the properties of the direction of negative curvature, it follows that:

or() = 61(0) < o(ag}(0) + 307¢(0))
< o(agiug + %a2(—w + %u{Hkuk))
< —%aaz(w — %ufHkuk)
= —300®(|lex — sill® + piBrpr — SufHyuy)

< aC(llpxll* + [lugl).
O

Theorem 7.4.1. The algorithm generates a cluster point x* with x, — x*, py, — 0 and

Uk, — 0.

Proof. If p;, grows without bound, then the subsequence of iterates {zj,} at which the
penalty parameter is changed is bounded and hence has a cluster point. Asin Lemma 7.4.2,
it holds that liminf ||py,|| — 0 and lim inf ||u, || — 0. It follows that there is a subsequence

that satisfies the requirements of Theorems 7.4.2 and 7.4.4.
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Now assume that pr = p for all £ > K. Then, similarly, by Lemmas 7.4.6, 7.4.3,
and 7.4.3, that liminf ||py, || — 0 and liminf ||ug, || — 0. Since the underlying sequence xy,
is Cauchy, it must converge to a cluster point. O

7.4.4 Properties of limit points

The following assumption is necessary for the results of this section:
Assumption 7.4.7. {By} is bounded.
An approzimate KKT sequence, first defined in Section 4.3.3, is defined as:

Definition 7.4.1. A primal-dual sequence {(x,yx)} is an approzimate KKT sequence if,

g(xr) + J(z) Ty = e
Cz($k) Z 5k

[yk)i(ci(zr) — 0k) = 0.
where {e, 0} converges to zero as k — co.

This first result shows that the limit point satisfies the first-order optimality condi-

tions.
Theorem 7.4.2. The cluster point x* from Theorem 7.4.1 is a first-order KKT point.

Proof. By the KKT conditions of (7.17)

g(:nkz) + Bklpkl - J(xkz)Tmﬂz =0
c(wr,) + J (g, )k, > —fix,
Ty > 0

ﬂ-lz;(c(xkz) - J(xkz)pkz) = 5kl7

with iy, — 0 and 6] < 770 — 0. Theorem 7.4.1 and Assumption 7.4.7 imply that By,pg, — 0
and by continuity of J, J(xg,)pr, — 0. This implies that the sequence {py,,7,} is an
approximate KKT sequence. Since the MFCQ implies the CPLD, by Qi and Wei [78,
Theorem 2.7], z* is a first-order KKT point. O
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Theorem 7.4.3. There is a subsequence {ky,, } such that ||, —y*|| — 0 for some y* €
My(x*), where My(x*) is the set of multipliers satisfying the first-order KKT conditions.
Moreover, the subsequence of Hy, ~— H(z*,y").

In addition, there is an integer K such that for all k; > K, the correct active set is

identified, in the sense that m; =0 for j ¢ A(z*).

Proof. The first part of the theorem is proved in Qi and Wei [78, Theorem 2.7]. Convergence
of the Hessians follows from x; lying on a compact set and the continuity of H.

Next it will be shown that for any constraint j for which ¢;(z*) = §; > 0, it holds
that [my,]; = O for sufficiently large . If py, + ur, — 0, then the continuity of J(x) implies
that ||pr, + uk, || < 01/(402), where d3 = ||[Ve;j(x*)||. It follows that

V()" (pr, + un,) + cj(zr,) > 561 >0,
which implies that [m,]; = 0, as required. O
Theorem 7.4.3 implies that A$ C A, which implies A C A..
Lemma 7.4.5. ||pp|lx, = 0, |lc" ||, — 0.

Proof. Without loss of generality, label elements of the subsequence k; by k.
Since J(py + ux) > —fir — ck, pr — 0 and ug — 0 imply that ¢, — 0, which also
implies that pr — 0.
O

Lemma 7.4.6. For some K, for k; > K, pr identifies the active set.

Proof. The convergence of c¢(xy,) — c(x*) implies that for constraints inactive at z*, c(zy,)
is eventually bounded away from zero. pr — 0 and J bounded implies cj + Jppr > —[ig,

for the inactive constraints, for large enough k;. O
Theorem 7.4.4. z* satisfies the second order necessary optimality conditions.

Proof. 1t has been shown that the limit point z* is a first-order KK'T point by Theorem 7.4.2.
By Theorem 7.4.3 there exists a subsequence k;,, such that Hy, ~— H(z*,y").
Without loss of generality, label elements of the subsequence k;,, by k.

Let d € T(x*) = {d | Ja=(z*)d = 0} with ||d|| = 1. By Andreani et al. [6, Lemma

3.1] there exists {d} such that dy € T'(z) = {d | Ja+(z)d = 0} and d, — d. Without loss

of generality, let ||dg| = 1.
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It holds that
dngdk > Amin(ZngZk)a

and by (7.21) (which holds under the computational procedures for finding a direction of
negative curvature, e.g., see Forsgren et al. [32, Theorem 3.1]). The limit u]Z Hy Zpup — 0
implies that )\min(ZgH xZr) — 0. Since Hy converges and u; — 0 by assumption, d;‘gH wdi —
d"H*d > 0. O

7.5 Local Convergence

7.5.1 Additional assumptions

Assumption 7.5.1. The strong second-order sufficiency condition holds at all points sat-

isfying the second-order necessary conditions.

Assumption 7.5.2. The constant rank constraint qualification (CRCQ) holds at all second
order KKT points.

7.5.2 Convergence

Theorem 7.5.1. For K sufficiently large, k > K implies up = 0, x — z*, and y — y*,

and py = psy.

Proof. Let K be sufficiently large such that for the convergent subsequence, {k;}, for k; > K,
Theorem 7.4.3, Lemma 7.4.6 and Assumption 7.5.2 are satisfied. In addition, invoke Qi and
Wei [78, Theorem 3.2] to assert that there is only one second-order optimal point in a region
around z*.

Furthermore, from Theorem 7.4.3 it holds that A, C A,. Let k,, be the first iterate
of the convergent subsequence such that k,, > K. Possibly by increasing K, the convex
subproblem (7.17) can be expressed as an inexact SQP subproblem with ¢t = (B— H)(ps+5)
(see Wright [87] or Section 5.2 in Chapter 5). Invoke Wright [87, Lemma 4.1] to claim that
there exists a y* € M, (2*) such that A, (y*) C Wi(xk,, + pk,,) (the final working-set of
the QP iterations). By the CRCQ), since A, (y*) C W(zk,, + pk,,) C A", and A, (y*) is a
maximally linearly independent subset of A, , Wy (zk,, + pk,,) = A, (y*).

At iteration k,, + 1, pr estimates the active set with this Wy, 41 as the initial
working set, since by the CRCQ, W, +1 = A, (y*) is linearly independent. By Kojima [60,

Lemma 7.4], the full subproblem solution at xj,_ 1 satisfies A, C A,. Since only linearly
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dependent constraints would be added in the process of calculating a stationary point, there
is a stationary point such that gy, 11+ Hg,, 11Dk, +1 = J&7s with mg > 0, where w denotes
the rows corresponding to the working set. This implies that a convex subproblem need not
be formed and solved and that (px,,+1, 7k, +1) = (Ps, Ts)-

By Assumption 7.4.1, the QP subproblem is a perturbation of the original NLP.
Possibly by increasing K so as to make xy, 11 sufficiently close to z*, invoke Kojima [60,
Lemma 7.5] to assert that the reduced Hessian of the problem is positive definite, so there
are no directions of negative curvature for iterations k& > k.

The full step taken satisfies the conditions:

Hy,p, 1Pk +1 + Jkpt1 = J/?m+1ﬂs,km+1
Chim+1 + Tk 41k +1 = —Hky+1
(k1 F+ T +1Pkm+1 + Bhyt1) * TS k1 = 0.
which is of the form of the inexact SQP problem (4.4) in [87] with ¢t = /i (alternatively, see

(5.2) in Chapter 5). Possibly by making K larger so that xy, is sufficiently close to z* and
@ is small enough, invoke Wright [87, Theorem 5.3] (or 5.2.2 in Chapter 5) to assert that

[kt + Pt = 2 H [Tk = Y7 = [Tk t1 = Y41 O 2R 1 = 7))

+ O([[eh 41 = 27|) + Ol 2k 41 )

Noting that ||fi]lec < n(z,y) = O(||]x —2*||), and using Assumption 7.4.6, let the original K
be large enough such that

[kt +ap = z*| <Az, 41 — 7], and flam + (1 = @)y, 41 = 4" < V[Ykpnt1 = ¥7[-

with v < 1.

By a similar argument, the equivalent statement for an inductive step can be shown
i.e. this estimate holding at k,, + j implies that it also holds for k,, + j + 1. This implies
that z, — x* and y, — y*, where y* is unique by the fact that Wy, , = W, +1 = Wh,, 42 =
=W 4= O

Theorem 7.5.2. There exists some K for which k > K implies o = 1.

Proof. From Theorem 7.5.1, u = 0. Now, as in Gill et al. [36] and Powell and Yuan [77],

assume
ok +pe — 2" = o[z — 27]),

(7.32)
uk +ax — v = o(llyx — v*|))-
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which may be used to derive the expansions

(g(x) + g(=*))p + o(|Ipl*),
(J(z) + J(2*))"p+ o(||p|*).

flx+p) = f(z)+
clr+p)=clx)+

DI= o=

Consider

or(1) = fr + 2k + 9°) Pk — (yk + aw) (c(@ + pr) — si) + Spxllc(r + pr) — skl

and, using the definition of s, as in Gill et al. [36], write the following expression:
$r(1) = 0x(0) = 5(gr+9") e —5m(J* = Tn) ok —yi (ch—sx) — 5o (ck—sr) (cx —s) +o([[px]1?)-

From (7.32), g* — JIm = o(||p||), which enables this expression to be modified to

or(1) — ¢1(0) = 2g/p + 3L Tkpr — yi(ew — sk) — Spuler — sk) (er — si) + o(||pl?).

To set a = 1, it must hold that

O' —
dr(1) = 9x(0) < 0(¢}(0) + 5¢74(0)) < =5 (llew = skll” + piBrpr),
where the inequalities follow from the fact that ¢”(0) < —w and the definition of w (7.7).
Let 6 be such that 0 + 6 < % The last expression becomes:

dr(1) — x(0) — o (43(0) + ¢%(0)) = 1ggpk + (% + 6 — 6)piBrpr + 3T JkPr — Yi(ck — k)

2
g Pk
+ (5 - ?)Hck — sill” + o(llpxl*)

< —1xl(er + fir) — 6pEBrpr — v (ck — sk) + ol|lpk?),
where the equations o < % and pggk + %pr kPe < 0 were used, as well as the QP comple-
mentarity conditions 7l Jipr = —7L(ck + fik)-

Let k£ be large enough that W, estimates the active set at x*. Then w,?ck = W,:fcw.

Since ¢y (z*) = 0, and the linearization of constraint i is always feasible, ¢y, =
o(llpell).

The expression [yL(ck — sg)]; is clearly eventually zero for i € A°. By the same
argument as above, [yf(cx — sx)]i is o(||px||?) for i € W, the stabilized working set. Finally,
for i € A\ Wk, if [ck]; > 0, then [s]; = [c|i, and [cx — sk]i = 0. Otherwise, since the
linearization is always feasible, [c]; must be within o(||py||?) of fix, and since [yx]; = o(||px]),
the entire expression is o(||p||?).

This implies that for some K, k > K implies

$(1) — ¢k(0) — o (,(0) + ¢5(0)) < 0,

and a = 1 thereafter. O
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Theorem 7.5.3. There exists a K such that for k > K, (zk,yr) converges superlinearly to
(x*,y").

Proof. Theorem 7.5.1 implies that xx — =* and yr — y*. By Theorem 7.5.2, a; = 1 for K
sufficiently large. Hence, eventually y, = 7, with 7§, = 0 for the consistent working set
W. This implies that constraints not in Wy do not appear in the Lagrangian Hessian and

the subproblem solutions (p, 7;) must satisfy:

Hypi + g1 = Jimw,
cw + Jwpr =0,

T > 0.

These are the optimality conditions for the extended iSQP problem (8.3) of [87] with (r,t) =
0 (see Section 5.2.1 of Chapter 5). Hence we apply Wright [87, Lemma 8.2] (5.2.1 in Chapter
5) and Theorem 7.5.2 to conclude that

e+ pre = 2| + [l =y < o = 2177 + [y — o717

7.6 Discussion

This chapter presented an SQP algorithm that is globally and superlinearly conver-
gent under relatively weak assumptions. It drew from a number of results in the conver-
gence theory literature to utilize the augmented Lagrangian merit function’s strong global
convergence properties in conjunction with the fast local convergence exhibited by SQP
using linearly independent working sets. To fully establish the latter results, which de-
pend on the exact Hessian being used in the subproblem, the method of convexification
enabled the algorithm to a) never attempt to solve a nonconvex problem to completion,
b) retain some second-derivative information even in the altered problem and c) use exact
second-derivatives once the iterates are in a local neighborhood of a solution satisfying the
second-order sufficiency conditions for optimality.

Regardless of the results of upcoming numerical tests of the algorithm described
in this Chapter, these results should aid in the formulation of robust and efficient SQP
algorithms for solving NLPs.



Chapter 8

A Primal-Dual Stabilized SQP
Method

8.1 Introduction

In this chapter we focus on optimization problems with constraints written in so-

called “standard form”, i.e.,

minimize f(x)
x

(8.1)

subject to ¢(x) =0, x>0,

where ¢ : R" — R™ and f : R” — R are twice-continuously differentiable (see Section 3.2,
page 38). The purpose is to extend both the scope and the convergence theory of the
stabilized primal-dual SQP method proposed by Gill and Robinson [39]. The discussion is
in three parts. The first part provides a description of the overall algorithm. The second
part is concerned with the convexification of nonconvex QP subproblems and includes the
formulation and analysis of a new “concurrent” convexification that is performed during the
solution of the QP subproblem. The final part provides an overview of the first-order local
and global convergence results. Some changes are proposed that allow local superlinear
convergence to be established under weaker assumptions. An extension of the algorithm
that converges to points satisfying certain second-order necessary conditions for optimality

is considered in Chapter 9.

104
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8.2 Background

8.2.1 The regularized primal-dual line-search SQP algorithm

The regularized SQP line-search method is based on the primal-dual augmented
Lagrangian merit function
1 v
MY (z,y;9", 1) = f(2) = e(2)"y" + EIIC(SU)H2 + @HC(%) +uly—yo)7, (8:2)
where v is a scalar, p is a penalty parameter, and y” is an estimate of an optimal Lagrange
multiplier vector y*. This function, proposed by Robinson [80], and Gill and Robinson [38],
may be derived by applying the primal-dual penalty function of Forsgren and Gill [30] to a
problem in which the constraints are shifted by a constant vector (see Powell [76]). With
the notation ¢ = ¢(x), g = g(z), and J = J(x), the gradient of M"(x,y;y”, 1) may be
written as

—Jh ) (y? —Le) —v
M (o iy ) 9= JH (L +v)(y" — o) —vy) (8.38)

v(c+puly —y"))

g—JN(m+v(r—y))

= , (8.3b)
vi(y — )
where m = 7(x;y”, 1) denotes the vector-valued function
E E 1
m(x;y® u) =y” — ;c(x) (8.4)
Similarly, the Hessian of M"(z,y;y”, 1) may be written as
H(x,m+v(m— +1a+v) gty vJt
VMY (z,y;y", 1) = 7+ vir=y) + 51 +) : (8.5)
vJ vul

The terms MY (z,y), VMY (z,y), and VMY (z,y) are used to denote M?, VMV, and VMY

evaluated with parameters y” and pu.

8.2.2 Definition of the search direction

Consider a quadratic approximation to the primal-dual function M" based on an

approximate Hessian HY, ~ V2M" such that

(8.6)

Hy (z,y; 1) = (H(x’y) + 21+ ) (@)1 () I/J(:E)T) |

vJ(z) vl
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where H(x,y) is a symmetric approximation to H(z,7 + v(7 — y)) ~ H(z,y) such that
H(z,y) + iJ(z)TJ(:E) is positive definite. The approximation 7 + v(7m — y) =~ y is valid
provided 7 =~ y. The restriction on the inertia of H implies that HY,(z,y;u) is positive
definite for v > 0 and positive semidefinite for v = 0.

Using this definition of HY, at the kth primal-dual iterate vy = (zg,yx), consider
the convex QP subproblem

niinir(niz)e VMY () Av + %AUTH;\//I(U]C)A’U subject to xp +p > 0, (8.7)
v=(p,q

where MY (v) denotes the merit function evaluated at v = (x,y).

The following result provides a useful equivalent definition for the search direction.

Theorem 8.2.1 (Gill and Robinson [39, Theorem 3.3]). For any primal-dual QP solution
Avg, = (pk,qr), the first-order conditions associated with the variables in the free part of
xp + pr may be written in matrixz form as:
I—-_’F _Jg Pr _ [gk_ngk_HSk]F 7 (8.9)
Jeopul ) \ak ok + plyk — y*) — Jisk
where ¢, g and Ji denote the quantities c(x), g(x) and J(x) evaluated at xy, and si is a

nonnegative vector such that

[s1)i = [zr]i  if i€ Alzy + pr);
7 0 Zflef(xk+pk)

O

(The assumption of positive-definiteness of H, + i‘]’? J,. implies that the matrix associated
with the equations (8.8) is nonsingular.) It follows that if A(xp + pr) = A(xk), then sy is

zero and (pg, qx) satisfies the perturbed Newton equations

Hp _Jg pbr [.gk_‘]]?yk;}F
el )\ ar ck + p(ye — y°)
Given an iterate vy = (2, yx) and Lagrange multiplier estimate y;, the primal-dual

search direction Avy = (pg, gx) is defined such that vy, + Avy, = (2 +pr, Yk +qx) is a solution
of the convex QP problem

minimize (v — vg) TV MY (v yg, ult) + (v — vp)THY, (vg; 1) (v — vy,)
v=(z,y) (8.9)
subject to x > 0,
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where pff is a small parameter, and H},(vg; py) is the matrix (8.6) evaluated at v, =
(g, yr). In this context, pu;f plays the role of a regularization parameter rather than a
penalty parameter, thereby providing an O(uf) estimate of the conventional SQP direction.

