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P e r c e p t u a l  C h u n k s i n G e o m e t r y P r o b l e m S o l v i n g : 

A Challenge to Theories of Skill Acquisition 

Kenneth R. Koedinger & John R. Anderson 
Psycholog y Department ,  Carnegi e Mello n Universit y 

ABSTRACT 
I n curren t  theorie s o f  skil l  acquisitio n i t  i s quit e c o m m o n t o assum e tha t  th e inpu t  t o learnin g mechanism s 

i s a  proble m representatio n base d o n direc t  translation s o f  proble m instruction s o r  simpl e induction s 

from  proble m solvin g examples .  W e cal l  suc h a  proble m representatio n a n executio n spac e becaus e i t  i s 

made u p o f  operator s correspondin g t o th e externa l  action s agent s perfor m whil e executin g proble m 

solutions .  Learnin g proceed s b y modification s an d combination s o f  thes e executio n spac e operators . 

We hav e buil t  a  mode l  o f  geometr y expertis e base d o n verba l  repor t  evidenc e whic h contain s operator s 

whic h ca n b e describe d a s modification s (e.g. ,  abstractions )  an d combination s (e.g. ,  compositions )  o f 

executio n operators .  However ,  a  numbe r  o f  point s o f  evidenc e lea d u s t o conclud e tha t  thes e operator s 

wer e no t  derive d from  executio n spac e operators .  I n contrast ,  i t  appear s thes e operator s deriv e from 

discoverie s abou t  th e structur e an d propertie s o f  domai n objects ,  particularly ,  perceptua l  properties .  W e 

hav e ye t  t o develo p a  detaile d an d integrate d theor y o f  thi s "perceptua l  churJdng" ,  bu t  w e presen t  th e 

exp)er t  mode l  i s a  challeng e t o ciuren t  dieorie s o f  skil l  acquisition . 

1. Introduction 

The proces s o f  skil l  acquisitio n i s generall y describe d a s involvin g tw o phase s a s show n i n Figur e 1 .  I n 

th e knowledg e acquisitio n phase ,  th e syste m use s informatio n abou t  th e proble m domain ,  e.g. ,  proble m 

descriptions ,  proble m constraints ,  exampl e solutions ,  etc. ,  t o buil d som e kin d o f  basi c proble m space' , 
essentially ,  a  se t  o f  simpl e condition-actio n operator s tha t  i t  ca n us e t o attemp t  t o solv e problem s i n th e 

domain .  I n th e knowledg e tunin g phase ,  th e basi c proble m spac e i s elaborate d throug h proble m solvin g 

practic e s o tha t  th e syste m become s mor e effectiv e an d efficient .  Th e elaborate d proble m spac e ma y 

incorporat e heuristic s tha t  contro l  th e system' s searc h o r  ma y b e a n abstracte d versio n o f  th e basi c 

proble m spac e i n whic h operator s mak e large r  step s allowin g fo r  faste r  solutions . 

Figure 1. A framewoik common to many theories of sldll acquisition and learning. 

The framewwk in Figure 1 is characteristic of a number of theories of skill acquisition. In ACT* 

(Anderson,  1983) ,  knowlwig e acquisitio n i s modelle d b y a  mechanis m calle d procwluralizatio n whU e 

knowledg e tunin g i s modelle d b y composition ,  generalization ,  an d discrimination .  I n Soa r  (Newell ,  i n 

press) ,  knowledg e acquisitio n ha s bee n modelle d b y a  progra m calle d T A Q whil e knowledg e tunin g i s 
modelle d b y Soar' s chunkin g mechanism .  Othe r  researc h effort s hav e focusse d o n on e o r  th e othe r  o f 

thes e phases .  Fo r  example ,  knowledg e acquisitio n ha s bee n modelle d i n th e U N D E R S T A ND progra m 
(Haye s an d Simon ,  1974 )  whic h buil t  a  proble m spac e from a  natura l  languag e description ,  an d i n a 

progra m b y Neve s (1978 )  whic h buil t  a  proble m spac e fro m exampl e solutions .  Knowledg e tunin g ha s 

bee n modelle d i n term s o f  macro-operato r  learnin g (Korf ,  1987 )  an d i n term s o f  proble m spac e 

abstractio n (Sacerdoti ,  1974 ;  Unruh ,  Rosenbloom ,  an d Laird ,  1987) . 

Whil e thi s framework  ha s certainl y prove n useful ,  w e argu e tha t  i t  i s inadequat e fo r  a  complet e an d 

genera l  theor y o f  skil l  acquisition .  W e suppor t  thi s argumen t  wit h empirica l  dat a an d a  mode l  o f  exper t 

geometr y proble m solvin g whic h canno t  plausibl y b e Teame d withi n thi s framework.  Th e basi c 

argumen t  i s a s follows .  W e hav e foun d tha t  geometr y expert s ski p step s i n developin g proo f  plans .  B y 

