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ABSTRACT OF THE DISSERTATION

Learning in Safety-critical, Lifelong, and Multi-agent Systems: Bandits and RL Approaches

by

Sanae Amani Geshnigani
Doctor of Philosophy in Electrical and Computer Engineering
University of California, Los Angeles, 2023
Professor Lin Yang, Chair

Sequential decision-making problems arise at every occasion that agents repeatedly interact
with an unknown environment in an effort to maximize a certain notion of reward gained
from interactions with this environment. Examples are abundant in online advertising,
online gaming, robotics, deep learning, dynamic pricing, network routing, etc. In particular,
multi-armed bandits (MAB) model the interaction between the agent and the unknown
environment as follows. The agent repeatedly acts by pulling arms and after an arm is pulled,
she receives a stochastic reward; the goal at the end of this process is to select actions that
maximize the expected cumulative reward without knowledge of the arms’ distributions.
Albeit simple, this model is widely applicable. On the other hand, many sequential decision
making occasions deal with more complicated environments modeled through Markov Decision
Processes (MDPs) where the environment’s status constantly changes as a result of taking
actions and makes learning even more challenging. The field of reinforcement learning (RL)
defines a principled foundation for this methodology, based on classical dynamic programming

algorithms for solving MDPs.

Our research goal is to expand the applicability of bandit and RL algorithms to new
application domains: specifically, safety-critical, lifelong and distributed physical systems,

such as robotics, wireless networks, the power grid and medical trials.
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One distinguishing feature of many of such “new” potential applications of bandits and
RL is their safety-critical nature. Specifically, the algorithm’s chosen policies must satisfy
certain system constraints that if violated can lead to catastrophic results for the system.
Importantly, the specifics of these constraints often change based on the interactions with
the unknown environment; thus, they are often unknown themselves. This leads to the
new challenge of balancing the goal of reward maximization with the restriction of playing
policies that are safe. We modeled this problem through bandits and RL frameworks with
linear reward and constraint structures. It turns out that even this seemingly simple safe
linear bandit and RL formulations are more intricate than the original setting without safety
constraints. In particular, simple variations of existing algorithms can be shown to be highly
suboptimal. Using appropriate tools from high-dimensional probability and exploration-
exploitation dilemma, we were able to design novel algorithms and to guarantee that they
not only respect the safety constraints, but also have performance comparable to the setting

without safety constraints.

Recently, there has been a surging interest in designing lifelong learning agents that can
continuously learn to solve multiple sequential decision making problems in their lifetimes.
This scenario is in particular motivated by building multi-purpose embodied intelligence,
such as robots working in a weakly structured environment. Typically, curating all tasks
beforehand for such problems is nearly infeasible, and the problems the agent is tasked with
may be adaptively selected based on the agent’s past behaviors. Consider a household robot
as an example. Since each household is unique, it is difficult to anticipate upfront all scenarios
the robot would encounter. In this direction, we theoretically study lifelong RL in a regret
minimization setting, where the agent needs to solve a sequence of tasks using rewards in
an unknown environment while balancing exploration and exploitation. Motivated by the
embodied intelligence scenario, we suppose that tasks differ in rewards, but share the same

state and action spaces and transition dynamics.

Another distinguishing feature of the envisioned applications of bandit algorithms is
that interactions involve multiple distributed agents/learners (e.g., wireless/sensor networks).

This calls for extensions of the traditional bandit setting to networked systems. In many
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such systems, it is critical to maintain an efficient communication among the network while
achieving a good performance in terms of accumulated reward, usually measured as network’s
regret. In view of this, for the problem of distributed contextual linear bandits, we prove a
minimax lower bound on the communication cost of any distributed contextual linear bandit
algorithm with stochastic contexts that is optimal in terms of regret. We further propose an
algorithm whose regret is optimal and communication rate matches this lower bound, and

therefore it is provably optimal in terms of both regret and communication rate.
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CHAPTER 1

Introduction

Sequential decision making under uncertainty has received enormous attention in recent years.
It specifically refers to occasions where an agent/learner repeatedly interacts with an unknown
environment in an effort to maximize a certain notion of reward obtained throughout these
interactions. The multiarmed bandit (MAB) problem and reinforcement learning (RL), in
which a decision maker allocates a single resource by repeatedly choosing one among a set
of competing alternative options, exemplify the explore vs. exploit trade-off, i.e., choosing
between the most informative and the most rewarding actions trade-off. Sequential hypothesis
testing concerns the speed-accuracy trade-off: deciding quickly versus reliably on a set of
alternatives. One way of determining a bandit/RL algorithm is efficient in terms of this
tradeoft, is to keep track of its regret, which is defined as the difference between accumulated

reward by the algorithm and that of the best algorithm in the hindsight in expectation.

Our goal is to expand the applicability of bandit and RL algorithms to new application
domains: specifically, safety-critical and distributed physical systems, such as robotics, wireless
networks, the power grid and medical trials. In particular, it is desirable to theoretically
study and design algorithms that are provably efficient and have descent regret performances.
In the following sections of this chapter, we specify what “descent regret” mathematically

refers to.

In the rest of this chapter we establish notation and a few necessary concepts and
definitions used in chapters 2, 3, 4, 5, and 6. The results presented in chapters 2, 3, 4, 5 and
6 have been published as [11], [14], [17], [16], and [12], respectively.



1.1 Notation

Throughout this dissertation, we use lower-case letters for scalars, lower-case bold letters for
vectors, and upper-case bold letters for matrices. The Euclidean norm of x is denoted by ||x||,
and the spectral norm of a matrix M is denoted by ||[M]|. We denote the transpose of any
column vector x by x'. For any vectors x and y, we use (x,y) to denote their inner product.
We denote the Kronecker product by A ® B. Let A be a positive semi-definite d x d matrix
and v € R% The weighted 2-norm of v with respect to A is defined by ||v||, = Vv TAv.
For square matrices A and B, we use A < B to denote B — A is positive semi-definite. We
denote the minimum and maximum eigenvalue of A by Apin(A) and A\pax(A). The maximum
of two numbers «, 3 is denoted « V 3. For a real number «, we denote {a}™ = max{a, 0}.
For a positive integer n, [n| denotes the set {1,2,...,n}, while for positive integers m < n,
[m : n] denotes the set {m,m+1,...,n}. We use e; to denote the i-th standard basis vector.
I(X;Y) denotes the mutual information between two random variables X and Y. Finally,

we use standard O notation for big-O notation that ignores logarithmic factors.

1.2 Stochastic Linear Bandit

In a stochastic linear bandit setting, at each round ¢, the agent is given a decision set D, C R?
1. At each round ¢, the agent chooses an action x, € D, and observes reward y, = (0., %) + 1,

where 0, € R? is an unknown vector and 7, is random additive noise.

1.3 Cumulative Regret in Stochastic Linear Bandit

Let T be the total number of rounds. We define the cumulative regret of the entire network

as:

T

Ry =) (6..x.) — (0.,x). (1.1)

t=1

D, may be fixed or changing throughout the learning horizon.



The optimal action x, is defined with respect to D, as arg max,cp, (6«,x). The goal is to

minimize the cumulative regret and achieve regret that is sublinear in 7.

1.4 Finite-horizon Markov decision process

A finite-horizon Markov decision process (MDP) is denoted by M = (S, A, H,P,r), where S
is the state set, A is the action set, H is the length of each episode (horizon), P = {P,}/L,
are the transition probabilities, and r = {rj, }fL, are the reward functions. For each time-step
h € [H], Py(5|s,a) denotes the probability of transitioning to state s’ upon playing action a
at state s, and 7, : § x A — [0, 1] is the reward function. We consider the learning problem
where S and A are known, while the transition probabilities IP;, and rewards r;, are unknown
to the agent and must be learned online. The agent interacts with its unknown environment
described by M in episodes. In particular, at each episode k and time-step h € [H], the agent

observes the state s, plays an action af € A, and observes a reward ¥ := r,,(sF, af).

A deterministic policy is a function 7 : § x [H] — A, such that 7(s, h) is the action the
policy 7 suggests the agent to play at time-step h € [H| and state s € S. A randomized
policy 7 : § x [H] — A4 maps states and time-steps to distributions over actions such that
a ~ 7(s, h) is the action the policy 7 suggests the agent to play at time-step h € [H] when

being at state s € S.

For each h € [H], the cumulative expected reward obtained under a 7 during and after

time-step h, known as the value function V;" : & — R, is defined by

H

Vii(s) :=E Z e (sp, w(sp, 1)) | sn = s (1.2)
h'=h
where the expectation is over the environment. We also define the state-action value action
QS x A — R for a policy 7 at time-step h € [H] by

H

Qr(s,a) :=E Z e (sw, m(sp, W) s =s,an =a . (1.3)
W=h+1



To simplify the notation, for any function f, we denote [Py, f](s, a) := Egp, (|s,a)f(5). Let m,
be the optimal policy such that V™ (s) := V;*(s) = sup, V" (s) for all (s, h) € S x [H]. Thus,
for all (s,a,h) € S x A x [H] and a € A, the Bellman equations for a deterministic policy 7

and the optimal deterministic policy are:

QZ('S? a) = Th(S, a) + [thhlﬂ(& a)v Vhﬂ(s) - QZ(Sv W(S’ h))v (14)
QZ(‘S? CL) = T’h(S, CL) + [thlj+1](8> CL), Vh*(s) = Iglea:i( QZ(& a’)> (15)

where Vi, ,(s) = Vii,.(s) = 0.

The Bellman equations for a randomized policy 7 and the optimal randomized policy are:

Q7(s.a) = ru(s,0) + [BaVii)(5.0), Vi () = Eamnioy |Qi(s:0)] . (1)

Qils,@) = (s, ) + BaVii)(s,0), Viils) = maxEoey | Gh(ss0)] . (17)



CHAPTER 2

Safety in Linear Stochastic Bandits

2.1 Introduction

The stochastic multi-armed bandit (MAB) problem is a sequential decision-making problem
where, at each step of a T-period run, a learner plays one of k arms and observes a corre-
sponding loss that is sampled independently from an underlying distribution with unknown
parameters. The learner’s goal is to minimize the pseudo-regret, i.e., the difference between
the expected T-period loss incurred by the decision making algorithm and the optimal loss if
the unknown parameters were given. The linear stochastic bandit problem generalizes MAB
to the setting where each arm is associated with a feature vector x and the expected loss of
each arm is equal to the inner product of its feature vector x and an unknown parameter
vector p. There are several variants of linear stochastic bandits that consider finite or infinite
number of arms, as well as the case where the set of feature vectors changes over time. A

detailed account of previous work in this area will be provided in Section 2.3.

Bandit algorithms have found many applications in systems that repeatedly deal with
unknown stochastic environments (such as humans) and seek to optimize a long-term reward by
simultaneously learning and exploiting the unknown environment (e.g., ad display optimization
algorithms with unknown user preferences, path routing, ranking in search engines). They are
also naturally relevant for many cyber-physical systems with humans in the loop (e.g., pricing
end-use demand in societal-scale infrastructure systems such as power grids or transportation
networks to minimize system costs given the limited number of user interactions possible).
However, existing bandit heuristics might not be directly applicable in these latter cases. One

critical reason is the existence of safety guarantees that have to be met at every single round.



For example, when managing demand to minimize costs in a power system, it is required
that the operational constraints of the power grid are not violated in response to our actions
(these can be formulated as linear constraints that depend on the demand). Thus, for such
systems, it becomes important to develop new bandit algorithms that account for critical

safety requirements.

Given the high level of uncertainty about the system parameters in the initial rounds,
any such bandit algorithm will be initially highly constrained in terms of safe actions that
can be chosen. However, as further samples are obtained and the algorithm becomes more
confident about the value of the unknown parameters, it is intuitive that safe actions become
easier to distinguish and it seems plausible that the effect of the system safety requirements

on the growth of regret can be diminished.

In this chapter, we formulate a variant of linear stochastic bandits where at each round ¢,
the learner’s choice of arm should also satisfy a safety constraint that is dependent on the
unknown parameter vector p. While the formulation presented is certainly an abstraction of
the complications that might arise in the systems discussed above, we believe that it is a
natural first step towards understanding and evaluating the effect of safety constraints on the

performance of bandit heuristics.

Specifically, we assume that the learner’s goal is twofold: 1) Minimize the T-period
cumulative pseudo-regret; 2) Ensure that a linear side constraint of the form pu'Bx < ¢ is
respected at every round during the T-period run of the algorithm, where B and c¢ are known.
See Section 2.2 for details. Given the learner’s uncertainty about u, the existence of this
safety constraint effectively restricts the learner’s choice of actions to what we will refer to as
the safe decision set at each round ¢. To tackle this constraint, in Section 2.4, we present
Safe-LUCB as a safe version of the standard linear UCB (LUCB) algorithm [40, 2, 104]. In
Section 2.5, we provide general regret bounds that characterize the effect of safety constraints
on regret. We show that the regret of the modified algorithm is dependent on the parameter
A = ¢ — u"Bx*, where x* denotes the optimal safe action given g. When A > 0 and is
known to the learner, we show that the regret of Safe-LUCB is O(v/T); thus, the effect of

the system safety requirements on the growth of regret can be diminished (for large enough



T). In Section 2.6, we also present a heuristic modification of Safe-LUCB that empirically
approaches the same regret without a-priori knowledge of the value of A. On the other
hand, when A = 0, the regret of Safe-LUCB is @(TQ/ 3). Technical proofs and some further

discussions are deferred to the appendix provided in the supplementary material.

2.1.1 Key Contributions

Bandit algorithms have various application in safety-critical systems, where it is important
to respect the system constraints that rely on the bandit’s unknown parameters at every
round. In this chapter, we formulate a linear stochastic multi-armed bandit problem with
safety constraints that depend (linearly) on an unknown parameter vector. As such, the
learner is unable to identify all safe actions and must act conservatively in ensuring that
her actions satisfy the safety constraint at all rounds (at least with high probability). For
these bandits, we propose a new UCB-based algorithm called Safe-LUCB, which includes
necessary modifications to respect safety constraints. The algorithm has two phases. During
the pure exploration phase the learner chooses her actions at random from a restricted set of
safe actions with the goal of learning a good approximation of the entire unknown safe set.
Once this goal is achieved, the algorithm begins a safe exploration-exploitation phase where
the learner gradually expands their estimate of the set of safe actions while controlling the
growth of regret. We provide a general regret bound for the algorithm, as well as a problem
dependent bound that is connected to the location of the optimal action within the safe
set. We then propose a modified heuristic that exploits our problem dependent analysis to

improve the regret.

2.2 Safe Linear Stochastic Bandit Problem

Cost model. The learner is given a convex compact decision set Dy C R?. At each round
t, the learner chooses an action x; € Dy which results in an observed loss ¢; that is linear on

the unknown parameter p with additive random noise 1, i.e., £, := c;(x;) := p' %X; + 1;.



Safety Constraint. The learning environment is subject to a side constraint that restricts
the choice of actions by dividing Dy into a safe and an unsafe set. The learner is restricted
to actions x; from the safe set D*(p). As notation suggests, the safe set depends on the
unknown parameter. Since g is unknown, the learner is unable to identify the safe set and
must act conservatively in ensuring that actions x; are feasible for all £. In this chapter, we

assume that D°(p) is defined via a linear constraint
T
p Bx; <cg, (2.1)

which needs to be satisfied by x; at all rounds ¢ with high probability. Thus, D*(u) is defined

as,
D(u) :={x €Dy : u'Bx < c}. (2.2)

The matrix B € R%*? and the positive constant ¢ > 0 are known to the learner. However,
after playing any action x,, the value pu"Bx, is not observed by the learner. When clear from

context, we drop the argument g in the definition of the safe set and simply refer to it as D".

Regret. Let T be the total number of rounds. If x;, ¢ € [T] are the actions chosen, then
the cumulative pseudo-regret ([22]) of the learner’s algorithm for choosing the actions x; is
defined by Ry = Zthl p'x, — pu'x*, where x* is the optimal safe action that minimizes the

loss {; In expectation, i.e., X* € arg Minyeps(,, pix.

Goal. The goal of the learner is to keep Ry as small as possible. At the bare minimum, we
require that the algorithm leads to Ry/T — 0 (as T grows large). In contrast to existing
linear stochastic bandit formulations, we require that the chosen actions x;,t € [T] are safe
(i.e., belong in D* (2.2)) with high probability. For the rest of this chapter, we simply use

regret to refer to the pseudo-regret Ryp.

In Section 2.4.1 we place some further technical assumptions on Dy (bounded), on D*

(non-empty), on p (bounded) and on the distribution of 7, (subgaussian).



2.3 Prior Work

Our algorithm relies on a modified version of the famous UCB algorithm known as UCBI,
which was first developed by [23]. For linear stochastic bandits, the regret of the LUCB
algorithm was analyzed by, e.g., [40, 2, 104, 105, 38] and it was shown that the regret grows
at the rate of VT log(T"). Extensions to generalized linear bandit models have also been
considered by, e.g., [50, 83]. There are two different contexts where constraints have been
applied to the stochastic MAB problem. The first line of work considers the MAB problem
with global budget (a.k.a. knapsack) constraints where each arm is associated with a random
resource consumption and the objective is to maximize the total reward before the learner
runs out of resources, see, e.g., [25, 9, 136, 26]. The second line of work considers stage-wise
safety for bandit problems in the context of ensuring that the algorithm’s regret performance
stays above a fixed percentage of the performance of a baseline strategy at every round during
its run [68, 138]. In [68], which is most closely related to our setting, the authors study a
variant of LUCB in which the chosen actions are constrained such that the cumulative reward
remains strictly greater than (1 — «) times a given baseline reward for all ¢. In both of the
above mentioned lines of work, the constraint applies to the cumulative resource consumption
(or reward) across the entire run of the algorithm. As such, the set of permitted actions
at each round vary depending on the round and on the history of the algorithm. This is
unlike our constraint, which is applied at each individual round, is deterministic, and does

not depend on the history of past actions.

In a more general context, the concept of safe learning has received significant attention in
recent years from different communities. Most existing work that consider mechanisms for safe
exploration in unknown and stochastic environments are in reinforcement learning or control.
However, the notion of safety has many diverse definitions in this literature. For example,
[93] proposes an algorithm that allows safe exploration in Markov Decision Processes (MDP)
in order to avoid fatal absorbing states that must never be visited during the exploration
process. By considering constrained MDPs that are augmented with a set of auxiliary cost

functions and replacing them with surrogates that are easy to estimate, [7] purposes a policy



search algorithm for constrained reinforcement learning with guarantees for near constraint
satisfaction at each iteration. In the framework of global optimization or active data selection,
[106, 28] assume that the underlying system is safety-critical and present active learning
frameworks that use Gaussian Processes (GP) as non-parametric models to learn the safe
decision set. More closely related to our setting, [114, 113] extend the application of UCB
to nonlinear bandits with nonlinear constraints modeled through Gaussian processes (GPs).
The algorithms in [114, 113] come with convergence guarantees, but no regret bounds as
provided in our work. Regret guarantees imply convergence guarantees from an optimization
perspective (see [110]), but not the other way around. Such approaches for safety-constrained
optimization using GPs have shown great promise in robotics applications with safety
constraints [95, 10].With a control theoretic point of view, [56] combines reachability analysis
and machine learning for autonomously learning the dynamics of a target vehicle and [21]
designs a learning-based MPC scheme that provides deterministic guarantees on robustness
when the underlying system model is linear and has a known level of uncertainty. In a very
recent related work [128], the authors propose and analyze a (safe) variant of the Frank-Wolfe
algorithm to solve a smooth optimization problem with unknown linear constraints that are
accessed by the learner via stochastic zeroth-order feedback. The main goal in [128] is to
provide a convergence rate for more general convex objective, whereas we aim to provide

regret bounds for a linear but otherwise unknown objective.

2.4 A Safe-LUCB Algorithm

Our proposed algorithm is a safe version of LUCB. As such, it relies on the well-known
heuristic principle of optimism in the face of uncertainty (OFU). The algorithm constructs
a confidence set C; at each round ¢, within which the unknown parameter p lies with high
probability. In the absence of any constraints, the learner chooses the most “favorable”
environment p from the set C; and plays the action x; that minimizes the expected loss in

that environment. However, the presence of the constraint (2.1) complicates the choice of

the learner. To address this, we propose an algorithm called safe linear upper confidence
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bound (Safe-LUCB), which attempts to minimize regret while making sure that the safety
constraints (2.1) are satisfied. Safe-LUCB is summarized in Algorithm 1 and a detailed
presentation follows in Sections 2.4.2 and 2.4.3, where we discuss the pure-exploration and
safe exploration-exploitation phases of the algorithm, respectively. Before these, in Section
2.4.1 we introduce the necessary conditions under which our proposed algorithm operates

and achieves good regret bounds as will be shown in Section 2.5.

2.4.1 Model Assumptions

Let Fy = o(x1,X2, ..., X1, 1,72, - - - , M) be the o-algebra (or, history) at round ¢. We make
the following standard assumptions on the noise distribution, on the parameter g and on the

actions.

Assumption 1 (Subgaussian noise). For all t, 1, is conditionally zero-mean R-sub-Gaussian
for fized constant R >0, i.e., E[n; | 214, n.e—1] = 0 and E[e** | F,_1] < exp(\2R%/2), V)€
R.

Assumption 2 (Boundedness). There exist positive constants S, L such that ||p|l2 < S and
|x|l2 < L,Vx € Dy. Also, p'x € [-1,1],Vx € Dy .

In order to avoid trivialities, we also make the following assumption. This, together with

the assumption that C' > 0 in (2.1), guarantee that the safe set D*(u) is non-empty (for

every ).

Assumption 3 (Non-empty safe set). The decision set Dy is a convex body in R? that

contains the origin in its interior.

2.4.2 Pure Exploration Phase

The pure exploration phase of the algorithm runs for rounds ¢ € [T"], where T" is passed as
input to the algorithm. In Section 2.5, we will show how to appropriately choose its value to

guarantee that the cumulative regret is controlled. During this phase, the algorithm selects
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Algorithm 1 Safe-LUCB

1: Pure exploration phase:

2: fort=1,2,...,7" do

3:  Randomly choose x; € D" (defined in (2.3)) and observe loss ¢, = ¢;(x;).

4: end for

ot

. Safe exploration-exploitation phase:

6: fort=T"+1,2,...,7 do

7. Set A, =\ + Z’;ll x,x! and compute fi, = A;* Zi;ll 0%,
8 Ci={veR:|v—f,a, < B} and B; chosen as in (2.7)

9.0 Di={xeDy:v'Bx<cVweCdl}

10: Xy = arg min, cps Minyec, v'x

11:  Choose x; and observe loss ¢; = c¢;(xy).

12: end for

random actions from a safe subset D* C Dy that we define next. For every chosen action x,
we observe a loss ¢;. The collected action-loss pairs (xy, ¢;) over the 7" rounds are used in
the second phase to obtain a good estimate of p. We will see in Section 2.4.3 that this is
important since the quality of the estimate of p determines our belief of which actions are

safe. Now, let us define the safe subset D".

The safe set D® is unknown to the learner (since p is unknown). However, it can be
deduced from the constraint (2.1) and the boundedness Assumption 2 on u, that the following

subset DY C D, is safe:

DY :={x€Dy: max v Bx<c} = {x€Dy:|Bx|, <c/S} (2.3)

[oll2<S

Note that the set D* is only a conservative (inner) approximation of D%, but this is inevitable,

since the learner has not yet collected enough information on the unknown parameter .

In order to make the choice of random actions x;, ¢ € [T”] concrete, let X ~ Unif(D") be a
d-dimensional random vector uniformly distributed in D" according to the probability measure
given by the normalized volume in D* (recall that D" is a convex body by Assumption 3).

During rounds t € [T”], Safe-LUCB chooses safe IID actions x; " X . For future reference, we

12



denote the covariance matrix of X by ¥ = E[X X "] and its minimum eigenvalue by

A= Apin(X) > 0. (2.4)
Remark 1. Since Dy is compact with zero in its interior, we can always find 0 < e < C/S
such that

Dv = {x € R?||Bx||, = ¢} c D*. (2.5)

Thus, an effective way to choose (random) actions x; during the safe-exploration phase for
which an explicit expression for A_ is easily derived, is as follows. For simplicity, we assume

B is invertible. Let € be the largest value 0 < € < ¢/S such that (2.5) holds. Then, generate

samples x; ~ Umf(ﬁ”),t =1,...,T7", by choosing x, = e B 'z, where z, are i.i.d samples

on the unit sphere 8471, Clearly, E[zz] = 31. Thus, ¥ = E[xyx/ | = % (BTB)fl, from
Ly . 2

which it follows that A\_ = \pin(X) = D (BT = 7B

2.4.3 Safe Exploration-Exploitation Phase

We implement the OFU principle while respecting the safety constraints. First, at each
t=T+1,T"42...,T, the algorithm uses the previous action-observation pairs and obtains

a A-regularized least-squares estimate g1, of g with regularization parameter A > 0 as follows:

t—1 i—1
o, = At_1 Z&XT, where A, = \I + ZXTXI.
=1 =1

Then, based on fi, the algorithm builds a confidence set
Cri={v eR": |lv — i|la, < B}, (2.6)

where, f; is chosen according to Theorem 1 below ([2]) to guarantee that p € C; with
high probability.
Theorem 1 (Confidence region, [2]). Let Assumptions 1 and 2 hold. Fiz any 6 € (0,1) and
let By in (2.6) be chosen as follows,

—1)72
By = R\/dlog (1 * (t 51)L //\) + A28, for all t > 0. (2.7)
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Then, with probability at least 1 — 6, for all t > 0, it holds that p € C;.

The remaining steps of the algorithm also build on existing principles of UCB algorithms.
However, here we introduce necessary modifications to account for the safety constraint (2.1).

Specifically, we choose the actions with the following two principles.

Caution in the face of constraint violation. At each round ¢, the algorithm performs
conservatively, to ensure that the constraint (2.1) is satisfied for the chosen action x;. As
such, at the beginning of each round ¢t = 7" +1,...,T, Safe-LUCB forms the so-called safe

decision set denoted as Dj:
Di={x€Dy:v'Bx<c,WeClC). (2.8)

Recall from Theorem 1 that g € C; with high probability. Thus, Dj is guaranteed to be
a set of safe actions that satisfy (2.1) with the same probability. On the other hand, note
that Dj is still a conservative inner approximation of D*(u) (actions in it are safe for all
parameter vectors in C;, not only for the true p). This (unavoidable) conservative definition
of safe decision sets could contribute to the growth of the regret. This is further studied in

Section 2.5.

Optimism in the face of uncertainty in cost. After choosing safe actions randomly at
rounds 1,...,7", the algorithm creates the safe decision set D at all rounds ¢ > 7" + 1, and
chooses an action x; based on the OFU principle. Specifically, a pair (x;, f&,) is chosen such
that

fi/x, = min v'x. (2.9)

x€D; el

2.5 Regret Analysis of Safe-LUCB

2.5.1 The Regret of Safety

In the safe linear bandit problem, the safe set D® is not known, since p is unknown. Therefore,

at each round, the learner chooses actions from a conservative inner approximation of D*.
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Intuitively, the better this approximation, the more likely that the optimistic actions of
Safe-LUCB lead to good cumulant regret, ideally of the same order as that of LUCB in the

original linear bandit setting.

A key difference in the analysis of Safe-LUCB compared to the classical LUCB is that x*
may not lie within the estimated safe set D at each round. To see what changes, consider

the standard decomposition of the instantaneous regret r;, t =717 4+ 1,...,T in two terms as

follows (e.g., [40, 2]):

rei= X — X = X — %, A+ Ptht — uTx’i, (2.10)

TV TV
Term I Term II

where, (f1,,%;) is the optimistic pair, i.e. the solution to the minimization in Step 10 of
Algorithm 1. On the one hand, controlling Term I, is more or less standard and closely follows
previous such bounds on UCB-type algorithms (e.g., [2]); see Appendix A.2.2 for details.
On the other hand, controlling Term II, which we call the regret of safety is more delicate.
This complication lies at the heart of the new formulation with additional safety constraints.
When safety constraints are absent, classical LUCB guarantees that Term II is non-positive.
Unfortunately, this is not the case here: x* does not necessarily belong to D; in (2.8), thus
Term IT can be positive. This extra regret of safety is the price paid by Safe-LUCB for
choosing safe actions at each round. Our main contribution towards establishing regret
guarantees is upper bounding Term II. We show in Section 2.5.2 that the pure-exploration

phase is critical in this direction.

2.5.2 Learning the Safe Set

The challenge in controlling the regret of safety is that, in general, D; # D*. At a high
level, we proceed as follows (see Appendix A.2.3 for details). First, we relate Term II with a
certain notion of “distance” in the direction of x* between the estimated set Dj at rounds
t=T +1,...,T and the true safe set D* . Next, we show that this ”distance” term can be
controlled by appropriately lower bounding the minimum eigenvalue Apin(A;) of the Gram
matrix A;. Due to the interdependency of the actions x;, it is difficult to directly establish

such a lower bound for each round ¢. Instead, we use that Apin(Ay) > Apin(Agriq), t >T'+1
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and we are able to bound A, (A7v41) thanks to the pure exploration phase of Safe-LUCB .
Hence, the pure exploration phase guarantees that D; is a sufficiently good approximation to

the true D® once the exploration-exploitation phase begins.

Lemma 1. Let Ay = M+ ZtT:/1 x;X; be the Gram matriz corresponding to the first T’
actions of Safe-LUCB (pure-exploration phase). Recall the definition of A_ in (2.4). Then,
for any § € (0,1), it holds with probability at least 1 — ¢,

AT
Amin(Arri1) 2 A+ ——, (2.11)

provided that T" > ts := %2 1og(%l),

The proof of the lemma and technical details relating the result to a desired bound on

Term IT are deferred to Appendixes A.1 and A.2.3, respectively.

2.5.3 Problem Dependent Upper Bound

In this section, we present a problem-dependent upper bound on the regret of Safe-LUCB in

terms of the following critical parameter, which we call the safety gap:
A:=c—pu' Bx". (2.12)

Note that A > 0. In this section, we assume that A is known to the learner. The next
lemma shows that if A > 0!, then choosing 7" = O(logT') guarantees that x* € D for all
t=T+1,....T

Lemma 2 (x* € D). Let Assumptions 1, 2 and 3 hold. Fiz any 6 € (0,1) and assume a
positive safety gap A > 0. Initialize Safe-LUCB with (recall the definition of ts in Lemma 1)

L?||BJ|?3? 2\
T > Ty = <M - —) v ts. (2.13)

A_A? A

Then, with probability at least 1 — 6, for allt =T+ 1,...,T it holds that x* € Dj.

'"We remark that the case A > 0 studied here is somewhat reminiscent of the assumption ar, > 0 in [68].

16



In light of our discussion in Sections 2.5.1 and 2.5.2, once we have established that x* € Df
fort =T +1,...,T, the regret of safety becomes nonpositive and we can show that the
algorithm performs just like classical LUCB during the exploration-exploitation phase 2. This
is formalized in Theorem 2 showing that when A > 0 (and is known), then the regret of

Safe-LUCB is O(VT).

Theorem 2 (Problem-dependent bound; A > 0). Let the same assumptions as in Lemma
2 hold. Initialize Safe-LUCB with T' > Ta specified in (2.13). Then, for T > T', with
probability at least 1 — 26, the cumulative regret of Safe-LUCB satisfies

(2.14)

2T L?
RTSQT'—i—QBT\/Qd(T—T’) log( ) .

dO_T" + 2))

Specifically, choosing T' = Ta guarantees cumulant regret O(T/?logT).

The bound in (2.14) is a contribution of two terms. The first one is a trivial bound on
the regret of the exploration-only phase of Safe-LUCB and is proportional to its duration 7".
Thanks to Lemma 2 the duration of the exploration phase is limited to Ta rounds and Tx is
(at most) logarithmic in the total number of rounds 7. Thus, the first summand in (2.14)
contributes only O(logT) in the total regret. Note, however, that Ta grows larger as the
normalized safety gap A/||B|| becomes smaller. The second summand in (2.14) contributes
o(r 1210g T ) and bounds the cumulant regret of the exploration-exploitation phase, which
takes the bulk of the algorithm. More specifically, it bounds the contribution of Term I
in (2.10) since the Term II is zeroed out once x* € Dj thanks to Lemma 2. Finally, note
that Theorem 2 requires the total number of rounds 7" to be large enough for the desired
regret performance. This is the price paid for the extra safety constraints compared to the
performance of the classical LUCB in the original linear bandit setting. We remark that
existing lower bounds for the simpler problem without safety constraints (e.g. [104, 40]),
show that the regret O(v/T'd) of Theorem 2 cannot be improved modulo logarithmic factors.

The proofs of Lemma 2 and Theorem 2 are in Appendix A.2.

2Qur simulation results in Appendix A.6 emphasize the critical role of a sufficiently long pure exploration
phase by Safe-LUCB as suggested by Lemma 2. Specifically, Figure 2.1b depicts an instance where no
exploration leads to significantly worse order of regret.
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2.5.4 General Upper Bound

We now extend the results of Section 2.5.3 to instances where the safety gap is zero, i.e.
A = 0. In this case, we cannot guarantee an exploration phase that results in x* € D}, t > T’
in a reasonable time length 7”. Thus, the regret of safety is not necessarily non-positive and

it is unclear whether a sub-linear cumulant regret is possible.

Theorem 3 shows that Safe-LUCB achieves regret O(T%?) when A = 0. Note that
this (worst-case) bound is also applicable when the safety gap is unknown to the learner.
While it is significantly worse than the performance guaranteed by Theorem 2, it proves that
Safe-LUCB always leads to Ry /T — 0 as T grows large. The proof is deferred to Appendix
A2

Theorem 3 (General bound: worst-case). Suppose Assumptions 1, 2 and 3 hold. Fix any
0 € (0,0.5). Initialize Safe-LUCB with T" > ts5 specified in Lemma 1. Then, with probability
at least 1 — 20 the cumulative regret Ry of Safe-LUCB for T > T satisfies

OTL? ) WVRABILGHT T o 1

d(A_T"+2)) /AT + 2X

2
Specifically, choosing T' = Ty = (%) " Vs, quarantees regret O(T?31ogT).

Ry <2T" + QBT\/%Z(T —T") log (

Compared to Theorem 2, the bound in (2.15) is now comprised of three terms. The first
one captures again the exploration-only phase and is linear in its duration 7”. However, note
that 7" is now O(T%*3logT), i.e., of the same order as the total bound. The second term
bounds the total contribution of Term I of the exploration-exploitation phase. As usual, its
order is O(T"/?). Finally, the additional third term bounds the regret of safety and is of the

same order as that of the first term.

2.6 Unknown Safety Gap

In Section 2.5.3 we showed that when the safety gap A > 0, then Safe-LUCB achieves

good regret performance @(\/T ). However, this requires that the value of A, or at least a
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(non-trivial) lower bound on it, be known to the learner so that 7" is initialized appropriately
according to Lemma 2. This requirement might be restrictive in certain applications. When
that is the case, one option is to run Safe-LUCB with a choice of 7" as suggested by Theorem
3, but this could result in an unnecessarily long pure exploration period (during which regret
grows linearly). Here, we present an alternative. Specifically, we propose a variation of
Safe-LUCB refered to as generalized safe linear upper confidence bound (GSLUCB). The
key idea behind GSLUCB is to build a lower confidence bound A; for the safety gap A and
calculate the length of the pure exploration phase associated with A;, denoted as T,. This
allows the learner to stop the pure exploration phase at round ¢ such that condition t <7},
has been met. While we do not provide a separate regret analysis for GSLUCB, it is clear
that the worst case regret performance would match that of Safe-LUCB with A = 0. However,
our numerical experiment highlights the improvements that GSLUCB can provide for the
cases where A # 0. We give a full explanation of GSLUCB, including how we calculate the

lower confidence bound A, in Appendix A.5.

Figure 2.1a compares the average per-step regret of 1) Safe-LUCB with knowledge of
A; 2) Safe-LUCB without knowledge of A (hence, assuming A = 0); 3) GSLUCB without
knowledge of A, in a simplified setting of K-armed linear bandits with strictly positive safety
gap (see Appendix A.3). The details on the parameters of the simulations are deferred to
Appendix A.6.

2.7 Future Directions and Summary

We have formulated a linear stochastic bandit problem with safety constraints that depend
linearly on the unknown problem parameter p. While simplified, the model captures the
additional complexity introduced in the problem by the requirement that chosen actions
belong to an unknown safe set. As such, it allows us to quantify tradeoffs between learning the
safe set and minimizing the regret. Specifically, we propose Safe-LUCB which is comprised
of two phases: (i) a pure-exploration phase that speeds up learning the safe set; (ii) a safe

exploration-exploitation phase that optimizes minimizing the regret. Our analysis suggests
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Algorithm 2 GSLUCB

1: Pure exploration phase:

2: t+1 , TOI = TO
3 while (¢ < min (T/,,7p) ) do
4:  Randomly choose z; € D" and observe loss ¢; = ¢ ().

5. A; = Lower confidence bound on A at round ¢

6: if A, > 0 then

7 T} =T,
8: else
9: T, =Ty
10:  end if
11:  t<+t+1

12: end while
13: Safe exploration exploitation phase:

14: Lines 6 - 12 of Safe-LUCB for all remaining rounds.
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Figure 2.1: Simulation of per-step regret.
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that the safety gap A plays a critical role. When A > 0 we show how to achieve regret (5(\/7 )
as in the classical linear bandit setting. However, when A = 0, the regret of Safe-LUCB is
@(T 2/3). Tt is an interesting open problem to establish lower bounds for an arbitrary policy
that accounts for the safety constraints. Our analysis of Safe-LUCB suggests that A =0 is a
worst-case scenario, but it remains open whether the @(Tz/ 3) regret bound can be improved
in that case. Natural extensions of the problem setting to multiple constraints and generalized

linear bandits (possibly with generalized linear constraints) might also be of interest.
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CHAPTER 3

Safe Reinforcement Learning with Linear Function

Approximation

3.1 Introduction

Reinforcement Learning (RL) is the study of an agent trying to maximize its expected
cumulative reward by interacting with an unknown environment over time [117]. In most
classical RL algorithms, agents aim to maximize a long term gain by exploring all possible
actions. However, freely exploring all actions may be harmful in many real-world systems
where playing even one unsafe action may lead to catastrophic results. Thus, safety in RL has
become a serious issue that restricts the applicability of RL algorithms to many real-world
systems. For example, in a self-driving car, it is critical to explore those policies that avoid
crash and damage to the car, people and property. Switching cost limitations in medical
applications [27] and legal restrictions in financial managements [3] are other examples of
safety-critical applications. All the aforementioned safety-critical environments introduce the
new challenge of balancing the goal of reward maximization with the restriction of playing

safe actions.

To address this major concern, the learning algorithm needs to guarantee that it does not
violate certain safety constraints. From a bandit optimization point of view, [11, 96, 13, 94]
study a linear bandit problem, in which, at each round, a linear cost constraint needs to be
satisfied with high probability. For this problem, they propose no-regret algorithms that with
high probability never violate the constraints. There has been a surge of research activity
to address the issue of safe exploration in RL when the environment is modeled via the

more challenging and complex setting of an unknown MDP. Many of existing algorithms
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model the safety in RL via Constrained Markov Decision Process (CMDP), that extends the
classical MDP to settings with extra constraints on the total expected cost over a horizon.
To address the safety requirements in CMDPs, different approaches such as Primal-Dual
Policy Optimization [99, 98, 112], Constrained Policy Optimization [7, 145], and Reward
Constrained Policy Optimization [120] have been proposed. These algorithms come with either
no theoretical guarantees or asymptotic convergence guarantee in the batch offline setting. In
another line of work studying CMDP in online settings, [48, 127, 54, 154, 42, 100, 43, 141, 67]
propose algorithms coming with sub-linear bounds on the number of constraint violation.
Additionally, the safety constraint considered in the aforementioned papers is defined by the

cumulative expected cost over a horizon falling below a certain threshold.

In this chapter, we propose an upper confidence bound (UCB)- based algorithm — termed
Safe Linear UCB Q/V Iteration (SLUCB-QVI) — with the focus on deterministic policy
selection respecting a more restrictive notion of safety requirements that must be satisfied
at each time-step an action is played with high probability. We also present Randomized
SLUCB-QVI (RSLUCB-QVI), a safe algorithm focusing on randomized policy selection
without any constraint violation. For both algorithms, we assume the underlying MDP has
linear structure and prove a regret bound that is order-wise comparable to those of its unsafe

counter-parts.

Our main technical contributions allowing us to guarantee sub-linear regret bound while
the safety constraints are never violated, include: 1) conservatively selecting actions from
properly defined subsets of the unknown safe sets; and 2) exploiting careful algorithmic
designs to ensure optimism in the face of safety constraints, i.e., the value function of our
proposed algorithms are greater than the optimal value functions. See Sections 3.4,3.5, and

3.6 for details.

3.1.1 Key Contributions

Safety in reinforcement learning has become increasingly important in recent years. Yet,

existing solutions either fail to strictly avoid choosing unsafe actions, which may lead to
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catastrophic results in safety-critical systems, or fail to provide regret guarantees for settings
where safety constraints need to be learned. In this chapter, we address both problems by
first modeling safety as an unknown linear cost function of states and actions, which must
always fall below a certain threshold. We then present algorithms, termed SLUCB-QVI and
RSLUCB-QVI, for finite-horizon Markov decision processes (MDPs) with linear function
approximation. We show that SLUCB-QVI and RSLUCB-QVI, while with no safety violation,
achieve a O <H\/m ) regret, nearly matching that of state-of-the-art unsafe algorithms,
where H is the duration of each episode, d is the dimension of the feature mapping, x is a
constant characterizing the safety constraints, and 7' is the total number of action played.

We further present numerical simulations that corroborate our theoretical findings.

3.2 Problem formulation

Finite-horizon Markov decision process. We consider a finite-horizon Markov decision
process (MDP) denoted by M = (S, A, H,P,r,c), where S is the state set, A is the action
set, H is the length of each episode (horizon), P = {P,}/L | are the transition probabilities,
r = {rp}}_, are the reward functions, and ¢ = {c,}/_, are the safety measures. For each
time-step h € [H], Pp(s'|s,a) denotes the probability of transitioning to state s’ upon playing
action a at state s, and rp, : S x A — [0,1] and ¢;, : § X A — [0, 1] are reward and constraint
functions. We consider the learning problem where S and A are known, while the transition
probabilities Py, rewards r;, and safety measures ¢, are unknown to the agent and must
be learned online. The agent interacts with its unknown environment described by M in
episodes. In particular, at each episode k and time-step h € [H], the agent observes the state

sk, plays an action af € A, and observes a reward rf := r,(sF, af) and a noise-perturbed

safety measure zF := ¢y, (sF, al) + €, where €/ is a random additive noise.

Safety Constraint. We assume that the underlying system is safety-critical and the
learning environment is subject to a side constraint that restricts the choice of actions. At

each episode k and time-step h € [H], when being in state s¥, the agent must select a safe
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action af such that
cp(st ,ak <7 3.1
hy%h

with high probability, where 7 is a known constant. We accordingly define the unknown safe

action sets as
AP (s):={ac A : cp(s,a) <7}, VY(s,h) €S x [H].

Thus, after observing state s at episode k and time-step h € [H], the agent’s choice of
action must belong to A5 (s¥) with high probability. As a motivating example, consider a
self-driving car. On the one hand, the agent (car) is rewarded for getting from point one to
point two as fast as possible. On the other hand, the driving behavior must be constrained

to respect traffic safety standards.