In general, augmented Lagrangian-based methods keep the penalty parameter p as
large as possible (see, e.g., [18, 35]), whereas stabilized SQP methods keep p small (see
Chapter 5). This motivates using a small p for the quadratic subproblem, and a larger p

for the merit function.

Finally, note that if v = vy is a solution of the QP (8.9), then vy is a first-order
solution of

minimize M"(v;y;, i) subject to x > 0. (8.10)

v=(z,y)
The following result provides an important link between the primal-dual SQP method

and regularized SQP methods,

Theorem 8.2.2 (Gill and Robinson [39, Theorem 3.1]). The primal-dual vector v+ Avy, =
(zx + Pk, Yk + qr) is a solution of problem (8.9) if and only if it solves the stabilized SQP

problem,

PP, T 1 T 77 1 R||]12
minimize g (z — z) + 5(¢ — 2x)" H (e, yr) (€ — 21) + 0]yl
i k ) 3 H (8.11)
subject to ¢x + Jp(z —x) + pf(y —y7) =0, x> 0.

O

8.2.3 Definition of the new iterate

This algorithm uses a “flexible penalty function” as defined in Curtis and No-

cedal [20]. Let ax = 277, where j is the smallest nonnegative integer such that

M (v + e Avgs yid, i) < MY (05 yi0s ) + s Oy, (8.12)
for some value pf € [pf, py), and the scalar

81 £ max (Av] VMY (vg; yE, ui), —1073 || Av||?) < 0 (8.13)

is a sufficiently negative value used in the proof of global convergence. Once an appropriate

value for ay is found, the new primal-dual iterate is given by

Tp41 = Tp + P and  Yry1 = Yp + apqy.
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8.2.4 Updating the multiplier estimate

Consider the functions
$°(v) = £(x) +10%w(v) and  ¢F(v) = 107%¢(z) + w(v), (8.14)

where
E@) = lle(@)l and  w(z,y) = |min (z,9(2) - J(2)7y) | (8.15)

are feasibility and stationarity measures at the point (z,y), respectively. These optimality
measures are based on the optimality conditions for problem (8.1) rather than for minimizing
the merit function M. Both measures are bounded below by zero, and are equal to zero if
v is a first-order solution to problem (8.1).

The multiplier estimate y7 is updated when vy, satisfies either ¢°(vy) < %qﬁiax or
¢ (k) < 3L, where ¢2, and ¢k, are bounds that are updated throughout the solution
process. To ensure global convergence, the update to y;’ is accompanied by a decrease in
either ¢ or ¢k .

Finally, y; is also updated if an approximate first-order solution of the problem

minimize M"(z,y;y;, 1) subject to x>0 (8.16)
x7y

has been found. The test for optimality is
IV, MY (v 1y gl < 7 and [min (20, VoMY (i yfop))| < 7 (817)

for some small tolerance 7, > 0. Numerical experiments have shown that it is rare for
an iterate to not satisfy ¢%(vy) < 3¢5, or ¢T(vx) < 3oL, and satisfy this condition,
however, the condition is still necessary for the convergence theory. It was shown in Gill
and Robinson [39] that a sequence of iterates converges to either a point satisfying the KKT
conditions or generates a sequence of M-iterates, converging to a stationary point of M?Y.
It will be shown in this Chapter that under certain, conditions, a stationary point of M" is

also a local minimizer.

If the condition (8.17) is satisfied, y; is updated with the safequarded estimate

Yht1 = (—1067yk+1, 106) :
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8.2.5 Updating the penalty parameters

Since pif should only be decreased when “close” to optimality (ignoring locally in-
feasible problems), use the definition
. min (Fuf, |ne]?), if (8.17) is satisfied;
wi = (8.18)
min ( pf, |9x]|?), otherwise,
where 0 < v < 1 and, as in the regularized SQP methods, 7 is defined to a measure of the

primal-dual optimality violation,

>

c(Trt1)
Mi+1 = Moyt (Vi+1) . _J . : (8.19)
min (93k+1,9($k+1) (Tht1) yk:+1)

This choice of 41 ensures that, as vg approaches a primal-dual solution, and the asymp-
totically superlinearly convergent region is reached, p1f is eventually equal to 7,, which is a
typical value of u” used in the local convergence analysis of stabilized SQP methods. Far
from the solution, p is held to be small so as to not perturb the problem too far from a
conventional SQP step, while monotonically converging to zero along iterates that improve
the merit function.

The update to the penalty parameter py is motivated by the goal of decreasing py
only when the trial step indicates that the merit function increases. The algorithm uses the
update,

[k MY (viet15 Y5 k) < MY (0k; yi s pk) + Qs
[h+1 = (8.20)
max (3 i, fif,,), otherwise,
where §j, is defined in (8.13) and &y = min(auyin, o) for some positive aupin. The use of the

scalar oy increases the likelihood that py will not be decreased.

8.2.6 Formal statement of the algorithm

In this section pdSQP is formally stated as Algorithm 8.2.1 and include some addi-
tional details. During each iteration, the trial step is computed as described in Section 8.2.2,
the solution estimate is updated as in Section 8.2.3, y;’ is updated as in Section 8.2.4, and
the penalty parameters are updated as in Section 8.2.5. The value of y;; is crucial for both
global and local convergence. To this end, there are three possibilities. First, y; is set to
Yk+1 if (24,11, Yp4) is acceptable to either of the merit functions ¢ or ¢ given by (8.14).

These iterates are labeled as S- and L-iterates, respectively. It is to be expected that y;
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will be updated in this way most of the time. Second, if (2, ,¥, ;) is not acceptable to
either of the merit functions ¢° or ¢, check whether an approximate first-order solution
to problem (8.16) has been computed by verifying conditions (8.17) for the current value
of 1;,. If these conditions are satisfied, the iterate is called an M-iterate. In this case, the
regularization parameter p; and subproblem tolerance 74, are decreased and y; is updated
as in (8.2.4). Finally, an iterate at which neither of the first two cases occur is called an

F-iterate. The multiplier estimate y;’ is not changed in an F-iterate.

Algorithm 8.2.1. Regularized primal-dual SQP algorithm pdSQP
Input (o, yo);
Set algorithm parameters amin > 0, 15 € (0, 1), Tstop > 0, and v > 0;
Initialize y§ = yo, 70 > 0, u§ > 0, wo € [uff, 00), and k = 0;
Compute f(zo), c(z0), 9(x0), J(20), and H (0, yo);
for k=0,1,2,... do
Define Hy, ~ H(zy,yx) such that Hy, + (1/uf)JEJ, is positive definite;
Solve the QP (8.9) for the search direction Avy = (pg, qx);
Find an «4 satisfying (8.12) and (8.13);

Update the primal-dual estimate xx11 = 2k + kD, Yk+1 = Yk + Kk

Compute f(zy,1), c(Tyy1), 9(Tpy1)s J(Tpyq), and H(zp g, yp,1);

if ¢S(xk+1,yk+1) < %gbﬁlax then [S-iterate]
Pmax = 3Pmax
Vi1 = Yh+1i
Tk+1 = Tk;

else if ¢*(zpi1, yrs1) < %(bﬁlax then [L-iterate]
Praax = 3Prmac
Yis1 = Yk
Tk+1 = Tk

else if vi1 = (Tiy1, Yr+1) satisfies (8.17) [M-iterate]

yl?—‘,—l = middle(_1067 Yk+1, 106)a

1.
Tk+1 = QTkH
else [F-iterate]
E — 0, E.
Ye+1 = Yi»
Tk4+1 = Tk;

end if
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Update juif,, and ppy1 according to (8.18) and (8.20), respectively;
if ||7%]| < Tstop then exit;

end (for)

8.3 Properties of the subproblem

8.3.1 Convexification
Introduction

The pdSQP convexification procedure in Gill and Robinson [39] proceeds as follows.
If Hy is not positive-definite, then a value uy is found such that H + /%HPAPI is positive
definite, similarly to the procedure described for standard form problems in Chapter 6.

To review the results of Gill and Robinson [39], consider a subset A of the integers
{1,2,...,n} and let J and J, denote the columns of J associated with the set A and its
complement {1,2,...,n}/A. (This notation indicates that A is often chosen as the set F(z)

of free variables.) For given H and J, let K and K denote the matrices

H JT H, Jr
K = and K,=|( " " |, (8.21)

i.e., Ky is the matrix of m + n, rows and columns of K corresponding to the index set A.
A set A for which K has inertia (ng,m,0) is called a second-order consistent basis.
Suppose that we wish to define a convex QP at a point xy at which a second-order

consistent basis A is known.

Lemma 8.3.1. If the KKT matriz K (8.21) is defined in terms of a second-order consistent

basis A, then the matrix

1 T T
e (HF + 11+ w)JL, I/.]F) | 5.22)

vdp vul
is positive definite for v > 0, and positive semidefinite for v = 0.
This implies the following primary result.
Theorem 8.3.1. If the KKT matriz K (8.21) is defined in terms of a second-order con-
sistent A, then the matrix
" (ﬁ +L (v vt

_ 1
, with H=H+ —P,PT,
vJ vul H
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is positive definite. [1

The remaining results of this section relate the solution of the convexified problem
to the solution original problem. It is shown that if the active set does not change, then
the iterations are the same, suggesting the practicality of a procedure that adds additional
terms to the Hessian only if active constraints are dropped. It is also shown that the

convexification procedure is unnecessary for convex nonlinear problems.

Relation between the convexified problem and the original problem
The pdSQP subproblem is of the form:

minAimize gL, Av + AvTHy Av,
v

(8.23)
subject to x+p > 0.
At a stationary point for this subproblem, the following conditions hold:
lg+ Hp— J"yl» =0, (8.24)
lg+ Hp— Jyls = 2a, (8.25)
c+ uly —y®)+ Jp = 0. (8.26)

Consider the convexified Hessian H = H + /%HPAPE,F. The following statement about

the QP iterations holds.

Proposition 8.3.1. If there is no change in the active set, the solution to the convexified

subproblem is a solution to the original indefinite subproblem.

Proof. A step for the convexified problem satisfies

He —J0\ (e _ ( lo+Hpj— Ty .27
e el ) \4 c+pu(y; —y°) + Jp;
Hy = P{(H + ;-P,P)P; = Hy + - PI'P,P{Py. The product P/P, is just a matrix of
inner products of the columns of P, and Pr. Since P, has columns e;, i € A and Py has
columns ej, j € F, and AN F is empty, e;fpej =0foralliec Aand j € F, so PIP, = 0.
The matrix on the left-hand side of (8.27) remains unchanged.
The matrix [A]; is equivalent to PFA. Consider [Hp;], = PI(H + I%HPAPAT)pj.
Similarly, PIP, = 0 and so [Hpx] = [Hp;] and the right hand side of (8.27) remains
unchanged if H is replaced by H. O
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However, convexification changes the reduced costs, and therefore may change the
optimality of the active set. This is because, at a solution of the convex problem,

1 1 1
[9+ Hp—|— 7PAPATp_ JTy]A = 24 + 7PAPZp =2y 7[1:0}14’
120 1 o

H

which implies that the reduced costs may have different signs.
Suppose that z; < 0 and a direction is computed that moves off constraint ¢. The
direction for the convex problem is identical to the step for the problem with H; = H +

(1/uy)e;el. Consider iterating this procedure until a solution p is found satisfying
1
lg+Hp+ =P, Pyp— J'4lr =0, (8.28)
H
1
[g+ Hp + /TPAPAT;; —Jlgl.=z>0. (8.29)
H

Note that [g+Hp+(1/py) P, PIp—J™y] 4 = [g+Hp— Jy] 4, so the reduced costs for
the convex problem are also reduced costs for the original problem if p is also a stationary
point for the original problem.

However, [g+ Hp — J7y]r = —[(1/uy) P, PIp]r is nonzero if some of the constraints
originally active at the start of the QP subproblem became inactive during the algorithm
iterations. Since, in this case, the free components of the reduced costs are not zero, p is

not a stationary point for the original QP.

Strictly convex problems

In this section, it is shown that it is not necessary to convexify a strictly convex
problem. Consider the QP subproblem in inequality form (3.2). If this problem is convex,
the objective f(z) is convex, the inequality constraints c(x) > 0 are concave, and the
equality constraints ¢(z) = 0 are linear. In order to simplify the discussion only inequality
constraints are considered, although the theory is easily extended to problems with linear
equalities. If the problem is transformed to standard form, the constraints c(x) > 0 are

changed to ¢(z) —s =0, s > 0, and H,, has the form,

H+ (1+v)J' — (v gt J"
Hy=| —L(1+wv)J CERZVAE N (8.30)
J -1 vul

==

If the Hessian of the Lagrangian is positive definite for all x and ¥, then the following result

holds.
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Lemma 8.3.2. If H is positive definite and v > 0, then H,, is positive definite.

Proof. Consider the quadratic form d”H,,d for the Hessian H,, of (8.30). If H,, is positive
definite, then for any d # 0, it holds that d"H,,d > 0. If d is partitioned as d = (u,v,w),
the definition of H,, (8.30) gives
1 1
d"H,d = v Hu + ;(1 + v)(Ju)T(Ju) — ﬁ(l + )T + vutJTw

1 1
— (14 )l Ju+ =1 + v)ofv — volw + vwlJu — vwTv + prwhw
[ 1t

> (Ju — v)T<;(1 +v)(Ju—v)+ 2uw> + pw’w

1
> ;(1 +v)(Ju—v) (Ju =) = 2v[[Ju —v|[w] + pjw]|?
1 2
> | —=||Ju —v|| — u||w
( 7w =l = il 1)
>0.
This proves the positive definiteness of H,,. O

If f is not strictly convex but simply convex, then H can only be said to be positive-

semidefinite everywhere and H)js is everywhere positive-semidefinite.
Lemma 8.3.3. The dual solution of (8.23) satisfies (y + q); > 0.

Proof. By Theorem 8.2.2, the solution of the pdSQP subproblem is the same as the solution
of the stabilized SQP subproblem. From the primal optimality conditions, it holds that,

g+ Hp—Jy+q)—z=0.
For the slack variable s;, this condition is (y + q); = z;. Since z; > 0, so is y; + ¢;. ]

Lemma 8.3.4. For a convex problem, if yo is chosen such that yo > 0, then H,, is always

positive definite.

Proof. As mentioned above, for a convex problem, f is convex, ¢; is linear for ¢ such that
¢i(x) = 0, concave for ¢;(xz) > 0 and convex for ¢;(x) < 0.

Therefore H = V2f(z) — > 4;V%;(z) is always positive definite if y is such that
y; > 0 for ¢;(x) > 0.

By the assumption, y; > 0 holds for the initial point. Now assume 1; > 0 at iteration
k. Then, by Lemma 8.3.3, (y + q); > 0, so (y + «q); > 0.

Hence H(zg, yx) = Vi f(ar) — >, viV2,ci(xy) is always positive definite, since f(z)
is convex, y; > 0 and {¢;(z)} are concave. By the Lemma 8.3.2 of this section, H ) is always

positive definite. O
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8.4 Solving the QP subproblem

8.4.1 Definition of the QP step

The bound constrained quadratic program has the form

niinir(niz)e g (vp) T Av + %AUTH}CI(%)AU subject to x +p > 0. (8.31)
v=(p,q

In the convergence theory of Gill and Robinson [39], it is assumed that H -+ 1*‘T”JTJ is
positive-definite. If this is not the case, then a modified LBL factorization is used to obtain
a diagonal matrix D such that the matrix of free rows and columns of H + D + 1:—”11 TJ is
positive definite (see Chapter 9 for details). If a nonzero matrix D is found, the variables
corresponding to the nonzero elements of D are temporarily fixed at their currents values
before the QP subproblem is started. These temporary constraints are removed during the
iterations of the QP subproblem. The initial nonbasic set of “real” and temporary bounds
defines a second-order consistent working set (see Section 3.2.2 of Chapter 3). The QP

subproblem is solved using an inertia-controlling QP method, described below.

8.4.2 An inertia-controlling method for bound-constrained QP

An inertia-controlling method for the bound-constrained QP,

mi;lei%}ze o(z) = gz — z0) + 3(z — 20) H(z — x9) subject to x>0, (8.32)
generates a sequence of primal-dual iterates (z;, z;) such that z; = g(x;) and every z; is
a subspace minimizer with respect to the current basis. The method generates a sequence
of sets of consecutive iterates such that the first and last iterate of each set is a standard
subspace minimizer. At the first point of each set, a nonbasic variable zs with a negative
dual variable is identified. In the sequence of subsequent intermediate iterates, there is
at most one strictly positive nonbasic variable (the variable with index v,). The set of
intermediate iterates ends at a point at which the dual variable for x; has been driven to
zero. At this point, the variable x5 is made basic, which implies that the last iterate is a
standard subspace minimizer with respect to the new basis.

For the moment we focus on a set of consecutive iterates that starts at a standard
subspace minimizer x;. If g(x;) is nonnegative, then x; is the solution of the QP and the
algorithm is terminated. Otherwise, there is at least one strictly negative component of
gn(zj) (say, the s-th nonbasic, which corresponds to variable z), and hence there exists a

direction p, such that ¢’p + p’Hp < 0 and p = e;. Movement along pj causes the nonbasic
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variable z; to become strictly satisfied. An appropriate direction is given by p; = x — z;,

where x is the solution of the equality-constraint QP:

miniﬂr{gﬂze g(z;) (z — x;) + 2z — x;)'H(z — x;) subject to [z]y = es.
rER?

