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MECHANICAL PROPERTIES OF CONTINUOUS-MATRIX, 
DISPERSED-PHASE CERAMIC SYSTEMS 

D. P. H. Hasselman 

Inorganic Materials Research Division, Lawrence Radiation Laboratory, 
and Department of Mineral Technology, College of Engineering, 

University of California, Berkeley, California 

December 27, 1965 

ABSTRACT 

The mechanical properties of brittle continuous-matrix, dispersed-

phase multicomponent ceramic systems were investigated, 

The effect of dispersed phases of crushed sapphire, spherical 

tungsten particles, and spherical pores on the elastic behavior of a 

sodium borosilicate glass was determined, Good agreement with theory 

was'obtained. The effect of cylindrical porosity on Young's modulus of 

a brittle matrix was calculated, and good agreement was obtained with 

the experimental effect of porosity on elastic properties of polycrystal-

line ceramics. 

A fracture theory was developed for a dispersion-strengthened glass 

matrix based on the criterion that the dispersions within the glass 

matrix limit. the size of the Griffith flaws responsible for failure. 

Experimental evidence is presented which substantiates the proposed 

theory. 

The effect of stress concentrations on strength was investigated 

by loading suitable specimens to failure under .conditions of uniaxial 

and biaxial tensile stress. Specimens consisted of the sodium boro• 

silicate glass containing spherical particles of alumina and of the 
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same glass containing spherical pores. Results could be .interpreted 

in terms of the maximum value of the stress concentrations and in terms 

of the volume of material over which the stress concentration acts. 

Results also indicate that for multicomponent systems any differences 

in strength under different stress states can be attributed at least in 

part to microstructure. 

A hypothesis is presented which suggests that the effect of stress 

concentrations,on strength is governed by the relative size of the 

Griffith flaw and the size or volume of material over which the stress 

concentrations act. On this basis a theory is presen~ed for the effect 

of porosity on strength in terms of flaw size to pore size. An approxi-

mate derivation is presented which suggests that once the effect of 

stress concentration on strength has occurred, further relative changes 

in uniaxial tensile stress are governed by the relative changes in 

Young's modulus with porosity. A porosity-clustering factor is intro-

duced to take into account nonuniform distribution of the porosity 

throughout the ceramic body • 

. . /· 

r 
\/ 
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I. INTRODUCTION 

The ever-increasing demand for materials capable of withstanding 

severe operating conditions such as high temperatures, mechanical load, 

and thermal shock has led to the development of numerous multicomponent 

materials, in which superior behavior is obtained. Classical examples 

1 2 consist of fiber-reinforced plastics, fiber-reinforced metals, and 

3 4 dis_persion-strengthened metals and alloys, ' which consist of highly 

deformable matrices strengthened by hard undeformable fibers or parti-

cles. An example of a brittle-matrix composite is the highly success-

5 6 ful glass--ceramics; ' with superior strength and resistance to impact 

and thermal shock. 

A quantitative understanding of the basic mechanisms of the defor-

mation of these composite materials is needed to predict their mechani• 

cal behavior and for development ·of new composite materials. The 

properties of the composite material will be a function of the proper• 

ties of the individual components, and their distribution within the 

composite. Differences in thermal expansion and elastic properties 

result in internal stresses end stress inhomogeneities, respectively. 

Presence or lack of bonding between the individual components strongly 

affects the load-bearing ability of the composite. One of the major 

difficulties in the manufacture of these composites is the general _lack 

of microstructural control, which introduces uncertainties in the dis-

tribution of the components within the final composite. Many of the 

-above variables simultaneously affect the properties of the composite, 

making interpretation of experimental data rather difficult if not 

impossible. 
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This paper reports results of an investigation of the elastic 

-properties and strength of a brittle glass matrix containing crystalline 

dispersions of controlled volume fraction, particle shape, and particle 

size. Elastic properties were investigated for various types of inclu-

sions as well as the inclusion particle shape. Strength of systems 

free of internal stresses was investigated as a function of dispersion 

volume fraction, particle size, and stress concentration effects for 

various types of dispersants. 

Previous work in this laboratory on these systems consisted of 

determination ·of internal stres~es by x-ray techniques by Fulrath7 and 

Grossman and Fulrath. 8 Grossman investigated the effect of particle 

·size on the strength of a glass-thoria system. 9 Jacobson investigated 

the effect of internal stresses in glass--crystal systems for which 

interfacial bonding was not realized. 10 Nason compared strength values 

. 11 
for bonding and nonbonding glass--cryst~l systems. In general it was 

' found that for the achievement of composites with relatively high 

strength, interfacial bonding and small dispersion particle size were 

essential. 

Considerable theoretical work was done to predict elastic proper-

ties of these types of systems. · Paul derived upper and lower bounds 

between which the elastic moduli must fall regardless of phase distri-

12 
bution. Mackenzie calculated the effect of small fractions of spheri-

13 . 14 
.cal holes on the elastic moduli of a homogeneous matrix. Dewey . and 

15 
Krivoglaz and Cherevko derived expressions for the elastic moduli of 

matrices containing small amounts of spherical inclusions with arbitrary • J;' 

... 
'' 
J 
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elastic properties •. The solutions of Krivoglaz and Cherevko were 

extended to apply to composites with arbitrary volume fractions of the

differences in elastic properties. 
. 16 

Kerner and components but small 

17 
Hashin gave approximate solutions for the elastic properties contain-

ing arbitrary volume fractions of spherical particles with arbitrary 

elastic properties. For this system Hashin also gave upper and lower 

bounds on tl'\e overall elastic moduli. Paul presented a "strength-of-

12 
. materials" solution for a matrix containing cubical dispersions. 

Hashin and Shtrikman calculated upper and lower bounds for the elastic 

18 moduli for a matrix containing dispersions of arbitrary phase geometry. 

19 .. 20 . 
Finally the solutions of Hofferberth and Hashin and Rosen for the 

moduli of matrices containing various arrays of fibers should also be 

mentioned. In all theoretical derivations perfect bonding between 

phases was always assumed. 

Experimental data have been published for elastic properties of 

. 21-24 
many multiphase systems, including tungsten carbide--cobalt, 

chromium carbide--nickel, 25 zirconium carbide--graphite, 26 and silver-

containing various~ types of dispersions. 27 Tinklepaugh and Crandall 

28 29 list elastic property values for many types of cerrnets. Binns 

investigated the effect of alumina and zirconia dispersions on the 

elastic moduli of various glasses and noticed that the results were 

independent of dispersion particle size, in agreement with theory, and 

that the results fell between Paul's upper and lower bounds. 

As a special case of multicomponent systems and also because of 

technological importance, considerable experimentat30- 37 and empiri-

38-43 . 
cal work has been done to determine the effect of porosity on the 



elastic properties of many ceramic materials. For these materials, 

because of the,manufacturing techniques employed, complete densification 

generally is not obtained. If one compares the experimental data for 

the elastic properties of porous ceramics with the theoretically pre-

dieted values, using as mechanical model a matrix containing spherical 

pores, a large discrepancy is observed. Spinner et al. attributed this 

discrepancy to the deviation of the actual pore shape from the idealized 

35 spherical ·pore shape assumed for the theoretical calculations. 

In general, the phase geometry (microstructure) of the composite 

materials investigated do not lend themselves well to description and 

for purposes of comparison generally deviate sharply frqm the mechanical 

models on which the theoretical equations are based. The present in• 

vestigation compares with.theory the experimental results for the elastic 

properties of composite materials, the microstructure of which closely 

resembles the mechanical models used in the development of the theory. 

Very little theoretical work appears to have been done on the 

theory of fracture of multicomponent continuous-matrix, dispersed-phase 

. systems. Solutions have appeared in the literature for the stress con• 

centrations around elastic inhomogeneities of va!ious shape contained 

in infinite matrices. 44• 46 Gurland investigated the strength of 

tungsten carbide as a function of grain size and cobalt content. 47 

Drucker showed that the experimental data of Gurland plotted against 

tungsten carbide grain size resulted in a single smooth curve. 48 

Kreymer et al. produced data for the tungsten carbide--cobalt system 

which showe? that, for small volume fractions of cobalt, plotting the 

square of the strength against the product of Young's modulus of 

i.J 
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elasticity and the volume fraction of cobalt resulted in a set of 

11 1 . h 1' 49 para e stra~g t ~nes. Each line corresponds to a given tungsten __ 

carbide grain size, suggestive of a brittle-fracture mechanism. Binns· 

investigated the effect of various crystalline dispersions on the 

strength of various glasses, and in general observed that dispersions 

with the smaller particle size resulted in strengths greater than for 

29 dispersions with larger particle size. Regardless of the basic mech• 

anisms involved, it is clear from the various observations that the 

presence of the dispersions materially affects the strength of the 

matrix. 

Considerable experimentat30- 37 and empirical50• 53 work has been 

done to determine the effect of porosity of strength of brittle ceramics. 

Porosity can be regarded as a special type of dispersant. In general, 

the presence of 10% porosity in a brittle ceramic reduces its strength 

to less than one-half of the original strength. To.predict the effect 

of porosity onstrength, Knudsen considered the net cross-sectional area 

of porous bodies hypothetically obtained by sintering together spherical 

particles in various types of packing. 52 Brown et al. used the same 

approach and predicted the strength of matrices containing pores of 

various shapes. 54 Another way to predict the effect of porosity on 

strength is to calculate the stress concentrations around cavities of 

various geometry. 44'" 46 !n gener!!.l, the "cross-sectional-area" approach 

·predicts a smooth monotonic decrease in strength. with increasing poros• 

ity. Since stress concentrations are independent of pore size, the 

stress-concentration approach predicts an instantaneous decrease in 

strength upon introduction of the first pore into the body. The 
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relative reduction in strength·should equal the maximum stress concena 

tration for the pore shape and stress conditions. The present investi• 

gation also attempts to throw some light·ori. the effect of porosity on 

strength with the purpose of trying to resolve which theoretical ap-

preach is more applicable. 

