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CONCEPT FORMATION THROUGH 
THE INTERACTIO N OF MULTIPL E MODELS 

Mark H .  Burstei n 
Yal e Universit y 

INTRODUCTION 

This paper is about some of the processes 
involve d i n learnin g th e fundamenta l  concept s o f  a  ne w 
domain .  I n particular ,  I  hav e bee n studyin g ho w 
peopl e lear n som e o f  th e basi c concept s use d i n 
compute r  programming ,  give n littl e o r  n o prio r 
experienc e wit h th e us e o f  computers ,  o r  compute r 
languages .  Th e goa l  o f  th e researc h i s t o buil d a 
compute r  mode l  capabl e o f  learnin g suc h basi c 
concepts . 
The problem is that most current theories are 
eithe r  to o wea k o r  combinatoriall y  explosive . 
Generalizatio n technique s [4,6 )  d o no t  construc t 
radicall y ne w conceptua l  structures .  Concep t 
clusterin g technique s [2 ]  requir e correlation s ove r 
larg e set s o f  data .  Peopl e learnin g wha t  a  compute r 
variabl e i s mus t  lear n somethin g radicall y ne w t o 
them ,  bu t  wit h ver y limite d experience .  Ho w ca n the y 
do this ? 
The theory I am developing is based on the study 
of  transcript s o f  1-on- l  tutoria l  session s wit h 
severa l  subject s learnin g th e programmin g languag e 
BASIC,  collecte d ove r  a  perio d o f  severa l  months .  Th e 
subject s lacke d an y previou s experienc e wit h 
computers ,  bu t  eve n th e youngest .  Perry ,  ag e 10 ,  ha d a 
number  o f  preconception s abou t  wha t  wa s t o b e learned , 
and a  wealt h o f  knowledg e an d experienc e i n othe r 
domain s whic h h e use d t o provid e correlate s fo r 
experience s an d observation s i n th e ne w domain . 
Learning to program a computer is a rather 
"formal "  subject ,  requirin g th e developmen t  o f 
expertis e i n symboli c manipulation .  Thu s on e migh t 
readil y expec t  prio r  knowledg e o f  mathematic s t o b e 
usefu l  i n learnin g t o program .  Indeed ,  ou r  subject s 
ofte n dre w parallel s t o concept s i n mathematic s whe n 
learnin g programmin g concepts .  Perhap s les s 
expectedly ,  however ,  ou r  subject s als o invoke d a  grea t 
deal  o f  common sens e worl d knowledg e whe n learnin g t o 
program . 
This common sense knowledge included such diverse 
area s a s puttin g object s i n boxes ,  movin g piece s 
aroun d o n a  gam e board ,  an d writin g o n blackboards . 

Thi s wor k wa s supporte d i n par t  b y th e Advance d 
Researc h Project s Agenc y o f  th e Departmen t  o f  Defense , 
monitore d b y th e Offic e o f  Nava l  Researc h unde r 
contrac t  N00014-75-C-1111 ,  an d i n par t  b y th e Nationa l 
Scienc e Foundatio n unde r  contrac t  IST7918463 . 

I t  als o include d knowledg e o f  English ,  an d o f  ho w 
agent s perfor m task s requeste d o f  them .  I n thi s shor t 
paper ,  I  hop e t o a t  leas t  giv e som e ide a o f  ho w thes e 
othe r  area s o f  expertis e wer e use d t o for m som e ver y 
basi c concept s o f  compute r  programming . 

HOW ARE CONCEPTS IMPORTED? 

One of the techniques a teacher can use to 
explai n a n unfamilia r  concep t  i s t o us e analogie s o r 
metaphor s (5) .  Fo r  example ,  a  coromo n wa y o f 
introducin g th e concep t  o f  a  compute r  variabl e i s t o 
make a n analog y t o boxe s an d thei r  contents .  On e 
introductor y BASI C manua l  phrase d i t  thi s way : 
(1) To illustrate the concept of variable, imagine 

tha t  ther e ar e 2 6 littl e boxe s insid e th e 
computer .  Eac h bo x ca n contai n on e numbe r  a t 
any on e time .  11 ] 

Anothe r  tex t  referre d onl y to :  "location^ "  insid e th e 
computer ,  bu t  illustrate d th e concep t  wit h diagram s 
showin g contiguou s rectangle s containin g numbers . 
Bot h o f  thes e description s sugges t  tha t  essentiall y 
th e sam e se t  o f  relation s an d operation s tha t  exis t 
betwee n container s an d thei r  physica l  content s ca n b e 
applie d t o variable s an d their:"contents" . 
However, this is not the only way to describe 
variables .  Anothe r  common descriptio n i s base d o n 
similaritie s t o concept s i n elementar y algebra . 