Given (z;, z;) we define the optimal (z, z) in the form (z; + p;, z; + ¢;), with
[z +pjle 20, [z +pln = e,
[z +4ils =0,  [z+gly =0

As in the previous section, the equalities [z; + p;]x = €5 and [2; + ¢j]z = 0 are written in

terms of the equations

Hy Hp, —Ip Ps 98(x5) — [#]s
HE Hy —In | [pn ]| _ | on(®)) = [2]s
Iy gs N [%i]s
Iy an [z;]n — es

As z; = g(z;), and z; is a subspace minimizer, it must hold that gz(x;) = 0, in which case

the equations simplify to give

Hy, H, —Ip s 0
HI H, —In | |p~| 0
Iy w| | o

Iy N es — 75y

If ; is a standard subspace minimizer, then [z;]y = 0, and the equations can be written as

Hy, Hp PbB 0
HY Hy —Iy||pv|=1|0]- (8.33)
Iy qn €s

It follows that py = es, qv = [Hp|x and py satisfies the equations
Hpps = —[Heg|p = —[hs] 5. (8.34)

In practice, py is defined implicitly and only the components of pz and ¢y need be computed
explicitly.
For any scalar step length «, the values of p; and ¢; specified by (8.33) give

95(zj + apj) = gs(zj) + a[Hp;jls = gs(x;) = 0, (8.35)
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which implies that every point on the ray x; + ap; is a subspace minimizer with respect to

B. Moreover, the directional derivative and curvature along p; are given by

9(x;)'p; = 2fpy = (2n)s, and  plHp; = pray = (qn)s. (8.36)

Once the direction pair (pj,g;) is computed, a nonnegative step length «; is com-
puted so that z; + a;p; is feasible and p(z; + a;p;) < ¢(z;4). If p]THpj > 0, the step that
minimizes p(z; +a;p;) as a function of a is given by af = —g(xj)ij/p;‘FHpj. The identities
above give

o = —g(x;)'pi/pjHpj = —(2n)s/ (an)s-
Since (zy)s < 0, if (gn)s = p]THpj > 0, the optimal step length o is positive. If p;‘-FHpj <0,
then (qn)s = pJTH pj < 0 and ¢ has no bounded minimizer along p; and a;f = 400.
If z; + a;pj is unbounded or infeasible, then oz must be limited by a;, the mazimum

easible step from x; along p;. The feasible step length is defined as a. = v = min; {v;},
J J =

where

400, otherwise.
The step length «; is then min{aj,&;}. If o = +oo, the QP has no bounded solution
and the algorithm terminates. (For brevity, the calculation of ~, is summarized as 7, =
minRatioTest(z;,p;).) Once a bounded «; has been defined, the new iterate is ;11 =
xj+ajp;. The composition of the new working set and multipliers depends on the definition
of aj.

Case 1: a; = «. In this case, the curvature (¢y)s must be positive, and the step length

j'
aj = aj = —(zy)s/(qn)s minimizes o(z; + ap;) with respect to a, giving the s-th element
of zy + aqy as
(ZN + an)S = (ZN)s =+ a;(QN)s =0.

This identity shows that the Lagrange multiplier associated with the nonbinding nonbasic
variable is zero at x; + ajp;. This result, when used in conjunction with (8.35), implies
that ;41 is a subspace stationary point with respect to B+ {vs}. The following argument
shows that the new reduced Hessian is positive definite at x;11 and is hence a subspace

minimizer. The reduced Hessian with respect to the new basis is given by

Hy o [hals
) hun )
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which is positive definite if the Schur complement h,, ., — [hs|L Hy [hs]s is positive. The

definitions gy = [Hp;|x and py = e, imply that

(qv)s = eL(Hppy + Hypy) = [h)bps + . = huyw, + [hs] D5

The definition of pp (8.34) gives

(qN)S = hus,us - ngBpB = hus,l/s - [hs]gHgl[hS]B>

which is positive, as required.

Case 2: aj =« In this case, o is the step to the bound on x;. If the index ¢ corresponds

e
to the r-th basic variable, then the index (3, is moved from the basic set to the nonbasic set
at xj + a;p;. The following argument shows that x; 4+ «a;p; is a subspace minimizer with
respect to the new basic set B—{,}. The point z;+«;p; is a subspace stationary point with
respect to B from (8.35), and remains so when g,(z;11) is moved to zy. Moreover, every
symmetric subset of the rows and columns of the positive-definite matrix Hyg is positive
definite, which implies that the matrix obtained by removing the 3,-th row and column of
Hy is positive definite.

If temporary bounds are imposed at xg, and the index v, corresponds to a temporary
bound, then it is possible that ¢ = v,. In this case, the nonbasic set does not change at
xj + ajpj, but the status of the nonbasic index v, is changed from being associated with
a temporary bound to being associated with the “real” bound on x;. As Hjy remains the
same at z; + apj, it follows that x;; is also a subspace minimizer with respect to B. (A
similar scheme is used to handle bound swaps for upper and lower bound constraints of the

from ¢ <z < w.)

Algorithm 8.4.1. [Inertia-Controlling Method for QP with Bounds.]
Choose z such that xg > 0;

Choose B and N such that Hjy is positive definite;

Set x =x0; g=g+ H(x—); v, =argmincy {g:};

while ¢g; # 0 do

Solve Hppp = —[hs|p; pn = €s;
P

p=P ") qv=I[Hplx;
PN

[, t] = minRatioTest(z,p); [blocking variable x
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if (qv)s >0 then a* = —gs/(qyn)s else a* = +o0;
a = min{a*, a};
if o = 400 then stop; [unbounded solution]
T x+ap; gy < gy +aqy;
if a=a" then

B+ B+{vs}; NN —{v};
else if a < o* then

if t =3, then

B+~ B—{6}; N<N+{5}

end
end;
if go =0 then vy = argmin;cp {9:}; [standard subspace minimizer]
k< Ek+1;

end do
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8.4.3 ICQP as applied to the pdSQP subproblem

A subspace stationary point is found by solving,

[HM]B (p;) = —[QM]B-

At a standard subspace minimizer of the inertia-controlling QP method identifies an active
constraint s with the largest nonoptimal component of z (i.e., z is on its bound but zs < 0,
or xs is set on a temporary bound and z, is nonzero.) This bound is set for deletion from
the nonbasic set. At the next step, (g,)s must remain zero, while the nonbasic variables
remain fixed except for variable s, which moves off of its bound. These requirements may

be summarized in the equation,

H, EL\ (Av 0
Ey O —r €s ,
where Ey is a matrix composed of the columns of the identity matrix corresponding to

the nonbasic set, Av is the QP iteration step, and r is the change in the reduced costs z.

Expanding H,,, this is equal to

14v 7T T T
H + m JJ vJt By P 0
vJ prl 0 q| =

Ey 0 0 -

The second equation is Jp 4+ urqg = 0, which implies that the first equation may be written
as

Hp—JWq— E%r =o. (8.37)

These equations can be simplified because EyAv = e, has the effect of constraining

all active variables except for the sth. In particular, they may be written as:
[HylpAvs = —[Hyes]s, (8.38)

which is equivalent to a regularized Newton system (also the stabilized SQP equations), as

shown in the following result.

Result 8.4.1. Consider the application of the active-set method to the bound constrained
QP (8.31). Then, for every v > 0, there exists a positive i such that, for all 0 < p < [,

the free components of the QP search direction (pj,q;) satisfy the nonsingular primal-dual

EAE )
Js ul q; Qs

system
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Proof. Consider the definition of the search direction when v > 0. In this case it suffices to
show that the linear systems (8.38) and (8.39) are equivalent. For any positive v, we may

define the matrix

1 o-Lgn
TB = )
0o i,

where the identity matrix / has dimension ng, the column dimension of ;05;. The matrix

Ty is nonsingular with np + m rows and columns. It follows that the equations
TB[HM]BAUB = _TB[HMes]B

have the same solution as those of (8.38). The primal-dual equations (8.39) follow by direct
multiplication. The nonsingularity of the equations (8.39) follows from the nonsingularity
of T, and the fact that H,, is nonsingular (as are all symmetric submatrices formed from
its rows and columns).

The resulting equations (8.39) are independent of v, but the simple proof above is
not applicable when v = 0 because Ty is undefined in this case. For v = 0, the QP objective

includes only the primal variables x, which implies that problem (8.31) may be written as
. T N\NT/ (0 _ . \T Lor _
minimize (g—J'm)" (x —z0) + 5(x — x0) (H + MJ J) (2 — z0),

with y arbitrary. The active-set equations analogous to (8.34) are then

Lo _ Lo
@5+M%4¢@—Kﬂ+nlﬂ%h. (8.40)
Let the m-vector ¢ be such that
1
q; = _;JB (ps +e€s). (8.41)
Equations (8.40) and (8.41) may be combined to give
Hyg _Jg Py B [hs]B
JB MI (:I] as ’
which are identical to the equations (8.39). O

8.4.4 Properties of the curvature

Consider the curvature AvTHy; Av for any arbitrary Av. By definition, we have

H+1a+v)Jtg vJ”
H]\/[A’U = M( V) v p
v vul q

_ (Hp+ iJTJp + ﬁJT(Jp + 1q)
v(Jp + pq)
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By assumption, both (z,y) and (x + p,y + ¢) are subspace minimizers, which implies that
ct+J(@+p—wmo)+puly+aq-y")=Jp+pug=0.

Hence

v(Jp + pq) 0

_ (Hp N JTQ) . (8.42)
0

This identity implies that the scalar AvTH,,; Av, which represents the curvature of iy along

Hp+ 0T p+ 2 J0(Jp + Hp+L1JTJ
HMAU:<p p I+ G (It pg)\ _ (Hp+ ]  p

Awv, may be written as
AvTHy Av = p"Hp — p"J g = p"Hp + p|lglf3. (8.43)

It follows that if the objective p(x) for the QP is convex, then H is positive semidefinite
and the curvature is positive for all positive u.
If p is written in terms of its basic and nonbasic components, the identity (8.43)

implies that the curvature AvTH,; Av can be expressed as

AvTH Av = pTHp + pl|q||3

Hy, Hp)\ [ps
— T T 2
=(pL »p + plq]|

= pLHpy + phlhs]s + [hs]hps + hoew, + plldll3. (8.44)

The vector pp is independent of A, , which implies that if the curvature is not sufficiently
positive, it may be increased by adding a positive quantity s to the vs-th diagonal of
H. This procedure will result in the final iterate being the solution of a QP with Hessian
H + AH, where AH = diag(6, 02, ..., 0,) is positive semidefinite.

8.4.5 Calculating the step-size

In the inertia-controlling bound-constrained QP algorithm 8.4.1, the step is scaled
to be either to a blocking constraint or an unconstrained one-dimensional minimizer along

Av. If the curvature along the step, AvTH); Av, is positive, this is given by the expression,

Oy = _(gjw + H]u('U — UO))TAU/A’I)THMA’U’
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where v is the current primal-dual iterate in the QP subproblem and vy is the base point
of the QP.
As (z,y) is a subspace minimizer at every iteration, it must hold that g, + Hy (v —

vo) = z, and zp = 0. This implies that the numerator of c.. can be expressed as:
(gnr + Hur(v — UO))TAU = Avlz = Zs,

because the only nonzero components of z are in N and x4 is the only nonzero component
of zy.

In addition, as Eyp = eg, it must hold that
AvTHy Av = Ao (EZr) = 7By (p) = [Hp — J'qls,
q

where the last equality comes from equation (8.37). These expressions imply that the step

length o* may be written in the form:
o = _(gM(v))S/AUTHMAU = _ZS/T87 (845)

where 7 denotes the vector Hp — J1q.

8.4.6 Concurrent convexification

As described in Chapter 6, an ideal convexification method makes minimal changes
to H. In this section we propose a method that alters H only when negative curvature is
encountered during the solution of the QP subproblem. The idea is to monitor the sign of
the curvature AvTH Av at each step and add a quantity to Hg, that is large enough to
make AvTH s Av sufficiently positive. This idea can be extended to allow the curvature to
be increased whenever a small positive value of the curvature would otherwise cause the
QP solver to take a large step.

At any given QP iterate (z,y), the new reduced costs are a function of the step
length a, i.e., 2(a) = g+ H(x —z0+ap) — JI(y+ agq). The rate of change of z as a function
of a is given by the curvature AvTHy; Av. The situation in which the curvature is positive
is depicted in Figure 8.1. The intercept of z(«) is the starting value z = z(0) and the slope
is the curvature. In this case, the minimizer a* of ¢ as a function of « satisfies z(a*) = 0.
In the case of negative curvature, z(«) is unbounded below as v — oo, and there is no finite
o, as shown in Figure 8.2.

Let o denote the scalar ¢ = (x — zp)s. Adding a positive scalar € to the s-th

diagonal of H has the effect of adding ¢6 to the multiplier z;, and 6 to the curvature r;.
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AvT HyrAv @ @

Figure 8.1: If the curvature along Av is positive, then there is a finite o* at which z(«) = 0.

These modifications redefine the expression (8.45) for the step length to the minimizer along

Av as
a() = —(zs +00)/(rs +6). (8.46)

The derivative of o with respect to 0 is given by

! _—71 ar z
o(0) =~ (o + 125D,

There are two cases to consider for the choice of 6.

Case 1: 0 < 0. In this case, a(f) has a pole at § = —r,, and decreases monotonically for
0 > —rg. The inequality o < 0 and the assumption that rs < 0 imply that «(f) — |o| as
0 — +o00. It follows that 6 can always be chosen sufficiently large that «(6) is smaller than

any given value larger than |o|. If z(6) is the new iterate z(0) = = + a(0)p, then
(@(6) — w0)s = (z + a(0)p — m0)s = (z — 20)s + a(f)ps = 0 + a(0), (8.47)

which implies that (z — zg)s — 0 as § — 0.

Case 2: 0 > 0. Ifo > 0, then the choice of 6 is complicated by the fact that if o > |2z,|/|rs],

then «(#) is not a decreasing function of . Moreover, even if « is decreasing, the amount
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/AUTHA,[AU

Figure 8.2: When the curvature along Av is negative, z(«) is unbounded below.

that 6 can be increased to reduce «(€) is limited by the fact that the modified multiplier
zs + 06 is a monotonically increasing function of § that will be positive for any 6 > |z|/0o.
This implies that 6 can be chosen sufficiently large that the multiplier z; is positive. In this
case, the variable x5 must be “deselected” as the nonbinding nonbasic variable. Gill and
Wong [40, 42] show that the curvature r, is nondecreasing during a sequence of nonstandard
iterations with the same nonbinding index vs. This result is crucial because it means that
a diagonal will be modified only at the start of a sequence of non-standard iterations.
Therefore, if a nonbinding nonbasic variable z is deselected because its multiplier changes
sign after the modification, then x; must be at its bound and may be returned to being a
regular nonbasic variable at its current value.

The convexification procedure attempts to modify the Hessian so that the step
length taken is a particular desired value, a., defined heuristically as a moving average of
the norms of the previous steps ap. In particular, the change to the diagonal of H required
to make «, the step length to solve z(a) = 0 is the solution to: Os[(x — z¢ + acp)]s =
[—g — H(z — x0 + acp) + JH(y + acq)]s. Ideally this modification will modify the curvature
to be positive so that z(a) resembles Figure 8.1, with o* = «..

There are several limitations associated with this modification to H. First, it may
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be that [z —x+ a.pls is zero, which makes the solution undefined. In this case, a. is simply
doubled.

Another complication is that when H is modified, then z(0) = g+(H+AH)(z—x0)—
JTy is modified as well. In particular, the sth component can change sign. In particular, as
the modification to the Hessian increases, z(0) may change sign before the point at which
z(a) crosses the a axis is ae. In this case, the solution to the modification of H results in
the picture depicted in Figure 8.3. In this case, the optimal modification does not result
in positive curvature. In this case, the variable s set at its bound becomes optimal and no
step should be taken along Av, and a new constraint is found for moving off of (which may
be the same s but along the opposite direction if it is a temporary bound).

A

z(a)

/A’UTH]\{ Av Qe

\ a

\J

Figure 8.3: The sign of z(0) changes as a result of a positive modification to H at a value

less than the curvature.

Finally, it can so happen that the calculated modification in H is negative. This
solution is depicted in Figure 8.4. The scenario which causes this to be the solution for
the modification of H is depicted in Figure 8.5. Here, as the diagonal AH,, increases, the
value of z(0) decreases faster than the curvature increases, and no positive value solves for
a* = a.

The convexification procedure monitors the sign of AHgs = [—g— H(z —xo+ acp) +

Ty +aeq)]s/[(x—20+0acp)]s, and if it is negative, adds a value so as to make the curvature
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AvT HypAv

[

Figure 8.4: The solution for the desired modification in H is negative.

positive with the opposite sign of AvTHy;Av. In this case, o may be considerably larger
than «,. If there are no blocking constraints, then the step length may be very large.
This case is less than ideal, but should generally only occur if the QP is fundamentally

unbounded.

8.4.7 An alternative concurrent convexification method

Instead of bounding the inner iteration step-size, there could be a bound on the total
size of the step along variable s |[z — xo]s|. Note that this is similar to, but distinct from a
trust-region strategy, which, if an inf-norm trust-region, would already be reflected in the
boundary values, in which case convexification would be unnecessary as we "trust" stepping
to the boundary along a direction of negative curvature. It leaves open the question as to
how to define this bound. However, a method implementing this procedure ||z — z¢||oo is

described below.

The definition of 8 depends on certain “target values” 7,, and zyi, that define the
maximum change in x and the smallest positive multiplier. If o > 0 then 6 is chosen so that

the multiplier at = changes from a negative value to a nonnegative value than is no smaller
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a(‘,

AvT Hy Av
2(0) _

Figure 8.5: As the diagonal of H increases, the value of z(0) decreases more than the value

of AvTH; Av increases.

than znin, i.e.,

2s + 00 > zmin > 0.

This inequality is satisfied for every € such that 8 > 6, where
0F = (2min + |25]) /0

is the value that “flips the sign” of the multiplier.