Basically, the fracture strength of brittle materials is about 

three orders of magnitude less than the theoretical strength predicted 

on the basis of interatomic forces •. Griffith attributed this discrep-

-
ancy to microscopic flaws or cracks in the body or surface of the 

materia1. 55 Failure could originate at these flaws or cracks at a 

stress level well below the theoretical strength of the material. 

Existence of these flaws has been verified by numerous investigators, 

excellent reviews having been presented by Ernsberger56 and Philips. 57 

For a quantitative evaluation of the effects of the flaws on strength, 

Griffith calculated the elastic energy stored in the vicinity of an 

. elliptical flaw oriented with the major axis perpendicular to the 

applied stress, and determined the decrease of this energy with increas

ing flaw size. 55 Equating this decrease of elastic energy to the energy 

needed to form the fracture surface resulted in the critical stress, 

i.e., the macroscopic strength s
0 

required for failure. For a flat 

1 t t i i · 11 i ti 1 fl * th i f S becomes58 p a e con a n ng an e p ca aw, e express on or 
0 

* . The Griffith equation for surface flaws generally is expressed in terms 
of the flaw depth d when the specimen is subjected to a uniform tensile 
stress. In this study, cross-bending tests were used on relatively 
thin specimens, Because of the high sfress gradients imposed in this 
type of test, it is felt that the Griffith equation for a flat plate 

·with an elliptical flaw is more applicable. The flaw size then is the 
. length of the flaw measured along the surface. 

I 
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= ( 
i1:..!. )' 1/ 2 . 

1'C a , (1) 

where r is the surface energy, E is Young's modulus of elasticity, and 

a is twice the major axis of the ellipse, i.e., the flaw size. 

The inverse-square-root relationship as predicted by Eq. (1) has 

. 55 59-61 ·been confirmed by a number of 1nvestigators. ' The flaw size of 

an industrial type of glass can be estimated roughly by substitution 

of appropriate values for the physical quantities in Eq. (1) and solving 

for the flaw· size (a). For s = 104 psi, r' = 5 x 103 -2 62u63 
0 

erg-em 
' 

and E ~ 107 psi, a value of flaw size of the order of 50 1-l can be 

calculated. For a high-strength brittle ceramic such as alumina, the 

·flaw size can be calculated to be of the order of a few microns. Al-

though flaw-free laboratory specimens of glass with near theoretical 

strength have been manufactured in the laboratory, commer~ial glasses 

contain surface flaws due to mechanical handling, abrasion, etc. 

For the composite systems investigated, (see Section II, Experiment) 

consisting of a continuous glass matrix containing relatively strong 

crystalline dispersions such that fracture will originate within the 

glass matrix, it is suggested that at sufficiently high volume fractions 

the maximum size of the flaws in the glass may be restricted because of 

the presence of the dispersions. In analogy to the dispersion-strengthened 

metals and ai1oya, a s~~ength~q!ng mechanism should be attained. The 

effect of the dispersions on flaw size should take place in two ways, 

depending on dispersion volume fraction and particle size. For a small 

volume fraction and large particle size. the average interparticle 

spacing (mean free path in the glass matrix) is larger than the original 
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flaw size. The average flaw size, however, is reduced statistically 

in direct proportion to the volume fraction dispersed phase, or 

(2) 

where a is the flaw size within the composite, a
0 

is the original flaw 

size in the glass, and ~ is the volume fraction dispersion. By sub-

stitution of Eq. (2) in Eq. (1) and rearrariging, the effect of the dis-

persion on the strength at large interparticle spacing can be written 

(3) 

where S is. the strength of the composite.· The effect of dispersions on 

strength as ex~ressed by Eq. (3} is referred to as region I hereafter. 

At higher volume fraction or small particl,e size where interparti-

cle spacing in the glass matrix is now smaller than ~he original flaw 

size, the flaw size in the composite is now controlled by the interpar-

ticle spacing within the brittle matrix.· A convenient expression for 

the average interparticle spacing d can be obtained from the expression 
. 64 

given by Fullman, 

d "" 
4 R (1 - ~). 

3~ 

Substitution of d for a in Eq. (1) yields for the strength·of the 

composite 

s = 
1/2 

[ 
3yEp ] . 

rr R (1 - ~) 1 

(4) 

(5) 

where R is the particle .radius. The composite strength as expressed 

by Eq. (4) hereafter is referred to as region II. 

:i 

.... 



The results of Eqs. (3) and (5) for the effect of dispersions on 

the strength of a brittle glass matrix can be summarized as follows. 
··~ 

In region I, strength is a function of volume fraction only, requiring ' 
., 

relatively large volume fractions before an appreciable increase in 

strength is obtained. In region II, strength is a function of volume 

fraction as well as particle size; for small particle sizes, relatively 

small volume fractions of dispersion are required for high strength. 

A plot of strength against the reciprocal square root of the 'mean free 

path" at high values of ''mean free path" should be practically horizon-

tal, apart from minor deviations as dictated by Eq. (3). ~~ere the 

matrix ''mean free path" equals the original flaw size, a discontinuity 

in slope should occur. As the mean free path decreases the plot should 

follow a straight line passing through the origin, 

In addition to determining the effect of dispersions on elastic 

properties, it was also the purpose of this investigation to check the 

validity of the proposed Eqs. (3) and (5). 
) 

Also, the effect of stress 

concentrations was investigated for various systems. For a given system, 

different stress concentrations and stress-concentration distributions 

were investigated by determining strength under uniaxial and biaxial 

stress conditions. 
/ 
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II. EXPERIMENT 

A. Materials 

The continuous glass matrix selected was of the same composition· 

as the D-glass (16% Na 2o, 14% B2o3, and 70% Si02) used in previous 

9-11 65 investigations. ' This particular glass has nearly identical 

coefficients of thermal expansion as alumina, resulting in glass--

alumina composite systems free of internal stresses. The glass was 

produced-by melting the intimate mixture of the desired composition of 

sodium carbonate, boric acid, and silica in a platinum crucible at 

1300°C, The glass was subsequently crushed and milled to a particle 

size less than 5 ~· . For purposes of elastic property measurements, 

dispersants consisted of spherical tungsten particles with a particle 

size approximately 30 ~ and crushed sapphire with a particle size 

·.approximately 50 ~· Attempts to spheroidize the sapphire were ab~m-

doned due to formation of porosity within the spheroidized particles, 

66 in agreement with the observations by Das and Fulrath. The presence 

·of porosity would introduce uncertainties in the elastic properties of 

the.alumina. Tungsten and sapphire were deliberately selected because 

-:-----

these materials would provide as large a difference as possible between 

the elastic properties of the matrix and dispersant. Therefore, large 

variations in experimental data of the composite elastic properties 

should be attained which should aid in the interpretation and compari-

son of experimental data and theoretical predictions. 

For the determination of the effect of dispersions on strength, 

one type of dispersant .consisted of an alumina powder spheroidized in 

a plasma jet, then separated into suitable size fractions by a 
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par tic l e-size analyzer. Another type of dispersant cons isted of 

spherical pores simulated by incorporating 60 ~ diam nicke l partic l es 

in the glass matrix. Due to the much larger coeffi cient of expansion · 

of the nickel compared to the glas s and the nonbonding characteristics 

of the nicke l --g las s interface, spherical pores are ob tained, in effect, 

upon coo ling the glass--n i cke l composite from the manufacturing tem

perature. The shrinkage of t he n i ckel compared to tha t of the glass 

on coo ling developed cavities which would leave the n i ckel microspheres 

free even und~r conditions of stress emp l oyed in mechanical t es t ing. 

It is easily ver ified that the nickel canno t contribute to the l oad

bearing abili ty of the glass, at the stress l eve ls and vo lume concen

trations of spherica l pores investigated. 

B. Specimen Preparation 

The desired composite systems were prepared by vacuum hot-pressing 

at 725°C for 10 min intimate mixtures of the components in appropriate 

graphite dies. Glass, g lass--sapphire, and g lass--tungsten elasticity 

s pec imens measuring 1-3/4 by 1/4 by 1/4 in. were cut with a high

precision diamond saw from hot-pressed disks measuring 2 in. diam by 

1/ 4 in. thick. Dimensional accuracy was within 0.001 in. Figures 1 

and 2 show microstructures of the glass--sapphire and g l a s s--tungsten 

systems, respective l y. 

Glass and glass--alumina uniaxial strength s pecimens (see the next 

s ect ion, Testing Procedures) measuring 1/4 in. wide by approx i mately 

0.070 in. thick wer e cut from disks 2 in. in diam by 1/4 in. thick. 

Compl e t e ly dense hot-pressed slugs containing volume fractions of 
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ZN - 4559 

Fig. 1. Microstructure of sodium boro si licate 
glass containing 30 volo/o crushed sapphire. 

.. 
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Z N-5001 

Fig . 2. Microstructure of sodium borosilicate 
glass containing 40 volo/o s pherical tungsten particles. 
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spherical alumina greater than 47.5% could not be obta i ned, presumably 

due to alumina partic l e- to- article contact. Also, complete densifica

t ion cou l d not be attained for compos ites containing alumina particles 

small er than 15 ~, which conce ivably may be attributed to the fact that 

at the hot-pressing temperature emp l oyed the glass was not sufficient l y 

fluid to comp ete ly penetrate be tween the interstices of the dispersed 

particles. Improved dens ification could be obtained by using higher 

hot-pressing temperatures; however, this res ults in the formation o f 

reaction products between the alumina and the glass result ing in uncer

tainties i n compos ition. 