(2) In ordinary algebra, letters of the alphabet 
ar e ofte r  use d fo r  term s tha t  ca n tak e o n 
varyin g numerica l  values .  BASI C ha s a  ver y 
nice ,  built-i n algebrai c featur e tha t  allow s 
th e use r  t o assig n numeri c value s t o an y 
lette r  o f  th e alphabet.. .  Th e use r  ca n se t 
th e valu e o f  A  b y typin g A=10 .  [3 ] 

Whil e eac h o f  thes e model s suggest s a  numbe r  o f 
thing s tha t  ar e tru e fo r  variables ,  neithe r  o f  the m 
tell s th e whol e trut h an d nothin g bu t  th e truth . 
Althoug h eac h analogica l  notio n o f  variabl e presente d 
suggest s enoug h o f  th e trut h t o ac t  a s a n initial , 
workin g mode l  o f  th e functionin g o f  variable s i n 
compute r  programs ,  the y als o sugges t  hypothese s whic h 
ar e eithe r  irrelevan t  o r  wrong ,  o r  both . 
Since neither model is sufficient to give the 
learne r  a n understandin g o f  ho w t o us e variables ,  o r 
how the y wil l  wor k i n al l  situations ,  eac h mode l  mus t 
be "debugged" .  [9 ]  Tha t  is ,  havin g see n th e metaphor , 
th e studen t  i s presente d wit h simpl e problem s t o b e 
solve d o r  ne w situation s t o b e understoo d i n th e ne w 
domain ,  whic h h e attempt s t o solv e usin g hypothese s 
suggeste d b y th e metaphor .  Thi s lead s t o som e 
successes ,  an d a  numbe r  o f  failures .  Interestingl y 
enough ,  th e failure s provid e th e mos t  usefu l 
informatio n abou t  ho w th e developin g concep t  mus t  b e 
modifie d s o tha t  i t  agree s wit h first-han d experience . 
[7,8 ]  Th e cause s o f  th e failur e mus t  b e fixe d mus t  b e 
fixe d t o produc e usefu l  expectation s i n th e future . 
USING MULTIPLE MODELS 
One kind of modification that can be made to an 
inaccurat e mode l  i s t o ad d restriction s t o preven t 
specifi c  erroneou s inferences .  Fo r  example ,  ther e ar e 
no inheren t  restriction s o n th e numbe r  o r  kin d o f 
object s tha t  ca n g o i n boxes .  Variables ,  on  th e othe r 
hand ,  ca n hol d onl y on e thin g a t  a  time .  Hence ,  a 
statemen t  o f  tha t  restrictio n mus t  b e adde d b y th e 
teacher ,  a s i n (1 )  above ,  o r  b y th e studen t  afte r  a n 
erro r  occurs . 
A more important kind of modification of the 
developin g concep t  i s t o introduc e additiona l  model s 
or  analogies .  Thes e additiona l  analogie s ca n b e use d 
t o explai n and/o r  t o replac e fault y inference s mad e b y 
earlie r  version s o f  th e ne w concept .  Th e ne w 
analogie s als o allo w additiona l  inference s an d 
expectation s t o b e made . 
For example, a second extremely common analogy 
fo r  compute r  variable s an d compute r  memor y i s huma n 
memory.  Th e followin g i s a n exampl e o f  suc h a 
statement : 
(3) The computer "remembers" any values 

assigne d t o numerica l  variables .  Of  course , 
th e value s o f  th e variable s ca n b e change d a t 
any tim e — simpl y d o th e variabl e =  valu e 
command again .  [3 ] 

This metaphor for computer memory comes from the same 
tex t  tha t  containe d th e algebrai c descriptio n o f 
variables ,  (2) ,  above .  A s w e wil l  se e shortly ,  suc h 
secondar y model s ca n an d d o affec t  th e hypothese s 
whic h ca n b e generated . 
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Thes e example s illustrat e th e us e o f  multipl e 
mpdel s i n describin g a  ne w concept .  Thi s i s no t 
unusual .  Rather ,  i t  na y b e th e norm .  Furthermore , 
th e student s wil l  ad d metaphor s an d model s o f  thei r 
own discovery ,  base d o n chanc e wor d choices ,  observe d 
consistencies ,  an d inference s the y made . 

A model of learning must explain how these 
analogica l  description s ca n b e "combined "  whe n formin g 
new concepts . 

GENERATING ERRONEOUS HYPOTHESES 

Here are some examples of the kinds of errors and 
correction s tha t  occu r  whe n a  studen t  ha s severa l 
model s fo r  th e sam e concept .  I n th e followin g 
examples ,  M i s myself ,  an d P  i s th e student .  Perry . 
Perr y wa s initiall y  give n a  shor t  paragrap h t o rea d 
whic h sai d tha t  th e computer' s memor y use d variable s 
whic h wer e lik e boxe s i n whic h on e coul d stor e 
numbers . 