'We don' t  mea n t o sugges t  tha t  a  syste m ca n hav e onl y on e proble m spac e associate d wit h a  domain .  Thus ,  whe n w e refer 
t o a  system' s proble m spac e fo r  a  domain ,  on e ca n thin k o f  i t  a s th e collectio n o f  al l  proble m space s fo r  tha t  domain . 
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itself this behavior is not contrary to the stiuidaid fiiunework - it might be explained, for example, by 

A C T*  ' s compositio n o r  Soar' s chunkin g niecliaiusm .  However ,  a  close r  loo k a t  th e detail s o f  tlii s  step -

skippin g behavio r  bring s suc h expkuiation s int o question .  I n particular ,  w e identifie d a  regularit y i n th e 

kind s o f  step s expert s ski p whic h canno t  b e easil y explaine d i n term s o f  composition s o r  chunk s o f 

consecutiv e productio n o r  operato r  apphcations .  W e presen t  a  schema-base d model ,  calle d D C ,  whic h 
account s fo r  thi s regularity .  Whil e DC' s schema s coul d b e represente d i n term s o f  productio n rules ,  i t  i s 

difficul t  t o imagin e ho w curren t  productio n ml e learnin g model s coul d produc e th e organizatio n inheren t 

i n thes e schemas . 

2. The Basic Phenomenon: Step-Skipping 

We analyze d 1 2 protocol s comin g fro m th e concurren t  verba l  report s (Ericsso n an d Simon ,  1984 )  o f 

fou r  subject s solvin g on e proble m an d on e subjec t  solvin g eigh t  problems .  T w o o f  th e subject s wer e 

mathematic s graduat e students ,  tw o wer e psycholog y researcher s wit h extensiv e experienc e i n geometry , 
and on e wa s a  Pittsburg h are a hig h schoo l  geometr y teacher . 

I n analyzin g thes e protocol s w e wer e surprise d t o find  tha t  th e step s subject s too k i n th e proces s o f 

plannin g a  proo f  d o no t  correspon d wit h th e rule s o f  geometry :  th e definitions ,  postulates ,  an d theorems . 
hi  contrast ,  mos t  previou s model s o f  geometr y theore m provin g hav e worke d i n a  proble m spac e base d 
on thes e rule s (Gelemter ,  1963 ;  Goldstein ,  1973 ;  Anderson ,  Boyle ,  &  Yost ,  1985) .  W e cal l  thi s th e 

executio n spac e becaus e thes e rule s correspon d wit h th e step s tha t  ar e writte n dow n i n th e final  executio n 
of  a  proo f  plan .  WTiU e th e th e step s subject s wrot e dow n o r  state d i n explainin g thei r  final  solutio n 
correspon d wit h th e executio n space ,  the y skippe d man y o f  thes e step s i n plannin g a  solution . 

TABLE 1 
A Verba l  Protoco l  fo r  a  Subjec t  Solvin g th e Proble m i n Figur e 2 . 

***** *  Plannin g phas e ***** * 

Bl :  We'r e give n a  righ t  angle-thi s i s a  right  angle ,  Readin g given :  t tzAD B 
B2:  perpendicula r  o n bot h side s [make s perpendicula r  marking s Inferenc e ste p 1 :  .". C =  B D 

on diagram] ; 
B3:  B D bisect s angl e A B C [maric s angle s A B D an d C B D ]  Readin g given :  B D bis^cb s Z.A,B C 
B4:  an d we '  r e done .  Inferenc e ste p 2 :  A  A  B  D  £  A  C  B  D 

***** *  Executio n phas e ***** * 
B5:  W e kno w tha t  thi s i s a  reflexiv e [mark s lin e BD] ,  I n thi s phase ,  th e subjec t  refine s an d 
B6:  w e kno w tha t  w e hav e congruen t  triangles ;  w e ca n determin e explain s hi s solutio n t o th e experimenter . 

anythin g fro m ther e i n term s o f  correspondin g part s 
B7:  an d that' s wha t  thi s [lookin g a t  th e goa l  statemen t  fo r  th e 

firs t  time ]  i s goin g t o mea n .. .  tha t  thes e ar e congruen t 
[mark s segment s A D an d D C a s equa l  o n th e diagram] . 

Figure 2 shows one of the problems we used and its solution in proof tree format. Table 1 contains 
th e protoco l  o f  a  subjec t  solvin g thi s problem .  T h e subject' s verbalization s ar e s h o w n i n th e lef t  co lum n 
of  Tabl e 1 .  T h e righ t  co lum n contain s a  s u m m a r y o f  th e step s th e subjec t  mentions .  T h e protoco l  i s 
divide d u p int o 1 )  a .  plannin g phas e i n whic h th e subjec t  i s searchin g fo r  a  solutio n an d 2 )  a n executio n 
phas e m whic h h e execute s th e previousl y outline d solutio n b y reportin g i t  t o th e experimenter . 

