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RESEARCH ARTICLE

Multivariable Control Based on Incomplete Models via Feedback
Linearization and Continuous-Time Derivative Estimation

Diogo Rodrigues™ | Ali Mesbah

Department of Chemical and Biomolecular
Engineering, University of California, Summary
Berkeley, CA 94720, USA . . .
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b | and rejection of constant input disturbances without any integral term, and ensures
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Email: dfimr@tecnico.ulisboa.pt exponential convergence to the setpoints. Another contribution of this paper is the
development of methods for quantitative analysis of the stability and performance
of the control strategy in the continuous-time case. The approach is illustrated via a
simulated example of reactor control. The proposed control strategy is broadly appli-

cable and simplifies control design significantly for a large variety of systems.
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1 | INTRODUCTION

System identification and model-based control design are often seen as closely related tasks, since control laws are typically
designed based on the knowledge of a system model”. However, in the context of nonlinear dynamical systems, the dynamic
models that are used to predict the evolution of the system state for control are typically composed of parts that are well known
and other ones that are unknown. This situation occurs mostly due to the existence of structural mismatch between the true
nonlinear system and its model in the sense that the true system may not be in the model set*4", This can be the case not only
for first-principles models but also for data-driven models. Thus, although it is possible to use system identification or first-
principles modeling to obtain a relatively accurate description of the true dynamical system, this description remains subject to
some uncertainty, and the experimental effort required to reduce the model uncertainty may be time-consuming and expensive.

In addition, typical model-based control strategies based on linearization of nonlinear models at an equilibrium point cannot
achieve globally exact linearization and may lead to unsatisfactory performance and robustness if the system is operated far
from the point at which the model was linearized. For this reason, control methods for nonlinear systems based on exact
linearization have been developed, namely, input-output feedback linearization and input-state feedback linearization?S%1Y,
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These approaches via feedback linearization typically require an adequate model of the nonlinear system, otherwise the property
of exact linearization is lost. However, in practice, significant modeling errors and disturbances may be present'!. Hence, several
approaches have been presented to increase the robustness of feedback-linearizing control with respect to errors and disturbances
via adaptive control’!4 and robust control™13160 " or to analyze the impact of the modeling errors on the stability and
performance of the control strategy via feedback linearization''®. However, the guarantees provided by these methods typically
require some assumptions that the modeling errors and disturbances must satisfy, related to parametric uncertainty, conditions of
similarity with respect to the nominal model (also known as matching conditions), relative degree, or bounded magnitude, which
complicate their practical application. Since these earlier works on adaptive and robust feedback linearization, the work on control
of nonlinear systems has mainly focused on model predictive control (MPC), which has found wide application in industrial
contexts™#<Y, However, while nonlinear MPC is necessary to control highly nonlinear systems, it may be too computationally
expensive for fast sampling applications, despite recent developments in this field“!, and it generally requires good models that
may be difficult to obtain. On the other hand, although the ubiquitous proportional-integral-derivative (PID) control strategy
is conceptually simple and computationally efficient for fast sampling applications, it remains challenging to design and tune
adequate multi-loop PID control systems for multivariable and nonlinear systems. Hence, control approaches based on feedback
linearization remain useful as computationally efficient advanced control strategies for uncertain, multivariable, and nonlinear
systems. The applications of feedback linearization range from magnetic levitation“? and power systems such as micro grids**
to chemical and biological reactors’! and cancer immunotherapy*?, only to name a few.

Nonetheless, it still remains an open problem how to identify models of nonlinear systems that yield satisfactory performance
and robustness for feedback linearization control. However, since input-output feedback linearization relies mostly on the
knowledge of values that can be related to the output derivatives, one could infer these derivatives directly from measurements
via signal differentiation, without using a dynamic model. Some approaches for numerical differentiation for nonlinear systems,
such as sliding mode® and Tikhonov regularization*”“¥, can be highlighted in this context. More recently, efficient algebraic
approaches for numerical differentiation via finite impulse response (FIR) filters have also been proposed, which result in an
interesting deadbeat property of the derivative estimates“*?U, This would be an alternative to the use of observers=1-2
input estimators® for measurement-based derivative estimation, which may be difficult to design so as to minimize the effect
of measurement noise. However, possibly due to the scarcity of work on adaptive and robust control via feedback linearization
in recent years, the use of derivative estimation via FIR filters for adaptive and robust control via feedback linearization has not
been explored, to the best of our knowledge, despite the improved handling of measurement noise by these FIR filters.

The primary objective of this paper is to propose a multivariable control strategy for nonlinear systems that deals explicitly and
systematically with the fact that models may be incomplete in the sense that there may exist parametric model uncertainty or even
structural mismatch between the true nonlinear system and its model. The proposed control strategy is intuitive to understand
and simple to tune. In addition, it provides elimination of steady-state error and rejection of constant input disturbances without
any integral term and ensures exponential convergence to the setpoints. We use the concept of continuous-time derivative
estimation to estimate the derivatives of the unknown system dynamics without model identification. This concept has already
been developed and applied to chemical reactor control®#3¢ The control design uses an approach via input-output feedback
linearization that was proposed originally for the case of fully known models®, as it is typically the case whenever feedback
linearization is used. The requirement of full knowledge of the dynamic model is avoided by the proposed control strategy
since it is based on derivative estimation. As such, the proposed control strategy is similar to observer-based control, in which
the unknown derivatives are estimated via high-gain observers. It has been shown that observer-based control recovers the
performance of control via feedback linearization in the absence of model uncertainty and disturbances™. In contrast, in this
work, the unknown derivatives are estimated via FIR filters, which provides advantages such as deadbeat estimation, instead of
asymptotic convergence, and minimization of the effect of measurement noise. The quantitative analysis of the local stability
and performance of this approach via feedback linearization and derivative estimation represents another contribution of this
paper since this analysis has only been performed for the particular case of relative degree one of the controlled outputs with
respect to the inputs and derivatives up to first order®®. To the best of our knowledge, although continuous-time estimation of
derivatives up to arbitrary order via FIR filters has been proposed before, this paper proposes and analyzes for the first time
the use of continuous-time estimation of derivatives up to arbitrary order via FIR filters for control of nonlinear systems with
incompletely known dynamics via input-output feedback linearization. In summary, the main contributions of the paper include:

or unknown

1. Description of the multivariable control strategy that uses input-output feedback linearization and continuous-time
estimation of derivatives up to arbitrary order via FIR filters for control of nonlinear systems with incompletely known
dynamics and arbitrary relative degree of the controlled outputs with respect to the inputs.
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2. Proof of the property of minimization of measurement noise provided by continuous-time derivative estimation via FIR
filters, as well as several auxiliary results and generalizations related to these FIR filters that are necessary before these
filters can be applied to multivariable control.

3. Proof of the properties of elimination of steady-state error and rejection of constant input disturbances without any integral
term, and exponential convergence of the controlled outputs to the setpoints provided by the proposed control strategy.

4. Quantitative analysis of the local stability and performance of the proposed control strategy for a given system.

The paper is organized as follows. Section 2 describes the system under study and the control problem. Section 3 presents
the control strategy via feedback linearization and derivative estimation. Section 4 shows the steady-state and convergence
properties of the proposed control strategy, presents methods to assess its stability and performance, and addresses practical
aspects related to the control strategy. Section 5 provides an illustrative example of reactor control without the use of kinetic
models, followed by Section 6 that concludes the paper.

2 | PROBLEM DESCRIPTION

Consider a nonlinear dynamical system with 7 states X(¢), n,, inputs u(¢), and n,, outputs y(¢). The state dynamics are composed
of an unknown part and a known or available part, denoted by the subscripts u and a, while the outputs are known functions of
the states. The true dynamical system is

x(r) = £(x(1),u(r), x(0) = xq, (1a)
y(®) =g(x(1), (1b)

where f(x(7), u(r)) and g(x()) are nonlinear functions of appropriate dimensions.
Suppose that the objective is to control y.(#) := Sy(¢), the n. linear combinations of the outputs y(¢) given by the n. X n,
matrix S with rank (S) = n., which implies thatn. < ny. Also, suppose that f(x(), u(z)) and g(x()) are n+1 times differentiable
with respect to x(#) and the relative degree of the outputs y,. () with respect to u(¢) is n. Consequently, the pth time derivatives

of y.(t) denoted as yﬁp ) (1), for p = 0,...,n — 1, are absolutely continuous functions of 7 that depend only on the absolutely
continuous states x(¢), which implies that the time derivatives yﬁ!’ ) (r) = y§P D (t),forp =0,...,n—1,exist almost everywhere
and are Lebesgue integrable. Furthermore, suppose that
ORI OES PRION @)
with
v (1) = su(x(1), (3)
where s, (x(7)) is a fully unknown function of the absolutely continuous states x(#) only, and
v (1) = sa(y(0), u()), @)

where s, (y(¢), u(r)) is a function of the current outputs y() and inputs u() that is partially known with some modeling error.
In addition, suppose that s, (y(z), u(7)) is an affine function of the inputs, that is,

Sa(y(0),u(n)) = B, (y(1)) +Ba(y(®))u(), &)

for some vector B, (y(#)) and some invertible matrix B, (y(#)), which implies that n. = n,. As mentioned, s, (y(¢),u(r)) is
partially known with some modeling error as

Sa(y(®),u(0) = B, (y(®)) +Ba(y(n))u(), (6)

where B, (y(t)) and B, (y(#)) are the modeled counterparts of B, (y(r)) and B, (y(?)).

The goal is to control the outputs y,.(7) to the setpoints r(z) despite the fact that the function s, (x(7)) that corresponds to
the derivative y{" (¢) is fully unknown, the functions 8, (y(¢)) and B, (y(¢)) are partially known with some modeling error, the
derivatives yéP ) (t),for p =0,...,n— 1, are unknown, and the inputs and outputs u(¢) and y(¢) are subject to disturbances. The
proposed control strategy must also ensure elimination of steady-state error and rejection of constant input disturbances without
any integral term, as well as fast convergence of the controlled outputs to the setpoints. It must also be possible to assess the

stability and performance of this strategy for a given system.
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3 | CONTROL STRATEGY

This section describes the control strategy via feedback linearization and continuous-time estimation of unknown derivatives.

3.1 | Control via feedback linearization

If the true system (I)) were perfectly known, one could use the input-output feedback linearization law'
-1
u(t) = Ba (v(0) ™ (V) - ¥ (1) - B, (v(0)) )
- () as follows:

v (1) = v(1). (8)

In the remainder, we assume that r*~ (¢) is piecewise-constant but may be discontinuous, which implies that "~V (1) = 0,
between time instants with discontinuity of r*=1) (r), while r(?) (1), for p = 0,...,n — 2, are absolutely continuous functions of
t, which implies that the time derivatives i(P) (r) = r(p+) (t), for p =0,...,n — 2, exist almost everywhere and are Lebesgue
integrable. Then, for the rates of variation v(¢), one could choose the control law

V(D) = 7" (1 () = ye (0) + 22 ()27 (6P (1) -y (1)

to set the rates of variation v(¢) for yé”

= at." (r(t) = yo (1) + Xpcg (1= a0P) (2)e2 7" (¢ (1)) -y (1)), ©)
with 0 < @ < 1, which would imply that
_(n-1) (AT _ o(n=1)  ~T N T T (n=1) (T (n=1) ( NT T T T
[0 =5 O - FOT -3 0| = A [r Oy T @ -y 07| (10)
between time instants with discontinuity of r*=V (r), with
At Aco o
AC = In(- Oncx(n72)nc On(-xnc :|, AC, =—(" Te B I e p= 0, R (A 1, (11)
0(n72)n(-><nc I(n72)nc 0(n72)nc><n(- P (P) "

and all the eigenvalues of A equal to —7.!. This would result in the solution

(n=1) (AT _ (=1 T T TT: A _ (n-1) T (n=-1) T .. T _ TT 12
r"U() —ye () r() —y.(1) exp (Ac(r = 10)) [r" "V (10)" -y (t0) r(t)" —y.(t0)" | » (12

where 1 is the previous time instant with discontinuity of r("~1 (¢), which would ensure exponential convergence of yﬁf’ ) (1)
torP) (1), for p = 0,...,n — 1, with time constants 7. in the ideal case of perfectly known functions s, (x()), B, (y(¢)), and

B, (y(7)), known derivatives yﬁ” ) (1), for p =0,...,n— 1, and no input or output disturbances.