Goal. A safe deterministic policy is a function 7 : 8 x [H] — A, such that (s, h) € A5af(s)
is the safe action the policy 7 suggests the agent to play at time-step h € [H| and state

s € §. Thus, we define the set of safe policies by
[rafe :— {7? L 7(s, h) € A (s), V(s h) € S x [H]}.
For each h € [H], the cumulative expected reward obtained under a safe policy 7 € II%¥®
during and after time-step h, known as the value function V;" : § — R, is defined by
H
VfZT(S) =K Z Tn (Sh’7 W(Shl, h/)) Sp =S|, (32)
h'=h

where the expectation is over the environment. We also define the state-action value action

QF : S x As*e(\) — R for a safe policy m € II*** at time-step h € [H] by

H

Qi (s,a) :=E Z e (sw, w(sp W) s =s,an =a . (3.3)
W=h+1

To simplify the notation, for any function f, we denote [Py, f](s,a) := Eyp,(|s,a)f(5). Let m,
be the optimal safe policy such that V" (s) := V;*(s) = sup et Vi (s) for all (s, h) € Sx[H].
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Thus, for all (s,h) € S x [H] and a € A52*(s), the Bellman equations for an arbitrary safe

policy 7 € II** and the optimal safe policy are:

Q;KS? a) = rh(s> a) + [thhﬂ+1](3’ a)? Vhﬂ<3) = QZ(Sv 7T($> h>>7 (3'4)
QZ(‘S? CL) = Th(87 a) + [thf:ii’l](‘s? a), V;(S) = aeglsgf}e((s) QZ(S, a)? (35)

where Vi, (s) = Vj7,,(s) = 0. Note that in classical RL without safety constraints, the
Bellman optimality equation implies that there exists at least one optimal policy that is
deterministic (see [30, 118, 117]). When considering solving the Bellman equation for the
optimal policy, the presence of safety constraints is equivalent to solving it for an MDP

without constraints but with different action sets for each (s, h) € S x [H], i.e., A5*€(s).

Let K be the total number of episodes, s¥ be the initial state at the beginning of episode
k € [K] and 7y be the high probability safe policy chosen by the agent during episode k € [K].

Then the cumulative pseudo-regret is defined by
Ry =Y Vi (sh) — V™ (sh). (3.6)

The agent’s goal is to keep Ry as small as possible (Rx/K — 0 as K grows large)
without violating the safety constraint in the process, i.e., m, € I’ for all k € [K] with high

probability.

Linear Function Approximation. We focus on MDPs with linear transition kernels,

reward, and cost functions that are encapsulated in the following assumption.

Assumption 4 (Linear MDP [31, 142, 64]). M = (S, A, H,P,r,c) is a linear MDP

with feature map ¢ : S x A — R, if for any h € [H], there exist d unknown mea-

sures pi, = (V...

Pu(.|s,a) = <,u;(.),q§(s,a)>, rn(s,a) = <02,q§(s,a)>, and cp(s,a) = <7;‘L,¢(s,a)>.

DT over S, and unknown vectors 65,~v; € RY such that

This assumption highlights the definition of linear MDP, in which the Markov transition

model, the reward functions, and the cost functions are linear in a feature mapping ¢.
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3.3 Prior Work

Safe RL with randomized policies: The problem of Safe RL formulated with Constrained
Markov Decision Process (CMDP) with a focus on unknown dynamics and randomized policies
is studied in [48, 127, 54, 154, 42, 100, 43, 141, 67]. In the above-mentioned papers, the
goal is to find the optimal randomized policy that maximizes the reward value function
V™ (s) (expected total reward) while ensuring the cost value function V7 (s) (expected total
cost) does not exceed a certain threshold. This safety requirement is defined over a horizon,
in expectation with respect to the environment and the randomization of the policy, and
consequently is less strict than the safety requirement considered in this chapter, which must
be satisfied at each time-step an action is played. In addition to their different problem
formulations, the theoretical guarantees of these works fundamentally differ from the ones
provided in our work. The recent closely-related work of [42] studies constrained finite-
horizon MDPs with a linear structure as considered in our work via a primal-dual-type
policy optimization algorithm that achieves a O(dH 25T ) regret and constraint violation
and can only be applied to settings with finite action set A. The algorithm of [48] obtains
a O(|S|H?\/|S|]A|T) regret and constraint violation in the episodic finite-horizon tabular
setting via linear program and primal-dual policy optimization. In [100], the authors study
an adversarial stochastic shortest path problem under constraints with O(|S|H/[A|T) regret
and constraint violation. [43] proposes a primal-dual algorithm for solving discounted infinite
horizon CMDPs that achieves a global convergence with rate O(1/v/T) regarding both the
optimality gap and the constraint violation. In contrast to the aforementioned works which
can only guarantee bounds on the number of constraint violation, our algorithms never

violate the safety constraint during the learning process.

Besides primal-dual methods, in [37] Lyapunov functions are leveraged to handle the
constraints. [149] proposes a constrained policy gradient algorithm with convergence guarantee.
Both above-stated works focus on solving CMDPs with known transition model and constraint

function without providing regret guarantees.
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Safe RL with GPs and deterministic transition model and policies: In another line
of work, [126, 29, 130, 129] use Gaussian processes to model the dynamics with deterministic
transitions and/or the value function in order to be able to estimate the constraints and
guarantee safe learning. Despite the fact that some of these algorithms are approximately

safe, analysing the convergence is challenging and the regret analysis is lacking.

3.4 Safe Linear UCB Q/V Iteration

In this section, we present Safe Linear Upper Confidence Bound Q/V Iteration (SLUCB-QVI)
summarized in Algorithm 3, which is followed by a high-level description of its performance
in Section 3.4. First, we introduce the following necessary assumption and set of notations

used in describing Algorithm 3 and its analysis in the next sections.

Assumption 5 (Non-empty safe sets). For all s € S, there exists a known safe action ag(s)
such that ag(s) € AZY®(s) with known safety measure 7,(s) := <¢ (s, a0 (s)) ,'yz> < T for all
he[H] .

Knowing safe actions ag(s) is necessary for solving the safe linear MDP setting studied in
this chapter, which requires the constraint (3.1) to be satisfied from the very first round. This
assumption is also realistic in many practical examples, where the known safe action could be
the one suggested by the current strategy of the company or a very cost-neutral action that
does not necessarily have high reward but its cost is far from the threshold. It is possible to
relax the assumption of knowing the cost of the safe actions 7,,(s). In this case, the agent
starts by playing ag(s) for Tj,(s) rounds at time-steps h in order to construct a conservative
estimator for the gap 7 — 7,,(s). Th(s) is selected in an adaptive way and in Appendix B.1.4,
we show that M < Ty(s) < 28 After Ty, (s) rounds, the agent relies on these

T=7n(s))? (T—7n(s))?

estimates of 7,(s) in the computation of estimated safe set of policies (discussed shortly).

Notations. For any vector x € R, define the normalized vector X := ﬁ We define the
2

span of the safe feature ¢ (s, ag (s)) as Vs = span (qb (s, ag (s))) = {qub (s, ag (s)) ta € ]R}
and the orthogonal complement of V, as Vi := {y € R?: (y,x) = 0, Vx € V,}. For any
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Algorithm 3 SLUCB-QVI
1: Input: A, A\, 6, H, K, 7, kp(s)

2 Ap = M, A, = A(I—c}ﬁ(s,ag(s))qﬁ (s, a0 (s))) b, =r1;,, =0, V(s,h) € S x
[H],QZ+1(.7.) = 07 VEk € [K]
3: for episodes k =1,...,K do

4:  Observe the initial state s%.

5:  for time-steps h=H,...,1 do

6: Compute Af(s) as in (3.9) Vs € S.

7 Compute QF(s,a) as in (3.10) V(s,a) € S x A%¥(.).

8: end for

9:  for time-steps h=1,..., H do

10: Play aj; = arg max,e 4t (o) Qh (s}, @) and observe sy, r}; and 2.
11:  end for

12: end for

x € R4, denote by ®y(s,x) := <x,g?) (s,ao (s))> o (s,ao (s)) its projection on V;, and, by
g (s,x) := x — Po(s,x) its projection onto the orthogonal subspace Vi. Moreover, for ease

of notation, let ¢f := ¢(s¥, a).

3.4.1 Overview

From a high-level point of view, our algorithm is the safe version of LSVI-UCB proposed
by [64]. In particular, each episode consists of two loops over all time-steps. The first loop
(Lines 5-8) updates the quantities A¥, estimated safe sets, and QF, action-value function,
that are used to execute the upper confidence bound policy af = arg MAX, e gk (k) QY (s¥ a) in
the second loop (Lines 9-11). The key difference between SLUCB-QVI and LSVI-UCB is
the requirement that chosen actions af must always belong to unknown safe sets A5 (s¥).
To this end, at each episode k € [K], in an extra step in the first loop (Line 6), the agent

computes a set AF(s) for all s € S, which we will show is guaranteed to be a subset of the

unknown safe set A52(s), and therefore, is a good candidate to select action af from in
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the second loop (Line 10). Construction of A% (s) depends on an appropriate confidence set
around the unknown parameter +; used in the definition of safety constraints (see Assumption

4). Since the agent has knowledge of 7,(s) = <q,’) (s,a0(s)) 7'72> (see Assumption 5), it

can compute zf | = <<I>é (s, ¢Z> , O (3772)> tek =2k - Tﬁ(iiéo)()s‘)‘»m
2

incurred by af along the subspace VI, which is orthogonal to ¢ (s, ao (s)) Thus, the agent

(s), i.e., the cost

does not need to build confidence sets around «; along the normalized safe feature vector,
o (s, ao (s)) Instead, it only builds the following confidence sets around ®g (s, '72) which is
along the orthogonal direction of ¢ (s, ag (3)):

qu:{uewwp—vm

< B} : (3.7)

k
Ah

-1
where vy, = <AZ,S> ry . is the regularized least-squares estimator of ®g (s,7;)
computed by the inverse of Gram matrix Afw = A (I— (}5(3,@0 (s)) (;~bT (s, a0 (3))) +
Zf;ll ors <s, (ﬁiL) o’ (3, qbfl) and rj | = Zf;ll zi,SCI)& (3, qbi) The exploration factor j3

will be defined shortly in Theorem 4 such that it guarantees that the event
& = {05 (5,73) € Ch(s), (s, h, k) € S x [H] x K]} (3.8)

ie., Of (3772) belongs to the confidence sets CF(s), holds with high probability. In the
implementations, we treat [ as a tuning parameter. Conditioned on event &, the agent is

ready to compute the following inner approximations of the true unknown safe sets A5 for

all s € S:

(o (5.(5.0)) . & (5,00 (5)) )
Fsy={a : Th(S is, é s, P(s,a
Ah( ) \ €A H(ﬁ(57ao (3))“2 h( )+ <7 , P ( ¢( ))>
+5 (‘Pé (3791)(37@))“(Aﬁ,3)_1 = T}’ (3.9)

<<I>() (s,d)(s,a)) ,(}(s,ao(s))>
#(s0)],

direction ¢ (s,a0(s)) and MaX,eck(s) <q>0l (s,9(s,a)) ,1/> = <’yfl’8,<1>§ (s, ¢(s,a))> +

Note that

Th(s) is the known cost of action a at state s along
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_, is its maximum possible cost in the orthogonal space V. Thus,

p HCDOL (5, ¢(s,) H(Ags)

<<I>o(s‘,r;(;jizzg]’:o(s)»Th(S) + <’Y’fL,saCI>oL (S, ¢(S,a))> + QHCI)& (S7¢(8’a))H(A;;75>_1 is a high

probability upper bound on the true unknown cost (¢(s,a),~;), which implies that
AF(s) C Asafe(s).

Proposition 1. Conditioned on & in (3.8), for all (s,h,k) € S x [H] x [K], it holds that
<¢(s, a),'yz> <7, Va € A¥(s).

Thus, conditioned on &, the decision rule af := arg MaX,e 4k (k) QF(sF,a) in Line 10 of
Algorithm 3 suggests that a¥ does not violate the safety constraint. Note that Af(s) is always

non-empty, since as a consequence of Assumption 5, the safe action ag(s) is always in .A’,j(s).

Now that the estimated safe sets AF(s) are constructed, we describe how the action-
value functions QF are computed to be used in the UCB decision rule, selecting the action
a¥ in the second loop of the algorithm. The linear structure of the MDP allows us to
parametrize Qj(s,a) by a linear form (wj, ¢(s,a)), where wj == 65 + [V (s )du(s").

Thus, a natural idea to estimate @7 (s,a) is to solve least-squares problem for wj. In fact,

for all (s,a) € S x AF(.), the agent computes Q% (s, a) defined as

Qh(s.0) =nin { (wh. 8(5.0)) + 5161050 1 1} (3.10)
where wf = (Af;)_1 bf is the regularized least-squares estimator of wj com-
puted by the inverse of Gram matrix AF = X + 25;11 gz’)flqb?j and by =

Zf;ll &) [riL Fmax, e ) QF. ()1, a)} . Here, k4 (s)8]| (s, a)H(A,;L)—l is an exploration
bonus that is characterized by: 1)  that encourages enough exploration regarding the
uncertainty about r and P; and 2) kp(s) > 1 that encourages enough exploration regarding
the uncertainty about ¢. While we make use of standard analysis of unsafe bandits and MDPs
[2] and [64] to define (3, appropriately quantifying ry(s) is the main challenge the presence of
safety constraints brings to the analysis of SLUCB-QVI compared to the unsafe LSVI-UCB

and it is stated in Lemma 3.
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3.5 Theoretical Guarantees of SLUCB-QVI

In this section, we discuss the technical challenges the presence of safety constraints brings
to our analysis and provide a regret bound for SLUCB-QVI. Before these, we make the
remaining necessary assumptions under which our proposed algorithm operates and achieves

good regret bound.
Assumption 6 (Subgaussian noise). For all (h,k) € [H] x [K], € is a zero-mean o-
subGaussian random variable.

Assumption 7 (Boundedness). Without loss of generality, ||¢(3,a)H2 <1 for all (s,a) €
S x A, and max (||u;($)||2 A 2) < V/d for all h € [H].

Yh
Assumption 8 (Star convex sets). For all s € S, the set D(s) := {¢(s,a) :a € A} is a

star convex set around the safe feature ¢ (s,ao(s)), i.e., for all x € D(s) and o € [0, 1],
ax+ (1 —a)¢ (s,a0(s)) € D(s).

Assumptions 6 and 7 are standard in linear MDP and bandit literature [64, 96, 11].
Assumption 8 is necessary to ensure that the agent has the opportunity to explore the feature
space around the given safe feature vector ¢ (s,ao (s)) For example, consider a simple
setting where S = {s1}, A = {a1, a2}, H = 1, pu*(s1) = (1,1),0" = (0,1),v* = (0,1),7 = 2,
ao(s1) = ag, and D(sy) = {¢p(s1,a1), P(s1,a2)} = {(0,1),(1,0)}, which is not a star convex
set. Here, both actions a; and ay are safe. The optimal safe policy always plays a;, which
gives the highest reward. However, if D(s;) does not contain the whole line connecting (1, 0)
and (0,1), the agent keeps playing as and will not be able to explore other safe action and
identify that the optimal policy would always select a;. Also, it is worth mentioning that the
star convexity of the sets D(s) is a milder assumption than convexity assumption considered

in existing safe algorithms of [11, 94].

Given these assumptions, we are now ready to present the formal guarantees of SLUCB-

QVI in the following theorem.

Theorem 4 (Regret of SLUCB-QVI). Under Assumptions 4, 5, 6, 7, and 8, there ex-

ists an absolute constant cg > 0 such that for any fized 6 € (0,0.5), if we set f =
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) T—71(8)

max | o4 /dlog (2+2AT) + V' Ad, cgdH log(%) , and kp(s) := =22~ + 1, then with prob-

ability at least 1 — 26, it holds that Rx < 2H /T log(%L) + (1 + H)B\/2dHTlog (1+ %),

where K = MaX(s h)esx|[H] Kn(s)

Here, T'= K H is the total number of action plays. We observe that the regret bound
is of the same order as that of state-of-the-art unsafe algorithms, such as LSVI-UCB [64],
with only an additional factor x in its second term. The complete proof is reported in the

Appendix B.1.3. In the following section, we give a sketch of the proof.

3.5.1 Proof Sketch of Theorem 4

First, we state the following theorem borrowed from [2, 64].

Theorem 5 (Thm. 2 in [2] and Lemma B.4 in [64]). For any fized policy , define V¥(s) :=
MAX e Ak (s,a) Q%(s,a), and the event
€ = { [(wh. 3(5.0)) = @R, 0) + [PV — Vi) 0)| < B0l gy
V(a, s, h,k) € Ax S x [H] x K]},
and recall the definition of & in (3.8). Then, under Assumptions 4, 5, 6, 7, and the definition

of B in Theorem 4, there exists an absolute constant cg > 0, such that for any fized § € (0,0.5),
with probability at least 1 — 0§, the event £ := E N & holds.

As our main technical contribution, in Lemma 3, we prove that when ry(s) := 7-—275(5) +
1, then optimism in the face of safety constraint, i.e., Q;(s,a) < QF(s,a) is guaranteed.
Intuitively, this is required because the maximization in Line 10 of Algorithm 3 is not over the
entire A52®(sF), but only a subset of it. Thus, larger values of ,(s) (compared to rp(s) = 1

in unsafe algorithm LSVI-UCB) are needed to provide enough exploration to the algorithm

so that the selected actions in AF(sF) are -often enough- optimistic, i.e., Q;(s,a) < Q¥ (s, a).

Lemma 3 (Optimism in the face of safety constraint in SLUCB-QVI). Let r(s) =
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M 1 and Assumptions 4,5,6,7,8 hold. Then, conditioned on &, it holds that

T—Th(S)

Vii(s) < ViF(s),V(s,h, k) € S x [H] x [K].

We report the proof in Appendix B.1.2. As a direct conclusion of Lemma 3 and on event

&, defined in Theorem 5, we have

Qils.0) < (wh, ¢(s,a)) + 8] b, Ol (axy + PaVi = Vill(s,0) - (Bvent &)

< Q%(s,a). (Lemma 3)

This is encapsulated in the following corollary.

Corollary 1 (UCB). Let ky(s) := =2~ + 1 and Let Assumptions 4,5,6,7,8 hold. Then,

T—Th(S)

conditioned on &, it holds that Q}(s,a) < Q%(s,a),¥(a,s,h, k) € Ax S x [H] x [K].

After proving UCB nature of SLUCB-QVI using Lemma 3, we are ready to exploit the
standard analysis of classical unsafe LSVI-UCB [64] to complete the analysis and establish
the final regret bound of SLUCB-QVI.

3.6 Extension to Randomized Policy Selection

SLUCB-QVI presented in Section 3.4 can only output a deterministic policy. In this section,
we show that our results can be extended to the setting of randomized policy selection,
which might be desirable in practice. A randomized policy 7 : S x [H] — A4 maps states
and time-steps to distributions over actions such that a ~ 7(s, h) is the action the policy =
suggests the agent to play at time-step h € [H| when being at state s € S. At each episode k
and time-step h € [H], when being in state sf, the agent must draw its action af from a safe
policy mx(sF, h) such that
ko k

Ea’ﬁwﬁk(s’;,h)ch(sm ah) <7 (311)

with high probability. We accordingly define the unknown set of safe policies by

[Tsafe . {ﬁ c (s, h) € 5% (s), V(s,h) € S x [H]}7
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where T'53f(s) := {9 € Ay Epopen(s,a) < 7'}. Thus, after observing state s¥ at time-step
h € [H] in episode k, the agent’s choice of policy must belong to I'$*%(s¥) with high probability.
In this formulation, the expectation in the definition of (action-) value functions for a policy
7 is over both the environment and the randomness of policy w. We denote them by f/h”
and Q7 to distinguish them from V™ and Q7 defined in (3.2) and (3.3) for a deterministic
policy 7. Let 7, be the optimal safe policy such that V;™(s) := V;*(s) = SUD, ¢ fsafe V7 (s) for
all (s,h) € S x [H]. Thus, for all (a,s,h) € A xS x [H], the Bellman equations for a safe

policy m € II%a% and the optimal safe policy are

Qr(s,0) = (s, ) + PuVil(s,0), V() = Bauromy | QR(s0)] . (3.12)
QZ(Sa a) = T‘h(S, CL) + [th/};-l](‘s? a’)v Vh*(s) = Ge{‘ri?fz(( )EaEG [Qh(s a)i| ) (313)

where Vi, (s) = Vi, (s) = 0, and the cumulative regret is defined as Ry := SO VE(sh) —
V™ (s¥). This definition of safety constraint in (3.11) frees us from star-convexity assumption
on the sets D = {qb s,a):a€ .A} (Assumption 8), which is necessary for the deterministic
policy selection approach. We propose a modification of SLUCB-QVI which is tailored to
this new formulation and termed Randomized SLUCB-QVI (RSLUCB-QVI). This new
algorithm also achieves a sub-linear regret with the same order as that of SLUCB-QVI, i.e.,
@, (KW)

While RSLUCB-QVI respects a milder definition of the safety constraint (cf. (3.11))
compared to that considered in SLUCB-QVI (cf. (3.1)), it still possesses significant su-
periorities over other existing algorithms solving CMDP with randomized policy selection
[48, 127, 54, 154, 42, 100, 43, 141, 67]. First, the safety constraint considered in these
algorithms is defined by the cumulative expected cost over a horizon falling below a certain
threshold, while RSLUCB-QVI guarantees that the expected cost incurred at each time-step
an action is played (not over a horizon) is less than a threshold. Second, even for this
looser definition of safety constraint, the best these algorithms can guarantee in terms of
constraint satisfaction is a sub-linear bound on the number of constraint violation, whereas

RSLUCB-QVI ensures no constraint violation.
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3.6.1 Randomized SLUCB-QVI

We now describe RSLUCB-QVI summarized in Algorithm 4. Let (;bH(S) = Eap0p(s,a). At

each episode k € [K], in the first loop, the agent computes the estimated set of true unknown

set T'5afe(s) for all s € S as follows:

<<I>0 (S,¢<57a)) , b (s,ao (S))>Th(5) + max <<I>é (S,ane [q&(sml)]) ’V> ST

IF(s):=30€A4:Eoup H¢ (5,0 (8))H2 veC; (s)

<‘I>0 (87(259(3)) e (s,a0 (5))>
oean SETDEO) ). s c0)
+3||®F <S’¢0(S)>H(Ak = < T}. (3.14)

Note that due to the linear structure of the MDP, we can again parametrize QZ(S, a) by
a linear form (W}, @(s,a)), where W}, := 6} + [ Vi (s)dp(s'). In the next step, for all

(s,a) € S x A, the agent computes

Qh(s.0) = (Wh. $(5,0)) + k(5)5]| (5. )| g1 (3.15)
where WF := (Aﬁ)_1 b¥ is the regularized least-squares estimator of W} computed by the
Gram matrix A and b} := 25;11 7|77 + min {maxeerﬁg“(sg“) Eqng [QZH(S{LH, a)} ,H}] :

After these computations in the first loop, the agent draws actions af from distribution T’} (sF)

in the second loop. Define V;*(s) := min {maxeerﬁ(s) Eoo [Qﬁ(s, a)} ,H}, and

53 = {‘(‘7"57 ¢(Sv a)> - QZ(Sv a) + [thhﬂ—&—l - th+1](8, a)‘ < BH¢(S7 a)H(Alﬁ)*l
V(a, s, h,k) € Ax S x [H] x [K]}.
It can be easily shown that the results stated in Theorem 5 hold for the settings focusing
on randomized policies, i.e., under Assumptions 4, 5, 6, and 7, and by the definition of 5 in
Theorem 4, with probability at least 1 — 26, the event £ := & N &; holds. Therefore, as a

direct conclusion of Proposition 1, it is guaranteed that conditioned on &, all the policies

inside I'¥(s) are safe, i.e., I%(s) C I'5a%(s). Now, in the following lemma, we quantify x(s).
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Algorithm 4 RSLUCB-QVI
1: Input: A, A\, 6, H, K, 7, kp(s)

2 Ap = M, Ay, = A([—(})(s,ao (s)) (}T (s,a0 (s))) b, =r,, =0, Y(s,h) € S x
[H], Q41 (,.) =0, Vk € [K]

3: for episodes k =1,...,K do

4:  Observe the initial state s%.

5:  for time-steps h=H,...,1 do

6: Compute I'¥(s) as in (3.14) Vs € S.

7 Compute Q¥ (s,a) as in (3.15) ¥(s,a) € S x A.

8: end for

9: for time-steps h=1,...,H do

10: Play af ~ arg maxgerk (st) Eavo [@i(sﬁ, a)} and observe sf_, rf and z}.
11:  end for

12: end for

Lemma 4 (Optimism in the face of safety constraint in RSLUCB-QVI). Let kp(s) =
2H__ 1 1 and Assumptions 4,5,6,7 hold. Then, conditioned on event &, it holds that

T—Tn(s)

ViE(s) < ViF(s),Y(s,h, k) € S x [H] x [K].

The proof is included in Appendix B.2.1. Using Lemma 4, we show that Q;(s,a) <
Q%(s,a),Y(a,s,h, k) € Ax S x [H] x [K]. This highlights the UCB nature of RSLUCB-QVI,
allowing us to exploit the standard analysis of unsafe LSVI-UCB [64] to establish the regret
bound.

Theorem 6 (Regret of RSLUCB-QVI). Under Assumptions 4, 5, 6, and 7, there exists
an absolute constant cg > 0 such that for any fized 6 € (0,1/3), and the definition of 5 in
Theorem 4, if we set ky(s) == —2L < + 1, then with probability at least 1 — 36, it holds that

T—Th(S)

Ri < 2H/Tlog(%L) +2(1 + m)ﬂ\/QdHT log (1+ &), where k 1= max(s pyesx|m) kn(s).

See Appendix B.2.2 for the proof.
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Figure 3.1: Comparison of SLUCB-QVI to the unsafe state-of-the-art verifying that: 1)
when LSVI-UCB [64] has knowledge of ;, it outperforms SLUCB-QVI (without knowledge of
~5) as expected; 2) when LSVI-UCB does not know +; (as is the case for SLUCB-QVI) and
its goal is to maximize r — N'¢ instead of r, larger X’ leads to smaller per-episode reward and
number of constraint violations while the number of constraint violations for SLUCB-QVI is
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Figure 3.2: Comparison of RSLUCB-QVI and CISR [127] in Frozen Lake environment.
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3.7 Experiments

In this section, we present numerical simulations ! to complement and confirm our theoretical
findings. We evaluate the performance of SLUCB-QVI on synthetic environments and
implement RSLUCB-QVI on the Frozen Lake environment from OpenAl Gym [32].

3.7.1 SLUCB-QVI on Synthetic Environments

The results shown in Figure 3.1 depict averages over 20 realizations, for which we have chosen
0=001,0=001,A=1,d=57=0.5, H=23and K =10000. The parameters {6} }rc(m
and {7} }nern) are drawn from N(0, I;). In order to tune parameters {p} (.) }rhepn) and the
feature map ¢ such that they are compatible with Assumption 4, we consider that the feature
space {@(s,a) : (s,a) € S x A} is a subset of the d-dimensional simplex and e u}(.) is an

arbitrary probability measure over S for all ¢ € [d]. This guarantees that Assumption 4 holds.

Computing safe sets A% (s) in the first loop of SLUCB-QVI (Line 6), is followed by
selecting an action that maximizes a linear function (in feature map ¢) over the feature space
Dy (sk) :== {@(sf,a) : a € Af(s})} in its second loop (Line 10). Unfortunately, even if the
feature space {@(s,a) : (s,a) € S x A} is convex, the set DF(sF) can have a form over which
maximizing the linear function is intractable. In our experiments, we define map ¢ such that
the sets D(s) are star convex and finite around @ (s, ao (s)) with N =100 (see Definition 1)
and therefore, we can show that the optimization problem in Line 10 of SLUCB-QVI can be

solved efficiently (see Appendix B.3 for a proof).

Definition 1 (Finite star convex set). A star convexr set D around xo € R? is finite, if
there exist finitely many vectors {x;}¥, such that D = UY | [xo,X;], where [xo,%;] is the line

connecting xo and X;.

Figure 3.1 depicts the average per-episode reward of SLUCB-QVI and compares it to
that of baseline and emphasizes the value of SLUCB-QVI in terms of respecting the safety
constraints at all time-steps. Specifically, we compare SLUCB-QVI with 1) LSVI-UCB [64]

LAll the experiments are implemented in Matlab on a 2020 MacBook Pro with 32GB of RAM.
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when it has knowledge of safety constraints, i.e., v}; and 2) LSVI-UCB, when it does not know
~; (as is the case for SLUCB-QVI) and its goal is to maximize the function r» — X'¢, with the
constraint being pushed into the objective function, for different values of A’ = 0.8,0.85,0.9
and 0.95. Thus, playing costly actions is discouraged via low rewards. The plot verifies
that LSVI-UCB with knowledge of v} outperforms SLUCB-QVI without knowledge of v}
as expected. Also, larger )\ leads to smaller per-episode reward and number of constraint
violations when LSVI-UCB seeks to maximize r — X¢ (without knowledge of +}) while the

number of constraint violations for SLUCB-QVI is zero.

3.7.2 RSLUCB-QVI on Frozen Lake Environment

We evaluate the performance of RSLUCB-QVI in the Frozen Lake environment. The agent
seeks to reach a goal in a 10 x 10 2D map (Figure 3.2a) while avoiding dangers. At each time
step, the agent can move in four directions, i.e., A = {ay : left, ay : right, ag : down, a4 : up}.
With probability 0.9 it moves in the desired direction and with probability 0.05 it moves
in either of the orthogonal directions. We set H = 1000, K = 10, d = |S| = 100, and
p(s) ~ N(0,1,) for all s € S = {s1,...,s100}. We then properly specified the feature map
(s, a) for all (s,a) € Sx.A by solving a set of linear equations such that the transition specifics
of the environment explained above are respected. In order to interpret the requirement of
avoiding dangers as a constraint of form (3.11), we tuned v* and 7 as follows: the cost of
playing action a € A at state s € S is the probability of the agent moving to one of the danger
states. Therefore a safe policy ensures that the expected value of probability of moving to
a danger state is a small value. To this end, we set ¥* = > p. .o states #7(8) and 7= 0.1.
Also, for each state s € S a safe action, playing which leads to one of the danger states with
small probability (7 = 0.1) is given to the agent. We solve a set of linear equations to tune
0" such that at each state s € S, the direction which leads to a state that is closest to the
goal state gives the agent a reward 1, while playing other three directions gives it a reward

0.01. This model persuades the agent to move towards to the goal.

After specifying the feature map ¢ and tuning all parameters, we implemented RSLUCB-
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QVT for 10 interaction units (episodes) i.e, K = 10) each consisting of 1000 time-steps
(horizon), i.e., H = 1000). During each interaction unit (episode) and after each move, the
agent can end up in one of three kinds of states: 1) goal, resulting in a successful termination
of the interaction unit; 2) danger, resulting in a failure and the consequent termination of
the interaction unit; 3) safe. The agent receives a return of 6 for reaching the goal and 0.01

otherwise.

In Figure 3.2, we report the average of success rate and return over 20 agents for each of
which we implemented RSLUCB-QVTI 10 times and compare our results with that of CISR
proposed by [127] in which a teacher helps the agent in selecting safe actions by making
interventions. While the performances of both approaches, RSLUCB-QVI and CISR, are
fairly comparable, an important point to consider is that each interaction unit (episode) in
CISR consists of 10000 time-steps whereas this number is 1000 in RSLUCB-QVI. Notably,
the learning rate of RSLUCB-QVI is faster than that of CISR. Also it is noteworthy that we
comparedRSLUCB-QVI with CISR when it uses the optimized intervention, which gives the

best results compared to other types of intervention.

3.8 Summary

In this chapter, we developed SLUCB-QVI and RSLUCB-QVI, two safe RL algorithms in
the setting of finite-horizon linear MDP. For these algorithms, we provided sub-linear regret
bounds O (/f\/m ), where H is the duration of each episode, d is the dimension of the
feature mapping, k is a constant characterizing the safety constraints, and T'= K H is the
total number of action plays. We proved that with high probability, they never violate the
unknown safety constraints. Finally, we implemented SLUCB-QVI and RSLUCB-QVI on
synthetic and Frozen Lake environments, respectively, which confirms that our algorithms
have performances comparable to that of state-of-the-art that either have knowledge of the
safety constraint or take advantage of a teacher’s advice helping the agent avoid unsafe

actions.
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CHAPTER 4

Doubly Pessimistic Algorithms for Strictly Safe

Off-Policy Optimization

4.1 Introduction

Offline/Batch reinforcement learning (RL) as a method that uses previously collected datasets
in many real-world decision-making applications where obtaining new experiences is costly
has received significant attention [76]. For example, the outcome of a treatment in clinical
trials can be evaluated only after several years and thus, a bad decision can cause long-term
damages. The main focus of offline RL has been on two directions: 1) offline policy evaluation,
which aims at estimating value functions of a target policy, and 2) offline policy optimization,
which aims to find an optimal policy that maximizes the expected cumulative reward. A
key challenge in offline RL is to address the issue of insufficient coverage in the dataset [131]
due to the lack of exploration in data collecting process. There has been a surge of research
activities investigating appropriate conditions on the data collecting process to guarantee
an efficient and successful learning either in policy evaluation or policy optimization regions.

For example, see [45, 143, 153, 147, 146].

Most of the existing offline RL methods in the more challenging category of offline policy
optimization find a policy that under certain coverage assumptions performs well or at
least as well as the behavior policy based on which the available dataset has been collected
[76, 51, 71, 150, 101, 65, 72]. However, the learned policy in the above-mentioned works
explores all possible actions, even though freely exploring all actions may be harmful in many
real-world systems where playing even one unsafe action may lead to catastrophic results.

Safety in RL has become increasingly important in recent years. Yet, many of existing
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solutions fail to strictly avoid choosing unsafe policies, which may lead to catastrophic results
in safety-critical systems. Thus, safety in offline RL has become a serious issue that has
restricted the applicability of offline RL algorithms to many risk-sensitive real-world systems.
For example, in a self-driving car, it is critical to only explore those policies that avoid
crash and damage to the car, people and property. Switching cost limitations in medical
applications [27] and legal restrictions in financial managements [3] are other examples of
safety-critical applications. All the aforementioned safety-critical environments introduce the
new challenge of balancing the goal of reward maximization with the restriction of playing
safe actions and studying the influence of safety constraints in the sample complexity of

finding an optimal safe policy.

4.1.1 Key Contributions

We study offline reinforcement learning (RL) in the presence of safety requirements: from a
dataset collected a priori and without direct access to the true environment, learn an optimal
policy that is guaranteed to respect the safety constraints. We focus on a strong notion
of safety requirement which is modeled as an unknown cost function of states and actions,
whose expected value with respect to the learned policy must fall below a certain threshold
at each time-step an action is played with high probability. We present an algorithm in
the context of finite-horizon Markov decision processes (MDPs), termed Safe-DPVI that
performs in a doubly pessimistic manner when 1) it constructs a conservative set of safe
policies; and 2) when it selects a good policy from that conservative set. Without assuming
the sufficient coverage of the dataset or any structure for the underlying MDPs, we establish a
data-dependent upper bound on the suboptimality gap of the safe policy Safe-DPVI returns.
We then specialize our results to linear MDPs with appropriate assumptions on dataset
being well-explored. Both data-dependent and specialized bounds nearly match that of
state-of-the-art unsafe offline RL algorithms, with an additional multiplicative factor @,
where «ay, characterizes the safety constraint at time-step h. We further present numerical

simulations that corroborate our theoretical findings.
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4.2 Problem Statement

In this section, we first introduce the standard episodic Markov decision process (MDP) which
is augmented by an extra safety/cost function and describe the data collecting process based
on a behavior policy in the underlying MDP. Then, we introduce safety constraint which
must be satisfied at all time-steps that actions are played with high probability. Finally, we

introduce the performance metric.

Episodic Markov decision process. We consider an episodic Markov decision process
(MDP) denoted by M = (S, A, H,P, R,C), where S is the state set, A is the action set,
H is the length of each episode (horizon), P = {P,} | are the transition probabilities,
R = {R,}L are the reward functions, and C' = {C}, }L | are the safety/cost functions, where
R,:SxA— 10,1 and C}, : S x A — [0,1]. For each time-step h € [H], Py(s'|s,a) denotes
the probability of transitioning to state s’ upon playing action a at state s. At each time-step
h € [H], the agent observes the state sj, plays an action a; € A, and observes the next state
Spi1 ~ Pr(.|sp,an), a reward ry, := Ry (sp, an) + mn, and a cost ¢, := Cy(sp, an) + €5, where
N, and €, are random additive noise. We consider a learning problem, where S and A are
known, while the transition probabilities Py, rewards R;, and costs C}, are unknown to the
H,K

agent and must be learned from a given dataset D. The dataset D := {s}, af,r}, c}} pht 18

collected from K i.i.d. trajectories under a behavior policy denoted as 7.

Safety Constraint. We assume that the underlying system is safety-critical and the
environment is subject to a side constraint that restricts the choice of policies. A policy

7= {m,}1L,, where 7, : § — A4 maps S to distributions over A, is called safe if
anwh(.b) [C’h(s,a)] <7, V(s,h) €S x [H] (4.1)

with high probability. We accordingly define the unknown set of safe policies by ITI%¢ :=
{7 m(|s) € T5(s), V(s,h) € S x [H]}, where

[safe(g) 1= {9<.|s) € Au: Eono(ps) [Ch(s,a)] < T}. (4.2)
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Thus, after observing state s;, at time-step h € [H|, the agent’s choice of policy must belong
to 52 (s;,) with high probability. As a motivating example, consider a self-driving car. On
the one hand, the agent (car) is rewarded for getting from point one to point two as fast
as possible. On the other hand, the driving behavior must be constrained to respect traffic

safety standards.

Performance Metric. We define the state-action and state value function @ : S x A — R

and V;7 : S — R for a policy 7 at time-step h € [H] by

H H
Qr(s,a) =E Z T (Spryap)| sp = s,ap, = a,m |, V' (s) = E Z The (Swryap )| Sp = 8,7
W =h+1 W=h

where the expectation is over the environment and the randomness of policy 7. To simplify
the notation, for any function f, we denote [P, f(s,a) := Egp,(|s,0)f(s") and By f](s,a) :=
Ry(s,a) + [Pnf](s,a). Let m. be the optimal safe policy such that V™ (s) = V;*(s) =
SUP,eppsate V' (s) for all (s,h) € S x [H]. Thus, for all (s,a,h) € S x A x [H], the Bellman

equations for the optimal safe policy and an arbitrary policy 7 € II% are:

Qifs0) = BVl Vi) =, max Eeao[Qisi] (43
QZ(& a) = [Bhv};—l](sa CL), Vhﬂ(s) = IEa’\'7Th(-|5) [QZ(S’ a)} ) (44)

where Vi, (s) = Vii,1(s) = 0. Our goal is to learn a safe policy that maximizes the
cumulative expected reward given the collected dataset D. To this end, we define the following

suboptimality gap of a safe policy 7 given by the initial state s; = s as

A(m; 5) = Vii'(s) = Vi (s). (4.5)

4.3 Prior Work

In online setting, the problem of Safe RL formulated with Constrained Markov Decision
Process (CMDP) is studied in [48, 127, 54, 154, 42, 100, 43, 141, 67, 88]. In the above-

mentioned papers, the goal is to find the optimal policy in an online manner that maximizes
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the reward value function V™ (s) (expected total reward) over the safe policies that satisfy
V7 (s) < b, where V(s) is the cumulative expected cost over an entire episode with duration
H and b is a threshold. This safety requirement is defined over an entire episode, and
consequently is less strict than the safety requirement considered in this work, which must be
satisfied at each time-step an action is played. The notion of safety has been used in several
existing offline RL works. However, they fundamentally differ from the definition of safety
considered in our work. For example, safety in [77, 123, 55] means the algorithm returns
a policy with performance at least as good as that of behavior/baseline policy, based on
which the dataset has been collected. In another line of work, [111, 122] empirically study
safety-constrained RL problem and propose algorithms that consist of two distinct offline and
online phases and aim to find an optimal policy for which the expected value of the number
of unsafe states visits is less than some threshold € € (0,1) in the context of discounted
MDPs with discount factor +. In the offline phase, they estimate the safe set of policies form
an available dataset, and then in the online phase, they seek to find the best policy based
on the estimated safe set of policies. The definition of safety constraints studied in all the
above-stated papers is a special case of the notion of safety considered in our work. For
example, if C'(s,a) and 7 in (4.1) are set to be the probability of transitioning to an unsafe
state by playing action a at state s and €(1 — 7) would recover the safety constraint in [122]
for infinite-horizon discounted MDPs. Furthermore, in all the online safe papers, having
7 =b/H in the definition of safety constraint considered in our work in (4.1) would recover
V7 (s) < b. Therefore, the safety requirement considered in our work is much stricter than

those in the existing literature, and naturally covers a wider range of applications.

4.4 Safe-DPVI: A General Framework for Safe Offline Policy Op-

timization

In this section, we formally present Safe Doubly Pessimistic Value Iteration (Safe-DPVI),
summarized in Algorithm 5, that employs the dataset and returns a safe policy 7. We then

introduce two uncertainty quantifiers based on which, we are able to control A(7;s) and
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state our main results on the suboptimality gap’s bound in Theorem 7.

First, we introduce the following assumption, which is necessary to ensure that the safety

constraint in (4.1) is satisfied from the very first time-step.

Assumption 9 (Non-empty safe sets). There exists a known safe policy ™° with known costs

(8) = Equror. s) [Cn(s,a)] < 7. Thus, the sets T2 (s) are non-empty, as 79(s) € T37(s).

This assumption is rather standard and has been widely used in the literature of safe
online RL [15, 88] and safe bandits [11, 97]. This assumption is also realistic in many practical
examples, where the known safe policy could be the one suggested by the current strategy of
the company or a very cost-neutral policy that does not necessarily have high reward but its
cost is far from the threshold. Note that the known safe policy 7° is not necessarily the same
as the behavior policy 7. If the behavior policy 7 is also safe, we can simply treat it as the
known safe policy, i.e., 7 = 7. In Appendix C.3, we show that it is possible to relax the
assumption of knowing the costs of the safe policy 74(s) and when 7° = &, this relaxation

naturally goes through.

Algorithm 5 Safe Doubly Pessimistic Value Iteration

1: Input: D = {sh,ah,rh,ch}hk L

2: Initialization: V,(s) =0, Vs € S

3: for time-steps h = H,...,1 do

4: Compute [B,Vii1](s,a), B,(s,a) and Dy(s), ¥(s,a) € S x A, as defined in Section 4.5.1
for underlying linear MDP.

5 Set Qu(s.a) = {[BaVhn](s, ) - Bg<s,a)}+, W(s,a) €S x A.

6:  Set p(.|s) = arg MaX, |g)ecf, (s )angus) [Qh(s,a)] , Vs e S.