Thi s exper t  ha d a  plan  fo r  solvin^ j  tlii s  proble m i n 1 3 second s a t  th e poin t  wher e h e sai d "we'r e 

done" .  W e ca n describ e hi s plannin g a s follows .  I n bloc k B l  o f  th e protoco l  h e read s th e first  given . 
Next  a t  B 2 ,  h e make s th e inferenc e tha t  th e line s A C an d B D ar e perpendicula r  -  "perpendicula r  o n bot h 
sides" ,  whic h follow s fro m th e first  given .  A t  B 3 ,  h e read s th e secon d give n an d the n a t  B 4 h e say s 
"we'r e done "  whic h appear s t o indicat e tha t  h e ha s m a d e a n inferenc e fro m th e secon d give n whic h 
prove s th e goal .  Furthe r  inspectio n o f  hi s explanatio n o f  th e solution ,  particularl y a t  bloc k B 6 ,  make s i t 
clea r  tha t  thi s inferenc e wa s tha t  th e tw o triangle s A B D an d C B D ar e congruent . 
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GOAL:  D  midpoin t  • !  A C 

A K 
A 0  C 

QIVENS:  r < Z M » 
BO kbMt f  2AB C 

QOMj  D  m{<̂ «<n < v f  A C 

QIVENS: 

DBT-
KIDPOIOT 

i m s o r 

tOORRKS-PARTS 

OOMS-ADJ 
-ANQS 

acIb d 

DEF-PERP 

r1 ̂ AO B 

^ A P B g 2 q 
ROTDCIVK 

BD bis»ct s  ̂ AB C 

Figur e 2 .  A  proble m (i n th e box )  an d it s solution .  Th e numbere d step s ar e one s a  subjec t 
mentione d durin g plannin g (se e Tabl e 1) ,  whil e th e circle d step s ar e one s h e skipped . 

Of the four verbalizations in the planning phase, two indicate his reading and encoding of the given 

statement s an d tw o indicat e inferences .  I n othe r  words ,  h e cam e u p wit h a  solutio n pla n i n tw o steps . 

I n contrast ,  th e final  solutio n t o thi s proble m require s seve n step s a s show n i n Figur e 2 . 

The proble m solvin g protocol s o f  a U th e skille d subject s ha d thi s flavor  wher e ther e wer e phase s o f 

plannin g wher e step s wer e skippe d an d phase s o f  executio n wher e thes e step s wer e fille d in .  I t  wa s 

clea r  tha t  subject s wer e no t  searchin g step-by-ste p i n th e executio n space .  Rather ,  subject s wer e 

plannin g i n som e othe r  mor e abstrac t  proble m spac e usin g knowledg e tha t  allow s the m t o focu s o n th e 

ke y inference s an d ignor e th e mino r  inferences .  W e hav e characterize d th e natur e o f  thi s knowledg e i n a 
compute r  simulatio n calle d th e diagra m configuratio n mode l  (DC) . 

3. The Diagram Configuration Model (DC) 

The cor e ide a o f  D C i s tha t  th e knowledg e o f  skille d geometr y proble m solver s i s organize d aroun d 

certai n prototypica l  geometri c figures  w e cal l  diagra m configurations .  Qustere d aroun d eac h diagra m 

ccMifiguratio n ar e relate d geometr y facts .  W e cal l  suc h cluster s o f  geometr y informatio n diagra m 

cor^guratio n schemas .  T w o example s ar e illustrate d i n Figur e 3 . 

Diagra m configuratio n schema s hav e fou r  attributes :  1 )  th e configuration ,  2 )  th e whole-statement ,  3 ) 

th e part-statements ,  an d 4 )  th e ways-to-prove .  Th e whole-statemen t  an d part-statement s attribute s o f  a 

schema contai n statement s whic h refe r  t o th e geometri c figure  store d i n th e configuratio n attribute .  Th e 
whole-statemen t  refer s t o th e configuratio n a s a  whole ,  whil e th e part-statement s ar e relationship s amon g 
segment  an d angl e part s o f  th e configuration .  Th e mai n actio n o f  a  diagra m configuratio n schem a come s 

fi-om  th e ways-to-prov e attribute .  Thi s attribut e contain s differen t  way s t o "prov e th e schema" .  Sayin g 

a schem a i s "proven "  i s a  brie f  wa y o f  sayin g tha t  th e whole-statemen t  an d al l  th e part-statement s o f  th e 

schema ca n b e proven .  Eac h o f  th e ways-to-prov e i s a  lis t  o f  part-statements ,  indicate d b y thei r  number , 

whic h ar e sufficien t  t o prov e th e schema .  Fo r  example ,  on e o f  th e ways-to-prov e o f  th e TRIANGLE -

CONGRUENCE-SHARED-SIDE schem a i s { 1 2 }  whic h indicate s tha t  i f  part-statement s 1  X ^  = > Z  an d :  " t  W 

= Z W ar e proven ,  th e schem a ca n b e proven . 