Glass---a l umina biaxial strength specimens approximately 1 in. diam 

by 0.070 in. thick were cut from hot-pressed slugs 1 in. diam and ap

proximately 1 in. high. For purposes of comparison, attempts were made 

to manufacture strength specimens for the glass--porosity (nickel) 

system in a manner identical to the manufacture of the glass--alumina 

strength SP,ecimens. However, difficulty was encountered i n slicing 

specimens from the hot-pressed slugs, presumably because of the ductile 

nature of the nickel phase • . Instead a sufficient number of biaxial 

strength specimens measuring 1 in. diam by 0.075 in. thick were hot

pressed individually followed by a light 1000-grit silicon carbide 

grinding to remove carbon and graphite adhering to the surface and to 

insure a unifo rm surface treatment for all specimens. Uniaxial strength 

specimens for this system approximately 1/8 in. wide were sliced from 

the 1 in. diam polished dis ks . After s l icing with the diamond saw or 

after the silicon carbide p6lish7 no further surface treatmen t was 

given. In all slic ing operations the specimens were cemented to 
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alumina plaques, the plaques being cut simultaneous with t he specimens. 

In this manner ch ipping of the specimen edges was avoided. In all 

cutting operations a 0.20 in. thick diamond blade was used, rne 

cu tting speed was approximately 2800 sur f ace ft / min. The s aw was 

advanced through t he spec imens at a rate of approximately 0.35 in. /min. 

Profilometer measurements of the cut surface of the glass--alumina 

spec imens gave a rms surface roughness of 20 ~ in. {approximately 

1/2 !J.) independent of composition and direction along the surface. 

Microscopic measurements sugges ted a maximum surface roughness ranging 

from 1 to 2 ll· Figure 3 shows a typica l as-cut surface of a glass 

specimen. 

During the prepara tion of the glass, it was observed that glass 

spec imens cou ld be obtained containing perfect l y spherical poros ity, 

due to the evolut i on of carbon diox ide and water vapor during g lass 

formation. These specimens wou ld allow an accurate comparison between 

the experimental and theoret i cal e ffect of s pherical porosity on e lastic 

properties by sonic methods. Glass spec imens o f various pore content 

were cast in suitable graphite mo lds preheated to 650°C. The relative 

amount of bubbles in the utelt was an inverse function of the time the 

crucib l e was held at tempera ture. The melt was held at temperature from 

about 20 to 40 min, depending on the bubb l e content desired, During 

cas ting, the bubbles retained their spherical shs.pe under the influence 

of surface tension. After casting, the molds were al l owed to cool to 

room temperature, and then the spec imens were removed. Figure 4 shows 

a micrograph o f a spec imen containing 1.62 vol% por osity. Because of 

the relatively h:i.gh depth of field, more porosity is evident than on a 
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ZN - 4855 

Fig. 3. Typical as - cut surface of a glass specimen. 



-17-

Fig. 4. Photomic rograph of sodium borosilicate 
glass specimen containing 1.62o/o porosity. 

ZN-5376 
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volume (or area) bas i s . For measurements of elastic properties the 

cast specimens ;ere diamond-sawed into spec imens measuring approxi-

mately 4 by 1/2 by /4 in. 

C. Testing Procedures 

Elastic property va lues were determined by the resonance technique 

descr ibed by Spinner and Tefft, 67 based on the original paper by 

68 
Pickett. Two va ues f or Young's modulus were obtained thereby for 

each specimen. The spec imens of glass containing spherical bubb l es 

were sufficiently long that the s .ear modulus could also be obta ined 

* with the i ns trument emp eyed. Young's modulus was ca cu lated by means 

of tables compiled for this purpos e. 69 The shear modulus was ca l culated 

by means o f the more prec ise expression for the shape fac t or involved, 

given by Spinner and Tefft. 67 

For the g las s sp~c imens containing spherical bubbles , the porosity 

was cal cu lated from the true g Lass density and t he bulk density of each 

· Specimen calcula t ed from its weight and dimensions . The true glass 

density was determined by crushing a number o f pieces of g las s of each 

batch and determining the density o f the resulting powder by a pycno-

meter technique. Since the e lastic properties of the glass migh t 

depend on the the rmal history of the spec imens, the cons istency o f the 

prope r t i es of the glass was checked by means of index-o f - refr action 

~ 1L measurements carr ied out with an Abbe refractometer. Elastic proper t ies 

*Magnetest : (B) Magnaflux Corporation. 
~ 

' American Optical Company. 
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were determined both before and after an annealing treatment, which 

consisted of holding all specimens at 550°C for 24 hrs, using heating. 

and cooling rates of l5°C/hr . 

Uniaxial strength was determined by loading the specimens to 

fs.ilure, using four-point loading and a 3/ 0,. in. overall span. Time 

to failure was approximately 20 to 30 sec. All specimens were loaded 

such that the diamond-sawed or ground surface was stressed~ For the 

uniaxial strength of the glass-alumina system, 30 or more data points 
,. 

were obtained for most compositions. 

Biaxial strength was obtained oy means of a ring test similar to 

the one employed by Binns, 29 which in effect simulated two equal 

mutually perpendicular tensile stresses~ The 1 in,. diam strength 

. specimens were placed on a stiff rubber 0-ring and a 3/16 in. d:!.a.m 

ball bearing placed in the center of the specimen. An aluminum foil 

.was placed between the disk and the ball bearing. The disk was then 

. loaded to failure in an Instron machine. The rubber O•ring was selected 

as specimen support in order to duplicate the loading rates used in the 

uniaxial strength test, The value of strength obtained by the ring 

test was calculated by means of an expression given by Timoshenko 

70 et al. For simplicity this value of strength will hereafter be 

·referred to as biaxial tensile strength. All strength as well as 

elastic property measurements were carried out .at room temperature. 

'. In order to render visible the Griffith flaws in the· strength 

specimens, the lithium ion-exchange process described by Ernsberger 

was used. ·sG,7l,7'l.. Heating a glass containing sodium ions .in a eutectic 

KN0
3 

- LiN0
3 

mb:ture causes an exchange between the sodium ions in the-

, .. 
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glass and lithium ions in the melt. Due to the smaller size of the 

lithium ions, this causes a tensile stress in the surface. Moistening. 

the glass catalyzes the propagation of cracks, the resulting cracks 

being representative of or originating at the Griffith flaw. In order 

to show the resulting cracks in the present ~ter!al more clearly, the 

aqueous HF etch usecl by Ern~berger was eliminated, and a gold plating 

~as substituted to increaGe the reflectivity of the surface. 

. i 
I 

·.~ 
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III. EXPERIMENTAL RESULTS AND DISCUSSION 

A. Elastic Properties 

Figure 5 shows the experimental data for Young's modulus and shear 

modulus for the glass specimens containing spherical bubbles. Included 

in Fig. 5 are the values of the index of refraction~ Because within 

the accuracy of measurement (±0.0002) the index of refraction is inde-

pendent of pore content, it appears reasonable to conclude that the 

changes in the Young's modulus and the shear modulus can be attributed 

primarily to -the presence of the pores. 

In order to establish the quantitative effect of the spherical 

bubbles on the.elastic properties of the glass and elso to determine 

the zero-porosity elastic properties of the glass itself, the experi-

mental results in Fig .• 5 were fitted by a least-squares technique to 

expressions of the form 

(6) 

and. 

(7) 

When E and G are the Young's modulus and shear modulus respectively of 

the porous specimens, E
0 

and G
0 

represent the Young's modulus and the 

shear modulus of the nonporous material:j. a is a ·constant, and P is the 

volume-fraction porosity. 

The theoretical value of aE can be calculated from the solutions 

for the effect of small volume fraction of spherical porosity on shear 

modulus and bulk modulus. lJ,l4, 17 This results in Dt = 3(9 + 5V0) 

(1 - v0)/2(7 - 5v0), where v0 is Poisson's ratio of the nonporous 
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material. The theor~tical value13,l4,l7 of 0C is 15(1 - v0)/(7- 5V0). 

In Fig. 5 the curves marked "theoretical" were obtained from the theo-. 

retical values of OE and OG and from the values of E0 and G0 determined 

from the experimental data by the least-squares technique. It appears 

that good· agreement between theory and experiment exists. The experi-

. * * mental values of DE and DG were 2.06 ± 0.06 and 1.94 ± 0.091 respec-

tively. , These values compare favorably with the theoretical values of 

2.00 and 2.00 forCE and OG' respectively. 

The experimental results for the index of refraction and elastic 

moduli after the annealing treatment appeared confusing. For the 

.annealing treatment the most porous specimens had indices of refraction 

as high as 1.5146, whereas the index of refraction of the most dense 

_ specimens remained unchanged. These results indicated that the glass 

was no longer uniform from specimen to specimen.. As a consequence, the 

effect of annealing was not pursued any further. 

The results shown in Fig. 5 indicate good agreement between theory 

and experiment. Tne conclusion is substantiated that deviations from 

theory for polycrystalline specimens can be attributed to the deviation 

of the actual pore shape in the experimental bodies from the spherical 

pore shape on which the theoretical calculations are based. Using the 

recent calculations of Hashin and Rosen20 for the elastic properties of 

matrices containing parallel arrays of cylindrical fibers, one can 

' 
estimate the effect of porosity on elastic properties by setting the 

elastic properties .of the fibers identically .equal to zero. As expected, 

* Probable error. 

w 

, _ 
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Fig. 5. Young's modulus, shear modulus, and index 
of refraction of sodium borosilicate glass as a 
function of pore content. 
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introducing parallel' cylindrical pores in a matrix results in consid· 

erable elastic anisotropy. Young's modulus parallel to the pores 

follows the law of mixtures. Hashin and Rosen's results perpendicular 

to the pores are expressed.in terms of a bulk modulus ~nd upper and 

20 lower bounds for the shear modulus, from which upper and lower bounds 

73 
for Young's modulus can be computed directly. . 

Figure 6 illustrates the results for a matrix with Poisson's ratio, 

(v0) = 0.25. For comparison, included in the figure are the upper and 

. 17 
lower bounds for a matrix (v0 = 0. 25) containing spherical pores. 