7. Set Vi(s) = Equry(. [Qh(s a)] . Vi(s) = min {Vi(s),H}, Vs € S.

8: end for

©

Output: # = {7, }1L,
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4.4.1 Overview

From a high-level point of view, based on dataset D, Safe-DPVI constructs estimated cost
functions C, : S x A — R, Q-functions Qy : S x A — R, value functions V, : S — R,
and Bellman operator B, such that [EthH](s, a) approximates [BthH](s, a). Note that
the algorithm only relies on construction of [Bth+1](s,a) not By, itself. The algorithm
constructs an estimated set of safe policies IT based on estimated cost functions Cj. To see
how this happens, we first define the following J-safety uncertainty quantifier and d-Bellman
uncertainty quantifier for 6 € (0, 1) that quantify the uncertainty arising from approximating

the cost function C' and [B),Vj+1](s, a), respectively.

Definition 2 (Uncertainty quantifiers). For a fized 6 € (0,1), we call B = { B}, with
By : S x A— R, ad-safety uncertainty quantifier if P (‘C’h(s, a) — C’h(s, a)) < By(s,a),
V(s,a,h) € S x Ax [H]) > 1—0. We also call B = {B}}}_| with B, : S x A = R, a
d-Bellman uncertainty quantifier if P () B Vis1](s,a) — BpViga](s, a)‘ < By (s,a),

V(s,a,h) € S x Ax [H]) >1-0.

Thus, if the agent can compute a d-safety uncertainty quantifier B based on the dataset
D and u§(s,a) = éh(s,a) + By(s,a), then, a natural approximation for IT%* is 1=

{7r cmn(|s) € Ta(s), Y(s,h) € S x [H]}, where

Pa(s) = {9(.|5) € Au: Bygpo [Ul(s,0)] < T} . (4.6)

Thus, Safe-DPVI constructs fh(s) pessimistically as it relies on uf (s, a), which is an upper

confidence bound on Cy(s, a).

Next time Safe-DPVI applies pessimism is when it computes Qh by incorporating 6-

Bellman uncertainty quantifier B’ into the value iteration step as follows

~

Qn(5,0) = { BaVial(s,0) = Bi(s,0)} (@7

After the construction of I', and Qh, the algorithm is ready to return the safe policy
7 = {mn} |, where 7,(.|s) = arg maxy | <p, (s) Ba~o(|s) [Qh(s,a)}, as its output. In the

following theorem, we characterize the safeness and suboptimality gap of Safe-DPVI.
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Theorem 7. Fiz 6 € (0,0.5). Let B and B’ be §-safety uncertainty quantifier and
0-Bellman uncertainty quantifier, respectively, w be the output of Algorithm 5, o, =
2 + #{:&ﬂz(@ and By(s,a) = maX{Bh(s,a),B,’l(s,a)}. Then, under Assumption 9,
if Eqerd (o) [Bi(s,a)] < %h(s) for all (s,h) € S x [H|, then with probability at least
1 — 29, it holds that 1. I includes 7° and therefore it is non-empty and 7 is safe; 2.

A(7; s) < max {Zthl apE [Bh(sh, ap)|s1 = s, ﬂ*} ,Zthl apE [Bh(sh, ap)|s1 = S,’/TO} }

The complete proof is given in Appendix C.1.3.

Now, we comment on the suboptimality gap of Algorithm 5 and how it compares to
that of its unsafe counterpart in [65]. The bound on PEVTI’s suboptimality gap in [65] is
2 E [Bj(sh,an)|s1 = s,7%]. We observe that our bound is comparable with that of
PEVI with the following differences: 1) Instead of Bj, our bound includes a, By, to account
for the uncertainty regarding the additional unknown safety constraints we have to deal with
in our setting; 2) Moreover, we take the maximum of the expected value of the uncertainty of
trajectories induced by both the optimal safe policy 7* and the known safe policy 7, which

once again highlights the role of the known safe policy in Safe-DPVI’s performance.

4.4.2 Proof Sketch of Theorem 7

While point 1 is directly proven from the definition of d-safety uncertainty quantifier B in
Definition 2, the proof of point 2 is more intricate and challenging and uses the following two

key lemmas whose proofs are given in Appendixes C.1.1 and C.1.2.

Lemma 5 (Suboptimality Gap’s Upper Bound Decomposition). Consider a meta-algorithm
that employs the dataset to construct an estimated Q-function Qh :Sx A — R and an
estimated value function V, : S — R. Let 1y(s,a) := [ByVis1](s,a) — Qn(s,a) be the model
evaluation error and 7 be a policy such that Vh(s) = min {EaNﬁh(M [Qh(s, a)] ,H} for all
(s,h) € S x [H|. Then, it holds that

H
A7 s) < ViE(s) — Vi(s) —i—Z]E —un(Sp, ap)

ST =8,T

Term I

~
Term I1
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Recall that (s, a) == [ByVis1](s,a) — Qn(s,a). Thus, 1, and 7 are correlated as they
both depend on the dataset D and thus, the expectation in Term II can be rather large. The
definition of -Bellman uncertainty quantifier B” and the pessimism in computation of Qh(s, a)
helps us eliminate Term II. Note that if [B,Viy1](s,a) — B, (s, a) < 0, then Qx(s,a) = 0 and
therefore —u (s, a) = —[ByViy](s,a) < 0 as Vi(s) > 0 for all (s,h) € S x [H]. Now, suppose

B, Vi) (s,a) — Bl (s,a) > 0. Since B’ is a d-Bellman uncertainty quantifier, we have

~

—un(s,a) = Qn(s,a) — ByViial(s, a) = [BuViial (s, a) — By(s,a) — [BrViia)(s,a) < 0.

This concludes that for all (s,a,h) € S x A x [H], with probability at least 1 — §, it holds

that —u,(s,a) <0, and therefore Term 11 = Zthl E | —th(sn,an)|s1 = s, 7| <O0.

Our main technical contribution towards bounding A(7;s) is given in Lemma 6 that

together with Lemma 5 proves point 2 of Theorem 7.

Lemma 6. Fiz § € (0,0.5). Let B and B’ be d-safety uncertainty quantifier and -
Bellman uncertainty quantifier, respectively. Also, let By(s,a) = max {Bh(s, a), B} (s, a)} and
Fh(8> = max {Z}Iz{:h ah/E [Bh/(sh/, (lh/)|8h =S, W*} 725:}1 Oéh/E [Bh/(sh/, ah/)|sh = S, WO} }

2H
T—maxXses Th(

Then, under Assumption 9 and provided that oy, = 2 + 5 with probability at

least 1 — 26, it holds that

Vii(s) — Vi(s) < Fu(s), Y(s,h) € S x [H]. (4.8)

In safe off-policy optimization, the safe set IT? is not known. Therefore, at each time-step,
the agent’s policy must be chosen from a conservative inner approximation of II**¢. Intuitively,
the better this approximation is, the more likely that the output policy of Safe-DPVT leads
to small suboptimality gap, ideally of the same order as that of PEVI proposed by [65] in the
classical offline RL setting. In order to better highlight the challenging part of our analysis
compared to classical setting without safety constraint, we observe that for all (s, h) € S x [H],

with probability at least 1 — 4, it holds that V;*(s) — Vi(s) < Term i + Term ii, where
Termi = min{ an (3) [Qh(s a)} ,H} — min{ arvitn . [Qh(s a)} ,H} and Term ii =
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2Bj (s,a) — []P’h (VhH - V,;"H)} (s,a)|. A key difference in the analysis of Safe-

DPVI compared to the classical offline RL without safety constraint is that 7} (.|s,) may not

Ears(ls)

lie within the estimated safe set fh(sh), which makes controlling Term i and Term ii more
delicate. This complication lies at the heart of the new formulation with additional safety
constraints. When safety constraints are absent, classical pessimistic offline RL algorithms
such as PEVI in [65] guarantee that Term i is non-positive and by induction it can be shown
that Term i< 230 _ E [B},(sn, aw)|sn, = s,m*]. Unfortunately, this is not the case here as
7% (.|sn) does not necessarily belong to I'(sp,), thus Term i can be positive, which also affects
the bound on Term ii. This extra positive term in the suboptimality gap is the price paid by
Safe-DPVI for choosing safe policies at each time-step h € [H].

4.5 Safe-DPVI: Linear MDP

In this section, we specialize Safe-DPVI and its theoretical guarantees to the case where the
underlying MDP is linear [31, 142, 64]. We further determine sufficient conditions that allow

us to derive finite sample complexity for Safe-DPVI with an underlying linear MDP.

Definition 3 (Linear MDP ). M = (S, A, H,P, R,C) is a linear MDP with feature map
¢:Sx A= RL if for any h € [H], there exist d unknown measures pf, == (i@, ... pur@]7
over S, and unknown vectors 6, ¢y € R? such that Py(.|s,a) = (p; (), (s,a)), Ru(s,a) =
(07, d(s,a)), and Cy(s,a) = ({h, P(s, a)).

4.5.1 Overview

We introduce the quantities that Safe-DPVI constructs based on the dataset D when the
underlying MDP is linear. Recall that I'y(s) in (4.6) depends on Cj, (s, a), an approximation
of Cy(s,a), and By(s,a). In particular, Safe-DPVI constructs Cy (s, a) = <é’h, (s, a)>, where
¢ = argmingcga S on (<l/, G(sk,af)) — 62)2 + Alv|l3 is the least square estimator of ¢

with regularization parameter A > 1 and has the closed form ¢, := A (Zk LP(sk, af). c’fb),
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where Ay, = A\ + Zk LP(sh al)p(sh, af)T. Moreover, Safe-DPVI computes

[BthJrl](sua) = <Wh7¢(3>a>>7 By (s, a) 5”915 S,a HA 1, By(s,a)=f ||¢ S,a HA 1,
(4.9)
where Wy, is the minimizer of the empirical mean squared Bellman error (MSBE), with closed
form
K
wi =AY o(sh, ab). [r,’j + VhH(stH)] : (4.10)
k=1

and (3, 5" > 0 are scaling parameters that will be defined shortly in Theorem 8.

4.5.2 Theoretical Guarantees

Now, we specialize our results in Theorem 7 to the case of linear MDP and provide a sample
complexity for Safe-DPVI when the underlying MDP is linear and certain conditions hold.
First, we make the remaining necessary assumptions under which our proposed algorithm

operates and achieves small suboptimality gap.

Assumption 10 (Subgaussian noise). For all (h,k) € [H] x [K], n¥ and €} are zero-mean

o-subGaussian random variables.

Assumption 11 (Boundedness). Without loss of generality,

o(s HQ<1f0r all (s,a) €
8 x A, and max ([|i(S)|, 16315, 1¢3 1) <V for all b  [H).

Assumption 12 (Well-explored dataset). There exists an absolute constant ¢ > 0 such
that X (21) > ¢, Yh € [H|, where ¥, = Ex [¢(sh, ap)p(sp, ah)T} and Ex is the expectation

taken with respect to the trajectory induced by behavior policy .

Assumptions 10 and 11 are standard in linear MDP and bandit literature [64, 97, 11]. As-
sumption 12 is necessary to ensure that the data collecting process has sufficiently explored A
and S. This assumption is standard in the literature of offline policy optimization/evaluation;

e.g., see [65, 45].

Given these assumptions, we are now ready to present the formal theoretical guarantees

of Safe-DPVI, with underlying linear MDP defined in Definition 3, in the following theorem.
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Figure 4.1: Performance of Safe-DPVI with an underlying linear MDP on Inverted Pendulum.

The shaded regions show standard deviation around the average over 100 realizations.

Theorem 8 (Suboptimality gap of Safe-DPVI: Linear MDP). Let the underlying MDP
of Safe-DPVI be a linear MDP as stated in Definition 3, © be the output of Safe-
DPVI and o, = 2 + —22L_~ Under Assumptions 9, 10, 11, and 12, if K >

T—maxXses Th(s)’

= 21
max §10g(d(1;1)’ 832 A and we set B = o /dlog 2+(SA v
C E(T—mﬂx(s,h)eSx[H] Th(s)) V

cdH log(%) for an absolute constant ¢ > 0, = max{f3, '}, then for any fived § € (0,1/3),

for all s € S, with probability at least 1 — 35, 7 € [I°¥¢ and A(7;s) < %%}(ah

We observe that under the same wide-coverage assumption (Assumption 12), Safe-

DPVI with underlying linear MDP achieves an upper bound on the suboptimality gap

of the safe policy 7, which is nearly of the same order as \/% obtained for the state-
of-the-art unsafe algorithm PEVI in [65]. The complete proof is reported in the Appendix
C.2.

4.6 Experiments

In this section, we present numerical simulations to complement and confirm our theoretical

findings. We apply Safe-DPVI to the control of a simulated Inverted Pendulum environment
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from OpenAl Gym [32]. We consider a pendulum with mass m = 1, length [ = 1, which is
actuated by torque u € [—15,15]. The environment’s state is described by the pendulum’s
angular position 6 € [—m, 7] and its angular rate § € [=5,5]. The system dynamics are
defined as follows

: 39 . 9 3 9 .39 . 3
Opi1 = 0n + 0,00 + 5 sin(6;)0h” + Wuéh i1 = 0h + 5 sin(6,)oh + Wuéh, (4.11)

where g = 9.8 is the gravity constant and dh is the simulation step and we set it to 1.

For real numbers a and b and positive integer number n, let Disc([a,b],n) be a dis-
cretized set formed of uniformly dividing [a, b] into n intervals. We discretize the continu-
ous state and action spaces and consider that S = Disc([—n, 7], 10) x Disc([—5,5],5) and
A = Disc([—15,15],15). Thus, |S| = 50 and |A| = 15. For any s € S, let s(1) and s(2) be the

corresponding pendulum’s angular position and pendulum’s angular rate.

We consider that the transition probability P, the reward R, and the cost C' do not vary
during an episode. In order to induce stochasticity and parametrize P(s|s, a), we assumed
that when a torque a is chosen, an additive random torque affects it. In particular, we
considered that P(s'|s,a) = 0.8 for s’ being the closest element of S to the next state of
playing torque a at pendulum’s angular position s(1) and pendulum’s angular rate s(2)
according to system’s dynamics in (4.11). Moreover, P(s'|s,a) = 0.05 for s’ being the closest
element of S to the next state of playing torque a + i, i € {—6,—3,3,6} at pendulum’s
angular position s(1) and pendulum’s angular rate s(2) according to (4.11). We also let
R(s,a) = ¢ —s(1)*> +0.15(2)? + 0.001a? for all (s,a) € S x A, where c is a constant that
makes the rewards positive, and divided them by max(, 4jcsx.4 R(s,a). This definition for
the reward function encourages learning a controller that keeps the pendulum upright. We
further defined the set of unsafe states as S"™ = {s € S : s(1) ¢ [—7/3,7/3]} and specified
C(s,a) = Y cgumeate P(s'[s,a), and 7 = 0.01. Therefore a safe policy ensures that the
expected value of the probability of moving to an unsafe state is a small value (7 = 0.01).
Note that any tabular MDP with finitely many states and actions can be represented by a
linear MDP. In particular, if we let d =|S||.A| and index each coordinate by an state-action

pair (s,a) € S x A, then a linear MDP with ¢(s,a) = e(sq), Pu(.]s,a) = (ui(.),€a)),
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Rp(s,a) = <0}§,e(s,a)>, and Cp(s,a) = <C2,e(s,a)>, recovers the tabular MDP. As such, for
the inverted pendulum environment with the above-stated tabular MDP, we considered an
underlying linear MDP with standard basis vectors of dimension d = |S||A| as its feature

maps and episode length H = 100.

The performance of Batch RL algorithms can vary greatly from one dataset to another.
To properly assess Safe-DPVI, we repeated the following for 100 times: 1) fixed a randomly
selected safe behavior policy, 7, used in the data collecting process, and created datasets with
size K = 1000, K = 10000, and K = 100000, on Inverted Pendulum environment discussed
above; 2) implemented Safe-DPVI on each of these three datasets, and employed the output
policies for 100 episodes with randomly selected initial state; 3) reported the per-episode
reward and success rate, which is the number of time-steps the pendulum was in safe states
during an episode divided by the duration of each episode H = 100, for each of the output
policies. The results shown in Figure 4.1 depict averages over these 100 realizations, for which
we have chosen ¢ = 0.01, ¢ = 0.05, A = 1. In this figure, we have numerically confirmed
the result of Theorem 8. Figure 4.1a showcases that the rate of unsafe states visits is low
(success rate is high) and therefore the output policy 7 is safe with high probability. Figure
4.1b confirms that 7, for sufficiently large datasets that satisfy wide-coverage assumption

(see Assumption 12), performs near-optimally and better than the behavior policy 7.

4.7 Summary

In this chapter, we developed Safe-DPVI, a safe offline RL algorithm in the setting of episodic
MDPs, that performs in a pessimistic manner when 1) it constructs a conservative set of
safe policies; and 2) when it selects a good policy from that conservative set in the value
iteration step. We guaranteed that Safe-DPVI outputs a policy & which is strictly safe in the
sense that it respects the safety constraint at each time-step that it suggests an action to be
played with high probability. Without assuming the sufficient coverage of the dataset or any
structure for the underlying MDPs, we first established a data-dependent upper bound on the

suboptimality gap of the safe policy Safe-DPVI returns. Then, we specialized our results to
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linear MDPs with appropriate assumptions on dataset being well-explored and proved a high
2 H

probability upper bound on the suboptimality gap of 7, i.e., A(7;s) < %, Vs € S,

which is order-wise comparable to those of its unsafe counter-parts. Finally, we implemented

Safe-DPVI on Inverted Pendulum environment to empirically confirm our theoretical findings.
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CHAPTER 5

Provably Efficient Lifelong Reinforcement Learning

with Linear Representation

5.1 Introduction

Recently, there has been a surging interest in designing lifelong learning agents that can
continuously learn to solve multiple sequential decision making problems in their lifetimes
[124, 69, 108, 140]. This scenario is in particular motivated by building multi-purpose
embodied intelligence, such as robots working in a weakly structured environment [102].
Typically, curating all tasks beforehand for such problems is nearly infeasible, and the
problems the agent is tasked with may be adaptively selected based on the agent’s past
behaviors. Consider a household robot as an example. Since each household is unique, it is
difficult to anticipate upfront all scenarios the robot would encounter. Moreover, the tasks
the robot faces are not independent and identically distributed (i.i.d.). Instead, what the
robot has done before can affect the next task and its starting state; e.g., if the robot fails to
bring a glass of water and breaks it, then the user is likely to command the robot to clean up
the mess. Thus, it is critical that the agent continuously improves and generalizes learned

abilities to different tasks, regardless of their order.

In this work, we theoretically study lifelong reinforcement learning (RL) in a regret
minimization setting [124, 19], where the agent needs to solve a sequence of tasks using
rewards in an unknown environment while balancing exploration and exploitation. Motivated
by the embodied intelligence scenario, we suppose that tasks differ in rewards, but share the

same state and action spaces and transition dynamics [140]. To be realistic, we make no

o7



assumptions on how the tasks and initial states are selected!; generally we allow them to be
chosen from a continuous set by an adversary based on the agent’s past behaviors. Once a
task is specified and revealed, the agent has one chance (i.e., executing one rollout from its

current state) to complete the task and then it moves to the next task.

The agent’s goal is to perform near optimally for the tasks it faces, despite the online
nature of the problem. This means that the accumulated regret of the learner compared
with the best policy for each task should be sublinear in its lifetime. We assume that there
is no memory constraint; this is usually the case for robotics applications where real-world
interactions are the main bottleneck [140]. Nonetheless, we require that the agent eventually
learns to make decisions without frequent deliberate planning, because planning is time
consuming and creates undesirable wait time for user-interactive scenarios. In other words,
the agent needs to learn a multi-task policy, generalizing from not only past samples but also

past computation, to solve new tasks.

Formally, we consider an episodic setup based on the framework of contextual Markov
decision process (CMDP) [1, 57]. It repeats the following steps: 1)At the beginning of an
episode, the agent is set to an initial state and receives a context specifying the task reward,
both of which can be arbitrarily chosen. 2) When needed, the agent uses its past experiences
to plan for the current task. 3) The agent runs a policy in the environment for a fixed horizon
in an attempt to solve the assigned task and gains experience from its policy execution.
The agent’s performance is measured as the regret with respect to the optimal policy of the
corresponding task. We require that, for any task sequence, both the agent’s overall regret

and number of planning calls to be sublinear in the number of episodes.

While lifelong RL is not new, the realistic need of simultaneously achieving 1) sublinear
regret and 2) sublinear number of planning calls for 3) a potentially adversarial sequence
of tasks and initial states makes the setup considered here particularly challenging. To our
knowledge, existing works only address a strict subset of these requirements; especially, the

computation aspect is often ignored. Most provable works in lifelong RL make the assumption

"'We adopt a stricter definition of lifelong RL here to distinguish it from multi-task RL, while there are
existing works on lifelong RL (e.g. [34, 79]) assuming i.i.d. tasks.
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that the tasks are finitely many [19, 151, 35|, or are i.i.d. [18, 34, 4, 5, 79], while others
considering similar setups to ours do not provide regret guarantees [63, 140]. On the technical
side, the closest lines of work are [92, 1, 57, 91, 66] for contextual MDP and [137, 6] for
the dynamic setting of multi-objective RL, which study the sample complexity for arbitrary
task sequences; however, they either assume the problem is tabular or require a model-based
planning oracle with unknown complexity. Importantly, none of the existing works properly
addresses the need of sublinear planning calls, which creates a large gap between the abstract

setup and practice need.

In this chapter, we aim to establish a foundation for designing agents meeting these three
practically important requirements, a problem which has been overlooked in the literature.
As the first step, here we study lifelong RL with linear representation. We suppose that
the contextual MDP is linearly parameterized [142, 64] and the agent needs to learn a
multi-task policy based on this linear representation. To make this possible, we introduce
a new completeness-style assumption on the representation which is sufficient to ensure
the optimal multi-task policy is realizable under the linear representation. Under these
assumptions, we propose the first provably efficient lifelong RL algorithm, Upper Confidence
Bound Lifelong Value Distillation (UCBIlvd, pronounced as “UC Boulevard”), that possesses
all three desired qualities. Specifically, for K episodes of horizon H, we prove a regret bound

O(\/(B3 + d'd)H*K) using O(dH log(K)) planning calls, where d and d’ are the feature

dimensions of the dynamics and rewards, respectively.

From a high-level viewpoint, UCBIlvd uses a linear structure to identify what to transfer
and operates by interleaving 1) independent planning for a set of representative tasks and 2)
distilling the planned results into a multi-task value-based policy. UCBIlvd also constantly
monitors whether the new experiences it gained are sufficiently significant, based on a doubling
schedule, to avoid unnecessary planning. On the technical side, UCBIlvd’s design is inspired
by single-task LSVI-UCB [64], however, we introduce a novel distillation step based on QCQP,
along with a new completeness assumption, to enable computation sharing across tasks; we
also extend the low-switching cost technique [2, 52, 132] for single-task RL to the lifelong

setup to achieve sublinear number of planning calls.

29



5.2 Preliminaries

We formulate lifelong RL as a regret minimization problem in contextual MDP [1, 57] with
adversarial context and initial state sequences. We suppose that a context determines the
task reward but does not affect the dynamics. Such a context dependency is common for
the lifelong learning scenario where an embodied agent consecutively solves multiple tasks.

Below we give the formal problem definition.

Finite-horizon contextual MDP. We consider a finite-horizon contextual MDP denoted
by M = (S, A, W, H,P,r), where S is the state space, A is the action space, W is the task
context space, H is the horizon (length of each episode), P = {P,}/L, are the transition
probabilities, and r = {r, }/_, are the reward functions. We allow & and W to be continuous
or infinitely large, while we assume A is finite such that max,c 4 can be performed easily. For
h € [H], ri(s,a, w) denotes the reward function whose range is assumed to be in [0, 1], and
Py(s'|s,a) denotes the probability of transitioning to state s’ upon playing action a at state
s. In short, a contextual MDP can be viewed as an MDP with state space S x VW and action
space A where the context part of the state remains constant in an episode.? To simplify the

notation, for any function f, we write P,[f](s,a) == Ey.p,(js,a)[f(5)]

Policy and value functions. In a finite-horizon contextual MDP, a policy m = {m, }_, is
a sequence where m, : & X W — A determines the agent’s action at time-step h. Given ,
we define its state value function as V7 (s, w) = ]E[Zg:h e (Swr, T (S, w), w) sy, = s] and
its action-value function as Qf (s, a,w) == (s, a,w) + Pp[Vi7, (., w)](s, a), where QF,, = 0.
We denote the optimal policy as 7} (s, w) = sup, Vi"(s,w), and let V;* :== V;™ and Qj = QT
denote the optimal value functions. Lastly, we recall the Bellman equation of the optimal

policy:

Qn(s,a,w) =rp(s,a,w) + Pp[Vi (L w)l(s,a), Vi(s,w)= max Q1 (s,a,w). (5.1)

2In general, a context-dependent dynamics would take the form Py, (s'|s, a, w).
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Interaction protocol of lifelong RL. The agent interacts with a contextual MDP M
in episodes. For presentation simplicity, we assume that the reward functions r are known,
while the transition probabilities P are unknown and must be learned online; we will discuss
how reward learning can be naturally incorporated in Section 5.4.3. At the beginning of
episode k, the agent receives a task context w* € VW and is set to an initial state s¥, both of
which can be adversarially chosen. The agent can use past experiences to plan for the current
task, if needed. Then the agent executes its policy 7*: at each time-step h € [H], it observes
the state s, plays an action af = 75 (sF, w), observes a reward 7} = 1, (s, af, w"), and goes

to the next state sf,; according to Py(.|sf, af). Let K be the total number of episodes. The

agent’s goal is to achieve sublinear regret, where the regret is defined as
Ric 1= 30 Vi (s, wh) = Vi (st wh), (5.2)

As the comparator policy above (namely 7* that defines V}*) also knows the task context,
achieving sublinear regret implies that the agent would attain near task-specific optimal

performance on average.

Linear model representation. We focus on MDPs with linear transition kernels and

reward functions [64, 142] that are encapsulated in the following assumption.

Assumption 13 (Linear MDPs). M = (S, A, H,P,r, W) is a linear MDP with feature maps
¢ SxA—=REandp: S x AxW — RY. That is, for any h € [H], there exist a vector
n, and d measures py, = [, ..., DT over S such that Ppy(.|s,a) = (p,(.), ¢(s,a))
and (s, a,w) = <77h, (s, a,w)>, for all (s,a,w) € S x A x W. Without loss of generality,
(s, a)||, < 1. ||eb(s,a,w), < 1, ||mu(s)||, < Vd, and |||, < Vd' for all (s,a,w,h) €
SxAxW x[H].

In real-world problems, we can use the context to model the task specification of a problem.
For example, if we want to design household robots to assist humans with a series of tasks
like cooking, cleaning, washing dishes, lawn mowing, vacuuming, we can treat the the context

as a natural language instruction that the human user would give to the robot, and we can
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view the representations @ and ¢ as the embedding of a deep neural network model that has

been pre-trained.

Example 1 (Weighted rewards). An interesting and common special case is P (s, a,w) =
¢(s,a) ® p(w), for some mapping p : W — R™. In this case, it holds that d = md and
ri(s,a,w) = (p(w),ru(s, a)), where ry(s,a) = App(s,a) € R™, for some Aj, € R™*?, is the
vector reward functions at time-step h. We can view rp(s,a,w) as a weighted reward with
weights p(w) that depend on task w. This setting is closely related to Multi-Objective RL
studied for tabular case in [137], which studies the case where p(w) = w € R™ along with
tabular S and A.

5.3 A Warm-up Algorithm for Lifelong RL

We first present a warm-up algorithm based on linear representation, termed Lifelong Least-
Squares Value Iteration (Lifelong-LSVI), in Algorithm 6, which is a straightforward extension
of the single-task LSVI-UCB algorithm proposed by [64] to the lifelong learning setting. The
motivation of this warm-up algorithm is to give intuitions on how the problem structure in
Assumption 13 can be used to achieve small regret and discuss the computational difficulty

in lifelong learning.

We will show that Lifelong-LSVT has a sublinear regret bound, which matches the minimax
optimal rate in the special case studied by [137] in terms of number of objectives, m (see
Example 1). However, we will also show that Lifelong-LSVI is not computationally efficient,
in the sense that the number of planning calls it requires grows linearly with the number of
episodes, which would mean the overall computational complexity grows quadratically. This
high computation cost is because the agent never learns to internalize the task solving skills
but requires going though all past experiences for planning every time a new task arrives.
Importantly, we will discuss why it cannot be made computationally efficient in an easy
manner without further assumptions on the representation. This drawback motivates our
new completeness assumption and our main algorithm, UCBIvd, which is provably efficient

in terms of both regret and number of planning calls, in Section 5.4.
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We remark that Lifelong-LSVI is only a warm-up algorithm that guides the reader to
understand the mechanisms used for addressing the problem, motivates the need for UCBIvd,
and shows what regret bound is possible when computational complexity is not a concern

(though being impractical).

5.3.1 Algorithmic Notations

To begin, we introduce the template and the notations that will be used commonly in
presenting the warm-up algorithm, Lifelong-LSVI, and later our main algorithm, UCBIlvd.
For each algorithm, first we will define an algorithm-specific action-value function QF :
S x Ax W — R, which determines the agent’s policy at time-step A in episode k; then we
present the full algorithm and its analysis using the quantities below, which are defined with

respect to each algorithm’s definition of QF.

Given {Q} }hepn], we define state value functions and their backups as

Vi) = min {mox Qi (s, acw) | 0hGw) = [ VLS whd (), (53)

Thanks to the linear MDP structure in Assumption 13, it holds that

P (Vi (o w)| (s,0) = (05 (w), é(s,a)) (5.4)
Let A > 0 be a constant. We define the A-regularized least squares estimator of 85 (w) as
N kel k—1
B(w) = (AL) 3 @iVl (shyn w), where Af = M+ Y- gigi’,  (5.5)
=1 T=1

and é:(w) is the solution to mingepa S2°_1((0, ¢(s7, af)) — VE (5T, w)? + N85, o =

@(s7,a7), and I; € R¥? is the identity matrix.

5.3.2 Details of Lifelong-LSVI and its Theoretical Guarantees

We define the upper confidence bound (UCB) style action-value function of Lifelong-LSVI
as follows:

Qh(s.a,w) = (5,0, w) + (B3(w), ¢(5.0) ) + 5| (s, )| s, 1 (5.6)
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Algorithm 6 Lifelong-LSVI
1: Set: Q% .(.,.,.) =0, Vk € [K]
2: for episodes k=1,..., K do

3:  Observe the initial state s¥ and the task context w*.

4:  for time-steps h = H,...,1 do

5: Compute éz(wk) as in (5.5) using Qj ., defined in (5.6).

6: end for

7. for time-steps h=1,..., H do

8: Compute QF (s, a,w*) for all a € A as in (5.6).

9: Play aj = argmax,c 4 QF(sf,a,w") and observe s}, and r}.
10:  end for

11: end for

where Q% , = 0 and éi(w) and A are defined in (5.5). Here, /3 is an exploration factor
that will be appropriately chosen in Theorem 9. At episode k, given w”, Lifelong-LSVTI first
performs planning backward in time based on past data to compute éi(wk) in (5.5) using
Q. defined in (5.6) (Lines 4- 5). Then, in execution, it uses éi(wk) to compute QF (sF, a, w*)
for the current state and all a € A (Line 8) and executes the action with the highest value
(Line 9).

We show that Lifelong-LSVI achieves sublinear regret for our lifelong RL setup. The
complete proof is reported in Appendix D.1, which follows the ideas of LSVI-UCB [64].

Theorem 9. Let T'= KH. Under Assumption 13, there exists an absolute constant ¢ > 0
such that for any fized § € (0,0.5), if we set A\ =1 and = cH <d—l— \/E) \/log(dd'T/6) in
Algorithm 6, then with probability at least 1 — 26, it holds that Ry < O <\/(d3 + dd’)H3T>.

Before introducing our main algorithm in Section 5.4, we make a few remarks on the
regret and number of planning calls of Lifelong-LSVI. First, Theorem 9 implies that for
the special case studied by [137] (Example 1), the regret bound of Lifelong-LSVI becomes
O(vVmd*H3T). This rate is optimal in terms of its dependency on m, as shown in [137].
Furthermore, this rate matches the LSVI-UCB’s regret dependencies on d and H for the
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single-task setting [64].

~k

While Lifelong-LSVT has a decent regret guarantee, it requires computing 6, (w*) for all

h € [H], whenever a distinct new task w" arrives. Since the number of unique tasks may be
as large as K, the total number of planning calls required in Lifelong-LLSVI is K in the worst

case.

Unfortunately, the number of planning calls of Lifelong-LLSVI cannot be easily improved,
because under Assumption 13 alone, the optimal Q-function Qj (s, a,w) of the CMDP can be
nonlinear in the representation 1. As a result, for any algorithm that represents its policy
linearly based on both % and ¢, in general it is necessary to recompute the coefficients for
every new w to be optimal. For Lifelong-LSVTI specifically, this nonlinear dependency shows
up in éi(w) of QF(s,a,w) in (5.6).

In the next section, we discuss how placing a completeness-style assumption, which ensures
Q5 (s,a,w) can be linearly parameterized by %, would circumvent the issue of non-linear
dependency of the action-value functions on w, and consequently would enable computation

sharing to decrease the number of planning calls to O(dH log(K)).

5.4 UCB Lifelong Value Distillation (UCBIlvd)

In this section, we present our main algorithm, UCB Lifelong Value Distillation (UCBIvd),
in Algorithm 7. Under new completeness-style assumption that we will introduce in Section
5.4.1, we show that UCBIvd shares the same regret bound as Lifelong-LSVI but significantly
reduces the number of planning calls to be logarithmic in K. In contrast to Lifelong-LSVI
which learns individual action-value function for each w*, UCBIvd learns a single action-value
function for all w € W based on 9 (s,a,w) to enable computation sharing across tasks,
which is made possible by the extra completeness-style assumption. In general, in order to
directly extend Lifelong-LSVI to only use feature (s, a,w) € RY with d’ > d, we need a
context-dependent dynamics structure, which would eventually increase the regret. UCBIlvd
maintains the same order of regret as Lifelong-LLSVI by separating the planning into a novel

two-step process: 1) independent planning with ¢ for a set of representative task contexts
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and 2) distilling the planned results into a multi-task value function parameterized by 1. In
addition, UCBIlvd runs a doubling schedule to decide whether replanning is necessary, which

makes the total number of planning calls logarithmic in K.

5.4.1 Enabling Computation Sharing

As lifelong RL with Assumption 13 alone would require replanning in every episode in general
(see Section 5.3), here we introduce new structural assumptions on % to enable computation

sharing across tasks. First, we define the following class of functions

Jr !
]::{f tf(s,w) :min{max{(u,’t,b(s,a,w))+ﬁH¢(s,a)HA_1} ,H},VERd7A€ SfiH_,BZO}

acA

where S?_ denotes the set of symmetric positive definite matrices. We now state our main

completeness-style assumption.

Assumption 14 (Completeness). For any f € F and h € [H], there exists a vector €£ e R¥
wz’th“&'ﬁ” < HVd' such that Py, [f(.,w)} (s,a) = (££,¢(s,a7w)>.

This assumption says that the backups of functions in F are captured by the feature )
with bounded parameters. The definition of F closely models the structure of action-value
function used by Lifelong-LSVI in (5.6), except @Z(w), ¢(s,a)) there is replaced by functions
linear in (s, a,w). We will see that the action-value function used by UCBlvd defined in
the next section is contained in F. In addition, by setting f = 0 in F and (5.1), we see
Q5 (s,a,w) is linearly realizable by 1 under Assumption 14. We note that a similar notion
of this assumption is mentioned in previous work for single-task settings under the name of

“optimistic closure” [133].

Inspired by Example 1, we now introduce the next assumption on the structure of .
Assumption 15 (Mappings). We assume ¥(s,a,w) = ¢(s,a) @ p(w), for some mapping
p:W — R”, ie., d =md We assume that there is a known set {w™ w® .. . w™}
of n < m task contexts such that p(w) € Span({p(w'9)};ci)) for all w € W. That is, for
any w € W, there exist coefficients {c;(w)}jem such that p(w) = 3., cj(w)p(w). We

assume Zje[n]|cj(w)| < L for allw € W and some L < cc.
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Note that, for finite-dimensional representations, such set {p(w)};cp,) always exists. We

assume that this set {w® w® ... w™} is known to the algorithm

5.4.2 Details of UCBIlvd

We define the UCB style action-value function of UCBIlvd as follows:
+
N
Q5,0 w) = {rh<s,a,w> + (&) ) + 2L5}|¢<s,a>H(AZ>1} )

The parameter é: is computed by solving the convex quadratically constrained
quadratic program (QCQP) in (5.8), which is defined on a set of representative
task contexts {w™, w® ... w™} in Assumption 15 and state-action pairs D =
{(s,a) : @(s,a) are d linearly independent vectors. }.
& 00, Y = aremin 337 (09, 6(5.0)) — (€. w(s.a ) (58)
&{69} . jenl (s.0)eD

st.[|69 — Ohw)|| <8, Vi€l and [gl, < HVmd
h

where é:(w) and A} are defined in (5.5). In Appendix D.2.3, we will show that the action-value

function in (5.7) is an optimistic estimate of the optimal action-value function.

UCBIvd also uses the linear dependency of Q¥ on % to reduce calls of the planning step
n (5.8). The agent triggers replanning only when it has gathered enough new information
compared to the last update at episode k. This is measured by tracking the variations in
Gram matrices {A}}yc(a (Line 4 for Algorithm 7). Finally, when executing the policy at

episode k, the agent chooses the action according to QE in Line 12.

5.4.3 Theoretical analysis of UCBIlvd

We present our main theoretical result which shows UCBIlvd achieves sublinear regret in
lifelong RL using sublinear number of planning calls, for any sequence of tasks. The proof is

given in Appendix D.2.

Theorem 10. Let T'= KH. Under Assumptions 13, 14, and 15, the number of planning
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Algorithm 7 UCBIlvd (UCB Lifelong Value Distillation)

1: Set: Q. (,.,.) =0, Vke€ [K], k=1
2: for episodes k =1,..., K do
3:  Observe the initial state s¥ and the task context w*.

4:  if 3h € [H] such that logdet A} — log det A}% >1 then

5: k=k

6: for time-steps h = H,...,1 do
7 Compute éi as in (5.8).

8: end for

9: end if

10:  for time-steps h=1,...,H do

11: Compute Q%(sfl, a,w) for all @ € A as in (5.7).

12: Play af = arg max, 4 Qk(s*, a,w*) and observe sy, and 7.
13:  end for

14: end for
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calls in Algorithm 7 is at most dH log(1 + %), and there exists an absolute constant ¢ > 0
such that for any fized § € (0,0.5), if we set A =1 and = cH(d + vVmd)+/log(mdT/d) in
Algorithm 7, then with probability at least 1 — 26, it holds that Rix < O (L\/(d3 + md2)H3T).

Theorem 10 shows that UCBIvd has the same regret bound as Lifelong-LLSVI in Theorem 9,
but reduces the number of planning calls from K to dH log(1+ K /d)). As we discussed before,
this is made possible by the unique QCQP-based distillation step of UCBIlvd in (5.8). If we were
to simply perform least-squares regression to fit (¢ (s, a, w), é:> to {(¢(s,a), é:(w(j))}je[n] for
distillation, we cannot guarantee the required optimism, because (¢(s, a), éi(w» computed

based on finite samples can be an irregular function that cannot be modelled by ¥ (s, a, w).

Remark 2. If the rewards are unknown, we can adopt a slightly different completeness
assumption with an extra bonus in terms of ¥, and then combine tools from linear bandits [2]
and our proof of Theorem 10. Because reward learning affects the radius of the confidence
intervals for 0% (w), the number of planning calls and regret would increase by factors of O(m)

and O(y/m) 3, respectively, compared to those in Theorem 10. See Appendiz D.3 for details.

Remark 3. [t is possible to eliminate the assumption that ¥ (s,a,w) = ¢(s,a) @ p(w). In
this case, our analysis would instead require a set {w(l), w®, ... ,w(”)} of n tasks such that
P(s,a,w) € Span({w(s,a,w(j))}je[n]) for all (s,a,w) € S x A xW. In Appendiz D.4, we
provide details of this relaxation, and show that this version still enjoys the same planning

calls and regret as in Theorem 10.

Remark 4. We can eliminate Assumptions 13 and 15 and instead design a computation-
sharing version of Lifelong-LSVI under a sightly different completeness assumption with
a class F, whose exploration bonus s ﬁH@b(s,a,w)HA—l. This assumption naturally in-
cludes settings with linear MDP wn which dynamics also change with task context, 1i.e.,
for all h € [H], it holds that Py(.|s,a,w) = (u,(.),¥(s,a,w)) for d unknown mea-

1 &
sures [t pt®]T

LSVI would use Q% (s, a,w) = {ri(s, a,w) + (&5, (s, a,w)) + B||¢(s,a,w)H(A;Z)_l}+, where

Under this assumption, a slightly modified version of Lifelong-

3While for both settings in this remark and Remark 4, the action-value functions contain exploration bonus
in terms of 1, the regret here is better by a factor of \/m and this is because the multiplicative factor 8 here
saves a factor \/m compared to that in Remark 4.
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o = (Ay) ™ 42 . min{max,ea Qfy (5F,y. 0, w7), HY, Ay = My + 352 wjapy |, 0 =
Y(sh,a,w”), and B = O(d'). However, in Appendiz D.5, we show how these new algo-
rithm and assumption result in @(de) number of planning calls and a regret scaling with
O(Vm3d3) for settings with (s, a,w) = ¢(s,a) @ p(w). These are worse than the number
of planning calls and regret in Theorem 10 of UCBIlvd by a factor of O(m).

Remark 5. A natural follow-up relazation of Assumption 14 is when the equality holds
up to an error of (. In Appendix D.6, we show that this relaxation results in a regret
O (WT{ + /A (&3 + md2)H3T> and the same number of planning calls as that in Theorem
10. When C is sufficiently small, i.e., ( = O(\/m), UCBlvd will still enjoy a regret

of the same order as that in Theorem 10.

5.4.4 Proof Sketch of Theorem 10

Because the proof of planning calls’ upper bound follows standard arguments in low switching
cost analysis of [2], in this section, we focus on the proof sketch for the regret bound. We

start by introducing the high probability event &, which is the foundation of our analysis:

E1(w) = {Haz(w) - éﬁj(w)‘ e S BV E) € [H] x [K]} . (5.9)

The following lemma highlights the importance of the carefully designed planning step in (5.8),

Vo

which ensures good estimators for £,"*" without the need of bonus term Hv,b(s, a, w)” ([\’“)71'
h

This step saves a factor O(m) in planning calls and regret.

Lemma 7. Let W = {w” : 7 € [K]}U{wY :j € [n]}. Under the setting of Theorem 10
and conditioned on events {&1(w)}, o5 defined in (5.9), for all (s,a,w,h,k) € S x A x W x

[H] x [K], it holds that‘(éi,z,b(s,a,w)) - Ph[th+1(.,w)](s,a)‘ < 2L5||¢(3,a)H(A,E)_1.