The essentia l  ide a behin d diagra m configuratio n schema s i s tha t  skille d geometr y proble m sol \  er s 

ca n recogniz e certai n configuration s i n proble m diagram s an d the y kno w tha t  i f  certai n statement s abou t  a 

configuratio n hav e bee n proven ,  al l  th e statement s abou t  th e configuratio n ca n b e proven .  Instea d o f 

plannin g proof s on e statemen t  a t  a  time ,  diagra m configuratio n schema s allo w skille d proble m solver s t o 

pla n multipl e proo f  step s i n a  singl e thought . 
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CONQRUEMT-TRIANQLESSKARED-SIDE Ŝ IM 1̂ « 

Corflgitatlo n 

/ b 

WtK)te-s«at«fTwn L AXY W «  AXZ W 

Paft-statetn»nt5 1 xr-XZ 
2 Y>V-Z W 

4,<£YXW-zZXW 
5.^XWY-zXWZ 

Ways-to^OY«: (1 2) (1 4) (2 5) {4 5) 
(34)05 ) 

IPERPENDICUUkn-ADJACENT-ANOLESschwi*  1 

Coitlgurabo n N 

-  p 

Whol»-s«al«ni«r *  l U i n P 

Part-stat»m»rt s 1  rtzLPN 
Z.rt^P N 
3 z L P N - ^ M P N 

V.*ys4o-proy « (1 )  (2 )  (3 ) 

Figur e 3 .  T w o diagra m configuratio n schcmas . 

In Table 1, we saw a skilled subject plan a seven step proof in two steps. We can explain his 

plannin g i n term s o f  D C .  D C visxiall y  parse s a  proble m diagra m int o instance s o f  th e variou s 

configuration s i t  know s about .  Insid e th e rounde d boxe s i n Figur e 4  ar e th e configuration s D C 

recognize s i n th e proble m diagra m i n Figur e 2 .  Attache d t o eac h configuratio n ar e th e part-statement s 
whic h refe r  t o it .  Notic e tha t  certai n part-statement s ar e associate d wit h mor e tha n on e configuration . 

For  example ,  z A D B -  z C D B i s a  part-statemen t  fo r  bot h th e PERPENDICULAR-ADJACENT-ANGLES an d 
TRIANGLE-CONGRUENCE-SHARED-SIDE schemas . 

Cong-Trl -
Shar*d-Sld « 

BIMdk d BOtcUd 
VAna 

Rt-Tr l Rl-Tr l TrIangI * 

GIVEN 
2ABD •  ̂ C B 

GIVEN 
rt  ZCDB .̂ ADB I  ̂ CD B AD lO C 

GOAL 

AB I  B C î A f  Z C 

Figur e 4 .  Th e configuration s an d associate d part-statement s tha t  appea r  i n th e proble m diagra m i n 
Figur e 2 . 

At block B1 in Table 1, the subject reads and encodes the first givai it zADB which we have circled 

i n Figur e 4 .  B y "encodes "  w e mea n h e determine s wha t  th e statemen t  means .  I n thi s case ,  b y encodin g 

th e give n rtzAD B w e believ e th e subjec t  luiderstand s thi s t o mea n tha t  th e measur e o f  zAD B i s 9 0 
degrees .  A t  bloc k B2 ,  h e make s a n inferenc e correspondin g wit h provin g th e PERPENDICULAR-
ADJACENT-ANGLES schema .  Th e resul t  o f  thi s inferenc e i s tha t  h e know s th e othe r  tw o part-statement s 

rtzCD B an d zAD B «  z C D B ar e true .  A t  bloc k B3 ,  h e read s an d encode s th e secon d give n B D bisect s 
zABC.  Thi s statemen t  i s th e whole-statemen t  fo r  th e BISECTED-ANGLE schem a an d h e encode s i t  b y 
considerin g th e part-statement s o f  thi s schem a a s given .  Thi s schem a ha s onl y on e part-statement ,  zAB D 
s zCBD ,  whic h i s marke d a s give n i n Figur e 4 .  W h e n th e subjec t  read s th e goa l  statemen t  (B7) ,  w e 

clai m h e encode s i t  i n a  simila r  way ,  thinkin g o f  th e correspondin g part-statemen t  A D =  DC . 
Followin g B3 ,  th e subjec t  know s tha t  th e fou r  part-statement s o n th e lef t  i n Figur e 4 ,  t t  zAD B 

throug h z.i.B D =  zCBD ,  ar e tru e -  onl y th e thre e o n th e righ t  remai n unknown .  T w o o f  th e know n 

statements ,  zAD B =  z C D B an d zAB D =  zCBD ,  correspon d wit h th e on e o f  th e ways-to-prov e o f  th e 

TRL^NGLE-CONGRUENCE-SHARED-SIDE schema ,  namel y 1 4 5) .  A t  B4 ,  th e subjec t  make s a n inferenc e 
whic h w e clai m correspond s wit h provin g thi s schema .  Hi s explanation s a t  B 6 an d B 7 suppor t  thi s 
claim .  If ,  i n fact ,  h e i s provin g th e TRL\NGLE-CONGRUENCE-SHARED-SIDE schem a a t  B4 ,  h e shoul d 
kno w th e thre e othe r  part-statement s A D =  DC ,  A B =  BC ,  an d z A =  z C ar e true .  I t  seem s clea r  tha t  h e 
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knows this from B6, "... we have congruent triangles; we can determine anything from there ...." The 

fac t  tha t  h e firs t  looke d a t  th e goa l  statemen t  a t  B 7 provide s furthe r  evidence .  I t  indicate s tha t  earlie r  i n 

th e protocol ,  a t  B 4 ,  h e ha d som e othe r  wa y o f  detectin g tha t  h e wa s don e wit h th e proof .  Assumin g hi s 

inferenc e a t  B 4 correspond s wit h provin g th e TRIANGLE-CONGRUENCE-SHARED-SIDE schema ,  h e 

knows ,  a t  thi s point ,  tha t  al l  th e part-statement s i n al l  th e configuration s tha t  appea r  i n th e diagra m ar e 

true .  Thus ,  th e us e o f  thi s schem a explain s ho w h e know s h e ca n prov e an y goa l  statemen t  n o matte r 

what  i t  is . 

