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ABSTRACT OF THE DISSERTATION

Neural Lyapunov Methods for Learning-based Control

by

Ya-Chien Chang

Doctor of Philosophy in Computer Science

University of California San Diego, 2025

Professor Sicun Gao, Chair

Learning-based control methods have demonstrated strong capabilities in solving complex
control tasks in robotics. However, their broader adoption is often limited by sample inefficiency
and the lack of formal guarantees regarding the stability and safety of the learned controllers.
This dissertation introduces a set of frameworks that enhance the reliability and efficiency of
learning-based control by extending the use of Lyapunov methods and introducing adaptive
action-selection strategies.

In this thesis, we first introduce neural Lyapunov methods that jointly optimize stabilizing
controllers and Lyapunov functions, providing provable guarantees for the stability of dynamical

systems. These methods significantly simplify nonlinear control design and achieve substantially
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larger regions of attraction compared to existing control methods. We then develop algorithms
that extend neural Lyapunov methods to a variety of control settings, including model-based
stabilization of nonlinear systems, model-free reinforcement learning, and imitation learning
from limited expert demonstrations. In all cases, the learned controllers demonstrate enhanced
stability and robustness compared to existing learning-based techniques. To further address
the inefficiencies of exploration in reinforcement learning, we propose novel methods based
on Extremum-Seeking Control that improve action selection by leveraging local optimization
signals. These approaches enable more efficient learning by adaptively directing exploration
toward the most informative regions within the state space.

Taken together, the methods developed in this thesis form a principled framework for
learning-based control that is both robust and scalable across simulated and real-world robotic
systems. By applying neural Lyapunov techniques to ensure formal stability guarantees, and
adaptive exploration strategies to improve learning efficiency, this work closes the gap between
theoretical guarantees and practical deployment. As a result, it advances the safety, efficiency,

and real-world applicability of learning-based control in robotics.
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Chapter 1

Introduction

1.1 Background

Stability is a foundational concept in control theory, ensuring that dynamical systems
behave predictably and remain safe in the presence of disturbances or uncertainty. This property
is especially critical in modern applications such as robotic locomotion, autonomous vehicles,
and aerospace systems, where safety and robustness are non-negotiable. As these systems
become more complex and high-dimensional, the need for scalable, flexible, and reliable control
synthesis methods has grown substantially. In response, recent advances in machine learning
have introduced powerful tools for modeling unknown dynamics and generating control poli-
cies directly from data. However, integrating such data-driven methods with formal stability
guarantees remains an open challenge.

In control theory, Lyapunov functions are powerful tools for analyzing the stability
of nonlinear systems as well as designing controllers with provable guarantee of stability, by
providing explicit representation or estimations of the regions of attraction (ROA). Lyapunov
functions can be considered as a general form of energy functions, which are scalar functions
whose values decrease along the system trajectories, so that the states of the dynamical system
are forced to approach the equilibrium or the goal state of the system, and eventually stabilize.
When Lyapunov functions can be constructed for a controlled dynamical system, then we can

rigorously prove that the system is stable in this way. Moreover, the level sets of the Lyapunov



function can be used to characterize the region of attraction of the system, which is also called a
stability region, guaranteeing that all states starting inside will never escape and converge to the
goal point at the end.

Although Lyapunov functions are powerful tools once we have them, the most difficult
challenge is to find them in the first place. For even mildly nonlinear systems, there is no
general analytic form for Lyapunov functions. In fact, even checking that a function is a
Lyapunov function is nontrivial (NP-hard in fact), because we need to ensure that the function is
positive definite and its derivative over time along the system trajectories is negative everywhere.
Numerical methods for searching Lyapunov functions have been attracting much attention for
decades [1]. One mainstream approach is to use sum-of-squares (SOS) representations [2]
for the Lyapunov functions, and semidefinite programming [3] for the search through convex
optimization. The sum-of-squares approach can only work with dynamical system that can be
expressed with polynomial dynamics, and Lyapunov functions that are SOS polynomials [4—6].
The applicability of SOS polynomial Lyapunov functions has been widely explored for different
kinds of system in control. However, many theoretical results [7-9] show that no polynomial
Lyapunov function of any degree can be found for a very simple stable polynomial systems.
Practically, scalability and numerical sensitivity issues restrict the use of SOS-based approaches
to only a few classes of low-dimensional dynamical systems.

Since the 1990s, neural networks have been explored as function approximators for
constructing Lyapunov functions in dynamical systems [10—-13]. Early work leveraged gradient-
based optimization to train multi-layer perceptrons that approximate scalar functions satisfying
Lyapunov conditions. The general strategy was to iteratively update the network parameters to
produce non-decreasing functions over a sampled training set, offering a data-driven alternative
framework to construct Lyapunov functions. These early efforts demonstrated the potential
of neural networks as Lyapunov function approximators and laid the groundwork for more
general frameworks in this direction. However, most early approaches [14—16] do not attempt

to evaluate the validity of the learned neural Lyapunov functions because it is very hard to



produce global guarantees on these functions. In response, a growing body of research [17-21]
began to develop neural Lyapunov design frameworks that integrate learning objectives with
stability-aware training processes, including methods that approximate ROA boundaries more
effectively and improve generalization across the state space. To further improve the soundness
of neural Lyapunov functions, learner-verifier frameworks have emerged, aiming to ensure that
Lyapunov conditions are satisfied not just over a sampled state set but throughout the entire
state space [22—24]. These frameworks consist of a learner that proposes candidate Lyapunov
functions and a verifier that searches for counterexamples that violate the Lyapunov conditions.
The identified counterexamples are added to the training set to guide the learner to focus its
training on the regions surrounding them. This counterexample-guided training significantly
enhances the robustness of the neural Lyapunov functions.

Building on these developments, and as learning-based control techniques have emerged
to address the limitations of analytic control in complex, high-dimensional, and uncertain
environments, recent research has incorporated neural Lyapunov functions as certificates to
ensure the stability of learned control policies during training and exploration. These neural
Lyapunov certificates are embedded directly into learning objectives or integrated into guided
training loops, enabling policies that achieve high performance while satisfying formal stability
guarantees. By bridging the gap between learning-based control architectures and rigorous
stability analysis, neural Lyapunov functions provide a scalable and generalizable framework for
certifying the behavior of complex dynamical systems. This neural Lyapunov framework opens
new opportunities for designing and implementing certified neural controllers, and has driven

active research in safe reinforcement learning with neural Lyapunov methods.

1.2 Dissertation Overview

This dissertation explores neural Lyapunov methods for learning-based control, empha-

sizing stability guarantees and their applicability across a broad range of control settings. The



work begins with a framework that co-optimizes Lyapunov functions and stabilizing controllers,
resulting in provably stable control policies and significantly enlarged regions of attraction
compared to traditional analytic approaches. Building upon this core contribution, we extend the
methodology to diverse settings, including model-based stabilization, model-free reinforcement
learning, and imitation learning from limited demonstrations. In each case, the proposed con-
trollers exhibit improved stability and robustness relative to standard learning-based methods.
To further address the challenge of sample inefficiency in reinforcement learning, we introduce
an Extremum-Seeking Control strategy that guides action selection through local optimization
signals. These strategies enable more efficient learning by directing exploration toward the most
informative regions of the state space.

In Chapter 2, we propose a learner-verifier framework for synthesizing both control
policies and neural Lyapunov functions for nonlinear systems, with provable guarantees of
stability. The approach significantly simplifies the process of Lyapunov-based control design,
provides end-to-end correctness guarantees, and achieves much larger regions of attraction com-
pared to existing methods such as linear-quadratic regulators, sum-of-squares and semidefinite
programming.

Chapter 3, extends neural Lyapunov methods to the model-free reinforcement learning
setting by developing algorithms for training neural control policies and neural Lyapunov critic
functions. We show that the learned Lyapunov critics can be used to estimate the regions of
attraction of the controllers based on Almost Lyapunov condition. The effectiveness of the
proposed methods is demonstrated across a range of nonlinear control tasks.

In Chapter 4, the model-free Lyapunov-based method introduced in the previous chapter
is further developed to accelerate Learning from Observation (LfO) for stabilization control
problems. In LfO, the objective is to learn control policies from expert demonstrations that
provide only state trajectories, without corresponding action information. We propose a new
formulation that first learns a Lyapunov landscape model from expert demonstration and then

leverages it to guide the policy learning process. The approach enables efficient learning with



significantly fewer expert observations than state-of-the-art LfO methods, demonstrating high
performance in both real-world autonomous vehicle scenarios and simulated environments.

In Chapter 5, we address the challenge of improving action selection in model-free rein-
forcement learning setting by introducing additional adaptive control steps based on Extremum-
Seeking Control (ESC). For each action sampled from stochastic policies, we apply sinusoidal
perturbations and query for estimated Q-values as the response signal. Based on ESC, we
then adaptively adjust the sampled actions toward nearby optima before applying them to the
environment. This methods can be easily integrated into standard policy optimization to enhance
learning efficiency. We demonstrate its effectiveness across a range of continuous control tasks.

Finally, Chapter 6 concludes the dissertation by summarizing the contributions and their
broader impact. It also outlines promising directions for future exploration within the area of

neural Lyapunov methods for learning-based control.



Chapter 2

Neural Lyapunov Control

We propose new methods for learning control policies and neural network Lyapunov
functions for nonlinear control problems, with provable guarantee of stability. The framework
consists of a learner that attempts to find the control and Lyapunov functions, and a falsifier that
finds counterexamples to quickly guide the learner towards solutions. The procedure terminates
when no counterexample is found by the falsifier, in which case the controlled nonlinear system
is provably stable. The approach significantly simplifies the process of Lyapunov control design,
provides end-to-end correctness guarantee, and can obtain much larger regions of attraction than
existing methods such as LQR and SOS/SDP. We show experiments on how the new methods

obtain high-quality solutions for challenging control problems.

2.1 Introduction

Learning-based methods hold the promise of solving hard nonlinear control problems
in robotics. Most existing work focuses on learning control functions represented as neural
networks through repeated interactions of an unknown environment in the framework of deep
reinforcement learning, with notable success. However, there are still well-known issues that
impede the immediate use of these methods in practical control applications, including sample
complexity, interpretability, and safety [25]. Our work investigates a different direction: Can

learning methods be valuable even in the most classical setting of nonlinear control design? We



focus on the challenging problem of designing feedback controllers for stabilizing nonlinear
dynamical systems with provable guarantee. This problem captures the core difficulty of
underactuated robotics [26]. We demonstrate that neural networks and deep learning can find
provably stable controllers in a direct way and tackle the full nonlinearity of the systems, and
significantly outperform existing methods based on linear or polynomial approximations such as
linear-quadratic regulators (LQR) [27] and sum-of-squares (SOS) and semidefinite programming
(SDP) [2]. The results show the promise of neural networks and deep learning in improving the
solutions of many challenging problems in nonlinear control.

The prevalent way of stabilizing nonlinear dynamical systems is to linearize the system
dynamics around an equilibrium, and formulate LQR problems to minimize deviation from the
equilibrium. LQR methods compute a linear feedback control policy, with stability guarantee
within a small neighborhood where linear approximation is accurate. However, the dependence
on linearization produces extremely conservative systems, and it explains why agile robot
locomotion is hard [26]. To control nonlinear systems outside their linearizable regions, we need
to rely on Lyapunov methods [28]. Following the intuition that a dynamical system stabilizes
when its energy decreases over time, Lyapunov methods construct a scalar field that can force
stabilization. These fields are highly nonlinear and the need for function approximations has
long been recognized [28]. Many existing approaches rely on polynomial approximations of
the dynamics and the search of sum-of-squares polynomials as Lyapunov functions through
semidefinite programming (SDP) [2]. A rich theory has been developed around the approach,
but in practice the polynomial approximations pose much restriction on the systems and the
Lyapunov landscape. Moreover, well-known numerical sensitivity issues in SDP [29] make it
very hard to find solutions that fully satisfy the Lyapunov conditions. In contrast, we exploit the
expressive power of neural networks, the convenience of gradient descent for learning, and the
completeness of nonlinear constraint solving methods to provide full guarantee of Lyapunov
conditions. We show that the combination of these techniques produces control designs that can

stabilize various nonlinear systems with verified regions of attraction that are much larger than



what can be obtained by existing control methods.

We propose an algorithmic framework for learning control functions and neural network
Lyapunov functions for nonlinear systems without any local approximation of their dynamics.
The framework consists of a learner and a falsifier. The learner uses stochastic gradient descent
to find parameters in both a control function and a neural Lyapunov function, by iteratively
minimizing the Lyapunov risk which measures the violation of the Lyapunov conditions. The
falsifier takes a control function and Lyapunov function from the learner, and searches for
counterexample state vectors that violate the Lyapunov conditions. The counterexamples are
added to the training set for the next iteration of learning, generating an effective curriculum. The
falsifier uses delta-complete constraint solving [30], which guarantees that when no violation is
found, the Lyapunov conditions are guaranteed to hold for all states in the verified domain. In
this framework, the learner and falsifier are given tasks that are difficult in different ways and can
not be achieved by the other side. Moreover, we show that the framework provides the flexibility
for fine-tuning the control performance by directly enlarging the region of attraction on demand,
by adding regulator terms in the learning cost.

We experimented with several challenging nonlinear control problems in robotics, such
as drone landing, wheeled vehicle path following, and n-link planar robot balancing [31]. We are
able to find new control policies that produce certified region of attractions that are significantly
larger than what can be established previously. We provide a detailed analysis of the performance
comparison between the proposed methods and the LQR/SOS/SDP methods.

Related Work. Compared to the control-theoretic approaches, neural Lyapunov control provides
a much simpler design process, relying purely on gradient-based methods for the learning. The
saving is similar to the reduction of feature engineering and specific optimization methods in
other areas of Al. The recent work of Richards et. al. [17] has also proposed and shown the
effectiveness of using neural networks to learn safety certificates in a Lyapunov framework,
but our goals and approaches are different. Richards et. al. focus on discrete-time nonlinear

systems and the use of neural networks to learn the region of attraction of a given controller.



The Lyapunov conditions are validated in relaxed forms through sampling. Special design
of the neural architecture is required to compensate the lack of complete checking over all
states. In comparison, we focus on learning the control and the Lyapunov function together with
provable guarantee of stability in larger regions of attraction. Our approach directly handles
continuous nonlinear dynamical systems, does not assume control functions are given other
than an initialization, and uses generic feed-forward network representations without manual
design. Our approach successfully works on many more nonlinear systems, and find new
control functions that enlarge regions of attraction obtainable from standard control methods.
Related learning-based approaches for finding Lyapunov functions include [32-35]. There is
strong evidence that linear control functions are all we need for solving highly nonlinear control
problems through reinforcement learning as well [36], suggesting convergence of different
learning approaches. In the control and robotics community, similar learner-falsifier frameworks
have been proposed by [37, 38] without using neural network representations. The common
assumption is the Lyapunov functions are high-degree polynomials. In these methods, an explicit
control function and Lyapunov function can not be learned together because of the bilinear
optimization problems that they generate. Our approach significantly simplifies the algorithms in
this direction and has worked reliably on much harder control problems compared to existing
methods. Several theoretical results on asymptotic Lyapunov stability [7, 8, 39, 40] show that
some very simple dynamical systems do not admit a polynomial Lyapunov function of any
degree, despite being globally asymptotically stable. Such results further motivates the use of
neural networks as a more suitable function approximator. A large body of work in control uses
SOS representations and SDP optimization in the search for Lyapunov functions [2, 41-44].
However, scalability and numerical sensitivity issues have been the main challenge in practice.
As is well known, the number of semidefinite programs from SOS decomposition grows quickly

for low degree polynomials [2].



2.2 Preliminaries

We consider the problem of designing control functions to stablize a dynamical system
at an equilibrium point. We make extensive use of the following results from Lyapunov stability

theory.