If 0 <0, the definition of @ is based on choosing 6 subject to a limit on the change
in the nonbinding nonbasic variable, The expressions (8.46) and (8.47) imply that (z(0) —
x0)s > 0 for all @ > —rg and (z(0) — x0)s — 0 as  — co. Accordingly, we require that 6 be
chosen large enough that

((0) — 20)s < T, (8.48)

where 7, is a positive constant. This condition forces the distance of z4(6) to [xo]s to be
of the same order as the distance of x5 to [zg]s. An advantage of this choice of « is that
the modification is mainly determined by the behavior of ¢ along the component of the

direction along the “offending” variable x.
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The restriction (8.48) implies that the value of # must be larger than the critical

value 01 such that
(@(0r) — x0)s = (z + a(0r)p — x0)s = 0 + a(fr) = 7.
Combining this expression with the definition of « given by (8.46) yields
a(0) < amax = T + |o| forall 0 > 0 = (|zs| + amax|7s|) /Tm-

The value of § must be chosen such that 6 > 01, where 07, = |r4| is the smallest perturbation

that makes the curvature nonnegative. Observe that
Or = |rs| + (|ZS| + ‘U’)/Tm > 0r,
as required. In summary, the definition of 8 is given by
Or it 67 <0,

f =

max{fr, 0}, otherwise.

One clear advantage of this method is that the scenario depicted in figure 8.5 is not
possible, and a modification that bounds the total deviation of variable s from the value
at xg can always be found. The drawback is more subtle. This method requires the value
Tm, @ de facto trust-region on the variable. Without a proper trust-region framework, the
drawbacks will be inherent in whatever arbitrary heuristics are put in place. For instance,
by making 7, = ||z — %¢||co, the algorithm potentially penalizes large step lengths early
among the iterations, when they are expected to be larger since the larger magnitude [z]s
are moved off of first, and these correspond to the directional derivative of the objective.
Of course the previous convexification procedure suffers from an arbitrary heuristic as well,
of using a moving average of inner iteration steps, but with a large collection of such steps

accumulated, it can be expected that this is a relatively safe and self-correcting procedure.

8.5 Global Convergence

This section contains several results concerning the global convergence of the primal-
dual iterates of pdSQP. For the primal iterates, it is shown that if the constant positive
generator constraint qualification holds, then a sequence of S- and L-iterates converges
to a first-order KKT point. (The constant positive generator (CPG) constraint qualifica-

tion is the weakest constraint qualification that ensures that approximate KKT sequences
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converge to KKT points; see [4] and Chapter 2, Page 16). It is also shown that for equality-
constrained problems, an infinite sequence of M-iterates converges to either a KKT point

or a point failing to satisfy the quasinormality constraint qualification.

8.5.1 Convergence of S- and L- iterates

The main result of this section is that a subsequence of S- and L-iterates form an
approzimate KKT sequence. An approximate KKT sequence {zj}, defined in Chapter 4
(Page 48) is a sequence {z}} such that the following conditions hold

g(xr) =Yy Vei(ar) — 2 = e, 8.49
g > —O0k, 8.50
z >

zp —0k) = 0,

(8.49)
(8.50)
0, (8.51)
(8.52)
lej(@p)ll < v, (8.53)

with {eg, ok, vk} — 0.
Andreani et al. [4, Theorem 5.7] show that if: (i) xy — «*; (ii) xy is an approximate
KKT sequence; and (iii) CPG holds at z*, then z* is a first-order KKT point.

Result 8.5.1. An infinite subsequence {vi} of S- and L-iterates is an approximate KKT

sequence.

Proof. Let v, = max (@, ¢7'*"). As v, — 0, the definition of ¢g and ¢ implies
that the constraint inequality (8.53) holds. In addition, the stationarity condition implies
| min(ar, g(ox) — T (@) gl < e

For components i satisfying min([zg);, [g(xx) — J(21)Ty]i) = [zr]i, we define [2]; =
([9(zx) — J(zx)Tyr)i)+ and [0x); = [zx]);. For the components 4 such that min((zy);, (g(zx) —
J(x1)Tyr):) = (9(zx) — J(2r)Tyr)s, we define [z;]; = 0 and [6x]; = 0. The resulting vector
2, satisfies (8.51), and zy and J satisfy (8.50) by construction.

For the indices 7 such that min(z;, [g(zx) — J(zx)Tyr]i) = [zx):, it must hold that
[zk]i = [0k]i < Yk, which implies that (8.52) holds for the ith component. The condition
[9x — JFyk]i — [2x)i = O implies that the ith component of (8.49) holds with [ex]; = 0.

In the second case, [2x]; = 0, so equation (8.52) holds and [ex]; = [gx — J{yr)i < Yk,
and (8.49) must hold also.

This proves that vy, is an approximate KKT sequence with 0 < {eg, 0, vt} < 7% and
vt — 0. O
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8.5.2 Convergence of the M-iterates for equality constraints

Assuming very weak regularity conditions, a global convergence result can be derived
for the limit sequences of M-iterates when there are only equality constraints (i.e., there are
no bounds on the variables).

Let {v;} be a sequence of M-iterates, for which limy_,o pff = 0 and limj_,o 7 = 0.
Note that, by assumption, {z}} lies in a compact set, and hence {z}} has a limit point z*.
Without loss of generality, let & denote the indices of the corresponding subsequence.

It is assumed that the quasinormality constraint qualification holds at x*. The
quasinormality constraint qualification, first defined in Chapter 2 (Page 16), implies the

following condition:

Definition 8.5.1. The quasinormality condition holds at x* if there is no {\;} such that
1. > \Vei(z*) =0,
2. the X\; are not all zero,

3. For every neighborhood N of x* there is an x € N such that \ic(z); > 0 for all i with
Ai # 0.

The gradient of MY is

1
gk — J¢ ((1 +v) (yf - Eck) - Vyk)

v(ew + wrlyr — yi)

VMY = (8.54)
As the definition of an M-iterate implies that ||V M (vg)| < 7, we define e, = VM (v),
where |leg|| < 7% Let €f = VM (vy) and €] = V, M (vg).

Proposed change to Algorithm 8.2.1: For the test that defines an M-iterate, the term
VMY (vky15Yie» yy) is replaced by VMY (vgy1;5y0, 4, i), where 7, is defined as the new
multiplier estimate yx1. This modification is necessary for the first result below to hold.

It does not change any of the other convergence results.

Theorem 8.5.1. If the sequence {yi} is bounded, then every cluster point of the sequence
of M-iterates is a first-order KKT point.
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Proof. As k is an M-iterate and {y,} is bounded, it follows that y, = y; in the definition
of VM. This implies that ¢ — 0 because the second component of the gradient of M
converges to zero,

The stationarity condition implies that

_|_

lim <g;C — Jlype + —— chk> =0.
k—ro0

From the definition of the second component of VM, it holds that that ¢, = e% /v, where
e% — 0. Furthermore, since 7, the optimality residual, is bounded from below by assump-
tion, it holds that, for some index K, the update for p is ppi1 = %,uk for all k¥ > K, where
i, is updated if and only if 75, is updated. This implies that €} /u, < 7%/ = T /pk is the
member of a bounded sequence and must have a cluster point €*.

If ¢, is written as ez /v, in the stationarity condition, it holds that

klim (gk — Jiy + Jk%) =0,

which implies that, at any cluster point (z*,y*),

—Jf(y*—k 1j;ye*) =0,

as required. O

Theorem 8.5.2. If the sequence {yi} is not bounded, then the sequence of M-iterates has
at least one cluster point that is either a first-order KK'T point, or a point failing to satisfy

the quasinormality constraint qualification.

Proof. The second component of VMY may be rearranged to give yj in the form

1 /1
Yr = e — (k) ) + Yy
(Lt o) 4ot
Similarly, the first component of VM"Y may be written as
1 vl oy 1 1
T E E| _ T E Y
gk — e | L+ ) (0 — —zck —ck) = vy | =9k — Ji| — R+ Yk — €
k( (k ug ) :U’k( k ) k k( Ml? k u;g k)

= €.
This implies that
lim (,ngk — iy + i, + Ji&%) =0.
k—o0
As the sequences {J]y?’} and {gi} are bounded, with s, — 0 and €/ — 0, the sequence J/ ¢y,

must converge to zero. Also, as the sequence {x} is bounded, if the sequence of iterates
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has a cluster point z*, it must hold that either ¢(z*) = 0 or ¢(z*) is a nontrivial member of
the null space of J(z*). The latter case implies that the quasinormality condition fails at
x* with A = e(z).

If ¢(z*) = 0, then by the same argument as in Theorem 8.5.1, the sequence {€} /p}
is bounded and hence has a cluster point. Since x; and yi are also bounded, by the second
component of VM, there is a subsequence {k;} such that y;, — y*. The stationarity KKT

condition is satisfied by the multiplier § = yZ — €*, where €* is a cluster point of €} /py. [

8.5.3 Convergence of the M-iterates for equalities and bounds

In the case of the general problem (8.1) with equality and bound constraints, only,
weak statements about infinite sequences of M-iterates can be made. Let xj be a sequence

of M-iterates with cluster point x*. Consider the expression,

0= lim ||min(zg, VoM)| = lim |[[[(zx — VaMg) — 2] ||
k—o0 k—o0
> lim | [(2x — (urgr — e Jivi + Jicw + Jiet)) — ai] |
= |[[@* = J(=*) e(z")) — 2*] ||
This implies that z* is a stationary point of the problem

minimize |c(x)||*> subject to x > 0.
€T

This is a standard result for augmented Lagrangian methods (see, e.g., Conn et al. [19]).

8.6 Local Convergence

As noted in Section 3 of Gill and Robinson [39], the subproblem in the algorithm is
of the same form as the stabilized SQP subproblem. However, several other properties have
to hold for the two subproblems to be fully identical. Since stabilized SQP is superlinearly
convergent for degenerate problems, the two subproblems being identical would imply that
pdSQP is superlinearly convergent as well.

The following assumption is made throughout this section:

Assumption 8.6.1. There exists a subsequence of the S- and L- iterates that converges to

a first-order KKT point x*.

In the global convergence results of Gill and Robinson [39, Theorem 4.2], the se-

quence of iterates generates either a subsequence of S- and L-iterates or converges to a
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stationary point of the primal-dual augmented Lagrangian. In view of the previous sec-
tion’s discussion of global convergence results, this assumption concerns the case where the
algorithm does not converge to a non-optimal stationary point of ||c||%.

The following second-order sufficiency condition was defined in Chapter 2, Page 26.
Definition 8.6.1. The second order sufficiency condition (SOSC) holds at a first-order

KKT point (x*,y*, 2*) if p H(z*,y*)p > ol|p||? for all p such that J(z*)p = 0, p; = 0 for
zi >0, and p; > 0 for zf = 0.

The results of this section require that the SOSC and the MFCQ hold.

Assumption 8.6.2. The second-order sufficiency conditions and the MFCQ hold at all
first-order KKT limit points (z*,y*, 2*) of the iterates.

To begin with, it will be shown that eventually, an unconstrained step length is
taken, i.e., ap = 1 for £k > K for some K. In particular, the primal-dual augmented

Lagrangian merit function does not suffer from the Maratos effect.

8.6.1 The unconstrained step

Assume that for all sufficiently large k € S, and x, is sufficiently close to x, to imply
that,
zk +pe — " = o[z — 27]), (8.55)
Yk + ar —y* = olllyx — y*])- (8.56)
For the rest of this section, suppress the index k. Equations (8.55) and (8.56) allow f(x+p)

and c(x + p) to be expressed as,

flz+p)=fl2) + %(g(fﬂ) +9(z")"p +ollp]*),

c(x +p) = c(x) + %(J(w) = J(@"))"p +ollpl).

Alternatively, f(x + p) and ¢(z + p) can also be written as
fla+p) = f(x) + g(z)"p + o|Ipl).
c(z +p) = c(z) + J(@)p + o(|p]*)
Consider the expression for M (v + Av),
M(v+ Av) = f+ g+ g)p— ("+ LT+ T)p)Ty" + 21M(c + Jp)(c+ Jp)

v

o

(c+Jp+uy+aqa—y") (c+ Ip+puly+qa—1y") +ollpl?).
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Using g* — J*Ty = o(||p||?) and subtracting M (v), this expression becomes
Mv+ Av) — M(v) = %ng - %pTJTyE + ipTJTc
+ i(QcTJp v 20T + 2upT Ty + g — y)
+21%q" (y + a—y*)) +o(|lp*).
On the other hand,
VM Av=g"p — (L +v)(y* — ;C) —vy)'Ip+velq+vuly — y")'q.
This implies that if AM is defined as AM = M (v + Av) — M (v), then

AM = nsVMTAv= (3 = )V MTAv = § (gTp — (1 + ) (y" — L) — vy)TIp)
— 5 (vea+ vty —y")"a) + So"p — 37Ty + ipTJTc -
+ i(%TJp—i-Q;qu—i-2,upTJT(y+q—yE) (557
+26%q"(y +a—y")) + o(llp[?)-

This expansion is used in the proof of the following result.
Theorem 8.6.1. For some K, it holds that a, = 1 for all k > K.

Proof. Consider k to be an S-, L- or M-iterate. This implies that y* = y;. The expression
(8.57) becomes,

(5 —ns) VM Av — % <ng —(y—(1+ V);C)TJP + Vch) +39'p— 50 Ty + ipTJTc
v
2p
= (1 —ng) VM Ay - —12+MVcTJp —1vclg + ;pTJTc

+ —(2¢"Tp + 2ucTq + 2up" g + 212q7q) + o(||p||?)

14
+ ﬂ(2cTJp +2uc’q + 2pp" T g + 20%¢ ") + o(|Ip|?).

From the optimality conditions of the sSQP subproblem, Jp = —uq — ¢. Substituting this
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into the above expression, it changes to
1 vMmTA 11 T, 4 101 cle | 1 T L 7 T
(5—7)5) v+ 5(1+v)eg+ 5( —i—l/)?—iucq—cq—;cc—ycq
v
- ﬁcTc +velq—vpg'q —velq+vpg'q + o(|p|*)

= —ng)VMTAv + g1 +v) - v —1-v+v—v)

1 v

T.(1 T 2
+cel;1+v)————)+qq(—vu+rvu) +o(llpl|?)
(2( ) L ,U) ( (” H

1
= (5 =) VM A0+ el (= Juq+ (1+v) (30— e) + ollpl)
1
= (3 =) VM Av = g+ (31 +v) = )elet ol lpl):

As p becomes small, the multiple of c’c term is eventually negative. Since ¢ = o(d(x,v))
by (8.56) and ¢ = O(6(z,vy)), the g’c term is o(||p||?). On the other hand VMTAv =

—O(]|Av||?). This implies that the entire expression eventually becomes negative. O

8.6.2 Equivalence of subproblems

To show that the superlinear convergence results of stabilized SQP are applicable
for pdSQP, it must be shown that, asymptotically, the solution to the convex problem is
a solution to the stabilized SQP problem. The two specific differences between the two
subproblems arise in the definition of the parameter u® and the modified Hessian. It was
shown in Section 8.3.1 that a stationary point of the convex problem is a stationary point
of the unconvexified subproblem, so whether or not a local minimizer of one is also a local
minimizer for the other depends on whether the reduced costs change in sign. It will be seen
that if strict complementarity holds for the reduced costs, then asymptotically they do not
change sign and the two subproblems produce identical local minimizers. In a subsequent
section, a modification is proposed which weakens the assumption of strict complementarity.

The following result, due to Hager [51], is a generalization of Debreu’s Lemma that

is useful for the local convergence theory below.

Theorem 8.6.2 (Hager [51, Lemma 3|). Let Q. be a symmetric matriz. Suppose that
wIQ.w > al|lw||? whenever Bow = 0. Then, given any § > 0, there exists a ¢ > 0 and

neighborhoods B or B, and Q of Q. such that
1
T T 2
v (Q+ —-B'Blv>(a—9)|v]*
(Q+ 2B"B)o > (a = d)|

forallveR", 0<p<o,BeB,and Qe Q.
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Local convergence results for the original pdSQP

It will be seen that the following assumption of strict complementarity is both
sufficient (along with the MFCQ and SOSC) and necessary to establish the full asymptotic
equivalence of the pdSQP and sSQP subproblems.

Assumption 8.6.3. There exists a z* such that z* > 0. [J

Consider the convexification procedure that defines the positive-definite matrix H = H +
,%HPAPAT based on the index set A(z) such that if i € A(x), then x; < u (see Chapter 6,

Page refc:convex).

Theorem 8.6.3. There is an iteration inder K for which k > K implies that the pdSQP
subproblem solution satisfies the optimality conditions of the stabilized SQP subproblem. In

particular, pi = ny and the local minimizer for the pdSQP subproblem is a local minimizer

for the stabilized SQP subproblem.

Proof. By construction py < ng, and since 7, — 0, by Wright [89, Theorem 3.3], eventually
A(xy) = A*, where A* is the active set at z*. Construct the convexification of Hj using
the elements of A(xy). By the SOSC and Hager [51, Lemma 3], there exists a py such that,
with H}, defined to be Hy = Hj, + /%HPAPAT, the matrix H + %J,ﬂTJk is positive-definite.

Since pr < g, the optimality residual in the sSQP literature, it holds that pp <
nx = O(||lxx — x*||). By Wright [87, Lemma 4.1], since stabilized SQP is an inexact SQP
subproblem, there is a solution (41, Yk+1, 2x+1) to the non-convexified sSQP subproblem
(closest to (zg, Yk, 2,) among all the solutions) such that A, (z*) is a subset of the active set
of (Tg41,Yk+1, 2k+1) for some z*. By strict complementarity, z* is bounded away from zero.
This implies that, if £ is large such that zj is sufficiently close to z*, the optimal reduced
cost zpy1 satisfies zp41 > 0.

For the remainder of the proof, the iteration subscript k is omitted. The optimality

conditions for the nonconvexified sSQP subproblem are:
g+Hp=Jy+q) +z
Mz +p)=0,
c+ Jp+ pug =0,

z > 0.

Consider A to be the active set at the start of the current iteration, e.g. the one to be used
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for the projection matrix in the convexification. It holds that,

1 1
g+ Hp+ M—PAPATp =Jy+ 2+ —P,Pp.
H

1254

Since ;%H is bounded from above, and p approaches zero, eventually z + MLHPAPATp > 0.
Defining z = z + /%HPAP:;Fp, (p,q, 2z) is a solution to the convexified sSQP. Since a

solution of a convex QP is unique, this is the solution that the QP solver will generate.

