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Abstract of the Dissertation

Traffic-Aware Multi-Channel Multi-Stage

Spectrum Sensing Protocols for Dynamic

Spectrum Access

by

Wesam Ramy I. F. Gabran

Doctor of Philosophy in Electrical Engineering

University of California, Los Angeles, 2012

Professor Danijela Cabric, Chair

In Dynamic Spectrum Access (DSA) networks, secondary users (SUs) scav-

enge for unused frequency spectrum by performing spectrum sensing. Multi-stage

sensing is a novel concept that refers to a general class of DSA spectrum sensing

algorithms that divide the sensing process into a number of sequential stages.

The number of sensing stages and the sensing technique per stage can be used to

optimize performance with respect to SU throughput, energy consumption per

bit, and the probability of collision between licensed (primary) and SUs. In this

work, we present the first analytical framework which enables performance evalu-

ation of different multi-channel multi-stage spectrum sensing algorithms for DSA

networks. The contribution of our work lies in studying the effect of the follow-

ing parameters on performance: number of sensing stages, physical layer sensing

technique and duration per stage, single and parallel channel sensing and access,

number of available channels, primary user (PU) and SU traffic, as well as MAC

layer sensing algorithms. Our results emphasize the fact that the performance of

multi-stage sensing is superior to the single stage sensing counterpart, where the
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optimal number of sensing stages and sensing duration per stage depend on the

network traffic.

For DSA spectrum sensing algorithms in general, and multi-stage spectrum

sensing algorithms in specific, DSA systems can assign PU resources to its sub-

scribers more efficiently if knowledge of PU temporal statistics is available. In

this work, we explore the benefit of incorporating PU traffic statistics in spec-

trum sensing algorithms. Moreover, we study the impact of PU traffic parameter

estimation errors on algorithm performance. We extend our study to investigate

the accuracy bounds on PU traffic parameter estimation. We present a math-

ematical analysis of the accuracy of estimating the mean PU duty cycle, and

the PU mean off- and on-times, where the estimation accuracy is expressed in

terms of the mean squared estimation error. The analysis applies for the traffic

model assuming exponentially distributed PU off- and on-times. We derive the

Cramér-Rao bounds on the estimation error of the mean PU duty cycle, and the

mean PU off- and on-times. The bounds are derived for the case when perfect

knowledge is assumed for one of the parameters, and the case where all parame-

ters are jointly estimated. Besides, the impact of spectrum sensing errors on the

estimation accuracy is studied analytically. Furthermore, we propose a number

of estimators for the traffic parameters and quantify their estimation accuracy.

Finally, we develop algorithms for the blind estimation of the traffic parameters

based on the derived theoretical estimation accuracy expressions. We show that,

for a fixed observation window length, the estimation error for all traffic param-

eters is lower bounded due to the correlation between the traffic samples, while

on the other hand, the impact of spectrum sensing errors on the estimation error

of the mean PU duty cycle can be eliminated by increasing the number of traffic

samples.
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CHAPTER 1

Introduction

1.1 Motivation

The increased demand for wireless connectivity is leading to radio spectrum

scarcity. All usable radio frequencies are already licensed to commercial and

government entities, yet, most frequency bands are underutilized by the corre-

sponding licensed users [SW04]. The concept of Dynamic Spectrum Access (DSA)

aims at improving spectral utilization by scavenging licensed spectrum that is

temporarily unused by the licensed primary user (PU) [SW04,ZS07]. DSA radios

search for licensed spectral vacancies by performing spectrum sensing, and access

these vacancies following resource-constrained Medium Access Control (MAC)

protocols.

In a conventional DSA spectrum sensing protocol, a DSA radio has to period-

ically scan the licensed spectrum for any incoming PUs, and detect the PUs with

a predetermined probability. When the DSA radio’s spectrum sensing physical

layer triggers an alarm that a PU exists, the DSA radio should stop transmission

on the respective channel to avoid colliding with the PU. The main objectives in

DSA spectrum sensing protocol design involve maximizing the spectral vacancies

found by the DSA radios and minimizing the probability of collision between PUs

and DSA radios.

1



1.1.1 Multi-Stage Spectrum Sensing Protocols for DSA Networks

In DSA spectrum sensing protocols, when performing spectrum sensing, the out-

come might result in a false alarm, thus, reducing the channel access opportu-

nity for the DSA radio. The probability of a false alarm can be decreased by,

e.g. increasing the sensing time, however, this might lead to a decrease in the

throughput achieved by the DSA radio, as demonstrated in e.g. [PLG09,PPS09].

One of the ways to increase channel utilization in DSA communication is to use

multi-stage sensing. In multi-stage sensing, an alarm on the PU presence is fol-

lowed by S−1 cycles of sensing (and potential transmission). Thus, the presence

of a PU would be declared, and the DSA radio would vacate a channel, if and

only if S consecutive alarms are generated. The sensing technique as well as

the sensing duration used at each of the S stages can be independent from one

another. Accordingly, multi-stage sensing provides additional degrees of freedom

that help in optimizing performance metrics, namely, throughput, the probability

of collision between PUs and DSA radios, and the total power consumed by the

DSA radios.

1.1.2 Primary User Traffic Estimation for DSA

Another approach for increasing channel utilization in DSA networks is by es-

timating and exploiting the PU traffic patterns. The PU channel utilization

patterns are stochastic in nature [WRM09]. Consequently, acquiring knowledge

about the PU traffic statistics can improve the performance of DSA radio (de-

noted later as Secondary User (SU) radio) channel selection algorithms [RHH09],

and help in achieving more efficient resource allocation [NTN10] in DSA systems.

The performance improvement of DSA spectrum sensing algorithms attributed

to the utilization of PU traffic statistics depends on the accuracy of such statis-

tics. Errors in estimating the PU traffic statistical parameters limit, and may

even worsen, the performance of DSA spectrum sensing algorithms. Analyzing
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the impact of these errors on algorithm performance and studying the accu-

racy bounds on PU traffic statistical parameters estimation provide important

guidelines in compromising between spending resources on traffic estimation and

channel utilization.

1.2 Overview of Related Work

1.2.1 Multi-Stage Spectrum Sensing Protocols for DSA Networks

Multi-stage sensing has been formally introduced in IEEE 802.22 standard [iee10,

SCL09a], with S = 2, whereas the first analyses of a multi-stage sensing protocol

have been performed in [JJH08, LNR09] (with S = 2 in case of [LNR09]) only

for a single PU channel. Note that [JJH08, LNR09] did not consider the ran-

dom nature of the DSA traffic which has a notable effect on the performance

of the DSA network. In [JJ10], previous work of [JJH08] was extended to the

case of two physical layer sensing techniques: 1) energy detection and 2) feature

(cyclostationary) detection. Furthermore, perfect detection at the last stage of

sensing and zero delay in channel switching are not assumed. In their model, the

frequency of sensing the channel increases when the sensing procedure indicates

that PU is possibly present. Finally, in [PPG] a multi-channel sensing technique

with S = 2 and one sensing protocol was considered, where each sensing phase

occurred consecutively in the same time slot.

In conclusion, the literature lacks a unified analytical framework that evalu-

ates multi-stage spectrum sensing options when S ≥ 2, considering wide range

of protocols and parameter setups, including various traffic conditions for multi-

channel communication. Furthermore, as green radio concepts are starting to

attract an increased attention in the research community [DBP07], there is lit-

tle understanding of the energy consumption of multi-stage spectrum sensing

protocols.

3



1.2.2 Primary User Traffic Estimation for DSA

A large number of algorithms in DSA systems, considering all layers of the com-

munication stack, utilize PU traffic statistical parameters, see for example [PP-

Cabric11, Sec. 2.1], [GPCabric11, Sec. II-B], [JLF09, Sec. II], [CSK07, Sec.

III], [WA12, Sec. 3.1], [WH11, Sec. 3.2], [WZT12, Sec. II], [WSZ12, Sec. II-

A], [JL12, Sec. III-A]. These algorithms present the performance improvement

that can be achieved by incorporating knowledge regarding the PU traffic pa-

rameters. The algorithms assume perfect knowledge of these parameters which

include the mean PU duty cycle, and the mean PU off-time and on-time. In real-

ity, however, DSA systems need to estimate the level of PU traffic before making

any decisions on PU channel access. As DSA systems often cannot assume any

a priori knowledge regarding the PU traffic parameters of the accessed channels,

blind or semi-blind estimation methods of time-domain PU channel occupancy

statistics need to be employed. Therefore, the issue of efficient estimation of traf-

fic parameters of the PU, considering analytical models of the estimation process,

started to gain attention from the research community.

The most notable results dealing with analytical estimation of PU time-

domain traffic parameters can be found in [KS08a, KS08b, LLY10, LL11]. For

analytical tractability, all considered works assume that PUs have exponentially

distributed off- and on-times. In [KS08a] maximum likelihood estimation was

adopted for estimating the mean PU off-time while sample stream averaging was

used for estimating the mean PU duty cycle. Meanwhile in [KS08b], Bayesian

estimation was proposed for estimating the mean PU off- and on- times. Uniform

traffic sampling was assumed for both [KS08a] and [KS08b]. On the other hand,

the authors in [LLY10, LL11], using the notion of Fisher information, derived

optimal traffic sampling schemes for estimating the mean PU off-time. They ar-

gued that for a fixed channel observation window and a fixed number of samples,

random sampling outperforms uniform sampling. However, perfect knowledge
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of the mean PU duty cycle was assumed. Besides, no closed form expressions

for the accuracy of the estimated mean PU off-time was derived and different

random sampling schemes were evaluated only via simulations. Unfortunately, in

all aforementioned works [KS08a,KS08b,LLY10,LL11], the estimation accuracy,

measured in terms of the mean squared error (MSE) in the estimated parameters,

was not quantified in a closed form. Moreover, the impact of spectrum sensing

errors on the estimation accuracy was not studied analytically. Furthermore, the

fully-blind estimation error, where all traffic parameters are jointly estimated,

was not considered. Instead, the authors assumed the availability of a priori

knowledge regarding either u, the mean PU off-time, or the mean PU on-time

when estimating the traffic parameters, which in most practical cases is not a

valid assumption. In [TTZ12] the authors derived the bounds on the accuracy

of the joint estimation of the arrival and departure rates of PUs. However, the

authors assumed that the PU traffic is observed continuously, which is an as-

sumption that is far from being practical as the PU traffic is sampled according

to a discrete sampling process. Also, just like in earlier works, the impact of

spectrum sensing errors in [TTZ12] was not considered.

In the context of our work we need to refer to other studies on PU traffic

estimation. Specifically, [SHP12] followed a different approach for estimating the

PU channel usage statistics (i.e. its complete distribution) by using a combi-

nation of statistical distance metrics: kernel density estimation, goodness-of-fit

testing (utilizing the Kolmogorov-Smirnov test), and Kullback-Leibler distance.

To increase the complexity of the problem, cooperation between spatially sepa-

rated DSA nodes was considered resulting in node-to-node variances in PU traffic

observations. Unfortunately, no closed-form expressions for the PU traffic distri-

bution estimation accuracy were presented. Only a heuristic estimator (in the

form of the algorithm presented in Table I of [SHP12]) was used. The proposed

heuristic estimator is based on an example of a utility function. Moreover, the

impact of spectrum sensing errors was not considered (however, errors due to

5



fading and propagation characteristics were included).

Finally, [LZ12, WMZ12] considered the estimation of the PU channel state

through randomized channel probing. These papers modeled the PU state esti-

mation problem as an exploration/exploitation problem and based the analysis

on multi-armed bandit formulation. The difference between these two papers

lies in system model assumptions and new features that have not been con-

sidered in earlier works on multi-armed bandit problems for DSA, i.e. [LZ12]

considered spectrum sensing errors, while [WMZ12] considered PU state/channel

fading correlation. We need to emphasize however that PU state estimation

in [LZ12,WMZ12] has the following limiting features: (i) PU channel state esti-

mation reduces to one parameter only (on or off time), (ii) the estimation process

requires network feedback, e.g. via ACK/NACK, and (iii) the estimator does not

collect statistics on the PU channel usage.

1.3 Thesis Organization

In this thesis, we develop an analytical framework to characterize the perfor-

mance of multi-stage spectrum sensing protocols. We also consider the impact of

utilizing PU traffic statistics on DSA spectrum sensing protocols including multi-

stage spectrum sensing protocols. Finally, we present the analytical bounds on

the accuracy of estimating the PU traffic parameters when the off- and on-times

are exponentially distributed.

In Chapter 2, we analyze the performance of multi-stage sensing protocols

where performance is quantified in terms of the SU throughput, the collision

probability between PUs and SUs, and the total power consumed by the SUs. The

presented analytical framework considers the number of sensing stages, physical

layer sensing technique and duration per stage, single and parallel channel sensing

and access, number of available channels, PU and SU traffic, and MAC layer

sensing algorithms.
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Chapter 3 presents a study of the benefit of utilizing PU traffic statistics on

a number of DSA spectrum sensing algorithms. In the considered algorithms,

the SUs access the available PU channels in an ascending order of the channel

utilization, where the mean PU off- and on-times are assumed to be exponentially

distributed. An analytical framework is presented that quantifies the algorithm

performance in terms of the SU achievable throughput and the PU/SU collision

probability. The framework also allows for studying the impact of PU traffic

parameters estimation errors on algorithm performance.

In Chapter 4, we consider the problem of estimating the PU traffic statistical

parameters. We derive the estimation MSE in the mean PU duty cycle and the

mean PU off- and on-times for a number of estimators. We also derive Cramér-

Rao (CR) bounds for the PU traffic parameters estimation. Finally, we use the

resulting expressions to design algorithms for the blind estimation of the PU

traffic parameters under a variety of constraints, and compare their performance

against the derived theoretical bounds. The work is concluded in Chapter 5.
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CHAPTER 2

Multi-Channel Multi-Stage Spectrum Sensing

Protocols for DSA Networks

In this chapter we present an analytical framework for evaluating the performance

of multi-stage spectrum sensing protocols. We provide a realistic model for PU

activity, where we consider the PU traffic, not only in the channel where the SU

is operating, but also in all available channels. Furthermore, we account for the

scarcity in the bandwidth available for DSA operation where our model accounts

for a limited pool of available PU channels. Moreover, our model applies to SUs

that have a single radio operating on a narrowband frequency and SUs that are

defined to have a stack of narrowband radios that can utilize or sense different PU

channels at the same time. The model also accounts for different traffic models

for the DSA network, including constant and variable bit rate streams. Besides,

the model covers unbuffered and buffered SUs. Performance is quantified by

three metrics; throughput, the collision probability between PUs and SUs, and

the SU energy consumption per bit. We use the proposed analytical framework

to evaluate a number of multi-stage sensing algorithms that aim at optimizing

the aforementioned metrics. In the context of these algorithms, we introduce

a new concept, denoted as pre-sensing, which targets minimizing the collision

probability. Since our introduced model accounts for the randomness of the PU

and SU traffic, and the most widely used method of analyzing network traffic is

via Markov chain analysis [Van06, Ch. 11], we follow the same approach here,

just like [JJ10,JJH08].
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2.1 System Model

2.1.1 General Assumptions

DSA users communicate opportunistically over multiple narrowband channels of

throughput W kbps, that are randomly occupied by PUs (all variables for this

chapter are summarized in Table 2.1). We consider an DSA network composed

of two users where one is always the transmitter and the other one is always the

receiver. The reduction of the DSA network to only two nodes allows neglecting

the impact of collisions of random access control packets on the performance

of spectrum sensing algorithms. Our model can be extended to the multiple

nodes case, however, for the brevity of the discussion, this is not addressed here.

Furthermore, PUs and DSA devices, later denoted as Secondary Users (SUs), are

assumed to arrive and depart at discrete times that are multiples of T , where T

is the slot length in seconds. We assume that the transmitting SU transmits the

sensing results to the receiving SU through the dedicated control channel. Hence,

the SU pair is perfectly synchronized. These two assumptions, vital in simplifying

the analysis, are common in spectrum sensing literature, refer to [PPv10] for a

good overview of related work in this area. Finally, we assume that the time

taken by the SU to switch from communicating mode to sensing mode, or from

one channel to another, is negligible.

In this work we focus on DSA link throughput, PU/SU collision analysis and

SU energy consumption. We assume that the obtained DSA network throughput

is proportional to the duration of time the SUs use the channel and the number

of channels utilized. Accordingly, throughput decreases if the SU is idle or senses

the channel. Besides, in cases where the SU and the PU use the same channel si-

multaneously, a SU frame cannot be decoded. Furthermore, no acknowledgments

are considered for the data transmitted by SUs. Finally, the frame error rate is

assumed to be zero on PU free channels.
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Table 2.1: Summary of Variables Used in the Paper
Variable Description Unit

S, M , N number of: sensing stages, sensing radios, available —
channels

B, b buffer size, buffer utilization —
R, G average: SU throughput, collision probability bps, —
W channel throughput (M)bps
j, J SU state vector: single channel, parallel channel —

case
Γ, ΓS (ΓA) SU states set: feasible, where SU is sensing (active) —

Θ, Ψ states set: single channel case, parallel channel case —
Θ1 (Θ2) states set for single channel case: SU sensing, —

PU active (idle)
θv, ψw state: single channel case, parallel channel case —
T , Ts slot length, sensing duration at stage S (m)s, (µ)s
Tt sensing duration for quiet and pre-sensing (µ)s
p, s variables denoting: PU, SU —

i, x, k, l supporting variables —
c, m indices: channel, radio —
na, na number of channels with PU: arrivals, no arrivals —
nd, nd number of channels with PU: departures, no —

departures
pf,s (pm,s) probability of false alarm (mis-detection) at —

sensing stage
pf,t (pm,t) false alarm (mis-detection) probability at —

pre-sensing and quiet modes
px,a (px,d) probability of arrival (departure) for user x —
wi, vi Vector of variables at time i: single channel case, —

parallel channel case
Cx supporting vector of variables —
X, Y conditional probabilities vector: single channel, —

parallel channel case
f SU traffic state for single channel SUs —
F vector of SU traffic state for parallel channel case —
I, Υ vector of PU states, set of all permutations of I —
π, Λ vector of stationary probabilities, transition —

probability matrix
FNi

number of frames generated at slot i− 1 for —
parallel channel case

FTi
, FBi

total number of frames at slot i: available for —
transmission, buffered

MFi
, MAi

total number of radios at slot i: available for —
transmission, active

ΩAi
, ΩIi , ΩQi

set of radios at slot i: active, idle, quiet —
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2.1.2 SU and PU Traffic Model

We assume that the SU sends packet traffic randomly (either with a constant or a

variable bit rate), where packets are divided into frames. In the idle mode, the SU

has no frames to transfer, while in the active mode, the SU is either transmitting

frames or sensing the channels. The probabilities of arrival and departure of a SU

packet are denoted by ps,a and ps,d, respectively1. Further, we consider SU nodes

with and without data buffering capabilities. In the case of unbuffered SU nodes,

incoming frames are discarded when no channels are available for transmission.

In a buffered node case, a buffer of size B frames is present that stores frames

only when the node is in a mode of operation where sensing occupies the whole

time slot. New frames are discarded if the buffer is full. The presence of the

buffer increases the average throughput as incoming frames are not discarded

when SUs are sensing the channel for the whole slot length.

PU channel occupancy is also time varying. That is, the probabilities of the

start and end of a channel occupancy are denoted by pp,a and pp,d, respectively.

Finally, the average PU occupancy duration and idle times are assumed to be the

same for every PU channel.

2.1.3 Circuit Model

We decompose the transceiver chain into individual components as in [DCN09].

Since we assume that the transmitting node is responsible for spectrum sensing

and relaying the channel access decision to the receiving node, the transmitting

node is assumed to contain a transmitting radio as well as a spectrum sensing ra-

dio. The sensing radio architecture is adopted form [SPL10, PSH09]. For power

consumption calculation, we focus on the high power consuming circuit com-

1Note that the arrival and departure rates of the SU are set to constants and are independent
of the PU state and the SU sensing mechanism performance throughout the model. This
assumption is typical for system level analysis of DSA networks. While inclusion of the PU-
dependent SU traffic in our model is an interesting topic to consider, we leave it for future
studies.
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Table 2.2: Summary of Distinct Circuit Model parameters used in Section 2.1.3
divided (from Top to Bottom) into Transmitting, Sensing and Receiving Radio
Components

Abbreviation Description Symbol

PA Power Amplifier Pp

DAC Digital-to-Analog Converter Pd

BBT Transmitter Baseband Circuitry Pb,t

RFT Other Transmitter RF Components Pr,t

SAC Sensing Algorithm Circuitry Pc

ADC Analog-to-Digital Converter Pa

RFS Sensing RF Components Pr,s

VGA Variable Gain Amplifier Pv

BBR Receiver Baseband Circuitry Pb,r

RFR Receiver RF Components Pr,r

ponents. Regarding the transmitting radio, the considered components are the

power amplifier (PA), digital-to-analog converters (DACs), transmitter baseband

circuitry (BBT) and other RF components (RFT) that include mixers, the voltage

controlled oscillator (VCO) and filters. For the sensing radio, the considered com-

ponents are the sensing algorithm circuitry (SAC), analog-to-digital converters

(ADCs) and RF components (RFS) that include the low noise amplifier (LNA),

VCO, the phase-locked loop (PLL), mixers and filters. Finally, considering the

receiving radio, the components accounted for are the ADCs and accompanying

variable gain amplifiers (VGAs), receiver baseband circuitry (BBR) and RF com-

ponents (RFR) including the LNA, VCO, PLL, mixers and filters. We denote

the power consumed by the PA, DAC, BBT, RFT, SAC, ADC, RFS, VGA, BBR

and RFR by Pp, Pd, Pb,t, Pr,t, Pc, Pa, Pr,s, Pv, Pb,r, and Pr,r, respectively (see also

summary in Table 2.2). The PA power consumption is calculated as Pp = Pw/η,

where η is the PA drain efficiency [Raz01] and Pw is the transmission signal

power. The total power consumed by the transmitting, sensing and receiving ra-

dios when they are active is denoted by Pt, Ps and Pr, respectively. These power

values are calculated as follows: Pt = Pp + 2Pd + Pb,t + Pr,t, Ps = Pc + 2Pa + Pr,s
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and Pr = 2Pa + 2Pv +Pb,r +Pr,r. For operation in the idle mode, we assume that

the transmitting and sensing radios are turned off and that the receiver remains

active for δT seconds, where 0 < δ < 1, before determining that the transmitter

is idle. The total power consumed by the radios in the idle mode is denoted by

Pi.

2.1.4 Multi-Stage Sensing Algorithms

When a SU transmitter generates a new packet, it first sends a request to send

the packet on the dedicated control channel to the SU receiver. Both the sender

and receiver are constantly tuned to the control channel during the idle mode.

The connection establishment time is assumed to be small in comparison to the

subsequent transmission time and can therefore be neglected.

Once connection is established, the sending SU node starts with the first

stage of the multi-stage sensing algorithm on the first PU channel from a list of

available PU channels. In every stage, the SU transmitter first senses the channel

for Ts < T seconds (except in the special cases, explained later in this section,

where sensing occupies the whole time slot). Immediately after sensing, in the

same slot, a SU frame of duration T −Ts seconds is sent regardless of the sensing

procedure outcome2. If the outcome of the sensing procedure at stage j indicates

that a PU is possibly present, the SU nodes proceed to the next sensing stage. If

the outcome of the sensing procedure at stage j indicates that the PU is possibly

absent, the SUs start a new multi-stage sensing cycle.

The probabilities of false alarm and mis-detection for any of the S stages

of multi-stage sensing are denoted by pf,s and pm,s, respectively. Note that,

generally, increasing Ts decreases pf,s and pm,s. On the other hand, this leads

to a decrease in the SUs throughput, as more time is spent on sensing for PU

2Note that contrary to [JJH08,JJ10] we do not assume a varying sensing time at each stage.
Varying sensing time would complicate the packet forwarding process as frames always have a
fixed length and cannot adapt to varying sensing duration.
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activity. Also note that SUs can transmit during each stage of the sensing cycle

even though the PU is present as a result of a mis-detection, which is also the

case for single-stage sensing algorithms.

The multi-stage spectrum sensing algorithm might outperform the single-

stage sensing counterpart as a result of increased false alarm probability. In single-

stage sensing algorithms, a single false alarm forces the SU to stop transmission

immediately, while in the case of multi-stage spectrum sensing, the SU checks in

S consecutive sensing stages if a PU is actually on the channel without stopping

the on-going communication. This might improve the SUs’ utilization of channel

vacancies especially in scenarios where the false alarm probability is high and/or

the PU traffic is slow. This is further explored in Section 2.4.

In the multi-stage spectrum sensing algorithm, the SU transmission continues

on the respective channel until the SU detects the PU presence in all S stages

of sensing till the last stage. The SUs may then switch to the next channel and

restart the multi-stage spectrum sensing algorithm, or stay on the same channel

in a prolonged sensing stage that involves no transmission, depending on the

radio architecture as explained in the following sections.

2.1.4.1 Multi-channel Sensing using a Single Narrowband Radio

First, we focus on DSA nodes with only one radio for sensing or communication

which can operate on only one frequency band at a time. SUs can switch to a

different narrow frequency band when they decide to vacate their current band

due to the possible presence of a PU.

The proposed model serves as a general framework enabling the analysis of

any multi-stage sensing algorithm. Due to the infinite number of possibilities of

multi-stage sensing algorithms, we focus our analysis on the algorithm presented

in the IEEE 802.22 standard [iee10], as well as our proposed extensions. The

basic algorithm operates as follows. When the SUs reach the last stage of multi-
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stage sensing and the outcome of the sensing procedure indicates that a PU is

possibly present, the SUs switch to a prolonged channel observation stage. We

denote this stage by the quiet mode. In the quiet mode, the SUs stay on that

channel for the whole slot duration Tt = T , to sense for PUs. If the outcome of

the sensing procedure at the quiet mode indicates that a PU is possibly present,

the SUs switch to another PU channel and begin a new multi-stage sensing cycle.