Definition 1 (Controlled Dynamical Systems). An n-dimensional controlled dynamical system
is

dx
i fu(x), x(0) =xo 2.1

where f, : 2 — R" is a Lipschitz-continuous vector field, and 2 C R" is an open set with 0 € &
that defines the state space of the system. Each x(¢) € & is a state vector. The feedback control

is defined by a continuous function u : R” — R, used as a component in the full dynamics f,.

Definition 2 (Asymptotic Stability). We say that system of (1) is stable at the origin if for any
€ € RT, there exists 6(€) € RT such that if ||x(0)|| < & then ||x(¢)|| < € for all # > 0. The system

is asymptotically stable at the origin if it is stable and also lim;_,. ||x(¢)|| = O for all ||x(0)|| < §.

Definition 3 (Lie Derivatives). The Lie derivative of a continuously differentiable scalar function

V : 2 — R over a vector field f, is defined as

novdy v,
LrV(x) = l; oxdr l; 8_x,~[f”]’(x)

It measures the rate of change of V' along the direction of the system dynamics.

Proposition 1 (Lyapunov Functions for Asymptotic Stability). Consider a controlled system (1)
with equilibrium at the origin, i.e., f,(0) = 0. Suppose there exists a continuously differentiable

function'V : 9 — R that satisfies the following conditions:

V(0) =0, and, Vx € 2\ {0},V (x) >0and LV (x) <O0. (2.2)

10



Then, the system is asymptotically stable at the origin and V is called a Lyapunov function.

Linear-Quadratic Regulators (LQR) is a widely-adpoted optimal control strategy. LQR
controllers are guaranteed to work within a small neighborhood around the stationary point
where the dynamics can be approximated as linear systems. A detailed description can be found

in [27].

2.3 Learning to Stabilize with Neural Lyapunov Functions

We now describe how to learn both a control function and a neural Lyapunov function
together, so that the Lyapunov conditions can be rigorously verified to ensure stability of the

system. We provide pseudocode of the algorithm in Algorithm 1.

2.3.1 Control and Lyapunov Function Learning

We design the hypothesis class of candidate Lyapunov functions to be multilayered
feedforward networks with tanh activation functions. It is important to note that unlike most
other deep learning applications, we can not use non-smooth networks, such as with ReLU
activations. This is because we will need to analytically determine whether the Lyapunov
conditions hold for these neural networks, which requires the existence of their Lie derivatives.

For a neural network Lyapunov function, its input is any state vector of the system in
Definition (8) and the output is a scalar value. We write 0 to denote the parameter vector for
a Lyapunov function candidate V. For notational convenience, we write u to denote both the
control function and the parameters that define the function. The learning process updates both
the 6 and u parameters to improve the likelihood of satisfying the Lyapunov conditions, which
we formulate as a cost function named the Lyapunov risk.

The Lyapunov risk measures the degree of violation of the following Lyapunov conditions,
as shown in Proposition (11). First, the value of Vjy (x) is positive; Second, the value of the

Lie derivative Lz, Vg (x) is negative; Third, the value of Vj(0) is zero. Conceptually, the overall
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Lyapunov control design problem is about minimizing the minimax cost of the form

inf sup (maX(O, ~Vo(x)) +max(0, L, Vg (x)) + Vg (O)) :

Ouxeqy

The difficulty in control design problems is that the violation of the Lyapunov conditions can not
just be estimated, but needs to be fully guaranteed over all states in Z. Thus, we need to rely on
global search with complete guarantee for the inner maximization part, which we delegate to the
falsifier explained in Section 3.2. For the learning step, we define the following Lyapunov risk

function.

Definition 4 (Lyapunov Risk). Consider a candidate Lyapunov function Vy for a controlled

dynamical system f;, from Definition 8. The Lyapunov risk is a defined by the following function

Ly (8,u) =E, p(9) (max(O, —Vp(x)) +max(0,Lz,Vy(x)) +V92(0)) , (2.3)

where x is a random variable over the state space of the system with a distribution p. In practice,

we work with the Monte Carlo estimate named the empirical Lyapunov risk by drawing samples:

1 ¥ 5
Lyp(0,u) = N Zi (max(—Vg (xi),0) +max(0,L s, Ve (x,-))) +V5(0), (2.4)

where x;, 1 <i < N are samples of the state vectors sampled according to p(2).

It is clear that the empirical Lyapunov risk is an unbiased estimator of the Lyapunov risk
function. It is clear that Ly p is an unbiased estimator of L.

Note that L, is positive semidefinite, and any (6,u) that corresponds to a true Lyapunov
function satisfies L(0,u)=0. Thus, Lyapunov functions define global minimizers of the Lyapunov

risk function.

Proposition 2. Let Vg be a Lyapunov function for dynamical system f, where u, is the control

parameters. Then (0,,u,) is a global minimizer for Ly and Ly (6,,u,) = 0.
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Note that both Vg and f,, are highly nonlinear (even though u is almost always linear
in practice), and thus L(6,u) generates a highly complex landscape. Surprisingly, multilayer
feedforward tanh networks and stochastic gradient descent can quickly produce generalizable
Lyapunov functions with nice geometric properties, as we report in detail in the experiments. In
Figure 2.1 (b), we show an example of how the Lyapunov risk is minimized over iterations on

the inverted pendulum example.

Initialization and improvement of control performance over LQR.

Because of the local nature of stochastic gradient descent, it is hard to learn good control
functions through random initialization of control parameters. Instead, the parameters u in the
control function are initialized to the LQR solution, obtained for the linearized dynamics in
a small neighborhood around the stationary point. On the other hand, the initialization of the
neural network Lyapunov functions can be completely random. We observe that the final learned
controller often delivers significantly better control solutions than the initalization from LQR.
Figure 2.1(a) shows how the learned control reduces oscillation of the system behavior in the

2-link planar robot balancing example and achieve more stable control.

--- ©:(LQR)
:(LQR) 05
— ©;(NN)

A
\
\
\
R
\
BN — ©(NN)
04
0 e :
03
s

Angular velocity

Lyapunov risk

[} 1 2 3 4 5 6 7 8 0 25 50 75 100 125 150 175
time Iterations Angle(rad)
(a) Initial state (-1.4, 1.4, 0.5, 0.5) (b) (c)

Figure 2.1. (a) Comparison between LQR and deep-learned controllers for 2-link planar robot
balancing. (b) The Lyapunov risk decreases quickly over iterations. (c) Counterexamples
returned by falsifiers from several epochs, which quickly guides the learner to focus on sepcial
regions in the space.
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2.3.2 Falsification and Counterexample Generation

For each control and Lyapunov function pair (Vy, u) that the learner obtains, the falsifier’s
task is to find states that violate the Lyapunov conditions in Proposition 11. We formulate
the negations of the Lyapunov conditions as a nonlinear constraint solving problem over real

numbers. These falsification constraints are defined as follows.

Definition 5 (Lyapunov Falsification Constraints). Let V be a candidate Lyapunov function for
a dynamical system defined by f, defined in state space 2. Let € € Q" be a small constant
parameter that bounds the tolerable numerical error. The Lyapunov falsification constraint is the

following first-order logic formula over real numbers:

D, (x) = (zn:x,? > s) A <V(x) <OVL,V(x)> o>
i=1

where x is bounded in the state space & of the system. The numerical error parameter € is
explicitly introduced for controlling numerical sensitivity near the origin. Here € is orders of

magnitude smaller than the range of the state variables, i.e., /€ < min(1,||2]|2).

Remark 1. The numerical error parameter € allows us to avoid pathological problems in
numerical algorithms such as arithmetic underflow. Values inside this tiny ball correspond to
disturbances that are physically insignificant. This parameter is important for eliminating from
our framework the numerical sensitivity issues commonly observed in SOS/SDP methods. Also
note the €-ball does not affect properties of the Lyapunov level sets and regions of attraction

outside it (i.e., Z \ Be).

The falsifier computes solutions of the falsification constraint ®¢(x). Solving the con-
straints requires global minimization of a highly nonconvex functions (involving Lie derivatives
of the neural network Lyapunov function), and it is a computationally expensive task (NP-hard).
We rely on recent progress in nonlinear constraint solving in SMT solvers such as dReal [30],

which has been used for similar control design problems [38] that do not involve neural networks.
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Example 1. Consider a candidate Lyapunov function V (x) = tanh(a x| +axx; +b) and dynamics

X1 = —x% and X, = sin(xy). The falsification constraint is of the following form

@, (x) := (x7 +x3) > € A (tanh(aix; + arxy +b) <0V a; (1 —tanh?(a1x; +azxy +b))(—x3)

+ay(1 — tanh? (a1x; +axxy +b))sin(x;) > 0))

which is a nonlinear non-polynomial disjunctive constraint system. The actual examples used in

our experiments all use larger two-layer tanh networks and much more complex dynamics.

To completely certify the Lyapunov conditions, the constraint solving step for ®¢(x) can
never fail to report solutions if there is any. This requirement is rigorously proved for algorithms

in SMT solvers such as dReal [45], as a property called delta-completeness [30].

Definition 6 (Delta-Complete Algorithms). Let C be a class of quantifier-free first-order con-
straints. Let § € Q" be a fixed constant. We say an algorithm .7 is §-complete for C, if for any
©(x) € C, o always returns one of the following answers correctly: ¢ does not have a solution
(unsatisfiable), or there is a solution x = a that satisfies g05(a). Here, @9 is defined as a small

syntactic variation of the original constraint (precise definitions are in [30]).

In other words, if a delta-complete algorithm concludes that a formula @ (x) is unsatisfi-
able, then it is guaranteed to not have any solution. In our context, this is exactly what we need
for ensuring that the Lyapunov condition holds over all state vectors. If ®¢(x) is determined
to be J-satisfiable, we obtain counterexamples that are added to the training set for the learner.
Note that the counterexamples are simply state vectors without labels, and their Lyapunov risk
will be determined by the learner, not the falsifier. Thus, although it is possible to have spurious
counterexamples due to the J error, they are used as extra samples and do not harm correctness
of the end result. In all, when delta-complete algorithms in dReal return that the falsification
constraints are unsatisfiable, we conclude that the Lyapunov conditions are satisfied by the

candidate Lyapunov and control functions. Figure 2.1(c) shows a sequence of counterexamples
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found by the falsifier to improve the learned results.

Remark 2. When solving ®¢(x) with §-complete constraint solving algorithms, we use 0 < €
to reduce the number of spurious counterexamples. Following delta-completeness, the choice of

0 does not affect the guarantee for the validation of the Lyapunov conditions.

2.3.3 Tuning Region of Attraction

An important feature of the proposed learning framework is that we can adjust the cost
functions to learn control and Lyapunov functions favoring various additional properties. In
fact, the most practically important performance metric for a stabilizing controller is its region
of attraction (ROA). An ROA defines a forward invariant set that is guaranteed to contain all
possible trajectories of the system, and thus can conclusively prove safety properties. Note
that the Lyapunov conditions themselves do not directly ensure safety, because the system can
deviate arbitrarily far before coming back to the stable equilibrium. Formally, the ROA of an

asymptotically stable system is defined as:

Definition 7 (Region of Attraction). Let f, define a system asymptotically stable at the origin
with Lyapunov function V for domain . A region of attraction R is a subset of & that contains
the origin and guarantees that the system never leaves R. Any level set of V completely contained
in 7 defines an ROA. That is, for § > 0, if Rg = {V(x) < B} C Z, then Rg is an ROA for the

system.

To maximize the ROA produced by a pair of Lyapunov function and control function, we
add a cost term to the Lyapunov risk that regulates how quickly the Lyapunov function value
increases with respect to the radius of the level sets, by using Ly (0, u) + % YN ||xi[|2 — aVe (xi)
following Definition 12. Here « is tunable parameter. We observe that the regulator can have
mayjor effect on the performance of the learned control functions. Figure 2.2 illustrates such an
example, showing how different control functions are obtained by regulating the Lyapunov risk

to achieve larger ROA.
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Figure 2.2. (a) Lyapunov function found by the initial LQR controller. (b) Lyapunov function
found by learning without tuning the ROA. (c) Lyapunov function found by learning after adding
the ROA tuning term. (d) Comparison of ROA for the different Lyapunov functions.

Algorithm 1. Neural Lyapunov Control

20:
21:
22:
23:
24:
25:

1
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:

. function LEARNING(X, f, ¢'?")
Set learning rate (0.01), input dimension (# of state variables), output dimension (1)
Initialize feedback controller u to LQR solution ¢/4"
Repeat:
Vo (x),u(x) <~ NNg , (x) > Forward pass of neural network
L1Ve (x) < £ 5 [fuli(x)
Compute Lyapunov risk L (6, u)
0+ 0+aVyL(0,u)
u<+—u+oV,L(0,u) > Update weights using SGD
Until convergence
return Vg, u
end function
function FALSIFICATION(f,u,Vg,€,0)
Encode conditions in Definition 5
Using SMT solver with 0 to verify the conditions
return satisfiability
end function
function MAIN()
Input: dynamical system (f), parameters of LQR (g'4"), radius (&), precision (8) and
an initial set of randomly sampled states in D
while Satisfiable do
Add counterexamples to X
Vg, u < LEARNING(X, f,¢'%")
CE<«— FALSIFICATION(f,u,Vg,€,9d)
end while
end function
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2.4 Experiments

We demonstrate that the proposed methods find provably stable control and Lyapunov
functions on various nonlinear robot control problems. In all the examples, we use a learning
rate of 0.01 for the learner, an € value of 0.25 and 6 value of 0.01 for the falsifier, and re-verify
the result with smaller € in Table 2.1. We emphasize that the choices of these parameters do not
affect the stability guarantees on the final design of the control and Lyapunov functions. We
show that the region of attraction is enlarged by 300% to 600% compared to LQR results in
these examples. Full details of the results and system dynamics are provided in the Appendix.
Note that for the Caltech ducted fan and n-link balancing examples, we numerically relaxed the
conditions slightly when the learning has converged, so that the SMT solver dReal does not run
into numerical issues. More details on the effect of such relaxation can be found in the paper

website [46].

Table 2.1. Runtime statistics of the full procedures on four nonlinear control examples.

Benchmarks Learning time | falsification time | # samples | # iterations | &€
Inverted Pendulum 25.5 0.6 500 430 0.04
Path Following 36.3 0.2 500 610 0.01
Caltech Ducted Fan 1455.16 50.84 1000 3000 0.01
2-Link Balancing 6000 458.27 1000 4000 0.01

Inverted pendulum. The inverted pendulum is a standard nonlinear control problem for testing
different control methods. This system has two state variables, the angular position 8, angular
velocity 6 and one control input u. 6 and 0 represent the angular position from the inverted
position and angular velocity. The system dynamics can be described as

. mglsin(0)+u—0.160
§—
me?

(2.5)

Using constants g = 9.81, m = 0.15 and ¢ = 0.5, our learning procedure finds the following
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neural Lyapunov function: V = tanh(W, tanh(Wyx + By) + B;), where x = [0 0], with

T

W —1.1751 0.0265  0.0439 —0.5518 —0.0067 0.4446
1 —
0.0288 —0.0007 —0.0030 —0.0348 —0.0067 0.2599

W2=[0.6047 —0.6942 —1.1177 —1.1330 0.7800 —0.2621]7

By = [—1.2251 —0.8158 —0.5308 0.8925 0.9339 1.0895} and B, = [0.1592} .

The linear control function is given by u = —23.17170 — 6.79966. The neural Lyapunov
function is proved to be valid within the domain ||x|[2 < 6. In contrast, the ROA found by
SOS/SDP techniques is an ellipse with large diameter of 1.75 and short diameter of 1.2. Using
LQR control on the linearized dynamics, we obtain an ellipse with large diameter of 6 and short
diameter of 0.1. We observe that among all the examples in our experiments, this is the only one
where the SOS Lyapunov function has passed the complete check by the constraint solver, so
that we can compare to it. The Lyapunov function obtained by LQR gives a larger ROA if we
ignore the linearization error. The different regions of attractions are shown in Figure 2.3. These
values are consistent with the approximate maximum region of attraction reported in [17]. In
particular, Figure 2.3 (c) shows that the SOS function does not define a big enough ROA, as
many trajectories escape its region.