For large enough k in the subsequence of S- and L- iterates, since & = 1, the subsequence

satisfies the conditions of Wright [87, Theorem 5.3], and

(ki1 = 2% yer1 =y < Ok — 2*[)) + Ol|zy, — 2*||*) + pO([lg]))-

Since n = O(||lz —x*||), p < n and, for the subsequence of S- and L-iterates, ¢ — 0, z, — =¥,
it holds that eventually, for some K, ngpy1 < %Uk for £ > K and all such iterates are S- and
L-iterates and y” = y (see Section 8.2.4, Page 108). Likewise, eventually ny41 < (5 — &)nk
for a small § > 0 and by the the definition of u (see (8.18), Page 109), eventually g = ni,
and the step is equivalent to an sSQP step.

Since the SOSC and the MFCQ are assumed to hold, superlinear convergence follows

from the superlinear convergence of the sSQP subproblem. O

Example: The example in this section illustrates the necessity of sufficient strict comple-
mentarity for the equivalence of the sSQP and the convexified sSQP subproblem solutions
in the formulation of sSQP in Gill and Robinson [39], as shown in Theorem 8.6.3. Consider
the problem:

minixmize To — x%,

subject to xy — 227 > 0, (8.58)

To + 274 > 0.
At the minimizer z = (0,0), it must hold that y; + y2 = 1. SOSC holds for y, > % + y1.
Consider the subproblem with the initial point z = (0,1), s = (1,1), p = 1. First, it

is assumed that y = (0, 1). If the problem is reformulated with slack variables, the Hessian

is given by

o O O N
o O o O
o O o O
o O o O
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The optimality conditions for the indefinite QP subproblem are:

1ZQ1+1+Q2’
q1 = 21,
1+ g = 29,

p2—ps1i+q =0,
P2 —Ps2+q2=0.
It is clear that p = (0,—1,—1,—1) and ¢ = (0, 0) solves the problem with z = (0, 1).
For the convexified subproblem, with the convexification parameter as u,; = .1, it
holds that
l=q1+1+q,
¢+ 1ps1 = 21,
1+ g2+ .1pso = 22,
p2—ps1+q1 =0,
P2 —Ps2+q2=0.
at which, if p = (0,—1,—1,—1) and ¢ = (0,0), it must hold that z = (—.1,.9), which is not

optimal. However, if y = (.15,.85), then the optimality conditions become:

1ZQ1+1+Q2’
A5+ q1 = 2z,
.85 4+ g9 = 29,

p2—ps1+q =0,
P2 —ps2+q2 =0,
which hold for p = (0,—1,—1,—1) and ¢ = (0,0) with z = (.15, .85).
For the convexified subproblem:
l=q +1+g,
A5 4 g1 + 1ps1 = 21,
85+ q2 + 1pso = 29,
P2 —Ps1+q1 =0,
p2 —ps2 +q2 =0.

In this case, p = (0,—1,1,1) and ¢ = (0,0) is a primal-dual solution with z = (.05,.75).
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8.6.3 Obtaining superlinear convergence under weaker assumptions

As outlined in the last section, the assumption of strict complementarity for the
reduced costs is essential for a proof of superlinear convergence of Algorithm 8.2.1. As
will be observed in the numerical results, strict complementarity is a strong assumption,
i.e., it fails for a large quantity of problems. From the example it can be seen that the
problem is particularly acute if there is a step onto the active constraints after predicting
that they should be active. This section shows that by identifying the variable indices that
fail to satisfy strict complementarity and selectively convexifying, it is possible to prove
superlinear convergence assuming the MFCQ and the SOSC only.

The following procedure is defined as algorithm pdSQPidO:

1. If x; < pg then put ¢ € A(x). Set all z; on their bounds for i € A(z).

2. Apply Algorithm IDO to z to identify the weakly and strongly active bounds (see
Wright [88])

3. Solve for Z, the interior multiplier estimate.
4. Project x onto the bounds in A.

5. Check if, after convexifying on only the strongly active constraints, H has the correct
inertia. If it does, proceed to the next step. If it does not, discard the interior

multiplier estimate and solve the QP subproblem as originally defined.

6. Solve the QP subproblem. As z changes with each step, change the value of Z by the
appropriate amount (HAz). If Z; < 0 for some j € A,, then, and only then, step off
of the constraint j and add the appropriate (1/u H)PijT to H.

Equivalence to a stabilized SQP method

For this section, let €, be defined as

€; = max min z;.
2eMy(a*) i€AL

Theorem 8.6.4. If §(z*, y3.) is sufficiently small, the procedure described above is equivalent
to a sequence of iterations generated by solving the following stabilized SQP subproblem:
minimize gz — o) + 5 — 2) (ke i) (& — 72) + ufl?

(8.59)
subject to ¢ + Jp(x — ) +pf(y —yr) =0, >0, [z]4, =0.
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Proof. Wright [88, Theorem 4] has shown that for ¢ sufficiently small, the procedure IDO
identifies the strongly and weakly active constraints correctly. Moreover, Wright [88, The-
orem 5] shows that the interior estimate for the reduced costs satisfies [Z]ica, > €.

By SOSC and Hager [51, Lemma 3] (see Theorem 8.6.2 above), H—i—l%RJTJ—i- I%HPAP:{
is positive definite for some p; on the cone {d | [d],, > 0}.

It will be shown that this implies that the subproblem is convex. As the subproblem
with the exact Hessian is equivalent to stabilized SQP subject to bounds, the subproblem
satisfies the inexact SQP framework. By Wright [87, Lemma 5.1] the solution satisfies the

estimate:

1Pl + 3(yr) + 0(zr11) = O (k) + O([[(E, 7)),

with ¢ = 0 and » = —pq. This implies that it is possible to take d(x, yx) to be sufficiently
small as to make p sufficiently small such that, since the sequence {Hy} is bounded, Hp
must satisfy [|Hp|lo < Le..

This implies that the strongly active components of Z never become negative. Since
[]ica, does not change for the pdSQPid0 subproblem iteration and [z];c4, is initialized
at the bounds, the step p would satisfy [p]ic.4, > 0 and no step in the minor QP iterations
would be a step of negative curvature. Therefore H will not be modified and the steps are
identical to those for which H is not convexified. This implies that the subproblem has the
same solution as the sSQP subject to the additional constraint of [z];c4, = 0.

O]

The sSQP subproblem

Next we focus on the sSQP subproblem for which the variables associated with the

strongly active bounds are set to equality, i.e.,

minimize  gf(e — 2x) + (@ — ) (e yi) (& — 28) + Safly]1?

subject to  cx + Ji(x —xp) + i (y —yip) =0, >0, [z]a, =0.
It will be shown that a sequence {xy} generated using this subproblem is superlinearly
convergent to an optimal point. The proof involves showing that the subproblem satisfies the
three properties described in Chapter 5 (see Page 68) for Fischer’s generalized framework.
The proof is similar to that of Fernandez and Solodov [25].
The proof of the accuracy of the approximation defined by subproblem solution is
identical because the only additional constraints are the fixed variables [2] 4, = 0, which are

the values at the solution of the original problem. Similarly, the upper Lipschitz continuities
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of the solutions follows as well, since the addition of constraints cannot add solutions or
make them unbounded. Local solvability of the subproblem, however, must be explicitly
proven since the number of constraints has increased, potentially removing the existence of
local solutions.

In the notation of Fischer’s framework (see Page 68 in Chapter 5) that the general-

ized equation seeks to find a solution to
0 € Gw) —T(w),

where, in this case,

where

N(z) =

{beR? |b>0,blx =0} ifz>0,
0, otherwise.

The following will closely follow the proofs of the same assertions for inequality-

constrained problems in Ferndndez and Solodov [25].

Proposition 8.6.1. Let the SOSC hold at (x*,y*,z*). There is a neighborhood B of
(x*,y*, z*) such that for all (z,y,z) € B, it holds that

uH (@, y)u + p(z, y)llol® =y (lull® + pla, y) o)),
for all (u,v) satisfying,

Vei(x)Tu = p;,
u; =0, i€A+($*,y*,Z*),

u; >0, i€ Ay(x*,y",z").
Proof. Assume the contrary, that there exist (xg,yx) and (ug,vg) such that
1
upHuy, + p||ogl|* < %(HWHQ + pagel|ve]|*).-

Let & = || (uk, /pkvk)||- Assume that

(20
&k \/;Tkvk v
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Since uy satisfies Ve;(z)Tur = pgpv; and pp — 0, Vei(z)Ta = 0. Likewise, [a]; = 0
for i € A, and [u|; > 0 for i € A,.

But, dividing the original assumption by 513 and taking limits, it holds that,
aH(z*,y)a+ |o]* = o,
which contradicts the second-order sufficiency condition. O

Corollary 8.6.1. There exists a neighborhood B of (x*,y*, z*) such that for (z,y,z) € B,
with [z], = 0, the matric
H(z,y) —J@)T —P,
J(x) wl 0 1,
PT 0 0

s nonsingular.

Proof. Let (u,v,w) be in the kernel of this matrix. So,

0=Hu—JWw—Puw,
0=Ju+puv =0,
[U]AZO

By the second equation and [u], = 0, (u, v) are in the appropriate cone in Proposition 8.6.1.

Take the inner product of the first equation with w. Since [u], = 0, this results in:
0 =ulHu—ulJM.
By the second equation, Ju = —puwv, so the previous equation becomes:
0=uHu+ /wTv,

which, by Proposition 8.6.1, implies that v = 0 and v = 0, which implies, by the first
equation row, w = 0.

O

Theorem 8.6.5 (Fernandez and Solodov [25, Theorem 2]). Let K be a closed convex cone.
Suppose that d = 0 is the unique solution to the generalized complementarity problem K >
d 1l Mde K*, and that M is copositive on K.

Then for all q, the generalized complementarity problem of finding d such that K >
d 1l Md+ q € K* has a nonempty compact solution set.
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Proposition 8.6.2. There is a neighborhood B of (x*,y*,z*) such that for (z,y,Z), the

mized complementarity problem of finding (x,y,z) to satisfy

O0=g+H@xz-2)+J@)%y -2,
0=c(z)+J(@)(z—7)+uy—y) =0,

0<z1lx>0,

0=[x]a,,
0 < [x]a,-
has a nonempty compact solution set.
Proof. Let
H 0 P, g— Hx
M = 0 /,LI 0 Pl q - 0 bl
P 0 o0 0
and

b=c+Jitpug a= (] —ul),

I 00
bp=0,a2=10 0 0
0 00
The solution to the mixed complementarity problem above can be written as:

Find € € Q such that <M§_+q,§ — €> > 0 for all £ € Q, where Q is:
Q = {§ ‘ A§ + b= 07 AQ,A_;_{ + b2,.A+ = 07 142,./40é~ + b2,.AQ Z 0} .

Let (@, 0,w solve,

H —J7 P\ (u —g—J0y
J ul 0 v| = c ;
P 0 o0 w 0

which has a unique solution due to Corollary 8.6.1.

It can be seen that if € = (z + @,y + 7, 2 + W) then A = —b and A€ = —by.

Thus Q = §~ + K, the critical cone, and so the solution of the original problem
becomes K 3 d L Md+ ME+q e K*.

Since M is copositive by Proposition 8.6.1, by Theorem 8.6.5 there is a nonempty

compact solution set.
O
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Proposition 8.6.3. There is a neighborhood B of (x*,y*,z*) and a constant 3 > 0 such
that for all (x,y,z) € B with [¥]4, = 0, it holds that any solution to the complementarity
problem above satisfies

Iz =2,y — )| < y3p.

Proof. Suppose, to the contrary, that there is a sequence (z,yy) such that (zg, Uk, z2x) —

(z*,y*, 2*) and & = ||(x — =,y — y)|| > kpg, where (z,y, z) solves

O=g+H(x—2)+J@) -2,
0=c(@) + J(@)(x — )+ ply — ),

0<zLa>0,
0=[z]a,,
0 < [x]a4,-
Notice that ,
%fS%%O
It holds that, by Lipschitz continuity of the constraint and objective functions,
le@i)ll = lle(zk) — ()] < cup,
and
17 (k) = J(@%)|| < cop.
Finally,

lg =Tty =zl = llg = Ty — 2 = g(&*) + 19 + 2| < (| — 27| + [ly = 9| + |2 = 2| < en,

where ¢ and 2 are the projections of (y,z) onto M,(z*), where the set M, is denoted to

include the reduced costs.

Let (u,v,w) be such that,

T —x U

1

¢ y—y| — v ]| #0.
Z—2Z w

From the stationarity conditions of the subproblem, the constraint and objective

function bounds, and the original assumption, it holds that,

Hu—JW—w=0.
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From the equality constraints, it holds that,
Ju+ pv = 0.

Together, this implies that,

1
wTHu 4+ =vTv + wlu = 0.

I

Since £, = 0 and z L z = 0, it holds that
T L 7
v Hu+ —v'v =0,
I

which, since [u]4, =0, us, >0, and Ju = —pw, contradicts Proposition 8.6.1. ]

Theorem 8.6.6. There is a neighborhood B of (x*,y*, 2*) such that for (z,y,z) in B with

[Z]a, = 0, there is a solution to

0=g+H(x—2)+J@) Yy -z,
0 = o(F) + J(@) @ — 7) + ply —7) = O,

0<2z1Lax>0,

satisfying
Tr—x
y—g ||| =
zZ—2z

Proof. In view of Proposition 8.6.3, this holds if the solution to this problem satisfies [2] 4, =
0. However, from the proof of Theorem 8.6.4 Z is such that [2] 4, > %ez, so if p is sufficiently
small, this holds by the complementarity condition z L x.

O

Convergence and discussion

The results in the previous section show local existence of solutions to the sSQP
subproblem with the additional constraint [z], . = 0, which, together with upper-Lipschitz

continuity and precise approximation, imply the final theorem:

Theorem 8.6.7. Assume 6(x,y,2) < 6 is sufficiently close to a first-order KKT point
(x*, My (x*)) satisfying the second-order sufficiency conditions and MFCQ. The sequence

of iterations computed by pdSQPid0 is superlinearly convergent to a point (z*,y*, z*).
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Thus, by convexifying only on the strongly active variable indices, the weakly active
indices no longer present a problem of altering the reduced costs in a convexified solution
and potentially making the solutions of stabilized SQP and pdSQP distinct.

An interesting result arising from the nature of the subproblem is:
Corollary 8.6.2. The sequence of multipliers {yx} converges to a unique least-length mul-
tiplier solution to g(x) — J(z)Ty = 0.
8.6.4 Active-set stabilization
Note that by the superlinear convergence estimate, it holds that,
d(apr1) = O(8(2) ),

1+ _
k+1 —

5(33)2+T2. Since 6(m)2+72 > §(z)'*" and zero is the optimal value for the variables whose

Assuming that K is sufficiently large that p; estimates the active-set, pg41 = ()

indices are in A, if at the start of the QP subproblem, x( is set to the estimated active

bounds, [pr]a < 6(z)'T7 < pugy1, which implies that it is active.



Chapter 9

Second-Order Primal-Dual SQP

9.1 Introduction

This chapter is concerned with the computation and use of a direction of nega-
tive curvature in the regularized sequential quadratic programming primal-dual augmented
Lagrangian method (pdSQP) of Gill and Robinson [38, 39] for the purpose of ensuring
convergence towards second-order optimal points. Section 9.2 discusses how to compute
a direction of negative curvature using appropriate matrix factorizations. Section 9.3 dis-
cusses the specific relevant changes to the algorithm. Section 9.4 discusses the changes in
the convergence results established by Gill and Robinson [39], showing that the desired
convergence results continue to hold. In Section 9.5, global convergence to points satisfying

the second-order necessary optimality conditions is established.

9.2 Direction of Negative Curvature

9.2.1 The active-set estimate

An index set W, is maintained that consists of the variable indices that estimate
which components of x on their bounds. This set determines the the space in which to
calculate the directions of negative curvature. The tolerance for an index to be in W, must
converge to zero. A test such as i € Wy, if [xg]; < min{us, €,}, would be appropriate for the
purpose of forming a Wy, for convexification, initializing the QP, and obtaining a direction

of negative curvature. Otherwise, it would be necessary to use three different factorizations.

148
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9.2.2 Calculating the direction

In pdSQP, the QP must use a Lagrangian Hessian H such that H + %J TJ is positive
definite (see Chapter 8, Page 105). The process for forming the requisite H, as well as
calculating a direction of negative curvature begins with the inertia-controlling factorization

of the KKT matrix (see Forsgren [29]). Consider the KKT matrix,

He Je (9.1)
Jr _NI|F|

with F' the set of estimated free variables (those not in W), and I|p| the identity matrix
with |F'| rows and columns.

The algorithm begins an LBL? factorization of the KKT matrix, where L is lower
triangular and B is a symmetric diagonal with 1 x 1 and 2 x 2 diagonal blocks. Standard
pivoting strategies are described in the literature (see Bunch and Parlett [14], Fletcher [2§],
and Bunch and Kaufman [13]). Let the lower-right block be defined as D = —pul|p|.

At step k of the factorization, let the partially factorized matrix have the following

Ly 0\ (B o)\ (LT LT
Ly 1) \o AJ\o 1)

with L being lower triangular, I the identity of appropriate size, and A the matrix re-

structure:

a br
maining to be factorized. Let A be partitioned as A = . If the top left element is
b C
chosen as a 1 x 1 pivot, at the next step,
Ly 0 0\ (B 0 0 Lt
Ly 1 0[]0 a 0 0 1 a 't

Ly a % 1) \0 0 C—=bat" 0 0 I

Let S = C — ba—'b denote the Schur complement of the factorization. The matrix S is
factorized at the next step.

For inertia control, this factorization has two stages. In the first stage, we restrict
the factorization to allow only for pivots of type H™, D~ or HD. This means that an
element (7,7) of H is selected such that H;; > 0, a diagonal element of D is selected, or
(41,12, j1,j2) is selected such that (i1, j1) is an element of H, (i3, j2) is an element of D and
Sk[(i1,12), (j1,72)] has mixed eigenvalues. This procedure is continued until there are no

such remaining pivots.
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The KKT matrix can be partitioned as

Hyy Hyp JE
Hy Hy JI |,
J1 Jo  —ul

where, all of the pivots have come from the rows and columns of Hyy, Ji, and —ul. At the

end of the first stage, the factorization can be written as:

Ly 0\ (B 0 ¥ 13
! L2 (9.2)
Ly IJ]\0 Hy-KnyKj'Kin) \ 0 I

Let S = Hoyg — K21K1_11K12. Forsgren [29, Proposition 3| shows that if 67 is added to Hag
such that 0 > ||.S|| then K has the correct inertia. In practice this § is excessively large for
the purpose of constructing the appropriate matrix with the required eigenvalues, but this
result does indicate that such a constant exists.