Otherwise, the SUs stay on the same channel and restart the multi-stage sensing

cycle to detect incoming PUs or a PU that was mis-detected. Regarding the quiet

mode, a false alarm with probability pf,t, or a mis-detection with probability pm,t

can happen (just as in [JJ10], but contrary to [JJH08], where detection at this

mode of operation is assumed perfect). Since Tt > Ts, then pf,t and pm,t can be

chosen to be less than pf,s and pm,s, respectively. This means that the sensing

procedure for the prolonged channel observation stage, also called fine sensing

in the IEEE 802.22 standard [iee10], has higher precision than that for stages

1 to S. However, this comes at the expense of a potential decrease in channel

utilization by the SU. The motivation behind the quiet mode is to decrease the

probability of the SU leaving a vacant channel based on false alarms (the impact

of the quiet mode on the multi-stage spectrum sensing performance is discussed

in more detail in Section 2.4).

In addition to the aforementioned algorithm, we propose and analyze algo-

rithms which involve the usage of a prolonged channel observation period at the

beginning of the sensing cycle. We denote this prolonged sensing period by the

pre-sensing mode. The length of this period is Tt = T , exactly as in the quiet

mode. The motivation behind the pre-sensing mode is to decrease the collision

probability with the PU, since pm,t is small, when the SUs switch to a new chan-

nel. At the end of pre-sensing mode, the SUs enter the first stage of sensing

(if no PU has been detected or a PU has been mis-detected) or switches to a

new channel and starts a new sensing procedure with pre-sensing (if a PU has

been detected or a false alarm occurred). The quiet and pre-sensing stages have
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a considerable effect on throughput and collisions as our results demonstrate.

Accordingly, we introduce and analyze algorithms combining all permutations of

these modes of operation.

2.1.4.2 Multi-channel Sensing using Parallel Narrowband Radios

Apart from the single narrowband radio case, we consider a system, where both

SUs have M narrowband radios that can operate in parallel independently. That

is, at any given time, each narrowband radio can be idle, sensing or communicat-

ing regardless of the state of the other radios. Besides, the radios may operate

on non-contiguous frequency bands. In this model we assume that the number

of available radios is equal to the number of available channels, N , which is the

only relevant case in practice. The incoming frames are divided across the radios

with no prioritization. Each radio follows the basic single channel multi-stage

sensing algorithm described in the earlier section, except once the quiet mode

is reached, the radios stay in the quiet stage until the outcome of the sensing

procedure indicates that the channel is vacant. If, in the quiet mode, the channel

is correctly detected to be vacant or a PU occupying the channel is mis-detected,

the sensing procedure outcome would indicate that the channel is vacant and the

corresponding radio proceeds to the first stage of the spectrum sensing algorithm.

2.2 Analytical Model

We present the foundation for the analytical model for the single and parallel nar-

rowband radio cases separately. We divide the discussion into the Markov chain

state definitions, state transition probabilities, stationary probability calculation

and metrics calculation.
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2.2.1 Multi-channel Sensing using a Single Narrowband Radio

2.2.1.1 State and State Transition Definitions

Let θv denote the state of the Markov chain, where v = {I, f, j, b, c}. In vector

v, c ∈ {1, · · · , N} is the operating channel index, which denotes the channel the

SU is operating on, or was operating on before proceeding to the idle mode. SU

traffic status is represented by f , where f = 1 when the SU has a new frame to

send, and f = 0 otherwise. The SU mode of operation is represented by j ∈ Γ,

where Γ is defined differently for each single narrowband radio sensing algorithm.

For the proposed algorithms, j = 0 implies that the SU is idle and j ∈ {1, · · · , S}
indicates that the SU is in sensing stage j of multi-stage sensing, while j = S+ 1

and j = S+2 are the examples of the special cases that in the context of this work

indicate that the SU is in the quiet mode and the pre-sensing mode, respectively.

Define ΓS as a subset of Γ representing the modes of operation where the SU

is performing multi-stage sensing. Define ΓA as a subset of Γ representing the

modes of operation where the SU is active, that is, the SU is either performing

multi-stage sensing or is in the pre-sensing or quiet mode. Furthermore, define

ΓE as a subset of Γ representing the modes of operation where the SU is in the

quiet or pre-sensing modes. ΓS = {1, · · · , S} and ΓE = {S + 1, S + 2} for all

algorithms, however, ΓA depends on the specific algorithm. The buffer level at

the SU is indicated by b ∈ {0, · · · , B}. Finally, the PU statuses are described

by I, |I| = N , where I(x) = 1 when a PU operates on channel x, and I(x) = 0

otherwise. When transitioning from time slot i to time slot i + 1, the state

of the Markov chain at slot i + 1 (the SU mode of operation, buffer level and

operating channel in specific) depends on the outcome of the sensing procedure

that tests the existence of a PU during time slot i (not time slot i+1). Hence, for

mathematical convenience, I is defined to describe the PU status in the previous

time slot and not the current time slot.

The state transition probability from θv1
to θv2

, where vx = {Ix, fx, jx, bx, cx}
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and subscript x = {1, 2} for c, I, f , j, b, denotes current and next time slots,

respectively, is expressed as

Pr (X) = U (X)
3
∏

k=1

Prk (X) , (2.1)

where again, for notational convenience, X , {θv2
| θv1

}. In (2.1), Pr1(·) de-

notes the probability of PU status change, Pr2(·) denotes the probability of SU

traffic status change, Pr3(·) denotes the probabilities of the sensing procedures

outcomes, and U(x) is the transition feasibility function and equals to one if x be-

longs to a specified set of feasible state transitions and U(x) = 0 otherwise. Since

the traffic of the PU and SU is independent of the sensing algorithm, Pr1 (·) and

Pr2 (·) are the same for all parallel narrowband radios algorithms, described later

in Section 2.2.2. However, as Pr3 (·) and U (·) describe transitions in the radios

mode of operation, they are unique to the sensing algorithm and are described in

Section 2.3.1. The transition probabilities are consequently used in calculating

the stationary probabilities as described in the following section.

2.2.1.2 Stationary Probability Calculation

Define Θ as the set of all feasible Markov chain states. Then, define Λ as the

transition probability matrix where Λ (k, l) denotes the transition probability

from state Θ (k) to state Θ (l), where k, l ∈ {1, · · · , |Θ|}. Θ is evaluated by

creating a vector of unique states, θv, for all feasible combinations of c, j, b, I, f

and directly mapping them to the values of Θ. Further, define π as the vector of

stationary probabilities where π (k) is the stationary probability of state Θ (k).

Then π can be evaluated by solving π = πΛ, knowing that
∑|Θ|

i=1 π (i) = 1. The

stationary probabilities are then used to calculate the desired metrics.
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2.2.1.3 Performance Metrics Calculation

Based on the stationary probability vector, π, we compute the average throughput

obtained by the secondary network, R, and the expected number of collisions

between the transmitting SU and PUs per time slot, G. Define Θ1 as the set

of states θv, with j ∈ ΓS and I (c) = 1, i.e. Θ1 is the set of states where the

SU is performing multi-stage sensing and a PU was present on the channel on

which the SU was operating during the previous time slot. Define Θ2 as the set

of states θv, with j ∈ ΓS and I (c) = 0. In calculating R, we assume that the SU

frame cannot be decoded in case of a collision between the SU and a PU, and

accordingly, R can be expressed as

R = W
T − Ts
T





∑

Θ(i)∈Θ1

π (i) pp,d +
∑

Θ(i)∈Θ2

π (i) (1 − pp,a)



 , (2.2)

where (T −Ts)/T is the portion of a time slot SU spent in transmission. Besides,

G can be expressed as

G =
∑

Θ(i)∈Θ1

π (i) (1 − pp,d) +
∑

Θ(i)∈Θ2

π (i) pp,a. (2.3)

Note that in (2.2) and (2.3), the information regarding the PU status according

to θv, given by I, pertains to that of the previous time slot. Accordingly, the

probability that no PUs exist at the current time slot at channel c given that

I(c) = 1 equals pp,d, i.e. the probability that the PU user that was utilizing

channel c in the previous time slot is not active during the current time slot.

Likewise, the probability that a PU is active on channel c given that I(c) = 1 is

(1−pp,d). This accounts for the pp,d and (1−pp,a) terms in (2.2) and the pp,a and

(1 − pp,d) terms in (2.3). For calculating Eb, we denote the average total power
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consumed by both the transmitter and receiver as

P =

|Θ|
∑

k=1

π (k)
[

Ps

(

V {j ∈ ΓS}
Ts
T

+ V {j ∈ ΓE}
)

+ PiV {j = 0} + (Pt + Pr)V {j ∈ ΓS}
T − Ts
T

]

, (2.4)

where V {x} = 1 when condition x is satisfied, and V {x} = 0 otherwise. Ac-

cordingly, Eb = P/R. In the following sections we will describe probabilities

governing (2.1). In the following sections we will describe probabilities governing

(2.1) for each sensing algorithm.

2.2.1.4 Definitions of Pr1(·) and Pr2(·)

Let na denote the number of channels with PU arrivals, na denote the number

of channels with no PU arrivals, nd denote the number of channels with PU

departures and nd denote the number of channels that remained occupied by the

PU. It follows that na = I1 ◦ I2, na = I1 ◦ I2, nd = I1 ◦ I2, and nd = I1 ◦ I2,
where x is the bitwise binary complement of x and ◦ is the base-10 dot product

operator. Accordingly, Pr1(·) is expressed as

Pr1 (X) = pna

p,a(1 − pp,a)
napnd

p,d(1 − pp,d)
n
d , (2.5)

where I1, I2 ∈ Υ and Υ is the set of all 2N permutations of I. Pr2(·) is expressed

as

Pr2 (X) =











































1 − ps,a, f1 = f2 = 0,

ps,a, f1 = 0, f2 = 1,

ps,d, f1 = 1, f2 = 0,

1 − ps,d, f1 = f2 = 1.

(2.6)
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2.2.2 Multi-channel Sensing using Parallel Narrowband Radios

2.2.2.1 State and State Transition Definitions

Let ψw denote the states of the Markov chain, where w = {I, F, J, b}. In w, I and

b are defined the same as for the single narrowband radio case. Let ψwi
denote

the Markov chain state at time slot i, where wi = {Ii, Fi, Ji, bi}. In the context

of our work, the parallel channel SU is assumed to have M single channel radios,

the radio states are described by J , |J | = M , where J (x) ∈ Γ describes the

mode of operation of radio x. For the considered algorithm Γ = {0, · · · , S + 1}
and J (x) = S + 1 indicates that radio x is in the quiet mode. The rest of the

radio modes of operation are defined as for the single narrowband radio case.

Furthermore, ΓS = {1, · · · , S}, as in the case of singe parallel radios, defines

the subset of Γ that represents the modes of operation where the SU radio is

performing multi-stage sensing.

SU traffic is assumed to be in the form of a frame stream with frame arrival

and departure probabilities as in the single narrowband radio case. The difference

is that up to M frames can be generated per time slot. Thus, for analysis, a slot

can be hypothetically segmented to M parts where a new frame can be generated

at each part. The state of these frames is represented by Fi, |Fi| = M , where

Fi (x) = 1 if a frame was created at division x of slot i − 1 and Fi (x) = 0

otherwise. Hence, the total number of frames generated at slot i− 1, denoted by

FNi
, can be expressed as FNi

=
∑M

x=1 Fi (x). These frames are accumulated with

buffered frames from time slot i − 1 and are ready for transmission at time slot

i. The excess frames that cannot be transmitted at time slot i due to the limited

number of available channels are buffered where a maximum of B frames can

be stored. The total number of frames available for transmission at time slot i,

denoted by FTi
, can be expressed as FTi

= bi−1 +FNi
where bi−1 is the number of

buffered frames from time slot i−1. Radios that are in the quiet mode at slot i are

not used for frame transmission. Hence, the total number of radios available for
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frame transmission at slot i can be expressed as MFi
=
∑M

m=1 V (Ji (m)) where

V (Ji (m)) = 1 when Ji (m) 6= S + 1 and V (Ji (m)) = 0, otherwise. Accordingly,

the total number of radios that will be active at slot i, which equals the total

number of frames that will be transmitted, is MAi
= min{FTi

,MFi
}. These radios

are selected from the set of radios that are available for frame transmission at slot

i in ascending order of the radio indices (due to the symmetry of the system).

Denote the set of radios that will be active at slot i by ΩAi
where |ΩAi

| = MAi
.

If MFi
> MAi

, the extra radios that are available for frame transmission at slot

i will be idle. Denote the set of these radios by ΩIi where |ΩIi | = max{0,MFi
−

FTi
}. Radios that are in the quiet mode will stay in the quiet mode until the

outcome of the sensing procedure indicates the absence of a PU. Denote the set

of radios that are in the quiet mode at slot i by ΩQi
where |ΩQi

| = M −MFi
. If

MFi
≥ FTi

, then MAi
= FTi

and all available frames will be transmitted, thus,

bi = 0. Otherwise, MAi
< FTi

and only MAi
frames will be transmitted, hence,

bi = min{B,FTi
−MAi

}. The rest of the frames, if any, will be dropped. The

transition probability from state ψw1
to state ψw2

is given by

Pr (Y) = U (Y)
3
∏

k=1

Prk(Y), (2.7)

where, for notational convenience, Y , {ψw2
|ψw1

}. In (2.7), Pr1 (·) represents the

probability of PU status change, Pr2 (·) denotes the probability of SU traffic status

change, Pr3 (·) represents the probabilities of the sensing procedures outcomes,

and U (·) is the transition feasibility function and U(x) = 1 if x belongs to a

specified set of feasible state transitions and U(x) = 0 otherwise. Since the traffic

of the PU and SU is independent of the sensing algorithm, Pr1 (·) and Pr2 (·) are

the same for all algorithms. However, as Pr3 (·) and U (·) describe transitions in

the radios mode of operation, they are unique to the sensing algorithm and are

described in Section 2.3.2.
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2.2.2.2 Stationary Probability Calculation

Denote Ψ as the set of all feasible states. Ψ is evaluated by creating a vector of

unique states, ψw for all feasible combinations of J, b, I, f and directly mapping

them to the values of Ψ. Define π as the vector of stationary probabilities where

π (k) is the stationary probability of state Ψ (k), where k ∈ {1, · · · , |Ψ|}. Then

π can be evaluated by solving π = πΨ, knowing that
∑|Ψ|

i=1 π (i) = 1.

2.2.2.3 Performance Metrics Calculation

The throughput, R, can be expressed as

R = W
T − Ts
T

|Ψ|
∑

k=1

M
∑

m=1

π (k) [pp,dUa(Jk (m), Ik (m))+(1−pp,a)Ub(Jk (m),Ik (m))],

(2.8)

where Ua (j, i) = 1 if j ∈ ΓS and i = 1, and zero otherwise; Ub (j, i) = 1 if

j ∈ ΓS and i = 0, and zero otherwise. Jk (m) and Ik (m) are J and I for radio m

at state k, respectively.

The expected number of collisions, G, can be expressed as

G =

|Ψ|
∑

k=1

M
∑

m=1

π (k) [(1 − pp,d)Ua(Jk (m) , Ik (m)) + pp,aUb(Jk (m) , Ik (m))]. (2.9)

2.2.2.4 Definitions of Pr1(·) and Pr2(·)

Pr1 (·) is defined as in (2.5). The expression for Pr2(·) is an extension to that of

the single channel case. Hence,

Pr2 (Y) = PrS (F2 (1) |F1 (M))
M−1
∏

m=1

PrS (F2 (m+ 1) |F2 (m)), (2.10)

where PrS(·) is defined as (2.6) replacing f1 with x and f2 with y.
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2.3 Multi-Stage Spectrum Sensing Algorithm Examples:

Analysis

We present different examples of multi-stages sensing algorithms. As mentioned

in Section 2.2.1.1, Pr3(·) and U(·) are unique to the sensing algorithms and are

thus derived here.

2.3.1 Multi-channel Sensing using a Single Narrowband Radio

Before proceeding with the description of Pr3(·) and U(·), we denote transitions

where the SU stays on the same channel as C1 , {c1 = c2}. Further, denote

transitions where the SU switches to the next channel as C2 , {c1 < M, c2 =

c1 + 1 or c1 = M, c2 = 1}.

No Pre-sensing, Quiet mode (P0Q1) This is the algorithm presented in

the IEEE 802.22 standard [iee10]. Since it features a quiet mode but no pre-

sensing mode, thus Γ = {0, · · · , S + 1} and ΓA = {1, · · · , S + 1} (note that

ΓS = {1, . . . , S} is defined in the same way as in Section 2.2.1.1). Then

Pr3 (Y) =



















































































































1, j1 = 0 or j2 = 0,C1, (2.11a)

pf,s, I2(c1) = 0, j1 ∈ ΓS, j2 = j1 + 1,C1, (2.11b)

pf,t, I2(c1) = 0, j1 = S + 1, j2 = 1,C2, (2.11c)

1 − pf,s, I2(c1) = 0, j1 ∈ ΓS, j2 = 1,C1, (2.11d)

1 − pf,t, I2(c1) = 0, j1 = S + 1, j2 = 1,C1, (2.11e)

1 − pm,s, I2(c1) = 1, j1 ∈ ΓS, j2 = j1 + 1,C1, (2.11f)

1 − pm,t, I2(c1) = 1, j1 = S + 1, j2 = 1,C2, (2.11g)

pm,s, I2(c1) = 1, j1 ∈ ΓS, j2 = 1,C1, (2.11h)

pm,t, I2(c1) = 1, j1 = S + 1, j2 = 1,C1, (2.11i)

0, otherwise. (2.11j)
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We briefly explain the conditions (2.11a)–(2.11i). Transitions to and from the

idle mode do not involve sensing, hence, Pr3(·) = 1 for transitions where j1 = 0

or j2 = 0 as shown in (2.11a). The cases where the SU is at any sensing stage

and proceeds to the next stage, based on a false alarm or a successful detection

of a PU, are represented by (2.11b) and (2.11f), respectively. The cases where

the SU is in the quiet mode and switches to another channel, based on a false

alarm or a successful detection of a PU, are represented by (2.11c) and (2.11g),

respectively. The cases where the SU proceeds from an active mode of operation

to the first stage of sensing, based on correctly detecting the absence of PUs, are

represented by (2.11d) and (2.11e). The cases where the SU proceeds from an

active stage to the first stage of sensing, based on a mis-detection of a PU, are

represented by (2.11h) and (2.11i), respectively.

Denote transitions where the buffer level remains unchanged and a new frame

is produced at the next state as C3 , {b1 = b2, f2 = 1}. Denote transitions where

the buffer level decreases by one frame and no new frames are produced at the

next state as C4 , {b2 = b1 − 1, b1 > 0, f2 = 0}. Then, feasible cases where the

SU stays on the same channel, C1, are

U(·) = 1 ⇐⇒











































































j1 ∈ {0, · · · , S}, j2 = 0, b2 = f2 = 0, (2.12a)

j1 = S + 1, j2 = f2 = B = 0, (2.12b)

j1 = 0, j2 = 1, b2 = 0, f2 = 1, (2.12c)

j1 ∈ {1, · · · , S − 1}, j2 = j1 + 1,C3 or C4, (2.12d)

j1 = S, j2 = S + 1, f2 = 1, b2 = min(b1 + 1, B), (2.12e)

j1 = S, j2 = S + 1, f2 = 0, b2 = b1, b1 > 0, (2.12f)

j1 ∈ ΓA, j2 = 1,C3 or C4, (2.12g)

The feasible case where the SU switches to the next channel, C2, is

U(·) = 1 ⇔ j1 = S + 1, j2 = 1,C3 or C4. (2.13)
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We explain the conditions behind U(·). A SU that is in the idle mode or is

performing multi-stage sensing stays at or proceeds to the idle mode, respectively,

if no new frames are generated and the buffer is empty, as represented in (2.12a).

A SU with a buffer that is operating in the quiet mode must have at least one

frame in its buffer, as otherwise, the SU should be in the idle mode. However, if

the SU has no buffer, it proceeds to the idle mode if there are no new generated

frames, as shown in (2.12b). An idle SU proceeds to the first stage of sensing

whenever a new frame is generated, the SU transmits the frame and the buffer

remains empty as represented in (2.12c). Condition (2.12d) accounts for the case

when a SU is in one of the first S − 1 sensing stages with a new generated frame

and/or has at least one frame in its buffer. Then the SU may proceed to the next

sensing stage (based on the outcome of the sensing procedure). Furthermore, if

this SU has a new generated frame, the buffer level remains unchanged; otherwise,

the buffer level decreases by one. If the SU switches to the quiet mode and has

a new generated frame as shown in (2.12e), the buffer level increases by one if

the buffer is not full, otherwise, the new frame is discarded. If the SU is at the

last stage of sensing with at least one frame in its buffer and no new frames are

generated, the SU may switch to the quiet mode (based on the sensing procedure

outcome) and the buffer level stays the same as presented in (2.12f). An active SU

with frames to transmit that mis-detects a PU or correctly detects the absence

of a PU proceeds to the first stage of sensing. In this case, as described in

(2.12g), if the SU has a new generated frame, the buffer level remains unchanged;

otherwise, the buffer level decreases by one. If a SU is in the quiet mode and

has frames to transmit and the sensing procedure results in a false alarm or a

successful detection of a PU, the SU switches to a new channel and starts at

the first stage of sensing. If this SU has a new generated frame, the buffer level

remains unchanged; otherwise, the buffer level decreases by one. This transition

is shown in (2.13).
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No Pre-sensing, No Quiet Mode (P0Q0) This algorithm aims at reducing

the time spent in sensing by omitting the pre-sensing and quiet modes of oper-

ation. When the outcome of the sensing procedure at stage S indicates that a

PU is possibly present, the SU switches to a new channel and restart the sensing

procedure. Then, Γ = {0, 1, · · · , S} and ΓA = ΓS = {1, · · · , S}. Since there

are no pre-sensing or quiet modes, frames do not get buffered. Accordingly, we

assume the absence of a buffer, thus, B = b1 = b2 = 0. Hence

Pr3 (Y)=



























































































































1, j1 =0 or j2 =0,C1,

pf,s,























I2(c1)=0, j1∈{1, · · · , S−1},

j2=j1+1,C1 or

I2(c1)=0, j1 =S, j2 =1,C2,

1 − pf,s, I2(c1)=0, j1 ∈ ΓS, j2 =1,C1,

1 − pm,s,























I2(c1)=1, j1∈{1, · · · , S−1},

j2=j1+1,C1 or

I2(c1)=1, j1 =S, j2 =1,C2,

pm,s, I2(c1)=1, j1 ∈ ΓS, j2 =1,C1,

0, otherwise.

(2.14)

The derivation of Pr3(·) for P0Q0 follows that for P0Q1. The difference in ex-

pressions is caused by the absence of the quiet mode. Regarding U(·), feasible

transitions where the SU stays on the same channel, C1, are

U(·) = 1 ⇐⇒



















j1 ∈ Γ, j2 = 0, f2 = 0, (2.15a)

j1 ∈ Γ, j2 = 1, f2 = 1, (2.15b)

j1 ∈ {1, · · · , S − 1}, j2 = j1 + 1, f2 = 1. (2.15c)
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The feasible case where the SU switches to the next channel (c1 < M, c2 = c1 + 1

or c1 = M, c2 = 1) is

U(·) = 1 ⇔ j1 = S, j2 = 1, f2 = 1. (2.16)

Since a buffer is unnecessary for this algorithm, a SU with no new generated

frames proceeds to the idle mode irrespective of its previous state as shown in

(2.15a). Condition (2.15b) indicates that a SU with a new generated frame

proceeds to the first stage of sensing in case of mis-detecting or correctly detecting

the absence of a PU. In case of a false alarm or correctly detecting a PU, if the

SU is at any of the first S − 1 sensing stages, the SU stays on the same channel

and proceeds to the next sensing stage as presented in (2.15c). Otherwise, if the

SU is at the last stage of sensing, it switches to the next channel starting at the

first sensing stage as shown in (2.16).

Pre-sensing, Quiet Mode (P1Q1) As a complement to P0Q0, this algorithm

features both a pre-sensing as well as a quiet mode of operation. If the outcome

of the sensing procedure at the pre-sensing mode indicates that a PU is possibly

present, due to a false alarm with probability pf,t or a successful detection with

probability 1−pm,t, the SU switches to the consecutive channel starting with the

pre-sensing mode. Otherwise, the SU proceeds to the first stage of sensing at the

same channel. In this algorithm, Γ = {0, · · · , S + 2} and ΓA = {1, · · · , S + 2}.

The expression for Pr3(·) follows that for P0Q1 as described in (2.11) but, due to

the introduction of the pre-sensing mode, the condition on j1 in (2.11c), (2.11e),

(2.11g) and (2.11i) changes to j1 ∈ {S + 1, S + 2}. Also, the condition on j2 in

(2.11c) and (2.11g) changes to j2 = S+2. The expression for U (·) for cases where

the SUs stay on the same channel follows that for P0Q1 as given in (2.12) with the

following alterations: (2.12b) changes to j1 ∈ {S+1, S+2}, j2 = f2 = B = 0, and

(2.12c) changes to j1 = 0, j2 = S + 2, b2 = min(b1 + 1, B), f2 = 1. For transitions
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where the SU switches to the next channel

U(·) = 1 ⇔











j1 ∈ {S + 1, S + 2}, j2 = S + 2, f2 = 1, b2 = min(b1 + 1, B),

j1 ∈ {S + 1, S + 2}, j2 = S + 2, f2 = 0, b2 = b1, b1 > 0,

(2.17)

Pre-sensing, No Quiet Mode (P1Q0) To investigate the effect of introducing

the pre-sensing mode of operation only, we propose and describe an algorithm that

features a pre-sensing mode with no quiet mode. Hence, Γ = {0, · · · , S, S + 2}
and ΓA = {1, · · · , S, S + 2}. The expression for Pr3(·) is as given in (2.11) but

the condition on j1 in (2.11b) and (2.11f) changes to j1 ∈ {1, · · · , S − 1}. The

condition on j1 in (2.11e) and (2.11i) changes to j1 = S+2. Finally, the conditions

on j1 and j2 in (2.11c) and (2.11g) change to j1 ∈ {S, S + 2} and j2 = S + 2.

This is to accommodate for the absence of the quiet mode and the presence of

the pre-sensing mode.

Regarding U(·), conditions for transitions for which U (·) = 1 where the SU

stays on the same channel are given as (2.12) with the following alterations.

Condition (2.12b) is changed to j1 = S + 2, j2 = f2 = B = 0. Condition (2.12c)

is altered to j1 = 0, j2 = S + 2, b2 = min(b1 + 1, B), f2 = 1. Conditions (2.12e)

and (2.12f) are dropped as there is no quiet mode. Condition (2.12c) is altered to

accommodate for the pre-sensing mode; an idle SU with a new generated frame

switches to the pre-sensing mode and buffers the new frame if a buffer is available.