However, as mentioned, the function s, (x()) that corresponds to the derivative y,(dn) (#) is fully unknown, while the functions

B.(y(2)) and B, (y(z)) are partially known with some modeling error. Likewise, the derivatives yP (1), forp=0,....,n—1,
are unknown. Furthermore, there is a difference between the system inputs u(¢) and the actuator inputs @(z) due to the input
disturbances d(¢) := u(¢) — () and a difference between the sensor outputs §(z) and the system outputs y(¢) due to the output
disturbances w(7) := §(¢) — y(z). We also define the sensor outputs §,.(¢) := S§(¢) and the disturbances w.(¢) := §.(¢) —y.(¢).

In this case, it is not possible to use directly the control laws ([Z) and (9). However, one can approximate them by replacing
u(r) and y(¢) by @i(¢) and §(1), B, (y(r)) and B, (y(¢)) by B, (¥(¢)) and B, (§(1)), as well as the unknown derivatives vy (1),

for p=0,...,n—1,and y (1) by their estimates §7 (), for p = 0,...,n — 1, and §\ (¢), which results in:

a(1) = Ba (5(0) ™ (70 - 3" (0 - B (1) ). (13)
V(1) = ot (0(1) = §.(0) + Zh2h (1 - a0P) (227" () (1) - 37 (1)), (14)

The estimation of these derivatives is investigated in the next subsection.

3.2 | Estimation of unknown derivatives
One can use (2)—) to estimate the values yﬁ" ) (t),forp=0,...,n—1,and 37,(4") (¢) of the unknown derivatives by applying an

FIR filter to the sensor outputs §..(#) and the available rates
¥ (1) =84 (¥(), 6(1)), (15)
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in the interval [f — At, t], where At is the size of the filter window.

Remark 1. One can also apply an infinite impulse response (IIR) filter to §.(¢) and y(") (1), which results in a linear observer=42,
However, the following results about derivative estimation refer to the FIR filter. These results were discussed previously for
derivatives up to first order in the discrete-time case“Y and in the continuous-time case™® and are extended here to derivatives
up to arbitrary order in the continuous-time case such that closed-form expressions for the FIR filter and the corresponding
differences between derivative estimates and true derivatives are still obtained. As discussed in the remainder of this section,
the advantages of the FIR filter with respect to an IIR filter are the property of deadbeat estimation of the unknown derivatives
after the window size At, instead of asymptotic convergence, and the minimization of the effect of measurement noise w,(¢) for
a given At without the need to tune the observer parameters.

Remark 2. Since "=V (r) may be discontinuous, the same is valid for @(¢) and y(") (¢) and consequently for u(r), ya )(t) and
C")(t). On the other hand, since x(#) is absolutely continuous, the same is valid for y(¢), ycp )(t) for p =0,. -1, and

y,ﬂ") (¢). We also assume that w(P) (¢), for p = 0,...,n — 1 are absolutely continuous, thus the same is valid for y(t) and y(p) (1),

for p =0,...,n — 1. The fact that these functions are absolutely continuous is used in several technical results in this section.

For any distance z from the beginning of the filter window, we propose to compute the estimates y<p )(t — At + z), for

=0,...,n—1,and y,(A") (t — At + 7) as the quantities that minimize the mean squared error between the measured sensor
outputs yc(t — At + 7) and the predicted outputs §,.(r — At + 7) for T € [0, At], with the goal of minimizing the effect of w, ()
for a given At. This mean squared error is defined as

I (8) = 2 [ o (t = A+ 1) T8, (1 — At + 7)dr, (16)
where the prediction errors are
enc(t = A+ 1) = §,(1 = A+ 1) = S 2O (1 - A+ 2) - [T 500 (1 Ar+ ¢)de, (17)
with
5O (1= A+ 1) =90 (1 = Ar+2) + 50 (1 = At + 7). (18)

These derivative estimates are given by the following lemma.

Lemma 1. The predicted outputs §.(#) that minimize the mean squared error J, , () are given by

)A’Ep)(t_At"‘Z):ﬁ’!“ OAt (an(T))pHU"Z(t Ar +7)dz, p=0,....n-1, (19)
00 (0= At +2) = 2 [0 (€2 (7)) g U (7 = A+ T)dT, (20)

where
Uno(t=At+7) =, (t-At+7) = [T (T(,f}), § (1 - At +0)de, Q1)

the (n + 1)-dimensional vector function ¢, ; (7) is defined as

(sz("'))pn =2 (5 Z) (A%) i1 P+ p=0,....m, (22)

and the (n+ 1) X (n+ 1) matrix A}, is the inverse of G/, defined as

. i+ _ . 1)itl+] .
(G oo = [ e =2 =00, i=0,....n, (23)
with r = 1 — & Furthermore, Ep ) (t—At+z),forp=0,...,n—1,and y,a") (t — At + z) are the linear unbiased estimators of
§P ) (t—At+z),forp=0,...,n—1,and y(") (t — At + z) that pr0V1de minimal variance if the following assumptions hold:

1. The unknown derivatives yu (m) (t — At + 7) are constant for T € [0, At].

2. The mismatch between y(") (t) and yfln) () is negligible in comparison with the measurement noise w(t).

3. The measured outputs ¥ (¢) are corrupted by zero-mean noise w (¢).

4. The noise w,.(¢) is uncorrelated and homoscedastic with covariance E, , which implies that, for any L? function g(1),
Var[éfomwc(t - At+ T)g(‘r)dr] = é/omg(r)zdr)lwc. 24)

Proof. See Appendix[Al O
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Remark 3. LemmalI]can be regarded as an adaptation of Gauss-Markov Theorem to the context of continuous-time observations
since Gauss-Markov Theorem also states that the estimator that minimizes the mean squared error is the linear unbiased estimator
that provides minimal variance if the observation errors are uncorrelated and homoscedastic and have mean equal to zero.

Hence, to determine ygp) (t—At+z),forp=0,...,n—1, and yf,") (t — At + z), it is necessary to know A,. For this, we use
the concept of shifted Legendre polynomials, which allows us to obtain expressions for the elements of A}, according to the
following lemma.

Lemma 2. The elements of A}, are given by

1 _ i+m 5o (n+i+l=k) (n+tm+1-k)
(An)m el (=)™ D= talt=m)t (25)
1/2 _ nitm e (nti+1-2k) (n+m+1-2k) +[13_, (n+i-2k) (n+m-2k)
(A )i+l,m+l =2 = (i+m+l)i!(n7i)!m!k(r(l)fm)! ’ (26)
0 _ i (n+i+1=k) (n+m+1-k)
(An)l.+1 mel (iir?ﬁl)i!(n—i)!m!(n—m)! ’ @7
for r € {0,1/2,1}. In addition, forall 0 < s < 1,
(AN i1 pe1 = 21 B (D) =) P (AL) gy s P=0,0in, p=0,...,n. (28)
Proof. See Appendix[Bl O

The following lemma builds on the previous results and shows the outcome of applying a more general version of the FIR
filter in Lemmal[Ilto §,, instead of v,, ., using the definition

170 =300 -3 0 = w0+ w0 +¥8" () - 57 (1), @9

Lemma 3. Let H, . - (¥, ) be the pth differentiation continuous-time FIR filter of order n and window size At given for the

point at a distance z from the beginning of the filter window and applied to the function ¥, on the interval [z — Az, ¢]. If 5'2”71)

is absolutely continuous and H, . - (.., t) is defined as

~ ! At ~
Hponz(§e. 1) = # 0 (Cn,z(T))p+| ¥.(t — At + 7)dr, (30)
where, forr € {0,1/2,1}andall0 < s < 1,
(€0.e() por = Dy () (5 = 147" (€n (@ = Bilo (F = 1+5)" (a}n2) - 31
with
(cl’l(T))m+l = :'1:0 (ﬁ - ] + s)l j=i ({) (r - s)j_i (A;)j+1,m+l ’ m = 07 ceenn, (32)
(80nc)., = S =7 S () G = 140" (AL s =0, (33

where A}, is the inverse of G}, then

) _em _
(en2 (7)), [ BRI IO (7 £y dgdr

~ ~ A
Hp o (Fort) =5 (1= At +2) + L5 [ =

Atp+l 0
<(n)
=§P (r— At +2) + L2 3’ (€n2 (1)) oy [T (r_pyldzdr, p=0,...,n-1, (34)

ArP*! z  (n=D)!
HineFer1) =90 (0= At 2) 8 [0 (€02 (1)), [T EAAORICAD) (0 pyt agar
= Y (ene (1)) g [ TERUEAD) (- g, (35)
Proof. See Appendix[Cl O

Remark 4. The function H, ,, ; (¥.,t) corresponds to the continuous-time version of the pth-differentiation Savitzky-Golay
filter of order n, which was developed originally for the discrete-time case®® and has been called algebraic time-derivative
estimation in the continuous-time case“V. Even though the FIR filters in this section coincide with the FIR filters in previous
work®3U  this section provides several new auxiliary results and generalizations that are necessary before these FIR filters can
be applied to multivariable control and their implications on the performance of the control strategy can be properly studied.
Also, the use of a smaller window size At of the differentiation filter amplifies the effect of measurement noise in w,.(¢).
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Lemma [3 uses the fact that y(n D s absolutely continuous to derive expressions for all the necessary derivative estimates
and relates the remainder H, , - (¥..t) — §P> (t—At+z) (or Hp (¥, 1) - f,") (t — At + z) if p = n) to a double integral of
FOU=A+) -5t -At+2) =5 (= A+ O +5 P (= A+ ) =57 (1 = At +2) for £ € [0, At]. Now we aim to obtain a
more explicit expression for this remainder in terms of a single convolution integral of the known function § ya (t At + 1) for
7 € [0, At] and of the unknown function y,a") (t—At+71) - ,(4”) (t—At+7z) for T € [0, At], which is done in the following lemma.

G(n=1) .