We n o w tur n t o a  genera l  descriptio n o f  D C .  D C ha s thre e processin g stages :  1 )  diagra m parsing , 

2)  statemen t  encoding ,  an d 3 )  schem a search .  I n th e compute r  simulatio n eac h stag e i s don e t o 

completit m befor e th e nex t  begins ,  however ,  w e believ e tha t  huma n proble m solver s integrat e thes e 
processes .  Ou r  simulaticw i  sqjproac h allow s u s t o evaluat e th e contributio n o f  th e diagra m parsin g 

proces s make s t o limitin g searc h independen t  o f  th e schem a searc h process .  Not e tha t  D C i s intende d a s 

a mode l  o f  th e pannin g phase s o f  skille d subject s an d no t  th e executio n phases .  A  mode l  o f  th e 
executio n phase s woul a involv e findin g solutions ,  eithe r  b y retrieva l  o r  b y searc h i n th e executio n space , 

t o th e serie s o f  trivia l  on e t o thre e ste p subproblem s tha t  resul t  from  planning . 

3.1. Diagram Parsing and Schenta Instantiation. Diagram parsing is the process of looking for 

configuxation s i n th e proble m diagra m an d instantiatin g th e schema s associate d wit h an y o f  th e 

configxiration s identified .  Th e diagra m i s inpu t  a s ordere d list s o f  th e point s tfiat  appea r  i n eac h lin e an d 

xy-coordinate s fo r  eac h point .  Fro m thi s representation ,  DC' s diagra m parse r  ca n direcd y recogniz e an y 

occurrenc e o f  a  basi c configuration .  Basi c configuration s ar e recognizabl e purel y fro m thei r  form ,  fo r 

example ,  th e ADJACENT-SUPPLEMENTARY-ANGLES configuratio n i s recognize d whe n th e en d o f  on e 

lin e meet s anothe r  lin e somewher e i n th e middle .  Othe r  configuration s ar e specialization s o f  basi c 

configuration s i n whic h som e relationship s amon g th e part s ar e constrained .  Fo r  example ,  th e 
PERPENDICULAR-ADJACENT-ANGLES configuratio n i s a  specializatio n o f  th e ADJACENT-

SUPPLEMENTARY-ANGLES configuratio n i n whic h th e componen t  angle s ar e equal .  T o recogniz e thes e 

sf>ecialize d configurations ,  D C use s ĵ jpearance s i n th e diagra m t o estimat e th e slope s o f  line s an d size s 

of  segment s an d angles .  Thi s i s a  heuristi c procedur e which ,  i n th e cas e o f  a n overspecialize d diagram , 

ca n resul t  i n extr a irrelevant ,  bu t  harmles s schemas . 
DC' s diagra m parse r  als o recognize s an d associate s certai n pair s o f  basi c configurations .  Fo r 

example ,  tw o basi c TRL\NGL E configuration s ca n b e paire d i f  the y appea r  t o b e congruent .  D C 

recognize s apparen t  congruenc e b y checkin g i f  th e side s o f  th e triangle s ca n b e paire d s o tha t  eac h pai r  o f 

side s ar e th e sam e estimate d size .  Th e pairin g o f  congruen t  triangle s i s treate d explicitl y  i n geometr y 

textbooks ,  however ,  othe r  pairing s o f  basi c configuration s tha t  D C form s ar e no t  commonl y discussed . 

Thes e pairing s amoun t  t o visua l  way s o f  cuein g certai n inference s tha t  ar e prove n i n th e executio n spac e 

usin g algebra .  Th e correspondin g schema s allo w proble m solver s t o ski p ove r  th e detail s o f  algebr a 

sub-proof s whic h ar e a  larg e sourc e o f  combinatori c explosio n i n th e executio n spac e (se e Koedinge r  & 
Anderscm ,  i n press) .  Thes e schema s ar e calle d whole-par t  congruenc e schema s an d wer e als o identifie d 

and discusse d b y Green o (1983) . 

The fina l  resul t  o f  diagra m parsin g i s a  networ k o f  instantiate d schema s an d part-statement s a s 

illustrate d i n Figur e 4 .  I t  i s  interestin g t o not e tha t  althoug h n o proble m solvin g searc h i s don e i n thi s 

firs t  stage ,  i n effect ,  mos t  o f  th e proble m solvin g wor k i s don e here .  Th e resultin g networ k i s finite ,  i n 

fact ,  usuall y quit e small ,  an d i s fiill y  instantiated .  Searchin g i t  i s  fairl y  trivial . 