As the final step in the regret analysis, we use Lemma 7 to prove the optimistic nature
of UCBIvd, i.e., Q%(s,a,w*) > Qi (s,a,w") for all (s,a,h, k) € S x Ax [H] x [K]. Then
following the standard analysis of single-task LSVI-UCB we derive the regret bound in
Theorem 10.
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5.4.5 Experiments

We implemented our main algorithm UCBIlvd on synthetic environments and compared its
performance with the warm-up algorithm Lifelong-LLSVI, which is viewed as an idealized
baseline ignoring the computational complexity. In all the experiments, the same setting,
task sequences and feature mappings were used for both UCBIvd and Lifelong-LSVI. Figure
5.1a depicts per-episode rewards for the main setup considered throughout the chapter, and
Figure 5.1b shows those for the setup in Remark 3. The plots verify that Lifelong-LSVI and
UCBIvd statistically perform almost the same while UCBlvd uses much smaller numbers of
planning calls (1000 vs ~ 20). We remark that Lifelong-LSVI has an overall computation
complexity of O(K?), which makes it not practical for the lifelong learning setting, as its
planning complexity increases linearly with the number of samples. The details on the

parameters of simulations are deferred to Appendix D.8.
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Figure 5.1: UCBIvd vs Lifelong-LSVI. The experimental results include 50 seeds.

5.5 Related Work

We consider the regret minimization setup of lifelong RL under the contextual MDP framework,
where the agent receives tasks specified by contexts in sequence and needs to achieve a sublinear

regret for any task sequence. Below, we contrast our work with related work in the literature.
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Lifelong RL. Generally lifelong RL studies how to learn to solve a streaming sequence
of tasks using rewards. While it was originally motivated by the need of endless learning of
robots [124], historically many works on lifelong RL [18, 34, 4, 5, 79] assume that the tasks
are i.i.d. (similar to multi-task RL; see below). There are works for adversarial sequences,
but most of them assume finite number of tasks [35, 19, 151] or are purely empirical [140].
The work by [63] uses contexts to enable zero-shot learning like here, but it (as well as most
works above) does not provide formal regret guarantees.* [35] and [140] assume the task
identity is latent, which requires additional exploration; in this sense, their problem is harder
than the setup here where the task context is revealed. Extending the setup here to consider

latent context is an important future direction.

Contextual MDP and Multi-objective RL. Our setup is closely related to the ex-
ploration problem studied in the contextual MDP literature, though contextual MDP is
originally not motivated from the lifelong learning perspective. A similar mathematical
problem appears in the dynamic setup of multi-objective RL [137, 6], which can be viewed as
a special case of contextual MDP where the context linearly determines the reward function
but not the dynamics. Most contextual MDP works allow adversarial contexts and initial
states, but a majority of them focuses on the tabular setup [1, 57, 91, 92, 80, 137], whereas
our setup allows continuous states. [66] and [44] allow continuous state and action spaces, but
the former assumes a planning oracle with unclear computational complexity and the latter
focuses on only LQG problems. While generally contextual MDP allows both the reward and
the dynamics to vary with contexts, we focus on the effects of context-independent dynamics
similar to [66, 137]. In particular, the recent work of [137] is the closest to ours, but they

study the sample complexity in the tabular setup with linearly parameterized rewards. In

view of Example 1, their proposed algorithm has a regret bound O(y/min{m,|S[}H|S[|A| K).
However, they need linear number of planning calls. On the contrary, our algorithm, UCBIlvd,

allows continuous states, nonlinear context dependency, and has both sublinear regret and

419] give regret bounds but only for linearized value difference; [35] show regret bounds only for finite
number of tasks.
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number of planning calls.

Multi-task RL. Another closely related line of work is multi-task RL. Compared to our
setting, multi-task RL assumes that there are beforehand known finite tasks and/or they are
i.i.d. samples from a fixed distribution. For example, in [144, 61, 33, 49, 152, 109], tasks are
assumed to be chosen from a known finite set, and in [144, 135, 33, 116], tasks are sampled
from a fixed distribution. By contrast, our setting provides guarantees on regret and number

of planning calls for adversarial task sequences.

5.6 Discussion

In this chapter, we frame lifelong RL as contextual MDPs and identify a new completeness-
style assumption to enable provably efficient lifelong RL with linear representation. We
propose UCBIlvd, an algorithm that simultaneously satisfies the practical need of achieving
1) sublinear regret and 2) sublinear number of planning calls for 3) any sequence of tasks
and initial states. Specifically, for K task episodes of horizon H, we prove that UCBIlvd
has a regret bound O(+/(d3 + d'd)H*K) based on O(dH log(K)) number of planning calls,

where d and d’ are the feature dimensions of the dynamics and rewards, respectively. We
believe that our results would inspire new research directions in the literature of CMDP and
multi-objective RL, as existing work to our knowledge does not cover the computation-sharing
aspect of lifelong RL. That said, our work’s limitations motivate further investigations in the
following directions: 1) extension to more general class of MDPs, potentially using general
function approximation/representation tools, 2) establishing an information-theoretic lower

bound on the number of planning calls/computation complexity.
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CHAPTER 6

Distributed Contextual Linear Bandits with Minimax

Optimal Communication Cost

6.1 Introduction

In the contextual bandit problem, a learning agent repeatedly makes decisions based on
contextual information, with the goal of learning a policy that maximizes their total reward
over time. This model captures simple reinforcement learning tasks in which the agent
must learn to make high-quality decisions in an uncertain environment, but does not need
to engage in long-term planning. Contextual bandit algorithms are deployed in online
personalization systems such as medical trials and product recommendation in e-commerce
8, 121]. For example, by modelling personalized recommendation of articles as a contextual
bandit problem, a learning algorithm sequentially selects articles to be recommended to users
based on contextual information about the users and articles, while continuously updating

its article-selection strategy based on user-click feedback to maximize total user clicks [82].

Distributed cooperative learning is a paradigm where multiple agents collaboratively
learn a shared prediction model. More recently, researchers have explored the potential of
contextual bandit algorithms in distributed systems, such as in robotics, wireless networks,
the power grid and medical trials [84, 24, 28, 115]. For example, in sensor/wireless networks
[24] and channel selection in radio networks [85, 86, 87|, a collaborative behavior is required

for decision-makers/agents to select better actions as individuals.

While a distributed nature is inherent in certain systems, distributed solutions might also

be preferred in broader settings, as they can lead to speed-ups of the learning process. This
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calls for extensions of the traditional single-agent bandit setting to networked systems. In
addition to speeding up the learning process, another desirable goal of each distributed learning
algorithm is communication efficiency. In particular, keeping the communication as rare as
possible in collaborative learning is of importance. The notion of communication efficiency in
distributed learning paradigms is directly related to the issue of efficient environment queries
made in single-agent settings. In many practical single-agent scenarios, where the agent
sequentially makes active queries about the environment, it is desirable to limit these queries
to a small number of rounds of interaction, which helps to increase the parallelism of the
learning process and reduce the management cost. In recent years, to address such scenarios,
a surge of research activity in the area of batch online learning has shown that in many
popular online learning tasks, a very small number of batches may achieve minimax optimal
learning performance, and therefore it is possible to enjoy the benefits of both adaptiveity
and parallelism [103, 58, 53]. In light of the connection between communication cost in
distributed settings and the number of environment queries in single-agent settings, a careful
use of batch learning methods in multi-agent learning scenarios may positively affect the
communication efficiency by limiting the number of necessary communication rounds. In
this chapter, we first prove an information-theoretic lower bound on the communication cost
of distributed contextual linear bandits, and then leverage such batch learning methods to
design an algorithm with a small communication cost that matches this lower bound while

guaranteeing optimal regret.

6.1.1 Problem Formulation

We consider a network of N agents acting cooperatively to efficiently solve a K-armed
stochastic linear bandit problem. Let 7" be the total number of rounds. At each round ¢t € [T7,
each agent i is given a decision set X} = {x], : a € [K]} C R?, drawn independently from a
distribution D;. We assume that D; = D for all (i,t) € [N] x [T]. Here, X, is a mapping
from action a and the contextual information agent ¢ receives at round ¢ to the d-dimensional
space. We call Xi’a the feature vector associated with action a and agent ¢ at round ¢. Agent

i selects action a;; € [K], and observes the reward y; = (0,x;,.,) +1;, where 6 € R? is an
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Setting Algorithm | Regret Communication cost Communication]
cost lower
bound

Contexts are fixed | DELB O (dv/NTlogT) O ((dN + dloglogd) log T')

over time horizon and | with

agents server

[134]

Contexts adversarially| DisLinUCB| O <d\/ﬁ log? T) @ (d3N1'5)

vary over time horizon| with

and agents server

[134]

FedUCB | O (dVNTlog?T) O (d3NL5)
with

server [46]

Contexts adversari- | Fed-PE O(y/dNTlog(KNT)) O ((d%2 + dK)NlogT)

ally vary over agents | with
server [62]

Contexts stochastically DisBE- O( \/dNT log dlog? (K NT)) O (dN loglog(NT)) Q(dN)

vary over time horizon| LUCB

and agents (this with

work) server

DecBE- O(NS + | O (S8maxdN loglog(NT))
LUCB VJAN(T + S) log dlog?(KNT))

without

server

Table 6.1: N: number of agents; K: number of arms; T": time horizon; d: dimension of the
feature vectors; S = b\/gﬂ |A2|: the second largest eigenvalue of communication matrix in
absolute value; d,,.x is the maximum degree of the graph representing agents’ network. The
lower bound for the communication cost is interpreted as follows: For any algorithm with
expected communication cost less than ng , there exists a contextual linear bandit instance

with stochastic contexts, for which the algorithm’s regret is Q(N+/dT'). See Theorem 11.

unknown vector and 7! is an independent zero-mean additive noise. The agents are also
allowed to communicate with each other. Both the action selection and the communicated
information of each agent may only depend on previously played actions, observed rewards,
decision sets, and communication received from other agents. Throughout the chapter, we

rely on the following assumption.
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Assumption 16. Without loss of generality, |0, <1, ||x{,[l2 <1,

yi| <1 for all (a,i,t) €
(K] x [N] x [T]. Also, the distribution D is known to the agents.

The boundedness assumption is standard in the linear bandit literature [39, 41, 62].
Moreover, our results can be readily extended to the settings where the assumption on
the boundedness of y! is relaxed by assuming the noise variables 5} are conditionally o-
subGaussiam for a constant ¢ > 0. As such, a high probability bound on 7{ and consequently
yi can be established, which is desired in our analysis for establishing confidence intervals in

Appendix E.2.1.

Our assumption on the knowledge of D is fairly well-motivated. A standard argument is
based on having loads of unsupervised data in real-world scenarios. For example, Google,
Amagzon, Netflix, etc, have collected massive amounts of data about users, products, and
queries, sufficiently describing the joint distributions. Given this, even if the features change
(for a given user or product, etc.), their distributions can be computed/sampled from as the
features are computed via a deterministic feature map. In light of this, [59] recently studied
contextual linear bandits with known context distribution. We further relax this assumption

in Remark 8 in Section 6.4.2.

Goal. The performance of the network is measured via the cumulative regret of all agents

in T rounds, defined as

RT = E[Zle Zil(ev Xi,t> - <0> Xi)]v (61)

where the expectation is taken over the random variables X7, (i,t) € [N] x [T] with joint
distribution ®f\gl D;, x; and X}, € argmax,cy;(0,%) are the feature vectors associated
with the action chosen by agent ¢ at round ¢ and the best possible action, respectively.

For simplicity, in our algorithms the communication cost is measured as the number of
communicated real numbers over the course of T rounds. In Section 6.3, we also discuss

variants of our methods where the communication cost is measured as the number of

communicated bits.
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The goal is to design a distributed collaborative algorithm that minimizes the cumulative
regret, while maintaining an efficient coordination protocol with a small communication
cost. Specifically, we wish to achieve a regret close to O(v/dNT) that is incurred by an
optimal single-agent algorithm for NT rounds (the total number of arm pulls) while the

communication cost is O(dN) with only a mild (logarithmic) dependence on T',

A motivating example. In news article recommendation, the candidate actions correspond
to K news articles. At round ¢, an individual user visits an online news platform that has
N servers employing the same recommender systems to recommend news articles from an
article pool. The contextual information of the user, the articles and the servers at round
t is modeled by &} = {x}, : a € [K]}, characterizing user’s reaction to each recommended
article a (e.g., click/not click) by server i, and the probability of clicking on a is modeled by
(6, Xi7a>, which corresponds to the expected reward. On the distributed side, these IV servers
collaborate with each other by sharing information about the feedback they receive from the
users after recommending articles in an attempt to speed up learning the users’ preferences.
In this example, the individual users and articles can often be viewed as independent samples

from the population which is characterized by distribution D.

6.1.2 Contributions

We establish a lower bound on the communication cost of distributed contextual linear
bandits. We propose algorithms with optimal regret and communication cost matching our
lower bound (up to logarithmic factors) and growing linearly with d and N while those of
previous best-known algorithms scale super linearly either in d or N. Below, we elaborate

more on our contributions:

Minimax lower bound for the communication cost. As our main technical contribu-
tion, in Section 6.3, we prove the first information-theoretic lower bound on the communication
cost (measured in bits) of any algorithm achieving an optimal regret rate for the distributed

contextual linear bandit problem with stochastic contexts. In particular, we prove that for
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any distributed algorithm with expected communication cost less than ‘é—JZ, there exists a

contextual linear bandit problem instance with stochastic contexts for which the algorithm’s

regret is Q(NVdT).

DisBE-LUCB. We propose a distributed batch elimination contextual linear bandit
algorithm (DisBE-LUCB): the time steps are grouped into M pre-defined batches and at each
time step, each agent first constructs confidence intervals for each action’s reward, and the
actions whose confidence intervals completely fall below those of other actions are eliminated.
Throughout each batch, each agent uses the same policy to select actions from the surviving
action sets. At the end of each batch, the agents share information through a central server
and update the policy they use in the next batch. We prove that while the communication
cost of DisBE-LUCB is only O(dN), it achieves a regret O(v/dNT), which is of the same
order as that incurred by a near optimal single-agent algorithm for NT rounds . This shows
that DisBE-LUCB is nearly minimax optimal in terms of both regret and communication cost.
We highlight that while DisBE-LUCB is inspired by the single-agent batch elimination style
algorithms [103] in an attempt to save on communication as much as possible, a direct use of
confidence intervals used in such algorithms would fail to guarantee optimal communication
cost O(dN) and require more communication by a factor of O(d). We address this issue by

introducing new confidence intervals in Lemma 9. Details are given in Section 6.4.

DecBE-LUCB. Finally, we propose a fully decentralized variant of DisBE-LUCB without
a central server, where the agents can only communicate with their immediate neighbors
given by a communication graph. Our algorithm, called decentralized batch elimination linear
UCB (DecBE-LUCB), runs a carefully designed consensus procedure to spread information
throughout the network. For this algorithm, we prove a regret bound that captures both the
degree of selected actions’ optimality and the inevitable delay in information-sharing due to
the network structure while the communication cost still grows linearly with d and N. See

Section 6.4.4.

We complement our theoretical results with numerical simulations under various settings

79



in Section 6.5.

6.2 Related Work

Distributed MAB. Multi-armed bandit (MAB) in multi-agent distributed settings has
received attention from several academic communities. In the context of the classical K-armed
MAB, [90, 73, 74, 75] proposed decentralized algorithms for a network of N agents that can
share information only with their immediate neighbors, while [119] studied the MAB problem

on peer-to-peer networks.

Distributed contextual linear bandits. The most closely related works on distributed
linear bandits are those of [134, 46, 62, 70, 60]. In particular, [134] investigate communication-
efficient distributed linear bandits, where the agents can communicate with a server by sending
and receiving packets. They propose two algorithms, namely, DELB and DisLinUCB, for fixed
and time-varying action sets, respectively. The works of [46, 62] consider the federated linear
contextual bandit model and the former focuses on federated differential privacy. In the latter,
the contexts denote the specifics of the agents and are different but fixed during the entire
time horizon for each agent. In the former, however, the contexts contain the information
about both the environment and the agents, in the sense that contexts associated with
different agents are different and vary during the time horizon. To put these in the context
of an example, consider a recommender system. Both [46] and [62] consider a multi-agent
model, where each agent is associated with a different user profile. [62] fix a user profile for
an agent, while [46] consider a time-varying user profile. Therefore, [62] capture the variation
of contexts over agents, whereas it is captured over both agents and time horizon in [46]. A
regret and communication cost comparison between DisBE-LUCB, DecBE-LUCB and other

baseline algorithms is given in Table 6.1.

Batch elimination in distributed bandits. An important line of work related to

communication efficiency in distributed bandits studies practical single-agent scenarios using
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batch elimination methods, in which a very small number of batches achieve minimax optimal
learning performance [103, 58, 53]. Our proposed algorithms are inspired by the single-agent
BatchLinUCB-DG proposed in [103] in an attempt to save on communication as much as
possible. That said, a direct use of confidence intervals in [103] would fail to guarantee
optimal communication cost O(dN) and require more communication by a factor of O(d).
We address this issue by introducing new confidence intervals, used in our algorithms, in

Lemma 9.

Minimax lower bound on communication cost. We are unaware of any lower bound
on the communication cost scaling with both d and N for contextual linear bandits in the
distributed/federated learning setting. To the best of our knowledge, our work is the first
to establish such a minimax lower bound and to propose algorithms with optimal regret
and communication cost matching this lower bound up to logarithmic factors. Recently, [81]
proved a 2(N) communication lower bound for asynchronous federated contextual linear
bandits. However, their lower bound does not include the dependency on d, which is of
importance in our work and emphasizes how our proposed algorithm optimally improves
the communication cost of existing methods. In addition, [134] previously proved a Q(N)

communication lower bound for distributed MAB.

6.3 Lower Bound on Communication Cost

In this section, we derive an information-theoretic lower bound on the communication cost of
the distributed contextual linear bandits with stochastic contexts. In particular, we prove
that for any distributed contextual linear bandit algorithm with stochastic contexts that
achieves the optimal regret rate (’j( dNT), the expected amount of communication must be

at least Q(dN). This is formally stated in the following theorem.

Theorem 11. Let T > max{4dlog(8),d?/500}. For any algorithm with expected communi-

cation cost (measured in bits) less than ‘16—]1, there exists a contextual linear bandit instance

with stochastic contexts, for which the algorithm’s regret is Q(N/dT).
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6.3.1 Proof of Theorem 11

We start with a lower bound for a single-agent Bayesian two-armed bandit problem where
the agent is given side information that contains a small amount of information about the

optimal action.

Lemma 8. Let uy = (A,0) and py = (—A,0) and consider the single-agent Bayesian
two-armed Gaussian bandit with mean p uniformly sampled from {p,,p,} and a, =
arg maX,e(q oy Mg, which is a random wvariable. Suppose additionally that the agent has

access to a random element M with 1(M;a,) < 1/16. Then, for any policy T,

1 1 /1
B >AT | = — /= = +4TA?
Re(m) 2 2 \/2 (16 " ) ’
where BRy(1) = By vniffpe, o} [Rr(m, )| and Ry (m, p) is the regret suffered by policy m in

the Gaussian two-armed bandit with means .

Remark 6. We assume in Lemma 8 that the agent has access to the message M from the
beginning. The same bound continues to hold in the strictly harder problem where the agent

has sequential access to a sequence of messages My, ..., My with I({M;}]_;a.) < 1/16.

The proof is presented in Appendix E.1. This lemma emphasizes the role of extra
information a single agent might receive throughout the learning process on its performance,
and therefore, it is key in proving Theorem 11. Specifically, since Lemma 8 makes no
assumption on how the agent receives the extra information about the learning environment,
we can prove Theorem 11 by employing this lemma and a reduction from single-agent bandit

to multi-agent bandit as explained in what follows.

The construction. We consider a bandit instance where K = 2 and the decision sets are
drawn uniformly from {(e;, es), (e3,€4),...,(eq1,€4)}. Let © = {0 € R? : (62,_1,0;) €
{(A,0),(=A,0)}, Vj € [4]}. We call (6551, 05;) by j-th block of reward vector.

Bayesian regret. As in Lemma 8, we prove the minimax-style lower bound using the

Bayesian regret. Let 8 be sampled uniformly from © and 7 be a fixed multi-agent policy.
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The multi-agent Bayesian regret is

BRr =E[Y_ 31,(0,%.,) — (60.x))]

where the expectation integrates over the randomness in both @ and the corresponding
history induced by the interaction between 7 and the environment determined by 6. By
Yao’s minimax principle, there exists a @ € O such that the expected regret is at least BRr,
so it suffices to lower bound the Bayesian regret. For the remainder of the proof E[-] and P(-)
correspond to the expectation and probability measure on @ and the history. For technical
reasons, we assume that these probability spaces are defined to include an infinite interaction

between the agents and environment. Of course, this is only used in the analysis.

Reduction from single-agent to multi-agent. Let M,;; be the mutual information
between messages agent ¢ receives in 7" rounds and (62;_1,605;). By assumption,

d

Al a dN
Z Z M;; < ZE[Total number of bits agent i receives] < e (6.2)

=1 j=1 =1

Let S be the set of 2 pairs (4, j) € [N] x [4] with smallest M;;. From (6.2) and the

definition of S, we observe that for every pair (i,j) € S, we have

AN 1
My < —=—.
7T e 16

Let B;;; be the indicator that the context is such that agent ¢ interacts with j-th block in

round ¢, which is
Biji = 1(x}, = €g;_1).

Note that {Byj;}i2, are independent and E[B;;;] = 2/d. Let Tj; = {t : Bij; = 1} and T; be
the first 7, elements of 7;; with T, = T'/d. Let

R’ij - Z <07Xi,t> - <97X1Zt>

teTS
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be the regret of agent ¢ during the rounds in 7;; in bandit instance 8. Note that 7;; may

contain rounds larger than 7. Nevertheless,

BRr > 3, YA BIR1(TS C {1,..., T})]
> > i jes BIR; U TG c {1,....T})]
= Z(i,j)ESE[RiJ] - E[Rijl(ﬁ}’ Z{1,....T}H)].
Suppose that (i,7) € S. Now, E[R;;] is exactly the Bayesian regret of some policy interacting
with the Bayesian two-armed bandit defined in Lemma 8 for 7T, rounds. Furthermore, the

mutual information between the optimal action in this bandit and the messages passed to

the agent is at most M;; < 1/16. Hence, by Lemma 8 and Remark 6,

1 1 /1
E[R;;| > AT, | = — /= | —= +4T,A?
i) = 2 \/2 (16 + )

On the other hand,
E[Rl]]'(z;) gZ {17 T 7T})] < 2ATO]P>(7;; ¢ {17 tet 7T}> = 2ATOP (Zle Bijt < To) .

By Chernoff’s bound, 7" > 4dlog(8) and E[B,;;| = 2/d,

] =

2P (S, Byr < To) = 2P (S, Bige < T/d) < 2exp (~T/(4d)) <

Therefore, with A = 0.0695 %, we have

BRy > dN4T°A i— \/1 (i+4TOA2) > Nvdl_ ) (N\/dT) ,

2\ 16 1250

which concludes the proof of Theorem 11. Also, note that the fact that T > ;’—020 ensures that
0], = A\/g < 1 which is compatible with Assumption 16.

6.4 An Optimal Algorithm

Following the communication cost lower bound in previous section, we now present an
algorithm called, Distributed Batch Elimination Linear Upper Confidence Bound (DisBE-

LUCB), whose communication cost matches the lower bound up to logarithmic factors while
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achieving an optimal regret rate. DisBE-LUCB employs a central server to which, the
agents send local updates and it then aggregates and broadcasts the updated global values of
interest. We also discuss Decentralized Batch Elimination Linear Upper Confidence Bound
(DecBE-LUCB), a modified version of DisBE-LUCB in the absence of a central server, where

each agent can only communicate with its immediate neighbors.

6.4.1 Overview of DisBE-LUCB

Before describing how DisBE-LUCB operates for every agent i € [N], we note that all
agents run DisBE-LUCB concurrently. In DisBE-LUCB, the time steps are grouped into
M pre-defined batches by a grid T = {7y, T1,..., T}, where 0 = To < 71 < ... < Ty,
T < Ty and T, = T,y — Trn—1 is the length of batch m. Our choice of grid implies that for
any m > 3, we have T,,, = (a2m_1*1d%/N%)2m%2. Parameter a is chosen such that Ty, =T
and Ty = Zme[M] T,, > Ty = T, and therefore our choice of grid 7 is valid. At rounds
t € [Tm—1+ 1: Tp) during batch m € [M], agent i first constructs confidence intervals for
each action’s reward, and the actions whose confidence intervals completely fall below those
of other actions are eliminated. We denote the set of feature vectors associated with the

surviving actions by ;™ = ML E(X; (AL, 85, B)), where
g(‘)(tla (A;ca 275)) = {X € Xti : < l'wX) + ﬂHXH(A}Q)*I 2 < ;cay> - ﬁ”yH(A}c)*l ’ Vy € th}

Here, {A,}7=} and {0 }/"7 are agent i’s statistics used in computation of x99 for
t € [Tmo1+1:7T,]. They are initialized to A\I and 0 and will be updated at the end of
each batch (will be specified how shortly). Let 7 be an arbitrary initial policy used in
the first batch. Throughout batch m € [M], agent i uses the same policy 7, ; to select
actions from the surviving actions set. At the end of batch m € [M], agent i € [N] sends
u = ZZ—;”%;:TJ:”I/ ? X!y’ to the server who broadcasts Y11, ul to all the agents. Then, agent

i updates policy 7 (used in the next batch) and the following components that are key in
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the construction of the surviving actions set in the next batch as follows:

NT,,
A = A+ —=Eypy Bt xx '], (6.3)
0, = (A,) 7 Xl wh (6.4)

where A > 0 is a regularization constant and when conditioned on the first (m — 1) batches,

(m)

D!, is the distribution based on which the sets of surviving feature vectors th‘ for all

t € [Trno1 +1: Ty are generated.

Algorithm 8 DisBE-LUCB for agent ¢
1: Input: N, d, 6, T, M, \

2 Initialization: a = VT(NT/d)*@™ 5, T\ = Ty = ar/d/N, Tr = lav/Too1l, 6, = 0,
A =ML To = 0, Too = Tt + T, A = 5log(4dT/5), 8 = 6:/1og(2K NT/3) 4+ VA,
arbitrary policy 7

3: form=1,...,M do

4: fort="T,_1+1,...,min{7,,T} do

5: Construct th'( ™ = =N, E (X;, (AL, 1,5)).

6: Play arm a;; associated with feature vector xi ~ 7! (Xti(m)) and observe ..

7. end for

8:  Send u’, = ;r’”ﬁflel/ *xiyi to the server.

9:  Receive Zjvzl u/, from the server.

10:  Compute/construct A’ and @', as in (6.3) and (6.4), respectively, S! as in (6.5),
and 7', = ExplorationPolicy ( o , St >, where FExplorationPolicyis presented in
Appendix E 4.

11: end for

Statistics A’ and @', are used in defining new confidence intervals in Lemma 9. We
highlight that a direct use of existing standard confidence intervals in the literature such
as the ones in [103] would fail to guarantee optimal communication cost O(dN) and re-

quire more communication by a factor of d !. Using matrix concentration inequalities,

. ; Tone1+Tm /2 T
'd? + d values per agent, i.e., u’, and >, T’i+1+1/ xixt .
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7;n71+Tm/2 N % iT ]
T il XXt , which would have

we address this issue by replacing matrix A\I + )
been used if Algorithm 5 in [103] had been directly extended to a multi-agent one, with
M A (NT0/2)Ex i Bxori (2)[xx"]. This allows agent i to communicate only d values (uj,)
while achieving O(v/dNT) regret as will be shown in Theorem 12. As the final step of batch

m, agent ¢ implements ExplorationPolicywith inputs NQ—%\m, S! . where

7 i(m+1 ™
S = {2 )}tT:Tm71+Tm/2+1‘ (6.5)

ExplorationPolicy, which is presented in Algorithm 14 in Appendix E.4 and is inspired by
Algorithm 3 in [103], computes policy 7, that will be used to select actions from the sets of
surviving actions in the next batch. This choice of policy coupled with the definition of A’
in (6.3) guarantees that at all rounds ¢ € [T; + 1 : T, the length of the longest confidence
interval in the surviving sets, which is an upper bound on the instantaneous regret of agent ¢
at round ¢, can be bounded by O(1/d/NT). This allows us to achieve the optimal O(v/dNT)
regret, while other exploration policies, such as the G-optimal design results in a O(d\/ﬁ )

regret.

6.4.2 Theoretical Results for DisBE-LUCB

We present our theoretical results for DisBE-LUCB, showing that it is nearly minimax optimal

in terms of both regret and communication cost. The proof is given in Appendix E.2.

Theorem 12. Fiz M =1+ log(log(NT'/d)/2 + 1) in Algorithm 8. Suppose Assumption 16
holds. If T > Q(d?*log*(NT/6)log® dlog*(d\™")), then with probability at least 1 —26, it holds
that Rp < O (\/dNT log dlog*(K NT/6))log log (NT/d)), and Communication Cost <

O(dN loglog(NT/d)), where the communication cost is measured by the number of real

numbers communicated by the agents.

We remark that simple tricks may significantly reduce the exponent constant in constraint
T > d°M. For example, first running a simpler version of DisBE-LUCB, in which the
exploration policy is the G-optimal design WG(Xti(m)), for \/W rounds and then switching
to DisBE-LUCB would reduce the exponent to 10.
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Remark 7. For the sake of Algorithm 8’s presentation, we find it instructive to consider the
communication cost as the number of real numbers communicated in the network. However,
it is more realistic if we translate it into the total number of communicated bits. It would
also allow us to make a fair comparison with the lower bound in Theorem 11 as it is stated
i terms of number of communicated bits. Therefore, if we slightly modify Algorithm 8
such that instead of communicating vectors u', in Line 8, agent i first rounds each entry
of ! with precision €y and then sends the rounded vector to the server, then O(log(1/€))
number of bits is sufficient to communicate each entry of the rounded vectors u!,. Our
analysis in Appendiz E.2.8 shows that compared to bounds in Theorem 12, by selecting
€0 = O(1/(NVdT)), the communication cost of this slightly modified version of DisBE-LUCB,
which is measured in bits, is O <dN log log (NT/d) log(dNT)> and its regret is same as
DisBE-LUCB’s.

Remark 8. As mentioned in Section 6.4.1, a direct use of confidence intervals in [103] would
fail to guarantee optimal communication cost @(dN ) and require more communication by
a factor of d. Thus, we use new confidence intervals (see Lemma 9) so that DisBE-LUCB
would enjoy an optimal communication rate. The assumption on the knowledge of D is
required in the computation of A’ in (6.3) used in these new confidence intervals. However,
in practice, distribution D is not fully known and can only be estimated; therefore, A’
cannot be computed without any error. We relax this assumption and consider more realistic
seltings where each agent i can estimate matriz A’ in batch m up to an e, error, i.e.,

(1—en)AL < AL < (14 6e,)A

m’

where A:n is an estimation of A’ and e, € (0,1)%. In
Appendiz E.2.4, we show that for sufficiently small values of €,, < 1/\/NT,,, a multiplicative
factor (1 —maxX,ein) €)' appears in the regret bound while the communication cost remains

unchanged.

2This is a weaker condition compared to the component-wise condition (1 — em)AL, < Al < (1+ en)Al .
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Figure 6.1: The shaded regions show standard deviation around the mean. Standard
deviation for communication cost of DisBE-LUCB is zero, because communication cost =

dN M and parameters determining M are known upfront (see Theorem 12).

6.4.3 Proof Sketch of Theorem 12

We first introduce the following lemma that constructs confidence intervals for the expected

rewards.

Lemma 9 (Confidence intervals for DisBE-LUCB). Suppose Assumption 16 holds. For
5 € (0,1), let B = 6y/log(2KNT/5) +/\. Then for all x € X},i € [N],t € [T],m € [M],
with probability at least 1 — 6, it holds that‘(x, 0 — 0>‘ < BlIxllas y-1-

We prove this lemma by first employing appropriate matrix concentration inequalities
to lower bound A!, by matrix %ZZ—;"%;TTI{ 2SN xixi'. Carefully replacing A!, with its
lower bound and using Azuma’s inequality, we establish confidence intervals stated in the
lemma. This lemma is key in ensuring an optimal communication rate O(dN), as a direct use
of confidence intervals in [103] fails to guarantee optimal communication cost and requires

O(d*N) communication. See Appendix E.2.1 for proof.

Thanks to our choice of 77 and T, and the fact that expected value of the rewards
are bounded in [—1,1], the regret of first two batches is bounded by O(VdNT). For
each batch m > 3, the confidence intervals imply that for all t € [T,,-1 + 1 : Tl
x!, € X with high probability, and allow us to bound the instantaneous regret

%

ry = E[(0,x.,) — (0,x})] by 48Ex pi  [maxxex \/xT(A!,_)"'x]. Note that learning of
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0’ and 7 are done through disjoint sets of samples, i.e., A = [Troi + 1 : Tt + Tp/2)]
and B = [Ty_1 + T)n/2 + 1 : Tp], respectively. This is because D! depends on 6 | which
is learned from A, and we have to make B disjoint from A so as to ensure that elements
in S’ are independently sampled from D¢ . Therefore, Theorem 5 in [103] guarantees that
Exvopi  [maxyer \/xT(A,_;)71x] < O(y/d/(NT,,_1)). Finally, these combined with our
choice of grid T = {To, T1, ..., Tar} and M = 1+ log(log(NT/d)/2 + 1) lead us to a regret
bound (5(\/dN—T ). Moreover, communications happen only at the end of each batch, whose

number is M, and agents only share d-dimensional vectors u’,. Therefore, communication

cost is ANM = O(dN loglog(NT/d)).

6.4.4 Fully Decentralized Batch Elimination LUCB

In a scenario where there is no server and the agents are allowed to communicate only with
their immediate neighbors, they can be represented by nodes of a graph. Applying a carefully
designed consensus procedure that guarantees sufficient information mixing among the entire
network, in Appendix E.3, we propose a fully decentralized version of DisBE-LUCB, called
DecBE-LUCB. Communication cost of DecBE-LUCB is greater than DisBE-LUCB’s by an
extra multiplication factor S = log(dN)dmax/ \/W , where d,,., is the maximum degree of
the network’s graph and |As| is the second largest eigenvalue of the communication matrix
in absolute value characterizing the graph’s connectivity level. This is because at the last
S rounds of each batch m, agents communicate each entry of their estimations of vector
Zjv:l uin with their neighbors, whose number is at most d,,.x, to ensure enough information
mixing. Moreover, this results in DecBE-LUCB having no control over the regret of the
mixing rounds, and therefore an additional term log(dN)NM/+/1/|\a|, which we call the
delay effect, in the regret bound. Note that the more connected the graph is, the smaller |\
is. This aligns with the fact that the more connected the graph is, the less number of mixing
rounds S is required. For example, fixing N = 20, for chain, ring, star, random Erddés-Renyi
graph with parameter p = 0.5, and complete graphs, the values of |\y| are 0.9918, 0.9674,
0.97, 0.67 (average over 100 instances), and 0, respectively. As expected, for less connected

graphs (Chain, Ring, Star), |As| is close to 1 and for the fully connected graph |Ao| = 0
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and for a random graph |\;| is not too small nor too large. The theoretical guarantees of
DecBE-LUCB are summarized in table 6.1 and a detailed discussion is given in Appendix

E.3.

6.5 Experiments

In this section, we present numerical simulations to confirm our theoretical findings. We
evaluate the performance of DisBE-LUCB on synthetic data and compare it to that of
DisLinUCB proposed by [134] that study the most similar setting to ours. The results shown in
Figure 6.1 depict averages over 20 realizations, for which we have chosen K = 20, 6 = 0.01 and
T = 100000. For each realization, the parameter 6 is drawn from A/ (0, I;) and then normalized
to unit norm and noise variables are zero-mean Gaussian random variables with variance
0.01. The decision set distribution D is chosen to be uniform over {/'?1, Xy, ..., 2%100}, where
each X is a set of K vectors drawn from N(0, I;) and then normalized to unit norm. While
implementing DisBE-LUCB, in order to compute Ey.p:_ Eyori (x) [xx "] for agent i at batch
m, we followed these steps: 1) for each j € [100], we built /":’;(m) = N LE(X;; (AL, 00, ));

2) we took average over all 100 matrices 175 > ie100] B [xx"] as D is a uniform

a1 ()
distribution over {X;, Xs, ..., Xipo}. In Figure 6.1a, fixing d = 4, we compare the per-agent
regret R;/N of DisBE-LUCB and DisLinUCB for ¢ € [T] and for different values of N = 2 and
N =10, where R, = 32'_, SV (9, x. ) —(60,x.) . Figure 6.1b compares the communication
cost of DisBE-LUCB and DisLinUCB over T' rounds when both algorithms are implemented
for fixed d = 4, and N varying from 2 to 20. Finally, Figure 6.1c compares the communication
cost of DisBE-LUCB and DisLinUCB over T rounds when both algorithms are implemented
for fixed N = 10, and d varying from 2 to 20. From these three comparisons, we conclude
that DisBE-LUCB achieves a regret comparable with DisLinUCB, at a significantly smaller
communication rate. The curves in Figures 6.1b and 6.1c¢ verify the linear dependency of
DisBE-LUCB’s communication cost on N and d while communication cost of DisLinUCB

grows super-linearly with N and d (see Table 6.1 for theoretical comparisons). Moreover,

Figure 6.1a emphasizes the value of collaboration in speeding up the learning process. As the
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number of agents increases, each agent learns the environment faster as an individual.

6.6 Conclusion

We proved an information-theoretic lower bound on the communication cost of any algorithm
achieving an optimal regret rate for the distributed contextual linear bandit problem with
stochastic contexts. We then proposed DisBE-LUCB with optimal regret O(vdNT) and
communication cost O(dN) which (nearly) matches our lower bound and improves upon the
previous best-known algorithms whose communication cost scale super linearly either in d or
N. Finally, we proposed DecBE-LUCB, a fully decentralized variant of DisBE-LUCB, without
a central server where the agents can only communicate with their immediate neighbors
given by a communication graph. We showed that the structure of the network affects
the regret performance via a small additive term that depends on the spectral gap of the
underlying graph, while the communication cost still grows linearly with d and N. As shown
in Table 6.1, the best communication cost achieved for settings with adversarially varying
contexts over time horizon and agents is O(d*N'5). There is no formal theory proving
such bounds are optimal for the adversarial context case. While our work provides optimal
theoretical guarantees for stochastically varying contexts, it is not clear how to generalize
these optimal results to settings with adversarially varying contexts. Therefore, an important
future direction is to design optimal algorithms and prove communication cost lower bounds

for scenarios with adversarial contexts.

92



APPENDIX A

Proofs for Chapter 2

A.1 Proof of Lemma 1
In order to bound the minimum eigenvalue of the Gram matrix at round 7" + 1, we use the
Matrix Chernoff Inequality [125, Thm. 5.1.1].

Theorem 13 (Matrix Chernoff Inequality, [125]). Consider a finite sequence {Xy} of inde-
pendent, random, symmetric matrices in R, Assume that Xpi(Xi) > 0 and A pee(Xe) < L
for each index k. Introduce the random matrix Y =), Xi. Let [iyin denote the minimum

eigenvalue of the expectation E[Y],
k
Then, for any € € (0,1), it holds,
Pr ()‘mm(Y) S elumin) S d- exXp (_(1 - 6)2%) :

Proof of Lemma 1. Let X; = xyx, for t € [T’], such that each X; is a symmetric matrix
With Apin (X1) > 0 and Apax(X,) < L2. In this notation, Agvyy = AL+ Y1 X,. In order to

apply Theorem 13, we compute:
T T
Ponin = Amin | O BX] | = Ain | D ExX] | = Ain (T'S) = A_T".
t=1 t=1

Thus, the theorem implies the following for any € € [0, 1):

U AT
Pr )\min(z X)) <eAT'| <d-exp (—(1 —¢)? 2_[/2 > . (A1)
=1
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To complete the proof of the lemma, simply choose € = 0.5 (say) and 7" > BAL_z log(%) in (A.1).

This gives Pr [ Apin(Arq1) > A+ ’\‘TTI] > 1— 0, as desired. O

A.2 Proof of Theorems 2 and 3

In this section, we present the proofs of Theorems 2 and 3.

A.2.1 Preliminaries

Conditioning on p € C;, Vi > 0. Consider the event
E={p e, Vt >0}, (A.2)

that p is inside the confidence region for all times ¢. By Theorem 1 the event holds with
probability 1 —§. Onwards, we condition on this event, and we make repeated use of the fact

that pu € C; for all t > 0, without further explicit reference.

Decomposing the regret in two terms. Recall the decomposition of the instantaneous

regret in two terms in (2.10) as follows:

=X — g X = y,Txt — 1] % +£LtTXt — ,uTXi. (A.3)

vV Vv
Term 1 Term 11

As discussed in Section 2.5.1, we control the two terms separately.

A.2.2 Bounding Term I

The results in this subsection are by now rather standard in the literature (see for example

2, ]). We provide the necessary details for completeness.
We start with the following chain of inequalities, that hold for all ¢ > T" + 1:
Term 1:= p'x, — 1% = ("% — o) %) + (% — ) %)
< o= gl aclixillazs 4 e = Bellacllxella;

< 26 |xell a0 (A.4)
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The last inequality (A.4) follows from Theorem 1 and the fact that p and f1, € C;. Recall,

from Assumption 2, the trivial bound on the instantaneous regret
re=plx - pl Xt <2
Thus, we conclude with the following

Term T < 2min (B[|x[[5-1,1). (A.5)

The next lemma bounds the total contribution of the (squared) terms in (A.4) across the

entire horizon t =T+ 1,...,T.

Lemma 10 (Term I). Let Assumptions 1 and 2 hold. Fiz any 6 € (0,0.5) and assume that
T’ is such that T" > %2 log (g). Then, with probability at least 1 — &, it holds

T
2T L2
: 2
Z min (HXtHA;h 1> < 2dlog (d(2)\ " )\T’)) .
t=T"+1

Thus, with probability at least 1 — 20, it holds

T

S (WTx— ) < 2@\/ 2(T - T") log (%) . (A.6)

t=T"+1
Proof. The proof is mostly adapted from [40, Lem. 9] but we also exploit the bound on

Amin(A7711) thanks to Lemma 1. We present the details for the reader’s convenience.

With probability at least 1 — ¢, we find that for all ¢ > 7" + 1:

1 1
det(A,y1) = det(A; +x,x/] ) = det(A,) det(I + (A, >x;) (A, >x;) ") = det(A,)(1 + thHi;l)
t

=...=det(Ap1) H (1+ HXTH?AT_I)

T=T"+1

)\_T/ d t
2(A+ 5 ) IT =+ x50,

T=T"+1

where the last inequality follows form Lemma 1 and the fact that det(A) = H?Zl Ai(A) >
(Amin(A))?. Furthermore, by the AM-GM inequality applied to the eigenvalues of Ay, if
holds
d 2\ ¢
det(A1) = [[Mi(Am) < e
t+1) = iAp) < | —= |

=1
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where we also used the fact that ||x;||s < L for all t. These combined yield,

t

IT a+i

T=T"41

d
2t L2
2 . <
Trllaz1) < <d(2/\ n A_T’))

Next, using the fact that for any 0 < y < 1, log(1 + y) > y/2, we have

i min (31, 1) <2 Z log ([[x.J4-+ +1) = 21og ( H (I3 +1) )

t=T"+1 t=T"+1 t=T"+1

o L?
<2dlog [ 2.
< 2dlog <d(2)\ F AT’))

It remains to prove (A.6). Recall from (A.5) that for any 7" < t < T, with probability at

least 1 — ¢ (note that we have conditioned in the event £ in (A.2)),
(NTXt - ﬁtTXt) < 2min (ﬂtHXtHA;la 1) < 2 min (||XtHA;17 1)7

where for the inequality we have used the fact that §;, < ; (and assumed for simplicity that
T large enough such that 5, > 1). Thus, the desired bound in (A.6) follows from applying

Cauchy-Schwartz inequality to the above. n

A.2.3 Bounding Term II

As discussed in Section 2.5.2; the challenge in bounding Term II in (2.10) is that , in general,
D; # D*, so x* might not belong in D;. Bounding Term II amounts to bounding a certain
"distance” of the set Dj from the set Dy. In order to accomplish this task, we proceed as
follows. First, we define a shrunk version 15? of Dj, for which we have a more convenient
characterization, compared to the original 15? Then, we select the point z; in 15? that is in
the direction of x* and is as close to it as possible. Finally, we are able to bound the distance

of z; to x*.