Lemma 4. Ify. is absolutely continuous and H, ,, ; (¥, 1) is defined as in Lemma[3] then
Hpne Fost) = F (1= 8+ 2) + Ve G 1) + Zpone 337 1)
—yép)(t—m+z)+z,,,,z(yu D+ Zpn G0, p=0,...,n-1, (36)
Hine (e 1) = 947 (1 = At +2) + Vi, z(y(’” 1)+ Znn (34" 1)
= znnz<y(”) D+ Znne(Fa’ 1), (37)
with
) ~_ _p! [z ) (1= A1) 35 (1=Dr+2) (et i (t=Ar+) -3 (1-Ar+2)
Ve 1) = $5m (fo(c ;1(7))p+1 =g =dr +/ €20(T) pr g =dr )
1 (n) ~(n
A[p+lf At (an(T) el ny (1— At+(§n) 1)' (1—At+z) (T é,)n ldérdT (38)
(n) p! Z( (-n (")(z At+7) ( ) (1=At+7)
ZP"Z(yn A[PH (fo(cn 1( ))p+1 (-n" —dr +./ nznO( 7) p+1(T”Td )
t —
ML,/ (en.2 (7)) 0 [T EUBHD) (1 gyt g, (39)
where
(€25 (D) oy = it (3 = 1+9)"™" 458 (a5,.) (40)

is the nth antiderivative of (€2 (7)) ,,, such that (e (1= s) A1), =0.
Proof. See Appendix Dl O

Lemma shows that H, - (§. 1) = 57 (t = At +2) (or Hppnz (Fer 1) = §4" (1 = At + 2) if p = n) discounted by a single
convolution integral of the known function yé ") (t — At +7) for T € [0, At] equals the same convolution integral of the unknown
function y(”) (t—At+71)— yf,”) (t — At + z) for T € [0, At]. The particular case p = 1, n = 1, and z = At is shown below.

Lemma 5. If §. is absolutely continuous and D(¥,., t) is defined as

. . A .
D(F..t) =Hiia(§e.t) = ﬁfot (c1,a¢ (7)), ¥, (1 — At + 7)dT, 41)
where
_ (a1 1
(e, (7)), = (al,l,At)l +(7) (31,1,A1)2’ (42)
with
(a:,l,At)l = -6, (a},l,At)2 =12, (43)
then
DFet) =¥,() +RG 1) + W(Fao 1) = WF,o 1) + W, 1), (44)
with
et 3 A Vo (- 3
Ry 1) = Viar Gt = ['6 (A% - (§)2) AT, g, 45)
ol ~ A v —
W, 1) = Zi1a (Y t) = 0t6 (Al, - (ﬁ)z) Wdr. (46)
Proof. See Appendix[El 0

Then, we can note that, according to the definitions in Lemmas [3]and (4]

$E 0 = Hpse G ) = Zpmae @0, p=0,in—1, “7)
(1) = Hunost For V) = Zmad G5, 1), (48)
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which implies that, from (@6) and (37),

§7 (1) = y(”) O+ Vpua G0 =5 () + Zpuas 5.0, p=0.....n—1, (49)
700 =9 (0 + Vi G070 = Znas G 0). (50)

In particular, if n = 1, we can note that, according to the definitions in Lemmas 3 and (4]
Vu @) = HiiaFeot) = Ziar (Vo 1) (51

which implies that, from (36) and (37),
Vo) =Y, +Viia G 1) = Ziae (§os 0. (52)

Remark 5. From (49), (50), and the definition of V), ,, , in LemmaH] one can observe that, if 7 (+ — At + 1) is constant for
7 € [0, At], the estimates 7’ () and §\"” (¢) yield the desired values §7’ (r) and §\"” (¢). This results in the deadbeat property
claimed in Remark [l In addition, as shown in Lemmal[Il these estimates minimize both the mean squared error and the effect

of measurement noise w(¢) for a given At as claimed in Remark[Il

In summary, the proposed controller via feedback linearization and continuous-time derivative estimation is given by (13,
({14 with (@), (@3), @7, @3) for the system @)—(). The next section shows some properties provided by this control strategy.

3.3 | Laplace transform of the derivative estimates

Before we describe the properties of control via feedback linearization and continuous-time derivative estimation in the next
section, it is necessary to convert the estimation of unknown derivatives developed for the time domain in this section to the
frequency domain by applying the Laplace transform. This result will be used to establish the convergence properties of the
control strategy in Theorem[8l It is assumed that, for each time-varying signal s(¢), the initial conditions s(0) correspond to the
equilibrium point §, deviation variables are defined as §s(¢) := s(¢) — §, which implies that the initial conditions §s(0) are zero
and can be omitted, and the corresponding Laplace transforms are denoted as S(s). The Laplace transform of the derivative
estimates §7) (¢), for p = 0,...,n — 1, and §" () is obtained in the following lemma.

Lemma 6. The estimation of y(P ) (t),forp=0,...,n—1,and y,, )(t) in (47) and (@8), which implies (49) and (30), is expressed
in the frequency domain by applying the Laplace transform as

" At ixvn (] j—i 3
Y () = L5 [ s (1= ) 2 () (-1)) (A?,)N  exp (—s1) diSY(s)

i
- [ T (1= )™ AL () 0 (AD) e (o ¥ (9)
=" (s)
b s [y S (1= )™ S () 0 (&) e (s a9, p 0= (Y
V() = 3 [0 2y (1= 4) T, () (D77 (A ”)j+1,  exp (=s1) diSY(s)
- i [ B (1= )" AR () (1 (A8) exp (o ¥ (o)
= i [ Sy (1= )™ AL s () (—1)" '(Ag)m,nﬂ exp (—s) dr¥" (s). (54)
Proof. See Appendix[El O

4 | PROPERTIES OF THE CONTROL STRATEGY

This section shows the steady-state and convergence properties provided by the control strategy developed in the previous
section, presents methods to assess its stability and performance, and addresses practical aspects related to the control strategy.
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4.1 | Steady-state and convergence properties

We start by proving that, although this controller does not include any integral term, it eliminates steady-state error and rejects
constant input disturbances, as shown by the following theorem.

Theorem 7. The controller given by (13), (I4) with (&), (I3, @7, (48) for the system @)—(3) eliminates steady-state error and
rejects constant input disturbances if steady state is reached.

Proof. Firstly, note that the controller with (@7)), @8] enforces @9), (30Q) with (29). The evaluation is performed at steady state,
thusr(t) =%, d(¢) =d, w(t) = W, u(t) =u,y(¢t) =y, x(#) =X, and y(p)(t) =rP (1) = ng) (1) =0, forp=1,...,n,thatis,
Cp) (1) = 0Py, r'P) (1) = OPF, ch (1) =0Pw, for p =0, ...,n. Then, (13), @4), (I3, 29), (@9), (30) are written as

8- d =By (§+) (v(r) 3 (1) = Ba(+ W), (55)

V(1) = ar" (B = §. = We) + X02h (1 - 0) ()72 7" (07 = 37 (1)), (56)

FO (1) = 8a (¥ + W, 0 — d), (57)

7ol (1) =y () +yd” (1) - 55 (), (58)

P (1) = opyc +0PWe +Vyun G0, p=0,...,n—1, (59)

900 () =90 () + Vs G170 1), (60)
while (2)-(@) and (6) are written as

0, =y (1) + ¥ (1), (61)

v (1) = su(%), (62)

vy (1) = 54 (§.0), (63)

Sa (y, u) = B,(¥) +Ba(y)u, (64)

y+w)+Ba(y+w)(a-d). (65)

This implies that

(1) = 8u(%) + B4 (5) = Bu (¥ + W) + Ba(5)d + (B (§) - Ba(¥+W)) (@ - d) (66)

is constant, which means that, from the definition of V', ,, ; in Lemmal]
(1) = 0P§. +0PWe, p=0,...,n—1, (67)
TROES IO (68)

Consequently, if steady state is reached,

0, =y (1) +y" (1)

)
%) + B, (¥) +Ba (¥)0+ (1) = 91" (1) = B
)

y+w) - Ba(y+wW)(@a-d)
X) +at." (F- ¥, - ) z;é)(l— a0?) ()7~

H(0PE =9 (1)) = 957 (1)

+
=
Q
@
|
=
Q
o>
+
<
=
+
A
=
|
==}
Q
h
+
<
N
=D
|
&=

=5, (%) + 7" (- yc—wc)—yf,%)
+Ba(§) = Bu(3 + W) + Ba(5)a + (Ba(5) — Ba (3 + W)) (3 - d)

=7 (F =¥ — We), (69)
which shows that y. + W, = T at steady state regardless of the values of T, d, and w and implies that the controller eliminates
steady-state error and rejects constant input disturbances. o

Theorem [7] considers the steady-state case, which implies that the setpoints and disturbances must be constant. For this case,
Theorem [7] shows that the control strategy in this paper eliminates steady-state error and rejects constant input disturbances if
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steady state is reached, in the same way as a proportional-integral controller, although the control strategy in this paper does
not include any integral term. The discussion about the effect of time-varying setpoints and disturbances on the closed-loop
stability and performance will be presented in the next subsection.

The presented control strategy requires only two design parameters with a well-defined meaning: (i) Az is the window size
of the differentiation filter, which should be sufficiently small so that the unknown function s, (x(¢)) is approximately constant
in this window and the resulting derivative estimates are sufficiently accurate, but not too small to prevent amplification of
measurement noise in w.. (); and (ii) 7. is the inverse of the nth root of the controller gain in (I4), which means that it should not
be too small due to the noise, but sufficiently small since it is expected to be approximately equal to the dominant closed-loop
time constant if the derivative estimation is sufficiently accurate and the variations of the disturbances Wé”) (t) and d(¢) and of
the modeling error in the known part of the model are bounded. The latter property is shown in the following theorem.

Theorem 8. Denote the supremum of the largest singular value of the matrix K, (7) as k, := sup, o (Kq (7)) and the He-norm
of the transfer function G.(s)I,, = SA(,(A*) (s)?,(dn) (s)7! inferred from Lemma[@las |G, (5)||o = sup,cg |Ge(wj)|, where

Ka(1) = (Ba(y()) = Ba (5(0) )Ba(3(1) ", (70)
v (5) = 202 (1-a07) ()22 (V) (5) - Y () + 07 (). (71)

Suppose that (i) k, < m (ii) the control of yﬁ!’) (1) to r'P)(r), for p = 0,...,n — 1, keeps x(¢) bounded, and (iii) the

variations of the disturbances wé") (t—At+7) and B, (y(t — Ar+7))d(¢ — At +7) and of the modeling error in the known function
B.(y(t — At + 7)) are bounded. Then, there exists a bounded vector d; and a scalar A7 > 0 such that, for any sufficiently small
window size At < Af, (i) the disturbances w,. )(t — At + 1), the unknown function s, (x(7 — Az + 7)), and the modeling error in
the known function s, (y(z — A7 + 7),u(r — At + 7)) do not vary more than &, in the interval 7 € [0, Az], and (ii) the controller

given by (13), (I4) with (@), (13, ([ij]) @R) for the system @)—(3) forces y(p ) (1) to converge exponentially to a distance linear
in ||8,]| from r(P) (), for p = 0,...,n — 1, with time constants 7., that is, there exists a nondecreasing scalar function ¢y (At/7,)

and a matrix K, (%, TC) with elements that depend polynomially on % such that

T
e - ecwr] - exp (~52) e (527 [ V)T - e |
< [, exp (<155 Ko (55 )Jes @t/ 18, o, )
where e (7) :=r(t) — §.(¢) and #o is the previous time instant with discontinuity of r= (7).