3.2. StatemetU Encoding. Before search is started, the given and goal statements of the problem must be 

rea d int o th e system .  Statemen t  encodin g correspond s t o proble m solvers '  comprehensio n o f  th e 

meanin g o f  given/goa l  statements .  W e clai m tha t  proble m solver s comprehen d given/goa l  statement s i n 

term s o f  part-statements .  W h e n a  given/goa l  statemen t  i s alread y a  part-statement ,  D C encode s i t  directl y 

by appropriatel y taggin g th e part-statemen t  a s eithe r  "known "  o r  "desired" .  However ,  ther e ar e tw o 

othe r  possibilities .  First ,  i f  th e given/goa l  statemen t  i s on e o f  a  numbe r  o f  alternativ e w:!y s o f  expressin g 

th e sam e part-statement ,  i t  i s  encode d i n term s o f  a  singl e canonica l  form .  Fo r  example ,  measui e 

equalit y an d congruence ,  a s i n m A B =  m C D an d .̂ B =  CD ,  ar e encode d a s th e sam e part-statement . 

Second ,  i f  th e given/goa l  statemen t  i s th e whole-statemen t  o f  a  schema ,  i t  i s  encode d b y appropriatel y 

taggin g al l  o f  th e part-statement s o f  tha t  schem a a s eithe r  "known "  o r  "desired" .  Fo r  example ,  recal l 
DC' s encodin g o f  th e goa l  an d secon d give n o f  th e proble m discusse d abov e an d show n i n Figur e 2 . 
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3.3. Schema Search. The network that resuhs from diagram parsing contains a set of diagram 

configuratio n schema s whic h ar e possibl e consequence s o f  th e proble m givens .  I n schem a search ,  D C 

attempt s t o prov e enoug h o f  thes e schema s s o tha t  th e goa l  statemen t  i s prove n i n th e process .  Thi s 

searc h amount s t o loolan g fo r  a  pat h throug h th e networ k tha t  connect s th e give n part-statement(s )  wit h 

di e goa l  part-statement(s )  subjec t  t o th e ways-to-prov e o f  eac h schem a i n th e path . 

D C I S performin g a  searc h throug h th e spac e define d b y it s diagra m configuratio n schemas .  W e cal l 

tfiis  th e diagra m configuratio n space .  Previou s model s o f  geometr y proble m solvin g performe d searc h 

i n th e executio n spac e an d require d heuristic s t o guid e choice s i n thi s larg e searc h spac e (Gelemter , 

1963 ;  Goldstein ,  1973 ;  Anderson ,  Boyle ,  &  Yost ,  1985) .  I n contrast ,  th e diagra m configuratio n spac e 

i s smal l  enoug h tha t  D C ca n effectivel y pla n proof s withou t  extr a heuristic s t o ai d searc h i n thi s space . 

D C ca n perfor m a  brut e forc e forwar d searc h o f  th e diagra m configuratio n spac e b y arbitraril y  choosin g 

any schem a whic h ca n b e prove n a t  eac h ste p i n proble m solving .  DC' s defaul t  contro l  schem e i s 

slightl y mor e elaborat e -  se e Koedinge r  an d Anderso n (i n press) . 
The feasibilit y  o f  thi s simpl e contro l  schem e i s demonstrate d b y a  tas k analysi s w e di d o f  on e o f  th e 

more difficul t  problem s th e subject s solved .  Th e shortes t  solutio n t o thi s proble m i n th e executio n spac e 

i s 7  step s an d w e estimate d tha t  a  breadth-firs t  searc h fo r  thi s solutio n visit s mor e tfian  a  millio n states . 

The shortes t  solutio n t o thi s proble m i n th e diagra m configuratio n spac e i s 3  step s an d a  breadth-firs t 

searc h fo r  thi s solutio n visit s a t  th e mos t  eigh t  states . 

4. Evidence for DC: Step-Skipping Regularity 

I n evaluatin g D C ,  i t  i s worthwhil e t o conside r  whethe r  th e step-skippin g behavio r  o f  skille d subject s 
coul d b e explaine d i n term s o f  a n alternativ e abstrac t  proble m space .  W e conside r  tw o possibl e 

alternative s bot h base d o n modification s o f  th e executio n space .  First ,  a n abstrac t  spac e ca n b e create d 

fro m th e executio n spac e b y a n abstractio n proces s wher e th e condition s (if-part )  o f  executio n operator s 
ar e generahzed ,  fo r  example ,  b y droppin g a  claus e which ,  ideally ,  refer s t o som e detai l  whic h ca n b e 

temporaril y  ignore d (Sacerdoti ,  1974) .  Suc h "minor "  clause s i n th e executio n operator s o f  geometr y ar e 

rar e -  droppin g clause s mos t  ofte n result s i n operator s tha t  ca n propos e futur e state s whic h canno t  b e 
proven .  Suc h incorrec t  plan s ca n caus e significan t  efficienc y problems ,  however ,  thi s  i s no t  ou r  majo r 

criticis m o f  th e adequac y o f  thi s abstractio n metho d fo r  modellin g skille d geometr y proble m solving . 
Rather ,  thi s metho d i s inconsisten t  wit h th e observatio n tha t  th e ̂strac t  plan s o f  ou r  skille d subject s 

wer e alway s correct .  Tha t  is ,  th e abstrac t  inference s the y made ,  lik e th e one s i n Tabl e 1 ,  neve r  produce d 

unprovabl e statements .  Thus ,  i t  appear s unlikel y tha t  thei r  abstrac t  operator s hav e bee n learne d throug h 
a "clause-dropping "  typ e abstractio n process . 