A shrunk safe region ZS? Consider an enlarged confidence region C; centered at y defined

as follows:

C,:={veR: ||v—pl|a, <26} 2C. (A7)
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The inclusion property above holds since p € C;, and, by triangle inequality, for all v € C;,
one has that || — p|la, < [lv — fulla, + 12, — plla, <285

The definition of the enlarged confidence region in (A.7) naturally leads to the definition

of a corresponding shrunk safe decision set 55‘ Namely, let

Dj:={xeDy:v' Bx<c¢ Yvel}={xeDy: maxv Bx < ¢}
veCy

={xe€Dy: pu'Bx+ 26| Bx|| a1 < ¢}, (A.8)

and observe that 15? C Di. Note here that since by Assumption 3 zero is in the interior of

Dy, the sets 75,? and D; have a nonempty interior.

A point z € 15? close to x*. Let 2z be a vector in the direction of x* that belongs in 25?

and is closest to x*. Formally, z; := a;x*, where
Q= max{a €0,1] |z =ax" € ZSS}
Since both 0 and x* € Dy, and, Dy is convex by assumption, it follows in view of (A.8) that
Q1= max {a €0,1]|a- ([LTBX* + 2ﬁt||Bx*||A;1> < c} : (A.9)
Recall that C' > 0, thus (A.9) can be simplified to the following:

1 Jf pu"Bx* + 26, Bx*|[ a1 < ¢,
(A.10)

ay =

) . '
min (I"TBX*‘i‘Qﬁt”BX*HA_l ) 1> , otherwise.
t

Bounding Term II in terms of «;. Due to the fact that 15,? C D;, it holds that z, € Dj.
Using this, and optimality of (f,%;) in the minimization in Step 10 of Algorithm 1, we can

bound Term II as follows:
Term 11 := 1) x, — p' x*
< H'th o NTX* — Oét/J,TX* o [LTX*
<oy — 1] |p"x*|

<lor—1) = (1—ay). (A.11)
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The inequality in the last line uses Assumption 2. For the last equality recall that «; € [0, 1]

To proceed further from (A.11) we consider separately the two cases A > 0 and A =0

that lead to Theorems 2 and 3, respectively.

A.2.3.1 Bound for the Case A >0

Here, assuming that A > 0, we prove that if the duration 7" of the pure exploration phase
of Safe-LUCB is chosen appropriately, then a; = 1, and equivalently, x* € D;. The precise
statement is given in Lemma 11 below, which is a restatement of Lemma 2, given here for

the reader’s convenience.

Lemma 11 (A >0 = x* € Dj). Let Assumptions 1, 2 and 3 hold for all t € [T]. Fix
any 6 € (0,0.5) and assume a positive safety gap A > 0. Initialize Safe-LUCB with

/ 8 2|| ||2 % 2)\
">\ ——s— : A.
( A A? A Vs (A.12)

Then, with probability at least 1 — 268, for allt =T+ 1,...,T it holds that
Term II:= j1/ x, — pu'x* < 0.

Thus, with the same probability

T
> () x—p'x7) <0 (A.13)

t=T"+1
Proof. Recall from (A.11), that for any 7" < ¢ < T, with probability at least 1 — J (note that
we have conditioned in the event £ in (A.2)), Term II =1 — ay. Thus, in view of (A.10), it
suffices to prove that for any 7" < ¢t < T, with probability at least 1 — ¢, it holds ay = 1, or

equivalently,
' Bx* + 260Bx[[a-r S ¢ & BiIBx5- < AJ2. (A.14)

For any T <t < T, we have

_ GlBxls _ BelBxls _ BellBIL
N \/Amin(At) N \//\min(AT’+1) N \/)\min(AT’—i-l)

(A.15)

BelIBX7|[ 4
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where, in the second inequality we used 5; < f; and A\pin(A¢) > Amin(A7741), and in the last
inequality we used Assumption 2. Next, since t5 < T, we may apply Lemma 1 to find from

(A.15), that for all 7" + 1 <t < T', with probability at least 1 — o:

i} V2||B||L

BB 1 < Y2IBIEE (A.16)
¢ 2N+ AT

To complete the proof of the lemma note that the assumption 7" > % — f—i when

combined with (A.16), it guarantees (A.14), as desired. O

Remark 9. We remark on a simple tweak in the algorithm that results in a constant T (i.e.,
independent of T') in Lemma 11. However, this does not change the final order of regret bound
in Theorem 2. In particular, we modify Safe-LUCB to use the nested (as is called in [68])
confidence region By = NL_,C, at round t such that ... C By € B, C B,y C .... According
to Theorem 1, it is guaranteed that for all t > 0, u € By, with high probability. Applying
these nested confidence regions in creating safe sets, results in --- C D;_ CD; CDj , C....
Thanks to this, it is now guaranteed that once x* € Dy, the optimal action x* will remain
inside the safe decision sets for all rounds after t. Thus, it is sufficient to find the first round
t, such that x* € D;. This leads to a shorter duration T" for the pure exploration phase. In

particular, following the arguments in Lemma 11, it can be shown that T" becomes the smallest

value satisfying 2v/2||B|| LB < A\/2X\ + A_T", which is now a constant independent of T'.

A.2.3.2 Bound for the Case A =0

Lemma 12 (Term II for A = 0). Let Assumptions 1, 2 and 3 hold. Fiz any ¢ € (0,0.5) and
assume that T" is such that T" > ts. Then, with probability at least 1 — 0, it holds

T
22| B||LB(T — T’
S 1 g < DRABILAT - T) e
t=T"+1 Cy/ 2\ -+ AT
Therefore, with probability at least 1 — 20, it holds
T
2V 2| B|| LB(T — T

et T /AT
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Proof. Recall from (A.11), that for any 7" < ¢ < T, with probability at least 1 — ¢ (note that
we have conditioned in the event € in (A.2)), Term II = 1 — ;. Thus, (A.18) directly follows

once we show (A.17). In what follows, we prove (A.17).

The definition of a; in (A.10) and the fact that p' Bx* < ¢ imply that

1 Jif " Bx* + 26| Bx*|[ a1 <,
oy =
, otherwise.

C > C
HTBx 126, B, 1 = 2B Bx ], 1
t t

Thus, for all t > T" + 1:
c

¢+ 28| Bx*[ g1

op >

from which it follows,
2 Bx*|| s 1 *
< Bl Bx"| < Q@HBX*HA* < 28| Bx" |2 < 25:||BJ| L '
¢+ 25| Bx*{| 51 ' ¢/ Amin(At) e/ Amin(Arri1)

The last two inequalities follow as in (A.15). To complete the proof, note that since 7" > ts,

11—« —
c

we can apply Lemma 1. Thus, with probability at least 1 — ¢ it holds,
T o o
SO 1o, < 2HBILT-T) _ 2VAIBILAT 1)

t=T"+1 B Cy/ )\min(AT’Jrl) N CA/2N+ AT ’

as desired. ]

A.2.4 Completing the Proof of Theorem 2

We are now ready to complete the proof of Theorem 2. Let T sufficiently large such that

8L?||B||?A2 2\
T>T > (T’ZT - ) Vs (A.19)

We combine Lemma 10 (specifically, Eqn. (A.6)), Lemma 11 (specifically, Eqn. (A.13)), and,

the decomposition in (A.3), to conclude that

. . | / 2T L2
Rp=> r+ > 1 <20+ 2B [2d(T —T")log AR N+ A_T") )

t=1 t=T"+1

21| B2 32
Specifically, choosing T — (% — §—>\> V ts in the above, results in

_ [ 1B
Ry =0 ( . Azd\/f logT |, (A.20)

where the constant in the Big-O notation may only depend on L, S, R, A and 4.

100



A.2.5 Completing the proof of Theorem 3
We are now ready to complete the proof of Theorem 3. Let T sufficiently large such that
T>T > ts.

We combine Lemma 10 (specifically, Eqn. (A.6)), Lemma 12 (specifically, Eqn. (A.18)), and,

the decomposition in (A.3), to conclude that

T’ T
2T L2 2V/2||B||LB(T — T")
R :E Ty + g ry < 27" + 2 2d(T —T") 1o ( ) .
! t=1 t t=T"+1 t Bt\/ ( ) & d(2)‘ + A—T/) /2N + AT

2

3
Specifically, choosing 1" = (”BLB tT) V ts in the above, results in

cA/2M

Bl

3
) A3 T30 T | (A.21)
C

m=0|(

where as in (A.20) the constant in the Big-O notation may only depend on L, S, R, A and §.

A.3 Extension to linear Contextual Bandits

In this section, we present an extension to the setting of K-armed contextual bandit. At each
round ¢t € [T, the learner observes a context consisting of K action vectors, {y., : a € [K]} C
R? and chooses one action denoted by a, and observes its associated loss, £, = IJITYt,at + N
We consider the same constraint (2.1) which results in a safe set of actions at each round
{yiala € [K], "By, < c}. The optimal action at round ¢ is denoted by Yt.ar Where

af € argmin  p'y.. (A.22)
ae[K]vuTBYt,u.Sc

If the chosen action at round ¢ is denoted by x; := y; 4, and the optimal one by x} := y; q»,
the cumulative regret over total T rounds will be

T

Ry = Z n'x, —p'x;

t=1

101



We briefly discuss how Safe-LUCB extends to the K-armed contextual setting with

provable regret guarantees under the following assumptions.

First, we need the standard Assumptions 1 and 2 that naturally extend to the linear
contextual bandit setting. Beyond these, in order for the safe-bandit problem to be well-
defined, we assume that safe actions exist at each round. Equivalently, the feasible set in (A.22)
is nonempty and x; is well-defined. Moreover, in order to be able to run the pure-exploration
phase of Safe-LUCB with random actions (that guarantee Lemma 1 holds) we further require
that at least one of these safe actions is randomly sampled at each round ¢ (technically, we
need this assumption to hold only for rounds 1,...,7"). These two assumptions are both

implied by Assumption 17 below.

Assumption 17 (Nonempty safe sets). Consider the set D¥ = {x € R? : |Bx|[, < £}.

Then, at each round t, N; > 1 number of K action vectors lie within D".

Finally, in order to guarantee that Safe-LUCB has sub-linear regret for the K-armed

linear setting we need that the safety gap at each round is strictly positive.

Assumption 18 (Nonzero A). The safety gap Ay = ¢ — p" Bx} at each round t is positive.

Under these assumptions, Safe-LUCB naturally extends to the K-armed linear bandit
setting. Specifically, at rounds ¢ < T”, Safe-LUCB randomly selects z; to be one of the
available NN; action vectors that belong to the set D¥. Assume that Ay (E[x;x,]) > A >0

for all ¢t € [T7].

After round T”, Safe-LUCB implements the safe exploration-exploitation phase by choosing
safe actions based on OFU principle as in (2.9). Therefore line 10 of Safe-LUCB changes to
. . T

= @ A.23
“= e R 429

where the safe set at rounds ¢t > 7" + 1 is defined by
A ={ac[K]: v By, <c, Vv e} (A.24)
With these and subject to Assumptions 1, 2, 17 and 18, it is straightforward to extend
the results of Theorem 2 to the setting considered here. Namely, under these assumptions,

Safe-LUCB achieves regret (7)(\/7) when 7" is set to T as in (2.13) for A = mingepr Ay
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A.4 Safe-LUCB with /;-confidence Region

In this section we briefly discussed a modified ¢;-confidence region (as in [40]), which is used

in our numerical experiments.

Motivation. The minimization in (2.9) involves solving a bilinear optimization problem.
In view of (2.6) and (2.8) it is not hard to show that (2.9) can be equivalently expressed as

follows:
fi) xe = min fi/w — B |[x[[5-1 sub. to i Bx+ 5 ||Bx|s <, €Dy

This is a non-convex optimization problem. Thus, we present a variant of Safe-LUCB (and
its analysis) and we show that it can be efficiently implemented (particularly so, when the
decision set is a polytope) [40]. We use this variant in our simulation results (see Appendix

A6).

Algorithm and guarantees. We adapt the procedure first presented in [40] to our new
Safe-LUCB algorithm. The pure-exploration phase of the algorithm remains unaltered. In
the safe exploration-exploitation phase, the only thing that changes is the definition of the
confidence region in Line 8 in Algorithm 1. Specifically, we define the modified ¢;-confidence

region as follows:
Cit = v eR: v — fa]la,, < BiVd}. (A.25)

Note that for any v € C, and all t > 0, |A; (v — )|l < VA| A (v — )|z < VdBi. Thus,
C, CC, V¥t > 0.From this and Theorem 1, we conclude Pr(p € C*, ¥t > 0) > 1 —§. Then,

the natural modification of (2.9) becomes

i/x,= min v'x=min f(v), (A.26)
x€D3 veCi! vec!
where
: T
= . A.27
fv) min VX (A.27)

/] Bx+Vdf: |Bx|| , -1 <C
t
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From these, it is clear that all the results and theorems can be directly applied to the
modified algorithm which uses f;-confidence region in (A.25), with 8,1/d instead of 3. As
noted in [40] the regret of the modified algorithm does not optimally scale with the dimension
d (since there is an extra factor of v/d introduced by the substitution 8, < 3, \/3) However,

as explained next, solving (A.26) is now computationally tractable.

On computational efficiency. Note that the minimization in (A.27) is a convex program
that can be efficiently solved for fixed v. In particular, if Dy is a polytope then the minimiza-
tion in (A.27) is a quadratic program. Moreover, note that f(r) is positive homogeneous of
degree one, i.e., f(fv) = 0f(v) for any 6 > 0. Therefore, in order to solve (A.26) it suffices
to evaluate the function f(v) at the 2d vertices v, ..., vy of C/* in (A.25) and choose the
minimum fui, = min,, icpq f(v;). In order to see this, let v* € argmin ech f(v) and
01,...,050 >0, Zle 0; = 1 such that v* = Z?il O;,v;. Then,
2d 2d
Ufélcl?l fw)=fv") = ;eif('/i) > fminizz;gi = fmin 2 522?1 f).

Thus,

min f(v) = min f(v;). (A.28)

Uecfl v;, 1€ [Qd]

To sum up, we see from (A.28) that solving (A.26) amounts to solving 2d quadratic programs

(when Dy is a polytope).

A.5 On GSLUCB

Having no knowledge of the safety gap A, GSLUCB starts conservatively by setting the
length of the pure exploration phase to its largest possible value, which is equal to Tj defined
in Theorem 3 (corresponding to A = 0). The idea behind GSLUB is to generate at each
round ¢ of the pure-exploration phase a certain value A; that serves as a lower bound for the
unknown safety gap A. We discuss possible ways to do so next, but for now let us describe

how these lower estimates of A can be useful. Owing to the result of Theorem 2, at each

104



round t, GSLUCB computes a pure exploration duration 7] = Tx,, which is associated with
the lower confidence bound A; (Eqn. (2.13) for A = A;). If at some round ¢, the computed
T, becomes less than ¢, then Theorem 2 guarantees that z* € D; and the algorithm switches

to the exploration-exploitation phase.

One way to compute the A,’s that guarantees A; < A is as follows. For each vector

v € C; denote X;, € arg minycps () vz, where D5(v) := {x € Dy : v"Bx < ¢} and define

A; = minA,, (A.29)

vel

where A, = ¢ — v"Bx}. Since u € C; with high probability (cf. Theorem 1) and by
definition of A, it can be seen that A; < A. Unfortunately, solving (A.29) can be challenging
and, in general, one has to resort to relaxed versions of the optimization involved, but ones
that guarantee A; < A (at least after a few rounds). We leave the study of this general
case to future work and we discuss here a special case in which this is possible. We have
implemented this special case in the simulation results presented in Figure 2.1a (see Appendix
A.6). Specifically, we consider a finite K-armed linear bandit setting with feature vectors
denoted by y1,...,yx. We produce lower estimates A, as follows. For all i € [K], we form the
following two sets. (i) The set C{ = {v € C; | v" By; < ¢} of all vectors in the confidence region
for which the action y; is deemed safe; (i) The set Y} = {y;,j € [K] | max,cc; v By; < ¢}
of all actions that are considered safe with respect to all v € C}. Then, we define

Al = iIéICI;l ¢ —v'By;. (A.30)

vy <v Ty, for allyeyi

It can be checked that min;ex; Al < A. Thus we rely on min,e(x] Al as our lower confidence

bound on A. Note that computing min,ex) A} is computationally tractable for finite X and

an ¢; confidence region.

A.6 Experiments

In this section, we provide the details of our numerical experiments. In view of our discussion

in Appendix A.4, we implement a modified version of Safe-LUCB which uses 1-norms instead
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ERS X! V‘ ‘ ‘
(b) Safe-LUCB without pure exploration
(a) Safe-LUCB with pure exploration phase. phase

Figure A.1: Growth of D} with and without pure exploration phase. In both figures: D,
(in black) D* (in blue), D7, (in red), D, (in green). Also, shown the optimal action x*.

Note that x* € D2, +1 When pure exploration phase is used as suggested by Lemma 2.

of 2-norms (as in [40]; see also Appendix A.4 for details). We have taken 6 = 0.01, A = 1,

and R = 0.1 in all cases.

Figure 2.1a compares the average per-step regret of 1) Safe-LUCB with knowledge of
A; 2) Safe-LUCB without knowledge of A (hence, assuming A = 0); 3) GSLUCB without
knowledge of A (the algorithm creates a lower confidence bound for A as the pure exploration
phase runs). Figure A.2 highlights the sample standard deviation of regret around the average
per-step regret for each of the above-mentioned cases. We considered a time independent
decision set of 15 arms in R* such that 5 of the feature vectors are drawn uniformly from
D¥ and the other 10 are drawn uniformly from unit ball in R*. Moreover, x is drawn from
N(0, ;) and then normalized to unit norm. B and ¢ are drawn uniformly from [0, 0.5]***
and [0,1] respectively. The results shown depict averages over 20 realizations. It can be seen
from the figure that GSLUCB performs significantly better than the worst case suggested
by Theorem 3 (aka Safe-LUCB assuming A = 0). In fact, it appears that it approaches the
improved regret performance suggested by Theorem 2 of Safe-LUCB with knowledge of A.

Our second numerical experiment serves to showcase the value of the safe exploration phase
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, per-step regret
. per-step regret
! per-step regret

Rt
t
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t

0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
t, iteration x10* t, iteration x10* t, iteration «10%

(a) Safe-LUCB, T' =Ta (b) GSLUCB (c) Safe-LUCB, T’ =Ty

Figure A.2: Comparison of mean per-step regret for Safe-LUCB(T" = Tx), GSLUCB, and
Safe-LUCB(T" = Tp). The shaded regions show one standard deviation around the mean.

The results are averages over 20 problem realizations.

as discussed in Section 2.5.3. We focus on an instance with positive safety gap A > 0 to verify
the validity of Lemma 2, namely that x* € Dj for ¢t > 7"+ 1, when 7" is appropriately chosen.
Furthermore, we compare the performance with a “naive” variation of Safe-LUCB that only
implements the safe exploration-exploitation phase (aka, no pure exploration phase). The
regret plots of the two algorithms (with and without pure exploration phase) shown in Figure
2.1b clearly demonstrate the value of the pure exploration phase for the simulated example.
Specifically, for the simulation, we consider a horizon T' = 100000 with decision set D, the
0.9 0.6 1.8

unit /.-ball in R?, and, the following parameters: pu = , B = ,c=0.9.
0.044 1.8 04

We have chosen a low-dimensional instance, because we find it instructive to also depict
the the growth of the safe sets for the two algorithms. This is done in Figures A.la and
A.1b, where we illustrate the safe sets of Safe-LUCB with and without pure exploration
phase, respectively. Black lines denote the (border of) the polytope Dy; blue lines denote
the linear constraint in (2.1); red lines denote the (border of) D5, where T" = Tx = 1054
and 7" = 0 for Figures A.la and A.2c, respectively; and, green lines denote (the border
of) safe sets D5y at round 50000. Also depicted the optimal action x* with coordinates
{—1,—1}. As expected, Safe-LUCB starts the exploration-exploitation phase with a safe
set that includes x* while, without the pure exploration phase, the algorithm starts the

exploration-exploitation phase with a smaller safe set which does not include x* and as a
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results, fails in expanding the safe set to include x* even after T" = 50000 rounds. This results

in the bad regret performance in Figure 2.1b.
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APPENDIX B

Proofs for Chapter 3

B.1 SLUCB-QVI Proofs

In this section, we prove the technical statements in Sections 3.4 and 3.5. First, recall the

definitions of the following events that we repeatedly refer to throughout this section:

& = {@3 (s,75) € CE(s), W(s,h,k) €S x [H] x [K]} , (B.1)

Ey = {’(W,’j, B(s,a)) — Qn(s,a) + [PV, — ViEL] (s, a)‘ < 6H¢(S’ CL)H(A';)_1

V(a,s,hk) € Ax S x [H] x [K]}. (B.2)

B.1.1 Proof of Proposition 1

Let a € AF(s). Recall that ®(s,x) = <x7 @ (s, a0 (3))> ® (s,a (s)) for any x € R?. By the

definition of AF(s) in (3.9), we have
(@0 (5,0(5.0)) . (s,00(5)) )
H¢ (s,ao (s))

)+ (7her 05 (6(5.0)) + 805 (s, 0000 ), (<7

,
(B.3)

Moreover, using Cauchy-Schwarz inequality and conditioned on event & in (B.1), we get

(o= 0.3 5 (900, ))| < B0 (00 )] o0 (B
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and thus,
(2 (57 8 (5:0(5,0)) ) < (s 0 (s:05.0) ) + 5[5 (5605, 100 (B9

Note that (®g (s,7;),P5 (s, @(s,a))) = (v;. é(s,a)) — (Vhs: Po (s.¢(s.0)) =
(v5, P(s,a)) — <q)0 SHZS::) s)(SHaO(S))>Th(s). Combining this fact with (B.3) and (B.5) con-
cludes that ’

(Vi $(5.)) = 7u(s) + (@ (5,73) O (s ¢(5.0)) )

m(s) + (has 2 (5. 800.)) + B2 (5050

)
(@0 (5.6(5,0)) . & (.00 (5)) )
)

2
(Eqn. (B.5))

(Eqn. (B.3))

as desired.

B.1.2 Proof of Lemma 3

Before we start the main proof, we introduce vectors {w} } e for any policy
. / V() du(s). (B.6)
S

From the Bellman equation in (3.4) and the linearity of the MDP in Assumption 4, we

have:
Qr(s,a) = <q’>(5,a),wg>. (B.7)

See Proposition 2.3 in [64] for the proof.

Now, we prove Lemma 3 by induction. First, we prove the base case at time-step H + 1.
The statement holds because V}i,,(s) = V£, (s) = 0. Now, suppose the statement holds for
time-step h + 1. We prove it also holds for time-step h. For all (s,h, k) € S x [H] x [K], let

ay(s) == argmax Qf(s,a) and a}(s):= argmax Q}(s,a). (B.8)

aE.Aﬁ(S) aeAhsafe(s)
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We consider the following two cases:

1) If a}(s) € AF(s), we have

Vii(s) = max Qj(s,a) > Qj(s, aj(s))

acAk(s)
> Qi3 04(5)) + Bonpisazon [ Vil (s) = Vira ()]
(Conditioned on & in (B.2))

> Qh(s,a;(s)) = Vi (s), (Induction assumption)

as desired.

2) Now, we recall the definition of A%(s) in (3.9) and focus on the other case when
a;(s) ¢ A¥(s), which means

(@0 (s, 8(5.3(5))) , & (5,00 (s))
fotenot],

)+ (Thas 5 (5805, (61) + B0 (185 i) v > 7
(B.9)

(b(s ao(s)
ey

D (s, @ (s, a0 (s))) = ¢ (s,a0(s)) and D7 (s, @(s,ae(s))) = 0. Thus

Now, we observe that ag(s) € A% (s). Recall that ¢ (s,a0(s)) = and note that

(¢ (.00 (5)) . (5,0 (5)) )
| (.o o)

(o) (ko0 (5100 00(60)) + B0 (5. 80 a0(6D) | 3 = 7000

which implies that ao(s) € Af(s) or equivalently ¢ (s,a0(s)) € Di(s) =
{p(s,a) : a € Af(s)}. Now, let

af(s) == max {a € [0,1] - ad(s,a;(s)) + (1 — a)d (s, a0 (s)) € D,’i(s)} : (B.11)

Assumption 5 guarantees that of(s) exists for all (s,k) € S x [H] x [K]. Note that

D <s, ad(s,a;(s)) + (1 —a)é (s, a0 s))) = a®q (s, @(s,a;(s))) + (1 — a)¢ (s,a0(s)) and
ors (s, ad(s,ai(s)) + (1 —a)e (s, ao s))> = a®y (s,¢(s,a}(s))). Thus, by the definition of

—~ 7 N
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D¥(s), we have

(0% (5 8(5.63(3) + (1= (100 (5) b (10 (3))
fo oo h

af(s) :=max {a €[0,1] :

+a (ka5 (5 8(s,0i(s))) + g0 (s blssai(s))]| )_lsT}. (B.12)

For all (s,k) € 8 x [K], at time-step h, let y¥(s) := af(s)d(s,a}(s)) + (1 —
a5 (s))¢ (s,a0(s)). Thus, the definition of of(s) in (B.11) implies that yf(s) € Df(s),
and thus

max QF(s,a) > min {<W’fb,yf§(s)> + /@h(s)ﬁHy,k;(s)H(Aﬁ)l ,H}

acAk(s)
= min {<w,’i - W}Z,y,li(s)> + <w;‘l, yi(s)> + nh(s)ﬁHy,’j(s)H(Aﬁ)l ,H} .

(B.13)
Conditioned on event & in (B.2), and by the induction assumption, we have
B9 | -+ = (W = W) + Boestiaon [Vins) = Vi)
< <W'Z - W}, yﬁ(8)> : (B.14)

By combining (B.13) and (B.14), we conclude that

max Qf(s,a) > mm{<W7§J§i(5)> + (kn(s) = 1B|yh(s)

ac Ak (s)

> H
(af) }

ot (s.v0) ) H}

> min {a’é(s) <<wz,¢(s,az<s»> + (rnls) = 1B @ (5, 8(s,1(5))) | (at )1> H} :

> min {aﬁ(s) (Wh, d(s,a3(5)))

+(1 = af(s)) (Wi @ (5,00 ()) ) + (kn(s) = 1)8

(B.15)

where the second inequality holds because ||yf’l H (ar)" 2 ‘ H ,1 (see

Lemma 3 in [96] for a proof). The last inequality follows from the fact that (1 —
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ar(s)) <W;;,¢ (s,ao (s))> > 0 as the reward is always positive, i.e., rp(s,a) € [0,1] for
all (s,a,h) €S x Ax [H].

Now, we show that af(s) > 7=7h(5) , which eventually leads to
T (s)+28|2g (s.b(s.07())| -1

k
(Ah s

a proper value for kp(s) > 1 that guarantees for all (s, h, k) € S x [H] x [K] it holds that
V*(s) < ViF(s) conditioned on & = & N &,. Definitions of af(s) in (B.12) and the estimated
safe set AF(s) in (3.9) imply that for all (s, h, k) € S x [H] x [K], we have

(1= () (¢ (5,00 (5)) , & (5,00 (5)) )
o eraoo],

(@0 (5.9(5.3(5))) . & (5,00 (5)) ) o
Th\S
o],

+ (ko9 (5,000 03(9) ) + 05 (65,0 )] = (B.16)

Do (565,01 ()) ), B(s.00(5)
Let M < of H¢ Zao) H( 0 )>Th(3) + <’y’fL,s,®j (s,¢(s,a2(s)))> +
BHCIM (s,a;(s )))H(Ak ),1. Note that due to (B.9), M > 7, and recall that
h,s
(2)(3,@0 (s)) = ol (SGO(S) )H Therefore, (B.16) gives that
s,a0(s
2
koo T~ Th(s)
0<ai(s) = M= (s) <L (B.17)

In order to lower bound af(s) (upper bound M), we first rewrite M as

_<<I>0(s,¢(s,a2(s))),(}(s,ao(s))> L .
T T, TR stei)

#(ha =70 85 (5805101 (51)) + B0 (5,005, i )|y 00 (B2

and show that

(®0(5,:6(s.01(5) ) b(s,a0(5)) )
oG],

(a)

() + (73, @ (5, 8(s,03())) ) < 7 because

113



<¢)0 (5,906, i (5)) ’;b o <8))>Th(8) + <’77m Oy (s, (s, GZ(S)))>

= (i (0 5905 6160) B 5100 9) ) (5.0 )
<

<T. (B.19)

(b) <’y§§78 — ;. ®F (s, &(s, aZ(s)))> < BH@& (s, a;(s H _1, because conditioned

on & in (B.1), we have

(b o =i @5 (5,005, 01(5)) ) = (v, — B (5,77), 5 (5, 6(s,03(5))) )

< 8|05 (s, ¢(s, i (s H ) (B.20)

Now, we combine (B.18), (B.19) and (B.20) to conclude that

MST—}-ZBHCI)(J)‘ (5,(}5(5 ay (s H LNl = ar(s) > TfTh()
Ag ) T—Th(s)—FQﬂH‘I)(J)‘ (s,a}(s H

(B.21)

This lower bound on o} (s) combined with (B.15) gives

(1 — 1(5)) <<W;, @(s,a;(s)) + (kn(s) — 1) 5“‘1’L s @(s,aj (s H A} >1>

max QF(s,a) > min JH
wedt(s) T —a(s) + 25“@5 (s, al(s H .
AfL)
(B.22)
Let M; = [5‘H<I>OL (s,a;(s H ~1. We observe that Therefore max,e goare Q3 (s, a) =

114



MAaX,¢ gsote MiN {Q;‘L(s, a), H} = min {maXaeAzafe Q5 (s, a), H}. Therefore

aEA’,ﬁ (s) aGAzafe aGA?f‘fe

max QF(s,a) > max Q(s,a) < (T — Th(S)) ( max Q7 (s,a) + (kp(s) — 1)]\/[1>

> (T — Th(s) + 2M1) max Q;(s,a)

safe
acAY’

= (71— 7(s)) (kn(s) — 1) > 2 max. Q5 (s,a)
ac A’

> (1 —7(s)) (ka(s) = 1) > 2H
2H

— —p +1, (B.23)

> Ky(s) >

as desired.

B.1.3 Proof of Theorem 4

The key property of optimism in the face of safety constraint in SLUCB-QVI, which is proved
in Appendix B.1.2 as our main technical allows us to follow the standard steps in establishing

the regret bound of unsafe LSVI-UCB in [64] to complete the proof of Theorem 4.

Conditioned on event & in (B.2), for any (a, s, h,k) € A x S x [H]| x [K], we have
Qhs.0) — Q751 = min { (wh, 65, )) + k0315805, 0) | gy 1 1 = QF 51
< (Wi 8(5,) + ru(5)5]| (5. )| oy = QF(5.)

< Egp(s,a) [thﬂ(s') — Vhﬁfl(s/)} + (1 + Hh(S)) BH(b(s, G)H(A’;)‘l )
(B.24)
Let ‘52 = th(SZ) - Vhﬂk(si) and C}lf+1 = ]Es'NJP(.|s’;L,a’;L) [th+1(5/) - V,Z:’fl(s’)] - 5}l§+1~ We can

write

52 = th(sz> - Vhﬂk(si)

= Qi(sh. af) — Q7 (s} a})
< Byenipoy Ve ) = ViG] + (L me) Bt o (Ban B29)
- 5112+1 + C}Iz€+1 + (1 + Kh(s)) ﬁHd)ZH(Ak)I ) (B.25)
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Now, conditioning on event £ = & N &, we bound the cumulative regret as follows:

K K
Ry = Z Vi(sh) — V™ (sh) < Z (Lemma 3)
kfz(l H K H =
DML WAL L W
n T ko
<SS ¢+ 0+x) 622\)¢2]!<Ak>_1- (B.26)
k=1 h=1 1 h=1 h

We observe that {¢}} is a martingale difference sequence satisfying |¢¥| < 2H. Thus, thanks

to Azuma-Hoeffding inequality, we have

K H
P> ) ¢ <2H\/Tlog(dT/s) | >1-46. (B.27)

k=1 h=1

In order to bound S0 27

¢ZH(A§)_“ note that for any h € [H|, we have

K K
ZH¢;€LH(AI<>1 < \ KZH(ﬁZ”ZAk)l (Cauchy-Schwartz inequality)
k=1 h - h
det (AK)
< \/QdK log (1 + d—l§\> (B.29)

In inequality (B.28), we used the standard argument in regret analysis of linear bandits [2]
(Lemma 11) as follows:
n—1

. det V
. 2 n+1
t; min (HytHVt—l , 1) < 2log qeV, where V, =V + t; vy, (B.30)

In inequality (B.29), we used Assumption 7 and the fact that det(A) = H?Zl Ai(A)

IN

(trace(A)/d)?. Combining (B.26), (B.27), and (B.29), we have with probability at least 1 —24

Ryx < 2H\/Tlog(dT/d) + (1 + K)ﬁ\/QdHT log (1 + %) (B.31)
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B.1.4 Unknown 7(s)

In this section, we relax Assumption 5, and instead assume that we only have the knowledge
of safe actions ay(s), and remove the assumption on the knowledge about their costs 7(s).

Similar results are provided by [96].

Let k be the number of times the agent has played action ag(s) at time-step h, and 7(s)

be the empirical mean estimator of 75,(s). Then, for any § € (0, 1), we have
P (Th(s) < n(s) + /210g(1/9) /k) >1-6. (B.32)
If we let 6 = 1/K?, then we have

P (’f'h(s) — (s)| < 2/1og(K) /K, Vk € [K]) >1-2/K. (B.33)

We find T},(s), the number of time the agent must play action ag(s) at state s and time-step h
in an adaptive manner as follow. Let T} (s) be the first time that 73,(s) +6+/log(K) /T, (s) < 7.

Thus, we have

Th(s) + 44/ log(K)/Th(s) < 7= (1610& < Th(s). (B.34)

T —Th(s))* ~

Note that in this case 41/log(K)/T,(s) is a conservative estimation for 7 — 75(s).

Now we show that it will not take much longer than 1610g(})())2 that this first time happens.

(T—7h(s

64 log(K)

Conversely, for any k& > ()27 We observe that

7h(s) + 6+/log(K)/k < m,(s) + 8y/log(K)/k < 7. (B.35)
Therefore, we conclude that

16log(K) . 64 log(K)
G e L e o)

and 44/log(K)/Ty(s) is a conservative estimate for 7 — 7,(s).

(B.36)
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B.2 Randomized SLUCB-QVI Proofs

In this section, we prove the technical statements in Section 3.6. First, recall the definition of

the following event that we repeatedly refer to throughout this section:

& = {|¥h. 8(5.0)) = Q5o + BT — Thlova)

< 38(5.0) g

V(a,s,h,k) € Ax S x[H] x [K]}. (B.37)

In the following theorem, we state that &;, focusing on randomized policy selection, is a high

probability event.

Theorem 14 (Thm. 2 in [2] and Lemma B.4 in [64]). Define

ViE(s) = min{ max E, g [Qz(s,a)} ,H} (B.38)

6erk (s)

and recall the definition of &, in (B.1). Then, for any fized policy w, under Assumptions 4, 5,
6, and 7, and the definition of B in Theorem 4, there exists an absolute constant cg > 0, such

that for any fixed § € (0,0.5), with probability at least 1 — 20, the event E =& NE; holds.

B.2.1 Proof of Lemma 4

First, similar to vectors {w} }nein) in (B.6) for deterministic policy selection setting, we

introduce vectors {WJ }nerm) for any policy 7

WT e 0 + /S V() dp(s). (B.39)

From the Bellman equation in (3.12) and the linearity of the MDP in Assumption 4, we have:
Q7(s,a) = ((s,0), W7) (B.40)

Now, similar to the proof of Lemma 3, we start proving this Lemma 4 by induction.

First, we prove the base case at time-step H + 1. The statement holds because V}; 1(s) =
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vk +1(s) = 0. Now, suppose the statement holds for time-step h + 1. We prove it also holds
for time-step h. For all (s, h, k) € S x [H] x [K], let

7k(s, h) == argmax E,g [Q’fl(s,a)] and  7.(s,h) = argmax E,g [Q;(s,a)} . (B.41)
0€Tk (s) fersafe(s)

We consider the following two cases:

1) If m.(s, h) € T%(s), we have

Y

ViE(s) = min{ max E,g {Qlfb(s,a)] ,H}

6erk (s)

min {Ea,\,ﬂ—*(s’h) Q]}CL(Sa Cl):| aH}

Y

min {anﬂ*(s’h) QZ(S, a) +Egop(|s,a) {th+1<5/) _ V;H(S/)H

,H} (Conditioned on & in (B.37))

> min {anm(&h) _Q;‘L(s, a)} ,H} , (Induction assumption)
= Equn. (o) | @h(s,0)] = Vii(s). (B.42)
as desired.

2) Now, we recall the definition of I'¥(s) in (3.14) and focus on the other case when

m.(s,h) & T%(s), which means

<<I>o (5:7(s)) . & (5.0 <s>)>
H¢ (s, a0 (5)) ,
# (05 (8700 0) )+ 8k (5,6706)

Th(s)

> T (B.43)
(%)
Let mo(s,h) be the policy that always selects ag(s) for all (s,h) € S x [H]. Now,

we observe that mo(s,h) € T'%(s). Recall that ¢ (s,a0(s)) = H;(g:%(g;)’)

D, <s, & (s, a0 (s))) = ¢ (s, a0 (s)) and D7 (s, P(s,ao(s))) = 0. Thus

and note that
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<‘I)O (8, d)WO(s,h)(S)) a)(s ao( ))>
e,

qb(s,a (s)),gb(s,a (s))

AP B Ot ok ) o -

=T7(s) <7, (B.44)

(6) + (7 5 (5,679) )+

o]

which implies that mo(s, h) € T¥(s). Now, let Tx(s, h) := af(s)m.(s, h) + (1 — af(s))mo(s, h),

where
ak(s) == {mam €[0,1] : am.(s,h) + (1 — a)mo(s, h) € rg(s)}. (B.45)
Let ¢’(s) := Eqws (s, a). We observe that
§7 ) (5) = af(5)9™ P (5) + (1 af ()™ (s)
= aj(s)9™ M (s) + (1 — af(s)o (5,0 (5)) - (B.46)

Since 7 (s, h) € T'F(s) (see the definition of af(s) in (B.45)), for all (s, k) € S x [K], at

time-step h, we have

\ \/

th(s) = min{ max E,g [Qh s, a }

0eTk (s)

Eqns(s, h) Q } ,H} (B.47)
‘

anﬂ'k(a h) Whv )>+’€h(5)ﬂ|’¢(saa)”(A£)1:| 7H}

(B.48)

¢7"’rk(5,h)(s)H(Aﬁ)71 ,H}

(Jensen’s Inequality)

= min

{
> i (3670 ) 4 )
i~

Wi, 6™ (s)) 4 (Wi, 07 (5))

+rn(s)B

7 (s,h)
)| H} (B.49)
Conditioned on event & in (B.37) and by the induction assumption, we have

_/3‘

gz)’?k(s’h)(s)H(Ai)1 <v~vh Wi, @ M) (s )> + By (s,h) |:ES’NIP(.s,a) [Vifﬂ(sl) - Vf+1(SI)H

< (Wh = Wi, g™ (s) ) (B.50)
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By combining (B.49) and (B.50), we conclude that

> min

(Wi 87 @) + (on(s) = 1@ D) 1 H}

> min { af( s)<w Lm0 s)>+(nh s)—1)B

g (5,67 (s))

n{a’; ) (Wi, @™ M s >+(1—ah<s>)<v~v;,¢”°“’h>(s)>+(nh<s>—1)/3H¢ﬁk<s””<s>H(Aﬁ)1,H}

\< )
]

cI> ( ) (Aﬁs)il

(see Lemma 3 in [96] for a proof) and (1 — af(s)) <v~vh, s, ag ( > 0 as the reward is

B4 (5,670 (s

= min {aﬁ(s) <<V~VZ7 ¢m(s,h)(5)> + (kn(s) = 1)B

¢ﬁ‘k(s ,h)

where the third inequality holds because ’ H Ab) '

always positive, i.e., 7,(s,a) € [0,1] for all (s,a,h) € S x A x [H]. The second equality
follows from the fact that

0 (5,0™0(s)) = ab(5)05 (5,67 7(s)) + (1= af(s)g (5,67 (s))
= ol (s)dt (5, ¢W*<s’h>(s)> . (B.52)

Now, we show that of(s) > —7h(s) , which eventually leads to
A R YE XY Ry | p - y
h,s

a proper value for r,(s) > 1 that guarantees for all (s, h, k) € S x [H] x [K] it holds that
Vi*(s) < Vi¥(s) conditioned on € = & N &s. Definitions of af(s) in (B.45) and the estimated
safe set T'¥(s) in (3.14) imply that for all (s, h, k) € S x [H] x [K], we have

(1~ () { (5,00 () . b (5.0 (5)) ) (0 (587 090)) 6 (s.00 ()

() + ay(s) (s)
¢ .o " ¢ .o
+ <v’z,s,<1>é (s,¢”*<5’h>(s>)> +/3' Py (s,¢”*<8’h><s>)H ( >1] = (B.53)
LY
B (0 (5,67 (5)).B(s.a0(5)) ) P e (5,h)
Let M == H(f)(svaO(SDHQ Th(s) + 7h,s7 CI)O (Sv ¢ (8)> +
B‘@é <s,¢”*(s’h)(s)> : )_1. Note that due to (B.43), M > 7, and recall that
Al
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® (s,a0(s)) = H‘:((SS‘ZO(S)))H . Thus, (B.53) gives

2

T — Th(S)

0<ar(s) = M= rn(s)

<L (B.54)

In order to lower bound of(s) (upper bound M), we first rewrite M as

. (B.55)

(%)

and show that

®o(s5,6™ 1 (5)),b(s,0(5)) )
oo,

(0 (5:67)) .6 (s.00 ()

(a) &

Th(s) + <’y}"l, Py (s, ¢”*(S’h)(s))> < 7 because

n(s) + (73,05 (5,6700()) )

<. (B.56)

o (5.670(5)

E because conditioned

(b) <7Z,s D (5, 67N (s) > <5 ]
( ) )

on & in (B.1), we have

(. = 75008 (5,07 C09) ) = (o, = 0 (577) 8 (5.6700) )

< Bl (5.0~ (s)) (B.57)

(ab)™"
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Now, we combine (B.55), (B.56) and (B.57) to conclude that

M <7+ 28|05 (5,67 (s)) H = ali(s) > 10
(1.) r-n(s) <28 e (s0m M)
(a%.)
(B.58)
This lower bound on af(s) combined with (B.51) gives
( )
(T — Th(5>) (Vh*(s) + (kn(s) — 1)5' o (57 ¢m(s,h)(3)> 1)
- Al
ViF(s) > min (4. JH
T —T1h(8) + 2/3‘ irs (s, qf)”*(s,h)(s)) B
(A5.)
\ /
(B.59)

Let M, = B‘ . Thus, Vi¥(s) > Vi (s) = min {V;*(s), H}, if and

(at.)"