Also included are the experimental data for alumina as compiled by 

39 . 38 
Knudsen expressed in terms of the exponential equation of Spriggs 

given byE= E
0

e-3.95P, where. E and E
0 

are Young's modulus of the 

porous and nonporous alumina, respectively, and P is the porosity. The 

results in Fig. 6 indicate that the predicted curves for cylindrical 

porosity fall well below those for spherical porosity. Except for a 

narrow region at low porosity, the experimental curve falls between the 

upper and 16wer bound for cylindrical pcirosity. For porosities less 

than about 15%, the discrepancy between the experimental curve and the 

lower bound for the cylindrical porosity amounts to no more than a few 

percent. In experimental bodies .manufactured by sintering or hot- ---~ 

pressing, at least part of the porosity can be considered to be cylin-

drical,· especially at higher porosities where the pores tend to be 

interconnected-{open porosity) rather than·isolated (closed porosity). 

In view of this fact.and the results presented in Fig. 6, it is sug-

gested that a matrix containing parallel cylindrical pores oriented 

perpendicularly to the applied stress might represent.a better mechanical 

w 
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model for the prediction of the effect of porosity on elastic properties 

of sintered and hot-pressed ceramics than a matrix containing spherical 

pores. 

Figure 7 shows the ,experimental results together with the theoreti-

cal curves for Young '.s modulus of the glass containing crushed sapphire 

as the dispersed phase. To facilitate comparison, Table I lists the 

experimental data and the calculated data for the theoretical curves. 

Young's modulus for the glass was found to be 805 kilobars, which is 

slightly higher than the value that can be obtained by extrapolating to 

zero porosity the data for Young's modulus for the glass specimens con~ 

taining spherical bubbles as shown in Fig. 6. This discrepancy probably 

can be attributed to differences in thermal history. For the theoreti-

cal calculations, Poisson's ratio (v0) for the glass was taken as 0.197 

obtained from the data presented in Fig. 6. For the alumina the shear 

modulus was 1635 kilobars41,* and Poisson's ratio v
0 

was 0.257. 
41 

Values of.Young's modulus for the predictions of Hashin and Shtrikman18 

' 17 ' 
and of Hashin were calculated from the corresponding equations for 

the bulk and shear modulus. Kerner's 16 expression is identical to 

18 ' 
Hashin and Shtrikman's lower bound for arbitrary phase geometry and 

( 

h . ' 
17

· i i h 1 Has Ln s approx mate solut on for sp erica phase geometry, and there-

fore was not included. The apparent decrease in Young's modulus at 

.approximately 50 vol% sapphire is probably due to a lack of complete 

densification because of sapphire particle-to-particle contact. It is 

of interest to note that the experimental results fall well below the 

value expected from the law of mixtures (Paul's upper bound12). For 

* Average of three values reported. 
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Fig. 7. Experimental and theoretical results for 
Young 1 s modulus of sodium borosilicate glass as a 
function of the volume content of alumina particles. 
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Table I. Calculated and experimental effect of alumina dispersions 

en Young's modulus of a sodium borosilicate glass (E0 = 805 kilobars). 

Volume 
percent 

Al
2
o

3 

10 

20 

30 

40 

45 

so 

55 

.. * ~h~~ical phase geometry 
Upper Lower 
bound bound Approximate 

925 

1069 

1238 

ll}34 

1665 

912 

1027 

1163 

1330 

1542 

920 

1057 

1209 

1397 

1620 

Arbitrary 
phase geometryt 

Upper Lower 
bound bound 

1011' 920 

1235 1057 

1479 1209 

1748 1397 

2043 1620 

* Reference 17. 
*7,• 

'standard deviation. 

1 Paul=j: 
Upper Lower Cubical 
bound bound inclusion 

1137 870 1031 

ll~70 960 1225 

1802 1053 1.428 

2135 1185 1641 

2467 1345 1891 

i'Reference 18. ttApproximate1y 9.6% porosity. 

faeference 12. 

\ 

\ 
" ~· .. '· I;:} 

Experimental 

irn 
924 ±4 

1071 ±5 

1228 ±5 

1447 ±14 

1585 ±10 

1678 ±13 

1372 ±13tt 

) 
~ 

I 
N 
OJ 
I 
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this particular system, the experimental results appear to agree very 

well with Hashin and Shtrikman's 18 lower bound for arbitrary phase 

geometry. 

Figure 8 shows the experimental and theoretical results for Young's 

modulus of the glass containing spherical tungsten particles as the 

dispersant. Table II lists the numerical values of the calculated and 

experimental data. For the theoretical calculations, the Young's 

modulus and shear modulus of tungsten were 3550 and 1481 kilobars, 

respectively;74 Experimental results fall between Hashin's upper bound 

for spherical phase geometry17 and Hashin and Shtrikman's lower bound 

f b •t h t• 18 ld b t d f th or ar ,1. rary p ase geome ry, as wou e expec e rom eory. It 

is of interest to note here that the data for the glass--sapphire system 

lie in ~he same relative position as the data for the glass--tungsten 

system. Therefore, for this type of two-phase system composed of a 

matrix containing random dispersions with Young's modulus higher than 

the matrix, dispersion shape at least macroscopically plays little or 

---no role. 

It appears that a fairly reliable estimate can be made for Young's 

modulus of elasticity for these types of systems. This conclusion does 

not appear to be valid for the results obtained for the system zirconium 

·carbide--graphite, investigated previously. 26 This system is charac-

terized in that the dispersed phase has a much lower Young's modulus 

than does the zirconium carbide matrix, whereas the reverse is true for 

the glass--sapphire and glass--tungsten systems. The experimental data 

for the zirconium carbide--graphite system appear to be given best by' 

Hashin's lower bound for spherical phase geometry. 17 Hashin and 
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Fig. 8. Experimental and·theoretical results for Young's 
modulus of sodium borosilicate glass as a function 
~f the volume content of spherical tungsten particles. 
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Table II. Calculated and observed effect of spherical tungsten dispersions 

on Young's modulus of a sodium borosilicate glass (E0 = 805 kilobars). 

.• i' 

Volume 
percent 

tungsten 

Spherical pba~e_geometry* 
Arbitrary 

phase geometrlt Paul~ Observed 
Upper Lowerx* Upper Lower Cubical 

10 

20 

30 

40 

50 

Upper Lower 
bound bound 

918 907 

1053 1015 

1206 1137 

1386' 1289 

1592 1479 

* Reference 17. 

tR:eference 18. 

TReference 12. 
' 

. ** Approx~mate 

914 

1039 

1182 

1349 

1548 

**Identical to Reference 16. 

ttstandard deviation. 

bound bound bound bound inclusion 

982 914 1080 

1172 1039 1354 

1359 1182 1629· 

1598 1349 1903 

1850 1548 2188 

870 

953 

1049 

1166 

1312 

( 

r 

1001 

1186 

1388 

1545 

1760 

909 ±14-rt 

1055 ±11 

1180 ±2 

1375 ±3 

1599 ±5 

I 
w ,..... 
I 
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Shtrikman's18 lower bound for arbitrary phase geometry for this system 

predicts values only about 1/4 of those observed. . Clearly, additional __ 

experimental and theoretical work is required for the zirconium carbide-

graphite and analogous systems •. 

It is of interest to observe that the "strength-of-materials 11 

expression derived by Paul for the glass--sapphire system as well as 

the glass--tungsten system predicts values well in excess of these 

observed. 12 Paul's equation also predicts higher elastic moduli than 

those observed for the system zirconium carbide--graphite as well as 

for a matrix containing porosity as the dispersed phase, as is easily 

verified. On the other hand, Paul's expression has been successfully 

applied to the tungsten carbide---cobalt system and to silver containing 

various materials_as the dispersant. It is suggested here that Paul's 

equation may be applicable to certain microstructures. It should also 

be noted here that as the relative differences in elastic moduli of the 

components decrease, the various theoretical curves fall closer together 

and will virtually coincide for systems with little or no differences 

in elastic properties of the components. For those systems, all theo

retical expressions are equally applicable. In addition all theoretical 

expressions are equally applicable for very low volume fractions of 

dispersed phase, simply because rather small effects are to be expected. 

Ft'e~ th~ e~pe!;'!m.~'ftf!~1 dat:a B.f!d t:h~e?e!:ieat eurvee~ fl'l!'et;~entecl, an 

interesting observation can be made. It appears that, in determining 

the overall elastic moduli of continuous-matrix, dispersed-phase 

multicomponent systems, the component with the lower elastic modulus 

is the governing component. When a lower Young 9s modulus dispersant 



' \ 

is added to a higher Young's modulus matrix, a rapid decrease of the 

overall Young's modulus with increasing volume fraction dispersed phase 

is generally observed, Conversely, however, if a high Young's modulus 

dispersed phase is added to a matrix with a lower Young's modulus, the 

Young's modulus of the composite rises very gradually with increasing 

dispersed-phase content. 

Although for the systems investigated it appears that elastic 

properties can be predicted to a reasonable degree of accuracy, it 

should be pointed out, however, that the predictions of the elastic 

properties of multicomponent ceramic systems are severely handicapped 

because very few reliable data exist for the elastic properties of 

ceramic materials, alumina and magnesia perhaps being the only exception. 

Data reported in the literature are often obtained using porous samples 

of unknown microstructure, purity, thermal history, and manufacturing 

technique. Considerable work is still required to establish more 

firmly elastic property data for most ceramic materials. 

B. Strength 

Table III lists the mean values of uniaxial strength and the 

corresponding standard deviations as a function of composition and 

particle size for the glass matrix containing spherical alumina parti• 

cles. The strength of the glass itself was found to be 14,700 psi. 