A secon d approac h t o buildin g a n abstrac t  proble m spac e i s b y compositio n o f  consecutivel y 

applicabl e executio n operators .  Thi s genera l  approac h ha s receive d numerou s instantiations ,  e.g. , 
ACr* ' s compositic m (Anderson ,  1983) ,  Soar' s chunkin g (Laird ,  et .  al. ,  1987) ,  Kor f  s  macro-operato r 
learnin g (Korf ,  1987) .  Althoug h mos t  o f  thes e approache s hav e som e stipulation s o f  th e appropriat e 
contex t  i n whic h compositio n ca n occur ,  ther e i s littl e i n the m tha t  indicate s whethe r  o r  whe n som e pair s 

of  consecutivel y ĵ licabl e operator s ar e mor e likel y t o b e compose d tha n othe r  pairs .  Thus ,  w e woul d 
not  expec t  an y regularit y i n th e kind s o f  step s tha t  woul d b e skippe d i n a n abstrac t  proble m spac e o f 

compose d executio n operators .  However ,  suc h a  regularit y  i s exactl y wha t  w e observe d o f  subjects . 
We analyze d th e protocol s o f  al l  ou r  subject s a s illustrate d i n Tabl e 1  an d Figur e 2 .  I n particular , 

we divide d eac h protoco l  int o segment s correspondin g t o plannin g an d executio n phase s an d w e 
annotate d th e protoco l  wit h th e inferenc e step s subject s verbalized .  W e mad e a  proo f  grap h o f  eac h 
subject' s final  solutio n an d the n identifie d eac h ste p i n thi s solutio n th e subjec t  mentioned  whil e 
planning . 

Our  clai m i s tha t  th e step s take n i n plannin g ten d t o correspon d wit h diagra m configuratio n 

schemas .  I n othe r  words ,  w e predicte d tha t  subject s woul d ten d t o mentio n statement s whic h ar e whole -
statement s o f  diagra m configuratio n schema s an d ten d t o ski p thos e statement s whic h ar e not .  Fo r 

certai n schemas ,  lik e th e algebra-relate d schemas ,  whic h d o no t  hav e whole-statements ,  w e predicte d 
subject s woul d onl y mentio n on e part-statemen t  o f  th e schema ,  i n particular ,  th e on e whic h conclude s 

th e inference .  A s a n example ,  thes e prediction s exacd y matc h th e plannin g behavio r  o f  th e subjec t  i n 
Tabl e 1 .  I n th e eleve n othe r  cases ,  th e prediction s wer e no t  a s perfect ,  however ,  the y tende d t o b e 
correct .  Figiu- e 5  show s th e result s fi^om  al l  twelv e cases .  Clearly ,  ther e i s a  regularit y i n th e step s bein g 
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skippe d an d D C capture s a  lo t  o f  thi s regularity .  A  Ch i  squar e tes t  (X^ l )  =  41.5 )  indicate s i t  i s unlikel y 

tha t  th e model' s fi t  t o th e dat a i s a  chanc e occurrenc e ( p <  .001) . 

DC MODEL predicrioni 
menlio n iki p 

i 

Figur e 5 .  DC' s accoun t  o f  th e step-skippin g behavior . 

In addition to the evidence of regularity in step-skipping, we found other evidence in the problem 

solvin g protocol s inconsisten t  wit h a n abstrac t  plannin g mode l  base d o n composition s o f  executio n 

operators .  I n th e proces s o f  executin g a n abstrac t  plan ,  subject s coul d no t  alway s immediatel y fil l  i n th e 

step s the y ha d skippe d durin g planning .  However ,  i f  subject s learne d abstrac t  plannin g operator s from 

previousl y compile d executio n operators ,  th e knowledg e t o fill  i n th e skippe d step s shoul d b e readil y 

available .  Sinc e thes e executio n operator s remai n necessar y t o execut e proo f  plans ,  ther e i s n o reaso n 

w hy the y wou l d b e forgotten . 
Finally ,  ther e ar e computationa l  reason s t o questio n th e composition-base d explanatio n o f  step -

skij^ing .  O n on e hand ,  diagra m configuratio n schema s ca n b e viewe d merel y a s a  mor e compac t 

notatic m fo r  a  se t  o f  macro-operator s o r  compose d productio n rules .  O n th e othe r  hand ,  thes e schema s 

indicat e a  particula r  organizatio n o f  macro-operator s an d thi s organizatio n m a y b e difficul t  t o achiev e i n 

typica l  compositio n mechanisms .  T o illustrat e th e point ,  conside r  th e T R I A N G L E - C O N G R U E N C E-