Proof. Again, @)-@), @, (13D, @4, (13), 29), @9), (30) are valid for the system and the controller, which implies that

(0 = W (1) + 54 (x(1) + Ba (¥(0)) = Ba(5(0) + B (y(0)d(1) + (Ba (y(1)) - Ba (7)) Ja0), (73)
where
(1) = By () ' (72" (1) = 5(0) + Zpzh (1= a07) (2) 727" (rP) (1) = 52 (1) - 37 (1) = Ba (§(0))
=Bu(¥(0) ™ (Zp2h ()" (6P (1) =5 0) =587 (1) = Ba(5))): (74)
with
9371 = 20 (1= a0P) ()" (3 (1) = 57 (1) + 947 (). (75)
The previous equations indicate the existence of a linear time-variant relation between y(”) (t) and 37,3*) (1) given by
¥ () = “Ka (03 (1) +ua (1), (76)
with

(1) := Wi (1) + 8, (x(1)) + Bo (¥(1)) = B (¥(1) + B (y(1))d(r)
+Ka (0 (Zh ()72 (6 (1) - 52 () - Bu(3()) ). )

To show the boundedness of the variations of ¥, )(t) f,")(t) and B, (¥(1)u(r), we use the circle criterion in a similar
way to previous work”2, To this end, we note that, from the definition of k, and the singular value decomposition K, () =
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U(H)Z(¢)V(1)T, where U(r) and V(¢) are matrices with orthogonal columns and X(¢) is a diagonal matrix of singular values,
5 (0K (0 TKa (035 (1) = 35 (0TVOZOZOV(O 3 (1) < 357 OV (KDV(O T3 (1) = K235 (0795 (1) (78)

Then, it is possible to show that the negative feedback loop with input u,, (z) that consists in the connection of the transfer
function G, (s)I,,. and the time-variant galn K, (¢) is input-to-state stable if ||G.(s)||wka < 19U, Since the latter condition is
satisfied by assumption, the variations of § *) (1), f,") (1), and B, (¥(1))ii(7) are bounded if the variations of u, () are bounded.

One can then define

AW (1= At+7) = wi (1) - w (1 - At +7), (79)
()s
D (x(r-A —Ar+)d
FO (1 — A 4 7) = Lo ox BOAONGA DL (80)
Ay (1 - At+1) = B, (y(1)) = B, (§(1)) +Ba(y(1))d(r) + Ko (1)Bq (§(1)) 0 (r)
—Ba(y(t = At+7)) + B, (§(t — At + 7)) =By (y(t — At +7))d(t — At +7)
—Ku(t — At +7)Bo (§(t — At +7))u(t — At + 1), (81)
for T € [0, Af]. This implies that
FW G- At+1)=w(t— At +7T) +5, (x(r — At +7))
+8q(y(t —Ar+1),u(t — At + 7)) —84(§(r — At + 7),0(t — At + 7))
=w (1) = AW (1 = At +7) +5,(x(1)) = AFS™V (1 - A+ 1)
+8q (y(1), (1)) = 8a (§(1), (1)) — Ay (1 = At +7)
=500 =AW (1= At + 1) = ATV (1= At + 1) =AY (2 - At + 1), (82)
which shows that, if the control of y(p ) (¢) to r'P)(¢), for p = 0,. — 1, keeps x(¢#) bounded and the variations of the

disturbances w'"” (1 — At +7) and B, (y(t—Ar+7))d(r—Ar+7) and of the modehng error in the known function B, (y( — At +7))
are bounded, then there exists a bounded vector d; and a scalar A7 > 0 such that, for any sufficiently small window size
At < A7, the disturbances w'" (¢ — At + 7), the unknown function s, (x(t = At + 7)), and the modeling error in the known
function s, (y(r — At + 7),u(r — At + 7)) do not vary more than &y in the interval 7 € [0, Ar], where these variations are given
by AW (1 — At + 1), Ay (¢ — At + 1), and Ay (t — At + 1), respectively.

Moreover, from @9), (30D, €2), and the definitions of V, , , and Z, ., in Lemma] one can observe that

C 1) = c t) — n,At W + [y + y N p =VU,....,n— 1,
(P) (p) Zp A (”) A (’H'l) A (”) 0 1 (83)
50 (1) = E,") (1) = Zomar (AW + AT 4+ Ay 1), (84)

Consequently,
v @) =y () + ¥y @)
= su(x(1)) +84(y(1), u(r))

su (x(1)) + B, (y(1)) +Ba(y(0)u(?)
5 (X(1)) + B (¥(D) +Ba (y(1))u(e) + ¥(2) = 91" (1) = B, (§()) — Ba (5(0)) k()
su (X(1)) + @7, (1(1) = §e(1) + Z02h (1= a0P) (1) 727" (e P (1) = 97 (1) - 95 (1)
+ B4 (¥(1) = Ba (7)) + Bu (y()d(1) + (Ba (y(1)) - Bu (3(0)) Ja(r)
= s (x(1) + ZAZp ()7 (6P (1) = 57 () - 947 (1)

+ B (¥(1) = Ba(5(0) + Bu(y()d(1) + (Ba (y(1)) - Bu (3(0)) Ja(r)

+ 20 (1=a0”) ()L™ Z pnar (AW + Aty ™D + Ay 1)
= X () el (1) = wi (1) — ue (1), (85)
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where e (1) := r(r) — §.(¢) and, from the definition of Z, , , in Lemmal]

U (1) = =% (1= a0P) ()7L 7" Z p e (AW + A + Ay 1)
(n+1) (n)

_ _ (n) (,_ v _ _
_ ZZ:O(I —O/Op) (;)Tcp n p! OAI( (-n) (T))P+1 Aw. " (1—At+7)+Aty,, (t—=At+7)+Ay,,  (t—At+71) dr

AP Car,1 (DR
_ Acn-p 1 £ plit (] AW (1=At+A1 E)+Atg Y (- Ar+At £)+Ay T (1-At+A1 €)
= —ZZ:O (1-a0P) (;)(T_I) /0 0 () (ap,n,AI)H.] G dé, (86)

thus, since At > 0 and 7. > 0, there exists a nondecreasing scalar function ¢4 (Af/7.) such that

_ 1 i+ i
(01 = S (1=007) () ()" oS SebE (a0, [ a1
= cs(At/7e) |65l (87

Since "~V (1) = 0,,, between time instants with discontinuity of r"~1 (¢), this results in the minimal realization

Xc (1) = Acxc (1) + Bouc (1), (88)
T
e DO ee)T] = %00, (89)
with
Ac,nfl A(‘,O _
AC = L. Oncx(n—2)nc 005 :|, Ac,p = —(n)‘l'é7 nIn(, N pP = O, N (. 1, (90)
0(n—2)n(‘><nc I(n—2)nc 0(n—2)nc><nc p

BC:[ bne ] 1)

O(nfl)ncxn(-

The corresponding response is

T T,
egnfl) N7 - ec(t)T] = exp (Ac(f — £o)) [ey‘*l)(ro)T ... ec(to)T] + /Io exp (Ac (= £))Beuc()de, (92)

where 1 is the previous time instant with discontinuity of r*=1 (¢).
Hence, one constructs the decomposition A, 7. = VCJCVEI, where V. is a matrix with the generalized eigenvectors of A, 7.
in its columns and J. is the Jordan normal form of A 7., with

Je=T o (-L+| "% &), 93)
which implies that
exp (Ac (1 = ¢)) = exp (ACTC%) = exp (—’;f) KC(’;C?,TC), o4
where
Ko (S 7] = Ve (Lo (23 2k (S2) " % 6t ])) ve! 05)
1=¢

is a matrix with elements that depend polynomially on ot

From (87), @2), (94), and the Cauchy-Schwarz inequality, one can then show that (72) holds. This proves that §" (¢) converge
exponentially to a distance linear in ||&|| from r”) (¢), for p = 0,...,n — 1, with time constants 7. if the window size Af is
sufficiently small such that the disturbances w\" (¢ — At + 7), the unknown function s, (x(r = At + 7)), and the modeling error

in the known function s, (y(7 — At + 7), u(r — Ar + 7)) do not vary more than &, in the interval T € [0, Az]. O

Corollary 9. Suppose that the conditions of Theorem [§] are satisfied and the disturbances WE") (1) and B, (y(7))d(¢) and the
modeling error in the known function B, (y(7)) are absolutely continuous functions of 7. Then, as A — 0, the controller given by

(13D, @) with (@), @3, @7, @8 for the system @)—(3) forces yﬁ’” (1) to converge exponentially to r'”) (¢), forp = 0,...,n—1,
with time constants 7., that is, there exists a matrix K. [;—{ , T¢ | with elements that depend polynomially on [;—{ such that

T e 0] = exp (<5 Ko7 [ )T - ectro)T] %6)

where e (7) :=r(t) — §.(¢) and ?o is the previous time instant with discontinuity of r=D (7).
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Proof. The proof proceeds as for Theorem [§] but this time we note that, since the disturbances w§"> () and B, (y(7))d(7) and
the modeling error in the known function B, (y(7)) are absolutely continuous functions of 7, one can define

At
_ (n+1 AW (1A W (1-At+¢)dg
WD (1= Ar 4 1) = Ane ) _ L o : 97)

as well as §*V (¢ — At +7) in a similar way, where W™V (£ — At + 1) and §™*" (¢ — At + 7) are bounded. Then, one can observe

that the variations of the disturbances WE") (t — At + ), of the unknown function s, (x(7 — Az + 7)), and of the modeling error in

the known function s, (y(t — Ar+7), u(r— At +7)) are given by AW (1= Ar+1), ATV (1= At +7), and A§TY (1= At 1),

respectively. Hence, there exists a vector s — 0,,. that bounds these variations as At — 0, which concludes the proof. (]

Theorem [§] and Corollary [0 imply that the exponential convergence of ygp ) () to r'P) (1), for p = 0,...,n — 1, with time
constants 7. is a general feature of the controller given by (13), (14) with (&), (@13), (@7, (@8) for some sufficiently small Az.
However, note that, to ensure this convergence, one must verify that controlling yép ) (t) tor®P)(¢), for p = 0,...,n — 1, keeps
x(t) bounded. This is similar to the condition of stable zero dynamics that is typically required for the successful implementation
of input-output feedback linearization in the case of fully known dynamic models. However, with the proposed approach, this
successful implementation of feedback linearization is possible under the same condition despite the fact that only an incomplete
dynamic model is used.

Since the values of At and 7. needed to guarantee fast exponential convergence to the setpoints according to Theorem
and Corollary [9 are typically too small to be practically useful due to the consequent amplification of measurement noise, the
question becomes how much one can increase the values of At and 7. without compromising the stability and performance of
the closed-loop system. Moreover, in general it may be difficult to verify that controlling yﬁ” ) (t) tor®P (1), forp=0,...,n—1,
keeps x(7) bounded. These challenges are dealt with in the next subsection.

4.2 | Stability and performance

‘We now address another goal of this paper, which is the assessment of the local stability and performance of the control scheme.
Although several other criteria exist, the performance is assessed here only in terms of the speed of the closed-loop response.
The concept of eigenvalues is used for this analysis. To this end, the plant and the controller are linearized to allow expressing
the open-loop and closed-loop systems as linear state-space representations, which are accurate approximations of the true
nonlinear systems if the deviations are not too large.

Although local stability and performance analysis via eigenvalues is a basic and standard concept in control theory, it is
appropriate to present it in this section because this analysis is not straightforward for the proposed control approach and is not
available in the literature since the proposed control approach has not been proposed before, to the best of our knowledge. The
presented conditions for closed-loop stability and performance analysis can then be readily applied for any equilibrium point of
a system. In contrast, a Lyapunov-based analysis, which is a particular type of time-domain stability and performance analysis,
would require the verification of existence of a Lyapunov function for each equilibrium point of the closed-loop system'Y.
However, this verification would have to be performed for all the trajectories in some invariant set, which may be more difficult.