Instead of proceeding to the second phase of this factorization, the procedure of
Forsgren et al. [32, Lemma 2.4] is applied to S to compute @, a direction of negative
curvature for S. The procedure to calculate this @ is as follows:

Let p = max; ; |[S]i;| with |[S]qr| = p. Define @ as:

= /ph, (9.3)

where
) & ifg=r,
a { %(eq —sgn([S]4r)er)  otherwise.
This @ satisfies 47.S% < YAmin(9)||%]|?, with v independent of S.
The following bounds are important for the subsequent second-order convergence

theory.

Lemma 9.2.1. Let u be defined as in (9.3), S be the Schur complement of the partially
factorized matriz (9.2), Je and Hp defined as in (9.1), and Z a matriz consisting of columns
for the basis of the null-space of Jp, then

alSu

1
NN )\min S <)\min H *JTJ <)\min ZTH Z).
Sl < Anin(8) S Anin(He 0 e Ti) < e 278 2)

Proof. Forsgren et al. [32, Lemma 2.4] directly implies that 47.S%/||i]|?> < YAmin(S), where
v > 0.
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The proof that Apin(S) < Amin (Hr + iJ;FJF) is given in the proof of Theorem 4.5 in
Forsgren and Gill [30]. For the final inequality, let w = Zv, with ZTHpZv = Ain(ZTHpZ)v
and ||v|]| = 1. Then
wl(Hp + iJ;:FJF)w

wlw

1
Amin(Hp + —JEJp) < = wlHyw = v ZTHe Zv = A\uin (ZTH R 2Z).
o

9.3 Implementing Directions of Negative Curvature

9.3.1 Step of negative curvature

Several changes must be made to the algorithm of Gill and Robinson [39]. In order
to minimize the number of factorizations, the computation of the direction of negative
curvature should be followed by a test of second-order optimality. In addition, it is necessary
that the direction of negative curvature is bounded, and a feasible direction with respect to
both the linearized equalities and the bound constraints. Finally, the line search must be
extended to allow for this additional step of negative curvature.

In the description below, the subscript £ denoting the step number in the sequence
of iterations is suppressed.

The following procedure satisfies these requirements.

1. The first step computes the direction of negative curvature for the free KKT-matrix
as described in Section 9.2, denoted as ug, then defines 4y to be [Up]s = s with S
corresponding to indices corresponding to the remaining unfactorized entries of Hp,
and [Up]se = 0. Then the step defines @ to be [u]r = Up and [a], = 0. If no such

direction of negative curvature exists, then @ is set to zero.

2. The second step uses @ in a test of second-order optimality. This is described in

Section 9.3.2.

3. The corresponding change in the multipliers corresponding to the definition for «
is defined as w = —iJﬁ. This ensures that the linearized equality constraints are
satisfied, i.e.,

. [,
O:Jp+c+uq:J(p+u)+c+u(q—;<]u).

The final resulting (u,w) is shown below in Section 9.3.3 to be a direction of negative

curvature for V2MY.
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4. Since both (@, w) and —(u,w) are directions of negative curvature, the sign is chosen

n
so that the step is a descent direction for VM, i.e., VMT< ) <0.
W

5. Compute Av = (p, q), the solution of the convex QP.

6. The direction of negative curvature is scaled so that it is both bounded by max (umax, 2|[p||)
and also, in conjunction with the definition of the QP step, satisfies the bound con-

straints x > 0.

Specifically, u and w are set as u = fu and w = Sw, where
B ={maxf | z+p+fia> 0, |3 < max(umas, 2lpl)}

Note that this implies that if [z + p]; = 0 and [u]; < 0, then u is set to zero.

9.3.2 Optimality measures

In Gill and Robinson [39], an iterate is an S-iterate if ¢s(v) < £¢79* and an L-iterate

if ¢, (v) < %QVL””, where
ps(v) =&(x) + 10_5w(v) and ¢ (v) = 10_5§(x) + w(v),

with
§@) = lle(@)] and  w(z,y) = [min (2, 9(x) = I(@)"y)| .

Otherwise, an iterate is an M-iterate if
IVy MY (s 9, )| < 7 and ([ min(@gr, Vo MY (Op1; 95 150) || < T

If none of these conditions hold, then v}, is an F-iterate.

In order to force convergence to a second-order optimal point, it is necessary to
change the function w(z,y) that appears in ¢g and ¢,, as well as the test for an iteration
being an M-iterate.

Ideally, the minimum eigenvalue of H on the null-space of J should be computed,
as well as the minimum eigenvalue of V2, M". However, this would require extensive
computation. Instead, these quantities are estimated based on the value of the negative
curvature. It holds that

u'(H + 3 JN)a
lla]?

1
< Amin (H + ;JTJ),
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where the suffix F' is omitted for clarify. As v is bounded from below and above, if a(H +
iJTJ)ﬂ/HﬂH2 — 0, the estimate for @ implies lim A\pin(H + iJTJ) > 0. Hence, the test for
the optimality of an M-iterate is:
IVy M (vit1; v i) || < T
| min(zg 41, Va MU(UkH;y/faMﬁ))H < Tk,

and uk+1 (H+ —J J)ukH > —||ps1 || *7h

Similarly, for the filter functions,

bs(v) = n(z) +107°w(v) and ¢, (v) = 107°n(z) + w(v)

the optimality test functions are n(z) = ||c(x)]|, and

Ut (H + 5 T )41 )

w(z,y) = min <H min(z, g(z) — J (x)"y)ll, - 5
HukHH

9.3.3 The merit function

The line search must also be modified to include the direction of negative curvature.
First, it will be shown that the full primal-dual step is a step of negative curvature for the

merit function Hessian.

Lemma 9.3.1. The vector (u,w) defined as in Section 9.3.1 is a direction of negative

curvature for V2MY for all v > 0.

Proof. From the definition of V2M" it holds that

T
CA R R N H+ - (1+V)JTJ vJT
w w w vJ vul w
—uTHu—i- —(1 + v)ul I Tu + 2vu T Tw + vpllw|.
1

From the definition above, u = f@ and @'(H + 1 JTJ)u < AYAmin(H + JTJ)HUH2 so multi-
plying both sides by 32, the expression becomes u?(H + EJTJ)U < YAmin(H + EJTJ)||uH2.
If 7 = YAmin(H + 4 J7J) and w = — Ju, then

THu+M(1+ LT Tu + 20uT I Tw + vpl|w|? < —7|ul|? — :uTJTJu—FgHJuH?

_ v
= —Alul® = =[|Ju]?
7

~Aull® = vplw]*.

which is negative for all v > 0. OJ
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In order to simplify the notation, we suppress the dependence of the merit function
on v and write M (v;y®, u) = MY (v;y®, ).
Two approaches may be considered for the definition of the line search. The first

extends the method for unconstrained functions proposed by McCormick [65]. Let s de-
u

note the primal-dual negative-curvature step s = ( ) Let Ry denote the curvature
w

sTN2M (vy; yE, ult)sy, which is non positive by definition. McCormick defines oy = 277
such that
M (v + osi + 0f Avgs it iy, ) < M + s Ny + onens Ry (9.4)

If we denote @ = min(aumin, o) and I £ max (%,uk, ,ukRH), a suitable update for the penalty
parameter is
fry M (vigns yf s ) < M (v yf, ) + ans Ry, + &®ns Ny

[h+1 = (9.5)
i1, otherwise.

This curvilinear line-search is expected to be effective in reaching a second-order minimizer
of the primal-dual augmented Lagrangian merit function. However, there are more robust
methods available. Moguerza and Prieto [66] formulate an interior-point augmented La-
grangian method that incorporates directions of negative curvature. Olivares et al. [72] give
a set of tests to determine whether or not a direction of negative curvature is appropriate for
a given iteration. The method presented here is based on a combination these two methods.

Consider the quadratic model of M at xy,
1
My(d) = VMTd + 5dvade.

Let 11 and 72 be constants such that 0 < 72 < 2 < 11, and 53 > 0.
If it holds that,

VM(Uk)TAU

naMa(s) >
| Avl|2

> i Ma(s),

then both directions are suitable for decreasing the merit function. On the other hand, if

it holds that,
VM (v,)TAv
[ Av][2

then the direction of negative curvature provides an insufficient reduction of the merit

< nlMQ(S)u

function and the standard line-search using only Av will be used. Finally, if

VM (’Uk)TA’U

A0l and VM (vy) > n3s Hy (vg)s,

naMa(s) <
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then it is clear that the direction of negative curvature provides for greater reduction in the
merit function than the QP solution, and the one-direction line-search will be used with s.

In this case, the step length oy = 1 is used if it holds that

¢(1) < ¢(0) + 3719"(0),

where ¢(a) = M (v + a?Av + as). Otherwise, « is reduced by a backtracking procedure

until a value «ay, is found that satisfies

P(a) < ¢(0) +71"(0),
¢'(ar) > 72(¢'(0) + arg”(0)),
[e(z(a)]| < Be,

where 0 <71 < 1, 2 <2 <1, and Bc = ||c(z0)||.

9.4 Consistency with Established Convergence Theory

The first-order convergence analysis of Gill and Robinson [39], requires three as-

sumptions.

Assumption 9.4.1. Each H(zy,yx) is chosen so that the sequence {H(zy,yr)}r>o0 45
bounded, with {H (z1,yx) + (1/uf)J (xx)TJ (xx) k>0 uniformly positive definite.

Assumption 9.4.2. The functions f and c are twice continuously differentiable.
Assumption 9.4.3. The sequence {xy}r>0 is contained in a compact set.

As VMY does not involve any term involving the objective or constraint Hessians,
much of the first-order convergence theory holds. The use of a direction of negative curvature

implies that Theorem 4.1 of Gill and Robinson [39] must be restated as follows.

Theorem 9.4.1. If there exists an integer k such that pp = pt >0 and k is an F-iterate
for all k > E, then the following hold:

L {[[Avg|| + llukll},~7 is bounded away from zero

2. There exists a positive € such that for all k > %, it holds that

VMY (vg; y2, uf)TAvy, < —€ or sENV?MY (v 8, ul)sp < —e.
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Proof. If all iterates k > k are F-iterates, then,
n=7>0, pp=p" and y; =y" forall k> k

Proof of the first result: Assume the contrary, i.e., there exists a subsequence Sy C
{k | k> %} such that limges, Avy = 0 and limges, up = 0. The solution Avg to the QP

subproblem satisfies

zZ
(Ok) = Hy(vi; p)Avg + VM (vg; y”, p) and 0 = min(zy, + pg, 25)-

As HY, is uniformly bounded, eventually for some k € S; sufficiently large, Avy, satisfies the

first-order conditions of an M-iterate, i.e.,
IVy M (g1 yr, )| < 7 and || min(@gs1, Vo MY (01395 ) || < 7

In the construction of wg, ||u|| is the largest possible value, subject to an upper
bound, that is feasible. This implies that if lim u; — 0, then eventually, u is constrained by
feasibility, or set to zero.

Consider the first case, i.e., the limiting upper bound constraint on w; must be
T + pr + up > 0. Since up — 0 and pr — 0, eventually, if ¢ is a blocking bound for wuy,
x; < min(u, €;) and @ € Wy, which implies that [ux]; = 0. Hence, by construction and the
fact that the set of possible indices is finite, uy is eventually identically zero. This implies

that the second-order conditions of an M-iterate are also satisfied trivially, i.e.,
T 1 T 1\ ~ -~ 2
e (4 T ) = milisa

and g} is decreased. This contradicts the assumption that y is held fixed at pf = p® for
all k > F.

Proof of Part 2. Assume that the result does not hold, i.e., there exists a subsequence
Sy of {k : k > k} such that

lim VMY (vg; 9%, p) T Avy, = 0 (9.6)
keS2

and

lim s7 VMY (vg; yE, uf) s, = 0.

kESs
Consider the matrix
I 0
L, = . .
#—RJk I
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Since the Av = 0 is feasible and Awy, a solution for the convex problem, it follows that
—V MY (v y", p™)  Avy, > L Al HY, (g5 p*) Avy,

= LA LT LT HY, (v p™) Ly Ly, Avy,

T,
B Pk Hy + MLRJkTJk 0 Dk
q: + M%Jkpk 0 vp® ) \aqr + “%Jkpk

As HY, is bounded, it must hold that
Avg LT L HYy (o 1) L Lt Avg > Awinllpe | + v lar + (1)) Jiwr |,

for some Amin > 0. Combining this bound with (9.6) it follows that

16116%12 Pk = khelgz (Qk + MlRJkPk) =0,
in which case limges, g = 0. Hence Avges, — 0.

As limges, st VMY (zg, yr; y®, p)sk = 0, either there exists a ko, such that for all
k> ko, vsEN2MY (2, yi; yZ, 1) sk / ||skl|? > —7 or ug — 0, where v > 0 is the scalar defined
in Lemma 9.2.1. The first case, by the same argument as for Part 1, together with Av, — 0,
implies that eventually k is an M-iterate. The latter, together with lim Avg = 0, contradicts

the statement of Part 1 of the theorem. This implies that Part 3 must hold. O

The proofs of the first result of Theorem 4.1, and the result of Theorem 4.2 of Gill
and Robinson [39] hold for the modified algorithm.

9.5 Global Convergence to Second-order Optimal Points

9.5.1 Filter convergence
Definition 9.5.1. The Weak Constant Rank (WCR) condition holds at x if there is a

J
neighborhood M(z) for which the rank of ( (;)) is constant for all z € M(x), where E,

A
is the columns of the identity corresponding to the indices of x active at x (as in i € A if

Theorem 9.5.1. Assume there is a subsequence vy of S- and L-iterates converging to v*,
with v* = (z*,y*) satisfying the first-order KKT conditions. Furthermore, assume that
MFCQ and WCR hold at v*. Then v* satisfies the necessary second-order necessary opti-

mality conditions.
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Proof. Let d € C(z*) = {d | J(z*)d =0 and El.d= 0} with ||d|| = 1. By Lemma 3.1 of
Andreani et al. ([6]) there exists {dj,} such that dj, € C(z},) and dj, — d, where

Clay) ={d| J(@)d=0 and El.d=0}.

Without loss of generality, we may let ||dg| = 1. Since xp — x*, eventually Wy = A*,
where A* is the active set at z*. Then, from the definitions of an S- and L-iterate, and
Lemma 9.2.1, it follows that d}(V2f(zx) + 3 yxVe(2k))dk > Amin(ZkHgZ)) > —&k, where
0 < & — 0. Taking limits, it follows that d’(V?f(zy) + 3. y*VZ(z*))d > 0. O



Chapter 10

Numerical Results

10.1 Standard Test Problems

The algorithms were tested on optimization problems from the CUTEr test set.
These problems include cases from from industrial applications, standard academic prob-
lems, and problems designed to exploit common weaknesses of optimization algorithms (see
Gould et al. [11, 46] for a more detailed description).

For many of the problems in the CUTETr test set, the size of the problem can be spec-
ified. In these cases, the number of variables and constraints were chosen to be the largest
permissible values less than 500. All the problems selected have at least one constraint (not
including any simple upper or lower bounds on variables). The total of 540 problems were
selected.

For each algorithm tested, the total number of outer iterations was limited to 1000.
If an algorithm did not converge in 1000 iterations, it was considered to have not converged.
The threshold for the optimality measures was set at 1078, If the infeasibility and station-
arity measures are both below this value, the algorithm was terminated and the run was

considered to be a success.

10.2 First-Order pdSQP Results

10.2.1 Global convergence results

In total, pdSQP converged to a point satisfying the optimality conditions for 407
(75%) problems, compared to 452 (84%) for SNOPT, and 319 (59%) for MATLAB’s fmincon
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Table 10.1: Reliability of SNOPT and pdSQP
Algorithm | Total | Rank-deficient | SC fails | SONC | SOSC
SNOPT 452 70 198 431 337

pdSQP 407 55 127 402 366

SQP algorithm. These results are encouraging, as SNOPT and fmincon are sophisticated
packages that have been developed over a number of years, whereas pdSQP is a prototype
MATLAB implementation.

Degenerate problems are of interest, as part of the intention of pdSQP is to use
the results of sSQP for degenerate problems. There is no a priori expectation of SNOPT
or pdSQP performing better in terms of global convergence, however, it is important to
investigate the practical global convergence of the primal-dual merit function compared
to the standard augmented Lagrangian merit function in SNOPT. Although a test on a
large number of known degenerate problems cannot be performed, as a solution needs to
be known in advance, the number of convergent problems for SNOPT and pdSQP can be
compared, with a higher proportion of degenerate problems suggesting the global procedure
performs comparatively well or poorly on those sets of problems.

In addition, as pdSQP uses second derivatives, the number of problems satisfying
second-order necessary and sufficiency conditions are included. This also provides motiva-
tion for the potential improvement in including directions of negative curvature.

There are several noticeable patterns. First, there is a distinct difference in the quan-
tities of convergent problems failing to satisfy strict-complementarity. This is intuitively
plausible, as the convexification procedure results in a solution for the original indefinite
problem only if strict-complementarity holds. Furthermore, the local convergence results of
sSQP rely on second-order sufficiency holding at the solution, and while there are no global
convergence results involving sSQP methods, aside from pdSQP, as the convergence theory
shows, local convergence results can imply global convergence if a cluster point at a local
minimizer exists, so pdSQP has stronger theoretical global convergence results for prob-
lems satisfying the SOSC, which is corroborated by the data shown. In addition, the larger
gap in the quantity of problems satisfying the SONC and SOSC for SNOPT compared to
pdSQP corroborates the experiments conducted by Izmailov and Solodov [56] that indicate

that sSQP is less likely to exhibit dual convergence to critical multipliers.
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10.3 Results for Selected Problems

A set of 116 problems were selected for a more detailed analysis of the performance
of different variations of pdSQP, in particular the Hock-Schittkowski “HS” problems from
the CUTEr test set (see also, Hock and Schittkowski [53]).