03 (s 1)

only if
(7' — Th(S)) (V}:‘(s) + (kn(s) — 1)M1) > (7' — 1(s) + 2M1) Vi (s), (B.60)

which is true if and only if

2H

(T — Th(s)) (kr(s) — 1) > 2V (s) ~— (T — Th(s)) (kr(s) —1) > 2H <= kp(s) > P

+1, (B.61)

as desired.

B.2.2 Proof of Theorem 6

Conditioned on event &, for any (a, s, h, k) € A x S x [H| x [K], we have

Qh(s,0) = @ (s.0) = (W, b(s,0)) + ()5 05, )| ) = QO (s.0)

< Egp(s,a) [WH(S/) - ‘N/hwﬁ(s/)} + (1 + rn(s)) 5H¢(57 G)H(A;i)-l :

(B.62)
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Let 51};: = ‘N/hk(sfz) - ‘N/hﬂk (sz) and Cllzc—l—l = ]Eafvﬂ'k(sf;,h) |iEs’~IP’(‘|s’fL,a) [th—l—l(sl) - f/}Lw-il (5,)]:| - 5}];:—1—1‘

We can write

0 = Vi (sh) = Vi (sh)
= min{ max [Eg.p [Qk(sfi,a)} ,H} — By (sh 1) [Nzk(sﬁ,a)}

6erk (s¥)

< o Bos Q55| = By | @5 (55 0)]

= By ok [Qh(sh, )} — ek ) [Qh (sk, )}

< Epom (st ) [ESINMW [Vh’11<s’>—m1<s'>}] (1 (5)) BB ey (o) [th (k)| oy ]
(Eqn. (B.62))

= 0F 1+ Gt + (L4 0(9)) BB, (o ) [Hq’) sia H ] (B.63)

Now, conditioning on event £ defined in Theorem 14, we bound the cumulative regret as

follows:

K K
Ry = Z Vi(sh) — Vi (sh) < Zélf (Lemma 4)

IA
M=
NE
3
+
M=
NE
—
_|._
g
>
=
=
§
<
—
N
o
| I— |

k=1 h=1 k=1 h=1
K H K H

<S> NGB Enipiy [sz, 2l (Ak)ll . (B6)
k=1 h=1 k=1 h=1 h

We observe that {¢}} is a martingale difference sequence satisfying |¢¥| < 2H. Thus, thanks

to Azuma-Hoeffding inequality, we have

K H
PSS ¢ <2H\/Tlog(dl/é) | >1-4. (B.65)

k=1 h=1

In order to bound S S E

a~T sh h)

{”(ﬁ st a H (a%)" 1 we define the martingle differ-

ence sequence (y 1= By (st ) {Hqﬁ sk a H (ah)™ } — qu(sfl, aﬁ)H(Ag)*l’ and note that for any
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(h,k) € [H] x [k], we have [tf| < 2/v/A. Thus, thanks to Azuma-Hoeffding inequality, we

have

]~

> <2y/Tlog(dT/5)/X | =106 (B.66)

1 h=1

i

Now, we are ready to bound S>0 327 B, (st ) [qu(si, a)H<A;€)1} as follows:

SO B [H¢<sz,a>H(Aﬁ)1] < 2y/Tlog(dT/3)/A+ ii((¢<sz,az>u

1 -
k=1 h=1 1 h—1 (af)
(B.67)
In order to bound the second term, we have
K K
ZHQ’)(SZ, aﬁ)H(Ak>_1 < KZHgb(sz, aﬁ)H?Ak)—l (Cauchy-Schwartz inequality)
k=1 h k=1 "
det (AK
< \|2Klog L’;) (B.68)
\ det (A})

K
<4/2dK] 14+ —. B.
_\/ oe (1435 (5.69)

In inequality (B.68), we used the standard argument in regret analysis of linear bandits [2]
(Lemma 11) as follows:
n n—1
. det V,,
me <||yt||%,;1 , 1> < 2log th—VJlrl where V, =V, + ZytytT. (B.70)

t=1 t=1
In inequality (B.69), we used Assumption 7 and the fact that det(A) = [[, Mi(A) <
( trace(A)/d)4.

Combining (B.64), (B.65), (B.66), and (B.69), we have with probability at least 1 — 39

Ry < 2H+\/T1log(dT/8) + 2(1 + /{)6\/2dHT log (1 + %l) /A (B.71)
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B.3 Finite Star Convex Sets and Tractability of the Experiments

In this section, we show that if for all s € S, the sets D(s) = {¢(s,a) : a € A} are star
convex and finite around ¢ (s, ao (s)) (see Definition 1), then the optimization problem
in Line 10 of SLUCB-QVI can be solved efficiently. Thanks to Definition 1, for each
s € S, there exist finite number N of vectors ¢ (s,a; (s)) such that we can write D(s})
as: D(s) == UY, [¢ (s,a0(s)), @ (s, a (s))}, where [¢ (s, a0 (s)) & (s, a; (S))] is the line
connecting ¢ (s, ag (s)) to ¢ (s, a; (s)) Since ¢ (s, ap (s )) € Di(s) == {qb s,a):a€ Aﬁ(s)},

the set Dy(s) is also a finite star convex set around ¢ (s, ag (s)), and can be written as

Dr(s) == UY, [qb (s, ag (s)) , O (s, aﬁh (s))], where ¢ (s, al N (3)) as}’f (5, a; (8)) + (1 -

ozf;f)gb (s, ay (S)) and ozfy’,’f = max {a €1[0,1] : ag (s, a; (s)) +(1—a)o (s, ag (S)) € D,’j(s)},
which can be solved by doing line search. The optimization problem at Line 10 of Algorithm

3 is equivalent to

max <wh, >+/€h(sh)ﬁHXH( JSE (B.72)

x€DF(sk)

which can be executed by optimizing over each line [q’) (sfl, ag (s’;)) , @ (s’,j, aﬁh (sh)>] for all

i € [N]. Note that (w},x) + ﬁh(sﬁ)BHxH(Ak)_1 is a convex function in x. Therefore, its max-
h

imum over the line {qﬁ <st, ap (3’5)) , P (s’fL, aﬁh (sﬁ))] is achieved at either ¢ (s’fb, ap (sﬁ))

or ¢ <5h, f b (sh)> which makes the optimization problem at line 10 of Algorithm 3 easy

and tractable.
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APPENDIX C

Proofs for Chapter 4

C.1 Analysis of Safe-DPVI

In this section, we first prove Lemma 5 and then prove the three points stated in Theorem 7.

C.1.1 Proof of Lemma 5

First, we summarize Lemma A.1 in [65] and Lemma 4.2 in [36] in Lemma 13.

Lemma 13. Let m and @' be two arbitrary policies and let Q) be any given Q-function such

that Vi,(s) = Egnm,(Js) [@n(s,a)] for all (s,h) € S x [H]. Then

P
Vi(s) = V7 (8) = E | Eary(fsn) [@n(5h:0)] = Eanrt (1) [@n(sn,0)] |51 = 5,7
h=1
T
+ZE Qn(sn, an) — BrVig1](sn,an)|s1 = s, 7| . (C.1)
=1

Now, recall the definition of suboptimality gap A(7;s) in (4.5). We have

A(ft; 5) = Vi (s) = Vi(s) +Vi(s) — V{7 (s). (C.2)
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Let m = 7’ = 7. Thus, applying Lemma 13, we have

~

i(s) ~ Vi) = m{ S X SR
writis) | Quls,@)] = Vi (s)

| /\

~

E | Qn(sn,an) — BpViia](sn, an)|s1 = s, 7

~

Qn(sn,an) — [BuVisr] (s, an)[s1 = s, 7

&=

VAN
g T 1
=

—tp(Sp,an)ls

>
Il
—

which concludes Lemma 5.

C.1.2 Proof of Lemma 6

First note that

[BrVit1l(s, @) — BrVigal(s, a) = BrVisa](s,a) — Ru(s, a) — [PpViia](s, a)
= [BrVit1l(s,a) — Qi (s, a) + Qf (s, a) — Ri(s,a) — [PyVisi](s, a)
= ByVit1](s,a) — Qi (s,a) + Ry(s,a) + [PrVi%](s,a) — Ru(s,a)

— [PhVis1](s, )

= Butial(s.0) = Q5.0) = [Ba (Vioa = Vi) | 5.0

Thus, if B’ is a 6-Bellman uncertainty quantifier, then for any policy = and (s, a, h) €

S X A x [H], with probability at least 1 — ¢, it holds that

Bufial(s.0) — Q1(s.0) = [P (Vi = Vi )| ol < B (09

Now, we start the formal proof of the lemma. We prove this lemma by induction. First, we
prove the base case at time-step H + 1. The statement holds for H + 1 because Fyi1(s) =
0="Vi.(s) = Vire1(s) = 0. Now, suppose the statement holds for time-step h + 1. We

prove it also holds for time-step h. We consider the following two cases:
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Eqinls) |Qn(s, a) ,H} + Fi(s)

h'/=h

~ H
]Ea~7r;;(.|s) Qh(s7 a) ) H )+ Z ah’E [Bh’(sh/a ah/) ‘Sh =S, ﬂ-*}
) . h'=h

~ _ H
Z min {]anfrh(.|8) Qh(S, a) 7H} + Z Q{h/E [Bh/(sh/, ah/)|sh =S, 7'('*}

> min ¢ Eoore()s) [QZ(S, a) + {Ph <Vh+1 — V,;“H)] (s,a) —2Bjy,(s, a)] JH
H

+ Z B (B (sp,an)|sp = s, 7] (Eqn. (C.3))
h'=h

> min {EaNW,*L(.IS) [QZ(S, a) + apBy(s,a) — 2By(s, a)] ,H}

(Induction assumption)
> min {anﬂz(,|s) [Q(s,a) + (an — 2)Bi(s, a)] ,H}
= min {V;*(s), H} (%)
= Vi (s).

% is true because oy, > 2.

2) Now, we focus on the other case when 7} (.|s) ¢ I'4(s), which means

Eamrs (1s) (15 (s, 0)] > 7. (C.4)

() = {maxy € [0,1] : 971 ([s) + (1 = 7)mh(s) € Tu(s) } (C.5)

> T—71(8) _
Now, we show that ~,(s) > T_Th(5)+2Ea~wZ(,\s)[Bh(57a)],

value for ay, that guarantees for all s € S, with probability at least 1 — 24, it holds that
Vi(s) + F(s) > V;*(s). Definitions of 4(s) in (C.5) and the estimated safe set I',(s) in (4.6)

which eventually leads to a proper
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imply that

Earn(ls) [47 (5, @)] = (8)Eanrz (1) [44 (5, )] + (1 = 70(5))Earro () [ (5, )]

<T. (C.6)

Thus

T — Th(s)
anw;(.|s) [UZ(Sv CL)] - Th(5>

0<n(s) = < 1. (C.7)

Recall the definition of I5%¢(s) in (4.2) and note that 7} (.|s) € T5(s). Due to the
definition §-safety uncertainty quantifier B, for all (s,a,h) € S x A x [H]|, with probability
at least 1 — 9, it holds that

Eamﬁz(.‘s) [u;(s, G)} < Eamwz(.\s) [Ch(sa a) + Bh(sa a)}
< Eonrr(s) [Ch(57 a) + 2B (s, a)]
<7+ 2Eamrs (s) [Bi(s,a)] (75 (.|s) € [528e(s))

<74 2Eqnr(1s) [Bu(s,a)] . (C.8)

Combining (C.7) and (C.8), we conclude that

T — Th(s)
T — Th<8) -+ 2EGN7FZ(-|5) [Bh(s, CL)] '

Yn(s) >
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We have

Va(s)

+ Fi(s

= min anﬂh( |s) h :| y } + Fh(5>

+

= {EQNM Is) [ IB%th+1 s,a) — By (s, a) ] ,H} + Fi(s
+

>m {Ewm Cls) { Bth+1 s,a) — B} (s, a) ] ,H} + Fi(s

>m {Emh o) [BVini](s,0) = By (s.0) ,H} + Fy(s

. mm{ (5)Eanrils) | BuVaii)(s, @) = Bi(s,a)
L= Eaer o [Bilil(5.0) = By(o,)] H  + )

> min {ms) (Baeriro [Batisal(s.0) = Byfo,0)] + i)

H1 =06 (Bansgiio [Ba¥ical(s. ) = Bifosa] + Fi(o) ,H}

> min {ms) (Em;(.s> B4 Vil (s, @) - Bi(s,0)| + Fh<s>) ,H} ()

> min {’yh( E ar~r (]3) [Qh(s a) + (o, — 2)Bh(s,a)} ,H} . (Je k)

% is true because (1 — v,(s)) > 0 and

Eary (o) |[BnVis](s, @) = By (s,a)] + Fi(s)

Qh(s,a) + [Ph (Vh+1 -2 } s,a) — 2By, (s, a)

)
o | @ (s,a) + [Ph (Vh+1 - V;H_lﬂ s,a) — 2By (s,a)

:Q%(s, a) + apBy(s,a) — 2B} (s, a)}

. :Q%(s,a) + (ap — 2) By (s, a)}

Qh(s.0)

+ Fy(s) (Equation (C.3))

+ Z apE [B;L (Spryap)|sn = s WO}
=h

(Definition of Fp(s) in Lemma 6)

(Induction assumption)

(o, > 2)
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Y% is true because

Euri ot [BiVisa)(s,0) = Bi(s, )] + Fi(s)

> Eors(1s) |@Qn(s,a) + {Ph (Vh+1 — Vh+1>] — 2By (s,a)| + Fi(s) (Equation (C.3))
> Eonrr(1s) |@Qn(s,a) + {Ph (Vhﬂ - Vh+1>:| —2B,,(s,a)
; L |
+ Z awE [By (sp,an)|sp = s, "] (Definition of Fj(s) in Lemma 6)
W=h
> Eqnrr (1) (@1 (5, @) + anBn(s,a) — 2By (s, a)) (Induction assumption)

Z Ea"’”h(‘ ) [Q (8 a) + (ah - 2)Bh(87 CL)} .
Now, we continue from s and observe that Vj(s) + Fi(s) > V;*(s) if and only if

V1 (8) Eanmi (1s) [@h (5, a) + (an = 2)Bu(s, a)] > Vi (s)
C.9) (T—Th ) +(T—Th s) [(

) a~y (|8

~

7 — 71(8) + 2Earr()s) [Bh

)
— (ap, —2) (7‘ — Th(s)) Eonrs (1s) [Bh(s, a)| > 2Eqnnr(1s) [Bh(s, a)} Vi (s)

e =

H>V7*(s) — —
= (ap — 2) (7’ — Th(s)) Eanrs (1s) [Bh(s, a)| > 2Eqrs (1s) [Bh(s, a)} H
2H
< Op Z 2+
T — 7h(s)

as desired.

C.1.3 Proof of Theorem 7

Proof of point 1 of Theorem 7 Recall the definition of I';(s) in (4.6). Since B is a
d-safety uncertainty quantifier, thus for all (s,a,h) € S x A x [H], u§(s,a) is an upper bound
on Ch(s,a) with probability at least 1 —d. Thus,
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1. 70 € II or equivalently 7?(.|s) € T'n(s), for all (s, h) € S x [H] because

anwg(.\s) [u2(87 a)} = ]anﬂ'g(.|5) [C’h(‘S? CL) + Bh(87 CL):|
< Ea~7r2(.|s) [Ch(sa CL) + 2Bh(37 a)]
= Th(‘S) + 2Ea~7r2(.|s) [Bh(sv CL)]

<. (C.10)

2. m(s) € {0(]5) € Au: Eogys) [ug(s,a)] < T}, which implies that with probability
at least 1 — 9, it holds that

anfrh(.|s) [Ch(sy a)] < ]anfrh(.|s) [UZ(S, a)] < T, (C11>

This concludes point 1 of Theorem 7.

Proof of point 2 of Theorem 7 Note that if [B),Vj,11](s, a) — B} (s, a) < 0, then Qp (s, a) =
0 and therefore —u5(s,a) = —[B;Vis1](s, a) < 0. Now, suppose [B,Vii1](s,a) — B} (s,a) > 0.

Since B’ is a d-Bellman uncertainty quantifier, we have

—tn(s,a) = Qu(s,a) — ByVhi1](s, a)
= BiViii)(s,a) — By(s,a) — BuViii](s, a)

<0.

This concludes that for all (s,a,h) € S x A x [H], with probability at least 1 — §, it holds

that —¢p(s,a) <0, and therefore

H
Term II = ZE —p(Snyan)|s1 = s, 7| <O0. (C.12)
h=1

Now, we are ready to use Lemma 6 and (C.12) to complete the proof of point 2 as follows
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H H

Vi¥(s) — Vi(s) < Fi(s) = max {ZahE [Bh(sh,an)|s1 = s, 7] 7ZahE {Bh(sh, ap)|s1 = s, WO] 7
h=1 h=1

(C.13)

as desired.

C.2 Analysis of Safe-DPVI: Linear MDP

In this section, we prove the technical statements in Section 4.5.

We make use of Theorem 7, which is stated for general MDPs, to prove Theorem 8 in
two steps: 1) We first state Lemma 14, in which we specify B and B’ such that they are
0-safety uncertainty quantifier and d-Bellman uncertainty quantifier as in Definition 2 for the
corresponding to the linear MDP in Definition 3; 2) Next, we lower bound A, (Ay) for each
h € [H] in Lemma 15, which is followed by a high probability upper bound on B (s, a) for
all (s,a,h) € S x Ax [H].

Lemma 14 (Theorem 2 in [2] and Lemma 5.2 in [65]). Let the underlying MDP of Safe-
DPVI be a linear MDP as in Definition 3. Under Assumptions 10 and 11, if we set By(s,a) =

ﬁ”(ﬁ(s,a)HA;l and Bj(s,a) = B’Hd)(s,a)”Agl? where § = o4 [dlog (Qif) + VM and

B =cdH log(%) for an absolute constant ¢ > 0, then B and B’ are §-safety uncertainty

quantifier and 6-Bellman uncertainty quantifier as in Definition 2.

Lemma 15. Let § € (0,1) and Assumption 12 holds. If K > 2log(4), then
P (Ain(An) > A+ L Vh e [H]) >1-6.

Proof. In order to bound the minimum eigenvalue of the Gram matrix Ay, we use the Matrix
Chernoff Inequality [125, Thm. 5.1.1].

Theorem 15 (Matrix Chernoff Inequality, [125]). Consider a finite sequence {Xy} of inde-
pendent, random, symmetric matrices in R4, Assume that A pin(Xi) > 0 and Apee(Xi) < L

for each index k. Introduce the random matric Y =Y, Xi. Let iymn denote the minimum
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eigenvalue of the expectation E[Y],
k

Then, for any € € (0,1), it holds,

P ()‘mm(Y) < Eumin) <d- exp (_(1 _ E)Q/én}jn) .

Now, let X;, = @(sF,al)p(sk,af)T, such that each X, is a symmetric matrix with
Amin(Xx) > 0 and Apax(Xg) < 1 (see Assumption 11). In this notation, A, = AI + Zszl X

In order to apply Theorem 15, we compute

K K
Hmin = )\min ZE[Xk] - >\min Z E[(p(sia a2)¢(327 aZ)T] = >\min (th) Z EKv
k=1 k=1

where the last inequity follows from Assumption 12. Thus, the theorem implies the following

for any € € [0,1):

K
cK
P ain(S Xp) < e | <d-exp(—(1-€25). C.14
(%) < @k | <o (1) (©.14)
To complete the proof of the lemma, simply choose € = 0.5 (say) and K > 2log(%) in
(C.14). This gives P (Amin(An) > A+ <X Vh € [H]) > 1 — 6, as desired.
[

C.2.1 Proof of Theorem 8

As a direct conclusion of Lemma 15, we upper bound By (s, a) for all (s,a,h) € S x A x [H].
In particular, Assumption 11 and Lemma 15 imply that for all (s,a,h) € S x A x [H| with
probability at least 1 — ¢, it holds that

1 2
H¢(S,Q)HA;1 < H¢(3>G)H2 \/;(Ah) = \/2)\—1-:(_3}(

Now that we have established B and B’ and obtained an upper bound on ||qb(s, a)H AL
h

we are able to exploit the results stated in Theorem 7 to conclude that if K >
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82

E<T_max(s,h)68>< (H] Th(S))

>, which implies that

Eont(15) [B(8:0)] = Equrt (o) |:6||¢(S’G>HA;1)}

[ 2
< =
<h 2\ +¢cK

< T — IMaX(s,h)eSx[H] Th(S)

= 2
< T yiom e 8 (),
then
2* H
P (A(fr; 5) < % Vse€S and 7€ HsafE) >1- 3. (C.15)

C.3 Unknown 7(s)

In this section, we relax Assumption 9, and instead assume that we only have the knowledge

of a safe policy 7°, and remove the assumption on the knowledge about the costs 7(s).
policy

In this case, we compute a conservative estimation of the gap 7 — 7,,(s) in an adaptive
manner. We show that the agent needs N samples of each tuple (s, a, Cy(s,a0(s)) + €5)
in the dataset that are collected by executing policy 7° in order to be able to construct
this conservative estimators of the gap 7 — 74(s), and thereafter rely on these conservative
estimates in the computation of estimated safe set of policies (discussed shortly). We show
that if M < N <L 64_10—g(K)2, then the agent is able to construct these conservative

(r=7n(s))? (r=7n(s))
estimates.

Let k be the number of times policy 7 has been executed in the dataset, and 7, (s) be

the empirical mean estimator of 7,(s). Then, for any § € (0,1), we have

P (Th(s) < () + /210g(1/9) /k) >1-6. (C.16)

If we let 6 = 1/K?, then we have
P (\%h( — m(s)| < 23/log(K)/k, Vk € | ) >1-2/K. (C.17)
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We start from the first sample of (s, a, Cj(s, a)+ €,) and continue to update the empirical

mean 7,(s). Let N be the first time that 7,(s) + 64/log(K)/N < 7. Thus, we have

16log(K
() + 4y/log(K)/N < 7 = O;g()Q <N. (C.18)
(7 = 7u(s))
Note that in this case 44/log(K)/N is a conservative estimation for 7 — 73,(s). Thus, we
have
16 log(K
Th(s) + 4/log(K)/N < 7 = o—g()2 < N. (C.19)
(7 = 7(s))
Now we show that it will not take much more number of this tuple than L61og(K) ¢} at

(T—7h(s))?

this first time happens. Conversely, for any N > (34_1:5((5))2, we observe that

7h(8) + 64/1og(K)/N < 14(s) + 8y/log(K)/N < T. (C.20)

Therefore, we conclude that

16log(K)

(7 = 7n(s))?

64 log(K)

Ok

(C.21)

and 44/log(K)/N is a conservative estimator for 7 — 7,(s).
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APPENDIX D

Proofs for Chapter 5

D.1 Proofs of Section 5.3

To prove Theorem 9, we will use the high probability event & defined in Lemma 17 to prove
the UCB nature of Lifelong-LSVI in Lemma 18, which is the key to controlling the regret.

We first state the following lemma that will be used in the proof of Lemma 17.

Lemma 16. Under the setting of Theorem 9, let cg be the constant in the definition of (.
Then, for a fized w, there is an absolute constant cy independent of cg, such that for all

(h,k) € [H] x [K], with probability at least 1 — § it holds that

< coH <d+ \/J) \/10g((65 + 1)dd'T/9),

(af)"™

where ¢y and cs are two independent absolute constants.

k-1
>~ 7 (Vi (has w) = PalViia (s w))(s7, af) )
=1

Proof. We note that ||n,|l, < v/d (Assumption 13),
-1

H (Aﬁ) ‘ < 5. Thus, Lemmas 33 and 35 together imply that for all (h, k) € [H] x [K], with

probability at least 1 — ¢ it holds that

}9,’3(w)||2 < H+/d (Lemma 32), and

2
k—1

>0 (Vikea (ks w) = PalVibys (L w)l (57, 7))
T=1

(ap)™

2
< 4H? (;l log (W) +d'log(1 + 4d'/e) + dlog(1 + 4Hd/c) + d”log (W) e (3;))

n 8k2e2
T
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If we let € = %L and 3 = cg(d+V/d')H/log(dT'/5), then, there exists an absolute constant
C > 0 that is independent of ¢z such that

2

k—
Z P (Vi (s w) = PalVi (L w)(s7, 7)) < C(d' +d*) H2 1og ((c + 1)dd'T/5)
=1 (A]Z)_l

Lemma 17. Let the setting of Theorem 9 holds. The event

E(w) = {Helﬁ(w) - élfi(w)’ Al

< B,¥(h,k) € [H] x [K]} (D.1)

holds with probability at least 1 — § for a fized w.

Proof.
k Ok k k 185 k
0} (w) - By, (w) = O (w) — (A}) " AF Vi (s7irw)
T=1
71 k-1
= (a}) [ Ak6hw) =X Vil (shiw)
T=1

=A (AfL)—l 0% (w) — (Alfl)—l (k;zl ®h (thﬂ(szﬂv w) — Ph[Vﬁl(ww)](SL aﬁ))) .
r=1

q1

q2

Thus, in order to upper bound Heﬁ(w) — éi(w)HAk, we bound [|qu |4 and [[qzl[5x sepa-
h

rately.

From Lemma 32, we have

Jaalag = A6k -+ < VAJOR (D2)

Thanks to Lemma 16, for all (w, h, k), with probability at least 1 — ¢, it holds that

||‘12||Ak kz (Vh+1 Sha1s W) — IP’h[thH(.,w)](sg,a,Tl))
p— ()
< ol (d+ V) V9o((cs + 1)dd'T/6), (D.3)
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where ¢y and cg are two independent absolute constants.

Combining (D.2) and (D.3), for all (w, h, k), with probability at least 1 — §, it holds that

|6k (w) - B1w)]

S (d + \/@ Mog(dd'T )

for some absolute constant ¢ > 0.

O

Lemma 18. Let W = {wh,w?, ..., wE}. Under the setting of Theorem 9 and conditioned

on events {E(w)}, 5w defined in (D.1), and with Q}. computed as in (5.6), it holds that

QF(s,a,w) > Qi (s,a,w) for all (s,a,w,h, k) €S x A x W x [H] x [K].

Proof. We first note that conditioned on events {Ey(w)},, 4 » for all (s,a,w,h, k) € S x A X

W x [H] x [K], it holds that

(s, a,w) + (B,(w), @(s,0) ) = Qf(s,a.w) = By Vi (5 w) = Vi (sw)] (5. 0)

=|rn(s,a,w) + <é:(w), (s, a)> — (s, a,w) — Py [th+1('7w)] (s, a)

= (8, (w) @(s,a) ) — Py [Viisy ()| (5,0)

= [{h ) — oh(w). 015,

61(w) — Bk (w)]|, 195, 0) oy

IN

S /BH¢(87CL)H(AE)*1 ) (Lemma 17)
for any policy 7.

Now, we prove the lemma by induction. The statement holds for H because Q% (., .,.) =
Q7r41(s,.) = 0 and thus conditioned on events {&(w)}
(s,a,w,k) €S x Ax W x [K], we have

defined in (D.1), for all

weW’

~k

ry(s,a,w) + <9H(w),q_’)(s,a)> — qu(s,a,w)’ < BHQ’)(S,a)H(A%)q .
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Therefore, conditioned on events {&y(w)}, 5, for all (s,a,w, k) € S x A x W x [K], we have

QE(S,CL,M) < TH(Saa’w> + <él}€{(w)u ¢(S7a)> + B”d)(sa(l)H(Ag)—l = QZ(S,G,U)).

Now, suppose the statement holds at time-step h+1 and consider time-step h. Conditioned
on events {&(w)}, 5 for all (s,a,w,h, k) € S x A X W x [H] x [K], we have

0 < rp(s,a,w) + <é];(w),(;b(s,a)> — Q5 (s,a,w) — Py [Vfﬂ(.,w) - V,L*H(.,w)} (s,a) + 5||¢(s,a)||(A,§)71
<rp(s,a,w) + <éi(w), ¢(s,a)> - Qr(s,a,w) + ﬂ“qﬁ(s,a)H(Aﬁ)fl . (Induction assumption)

Therefore, conditioned on events {&(w)}, o for all (s,a,w, h, k) € S x A x W x [H] x |K],

we have

QZ(S,CL,U)) < rh(s,a,w) + <é:(w)7 ¢(57a)> + ﬁ”(lb(sva)H(Aﬁ)_l = QZ(Sa a,w).

This completes the proof.

D.1.1 Proof of Theorem 9

Let 6f = ViF(sk, w*) — Vi (s, w") and €, = E [6F, |}, af] — 6F.,. Conditioned on events

{E(w)} ey, for all (s,a,w,h, k) € S x A % W x [H] x [K], we have

Qh(s.a,w) = Q7 (s,0,w) = m(s, a,w0) + (OF (w), B(s,0) ) = Q5 (5,0, w) + B b(5, )|

< Ph [th+1(.,w) - Vhﬂj1<'7 w)] (87 CL) + ZﬁH(ﬁ(Su a)”(A’fL)—l : (D4)

Note that 6F < Q¥ (s, aF,w*) — Qr"(sk, aF, w*). Thus, combining (D.4), Lemma 17, and
a union bound over W, we conclude that for all (h, k) € [H] x [K], with probability at least
1 — 9, it holds that

5 < f}lfﬂ + 5;]§+1 + 25“9{)(3]/2, aﬁ)H

(AFy-1 "
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Now, we complete the regret analysis

K
SZW{:(ST, F) — Vi (sh, wh) (Lemma 18)

<2H Tlog(dT/(S) + QHB\/QdK log(1+ K/\)

<0 (\/)\(d?’ ¥ dd’)H3T) .

The third inequality is true because of the following: we observe that {¢F} is a martingale
difference sequence satisfying |£F| < 2H. Thus, thanks to Azuma-Hoeffding inequality, we

have

P Z > gi< Tlog(dT/8) | >1—. (D.5)

h=1

In order to bound K: H: oF _,, note that for any h € |H|, we have
k=1 h=1 h (Ak) 1
h

K K
2
ZH(ﬁZH el S KZHWE” -1 (Cauchy-Schwartz inequality)
k=1 (A%) \ k=1 A7)
det (A{f)
< [2Klog | —— (D.6)
det (A,ﬁ)

< \/QdK log (1 + g) (D.7)

In inequality (D.6), we used the standard argument in regret analysis of linear bandits [2,

Lemma 11] as follows:

"L det'V,, i
me <||yt||3,;1 : 1> < 2log WVT where V, =V, + Zyty:. (D.8)

t=1 t=1
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In inequality (D.7), we used Assumption 13 and the fact that det(A) = J[’, Mi(A) <
(trace(A)/d)?.

D.2 Proofs of Section 5.4

We start by introducing the high probability event &, which is the foundation of our analysis
in the following lemma.
Lemma 19. Follow the setting of Theorem 10. The event

1)

&) = {okw - 8w

L < BY(hE) € [H] x [K]} . (D.9)

holds with probability at least 1 — & for a fived w.

D.2.1 Proof of Lemma 19

First, we state the following lemma that will be used in the proof of Lemma 19.

Lemma 20. Under the setting of Lemma 19, let cg be a constant in the definition of (.
Then, for a fized w, there is an absolute constant cy independent of cg, such that for all

(h, k) € [H] x [K], with probability at least 1 — § it holds that

k—1
>~ i (ViEea (570 w) = PalViE ()] (s, 07))
T=1

< coH (d + m> \/log((%’ + 1)mdT/9),
(ap)™

where ¢y and cg are two independent absolute constants.

R -1

Proof. We note that ||n;, + E: < (1+ H)v'md and ‘(AZ) H < % Thus, Lemmas 33 and
2

36 together imply that for all (h, k) € [H] x [K], with probability at least 1 — ¢ it holds that

2

k-1
>~ 7 (Vi (570 w) = BalViE (L w)l (57 )
T=1

(ar)™

1+ 32L%32 1 2.2
< AH? (dlog (’W) + mdlog(1 + 8HVmd/e) + d*log <W> 4 log ()) LBk

2 A Ae? 0 A
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If we let € = 2% and 3 = c5(d + vVmd)H\/log(dT'/5), then, there exists an absolute

constant C' > 0 that is independent of cg such that

2
k—1

> 0h (ViEa(sir ) = PalViE (o w)l(s7, 7)) < C(md + d?)H? og ((cs + 1)mdT}5) .

(ah) ™

Now, we begin the formal proof of Lemma 19:

~ _1 k—1
0} (1) — By(w) = 05 (w) — (AF) D Vil (4, w)
T=1

k—1

-1
= (AF) [ AkOE) = D @7V (57 w)
T=1

= () ohw - (a1) Z &7 (Vi (5T ) = BalVi s ()57, )

N

-~

a1 N - .

q2

Thus, in order to upper bound HOﬁ(w) — éh(w)HAk’ we bound [|qu |4 and [[qal[5x sepa-
h

rately.

From Lemma 32, we have

Jalag = A6k,

h

S VA0 (w)

< HV ). (D.10)

Thanks to Lemma 20, for all (w, h, k), with probability at least 1 — ¢, it holds that

k-1
letzllax < || @7 (Viies (i, w) = PalVis ()] (57, a7) )

(1)

< coH (d+ Vimd) \Jlog((cs + 1)mdT/5), (D.11)

where ¢y and cs are two independent absolute constants.

Combining (D.10) and (D.11), for all (h, k) € [H] x [K], with probability at least 1 — 0,
it holds that
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[CAE AT

Sl (d + \/md) Mog(mdT /o)
h

for some absolute constant ¢ > 0.

D.2.2 Proof of Lemma 7

Thanks to Assumption 14 and conditioned on events {&;(w)}, .y, one set of solution for (5.8)

) k
is {OZ (w(ﬂ))} and 5}‘?‘“ with corresponding zero optimal objective value. Therefore, it
j€ln]
holds that

(6. 606.0) = (Ew (sau) ), WG ellxD D1
Let (s(i), a(i)> be the i-th element of D and {c}(s, a)}icq) be the coefficients such that

d(s,a) = Z ci(s,a)p <s(i), a(i)) .

1€[d]

For any triple (s,a,j) € S X A x [n], we have

<éf;¢ (s,a,w<f>)> = <éi‘;¢<s,a> ©p (w”>)>
- <§’; 3 d(s,a) (Sm’ a(i)) ®p (w<j>>>

1€[d]
= Z ci(s,a) <EZ,’¢ (s(i), a(i),w(j)>> (Assumption 15)
1€[d]
= Z ci(s,a) <é:(j), ¢ <S(i), a(i))> (Eqn. (D.12))
1€[d]

O))

_ <gh ,¢(S,a)> . (D.13)
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For any (s,a,w) € S x A x W, it holds that

P Vi (o w)| (s,0) = (05 (w), é(s,a) ) (Equ. (5.4))
= <§Z}i€“,z/)(s,a,w)> (Assumption 14)
= ]6% cj(w) <£Z'f“, P (s, a, w(j)>> (Assumption 15)
= Z cj(w)Py, {thﬂ (.,w(j))} (s,a) (Assumption 14)
S
= c;(w) (05 (WD) @(s,a) ). (D.14)
jez[;] < k ( ) )> D.14

Finally, conditioned on events {&(w)}, .y for all (s,a,w, h, k) € S x A x W x [H] x [K],

it holds that

IN

<

(w0} -7 [t )] (.0

(& w00} - (Bhw).o0s.0))

3 esw) <<éi,¢ (svau) )~ (ot (u) ,¢<s,a>>>

JEM]

(Assumption 15 and Eqn. (D.14))

Jj€n]
%;] ¢j(w) <9§<J> N (wm) (s a)> - jez[;] ¢j(w) <é’; (wm) _ o <wu>> (s a>>
;} cj(w) <é:(j) _ é: (w(1)> ,¢($,a)> + ];M cj(w) <é: <w(j)> _ 6" (w(])> (s a)>

(Eqn. (D.13))

215 (s, a)H(A,ﬁ)fl . (Lemma 19)
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D.2.3 Proof of Optimistic Nature of UCBIlvd

Lemma 21. Let W = {w: 7€ [K]}U{wY) :j € [n]}. Under the setting of Theorem 10

and conditioned on events {E€1(w)}, 5y defined in (5.9), and with Q) computed as in (5.7), it

holds that Q% (s,a,w) > Qj(s,a,w) for all (s,a,w,h,k) € S x A x W x [H] x [K].

Proof. We first note that conditioned on events {&1(w)}, .y , for all (s,a,w,h, k) € S x A x

W x [H] x [K], it holds that

r(s.aw) + (€ (o) ) = Qs ) = B [V o) = Vil w)] (v

= o)+ (0,00 ) = rsa,) = B [V )] v

- (&) ) - B [Vt
< 2L6H¢(s, a)H(Aﬁ)_l , (Lemma 7)

for any policy 7.

Now, we prove the lemma by induction. The statement holds for H because Q% (., .,.) =
Q% 41(- -5 -) = 0 and thus conditioned events {&;(w)}, .5, defined in (5.9), for all (s,a,w, k) €
Sx AxW x [K], we have

< 2Lﬁ||(j)(s,a)H(A,;I)_1.

TH(‘Svavw) + <£’;Iv¢(57a7w)> - Q;I(‘S?a’w)

Therefore, conditioned on events {&; (w)} for all (s,a,w,k) € S x A X W x [K], we have

wEW’

~k

QE(S,CL,U}) < TH(S,CL,U)) + <£H7¢(Saaaw)> + 2L/BH¢(S,(I)H(A1;{)_1

.
- {ms,a,w) + (& wioa0) )+ 2200060 )_1}

= QI;_I(S,G,U}),

where the first equality follows from the fact that Q% (s, a, w) > 0. Now, suppose the statement

holds at time-step h + 1 and consider time-step h. Conditioned on events {&; (w)} for

weW’
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all (s,a,w,h, k) € S x Ax W x [H| x [K], we have
0< m(s.a,u) + <éi,¢<s,a,w>> ~ Qi(s,aw) = B [ Vi (w) = Vit () (5,0) + 2LB (5, )|

< rp(s,a,w) + <é:,1/i(s,a,w)> - Qr(s,a,w)+ 2L,8||¢(s,a)||(Ak)71 ) (Induction assumption)

Therefore, conditioned on events {&; (w)} for all (s, a,w, h, k) € Sx AxW x[H] x [K],

wGW’
we have
Ak

Qis.a,0) < s, o) + (& w(sva,0) ) + 228905,

— {rh(s,a,w) + <é:,¢(s,a,w)> + 2L (s, a)||(A,ﬁ)1}

= Qﬁ(s,a,w},

where the first equality follows from the fact that @ (s,a,w) > 0. This completes the

proof. O]

D.2.4 Proof of Theorem 10

First, we bound the number of times Algorithm 7 updates éfb, i.e., number of planning calls.
Let P be the total number of updates and £, be the episode at which, the agent did replanning
for the p-th time. Note that det A; = A% and det Aj < trace(Ay /d)? < (A + %)d, and

consequently:

det AK 1] det Ay _ (1+£)d
detAj, o+ det A T ax)

and therefore

H H P dH
det AX detA ( K)
<(1+=) . (D.15)
g det A} Hgd tA’“z’l d\
Since 1 < ddtel Y for all p € [P], we can deduce from (D.15) that
et A"

det AF

dh € [H] such that e < -
det A¥
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happens for at most dH log (1 + %) number of episodes k € [K]. This concludes that the
number of planing calls in UCBIlvd is dH log (1 + %)

Now, we prove the regret bound. Let §F = Vh’;(s',j,wk) — Vh”k(sfl,wk) and &, =
E [6F.1|sk,af] — 6F ;. Conditioned on events {& (w)} for all (s,a,w,h, k) € S x A x

W x [H] x [K], we have

wGW’

QY (s,a,w) — sz (s,a,w) = rp(s,a,w) + <£fw P(s, a,w)> - sz (s, a,w) + 2LBH¢(S’ a)H(AE)*1
<P, |:Vhl~€+1('7 w) - Vhﬁcl(vw)} (S’ CL) T 4L5H¢<S’ a)H(AEr1 )

(D.16)

Note that oF < Q%(sz, af, wk) — Q;{k(sﬁ, a¥, w*). Thus, combining (D.16), Lemma 19, and
a union bound over W, we conclude that for all (h, k) € [H] x [K], with probability at least
1 — ¢, it holds that gives

0 < g1+ Ohir + 4LBH¢(3;§’ GZ)H(A;)_l :
h

Note that for any positive semi-definite matrices A, B, and C such that A = B + C, we

have:
det(A) > det(B), det(A) > det(C), (D.17)

and for any x # 0 ([2, Lemm. 12]):

2 2
||x||§§det(A) nd ||x||QB,1§det(A)
Ix[g ~ det(B) x5 — det(B)

. (D.18)

Now, we complete the regret analysis following similar steps as those of Theorem 9’s
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proof:

k=1
K

= Zvé(sllg’ F) = VT (st wt) (Lemma 21)
k;l

:Z(;’f
k=1
K H

< ZZgh +4LBZZH¢> s* ak H
k=1 h=1 k=1 h=1
< det A¥

< Zth—l-ZLLBZZH(ﬁ Shy H A5\ qer AF (Eqn. (D.18))
k=1 h=1 k=1 h=1 h

H+/Tog(dT/6) + 8HLB+/2dK log(1 4+ K/\)
<O (L\/)\(d3 T md2)H3T> .

IN

D.2.5 Discussion on the Time Complexity of UCBIlvd and Lifelong-LSVI

In what follows, we clarify on how the time complexity of UCBIlvd compares to that of Lifelong
LSVI. When we compute (Ai) - by the Sherman-Morrison formula, the computational
complexity of Lifelong-LSVT is dominated by Line 5 in computing max,e 4QF +1(8h41, @) for
all 7 € [k]. This takes O(d?|A|K) per step, which gives a total runtime O(d?|A|HK?). In
UCBlvd, every planning call takes O(md?|A|K + m?d®), where the second term is the time-
complexity of the convex QCQP with m + 1 constraints and 2md variables. This gives a total
runtime of O(H?(md?| A|K +m?d*)). Therefore, UCBlvd enjoys a smaller time complexity by
a factor of K compared to that of Lifelong-LLSVI, which is a significant reduction in practical

scenarios where K >> d' = md.

D.3 Details of Remark 2: UCBIlvd with unknown rewards

In order for our analysis to go through, we need a slightly different completeness assumption

as below:
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Assumption 19. Given feature maps ¢ : S x A =R and ¢ : S x A x W — R?, consider

function class

F = {f : f(s,w) = min {Ianeaﬁc{@,v,b(s,a,w» +BH¢(s,a)HA,1 +B||w(s’a’w)H[x1}+,H}
wveRY Aes? Aes? p>0,3> 0}.

Then for any f € F, and h € [H], there exists a vector 5{,, e R? with HE%H < HVd' such that

Py [f(aw)} (s,a) = <€£,’¢(S,CL,’LU)>.