Caltech ducted fan in hover mode. The system models the motion of a landing aircraft in
hover mode, controlled by two input forces u; and u,. The state variables x, y, 6 denote the
position and orientation of the centre of the fan. The full equations of motion, involving the

six-dimensional state vector [x,y, 0,x,y, 9], can be written as:

—dx+ujcos(0) —upsin(0)

i= ,
m
—dy in(0) — 0)—
§— v+ u; sin(6) — up cos(0) mg, (2.6)
m
6= "1
1
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Figure 2.3. Results of Lyapunov functions for inverted pendulum. (a) Lie derivative of learned
Lyapunov function over valid region. Its value is negative over the valid region, satisfying the
Lyapunov conditions. (b) ROA estimated by different Lyapunov functions. Our method enlarges
the ROA from LQR three times. (c) Validation of ROAs. Stars represent initial states. It shows
trajectories start near border of the ROA defined by the learned neural Lyapunov function are
safely bounded within the green region. On the contrary, many trajectories (red) starting inside
the SOS region can escape, and thus the region fails to satisfy the ROA properties.

where g =0.28, m = 11.2, I =0.0462, r = 0.156 and d = 0.1. We find a neural Lyapunov
function: V = tanh(W, tanh(Wx + B1) + By), where x = [x y 0 x y 6], with

| 0.0314  0.0190 —0.1893 0.2532  0.0177 —0.0890_
—0.0397 0.0242  0.1094 —-0.1346 0.0186  0.1177
—0.1221 0.0584  0.1417 —0.0897 —0.0658 0.0060
—0.0853 —0.0682 —0.0680 0.1741  0.2397  0.0061
0.0847  0.0065 0.0952 —0.1782 0.3689  0.0006

—0.1239 0.2481 —0.0991 0.2475 —0.0408 0.0017

W2=[0.0563 0.0368 0.0218 —0.0158 —0.0093 0.0186],

By = {—0.6099 —0.5518 0.1146 0.1873 0.2220 0.4308] and B, = {0.0666}

and two neural controllers:

u; = 0.5000x +0.000002y — 2.13390 +2.7899x — 0.00000003y — 1.39926

uy = 0.000001x — 1.0000y — 0.0000036 — 0.000003x — 5.0407y — 0.0000016
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In Figure 2.4(a), we show that the ROA is significantly larger than what can be obtained from

Caltech ducted fan(y — y subspace) Path tracking 0.72 *
- ; 08 7 = |
/,/ / s —1 F / =10 y
¥/, [ f 0.012 0ot/ 21 LR 0.64
% =3 Valid Region " 7 1 Valid Region
g ) — \ ) 0.56
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N
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Figure 2.4. (a) Comparison of ROAs for Caltech ducted fan. (b) Comparison of ROAs for path
following. (c) Schematic diagram of wheeled vehicle to show the nonlinear dynamics.

Wheeled vehicle path following. We consider the path tracking control using kinematic bicycle
model (see Figure 2.4(c)). The system state is defined by the angle error 6, and the distance

error d., where 6, = 6 — 6,,. With this formulation, the system dynamics can be written as:

~vecos(6,)
1 —d.x(s)’
d, = vsin(6,), (2.7)
6, — vtan(u)  vk(s )cos(Ge)
‘L 1 —d,k(s)

Assume a target path is a unit circle, then we obtain the following Lyapunov function within

l|x]|, < 0.8, V = tanh(W, tanh(W;x + B;) + B;), where x = [d, 6,]!, with

W —2.5250 —-0.4774 —-0.5239 —-0.0232 —-0.0627 1.3562
‘l =
—0.1841 —0.6964 —0.5862 —0.5032 —-0.5620 2.5184

W2:[0.6251 —1.0490 —1.0708 0.4644 0.7019 —1.1287]7

31:[—1.2776 —0.4641 —0.3699 0.9194 0.9758 1.3282} ande:[O.O997]
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and the neural controller is u = —0.8471d, — 1.64146,.
N-Link Planar Robot Balancing. The n-link pendulum system has n control inputs and 2 state

variables, as follows:

[917927"‘76n7617627"'79n]

, representing the n link angles and n angle velocities. Each link has mass m; and length ¢;,
and the moments of inertia /; are computed from the link pivots, where i = 1,2, ..., n, then the
dynamics has the form:

M(6)6+C(6,0)0+1(6) = Bu, (2.8)

where
0=10,6,...,6)  eR" uck"

= [ajjcos (6;— 6;)] ,M (6) e R™"
=[-

a;;0;sin (6, — 6;)] ,C(6,0) € R™",

ajj = Ii—l—mifcz,i-ngZZZ:i_‘_lmk,l <i<n

ajj = ajj ijfiﬁcj-l-fiﬁjZZ:jHMk,l <i<j<n

n
bi = (migci+€i ) mk) g1 <i<n,

k=i+1
For the 2-link pendulum system, our approach can find a neural Lyapunov function that is valid

within domain 2 : ||x||, < 0.5: V = tanh(W, tanh(W;x + B} ) + B,), where x = [0; 6, 6, 6,7

—0.3578 —0.2339 —-0.5153 —0.2648_

W 0.4244  0.3886  0.1041 0.0195
1 ’

—0.4218 —0.4314 —-0.4371 —-0.2353

| —0.0042 —0.0020 —0.0013 —0.0077 |
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W2:[0.167O —0.1353 —0.2582 0.5208:|7

By = [—0.4547 0.0263 0.6899 0.7721} and B, = [0.7633] )

and two neural controllers are

u; = —49.524960, —20.08546, — 21.48266; — 10.05166,

u, = —18.228760; — 19.1436, — 9.29056, — 6.66956,

Additionally, the learning procedure finds a neural Lyapunov function for the 3-link pendulum
system on the valid domain Z : ||x|, < 0.5 with precision § = 0.01. The neural Lyapunov

function: V = tanh(Wztanh(Wlx—l—Bl) —l—Bz), where x = [91 6, 65 91 92 93]T

—-0.1919 0.1715 —-0.0481 0.0707  0.1923  0.0548 ]
0.0943  0.0112  0.0027  0.0102 —0.0005 0.0002
0.0942 —-0.2393 0.0932 —-0.0692 —0.1582 —0.0221

—0.1136 —0.1927 —-0.0753 —-0.0407 —0.1289 0.0246

—0.1645 0.2017 0.0412 —-0.1091 -0.1892 —0.1396

| 0.0868  0.0103  0.0030  0.0094 —0.0002 —0.0007 |

W2={0.0017 0.4299 0.0023 —0.0021 0.0002 —0.5047}7

By = [—0.5246 —0.3993 —0.3698 0.1214 0.2343 0.4633} and B, = [0.3918],

and three neural controllers are

u; = —101.78560, — 8.92656, — 3.46765 — 28.508160; — 14.09516, — 7.36436;
u, = 15.873660; — 62.57696, — 4.01046; — 7.85916; — 12.63416, — 7.369006;

u3 = 5.16726, +7.27500, — 42.48200; —2.699760; — 4.91866, — 11.84466;

In Figure 5, we show the shape of the neural Lyapunov functions on two of the dimensions, and
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the ROA that the control design achieves. We also provide a video of the control on the 3-link

model.
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Figure 2.5. Results of n-link planar robot balancing. (a) Schematic diagram. (b) Learned
Lyapunov function. (c) Lie derivative of Lyapunov function. (d) Comparison of the region of
attraction.

2.5 Conclusion

We proposed new methods to learn control policies and neural network Lyapunov func-
tions for highly nonlinear systems with provable guarantee of stability. The approach significantly
simplifies the process of nonlinear control design, provides end-to-end provable correctness
guarantee, and can obtain much larger regions of attraction compared to existing control methods.
We show experiments on challenging nonlinear problems central to various nonlinear control
problems. The proposed methods demonstrate clear advantage over existing methods. We
envision that neural networks and deep learning will lead to better solutions to core problems in

robot control design.
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Chapter 3

Stabilizing Neural Control Using Self-
Learned Almost Lyapunov Critics

The lack of stability guarantee restricts the practical use of learning-based methods in
core control problems in robotics. We develop new methods for learning neural control policies
and neural Lyapunov critic functions in the model-free reinforcement learning (RL) setting. We
use sample-based approaches and the Almost Lyapunov function conditions to estimate the
region of attraction and invariance properties through the learned Lyapunov critic functions.
The methods enhance stability of neural controllers for various nonlinear systems including

automobile and quadrotor control.

3.1 Introduction

Ensuring stability of neural control policies is critical for the practical use of learning-
based methods for control design in robotics. There has been exciting progress towards introduc-
ing control-theoretic approaches for enhancing stability in reinforcement learning and imitation
learning, such as using Lyapunov methods [24, 33, 34, 47-51], control barrier functions [52-54],
or control-theoretic regularization [55-57]. However, three major questions are still open. First,
while giving direct control-theoretic prior or guidance can improve performance, to what extent
can a learning agent self-supervise to achieve certifiable stability? Second, stability requirements

should be inherent to a system and not affected by the choice of reward functions, which often
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do not focus on stability. Can we achieve stability without restricting the flexibility of reward
engineering in reinforcement learning? Third, the typical formulation of stability in learning
is in the form of reducing expected violation of certain constraints asymptotically, which does
not easily translate to certifiable behaviors when the learned policies are practically deployed.
Is it possible to obtain stronger stability claims in the standard control-theoretic sense, such as
for estimating region of attraction and forward invariance properties? Our goal is to positively
answer these questions to improve the reliability and usability of learning-based methods for
practical control problems in robotics.

We propose new methods for incorporating Lyapunov methods in deep reinforcement
learning. We design a model-free policy optimization process in which the agent attempts to
formulate a Lyapunov-like function through self-supervision, in the form of a special critic
function that is then used for improving stability of the learned policy, without using or being
affected by the environment reward. Our work follows the framework of actor-critic Lyapunov
methods recently proposed in [49] and extends it in the following ways. We allow the agent to
self-learn the Lyapunov critic function by minimizing the Lyapunov risk [24] over its experience
buffer without accessing the rewards. This Lyapunov critic function is represented as a generic
feed-forward neural network, randomly initialized. This design differs from the typical choice
of using a positive definite neural network to construct the Lyapunov candidate, to capture
values learned from appropriately designed cost functions that only reflect stability objectives,
as in [17, 49]. The lack of restriction and guidance turns out to be beneficial. In our approach,
the learning agent can formulate Lyapunov landscapes that better enforce stability, compared to
existing methods. In fact, this form of self-learned Lyapunov candidate can often be shown to
satisfy the Almost Lyapunov conditions [58], which allows us to use sample-based analysis to
estimate its region of attraction and forward invariance properties. We show that the new design
is important for learning certifiably stable control policies for practical control problems such as
automobile path-tracking and quadrotor control.

Our work builds on the recent progress of model-free and sample-based Lyapunov
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methods [17, 49, 58, 59]. Such methods allow us to use sampled Lie derivatives of candidate
Lyapunov functions to estimate stability properties of neural control policies without using
analytic forms of the system dynamics. We exploit the expressiveness of neural networks for
capturing Lyapunov landscapes that are too complex for conventional choices such as sum-of-
squares polynomials. We believe the proposed methods further advance the promising direction
of developing rigorous neural control and certification methods in reinforcement learning.

In all, we make the following contributions. We propose new methods for training neural
Lyapunov critic functions (Section IV.A) and use it to improve stability properties of neural
control policies (Section IV.B) in a model-free policy optimization setting. We show that the
learned Lyapunov critic function can be analyzed through sample-based methods based on the
Almost Lyapunov conditions, for estimating its region of attraction and invariance properties
(Section I'V.C). We demonstrate the benefits of the proposed methods in comparison with standard

policy optimization and existing Lyapunov-based actor-critic methods (Section V).

3.2 Related Work

Besides the most closely related work [49] discussed above, our work is connected to
various recent progress in safe reinforcement learning, Lyapunov methods in reinforcement
learning, and data-driven methods for the analysis of control and dynamical systems. Safe
reinforcement learning is now a large and active field [60, 61] focusing on learning with various
forms of soft or hard safety constraints, often formulated as Constrained Markov Decision
Processes (CMDP) [62]. Lyapunov methods have seen various applications in this context. It
was first introduced in RL by the work of [47], which uses predefined controllers and Lyapunov-
based methods for learning a switching policy with safety and performance guarantees. [33]
proposed a model-based RL framework that uses Lyapunov functions to guide safe exploration
and uses Gaussian Process models of the dynamics to obtain high-performance control policies

with provable stability certificates. [34] developed methods for constructing Lyapunov function
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in the tabular setting that can guarantee global safety of a behavior policy during training. The
approach is extended to policy optimization for the continuous control setting in [48], showing
benefits in various high-dimensional control tasks. The work in [50] formulates the state-action
value function for safety costs as candidate Lyapunov functions and model its derivative with
Gaussian Processes with statistical guarantees on the control performance. Similarly in [49],
candidate Lyapunov functions are constructed from value functions with benefit in stabilizing
the control performance. In the work of [17, 24], neural networks are used to learn Lyapunov
functions for establishing certificates for stability and safety properties.

Many other control-theoretic methods have also been proposed to improve reinforcement
learning [51-57]. These methods typically involve introducing strong control-theoretic priors, or
use the neural policies as an oracle to extract low-variance policies in simpler hypothesis classes.
For instance, the work in [52] uses control barrier functions to ensure safety of learned control
policies. The work in [55] proves stability properties throughout learning by taking advantage
of the robustness of control-theoretic priors. Our goal is to turn control-theoretic methods into

general self-supervision methods for enhancing stability.

3.3 Preliminaries

Definition 8 (Dynamical Systems). An n-dimensional controlled dynamical system is defined by

x(t) = f(x(1),u(r)), u(t) = g(x(1)), ¥(0) = xo, 3.1

where f : D — R" is a Lipschitz-continuous vector field, g : D — R™ is a control function, and
D C R" with 0,x € D defines the state space of the system. Each x(¢) € D is called a state vector

and u(t) € R™ is a control vector.

Definition 9 (Stability). We say that the system of (1) is stable at the origin if for any € € R™,
there exists 6(€) € R™ such that if ||x(0)|| < & then ||x(¢)|| < € for all 7 > 0. The system is

asymptotically stable at the origin if it is stable and also lim;_,..x(¢) = 0 for all ||x(0)|| < §.
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Definition 10 (Lie Derivatives). Consider the system in (4.1) and let V : D — R be a continuously

differentiable function. The Lie derivative of V over f is defined as

LV dy LoV
LeV(x) = l; T d ; a—Xix,(t). (3.2)

It measures the rate of change of V over time along the direction of the system dynamics of x(¢).

Definition 11 (Lyapunov Conditions for Asymptotic Stability). Consider a controlled system
(1) with an equilibrium at the origin, i.e., 3 u € R™ s.t. f(0,u) = 0. Suppose there exists a
continuously differentiable function V : D — R satisfying V (0) =0, and Vx € D\ {0},V (x) > 0,
and L,V (x) < 0. Then V is a Lyapunov function. The system f is asymptotically stable at the

origin if such Lyapunov function V can be found.

The recent work [58] proposed an approximate notion of Lyapunov methods named Almost
Lyapunov functions, which allows the Lyapunov conditions to be violated in restricted subsets of
the space while still ensuring stability properties. It is the basis of our sample-based approach for
validating learned Lyapunov candidates. We will discuss this notion and our approach in detail
in Section IV.C.