Feasible transitions where the SU switches to the next channel are given as (2.17)

replacing j1 ∈ {S + 1, S + 2} with j1 ∈ {S, S + 2}. It implies that if the SU is at

the last sensing stage or in the pre-sensing mode the SU may switch to the next

channel starting in the pre-sensing mode depending on the sensing procedure

outcome. Since the SU is not allowed to communicate on the channel while in

the pre-sensing mode, if a new frame is generated, the frame is either buffered,

if the buffer is not full, or dropped if the buffer is full or if there is no buffer.
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Otherwise, if no new frames are generated, the buffer level remains unchanged.

2.3.2 Multi-channel Sensing using Parallel Narrowband Radios

For the parallel narrowband radios case, we describe a single algorithm implemen-

tation, noting that other algorithm derivations follow from Section 2.3.1. Pr3(·),
can be expressed as

Pr3 (Y) =
∏

m1∈ΩA1

Pr3,1 (Y)
∏

m2∈ΩQ1

Pr3,2 (Y)
∏

m3∈ΩI1

Pr3,3 (Y), (2.18)

where Pr3,1(·), Pr3,2(·), and Pr3,3(·) represent the transition probabilities for ra-

dios that are elements of sets ΩA1 , ΩQ1 , and ΩI1 , introduced in Section 2.2.2.1,

respectively. Pr3,1(·) can be expressed as

Pr3,1 (Y) =























































































































1, J1 (m) ∈ {1, · · · , S − 1}, J2 (m) = 0;

pf,s,
I2 (m) = 0, J1 (m) ∈ ΓS,

J2 (m) = J1 (m) + 1;

1 − pm,s,
I2 (m) = 1, J1 (m) ∈ ΓS,

J2 (m) = J1 (m) + 1;

1 − pf,s,
I2 (m) = 0, J1 (m) ∈ ΓS, J2 (m) = 1 or

I2 (m) = 0, J1 (m) = S, J2 (m) = 0;

pm,s,
I2 (m) = 1, J1 (m) ∈ ΓS, J2 (m) = 1 or

I2 (m) = 1, J1 (m) = S, J2 (m) = 0;

0, otherwise.

(2.19)

The expressions shown in (2.19) follow that for (2.11) where they express whether

the active radio proceeds to the next sensing stage or back to the first stage of

sensing based on the sensing decision and the presence or absence of a PU. The

only difference is for cases where the radio switches to the idle mode. A radio
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in any of the first S − 1 sensing stages can switch to the idle mode in case it

is not needed for packet transmission. The outcome of the sensing procedure is

neglected. For a radio that is in the last stage of sensing and is not needed for

packet transmission, the radio can switch to the idle mode only if the sensing

procedure did not detect a PU. Otherwise, the radio switches to the quiet mode.

Pr3,2(·) can be expressed as

Pr3,2 (Y) =















































































pf,t, I2 (m) = 0, J2 (m) = S + 1;

1 − pm,t, I2 (m) = 1, J2 (m) = S + 1;

1 − pf,t,







I2 (m)=0, J2 (m)=0 or

I2 (m)=0, J2 (m)=1;

pm,t,







I2 (m)=1, J2 (m)=0 or

I2 (m)=1, J2 (m)=1;

0, otherwise.

(2.20)

The expressions describe the state transitions for radios in the quiet mode. In

case of a false alarm or a successful detection of a PU, the radio stays in the quiet

mode. Otherwise, the radio proceeds either to the idle mode, in case it is not

needed for packet transmission, or to the first stage of spectrum sensing. Pr3,3(·)
can be expressed as

Pr3,3 (Y) =











1, J2 (m) = 0 or J2 (m) = 1,

0, otherwise.

(2.21)

This expression is for radios that are currently in the idle mode. These radios can

either stay in the idle mode, if they are not needed for transmission, or proceed

to the first stage of spectrum sensing, otherwise. No spectrum sensing is done by

idle radios. Conditions for feasible state transitions are

U(·) = 1 ⇔ FT2 ≥MA2 , b2 = min{FT2 −MA2 , B}. (2.22)
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These conditions indicate that the number of active radios should be less than or

equal to the number of frames available for transmission. Besides, since only MA2

frames can be transmitted, FT2 −MA2 frames will need to be buffered. However,

as the buffer can only hold B frames, the total number of frames that will be

buffered equals min{FT2 −MA2 , B}.

2.4 Numerical Results

Due to the vast number of parameters in the proposed model, we focus on the

results that capture the interplay between PU and SU traffic and sensing algo-

rithms. In specific, we present numerical results showing throughput and collision

probability as a function of the number of sensing stages. Moreover, we inves-

tigate the relationship between the sensing time and the performance metrics,

including the energy consumption per bit. Furthermore, we demonstrate the re-

lationship between buffer size and the obtained throughput. Finally, we compare

the performance of single and parallel narrowband radio architectures. The re-

sults for all proposed algorithms are shown for single and parallel narrowband

radio architectures.

We adopt a set of parameters and assumptions that are common to all sce-

narios presented in this section, unless otherwise stated. Specifically, we adopt

energy detection as the physical layer sensing technique. Furthermore, we as-

sume an AWGN channel, where the expressions for the probabilities of false

alarm and mis-detection for such channel can be found in [DAS03, Eq. (12)]

and [DAS03, Eq. (14)], respectively3. The bandwidth for each PU channel is

set to 6 MHz, as in [JJ10, Sec. IV], [JJH08, Sec. IV], the channel throughput

W = 1 Mbps and the SNR at the sensing receiver is set to –10 dB. Slot time is

set to T = 1 ms, as assumed in e.g. [PPv10]. Note that we verify all analytical

3Note that our model is applicable to any channel model, including the ones discussed
in [JJH08, JJ10], provided that there is an analytical expression linking the sensing time and
the probabilities of false alarm and detection for a given SNR.
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Table 2.3: Summary of Common Parameters used in Numerical Evaluation
Descriptive Name Parameter Values

Long-Ts Low-pf Ts = 0.24T , pf,s = 0.1
Short-Ts High-pf Ts = 0.1T , pf,s = 0.36
Slow PU traffic pp,a = pp,d = 0.01
Fast PU traffic pp,a = 0.5, pp,d = 0.1

results presented in this section using Monte Carlo simulations.

2.4.1 Single Narrowband Radio: Throughput and Collisions versus

Number of Stages

We investigate the effect of varying the number of sensing stages on throughput

and collision probability for each sensing algorithm in the single narrowband radio

architecture case. We assume N = 6 channels, which represents a typical value

for multi-channel networks, cf. N ∈ {2, . . . , 12} [PPv10]. For the SU traffic,

we assume ps,a = 1 and ps,d = 0, i.e the SU transmits constant bit rate traffic,

which saturates the channel. We consider SUs without buffer, since our analysis

has shown that buffer size does not impact throughput when SUs are always

transmitting frames. We consider two cases, described below, related to sensing

to explore the tradeoff between the sensing time and the resulting throughput.

We achieve this by varying the sensing time and the energy detection sensing

threshold while keeping the probability of mis-detection constant at pm,s = 0.1.

The selected values for pf,s are 0.1 and 0.36 which correspond to Ts = 0.24T and

Ts = 0.1T , respectively. We denote the former sensing technique by long-Ts low-

pf and the latter by short-Ts high-pf . The energy detection sensing thresholds

for the quiet and pre-sensing modes of operation are the same as those for the

other stages of sensing. Two realistic PU traffic models are considered: (i) one

with slow PU traffic (relative to the slot duration) with pp,a = pp,d = 0.01, and

(ii) one with fast PU traffic with pp,a = 0.5 and pp,d = 0.1 [WRM09, Table 3].

Results for the slow PU traffic model are shown in Fig. 2.1(a), Fig. 2.1(b),
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Figure 2.1: R and G as functions of S for the single narrowband radio case
under slow PU traffic. (a) and (b) show R and G, respectively, for long-Ts low-pf
sensing, (c) and (d) show R and G, respectively, for short-Ts high-pf sensing.
The slow PU traffic scenario and the long-Ts low-pf and short-Ts high-pf sensing
techniques are as explained in Section 2.4.1. Common parameters: N = 6,
T = 1 ms, W = 1 Mbps, pm,s = 0.1, ps,a = 1, ps,d = 0 and B = 0.
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Fig. 2.1(c) and Fig. 2.1(d). From our framework, it is apparent that the upper

bound for R equals

(

1 −
(

pp,a
pp,a+pp,d

)N
)

W . For the slow PU traffic model, R is

upper bounded by 984.3 kbps. For ideal sensing, that is, if pf,s = pf,t = pm,s =

pm,t = Ts = 0, R for the four single narrowband radio algorithms approaches the

upper bound. Using only one stage of ideal sensing results in R that is less than

1% below the upper bound. The loss in throughput is caused by the time spent

by the SU in the quiet and pre-sensing modes (if they exist for the algorithm)

and while transmitting on a channel occupied by a PU. However, for single stage

non-ideal sensing, the yielded throughput for all algorithms is 33–39% below the

upper bound for the long-Ts low-pf sensing technique and 38–53% below the

upper bound for the short-Ts high-pf sensing technique.

We now investigate the loss in R for non-ideal sensing for the four algorithms.

Considering P0Q1 and P1Q0 for S = 1, it is clear that the quiet mode leads

to a higher R compared to the pre-sensing mode. This is because for P0Q1, a

false alarm causes the SU to proceed from sensing stage one to the quiet mode.

However, the quiet mode features a low probability of false alarm causing the SU

to return to stage one of sensing, with high probability, and continue communi-

cating on the vacant channel. On the other hand, for P1Q0, a single false alarm

causes the SU to switch to a new channel that might not be vacant. P0Q0 which

features no quiet or pre-sensing modes results in a higher R than P1Q0 for S = 1.

Yet, this comes at the expense of collisions where G for P0Q0 is 15 and 45 times

more than that for P1Q0 for long-Ts low-pf and short-Ts high-pf , respectively.

Considering multi-stage sensing with S > 1 for slow PU traffic, as S increases,

the impact of false alarms on R decreases. This is because more consecutive false

alarms have to be generated in order to reach the quiet mode (for P0Q1 and

P1Q1) or to switch to the next channel (for P0Q0 and P1Q0). On the other hand,

increasing S causes the SU to take a longer time, on average, to reach the quiet

mode based on the successful detection of a PU. This causes G to increase (for

most algorithms) and consequently leads to a decrease in R. Thus, S = 2 results
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Figure 2.2: R and G as functions of S for the single narrowband radio case
under fast PU traffic. (a) and (b) show R and G, respectively, for long-Ts low-pf
sensing, and (c) and (d) show R and G, respectively, for short-Ts high-pf sensing.
The fast PU traffic scenario and the long-Ts low-pf and short-Ts high-pf sensing
techniques are as explained in Section 2.4.1. Common parameters: N = 6,
T = 1 ms, W = 1 Mbps, pm,s = 0.1, ps,a = 1, ps,d = 0 and B = 0.
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in the highest R for most algorithms for long-Ts low-pf . However, for short-Ts

high-pf , R increases with increasing S due to the dominant effect of false alarms

on all algorithms. In conclusion, for the slow PU traffic case, multi-stage sensing

provides the flexibility to decrease the sensing time while increasing the resulting

throughput. In our setup decreasing Ts from Ts = 0.24T to Ts = 0.1T while

increasing S to 4 stages leads to increasing R by 14%. Regarding the sensing

algorithm, the pre-sensing mode results in a considerable decrease in G. Adding

the quiet mode to the pre-sensing mode leads to an increase in R for small S,

and the gain in R is more significant for higher probabilities of false alarm.

Results for the fast PU traffic case are shown in Fig. 2.2(a), Fig. 2.2(b),

Fig. 2.2(c) and Fig. 2.2(d). As the PU traffic becomes faster, the probability that

the SU switches to another channel increases. Hence, the stationary probability

that the SU operates in the pre-sensing or quiet modes increases (for algorithms

that have these stages) causing the resulting R to decrease. For P0Q1, P1Q1

and P1Q0, increasing S decreases the stationary probability of operating in the

pre-sensing and quiet modes and accordingly, causes an increase in R. P0Q0

exhibits the highest R for the fast PU traffic case, yet, this comes at the expense

of collisions where G is up to eight times higher than that for algorithms with

pre-sensing. For P0Q0, increasing the number of sensing stages increases the time

taken by the SUs to vacate the channel for an incoming PU, leading to an increase

in G and a decrease in R. Finally, note that the analytical results match perfectly

with the Monte Carlo simulations.

2.4.2 Single Narrowband Radio: Metrics of Interest versus Sensing

Time

Next, we analyze the effect of varying the sensing time, Ts, and the number

of sensing stages, S, on the energy consumption per bit, Eb, and the average

throughput, R. The results are presented for the P1Q1 algorithm. The power
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Table 2.4: Summary of Assigned Values for the Circuit Model
Component Symbol Value

PA η 0.35 [Raz01]
PA Pw 0 dBm

DAC Pd 16.08 mW [GVM06]
BBT Pb,t 0 mW
RFT Pr,t 62.4 mW [SPL10]
SAC Pc 23.75 mW [SPL10]
ADC Pa 7.9 mW [SPL10]
RFS Pr,s 90.9 mW [SPL10]
VGA Pv 32.4 mW [SPL10]
BBR Pb,r 8.35 mW
RFR Pr,r 90.9 mW [SPL10]

— δ 0.1

consumption for the transmitting and the receiving radios circuits follow the

values given in Table 2.4. Regarding the sensing circuit power consumption, we

consider two configurations where the sensing circuit power consumption is half

and double that of the receiver. We denote the former configuration as low-Ps

and the latter as high-Ps. Besides, we consider two traffic scenarios: (i) one

with pp,a = 0.01, pp,d = 0.05, ps,a = 0.1 and an average generated SU traffic

of 500 kbps, and (ii) one with pp,a = 0.04 and pp,d = 0.5, ps,a = 0.01 and an

average generated SU traffic of 100 kbps. The value of ps,d is a function of ps,a,

the average generated throughput and Ts. We denote the first and second traffic

scenarios as the high and the low SU traffic scenario, respectively. We assume

N = 3 channels and a buffer size of B = 2 frames. For the different values of Ts,

the energy detection sensing threshold is chosen to keep pm,s constant.

The impact of varying Ts on Eb and R for S ∈ {1, . . . , 4} is shown in Fig. 2.3.

As mentioned earlier, we assume an average generated throughput by the SU.

However, the unsuccessful frame delivery rate is non-zero as frames are lost either

because of collisions with PU frames or buffer overflow when there are no channel

vacancies. We assume a QoS constraint where the maximum unsuccessful frame

delivery rate, Y , is set to 0.1 and we discard the results that do not satisfy the
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Figure 2.3: Throughput and energy consumption versus sensing time: (a), (c),
(e) high SU traffic; (b), (d), (f) low SU traffic; (a), (b) throughput; (c), (d)
energy consumption per bit, Eb, with low-Ps configuration; (e), (f) energy con-
sumption per bit, Eb, with high-Ps configuration. Parameter values are explained
in Section 2.4.2.
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QoS constraint.

For the high SU traffic scenario, see Fig. 2.3(a), Fig. 2.3(c) and Fig. 2.3(e),

multi-stage sensing with S = 4 results in Eb that is 5.6% and 22.2% lower than

that of single-stage sensing for the low-Ps and high-Ps configurations, respectively.

Besides, there is a tradeoff between Eb and R as the optimal value of Ts that

minimizes Eb does not maximize R. Regarding the relationship between Ts and

Eb, increasing Ts increases the operating duration of the sensing radio per time

slot for j ∈ ΓS resulting in an increase in Eb. Moreover, increasing Ts results

in shortening the data frames, and, in order to meet the throughput constraint,

more frames have to be generated. Accordingly, the probability of the radio not

being idle increases causing Eb to increase. On the other hand, decreasing Ts

increases pf,s and hence, increases the probability of operating in the quiet mode

based on false alarms. This causes an increase in the power consumed by the

sensing radio. Regarding R, the relationship between Ts and R is similar to that

between Ts and Eb. Decreasing Ts increasing the probability of operating in the

quiet mode based on false alarms. This reduces the spectrum access opportunity

for the SU causing an increase in the probability of buffer overflow. As a result,

frames get discarded and R decreases. However, increasing Ts increases the SU

traffic (to meet the throughput constraint) which in turn increases the collision

probability resulting in a decrease in R. The optimal value of Ts that minimizes

Eb and the optimal value of Ts that maximizes R depend on S. However, the

optimal values of Ts have low dependency on the power consumed by the sensing

radio.

For the low SU traffic scenario, see Fig. 2.3(b), Fig. 2.3(d) and Fig. 2.3(f),

multi-stage sensing with S = 4 results in a reduction in Eb of 6.4% and 23.2%

over single-stage sensing for the low-Ps and high-Ps configurations, respectively.

The trends for Eb and R follow that for the high SU traffic case. However, unlike

the high SU traffic scenario, the maximum R for single-stage sensing is higher

than that for multi-stage sensing with S = 4. This is because the collision rate
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is higher for the low SU traffic scenario, primarily because the PU arrival rate

is higher than that for the high SU traffic scenario. Note that analytical results

in Fig. 2.3 match Monte Carlo simulations, confirming the correctness of the

proposed analytical model.

To summarize the results presented in this section, the joint optimization of

sensing time and the number of sensing stages provides a significant reduction in

the overall energy consumption. Furthermore, the reduction in the total energy

consumption per bit is larger when the power consumed by the sensing radio is

high compared to the power consumed by the receiving and transmitting radios.

2.4.3 Single Narrowband Radio: Throughput versus Buffer Size

For this experiment, we set S = 2 stages, N = 3 channels, pm,s = 0.1 and pp,a =

pp,d = 0.01. We analyze the two scenarios considered earlier in Section 2.4.1: (i)

one with slow SU traffic (relative to the slot duration) with ps,a = ps,d = 0.01

and the long-Ts low-pf sensing technique, and (ii) one with fast SU traffic with

ps,a = 0.5 and ps,d = 0.1 and the short-Ts high-pf sensing technique.

The impact of increasing B on R is shown in Fig. 2.4. Frames are buffered

whenever the radio is in the quiet or pre-sensing modes. Accordingly, no frames

are buffered for P0Q0, thus, R is independent of B. The buffered frames are

transmitted whenever no new SU frames are generated and the SU buffer is not

empty. For P0Q1, P1Q0 and P1Q1, increasing B increases the probability that the

new generated frame will not be discarded due to the absence of an idle channel.

Increasing B increases R where the impact of B on R is less significant for large

values of B. Note, again, the close match between the analysis and simulations.
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Figure 2.4: R as a function of B for the single narrowband radio case for (a) slow
SU traffic and long-Ts low-pf sensing and (b) fast SU traffic and short-Ts high-pf
sensing. The slow and fast SU traffic scenarios are as explained in Section 2.4.3
and the long-Ts low-pf and short-Ts high-pf sensing techniques are as explained
in Section 2.4.1. Moreover: S = 2, N = 3, T = 1 ms, W = 1 Mbps, pm,s = 0.1,
pp,a = pp,d = 0.01.

2.4.4 Parallel Narrowband Radios: Throughput and Collisions versus

Number of Stages

We investigate the effect of varying S on R and G for parallel narrowband radios.

We use the same set of parameters as in Section 2.4.1, except for N = 3 channels.

We consider the two PU traffic scenarios analyzed earlier: the slow PU traffic

with pp,a = pp,d = 0.01 and the fast PU traffic with pp,a = 0.5 and pp,d = 0.1.

We also consider the two sensing options explored earlier: the long-Ts low-pf and

the short-Ts high-pf sensing techniques. We analyze the scenarios with the four

permutations of PU traffic and sensing options. The impact of varying S on R

and G is shown in Fig. 2.5(a) and Fig. 2.5(b), respectively.

Regarding R, increasing S increases R for the four scenarios. This is because

more consecutive false alarms have to be generated in order for a radio to switch

to the quiet mode while the channel is vacant. Moreover, the results confirm the

intuition that R is directly proportional to N for the tested scenarios. Similarly,

increasing S increases G for the four scenarios. This is because increasing S
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Figure 2.5: Parallel narrowband radios case: (a) throughput R and (b) collision
probability G as functions of S. T1 and T2 denote slow and fast PU traffic,
respectively, and S1 and S2 denote short-Ts high-pf and long-Ts low-pf sensing
techniques, respectively. The slow and fast PU traffic scenarios and the long-Ts
low-pf and short-Ts high-pf sensing techniques are as explained in Section 2.4.1.
Moreover: N = 3, T = 1 ms, W = 1 Mbps, pm,s = 0.1, ps,a = 1, ps,d = 0, B = 0.
Note that G exceeds one as, in this case, it represents the expected number of
collisions for N = 3 per time slot.

increases the average time taken by the SU to switch to the quiet mode when

a PU arrives. Finally, results clearly show the tradeoff between Ts, R and G,

and the improvement in R and G caused by employing multi-stage sensing. This

is demonstrated in the slow PU traffic case with S = 4, where R is higher by

17% and G is lower by 35% for scenarios employing the short-Ts high-pf sensing

technique compared to those employing the long-Ts low-pf sensing technique. As

in the previous cases, analysis results match the simulation results perfectly.

2.4.5 Single versus Parallel Narrowband Radios: Throughput and

Collisions versus the Number of Available Channels

Finally, in this section we present the relationship between the performance met-

rics, R and G, and the number of available PU channels, N . At the same time,

we compare the performance of single and parallel narrowband radios. For this

experiment, we set S = 2 stages, B = 0 frames, pm,s = 0.1 and pp,a = pp,d = 0.01.
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Figure 2.6: Performance comparison of single and parallel narrowband radios:
(a) successful frame delivery rate and (b) probability of collisions per channel per
time slot as functions of N . Common parameters: T = 1 ms, S = 2, pm,s = 0.1,
pp,a = pp,d = 0.01, ps,a = 1, ps,d = 0, B = 0. The short-Ts high-pf sensing
technique described in Section 2.4.1 is adopted; NB: single narrowband radio,
WB: parallel narrowband radios.

As an example we adopt the short-Ts high-pf sensing technique described in Sec-

tion 2.4.1 with Ts = 0.1T . We consider saturated SU traffic (ps,a = 1 and ps,d = 0)

for both single and parallel narrowband radios. That is, the single narrowband

radio generates one frame per time slot, as opposed to N frames per time slot

for the parallel narrowband radios case. As the throughput of the parallel nar-

rowband radios is N times higher than that of the single narrowband radio, the

resulting number of collisions per time slot is normalized by N to achieve a fair

comparison. Moreover, instead of using the throughput metric, we introduce a

new metric denoted as the successful frame delivery rate, which is defined as

R/(NW ), i.e. the ratio between the successfully transmitted throughput and

the generated throughput (which in this case equals to the available channel ca-

pacity). The number of PU channels, N , is increased from two to five and the

resulting metrics are presented in Fig. 2.6.

The results show that the successful frame delivery rate for all algorithms of

single narrowband radios is higher than that of parallel narrowband radios. We

want to stress, however, that the total (unnormalized) throughput for parallel
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wideband radios (not shown due to space constraints) is higher than that for

single narrowband radios. Moreover, the successful frame delivery rate increases

with N for single narrowband radios but is constant relative to N for parallel

narrowband radios. This is because for single narrowband radios, increasing the

available channels increases the probability of the SU finding a vacant channel

to occupy. Note that, the successful frame delivery rate is upper bounded by

1 −
(

pp,a
pp,a+pp,d

)N

. On the other hand, regarding the parallel narrowband radios

case, as we assume saturated traffic, N frames are generated by the N radios

every time slot, hence, the radios can be regarded as operating independently.

As a result, increasing the number of available channels has no impact on the

successful frame delivery rate.

Regarding the normalized probability of collisions per time slot, for paral-

lel narrowband radios it is slightly less than that for single narrowband radios

employing the pre-sensing stage, but significantly less than that for single nar-

rowband radios with no pre-sensing. Furthermore, the normalized probability of

collisions per time slot for parallel narrowband radios do not vary with N due

to the independence between the parallel radios caused by traffic saturation. Fi-

nally, the normalized probability of collisions per time slot decreases significantly

with N for single narrowband radios with no pre-sensing as increasing the avail-

able channels increases the probability of the SU operating on a vacant channel,

instead of switching to a new channel that might be occupied by a PU.

2.5 Summary

In this work, we demonstrate the tradeoff inherent to multi-stage spectrum sens-

ing between the secondary user throughput and the collision probability between

primary and secondary users. In most cases, increasing the number of sensing

stages increases both the throughput and the collision probability, and decreases

the total energy consumption per bit. For example, for a single narrowband radio,
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increasing the number of sensing stages from one to four stages, for a slow pri-

mary user traffic scenario, results in an increase in throughput of 36%, yet causes

an increase in the collision probability by 46%. This tradeoff applies for both

single and parallel narrowband radio systems. Moreover, the optimal number

of sensing stages has a high dependence on the primary user traffic. Generally,

having more than two stages does not result in a significant change in throughput

yet causes an increase in collisions.

Regarding the sensing algorithms, the pre-sensing mode always results in a

decrease in the expected number of collisions, while the quiet mode causes an

increase in throughput in most scenarios. Results also show that increasing the

secondary user’s buffer size results in an increase in throughput, and the increase

is more significant for fast secondary user traffic. Finally, comparing single and

parallel narrowband radio systems, single narrowband radios result in a higher

successful frame delivery rate as opposed to parallel narrowband radios. However,

this comes at the expense of the maximum achievable throughput which scales

with the number of available channels for parallel narrowband radios.
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CHAPTER 3

Impact of Knowledge of Primary User Traffic

Statistics on DSA Protocol Performance

The impact of incorporating PU traffic statistics in decision making on DSA

spectrum sensing protocols performance is considered in this part of the thesis.

As an example, we modify the P0Q0 multi-stage multi-channel introduced in Sec-

tion 2.3 to account for PU traffic statistics. We also introduce a single-stage DSA

spectrum sensing protocol and show the improvement in protocol performance

caused by utilizing PU traffic statistics. Performance is quantified in terms of

the SU achievable throughput and reduction in collisions between SUs and PUs.

Finally, we show the effect of inaccuracies in the PU traffic statistics on protocol

performance.