D.3.1 Overview

Algorithm 9 UCBIlvd with Unknown Rewards
1: Set: Q% 1(,,.,.) =0, Vke€ [K], k=1

2: for episodes k =1,..., K do

3. Observe the initial state s¥ and the task context w*.

k ~k
4:  if 3h € [H] such that % > e or 9% > ¢ then
LA

) det Ay,
5: k=k

6: for time-steps h=H,...,1 do

7 Compute éz as in (D.21).

8: end for

9: end if

10:  for time-steps h=1,...,H do

11: Compute Qﬁ(sﬁ, a,w”) for all a € A as in (D.19).

12: Play af = arg max,¢ 4 Q¥ (s*, a,w*) and observe i, and 7).
13:  end for

14: end for

Let v, = (s}, ap,w™). UCBlvd with unknown rewards works with the following action-

value functions:

.
Qi(s,a,w) = {<f7£ #Ehs.00) )+ 000650 g +B||¢<s,a,w>uml} . (D.19)
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where
k—1 k—1

~ ~k\ L T T i T
77]]2 = (Ah> "ph'rh and Ah = )\Imd + Z¢h¢hT7 (DQO)

=1 T=1

and
2
éi,{éff”} ~ argmin <<e<ﬂ‘>,¢<s,a>> - <£,¢ (s,a,w@>)>) (D.21)
Jj€ln] f:{e(j)}je[n] Jj€[n] (s,a)eD

<B Vi and [gl,<HVmd,

k
Ah

st o~ ()

D = {(s,a) : ¢(s,a) are d linearly independent vectors.}, and éZ(w) and A} are defined in
(5.5).

We note that compared to (5.7), action-value function defined in (D.19) involves an
extra term <7~;i7 (s, a,w)> - BHi/J(s, a, w)H(AZ)fl. This term is in fact an upper bound on
rn(s,a,w). Specifically, from Theorem 2 in [2], we know that for B = v/ Amd, it holds that

=] o < 8. k) € 1] x [, (D.22)
h

Theorem 16. Let T'= KH. Under Assumptions 13, 15, and 19, the number of planning calls

in Algorithm 9 is at most dH log (1 + %) + mdH log (1 + %), and there exists an absolute

constant ¢ > 0 such that for any fized 6 € (0,0.5), if we set A\ =1, f = cH (md) y/log(mdT/J)

and B = v/'md in Algorithm 9, then with probability at least 1 — 26, it holds that

Ry < 2H\/T1log(dT/8) + 4HVK (LB\/leog(l + K/)\) 4 B+/2mdlog(1 + K//\)>
<0 (L\/m2d3H3T> .

D.3.2 Necessary Analysis for the Proof of Theorem 16

Lemma 22. Let cg be a constant in the definition of 3. Then, under Assumptions 13, 15,
and 19, for a fized w, there is an absolute constant cy independent of cg, such that for all
(h,k) € [H] x [K], with probability at least 1 — ¢ it holds that

k—1

>0 (Vi (S5 w) = PalViE (w57 07)) < comdH \log((c5 + 1)mdT /9),

=1 (af)™

where ¢y and cg are two independent absolute constants.

152



i+ &) < HVimd+ K/ and ‘(Ai)_l‘ <1 andH(A’,j)‘l

Thus, Lemmas 33 and 37 together imply that for all (h, k) € [H] x [K], with probability at

Proof. We note that <

1
-

least 1 — ¢ it holds that

2

k1
>0 (Vi (s w) = BVl (o w))(s7, ap))
(a1)”
d k+ A 1+ 32L23%Vd
< 4H? Elog (%) +mdlog(1 +8Hvmd/e) + d*log ( il 3)\ 25 \/_>
€

1 +84%V/md 1 %€

+m?2d?®log M +log | = + Sk .
Ae? 4] A

If we let € = % and 8 = cz(md)H\/log(mdT’/¢), then, there exists an absolute constant

C > 0 that is independent of cg such that

2
k—1

> 0k (Vs (shar ) = PV (o w)l(s7, 7)) < C(mPd®) H? g ((cs + 1)mdT /5)
=1 (Aﬁ)—l

]

Lemma 23. Under Assumptions 13, 15, and 19, if we let f = emdH +/Xlog(mdT'/§) with

an absolute constant ¢ > 0, then the event

&x(w) = {ehtw) - 810

<6, V(hk) € 1) x [K]}. (D.23)
holds with probability at least 1 — & for a fized w.

Proof. The proof follows the same steps as those of Lemma 19, except that it uses Lemma 22

instead of Lemma 20 due to different structure of action-value functions Q¥ in this section. [J

Lemma 24. Let W = {w™ : 7 € [K]} U{wY : j € [n]}. Under the setting of Theorem 16

and conditioned on events {E3(w)}, oy defined in (D.23), for all (s,a,w,h,k) € S x A x

—~

W x [H| x [K], it holds that

(& w0 n)) - B [Vt

< 2L6H¢(57a)||(1x§)‘1
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Proof. The proof follows the exact same steps as those of Lemma 7’s proof. O]

Lemma 25. Let W = {w™ : 7 € [K|}U{wY : j € [n]}. Under the setting of Theorem 16 and
conditioned on events {E3(w)}, oy defined in (D.23), and with Qf computed as in (D.19), it
holds that Q% (s,a,w) > Qi (s, a,w) for all (s,a,w,h, k) €S x A X W x [H] x [K].

Proof. We first note that conditioned on events {E3(w)},, .53 for all (s,a,w, h, k) € S x A x

W x [H] x [K], it holds that

<ﬁf; & (50, w>> = Qils.a,0) = P Vi, () = Vi (s w)] (s5,)

_ <7~7;g +é,’2,¢<s,a,w>> s a,w) = By [V (- w)] (s, 0)

< (&) ) B [Vhat0)] o

+ 5“1/)(3, a,w)| (A,;)—l (Eqn. (D.22))
< 2L6H¢(s, G/)H(Aﬁ)—l + BHtp(s,a,w)H(Ai)q , (Lemma 24)

for any policy 7.

Now, we prove the lemma by induction. The statement holds for H because Q% (., .,.) =
Qir41(s,.) = 0 and thus conditioned events {&5(w)} defined in (D.23), for all

(s,a,w, k) € S x Ax W x [K], we have

wEW’

<7~7H + él;b ’l,b(S, a, w>> - QZT(S? a, w)

< QLBHQb(S, CL)”(AI;{)fl + BHT,b(s, a, w)H<A,;I>71 .
(D.24)

Therefore, conditioned on events {E3(w)}, 5, for all (s,a,w, k) € S x A x W x [K], we have

Qi) < (it + & 0ls.0,0) )+ 2089050 g1+ B0 g

— {<'fﬁ{ + g;{,'l,/J(S, a, w)> + QLﬂHqS(s,a)H(A%)fl + 5“¢(3,a,w)||<A2>1}

= QII{:{(S7 a’ w)’
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where the first equality follows from the fact that Q% (s, a, w) > 0. Now, suppose the statement
holds at time-step h + 1 and consider time-step h. Conditioned on events {&3(w)} for

all (s,a,w,h, k) €S x Ax W x [H] x [K], we have

wEW’

0< <7~7§ + é:,w(s,a,w)> —Q(s,a,w) — Py, [th+1(.,w) — V,;Ll(.,w)] (s,a)
+ 2L5H¢(s, G,)H(A,ﬁ)fl + BHUJ(S, a, w)H (A’Z)fl

< <7~]i + éz, P(s,a, w)> — Qi (s,a,w) + 2Lﬁ||q,’>(s, CL)H(A’;)_I + BHlﬁ(s, a, w)H(Az)_l .
(Induction assumption)

Therefore, conditioned on events {E3(w)}, 4, for all (s,a,w,h, k) € S x A x W x [H] x [K],

we have

QZ(S,CL,U)) < <7~7§ +£27¢(57a7w)> + 2Lﬁ“¢<57a)H<Aﬁ)_l + B“"b(s,a,w)”([x:)—l

— {<7~72 —i—éfww(s,a, w)> + 2L5H¢(S=G>H(A§)’l +BH¢<S’G7M)H(;\§)1}

= QZ(‘S? a, U)),

where the first equality follows from the fact that Q(s,a,w) > 0. This completes the

proof. O]

D.3.3 Proof of Theorem 16

First, we bound the number of times Algorithm 9 updates EZ, i.e., number of planning
calls. Let P be the total number of policy updates and k, be the episode at, the agent did
replanning for the p-th time. Note that det Aj, = A? and det Aj < trace(Ay /d)? < (A + %)d,

and consequently:

detA{f:ﬁ det Ay _ LK a
det A} 7 det AQP*I - d\)
and therefore
H Kk H P kp dH
| A, ) GREGE (1 ; g) | (D.25)
hop det Ay, het pt det AyF



We similarly have

et Ay & Lo det Ay Fo N\ mdH
H H — S\t ) (D.26)
he1 det Ah h=1p=1 det A P mdA

kp
Since 1 < - Ak;‘_l for all p € [P], we can deduce from (D.25) and (D.26) that
h

~k
det AF det A,
or e<

dh € [H] such that e < - —
det Ay, det A,

(D.27)

happens for at most dH log (1 + %) + mdH log (1 + %) number of episodes k € [K].

This concludes that number of planning calls in Algorithm 9 is at most dH log (1 + %) +
K

mdH log (1 + m).

Now, we prove the regret bound. Let §F = Vhf“(sh, By — VT (sh, ¥) and &, =
E [6F.i|sk, af] — 6F ;. Conditioned on events {&;(w)} for all (s,a,w,h,k) € S x A x

W x [H] x [K], we have

weEW?

Q%(Sv a, ’LU) - QZIC(Sv a, w)
= (i + & wloa.0) )~ QF (raw) + 288165, 0) gy + s, 0,0)]

(A1

S ]Ph [Vh’;—i-l('?w) - Vhﬁjl('vw)] (8,@) + 4Lﬂ”¢(saa)”(/\§)—l + 23“’#(37&’71})”(&&)_1 : (D28)

Note that o < Q%(sz,aﬁ,w ) — Q7" (sk, aF,w"). Thus, combining (D.28), Lemma 23, and
a union bound over W, we conclude that for all (h,k) € [H] x [K], with probability at least
1 — ¢, it holds that gives

0f < &y +O0h + 4L5H¢<82a ai)H(Ak

h

-1 + QBHTMS;?? aj, wk)H <&

(At

Now, we complete the regret analysis following similar steps as those of Theorem 9’s
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K
RKval ST, (s% wh)
k=1
K ~
SZVf(s’f, My —vr (517 ) (Lemma 25)
k=1
K
:ny
k=1
K H K H
SZZf +4L522H¢ 3h7ah H 1+2BZZH¢ Shua}w H
k=1 h=1 k=1h=1 k=1 h=1
K H k ~k
det A}, det A
M IASED WY LEATH B L2533 |wiskhah,w ’“)H . .
DM N L N s 9> LTy PR P

(Eqn. (D.18))

< 2H+/Tlog(dT /) + 4AHVK (Lﬁ\/leog(l + K/\) + Bv/2mdlog(1 + K/)\))
< O (LVAM?BHT) .

D.4 Details of Remark 3: Relaxation of Assumption 15

In this section, we replace Assumption 15 with the following assumption:

Assumption 20. There is a known set {w™M,w®, ... w™} of n < d tasks such that
(s, a,w) € Span <{¢(s,a,w(j))} [ ]) for all (s,a,w) € S x A X W. This implies that for
Jj€n
any (s,a,w) € S x Ax W, there exist coefficients {c;(s,a,w)}jem such that
(s,a,w) = D ¢i(s,a,w)p (s,0,u0). (D.29)
Jj€n]

Moreover, Eje[n]‘cj(s,a,w)‘ < L for all (s,a,w) € S X AxW

Define the concatenated mapping ¥ : S x A x W — R**? guch that
(s, a, w) = [#(s,0)T,4(s,a w)T}T. For any w € W, define D(w) =
{ (s,a,w) are d + d’ linearly independent vectors. } Given Assumption 20, we mod-
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ify the planning step of UCBIvd to the following:

Ei{k )}je[n]_ — Z Z <<9(j)7¢(87a>>_<£7,¢<S’a7w(j)>>>2

&{09} 1 delml (s.0)€D(w)

s.t. HOU) — é: <w(j)>

Ak
The only change we make in Algorithm 7 is in Line 11, in which &, is now computed as

(D.30)

<B,Vje[n] and |||, < HVd.

k
Ah

defined in (D.30). We present this modification in Algorithm 10 for completeness.

Theorem 17. Let T'= KH. Under Assumptions 13, 14, and 20, the number or planning

calls in Algorithm 10 is at most dH log (1 + %) and there exists an absolute constant ¢ > 0

such that for any fized 6 € (0,0.5), if we set A\ =1 and f = cH <d+ \/E) VAlog(dd'T/) in
Algorithm 10, then with probability at least 1 — 26, it holds that

Ry < 2H+\/Tlog(dT/8) + SHLB\/2dK log(K) < O (L\/(d?’ n dd’)H3T> . (D.31)

Proof of Theorem 17 follows exactly the same steps as those of Theorem 10. The only

difference is the proof of Lemma 7, which we clarify in the proof of following lemma.

Lemma 26. Let W = {w™ : 7 € [K]} U{w® : j € [n]}. Under Assumptions 13, 1/, and
20, if we let f = cH (d + \/@) VAlog(dd'T/§) with an absolute constant ¢ > 0, then for all
(s,a,w,h, k) €S x AxW x [H] x [K] with probability at least 1 —§, it holds that

<éﬁ7¢(s,a,w)> — Py [Vh’il(-,w)] (s,a)| < 2LﬁH¢(s,a)||(A,i),1 .

~ T ~
Proof. We let ,(w) = [(,ZSZT, wi(w)T] be the i-th element of D(w) =
{{b(s, a,w) : (s,a) € D(w)} and for any triple (s, a,w) € S x AxW, we let {c;(s, a,w) }icd+a]
be the coefficients such that

Dls,aw)= Y dls.a,w)d(w),

i€ld+d’]

158



Algorithm 10 Modified UCBIlvd

1: Set: Q. (,.,.) =0, Vk€ [K], k=1
2: for episodes k =1,..., K do

3. Observe the initial state s} and the task context w*.
det AF

4:  if 3h € [H] such that —= > e then
det A}

5: ];3 =k

6: for time-steps h = H,...,1 do

7 Compute éfb as in (D.30).

8: end for

9: end if

10:  for time-steps h =1,...,H do

11: Compute Qf;(s’,j, a,w) for all a € A as in (5.7).

12: Play af = argmax,. 4, Q¥(s*, a,w*) and observe sy.q and 7.
13:  end for

14: end for

159



which implies that

o(s,a) = Z c(s,a,w)p; and P(s,a,w)= Z (s, a,w)p,(w). (D.32)

i€[d+d’] i€[d+d’]

Thanks to Assumption 14 and conditioned on events {&1(w)}, .57, one set of solution

) k
for (D.30) is {9’; (w(J)>} and 5?“ with corresponding zero optimal objective value.
j€(n]

Therefore, it holds that
k() ok ; o ,
(01 0.) = (v, (u)), i) € la a1 x Tl (D.33)

Moreover, for any triple (s,a,j) € S x A X [n], we have

<&Z,¢(s,a,w<f‘>)> = > d(sau) <éﬁ,¢i (w(j)>> (Eqn. (D.32))

i€[d+d]
- Y ¢ <s,a,w(j)> <éff”, ¢Z.> (Eqn. (D.33))
i€[d+d']
_ <é:(j),¢(s,a)>. (D.34)
For any (s,a,w) € S x A x W, it holds that
Py (Vi ()] (s,0) = (8(w), ¢(s.a) ) (Ean. (5.4))
_ <gﬁ+l,¢(s,a,w)> (Assumption 14)
= 3" oi(s,a,w) <ng+1,¢ (s,a,w(j)>> (Eqn. (D.29))
j€n]
=3 ¢is,a,w)Py [Vh’fﬂ (.,w(j))} (s, a)) (Assumption 14)
Jjeln]
=3 ¢(s.a,w) <0;§ (w@) ,¢(s,a)>. (D.35)
Jjeln]

Finally, conditioned on events {&(w)}, .y for all (s,a,w, h, k) € S x A x W x [H] x |K],
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it holds that

|<éi,¢<s,a,w>> =Py [V (o) (s,0) (D-36)
- <é‘;,w<s,a,w>> - <02<w>,¢<s,a>>|
= Z c;(s,a,w) <<éi7¢ (s,a,w(j))> _ <9;€L (w(j)) ’¢)(3,a)>>‘ (Eqns. (D.29) and (D.14))
j€ln]
|5 ot (e o)) 327, 000))
j€ln]
n Z ¢;(s,a,w) <A:(y) 0, (w(.i)> ,¢>(s,a)> + Z cj(s,a,w) <éz (w(j)> _ ok (w(J)> ,d)(s,a)>|
J€ln] J€ln]
_ Z ¢i(s,a, ) <é:(1) _ é: ( (J)) ’¢(37a)> + Z cj(s,a,w) <éfl (w(j)> — ok (w(J)) ,¢(s,a)>‘
j€ln] j€n]
(Eqn. (D.13))
< 2L5H¢(S’G)H(A;§)‘l . (Lemma 19)
O
D.5 Details of Remark 4
In this section, we only rely on the following two assumptions:
Assumption 21. Given a feature map ¢ : S x A x W — R¥ | consider function class
. + p p
F = {f f(s,w) = mln{glea}{ﬂhtb(&a,w» +5||¢(5,G,UJ)HA71} ,H} veR",52>0,A¢c S++} .
(D.37)

Then for any f € F and h € [H], there exists a vector Vi e RY with Hu}i” < HVd' such
2
that

By [£(w)] (s.0) = (b(s. 0, w), ). (D.38)

Moreover, for every h € [H]|, there exists a vector my, such that r,(s,a,w) = (n,, ¥ (s, a,w)).

Assumption 22. Without loss of generality,
and ||n, |, < Vd' for all h € [H.

1,b(s,a,w)H2 <1 forall (s,a,w) € S x AxXW,
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D.5.1 Overview

Let ¢}, = ¢(s},, aj,, w™). Standard Lifelong-LSVI with computation sharing works with the

following action-value functions:

+
QIZ(Sa a, w) = {Th(sv a, U)) + <D;€u d"(sv a, U))> + ﬁHqﬁ(sa a, w)H([\:)—l} ) (D39>
where
1 k! » k-1 .
o= (Ah) Z_;QML min {Iélgi(@lg+l($;+l,a, w’), H} and A, = My + ;zp;zp; .
(D.40)

Algorithm 11 Standard Lifelong-LSVI with Computation Sharing
1: Set: Q. (,.,.)=0, Vke€ [K], k=1

2: for episodes k =1,..., K do
3:  Observe the initial state s¥ and the task context w*.

~k
4:  if 3h € [H] such that %A% > ¢ then

) det Ay,
5: k=k
6: for time-steps h = H,...,1 do
7 Compute Di as in (D.40).
8: end for
9: end if

10:  for time-steps h=1,..., H do

11: Compute Q%(sﬁ, a,w*) for all a € A as in (D.39).

12: Play af = arg max, 4 Qk(s*, a,w*) and observe sy, and 7.
13:  end for

14: end for

Theorem 18. Let T'= KH. Under Assumptions 21 and 22, the number of planning calls
in 11 is at most d'H log (1 + %) and there exists an absolute constant ¢ > 0 such that for

any fizred § € (0,0.5), if we set A =1 and f = cd' H+\/log(d'T/d) in Algorithm 11, then with
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probability at least 1 — 26, it holds that

Ry < 2H+/Tlog(d'T/5) + 4HB+/2d'K log(K) < O (\/ d’3H3T) :

D.5.2 Necessary Analysis for the Proof of Theorem 18

Thanks to Assumption 21, we have

P, [th+1(.,w)] (s,a) = <u§,¢(s,a,w)>, (D.41)

k Vi
_ b
where v; =v,"".

Lemma 27. Let cg be a constant in the definition of 3. Then, under Assumption 22, there is
an absolute constant ¢y independent of cg, such that for all (h, k) € [H] x [K], with probability
at least 1 — O it holds that

> i (Vi (i w”) = PalViEa (o w)(s7, 7)) < cod Hylog((cs + 1)d'T/3),
1 (3

where ¢y and cg are two independent absolute constants.

e\ —1
Proof. We note that th + DZH < (14 H)Vd and ’(A:) H < 1. Thus, Lemmas 33 and
2
38 together imply that for all (h, k) € [H] x [K], with probability at least 1 — ¢ it holds that

2

k—
Z (Vhﬂ Shyw’) — Ph[vhk+1('7w7—)](s;—ua;—b)>

()"
! 232 /71 2 2
<am? (d g (P52 )+ ' tou(1+ SV + 1o <W> 4 log (1)) L e

A Ae? o A

If we let ¢ = % and B = cg(d’ + Vd')H/log(dT'/5), then, there exists an absolute

constant C' > 0 that is independent of cg such that

e 2
Z b (Vi (st w7) = PulVily (o wn)(s7, 7)) < C(d +d*) H? log ((c5 + 1)d'T/3).

)
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Lemma 28. Under Assumptions 21 and 22, if we let f = cd' H+/Xlog(d'T/0) with an

absolute constant ¢ > 0, then the event

— k ~k

holds with probability at least 1 — 9.

A < B, Y(h, k) € [H] x [K]} (D.42)

Proof.

~k -1
k ~k _ _k Ty 7k T T
Vp = Vp =V, — (Ah) ¢hvh+1(sh+1aw )

. k-1
= <A:> 1 AIZVi_le;thH(SZHawT)
T=1
B o [
= (A1) k- (AY) [k (Vi (st w) — Bl w5 )
T=1

ql TV
q2

(Eqn. (D.41))

Thus, in order to upper bound Huﬁ - D’fb(w)‘ L bound ||q: |+ and [[qz| 5+ separately.
h h

Ap

From Assumption 22, we have

lanl|ax = AH”ZH(Ak)l < ﬁHuﬁsz < HV. (D.43)
h
Thanks to Lemma 27, for all (h, k) € [H] x [K], with probability at least 1 — ¢, it holds
that
k1
H‘h”,&ﬁ < Z@b; <th+1(3iTz+1>wT) - Ph[vhk+1('7w7)](8;7a;)>
=1 e\~
(A%)
< cod Hlog((¢5 + 1)d'T/5), (D.44)

where ¢y and cs are two independent absolute constants.
Combining (D.43) and (D.44), for all (h, k) € [H] x [K], with probability at least 1 — 0,
it holds that

v -7

A’“ < cd H\/Nlog(d'T/$)

h

for some absolute constant ¢ > 0. O
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Lemma 29. Let the setting of Lemma 28 holds. Conditioned on events &, defined in
(D.42), and with QY computed as in (D.39), it holds that Q% (s,a,w) > Qi (s,a,w) for all
(s,a,w,h, k) € S x AxW x [H| x [K].

Proof. We first note that conditioned on the event &, , for all (s,a,w,h, k) € S x A x W x
[H] x [K], it holds that

(s, a,w) + (P (s, a,0) ) = Qqls.a,w) = By [ Vi (o w) = Vi (o w)] (5.0)

=|rn(s,a,w) + <1)§,¢(s,a,w)> — (s, a,w) — Py, [th+1(.,w)] (s,a)

< B||%(s,a, w)”@:)*l ) (Lemma 28)

for any policy .

Now, we prove the lemma by induction. The statement holds for H because Q% 1) =
Q%4+1(.,-,.) = 0 and thus conditioned on the event &, defined in (D.42), for all (s,a,w,k) €
S x A x W x [K], we have

(5.0, + (s 50,0)) = Qi) < Bs0,0) g
Therefore, conditioned on the event &, for all (s, a,w, k) € S x A x W x [K], we have
Qi (s.a,w) < ras,0,0) + (Vi (s, a,0) ) + B[ (s, a,0) | 4o
_ {TH(S, a,w) + (Vi (s, a,w)) + ﬁ”z/)(s,a,w)H(A;;)l}Jr

= Qir(s,0,w),

where the first equality follows from the fact that Q% (s,a,w) > 0. Now, suppose the

statement holds at time-step h + 1 and consider time-step h. Conditioned on events &4, for
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all (s,a,w,h, k) € S x Ax W x [H] x [K], we have
0 < (s, a,w0) + (Vh (s, a,w)) = Qils, a,w) = By [V () = Vi (s w)] (s5,0)
+5||¢(57a7w)H<Aﬁ>—l
< 7o) + (vl ) = Qio,0,0) + 95,0, 0) | g

(Induction assumption)

Therefore, conditioned on events &, for all (s,a,w,h, k) € S x A x W x [H| x [K], we have

QZ(Saaa U)) < Th(S,a,’LU) + <V;€w¢(57aaw)> + ﬁ}llp(saavw)H(AZ)_l

— {rh(s,a,w) + <uz,¢(s,a,w)> + B (s, a, w)“([xﬁ)_l}

= Q;CL (57 a” w)?
where the first equality follows from the fact that @3, (s,a,w) > 0. This completes the proof.

]

D.5.3 Proof of Theorem 18

First, we bound the number of times Algorithm 11 updates 132. Let P be the total number
of updates and k, be the episode at which, the agent did replanning for the p-th time. Note
that det [X; = A% and det AhK < trace(AhK/d’)d/ < (A + %)d/, and consequently:

P

det]&hK_H det./izp (1+£)d/
detA, ,rdetAr dx) -

and therefore

H P

7 det AN det A K \“H
1;[ det Ay =TT = _(1+ﬂ) . (D.45)

k
etAh w11 det A7

Since 1 <

- for all p € [P], we can deduce from (D.45) that

det A
~k
det A,

Jh € [H] such that e < —
det A,
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happens for at most d'H log (1 + CTK)\) number of episodes k£ € [K]. This concludes that

number of planning calls in Algorithm 11 is at most d' H log (1 + %)

Now, we prove the regret bound. Let §F = Vh’;(s',j,wk) — Vh”k(sfl,wk) and &, =
E [6F,1|sk,af] — of, . Conditioned on &y, for all (s,a,w,h, k) € S x Ax W x [H] x [K], we
have

Qlfi(‘gvaaw) - sz(svavw) = rh(&aaw) + <0§L7¢(87a7w>> - sz(57a7w) + ﬁ||¢(8>a>w>H

<Py [Vh];—&-l("w) - Vhﬂcl(ww)} (s,a) + 25“¢(3>a’w)”(A2)—1 :
(D.46)

<k
1

(Ap)~1

Note that 55 < QF(sk, ak, wh) — Q}{k(sﬁ, a¥,w®). Thus, (D.46) and Lemma 28 imply that
for all (h, k) € [H] x [K], it holds that
51}3 S gllf—l—l + 52:—&—1 _I— 25“7’0(3’27 a;gw wk)H

Ap)-t

Now, we complete the regret analysis following similar steps as those of Theorem 9’s

proof:

(Lemma 29)

(Eqn. (D.18))

< 2H\/Tlog(d'T/8) + 4HB\/2)\d' K log(1 + K/\)

<0 (\/ )\d’3H3T) .
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D.6 Details of Remark 5: A misspecified setting

We first present a definition for an approximate completeness model.

Assumption 23 (¢-Approximate Completeness). Given feature maps ¢ : S x A — R? and

Y:Sx AXW = RY in Assumption 13, consider the function class

acA

+ !
F—{f D f(s,w) —min{max{(u,w(s,a,w))+ﬁqu(s,a)HA1} ,H},uERd,AE S‘i+,620}.

For any f € F and h € [H], there exists a vector S;Z e RY with HE{LH < HVd' such that for
all (s,a,w) € S x AxW

B [£(w)] (s,0) = (] (s, 0,0))| <.

Theorem 19. Let T'= KH. Under Assumptions 13, 23, and 15, the number of planning

calls in Algorithm 7 is at most dH log(1 + %), and there exists an absolute constant ¢ > 0

such that for any fized 6 € (0,0.5), if we set X =1 and § = cH(d + vmd)+/log(mdT/§) in
Algorithm 7, then with probability at least 1 — 20, it holds that

Ric < O (VmdT¢ + /(@ + md) HT ).

D.6.1 Necessary Analysis for the Proof of Theorem 19

Let (s(i), a(i)> be the i-th element of D and {¢[(s, a)}iciq be the coefficients such that

d(s,a) = Z ci(s,a)p (s(i), a(i)> .

1€(d]

Then, Ly is a positive constant such that 3, , |ci(s,a)| < Ly for all (s,a) € S x A.

Lemma 30. Let W = {w™ : 7 € [K]} U{wY) : j € [n]}. Under the setting of Theorem 19
and conditioned on events {E1(w)}, o5 defined in (5.9), for all (s,a,w,h,k) € S x A x W X
[H] x [K], it holds that

(& (s, a,w)) — PV, (w)](s,a)| < (2L + LovVmd)C + 213 é(s, Ol (agy
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Proof. Thanks to Assumption 23 and conditioned on events {&;(w)} one set of feasible

) k
parameters for (5.8) is {02 <wm)} and 5,‘1/’1“ such that

S
(6 0500 = (& (s.00) )
For any triple (s, a,j) € S x A x [n], we have
<éﬁi,¢ (s,a,w<f>)> = <éi,¢<s,a> ©p (w<f'>)>
- <§Z S (s )¢ (Sm, a@) ® p <w<j)>>
icld]

wEW’

<¢Vmd, Y(j,(s,a)) € [n] x D. (D.47)

= Z C;(Sv (1) <é:7 ¢ (S(i)7 a(i)7 U)(])> > (ASSU.HlptiOH 15)
1€[d]
< VY dfs,a)+ Y s ) <éi“), ¢ (s<z‘>,a<z‘>)> (Ean. (D.47))
1€[d] 1€[d]

< LoVmd¢ + <é’2‘”, (s, a>> :
Similarly, it holds that < s a,w 7)>> > —Lyvmd( + <é:(j), (s, a)>. Therefore, for

any (s,a,j) € S x A x [n], it holds that

< LyVmdc. (D.48)

<é§i,¢ (s,a,w<f>)> - <éf§“’, ¢<s,a>>
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For any (s,a,w) € S x A x W, it holds that

P [ViEa (o w)| (s,0) = (05(w), é(s,a) ) (Eqn. (5.4))
<(+ <§Z’5“, (s, a,w)> (Assumption 23)
=(+ Z cj(w) <§Z’f“,1/) <8, a,w(j))> (Assumption 15)

jen]

Jj€mn] Jj€ln]

<¢ (1 s cj<w>) 3 e [V (o)

(Assumption 23)

<2L( + Z cj(w) <0§ (w(j)) , (s, a)> : (Assumption 15)
J€ln]

Similarly, it holds that P, [V, (., w)] (s,a) > —2L¢ + > e G (W) <0fl <w(j)) ,¢(s,a)>.
Therefore, for any (s,a,w) € S x A x W, it holds that

Py, [th+1(.,w)] (s,a) — Z cj(w) <92 <w(j)> ,qb(s,a)> < 2IC. (D.49)

J€[n]

Finally, conditioned on events {&(w)}, .y for all (s,a,w, h, k) € S x A x W x [H] x |K],
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it holds that

‘<EZ,¢(s,a,w>> B [V )] s.)

<2LC+| Y ej(w) <<EZ,¢ (s,a, w(j))> . <9’,§ (w(j)) ,¢(3,a)>>

JEN]

(Assumption 15 and Eqn. (D.49))

< (2L 4 LyV'md)¢ + Z cj(w) <9Z(j) - é: <w(j)> ,¢(s,a)>

J€ln]
+ E:cyﬁu)<éz<wuv~—02<w00,¢ws¢w> (Eqn. (D.48))
j€ln]
< (2L + LyvV'md)¢ + 213 (s, a)”(AE)A : (Lemma 19)

]

As the final step in the regret analysis, we state the following lemma which uses Lemma 30
to prove the optimistic nature of UCBlvd. Then following the standard analysis of single-task

LSVI-UCB we derive the regret bound for misspecified settings.

Lemma 31. Let W = {w”™ : 7 € [K]} U{wY : j € [n]}. Under the setting of Theorem 19
and conditioned on events {E1(w)}, vy defined in (5.9), and with QF computed as in (5.7),
it holds that (2L + Lgyvmd)(H — h+ 1)¢ + QF (s, a,w) > Qi (s,a,w) for all (s,a,w,h,k) €

Sx AxW x [H] x [K].

Proof. We first note that conditioned on events {&; (w)} for all (s,a,w,h, k) € S x Ax

wEW
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W x [H] x [K], it holds that

rn(s.0,0) + (€, (s,0.0) ) = QR av) = i [Vl ) = Vil w)] (v

= s, 0) + (0,00 ) = rsa,) = P [Vl )] v

_ <g’;,¢<s,a,w>> B [V ()] (s.0)

< (2L + LeVmd)¢ + 2LB||é(s, a) || (af) " (Lemma 30)
for any policy 7.

Now, we prove the lemma by induction. The statement holds for H because Q% (., .,.) =
Q% 41(- -, -) = 0 and thus conditioned events {&;(w)}, .5, defined in (5.9), for all (s,a,w, k) €
Sx AxW X [K], we have

ru(s,a,w)+ <é2,d)(3,a, w)> — Qy(s,a,w)| < (2L + L¢W)C + 2L5H¢(37Q>H(A§{)’l )

Therefore, conditioned on events {&1(w)},, o5, for all (s,a,w, k) € S x A x W x [K], we have

Q*H(Sa a>w) < T'[{(S,CL,U)) + <éII€{7¢(Saaaw)> + 2L5“¢(57a)||(A1;{)—1 + (2L + L¢m)c

+
= {TH(Saaaw) + <é];b¢(3aaaw)> + 2LBH¢<37(1)H(AI;I)_1} + (2L + L¢,M)C

= Q% (s,a,w) + (2L + Ld,m)(’,

where the first equality follows from the fact that Q% (s, a,w) > 0. Now, suppose the statement

holds at time-step h + 1 and consider time-step h. Conditioned on events {&(w)}, .3, for
all (s,a,w,h, k) € S x Ax W x [H| x [K], we have
Ak
0 < (s, 0,w) + <eh, W(sa w>> = Qi(s,a,w0) = Py [Vl (s w0) = Vi (s w)] (s,0)
+ (2L 4 LyVmd)¢ + 2LB|| ¢ (s, a)H(Az)-l
< rp(s,a,w) + <£Z, P(s,a, w)> — Qp(s,a,w) + (2L + LyVmd)(H — h+1)¢
+2L3| (s, a)||(Ak)71 : (Induction assumption)
h
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Therefore, conditioned on events {&1(w)},, oy, for all (s, a,w, h, k) € S x A x W x [H| x [K],

we have

Qi (s,a,w) < ry(s,a,w) + <£Z, (s, a, w)> + (2L + Lq;m)(H —h+1)(+ QLBH(;S(S, G)H(Aﬁ)—l

= {rh(s,a,w) + éz,¢(s,a,w)> + QLﬂHd)(S’a)H(Ag)l}

+ (2L + LgV'md)(H — h +1)¢

= Q¥(s,a,w) + (2L 4+ LyV'md)(H — h +1)¢,

where the first equality follows from the fact that Qj (s, a,w) > 0. This completes the proof.

]

D.6.2 Proof of Theorem 19

The proof for establishing the upper bound on the number of planning calls for misspecified
settings follows exactly the steps as those in the proof of Theorem 10.

Now, we prove the regret bound. Let 6 = VF(sk wh) — V™" (sk, w*) and &=
E [6F,1|sk, af] — 6k ;. Conditioned on events {& (w)} for all (s,a,w,h, k) € S x A x

W x [H] x [K], we have

wEW?

A Ak
Qf(5, a,w) — Q7" (5,0, w) = (5, a,w) + <sh, (s, a,w>> — Q' (s.0,0) + 28] 05,0 o,
<Py [V (o) = Vi (ow)| (s,0) + (2L + LgVima)
+4LB (s, )| g7y (D.50)
Note that oy < Qi(sﬁ, ay, wh) — sz(slg, af,w*). Thus, combining (D.50), Lemma 19, and

a union bound over W, we conclude that for all (h,k) € [H] x [K], with probability at least
1 —9, it holds that gives
0 < &hyr + Oy + 2L + LgVmd)C + 4L5H¢(SIZ» aﬁ)H

(AFy-1

Now, we complete the regret analysis following similar steps as those of Theorem 9’s
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K
Ric = S Vi (st ) — Vit s, wh)
k=1
K ~
< QL+ LoVmd) HEC + S VE(sh, wh) — Vi (55, wb) (Lemma 31)
P
= (2L + LeVmd)HK¢ +) o
k=1
H
< (4L +2Lyvm HK<+225h+4LﬁzzH¢ sk at H
k=1 h=1 k=1 h=1
det A}
< (4L +2Lyv/m HKC+ZZ§}L+4LBZZH¢ (s, a¥) H "
k=1 h—1 k=1 h—1 det Ay,

(Eqn. (D.18))

< (AL + 2LyV'md)HK( + 2H/Tlog(dT/8) + 8HLB/2dK log(L 1+ K/N)
<0 ((L + LoVmd)HEKC + L& + md2)H3T> ,

where the last two inequalities follow from the similar steps in the proof of Theorem 9.

D.7 Auxiliary Lemmas

Notations. N.(V) denotes the e-covering number of the class V of functions mapping S to

R with respect to the distance dist(V, V') = sup,|V(s) — V'(s)|.

Lemma 32 (Bound on Weights 8} (w)). Under Assumption 13, for any set of action-value
functions {QF }neim, and (w, h, k) € W x [H] x [K], it holds that

Haz(w) S HVA

Proof. Recall that Vf(s,w) = min{maxeaQf(s,a,w),H} and 0F(w) =
Js Vi (s, w)dpy(s'). Thus, we have

|6k w)

%memww>

‘SH\/ZZ.
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Lemma 33 (Lemma D.4 in [64]). Let {s,}32, be a stochastic process on state space S
with corresponding filtration {F,}>°,. Let {¢.}>°, be an Re-valued stochastic process where
¢, € Froy, and ||, || < 1. Let Ay, = Ny + "L @] Then with probability at least 1 — 9,
for allk >0 and V € V such that sup,es|V (s)| < H, we have

2

zk:@.(V(sT)—E[V(sT)m_l}) 1§4H2<%llog(k4;x)+l (@)>+%€2

=1

Lemma 34. For any € > 0, the e-covering number of the Euclidean ball in R? with radius

R > 0 is upper bounded by (1+ 2R/¢)%.

Lemma 35. For a fized w, let V denote a class of functions mapping from S to R with

following parametric form

acA

V()= mln{max<z aw>—|—<y¢ >—0—B\/¢ a)"Yo(.,a), },

where the parameters 3 € R, z € R¥, y € R%, and Y € R¥™? satisfy 0 < 8 < B,
lzl| < z, |yl <y, and [[Y| < A7 Assume ||@(s,a)|| < 1 and ||[4(s,a,w)|| < 1 for all
(s,a,w) € S x AxW. Then

2
log (NVe(V)) < d'log(1 4 4z/€) + dlog(1 + 4y /e) + d*log (1%_?\—%\/_>

Proof. First, we reparametrize V by letting Y = 52Y. We have

V()= m1n{max<z¢ La,w)) + (y, &(., >+\/¢ a)TY (., a), }

for |z]| < z, |ly|] <y, and H\?H < BTQ. For any two functions Vi, V5 € V with parameters
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<Z1,y1,?1> and (z2,y2,?2), respectively, we have

dist(V1,V5) < sup
(s,a)eSxA

- [<z27¢<s,a7w>> (% @(5.0)) +\/@l5,0) Y205, a)H
() + (0) Vo V9] () ¢ (v.0) + W}]
o=l g (-7

(because‘\/a—\/l;’ < yla —b| for a,b > 0)

{<zl,1,b(s,a,w)> (v (s,a)) + +\/ls,0)TY (s, a)]

< sup
PPl <1,¢{ol<1

< sup

Pilp|<1

<z1 — zz,¢>' + sup
ol pll<1

[#* =] s =7y =¥

1

gz—z2

st =7y =¥ (D51

Let C, and Cy be ¢/2-covers of {z € RY :||z|| < 2} and {y € R?:||y|| < y}, respectively, with respect to the

2-norm, and Cy be an €2 /4-cover of {Y € R™? :||Y|,. < Bz}\‘/a}, with respect to the Frobenius norm. By

Lemma 34, we know

d2
1+832\/&>

Gl < (L +4z/0), |y < (1 +4y/e)d, |Cv| < < Sz

According to (D.51), it holds that N (V) <|C,||Cy||Cy|, and therefore

log (M.(V)) < ' lo(1 + 42/¢) + dlog(1 +4y/e) + d* log <1+8N>

)\2

]

Lemma 36. For a fized w, let V denote a class of functions mapping from S to R with

following parametric form

+
V()= mm{max{(zzp (wa,w)) +2LBvV (., a)TY (., )} ,H},
where the parameters B € R, z € RY and Y € R™? satisfy 0 < f < B, ||z|| < z, and

Y] <AL Assume qu(s,a)” <1 and”w(s,a,w)H <1 forall (s,a,w) € S x AxW. Then

1 +8B2\/_>

log (V.(V)) < d'log(1 4 4z/e) + d*log ( ¥
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Proof. First, we reparametrize V by letting Y = 52Y. We have

V(.):min{r&z}i{@, (na,w)) + /(@)Y (., a), }

for||z|| < z, and H?H < BTQ. For any two functions Vi, V, € V with parameters (zl,?1> and

<z2, Y2>, respectively, we have

dist(V4,V2) < sup
(s,a)eSxA

<z1, (s, a,w)> + \/cl)(s7 a)TquS(s,a)} - {<z271jz(s7 a, w)> + \/¢(s7a)T3~(2¢(s, a)] ‘
< sup

W19l <1 [<Z1’ v)+ \/m] - {<Z2’ v)+ \/m] ‘
<z1 _ Z27¢>’ + e \/¢T (Yl _ ?2) ¢’

(because‘\/&— \/l;’ < yla —b| for a,b > 0)

< sup
PlplI<1

S O e

S ==h 0

Let C, be an ¢/2-cover of {z € R? :||z| < 2} with respect to the 2-norm, and Cy be an
€2 /4-cover of {Y € R :||Y||,, < Z2Y4} with respect to the Frobenius norm. By Lemma

34, we know

d2
1+ 8B2Vd
ez

Cal < (1 +42/6)7, [Cx| < (

According to (D.52), it holds that N.(V) <|C,||Cy|, and therefore

1 +8B2\/_>

log (V.(V)) < d'log(1 4 4z/e) + d*log ( ¥

]

Lemma 37. For a fized w, let V denote a class of functions mapping from S to R with

following parametric form

acA

V(.):min{max{<z (., a,w) +2LB\/¢ a)TYo(., —|—B\/¢) ca,w)TYo(., aw)}+,H},

where the parameters 3,5 € R, z € RY, Y € R™ gnd Y € RY*? satisfy 0 < 8 < B,
<B<Blz| <z Y] <A and’ YH < AL Assume||@(s,a)|| <1 and ||[9(s, a,w)| < 1
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for all (s,a,w) € S x AxW. Then

1 132 1 132
log (Ne(V)) < d'log(1 + 4z/€) + d* log (#) +d? log< e 2f)

Proof. First, we reparametrize V by letting Z = 52Y and Z = 32Y. We have

V(.) = min {maj( (z,9(.,a,w)) + Vé(.,a)TZo(.,a) + \/Qb a)TZe(.,a), } ;

for ||z|| < z, ||Z]] < £, and HZH < %. For any two functions V;,V, € V with parameters

<z VANA ) and (z ,Z2,22>, respectively, we have

dist(V1,V2) < sup
(s,a)eSxA

{<z171/1(s7a,w)> + \/¢(s, a)TZ ¢p(s,a) + \/v,[)(s, a7w)T21'¢(s,a,w)}

- Rzzﬂ/z(s, a,w)> + \/d)(s,a)TZ?qﬁ(s, a) + \/w(s, a7w)—'—221/1(s,a,w)] ‘

{<z1,¢> . \/¢Tzl¢+ \/U)TZW} B {<sz¢> " \/¢Tzz¢+ \/d:TZ?dJH

< sup
PivlI<1,0{¢l<1

< sup <z1 - z2,1/;>’ + sup \/‘qu (Z' — Z2)¢>‘ + sup \A’(/)T (Zl - 22) ’Q/J‘
Pi|pl|<1 Plol<1 Pilol<1

(because‘\/a— \/5’ < y/a —b| for a,b > 0)

= Zl—Z2

< Hzl - z2H + Izt — 22|, + /HZl - Z2HF. (D.53)

Let C, be an €/2-cover of {z € R? :||z|| < 2} with respect to the 2-norm, Cz be an €?/4-
cover of {Z € R™*:||Z]|, < #E}’ and Cz be an €?/4-cover of {Z € R**? HZHF < —82,\\/8}

120 =27] + /|21 - 22|

with respect to the Frobenius norm. By Lemma 34, we know

d? - d’?
1+8BQ\/E) )] < <1+8B2\/d’>
LH8HVA) e < [ LEBEVE

d/
Cal < (1+42/€)7, |Cz|§< v v

According to (D.53), it holds that N.(V) <|C,||Cy|, and therefore

1+ 8B2 1+ 8B2V/d'
M) + d*log (M) _

log (N’E(V)) S d/ ].Og(]' —|— 42/6) + d2 log ( )\62 )\62
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Lemma 38. Let V denote a class of functions mapping from S to R with following parametric

form

+
V(o) = min fma { (a6l 0.) + 200V T YR ) | A
where the parameters f € R, z € RY and Y € R¥*? satisfy 0 < < B, ||z| < z, and
Y] <AL Assume”d)(s,a,w)H <1 forall (s,a,w) € S x AxW. Then

1+8B2\/E)

log (NL(V)) < d'log(1 + 42/¢) + d”log ( e

Proof. First, we reparametrize V by letting Y = %Y. We have

V(.,.) = min {max<z P, >+\/¢ )Y Y(.,a,.), H},

for ||z]| < z, and HYH < 372. For any two functions Vi, V5 € V with parameters (zl,Y1> and

<z2, ?2), respectively, we have

dist(V3, Vo) < sup
(s,a,w)ESXAXW

[<z1, (s, a,0)) +\/9(s, @) TV (s, a)}

- @ (o) + (s 0) V) |

< sup [<z1, ¥) + \/«NYM/J} - [<z2,¢> + \/wTY%} ‘
PlplI<1

< sup <z —Z,zb sup \/’ Y2 TP‘
Pl <1 ¢H¢||<1

because \/_—\/_’ Vl]a — b| for a,b > 0)
-y ]

<2 =22 + /|7 - 7| . (D.54)
F
Let C, be an ¢/2-cover of {z € R? :||z|| < z} with respect to the 2-norm, and Cy be an
€2 /4-cover of {Y € R¥*? :||Y|, < %}, with respect to the Frobenius norm. By Lemma
34, we know

72

/ 1+ 8B%V/d'
Gl < (14 42/, Oyl < (M)
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According to (D.54), it holds that N.(V) <|C,||Cy|, and therefore

1+SB2\/E>
g .

log (NMe(V)) < d'log(1 +4z/e€) + 4" log ( v

D.8 Details of the Experiments

In all the experiments, we have chosen 6 = 0.01, A =1, d =5, and H = 5. The parameters
{ny} e are drawn from N(0,Iy). In order to tune parameters {p(.)}ner and the
feature mappings ¢ such that they are compatible with Assumption 1, we consider that
the feature space {¢(s,a) : (s,a) € § x A} is a subset of the d-dimensional simplex,
{(peRI ST p,=1,¢; > 0,0, <1,¥i € [d]}, and e] p,(.) is an arbitrary probability

measure over S for all i € [d].