We will use the standard notations for reinforcement learning in Markov Decision
Processes (MDP) with state space S, action space A and transition model P: § x S x A — [0, 1].
A reward function defines the reward for taking action a in state s and transitioning into s’.
Let 7y denote a stochastic policy parameterized by ¢. The goal of the learning agent is to
maximize the expected y-discounted cumulative return J(¢) = Eg 40 [Yroo V' (s, s, 51+1)]-
Policy optimization methods [63—66] estimate policy gradient and use stochastic gradient ascent

to directly improve policy performance. A standard gradient estimator is
=L, [V(p log s (at|st)At] , (3.3)

where 7y is a stochastic policy and A, estimates the advantage that represents the difference
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between the Q value of an action compared with the expected value of a state, to indicate
whether an action should be taken more frequently in the future. The gradient steps will move the
distribution over actions in the right direction accordingly. The expectation [, [...] is estimated by
the empirical average over finite batch of samples. The proximal policy optimization algorithm
(PPO) [67] applies clipping to the objective function to remove incentives for the policy to

change dramatically, using:
JCLIP((P) - ]Et [mln (rt(¢>Al7C1ip(rf<¢)7 1— £, 1 + S)AAI)] ; (34)

where 7,(¢) = 7y (as|s:)/To1a(as|s;) and € is a hyperparameter. The clipping ensures the gradient

steps do not overshoot in the policy parameter space in each policy update.

3.4 Policy Optimization with Lyapunov Critics

We now describe how to use self-learned candidate Lyapunov functions to improve
stability of neural control policies. We will name these candidate Lyapunov functions as
Lyapunov critics, following [49]. We will first describe how to learn Lyapunov critics through
sampled trajectories, and then how to integrate this critic values in advantage estimation for
policy optimization. We describe how sampling-based certification of stability using Lyapunov
critics, following the framework of Almost Lyapunov functions. The full procedure is as shown
in Algorithm 1. The overall loop is close to standard PPO [67, 68] with only additional steps at
Line 11-12, for learning the Lyapunov critic, and Line 17, for policy optimization guided by the

new critic. We will explain these steps in the following sections.

3.4.1 Self-Learning Lyapunov Critics

We represent candidate Lyapunov functions using neural networks, draw samples of the
system states, and use gradient descent to learn network parameters that maximize the satisfaction

of the Lyapunov conditions in Definition 11. Following [24], such learning can be achieved by
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Algorithm 2. Policy Optimization with Self-Learned Almost Lyapunov Critics (POLYC)

I: Initialize policy (actor) network 7y and the reward value function network Vy
2: Initialize Lyapunov function network Vg randomly

3: Initialize replay buffer B as empty set

4: for episodes =1,...,K do

5 forr=1,...,T do

6: Sample a; ~ my(a;|s;)
7
8

Sal’nple lerl ~ P(St + 1|S,,a,)
B%BU(S;,G;,’},S;J,.])

9: end for
10: Sample mini-batches of size N from B
11: Compute Lyapunov risk Ry p :(0) under 7y,
12: 0+ B—aeVeRf_,vaﬁA,(G)
13: for each policy optimization step do
14: Sample mini-batches of transitions from B
15: O — 1+ yV,;(stH) — Vﬁ(s,) > cf. [68]
16: 4(51‘7511‘) <—6t+}/5z+1+"'+}’T71+16T71A
17: Af + Bmin(0, —LfzyaVo(s)) + (1= B)A(ss ar)
18: r(9) < my,,, (als)/my(als)
19: JCUP(p BY It [min <r(¢)A1ﬁ clip(r(¢),1—&,1+ £)AIL3)}
20: ¢ <—¢+(X¢V¢JCLIP(¢,B)
21 n«<n-— ochnI@[(V,;(s,) —G(s1))?] > G(st) = Yro Yori
22: end for
23: end for

minimizing the following loss function named as the Lyapunov risk:

Definition 12 (Empirical Lyapunov Risk [24]). Consider dynamical system f with domain D.
Let Vg : D — R be a continuously differentiable function parameterized by 6. The empirical
Lyapunov risk of Vg over f with a sampling distribution p(D), written as Ry y 5 (0), is defined
as:

N

1 N
i=1

<max(—V9 (5i),0) +max (0, L, Ve (s,))) +V3(0) (3.5)
where s1,...,sy are states sampled according to the sampling distribution p. The empirical
Lyapunov risk is nonnegative, and when Vj is a true Lyapunov function for f, this empirical
risk attains its global minimum Ry y , (6) = 0, regardless of the choice of the sample size N and

distribution p.
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In this original formulation, evaluating the Lyapunov risk requires the full knowledge of
the system dynamics f for computing Lz, V. Our current setting is different. The learning agent
does not know the system dynamics f and can only approximate the Lie derivative LV along
sampled trajectories of the system, through finite differences:

V(s) = é(V(s') —V(s)>, (3.6)

where s and s” are two consecutive states and Az is the time difference between them and
limpa, 0V (s) = Lz, V(s). We define the corresponding discretized Lyapunov risk objective
Ry n.p.Ar Where the only change from (3.5) above is that the Lie derivative Lz, Vg (s) is replaced
by the sampled estimate V () for all states.

At each iteration of the policy update (the main loop from Line 4 to 23 in Algorithm
1), we collect trajectories of samples from the controlled system f;, and perform stochastic
gradient descent to minimize the discretized Lyapunov risk Ry v 5 /() to learn the Lyapunov
critic function Vjy (Line 11-12). Note that the dependency of the dynamics f on the behavior
policy 7y is important. When the policy is updated, the controlled system changes its dynamics,
and the candidate Lyapunov function should be learned correspondingly. Thus, we need to be
able to sample from the buffer of previous trajectories, and estimate their Lie derivative values
using the new policies (Line 10-11). This dependency makes our approach inherently on-policy
in the current formulation, in the sense that the critic is always learned from the behavior policy
7y and thus not very sample-efficient. Off-policy learning of the Lyapunov critic is possible
through importance sampling and keeping track of the policy and Lyapunov critic updates, which

is a promising direction that we leave open.

3.4.2 Stabilization via Policy Optimization

Once the Lyapunov critic is formulated, we use the learned candidate Lyapunov functions

as an additional critic value for policy optimization. For a temporarily fixed candidate Lyapunov
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function Vjy, the only term in the Lyapunov risk that is affected by policy change is the Lie
derivative term Vg. Thus, in policy optimization we now impose the additional goal of ensuring
V(0) < 0 to encourage the policy update to improve the Lyapunov landscape for stabilization.
We combine the standard advantage estimate A(st, a;) [67] and a clipped Lie derivative term in

each policy optimization step:
Af(st,ar) = (1= B)A(ss,a:) + Bmin(0, —V (1)) (3.7)

where 8 € [0, 1] balances the weights. With policy gradient methods on this advantage esti-
mate, the second term penalizes actions that produce a positive Lie derivative which makes
min(0,—V (s;)) < 0. When the Lie derivative is negative, it does not bias the advantage estimate.
We emphasize that although the Lie derivative term is dependent on 7y, it does not have a
functional form but only accessed through sampled values based on Equation (3.6). The true
dynamics of the system remains unknown to the learner.

With the definition of the advantage with Lyapunov critic in (3.7), we can easily replace
the standard advantage estimators in various on-policy algorithms. For instance, the standard
policy gradient estimator becomes Er, [V log 7y (a,|s,)A;3 (st,a¢)]. In Algorithm 1 we use the
PPO version [67] of policy update (Line 19-20), which is what we use in the experiments.
Optionally, we can update the 8 parameter as a Lagrange multiplier, by also taking gradient
steps on 3 at some learning rate a using B < B — &E[V (s)], clipped between [1,0]. We have
not observed much performance difference in doing so, and have excluded this step in Algorithm

1 for simplicity.
3.4.3 Validating Almost Lyapunov Conditions

A major benefit of the proposed approach is that the self-learned Lyapunov critic allows
us to estimate the region of attraction of the controlled system when learning is successful. Since

we do not have access to the dynamics of the system and can only estimate the Lyapunov risk
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at sampled states, we can not expect to certify that the learned Lyapunov critic functions are
true Lyapunov functions in the standard sense. However, recent progress in relaxed conditions
for Lyapunov methods enabled the use of sample-based analysis to find region of stability. In
particular, the Lyapunov critic functions can be analyzed through sampling using the Almost

Lyapunov conditions [58] defined as follows:

Proposition 3 (Almost Lyapunov Conditions [58]). Consider a dynamical system in (1) defined
by f with domain D C R" and a continuously differentiable positive definite function'V : D —
[0,00). Let c1,c3 > 0 be two constants and define B as the region between two sublevel sets
B={x€eD:ci <V(x) <cp} for V. Let Q C B be a measurable set. Suppose for some
a >0, max,cply,V(x) <aminepV, and ¥x € Q,L; V(x) > —aV(x) and ¥x € Q\B,L;V(x) <
—aV (x). Then there exists € > 0 such that for any € € (0,€), if the volume of each connected
component Q* of Q satisfies vol(Q*) < g, then there exists T > 0 such that for any xy € D with
V(xo) < ca —r(€), x(t) stays within B for all t > 0 and moreover, it converges to the sublevel set

V(x) < ci+r(€) foranyt > T. Here r(€) = he'/" + ge for some constants h and g.

The full proof is in [58] where all constants are explicitly constructed. Conceptually, the theorem
relaxes the standard Lyapunov conditions to allow a set €2 that contains the violation states where
the Lie derivative can be positive (Vx € Q,L; V(x) > —aV(x)). As long as each component
of Q is small enough (with volume less than &), the violations do not affect stability. Under
mild conditions, the appropriate region between sublevel sets of the system (written as B in
the definition) defines a forward invariant set for all trajectories, and an approximate form of
contraction where the trajectory converges to near the lower level set of the region B.

With the Almost Lyapunov conditions, we can use an £-net over the space, chosen
based on the Lipschitz constant of the Lie derivative, such that using sampled V value at the
center of each cell we can identify the set Q of states where the Lie derivatives violate the
standard conditions. In Figure 3.1, we show the results of such computation to compare four

different types of candidate Lyapunov functions for the inverted pendulum controlled by neural
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network policies. Each plot visualizes the sign of the Lie derivative of the proposed Lyapunov
candidate at uniformly sampled points over the 6 /8 space. The grey dots represent cells where
the candidate Lyapunov function has negative Lie derivative values (L, V < —aV (x) as required
in Proposition 3), and the red dots indicate cells that violate such condition. The value of the
Lyapunov candidate itself can be shown to be always nonnegative in the domain in all four
cases, and the black contours represent the level sets of increasingly positive values. The red

dots indicate states where the standard Lyapunov conditions are violated, and the patterns are

different.

2] (rad/s)
O (rad/s)

%

© (rad/s)
D Wt
O (rad/s)

7S
"\‘,r(" -
epe, T e ATy %
T e P e fi ) s
% e Qe
% s i ap T PR T S £
N AR oo Lt
e 411" = ALt ) RS WEATS S
o B o o
s o3

AR AT T b

—

o (rad) (d) o (rad)

Figure 3.1. The landscapes of four different Lyapunov candidates for the inverted pendulum
controlled by neural network policies.

e Figure 3.1(a) shows the self-learned Lyapunov critic obtained after learning the neural
control policy using Algorithm 1. We see that we can find a sublevel set of the Lyapunov critic

(inside the blue circle) where the Lie derivative is positive only at a very small number of sparse
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regions (a few red dots near the center). This landscape satisfies the Almost Lyapunov conditions
and the sublevel set defines forward invariant set with attraction (Proposition 3).

e Figure 3.1(b) shows the landscape generated by the Lyapunov actor-critic method
(LAC) [49]. We see that the Lyapunov conditions are satisfied more globally, although with
more violations closer to the origin. The function can also be established as an Almost Lyapunov
function where the violation is sparse, which does not include the innermost sublevel set. The
level sets is also much larger than those in (a), making it harder to find sublevel sets that are
forward invariant. On the other hand, as shown later in the next section, the learned controller
does always stabilize the system in all sampled trajectories. This indicates that there may exist
better Lyapunov candidates for certifying the stability.

e Figure 3.1(c) shows the Lyapunov candidate fit for the control policy learned by
standard PPO. We see that much more violation states are observed and it does not allow us to
find a region where Almost Lyapunov Conditions can be validated. This indicates that the lack
of Lyapunov critic makes it hard to enforce stability properties.

e Figure 3.1(d) uses the quadratic Lyapunov function for the linearized inverted pendulum
obtained through LQR directly as a Lyapunov candidate for the neural controller trained by
Algorithm 1, same as the one used in (a). We see that the simple Lyapunov function does not
satisfy the Almost Lyapunov conditions and fails to capture the stability properties of the learned

controller.

3.5 Experiments

We now show experimental results on the proposed methods for various nonlinear control
problems. Our implementation follows Algorithm 1 (referred to as LY) and optionally uses an
additional entropy term in the advantage estimates. We compare the performance with the closely
related work of Lyapunov-based Actor-Critic (LAC) [49], and also standard implementations

of Soft Actor-Critic (SAC) [69] and PPO [67]. We use the following control environments:
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the inverted pendulum, quadrotor control, automobile path-tracking, and Mujoco Hopper and

Walker.
LY LAC
6 6 =
4 4 4
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Figure 3.2. Sample trajectories generated by the policies learned with each algorithm in the
inverted pendulum environment.

Inverted Pendulum. For the standard inverted pendulum (Pendulum-v0O in OpenAl Gym),
Figure 3.2 shows the system trajectories under learned policies plotted in the 8-0 space. The
blue dots indicate initial positions and the red dots indicate positions after stabilization. Both
LY and LAC learn stable controllers that reach the upright position without falling down, i.e.,
showing monotonically decreasing 6 values. In contrast, the policies trained with SAC and PPO
show horizontal lines that indicate falling down and crossing — 7, by first swinging downwards
and then back to the upright position. As discussed in the previous section in Fig 1, both LY and

LAC learn Almost Lyapunov functions that are consistent with the stable control behaviors.
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Quadrotor control. We learn neural controller for the 6-DOF quadrotor model, which has four
control inputs and twelve state variables. The control inputs Q,Q,, Q3 and Q4 are the angular
velocity of each rotor. The state variables are the inertia frame positions (x,y,z), velocities
(%,9,2), rotation angles (¢, 0, ) and angular velocities (¢, 8, ). The equations of motion of
the quadrotor are given in [70] and Figure 3.3(a) shows the schematic. The control problem
is known to be hard for policy gradient methods, typically requiring imitation learning steps.
In Figure 3.4, we see that the LY method can learn stable tracking controller for the system.
Moreover, the learned Lyapunov critic is shown in Fig 4(a) and its Lie derivatives is in Fig 4(b).
Almost Lyapunov conditions can be validated with in the blue level set which certifies stable

behavior shown in the trajectory. In comparison, LAC fails to learn a working controller.

Target path J

(b) X

Figure 3.3. (a) Schematic of 6-DOF quadrotor system with body frame B and inertia frame /.
(b) Schematic of wheeled vehicle.

Automobile path-tracking control. The control problem of following a target path and speed
command is the core of autonomous driving [16]. In the training environment, the state has
four dimensions including target velocity V;, angular error 6,(¢), distance to the path d,(¢), and
the vehicle speed v(¢). The action space contains acceleration a(t) and a steering control 6(¢).
The car dynamics follows standard bicycle model [16] and Figure 3.3(b) shows a schematic. In
this experiment, we observe that all methods can obtain working control policies in the training

environment in Figure 3.5(a). However, the Lyapunov landscape matters when applying the
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Figure 3.4. Quadrotor control for tracking a horizontal path. (a) shows the Lyapunov critic
learned in LY and (b) shows where Almost Lyapunov conditions are validated (within the blue

level set).
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Figure 3.5. Experiments for automobile path tracking. (a) All methods learn to control well in
the training environment. (b) 3D and 2D landscape generated by the learned Lyapunov function
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Figure 3.6. Control performance in the Walker and Hopper environments and learning curves
over 5 random seeds. Our method typically learn faster than PPO, and comparable to SAC. All
methods can achieve high rewards, but the learned control behaviors are different.

policy on a different path, as illustrated in the bottom row in Fig 3.5. LY methods generalizes

well to unseen paths because of its region of attraction, validated via the Almost Lyapunov
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conditions within the blue level set of the learned Lyapunov critic. In Figure 3.5(c), we see
that the Lyapunov critic learned in LAC does not create a landscape that enforces a region of
attraction in the sense of Almost Lyapunov conditions.