3.1 System Model

3.1.1 General Assumptions

SUs communicate opportunistically over multiple channels of throughputW kbps,

that are randomly occupied by PUs. We consider an DSA network composed of

two users where one is always the transmitter and the other one is always the

receiver. The reduction of the DSA network to only two nodes allows neglecting

the impact of collisions of random access control packets on the performance of

spectrum sensing algorithms. In the context of this work, we focus on DSA nodes

which can operate on only one frequency band at a time. SUs can switch to a
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different frequency band when they decide to vacate their current band due to

the possible presence of a PU.

In this part of the work, we consider a more general case regarding modeling

PU traffic. We drop the assumption regarding the PUs and SUs arriving and

departing at discrete times that are multiples of a slot length. Instead, we assume

that PUs arrive and depart at random times that are independent of the SU time

slotted channel access structure. We also assume that the transmitting SU, if not

sensing for the presence of PUs, is transmitting on the channel, i.e. there is no

idle mode. This is to calculate an upper bound on the SU achievable throughput.

We assume that the transmitting SU relays the channel sensing procedure results

to the receiving SU through a dedicated control channel. Hence, the SU pair is

perfectly synchronized. We also assume that the time taken by the SU to switch

from communicating mode to sensing mode, or from one channel to another, is

negligible. The considered performance metrics are the SU achievable throughput

and the PU/SU collision probability. The throughput obtained by the DSA

network is assumed to be proportional to the duration of time the SU transmits

on the channel with no collisions. Moreover, the collision probability is defined

as the expected fraction of time during which the SU and PU are utilizing the

same channel at the same time. Besides, in cases where the SU and the PU

use the same channel simultaneously, the SU frame cannot be decoded. Finally,

SU packets that underwent collisions are discarded and do not contribute to the

achievable throughput.

3.1.2 PU Traffic Model

The PUs are assumed to arrive at and depart from channels at random unslotted

time instances. The PU off- and on-times are assumed to be exponentially dis-

tributed, as the exponential distribution is the continuous-time analogue of the
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geometric distribution model adopted in Section 2.1.21. The probability density

function of an exponentially distributed random variable, x, is given as [Van06,

Eq. (3.15)] fλ(x) = λe−λx, for x ≥ 0 and fλ(x) = 0, otherwise, where λ is denoted

by the rate parameter. With λ = λf and λ = λn, fλ(x) denotes the distribution

of PU off- and on-times, respectively. The mean PU off- and on-times are equal

to the reciprocal of λf and λn, respectively. Besides, the duty cycle u of the PU

can be calculated as [Van06, Sec. 11.3] u =
λf

λf+λn
.

Denote the PU state transition probability by Prxy(t), which corresponds to

the probability that the PU state changes from state x to state y within time t,

where {x, y} = 0 denotes that the PU is idle while {x, y} = 1 denotes that the

PU is active. The PU state transition probabilities were derived in [KS08a, Sec.

6.1] as

Prxy(t) =



































1 − u+ ue
−λf t

u , x = 0, y = 0, (3.1a)

1 − Pr00(t), x = 0, y = 1, (3.1b)

u+ (1 − u)e
−λf t

u , x = 1, y = 1, (3.1c)

1 − Pr11(t) x = 1, y = 0. (3.1d)

In this work Prxy(t) is later used to derive the performance metrics of the proposed

DSA spectrum sensing algorithms.

3.1.3 Traffic-Aware Sensing Algorithms

In the proposed protocols, the SUs estimate the duty cycle of the PUs operating

on the different available channels. The duty cycles of the different PUs are

assumed to be independent and uniformly distributed from 0 to 1. The SUs

sort the available channels in ascending order of the estimated duty cycle to

1Note that the assumption on the exponential distribution of off- and on-times is common
in DSA literature, e.g., see recent examples of [LZG11, ASX11, ZS11]; see also recent papers
confirming the exponential distribution of time-domain utilization of certain licensed chan-
nels [WRM09,CYZ09,YCZ12].
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create a sorted channel list. The vector of the duty cycle estimates is denoted by

ũ = [ũ1, ũ2, · · · , ũM ]. Hence, the sorted channel list, denoted by û, is the same

as ũ with the elements sorted in an ascending order where û = [û1, û2, · · · , ûM ],

where ûm ≤ ûm+1, 1 ≤ m < M .

3.1.3.1 Description of the Modified Multi-Stage Sensing Algorithm

The SUs start by operating in the searching mode where the transmitting SU

searches for a vacant channel. The SUs start by utilizing the first channel in the

sorted channel list where they follow the multi-stage sensing algorithm, explained

in this section, with S stages. In every stage, the SU transmitter first senses the

channel for Ts < Tl seconds, where Ts is the sensing duration per time slot and Tl

is the time slot duration. Immediately after sensing, in the same slot, a SU frame

of duration Tl − Ts seconds is sent. Following the sensing procedure at stage s,

the SU nodes proceed to the next sensing stage in case of an alarm regarding the

presence of a PU. Otherwise, the SUs start a new multi-stage sensing cycle.

The probabilities of false alarm and mis-detection for any of the S stages

of multi-stage sensing are denoted by pf,s and pm,s, respectively. When the SUs

reach the last stage of multi-stage sensing and the sensing layer triggers an alarm,

the SUs switch to another PU channel and begin a new multi-stage sensing cycle.

Otherwise, the SUs stay at the same channel and restart the multi-stage sensing

cycle. If the SUs are operating in the searching mode and are to switch to another

PU channel (after S consecutive positive sensing outcomes regarding the presence

of a PU), the SUs switch to the next channel in the sorted channel list. If the

SUs are operating in the searching mode and the outcome of the sensing layer at

any stage indicates that the operating channel is idle (either based on correctly

sensing the channel to be idle, or a mis-detection error), the SUs switch to the

utilizing mode. Finally, if the SUs are operating in the utilizing mode and are

to switch to another PU channel (after S consecutive positive sensing outcomes

50



regarding the presence of a PU), the SUs switch to the first channel in the sorted

channel list and switch to the searching mode.

3.1.3.2 Description of the Single-Stage Sensing Algorithm

The SUs start by operating in the searching mode where the transmitting SU

searches for a vacant channel. The transmitting SU start by sensing the first

channel in the sorted channel list. If the outcome of the sensing procedure is

negative (either based on correctly sensing the channel to be vacant, or mis-

detecting an active PU) the SUs start utilizing the channel and switch from the

searching mode to the utilizing mode. Otherwise, the transmitting SU moves to

the next channel in the sorted channel list and senses for the presence of PUs.

The SU loops over all channels until the outcome of the sensing procedure is

negative. In the utilizing mode, the transmitting SU transmits on the respective

channel for Tt seconds, then senses the channel for Ts seconds. If the outcome

of the sensing procedure is positive, the SUs switch to the searching mode where

the transmitting SU starts searching for a vacant channel starting with the first

channel in the sorted channel list.

3.2 Analytical Model

The analytical model for the proposed algorithms is expressed in this section. As

the SUs switch between transmitting and sensing at discrete time instances, the

behavior of the SUs is modeled using a discrete-time Markov chain. Hence, we

define the Markov chain states, then we present the state transition probabilities.

The PU off- and on- times are assumed to be exponentially distributed and

thus, are not synchronized with the slotted-time SU traffic. Accordingly, the SU

performance metrics, which capture the interaction between SU and PU traffics,

are quantified using continuous-time Markov chain analysis.
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3.2.1 SU State and State Transition Definitions

3.2.1.1 Analysis of the Modified Multi-Stage Sensing Algorithm

Let ξv denote the state of the Markov chain, where v = {c, s, I, j}. In vector v,

c ∈ {1, · · · ,M} is the index of the SU operating channel in the sorted channel

list, which denotes the channel the SU is operating on. The SU sensing stage is

represented by s ∈ {1, · · · , S}, where S is the number of sensing stages. The PU

statuses are described by I, |I| = M , where I(x) = 1 when a PU is operating on

channel x at the beginning of a SU sensing/transmitting time slot, and I(x) = 0

otherwise. Finally, j ∈ {0, 1} indicates the operating mode of the SUs where

j = 0 when the SUs are in the searching mode and j = 1 when the SUs are in

the utilizing mode.

The transition probability from state ξv1
to state ξv2

, where vx = {cx, sx, Ix, jx}
and subscript x = {1, 2} for c, s, I, and j denotes current and next time slots,

respectively, is expressed as

Pr (ξv2
| ξv1

) = Pr1 (ξv2
| ξv1

) Pr2 (ξv2
| ξv1

) , (3.2)

where Pr1(·) denotes the probability of PU status change, and Pr2(·) accounts

for both the probabilities of the sensing procedure outcome and the feasibility of

the state transition.

Pr1 (ξv2
| ξv1

) =
M
∏

m=1

PrI1(m)I2(m)(Tl), (3.3)
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where M is the total number of channels accessible by the SUs.

Pr2 (ξv2
|ξv1

) =







































































































































1 − pf , I1(c1) = 0, s2 = 1, c1 = c2, j2 = 1,

pm, I1(c1) = 1, s2 = 1, c1 = c2, j2 = 1,

pf ,



































I1(c1) = 0, s1 < S, s2 = s1 + 1, c1 = c2, j2 = j1, or

I1(c1) = 0, s1 = S, s2 = 1, j1 = j2 = 0, and

(c1 < M, c2 = c1 + 1 or c1 = M, c2 = 1), or

I1(c1) = 0, s1 = S, s2 = 1, c2 = 1, j1 = 1, j2 = 0,

1 − pm,



































I1(c1) = 1, s1 < S, s2 = s1 + 1, c1 = c2, j2 = j1, or

I1(c1) = 1, s1 = S, s2 = 1, j1 = j2 = 0, and

(c1 < M, c2 = c1 + 1 or c1 = M, c2 = 1), or

I1(c1) = 1, s1 = S, s2 = 1, c2 = 1, j1 = 1, j2 = 0,

0, otherwise.

3.2.1.2 Analysis of the Single-Stage Sensing Algorithm

Let φv denote the state of the Markov chain, where v = {c, I, j}. In vector v,

c ∈ {1, · · · ,M} is the index of the SU operating channel in the sorted channel

list. The PU statuses are described by I, |I| = M , where I(x) = 1 when a PU is

operating on channel x at the beginning of a SU sensing/transmitting time slot,

and I(x) = 0 otherwise. Finally, j ∈ {0, 1, 2} indicates the operating mode of the

SUs where j = 0 when the SUs are in the searching mode, j = 1 indicates that

the SUs are in the utilizing mode and the transmitting SU is sensing a channel,

and j = 2 indicates that the SUs are in the utilizing mode and the transmitting

SU is transmitting on a channel.

The transition probability from state φv1
to state φv2

, where vx = {cx, Ix, jx}
and subscript x = {1, 2} for c, I, and j denotes current and next time slots,
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respectively, is expressed as

Pr (φv2
| φv1

) = Pr1 (φv2
| φv1

) Pr2 (φv2
| φv1

) , (3.4)

where Pr1(·) denotes the probability of PU status change, and Pr2(·) accounts

for both the probabilities of the sensing procedure outcome and the feasibility of

the state transition.

Pr1 (φv2
|φv1

) =























M
∏

m=1

PrI1(m)I2(m)(Ts), j1 = 0 or j1 = 1,

M
∏

m=1

PrI1(m)I2(m)(Tt), j1 = 2,

(3.5)

where M is the total number of channels accessible by the SUs.

Pr2 (φv2
|φv1

) =



















































































































































1 − pf ,







I1(c1) = 0, c1 = c2, j1 = 0, j2 = 2, or

I1(c1) = 0, c1 = c2, j1 = 1, j2 = 2,

pm,







I1(c1) = 1, c1 = c2, j1 = 0, j2 = 2, or

I1(c1) = 1, c1 = c2, j1 = 1, j2 = 2,

pf ,























I1(c1) = 0, j1 = j2 = 0, and

(c1 < M, c2 = c1 + 1 or c1 = M, c2 = 1), or

I1(c1) = 0, c2 = 1, j1 = 1, j2 = 0,

1 − pm,























I1(c1) = 1, j1 = j2 = 0, and

(c1 < M, c2 = c1 + 1 or c1 = M, c2 = 1), or

I1(c1) = 1, c2 = 1, j1 = 1, j2 = 0,

1, c1 = c2, j1 = 2, j2 = 1,

0, otherwise.
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3.2.2 Stationary Probability Calculation

Regarding the multi-stage sensing algorithm, define Ξ as the set of all feasible

Markov chain states. Then, define Λ as the transition probability matrix where

Λ (k, l) denotes the transition probability from state Ξ (k) to state Ξ (l), where

k, l ∈ {1, · · · , |Ξ|}. Ξ is evaluated by creating a vector of unique states, ξv, for

all feasible combinations of c, s, I, j and directly mapping them to the values of

Ξ. Further, define πΞ as the vector of stationary probabilities where πΞ (k) is the

stationary probability of state Ξ (k). Then πΞ can be evaluated by solving πΞ =

πΞΛ, knowing that
∑|Ξ|

i=1 πΞ (i) = 1. The stationary probabilities are then used

to calculate the desired metrics. Considering the single-stage sensing algorithm

case, define Φ as the set of all feasible Markov chain states, and πΦ as the vector

of corresponding stationary probabilities. Then πΦ can be calculated in the same

manner as that for the multi-stage sensing algorithm case.

3.2.3 SU Performance Metrics Analysis

The considered SU metrics are the normalized achievable throughput and the

PU/SU collision probability. The stationary probabilities of the SU being in a

transmitting state or a sensing state were derived in Section 3.2.2. When the

SUs are utilizing a channel for a time slot Tt, PUs can access and leave the

channel causing collisions. If the SUs start utilizing the channel at time T0, the

SU normalized achievable throughput is calculated as the average time ratio in

the time period (T0, T0 + t) during which the PUs are idle. On the other hand,

the PU/SU collision probability is defined as the average time ratio in the time

period (T0, T0 + t) during which the PUs are busy.

Consider the case where the SUs start utilizing channel m at time T0 for

Tt seconds. Define τ0,m(Tt) as the average time duration in the time period

(T0, T0 + Tt) during which the PUs are idle, given that the PUs were idle at

T0. Similarly, define τ1,m(Tt) as the average time duration in the time period
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(T0, T0 +Tt) during which the PUs are idle, given that the PUs were active at T0.

Expressions for τ ∗0,m(s) and τ ∗1,m(s), the Laplace transform of τ0,m(Tt) and

τ1,m(Tt), respectively, were derived in [KS08a, Sec. 2.1]. To express the aforemen-

tioned expressions, we first define f ∗
f,m(s) and f ∗

n,m(s) as the Laplace transforms of

the probability density functions of the off- and on- times of the PUs on channel

m, respectively. Moreover, define Ff,m(t) = 1−Ff,m(t) and Fn,m(t) = 1−Fn,m(t)

where Ff,m(t) and Fn,m(t) are the cumulative distribution functions of the off-

and on- times of the PUs on channel m, respectively. Hence,

τ ∗0,m(s) =
λf,m
s2

[

F∗
f,m(0) − F∗

f,m(s)
1 − f ∗

f,m(0)f ∗
n,m(s)

1 − f ∗
f,m(s)f ∗

n,m(s)

]

, and (3.6)

τ ∗1,m(s) =
λn,mF

∗
n,m(s)

s2

[

f ∗
f,m(0) − f ∗

f,m(s)

1 − f ∗
f,m(s)f ∗

n,m(s)

]

, (3.7)

where λf,m and λn,m are λf and λn for channel m, respectively, and F∗
f,m(s) and

F∗
n,m(s) are the Laplace transforms of Ff,m(t) and Fn,m(t), respectively. Sub-

stituting F∗
f,m(s) = 1/(s + λf ), F∗

n,m(s) = 1/(s + λn), f ∗
f,m(s) = λf/(s + λf ),

and f ∗
n,m(s) = λn/(s + λn) in (3.6) and (3.7), then taking the inverse Laplace

transform of the resulting expressions yields

τ0,m(Tt) = (1 − u)Tt +
u (1 − u)

λn

[

1 − e−(λf+λn)Tt

]

, and (3.8)

τ1,m(Tt) = (1 − u)Tt −
u (1 − u)

λf

[

1 − e−(λf+λn)Tt

]

. (3.9)

3.2.3.1 The Modified Multi-Stage Sensing Algorithm

Based on the stationary probability vectors derived earlier, we compute the av-

erage SU achievable throughput, RΞ, and the PU/SU collision probability, GΞ,

for the modified multi-stage sensing algorithm. Define Ξ1 as the set of states ξv,

with I (c) = 0, i.e. Ξ1 is the set of states where the SU is transmitting on a

vacant channel. Moreover, define Ξ2 as the set of states ξv, with I (c) = 1, i.e.
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Ξ2 is the set of states where the SU is transmitting on a busy channel. Hence,

RΞ and GΞ can be expressed as

RΞ =
τ0,m(Tt)

T

∑

Ξ(i)∈Ξ1

πΞ (i) +
τ1,m(Tt)

T

∑

Ξ(i)∈Ξ2

πΞ (i) , and (3.10)

GΞ =
Tt − τ0,m(Tt)

T

∑

Ξ(i)∈Ξ1

πΞ (i) +
Tt − τ1,m(Tt)

T

∑

Ξ(i)∈Ξ2

πΞ (i) . (3.11)

3.2.3.2 The Single-Stage Sensing Algorithm

Regarding the single-stage sensing algorithm, we compute the average SU achiev-

able throughput, RΦ, and the PU/SU collision probability, GΦ. Define Φ1 as the

set of states φv, with j = 2 and I (c) = 0, i.e. Φ1 is the set of states where the SU

is transmitting on a vacant channel. Moreover, define Φ2 as the set of states φv,

with j = 2 and I (c) = 1, i.e. Φ2 is the set of states where the SU is transmitting

on a busy channel. Finally, define Φ3 as the set of states φv, with j = 0 or j = 1

i.e. Φ3 is the set of states where the SU is sensing a channel. Hence, RΦ and GΦ

can be expressed as

RΦ =
τ0,m(Tt)

∑

Φ(i)∈Φ1
πΦ (i) + τ1,m(Tt)

∑

Φ(i)∈Φ2
πΦ (i)

Ts
∑

Φ(i)∈Φ3
πΦ (i) + Tt

(

∑

Φ(i)∈{Φ1∪Φ2}
πΦ (i)

) , and (3.12)

GΦ =
(Tt − τ0,m(Tt))

∑

Φ(i)∈Φ1
πΦ (i) + (Tt − τ1,m(Tt))

∑

Φ(i)∈Φ2
πΦ (i)

Ts
∑

Φ(i)∈Φ3
πΦ (i) + Tt

(

∑

Φ(i)∈{Φ1∪Φ2}
πΦ (i)

) . (3.13)

3.3 Numerical Results

The impact of utilizing knowledge of PU traffic statistics on spectrum sensing

algorithm performance is presented in this section using numerical data. The

performance of the modified multi-stage algorithm as well as the single-stage

algorithm is quantified in terms of the SU normalized achievable throughput and

the PU/SU collision probability. First, we present the variation of the considered
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metrics with the number of channels. Then, we show the relationship between

the SU normalized achievable throughput and the error in estimating the PU

traffic parameters. In this section, the PU off- and on-times are assumed to be

exponentially distributed with λf = 100s−1. Moreover, the duty cycles of the

different PUs operating on the different channels are assumed to be independent

and uniformly distributed from 0 to 1. Furthermore, the spectrum sensing process

is assumed to be imperfect with false alarm and mis-detection probabilities of

0.36 and 0.1, respectively, as in Section 2.4. Regarding the modified multi-stage

algorithm, the number of stages is set to 2 stages, Ts = 0.1 ms, and Tl = 1 ms.

For the single-stage algorithm, Ts = 0.1 ms, and Tt = 1 ms.

3.3.1 Performance Metrics versus the Number of Channels

The variation of the SU normalized achievable throughput and the PU/SU col-

lision probability with the number of channels is presented in this section. To

generate the results, observations of the sorted channel list were created via

simulations, and the corresponding considered metrics were calculated using the

analytical model described in Section 3.2. For comparison, the performance of

the algorithms is presented for the cases assuming the perfect knowledge, erro-

neous knowledge, and no knowledge of the PU duty cycles. Erroneous estimates

of the PU duty cycles are created by using 5 and 50 PU traffic samples in es-

timating the duty cycles after introducing spectrum sensing errors. The results

for the modified multi-stage algorithm and the single-stage algorithm are shown

in Fig. 3.1(a) and Fig. 3.1(b), respectively. The results show that incorporating

PU duty cycle information yields a considerable increase in the SU achievable

throughput and decrease in the collision probability. Moreover, the gains in per-

formance are more significant for the modified multi-stage algorithm compared

to the single-stage algorithm. Finally, introducing errors in estimating the duty

cycles limits the performance gains.
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Figure 3.1: The SU normalized achievable throughput and the PU/SU collision
probability as functions of the number of channels for (a) the modified multi-
-stage algorithm and (b) the single-stage algorithm. The used parameters for the
modified multi-stage algorithm are S = 2 stages, Ts = 0.1 ms, and Tl = 1 ms. The
used parameters for the single-stage algorithm are Ts = 0.1 ms, and Tt = 1 ms.
Finally, λf = 100s−1.
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Figure 3.2: The SU normalized achievable throughput and the probability of
successfully ordering the duty cycles as functions of the RMS error in estimating
the PU duty cycles. The used parameters for the modified multi-stage algorithm
are S = 2 stages, Ts = 0.1 ms, and Tl = 1 ms. The used parameters for the
single-stage algorithm are Ts = 0.1 ms, and Tt = 1 ms. Finally, λf = 100s−1 and
M = 4 channels.

3.3.2 Throughput versus the Root Mean Squared Error in Estimating

the PU Duty Cycles

In this section, we present the variation of the SU normalized achievable through-

put with the Root Mean Squared (RMS) error in estimating the PU duty cycles.

Moreover, we show the relationship between the probability of successfully or-

dering the duty cycles (that is, the probability that the sorted channel list is in

the correct order if the estimates of the duty cycles were perfect) and the RMS

error in estimating the duty cycles. The results were created in a similar manner

as that in Section 3.3.1 and are presented in Fig. 3.2 for M = 4 channels. The

results show that an increase in the RMS error in estimating the PU duty cycles

yields a decrease in the probability of successfully ordering the duty cycles in

the correct ascending order. Hence, this causes a decrease in the SU achievable

throughput where the impact on the modified multi-stage algorithm is greater

than that of the single-stage algorithm.
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3.4 Summary

In this chapter, we investigated the impact of having a priori knowledge of PU

duty cycles on the performance of spectrum sensing algorithms. We presented

two algorithms, the modified multi-stage algorithm and the single-stage algo-

rithm, that rely on PU traffic statistics. The performance of the algorithms was

quantified in terms of the SU normalized achievable throughput and the PU/SU

collision probability. We modeled the SU behavior using a discrete-time Markov

chain and we formulated the performance metrics using a continuous-time Markov

chain. The results show that utilizing PU duty cycles information result in a sig-

nificant increase in the SU normalized achievable throughput and a considerable

decrease in the PU/SU collision probability. Finally, we showed that improve-

ment in algorithm performance is limited by the accuracy of the estimates of the

PU duty cycles. A thorough study of the accuracy bounds on estimating the PU

traffic parameters is presented in the following chapter.
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CHAPTER 4

Primary User Traffic Estimation for DSA

The benefit of utilizing knowledge of PU traffic statistics in spectrum sensing

algorithms was studied in Chapter 3. We showed that errors in estimating the

PU traffic parameters yield a notable decrease in the SU achievable throughput

and increase in the collisions between SUs and PUs. In this chapter, we consider

the problem of estimating the PU traffic parameters. We derive the estimation

MSE1 in the mean PU duty cycle, u, when sample stream averaging with uniform

sampling is used. We extend our work to include non-uniform sampling as well as

weighted averaging with uniform sampling. Moreover, we derive the Cramér-Rao

(CR) on estimating u assuming knowledge of either the mean PU off- or on-times

under uniform sampling. Considering the mean PU off- and on-times, we derive

the CR estimation error bounds for both parameters assuming knowledge of u

under uniform sampling, and we present the corresponding maximum likelihood

estimators. Furthermore, we derive closed-form expressions for the CR bounds on

the mean squared estimation error for the joint estimation of all traffic parameters

when uniform sampling is employed.

All of the estimation error expressions presented in this work are formulated as

functions of the total number of samples, which serves as a guideline for energy-

1In parameter estimation literature, the MSE is often used as a metric for the estimation
accuracy for a number of reasons. The MSE is an intuitive metric that describes the aver-
age squared deviation of the estimated parameter from the actual value of the parameters.
Moreover, the MSE accounts in the same manner for both positive and negative deviations.
Finally, the MSE metric is mathematically tractable and can often be expressed in closed form,
as opposed to the mean absolute error, or the error probability. Closed form expressions have
the advantages of providing intuition regarding the results, and enabling incorporating other
mathematical tools to analyze the results.
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constrained applications where the energy budget for sampling, and hence the

total number of samples, is limited. We also quantify the relationship between

the estimation error and the length of the observation window. This is important

for delay-constrained applications, and when non-stationary traffic is considered,

as it shows the compromise between the delay in learning the PU traffic param-

eters and the estimation error in the parameters. Besides, the effect of spectrum

sensing errors on the estimation accuracy is studied analytically for the averaging

estimators, while simulation results are used for the ML estimators of u, and the

mean PU off- and on-times. Finally, we present algorithms for the blind estima-

tion of the PU traffic parameters that are based on the derived error expressions.

4.1 System Model

Following the model introduced in [KS08a], we consider a single channel that is

licensed to a single PU2. The used model is similar to that introduced in Chapter

3 and is redescribed here for convenience. The PU traffic is assumed to be

stationary over a sufficiently large time window with exponentially distributed off-

and on-times3. The probability density function of an exponentially distributed

random variable, x, is given as [Van06, Eq. (3.15)] fλ(x) = λe−λx, for x ≥ 0 and

fλ(x) = 0, otherwise, where λ is denoted by the rate parameter. With λ = λf and

λ = λn, fλ(x) denotes the distribution of PU off- and on-times, respectively. The

mean PU off- and on-times are equal to the reciprocal of λf and λn, respectively.

Besides, the duty cycle u of the PU can be calculated as [Van06, Sec. 11.3]

2Note that this, and other assumptions of [KS08a], like, e.g., (i) introduction of (collab-
orative) spectrum sensing, (ii) listen-before-talk policy, (iii) scheduling of quiet periods, (iv)
availability of the control channel, are standard and axiomatic in the DSA literature. There-
fore our results are a natural extension of a well-established path in DSA research.