Figure 9 shows the values of strength plotted against the reciprocal 

. square root of the calculated "mean free path" [Eq. (4) ). In general, 

the results agree with those predicted (see Introduction). It is 

.unfortunate that dense cpecimens with smaller mean free path could not 
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Table III. Crossbending strength of sodium borosilicate glass 

matrices containing dispersed spherical alumina particles, in 

psi x lo-4. (Glass strength= 14,700 psi (12. 7)]. * 

Alumina particle 

size (microns) 

zs=f 

* 

0.055 

1. 44 
(8. 1) 

Volume fraction Al203 (~) 

o. 109 0. 216 0.320 0.423 

l. 32 
(10. 2) 

1. 32 
(8. 4) 

1. 38 
(9. 4) 

1. 36 
(10. 0) 

1. 54 
(11. 6) 

1. 46 
(5. 3) 

1. 32 
(5. 6) 

1. 31 
(6. 3) 

1. 28 
(9. 0) 

1. 35 
(8. 2) 

L 33 
(6. 8) 

1. 56 
(9. 1) 

1. 67 
(5. 3) 

1. 41 
(5. 9) 

1. 38 
(5. 6) 

1. 39 
(6. 8) 

1. 56 
(10. 8) 

1. 58 
(7. 8) 

1. 82 
(7. 6) 

2.06 
(5. 2) 

1. 60 
(5. 3) 

1. 60 
(6. 4) 

1. 60 
(6. 9) 

1. 89 
(4. 9) 

1.92 
(4. 9) 

2. 16 
(6. 1) 

2.53 
(6. 5) 

0.475 

1. 69 
(5. 4) 

1. 68 
(5. 1) 

1. 72 
(4. 4) 

2. 10 
(10. 6) 

2. 12 
(9. 3) 

2.36** 
(3. 7) 

Numbers in parentheses represent coefficient of variation in 
percent. 

tParticle size range, approximately ±10%. 

~Particle size range, approximately ±15%. 

**Average of six specimens. All other strength values average 
of approximately 30 specimens. 
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Fig. 9. Experimental data for uniaxial strength of sodium 
borosilicate glass containing spherica.~ alumina 
particles as a function of the reciprocal square root 
o£ the 11 mean free path11 , 
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be manufactured, as higher values of strength:possibly could have been 

·achieved. In Fig. 9 the division betw~e~·~egions I and II was obtained 

by drawing.a.horizontal line from the original gt~ss strength to the 

straight linedrawn through the data in region II. This resulted in a 

value of d-l/ 2 of approximately 0. 158 p.-~/ 21 w}:lich suggests a flaw size 

of the order of 40 f..L· As a· consequenc~,, a~,l s~re~gth data for compos-

ites in the mean free path greater than. 40 jJ.' fall in region I.. Consid

erable difficulty was encountered in revealing the Griffith55 flaws by 

·means of the lithium ion-exchange technique. Generally, the.cracks 

could not be distinguished' from the general background of the surface 

markings due to the diamond sawing~ It was found, however, that with 

·partial oblique light, cracks in the surface could be made visible due 

to reflection of the incident light at cracks oriented more or less 

perpendicularly to the incident light as shown in Fig. 10 for a compos~' 

ite containing 42.3 vol% of 42 f..L diam alumina spheres. Very good 

results were obtained with:specimens which.were first polished to 

eliminate.all other surface markings, then treated by lithium ion ex-

change. Figures lla, b, and c show the Griffith cracks in glass con-

taining 0, 10, 9, and 42.3 vol% of lS·f..L alumina spheres, with calculated 

values of matrix ''mean free path" of oo, 81,. and 13.5 f..L, re;;pectively. 

Figure llb ·W'ith a mean free path :of .. 81 f..L should fall in region I and 
I 

indeed clearly illustrates the partial limiting of the flaw size • 

. Similarly, the sample of Fig. llc lies in region II· and illustrates 

the complete limiting of the flaw size by the dispersed particles. It 

may be noticed that the lengths of the cracks for the pure glass as 

shown in Fig. lla are approximately as calculated from Eq. (1). It may 

i 
! 
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ZN-4857 

Fig. 10. Griffith cracks in specimens composed of glass 
matrix containing 42.3 vol% of 4Z f.L diam alumina 
spheres. Partially oblique illumination. 
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Fig. 11. Griffith cracks in polished surface of glass matrix 
containing (a) 0 , (b) 10.9, and (c) 42.3 vol o/o 15 fl diam 
spherical alumina. 
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also be noticed that'the cracks in Fig . llc do not appear to be as wide 

as those in Figs. lla and llb . This is thought to be due to the con -

straining effect of the alumina articles . Figures l_b and l_ c also 

illustrate t he poros ity introduced in the a umina particles during 

spheroidization. Because porosity wou ld decrease strength if it .affected 

the composite strength, and as an actual increase in strength in region 

II was observed, it is felt that the porosi ty within the dispersed par-

ticles did not affect fina l r esults . igure 12 i ustrates a fracture 

surface of a composite containing 32.0 vol% of 32 ~ diam alumina spheres. 

During crack propagation, considerab e interaction seems to take place 

between the glass matrix and alumina dispersions. 

The present study allows one to estimate the t ota l surface energy 

applicable to the Griffith criterion [Eq. (1)] . Generally, the Griffith 

criterion f or brittle materia s presents some difficulty as to whether 

one should use the thermodynamic - surface free energy or the surface 

. 62 63 energy found in crack propagat1.on studies . ' Examination of Eq. ' (5) 

reveals that the surface energy (y) can be calculated from the slope o f 

the data in region II as shown in Fig . 9 by means of 

r = 
2 rc (slope) 

E 
(8) 

Substitution of the appropriate value for E as found previous ly 

yields a value of the surface energy for the pres ent glass of approxi-

3 -2 mately 4 x 10 ergs em , in good agreement with values reported in the 

literature for other glasses . 62, 63 It appears , therefore, that for 

crack propagation studies in glasses, the value of thermodynamic surface 

-2 energy which is of the order of a few hundred ergs em is not applicable. 
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ZN-4859 

Fig. 12. Fracture surface of glass matrix containing 
32.0 vol o/o of 32 f-L diam alumina spheres. 
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Although the results in region II as shown in Figs. 91 10, and 11 

supported the suggestion that dispersions can control flaw size, it 

should be pointed out these results should be regarded as valid only 

for the range of values of mean free path, particle size, and levels of· 

stress investigated. At higher values of stress other types of flaws 

might become operative. If, for example, these flaws exist within the 

dispersed phase, strength would be a function of particle size only and 

independent of volume fraction. It is suggested here that this may be 

the explana.tion for Drucker's48 interpretation of the results of 

Gurland47 -for the tungsten carbide--cobalt system. Because of the 

relatively large flaw size, the results of this investigation from a 

practical viewpoint ~hould apply to glasses only. For other brittle 

matrices, such as high-strength dense alumina, with a flaw size of just 

a few microns, it becomes difficult to select a composite system which 

would reduce the size of these small flaws. 

Figure 13 shows the experimental data for .uniaxial tensile strength 

·of the glass--alumina composites with 'mean free path" greater than 

40 ~, plotted against volume fraction alumina. Included i~ Fig. 13 is 

the strength as predicted by Eq. (3). It may be noticed that all ex

perimental data fall below the theoretically predicted curve. It may 

also be noticed that some experimental data points which appear to lie 

·well above the smooth curve drawn through the experimental data are for 

composites containing the smaller particle sizes. Although no particle

size dependence should exist in region I, it appears that strength may 

be a function of particle size, the reasons for which will be discussed 

later. When the data shown in Fig. 13 were originally obtained, it was 
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Fig. 13 .. Experimental data for the uniaxial strength in 
region I for the sodium borosilicate glass containing 
spherical particles of alumina. 
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hypothesized that the difference between theory and experiment could be 

attributed to the stress concentrations that occur in the matrix in the 

vicinity of the alumina dispersions. In order to establish the valid-

ity of this hypothesis, tensile strength "'as also determined for com-

posites containing 60 ~ diam alumina particles under conditions of 
~ 
J 
l 

i 
1 
l 
1 

biaxial tensile stress. Under conditions of uniaxial and biaxial ten-

sile load, the stress concentrations differ appreciably such that if 

l 
j stress concentrations affect strength, the results should be different 
! 

1 
j 
j 

for the two conditions of applied stress. Dispersions of 60 ~ diam 
~ 

I 
l 
~ 

were selected such that at all volume fractions of dispersions inves-

tigated, all strength data should fall in region I. This eliminates 

' ~ e 
~ 
~ 
,~ 

• 

the ''mean free path" considerations of region II, which would make 

interpretation of the data considerably more complex if not impossible. 
i 
'l 
' :J Figure 14 illustrates the experimental data obtained. Average 
! 
l 
i 
' 

strength values with statistical data are also listed in Table IV. 

l 
i 
;{ 

For all data obtained, biaxial tensile strength is less than the uni-
' _, 
; 

t axial tensile strength. Of extreme interest is the observation that 
1 
' ., 
1 
•j 

the value of glass biaxial strength obtained by extrapolation of the 
.l 
l 
i biaxial strength data to zero volume-fraction alumina is considerably 
J 
1 
l 
~ 

·less than the experimental value of biaxial tensile strength of the 

.~ glass. 29 Similar observations were also made by Binns. From Table IV 

1 .. it may be noted that although significant differences exist between the 
4 
\1 .. 
1 
',I 

·~ 

uniaxial and biaxial strength for all compositions, the difference 
~ 

1 
J 

between the glass strength values is considerably less than the differ-

~ 

ence in strength,for all composites. 

i 
! 
.l .. ' 
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Fig. 14. Uniaxial and biaxial strength of sodium borosilicate 
glass containing 60 f.L diam alumina spheres. 
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Table IV~ Crossbending strength and statist:!.cal data for a sodium borosilicate 

- glass containing dispersions of 60 1-1 diam spherical alumina particles. 