Mujoco Walker and Hopper. Walker and Hopper are standard high-dimensional locomotion
environment. For both the goal is move forward as fast as possible and not stabilization. The
LAC method requires using cost functions for stabilization objectives only, and thus does not
work in these environments. We can learn Lyapunov critics that are independent from the reward,
just focusing on stabilizing the joint angles to hold the upright positions. As shown in Fig 3.6,
the LY controller maintains better pose and gaits compared to SAC and PPO. The learning curves
show that LY does not slow down learning, and can be used in generic high-dimensional control

tasks to improve performance.

3.6 Conclusion

We proposed new methods for training stable neural control policies using Lyapunov
critic functions. We showed that the learned Lyapunov critics can be used to estimate regions
of attraction for the controllers based on Almost Lyapunov conditions. We demonstrated the
benefits of the proposed methods in various nonlinear control problems. Future work includes
further improving sample complexity of the Lyapunov critic learning as well as the validation

process for ensuring the Almost Lyapunov conditions.
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Chapter 4

Learning Stabilization Control from Ob-
servations by Learning Lyapunov-like
Proxy Models

The deployment of Reinforcement Learning to robotics applications faces the difficulty
of reward engineering. Therefore, approaches have focused on creating reward functions by
Learning from Observations (LfO) which is the task of learning policies from expert trajectories
that only contain state sequences. We propose new methods for LfO for the important class
of continuous control problems of learning to stabilize, by introducing intermediate proxy
models acting as reward functions between the expert and the agent policy based on Lyapunov
stability theory. Our LfO training process consists of two steps. The first step attempts to learn
a Lyapunov-like landscape proxy model from expert state sequences without access to any
kinematics model, and the second step uses the learned landscape model to guide in training
the learner’s policy. We formulate novel learning objectives for the two steps that are important
for overall training success. We evaluate our methods in real automobile robot environments
and other simulated stabilization control problems in model-free settings, like Quadrotor control
and maintaining upright positions of Hopper in MuJoCo. We compare with state-of-the-art

approaches and show the proposed methods can learn efficiently with less expert observations.
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4.1 Introduction

Reward engineering remains a challenge in applying Reinforcement Learning to robotic
control problems [71]. Manual design of suitable reward functions can be complicated, requiring
extra sensors [72, 73] and may guide learner to acquire unintended behavior [25]. Consequently,
imitation learning has become an indispensable approach that allows usage of expert demon-
strations to replace reward functions, typically in the setting of learning from demonstrations
(LfD) [74, 75], where the learner has access to several state-action pair sequences of desired
behavior generated by the expert. However, actions may be difficult to retrieve (like with human
experts) and there can be mismatch between expert and learner action spaces. Therefore, methods
have been proposed for the problem of learning from observations (LfO) where access to expert
behavior is limited to state sequences [76]. LfO can model many challenging forms of imitation
such as learning from videos to acquire control skills. State-of-the-art methods for LfO typically
adapt methods from LD to the state observation setting. For instance, the Generative Adversarial
Imitation from Observation algorithm (GAIfO) [76, 77] adapts Generative Adversarial Imitation
Learning (GAIL) [78] by using Generative Adversarial Networks (GANSs) [79] to learn policies
that mimic expert state transition distributions. However, because of the absence of actions, mod-
els, and reward signals, LfO problems are often too challenging in the general continuous control
settings [77]. Our goal is to develop efficient LfO methods for a specific but important class of
continuous control problems: stabilization control, such as controlling a robot to maintain an
upright standing pose, or controlling an autonomous car to track a given path. Stabilization is the
basis of all advanced control problems [28]. Complex tasks can almost always be decomposed

into a motion planning part and a stabilization control part, which is used for following the plans.

We propose a novel two-step LfO procedure for stabilization control to achieve efficient
imitation learning, supported by control-theoretic principles. We exploit the framework of

Lyapunov stability theory, which provides a general structure for stabilization in nonlinear control

43



a) | ¥ Learn b)
Generate Lyapunov-
expert . like Proxy 12
observations Model ég
v o

0.6
5, 04
02
0.0

6 2465 37 Transform
to suitable
Reward
d) c) function
1[ _ 16
' 6 - 12
< 10 @ Start
Retrieve Train agent using < 8 End
learned Lyapunov-based 3
behavior reward 0

w L

Figure 4.1. (a) We collect some expert state trajectories. (b) We learn a Lyapunov-like proxy
model from the state trajectories. (c) We transform the model to a reward function. (d) We
subsequently train the agent to learn a policy using the reward function. In the bottom left image,
we show a trajectory from proposed approach compared with that of state-of-the-art GAIfO [77].

systems [28]. The core idea of Lyapunov methods is to construct an energy-like landscape that
provides sufficient conditions for control systems to converge to and stabilize at their equilibrium
points. In the LfO setting, we propose methods that learn Lyapunov-like functions as an
intermediate goal, which we name as Lyapunov-like proxy models. From observations of expert
state sequences (Figure 4.1 (a)), we first learn a neural network model that attempts to construct
an approximate Lyapunov landscape to explain convergence of expert states (Figure 4.1 (b)).
We transform this learned landscape model (Figure 4.1 (c)) to guide the training of the learner
policy (Figure 4.1 (d)). For this procedure to succeed, it is critical for the proxy model to capture
the geometry of the region of attraction and convergence rates (i.e. Lie derivatives of Lyapunov
function) so they are consistent with expert behavior dynamics. We test our proposed procedure
in real and simulated environments.

In the context of GAN-based approaches for LfO and LD [78, 80-83], we can consider

the Lyapunov-like proxy models as introducing a special hypothesis class for the discriminators,
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as opposed to using generic distributions, to achieve more robust modeling of the expert behaviors
for the specific context of stabilization problems.

We describe our technical approach in Section 4.4. In Section 4.5, we evaluate our
approach in challenging environments for learning to stabilize from observations, including
Acrobot, Quadrotor control, Automobile path-tracking, and stabilization version of MuJoCo
Hopper robot. We evaluate our approach on real automobile robot environments in Section 4.6.
Compared to state-of-the-art methods, the proposed methods can learn more efficiently from less

observations of expert trajectories and produce more stable control policies.

4.2 Related Work

Imitation Learning. Learning from Demonstrations (LfD) problems have been the most well-
studied form of imitation learning in MDPs. The learner has access to state-action trajectories
of the expert without knowledge of the transition dynamics or the reward function in the MDP.
Existing approaches in LfD generally fall into three categories: Behavioral Cloning [84, 85],
Inverse Reinforcement Learning [86, 87], and Adversarial Imitation Learning [78, 80-83]. Our
approaches are most related to the last category, where imitation learning is formulated in
an adversarial framework of learning the policy as a generative model from the simultaneous
training of a generator model and a discriminator model. The state-of-the-art algorithms are
typically based on the method of Generative Adversarial Imitation Learning (GAIL) [78], which
uses Generative Adversarial Networks (GANs) [79] to train a generative model that can create
trajectories with a state-action occupancy measure similar to that of the expert, while the
discriminator learns to provide feedback signals by differentiating the behavior distributions
between the expert and the learner. Discriminator Actor-Critic (DAC) [88] is an off-policy
version of GAIL that uses state-transition samples to train off-policy to achieve mode-covering in
distribution matching. In general, LfD does not handle the most challenging forms of imitation,

like learning from visual data of only expert state observations.
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Learning from Observations (LfO). GAN-based approaches from LfD can be extended to the
LfO setting since such methods can be used to only imitate state distributions without access
to actions from the expert. The Generative Adversarial Imitation from Observation (GAIfO)
algorithm [76, 77] uses a similar GAN framework as GAIL. Instead of training the discriminator
using state-action pairs, GAIfO uses state transitions so that the imitator policy, which is the
generator, produces a similar distribution of state transitions as expert. Another approach to LfO
is Behavior Cloning from Observation (BCO) [89] where the agent acquires inverse dynamics
experience in a self-supervised manner, which is then used to create a model to perform a
task based on expert state observations. This approach does not require post-demonstration
environment interactions, so it reduces the delay before the imitating agent is successful and
avoids training and learning in risky environments (like autonomous vehicles). BCO nevertheless
faces the issue of inaccuracies in that the learned inverse dynamics model accumulates error
over time [90-92]. GAIfO has been shown to perform better than BCO by alleviating this
compounding error issue [76, 77]. Off-policy learning methods have also been introduced to the
GAN-based approaches for LfO. The works of Off-Policy Imitation Learning from Observations
(OPOLO) [93] and Inverse Dynamics Disagreement Minimization (IDDM) [94] are able to
accelerate the training of the learner/generator in the GAN framework by leveraging off-policy
training of the inverse dynamics or action models of the environment before imitating from
the expert. The works of Forward Adversarial Imitation Learning (FAIL) [95] and Imitating
Latent Policies from Observation (ILPO) [96] also learn forward dynamics models and assume
environment dynamics is deterministic with discrete action spaces. In contrast to this line of
work, we focus on efficient learning in the setting of on-policy LfO without learning models
or leveraging off-policy samples. The performance gain from off-policy methods can be used
orthogonal to ours.

Lyapunov-based Methods in Reinforcement Learning and Imitation Learning. Lyapunov-
based approaches have been recently introduced in model-free learning tasks [34, 48,49, 97-101].

[34, 48] solves constrained MDPs with Lyapunov methods to constrain a policy search space
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during each training iteration. They formulate a constraint value function as a Lyapunov func-
tion and update the policy with Lyapunov constraints. The work of [49] constructs candidate
Lyapunov functions from value functions in an actor-critic framework, using Lyapunov de-
creasing condition as critic value to enhance stability properties of neural control policies. The
work of [98] performs self-learning of almost-Lyapunov functions, used as a critic function to
accelerate policy training.

A Lyapunov-based approach for LfD problems by [99] relies on Lyapunov theory and
local quadratic constraints to establish safety and stability guarantees for deep neural network
control systems. The methods assume that the environment is a linear dynamical system and do
not consider more complex environments. Other Lyapunov-based methods in [101-103] learn
globally asymptotic system dynamics (transition model) and then plan for trajectories toward
the goal state by leveraging the prediction models, with error compounding issues similar to

BCO [89-92].

4.3 Preliminaries

Markov Decision Processes and Learning from Observations. We consider imitation learning
in Markov Decision Processes (MDPs) [104, 105]. MDPs are defined as (., <7, P,r,y), where
& is the state space, and 7 is the action space. P(s;11|s;,a,) is the transition probability of
reaching state s, | after action «; is taken at state s;, where ¢ denotes a time-step but does not
directly affect the transition probability. In the standard RL setting, the agent receives r(s,a,s’)
where r: . X of x . — R is the reward function, and ¥ is the discount factor. In the imitation
learning setting, the reward function is assumed unknown, and the goal is to train the agent to
perform the task given expert observation trajectories, so we can write the MDP for imitation
problems as (., o7, P,C) where C is the cost function that measures the deviation. In the LfO
setting, there is no action information in the expert trajectories, so the cost function for the

learner is defined as C : . x .¥ — R which only assigns cost after comparing states between the
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learner and the expert. The LfO agent attempts to learn a policy 7y : .7 x &/ — [0, 1] such that
sampling from policy 7y produces a distribution of state-action-cost tuples {(s;,a;,¢;)} under
environment dynamics. The goal of LfO is to minimize cumulative of the cost function C along
trajectories generated by the agent’s policy 7.

Stability and Lyapunov Methods. In stabilization problems, the agents control dynamical

systems:

x(t) = f(x(1),u(r)),u(t) = h(x(1)),x(0) = xo, (4.1)

where x(¢) takes values in an n-dimensional state space X C R”, f: X — R”" is a Lipschitz-
continuous vector field, # : X — R™ is a control function. Each x(¢) € X is called a state vector

and u(r) € R™ is a control vector. The notion of stability is then formally defined as:

Definition 13 (Lyapunov and Asymptotic Stability). A system of Eq. 4.1 is Lyapunov stable at
the origin x = 0, if for all € > 0, there exists 0 = d(&) > 0 such that for all ||x(0)|| < 8, then
||x(¢)|| < € for all + > 0. The system is locally asymptotically stable at the origin if it is Lyapunov
stable and there exists 0 > 0 such that if |x(0)|| < 8, then lim; . x(t) = 0. || - || is typically the

Euclidean norm.

Definition 14 (Lie Derivatives). Consider the system in Eq. 4.1 and let V : X — R be a continu-

ously differentiable function. The Lie derivative of V over f is defined as

noVdy LIV
L¢V(x) = ,221 T d ZZZI a—Xix,(t). 4.2)

The Lie derivative measures the change of V over time along the direction of the system dynamics.

Definition 15 (Lyapunov Conditions for Asymptotic Stability). Consider a controlled system
Eq. 4.1 with an equilibrium at the origin, i.e. Ju € R™ so f(0,u) = 0. Suppose there is a
continuously differentiable function V : X — R satisfying V(0) = 0; Vx € X \ {0}, V(x) > 0; and
LV (x) <0. Then V is a Lyapunov function. The system f is asymptotically stable at the origin

if Lyapunov function V can be found.
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We train neural networks to learn approximate Lyapunov landscapes based on the expert
state observations by enforcing Lyapunov conditions to be satisfied along expert trajectories. Be-
cause the procedure is learning-based and cannot guarantee the Lyapunov conditions throughout
the entire state space, we use the name Lyapunov-like proxy model for our LfO setting.
GAN-based Approaches in Imitation Learning. Adversarial Imitation Learning ap-
proaches [78, 80-83] rely largely on the usage of Generative Adversarial Networks (GANs) [79].
The GAN architecture pits two neural networks against each other in order to make one neural
network produce data distributions similar to that of the training data. The two neural networks
are called the Generator (G) and Discriminator (D) respectively. G attempts to fool D by making
its output distribution p, similar to training data distribution pg,, given data from a prior on
input noise variables p,. D is trained to maximize the probability of assigning the correct label
to both training data examples and samples from G, while G is concurrently trained to minimize
log(1 —D(G(z))). The minimax two-player game can thus be formulated with value function

W(D,G) [79]:
minmax W (D,G) = By, 08 D(x) + Ex-p, [log(1 — D(G(2)))] 43)

In GAIL [78], paarq 18 the expert trajectory of state-action pairs, and G is the imitation policy 7y
that needs to be trained and from which state-action pairs are sampled. The goal is to make the
learner’s state-action distribution be close to that of the expert. For LfO problems, GAIfO [77]

uses similar paradigm, replacing state-action pairs with state transitions.

4.4 Learning Stabilization Control

At a high-level, our algorithm comprises two steps. We first train a neural Lyapunov-like
proxy model using the expert trajectories. This step of training uses violation of the Lyapunov
conditions as the loss function, adapting the conditions for asymptotic stability from Definition

15 to the LfO setting. The learned Lyapunov function subsequently provides the reward signal
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for training the learner’s agent. For this second step of training to succeed, we need to define a
transformation of the Lyapunov-like proxy model from the first step using convex functions. The
overall algorithm called LSO-LLPM, short for Learning Stabilization Control from Observations
through Learning Lyapunov-like proxy Models, is shown in Algorithm 3. Line 1 — 3 is the first
step of training the Lyapunov-like proxy model (Section 4.4.1), and Line 4 — 7 is the second
step of using Proximal Policy Optimization (PPO) [67] to optimize the learner’s policy given a

reward function derived from the Lyapunov-like proxy model (Section 4.4.2).

Algorithm 3. LSO-LLPM

Require: Expert state-only trajectories: 7z = {(s,s") }, randomly initialized policy network 74,
randomly initialized Lyapunov-like proxy model Vy, and hyperparameters c, 1, > € R™.
1: for each (s,5') € 1z do
2: Update Vg by taking gradient descent steps on the following loss function:

Vg (0) +max(0, Vo (s)) + Bi(c + (Vo (s') — Vo (s)) /Ar)?