3We are considering a continuous model as it is more general than a discrete one, encap-
sulating the discrete traffic case. Furthermore, discrete PU traffic models impose an implicit
synchrony between the PU and DSA networks. This requires a priori knowledge of the PU
properties, e.g. guard intervals or pilot symbols. An example of such operation is in [PSM05],
where the DSA system operates following the slot boundaries of a GSM system. To avoid such
constricting requirements, we made as little assumptions on the PU properties as possible.
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u =
λf

λf+λn
. Hence, λf , λn and u are inter-dependent, where estimating any

two of the three parameters is sufficient to completely estimate the PU traffic

parameters.

In order to estimate the traffic parameters, the PU channel is sampled in

order to acquire data regarding the state of the PU (on or off). For the con-

sidered system model, denote the total number of samples by N . Denote the

PU traffic samples by the vector z = [z1, z2, · · · , zN ] where zn is the nth traffic

sample, and zn = 1 if the PU is active and zn = 0, otherwise. Moreover, in

the proposed model, we consider the general case where the spectrum sensing

process is prone to errors. The sensing error is modeled in the form of false

alarm and mis-detection probabilities, denoted by Pf and Pm, respectively. The

sensing error is assumed to be independent for different traffic samples. The es-

timated PU traffic samples are denoted by the vector z̃ = [z̃1, z̃2, · · · , z̃N ] where

z̃n is the nth estimated traffic sample. It follows that z̃n = 1 if zn = 1 and no

mis-detection error occurred, or zn = 0 and a false alarm error occurred. Sim-

ilarly, z̃n = 0 if zn = 1 and a mis-detection error occurred, or zn = 0 and no

false alarm error occurred. Furthermore, the inter-sample times are given by

the vector T = [T1, T2, · · · , TN−1] where Tn denotes the time between samples zn

and zn+1. Finally, the total observation window length is denoted by T , where

T =
∑N−1

n=1 Tn.

Denote the PU state transition probability by Prxy(t), which corresponds to

the probability that the PU state changes from state x to state y within time t,

where {x, y} = 0 denotes that the PU is idle while {x, y} = 1 denotes that the

PU is active. The PU state transition probabilities follow that in (3.1). In this

work Prxy(t) is later used to derive the MSE in the estimates of u, λf , and λn.

As remarked in Section 1.2.2, estimators of u and λf are analytically described

in closed form in [KS08a, KS08b, LLY10, LL11]. However, a measure of the esti-

mation error in u and λf , was not given, noting that in [KS08a, Sec. 6.2] only
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the asymptotic confidence interval for the estimates of u and λf was presented.

In the following sections, we propose new methods to estimate u and we derive

the MSE in the estimates of u, λf , and λn.

4.2 Estimation of the Primary User Duty Cycle u

In this section, we analyze different methods for estimating the duty cycle, u,

of the PU. We first present an estimator based on averaging the traffic samples,

labeled the averaging estimator, similar to the estimator presented in [KS08a,

KS08b, LLY10, LL11]. In addition, we modify the estimator to the general case

where the PU traffic samples are not uniformly sampled. Furthermore, as we

observe that the estimation accuracy is bounded by the sample correlation, we

propose two different estimation methods to alleviate the correlation effect. The

first method is based on the weighted averaging of the traffic samples, labeled the

weighted averaging estimator, and the second method is based on maximum

likelihood (ML) estimation. For all three estimation methods, we derive expres-

sions for the MSE in the estimates. Moreover, we derive the CR bound on the

estimation error when using uniformly sampled traffic samples. The MSE expres-

sions are presented as functions of the number of samples and the observation

window length to serve as guidelines for traffic estimation in energy-constrained

and delay-constrained systems, respectively.

4.2.1 The Averaging Estimator under Perfect Sensing

The averaging duty cycle estimator, ũa, is defined as [KS08a, Sec. 6.1]

ũa =
1

N

N
∑

n=1

z̃n. (4.1)

We first consider the case where the spectrum sensing errors can be ignored, i.e.,

Pf = Pm = 0, hence, z̃n = zn∀n. The impact of spectrum sensing errors on the
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estimation error is presented in the next section.

4.2.1.1 The MSE in ũa

The MSE in ũa for N samples can be defined as

Vũa,N = E
[

ũ2a
]

− u2, (4.2)

where E[·] denotes the expectation. The intuition behind (4.2) is as follows;

the expectation is calculated over all possible values of ũa resulting from all 2N

permutations of the traffic samples vector z. Define Z as a vector containing all

2N permutations of z with Zn, n ∈ {1, 2, · · · , 2N}, defined as the nth element

of Z. Furthermore, define Zn,m, m ∈ {1, 2, · · · , N}, as the mth traffic sample of

Zn, and define ζn =
∑N

m=1 Zn,m, i.e., the summation of all traffic samples of Zn.

Then, substituting (4.1) in (4.2) yields

Vũa,N =
1

N2

2N
∑

n=1

ζ2n Pr(z = Zn|T) − u2, (4.3)

where Pr(z = Zn|T) denotes the probability of observing PU traffic sample se-

quence Zn, for a given vector of sampling times T. We then have the following

theorem.

Corollary 1 The MSE of ũa is given as

Vũa,N =
u(1 − u)

N
+

2u(1 − u)

N2

N−1
∑

i=1

N−i
∑

j=1

i+j−1
∏

k=j

e
−Tkλf

u , (4.4)

Proof: See the proof of (4.18).

From Corollary 1 we obtain the subsequent corollary.

Corollary 2 The decrease in the MSE in ũa with each extra sample, Dũa,N+1, is
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given as

Dũa,N+1 =Vũa,N−Vũa,N+1 =
(2N + 1)

(N + 1)2
Vũa,N − u(1 − u)

(N + 1)2

(

1 + 2
N−1
∑

i=0

N
∏

k=N−i

e
−Tkλf

u

)

.

(4.5)

Proof: Via elementary algebra.

Corollary 2, as we will show in Section 4.5, proves important in designing adaptive

algorithms for the blind estimation of u.

Remarks The rightmost term of (4.4) represents the increase in the estimation

error caused by the correlation between the traffic samples. As Tk tends to

infinity, this term tends to zero, hence, Vũa,N approaches u(1−u)
N

, which is the

MSE in estimating the duty cycle of an uncorrelated traffic sample sequence4.

This is attributed to the fact that the inter-sample time becomes large compared

to the mean off- and on-times of the PU, hence, the correlation between the

samples vanishes. The estimation error is a function of the traffic parameters,

the number of samples, and the inter-sample time sequence. The optimal inter-

sample time sequence that minimizes the estimation error for a given number

of samples and a fixed total observation window length is derived in the next

section.

4.2.1.2 The Optimal Inter-Sample Time Sequence for Minimizing the

MSE in ũa

In this section, the MSE in ũa is shown to be convex with respect to the inter-

sample time sequence, T. The optimal T, denoted by T∗, is derived, and the cor-

responding expression for the MSE in ũa is presented. Expression (4.4) is proven

to be convex by showing that the Hessian of Vũa,N (T), denoted by ∇2Vũa,N (T),

is positive-semidefinite [BV04]. The proof of convexity is given in Appendix A.2.

4Note that u(1−u)
N is the variance of a binomial distribution normalized by N2 where the

probability of success is set to u [Spi75, Ch. 4].
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The problem of minimizing Vũa,N (T) with respect to T can be written as:

minimize Vũa,N(T) =
u(1 − u)

N
+

2u(1 − u)

N2

N−1
∑

i=1

N−i
∑

j=1

i+j−1
∏

k=j

e−
Tkλf

u ; (4.6)

subject to − Tn ≤ 0, n = 1, 2, · · · , N − 1; (4.7)

N−1
∑

n=1

Tn = T. (4.8)

The optimization problem can be solved by Lagrangian duality [BV04] where the

Lagrangian function can be expressed as

LV (T,υ, µ) = Vũa,N (T) −
N−1
∑

k=1

υkTk + µ

(

N−1
∑

k=1

Tk − T

)

, (4.9)

where υ = [υ1, υ2, · · · , υN−1] is the vector of the Lagrangian multipliers associated

with inequalities (4.7) and µ is the Lagrangian multiplier associated with (4.8). As

the optimization problem is convex, and the objective and constraint functions are

differentiable, the optimal inter-sample time sequence, T∗, satisfies the Karush-

Kuhn-Tucker (KKT) conditions:



































−T ∗
n ≤ 0, (4.10a)

N−1
∑

k=1

T ∗
k − T = 0, (4.10b)

υ∗nT
∗
n = 0, υ∗n ≥ 0, (4.10c)

∇Vũa,N (T ∗
n) − υ∗n + µ∗ = 0, (4.10d)

where n ∈ {1, 2 · · · , N−1} and the superscript ∗ signifies optimality. Expression

(4.10d) can be expressed as
−2u(1−u)λf

N2u

∑n
i=1

∑N−1
j=n

∏j
k=i e

−λfT
∗

k
/u − υ∗n + µ∗ = 0.

The solution of the convex problem is first presented for the special case where

T ∗
n > 0, υ∗n = 0 ∀n, i.e. when all samples have non-zero spacing in time. The

solution is later expanded to include cases where T ∗
n = 0 for a set of n, i.e. samples

coincide in time implying that the sample is weighted by the number of coinciding

samples.
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For the case where T ∗
n > 0 ∀n, T∗ is given as follows. Denote Γ∗

a = e
−λfT∗

a

u and

Γ∗
b = e

−λfT∗

b
u , then T ∗

n = T ∗
a for n = 1 and n = N − 1, and T ∗

n = T ∗
b , otherwise,

where



























Γ∗
a =

Γ∗
b

1 − Γ∗
b

, (4.11a)

2T ∗
a + (N − 3)T ∗

b = T, (4.11b)

T > (N − 3)
u

λf
log 2. (4.11c)

Equation (4.11a) is derived by simultaneously solving (4.10d) for n = 1 and

n = 2. Equation (4.11b) is derived from condition (4.10b). Condition (4.11c)

is derived by setting T ∗
a = 0 in (4.11a) and (4.11b) and solving for T . Expres-

sions (4.11a) and (4.11b) can be shown to satisfy (4.10a)–(4.10d) but the proof

is omitted for brevity. The solution for the optimization problem implies that

as the length of the total observation window, T , increases, the optimal inter-

sample time sequence approaches uniform sampling. As T decreases, T∗ remains

uniform for samples 2 to N − 1. However, the first and last inter-sample times

are equal in length, and shorter in length than the rest of the inter-sample times.

If T is decreased to (N−3)u
λf

log 2, T ∗
1 and T ∗

N−1 approach zero, i.e. the first two

samples and last two samples coincide. This implies that the number of samples

is decreased to N − 2 and the first and last samples are weighted by two.

For the case where T < (N−3)u
λf

log 2, T ∗
n can be equal to zero for n ∈ K where

K = {1, 2, · · · , k−2, k−1, N−k+1, N−k+2, · · · , N−1} and 1 < k < ⌊N
2
⌋. T∗ can

be found by solving (4.10a)–(4.10d) where T ∗
n = 0 for n ∈ K and T ∗

n > 0, υ∗n = 0,

otherwise. T∗ is derived as T ∗
n = 0 for n ∈ K, T ∗

n = T ∗
a for n = k and n = N − k

and T ∗
n = T ∗

b , otherwise, where



























Γ∗
a =

Γ∗
b

k (1 − Γ∗
b)
, (4.12a)

2T ∗
a + (N − 2k − 1)T ∗

b = T, (4.12b)

(N − 2k − 1)
u

λf
log

k + 1

k
< T ≤ (N − 2k + 1)

u

λf
log

k

k − 1
. (4.12c)
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Equation (4.12a) is derived by simultaneously solving (4.10d) for n = k and

n = k + 1. Equation (4.12b) is derived from condition (4.10b). The lower

bound in (4.12c) is derived by setting T ∗
a = 0 in (4.12a) and (4.12b) and solving

for T . The upper bound in (4.12c) is based on the condition υ∗k−1 ≥ 0 where

the expression for υ∗n can be derived for n ∈ K from (4.10d), using (4.12a),

as υ∗n =
2u(1−u)λf

N2u
(k − n)

[

Γ∗

a

1−Γ∗

b

− n
]

. Again, (4.12a) and (4.12b) satisfy (4.10a)–

(4.10d) ∀n, and the proof is omitted for brevity. The solution for the optimization

problem implies that if T falls in the boundary expressed in (4.12c), then the

first and last k − 1 samples are omitted, and the kth and (N − k)th samples are

weighted by k. Again, the middle N − 2k − 1 inter-sample times are uniformly

sampled and T ∗
k = T ∗

N−k.

For the special case where 0 < T ≤ (N − 2k + 1) u
λf

log k
k−1

and k = ⌊N
2
⌋, all

inter-sample times decrease to zero except for the middle interval, for N even,

or the middle two intervals, for N odd. Accordingly, for even N , T ∗
n = 0 for

n 6= N
2

and T ∗
N/2 = T , whereas for odd N , T ∗

n = 0 for n /∈ {N−1
2
, N+1

2
} and

T ∗
N−1

2

= T ∗
N+1

2

= T/2. This can be shown to satisfy the KKT conditions (4.10a)–

(4.10d).

Using the optimal inter-sample time sequence, the lower bound on the estima-

tion error for the averaging estimator, ũa, can be derived by substituting (4.12a)

and (4.12b) in (4.4) yielding

V ∗
ũa,N =

2u(1 − u)

N2

(

N

2
+

Γ∗
b + k(k − 1)(1 − Γ∗

b)
2 + Γ∗

b(N − 2k)(1 − Γ∗
b)

(1 − Γ∗
b)

2

)

,

(4.13)

for 0 < k < ⌊N
2
⌋ where k is chosen to satisfy (4.12c) and Γ∗

b is found by solving

(4.12a) and (4.12b)5.

5For k = ⌊N
2 ⌋, for even N , V ∗

ũa,N
= 2u(1−u)

N2

(

N
2 +

(

N2(e−λfT/u + 1)− 2N
)

/4
)

, and for odd

N , V ∗

ũa,N
= 2u(1−u)

N2

(

N
2 + (N − 1)

(

(N − 1)e−λfT/u + 4e−λfT/(2u) + (N − 3)
)

/4
)

.
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Remarks The optimal inter-sample time sequence, T∗, is non-uniform where

the first and last inter-sample times are shorter than the rest of the inter-sample

times. Moreover, generally, the first and last samples have higher weights com-

pared to the rest of the samples. This is attributed to the fact that the first and

last samples are at the edges of the traffic sample sequence, hence, they have

lower correlation with the rest of the traffic samples. However, as the total ob-

servation window length increases, the impact of the first and last samples on the

overall estimation error decreases, and the gap between the estimation error for

the optimal non-uniform sampling sequence, and the uniform sampling sequence

diminishes. Furthermore, T∗ is a function of u, the very same parameter that

is to be estimated, as well as a function of the mean PU departure rate, λf (or

the mean PU arrival rate, λn, as λf equals uλn/(1− u)), which is not necessarily

known by the traffic estimator. Hence, T∗ cannot be known a priori, yet T∗ can

be used as a guideline in algorithm design for the blind estimation of the traffic

parameters. For instance, apart from ‘weighting’ the first and last samples, T∗

is found to be an almost uniformly sampled sequence. Besides, the error expres-

sion given in (4.13) serves as a lower bound on the MSE in estimating u using

averaging for any inter-sample time sequence.

4.2.1.3 The Averaging Estimator under Uniform Sampling

The work in [KS08a, KS08b, LLY10, LL11] considered estimating u by averaging

uniformly sampled traffic observations. In this section, we derive the MSE in ũa

under uniform sampling, denoted by Vũua,N . With constant inter-sample times,

Tn = T
N−1

= Tu, ∀Tn ∈ T. Substituting in (4.4), the MSE can be written as

Vũua,N =
2u(1 − u)

N2

(

N

2
+

N−1
∑

i=1

Γi
u(N − i)

)

=
u(1 − u)

N
+

2u(1 − u)Γu(ΓN
u −N(Γu − 1) − 1)

N2(1 − Γu)2
, (4.14)
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where Γu = e−
λfTu

u . Again, the rightmost part of the right hand side of (4.14)

accounts for the increase in estimation error caused by sample correlation. Intu-

itively, when the sample correlation is high, increasing N in a fixed time window

leads to an insignificant change in the estimation error. Formally, we obtain the

following corollary.

Corollary 3 For a fixed observation window length, as the number of samples

increases, the MSE error in estimating u for uniform sampling approaches an

asymptote Vũua,L, where

Vũua,L = lim
N→∞

Vũua,N =
2u(1 − u)

η2
(

e−η + η − 1
)

, (4.15)

where η =
Tλf

u
. Proof: Via elementary algebra.

Note that Vũua,L tends to 0 as the observation window length is increased.

Using Corollary 3, the number of samples, N , can be chosen such that the re-

sulting error is above the asymptotic error (4.15) by a factor β. Then N can be

evaluated by solving Vũua,N = βVũua,L.

Remarks When estimating u by averaging uniformly sampled traffic samples,

the estimation error is lower bounded. The lower bound is caused by sample

correlation and can only be eliminated by increasing the total observation window

length.

4.2.2 The Averaging Estimator under Imperfect Sensing

The analysis presented in Section 4.2.1 is extended here to include the effect

of spectrum sensing errors on the estimation error. Introducing spectrum sens-

ing errors to the averaging estimator expressed in (4.1) causes the estimator

to become biased. The expected value of the estimator can be calculated as

E [ũa] = Pf (1 − u) + u (1 − Pm), where the expectation is calculated over all
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possible values of ũa resulting from all 2N permutations of the estimated PU

traffic samples vector z̃. Thus, the duty cycle can be calculated from E [ũa]

where u = (E [ũa] − Pf )/(1 − Pf − Pm). Accordingly, we define the following

unbiased estimator6

ũa,s =
1

1 − Pf − Pm

[

−Pf +
1

N

N
∑

n=1

z̃n

]

, (4.16)

∀Pf , Pm : Pf + Pm 6= 1. Define Z̃ as a vector containing all 2N permutations of

z̃ with Z̃n, n ∈ {1, 2, · · · , 2N}, defined as the nth element of Z̃. Furthermore,

define Z̃n,m, m ∈ {1, 2, · · · , N}, as the mth traffic sample of Z̃n. Thus, the MSE

in ũa,s for N samples, denoted by Vũa,s,N can be expressed as

Vũa,s,N =
2N
∑

n=1

S2
n Pr(z̃ = Z̃n|T) − u2, (4.17)

where Sn = 1
1−Pf−Pm

[

−Pf + 1
N

∑N
m=1 Z̃n,m

]

. We then have the following theo-

rem.

Theorem 1 The MSE in ũa,s is given as

Vũa,s,N =
2u(1 − u)

N2

N−1
∑

i=1

N−i
∑

j=1

i+j−1
∏

k=j

e
−Tkλf

u +
u(1 − u)

N

+
uPm (1 − Pm) + (1 − u)Pf (1 − Pf )

N (1 − Pf − Pm)2
, (4.18)

∀Pf , Pm : Pf + Pm 6= 1. Proof: See Appendix A.1.

6Note that the estimator ũa,s is not defined for the special case of Pf+Pm = 1. For Pf+Pm =
1, the denominator of the proposed unbiased estimator equals zero, and the expectation of the
biased estimator can be expressed as E [ũa] = Pf , which is independent of u. Hence, both
estimators fail to estimate u. On the other hand, note that Pf + Pm ≥ 1 does not correspond
to any relevant practical sensing method. Typical values for the probability of false alarm and
mis-detection are Pf / 0.1 and Pm / 0.1, respectively, e.g., [YA09, Sec. VII-C], [TTS12, Sec.
VI-A], [GTS07,SCL09b], [MSH11, Sec. 6.6], [KA10, Sec. IV-A].
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Remarks Comparing (4.18) with (4.4), it is clear that the rightmost term of

the right hand side of (4.18) models the increase in the estimation error caused

by the spectrum sensing errors. Moreover, the leftmost term of the right hand

side of (4.18) accounts for the estimation error caused by the sample correlation.

Furthermore, unlike the impact of sample correlation on the estimation error, the

effect of the spectrum sensing errors on the estimation error can be asymptoti-

cally eliminated by increasing N . Besides, the increase in the estimation error

attributed to the spectrum sensing errors is not a function of the inter-sample

time sequence, T. Accordingly, Vũa,s,N is convex with respect to T, and the opti-

mal T that minimizes the MSE in ũa,s is the same as T that minimizes the MSE

in ũa that is derived in Section 4.2.1.2.

4.2.3 The Weighted Averaging Estimator under Perfect Sensing

In the previous sections, the PU duty cycle, u, is estimated using equal weight

averaging of the channel samples. The optimal inter-sample times were found

to reach zero for some samples implying that weighting might improve the es-

timation accuracy. In this section, we propose a new estimator that averages

weighted traffic samples to decrease the estimation error by alleviating the effect

of sample correlation. For analytical tractability, uniform sampling is assumed

with a constant inter-sample time denoted by Tc.

We first present the special case where the spectrum sensing errors can be

neglected, that is, Pf = Pm = 0, and z̃n = zn∀n. The effect of spectrum sensing

errors on the estimation error is investigated in the next section. The estimator

is defined as ũw =
N
∑

i=1

wizi, where wi is the weight of sample zi. Then E[ũw] =

u
N
∑

i=1

wi, thus, for the estimator to be unbiased, that is E[ũw] = u, the weights

must satisfy the condition
N
∑

i=1

wi = 1.
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4.2.3.1 The MSE in ũw

The MSE in ũw can be written as

Vũw,N = E
[

(ũw − E[ũw])2
]

= E





(

N
∑

i=1

wizi − E

[

N
∑

i=1

wizi

])2




= E





(

N
∑

i=1

wizi

)2


− u2

(

N
∑

i=1

wi

)2

= u
N
∑

i=1

w2
i + 2

∑

i<j

wiwjE[zizj] − u2

(

N
∑

i=1

wi

)2

. (4.19)

The expression E[zizj] in (4.19) represents the correlation between zi and zj

denoted by Ri,j . Consider Ri,i+j , ∀j ≥ 1, then

Ri,i+j =E[zizi+j ] = Pr{zi = 1, zi+j = 1}

= Pr{zi = 1, zi+j−1 = 1}Pr11(Tc) + Pr{zi = 1, zi+j−1 = 0}Pr01(Tc)

= Ri,i+j−1 Pr11(Tc) + (u−Ri,i+j−1) Pr01(Tc). (4.20)

The initial condition for the recursive equation (4.20) is Ri,i = E[zizi] = u. Thus,

solving equation (4.20) yields Ri,i+j = uΓj
c +u2(1−Γj

c), where Γc = e
−λfTc

u . Since

the traffic samples have a constant mean and the correlation function is only

related to the time difference between the samples, the samples follow a wide-

sense stationary process7 and Ri,i+j = R[j], ∀j ≥ 0. Substituting Ri,j in (4.19)

yields

Vũw,N = u
N
∑

i=1

w2
i + 2

N−1
∑

j=1

N−j
∑

i=1

wiwi+j

[

uΓj
c + u2(1 − Γj

c)
]

− u2

(

N
∑

i=1

wi

)2

= u(1 − u)

(

N
∑

i=1

w2
i + 2

N−1
∑

j=1

Γj
c

N−j
∑

i=1

wiwi+j

)

. (4.21)

7It is stated in [KS08a] that the traffic samples follow a semi-Markov process. But given
the condition of using a constant inter-sample time, it turns out to be a wide-sense stationary
process.
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Note that (4.21) matches (4.14) if constant weighting is assumed, i.e., wi =

1/N, i ∈ {1, 2, · · · , N}.

4.2.3.2 The Optimal Weighting Sequence

The optimal weighting sequence that minimizes the MSE in ũw, denoted by w∗ =

[w∗
1, w

∗
2, · · · , w∗

N ]T , is derived in this section. According to the orthogonality

principle, w∗ satisfies E[(u − ũw)zj] = 0, ∀j ∈ {1, 2, · · · , N}. Hence, w∗ =

R−1quz, where R = [ri,j ]N×N , ri,j = R[|i − j|], and quz is the cross correlation

vector E[uz]. Since the traffic samples follow a wide-sense stationary process, R

is both symmetric and Toeplitz. The cross correlation vector, quz, can be written

as quz = E[uz] = u(E[z1], E[z2], · · · , E[zN ])T = [u2, u2, · · · , u2]T . Normalizing

the weights to get an unbiased estimator, the optimal weighting sequence is given

by w∗ = R−1quz

cTR−1quz
, where c is a constant vector [1, 1, · · · , 1]T ∈ R

N×1. Hence,

the optimal weighting sequence can be expressed as w∗
1 = w∗

N = 1
N(1−Γc)+2Γc

and

w∗
i = 1−Γc

N(1−Γc)+2Γc
∀i /∈ {1, N}.

The MSE in ũw when the optimal weighting sequence is used can be found

by substituting w∗ in (4.21) yielding V ∗
ũw,N = u(1−u)(1+Γc)

N(1−Γc)+2Γc
. Due to the correlation

between the samples, for a given observation window length, the MSE in ũw ap-

proaches an asymptote, denoted by V ∗
ũw,L, as N increases. V ∗

ũw,L can be calculated

as follows

V ∗
ũw,L = lim

N→∞
V ∗
ũw,N =

u(1 − u)

1 +
λfT

2u

. (4.22)

Remarks The derived optimal weighting sequence dictates that the first and

last samples have to be multiplied by higher weights than the rest of the samples.

This is because they are less correlated to the rest of the traffic samples and hence,

hold more information. The optimal weighting sequence, however, depends on

the actual value of u which is obviously not known a priori. Thus, V ∗
ũw,N serves as

a lower bound on the estimation error when weighted sampling is used. Besides,
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the accuracy of the estimate can be improved in an iterative manner where ũw

can be used to calculate an estimate of the optimal weighting sample, then the

resulting weighting sequence can be used to improve the estimate of u.