The next table summarizes the convergence results for the four solvers: pdSQP,
pdSQPcc, pdSQPid0 and pdSQPccnc. The solver pdSQP is the primal-dual SQP algo-
rithm implemented with preconvexification. pdSQPcc is pdSQP with concurrent and post
convexification. pdSQPid0 is the variation of pdSQP that uses the ID0 procedure to iden-
tify strongly active variables. pdSQPccnc is pdSQP with concurrent convexification and a
direction of negative curvature.

Below are the results for the 71 equality-constrained problems.

Algorithm | Solved

pdSQP 56
pdSQPcc 48
pdSQPid0 48

pdSQPccnc 40

The details of the results for each solver are listed in the tables below. As there
are no inequality constraints, the results for pdSQPid0 are not shown because they are
identical to those of pdSQPcc. Overall, it was found that the solver pdSQPcc required post
convexification in at least one subproblem for 18 (25%) of the problems.

For the problems that could not be solved, an alphabetic code is used to indicate

the reason for the failure.
e m — the maximum number of iterations was exceeded
e b — the maximum number of backtracks for the line-search was reached

e i — the second order modification of the free Hessian matrix failed

¢ — the preconvexification procedure failed

q — the QP solver failed to produce a solution

d — the QP solver failed to produce a descent direction for the merit function



Table 10.2: Results for pdSQP on equality constrained
problems

Name m n  Result nFun nQPs  f-value
BT1 1 2 S 14 9 -1.00e+00
BT2 1 3 S 11 10 3.26e-02
BT3 3 5 S 4 3 4.09e+00
BT4 2 3 S 17 8 -4 .55e+01
BT5 2 3 S 10 7 9.62e+02
BT6 2 5 S 21 17 4.88e+00
BT7 3 5 S 42 30 3.06e+02
BT8 2 5 S 11 10 1.00e+00
BT9 2 4 S 9 8 -1.00e+00
BT10 2 2 S 7 6 -1.00e+00
BT11 3 5 S 8 7 8.25e-01
BT12 3 5 S 8 5 6.19e+00
BYRDSPHR 2 3 S 52 30 -4.68e+00
COOLHANS 9 9 S 37 24 0.00e+00
DIXCHLNG 5 10 F™ 606 601 4.27e+03
EIGENA2 55 110 S 5 3 6.04e-24
EIGENACO 55 110 S 5 3 1.77e-20
EIGENB2 55 110 F¢ 27 7 1.80e+01
EIGENBCO 55 110 F'" 1224 601 8.99e+00
EIGENC2 231 462 F¢ 17 5 3.63e+02
EIGENCCO 231 462 F¢ 116 53 1.84e+01
ELEC 200 600  F 6 2 2.84e+04
GRIDNETE 36 60 S 5 4 3.96e+01
GRIDNETH 36 60 S 5 4 3.96e+01
HS6 1 2 S 38 17 9.98e-31
HS7 1 2 S 38 18 -1.73e+00
HS8 2 2 S 6 4 -1.00e+00
HS9 1 2 S 5 4 -5.00e-01
HS26 1 3 S 21 18 1.02e-12
HS27 1 3 S 121 69 4.00e-02




Table 10.2: Results for pdSQP on equality constrained

problems (continued)

Name m n Result nFun nQPs  f-value

HS28 1 3 S 4 2 9.86e-32
HS39 2 4 S 9 8 -1.00e+00
HS40 3 4 S 5 4 -2.50e-01
HS42 2 4 S 8 6 1.39e+01
HS46 2 5 S 24 18 5.07e-12
HS47 3 5 S 23 16 1.92e-10
HS48 2 5 S 4 2 2.47e-31
HS49 2 5 S 18 14 8.43e-10
HS50 3 5 S 14 10 1.42e-22
HS51 3 5 S 4 2 1.21e-14
HS52 3 5 S 4 3 5.33e+00
HS56 4 7 S 6 5 -3.46e+00
HS61 2 3 S 19 14 -1.44e+02
HS77 2 5 S 18 16 2.42e-01
HS78 3 5 S 6 5 -2.92e+00
HS79 3 5 S 8 7 7.88e-02
HS100LNP 2 7 S 18 7 6.81e+02
HS111LNP 3 10 S 25 14 -4.78e+01
LUKVLE1 98 100 S 15 9 5.50e-16
LUKVLE3 2 100 S 18 13 2.76e+01
LUKVLE6 49 99 F 606 601 2.00e+06
LUKVLE7 4 100 S 23 12 -1.30e+01
LUKVLES 98 100 Fm 602 601 4.65e+05
LUKVLE9 6 100 S 43 21 1.02e+01
LUKVLE10 98 100 S 51 31 3.48e+01
LUKVLE13 64 98 S 26 25 7.90e+02
LUKVLE14 64 98 F 602 601 1.06e+06
LUKVLE16 72 97 F™ 604 601 1.62e+05
LCH 1 300 F¢ 59 18 -6.41e+00
LCH 1 300 F¢ 59 18 -6.41e+00
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Table 10.2: Results for pdSQP on equality constrained

problems (continued)

Name m n Result nFun nQPs  f-value
MARATOS 1 2 S 4 3 -1.00e+00
MWRIGHT 3 5 S 11 5 2.50e+01
ORTHRDM2 100 203 S 7 5 7.78e+00
ORTHRDS2 100 203 F™ 1206 601 8.28e+02
ORTHREGA 64 133 S 48 27 3.50e+02
ORTHREGB 6 27 S 7 5 3.02e-23
ORTHREGC 10 25 S 7 6 3.99e-01
ORTHREGD 10 23  F° 379 377 3.25e+01
ORTHRGDM 10 23  F® 473 399 9.65e+00
ORTHRGDS 76 155 S 239 118 2.34e+01
S5316-322 1 2 S 10 9 3.34e+02
Table 10.3: Results for pdSQPcc on equality constrained
problems

Name m n  Result nFun nQPs  f-value
BT1 1 2 S 14 9 -1.00e+00
BT2 1 3 S 11 10 3.26e-02
BT3 3 5 S 4 3 4.09e+00
BT4 2 3 S 19 9 -4 .55e+01
BT5 2 3 S 40 18 9.62e+02
BT6 2 5 F? 43 18 3.32e+03
BT7 3 5 S 58 38 3.06e+02
BT8 2 5 S 11 10 1.00e+00
BT9 2 4 S 9 8 -1.00e+00
BT10 2 2 S 7 6 -1.00e+00
BT11 3 5 S 8 7 8.25e-01
BT12 3 5 S 8 5 6.19e+00
BYRDSPHR 2 3 F™ 602 601 -4.97e+00
COOLHANS 9 9 S 361 320 0.00e+00
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Table 10.3: Results for pdSQPcc on equality constrained

problems (continued)

Name m n Result nFun nQPs  f-value

DIXCHLNG 5 10 F™ 606 601 4.27e+03
EIGENA2 55 110 S 5 3 6.06e-24
EIGENACO 55 110 S 5 3 1.77e-20
EIGENB2 55 110 F? 3 2 1.80e+01
EIGENBCO 55 110 F? 3 2 9.00e+00
EIGENC2 231 462 F4 2 2 3.63e+02
EIGENCCO 231 462 F? 3 2 2.00e+01
ELEC 200 600 F¢ 6 2 2.84e+04
GRIDNETE 36 60 S 5 4 3.96e+01
GRIDNETH 36 60 S 5 4 3.96e+01
HS6 1 2 S 38 17 0.00e+00
HS7 1 2 S 14 8 -1.73e+00
HS8 2 2 S 6 4 -1.00e+00
HS9 1 2 S 5 4 -5.00e-01
HS26 1 3 S 21 18 1.02e-12
HS27 1 3 S 133 75 4.00e-02
HS28 1 3 S 4 2 9.86e-32
HS39 2 4 S 9 8 -1.00e+00
HS40 3 4 S 5 4 -2.50e-01
HS42 2 4 S 8 6 1.39e+01
HS46 2 5 S 24 18 5.07e-12
HS47 3 5 S 23 16 1.92e-10
HS48 2 5 S 4 2 4.93e-32
HS49 2 5 S 18 14 8.43e-10
HS50 3 5 S 14 10 1.42e-22
HS51 3 5 S 4 2 1.21e-14
HS52 3 5 S 4 3 5.33e+00
HS56 4 7 S 6 5 -3.46e+00
HS61 2 3 F'™ 602 601 -7.03e+00
HS77 2 5 S 40 23 2.42e-01
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Table 10.3: Results for pdSQPcc on equality constrained

problems (continued)

Name m n Result nFun nQPs  f-value
HS78 3 5 S 6 5  -2.92e+00
HS79 3 5 S 8 7 7.88e-02
HS100LNP 2 7 S 18 7 6.81e+02
HS111LNP 3 10 F¢ 3 2 -4.17e+01
LUKVLE1 98 100 S 15 9 5.50e-16
LUKVLE3 2 100 S 18 13 2.76e+01
LUKVLE6 49 99 F™ 606 601 2.23e+06
LUKVLE7 4 100 S 21 11 3.56e+01
LUKVLES 98 100  F¢ 45 45 4.62e+05
LUKVLE9 6 100 S 57 35 1.12e+01
LUKVLE1I0 98 100  F9 88 36 4.66e+01
LUKVLE13 64 98 S 28 25 7.90e+02
LUKVLE14 64 98  F™ 602 601 1.06e+06
LUKVLE16 72 97  F™ 604 601 1.62e+05
LCH 1 300 F9 6 2 5.42e+04
LCH 1 300  F¢ 6 2 5.42e+04
MARATOS 12 S 4 3  -1.00e+00
MWRIGHT 3 5 S 11 5 2.50e+01
ORTHRDM2 100 203 S 7 5 7.78e+00
ORTHRDS2 100 203  F¢ 9 4 1.48e+02
ORTHREGA 64 133  F¢ 3 3 1.64e+02
ORTHREGB 6 27 F¢ 38 10 9.22e-02
ORTHREGC 10 25 S 7 6 3.99e-01
ORTHREGD 10 23  F¢ 49 12 2.18e+01
ORTHRGDM 10 23  F? 28 4 3.23e+01
ORTHRGDS 76 155 F? 25 2 3.55e+01
S316-322 1 2 S 9 8 3.34e+02
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Table 10.4: Results for pdSQPccnc on equality constrained

problems

Name m n  Result nFun nQPs  f-value
BT1 102 S 16 7  -1.00e+00
BT2 13 S 13 12 3.26e-02
BT3 3 5 S 4 3 4.09e+00
BT4 2 3 S 71 35  -4.55e+01
BT5 2 3 Fo 25 2 9.56e+02
BT6 2 5 S 12 10 2.77e-01
BT7 3 5 F? 33 11 1.27e+00
BT8 2 5 S 15 13 1.00e+00
BT9 2 4 S 13 11 -1.00e+00
BT10 2 2 S 7 6  -1.00e+00
BT11 3 5 S 8 7 8.25e-01
BT12 3 5 S 8 5 6.19e+00
BYRDSPHR 2 3 F? 39 2 -5.00e+00
COOLHANS 9 9 Fo 27 4 0.00e+00
DIXCHLNG 5 10 S 41 40 2.47e+03
EIGENA2 55 110 S 6 5 3.44e-25
EIGENACO 55 110 S 6 5 3.19e-18
EIGENB2 55 110 F4 2 2 2.64e+01
EIGENBCO 55 110 F? 24 2 1.60e+01
EIGENC2 231 462 F4 2 2 8.27e+02
EIGENCCO 231 462 F4 2 2 7.81e+02
ELEC 200 600 F4 2 2 4.11e+04
GRIDNETE 36 60 S 5 4 3.96e+01
GRIDNETH 36 60 S 5 4 3.96e+01
HS6 102 S 77 36 0.00e+00
HS7 12 Fo 24 2 -2.54e+00
HS8 2 2 S 6 4 -1.00e+00
HS9 102 S 5 2  -5.00e-01
HS26 13 S 18 17 9.31e-13
HS27 1 3 S 18 11 4.00e-02




Table 10.4: Results for pdSQPccenc on equality constrained

problems (continued)

Name m n Result nFun nQPs  f-value
HS28 1 3 S 3 2 3.94e-31
HS39 2 4 S 13 11 -1.00e+00
HS40 3 4 S 5 4 -2.50e-01
HS42 2 4 S 5 4 1.39e+01
HS46 2 5 S 20 18 1.41e-11
HS47 3 5 F™ 1224 601 1.51e+00
HS48 2 5 S 3 2 2.47e-31
HS49 2 5 S 18 17 1.14e-09
HS50 3 5 S 11 10 2.02e-24
HS51 3 5 S 3 2 1.50e-14
HS52 3 5 S 4 3 5.33e+00
HS56 4 7 F? 26 2 -3.21e+00
HS61 2 3 F? 24 2  -9.30e-03
HST77 2 5 S 11 10 2.42e-01
HS78 3 5 S 5 4  -2.92e+00
HST79 3 5 S 44 21 7.88e-02
HS100LNP 2 7 F™ 1233 601 6.87e+02
HS111LNP 3 10 Fe 3 2 -8.50e+01
LUKVLE1 98 100 S 12 11 6.23e+00
LUKVLE3 2 100 S 11 10 2.76e+01
LUKVLE6 49 99 Fm 602 601 2.82e+07
LUKVLE7 4 100 F4 21 7 1.20e+03
LUKVLES 98 100 F4 2 2 5.71e+04
LUKVLE9 6 100 Fo 32 6 3.84e+01
LUKVLE1I0 98 100 FP 24 2 1.68e+02
LUKVLE13 64 98 S 18 16 7.90e+02
LUKVLE14 64 98 Fm 602 601 1.58e+06
LUKVLE16 72 97 Fm 602 601 5.90e+02
LCH 1 300 F4 2 2 3.39e+04
LCH 1 300 F4 2 2 3.39e+04
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Table 10.4: Results for pdSQPccenc on equality constrained

problems (continued)

Name m n Result nFun nQPs  f-value
MARATOS 12 Fb 33 2 -1.12e+00
MWRIGHT 3 5 S 15 8 2.50e+01
ORTHRDM2 100 203  F¢ 8 3 3.79e+01
ORTHRDS2 100 203  F¢ 2 2 3.34e+00
ORTHREGA 64 133  F¢ 4 4 3.02e+02
ORTHREGB 6 27 F¢ 25 6 1.79e-01
ORTHREGC 10 25 S 7 6 3.99e-01
ORTHREGD 10 23 S 10 7 3.41e+00
ORTHRGDM 10 23 F? 28 3 5.56e+00
ORTHRGDS 76 155  F¢ 2 2 9.76e+01
S316-322 12 S 9 7 3.34e+02

Figure 10.1 gives performance profiles for SNOPT, pdSQP and pdSQPcc. A perfor-
mance profile provide an “at a glance” comparison of a set of algorithms on a large test set.
Let r, s be the ratio of major iterations for solver s as compared to the best-performing
solver on problem p. Let |A| denote the size of a set. The function,

1

ms(T) = WHP € P |logy(rp,s) < 7},

expresses the proportion of problems that are solved in at worst 27 iterations times the
number of iterations the best solver takes. The performance profile plots m4(7) as a function
of 7 for the different solvers. A solver starting and initially staying at a comparatively a
high-value on the vertical axis indicates a fast solver, and a solver that has a comparatively
high value on the vertical axis for larger values of 7 represents a reliable solver. As can
be seen, pdSQP outperforms SNOPT, on average, with respect to speed. However, it is
less reliable in terms of being able to solve the most problems in a reasonable number of
iterations. This is to be expected, as SNOPT has been tested and maintained for a long
period of time.