3: end for
4: fori=0,1,2,...do
5: Sample trajectories T; ~ Ty

6: Update 7y by performing PPO update steps with the following reward function:

8(Ve(s)) + Pamin(0, (Vo (s) — Vo (s)) /At)

7: end for

4.4.1 Learning Neural Lyapunov-like proxy Models

In the first step, we learn Lyapunov-like proxy models to capture the stabilization behavior
of the expert. The shape of the region of attraction [28] and the convergence rate of this
approximate Lyapunov landscape are important because we need to avoid misleading the learner
in the second training step to pursue behaviors that cannot be achieved because of constraints
in the underlying dynamics. For instance, when controlling a vehicle to track a given path, if
we define an aggressive Lyapunov landscape to aim for a fast convergence rate, then the vehicle

may be forced to attain a high speed and fail to stabilize. On the other hand, if the Lyapunov
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landscape is too smooth, then the learner may attempt to take conservative actions that are not
sufficient to drive the system to the target equilibrium.

We represent the Lyapunov-like proxy model over state space, Vg : S — R, as a neural
network (typically two-layer fully connected networks are sufficient in our examples), which is
randomly initialized. We sample observations from the expert trajectories and perform stochastic
gradient descent on the parameters to minimize the violations of Lyapunov conditions using the

following loss function:

Vo (0)* +max (0, —Vp(s)) + Bi(c+L;Vg(s))* (4.4)

Recall that L¢Vjy is the Lie derivative of Vg along the system dynamics f that we do not have
knowledge of. Instead, we approximate the Lie derivative by the finite difference of the Lyapunov
function over each discrete time step, L Vg = (Vo (s') — Vo (s)) /A, where s and 5" are consecutive
state observations in the trajectory. We know that this is a good approximation when At is small.

The first term Vg (0)? ensures that the equilibrium point corresponds to a Lyapunov value
of zero, which is the lowest across the state space because the second term max (0, —Vp(s))
requires that the Lyapunov function value be non-negative at all sampled points, which ideally
generalizes to other regions in the state space. The third term f; (c+ LV (s))? is a critical design.
It controls the convergence rate as measured by the Lie derivative L¢Vy. Here we deviate from
the standard Lyapunov conditions of only requiring the Lie derivative to be negative by forcing it
to take the value of some positive constant rate c. With this requirement, the overall landscape Vjy
will be shaped through learning so each step taken by the expert will be considered as a unit step
toward stabilization. In this way, we capture the convergence rate by the Lyapunov-like proxy
model which can then properly guide the learner in the second training step. We stop gradients

for Vp(s) in calculating L¢Vjp.
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4.4.2 Policy Learning from the Lyapunov-like proxy Model

After learning the Lyapunov-like proxy model, we transform it into a reward function
that the learner can maximize using standard policy optimization procedures such as PPO [67].

The reward is defined as:

¢(Ve(s)) + B min(0, (Ve (s) — Vo (') /Ar) 4.5)

where g(x) is a convex function (fixed through all environments) for scaling the values of the
Lyapunov-like proxy models so that the learner can receive sufficiently strong reward feedback
in each step. We also want to maintain stability when the agent is already close to the target
equilibrium point. Suitable choices of g(x) include —log(x) and —log(1 — e_kxz) for some k > 0.
The second term of Eq. 4.5 reduces the reward when the Lie derivative becomes positive, which
prevents the learner from taking large steps near the equilibrium state. In this manner, we observe
fast converge of the agent to the equilibrium state. Overall, the Lyapunov candidate function acts
as a proxy for the reward function so that PPO will take steps to increase the reward and attempt

to reproduce stabilization control policies that converge at a similar rate as the trajectories from

the expert.

4.5 Experiments in Simulated Environments

We evaluate our algorithm LSO-LLPM for nonlinear control problems and compare with
the state-of-the-art algorithm GAIfO. For fair comparison, we implement GAIfO using PPO
without entropy loss. Evaluation environments include Automobile path-tracking control [106]
and Acrobot [107], as well as high dimensional tasks like Quadrotor [70], and Hopper Standing,
and Walker Standing. Acrobot is a classical control task simulated within OpenAl Gym [108],
Automobile path-tracking control and Quadrotor were simulated using PythonRobotics [109],

and Hopper and Walker Standing environments were simulated with MuJoCo [110]. We used
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NNs with 2 — 3 hidden layers with 64 — 2048 neurons.

Baselines and Evaluation Metrics. We focus on comparing with the state-of-the-art on-policy
LfO approach GAIfO [77] because of the same assumptions of having access to observations only
and on-policy training of the learner without modeling the environment transitions. In particular,
GAIfO has been shown to perform consistently better than BCO [89]. There are a range of other
imitation learning baselines with different additional assumptions, like LfD methods with access
to actions (GAIL [78], DAC [88]), and off-policy LfO methods (OPOLO [93]) that assume
ability to pre-train inverse transition models to accelerate learning progress. This performance
gain is orthogonal to on-policy learning objective in our setting. Consequently, we focus on
comparing with GAIfO in the evaluation and analysis.

We evaluate the performance along the following metrics: First, we measure the overall
performance of the learner with respect to a varying number of sampled expert trajectories that
are provided to both algorithms. Second, we analyze the learning efficiency by the learning
curves over time.

Environments. The nonlinear control tasks in each environment are specified as follows:

- Acrobot: The Acrobot environment consists of two links and two joints. In the initial state, both
links are hanging down. The goal is to swing the links up so the tip of the link farthest from the
pivot reaches the threshold in the shortest time. The state consists of information on the angles
from the joints as well as their angular velocity, and the agent can actuate the joint between the
links.

- Automobile path-tracking control: Autonomous driving is a control problem in which using
speed commands the agent needs to follow a target path. In the environment, the state space is
four dimensions, namely the difference between target speed and vehicle speed V; — v(t), the
angular error 6,(t), the distance to the path d,(z), and vehicle speed v(¢). The action space has
two dimensions, namely the acceleration a(¢) and a steering control §(¢).

- Quadrotor control: We also test our algorithm in the 6-degree-of-freedom Quadrotor model.

This has four control inputs and twelve state variables. The control inputs Q;, Q,, Q3, and
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Figure 4.2. Performance of learned policies with varying numbers of expert trajectories. The
performance is normalized to be between 0 (average reward of random policy) and 1 (average
reward of expert policy). The shaded areas show variance over 5 random seeds. We observe the
proposed methods perform much better especially in environments that are harder to control,
like Hopper Standing, Acrobot, and Quadrotor.

Q, are the angular velocities of each rotor. The state variables are the inertia frame positions
(x,y,z), velocities (x,y,Z), rotation angles (¢,8,y), and angular velocities (¢, 8,\). More
details regarding the implementation and dynamics of the Quadrotor can be found in [70, 109].
This control problem is known to be hard for policy gradient methods but is solved with learning
from demonstrations.

- Hopper and Walker Standing: We use MuJoCo Hopper and Walker and change task reward to
formulate the stabilization control problem of standing in upright position. In Hopper Standing,
there is one leg with 3 joints. In Walker Standing, there are two legs with 6 joints. In both

environments, the agent’s goal is to maintain standing state without falling down (losing balance)
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for the longest time. We show graph results for Hopper Standing as the results are similar.
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Figure 4.3. Comparing learning curves using 10 — 18 expert trajectories (fixed number across
different methods in each environment) over 5 random seeds. Environments in first row show
distribution matching approaches in GAN-based methods often experience difficulty in making
consistent learning progress while Lyapunov-like proxy models generate landscapes that are
suitable for stabilization tasks and thus achieve stable learning performance.

4.5.1 Overall Performance

Results: LfO Performance. We examine the performance of the policies trained by LSO-LLPM
and GAIfO with different number of expert trajectories in Figure 4.2. LSO-LLPM reaches at
least 85% of the expert performance in all environments for all number of expert trajectories
tested. As shown in the figure, LSO-LLPM consistently performs better than GAIfO for all
environments and number of expert trajectories. In particular, in Hopper Standing and Acrobot,
LSO-LLPM is able to perform well, even when GAIfO performs not much better than the random

policy baseline. This difference illustrates the important use of Lyapunov-like proxy models
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Figure 4.4. (a) Car robot used for the hardware experiments. (b) Tracking target path I. The car
controlled by LSO-LLPM (black line) tracked the target path (red dash line) better than GAIfO
(blue line). (c), (d) All trajectories driven by LSO-LLPM, GAIfO, Quadratic Lyapunov, and
Lyapunov Risk. Our proposed method tracked both target paths fairly well compared with the
other methods. (c) shows the result of tracking target path I and (d) shows the result of tracking
target path II.

that capture challenging control problems in these environments due to underlying nonlinear
dynamics. In these cases, GAN-based approaches performing distribution matching are often
not sufficient for finding good control policies for stabilization.

Results: Learning Efficiency. The learning curves of LSO-LLPM and GAIfO in each environ-
ment are shown in Figure 4.3. In each environment, we use the number of expert trajectories
(ranging between 10 to 18) that corresponds to the high performance cases in Figure 4.2. We
see that across all environments, the LSO-LLPM methods can generally achieve fast learning
progress with small variance across different random seeds. In comparison, GAIfO can learn
well in simple control tasks such as simulated Automobile, but struggles to make progress in
harder environments such as Hopper Standing and Acrobot. Note that this difficulty is not only
determined by the dimensionality of the action space but also by how difficult it is to find control
policies that can allow the learner to imitate the expert trajectories, and the LfO setting further
increases that difficulty. For instance, although Acrobot is low-dimensional, the stabilization
control problem is still very challenging. Overall, we observe Lyapunov-like proxy models can

generate landscapes that are particularly suitable for stabilization tasks for efficient training of
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the learner in hard control tasks.

4.6 Experiments in Hardware Environments

We present the evaluation of performance of automobile path-tracking control driven by
LSO-LLPM, GAIfO, Quadratic Lyapunov, and Lyapunov Risk.
Quadratic Lyapunov In Lyapunov stability theory, a typical choice is the quadratic form (sum
of squared differences between state features and their ideal locations/orientations) as default
Lyapunov landscape. This is provably optimal for linear systems and often works well for mildly
nonlinear systems. We consider whether a quadratic model can guide the learner without learning
a Lyapunov-like proxy model.
Lyapunov Risk We also consider learning the Lyapunov Function with the generic Lyapunov
Risk Loss as proposed in [24] instead of LSO-LLPM’s loss expression in Eq. 4.4. This would
demonstrate the importance of enforcing constant Lie derivative on expert trajectories in guiding
the learner. Hardware settings We tested the control task using the car robot shown in Fig. 4.4
(a). One IMU sensor and two photoelectric encoders are on it to calculate its velocity v(7) and
orientation 0 (z) each time step. With these values, we obtain the difference between target speed
and vehicle speed V; —v(t), the angular error 6,(¢), and the distance to the path d, (), which are
used as each policy’s input. Given these input values, the policies determine acceleration a(r)
and steering control d(¢) at the next time step. In this hardware experiment, we set At = 0.5 [s],
target speed V; = 0.3 [m/s]. The policies are trained under a simulator with these parameter
settings, and they are directly deployed to the robot car for testing.
Results We tested the performance of automobile path-tracking with two different target paths,
Target path I and II. Fig. 4.4 (b) and (c) are the results of tracking target path I, and Fig. 4.4 (d)
shows the result of tracking target path II. The red dot lines are the target paths given in advance,
and the closer the trajectories are to them, the better their control policies. As seen from these

figures, the car driven by LSO-LLPM (black lines) tracked the target paths fairly well compared
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with the other methods. In particular, GAIfO (blue lines) showed low path tracking performance
as the trajectories controlled by it gradually deviated from the target paths. The main strength
of our approach is obtaining stable control policies through LfO training process by utilizing
Lyapunov-like proxy models. This enables more stable tracking performances even for the
hardware experiments, in which are various disturbances such as sensor noises and discrepancies

between simulator and real hardware modeling.

4.7 Discussion and Conclusion

We have introduced a novel model-free Lyapunov-based method to accelerate Learning
from Observations for stabilization control problems by introducing intermediate proxy models
between the expert and the agent policy based on Lyapunov stability theory. Our LfO training
process first learns a Lyapunov landscape model from the expert state sequences and then
transforms the learned model to guide the training of the learner’s policy. We showed the
proposed methods can capture stabilization control behaviors that take into account underlying
dynamics so the learner’s agent can successfully recover stable control policies through policy
optimization. We evaluated the proposed methods in various real and simulated nonlinear
stabilization control environments and observed better learning efficiency compared to the
state-of-the-art GAN-based approaches.

We primarily focused on stabilization to a fixed equilibrium. To handle more general
control tasks, it is possible to extend our approach by incorporating time in the Lyapunov-like
proxy models. Such extension may work on more control environments with general locomotion

tasks.
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Chapter 5

Extremum-Seeking Action Selection for
Accelerating Policy Optimization

Reinforcement learning for control over continuous spaces typically uses high-entropy
stochastic policies, such as Gaussian distributions, for local exploration and estimating policy
gradient to optimize performance. Many robotic control problems deal with complex unstable
dynamics, where applying actions that are off the feasible control manifolds can quickly lead
to undesirable divergence. In such cases, most samples taken from the ambient action space
generate low-value trajectories that hardly contribute to policy improvement, resulting in slow
or failed learning. We propose to improve action selection in this model-free RL setting by
introducing additional adaptive control steps based on Extremum-Seeking Control (ESC). On
each action sampled from stochastic policies, we apply sinusoidal perturbations and query for
estimated Q-values as the response signal. Based on ESC, we then dynamically improve the
sampled actions to be closer to nearby optima before applying them to the environment. Our
methods can be easily added in standard policy optimization to improve learning efficiency,

which we demonstrate in various control learning environments.

5.1 Introduction

Deep reinforcement learning offers a promising solution for challenging control problems

in robotics [98, 111-117]. It turns controller synthesis into stochastic optimization problems in

60



the parameter space of expressive control policies. In such policy optimization process, each
vector of parameters defines a stochastic policy, from which we sample trajectories to estimate
the policy gradient direction over the parameters, for local improvement of the policy towards
higher overall performance. A wide range of techniques have been developed to ensure reliable
gradient estimation and policy improvement [65, 67, 69, 118, 119]. However, it is still often
observed that in many control problems, policy optimization can fail to make progress towards
desirable performance [120-122].

A common design in policy optimization over continuous spaces that has not been
challenged much is that the policies map states to Gaussian distributions over the action spaces.
Sampling using such high-entropy stochastic policies enables exploration of actions, which is
generally important in RL. However, many robotic control problems deal with complex unstable
dynamics, where applying actions that are off the feasible control manifolds can quickly lead to
undesirable divergence. Consequently, in such cases, most samples taken from the ambient action
space generate low-value trajectories that hardly contribute to policy improvement, resulting
in slow or failed learning. For instance, consider the problem of controlling the thrusts of a
quadrotor for path tracking. Successful control requires symmetry in the thrusts of the four
propellers. Exploration of actions under a Gaussian distribution over the four actions will most
likely violate such constraints, and the quadrotor can quickly lose balance and fall off, making it
hard to progress in learning. Such problems have led to much pre-processing and manual tuning
in the practical use of RL [120-124], such as normalization of states and observations, reward
engineering, and customized design of state and action spaces such that the feasible control
becomes easier to sample with Gaussian distributions.