While it was assumed for control design that a part of the model is fully unknown, it is assumed for stability and performance
analysis that the uncertainty in the knowledge of f(x(z), u(z)) is described by ng unknown plant parameters 6 := (61, ..., 6p,)
that can take any value in a compact set @. Although it may seem that only parametric uncertainty in the knowledge of
f(x(7), u(z)) can be handled, in fact structural mismatch between the true nonlinear system and its model can be handled if we
suppose that the plant parameters @ correspond to the uncertain elements of the Jacobian matrices % (x,a) and % (x, ).

The state-space representation of the plant with the system outputs y(¢) as outputs, the system inputs u(¢) as inputs, and the
states x() is given by the matrices A, B,,, C,,. The state-space representation of the controller with the actuator inputs (#) as
outputs, the sensor outputs §(¢) and the setpoints r(¢) as inputs, and the states z(¢) is given by the matrices Ay, Bz, B;’p , Ck, Di,
DZ”’ ,for p =0,...,n— 1. These state-space representations depend on the unknown plant parameters € and the control design
parameters At and 7... The open-loop transfer function of the plant is computed as G (s), and the open-loop transfer functions
of the controller with respect to the sensor outputs ¥(#) (superscript y) and the setpoints r(¢) (r) are computed as GZ (s) and
G/, (s). Appendix [Gl details the state-space representations and the open-loop transfer functions of the plant and the controller.
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d(1)
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P! Controller | u(r) ] >
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FIGURE 1 Schematic of the closed-loop system that results from multivariable control based on incomplete models via feedback
linearization and continuous-time derivative estimation.

Also, we need to consider the following relations between the inputs and outputs of the plant and controller:
u(?) =a(r) +d(r), (98a)
y(0) =y(0) +w(r). (98b)
Figure [Tl shows a schematic of the closed-loop system. For the stability and performance analysis, we aim to explicitly obtain

r(r)

the state-space representation of the closed-loop system with the outputs y ., (¢) := I:l);gi ], the inputs u.;(¢) := [ d(r) ], and the
w(t)

x(t)

states X () := [z(t) ] given by the matrices Ay, Bfl, C., Dfl, for p =0,...,n— 1. This results in the closed-loop transfer

functions of the plant outputs y(#) (superscript y) and inputs u(#) (1) with respect to the setpoints r(¢) (r), the input disturbances
d(?) (d), and the output disturbances w(z) (w) as G' " (5), G777 (s5), G* 77 (s), G"77"(s), GL " (), G, 7" (s). These transfer

cl cl
functions are the so-called “gang of six” that fully gé)eciﬁes tﬁel: closed—lglop behavior and are also detailed in Appendix [Gl
To analyze the stability and performance of the closed-loop system for an equilibrium point, it is necessary to note that Ay,
Bf 1 Cel, Df ;> for p=0,...,n—1depend not only on the design parameters Az and 7. but also on the unknown plant parameters
0 in the set ®. Then, one can use the eigenvalues of A.; to assess the robust local stability and some of those eigenvalues to

assess the robust local performance of the closed-loop system for an equilibrium point, as stated by the following theorem.

Theorem 10. Consider the matrices

>A1,+BI,DiCP B, Cy
A = | Mgl B, (99a)
B,D.’” 0PB, 0”B,D’
P _ r.p pd.p pw.p | — PV P PPk _ _
Bcl - [Bcl Bcl Bcl ] - [ BZJ, On;Xnu OpBi ) p - O, cee ,n 1, (99b)
[ c” Cp 0sy 5,
Ca=|cit|=|me, "o 99c
= |c] = [ne, 9e)
[ 0nyxny Onyxny Onyxny
D}, = Dy;’nu op)ln: O;Di ] p=0,....n-1, (®9d)

with A, B,,, C,, in (G3I) and Ay, Bz, BZ’p, Cy, Dz, DZ’p in (G66)), and construct the decomposition A.; = VclJclV;ll, where
V. is a matrix with the generalized eigenvectors of A.; in its columns and J; is the Jordan normal form of A.;.

For all the plant states x(¢) in a neighborhood of the equilibrium point X and for all the unknown plant parameters € in the set
0, the closed-loop system is locally asymptotically stable if and only if

AL (AL 1, 0) <0, Vo € 0, (100)
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where A7%* (At, 7., 0) is the maximum real part of the eigenvalues of the matrix A.;, or equivalently the maximum real part of
the diagonal elements of J.;, and all the closed-loop time constants are less than y~! if and only if

STEN(AL T, 0) < —y, VO € 0, (101)

cl

with y > 0, where 57" (At, 7., 8) is the maximum real part of the diagonal elements of J.; that correspond to nonzero columns
of C¢; Ve, since the maximum closed-loop time constant 7% (At, 7., 8) = —s"** (At, 7.,6)™' < y~".

Proof. From (@8), (G30Q), and (G63), the state-space representation of the closed-loop system in a neighborhood of X is

S¥ei (1) = Aci8%er (1) + St BL sul (1), (102a)
8Yei(1) = Cer6Xey (1) + T 4DP sull’ (1), (102b)

with A, Bfl, Ce, Dfl in (Q9).

If the real parts of the eigenvalues of A.; are less than a value —y, with ¥ > 0, then the closed-loop system is locally
asymptotically stable and all the closed-loop time constants are less than y~'. However, this might be more conservative than
needed because some eigenvalues of A.; might be related to unobservable closed-loop time constants. In that case, one constructs
the decomposition A.; = VCIJCIVZII, where V; is a matrix with the generalized eigenvectors of A.; in its columns and J;
is the Jordan normal form of A.;. The observable closed-loop time constants are related to the diagonal elements of J.; that
correspond to nonzero columns of C.;V,;. The theorem then follows from standard control theoryX, O

Remark 6. Note that the conditions (I00) and (I0I) in Theorem [IQ are nonconvex in general but can be verified easily if the
number of parameters @ is not too large. Moreover, results from robust control theory can be applied to transform (I00) and
(I07) into conditions that can be verified in a more tractable way. However, this reformulation is considered out of the scope of
this paper and is not further analyzed here.

4.3 | Practical considerations and challenges

As shown throughout this paper, the proposed control strategy via feedback linearization and derivative estimation achieves
satisfactory closed-loop performance in the presence of structural mismatch between true nonlinear systems and their models.
In addition, the proposed control strategy is explicitly constructed for multivariable control and is computationally efficient
since it does not require solving an optimization problem at each sampling point. These are important practical advantages
of the proposed control strategy. On the other hand, due to the absence of any optimization-based component, the proposed
control strategy cannot guarantee constraint satisfaction. Furthermore, the main practical challenge faced by the proposed control
strategy is the handling of measurement noise, even though the proposed method for continuous-time derivative estimation
minimizes the effect of measurement noise. In fact, the proposed control strategy is expected to perform best when frequent and
precise output measurements y(¢) are available. This is not surprising since the measured data are used, in a certain sense, to
compensate the absence of an accurate model. From this perspective, the proposed control strategy can be regarded as a data-
driven control strategy. Since the proposed control strategy is particularly useful for fast sampling applications in which it makes
sense to use continuous-time derivative estimation, the requirement of frequent measurements does not seem to be a major issue.
Another important practical consideration concerns the information that the user needs to supply before applying the proposed
control strategy to a given control problem. Upon analyzing the controller given by (I3), (I4) with (@), (13D, @7), @), it is
possible to observe that, besides the output data §(¢) and the derivatives r(P) (r) of the setpoints, for p = 0,...,n — 1, the user
needs to supply the partially known functions f3,, (y(1)) and B, (y(r)) and the two design parameters A and 7.. Regarding the
partially known functions Ba (y(t)) and B, (y()), they can be obtained from a coarse control-relevant model of the form in (6)
for yi‘”fl) (#). Note that this coarse model does not need to satisfy strict accuracy requirements. Indeed, according to Theorem
?Ba (v(1) = Ba(5(1)) ) Ba (3(1) ") and the
definition of [|G(s)||e in Theorem[8l Hence, B, (§(7)) only needs to be a coarse approximation of the matrix B, (y()) that
satisfies (2)—() for the true dynamical system.
Regarding the two design parameters At and 7., as mentioned in Section [£]] they should be chosen so as to represent
a sufficiently small window size in which the unknown function s, (x(7)) is approximately constant and a sufficiently small
dominant closed-loop time constant, respectively. This apparently suggests that it is always advantageous to choose Ar and 7,
as small as possible. However, as also mentioned in Section[4.1] if these parameters are too small, this may amplify the effect of
measurement noise. Hence, as a practical guideline, if the effect of measurement noise is deemed to be excessive after choosing

[8l the only condition that needs to be satisfied is k, < m, with k, = sup, 6'(
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At and 7. and applying the proposed control strategy to the given control problem, the user may assess which term in the control
law (13) causes that effect: if it is §f,(l”) (#), it may be necessary to increase Af; if it is ¥(¢), it may be necessary to increase 7.
In this design process, the stability and performance analysis in Section [£.2] can be performed to obtain additional guarantees
that the chosen design parameters are acceptable. This design process is potentially more intuitive than the design of multi-loop
PID controllers for multivariable systems, in which the choice of design parameters may not be obvious without using dedicated
computational tools even in the case of relatively simple models, due to the lack of clear meaning of the design parameters™!.

S | ILLUSTRATIVE EXAMPLE

In models of chemical and biological process systems, it is known that (i) one part is well known owing to its macroscopic nature,
for instance the flows of material and energy between different units, and (ii) another part is unknown due to the fact that it
results from microscopic processes, such as the reaction kinetics and transport phenomena. For example, regarding chemical and
biological reaction systems, efficient control typically requires good kinetic models to predict the dynamic effects, namely the
reaction rates. In the particular case of continuous stirred-tank reactors, that is, perfectly mixed reactors with constant volume,
various control structures based on reaction variants, inventories, and extensive variables have been proposed23:2/445454
However, there does not exist a systematic way of taking advantage of partial model knowledge and multiple measurements of
variables that are not directly controlled to simplify the design of multivariable controllers, in particular without the use of a
kinetic model.

Hence, in this section, the possibility of controlling chemical and biological reactors without the use of kinetic models is
investigated as an illustrative example of the theory in the previous sections. The reaction rates are estimated from concentration
and temperature measurements and then used via a feedback-linearization scheme to control the reactor temperature and reactant
concentrations by manipulating the amount of heat that is exchanged with the environment and the inlet flowrates in a continuous
stirred-tank reactor. This particular example concerns a nonisothermal reactor with 4 species (A, B, C, D) and 2 reactions
(A+B—C and 2B—D).

5.1 | System description

The n, = 5 states x(¢) are the heat Q(¢) = Vpc,, (T(r) - Tref) and the numbers of moles n,(z) := Vcy(¢) of the species
s =A,...,D. Here, V is the constant volume, c,(¢) is the concentration of the species s, 7'(¢) is the reactor temperature, 7,
is the reference temperature, p is the constant density, and c, is the constant specific heat capacity. The n,, = 3 inputs u(z) are
the exchanged heat power g, (¢) and the volumetric flowrates of two inlets at the temperature 7}, s . One inlet is fed with the
concentration of A ¢;, o and the flowrate Fa(7) and the other inlet is fed with the concentration of B ¢;, 5 and the flowrate
Fg(t). The outlet flowrate is the sum of the inlet flowrates. Since the n, = 3 outputs and the n. = 3 controlled outputs are
y(@) =y .(t) = [ Q@) na(r) na(2) 17, the relative degree of which is n = 1, one can define g(x(2)) == [1 03 ]x(¢) and S :=15.
Hence, the dynamic model of the plant can be written as

O(1) = =AH, 17,1 (1) = AH, o1y 2(1) + gex (1) = 0(1)Q(2), (103)
na(t) = =ry1(t) + cinaAFA(t) — w(t)na(t), (104)
ng(t) = —ry,1(1) = 2ry 2(1) + cing FB (1) — w(1)np (1), (105)
nc(t) = ry,1(1) — w()nc(?), (106)
np(t) =ry2(t) — w(t)np(2), (107)

where ry, ;(¢) := Vr;(x(r)), with r; (x()) the rate of the ith reaction, AH, ; is the enthalpy of the ith reaction at 7.y, and
w(t) = w is the inverse of the residence time.