STORING TH E PROBLEM WIT H TH E ANSWER 

M: Suppose I wanted to add up 7 and A and store 
i t  i n X . 

P:  How? Yo u wan t  t o pu t  7+ 4 o r  th e answer ? 
H:  I  wan t  t o pu t  th e answe r  in . 
P:  Yo u wan t  hi m t o tel l  me th e answe r  an d the n 

put  i t  in ? 
M;  Well ,  jus t  pu t  i t  in . 
P:  Yo u write.. .  X  equal s 11 .  Yo u ca n writ e X*7'» A 
M:  Yo u ca n d o tha t  too .  Tr y it . 
P:  (type s X'=7+A ) 
M::Ok .  No w what' s insid e th e bo x calle d X 7 
P:  7  plu s 4 ,  .. .  11 .  Yo u wan t  me t o as k him ? 
M:  Yea ,  wh y don' t  yo u as k him ? 
P:  (type s PRIN T X )  oh .  11 .  I t  doesn' t  matter . 

I f  yo u wan t  hi m t o onl y answe r  7+4 ,  an d 
not  th e answer ,  ca n i t  d o that ? 

M:  No ,  i t  onl y store s on e numbe r  i n eac h box . 
P:  H e think s yo u onl y wan t  th e answer . 
M:  It' s  no t  that ,  it' s  jus t  tha t  wha t  yo u pu t 

i n th e bo x wa s no t  "7+4" ,  bu t  U .  I t  add s i t 
up an d the n put s th e answe r  i n th e bo x 

P:;Oh .  I t  doesn' t  pu t  7+ 4 i n th e box . Perr y produce d th e followin g summar y o f  tha t 
description : 

AH INITIAL HYPOTHESIS 

P: Yea. This, the variable, is the box, and you tell 
i t  to.. .  It' s  wher e h e put s hi s memor y an d 
everythin g an d the n yo u as k hi m t o pu t  i t  i n 
there .  Yo u sa y th e wor d (variable) ,  an d the n h e 
put s i t  in . 

M:  Right ,  ok .  S o suppos e 1  wante d t o tel l  hi m t o 
remember  th e numbe r  5  i n variabl e X.. . 

P:;Oh .  What  d o yo u mea n X ? I n an y bo x tha t  h e wants ? 
This shows that for Perry, variables were related 
t o (human )  memory ,  an d tha t  the y wer e someho w lik e 
boxe s whic h yo u pu t  thing s in .  Hi s las t  statemen t 
als o show s tha t  h e alread y ha d th e concep t  o f  a n 
algebrai c variable ,  sinc e her e h e though t  X  stoo d fo r 
th e unknown .  Thi s fac t  wil l  b e importan t  i n othe r 
examples . 
Using the box metaphor. Perry tried to 
investigat e directl y th e clas s o f  object s tha t  ca n b e 
place d i n th e computer' s "boxes" .  Sinc e physica l 
object s ca n certainl y hol d othe r  physica l  objects ,  h e 
though t  tha t  th e boxe s i n th e compte r  migh t  b e abl e t o 
hol d other:"boxes" . 
STORING BOXES IN BOXES 

— anothe r  (partially )  wron g hypothesis . 

P: Can he store a box in a box? Let's say you tell 
hi m X=7+4 ,  an d the n yo u mak e hi m anothe r  bo x an d 
tel l  hi m t o stor e X ,  th e bo x X  int o th e othe r  box . 

H:  Yo u can' t  pu t  boxe s insid e boxes ,  bu t  yo u ca n pu t 
what' s insid e the m i n anothe r  box . 

Another error made in trying to specify what can 
go int o th e boxe s come s fro m th e us e o f  a  secon d 
metaphor .  A s thi s wa s als o suppose d t o b e a  mode l  o f 
th e computer' s memory .  Perr y ofte n generate d 
hypothese s consisten t  wit h hi s knowledg e o f  huma n 
memories .  Sinc e people ,  whe n aske d t o solv e simpl e 
arithmeti c problems ,  wil l  generall y remembe r  bot h th e 
questio n an d th e answer ,  Perr y assume d tha t  th e 
computer  woul d a s well . 

The additio n o f  semanti c cue s t o th e name s o f 
variable s cause d Perr y t o assum e tha t  th e compute r  wa s 
eve n mor e lik e a  huma n agent ,  wit h human-lik e memor y 
capabilities .  Here ,  h e wonder s whethe r  th e compute r 
has th e abilit y  t o querr y it' s  "framb "  fo r  a  perso n i n 
severa l  differen t  ways . 
THE COMPUTER AS HUMAN AGENT 

M: 1 can say FERRY=10. How old are you? 
P:  1 0 
M:;Ok ,  an d no w i f  I  PRIN T PERRY. 
P:  I t  wil l  sa y 1 0 
M:  Right . 
P:  I f  yo u tel l  him.. .  Let' s sa y Perr y i s 1 0 year s 

old .  Ca n yo u sa y that ? An d the n yo u as k hi m 
"Ho w ol d i s Perry? "  or .  "Wh o i s 1 0 year s old?" , 
wil l  h e answe r  you ? 