In this paper, we propose a general model-free approach for improving the quality of
exploratory action samples for accelerating policy optimization. We utilize the methods of
Extremum-Seeking Control (ESC), an adaptive feedback control strategy that performs real-time
optimization of system performance [125-127]. ESC injects periodic perturbation signals in the

control input to a system, and formulates feedback control laws to maintain dynamic estimations
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Figure 5.1. Diagram for Extremum-Seeking Action Selection (ESA) in the RL setting. We use
Extremum-Seeking Control (ESC) strategies to improve the quality of exploratory actions, which
reduces the sampling of low-value trajectories and accelerates policy optimization.

a+v(t) Update v(t) by

integrating v(t)

that adapt to the system response. It can improve the performance of the system by tracking
its local optimum without analytic knowledge of the underlying dynamics. We do not directly
change the practice of using Gaussian distributions as stochastic policies, but adapt ESC to the
RL context to improve the quality of sampled trajectories. After each action is sampled from
stochastic policies in the standard way, we apply sinusoidal perturbations and query for estimated
Q-values as the response signal (Figure 5.1). Based on ESC, we then dynamically improve the
sampled actions to be closer to nearby optima before applying them to the environment.

We will demonstrate how the ESC components can be easily added in standard policy
optimization algorithms such as PPO [67] and SAC [69] to improve learning efficiency, without
requesting any additional models or oracles that are often needed in DPI approaches [128].

In Section 5.2, we first use simple model-free optimization settings to demonstrate why

ESC can achieve better sample quality and efficiency than policy gradient methods. Then
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in Section 5.3, we describe our Extreme-Seeking Action Selection (ESA) method for policy
optimization that uses ESC to improve action selection and reduces the sampling of low-value
trajectories, to accelerate the learning process. In Section 5.4, we evaluate the proposed methods
in various continuous control environments in MuJoCo [110], as well as a high-fidelity simulation
environment for quadrotor control. We show the benefits of adding ESA in PPO and SAC, as
well as other approaches such as adding parameter noise. We perform various ablation studies to
show basic strategies for hyperparameter tuning in ESA, which is important in balancing between

fast adaptive improvement on each sample and the conservative updates by policy gradient.

Related Work. The integration of adaptive control and reinforcement learning has been investi-
gated in recent work [129-133]. Typically the focus is on using both methods for better control
design in systems with specific structures such as control-affineness. Under such assumptions,
strong theoretical guarantees can be obtained on stability and asymptotic convergence, which
significantly improves standard RL approaches. The work in [130-132] uses RL approaches to
first train a nearly optimal controller that is subsequently integrated into adaptive control methods
to ensure global boundedness with asymptotic stability. We aim to propose a new direction for
using methods from adaptive control to RL that focuses on improving learning efficiency in the
general model-free setting. The dynamics perspectives and frequency-domain techniques from
ESC can avoid the well-known challenge of maintaining complex distributions for sampling
high-value trajectories, and allow us to improve each sampled action in a manner similar to
real-time model-free control.

It is important to note that what we propose here is not just an exploration strategy, but
a way for enhancing the quality of exploratory samples to accelerate the learning process in
challenging control problems. Exploration is a major topic in RL [134]. Over continuous spaces,
a widely used technique is to introduce noise into the policy action space [118, 119, 135-137]
or parameter space [138—141]. We introduce sinusoidal perturbations based on ESC design

to enable the use of frequency-domain techniques for improving each action sample, which is
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different from further injecting random noise. We will further discuss the difference and compare

the performance with the exploration through noise injection approaches in the experiments.

5.2 Preliminaries
5.2.1 Extreme-Seeking Control

Extremum-seeking control (ESC) is a model-free adaptive control method for adjusting
inputs to a system to dynamically track its locally optimal performance. Here we explain it in
the simplest setting of the system being an unknown but static objective function, in which case
ESC can be viewed as a zeroth-order optimization method.

Consider a continuous objective function J(u) : R* — R. Starting from an initial input
u(0) € R", ESC designs a control law for tracking a nearby local optimum u* of J without
accessing the analytic form of J. The core idea is that by injecting periodic perturbations on
the input u(¢) and observing the change in J(u(t)), we can perform frequency-domain analysis
to exploit the derivative information of J. To achieve this, the ESC introduces an additional
estimation variables v(¢) € R” that aim to converge to u*. The feedback control law on u(r) and

v(t) are designed as:

u(t) = Ksin(wr)+v(t) (5.1)

(1) = —aLlsin(w)HJ (u())] (5.2)

where H represents a high-pass filter, and IL represents a low-pass filter. Note that v(¢) is updated
through its time derivative v(¢) in Equation (5.2), from initial condition v(0) = u(0). Importantly,
the actual input to the system u(¢) in Equation (5.1) is always oscillatory, and it is the estimation
vector v(¢) that will converge to u*. K € R™ is the magnitude of the sinusoidal perturbation in
u(t), and a € R is a signed learning rate parameter.

At a high-level, the design uses the control input u(¢) to probe the system response
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J(u(t)). Then for the estimation v(¢), we apply high-pass filtering to the response HI[J(u«(t))], and
then demodulate with sin(w?)H][J(u(¢))], and finally use a low-pass filter L[sin(w?)H[J (u(t))]].
After these steps, we will be able to make use of second-order properties of the objective J for
dynamically updating v(¢) to approach u*. For example, in the one-dimensional case, we can

show (more details of the derivation are provided in the Appendix section):

dit(v(;) —u*) = —v(t) = aKL]sin(o)H[J (u(t))]

_ —%OcKJ"(u*) () —ut) (53)

Thus, if J is convex around u* (the concave case can be handled by changing the sign of ), then
—2aKJ"(u*) is real and negative, and the error between v(t) and u* follows exponentially-stable
linear dynamics that quickly converges to zero. Namely, the estimation v(¢) will converge to the
optimum u* of the objective J. Importantly, although the analysis uses J” (™), it never needs
to be known or estimated, since the algorithm only needs to iteratively update u(z) and v(t)

according to Equation (5.1) and (5.2). In general, ESC methods ensure the following:

Proposition 4 (Convergence of ESC [125]). With appropriate sinusoidal perturbations and the
corresponding filters, the estimation v(t) exponentially converges to a local optimum u* of the

objective function J in a neighborhood of v(0).

Although the method sketched above considers a static objective, the power of ESC
methods lies in its ability of dealing with stochastic objectives. The idea is that as long as the
plant dynamics has lower-frequency than the perturbation, the high-pass filter will remove the
intrinsic frequency of the system dynamics, and the same derivation applies to the time-varying
J(u(t),t), possibly with stochasticity. In the dynamic case, the perturbation frequency should
be chosen to be much higher than the frequency of J(u*,1), so that the high-pass filtering steps
can be effective. Also, the methods can naturally be applied to multi-dimensional control inputs,

using different frequencies for each input dimension. The general settings are discussed in detail
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in [125, 126].
5.2.2 Comparison with Policy Gradient

Policy gradient in RL can be considered a special case of the general strategy of search
gradient [142], which we can directly compare with ESC. Again consider the setting of optimiz-
ing an unknown objective J(u). The search gradient approach operates with a parameterized
distribution Py (u) over the input space with density pg(u), and optimizes the following objective
in the parameter space ®:

max Eypy (u) [ (10)]

by iteratively improves the parameters 6 following the gradient of the stochastic objective, which

is of the form:

VGEMNPG(M) [J(u>] = IEurvPe(u) [J<M)V9 log(p(u))]. 5.4

With appropriate learning rates, following the search gradient ensures convergence to a distri-
bution that centers at a local optimum of the objective J. The method benefits from reliable
Monte Carlo estimation of the gradient in Eq (5.4) with enough samples, which is suitable for
offline learning and conservative policy optimization. However, the dynamic updates in ESC can

achieve much faster per-sample improvement, as we show in the following example.

Example 2. In Figure 5.2, we compare ESC and policy gradient on simple objectives in both
static and dynamic settings. We first use the static objective J(u) = (u1 —0.1)> + (us — 0.5)? in
Figure 5.2(a), where the initial input is at (2,2). The blue curve at the bottom that shows the
fastest convergence to J(u*) = 0 is achieved by the estimate v(t) in ESC, and the oscillating
dotted curve around it is the response on the actual control input u(t). In contrast, the other
curves from policy gradient methods show much slower convergence that is only competitive
when 100 samples are used for each update, whereas ESC only queries the objective with one
input sample per iteration. In fact, ESC can almost achieve the same progress as gradient descent,

which uses the analytic gradient of the function. In Figure 5.2(b), we consider a time-varying
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Figure 5.2. Illustration of the optimum tracking performance between ESC and PG in Example 2.
It demonstrates that ESC (blue) exhibits the fastest convergence rate in both static and dynamic
optimum examples. (a) The convergence speed in tracking a static objective function. (b)
Comparison of the convergence in tracking a time-varying objective function. Trajectories show
the convergence towards the optimum over time with varying objective values. The initial point
is represented by circle dots, and the goal point at time ¢t = 4 is denoted by a star.

objective J(u,t) = (uy —0.1¢)% + (up — 0.5t)2. All methods start from (2,2) which is far from the
initial optimum of the objective, which is at (0,0). We see that the blue curve representing the
estimation with ESC quickly converges to the objective after t = 4, while policy gradient methods

have a hard time quickly tracking the changing objective and the sample size needs to be very

large.

Consequently, it can be beneficial to use ESC to improve the quality of each sample,
while maintaining an overall policy gradient framework for reliable improvement. This is the
key approach that will be explained in the next section.

For the RL setting, we use the following standard notations for policy optimization.
Markov Decision Processes are tuples .#Z = (., .o/, P,r,y) where . is the state space and <7 the
action space, and both are continuous in our setting. The transition function P : . X . X &/ —
[0, 1] determines the probability P(s|s,a) of transitioning into state s’ from state s after taking
action a. We consider general forms of reward functions r : . x & x . — R defined over
transitions, and y € [0,1) is the discount factor. We write 7y to denote a stochastic policy

Ty : ¥ x &/ — [0,1] parameterized by 6. The goal of policy optimization is to maximize
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the expected y-discounted cumulative return J, (5 (8) = E Y2 ¥ r(sr,ar,5.+1)] under some
distribution of the initial states p(sg). The Q-value of a state-action pair (s,a) under a policy
g is the expectation of cumulative return of future trajectories after taking (s,a), defined as
Q™ (s,a) = E[Y72 o V' r(st,ar,504+1)|50 = s,a0 = a]. It satisfies the Bellman equation Q™ (s,a) =
E[r(s,a,s") +yV7(s")].

In policy gradient, policy parameters 6 are updated at some learning rate & in the
direction of

VoJ(0) =Es gz, [A™ (5,a) Vg log g (als)]

where A™ (s,a) = Q™ (s,a) — V™ (s) is the advantage of the action a at state s, and [E[-] denotes
the empirical mean estimated through sampled trajectories. In continuous spaces, the behavior
policy mg(al|s) at each state s typically is chosen to be a Gaussian distribution .4 (L, X;) over

the action space.

5.3 Extremum-Seeking Action Selection

We now describe the Extreme-Seeking Action Selection (ESA) method, which uses ESC
strategies for improving each action sample to attain higher advantages locally, with exploration
driven by both the sampling distribution from the behavior policy and the perturbations within
ESC. The overall algorithm is shown in Algorithm 4.

ESA can be used as an add-on component for improving the quality of each action
sample in typical policy optimization algorithms. We write a, ~ 7y (-|s;) as the action sample
drawn at state s; at time step ¢, according to the distribution determined by the current policy 7g.
Following ESC design in Equation (5.1) and (5.2), we need to maintain two vectors: u(t) as the
oscillatory control input, and v(¢) for updating an estimation that approaches the optimum. In the
RL setting, persistent perturbation on the action hinders convergence and policy improvement.
So instead of using oscillatory inputs as actions, we use u(t) to probe estimations of Q-values,

from which we find a reliable improvement a; + v(¢) of the original action sample, which is then
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applied to the environment. ©(0), v(0), and ¢ are all set to zero in the beginning of each episode.

Concretely, as shown in Algorithm 4, for each sampled action a;, we first apply sinusoidal
perturbation as a; + u(t), where u(t) = v(t) + K sin(wr). We use the Q-values determined by the
current policy 7y as the objective, and query for the value of Q(s,a; + u(t)). Next, we use a

modification of Equation (5.2) to update v(¢) as follows:

v(t+1) < v(t) + asin(wt)H[Q(s,a; + u(t))] (5.5)

where H is a high-pass filter, and o > 0 is a learning rate. We do not need the minus sign in
Equation (5.2), which was for minimizing the objective and here we maximize. Importantly, we
have also dropped the low-pass filter L[] from the standard design of ESC, because we want to
still allow some high-frequency perturbations for enabling exploration, which is different from
the ESC goal of tracking the extremum as precisely as possible. In this way, exploration of actions
is achieved first by the original sample a, ~ 7y (-|s;), and then with sinusoidal components in v(t)
from the definition above. Finally, a, + v(¢) will be the actual action applied to the environment,
and we move onto the next state s, by querying the environment with (s;,a, +v(¢)).

We take advantage of the ability of ESC methods for directly tracking time-varying
objectives, which is the Q-values that change over time steps within each episode. It bypasses
a major challenge for exploration in continuous spaces, where we can not easily keep track of
properties of individual states (such as visitation counts that are often used for exploration in
discrete spaces). Instead, using the control-theoretic and frequency-domain analysis, we shift the
focus to time-varying perturbation throughout the entire trajectories to achieve improvement in
the overall performance.

Hyperparameters. The new hyperparameters introduced by the ESA component include the
perturbation magnitude vector K, sinusoidal perturbation frequency vector w, and the learning
rate vector ¢. In particular, as long as the perturbation frequency is reasonably higher than

the frequency of the Q-value function, the high-pass filter will be able to isolate the local
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Figure 5.3. An illustration of the effect of using high-pass filters on the Q-value landscapes. (a)
A Q-value landscape at a state in the inverted pendulum environment, plotted for a fixed policy
Tg at an intermediate stage of training. (b) Filtered Q-value landscape from (a).

Algorithm 4. Policy Optimization with ESA

1:

A A

10:
11:
12:
13:
14:
15:
16:

Randomly initialize the policy network parameters 68 and Q-network parameters ¢, and
empty replay buffer &.
Choose hyperparameters: perturbation amplitudes vector K, frequency vector @, and learning
rate vector «,
for episodes = 1,...,N do
u(0) <~ 0and v(0) < 0
forr=0,...,T do
Sample a, ~ 7o (+|s;)
u(t) < v(t) + Ksin ot > Following Eq (5.1)
v(t+1) < v(t) + oK sin(t \H[Q(s, a; + u(t))]
> Filter based on Q-values, as Eq. (5.5)
i1 < Env(s;,a; +v(t))
D — DU (st,ar+v(t),re,81+1)
end for
for each policy optimization step do
Update 8 and ¢ with Z using standard policy optimization algorithms
end for
end for

second-order information of the objective. Effects of the hyperparameter choices will be further

discussed through ablation study in Section 5.4.

Benefits of High-Pass Filtering. High-pass filtering is an important step in ESC that ensures

the convergence of the design of the algorithm. Intuitively, in the context of action selection,

high-pass filters remove “flat” regions in the Q-value landscape, making it easier to locate actions
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that lead to local peak Q-values. In Figure 5.3, we observe that high-pass filters enhance the
visibility of peaks and enable faster local improvement towards the optimum.

Comparison with Using Analytic Gradient of O-Networks. A natural approach of improving
action samples to higher quality is to follow the gradient of the Q-value networks, i.e., using
a first-order approach rather than the zeroth-order one proposed here. Namely, for each state
sy and sampled action a;, we can query the Q-network for its gradient at (s;,a,) over actions,
which in principle should indicate the direction of moving the sampled action towards higher
Q-values. However, the Q-value models provided by deep neural networks have highly non-
smooth landscapes over action inputs, as illustrated in Figure 5.3. Thus the analytic gradients are
frequently misleading. Instead, ESC provides robust estimation through filtering and frequency
analysis.