Below is a summary of results of a set of inequality and equality constrained prob-
lems. Overall it was found that for pdSQPcc, post convexification was necessary for 48

(41%) problems.
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Figure 10.1: Performance profile comparing SNOPT, pdSQP and pdSQPcc

Table 10.5: Reliability of variants of pdSQP

Algorithm | Solved

pdSQP 101
pdSQPcc 84
pdsSQPid0o 84

Table 10.6: Results for pdSQP on inequality constrained

problems

Name m n  Result nFun nQPs  f-value

HS6 1 2 S 38 17 9.98e-31
HS7 1 2 S 38 18 -1.73e+00
HS8 2 2 S 6 4 -1.00e+00
HS9 1 2 S 5 4 -5.00e-01
HS10 1 2 S 10 9 -1.00e+00
HS11 1 2 S 6 5 -8.50e+00
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Table 10.6: Results for pdSQP on inequality constrained

problems (continued)

Name m n  Result nFun nQPs  f-value

HS12 1 2 S 14 7 -3.00e+01
HS13 1 2 S 446 443 9.85e-01
HS14 2 2 S 6 5 1.39e+00
HS15 2 2 F™ 602 601 1.40e+01
HS16 2 2 S 33 16 2.31et+01
HS17 2 2 S 9 8 1.00e+00
HS18 2 2 S 59 30 5.00e+00
HS19 2 2 S 18 17 -6.96e+03
HS20 3 2 S 14 7 4.02e+01
HS21 1 2 S 3 2 -1.00e+02
HS21MOD 1 7 S 3 2 -9.60e+01
HS22 2 2 S 5 4 1.00e+00
HS23 5 2 S 19 11 2.00e+00
HS24 3 2 S 8 7 -1.00e+00
HS26 1 3 S 21 18 1.02e-12
HS27 1 3 S 121 69 4.00e-02
HS28 1 3 S 4 2 9.86e-32
HS29 1 3 S 16 8 -2.26e+01
HS30 1 3 S 12 11 1.00e+00
HS31 1 3 S 10 6 6.00e+00
HS32 2 3 S 11 5 1.00e+00
HS33 2 3 S 8 6 -4.00e+00
HS34 2 3 S 15 7 -8.34e-01
HS35 1 3 S 3 2 1.11e-01
HS35I 1 3 S 3 2 1.11e-01
HS35M0D 1 3 S 3 2 2.50e-01
HS36 1 3 S 4 3 -3.30e+03
HS37 2 3 S 8 6 -3.46e+03
HS39 2 4 S 9 8 -1.00e+00
HS40 3 4 S 5 4 -2.50e-01




Table 10.6: Results for pdSQP on inequality constrained

problems (continued)

Name m n  Result nFun nQPs  f-value

HS41 1 4 S 7 6 1.93e+00
HS42 2 4 S 8 6 1.39e+01
HS43 3 4 S 12 6 -4.40e+01
HS44 6 4 S 6 5 -1.30e+01
HS44NEW 6 4 S 6 5 -1.50e+01
HS46 2 b S 24 18 5.07e-12
HS47 3 5 S 23 16 1.92e-10
HS48 2 5 S 4 2 2.47e-31
HS49 2 b S 18 14 8.43e-10
HS50 3 5 S 14 10 1.42e-22
HS51 3 5 S 4 2 1.21e-14
HS52 3 b S 4 3 5.33e+00
HS53 3 5 S 4 3 4.09e+00
HS54 1 6 F¢ 2 2 -7.22e-34
HS55 6 6 S 4 3 6.67e+00
HS56 4 7 S 6 5 -3.46e+00
HS57 1 2 S 7 4 3.06e-02
HS59 3 2 F™ 1206 601 2.37e+01
HS60 1 3 S 6 5 3.26e-02
HS61 2 3 S 19 14 -1.44e+02
HS62 1 3 S 67 66 -2.63e+04
HS63 2 3 F™ 602 601 9.70e+02
HS64 1 3 Fm 603 601 6.22e+03
HS65 1 3 S 20 10 9.54e-01
HS66 2 3 S 13 6 5.18e-01
HS67 14 3 P 417 185  -9.39e+02
HS68 2 4 S 128 69 -9.20e-01
HS69 2 4 S 18 11 -9.57e+02
HS70 1 4 S 24 17 7.50e-03
HS71 2 4 S 5 4 1.70e+01

172



Table 10.6: Results for pdSQP on inequality constrained

problems (continued)

Name m n  Result nFun nQPs  f-value
HS72 2 4 S 426 425 7.28e+02
HS73 3 4 S 5 4 2.99e+01
HS74 5 4 S 14 13 5.13e+03
HS75 5 4 S 269 268 5.17e+03
HS76 3 4 S 3 2  -4.68e+00
HS761 3 4 S 3 2 -4.68e+00
HST77 2 5 S 18 16 2.42e-01
HS78 3 5 S 6 5 -2.92e+00
HS79 3 5 S 8 7 7.88e-02
HS80 3 5 S 5 4 5.39e-02
HS81 3 5 S 7 6 5.39e-02
HS83 3 5 S 11 10  -3.07e+04
HS84 3 5 Fm 604 601  -3.59e+06
HS86 10 5 S 6 4 -3.23e+01
HS88 12 S 224 222 1.36e+00
HS89 1 3 S 33 28 1.36e+00
HS90 1 4 S 29 27 1.36e+00
HS91 1 5 Fm 610 601 5.83e-01
HS92 1 6 S 27 25 1.36e+00
HS93 2 6 S 31 16 1.35e+02
HS95 4 6 S 11 6 1.56e-02
HS96 4 6 S 11 6 1.56e-02
HS97 4 6 S 5 4 4.07e+00
HS98 4 6 S 5 4 4.07e+00
HS99 2 7 F? 264 247  -8.31e+08
HS100 4 7 S 18 10 6.81e+02
HS100LNP 2 7 S 18 7 6.81e+02
HS100MOD 4 7 S 44 37 6.79e+02
HS101 5 7 S 463 400 1.81e+03
HS102 5 7 S 213 184 9.12e+02
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Table 10.6: Results for pdSQP on inequality constrained

problems (continued)

Name m n  Result nFun nQPs  f-value

HS103 5 7 S 111 97 5.44e+02
HS104 5 8 S 28 13 3.95e+00
HS105 1 8 S 9 8 1.06e+03
HS106 6 8 F™ 1210 601 1.35e+04
HS107 6 9 S 55 54 5.06e+03
HS108 13 9 S 12 8 -5.00e-01
HS109 10 9 F™ 602 601 1.15e+03
HS111 3 10 S 25 14 -4.78e+01
HS111LNP 3 10 S 25 14 -4.78e+01
HS112 3 10 S 12 11 -4.78e+01
HS113 8 10 S 9 6 2.43e+01
HS114 11 10 S b8 46 -1.77e+03
HS116 14 13 F¢ 80 63 1.66e+02
HS117 5 15 S 20 13 3.23e+01
HS118 17 15 S 4 3 6.65e+02
HS119 8 16 S 34 33 2.45e+02
HS268 5 b S 13 5 2.91e-11

Table 10.7: Results for pdSQPcc on inequality constrained

problems

Name m n  Result nFun nQPs  f-value

HS6 1 2 S 38 17 0.00e+00
HS7 1 2 S 14 8 -1.73e+00
HS8 2 2 S 6 4 -1.00e+00
HS9 1 2 S 5 4 -5.00e-01
HS10 1 2 S 10 9 -1.00e+00
HS11 1 2 S 6 5 -8.50e+00
HS12 1 2 S 41 35 -3.00e+01
HS13 1 2 F™ 603 601 9.90e-01
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Table 10.7: Results for pdSQPcc on inequality constrained

problems (continued)

Name m n  Result nFun nQPs  f-value

HS14 2 2 S 6 5 1.39e+00
HS15 2 2 F™ 602 601 1.57e+02
HS16 2 2 S 5 4 2.31e+01
HS17 2 2 S 13 11 1.00e+00
HS18 2 2 F™ 604 601 6.86e+00
HS19 2 2 S 17 16 -6.96e+03
HS20 3 2 S 14 7 4.02e+01
HS21 1 2 S 248 247 -1.00e+02
HS21MOD 1 7 S 248 247 -9.60e+01
HS22 2 2 S 5 4 1.00e+00
HS23 5 2 S 552 551 2.00e+00
HS24 3 2 S 63 62 -1.00e+00
HS26 1 3 S 21 18 1.02e-12
HS27 1 3 S 133 75 4.00e-02
HS28 1 3 S 4 2 9.86e-32
HS29 1 3 S 88 86 -2.26e+01
HS30 1 3 S 12 11 1.00e+00
HS31 1 3 S 10 6 6.00e+00
HS32 2 3 S 34 32 1.00e+00
HS33 2 3 S 53 52 -4.00e+00
HS34 2 3 S 15 7 -8.34e-01
HS35 1 3 S 3 2 1.11e-01
HS351 1 3 S 3 2 1.11e-01
HS35M0D 1 3 S 3 2 2.50e-01
HS36 1 3 S 4 3 -3.30e+03
HS37 2 3 S 6 5 -3.46e+03
HS39 2 4 S 9 8 -1.00e+00
HS40 3 4 S 5 4 -2.50e-01
HS41 1 4 S 6 5 1.93e+00
HS42 2 4 S 8 6 1.39e+01
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Table 10.7: Results for pdSQPcc on inequality constrained

problems (continued)

Name m n  Result nFun nQPs  f-value

HS43 3 4 S 40 35 -4.40e+01
HS44 6 4 S 41 40 -1.30e+01
HS44NEW 6 4 S 10 9 -1.50e+01
HS46 2 5 S 24 18 5.07e-12
HS47 3 5 S 23 16 1.92e-10
HS48 2 b S 4 2 4.93e-32
HS49 2 5 S 18 14 8.43e-10
HS50 3 5 S 14 10 1.42e-22
HS51 3 b S 4 2 1.21e-14
HS52 3 5 S 4 3 5.33e+00
HS53 3 5 S 4 3 4.09e+00
HS54 1 6 S 3 2 -7.22e-34
HS55 6 6 S 4 3 6.67e+00
HS56 4 7 S 6 5 -3.46e+00
HS57 1 2 F™ 610 601 3.06e-02
HS59 3 2 F™ 602 601 2.98e+01
HS60 1 3 S 6 5 3.26e-02
HS61 2 3 F™ 602 601 -7.03e+00
HS62 1 3 S 67 66 -2.63e+04
HS63 2 3 Fm 602 601 9.76e+02
HS64 1 3 F™ 603 601 6.22e+03
HS65 1 3 S 120 110 9.54e-01
HS66 2 3 S 13 6 5.18e-01
HS67 14 3 S 408 331 -1.16e+03
HS68 2 4 S 22 16 -9.20e-01
HS69 2 4 S 18 15 -9.57e+02
HS70 1 4 S 338 334 7.50e-03
HS71 2 4 S 5 4 1.70e+01
HS72 2 4 S 426 425 7.28e+02
HS73 3 4 S 89 88 2.99e+01
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Table 10.7: Results for pdSQPcc on inequality constrained

problems (continued)

Name m n  Result nFun nQPs  f-value

HS74 5 4 S 15 14 5.13e+03
HS75 5 4 S 269 268 5.17e+03
HS76 3 4 S 56 55 -4.68e+00
HS761I 3 4 S 56 55 -4.68e+00
HS77 2 5 S 40 23 2.42e-01
HS78 3 b S 6 5 -2.92e+00
HS79 3 5 S 8 7 7.88e-02
HS80 3 5 S 5 4 5.39e-02
HS81 3 b S 7 6 5.39e-02
HS83 3 5 S 98 97 -3.07e+04
HS84 3 5 F™ 605 601 -2.63e+06
HS86 10 5 S 13 11 -3.23e+01
HS88 1 2 F™ 603 601 2.83e-04
HS89 1 3 S 35 28 1.36e+00
HS90 1 4 F? 24 12 7.08e-01
HS91 1 5 F? 16 8 1.87e-02
HS92 1 6 F? 6 5 3.37e-01
HS93 2 6 S 59 29 1.35e+02
HS95 4 6 S 91 90 1.56e-02
HS96 4 6 S 91 90 1.56e-02
HS97 4 6 F™ 611 601 3.15e+00
HS98 4 6 F™ 611 601 3.15e+00
HS99 2 7 B 264 247  -8.31e+08
HS100 4 7 S 287 277 6.81e+02
HS100LNP 2 7 S 18 7 6.81e+02
HS100MOD 4 7 Fm 608 601 6.79e+02
HS101 5 7 F™ 1204 601 2.18e+03
HS102 5 7 F™ 714 601 1.71e+03
HS103 5 7 F'm 634 601 1.63e+03
HS104 5 8 S 33 15 3.95e+00
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Table 10.7: Results for pdSQPcc on inequality constrained

problems (continued)

Name m n  Result nFun nQPs  f-value

HS105 1 8 S 7 6 1.06e+03
HS106 6 8 F 387 342 1.44e+04
HS107 6 9 S 55 54 5.06e+03
HS108 13 9 S 18 15 -5.00e-01
HS109 10 9 F™ 602 601 6.87e+02
HS111 3 10 F™ 1215 601 -4.89e+01
HS111LNP 3 10 F? 3 2 -4.17e+01
HS112 3 10 S 12 11 -4.78e+01
HS113 8 10 Fm 604 601 2.47e+01
HS114 11 10 F™ 801 601 -1.59e+03
HS116 14 13 F™ 1064 601 2.42e+02
HS117 5 15 F? 2 2 1.22e+03
HS118 17 15 S 59 58 6.65e+02
HS119 8 16 S 42 41 2.45e+02
HS268 5 b F™ 609 601 1.38e-01

Table 10.8: Results for pdSQPid0 on inequality constrained

problems

Name m n  Result nFun nQPs  f-value

HS6 1 2 S 38 17 0.00e+00
HS7 1 2 S 14 8 -1.73e+00
HS8 2 2 S 6 4 -1.00e+00
HS9 1 2 S 5 4 -5.00e-01
HS10 1 2 S 10 9 -1.00e+00
HS11 1 2 S 6 5 -8.50e+00
HS12 1 2 S 41 35 -3.00e+01
HS13 1 2 S 445 443 9.85e-01
HS14 2 2 S 6 5 1.39e+00
HS15 2 2 Fm 602 601 1.58e+02
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Table 10.8: Results for pdSQPid0 on inequality constrained

problems (continued)

Name m n  Result nFun nQPs  f-value

HS16 2 2 S 5 4 2.31e+01
HS17 2 2 S 13 11 1.00e+00
HS18 2 2 Fm 604 601 6.86e+00
HS19 2 2 S 17 16 -6.96e+03
HS20 3 2 S 13 8 4.02e+01
HS21 1 2 F™ 602 601 -1.00e+02
HS21M0OD 1 7 F™ 602 601 -9.60e+01
HS22 2 2 S 6 5 1.00e+00
HS23 5 2 S 552 551 2.00e+00
HS24 3 2 S 84 83 -1.00e+00
HS26 1 3 S 21 18 1.02e-12
HS27 1 3 S 133 75 4.00e-02
HS28 1 3 S 4 2 9.86e-32
HS29 1 3 S 88 86 -2.26e+01
HS30 1 3 S 12 11 1.00e+00
HS31 1 3 S 13 8 6.00e+00
HS32 2 3 S 34 32 1.00e+00
HS33 2 3 S 53 52 -4.00e+00
HS34 2 3 S 16 9 -8.34e-01
HS35 1 3 S 3 2 1.11e-01
HS35T1 1 3 S 3 2 1.11e-01
HS35M0D 1 3 S 3 2 2.50e-01
HS36 1 3 S 4 3 -3.30e+03
HS37 2 3 S 6 5 -3.46e+03
HS39 2 4 S 9 8 -1.00e+00
HS40 3 4 S 5 4 -2.50e-01
HS41 1 4 S 6 5 1.93e+00
HS42 2 4 S 8 6 1.39e+01
HS43 3 4 S 40 35 -4.40e+01
HS44 6 4 S 48 a7 -1.30e+01
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Table 10.8: Results for pdSQPid0 on inequality constrained

problems (continued)

Name m n  Result nFun nQPs  f-value

HS44NEW 6 4 S 29 28 -1.30e+01
HS46 2 5 S 24 18 5.07e-12
HS47 3 b S 23 16 1.92e-10
HS48 2 5 S 4 2 4.93e-32
HS49 2 5 S 18 14 8.43e-10
HS50 3 b S 14 10 1.42e-22
HS51 3 5 S 4 2 1.21e-14
HS52 3 5 S 4 3 5.33e+00
HS53 3 b S 4 3 4.09e+00
HS54 1 6 S 3 2 -7.22e-34
HS55 6 6 S 4 3 6.67e+00
HS56 4 7 S 6 5 -3.46e+00
HS57 1 2 F™ 610 601 3.06e-02
HS59 3 2 Fm 602 601 2.99e+01
HS60 1 3 S 6 5 3.26e-02
HS61 2 3 F™ 602 601 -7.03e+00
HS62 1 3 S 68 67 -2.63e+04
HS63 2 3 F™ 602 601 9.76e+02
HS64 1 3 F™ 603 601 6.64e+03
HS65 1 3 S 139 132 9.54e-01
HS66 2 3 B 5 4 5.44e-01
HS67 14 3 S 411 337 -1.16e+03
HS68 2 4 S 22 16 -9.20e-01
HS69 2 4 S 18 15 -9.57e+02
HS70 1 4 S 338 334 7.50e-03
HS71 2 4 S 5 4 1.70e+01
HS72 2 4 S 426 425 7.28e+02
HS73 3 4 S 86 85 2.99e+01
HS74 5 4 S 15 14 5.13e+03
HS75 5 4 S 269 268 5.17e+03
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Table 10.8: Results for pdSQPid0 on inequality constrained

problems (continued)

Name m n  Result nFun nQPs  f-value

HS76 3 4 S 70 69 -4.68e+00
HS761I 3 4 S 70 69 -4 .68e+00
HS77 2 b S 40 23 2.42e-01
HS78 3 5 S 6 5 -2.92e+00
HS79 3 5 S 8 7 7.88e-02
HS80 3 b S 5 4 5.39e-02
HS81 3 5 F 18 14 5.39e-02
HS83 3 5 S 90 89 -3.07e+04
HS84 3 b Fm 605 601 -2.63e+06
HS86 10 5 S 13 11 -3.23e+01
HS88 1 2 F™ 603 601 2.83e-04
HS89 1 3 S 33 26 1.36e+00
HS90 1 4 F? 38 12 4.21e+00
HS91 1 5 F¢ 8 72 7.32e-01
HS92 1 6 F? 12 6 9.95e-01
HS93 2 6 S 71 39 1.35e+02
HS95 4 6 S 91 90 1.56e-02
HS96 4 6 S 91 90 1.56e-02
HS97 4 6 S 448 441 4.07e+00
HS98 4 6 S 448 441 4.07e+00
HS99 2 7 F™ 602 601 -7.77e+08
HS100 4 7 S 287 277 6.81e+02
HS100LNP 2 7 S 18 7 6.81e+02
HS100MOD 4 7 F™ 608 601 6.79e+02
HS101 5 7 F™ 1146 601 2.15e+03
HS102 5 7 Fm 1009 601 1.99e+03
HS103 5 7 F™ 674 601 1.67e+03
HS104 5 8 S 41 23 3.95e+00
HS105 1 8 S 9 8 1.06e+03
HS106 6 8 F? 306 298 1.47e+04
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Table 10.8: Results for pdSQPid0 on inequality constrained

problems (continued)

Name m n  Result nFun nQPs  f-value

HS107 6 9 S 55 54 5.06e+03
HS108 13 9 S 103 68 -5.00e-01
HS109 10 9 Fm 602 601 6.87e+02
HS111 3 10 F™ 1215 601 -4.89e+01
HS111LNP 3 10 F¢ 3 2 -4.17e+01
HS112 3 10 S 12 11 -4.78e+01
HS113 8 10 F™ 604 601 2.60e+01
HS114 11 10 S 542 314 -1.77e+03
HS116 14 13 Fm 1162 601 2.50e+02
HS117 5 15 F? 2 2 1.22e+03
HS118 17 15 S 45 44 6.65e+02
HS119 8 16 S 51 50 2.45e+02
HS268 5 5 F? 626 595 2.72e-01
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