Uniaxial strength Biaxial strength 
Volume Standard Standard 
content Average No. of deviation Average No. of deviation Values 
At2o3 (%) (psi) samples (%.of average) (psi) samples (% of average) of tt 

0 14,700* 38 12. 7 13,100 18 7. 2 3.4 

2. 75 -- -- -- 9,650 10 8.9 

5. 5 14,300 32 4. 7 9,610 9 6. 0 11.2 

10.9 13,200* 25 10.2 9,600 9 9. 5 7. 3 . 
21.6 13,200 * 34 5. 6 9,900 9 5.0 12. 7 

32.0 14,100* 35 5. 9 11,000 10 5. 9 10. 7 

42.3 16,ooo* 32 5. 3 13,400 10 2. 5 9. 3 

47.5 16,900* 31 5. 4 13,000 9 5. 4 . 12. 2 

* Data obtained from Table III. 

Significant 
d if ference1= 

bet·Heen strength 
averages 

Yes 

Yes-

Yes 

Yes 

Yes 

Yes 

Yes 

+see W. J. Dixon and F. J. Massey, Jr., Introduction to Statistical Analysis, Chapter 9, Second 
Edition (HcGraw-Hill Book Co. 1 Ne-v1 York," 1957) 1 48'8 pp. 

=tAt the 95% confidence level. 

I 
~ 
V1 
I 
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An explanation of these observations can be obtained from the 

theoretical stress concentrations for a spheri~al particle contained 

within an infinite matrix. 44 As glass fracture generally is nucleated 

57 in the specimen surface · and because of the high stress gradients in 

the strength test employed (see Experiment), it was felt that Goodier's 

solutions for the stress concentrations around a circular inclusion in 

a flat plate (two-dimensional) better describes the stress conditions 

in the surface than the solutions for the stress concentrations around 

a spherical inclusion in a three-dimensional matrix. Figure 15 illus-

trates the polar-coordinate system employed to describe the stress con-

centrations. Using 331 and 1635 kilobars for the shear modulus of the 

glass and alumina, respectively, and 0.197 and 0.257 for Poisson's 

41 
ratio, respectively, one obtains the following results for the stress 

concentrations: 

Uniaxial loading: 

r.: 2 T [0.107 
a2 ( .. ··) ] (9) "" -+ -0.267 r~ + 0.356 r 2 cos 2e + T cose r r2 

[ 2 . 8.4 
cos 2e) + T sine , (J'e "" 2 T -0.107 a~+ 0.267 (10) 

. . r. r4 

Biaxial load in~: 
/ 

O'r = 4 T [ O. 107 :~ ] + T (11) 

(J'e "" 4 T [ -o. 101 ·2] r2 + T • (12) 

·Here T is the applied stress, and a is the dispersed particle radius. 

Under conditions of a tensile load (T positive), tensile stresses 

greater than the applied stress occur for Eqs. (9) and (11). Equations 
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Fig. 15. Polar-coordinate system for description of stress 
concentrations. 
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' (10) and (12) yield stresses smaller than the applied tensile stress. 

This suggests that if stress concentrations affect the tensile strength 

of the composite, failure will be due to the radial component of the 

stress concentration. Equations (9) through (12) also show that the 

maximum stress occ~rs at· the interface (r = a) and that under conditions 

of biaxial loading the stress con~entrations are independent of angular 

position. The values of maximum tensile radial stress are 1.39T and 

1.43T for uniaxial and biaxial loading, respe?tively. 

In terms of the calculated stress concentrations, it may be ob-

·served that the zero-volume fraction intercept for biaxial tensile 

strength occurs at a value which is close to the value of biaxial ten-

sile strength of the glass divided by the calculated maximum stress-

concentration factor (1.43). In fact, the biaxial strength for all 

composites can be described quite accurately by Eq. (3), modified by 

the effect of stress concentration as follows: 

s = 
so -112 
k (1 - 4>) ' (13) 

where k is the value of maximum stress concentration. This indeed 

supports the hypothesis that stress concentrations in multicomponent 

ceramics affect the final strength of the composite. In addition, the 

validity of Eq. (13) gives excellent support for the original Eq. (3). 

Although the expression for the stress concentrations (9) through (11) 

are strictly valid for particles contained in an infinite matrix, the 

fact that the experimental data for biaxial tensile strength can be 

expressed by Eq. (13) suggests that the calculated stress concentrations 
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appear to be valid even·at high volume fractions of dispersed phase, 

. ~"here no doubt considerable interaction bebreen .·particles occurs. 

The results for uniaxial tensile strength for the glass-alumina 

system as sho~m in Fig. ll:. in contrast to the biaxial strength results 

do not sho~" a precipitous decline in strength on addition of the alumina 

phase. In fact, the decline is rat~er small and very gradual. An ex-. 

planation for the difference in tensile strength behavior under the t.-,.ro 

stress conditions can be .obtained by noting that under the biaxial 

tensile stress state the maximum stress concentrations act. over a con

siderably larger volume th.::tn under the uniaxial tensile stress condi~ion. 

In fact, under biaxial stress conditions the maximum stress acts over 

the whole perimeter·of the inclusion, whereas under uniaxial stress 

·conditions the maximum Stress concentrations act l'.t tHO. points only, 

The slight and gradua.t decrease in uniaxial strength suggests. that the 

material is affected by the stress concentration but not by its maximum 

value. In appears, therefore, that the effect of stress concentrations 

on strength depends not only on the act~~l value of the stress concen

tration but also on the volume of material over which the stress con

centration acts. This also e;:plains the slight particle size dependence 

of strength in region I, as mentioned previously, The volume of mate

rial over which the stress concentration acts is directly proportional 

to dispersion particle size. As a consequence, for a given stress 

condition the effect of stress concentrations on strength should be less 

for dispersions of small perticle size than for large size dispersions. 

It is of interest to note that the often observed e[fect of specimen 

size on strength also seems to be manifested on a microscopic ecale. 
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It is conceivable th~t Weibull's statistical theory of strength75 can 

also be applied successfully to stress concentrations as well. 

Similar results were obtained for the glass containing spherical 

pores. Experimental data for uniaxial and biaxial tensile strength are 

shown in Figs. 16 and 17. Table V lists the experimentd data together 

with the appropriate statistical 'data.. 'Figure 1.8 shows. a fracture 

surface of a composite containing 30' vol% pores. Considerable inaction 

appears to occur between the pore and the propaga~ing crack front, 

similar to the observations of Passmore53 et al. It is admitted that 

results were somewhat different than expected. Instead of a smooth 

decrease in strength with increasing porosity, a precipitous decrease 

for both uniaxial and biaxial tensile strength was observed, the zero-

porosity intercept of strength being considerably less than the observed 

strength of the glass itselL Actually, this behavior is to be expecte~ 

on the basis of the stress-concentration approach for the effect of 

porosity on strength. 

As for the glass---alumina system, the experimental results for the 

glass-porosity system can be explained on the basis of the stress con-

centrations around spherical pores in an infinite matrix. On the basis 

of Goodier's 44 solution, the stress concentrations under conditions of 

uniaxial loading are 

2 T [- a
2 

+ ( 3
a: - a

2

) cos 2e) + T cose 
4r2 4r· r 2 (14) 

and 

[
a

2 
3a<. l 2 T - 2 ·- - cos 2e + T sine • 

4r 4r4 (15) 
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Fig. 16. Uniaxial tensile strength of sodium borosilicate 
glass containing 60 fl diam spherical pores. 
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Fig. 17. Biaxial tensile strength of sodium borosilicate glass 
containing 60 p. diam spherical pores. 
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Table V .. Crossbending strength and statistical data for a sodium 

borosilicate glass· containing 60 ~ diam spherical pores. 

Uniaxial strength . Biaxia l strength 
Standard 

Porosity Average No. of deviation 
(%) (psi) samples (% of average) 

0 12,400 15 16. 1 

2. 5 6,610 15 7. 5 

5 6,450 18 8, 2 

10 s,soo 10 10. 1 

15 l~, 970 12 / 8. 9 -· 
20 l~) {}10 14 8. 2 

30 3,870 16 11.4 

t~o 3,340 10 12.5 

...!. 

I See Table IV. 

Average 
(psi) 

12,500 

6,300 

6}360 

5,980 

5,400 

s, 280 

5,170 

5,130 

\ 
\ 

No. of 
samples 

12 

9 

8 

9 

9 

9 

9 

9 

Standard 
deviation Va l ues 

(% of average) of t-r 

.., ... 

5.5 o. 16 

11.0 l. 22 

6.0 0.41 

6. 9 2.00 

3. 7 2. 12 

8.0 5. 12 

5. 2 8.02 

7. 9 9. 01 

Significant 
differencei· 

between strength 
averages 

No 

No 

No , 
\Jl 

No w 
I 

No 

Yes 

Yes 

Yes 
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Z N- 5269 

Fig. 18. Fracture s urfac e of sodium borosili c a te glass containing 
15 volo/o , 60 fl di a m nickel spheres. 



-55-

'·' 
' Under conditions of biaxial tensile loading, the stress concentra-

tions become 

O'r ::: 4T[-.L]+T 
4r2 

(16) 

and 

O'e - 4 T [ aa 21 + T . 
· 4r 

(17) 

Under conditions of a tensile' load (T positive) for this system, 

tensile stresses greater than the applied stresses occur for Eqs. (15) 

and (17). Therefore, in contrast to the glass--alumina system where 

fractur~ appears to be due to the radial component of the stress con-

centration, for the glass--porosity system, fracture should be initiated 

by the tangential component of the stress concentration. As for the 

glass--alumina system, the maximum stress occurs at the pore surface 

(r::: a), and under biaxial tensile stress conditions the stress concen-

trations are 'independent of the angular position. The maximum tensile 

·stresses are 3T and 2T under conditions of uniaxial and biaxial load, 

re-spectively. 