Pseudo-Lyapunov Clipping on Stabilization Problems. A main design factor in the effective
use of ESA is in making sure that the sinusoidal perturbation does not hinder reliable policy
updates. In stabilization control problems, there are special structures that allow systematic
clipping of the ESA perturbations based on the performance of the behavior policy. We have
developed such a method using pseudo-Lyapunov landscapes that are learned during the policy
optimization process. Instead of relying on decreasing learning rates to balance the interaction
between ESA action selection and policy gradient updates, we employ learned Lyapunov values
to determine when to dampen sinusoidal perturbations in ESA. Based on the definition of
Lyapunov functions, Lyapunov values can be employed as an evaluation metric to quantify the
deviation between the current state and the desired goal state. When a value is above a certain
threshold, we apply ESA to gather the next information of the environment. Conversely, if the
deviation is below the threshold, we select a sample action from the current policy. Figure 5.4
shows how the overall algorithm works on the inverted pendulum example. We apply ESA
when values above the purple level curve of the Lyapunov function, and observe a significant
improvement in the stabilization performance when using ESA. In Figure 5.4 (c), we observe

the different trajectories with ESA (blue line, stabilizing) and without (gray line, diverging).

71



It demonstrates that by clipping ESA based on the Lyapunov values, the training process can
effectively respond to deviations from the desired states, leading to improved control and overall

system stability.
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Figure 5.4. Illustration of the learned pseudo-Lyapunov landscape for clipping the ESA pertur-
bations. (a) Inverted pendulum environment in OpenAl Gym. (b) The learned pseudo-Lyapunov
function with a threshold (purple) Lyapunov value for damping perturbations. (b) Sampled
trajectories from PPO and PPO+ESA. It shows that ESA is most effectively improving action
selection when the pseudo-Lyapunov value exceeds a certain threshold. The black dots represent
the starting position of each trajectory and the red star represents the goal point.

5.4 Experiments

We show experimental results to evaluate how ESA can improve the performance of policy
optimization. We add ESA to the leading policy optimization methods including Proximal Policy
Optimization (PPO) [67] and Soft Actor-Critic (SAC) [69] and benchmark the performance
difference in various challenging control learning environments.

Environments. We consider continuous control environments in OpenAl Gym [108] and Mu-
JoCo [110], including the inverted pendulum, hopper, and walker, as well as a Gazebo-based
quadrotor control simulator enabled by the commercially-used autopilot framework PX4 [143].
The quadrotor control environment involves 12 state dimensions (inertia frame positions, veloci-
ties, rotation angles, and angular velocities) and 4 control inputs (thrust, roll, pitch, and yaw).
Details of the equations of motion of the quadrotor can be found in [70]. The goal of the agent is

to track an oriented point along a path, and the rewards are calculated based on the discrepancies
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between their positions and orientations.

Baselines. We compare the performance of PPO+ESA and SAC+ESA with the standard PPO
and SAC, as well as with the versions using additional parameter space noise, a widely-used
approach for enhancing exploration [140]. We also show compare with DDPG incorporating
time-correlated Ornstein—Uhlenbeck noise [118]. All algorithms are tested on 5 different random

seeds in all environments.
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Figure 5.5. Performance comparison for all methods. PPO+ESA (blue, first row) and SAC+ESA
(blue, second row) demonstrate higher learning efficiency and performance compared to other
methods across all tasks. In comparison, adding random parameter noise (orange) leads to better
exploration in the early stages of some tasks, but fails to sustain effective exploration throughout
the entire training process.
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Figure 5.6. Illustration of how ESA improves the performance of PPO for quadrotor environment.
We evaluated both policies trained after the same number of iterations. We observe that ESA
improves the quality of sampled actions and accelerates learning. (a) Quadrotor control environ-
ment. (b) Performance comparison in a circle target path task. (c¢) Performance comparison in
tracking an eight-shaped target path, where the PPO-trained policy diverges.
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Overall Performance. Figure 5.5 shows comparisons of learning curves for all methods
in benchmark environments. We observe that ESA accelerates learning and enhances the
performance of both PPO and SAC, and outperforms other baselines. The computational cost of
adding ESA is at most 50 percent longer runtime for each episode (2048 steps). In particular,
Figure 5.6 demonstrates the specific improvement in performance in the quadrotor control
environment. We visualize the behaviors of the trained control policies after the same number of
training steps, and observe that PPO+ESA shows clear improvement in the control performance
compared to the original PPO-trained policy.
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Figure 5.7. Performance comparison in stabilization control environments. We assess the
effectiveness of the proposed method ESA_LY (purple) introduced in section 4.2 for adaptive
clipping of ESA selection in stabilization tasks. Leveraging Lyapunov functions, ESA_LY
provides direction suggestions based on the values of Lyapunov functions. In addition to
reducing one tuning parameter of ESA, ESA_LY surpasses ESA and other existing approaches
in terms of performance.

In the stabilization environments in Figure 5.7, the learned pseudo-Lyapunov landscape
further improves the learning performance. We assess the effectiveness of the proposed method
ESA_LY (purple) introduced in section 4.2 for adaptive clipping of ESA selection in stabilization
tasks. Leveraging Lyapunov functions, ESA_LY provides direction suggestions based on the

values of Lyapunov functions. In addition to reducing one tuning parameter of ESA, ESA_LY
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surpasses ESA and other existing approaches in terms of performance.

Ablation Study: Perturbation Magnitude. The parameter amplitude K of the perturbation
signal presents a trade-off between increasing convergence speed and reducing oscillation. Figure
5.8(a) shows how the learning performance changes as at various values of K for the perturbation
signal in the inverted pendulum environment, when the frequency of the perturbation is fixed. We
see that there the magnitude of K = 0.2 (red) achieves the best outcome. Reducing K to 0.1 leads
to a slower convergence speed. Increasing K to be above 0.2 accelerates the initial progress of
the learning curves but results in much higher variance in performance across different random
seeds.

Ablation Study: Perturbation Frequency. The effective perturbation frequencies are affected
by the environment dynamics and the responsiveness of the Q-value functions. In general, higher
o allows us to obtain a more accurate gradient estimate by applying a high-pass filter to the
value. However, very high frequency may lead to non-smooth action choices that negatively
impact policy learning. On the other hand, as shown in Figure 5.8(b), we observe that when the

frequecy gets higher than 107 the effectiveness of ESA is reduced.
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Figure 5.8. Ablation studies conducted on the inverted pendulum environment. (a) Training
curves in relation to the magnitude of the perturbation signal. (b) Training curves in relation to
the frequency of the perturbation signal. (c) Training curves comparing different numbers of
ESA intervening episodes.

Ablation Study: Decay of ESA Learning Rate. In the policy optimization process, when the
policy has reached near-peak performance, it also becomes very sensitive to perturbations. Thus
the ESA-driven exploration should decay over time to avoid destabilizing policy learning. The

results in Figure 5.8(c) illustrate the impact of different decay rates on performance.
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5.5 Conclusion

We proposed the extremum-seeking action selection (ESA) method for improving both
exploration and exploitation in sampling actions for policy optimization in continuous spaces.
We follow the strategies in extremum-seeking control (ESC) by applying sinusoidal perturbations
on the sampled actions in each step to obtain actions of higher action values and also improve
exploration. We have shown that ESC methods can be particularly sample efficient for locally
optimizing unknown objectives, compared to policy gradient methods. At the same time, the
scale of ESA perturbations on the sampled actions needs to be carefully chosen to balance the
trade-off between fast local improvement with ESC and reliable policy improvement over all
states. The ability of tracking dynamic objectives makes ESC methods particularly suitable
for handling problems in the continuous domain by shifting the focus from states to improving
entire trajectories over time. Moreover, for stabilization problems, we show that further learning
approximate pseudo-Lyapunov landscapes can provide a simple way of determining the clipping
of the sinusoidal perturbations on the actions. We observed clear benefits of adding ESA methods

in PPO and SAC in improving the learning performance in various continuous control problems.

Appendix: More Details in the Derivation of ESC

Because ESC techniques have rarely been introduced in the context of reinforcement
learning, we provide more derivation details on how ESC ensures that its estimate v(¢) converges
locally to an optimum, following Equation (5.1-5.2) We use the one-dimensional input for
simplicity, and more general derivations can be found in standard references such as [125].

Consider minimizing J(u) near a strict local minimizer *, which means that the first-
order derivative J'(u*) = 0, and the second-order derivative J”(#*) > 0 in a local neighborhood

of u*. Since the analysis is local, we can approximate J(u(¢)) with the second-order Taylor
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expansion:
J(u(r)) =J (") + %J"(u*)(u(t) —u')?
1

=J(u')+ 37" (") (K sin(@t) +v(1) —u")*

where the first-order term J'(u*) = 0, and the second equality is by plugging in u(¢) from Equation (5.1).
Now, a key step is to focus on the error dynamics, which is how the difference between v(¢) and u*

changes, by defining & (r) = u* — v(¢). The previous expansion can then be rewritten as:

J(u()) =Ju")+ %J”(u*)é (t)* — KJ" (u*) sin(wt)& ()

1
+ ZKZJ”(M*)(I —cos2mt)

where we use sin?(@t) = %(1 —cos2mt). Now, by applying a high-frequency filter H on J(u(t)), we can
remove the terms at lower frequencies such as J(u*) and %KZJ "(u*). We also remove the second-order
term & (1)? dominated by & (¢) in the local analysis:

HJ (u(r))] 2 —KJ" (u*) sin(or)E (1) — %KZJ”(u*) cos(201)

Here we see why the filtering mechanism is useful: it allows us to inspect the signal only at certain
frequencies that carry the information we need, in this case J”(u*). To fully do that, we will further
demodulate the signal with sin(@?) and then apply low-pass filtering and arrive at the approximation:

L[sin(cor)H[J (u(r))]] = —%KJ”(M*)i(I)

where the sinusoidal terms are all filtered out by the low-pass filter LL[-] because of their high frequency.
Now, plugging it in the definition of & (¢) and v(¢) from Equation, we arrive at Equation 5.3 in Section 5.2.1.
Consequently, the error dynamics & (¢) follows exponentially stabilizes to zero. Through such frequency-
domain analysis, we see that J” (™) does not need to be estimated, and convergence is implicitly guaranteed

by following the control law for u(¢) and v(z).
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Chapter 6

Conclusion and Future Work

6.1 Summary of Accomplishments in This Dissertation

This dissertation aimed to advance the design of learning-based control systems that provide
formal guarantees of stability, with a central focus on neural Lyapunov methods. Motivated by the
limitations that the lack of stability guarantees places on the practical deployment of data-driven controllers,
we developed a principled framework that combines insights from control theory with the flexibility of
deep learning. Through the construction of neural Lyapunov certificates, we demonstrated how stability
and robustness can be formally verified across a variety of learning-based control settings. These methods
were successfully applied to model-based stabilization, model-free reinforcement learning, and imitation
learning, highlighting the potential of neural Lyapunov approaches to bridge the gap between theoretical
guarantees and empirical performance. In sum, these contributions mark a significant step toward enabling
the reliable and scalable deployment of learning-based control in real-world, safety-critical systems.

The work presented in this dissertation introduced a sequence of methods that progressively
broaden the scope and applicability of neural Lyapunov approaches. Chapter 2 introduced a learner-
verifier framework for learning provably stable control policies and neural Lyapunov functions by directly
addressing system nonlinearities, without relying on local approximations of the dynamics. This approach
simplifies Lyapunov-based control design and offers flexibility to enhance control performance by
enlarging the region of attraction through regularization during learning. In Chapter 3, we extended
this neural Lyapunov framework to the model-free reinforcement learning setting, where the agent

learns a Lyapunov-like function through self-supervision in the form of a specialized critic. This critic
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improves stability and provides estimates of the region of attraction under Almost Lyapunov conditions
for the learned policy, enabling stability-aware policy learning without requiring an explicit model of the
environment. Chapter 4 built on this model-free foundation to address the Learning from Observation
(LfO) problem, where only state trajectories from expert demonstrations are available. We introduced a
novel Lyapunov landscape learning formulation that enables efficient policy learning with significantly
fewer expert samples than prior LfO methods. Finally, Chapter 5 proposed an Extremum-Seeking Action
Selection (ESA) strategy to improve action selection during training. By leveraging perturbation and
filtering techniques, ESA enhances local peak Q-values and guides sampled actions toward nearby optima,
thereby improving both exploration and sample efficiency and outperforming policy gradient methods in
continuous control tasks.

Across all chapters, this dissertation contributes a systematic methodology for incorporating
Lyapunov stability theory into learning-based control. Each component, from learner-verifier training
and Lyapunov critics to Lyapunov landscape proxy model and adaptive action refinement, broadens the
scope of neural Lyapunov approaches across diverse learning paradigms while maintaining theoretical
soundness. In combination, these techniques demonstrate that it is possible to design controllers that are
not only effective and data-efficient but also certifiably stable. Moreover, this work advances the practical
applicability of safe learning-based control and lays the groundwork for future developments in reliable

autonomous systems.

6.2 Future Research Directions

6.2.1 Scalability to High-Dimensional Systems

Future work could extend this framework by developing scalable learning and verification algo-
rithms for constructing neural Lyapunov functions in high-dimensional control problems. In Chapter 2, we
relied on the dReal SMT solver to verify nonlinear constraints, leveraging its sound and complete guaran-
tees. However, such solvers are known to suffer from increased computation time as the dimensionality of
the state space grows, limiting their practical scalability. In Chapter 3, we addressed this issue by shifting
to a sampling-based approach using Almost Lyapunov conditions, which enabled approximate stability

verification in higher-dimensional settings. While this relaxation improves tractability, it introduces
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statistical uncertainty and lacks formal guarantees across the entire state space.

To push toward scalability without sacrificing reliability, future work could draw on advances in
neural network verification, where researchers have developed scalable over-approximation techniques,
such as zonotope-based reachability, abstract interpretation, and convex relaxations, to efficiently bound
neural network outputs over input sets. Adapting these techniques to the Lyapunov verification setting
would allow stability conditions to be checked without exhaustively sampling the entire state space,
improving scalability while maintaining formal correctness. These advances could lead to more accurate
and reliable safety certificates in high-dimensional control systems, enhancing the ability of learned

policies to correct or avoid unsafe behaviors during training and deployment.

6.2.2 Multi-Agent Systems and Distributed Control

Another promising direction for future work is the extension of neural Lyapunov methods to
multi-agent systems. Ensuring safety and stability in learning-based multi-agent control remains an open
challenge, particularly in settings that demand decentralization, partial observability, or asynchronous
updates. Recent research has explored Lyapunov-inspired frameworks for multi-agent learning, including
decentralized reinforcement learning with shared Lyapunov constraints and graph-structured policies that
stabilize formation behaviors. However, the integration of neural Lyapunov functions into learning-based
distributed control architectures is still in its early stages. Future work could develop decentralized
Lyapunov critics, where agents adapt local certificates in response to both environmental feedback and
neighboring agent behavior. By enabling certifiably stable coordination in distributed systems, this
research direction has the potential to support large-scale, safety-critical applications in swarm robotics,

autonomous fleets, and distributed cyber-physical systems.

6.2.3 Orbital Stability in Periodic Control Tasks

Throughout this dissertation, the focus has primarily been on stabilization problems, where the
objective is to drive the system toward an equilibrium. However, many real-world control tasks, such as
dynamic locomotion, involve non-equilibrium behaviors, like periodic gaits in quadrupeds, that require a
different notion of stability, orbital stability around limit cycles. While orbital Lyapunov functions have

been explored in theory and low-dimensional examples, the integration of neural Lyapunov methods
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into learning-based locomotion control, particularly for certifying gait safety in high-dimensional, real-
world systems, remains an open and promising direction. Extending these methods to learn orbital
stability certificates could involve enforcing Lyapunov risk decrease along periodic trajectories or adapting
verification tools to certify local contraction within trajectory tubes. Moreover, integrating orbital
Lyapunov critics with reinforcement or imitation learning could help guide policy training toward robust
and safe locomotion behaviors. Extending stability analysis to dynamic behaviors would strengthen the
theoretical grounding of learning-based locomotion controllers, particularly in the face of environmental

variability and modeling uncertainty.
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