The part of the dynamic model shown in (I03)—(1Q7) is known, which is typically the case. However, the part of the model
that concerns the reaction kinetics, that is, the functional relationships r; (x(t) ) , is unknown, which is common in reactor models.
In other words, it is assumed that the kinetic model of the 2 unknown rates

E., E.,
r1(X(1)) = ki re €xp (— R R ) nalt) mwln), (108a)

2
ra(x(1) = Kooy exp (— i + 72 ) (52 (108b)
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TABLE 1 Plant parameters and operating conditions.

Variable Value Units

1

Kirer 0.53 L mol™! min~
korer 128 L mol! min™!
Ea. 20000 Jmol™!

Ean 10000 Jmol™!

R 8.314 Jmol™ ! K™!
Tres 298.15 K

~AH, | 70  kJ mol™!
~AH, > 100 kJ mol™!
Cin,A 20 molL!

Cin,B 1.5 molL™!

14 500 L

Vpcp 7363 kIK!

is used only to simulate the system, but not to implement control. In (I08), &; ;. r is the rate constant of the ith reaction at T, ¢,
and E, ; is the activation energy of the ith reaction, which correspond to the unknown plant parameters 6.

Hence, the terms in (I03)—-(I07) that include r, ;(7) correspond to s, (x()), while the other terms correspond to s, (y(7), u(7)).
From (I03)—({107), one can then observe that

(1)
[mm ] = 5 (x(1)) +8a(y(), u(1), (109)
nig (1)
where
[ TAH SAER2 T T (x(1)
Su (x(1)) ’—[ -l 9 [Vrz(X(t))]’ (110)
1 -ew el]
Sa(Y(D),u(1)) = | 0 cina-"42 A0 Hu(r). (111)
0 —nBT(t) Cin,B_nBT(t)

Hence, since the function s, (x(7)) on the right-hand side of (I09) is unknown, the only way to estimate its value is via
estimation of the output derivatives on the left-hand side.
The numerical values used for the plant parameters and operating conditions are summarized in Table [Tl

5.2 | Stability and performance

First of all, the stability and performance of the closed-loop system are analyzed by computing the closed-loop response for
the nominal values 7. = 3 min and Af = 3 min of the design parameters. These parameters are chosen such that their sum
is 5 times less than the desired settling time of 30 min, based on the reasonable assumption that the unknown reaction rates
remain approximately constant in a window of A¢ = 3 min. Since the closed-loop system has 9 inputs and 6 outputs, it is clearly
inconvenient to show here the closed-loop response to all the inputs of the closed-loop system, but this analysis is performed for
the setpoints and input disturbances. Then, the stability and performance are analyzed by computing 71" (At, 7., @) for values
of the design parameters 7. and At around their nominal values, as well as for values of the unknown plant parameters k1 ;s
and k2 . ¢ around their true values. Note that the values of these plant parameters are not used for controller design.

Figure 2] Figure[3] and Figure @ show the closed-loop response to step increases of 0.5% of Qo — Vpc,(273.15 = Trer) =
18407 kI in the setpoint Q" (¢), 0.5% of na o = 204.40 mol in the setpoint 7/, (¢), and 0.5% of ng o = 51.09 mol in the setpoint
ng (¢). Figure[S| Figure[6l and Figure 7] show the closed-loop response to step increases of 0.5% of gex,0 = —1443 kJ min~! in
the input disturbance ¢¢, (), 0.5% of Fao = 11.67L min~! in the input disturbance Fg(t), and 0.5% of Fg o = 18.33 L min™!
in the input disturbance Fg (¢). The initial conditions for this simulation correspond to the steady state in which Q = 0kJ,
Fa =11.67Lmin~", and F = 18.33 L min~!. In Figure @] one can observe that ng () converges to the new value of ny (1) and
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FIGURE 2 Closed-loop response to a step increase in the setpoint Q" (), with the setpoints represented by the red lines. The
blue lines represent the response obtained via linearization and the green lines represent the response obtained via numerical

simulation of the nonlinear system.
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FIGURE 3 Closed-loop response to a step increase in the setpoint 7/, (¢), with the setpoints represented by the red lines. The
blue lines represent the response obtained via linearization and the green lines represent the response obtained via numerical

simulation of the nonlinear system.
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FIGURE 4 Closed-loop response to a step increase in the setpoint nj (¢), with the setpoints represented by the red lines. The
blue lines represent the response obtained via linearization and the green lines represent the response obtained via numerical
simulation of the nonlinear system.
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FIGURE 5 Closed-loop response to a step increase in the input disturbance ¢, (¢), with the setpoints represented by the red
lines. The blue lines represent the response obtained via linearization and the green lines represent the response obtained via
numerical simulation of the nonlinear system.
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FIGURE 6 Closed-loop response to a step increase in the input disturbance F/‘: (1), with the setpoints represented by the red
lines. The blue lines represent the response obtained via linearization and the green lines represent the response obtained via
numerical simulation of the nonlinear system.
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FIGURE 7 Closed-loop response to a step increase in the input disturbance Fg (1), with the setpoints represented by the red
lines. The blue lines represent the response obtained via linearization and the green lines represent the response obtained via

numerical simulation of the nonlinear system.
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FIGURE 8 Contour plot of the maximum closed-loop time constant as a function of the design parameters 7. and Atz.

both Q(¢) and na (¢) return to their initial values within the desired settling time of 30 min, and similar conclusions can be drawn
from Figure Pl and Figure[3l In Figure[7] one can observe that Q(r), na(¢), and ng(z) as well as g (t), Fa(t), and Fg(f) return
to their initial values within the desired settling time of 30 min despite the step increase in Fg’ (#), and similar conclusions can
be drawn from Figure[3land Figure[6l This elimination of steady-state error and this rejection of input disturbances are obtained
despite the fact that the controller does not include any integral term and uses an incomplete plant model. This closed-loop
behavior also agrees well with the corresponding maximum time constant 7//“*(At, 7., @) = 6.8 min, which is considerably
smaller than the maximum time constant of the open-loop system 7,'“*(6) = 16.7 min. The aforementioned figures also
compare the responses obtained via numerical simulation of the nonlinear system and via linearization, which shows that the
linearization approximates well the dynamics of the nonlinear system.

Figure [§] shows 714%(At, 7, 0) as a function of values of the design parameters around their nominal values, that is, for
T € [1,10] min and Ar € [1,10] min. Although the performance of the closed-loop system in terms of its maximum
time constant becomes worse with increasing values of 7. and At, as expected, the stability of the closed-loop system is not
compromised for any values of these parameters. Note that the states n,(7) for s = A, ..., D are necessarily bounded owing to
the fact that the numbers of moles in a reactor are bounded and the state Q(#) that could become unbounded is controlled in
this example, which implies that all the states x(¢) are bounded. This, in turn, entails the boundedness of X(#) and guarantees
stability for sufficiently small Ar according to Theorem [§] In fact, one can observe in Figure[§] that, for small values of A, the
maximum time constant approaches the value of 7., as predicted by Theorem [§] Moreover, Figure Olshows TN (AL T, 6) as a

Iand

function of values of the unknown plant parameters around their true values, that is, for k1 .y € [0.2,2] L mol~! min~
krrer € [0.4,4] L mol™! min~!. The effect of the unknown plant parameters E, 1 and E, > on 7/ (At, 7., 0) is not shown
here since it is much weaker than the effect of k1 ;. and k2 .. Again, the performance of the closed-loop system becomes

worse with increasing values of k1 . and k3 ;. s, but its stability is not compromised.

6 | CONCLUSION

This paper has presented a control scheme based on incomplete models, which is implemented without full knowledge of
the model owing to the use of continuous-time derivative estimation and takes advantage of the knowledge about part of the
model owing to the use of feedback linearization. Although only incomplete knowledge of the model is used and the controller
possesses only two design parameters that are rather simple to tune thanks to their clear meaning, the control scheme converges
quickly to its setpoints and can eliminate steady-state error and reject constant input disturbances without any integral term. The
two design parameters are the time constant of exponential convergence of each controlled output that determines the controller
gain and the parameter of the FIR differentiation filter used for estimation of the unknown derivatives without a model. Instead
of linearizing the system around a given steady state, this controller implements feedback linearization, which simplifies control
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FIGURE 9 Contour plot of the maximum closed-loop time constant as a function of the unknown plant parameters ky .. and
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design significantly and enables the use of the controller even when the states are not similar to the corresponding steady-state
values. The feedback linearization sets a rate of variation for the controlled outputs and forces the control error to converge
exponentially to zero. The resulting multivariable controller shows good performance for the case of frequent measurements of
several outputs. Furthermore, quantitative criteria to analyze the robust stability and performance of this control strategy have
been provided for the continuous-time case. These features have been illustrated by an example of a realistic control problem,
that is, control of temperature and reactant concentrations in a homogeneous reactor without kinetic models for the reaction
rates. Besides this illustrative example, the proposed control strategy is broadly applicable to a large variety of systems.

Future work could provide new criteria to assess the stability and performance in a robust sense and extend these results to the
discrete-time case. It would also be useful to formulate conditions that express the robust stability and performance criteria in a
way that is as explicit and computationally cheap as possible. Finally, it would be rather interesting to investigate how much one
can improve the closed-loop performance by using complete models that result from system identification and how this control
scheme compares with the use of techniques for robust control design in terms of stability and performance.
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APPENDIX
A PROOF OF LEMMA 1l
Firstly, we show that y(p) (t=At+z),forp=0,...,n—1,and y(") (t — At + z) minimize the mean squared error J, ; (7). Upon
defining the predicted parameter matrix 6,, . With n+1columns (8,;),,...,(8,2),,, as
Aty()(t —At+z) 1=0 n—1
(gn’z)l+1 = At'“(")(t At+7) I=n s (A])
n! ’ -
and the true parameter matrix 6, ; with n+ 1 columns (6,,.z),. .., (0n,2),,, as
AttyD (1-At+z7) I1=0 n—1
- I ’ =Y
(an,z)l_H - Atny,(,,n)(t—Al+Z) l _ s (A2)
n! ’ =n
and noticing that (I8) holds, it follows that
€ (t—At+7) =V, (1 —At+7) - 27 ! (T Z) A(l)(t At+7) - (T;—f)"y,ﬂ")(t —At+72)
=vUnz (1 - A+7) = Y, (A_;) (9n,1)1+1’ (A3)
At —z\itl o (p T At N -
Jn (1) = Z?:o( =0/ o ﬁ (%) * d7(6n,2);p — 0 é (%) Unz(t - At"‘T)TdT) (P
+ 4 OAtvn (1= At + 1) v, (1 = At + 7)dr, (A4)
.z I-% i 5 \T At
%—6@1:521 = Sof I dv(Bue) i — o A (Z2) vp (- Ar+ 1)z, 1=0,...,n. (A5)
One can also define the (n + 1)-dimensional vector d,, ;(7) as
_zn\l
(dn,z(T))1+1 = Alt (TA_tZ) 5 l=0,...,n, (A6)
which implies that
a-’n Z r N A
126l =GB, .~ [ e (D (1 - A+ 1) dr, (A7)
with 7 = 1 — £. Since the parameters 8,,.. that minimize J,, . (¢) are such that agz 0 ~ 0 and
(cn,Z (T))p+] = Atz:lz() (dl’l,Z (T))l‘+] (AZ)[+]’p+] b} p = O» o, n, (A8)
it follows that
- A
Onz =2 [y vnz(t = A+ T)ey - (1) dr, (A9)
which implies that ygp) (t—=At+7z),forp=0,...,n—1,and yf{‘) (t — At + z) minimize the mean squared error J, ; (f).
Secondly, we show that y(p ) (t—At+z),forp=0,...,n—1, and yf,") (t — At + z) are the linear unbiased estimators of