In agreement with observations for the glass-alumina system, the 

zero-porosity intercept of the biaxial tensile streng'th of the glass-

porosity system equals 'the actual observed glass strength divided by 

the calculated maximum stress concentration 2T. Again, this lends 

additional ~upport to the hypotheeie th~t stress eonecntrations w~thin 
. . 

multicomponent systems affect the strength of the composite. ·Although 

a precipitous decrease in uniaxial tensile strength upon introduction 

of the porosity is observed, the decrease does not correspond to the 

maximum stress concentration (3T) under these conditions of stress. 
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Again, it is suggest.ed that the behavior can be attributed to the fact 

that under uniaxial stress conditions, the maximum value of stress 

concentration occurs at two points only, whereas under biaxial stress 

conditions the whole perimeter of the pore is subjected to the maximum 

value of stress concentration. Again, this behavior can be interpreted 

in terms of the volume of material subjected to stress, in agreement 

with Weibull's statistical theory of strength. 
75 

As shown in Figs. 16 and 17 it may be noticed that after the 

precipitous decline in strength has occurred a greater further decrea~e 

in strength with increasing porosity is observed for uniaxial tensile 

strength than for biaxial tensile strength. In fact, the relative 

slopes through the experimental data at low volume-fraction porosity 

have approximate values of -2 and -1 for uniaxial and biaxial tensile 

strength, respectively. It is felt that these differences reflect the 

fact that under uniaxial stress conditions the stress distribution 

around the pores is considerably more complex than under biaxial stress 

conditions, as may be ascertained by comparing Eqs. (14) through (17). 

For instance, Eqs. (14) and· (15) show that for sma.ll e, the material 

innnediately adjacent to the pore is ata stress considerably less than 

the level of applied stress, Therefore, under uniaxial stress condi

tions, not only the pores are unable to contribute to the load-bearing 

ability of the body, but a considerable amount of material near the 

pores is rendered_incapable to carry the load as well. As a consequence, 

the relative increase in stress in material away from the pores is 

greater than would be expected from the pore volume fraction. This in 

turn is reflected in a greater relative decrease in strength. Under 
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biaxial tensile stress all remaining material is equally capable of 

contributing to the load-bearing ability, the relative strength then ·--

being equal to the relativ~ amount of material remaining, as confirmed ·-

by the strength data in Fig. 17. 

The strength of a porous material according to the stress-

concentration hypothesis can neve·r be less than the strength of the 

nonporous material divided by the maximum stress concentration which 

occurs. On this basis and the results shown in Fig. 17, a lower bound 

(S_} for th~-effect of spherical porosity ~n biaxial tensile strength 

can be expressed by 

s_ = 
so 
k (1 - P) , (18) 

s0 being the zero-porosity strength and k the maximum stress-concentration 

factor. As the stress concentration may act over a very small volume of 

material only, such that the effect of the stress concentrations is not 

reflected in the strength behavior, an upper bound (S+> for the effect 

of spherical porosity on biaxial strength can be written: 

= s0 {l - P) • (19) 

Presumably, equations similar to Eqs. (18) and (19) can also be 

·written for uniaxial tensile strength, but in view of the results in 

Of interest in Figs. (16) and (17) is the upward curvature for 

both the uniaxial and biaxial tensile strength, similar to the upward 

curvature for uniaxial and biaxial strength of the glass--alumina 

syste~ An explanation in terms of mechanical interaction between the 
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nickel spheres in the pores and the glass matrix is unlikely, the · , __ 

elastic strains at the stress levels investigated being smaller than 

the total thermal-expansion differences between glass and nickel. As 

for the glass--alumina system, the upward curvature for the glass--

porosity system may be found in terms of Eq. · (3). However, Eq. (3) 

should not only be corrected for t.he effect of stress concentration, 

as for the glass-alumina system, but should also be modified to reflect 

the fact that strength is reduced due to the decrease in quantity of 

material available to carry the applied load. For biaxial tensile 

strength Eq. (3) should then be multiplied by the factor (1 - P) 1 wh:f.ch 

together with the effect of stress concentration, results irt 

s = 
8
o (l t>)l/2 

k - .1: ' 
(20) 

which indeed predicts the observed values for biaxial tensile strength 

(k ~ 2) to within 300 psi of the observed value. This further supports 

the validity of Eq. (3) and the suggestion that stress concentrations 

affect strength. 

For the glass-porosity system at lo't-7 volume fractions of porosity, 

uniaxial and biaxial tensile strength do not differ significantly as 

judged from the t values in Table V. However, the changes in strength 

·, 
wtth increasing porosity are sufficiently different such that at higher 

volume fraction of porosity significant changes in strength occur • 

. Also, for the glass-alumina system the relative differences bet•h'een 

uniaxial and biaxial tensile strength are considerably larger than the 

differences between uniaxial and biaxial strength of the glass itself. 

Because in both these systems the strength behavior appears to be 
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• explainable in terms of stress concentrations, it can be concluded that 

75 for multicomponent systems in addition to macroscopic reasons, any 

differences in strength for various stress states can be attributed at 

least in part to the microstructure. The difference in glass strength 

(for the glass---alumina system) may be due to the fact that under uni-

axial load the Griffith flaws res'ponsible for failure were not oriented 

perpendicularly to the applied stress, whereas under biaxial loading 

all flaws always have a stress component oriented perpendicularly to 

the plane of th~ flaw. Under uniaxial type loading, this would require 

a slightly higher failure stress than for biaxial loading. For the same 

reason, under biaxial loading many more flaws can give rise to failure 

than under uniaxial loading. No significance should be attached to the 

fact that the uniaxial and biaxial strength of the glass for the glass--

porosity system are nearly identical, especially in the light of the 

large values of the standard deviations. 

An interesting observation, perhaps of minor interest, is that the 

experimental scatter (coefficient of variation) of the uniaxial tensile 

strength of the glass---alumina composites is less than the coefficient 

of variation of glass itself (see Table III). With few exceptions the 

coefficient of variation generally decreases with increasing volume 

fraction of dispersions. This suggests that this type of composite can 

be employed in industrial design with a greater degree of reliability. 

A lower coefficient of variation of the strength of other multicomponent 

. 34 77 
systems was also observed by other investigators. ' A similar ob-

servation is that with only two exceptions the coefficient of variation 

for biaxial tensile strength is less than the coefficient of variation 
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for the uniaxial rtrength for all compositions investigated (see Tables 

rv and V). This s';ggests that for detailed ~~tudies of strength a bi
\ 

axial tensile strenit:h test of the typed used in the present investiga• 

tion is preferable t0 a uniaxial tensile strength test •. 

C. !:!.Ypothesis on the Strength of Brittle-1-~<•.trix Composites 

The various observ;;':ions for the effect of Gtress concentrations 

on strength as discussed rrevious ly v7ere explained in terms of the 

volume of material over wi,_ich the stre~_:,s concentrc3.tion acts. At this 

stage, an alternative explat'':ltion is of:fered in terms of _the actual 

physical reasons responsible for failure, namely, the existence of the 

Griffith flaws within. the material or on the surface of the material. 

The Griffith equation (1), for convenience written in the general form, 

(21) 

was originally derived for a solid body or plate of infinite extent sub-

jected to a uniform stress. I'or the materials presently investigated 

the extent of the volume ove~: which the stress concentration acts is of 

the same size or smaller than the Griffith flaw size in the glass, which 

·was found to be of the ord~r of about 40 J.l.· As a consequence, a fla~v 

located near a dispersed alumina particle or pore is subjected to the 

stress concentration ovwr: a small segment of the flaw only. Assuming 

that the Griffith crit(!rion [Eq. (21)) is valid only if .a major part of 

the flaw lies in the m.aterial subjected to the stress s
0

, a flaw (only 

part of which lies in stressed material) no longer will fail when locally 

the Griffith criterion is met. In this manner a flaw may be affected 
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by the stress concentration but is not governe? by the maximum value 

of the stress concentration. The smaller the segment of flaw subjected 

to the stress concentration, the less would be the effect of stress 

concentration on strength. 

All the observations on the effect of stress concentration on 

tensile strength in the present investigation obey the above criterion. 

Only under conditions of biaxial tensile stress for both the glass-

alumina and glass-porosity systems is the volume of material subjected 

to stress concentrations sufficiently large that failure is governed by 

the maximum value of stress, i.e., the Griffith criterion [Eq. (21)] is 

satisfied. For the glass---porosity system under uniaxial stress, the 

extent of the stress concentrations is sufficient to cause a precip~tous 

decrease in strength, but not sufficient that the Griffith criterion 

(21) is satisfied, i.e., only a relatively small segment of the flaw is 

subjected to the maximum stress concentration. Failure will not occur 

at the maximum stress level. For the glass-alumina sys.tem in region I 

the volume of stress concentration under uniaxial stress conditions is 

such that only a very small section of the flaw is subjected to the 

concentration of stress. Therefore, the effect of.stress concentration 

causes only a small decrease in strength. For the smallest particle 

·Sizes in region I, the volume of stress concentration is now so small 

that a flaw is barely affected at all, composite strength being nearly 

identical to the glass strength. For the same reason it is suggested 

that the effect of stress concentrations in region II of the glass-

alumina system may be relatively small due to the relatively small 

particle size, 

-----~-
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If the above explanations for the effect of stress concentrations 

on strength in. terms ~f the ratio of flaw size to the volt..'t!le of material 

subjected to the stress concentration are correct, it is suggested that 

the present investigation may have contributed. to the basic understand-

ing of the mechanical.properties of Griffith flaws. 

On the basis of the above d{scussion, a new light may be shed on 

.the effect of porosity on tensile strength. Using the criterion of the 

relative size of pore to flaw$ it is suggested that the effect of poros-

ity on strength can be divided into three distinct regions. A sufficient 

flaw density will be assumed, 

In region I the flaw size is considerably smaller than the pore 

size, such that the flaw is located entirely or almost entirely in 

material subjected to the maximum value of stress concentration. Engi-

neering _structures with drilled holes, grooves, etc., fall into this 

region. Here, the effect of porosity on strength can be based on the 

criterion of stress concentrations. Upon introduction of the first 

pore or hole,. tensile strength is reduced to a value equal to the zero-

· porosity strength divided by the maximum stress concentration factor. 