4.2.4 The Weighted Averaging Estimator under Imperfect Sensing

In this section, we consider the performance of the weighted averaging estima-

tor considering spectrum sensing errors. The spectrum sensing errors cause the

estimator to become biased, akin to the averaging estimator case presented in

Section 4.2.2. Accordingly, the bias can be eliminated by defining the following

estimator

ũw,s =
1

1 − Pf − Pm

(

−Pf +
N
∑

i=1

w̃iz̃i

)

, (4.23)

where w̃i is the weight of the estimated traffic sample z̃i. Hence, E[ũw,s] = u

under the condition
∑N

i=1 w̃i = 1. To quantify the MSE in ũw,s, we start by

evaluating the correlation between the estimated traffic samples, R̃i,i+j , where

R̃i,i+j =E[z̃iz̃i+j] = Pr{z̃i = 1, z̃i+j = 1}

=P 2
f Pr{zi =0,zi+j =0}+Pf (1−Pm)

[

Pr{zi =0,zi+j =1}+Pr{zi =1,zi+j =0}
]

+ (1 − Pm)2Pr{zi = 1, zi+j = 1}. (4.24)

Recall from Section 4.2.3.1 that Pr{zi = 1, zi+j = 1} = Ri,i+j. It follows that

Pr{zi = 1, zi+j = 0} = u − Ri,i+j , Pr{zi = 0, zi+j = 1} = u − Ri,i+j , and

Pr{zi = 0, zi+j = 0} = 1 − 2u+Ri,i+j . Hence, substituting in (4.24) yields

R̃i,i+j = Ri,i+j(1 − Pm − Pf )2 + 2uPf (1 − Pm − Pf ) + P 2
f . (4.25)

Since, as in Section 4.2.3.1, the estimated samples follow a wide-sense stationary

process, then R̃i,i+j = R̃[j], ∀j ≥ 0. Hence, the variance of the proposed estimator
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can be expressed as

Vũw,s,N = E
[

(ũw,s − u)2
]

= E
[

ũ2w,s

]

− u2

=
1

(1−Pf−Pm)2



E

[(

N
∑

i=1

w̃iz̃i

)2 ]

− 2Pf

N
∑

i=1

w̃iE
[

z̃i

]

+ P 2
f



− u2

=
1

(1−Pf−Pm)2

(

N
∑

i=1

w̃2
iE[z̃2i ]+2

N−1
∑

j=1

N−j
∑

i=1

w̃iw̃i+jR̃[j]−2PfE[z̃i]+P
2
f

)

−u2.

(4.26)

Substituting (4.25) in (4.26) and replacing E[z̃i] and E[z̃2i ] by (1−Pf −Pm)u+Pf

yields

Vũw,s,N =

(

uPm(1 − Pm) + (1 − u)Pf (1 − Pf )

(1 − Pf − Pm)2

) N
∑

i=1

w̃2
i

+u(1 − u)

(

N
∑

i=1

w̃2
i + 2

N−1
∑

j=1

N−j
∑

i=1

w̃iw̃i+j

)

. (4.27)

In order to derive the optimal weighting sequence that minimizes the MSE in ũw,s,

we apply the orthogonality principle, i.e., E[(u− ũw,s)z̃j] = 0, ∀j ∈ {1, 2, · · · , N}.

By solving the normal equations R̃w̃ = quz̃, where R̃ ∈ R
N×N is the autocor-

relation matrix 1
1−Pf−Pm

E[z̃z̃T ], w̃ is the weights vector [w̃1, w̃2, · · · , w̃N ]T , and

quz̃ is the cross correlation vector E
[ (

u+
Pf

1−Pf−Pm

)

z̃
]

, we derive the normalized

optimal weights as w̃∗
1 = w̃∗

N = 1
N(1−Γc)+2Γc

, and w̃∗
i = 1−Γc

N(1−Γc)+2Γc
∀i /∈ {1, N}.

This is the same result as for the weighted estimator assuming perfect spectrum

sensing. Substituting the optimal weights in (4.27) yields

Vũw,s,N =
u(1 − u)(1 + Γc)

N(1 − Γc) + 2Γc

+
uPm(1−Pm)+(1−u)Pf (1−Pf )

(1 − Pf − Pm)2
2 + (N−2)(1−Γc)

2

(N(1 − Γc) + 2Γc)2
.

(4.28)

Note that the rightmost part of the right hand side of (4.28) represents the

increase in the estimation error attributed to the spectrum sensing errors, while

the leftmost part represents the estimation error under perfect sensing as derived
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in Section 4.2.3.2. It follows that, for a given observation window length, the

MSE in ũw,s approaches an asymptote, denoted by V ∗
ũw,s,L

, as N increases, due

to sample correlation, where V ∗
ũw,s,L

= limN→∞ V ∗
ũw,s,N

= u(1−u)

1+
λfT

2u

.

Remarks The optimal weighting sequence is not affected by the spectrum sens-

ing errors, this is because the sensing error is assumed to be independent for the

different traffic samples. Moreover, as N is increased, the impact of spectrum

sensing errors is eliminated where V ∗
ũw,s,L

= V ∗
ũw,L. On the other hand, the estima-

tion error caused by the sample correlation serves as a lower bound that can only

be decreased by increasing the total observation window length. Furthermore, as

in the case of weighted averaging assuming perfect sensing, the optimal weighting

sequence depends on the actual value of u which is obviously not known a priori.

Thus, V ∗
ũw,s,N

serves as a lower bound on the estimation error.

4.2.5 ML Estimation of u and the CR bound on the estimation error

under Perfect Sensing

In the previous sections, it was shown that the accuracy of the estimators of

u that are based on sample stream averaging is limited by sample correlation.

Hence, in this section, we propose a more accurate estimator of u based on

ML estimation. However, the improved accuracy of ML estimators comes at the

expense of an increase in the computational complexity. ML estimation is used to

estimate parameters of a statistical model by finding the parameters’ values that

maximize the probability of the observed samples [RGS04]. The mean squared

estimation error of ML estimators is often quantified analytically using the CR

bound. The CR bound quantifies the minimum mean squared estimation error

that can be achieved by any unbiased estimator. ML estimators achieve the

CR lower bound as the sample size tends to infinity when certain conditions are

satisfied [Mil11, Ch. 12]. Accordingly, we present the likelihood function for the

estimation of u, as well as the corresponding CR bound on the estimation error.

79



The expressions are first presented for the special case when the sensing procedure

is assumed to be perfect. Then, the likelihood function is modified to account

for the effect of sensing errors on the estimation error. However, the CR bound

on the estimation error in the presence of sensing errors cannot be expressed in

a simple closed form, hence, the estimation error is presented via simulations in

Section 4.6.3. For analytical tractability, uniform sampling is assumed with a

constant inter-sample time of Tc seconds.

We first consider the case where the sensing error can be ignored, i.e., Pf =

Pm = 0, thus, z̃n = zn∀n. The likelihood function of the traffic samples given u

assuming perfect sensing is derived in a similar manner to [KS08a, Sec. 6.1] and

can be written as

L(z|u) = Pr(z|u) = Pr(z1|u)
N−1
∏

i=1

Pr(zi+1|zi, u) = uz1 (1 − u)1−z1

N−1
∏

i=1

Przizi+1
(Tc|u),

(4.29)

where the Markovian property has been applied. Expression (4.29) can be written

as

L(z|u) = uz1(1 − u)1−z1 Prn0
00(Tc|u) Prn1

01(Tc|u) Prn2
10(Tc|u) Prn3

11(Tc|u), (4.30)

where n0, n1, n2 and n3 denote the number of (0 → 0), (0 → 1), (1 → 0) and

(1 → 1) PU state transitions, respectively, from the total of N − 1 transitions

among N samples. Then, the ML estimator of u, denoted by ũm, can be found

by solving ∂ logL(z|u)/∂u = 0. The value of ũm cannot be written in a simple

closed form and thus, has to be solved numerically. The MSE in ũm, denoted by

Vũm,N , is lower bounded by the CR bound, accordingly,

Vũm,N ≥ I−1
m (u,N) , (4.31)

where Im (u,N) is the Fisher information for N collected samples. Specifically,

the Fisher information is defined as Im(u,N) = E
[

(∂ logL(z|u)/∂u)2
]

.
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Theorem 2 The lower bound on the MSE in ũm is given as

I−1
m (u,N) =

u3 (1 − u) (1 − Γc) (Γc + u− Γcu) (Γcu− u+ 1)

M1 +M2 +M3 +M4 +M5

, (4.32)

where M1 = Γ2
cλfTc(N − 1)(1 − u)[λfTc(1 − u)(1 + Γc) − 2u(1 − 2u)(1 − Γc)],

M2 = Γ3
cu

2[u(u−1)(3N−2)+(N−1)], M3 = −Γ2
cu

2[u(u−1)(7N−4)+(2N−1)],

M4 = Γcu
2[N(5u2 − 5u+ 1) + 2u(1 − u)], and M5 = Nu3(1 − u).

Proof: See Appendix A.3.

For a fixed observation window, the CR bound for the variance in ũm ap-

proaches an asymptote as N increases. This is caused by the correlation between

the samples. The lower bound on the CR bound can be derived as follows

lim
N→∞

I−1
m (u,N) =

u(1 − u)

1 +
λfT

u

. (4.33)

Remarks Comparing (4.33) to (4.22), as N approaches infinity, the MSE in

estimating u using ML estimation with an observation window length of T is

the same as that when weighted averaging is used with an observation window

length of 2T . This is a very useful property for delay-constrained applications

as the estimation accuracy can be achieved in half the time. The fact that ML

estimation requires only half the time window length is attributed to the fact

that the proposed ML estimator assumes knowledge of either λf or λn, hence,

half the information needed to estimate the traffic parameters is assumed to be

known a priori. The assumption of knowing λf or λn beforehand is application

specific (the average PU off- or on- time may be known to the SU in some network

scenarios), where on the other hand, in case both λf and λn are unknown, joint

ML estimation should be used.
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4.2.6 ML Estimation of u under Imperfect Sensing

In the presence of sensing errors, any PU traffic samples vector z can result in

an estimated PU traffic samples vector z̃ with a non-zero probability. Hence, the

likelihood function presented in (4.30) is modified to

L(z̃|u) =
2N
∑

n=1

Pr(Zn|u)S(z̃|Zn), (4.34)

where Pr(Zn|u) is the probability of occurrence of the PU traffic samples vector

Zn and equals the right hand side of (4.30), and S(z̃|Zn) is the probability of

estimating the PU traffic samples vector as z̃, when the actual PU traffic samples

vector equals Zn. S(z̃|Zn) can be written as

S(z̃|Zn) = P
m0,n,z̃

f (1 − Pf )m1,n,z̃P
m2,n,z̃
m (1 − Pm)m3,n,z̃ , (4.35)

where m0,n,z̃, m1,n,z̃, m2,n,z̃, and m3,n,z̃ are the numbers of false alarms, no false

alarms, mis-detections, and no mis-detections, respectively, that yield the esti-

mated PU traffic samples vector z̃ given the PU traffic samples vector Zn. The

ML estimator of u can be modified to account for sensing errors and can be

calculated by solving for the value of u that maximizes the modified likelihood

function given in (4.34). The ML estimator as well as the corresponding mean

squared estimation error cannot be expressed in a simple closed form and, hence,

have to be calculated numerically as shown in Section 4.6.
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4.3 Estimation of the Primary User Departure Rate λf

and Arrival Rate λn

4.3.1 Estimation of λf under Perfect Sensing

Following [KS08a, Sec. 6.1] the estimation method adopted here is based on ML

estimation. Uniform sampling is assumed for mathematical tractability. The

likelihood function of the traffic samples given λf is the same as that in (4.30)

but with replacing the condition on u by a condition on λf . Then, the ML

estimator of λf , denoted by λ̃f , can be found by solving ∂ logL(z|λf )/∂λf = 0

as in [KS08a, Sec. 6.1] yielding λ̃f = − (u/Tc) log
[(

−B +
√
B2 − 4AC

)

/ (2A)
]

,

where A = (u − u2)(N − 1), B = −2A + N − 1 − (1 − u)n0 − un3, and C =

A− un0 − (1 − u)n3.

4.3.2 The CR bound on the MSE in λ̃f

The MSE in λ̃f , denoted by Vλ̃f ,N
, is expressed using the CR bound as in the

case of the ML estimation of u. Hence,

Vλ̃f ,N
≥ I−1

m (λf , N) , (4.36)

where Im (λf , N) = E
[

(∂ logL(z|λf )/∂λf )2
]

. Accordingly, we obtain the follow-

ing theorem.

Theorem 3 The lower bound on the MSE in λ̃f is given as

I−1
m (λf , N) =

u(1 − Γc)[Γc + u(1 − Γc)
2(1 − u)]

(ΓcTc)
2 (1 − u)(1 + Γc)(N − 1)

. (4.37)

Proof: See Appendix A.4.

As for the case of estimating u, the CR bound for the variance in λ̃f for a fixed

observation window approaches an asymptote as N increases due to the sample
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correlation. The lower limit on the CR bound can be derived by taking the limit

of (4.37) as N approaches infinity, yielding

lim
N→∞

I−1
m (λf , N) =

λf
2T (1 − u)

. (4.38)

4.3.3 Estimation of λn under Perfect Sensing

The PU arrival rate, λn, can be estimated in a similar manner to λf using ML

estimation. The ML estimator of λn can be written as λ̃n = (1 − u) λ̃f/u where

the derivation follows that of λ̃f and is omitted for brevity. It follows that

Im (λn, N) = u2Im (λf , N) / (1 − u)2. Moreover, for a fixed observation window,

the CR bound for the MSE in λ̃n approaches λn/ (2Tu) as N increases.

Remarks The expressions for λ̃f and λ̃n are functions of u, thus, ML estima-

tion can be used in applications where a priori knowledge of u can be assumed.

Moreover, the expressions for the MSE in λ̃f and λ̃n are functions of the actual

values of λf and λn, which are not known a priori. Hence, the MSE expressions

can be used to provide benchmarks for the ML estimation error. Furthermore,

the MSE expressions can be used to calculate the worst case error in λ̃f and λ̃n,

and to show the dependence of the estimation error on u, λf , λn, the number of

samples, and the observation window length.

4.3.4 ML Estimation of λf and λn under Imperfect Sensing

The likelihood function of the traffic samples given λf or λn under imperfect

sensing can be expressed as in (4.34) with replacing the condition on u by a

condition on λf and λn, respectively. The ML estimators for λf and λn as well as

the corresponding mean squared estimation errors cannot be expressed in simple

closed forms and consequently, have to be calculated numerically as shown in

Section 4.6.
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4.4 The Joint Estimation of the Primary User Duty Cycle

u, Departure Rate λf , and Arrival Rate λn

The traffic parameters, u, λf , and λn are inter-dependent, where estimating any

two of the three parameters is sufficient to completely estimate all three parame-

ters. We consider the case where u and λf are jointly estimated where we derive

the CR bounds on the estimation error. The CR bound quantifies the minimum

mean squared estimation error that can be achieved by any unbiased estimator.

We also present expressions for the ML estimators when u or λf are estimated

separately. Finally, we present the ML estimators and CR bounds when u and

λn are jointly estimated.

For analytical tractability uniform sampling is assumed with a constant inter-

sample time of Tc seconds, where Tc = T/ (N − 1). Besides, the sensing error

probabilities, Pf and Pm, are assumed to be equal to zero, hence, z̃n = zn∀n. Note

that the effect of sensing error on the estimation error is discussed in Section 4.4.3.

The likelihood function of the traffic samples given u and λf is derived in a similar

manner to [KS08a, Sec. 6.1] and can be written as

L(z|u, λf ) = Pr(z|u, λf ) = Pr(z1|u, λf )
N−1
∏

i=1

Pr(zi+1|zi, u, λf )

= uz1 (1 − u)1−z1

N−1
∏

i=1

Przizi+1
(Tc|u, λf ), (4.39)

where the Markovian property has been applied and Przizi+1
(Tc|u, λf ) denotes

the probability that a sample zi is followed by a sample zi+1 for the inter-sample

time Tc, given u and λf . Expression (4.39) can be written as

L(z|u, λf ) = uz1(1 − u)1−z1 Prn0
00(Tc|u, λf ) Prn1

01(Tc|u, λf )

× Prn2
10(Tc|u, λf ) Prn3

11(Tc|u, λf ), (4.40)
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where n0, n1, n2 and n3 denote the number of (0 → 0), (0 → 1), (1 → 0), and

(1 → 1) PU state transitions, respectively, from the total of N − 1 transitions

among N samples. Then, the ML estimators of u and λf , denoted by ũm and λ̃f,m,

respectively, can be found by simultaneously solving ∂ logL(z|ũm, λ̃f,m)/∂λ̃f,m =

0 and ∂ logL(z|ũm, λ̃f,m)/∂ũm = 0, expressed respectively as

n1 + n2 =
n0 Pr01

Pr00
+
n3 Pr10

Pr11
, (4.41)

z1 − ũm
ũm (1 − ũm)

= (n1 Pr00 −n0 Pr01)
(1 − ũm)

(

Γ̃c,mTcλ̃f,m − Pr01

)

ũ2m Pr00 Pr10

+ (n2 Pr11 −n3 Pr10)
(1 − ũm)Γ̃c,mTcλ̃f,m + ũm Pr01

ũ2m Pr10 Pr11
, (4.42)

where Γ̃c,m = e
−λ̃f,mTc

ũm , and the argument of Prxy(Tc|ũm, λ̃f,m), x, y ∈ {0, 1}, in

(4.41) and (4.42) is dropped for brevity. The estimators, ũm and λ̃f,m, cannot be

written in a simple closed-form and thus, are to be evaluated numerically.

4.4.1 The CR Bound for Estimating u and λf

The CR bounds for the estimators of θ = [u, λf ]T are defined as the diagonal

elements of the reciprocal of the 2-by-2 Fisher information matrix defined by

IN (u, λf ) = E

[−∂2
∂θ2 logL(z|θ)

]

, (4.43)

where the subscript N in IN implies that the Fisher information is calculated for

a traffic sample vector of N samples, and E [·] is the expectation calculated over

all permutations of z. Denote the CR bounds for the estimators of u and λf by

Vu,CR and Vλf ,CR, respectively. Hence, the bounds can be expressed as

Vu,CR =
IN (u, λf ) [2, 2]

|IN (u, λf ) | , (4.44)
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and

Vλf ,CR =
IN (u, λf ) [1, 1]

|IN (u, λf ) | . (4.45)

The elements of the Fisher information matrix can be written as follows (not-

ing again that the argument of Prxy(Tc|u, λf ), x, y ∈ {0, 1}, is dropped for brevity)

IN (u, λf ) [1, 1] = E

[−∂2
∂u2

logL(z|θ)

]

=
Γ2
cλfTc (N − 1) [λfTc (1 − u) (1 + Γc) + 2u (2u− 1) (1 − Γc)]

u2 Pr01 Pr00 Pr11

− (N−1)Γ2
c −NΓc + uPr10 ((3N− 2) Γc−N)

u (1− u) Pr00 Pr11
, (4.46)

IN (u, λf ) [1, 2] = IN (u, λf ) [2, 1] = E

[ −∂2
∂u∂λf

logL(z|θ)

]

=
− (N − 1) Γ2

cTc [Tcλf (1 − u) (1 + Γc) + Pr01(2u− 1)]

uPr01 Pr00 Pr11
, (4.47)

and

IN (u, λf ) [2, 2] = E

[

−∂2
∂λ2f

logL(z|θ)

]

=
(N − 1) Γ2

cT
2
c (1 − u) (1 + Γc)

Pr01 Pr00 Pr11
, (4.48)

where Γc = e
−λfTc

u . Expressions (4.46), (4.47), and (4.48) are derived in Ap-

pendix A.5, Appendix A.6, and Appendix A.7, respectively.

The determinant of IN (u, λf ) can be expressed as

|IN (u, λf ) | =
(ΓcTc)

2 (N − 1) (2Γc +N (1 − Γc))

uPr01 Pr00 Pr11
. (4.49)

Hence, using (4.46)–(4.49), the CR bounds for the estimators of u and λf can be

expressed, respectively, as

Vu,CR =
u (1 − u) (1 + Γc)

N (1 − Γc) + 2Γc

, (4.50)
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and

Vλf,CR =
λf [λfTc (1 − u) (1 + Γc) + 2u (2u− 1) (1 − Γc)]

uTc (2Γc +N (1 − Γc))

− Pr01[uPr10((3N−2) Γc−N)+(N−1)Γ2
c−ΓcN ]

(ΓcTc)
2 (1 − u) (N − 1) (2Γc +N (1 − Γc))

. (4.51)

For a fixed observation window T , as N increases, the CR bounds for the esti-

mators of u and λf approach asymptotic values denoted by Vu,CR,L and Vλf ,CR,L,

respectively. The lower bounds on the CR bounds can be derived as follows

Vu,CR,L = lim
N→∞

Vu,CR =
u (1 − u)

1 +
Tλf

2u

, (4.52)

and

Vλf ,CR,L = lim
N→∞

Vλf ,CR =
λf (u+ Tλf )

T (1 − u) (2u+ Tλf )
. (4.53)

Note that lower bound on the CR bounds can only be decreased by increasing the

total observation window length T . Moreover, it has been shown in [GLP12, Eq.

(24)] that the asymptotic CR bound on the estimator of u assuming perfect

knowledge of λf equals u (1 − u) / (1 + λfT/u). Comparing (4.52) with [GLP12,

Eq. (24)], it is clear that the expressions would match if the observation window

length T in (4.52) is multiplied by a factor of two. That is, the effect of having

a priori knowledge regarding λf on the asymptotic CR bound on estimating u is

equivalent to doubling the observation window length.

4.4.2 The CR Bound for Estimating u and λn

For the joint estimation of u and λn, the CR bound on the estimation error of u

can also be expressed as (4.52) while the CR bound for the estimation error in
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λn can be expressed as

Vλn,CR =
λn [λnTcu (1 + Γc)+2 (1 − u)(1 − 2u)(1 − Γc)]

(1 − u)Tc (2Γc +N (1 − Γc))

−Pr10[uPr10((3N−2)Γc−N)+(N−1)Γ2
c−ΓcN ]

(ΓcTc)
2 u (N − 1) (2Γc +N (1 − Γc))

, (4.54)

where the derivations are omitted for brevity and follow that for the joint esti-

mation of u and λf . Finally, as N increases for a fixed observation window T ,

Vλn,CR approaches an asymptote, Vλn,CR,L, that can be derived as

Vλn,CR,L = lim
N→∞

Vλn,CR =
λn ((1 − u) + Tλn)

Tu (2 (1 − u) + Tλn)
. (4.55)

4.4.3 The Impact of Spectrum Sensing Errors on Estimating u, λf ,

and λn

In the presence of spectrum sensing errors, any PU traffic samples vector z can

result in an estimated PU traffic samples vector z̃ with a non-zero probability.

Hence, the likelihood function presented in (4.40) has to be modified in order to

account for spectrum sensing errors. Define Z = [Z1,Z2, · · · ,Z2N ] as a vector

containing all 2N permutations of z. Then, the modified likelihood function can

be expressed as

L(z̃|u, λf ) =
2N
∑

n=1

Pr(Zn|u, λf )S(z̃|Zn), (4.56)

where Pr(Zn|u, λf ) is the probability of occurrence of the PU traffic samples

vector Zn and equals the right hand side of (4.40), and S(z̃|Zn) is the probability

of estimating the PU traffic samples vector as z̃, when the actual PU traffic

samples vector equals Zn. S(z̃|Zn) can be written as

S(z̃|Zn) = P
m0,n,z̃

f (1 − Pf )m1,n,z̃P
m2,n,z̃
m (1 − Pm)m3,n,z̃ , (4.57)
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where m0,n,z̃, m1,n,z̃, m2,n,z̃, and m3,n,z̃ are the numbers of false alarms, no false

alarms, mis-detections, and no mis-detections, respectively, that yield the esti-

mated PU traffic samples vector z̃ given the PU traffic samples vector Zn. The

joint ML estimators of u and λf , and u and λn can be modified to account for

spectrum sensing errors. The modified ML estimators are calculated by solving

for the values of u, λf , and λn that maximize the modified likelihood function

given in (4.56). The ML estimators as well as the corresponding mean squared

estimation errors cannot be expressed in a simple closed-form and, hence, have

to be calculated numerically as shown in Section 4.6.

4.5 Algorithms for the Blind Estimation of u, λf , and λn

In this section, we present algorithms that blindly estimate u, λf and λn based

on adaptive sampling, using the analytical expressions obtained thus far. The

assumptions that are necessary for the operation of the algorithms are that the

off- and on-times of the PU are exponentially distributed. Besides, perfect spec-

trum sensing is assumed, noting that the algorithms can be updated to account

for the effect of spectrum sensing imperfections. Two algorithms are presented;

Algorithm I blindly estimates u assuming perfect knowledge of λf and no a priori

knowledge of λn (see the verbal description in Section 4.5.1 and its summary in

Algorithm 1), and Algorithm II blindly estimates u, λf and λn (respectively, see

the verbal description in Section 4.5.2 and its summary in Algorithm 2).

4.5.1 Algorithm I: Blind Estimation of u with Known λf (or λn)

Algorithm I is applicable in scenarios where there is a priori knowledge of λf

whereas u and λn are unknown. Note that, the algorithm can be modified to

estimate u under the assumption of perfect knowledge of λn with no a priori

knowledge of λf . A practical example for the latter case would be if the average

on-time of the PU is known (for example, the packet length of the PU follows a
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certain pattern or is fixed) while the rate at which the PU accesses the channel

is unknown. The algorithm estimates u using the averaging method as described

in (4.1), and the error in ũa is estimated using (4.4).

The algorithm operates as follows. The traffic is sampled with an arbitrary

initial inter-sample time, T0, until the sampled traffic state toggles. Then, traffic is

sampled for an arbitrary initial number of samples, N0, with the inter-sample time

T0. Note than increasing T0 and N0 increases the accuracy of the initial estimate,

but, on the other hand, increases the estimation delay. For the remainder of

the algorithm, the inter-sample time is determined while taking the correlation

between the traffic samples into consideration. Corollary 2 provides an expression

for the expected decrease in the MSE in ũa for each additional sample. The

maximum decrease in the MSE in ũa is given by

Dmax
ũa,N+1 = lim

TN→∞
Vũa,N − Vũa,N+1 =

Vũa,N(2N + 1) − u(1 − u)

(N + 1)2
. (4.58)

Accordingly, the parameter Dũa,N+1 can be expressed as Dũa,N+1 = Dmax
ũa,N+1 −

D0ΓN , where D0 = 2u(1−u)
(N+1)2

∑N−1
i=0

∏N−1
k=N−i Γk. Parameter Dmax

ũa,N+1 is independent

of TN , thus, varying TN can only affect the D0ΓN term in Dũa,N+1. Setting TN to

uα
λf

is equivalent to multiplying D0 by a factor of e−α. The parameter α is chosen

so that a compromise between the reduction in the estimation error per sample

and the delay in taking the new sample is reached. For lower values of α, the

expected decrease in the MSE in ũa per sample is lower, while at the same time,

the average delay in taking the new sample is lower.