(P) (t—=At+z),forp=0,...,n—1,and y(") (t—At+72) that provide minimal variance if Assumptions 1-4 hold. To this end,
we assess whether there exists any linear unbiased estimator @,, , of 8, , with smaller variance than ?)n,z by expressing 8, , in
terms of 8, , as

- ~

0,.=90, A,/O U (t = At +1)6¢, () Tdr = "Un(t— At +7) (€. () +J¢y Z(T)) (A10)

AZO

and assessing whether any L? vector function dc,, ; (7) improves 8,, , with respect to 0,,,2. Upon defining the true errors as
) (A (") ;A ) Ard )= (1A _
€t —At+T)=wW.(t —At+7) + /Ty“ (-At+d) -y (1= H(Zr)lﬂl'), UZA1+E) Vo (ZAIHE) (7 )=l g, (A11)

and noticing that Assumptions 1 and 2 imply that €.(f — At + ) = w. (¢t — At + 1), it follows that

Uno (1 — A+ 7) = €(1 — At + 1) + Y 220 2y _ At+2)+ Ty (1~ At 4 2)

= €(t—Ar+7) + XL, (5 Z)l (01,2) 141
=we(t—At+71) + A0, .d, (7). (A12)
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Moreover, since the definition of ¢, (7) implies that

At At NIt (o r r r
0 (d"’Z(T))Hl (cn,z (T))p+l ?OAt 0 (%)H (An)i+1,p+l dr = ?:0 (Gn)l+1,i+l (An)i+l,p+1
0, [
={ #p’ [=0,...,n, p=0,....n, (A13)
1, I=p

and Assumption 3 implies that E[wc(t - At + T)] =0,.,

E[(én,Z)m] = Alt gt (E[Wc(t - A”'T)] + A0,z (7)) ((€0,2(7)) 41 + (6€n,2 (7)) dT

=0, OAtdn,z (1) ((cn,z (T))l+| (6cn Z(T))l+])
= (Bn2) 1y + O [y Qo () (€02 (D),  dr,  1=0,...,m, (Al4)

thus one concludes that (6,,,;),,, is an linear unbiased estimator of (6,,-),,, if and only if fétdn,Z (1) (6€n,2(7)) 1y AT = Opay,
which is satisfied by (8,.;),,,. Since (Z4) holds according to Assumption 4 and (¢, - (7)),,, + (5¢u.z (7)),,, is an L? function,

Var|(B,e) 1| = Var| 2 [ et = At +7) (€ (D) 1y + (62 (D),,) d]

= ﬁ ()At ((cn Z(T))]+1 + ((5Cn z(T))l+1)2 drXy,

=2 gt( nz(T))l+1 (cnz(T))de( ),+1 141 Bwe
+ 2500 0 0 ( .2 (7)) 41 (6€0.2 (7)), d7 (A ),+1 141 2w
+$ 0 (5an(7))l+l T2,
= (AL s Bve + 2 ) (Benz (D) A2y, 1=0,.0m, (A15)

thus one concludes that (6,,,;) 141 18 the linear unbiased estimator of (0,,,1)1 ., that provides minimal variance if and only if
(6€n,z(1));,, =0and (6,.2),,, = (Bn,:),,,. This implies that ygp) (t—At+7),forp=0,....,n—1,and § (¢ — At + 7) are the
linear unbiased estimators of y.*’ (t — At +z),for p =0,...,n— 1, and y(") (¢t — At + 7) that provide minimal variance.

B PROOF OF LEMMA

The shifted Legendre polynomials with parameter r and orders k are defined as
Pi(x) =3 (Ph) sy X5 k=0,....m, (B16)
for some (n + 1) X (n + 1) upper triangular matrix P}, such that they satisfy the conditions
. s k=1
[ PP} (x)dx = {éf“ . k=0,...,n, 1=0,...,n. (B17)
From the definition of shifted Legendre polynomials, the (n + 1) X (n + 1) matrix D,, defined as
D) = [ PrOP{(0)dx,  k=0,....n, [1=0,....n, (B18)
is diagonal. Some particular examples of shifted Legendre polynomials are
Pr(x) =Xk, DM ()X, k=0,....m, (B19)
PY(x) = Sk 2 () ((), k=0,....n, (B20)
Px) =3 ) B, k=0,...,n (B21)
In general, forr € {0,1/2,1} andall0 < s < 1,
(P3) b ) g Q) =977 =000, k=0,....n, (B22)

i+1,k+1 =
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since
Pr(x) =Pi(x+r—s) = f'(:o (P:l)i+1,k+1 Z;:O(;’)xj (r—s)"
=% ( Ji Ph) iy (1) (= S)jfi)xi, k=0,....n (B23)
From the definition of D,,,
r i i
(Dn)k+l,l+l = fr—l ( ;‘l:O (P:l)j+l,k+l x]) (Z?:O (P:t)i+l,l+l X )dx
= (Z?:OZ?:O (P:z)j+1,k+1 (G:l)j+1,i+1 (P;)i+1,l+1) ’ (B24)
which results in
D, =P 'GP (B25)
This implies that
-1
G, = (P") D, (P, (B26)
A =P (D,)'pP T, (B27)
Consequently,
(P:L)i+ Lk+ (P;)er Lk+
(A% st met = oo™ Bogrn e
Z:max(i,m) (2k+1) (P:l)i+l,k+l (P:l)m+l,k+l ’ i=0,...,n, m=0,....n, (B28)
and, in particular,
1 k+i (ky (k+i k ky (k
() = S @+ D DR ) DR () ()
i 1%, (n+i+1-k) (n+m+1-k)
= (=™ (iﬁ—r?ﬁl)i!(nfi)!m!(nfm)! ’ (B29)
1/2 _ k+i k k+i—1 k k k+m—1
(A1) = Bl @R D2 ()2 () (CF)
i+m TR _o (n+i+1-2k) (n+m+1-2k)+[1%_, (n+i—2k) (n+m-2k)
=20 s (i+m+1)iz(n—i)zmzk(r?—m)z ’ (B30)
0 ky (k+iy (kY (k
(82) = S @+ D O (B
[T}, (n+i+1=k) (n+m+1-k)
= (iir?ﬁl)i!(n—i)!m!(n—m)!’ (B31)
for r € {0,1/2,1}. In addition, forall 0 < s < 1,
K (P;Y')i+ k+ (P;') +1,k+ j —i+m— (P;) j+1,k+ (P:t)er Jk+
(A'Yl)i*'lsp"'l = ZZO (i),:l)lk+l,k+f = - ;!:i :::1:17 ({)(;’:) (V B S)] e 2220 J(]DIjl)lk+l,k+l =
= ;.‘zl. pr ({)(’;) (r —s)/¥mp (A:l)j+l,m+1 , i=0,...,n, p=0,...,n (B32)
C PROOF OF LEMMA
One can prove that, for r € {0,1/2,1} and all0 < s < 1,
(cn(T))mH = Z?:()ZLO ({) (é -1+ s)l (r - s)j_i (A:l)j+l,m+1
= :’zO(Alt—1+r)l (A:l)i+l,m+l’ m=0,...,n, (C33)
which implies that
i i —i+m—
(€n.e (7)) pyy = Eio (55) ZeiZinmp () () (r = 1+ £)7 77 (AL) 11
= Zm=p () (F = 1+ r)" P B E () (52) (& = 1+7)" (AL jrt e
= Zo=p () (F = 1+7)" P 20 (£ = 1+7)" (AL) it s
=T () (F=1+0)" " ((@)par>  P=0,....1. (C34)
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Note that, upon defining

)
(A (1)1 =2 (£ - 1+71), 1=0,...,n, (C35)

the definition of ¢, (7) implies that

At At i+l [ r r r

0 (d”(T))l"'l (c”(T))m+1 dr = ?:Oé 0 (ﬁ -1+ r) . (An)i+1,m+l dr = Z:l:O (Gn)l+1,i+l (An)i+1,m+l
0, I+#m

= , [=0,...,n, m=0,...,n. (C36)
1, I=m
The previous equality results in
At (1 At [ r_onl -
ailo (5) (€ne(@)pdr =5 [ (5F) Zmp (3) (G = 14+7)"77 (1) de

I o (") (& =1+ 7)" 7 ()t B () (& =147 (1-r = £) 7 e

= %:p(’;) (Ait -1 +l")m*p 25: ( ) (1 —-r— A[ l ~J /0 (d (T))J+l (cn(T))mH dr

_{O, l:O,N.’p_l
e () (& = 140" () (1=r=£) " I=pon

{0’ =0,...,p—1
= _ .

SIS (=14 0) () (1= = )7 I p
_{O, l:o’“',p_]
_ -

e (- e == 57 1=
_{0’ l=0,...,p—1

p!(llip)!ol_p’ l=p,....,n

0, [
= ip’ l:O,...,n. (C37)

1, l:p

Consequently,

At ! o)t | At (cn,:(T)) + _
[o (€n.2 (7)) pay f; vz (T(nﬁ)! d¢dr = o5 [0 —m 8 ]/; (r-¢)""d¢dr

At o
= %A!t ot (%)n (cn’Z(T))p+] dr

07 PZO,...,n—]
= . (C38)
1, p=n
From the fact that ¥ ~(n Vs absolutely continuous,
~ ! At
(]_(p,n,z (ywt) = # 0 (cn Z(T))p+l yc(t At +7)dt
! At { A
=35m0 (nz(D) ( = oly (I 2 (- )Z) dr
Y ( ~
s [0 (enz(0) [ y{—ﬁ“ (v~ )" dedr
P rA N |
=25 1901 - Ar+ Z)p'lAvtAz ot (&) (en. z(T))p+1 dr
! _\n-1
+ Atip/O (Cn’z (T) p+l /: Atpm-l yg‘n) (t At + g)Atn (?néi)' dng, (C39)

which implies that, for p =0,...,n -1,
_ At | _on!
Hopne(§ort) =5 (1 = At +2) + At ”/o (en2(D) oy [ Tor ¥ (0 = At + AP S dgdr

At ~(n) ('l) _
=5 = Arw )+ 7 [ (enz (D), [TIEEEER S (- )" dgdr,(€40)
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and

- _ At ' _\n-1
Hnz (e, t) = At nfo (cn,z (T))n+1 /: Atrﬁm ygn) (t = At + A" (?n(i)v dZdr

(n) ~(n
=¥ (= Ar+7) + 1L (c,,Z(T) et [ UZAt+e)Fu (ZA142) (0 il qrgr,

Atn+l (n 1) !