Finally, there is the case in which several of 
Perry' s model s mak e conflictin g predictions ,  an d h e i s 
aske d t o choos e whic h on e i s correct .  I n thi s 
example ,  th e tw o model s ar e th e bo x metapho r 
(assignmen t  i s lik e puttin g somethin g i n a  box )  an d 
presume d similaritie s t o th e algebrai c notio n o f 
equalit y (A=1 0 mean s A  i s th e sam e a s 10) ,  whic h Perr y 
inferre d fro m th e us e o f  th e equa l  sig n t o denot e 
assignmen t  i n BASIC .  I f  assignmen t  i s lik e movin g 
somethin g int o a  box ,  the n movin g somethin g fro m on e 
box t o anothe r  shoul d remov e i t  fro m th e firs t  box . 
However ,  i f  assignmen t  i s lik e algebrai c equality , 
the n th e statemen t  Q= P shoul d mea n tha t  th e tw o 
variable s hav e th e sam e value . 
After I had typed P=10 and then Q=P, (causing 
bot h Q  an d P  t o hav e valu e 10) ,  th e followin g dialogu e 
occurred : 
GENERATING CONFLICTING HYPOTHESES 

M: So, what's in P now? 
P:  ;0h .  Nothing . 
M:  Nothing ? 
P:  10 !  an d the n Q  i s also . 
M:  What  d o yo u thin k i t  is ? I s i t  nothin g o r  10 ? 
P:  Let' s fin d out .  Firs t  let' s  see.. . 
M:  Well ,  wha t  d o yo u thin k i t  is ? 
P:  I f  yo u hav e tw o boxes ,  an d yo u moved...yo u move d 

or  i t  equal s to ? Yo u move d what' s i n P  t o Q  s o 
ther e s  nothin g i n it ,  o r  di d yo u onl y pu t  th e 
same numbe r  i n Q  that' s i n P ? 1  thin k it' s  10 . 

M:  Yo u thin k it' s  10 ? 
P:  Becaus e yo u don' t  sa y that ,  um ,  mov e P  a t  all.. . 

tak e P  out .  Yo u onl y sai d tha t  Q  equal s th e sam e 
as P .  S o i f  i t  equals ,  i t  ha s t o b e 10 ,  becaus e 
i f  there' s n o 1 0 i n it ,  Q  wouldn' t  equa l  t o it . 
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Clearly ,  ther e i i  grea t  indecisio n her e abou t 
whic h mode l  i s goin g t o prov e correct .  Onl y afte r 
reviewin g bot h choice s doe s h e finall y choose s th e on e 
whic h make s th e correc t  prediction . 

This exanple clearly shows Perry operating with 
at  leas t  tw o distinc t  model s o f  th e wha t  a  variabl e 
is .  Eac h mode l  i s capabl e o f  makin g a  numbe r  o f 
prediction s whic h ar e useful .  Eac h make s prediction s 
whic h mus t  b e corrected .  Thus ,  correction s ar e 
possibl e no t  onl y whe n a  preferre d mode l  produce s a n 
error ,  bu t  wheneve r  tw o model s contradic t  eac h other . 
I n bot h cases ,  mor e question s ar e raise d t o guid e 
inferenc e experiment s i n th e "mode l  debugging " 
process . 
In this example. Perry was forced to reiterate 
th e tw o model s s o tha t  h e coul d reevaluat e hi s choice , 
and fin d th e on e tha t  seeme d mos t  consisten t  wit h th e 
situatio n an d hi s beliefs .  I n thi s case ,  th e answe r 
10 seeme d preferabl e du e t o th e us e o f  th e phras e " Q 
equal s P" . 
My goal is to develop a computer model capable of 
learnin g concept s radicall y differen t  fro m thos e i t 
alread y has ,  withou t  requirin g hug e amount s o f 
exemplar y data .  Th e techniqu e suggeste d b y th e 
protocol s i s t o maintai n a  se t  o f  model s tha t  ar e al l 
partiall y  useful ,  bu t  whic h occasionall y contradic t 
each other .  Muc h o f  th e learnin g arise s fro m th e 
correctio n o f  th e faile d expectation s o f  thes e models . 
However ,  thes e failure s ca n occu r  eve n withou t  th e 
studen t  "makin g a  mistake" .  Contradictor y 
expectation s generate d b y competin g model s may provid e 
an importan t  alternativ e sourc e o f  error s fo r  th e 
debuggin g process . 
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