The results shown in Figure D.1a depict averages over 50 realizations for the main setup
considered throughout the chapter with m =5 and the results shown in Figure D.1b depict
averages over 50 realizations, for the more general setup of Remark 3 with d’ = 10. For
the results shown in Figure D.la, the mappings p(w) are drawn from N (0, I,,,) except for
the n = m representative tasks {w(j) }jepm) introduced in Assumption 15, for which we set
p(w) = e; for j € [m]. For the results shown in Figure D.1b, the mappings (s, a,w) are
drawn from N(0, Iy) and we set (s, a, w\?) = e; for j € [d'], where {w};c(g) are n = d’
representative tasks introduced in Assumption 20 in Appendix D.4. The parameters {n;, }re(n
are drawn from N(0, Iy), where d = m x d = 25 in Figure D.1a. In our experiments, the
exact same settings are used for both UCBlvd and Lifelong-LSVI in both Figures D.1a and
D.1b. We chose fairly large d, m, and d’ and by checking online, we noticed that the optimal
value of QCQP in (5.8) happens always to be zero. All these together suggest that the
assumptions made in the chapter approximately hold. Figures D.la and D.1b depict the
average per-episode reward of UCBIlvd and state the average number of planning calls and
compare them to those of baseline algorithm Lifelong-LSVI, a direct extension of LSVI-UCB

in [64]. The results emphasize the value of UCBIvd in terms of requiring much smaller
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numbers of planning calls. The plots verify that the performances of Lifelong-LSVI and
UCBIvd are almost the same statistically, while UCBIlvd uses much smaller numbers of

planning calls (1000 vs ~ 20).

In Figure D.2, we plot UCBlvd’s number of planning calls for different number of task
episodes, K, while the setting is same as that in D.1a. In this figure, we empirically verify

the logarithmic dependence of number of planning calls on K as suggested by Theorem 10.

2 ‘

g

(] | o) 4

- g

i = P :

S A | g

R2 ! ) 4

o 1 =

i o) 2
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Figure D.1: UCBIlvd vs Lifelong-LSVI
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Figure D.2: Setting of Theorem 10, d =5, m =5, d =25
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APPENDIX E

Proofs for Chapter 6

E.1 Proof of Lemma 8

Let p ~ Unif(uy, py), where py = [A 0|7,y = [-A,0]7, z = {z}L, be the set of
arm 1’s reward, H = {a;,y;}_, be the history over the course of T rounds, where a;
is the arm pulled and y; is the observed reward at round ¢, a. = argmax,cq o) M, and

a ~ Unif({ay,as,...,ar}). We have
BRr(r) = E[Ry(r. )] = E[Y 1(a # a.)A

t=1

— ATP(a # a.). (%)

Now, we lower bound P(a # a.) as follows
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P(a # a.) = Z]P’ P(a # ala, = a)

ae{l1,2}
= Z P(a. = a) [P(a # a) + P(a = a) — P(a = ala. = a)]
ae{l1,2}
1
> Z P(a, = a) [IP’(& #a) — \/QDKL(]P’&M*Q,IP’@)] (Pinsker’s inequality)
ac{1,2}

1 1
=35~ Z P(a, = a)\/éDKL(]P)&Ia*:de)

a€{1 2}

1 . .

> 3~ Z = a)Drr(Paja,=as Pa) (Jensen’s inequality)
aE{l 2}

1 1
= - — —[ a: *

S\

1 1 .
> 5 5[(M’ H;a,) (Data processing)
> 1 \/1([(M )+ I(H;a,)

- — = ; Ax 3 Qs
- 2 2 ’

1 1/1
> — — I(H;ay) |.
=9 \/2 <16 +I{H;a )> Okk)

In our next step towards lower bounding P(a # a.), we upper bound I(H;a,), as follows

I(H;a,) < I(z;a,) (Data processing)

— Z %DKL(]P)(Z’&* = a), P(z))

ac{l1,2}

Z Z _DKL (z|a, = a),P(z]a, = b))

be{1,2} ac{1, 2}

= %DKL (P(z|a, = 1), P(z]a, = 2)) + %DKL (P(z|a, = 2),P(z]a, = 1))

= % [T(2A)? + T(2A)?]

— 4T A2 8. 2.2.9
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Combining ¥, %%, and %% %, we have

1 1 1
B >AT | - — AT A?

which concludes the lemma.

E.2 Proof of Theorem 12

In this section, we give a complete outline of the proof of Theorem 12 which starts with the

proof of Lemma 9.

E.2.1 Proof of Lemma 9

For each batch m € [M], let b,, = ZmT;+TlH/2 SV Xyl and 'V, ;rmTliTrl/Q SN xtxtT.
We have
NT,,
A =+ —EXN’D’L EXNW:‘n,l(X) [XXT]
= AL+ — " <2IEXN%EXNW:—”_1(X) xx ']+ 67]) 15NTAL. (E.1)
log(TT

By choosing v = and A\ = 5log <4dT> combining (E.1) and Lemma 44, for all

m € [M], with probablhty at least 1 — §/2, we have

Tmfl"l‘TnL/Q N
44T 1 i T
Al ()\ 510g( 5 ))I+§ E E X, X,
t=Tm-1+1 i=1
1
=-V,,. E.2
. (B:2)

Moreover, for a fixed x € A/ and (i,t) € [N] x [T], let z/,, =
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m

<x, 9 0>' — <x, (Ajn - 9>

N1
x" <AZ ) (X{y{ Exopi, Exori () [XXT]9>. Thus, we have

+‘)\<x, (A:‘n) - 0)‘

i\ 7! NT,, T
Am> <bm — T]EXNDL E 1(X)[XX ]0) (Ain)_l

(Cauchy Schwarz inequality and Assumption 16)

IA
RS
”
/N
>
3~

+ VAl

IA
"
-
/N

Tm71+Tm/2 N -

SR 3ED 3F I ERN
t=Tm-1+1 j=1

Note that
ji A (s (<l 7O 4 1 T
E [zt”m} =E |x (Am> (xt (xi 0+n) —Exepy Exoni ()xx ]0) =0,
(Noise 7/ is zero-mean and independent of x/)
By Azuma’s inequality, for a fixed x € X} and (i,t) € [N] x [T], we have
2 2
Tt T2 el

P > A >aHxH x| S 20 o , (E.3)

t7—ml+1.71
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where

7’777.71"1‘7—"m/2 N
i T
= D D
t=Tm—1+1 j=1
Tm—1+Tm/2 N 1
T . .
<2 Y DMl (Afn> xly]
t=Tm_ 141 j=1
Tm—1+Tm/2 N ~1
<2 Yy (a) e
t=Tm_1+1 j=1

_ T ) %
=2 Z Zx (Am> xIx] (A) X+—NT

t=Tr—1+1 j=1

2

o\ 1 .
(A:n> (ngg - EXND;'HEXNW:‘RA(X) [XXT]G)

2 2

N1
4 NT,|xT <A;n) B Bxori  (a)[xx 110

2

x' (A%) - (Ain - /\I> 0| (Assumption 16)

2

xT0 — Ax" (AQ) o

-1 \ -1 4013 4x
<2T<A1> Vm<A’> m 2
== B m) X\ | X

(Cauchy Schwarz inequality and Assumption 16)

! 41015 AN
<4 <A> Al <A> m 2

(Conditioned on the event in Eqn. (E.2))

< (6 s ) Il (B.4)

where the last inequity follows from the fact that

NT,,

16] i;’n <1015 Ammax (A%) <A+ — (Assumption 16)

Combining (E.3) and (E.4), and by a union bound, we have

P

. OKNT .
<x,0m—0>‘§<6 log( . >+ﬁ>||x||(%)1,vXeXt,ze[N],te[T],me[M] >1-4.

(E.5)
E.2.2 Completing the Proof of Theorem 12

Next, we state the following lemma, which we borrow from Theorem 5 in [103] and is used in

the proof analysis of Theorem 12.
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Lemma 39 ([103]). Let Xy, X, ..., XL ~ D be i.i.d drawn from a distribution D and input
of Algorithm 14 and let 7 be the output policy of Algorithm 14. For any A € (0,1), we have

P {V%(W) <0 (\/dlogdlog()\l))} > 1 — exp (O(d3 log dlog(d\™")) — Ld7262716) ,

where we define the \-deviation of policy ™ over D by

V(7)) = Exop |:I>£l€a/%{ \/XT (AT + ExpEyor(x) [ny])fl x| . (E.6)

Corollary 2. As a direct  corollary  of Lemma 39, of T >
Q<d22 1og2(¥)1og2d10g2(dNTA—1)>, then for all m > 2 and i € [N], with probabil-
ity at least 1 — 0, it holds that

_2X\ .
VN (Y < O(/dlog dlog(NTA-1)). (E.7)

I
D, m

Now, we focus on the regret of the i-th agent at m-th batch for any m > 3. Let D!, be the
distribution based on which the surviving sets Xf(m) for all t € [T,,—1 +1: Tp,] are generated
when conditioned on the first m — 1 batches. For any ¢t € [T,,_1 + 1 : T,,,], conditioned on the

event that the confidence intervals in Lemma 9 hold, we have
r=E[(6.x.,) - (6.x)]

<E

X! (Lemma 9)

(65,1, = (0}, x]) + 5|

)
X*,t

o]

< 268 |, + )_1] (L, € )

ot

(A%

(AL )™ (AL,

XEX,

< 46E | max HXH(Ain1)1]
S

< APExpi | {f){lea)}HXH(Ain_l)l}

< 8p
N V NTm—l
83 (o),

T VRTS e T

2 o
Expi | max \/XT (NTm_1] T Exep:,  Eyomi ) [ny]> X

) (E.8)
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where the third inequality follows from our established confidence intervals in Lemma 9
guaranteeing that x! , € X for all (i,t,m) € [N] X [Tn_1 + 1 : Tp] x [M] with probability
at least 1 — 0. Now, continuing form (E.8), we bound the cumulative regret of batches m > 3,

as follows:

T N M 88N NN
Z ZT ZW mnil (T—2)

t=T2+1 i=1 m=3

< 834/dN log dlog(NT A\~

m= 2

(Conditioned on the event in Eqn. (E.7))

= 88Man/dN log dlog(NTA-1). (E.9)

Next, we bound cumulative regret of the first two batches. Under Assumption 16, during
the first two batches, the instantaneous regret of each agent i at any round ¢ is at most 2.

Therefore

To N
> ri <2NT; = 4aVdN. (E.10)

t=1 =1

Note that for any m > 3, we can write 7}, as

Njw

1 1 R
_ 2 _ 1 _ o Tom—3 2m—2
Tp=al? , =aT: ,=...=a 7 T}

m

Our choice of a in the algorithm ensures that for any M > 0, Ty = T and Z 1T >
NT
Ty = T, and thus the choice of grid {7, ..., Ty} is valid. If we let M = 1+log ( 5 ) + 1>,
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from (E.9) and (E.10), we conclude that, with probability at least 1 — 24, it holds that

NT\ 67-1-1
d

KNT NT

E.2.3 Communication Cost as Number of Bits Transmitted

1
NT\ 26715
Ry < 4/dANT <7) Y L 88M\/ANT log dlog(NTA1) (

In this section, we consider the number of bits transmitted in a slightly modified version of
DisBE-LUCB. To this end, we make the following minor modification to DisBE-LUCB. Let
€p be an additional input to the algorithm. In Line 9 of DisBE-LUCB, agent ¢ sends vector
u’, which is an €y-precise rounded version of u’,. In particular, if it rounds each entry of
u’, with precision €, vector ', will be obtained. Now, we observe how this extra rounding

step affects confidence intervals in Lemma 9. In fact, we are interested in upper bounds on
~q ~q o\ 1 .
<X, 0, — 0> , where 0, = (A%) SN A
For 6§ € (0,1), let 8 = 64/log (25XL) + /A Then for all x € X}, i € [N],t € [T],m € [M],
with probability at least 1 — 4§, it holds that
(x.8.-0)) -

<

<x,éjn—9;+9:’n—e>‘
(x.81, - 01,)| +|(x 01, 6)

< o )l

(Lemma 9 and Cauchy Schwarz inequality )
< (\/Amaxmz'n)\

2+B> Il )

_|_

6, 0,

0 — o

< (NVdTe, + 8) Il (E.12)
Therefore, letting ¢y = ﬁﬁ’ we have
(x.0,, - 0>' < 260l 55 1 (E.13)

which implies that replacing £ in DisBE-LUCB with 23, will result in the same order of regret

as that of DisBE-LUCB for our modified algorithm. Moreover, since for transmission of each
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real number log(dNT) bits is used, the communication cost of our modified algorithm in

terms of number of bits is same as that stated in Theorem 12 with an additional multiplicative

factor log(dNT).

E.2.4 Relaxing the Assumption on Knowledge of D

In this section, we relax this assumption and consider more realistic settings where each agent

i can estimate matrix A’ in batch m up to an ¢, error, i.e.,
(1—en)Al <AL < (1+en)Al (E.14)
where ]\:n is an estimation of A’ . Given this estimation, we define
i PN
0 — (Am> S i, (E.15)
j=1
as the new estimation of @ computed by agent ¢ at batch m in this modified version of

DisBE-LUCB.

We note that if the inequalities hold component-wise, i.e., (1 —¢,,)A’ < ./NX;L < (1+en)AL
this concludes that (E.14) holds. This is because for any positive semi-definite matrices A,

B, and C such that A = B + C, we have:
A>B, A>-C. (E.16)

This combined with the fact that all (1 — €,,)A’ Al

., and (1 + ¢,,)A’ are positive semi-

definite symmetric matrices ensures that (E.14) holds if (1 —e€,,)A’, < ]\:n < (1+€,)AL, and
therefore, (E.14) is a weaker assumption than the component-wise assumption (1 — ¢,,)A’, <
AL < (1+en)Al

Now, we define corresponding modified confidence intervals in the following lemma.

Lemma 40. Suppose 0], < 1, <1,

y§| < 1 for all (a,i,t) € [K] x [N] x [T]

X}

g
o 2KNT

and €, < \/w5— for all m € . Foro € (0,1), let 5,, = — + . en
d o for all M]. For 6 € (0,1), let B, = 61/ 255) L 4yx

for all x € X}!,i € [N]|,t € [T],m € [M], with probability at least 1 — &, it holds that

t
(x.8), - e>\ < Bl 5. -

190



Proof. The proof closely follows the steps in the proof of Lemma 9. For each batch m € [M],

14T /2 . AT /2 - _
let b, = Z;Tﬁlbflﬂ/ SV Xyl and V,,, = ZtT:TTi:H/ SV xixi . For a fixed x € A} and

iy in-lo
(i,t) € [N] x [T}, let 2, = xT (Am> (x{yi —Exepi Bt (%) [XXT]O). Thus, we have

m

(x.8),-0)| -

<1 (x () o) = O (B0) (A= am) ) | (£2) 7 (8, &, - 1) 0)
~i\ 1L NTm
<|x' (Am) (bm - TEXND%]EXNW;7 () [xxTw) +4ﬁ||x||([\i )
(Cauchy Schwarz inequality)
Tm71+Tm/2 N N
= > > dn +M||x||(y ) (E.17)
t=Tm_1+1 j=1
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where the second inequality follows from

)

1y =V () (=R 1) o

(Cauchy Schwarz inequality)

< €m [ Mmax ([X:n) +VA (Eqn. (E.14))
< 2emt | A (Ain) + VA (Eqn. (E.14))
< em\/NT,, + 3VA

<4V (em </ 577)

Note that
- iN-l/ T ,
B[] = E [ (&) (6T 0 ) — B B [xxr]aﬂ 0,
(Noise 7/ is zero-mean and independent of x/)
By Azuma’s inequality, for a fixed x € X} and (i,t) € [N] x [T], we have
Tm-1+Tm/2 N

i
D DA

t=Tm—141 j=1

—o? 2 AN
P o ||XH(1~X;L) 1

> a‘|X’|(Ai )_1 < 2exp , (E.18)

i
2ct,
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where
Tn—1+Tm/2 N
= D DX
t=Tm-1+1 j=1
Tm—14+Tm/2 N

2

( ) (Xi yi - E’XND;L Exwﬂfn’_ 1(X) [XXT}0>

2 2

~i\ 1
+ NTm XT (Am> EXN,D:&"/EXNT{-:TLil(X) [XXT}O

L) Xt yg

12 2

xT (Am) B (Afn - )\I) 0

NT,,

i\ 1 i\ 1 4 ~i "L/, _in-|?
_ T 7] T [ _ T
=2 Z Zx m ) Xix] (Am) x+ NT. x (Am) (Am) 0 — \x (Am) 0
t=Tm-1+1 j=1
<2x' ([XZ >_1V ([Xl )_1X+ ! 44 8 1|13 (Cauchy Schwarz inequality)
m m <\ —1 warz
< m 1—e, NT,, ( Am) y q y
~i "L i 1 8\ 2
saxT(A,) AL (A) x oo em <4+ NTm> sy
(Conditioned on the event in Eqn. (E.2))
4 /iyt 1 8\ ) R
< A 4 . 1—¢€,)AL <A
< o (A) e (1 Il (1~ em)Ap < A))
8 A )
- 14+ -——
e (1 Iy
16 2
< PN E.19
< 2ty (B.19)

where the third inequity follows from the fact that

07 (A (A1) A% ) 0 <101 e (41, (£1) )

i (kN A
< e (A0 (8,) 0 1], < 1)
1 . L
< ¢ — —
< e (A1) (1= A, < A,)
< )\—l—NTm.
- 1—¢,

Combining (E.17), (E.18) and
(E.19), and by a union bound, we have

log <2Ké\/T
6

P <x,07in—0>’§ 1>+4f ||x||( )1,VxeXf,ie[NLte[T],me[M] >1-6.

(E.20)
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Now, we state the regret bound for DisBE-LUCB with ]&:n and é:n

Theorem 20. Fiz M = 1 + log <log (NT/d) /2 + 1>. Under the setting of Lemma 40,
ifT >0 (d22 log?(NT/6) log? dlogQ(dA‘1)> and B = maXpenr) B, then with probability at

least 1—24, it holds that Ry < O (m \/dNT log dlog? (KNT) Jog log (%)) , where

the communication cost is measured by the number of real numbers communicated by the

agents.

Proof. The proof follows similar steps to those in the proof of Theorem 12.

We focus on the regret of the i-th agent at m-th batch for any m > 3. Let D! be the
distribution based on which the surviving sets X;"™ for all t € [Tm-1+1:T,] are generated
when conditioned on the first m — 1 batches. For any t € [T,,_1 + 1 : T,,,], conditioned on the

event that the confidence intervals in Lemma 9 hold, we have

i =E [(0,x.,) — (0.x)]

< B\ @) = @) x| oy 8] 1)1] (Lemma 40)
< 28E :‘xiyt () +‘ X! (ixin_l)ll (xi, € ")
< 4PE _ng??meXH(Ainl)_l]

< 45Ex.pi, [@3}’&”@;1)41

< 4PEx.pi [Tg%”xu@;l)—l]

< ;l—fem]EXijnl {IEG%CHXH(A%J*} (1= en)Ay, < A:n)

< 80 E. - 2\ [+Ee i B ] -1
= NToa(l—en) R A T NT. . x~pi yori  ()YY X

2\
) .
_ 80 ANCELERNY (E.21)
VNT,1(1—¢,) "m

where the third inequality follows from our established confidence intervals in Lemma 40

guaranteeing that x., € X/ for all (i,t,m) € [N] X [Ty1 + 1 : Tpn] x [M] with probability
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at least 1 — 9. The rest of the proof follows the steps as those in the proof of Theorem 12

with an additional \/llj multiplicative factor in the bound.

Therefore, we conclude that, with probability at least 1 — 24, it holds that

— @ ANTlogdlog(NTA-) [ NT\ @15
R <4 dNT(%)( )+8ﬁM\/ og dlog( )( )< )

1 — max,e[nm] €m d

1 KNT NT
<O dNT log dlog® <—) log log <—) : (E.22)
1 — maXpe[m] €m oA d

E.3 Decentralized Batch Elimination LUCB without Server

In this environment, the agents are represented by the nodes of an undirected and connected
graph G. Each agent ¢ can send and receive messages only to and from its immediate

neighbors j € NV (7).

Definition 4 (Communication Matrix). For an undirected connected graph G with N nodes,
P € RN s a symmetric communication matriz if it satisfies the following three conditions:
(i) P;; = 0 if there is no connection between nodes i and j; (i) the sum of each row and
column of P is 1; (iii) the eigenvalues are real and their magnitude is less than 1, i.e.,

L= |M\| >N >...|An| >0.

We assume that P is known to the agents. We remark that P can be constructed with

little global information about the graph, such as its adjacency matrix and the graph’s

maximal degree; For example, one can compute it as P = Iy — 6mal +1D_1/ 2£D~'/2, where
Omax is the maximum degree of the graph, £ € RV*V is the graph Laplacian, and D € RV*¥V

is a diagonal matrix whose entries are the degrees of the nodes (see [47] for details).

Running consensus. In order to share information about agents’ past actions among
the network, we rely on running consensus, e.g., [89, 139]. The goal of running consensus

is that after enough rounds of communication, each agent has an accurate estimate of the
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average (over all agents) of the initial values of each agent. Precisely, let vy € RY be a vector,
where each entry v, € [N] represents agent’s ¢ information at some initial round. Then,
running consensus aims at providing an accurate estimate of the average % Ziem v, for
each agent. It turns out that the communication matrix P defined in Definition 4 plays
a key role in reaching consensus. The details are standard in the rich related literature
[139, 89]. Here, we only give a brief explanation of the high-level principles. Roughly
speaking, a consensus algorithm updates vy by v1 = Pvg, v = Pr; and so on. Note that
this operation respects the network structure since the updated value v, ; is a weighted
average of only vy ; itself and neighbor-only values vg;,7 € N(j). Thus, after S rounds, agent
4 has access to entry j of vg = P%vy. We adapt polynomial filtering introduced in [90, 107]
to speed up the mixing of information by following an approach whose convergence rate is
faster than the standard multiplication method above. Specifically, after S communication
rounds, instead of P, agents compute and apply to the initial vector v, an appropriate
re-scaled Chebyshev polynomial qs(P) of degree S of the communication matrix. Recall that
Chebyshev polynomials are defined recursively. It turns out that the Chebyshev polynomial

of degree ¢ for a communication matrix P is also given by a recursive formula as follows:

g1 (P) = ‘,\22|+§HPQ£(P) - ZE;QZA(P% where wy = 0, w1 = 1/|Xa|, wepr = 2we/|Aa] — we—y,

qo(P) = I and ¢;(P) = P. Specifically, in a Chebyshev-accelerated gossip protocol [90], the

agents update their estimates of the average of the initial vector’s v entries as follows:

vipr = (2we) /(| A2|wes 1) Pry — (wey /wegpr)ves. (E.23)

DecBE-LUCB, presented in Algorithm 12, implements the Chebyshev-accelerated gossip

Tm71+Tm/2

protocol outlined above for every entry of vectors u}, = »,"'" /" xjyi at the end of m-th

batch.

The accelerated consensus algorithm, summarized in Algorithm 13, guarantees fast mixing
of information thanks to the following key property stated in Lemma 3 of [90]: for € € (0, 1)

and any vector vy in the N-dimensional simplex, it holds that

log(2N
[Ngs(P)ro — 1|z <€, if § = og(2N/e) (E.24)
21og(1/[A2])
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In view of this, DecBE-LUCB properly implements the accelerated consensus algorithm
such that for every i € [N] and m € [M], the vector u’, is communicated within the network

during the last S rounds of batch m. At round 7,,+1, agent i has access to S

V)
=1 @i juy,, where

a;; = N[gs(P)];;. Thanks to (E.24), a; ; is € close to 1, thus, these are good approximations
of the true Z;VZI u/ . Furthermore, the choice of grid T = {7, 71, ..., Tar} in DecBE-LUCB
is slightly different than what used in DisBE-LUCB.

E.3.1 Theoretical Guarantees of DecBE-LUCB

As the first step in regret analysis of DecBE-LUCB, we establish the following confidence

intervals.

Lemma 41 (Confidence intervals for DecBE-LUCB). Suppose Assumption 16 holds. Fix
5 €(0,1) and let € = \% and v = 23, where B is defined in Lemma 9. Then

]P> <
Proof. Recall the definition of @', in (6.4). For a fixed x € & and (i,t) € [N] x [T}, we have

<x, é:n — Hjn>

<x, 0 0>’ <l gy ) x € AP € [N]E € [T]m € [M]) >1-4.  (E25)

(x.0,-0)| <|(x.0,,-6)| +

N
<x, 0 — 0> —|—HXH<A¢”>_2 Ui — Z u’ || (Cauchy Schwarz inequality)

j=1

IN

2

IA

<x, 0 — 0> + 6\/gHX||<A:n)—1

(Assumption 16 and choice of S in (E.24))

- <x, o 9> + Bl gy (E.26)

Combining Lemma 9 and (E.26), we have

'

<x, 0 9>‘ < 28|l 1 VX Xi € [Nt € [T].m € [M]) >1-4. (E27)

]
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Algorithm 12 DecBE-LUCB for agent ¢
1: Input: N, d, 5, T, M, X\, ¢
1
) CURT A o log(2N/¢) _ N(T+S) \ 22M-1_1) _ _ d
2: Initialization: S = NETTRYEE a = \/T+S( 3 ) , Iy =Ty = ay/§ + S,
T = lavTmo1 =S + 58], 85 = 0, Al = AL, T = 0, Ty = Trnot + T, A = 5log(4dTT>,

v =12, /log (@) + 2v/), arbitrary policy e
3: form=1,...,M do
4: fort="Tyn-1+1,... min{7,,T} do
Let /0™ = - le (X;‘;( 0 9;,7)>
Play arm a;; associated with feature vector x}; ~ Tm—1 (Xti(m)) and observe yi

7 end forSet K} = ZTm*ﬁ(TmiS)ﬂ Xyt

o

2

t=Tm—1+1
8 fort=7,—S+1do
9 Let X/ =nple (X;‘;( 0 é;m)
10: Play arm a;; associated with feature vector xi ~ Tm—1 (Xti(m)> and observe y§
11: Send each entry of K, i.e., [Ki]n, Vn € [d] to your neighbors A/(j) and receive the corre-

sponding values from them. For each n € [d], update [K!], = P;;[Kjl, + > jen) P [ICg]n

12:  end for

13: Sets=1

14: fort=T,—S4+2,...,7, do

15: Construct set th‘(m) = OZL:_Olé’ (Xti;( ‘S @;,'y)>

16: Play arm a;; associated with feature vector xi ~ m,,_; (Xf(m)) and observe y;. [K! 4], =
Comm([K:], [Ki_i]n, s + 1), Vn € [d]

17: s=s+1

18:  end for

19:  Compute/construct

N(T,, — S)
2

N .\ —1
Om:<Afn) i,

St — {Xti(erl)}Tm

Al =+ g, B, ()X

m t=Tm-1+(Tm—5)/2+1"
7t = ExplorationPolic $ S?
m = BXP Y\N(T - 85)°™)

20: end for
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N(T+S))

lo
Theorem 21. Fix M = 1 + log (g(Td—l—l), with S defined in (E.24) for

10g(2dI%NT)

e = 6 in  Algorithm 8. Suppose Assumption 16 holds. If T >
0 (d22 log?(2Z) Jog? dlogz(d/\‘l)>, then with probability at least 1 — 26, it holds that

KN (T + log(dN)

Nlog(dN) log(dN) 2 . 1/>\2|> <NT)
—_— N|(T 1 1 log1 —
FrEOH AT < +JW> oo 2 el |
(E.28)
and
Communication Cost < O OmardV log (V) : (E.29)
V/1og(1/]Az])

Proof. The proof follows similar steps as those of Theorem 12’s proof. We focus on the regret
of m~th batch for any m > 3. For any i € [N], t € [T,,_1 + 1 : T,,], conditioned on the event

that the confidence intervals in Lemma 41 hold, we have

ri=E|(0.%,) - (6.x))]

<E <éfn—1axi,t> - <éin—1,xi> + ﬁ‘ Xi,t ’(Ainl)_l + 5‘ Xi (Ainl)_ll (Lemma 41)
S A <A:,L1>-1] i, € i)
<4HE _xg;(?ggn)x(%l)ll

< By, ol ]

<HEy.pi | {ﬁlga%”x"(/xin_l)‘l}

- N<Til —3) V;fojls))(”%—z% (E.30)

where the third inequality follows from our established confidence intervals in Lemma 41

guaranteeing that x., € X/ for all (i,t,m) € [N] X [Ty1 + 1 : Tpn] x [M] with probability
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at least 1 — 4. Now, continuing form (E.8), we bound the cumulative regret of batches m > 3,

as follows:
T N M  Tm—S N
Z ZTﬁS2MSN+Z Zr
t=Ta+1 i=1 m=3t=Tp_1+1 i=1
2\
< 2MSN + 8YMN (T = 5) V;Jf (fm = 1*S>)(7T;‘n_2)
N(Tm_l — S) m—1

< 2MSN + +8yM+/dN log dlog(NT A1

Zm

(Conditioned on the event in Eqn. (E.7))

= 2MSN + 8yMan/dN log dlog(NTA~1). (E.31)

Next, we bound cumulative regret of the first two batches. Under Assumption 16, during
the first two batches, the instantaneous regret of each agent ¢ at any round ¢ is at most 2.

Therefore

T N
> ) i <2NT; =4aVdN. (E.32)
t=1 i=1
Note that the choice of a in the algorithm ensures that for any M > 0, T,y = T and
Zn]‘f:le > Ty = T, and thus the choice of grid {7Ti,..., Ty} is valid. If we let M =

(N(T+S)

lo
gTd) + 1|, from (E.31) and (E.32), we conclude that, with probability at least

1+log
1 — 26, it holds that

NT
Ry < 2MSN + 4\/dN(T + S) (d>

1
2(2M—-1_1)

1
SEM-T—])
+8yM+/dNT log dlog(NTA 1) <N(Td+5)) s

KN (T + log(dN)

N log(dN) log(dN) ) Vil ) <NT )
SV L laN (T log d1 loglog | ——
V1/[A2 ( +\/1/IA2|> oeaee oA RN
(E.33)
]

E.3.2 Communication Step

In this section, we summarize the accelerated Chebyshev communication step, discussed

above, in Algorithm 13, which follows the same steps as those of the communication algorithm
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presented in [90].

Algorithm 13 Comm for Agent ¢

1: Input: Zyew, Tprey, £

2: Output: z; pext

3: Initialization: wy = 0, w1 = 1/|As|, w, = 2w,_1 /| Ae| — wyr—2, V2 <7 < S, T4 now = Tnow,
Liprev = Lprev

4: Send z; now and receive the corresponding ; now to and from j € N'(i)  // Recall that

all agents run Comm in parallel.

. 2wp_1 2we_1 we 2
o xi,next - ‘)\2|w£ zzxz now + |)\2|w[ Z]ej\/’ ,]xj,now - xz ,prev

Chebyshev polynomials [148] are defined as Ty(z) = 1, T1(z) = x and Ty41(z) = 22Tk (z) —
Ti—1(x). Define:

Ti(P/|X2])
P)=——~"—=-. E.34
By the properties of Chebyshev polynomial [20], it can be shown that:
2wy Wy_1
P)= —" Pg(P) - 1(P), E.35
a1 (P) = TP (P) — g, (P) (E.35)

where wy = 1,wy; = 1/|Xa|, wer1 = 2wy /| Ao| — we_1, @o(P) = I and ¢;(P) = P. This implies
that when agents share an specific quantity, whose initial values given by agents are denoted

by vector vy € RY, by using the recursive Chebyshev-accelerated updating rule, they have:

2 .
S py, P, (E.36)
[ Aa|we i Wet1

Vi1 =
In light of the above mentioned recursive procedure, the accelerated communication step is
summarized in Algorithm 13 below for agent i. We denote the inputs by: 1) Z,0y, Which is
the quantity of interest that agent ¢ wants to update at the current round, 2) ey, Which is
the estimated value for a quantity of interest that agent ¢ updated at the previous round,
and 3) ¢ which is the current round of communication. Note that inputs are scalars, however

matrices and vectors also can be passed as inputs with Comm running for each of their

entries.

201



E.4 Omitted Algorithms

In this section, we present a definition and necessary algorithms, that are borrowed from

[103] and are used as subroutines in DisBE-LUCB and DecBE-LUCB.

Definition 5 ([103]). Fiz a =log K. For a given positive semi-definite matriz M, we define
the softmax policy T3y (X) over a set X = {x1,Xa,..., X} with k < K with

(x; Mx; )"
Zf:l(XiTMXi)a.

(E.37)

Wﬁa(xi) =

Now, suppose we are given a set M = {(pi, Ml)}?: such that p; >0 and Y pi=1. We

1

define the mized-softmaz policy T (X) over X as

T (X), with probability 1/2,
T (xi) = (E.38)

Wf/[i(.)(), with probability p;/2,

where T¢(X) is called G-optimal design and is the minimizer of g(w) = maxxexHxH%,(ﬂ,l,

where V(m) = > o m(x)xx"; see Section 21 in [78] for details.

Algorithm 14 ExplorationPolicy
1: Input: )\, S = {Xh Xg, ceey XL}

2: OQutput: A mixed-softmax policy 7 Using Algorithm 15 find a core C C & such that

max x A(C)'x>d° (E.39)
X, €C,xEX;
and
|%| <1—-0(d?log)\™) (E.40)

where A(C) i= A+ £ Y4 ¢ Exurcx) [xx ], and for any set X C R?, 79(X) is called
G-optimal design and is the maximizer of g(7) = maxxeXHxHi,(W),l, where V(1) =

Y ower m(x)xx".

3: Return the mixed-softmax policy 7 by calling MixedSoftMax(A,C).
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Algorithm 15 Coreldentification (Algorithm 4 in [103])
: Input: A\, S ={X,X,,..., X}

—

[N)

: Output: A coreset CC S
3: Initialization: C; = S

cfor £ =1,2,...do

I

5. if maxy,ec, xex; x"A(Ce)"'x > d° then

6: Return C.
7. else
8:

xXEX;

1
Cer1 = {Xi € Ce :maxx ' A(Ce) 'x < §d5} ’

where A(C) := A+ 1 >4 co Exanc(ay)[xx '], and for any set X € RY, 79(X) is

called G-optimal design and is the maximizer of g(r) = ma;Xxe)(‘HXHi/(ﬂ_)fl, where
V(m) =3 er T(x)xx".
9:  end if

10: end for
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Algorithm 16 MixedSoftMax
1 Input: A, S ={X), s, ..., AL}

2: Output: A mixed-softmax policy 7

3: Initialization: Q = 2d’logd, Xi_1y+; = &, V(i,7) € [Q] x L, Uy = AQLI +
%ZiLzl EXNWG(Xz‘)[XXT]a n=1rm=0 W, =U

4: for s=1,...,QL do

5 T, =T1,U{s}

S

6: Us = Us—l + EXNW\SN,l(Xs)[XXT], where ﬂ-ng

n

(X) is computed as in Definition 5.

7. if 4tUs ~ 9 then

det W,
8: n:n+1aTn:®aWn:Us
9: end if
10: end for
) _ _ Hn|>L)n . 1
W pi = s sy and Mi = QLW Vi € [n]

12: Return the mixed-softmax policy with parameters M = {(pi, Mi)}?:l as in Definition 5.

E.5 Auxiliary Lemmas

Lemma 42 ([125], Theorem 5.1.1). Consider a finite sequence Xy, of independent, random,
Hermitian matrices with common dimension d. Assume that 0 < X\pin(Xg) and Xpee(Xg) < L

for each index k. Introduce the random matriz
Y = Zxk (E.41)
k=1

Define the minimum eigenvalue fi, and mazimum eigenvalue fy,q, of the expectation E[Y]:

fmin = Amin(E[Y]),  fimas = Amaz(E[Y]). (E.42)

Then
P (Anin(Y) < (1 = &) pimin) < d (%) o , foreel0,1) (E.43)
P (Amar(Y) = (1+ £)ftmas) < d (%) o . fore>0. (E.44)



Lemma 43. Suppose x1,Xs,...,X, ~ D are d-dimensional vectors that are i.i.d. drawn from
a distribution D and ||xy||, < L for all k € [n] almost surely. Let v = Apin (Bxop[xx']) >0

be the smallest eigenvalue of the co-variance matriz. We have that

1O —
P - ;xkx,z < 2, p[xx'] | > 1—dexp (%) : (E.45)

Proof. Let ¥ = Eyp[xx'] and y; = E%Xk for all k € [n]. Also, we have Apax (V1Y) ) =
lyells < % almost surely, and E[y.y, ] = I. Therefore, plugging ¢ = 1 in (E.44), we have

1 ¢ IR - )
P - E XX, < 2B plxx'] | =P = E yey, <2872 By op[xx' |22
n n
k=1 k=1

1 n
=P EZ}%Y}I m
k=1

=P >\max Z ka;gr S 2n
k=1

ny .
>1-d(S) >1—dexp( 22). (E.46)
4 3
O
Lemma 44. Suppose x1,Xs,...,X, ~ D are d-dimensional vectors that are i.i.d. drawn from

a distribution D and ||xg||, < 1 for all k € [n] almost surely. For any cutoff level v > 0, we
have

1 —
Pl - Zxkx; = 2Bp[xx| 4+ 671 | > 1 —2dexp (ﬂ) . (E.AT)
n e 3

Proof. Suppose Eyp[xx"] = 320, Mwiw], where {v;}L, is a set of orthonormal basis. Let
P, =% vl 1\ > ) and P_ = 3¢ v 1(\ < ), so that P,P_ = I. We observe
that the eigenvalues of Ex.p[P.xxP_] are greater than or equal to v when restricted to the

space spanned by the P,. Therefore, by Lemmas 43 and 42 (Eqn. (E.44)), we respectively
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have

1 & —
P~ Pixix[PL < 2B, p[Pixx"PL] | >1—dexp <ﬂ> (E.48)
n e 3
1 < —n
Pl ;P_xkx;ﬂﬂ <2y | >1—dexp <T) . (E.49)

Now, we observe that

1 n n n n
T ToT ToT ToT ToT
Exx:f gIP’xx]P’ —|—E]P’XXIPL+E]P’,XXIP’ —|—§IPLXX]PL
k=1 o "\ = e k=1 R k=1 e k=1 o

1 n n n n
= ; Pyxpxg P+ ,; PP P_x;x Pl + ,; P_x;x; PTPIP] + ]; p_xkxgp{)

1 n n n n
< -~ Z }P’+xkxglP’I + Z ]P’_xkxl,—';IP’—_r + Z }P’_xkx;—]P’l— + ZP_kaZP—I)
k=1 k=1 k=1 k=1
_ 1 zn:mxkx,jﬂﬂ 43 ip,xkx;w (E.50)
= T k=1 -

Also, note that

Exp [P+XXT]IDI] = Eyxp [xxT —P.xx'P! — ]P)_XXT]P)I - ]P’_XXT]P)—I] < Ex.p [XXT] )

(E.51)
Therefore, combining (E.49) and (E.50) and (E.51), we have
IR T T —m
P - Zxkxk < 2By plxx'|+6y] | >1—2dexp | — | . (E.52)
n = 3
[l
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