D PROOF OF LEMMA (4|

Since y(") (r) = )(t) + é") (¢) from (29) and, according to the Cauchy formula for repeated integration,
! At () (n) _A _
[ (ene(D) [ IR 200 (o — £y dgdr

1 pAr 7§ (1-A g (t1=At 7V (t=At+z -1
# 0 (c“(T) p+1/ Ju_ (-At+{)+§ ((r: 1)'+§) Yu ( t+z)( — )"V dzdr

2 g (1=A & (1= 3 (1=At -1
= _Atf’+1/() cnz(T) p+1/ Yu (=Are) iy ((n 1)tv+§) (1-Ar+z) (r- )n dsdr

| pAr 75" (1-A ) (1A U (1-A -1
+AS’+1/z (Cn2 (7)) el /Zy (1=At+£)+¥ ((r: 1)z'+§) (1= t+Z)( — )"l dzdr

_pl 2P A ) (=Mt -3 (1-Artz) & (L)
a1t o i < / =D1 (cn z(T))p+| drdJ

p! A (=AY (=M ) -3 (1-At+z) & (£-0)"
- At])+l/ ! /At =D1 (cn Z(T))p+1 drd{
__pl 2 =AY (1-Ar+d) - (1-At+z) (n)
At’”l 0 (_1)" ( (())P"’l
p! (AT (1A O+ (1-A+d) -5 (1-Ar+2) ((~n)
AI”H /Z (=" ( l’lZO(é,))p+l
_ ( n) 39 (1=Ar+7) -5V (t=At+2)+§ 0V (t-At+7)
,p+1 o Chz, 1(7) p+l " dr

p! /‘Z ( (- n)( ))p+1 y,(l")(t —At4+7)— ,(4")(1 —At+7)+§ fl")(t At+7')d

AP 1n.2,0 (D"

this lemma is a consequence of Lemmal[3]

E PROOF OF LEMMA

The following equation is a consequence of Lemma [k

~ 3 1 A A
DG, 1) —-§,(1) = # ( EA[) I(T)) ¥, (t—At+7) yu(t)+yu(t 147) 47

At 2 \311, t) :'u A )—Tu
0 ((ﬁ) (ai’l’At)l + (i) ( “2A z)y (G t_+Art 3 4p
! z
( Al (al 1 At)] + (i)z (al’;m)z)ya(t_AAIPr)dT

V., (t=At+7)-y, (1) 2\ . (t-At+7)
= /s (f—f))iA dr+ [3'6 (% - (%)°) Sl .

F PROOF OF LEMMA

(C41)

(D42)

(E43)

The estimation of §.7 (1), for p = 0,...,n— 1, and §” () in ([ZEZ]) and (48) uses the inputs §,.(¢) and 7 (¢). Then, one applies
the Laplace transform to (47) and (48). Con51der1ng that 6¥.(¢) = 0,,. and 5y§{’ () =0, forz <0, thatis, 6y.(z) = H()65.(¢)
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and 55’(an) (1) = H(1)6§y 5}’) (1), where H(t) is the Heaviside step function, it holds that
Y= [ o 55P) (1) exp (—st) dt
= fo ( p.n.At (5)~’c’l) S (655", t)) exp (—st) dr
= foo L 0 (cn At(T))p+] 0¥, (t — At + 1)drexp (—st) dt

0 At’”l
o _p! ( n) 55 (t1-At+7)
- _/0 Atp+l nAt I(T))p+1WdTeXp(_St) dt

- /;o AS"“ /i A\ (Cnar(T—1+ At))pJrl H(7)6¥,.(t)dT exp (—st) dt
— o s [ (CD (e (= 1+ AD) , H(D)6FS” (T)dT exp (—st) dr

o [ H 1 A0 e (1 A0) 05, (70 exp () i

0 At’”l P+]
(o] t - ~
= o s [QH(T =1+ An) (=1)" (¢ [ (= 1+ AD)) 694" ()dT exp (—s7) dt, (F44)
with SA(EP ) (s) replaced by f(in) (s) if p = n. Upon deﬁning
8p.n,At (1) = A[[H-l H(At—1) (cn At (At — ))p+1 s (F45)
g () = =L H(A = 1) (=) (el ) (A1) ., (F46)
and noting that
_ i1 _ i i[AO
(€80 (0) por = T () ()., = Shoo () S 17 (A7) (F47)
(=n) - i+n Attt (1 — Al j j—i (A0
(cn,Ant,l(T))p+l =X (&)™ (i-te—nl)! (ap,n,A[)i+l =2 (ﬁ)l " (i-ti—nl)! () (=1 (A")j+1 a1’ (F48)

it follows that, according to the properties of Laplace transforms with respect to convolution,
A~ ( ) 0o pt - o rt — ~
Y. (s) = fo fogp,n,m(t —7)0§,.(7)dr exp (—st) dr + /0 /og;,:,)m,l (t = 7)65 (7)dr exp (—st) dt
= (/5 gpmar (0 exp (=s1) di) (/65 (1) exp (=s1) dr)

* ( ;c 1(;:)& ; (1) exp (=s7) dt) (/0 5§ () exp (—st) dt)

| At i i {0 ~
= AtI;’*‘ 0 Zico (1- %) Xl (1) (-1 (An) el exp (—st) drSY ()
p! A £\ A +j—i [ AO & (n)
“ Ao ?:0 (1 Ar ) (t+nl)'27 z( ) (- l)n J- (A )]+1,p+l exp (—st) tha (s), (F49)

with ?ip ) () replaced by S?,Sn) (s) if p = n. The proof is similar for and (30Q) and yields the second equality of the lemma,
with S?EP ) (5) removed if p = n.

G OPEN-LOOP AND CLOSED-LOOP TRANSFER FUNCTIONS

We start by describing the plant in (I)) in terms of deviation variables, which yields

ox(t) = Ap,0x(t) + B,ou(s), (G50a)
sy(t) = Cpox(1), (G50b)
with
A, =2z 0), (G51a)
B, = & (x,1), (G51b)
C,=2(%). (G51¢)

The transfer function of the plant is computed as G, (s):

G,(s)=C, (sI,, —A,) ' B,. (G52)
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The computation of y(n) (t) from §(¢) and @(¢) implies

535" (1) = DL6§(1) + Dsi(r), (G53)

with
D; = 52 (3.1), (G54a)
D = Se(§, ). (G54b)

As shown in Lemma[6] the Laplace transform of §7 (¢), for p = 0,...,n — 1, and $\"” (¢) in @7) and @S) is given by (3)
and (34). Since this Laplace transform includes exp (—sAt), one can use the Padé approximation of order n + 1 of exp (—sAr)
about s = 0 to express (33) and (54) as the rational function

n k
Y(P) (S) — Zk =0 p n+l-kS SY(S) + Zk =0 p n+l-kS (n) (S) (GSS)

c
Sn+l+z —04p,n+l- k3k n+l+zk 04p,n+1- k3k

with ng ) (s) replaced by Y,(An) (s)if p =n.
Hence, the derivative estimation can be described by the minimal realization of the transfer function (G33)), which yields the
following linear system withn, = (n+ 1 — |@]) (n + 1) n states:

5a(t) = A.oz(t) + BYo§(1) + BIsyL (1), (G56a)
5§ (1) = C, poz(r), p=lal,...,n—1, (G56b)
53" (1) = Cen2(1). (G56¢)
with
Ae,n _ap,lln(- Inc 0n(-><(nfl)nc
A, = diag[ r Acp = Otmerme Tome | p=lal,....n, (G57a)
Ae,l_a] _ap,nHIn(- 0nc><nc 0n(-><(nfl)nc
[ Bz,n T [ b?;,ls
B) = , Bz,;;: . , p=lal,...,n, (G57b)
_BZ L) | | ), S
[ BS, | [ b5 1 Inc
B = S Bg’p: : , p=lal,...,n, (G57¢)
| BC el | | b5 i lne
C.p= [0nex-p)tne Tne Onesinne Onex(p-lam+ine |, p = lal,...,n. (G574d)

In particular, if n = 1, the Laplace transform of y, (¢) in (3I) is given by

?u(s) _ 6(sAt+2) expﬁ;:tAst)+(sAt—2) S?(s) _ (yAt+2) exp(?AstAs[H(SA[ 2)Y(n)( ). (G58)
Since this Laplace transform includes exp (—sAt), one can use the Padé approximation
3 g LSO

2
exp (—sAt) = +3At NG (G59)

2 1o

to express (G38) as the rational function
s SY(5)- 35 V. (5)
Y. (s) = rt — Aﬂ,z = (G60)
S +At S+P

Hence, the derivative estimation can be described by the minimal realization of the transfer function (G6Q), which yields the
following linear system with n, = 2n, states:

ou(1) = A.oz(r) + BLo§ (1) + BE6§L (1), (G61a)
¥, (1) = Ce162(2), (G61b)
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with
7Ail,,c |
A, = 5 R (G62a)
el |
| A2 tnc Unexne
L
Bl =| a2 ] (G62b)
| On(- xXny
Oncxnc
Bl = _12, }, (G62c¢)
| ArZ2 e
Ce,] = [In(- On(-xnc ] (G62d)
Furthermore, the feedback-linearizing controller in (I3) and (I4) can be written as
su(r) = ¥, DEPsy (1) + Doy (1) + Doy (1) + XhyD P orP) (o), (G63)
with
D" = -Bu(§)" (1-a0) ()L™, p=lal.....n, (G64a)
D} = -B,(5) "' (Sers" + %2(7.6)) (G64b)
D7 =Bu(§) " (2)F", p=0,....n—1. (G64c)
The combination of (G33)), (G36), and (G&3)) leads to the state-space representation of the controller as
62(1) = Axoz(1) + Bo§ (1) + i (B or') (1), (G65a)
51(1) = Croz(t) + D6y (1) + Xh_gDy P orP) (1), (G65b)
with
Ax = A, +BeD" ( " e JDf;Pce,p) , (G662)
B) = B) + BYD}, + B{D:D}, (G66b)
B/” =BDUD,”, p=0,....n-1, (G66¢)
Ci=2X7_ 0 D" Cep. (G66d)
) (G66¢)
D;’p=DZ’P, p=0,....,n—1. (G66f)

and Dz: DZ in m: Ae» BZ» BZ» Ce,p in m: and Di”” DZ? D;’p in m
The transfer functions of the actuator inputs @(¢) with respect to the sensor outputs ¥(#) (superscript y) and the setpoints r(¢)
(r) are computed as Gz (s) and G} (s):
G)(s) = Ck (sL. —Ax)”' B} +D), (G67a)
— -1 7, - r,
G (s) = Zh0Cr (sTn, — Ax) ™ Bl sP + T iDP s (G67b)
From these open-loop state-space representations and transfer functions, one can derive the closed-loop state-space
representation (I02) with the matrices (Q9) and the closed-loop transfer functions

Gl (5) = $0hCY, (Tuyan, — Act) ™ BL s, (G68a)
GL () = € (sTnem, = Act) ' BEY, (G68b)
G () = C) (shnan, — Acl)_l BZVZ’O’ (G68c¢)
GL"(5) = Z0hCY) (Tnyan, — Act) T BLPSP + SIZADIPsP, (G68d)
G (5) = €y (Tuyin, — Act)” BE +1,,,, (G68e)

Gl (s) = C¥ (sLnim, — Acl)_1 BZVZ’O +D;). (G68f)
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