SHARED-S IDE schem a i n Figur e 3 .  Thi s schem a ca n b e represente d a s 6  macro-operator s whos e left -

han d side s correspon d t o th e 6  ways-to-prov e o f  th e schem a an d whos e right-hand  side s contai n 5 

action s whic h correspon d wit h th e 5  part-statement s o f  th e schema .  T h e collectio n o f  suc h macro -

operator s fo r  eac h schema ,  cal l  i t  S ,  i s a  restricte d subse t  o f  th e spac e o f  possibl e macro-operators .  S  i s 
restricte d i n t w o ways .  First ,  S  doe s no t  contai n an y o f  th e possibl e macro-operator s whic h coul d m a k e 
inference s betwee n statement s whic h ar e whole-statement s o f  schemas ,  fo r  example ,  i t  doesn' t  contai n 

a n operato r  tha t  coul d infe r  perpendicularit y direcd y fro m triangl e congruenc e i n a  proble m lik e th e on e 

i n Figur e 2 .  Second ,  S  doe s no t  contai n an y o f  th e 2 ,  3 ,  o r  4  actio n macro-operator s tha t  woul d b e 

learne d o n th e w a y t o a  5  actio n macro-operato r  lik e th e one s correspondin g wit h th e TOIANCH-E-

C O N G R U E N C E - S H A R E D - S I DE schema .  T o achiev e E>C' s simphcit y i n searc h contro l  an d matc h t o th e 

h u m an data ,  a  compositio n mechan is m woul d nee d t o preven t  a  proliferatio n o f  unnecessar y macro -

(̂ )erators .  I t  i s  no t  clea r  h o w thi s restrictio n coul d b e implemente d i n curren t  mechanisms' . 

5. Discussion and Conclusion 

We hav e pose d th e D C mode l  a s a  challeng e t o curren t  theorie s o f  skil l  acquisitio n characterize d b y th e 

frameworic  i n Figur e 1 .  Th e proble m wit h thi s fi-amework  i s no t  s o muc h wit h th e mechanism s o f 

knowledg e acquisitio n an d knowledg e tuning ,  bu t  rathe r  i n th e assume d for m o f  th e basi c proble m spac e 

whic h i s th e interfac e betwee n them .  I t  i s commonl y assume d tha t  thi s basi c proble m spac e i s mad e u p 

of  operator s whic h correspon d t o th e externa l  action s proble m solver s tak e i n solvin g problem s (th e 

executio n space )  an d tha t  th e bul k o f  learnin g i s i n term s o f  thi s proble m space .  I n contrast ,  i t  seem s tha t 
th e huma n knowledg e acquisitio n syste m occasionall y modifie s it s proble m spac e fo r  a  domai n -  no t  b y 

modifyin g th e operator s a s model s o f  th e knowledg e tunin g alread y do ,  bu t  b y changin g th e 

representatio n o f  proble m states ,  fo r  example ,  b y creatin g ne w perceptua l  chunks . 

That  suc h change s i n th e proble m stat e representatio n occu r  i s supporte d b y othe r  research .  I n thei r 

wor k o n th e learnin g o f  th e Towe r  o f  Hano i  puzzle ,  Anza i  an d Simo n (1979 )  identifie d th e perceptua l 

chunkin g o f  disk s int o "pyramids "  a s crucia l  t o learnin g th e advance d pyrami d subgoa l  strategy . 

'On e migh t  conside r  whethe r  thi s restrictio n coul d b e achieve d withi n th e Soa r  architectur e b y havin g a  hierarch y o f 
proble m space s correspondin g wit h th e desire d organization .  However ,  thi s approac h beg s th e questio n -  ho w woul d thi s 
hierarch y b e learne d i n th e first  place ? 
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Research on the nature of expertise has identified the possession of perceptual chunks as a special 

characteristi c o f  expertis e i n a  numbe r  o f  domain s (fo r  example ,  se e Chas e an d Simon ,  1973) .  Th e rol e 

of  thes e perceptua l  chunk s i n proble m solvin g ha s no t  bee n wel l  established .  Th e D C mode l  serve s a s a 

detaile d demonstratio n o f  h o w perceptua l  chunk s ca n b e use d i n proble m solvin g and ,  a t  th e sam e time , 

as a  challeng e t o curren t  theorie s o f  skil l  acquisition . 

A firs t  orde r  challeng e i s t o specif y a  knowledg e acquisitio n mechanis m whic h i s capabl e o f 

perceptua l  chunkin g an d o f  changin g th e basi c proble m spac e representatic m appropriately .  Theorie s o f 

categorizatio n o r  Soar' s dat a chunkin g (Rosenbloom ,  et .  al. ,  1987 )  ar e possibl e candidat e mechanisms . 

A secon d (»'de r  challeng e i s t o specif y a  knowledg e tunin g mechanis m whic h ca n dea l  wit h th e shiftin g 

natur e o f  th e basi c proble m spac e a s i t  i s change d b y th e acquisitio n o f  ne w chunks .  Perhap s meetin g 

thi s challeng e wil l  requir e rethinkin g th e tw o phas e framework . 
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