There are three different conditions for terminating the algorithm that are

used depending on the application. The algorithm may terminate when (i) a

predetermined number of samples are taken (energy-constrained applications),

or (ii) after a certain observation window length is reached (delay-constrained

applications), or (iii) when a target expected estimation error is reached. For an

energy-constrained application where the sensing energy budget, and hence the
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Algorithm 1: Algorithm I: Blind Estimation of u with known λf (or λn)

Require: T0, N0, α
Ensure: T < Tth or N < Nth or max{Vũa,N} < Vth (user specified)
1: while ũa = 0 or ũa = 1 do
2: take a next sample after T0 s
3: calculate ũa using (4.1)
4: if T ≥ Tth or N ≥ Nth (if target Tth or Nth is required) then
5: Terminate
6: end if
7: end while
8: while N < N0 do
9: take a next sample after T0 s

10: calculate ũa using (4.1)
11: if T ≥ Tth or N ≥ Nth (if target Tth or Nth is required) then
12: Terminate
13: end if
14: end while
15: while T < Tth or N < Nth or max{Vũa,N} > Vth (user specified) do
16: calculate TN = ũa

λf
α

17: Take a next sample after TN s
18: calculate ũa using (4.1)
19: calculate Vũa,N for all u ∈ [0, 1] using (4.4) (if target Vth is required)
20: end while

total number of samples that are to be taken, is limited, the first termination

condition is used where the total number of samples equal Nth. On the other

hand, for a delay-constrained application where the total observation window is

bounded by a time threshold, Tth, the second termination condition is applied.

Finally, the third termination condition is used if the application involves esti-

mating u with a target average estimation error Vth. To ensure that the target

average error is always reached, the expected error is calculated using (4.4) for

u ∈ [0, 1], using the operating values of N , λf , and T. The algorithm is ter-

minated if the worst case expected estimation error, calculated over all possible

values of u, is less than Vth. Note that the value of u that yields the highest esti-

mation error cannot be known a priori as described in Section 4.6.1.The proposed

algorithm is summarized in Algorithm 1.
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4.5.2 Algorithm II: Blind Estimation of u, λf and λn

Algorithm II is directed for scenarios where there is no a priori knowledge of u,

λf , and λn. The duty cycle is estimated using the averaging method as described

in (4.1). Parameters λf and λn are estimated using ML estimation as described

in Section 4.3, hence, unlike Algorithm I, the inter-sample time is kept constant

at T0. The algorithm terminates when a target average estimation error in u,

denoted by Vu,th, and a target average estimation error in λf or λn, denoted by

Vλ,th, are reached. To ensure that the targeted estimation errors are met, the

estimation errors are calculated at all algorithm iterations for the full range of

u, and λf or λn. Moreover, it follows from Section 4.3 that the asymptotic lower

bound on the error in λf is greater than that in λn for u > 1
2

and approaches

infinity as u tends to 1, while the asymptotic lower bound on the error in λn

is greater than that in λf for u < 1
2

and approaches infinity as u tends to 0.

Thus, the algorithm is designed to terminate when ũa and λ̃f reach the target

average estimation error if ũa <
1
2
, and when ũa and λ̃n reach the target average

estimation error if ũa >
1
2
. Besides, The lower bound on the estimation error for

λf and λn is proportional to λf and λn as shown in Section 4.3. Accordingly, the

error in λf and λn cannot be guaranteed to meet specific targets unless λf and

λn are upper bounded. Moreover, we assume that λf and λn are greater than

zero, as otherwise, the PU would be either always on or always off. Thus, in

this section we assume that λf , λn ∈ [λmin, λmax]. Furthermore, since the error

in estimating u increases with decreasing λf as presented in (4.4), the worst

case estimation error in u is calculated while substituting λf = λmin. On the

other hand, as the estimation error in λf and λn increases monotonically with λf

and λn, respectively, the worst case estimation error in λf and λn is calculated

while substituting λf = λn = λmax. The proposed algorithm is summarized in

Algorithm 2.
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Algorithm 2: Algorithm II: Blind Estimation of u, λf , and λn
Require: T0
Ensure: max{Vũa,N} < Vu,th and max{Vλ̃f ,N

} < Vλ,th for ũa < 0.5, and

max{Vũa,N} < Vu,th and max{Vλ̃n,N
} (MSE in λ̃n) < Vλ,th for ũa > 0.5

1: while ũa = 0 or ũa = 1 do
2: take a next sample after T0 s
3: calculate ũa using (4.1)
4: end while
5: while {ũa < 0.5, and max{Vũa,N} > Vu,th or max{Vλ̃f ,N

} > Vλ,th} or

{ũa > 0.5, and max{Vũa,N} > Vu,th or max{Vλ̃n,N
} > Vλ,th} do

6: take a next sample after T0 s
7: calculate ũa using (4.1)
8: calculate Vũa,N for all u ∈ [0, 1] and for λf = λmin using (4.4)
9: calculate λ̃f and λ̃n following Section 4.3 using ũa, N , n0, and n3

10: calculate Vλ̃f ,N
and Vλ̃n,N

for all u ∈ [0, 1] and for λf = λn = λmax

following Section 4.3
11: end while

4.6 Numerical Results

We present numerical results, confirming the theory provided in Section 4.2, that

compare the accuracy of the different estimation methods of u. Moreover, we

show the accuracy and the asymptotic behavior of the ML estimation of λf , based

on the theory obtained in Section 4.3. Furthermore, we present results for the

estimation error in u and λf under spectrum sensing imperfections. Note that the

performance of the estimation of λn is similar to that of λf , and thus is omitted

to eliminate redundancy. Next, we present results showing the performance of

the proposed blind estimation algorithms. Besides, we validate the correctness

of the developed mathematical expressions through comparison with simulation

results developed in Matlab version 7.10.0.499. Note that, the root mean squared

(RMS) error is used as a metric for quantifying the estimation accuracy instead

of the MSE for convenience. The RMS error is simply calculated as the square

root of the MSE.

In the numerical evaluation, as an example, typical values for the PU traffic

parameters are used following the results in [LL11, WRM09], which are repre-
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sentative sources of information of the temporal utilization of radio resources in

popular radio access systems. In specific, we focus on GSM 1800 downlink traffic,

as it is the only service common to both studies, with detailed parameters found

in [LL11, Tab. VIII] and [WRM09, Tab. 3]. We therefore assume that the PU

duty cycle, u, is in the range of (0.3,0.6) (0.30 in [LL11] and 0.62 in [WRM09]),

whereas the PU departure rate, λf , is in the range8 of (0.4,0.9) s−1.

4.6.1 The RMS Error in Estimating u

4.6.1.1 The Variation of the RMS Error with the Number of Samples

The relationships between the total number of samples, N , and the RMS error in

the estimate of u are plotted in Fig. 4.1 for (i) the averaging estimator with non-

uniform sampling using the optimal inter-sample time sequence, (ii) the averaging

estimator with uniform sampling, (iii) the weighted averaging estimator using

the optimal weighting sequence, and (iv) the ML estimator. The RMS error in

estimating u, denoted by Rũ,N , is plotted for an observation window of T = 50 s

where N is increased from 40 to 150 samples, which represents a typical size of

sample sets in traffic sampling. The variation of Rũ,N with N for u = 0.3 and

u = 0.6 is shown in Fig. 4.1(a) and Fig. 4.1(b), respectively. The PU departure

rate, λf is set to 0.4 s−1 and 0.9 s−1.

The results show that ML estimation outperforms all averaging based esti-

mation techniques where the resulting RMS error can be reduced by up to 24%.

This is because the proposed ML estimator assumes a priori knowledge of λf .

Moreover, the optimized averaging estimator with non-uniform sampling and the

optimized weighted averaging estimator yield almost the same estimation error,

with a narrow margin below the averaging estimator with uniform sampling. Be-

8As the measurements in [WRM09] were performed in the discrete domain, we directly con-
verted the parameters of all geometric distributions given in [WRM09, Tab. 3] into exponential
distribution parameters, where the minimum and maximum reported PU departure rate is
0.48 s−1 and 0.9 s−1, respectively. Note that the arrival and departure rates are not reported
explicitly in [LL11].
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sides, for the same u, higher λf yields lower estimation error due to the reduced

sample correlation. Furthermore, the figures emphasize the fact that the estima-

tion error reaches an asymptotic value as N is increased. Finally, all results are

verified via Matlab simulations where the simulation results match the theoretical

expressions except for ML estimation where the simulation-based error is higher

than the theoretical expression. This is because the CR bound provides a lower

bound on the error that is attained asymptotically as N increases.

4.6.1.2 The Asymptotic RMS Error

The RMS error in the estimate of u as N tends to infinity reaches an asymptote

as shown in Section 4.2. Fig. 4.2 shows the relationship between the asymptotic

RMS error in the estimate of u, denoted by Rũ,∞, and the observation window

length, T , for the different estimation techniques. Two different sets of PU traffic

parameters are used; u = 0.3 and λf = 0.9 s−1, and u = 0.6 and λf = 0.4 s−1.

Rũ,∞ for the averaging estimator with non-uniform sampling is calculated nu-

merically since a closed form expression is not available. The results show that

Rũ,∞ for ML estimation is lower than that for the other estimation techniques,

and the performance of the weighted averaging estimator and the averaging es-

timator with non-uniform sampling is almost identical and surpasses that of the

averaging estimator with uniform sampling. Moreover, as proven in Section 4.2.5,

Rũ,∞ for ML estimation is identical to that for weighted averaging estimation if

the observation window length, T , is doubled.

4.6.1.3 The Variation of the RMS Error with the Duty Cycle

The relationship between Rũ,N and u, is presented in Fig. 4.3. The plot compares

the error for the averaging estimator with uniform sampling with that of the ML

estimator. For this setup, u is increased from 0 to 1 while T and N are kept

constant at 100 seconds and 100 samples, respectively. The error is presented for
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Figure 4.1: RMS error in the estimate of u as a function of the number of samples
N for T = 50 s and different values of u. The RMS error is plotted for the four
estimation methods; US: Averaging with uniform sampling, NS: Averaging with
non-uniform sampling, WS: Weighted averaging, and MLE: Maximum likelihood
estimation. Simulation results (Sim.) are plotted to verify the mathematical
model (An.).
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Figure 4.2: Asymptotic RMS error in the estimate of u, Rũ,∞, as a function of the
observation window length, T . Rũ,∞ is plotted for the four estimation methods;
US: Averaging with uniform sampling, NS: Averaging with non-uniform sampling,
WS: Weighted averaging, and MLE: Maximum likelihood estimation. The traffic
parameters used: {u = 0.3, λf = 0.9 s−1}, and {u = 0.6, λf = 0.4 s−1}.

different values of λf representing traffic with different levels of correlation. ML

estimation achieves a more accurate estimate than averaging-based estimation,

yet the gap in performance decreases with higher λf . The value of u which results

in the highest estimation error is greater than 0.5 and approaches u = 0.5 with

increasing λf . The skew in the figure is attributed to the error added by sample

correlation, which increases with u for the same λf . For higher λf , the effect of

sample correlation decreases and the mean squared estimation error approaches

u(1−u)
N

, as explained in Section 4.2.1.1, which is symmetric in u and is maximized

at u = 0.5. Again, the results are verified via simulations where the simulation

results match the theoretical expressions except for ML estimation as the CR

bound provides a theoretical lower bound on the error.

Key Message ML estimation is recommended for estimating u when a pri-

ori knowledge of λf or λn is available. Moreover, optimized averaging under

non-uniform sampling and optimized weighted averaging yield almost the same

estimation error, and result in a lower estimation error than averaging under

uniform sampling.

98



0 0.2 0.4 0.6 0.8 1
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

PU Duty Cycle u

R
M

S
 E

rr
or

 in
 E

st
im

at
ed

 u

 

 

(An.) US, λ
f
 = 0.1 s−1

(An.) MLE, λ
f
 = 0.1 s−1

(An.) US, λ
f
 = 0.5 s−1

(An.) MLE, λ
f
 = 0.5 s−1

(An.) US, λ
f
 = 1 s−1

(An.) MLE, λ
f
 = 1 s−1

(An.) US, λ
f
 = 2 s−1

(An.) MLE, λ
f
 = 2 s−1

 

 

(Sim.)

(Sim.)

(Sim.)

(Sim.)

(Sim.)

(Sim.)

(Sim.)

(Sim.)

Figure 4.3: RMS error in the estimate of u as a function of u for N = 100 and
T = 100 s. The RMS error is plotted for averaging with uniform sampling (US)
and the CR bound is plotted for maximum likelihood estimation (MLE). The
traffic parameters used: λf ∈ {0.1, 0.5, 1, 2}s−1. Simulation results (Sim.) are
plotted to verify the mathematical model (An.).

4.6.2 The RMS Error in λ̃f under Uniform Sampling

The PU departure rate, λf , is estimated using ML estimation and hence, the

estimate accuracy is lower bounded by the CR bound. Fig. 4.4(a) shows the

square root of the CR bound as well as the RMS error in λ̃f , obtained by simu-

lations, for different traffic parameters and T = 50 s, as a function of the number

of samples, N . The estimation error reaches an asymptote as N is increased for

a fixed observation window length, which, again, is attributed to sample correla-

tion. The asymptotic value of the CR bound was derived as (4.38) and its square

root is presented in Fig. 4.4(b) where it is clear that the asymptote decreases

with increasing the observation window length. The analytical result in (4.38)

is verified through simulations where N was set to a value that is higher than

Tλf/u by orders of magnitude.

Key Message The PU departure rate can be estimated using ML estimation

where the estimation error is lower bounded due to sample correlation. The lower

bound on the error can only be decreased by increasing the total observation
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(a) CR bound on the RMS error in λ̃f as a
function of N for T = 50 s.
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(b) Asymptotic CR bound on the RMS error
in λ̃f as a function of T .

Figure 4.4: CR bound 4.4(a) and asymptotic CR bound 4.4(b) on the error in
λ̃f . The used traffic parameters: {u = 0.3, λf = 0.4 s−1}, {u = 0.3, λf = 0.9 s−1},
{u = 0.6, λf = 0.4 s−1}, and {u = 0.6, λf = 0.9 s−1}. Simulation results (Sim.)
are plotted to verify the mathematical model (An.).
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window length.

4.6.3 RMS Error in Estimating u and λf under Sensing Imperfections

The impact of sensing imperfections on the estimation of u and λf is presented

in Fig. 4.5(a) and Fig. 4.5(b), respectively. The assumed parameters are λf =

0.9 s−1, u = 0.3, and T = 50 s. The estimation error is shown for Pf = Pm = 0,

Pf = Pm = 0.05, and Pf = Pm = 0.1. The estimation error under sensing

imperfections for the averaging estimator of u is expressed in closed form in (4.18),

and the error for the weighted averaging estimator using the optimal weighting

sequence is expressed in closed form in (4.28). Analysis and simulation-based

results are plotted for both estimators (the special case of uniform sampling

is used for the averaging estimator), where the simulation results match the

theoretical expressions for both estimators. On the other hand, the impact of

sensing errors on the error in the ML estimators of u and λf is only expressed

via simulations using the modified likelihood function expressed in (4.56).

Key Message For estimating u, the ML estimator outperforms the averaging

estimators under sensing imperfections. The effect of sensing errors on the error

in estimating λf is noticeable where the RMS of the estimation error increases

by up to 91% for Pf = Pm = 0.1, compared to perfect spectrum sensing. Finally,

the impact of the sensing imperfections on the PU traffic parameters estimation

error decreases as N increases.

4.6.4 Algorithm I: Performance of the Proposed Duty Cycle Estima-

tion Algorithm for Constrained N

This section presents the performance of Algorithm I when the total number of

samples is constrained. A typical application would be traffic estimation by an

energy-constrained node. The initial number of samples, N0, is set to 5 sam-
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Figure 4.5: The impact of sensing errors (SE) on the estimation of u and λf . The
used traffic parameters: u = 0.3, λf = 0.9 s−1, and T = 50 s. The RMS error
is plotted for three estimation methods; US: Averaging with uniform sampling,
WS: Weighted averaging, and MLE: Maximum likelihood estimation. Simula-
tion results (Sim.) are plotted to verify the mathematical model (An.) where
applicable.
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ples. The initial inter-sample time, T0, is set to two different values, 1 and 10

seconds, to investigate the performance of the algorithm under different initial

conditions. After the initial N0 samples, the inter-sample time is adapted as

described in Section 4.5. Three different values of α ∈ {1, 2, 5}, are selected

to show the compromise between the estimation accuracy and the total obser-

vation window length. The performance of the algorithm is compared to that

of uniform sampling with Tu set equal to the 2 different values of T0, i.e., the

algorithm is compared to the case where the inter-sample time is kept constant

at the initial conditions without adaptation. The traffic parameters are u = 0.6

and λf = 0.9 s−1. The RMS error in the estimate of u, Rũ,N , is presented in

Fig. 4.6(a) and the equivalent total observation window length is presented in

Fig. 4.6(b). As a reference, the theoretical lower bound for the averaging-based

estimation error as T tends to infinity is also plotted.

The results show that the algorithm can blindly achieve an RMS estima-

tion error that is only 1.5% higher than the theoretical lower bound for α = 5,

T0 = 10 s, and Nth = 100 samples. Uniform sampling alone can achieve a low

estimation error but at the expense of a notable increase in the total observation

window length. Moreover, the algorithm has lower dependence on the initial con-

ditions compared to uniform sampling, as the algorithm adapts the inter-sample

time according to the traffic parameters. Furthermore, higher α yields a smaller

estimation error but causes an increase in the estimation duration, thus, α can

be tuned according to the application constraints.

Key Message The proposed algorithm can blindly estimate u for a constrained

N by adapting the inter-sample time according to the estimated u. The compro-

mise between the estimation error and the total observation window length can

be controlled by tuning the algorithm parameter α.
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Figure 4.6: The performance of Algorithm I for constrained Nth, Fig. 4.6(a): The
RMS estimation error in u as a function of the number of samples threshold Nth;
Fig. 4.6(b): The total observation window length as a function of the number of
samples threshold Nth. The estimation error and total observation window length
for uniform sampling are plotted for comparison. The theoretical lower bound on
error is plotted as a reference; Alg.: Algorithm I, Uni.: uniform sampling. The
used parameters: u = 0.6, λf = 0.9 s−1, N0 = 5, T0 ∈ {1, 10} s.
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4.6.5 Algorithm I: Performance of the Proposed Duty Cycle Estima-

tion Algorithm given a Target Estimation Error

In this section, the duty cycle is blindly estimated until the RMS error reaches

a targeted value using Algorithm I. The target RMS estimation error is 0.1 and

the algorithm is tested for u ranging from 0.1 to 0.9, while λf is set to 0.9 s−1.

The algorithm parameters are set to N0 = 50 samples, T0 = 50 ms, and α ∈
{1, 2, 5}. The RMS estimation error, the average total number of samples, and

the average total observation window length are plotted in Fig. 4.7(a), Fig. 4.7(b)

and Fig. 4.7(c), respectively.

Key Message The achieved RMS estimation error is always reached for all

values of u. The reached error is less than the targeted error for most cases as

the algorithm targets the worst case error. Furthermore, the results emphasize

the compromise between the number of samples and the observation window

length where α can be chosen according to the sensing energy and sensing delay

constraints.

4.6.6 Algorithm II: Joint Estimation of u, and λf (or λn) for a Target

Estimation Error

The targeted RMS estimation error in u is set to 0.1, and the targeted RMS error

in λ̃f or λ̃n is set to 0.1 s−1. The algorithm is tested for u ranging from 0.1 to

0.9, and λf ∈ {0.1, 0.5, 0.9} s−1. Parameters λmin and λmax are set to 0.1 s−1

and 1 s−1, respectively, and the inter-sample time, T0, is set to 50 ms. The RMS

estimation error in u is presented in Fig. 4.8(a), and the RMS error in λ̃f or λ̃n

is shown in Fig. 4.8(b). The results show that the constraints on the estimation

error are reached for all of the tested values of u and λf . The estimation error in

u is higher for lower λf due to the increased sample correlation, while the error

in λ̃f increases with λf which complies with Section 4.3.2. Furthermore, since
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Figure 4.7: The performance of Algorithm I for constrained RMS error,
Fig. 4.7(a): The achieved RMS estimation error in u as a function of u; Fig. 4.7(b):
The average total number of samples as a function of u; Fig. 4.7(c): The aver-
age total observation window length as a function of u. The used parameters:
λf = 0.9s−1, N0 = 50, T0 = 50 ms.
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Figure 4.8: The performance of Algorithm II for the joint estimation of u, and λf
(or λn): Fig. 4.8(a): The RMS estimation error in u as a function of u; Fig. 4.8(b):
The RMS error in λ̃f or λ̃n as a function of u. The used parameters: T0 = 50 ms.

the inter-sample time is constant and the algorithm terminates when the worst

case error (covering the full considered range of the traffic parameters) matches

the target error, the total observation window length and number of samples are

constant for all considered values of u and λf . For this specific setup, the total

observation window equals 290 seconds, which is higher than that reported for

Algorithm I, as shown in Fig. 4.7(c), where λf was assumed to be known a priori.

Key Message The proposed algorithm can blindly estimate all traffic param-

eters while satisfying a targeted estimation error.

4.7 Summary

In this paper, we developed a mathematical framework that quantifies the es-

timation accuracy of PU traffic parameters in the form of the mean squared

estimation error. We analyzed the estimation error in the mean PU duty cycle,

u, for a variety of estimators based on sample stream averaging and maximum

likelihood estimation. We proved that for the equal-weighted averaging-based
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estimation of u, the estimation error is convex with respect to the inter-sample

time sequence and we derived the optimal sequence and the corresponding error.

Moreover, we derived the optimal weighting sequence when weighted averaging is

employed. Furthermore, we showed that the maximum likelihood estimation of

u outperforms all averaging based estimators, provided that a priori knowledge

of the mean PU off-time or the mean PU on-time is available. Regarding the

mean PU off- and on-times, we formulated the estimation error bounds, for all

unbiased estimators, in the form of the Cramér-Rao bounds. We showed that

the estimation error for all PU traffic parameters for a fixed observation length

is lower bounded due to sample correlation, where the bound can be reduced by

increasing the total observation window length. Besides, we demonstrated the

impact of spectrum sensing errors on the estimation accuracy for all PU traffic

parameters, including analytical results where applicable, and showed that the

effect of sensing errors on the estimation accuracy of u can be eliminated by in-

creasing the number of traffic samples. Finally, we proposed algorithms, based

on the derived error expressions, for the blind estimation of u for constrained

number of samples, observation window length, and expected estimation error.

We concluded the paper by proposing an algorithm for the joint estimation of all

traffic parameters that successfully achieves a target estimation error.
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CHAPTER 5

Conclusions

5.1 Research Contributions

We present a unified analytical framework, based on Markov chain analysis, for

evaluating multi-channel multi-stage spectrum sensing algorithms for Dynamic

Spectrum Access networks. Multi-stage sensing provides more flexibility in opti-

mizing the system’s performance by varying the sensing time per stage and the

number of sensing stages. Therefore, in the model we consider a variety of al-

gorithm design examples that feature prolonged sensing stages before accessing

or leaving a channel. We also consider the temporal variation in the activity

of the PUs as well as the secondary users. Furthermore, we analyze operation

on multiple channels for nodes with single and parallel narrowband radios. We

show that the performance of multi-stage spectrum sensing algorithms is supe-

rior to the single-stage counterpart regarding throughput and the total energy

consumption per bit. This, however, comes at the expense of an increase in the

collisions probability. Moreover, the optimal number of sensing stages and the

optimal sensing duration per stage have a high dependence on the PU traffic.

We also investigated the impact of incorporating PU traffic utilization statis-

tics in spectrum sensing algorithm design. We showed the impact of such statistics

on increasing the achievable throughput and decreasing the collision probability.

Furthermore, we analyzed the impact of PU traffic parameter estimation errors

on algorithm performance and we presented the accuracy bounds on PU traffic

parameter estimation. We developed a mathematical framework that quantifies

109



the estimation accuracy of PU traffic parameters in the form of the mean squared

estimation error. We analyzed the estimation error in the mean PU duty cycle, u,

for a variety of estimators based on sample stream averaging and maximum likeli-

hood estimation. Besides, we derived the Cramér-Rao (CR) bounds on estimating

u when uniform sampling is applied under the perfect knowledge of either the

mean PU off- or on-time. We proved that for the equal-weighted averaging-based

estimation of u, the estimation error is convex with respect to the inter-sample

time sequence and we derived the optimal sequence and the corresponding error.

Moreover, we derived the optimal weighting sequence when weighted averaging is

employed. Regarding the mean PU off- and on-times, we derived the CR bounds

on the estimation accuracy for uniform sampling assuming perfect knowledge of

u. We then extended our analysis to derive the CR bounds for the joint estima-

tion of u, and the mean PU off- and on-times. We showed that the estimation

error for all PU traffic parameters for a fixed observation length is lower bounded

due to sample correlation, where the bound can be reduced by increasing the total

observation window length. Besides, we demonstrated the impact of spectrum

sensing errors on the estimation accuracy for all PU traffic parameters, including

analytical results where applicable, and showed that the effect of sensing errors

on the estimation accuracy of u can be eliminated by increasing the number of

traffic samples. Finally, we proposed algorithms, based on the derived error ex-

pressions, for the blind estimation of u as well as the joint estimation of all traffic

parameters that successfully achieves a target estimation error.

5.2 Future Work

In order to gain more intuition regarding the performance of multi-channel multi-

stage spectrum sensing algorithms, the presented mathematical framework can

be extended to include more performance metrics. This includes the delay and

packet losses in SU traffic as well as the delay in vacating the channel by a SU
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for an incoming PU. Besides, the mathematical framework can be modified to

account for other channel models, for example, flat and Nakagami fading channel

models. Furthermore, the framework can be expanded to include more than one

SU pair where collaborative spectrum sensing techniques can be explored.