Tne biaxial tensile strength data for the glass--porosity system as 

found in the present investigation appear to fall in this region. 

In region II the flaw size is of the order of pore size, such that 

only a relatively small segment of the flaw is contained in the region 

of maximum stress concentration. Strength in this region is charac-
/ 

terized by a precipitous decline in strength upon introduction of the 

first pore;.however, the decrease in strength does not correspond to .-

the maxi~Jm·stress concentration factor. Tne uniaxial tensile strength 
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data for the glass--porosity system obtained in the present investiga-

tion appear to be characteristic of region II. 

In region III the pore size is considerably smaller than the flaw·· 

size, the flaw now being unaffected by the stress concentration near 

the pore. Strength in this region would exhibit a monotonic decrease 

in strength "lith increasing porosity, without exhibiting a precipitous 

decrease in strength upon introduction of the .first pore. Many or most 

high-strength polycrystallfne ceramics would fall in this category. 

For a polycrystalline alumina on the basis of Eq. (21) Passmore et al. 53 

calculated a flaw size of the order of the grain size, whereas the 

microstructure of the alumina investigated revealed pore sizes an order 

of magnitude smaller than the grain size, i.e., the pore size is much 

smaller than the flaw size. Similar findings were made by Guard and 

78 Romo, who also found a flaw size of approximately the same size as 

the grain size. 

It is suggested here thatoncethe stress concentration has affected 

-----
tensile strength, as in regions I and II, further changes in macroscopic 

strength are governed by the increase in stress within the material of 

the porous body due to the decrease in material available to carry the 

load. Since the·stress distribution around pores is independent of pore 

s,ize, it is suggested that, for a given pore shape, the increase in 

stress in the material due to increase of the porosity is identical for 

all three regions. 

An approximate estimate of the increas.e in stress level within the 

material of the porous body with increasing porosity can be obtained 

by consideration of the average strain of the porous body under an 
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applied loaci. 

that 

li~ea~ eGuaticns, and all second-orde= effects can be ne~lccted. 

(E) in the mB.t~:-ial must equal 
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Be~ause ccnd:i..ticns of compatibility of stress and strain m~J~t be 

satisfied thrcughout the porous body~ on the basis o£ Eq .. (23) it 

suggested th:S.t the. stress di.stributions for ~::1 porous bodj~ of finite 
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where s0/K represents the zero-porosity intercept of the strength-vs

porosity data. Values of K range from unity in region III to the value 

of the maximum stress concentration factor in region I. 

On the assumption that the porous body will fail when the stress 

in the material reaches the value s0/K (i.e., a 0 ~ s0/K), comparison 

of Eqs. (23) and (24) results in "the equality 

= OE· (25) 

Equality (25) then suggests that the relative effect of porosity 

on uniaxial tensile strength should equal the relative effect of poros-

ity on Young's modulus of elasticity. This conclusion can also be ob-

tained by consideration of the concept of the existence of a fraction 

79 of "stress-free" material within the porous body, proposed elsewhere. 

80 Equation (23) is also supported by the derivations by Gurney, who 

calculated a stress concentration factor for the effect of holes on the 

strength of flaw-free glass given by 

stress concentration factor = ' 
(26) 

which on the basis of Eq. (24) also leads to the equality shown in 

Eq. (25). 

Equality (25) is supported by the present results for the uniaxial 

strength for the glass---porosity system with a ~ 2, which is in good 
s 

agreement with the theoretical value13,l4, 17 of aE ~ 2. H.any experi-

mental results, however, show the effect of porosity on uniaxial 

strength of polycrystalline ceramics to be somewhat greater than the 

relative effect on Young's modulus. ·A reasonable explanation can be 
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based on the realization that within the porous body local variations 

in porosity may occur, Fracture is more likely to be initiated in 

material near regions of higher porosities than in material near regions 

of average or lower porosity. A porosity-clustering factor (A) can be 

introduced which describes the ratio of the ma~imum value of local 

porosity (P1 ) to the average porosity (P) defined by oc . 

A = P1 /P , oc (27) 

For a better estimate of the effect of porosity on uniaxial strength, 

the quantity P in Eq. (25) should be replaced by P1 . = AP~ with the oc 

* result 

Substitution of Eq. (28) in Eq. (24) results in 

s 

(28) 

(29) 

A recent compilation79 of values of aE and as for polycrystalline 

30 31 33 alumina prepared by various techniques ' ' suggests a porosity-

clustering factor A~ 1,5. That is, the maximum local porosity (P
1 

) oc 

lies approximately 50% above the value of average porosity, which in 

· view of the manufacturing techniques employed is not unreasonable. The 

recent results of Fryxell and Chandler for the mechanical properties of 

beryllium oxide with the quantity (a ) on the average only slightly 
. s 

greater than (aE} s~ggest a highly uniform distribution of porosity in 

* A constant of proportionality between a 5 and aE was also proposed 
recently on the basis of geometric grounds, 79 The presently proposed 
"clustering factor" is considered more realistic. 
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the beryllium oxide material investigated. 36 The rather high value of 

as ( ~ 12) as found by Passmore et a1. 53 for hot-pressed alumina com

pared to the theoretical 13,l4, 17 value for~ ( ~ 2) for the observed· 

spherical porosity suggests a clustering factor A~ 6,-which infers a 

pore distribution wh~ch is rather nonuniform. 

As an example of Eq. (29), Fig. 19 illustrates the effect of 

spherical porosity with a clustering factor A = 1. 5 on the unia,dal 

tensile strength of a brittle ceramic material. Under these conditions 

the maximum itress concentration factor, K, is equal to 2, and~= 

2. 
13,14,17 

In Fig. 18 the curve for region II is drawn arbitrarily 

between the curves for regions I and III. It is suggested that equiva-

lent curves for polycrystalline ceramics may fall well below the curves 

in Fig. 18 because of higher values of K, ~' and A. 

Because in the present investigation the effect of porosity on 

biaxial tensile strength with a ::t 1 was observed to be less sever,e 
s 

than the effect of porosity on uniaxial tensile strength (a·~ 2), it 
s 

is suggested that the same phenomenon may also be observed for poly-

crystalline ceramics. At present, experimental data are not available 

which would .substantiate this hypothesis. 
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Fig. 19. Proposed relative effect of spherical porosity with 
clustering factor 1. 5 on uniaxial tensile strength. 
I. Flaw size <<pore size; II. flow size :::; pore 
size; and III. flaw size >>pore size. 
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IV. SUMMARY 

_The_me.chanical properties of brittle continuous-matrix, dispersed--'<ii 

phase multicomponent ceramic systems were investigated. The effect of 

crushed sapphire, spherical tungsten particles, and spherical pores on 

the elastic properties of a sodium borosilicate glass was determined 

and compared with theoretical predictions in the literature. The data . 
for Young's modulus of elasticity of the glass--sapphire and glass~ 

tungsten system fell between Hashin and Shtrikman's lower bound for 

arbitrary phase geometry and Hashin's upper bound for spherical phase 

geometry. Good agreement was found between theory and experiment for 

the effect of spherical pores on Young's modulus and the shear modulus 

of elasticity. On the basis of Hashin and Rosen's solutions for the 

elasticproperties of matrices containing parallel arrays of cylindri-

cal fibers, the effect of cylindrical pores was calculated for Young's 

modulus measured perpendicular to the pore direction. Good agreement 

-was found with the experimental effect of porosity on polycrystalline 

ceramics. It was suggested that a matrix containing parallel cylindri-

cal pores constitutes a better mechanical model for the prediction of 

the effect of porosity on elastic properties of polycrystalline ceramics 

than a matrix containing spherical pores. 

A fracture theory was developed for a dispersion-strengthened 

_.., glass matrix based on the criterion that the dispersions within the 
.--·· 

glass matrix limit the- size of the Griffith flaws. Experimental evi-

dence is presented which substantiates the proposed theory. 
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The effect of stress concentration on strength was investigated by 

loading suitable specimens to failure under conditions of uniaxial and 

biaxial tensile stress. Specim~ns employed consisted of sodium boro-

silicate glass containing spherical particles of alumina, and of the 

same glass containing spherical pores. The results of the effect of 

stress concentrations on strength can be interpreted in terms of the 

maximum value of the stress concentration and in terms of the volume 

of material subjected to the stress concentration, in accordance with 

Weibull's statistical theory of strength. The observed precipitous 

decrease in tensile strength even at small volume-fraction porosity is 

in general agreement with predictions based on the effect of stress 

concentrations. Experimental results for the effect of stress concen-

trations on strength also suggest that for multicomponent systems any 

differences in strength under different stress states at least in part 

can be attributed to microstructure. 

A hypothesis is presented that the effect of stress concentrations 

on strength is governed by the relative size of the Griffith flaw to 

the size or volume of material over which the stress concentration acts. 

It is suggested that if only a small segment of the Griffith flaw is 

subjected to the stress concentration, failure will no longer occur at 

the maximum value of s.tress. Because the volume of material subjected 

to the stress con~entration is directly proportional to dispersion 

·particle size, the effect of stress concentration should be a function 

of the size of the dispersions. On this basis a theory is presented 

for the effect of porosity on strength in terms of the ratio of flaw 
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size to pore nize. An approximate derivation is presented which sug· 

gests that once the effect of stress concentration has occurred further 

relative changes in uniaxial tensile stress are governed by the rela-· 

tive changes in Young's modulus with porosity. A porosity-clustering 

factor is introduced to take into account nonuniform distribution of 

the porosity throughout the ceramic body. 

. ! 

/ 
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