The presented work also quantifies the accuracy of estimating PU traffic pa-

rameters when the PU off- and on-times are exponentially distributed. The anal-

ysis can be expanded to model the probability distribution function of the estima-

tion error. This can be used in providing a more accurate study of the impact of

estimation errors on the performance of spectrum sensing algorithms. Moreover,

the impact of estimation errors on spectrum sensing algorithms was presented

in this work for two algorithms. As future work, the presented Markov chain

based framework can be adapted to account for a wider variety of spectrum sens-

ing algorithms. Furthermore, empirical measurements for PU traffic statistics

show that PU off- and on-times follow distributions other than the exponential

distribution, for example, the log-normal distribution. Thus, the analysis of the

estimation accuracy of PU traffic parameters introduced in this work can be ex-

panded to include other traffic statistical models. Finally, in the context of our

work, the PU traffic is assumed to follow a stationary distribution, however, in

real life scenarios the distribution may vary in time, and the impact of the tem-

poral variation of the traffic statistical model on the estimation accuracy can be

investigated.
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APPENDIX A

Appendix

A.1 Proof of Vũa,s,N

The expression presented in (4.18) can be proved by mathematical induction.

First assume, without loss of generality, that 1 − Pf − Pm 6= 0. Define Pn =

Pr(z̃ = Z̃i|T), i.e., the probability of observing the estimated PU traffic samples

vector Z̃i given T. Moreover, define P as a vector containing all values of Pn such

that Pn is the nth element of P . Furthermore, define S as a vector where Si,

defined in Section 4.2.2, is the ith element of S. Hence, Vũa,s,N =
∑2N

i=1 S
2
i Pi−u2.

For the base case with N = 2, Z̃ = [00, 01, 10, 11] and S = −1/(1 − Pf −
Pm)[−Pf ,−Pf + 1/2,−Pf + 1/2,−Pf + 1]. Besides, P = [(1 − u)P̄f (Pr00 P̄f +

Pr01 Pm)+uPm(Pr10 P̄f +Pr11 Pm), (1−u)P̄f (Pr00 Pf +Pr01 P̄m)+uPm(Pr10 Pf +

Pr11 P̄m), (1−u)Pf (Pr00 P̄f+Pr01 Pm)+uP̄m(Pr10 P̄f+Pr11 Pm), (1−u)Pf (Pr00 Pf+

Pr01 P̄m) + uP̄m(Pr10 Pf + Pr11 P̄m)], where P̄f = 1 − Pf and P̄m = 1 − Pm. Ac-

cordingly,

Vũa,s,2 =
u(1 − u)Γc

2
+
u(1 − u)

2
+
uPm(1 − Pm) + (1 − u)Pf (1 − Pf )

2(1 − Pf − Pm)2
, (A.1)

which equals (4.18) for N = 2, hence, proves the base case.

Showing that (4.18) holds for N + 1 while assuming that it is true for N is

sufficient for proving (4.18). Subscripts N and N + 1 are added to Pn and Sn

to differentiate between cases with N and N + 1 samples. For N + 1 samples,
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Vũa,s,N+1 =
∑2N+1

i=1 S2
i,N+1Pi,N+1 − u2 and can be expressed as

Vũa,s,N+1 =
N2Vũa,s,N

(N + 1)2
+ Ω1 + Ω2 −

(2N + 1)u2

(N + 1)2
, (A.2)

where

Ω1 =
2N+1
∑

i=1

Pi,N+1

(

N
∑

n=1

Z̃i,n −NPf

)

(

Z̃i,N+1 − Pf

) 2

(N + 1)2(1 − Pf − Pm)2

(A.3)

and

Ω2 =
2N+1
∑

i=1

Pi,N+1(Z̃i,N+1 − Pf )2
1

(N + 1)2(1 − Pf − Pm)2
. (A.4)

Note that Z̃i,N+1 in Ω1 and Ω2 denotes the estimated traffic sample number N+1

in the traffic sample vector Z̃i. Ω1 is a recursive expression that can be simplified

to

Ω1 =
2Nu2

(N + 1)2
+

2u(1 − u)

(N + 1)2

N
∑

j=1

N
∏

k=j

e
−Tkλf

u , (A.5)

where the proof is omitted for brevity. Moreover, Ω2 can be simplified to

Ω2 =
Pf (1 − Pf ) + u(1 − 2Pf )(1 − Pf − Pm)

(N + 1)2(1 − Pf − Pm)2
. (A.6)

Finally, substituting (4.18) for Vũa,s,N in (A.2) and using the simplified expressions

for Ω1 and Ω2, we obtain

Vũa,s,N+1 =
2u(1 − u)

(N + 1)2

N
∑

i=1

N+1−i
∑

j=1

i+j−1
∏

k=j

e
−Tkλf

u +
u(1 − u)

N + 1

+
uPm (1 − Pm) + (1 − u)Pf (1 − Pf )

(N + 1) (1 − Pf − Pm)2
. (A.7)

This corresponds to (4.18) with the number of samples set to N+1, hence, proves

(4.18) by mathematical induction.
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A.2 Proof of Convexity of Vũa,N (T)

In this section, expression (4.4) is proved to be convex by showing that the

Hessian of Vũa,N (T), ∇2Vũa,N (T), is positive-semidefinite [BV04]. Denote the

Hessian of Vũa,N (T) by H = [ha,b]. H is a symmetric {N − 1}-by-{N − 1}
matrix and can be expressed as ha,b = 2u(1−u)

N2

(

λf

u

)2
∑a

i=1

∑N−1
j=b

∏j
k=i Γk, ∀a ≤ b.

Since 2u(1−u)
N2

(

λf

u

)2

≥ 0, showing that Ĥ is positive-semidefinite proves that H

is positive-semidefinite, where Ĥ =
∑A

i=1

∑N−1
j=B

∏j
k=i Γk. Ĥ is proved to be

positive-semidefinite by showing that all of its N −1 leading principal minors are

non-negative. Define Ĥn = [ĥn,i,j ] as the upper left n-by-n corner of Ĥ. Showing

that the determinant of Ĥn is non-negative for n ∈ {1, 2, · · ·N − 1} proves that

Ĥ is positive-semidefinite. Define H̄n = [h̄n,i,j ] as a symmetric matrix where

h̄n,i,j =



































































ĥn,i,j =
N−1
∑

a=1

a
∏

k=1

Γk, i = j = 1,

ĥn,i,j−1 − ĥn,i,j =
∏j−1

k=1 Γk, i = 1, j > 1,

ĥn,i,j + ĥn,i−1,j−1 − ĥn,i−1,j − ĥn,i,j−1 = −∏j−1
k=i Γk, j > i > 1,

ĥn,i,j+ĥn,i−1,j−1−ĥn,i−1,j−ĥn,i,j−1 =
N−1
∑

a=i

a
∏

k=i

Γk+
i−1
∑

a=1

i−1
∏

k=a

Γk, j = i > 1,

h̄n,j,i, otherwise.

(A.8)

It is easy to show that |H̄n| = |Ĥn| as H̄n is formed by performing row and column

addition operations on Ĥn and an even number of sign changes. Moreover, H̄n

is diagonally dominant, that is, for every row of the matrix, the magnitude of

the diagonal element is greater than or equal to the summation of the magnitude

of the other non-diagonal elements: |h̄n,i,i| −
∑

j 6=i |h̄n,i,j| =
∑N−1

a=n

∏a
k=i Γk ≥

0, ∀i ∈ {1, · · · , n}, ∀n ∈ {1, · · · , N − 1}. A real symmetric diagonally dominant

matrix with non-negative diagonal elements is positive-semidefinite [HJ85, Ch.

6]. Hence, |H̄n| ≥ 0, and accordingly, |Ĥn| ≥ 0, for n ∈ {1, 2, · · ·N − 1}.

Consequently, Ĥ is positive-semidefinite and Vũa,N (T) is convex.
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A.3 Proof of the Lower Bound on Vũm,N

We first start by simplifying the expression for the Fisher information. Let ΦN =

∂ logL(z|u)/∂u where N samples are used for estimation. Note that Im (u,N) =

E [Φ2
N ]. Using (3.1) and (4.40), ΦN can be written as

ΦN =
z1 − u

u(1 − u)
+ Φ0

[

n1

Pr01(Tc|u)
− n0

Pr00(Tc|u)

]

+ Φ1

[

n3

Pr11(Tc|u)
− n2

Pr10(Tc|u)

]

,

(A.9)

where Φ0 = (1 − Γc) − λfTcΓc/u, Φ1 = (1 − Γc) + λfTcΓc (1 − u) /u2, and Γc =

e−λfTc/u. We now apply mathematical induction to prove (4.32). Starting with

the base case of N = 2, Im (u, 2) = E [Φ2
2]. The expectation is evaluated over all

four possible sample sequences. Thus, Im (u, 2) =
∑4

i=1 φ
2
2,i Pr(z = Zi|T), where

φN,i is ΦN evaluated for Zi. Furthermore, Z = [00, 01, 10, 11] and the correspond-

ing values of Pr(z = Zi|T) = [(1−u) Pr00(T1), (1−u) Pr01(T1), uPr10(T1), uPr11(T1)],

where Prxy(·) is as defined in (3.1). Denote the vector of all values of φ2,i for

i ∈ {1, 2, 3, 4} by φ2. Hence, φ2 =
[

1
(u−1)

− u(1−Γc)−λfTcΓc

uPr00(Tc|u)
, 1

(u−1)
+

u(1−Γc)−λfTcΓc

uPr01(Tc|u)
,

1
u
− u2(1−Γc)+λfTcΓc(1−u)

u2 Pr10(Tc|u)
, 1
u

+
u2(1−Γc)+λfTcΓc(1−u)

u2 Pr11(Tc|u)

]

. Accordingly, Im (u, 2) can be

written as

Im (u, 2) =
M2,1 +M2,2 +M2,3

u3(1 − u)(1 − Γc)(Γc + u− uΓc)(uΓc − u+ 1)
, (A.10)

where M2,1 = λfTcΓ
2
c(1 − u) [λfTc(1 − u)(1 + Γc) − 2u(1 − 2u)(1 − Γc)], M2,2 =

Γ3
cu

2 [4u(u− 1) + 1] − Γ2
cu

2 [10u(u− 1) + 3], and M2,3 = Γcu
2[2(5u2 − 5u + 1)+

2u(1 − u)] + 2u3(1 − u). Expression (A.10) is equivalent to (4.32) for N = 2,

which proves the base case. Assuming that (4.32) is true for any N , proving that

(4.32) holds for N + 1 completes the proof. The Fisher information for N + 1,

can be expressed as

Im (u,N + 1) =
2N+1
∑

i=1

φ2
N+1,i Pr(z(N+1) = Z

(N+1)
i |T(N+1)), (A.11)
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where the superscripts (N) and (N + 1) are appended to z, Zn, Z, and T, to

differentiate between the cases with N and N + 1 samples, respectively. The set

of all possible sample sequences of length N , Z(N), can be split to two subsets,

Z(N,0) and Z(N,1), which represent the set of all sample sequences ending with 0

and 1, respectively. Thus, the summation over the set Z(N+1) presented in (A.11)

can be split to summations over the sets Z(N,0) and Z(N,1) as follows

Im(u,N+1)=
∑

Z
(N)
i ∈Z(N,0)

Pri,N

[(

φN,i − Φ0

Pr00(Tc|u)

)2

Pr00(Tc|u)

+

(

φN,i +
Φ0

Pr01(Tc|u)

)2

Pr01(Tc|u)

]

+
∑

Z
(N)
i ∈Z(N,1)

Pri,N

[(

φN,i − Φ1

Pr10(Tc|u)

)2

Pr10(Tc|u)

+

(

φN,i +
Φ1

Pr11(Tc|u)

)2

Pr11(Tc|u)

]

= Im(u,N) +
∑

Z
(N)
i ∈Z(N,0)

Pri,N Φ02

u (1 − Γc) (uΓc − u+ 1)

+
∑

Z
(N)
i ∈Z(N,1)

Pri,N Φ12

(1 − Γc)(1 − u) [u+ (1 − u)Γc]

= Im(u,N) +
(uΓc − u+ 1) [(1 − Γc)u

2 + λfTcΓc(1 − u)]
2

u3(1 − u)(1 − Γc)(Γc + u− uΓc)(uΓc − u+ 1)

+
(1 − u)2(Γc + u− uΓc) [u(1 − Γc) − λfTcΓc]

2

u3(1 − u)(1 − Γc)(Γc + u− uΓc)(uΓc − u+ 1)
, (A.12)

where Prx,y = Pr(zy = Zy
x|Ty). The expression for Im(u,N + 1) given in (A.12)

can be shown to match that in (4.32) for N+1 by substituting Im(u,N) in (A.12)

by (4.32) and simplifying the resulting expression. This concludes the proof.

A.4 Proof of the Lower Bound on Vλ̃f ,N

As in Appendix A.3, let ΘN = ∂ logL(z|λf )/∂λf , where Im (λf , N) = E [Θ2
N ].

Using (3.1), and (4.40) (with the condition on u replaced by a condition on λf ),
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ΘN can be written as

ΘN =
ΓcTc
u

[

u

(

n1

Pr01(Tc|λf )
− n0

Pr00(Tc|λf )

)

+(1 − u)

(

n2

Pr10(Tc|λf )
− n3

Pr11(Tc|λf )

)]

.

(A.13)

We now apply mathematical induction to prove (4.37). Starting with the base

case of N = 2, Im (λf , 2) = E [Θ2
2] =

∑4
i=1 θ

2
2,i Pr(z = Zi|T), where θN,i is

ΘN evaluated for Zi, and Z and the corresponding values of Pr(z = Zi|T) are

as defined in Section A.3. Denote the vector of all values of θ2,i by θ2, hence,

θ2 =

[

−ΓcTc

Pr00(Tc|λf )
, ΓcTc

Pr01(Tc|λf )
, ΓcTc(1−u)

u Pr10(Tc|λf )
, −ΓcTc(1−u)

u Pr11(Tc|λf )

]

. Accordingly,

Im (λf , 2) =
(ΓcTc)

2(1 − u)(1 + Γc)

u(1 − Γc)[Γc + u(1 − Γc)2(1 − u)]
, (A.14)

which is equivalent to (4.37) for N = 2. Assuming that (4.37) is true for any N ,

proving that (4.37) holds for N + 1 is sufficient for proving that (4.37) is valid

for any N . For N + 1, the Fisher information can be expressed as

Im (λf , N + 1) =
2N+1
∑

i=1

θ2N+1,i Pr(z(N+1) = Z
(N+1)
i |T(N+1)), (A.15)

where the superscripts (N) and (N + 1) are appended to z, Zn, Z, and T, to

differentiate between the cases with N and N + 1 samples, respectively. As in

Appendix A.3, the summation in (A.15) can be split to summations over sample

sequences of length N ending with 0 and 1. Thus

Im(λf , N + 1) =
∑

Z
(N)
i ∈Z(N,0)

Pri,N

[

(

θN,i − ΓcTc

1−u(1−Γc)

)2

Pr00(Tc|u)

+

(

θN,i +
ΓcTc

u(1 − Γc)

)2

Pr01(Tc|u)

]

+
∑

Z
(N)
i ∈Z(N,1)

Pri,N

[

(

θN,i + ΓcTc

u(1−Γc)

)2

Pr10(Tc|u)

+

(

θN,i +
u− 1

u2 + u(1 − u)Γc

)2

Pr11(Tc|u)

]

. (A.16)
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Substituting (3.1) in (A.16) and simplifying the resulting expression

Im(λf , N + 1) = Im(λf , N) +
∑

Z
(N)
i ∈Z(N,0) Pri,N

(ΓcTc)2

u(1−Γc)[1−u(1−Γc)]

+
∑

Z
(N)
i ∈Z(N,1)

Pri,N
(ΓcTc)2(1−u)

u2(1−Γc)(Γc+u−Γcu)

= Im(λf , N) +
(ΓcTc)

2(1 − u)(1 + Γc)

u(1 − Γc)[Γc + u(1 − Γc)2(1 − u)]
. (A.17)

Finally, substituting (4.37) in (A.17) yields

Im(λf , N + 1) =
N(ΓcTc)

2(1 − u)(1 + Γc)

u(1 − Γc)[Γc + u(1 − Γc)2(1 − u)]
. (A.18)

This proves that (4.37) holds for N + 1 and thus concludes the proof.

A.5 Derivation of E
[

−∂2

∂u2 logL(z|θ)
]

First, let φ1 = −∂2

∂u2 logL(z|θ), then, φ1 can be expressed as u2−2z1u+z1
u2(1−u)2

+ n0Ω0 +

n1Ω1 + n2Ω2 + n3Ω3, where

Ω0 =
uPr201 −2uTcλfΓc Pr01−T 2

p λ
2
fΓc(1 − u)

u3 Pr200
, (A.19)

Ω1 =
Pr201 +TcλfΓc(Tcλf − 2 Pr01)

u2 Pr201
, (A.20)

Ω2 =
u2 Pr201 +TcλfΓc(1 − u)2(Tcλf − 2 Pr01)

u2(1 − u)2 Pr201
, (A.21)
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and

Ω3 =
uPr201 +2TcλfΓc(2 Pr11 −uPr01 −Γc)

u3 Pr211

−
ΓcT

2
c λ

2
f (1 − u)

u3 Pr211
, (A.22)

where the argument of Prxy(Tc|u, λf ), x, y ∈ {0, 1}, is dropped for brevity. The

expression presented in (4.46) can be derived by mathematical induction as fol-

lows. Define Z = [Z1,Z2, · · · ,Z2N ] as a vector containing all 2N permutations of

z. Then, define Φ1 and P as vectors containing the corresponding values of φ1

and Pr(z = Zn|T) (the probability of observing the traffic sample vector Zn given

T), respectively. Finally, define Zn, Φ1,n, and Pn as the nth elements of Z, Φ1,

and P , respectively. Hence, E[φ1] =
∑2N

i=1 Φ1,iPi. For the base case with N = 2,

Z = [00, 01, 10, 11], Φ1 = [(1− u)−2 + Ω0, (1− u)−2 + Ω1, u
−2 + Ω2, u

−2 + Ω3], and

P = [(1 − u) Pr00, (1 − u) Pr01, uPr10, uPr11]. Thus,

E[φ1] =
λfTc(1 − u)(1 + Γc) + (4u2 − 2u)(1 − Γc)

u2 Pr01 Pr00 Pr11

× Γ2
cλfTc −

2 Pr10 u(2Γc − 1) + Γc(Γc − 2)

u(1 − u) Pr00 Pr11
, (A.23)

which equals (4.46) for N = 2, hence, confirms the base case.

Assuming that (4.46) is true for N , proving that the expression holds for

N + 1 is sufficient for proving (4.46). For notation simplicity, to differentiate

between the cases with N and N + 1 samples, we add the number of samples as

a superscript, denoted by (N) and (N + 1), respectively, for E[φ1], Z, Zn, Pn, n0,

n1, n2, and n3. Accordingly,

E(N+1)[φ1] =
2N+1
∑

i=1

P
(N+1)
i

(u2 − 2z1u+ z1
u2(1 − u)2

+ n
(N+1)
0 Ω0

+ n
(N+1)
1 Ω1 + n

(N+1)
2 Ω2 + n

(N+1)
3 Ω3

)

. (A.24)
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The vector of all traffic sample sequences of length N , Z(N), can be split to Z(N,0)

and Z(N,1), which represent the traffic sample sequences of length N ending with

0 and 1, respectively. Thus, E(N+1)[φ1] can be expressed as

E(N+1)
z

[φ1] =
∑

Z
(N)
i ∈Z(N,0)

P
(N)
i [Pr00 (Ψ1 + Ω0) + Pr01 (Ψ1 + Ω1)]

+
∑

Z
(N)
i ∈Z(N,1)

P
(N)
i [Pr10 (Ψ1 + Ω2) + Pr11 (Ψ1 + Ω3)] , (A.25)

where Ψ1 = u2−2z1u+z1
u2(1−u)2

+n
(N)
0 Ω0 +n

(N)
1 Ω1 +n

(N)
2 Ω2 +n

(N)
3 Ω3. Thus, E(N+1)[φ1] =

E(N)[φ1] + (1 − u)(Pr00 Ω0 + Pr01 Ω1) + u(Pr10 Ω2 + Pr11 Ω3). It follows that

E(N+1)[φ1] =
λfTc (1 − u) (1 + Γc) + (4u2 − 2u) (1 − Γc)

u2 Pr01 Pr00 Pr11

× Γ2
cλfTcN − uPr10 ((3N + 1) Γc −N − 1)

u (1 − u) Pr00 Pr11

+
Γc (NΓc −N − 1)

u (1 − u) Pr00 Pr11
, (A.26)

which corresponds to (4.46) with the number of samples set to N + 1, hence, the

derivation is concluded.

A.6 Derivation of E
[

−∂2

∂u∂λf
logL(z|θ)

]

The derivation for (4.47) is similar to that of (4.46). First, let φ2 denote −∂2

∂u∂λf
logL(z|θ),

then, φ2 can be expressed as n0Υ1 + (n1 + n2)Υ2 + n3Υ3, where

Υ1 =
ΓcTp (u2(1 − Γc) + Tcλf (1 − u))

u2 Pr200
, (A.27)

Υ2 =
ΓcTc(u(1 − Γc) − Tcλf )

uPr201
, (A.28)

120



and

Υ3 =
TcΓc (u(u− 2) + Tcλf (1 − u) − Γc(1 − u)2)

u2 Pr211
. (A.29)

The expression presented in (4.47) can be derived by mathematical induction as

follows where Z, Zn, P , and Pn are as defined in Appendix A.5. Moreover, define

Φ2 as a vector where Φ2,n, the nth element of Φ2, equals φ2 evaluated for Zn.

Hence, E[φ2] =
∑2N

i=1 Φ2,iPi. For the base case with N = 2, Z and P are as

defined in Appendix A.5. Furthermore, Φ2 = [Υ1,Υ2,Υ2,Υ3]. Thus, E[φ2] can

be calculated as

E[φ2]=
TcΓ

2
c(Pr01(1 − 2u) − Tcλf (1 − u)(1 + Γc))

uPr01 Pr11 Pr00
, (A.30)

which equals (4.47) for N = 2, hence, the base case is confirmed.

Assuming that (4.47) is true for N , proving that the expression holds for

N + 1 is sufficient for proving (4.47). As in Section A.5, the superscripts (N)

and (N + 1) are used to differentiate between cases with N and N + 1 samples,

respectively. Thus,

E(N+1)[φ2] =
2N+1
∑

i=1

P
(N+1)
i

[

n
(N+1)
0 Υ1+

(

n
(N+1)
1 + n

(N+1)
2

)

Υ2

+ n
(N+1)
3 Υ3

]

=
∑

Z
(N)
i ∈Z(N,0)

P
(N)
i [Pr00 (Ψ2 + Υ1) + Pr01 (Ψ2 + Υ2)]

+
∑

Z
(N)
i ∈Z(N,1)

P
(N)
i [Pr10 (Ψ2 + Υ2) + Pr11(Ψ2 + Υ3)] , (A.31)

where Ψ2 = n
(N)
0 Υ1 + (n

(N)
1 + n

(N)
2 )Υ2 + n

(N)
3 Υ3. It follows that E(N+1)[φ2] =
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E(N)[φ2] + (1 − u)(Pr00 Υ1 + Pr01 Υ2) + u(Pr10 Υ2 + Pr11 Υ3). Accordingly

E(N+1)[φ2] =
Tcλf (1 − u)(1 + Γc) + Pr01 (2u−1)

uPr01 Pr00 Pr11

×−NΓ2
cTc, (A.32)

which corresponds to (4.47) with the number of samples set to N + 1, hence, the

derivation is concluded.

A.7 Derivation of E
[

−∂2

∂λ2
f
logL(z|θ)

]

The derivation of expression (4.48) follows that of (4.46). Denote −∂2

∂λ2
f

logL(z|θ)

by φ3, hence, φ3 can be expressed as n0Λ1 + (n1 + n2)Λ2 + n3Λ3, where Λ1 =

−(1 − u)ΓcT
2
c /
(

uPr200
)

, Λ2 = ΓcT
2
c /
(

Pr201
)

, and Λ3 = −(1 − u)ΓcT
2
c /
(

uPr211
)

.

The expression presented in (4.48) can be shown by mathematical induction as

follows where Z, Zn, P , and Pn are as defined in Appendix A.5. Moreover,

define Φ3 as a vector where Φ3,n, the nth element of Φ3, equals φ3 evaluated for

Zn. Hence, E[φ3] =
∑2N

i=1 Φ3,iPi. For the base case with N = 2, Z and P are

as defined in Appendix A.5. Moreover, Φ3 = [Λ1,Λ2,Λ2,Λ3]. Thus, E[φ3] can

be calculated as (Γ2
cT

2
c (1 − u)(1 + Γc)) / (Pr01 Pr00 Pr11), which equals (4.48) for

N = 2, hence, it concludes the base case.

The expression presented in (4.48) can be derived by showing that (4.48)

holds for N + 1 under the assumption that (4.48) holds for N . As in Section A.5,

superscripts (N) and (N + 1) are used to differentiate between cases with N and
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N + 1 samples, respectively. Thus,

E(N+1)[φ3]=
2N+1
∑

i=1

P
(N+1)
i

[

n
(N+1)
0 Λ1+(n

(N+1)
1 +n

(N+1)
2 )Λ2

+ n
(N+1)
3 Λ3

]

=
∑

Z
(N)
i ∈Z(N,0)

P
(N)
i [Pr00 (Ψ3 + Λ1) + Pr01 (Ψ3 + Λ2)]

+
∑

Z
(N)
i ∈Z(N,1)

P
(N)
i [Pr10 (Ψ3 + Λ2) + Pr11(Ψ3 + Λ3)] , (A.33)

where Ψ3 = n
(N)
0 Λ1 + (n

(N)
1 + n

(N)
2 )Λ2 + n

(N)
3 Λ3. It follows that E(N+1)[φ3] =

E(N)[φ3]+(1−u)(Pr00 Λ1+Pr01 Λ2)+u(Pr10 Λ2+Pr11 Λ3). Accordingly, E(N+1)[φ3]

can be expressed as (NΓ2
cT

2
c (1 − u) (1 + Γc)) / (Pr01 Pr00 Pr11), which corresponds

to (4.48) with the number of samples set to N+1, hence, proving (4.48) by math-

ematical induction.
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