Lawrence Berkeley National Laboratory
Recent Work

Title
VARIATIONAL FORMULATION OF COVARIANT EIKONAL THEORY FOR VECTOR WAVES

Permalink
https://escholarship.org/uc/item/61f3h90g

Authors

Kaufman, A.N.
Ye, H.
Hui, Y.

Publication Date
1986-10-01

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/61f3h90q
https://escholarship.org
http://www.cdlib.org/

LBL-21472 Rev.
2

Lawrence Berkeley Laboratory

UNIVERSITY OF CALIFORNIA

. Accelerator & Fusion
Research Division - ML

T
IR
fas B L_J

DOCL ALNTS 8ICTION

¥
)

Presented at the Fourth Symposium on Energy
Engineering Sciences, Argonne, IL, May 7-9, 1986;
and submitted to Physics Letters A

VARIATIONAL FORMULATION OF COVARIANT
EIKONAL THEORY FOR VECTOR WAVES

AN. Kaufman, H. Ye, and Y. Hui

October 1986

[P 3

Prepared for the U.S. Department of Energy under Contract DE-AC03-76SF00098

Yy eLble QT

—-(«3



DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



LBL-21472 rev.

VARIATIONAL FORMULATION OF COVARIANT EIKONAL THEORY FOR VECTOR WAVES*

Allan N. Kaufman, Huanchun Ye, and Yukkei Hui
Lawrence Berkeley Laboratory and Physics Department

University of California
Berkeley, CA 94720

ABSTRACT

The eikonal theory of wave propagation is developed by means of a
Lorentz-covariant variational principle, involving functions defined on the
natural eight-dimensional phase space of rays. The wave field is a
four-vector represenﬁing the electromagnetic potential, while the medium is
represented by an anisotropic, dispersive nonuniform dielectric tensor
D"“(k,x). The eikonal expansion yields, to lowest order, the Hamiltonian ray
equations, which define the Lagrangian manifold k(x), and the wave-action
conservation law, which determines the'have—amplitude transport along the
rays. The first-order contribution to the variational principle yields a
concise expression for the transport of the polarization phase. The symmetry
between k;space and x-space allows for a simple implementation of the Maslov

transform, which avoids the difficulties of caustic singularities.

*Supported by U.S. DOE Contract # DE-AC03-76SF00098.



Wave propagation in various media is often well represented by the eikonal
theory, also known as ray optics, geometrical optics, and wKB [1]. 1In this
paper, we present a variational approach, leading to some new results, as well
as concise expressions for old results. While our immediate motivation is
electromagnetic wave propagation in magnetized plasmé (2], we expect that our
methods are applicable to other media, such as elastic waves [3].

;

Our emphasis here is on the vector character of the wave field [4], which -
propagates through ah anisotropic medium. We also emphasize the phase-space
concept, as a way of avoiding the singularities of caustics.

In addition, it is convenient to utilize a covariant formulation [5],
treating ;pace and time on an equal footing; this is the key to conciseness.

We represent the electromagnetic wave field by the four-potential Av(x), with
Au = (A,-¢), and x = (x,t). (We set ¢ = 1).

The wave equation for linear dissipationless propagation can be expressed

as an integral equation of the form
4 ” u" " "
Id x” D" (x',x )Av(x ) = 0. (L)

Here D"“(x',x“) represents the (in general) anisotropic dispersion tensor of

the medium, as a two-point kernel. We consider it as given; methods for its

derivation are discussed in Ref. [6]. The variational equation below requires
. . vy Hv

that it be symmetric: D (x',x") =D (x",x'); asymmetry represents

dissipation, which must be treated by other methods. Nonlinearity can also be

included, by allowing the medium to respond "ponderomotively" to the wave {6].



o

We introduce the quadratic action functional:
S(A) = %fd k' rdx" Au(x')Duv(x',x")Av(x"). (2)

The requirement that S be stationary with respect to arbitrary variations of
the four-potential field is equivalent to Eq. (l). It is advantageous to
introduce the phase-space concept as early as possible. We define the

dispersion tensor as a function on phase space (k,X):
p"V(k,x) = rd*s D"*V(x'=x+s/2, x"=x-s/2)exp(-ikes) (3)

It is thus the Fourier transform of D"v(x',x") with respect to the two-point

separation s=x'-x". The wave four vector k = (k,-w), together with x = (x,t),

coordinatizes the eight-dimensional phase space (k,x) of the rays.

Analogously, we introduce the bilinear Wigner tensor:

A® (k,x) = fd*s A (x+s/2)A (x-s/2)exp(-ikes), (4)
TR u v

which likewise lives on the phase space. 1In terms of these, .the action
functional reads

S(A) = % If D" (k,x) A, %), (5)

where £1 = 1 a*xd*ks2m)*.
We see that k-space and x-space enter (5) on an eﬁual footing. At each
point (k,x) in this space, we represent the tensor D"’ in terms of its local

(orthonormal) eigenvectors ea and (real) eigenvalues Da :



*
p*Y(k,x) = £ D (k,x)e’(k,x)e’ (K,x), (6)
x [+ 3 Q

where

D"V (k,x)e™(k,x) = D (k,x)e"(k,x)
v [+ § [« ¥

and : Vi

el ik, = 8P,
a i @

(We assume that the eigenvalues are non-degenerate {[7].) Substituting (6)

into (5), we obtain

S(A) =% I ff D (K, x)A%(k,x), (7)
a [ 3 [+ ¥
where

a2¢e, % = e "k, 042 (k,x)e (k,x) (8)
@ @ vy @

is the projection of the Wigner tensor on the local polarization ea(k,x), and

Da(k,x) is the gcalar dispersion function.

We now assume that the wave field Au(X) can be expressed in eikonal form:
Au(X) = au(x) exp i6(x) + c.c., (9)

where the phase 6(x) is real and has slowly varying first-derivative

ku(x) = ae(x)/ax". while the amplitude av(x) is complex and is slowly varying.



“_/.

When we substitute (9) into (4), we obtain, to lowest order in the eikonal

parameter,
2 4 4 * 4 *
A" (k,x) = (27) {8 (k-36/9x)a (x)a (x) + & (k+36/9x)a (x)a (x)], (10)
v H v | v

where we have discarded rapidly oscillating terms ~ exp2i®(x), which vanish
upon x-integration in (5).
Substituting (10) into (8), and performing the k-integration of (7), we

obtain the action functional S(A) = Idax.L(x) in terms of a Lagrangian

density:
L(x) = } D_(k=36/3x, x)laalz(x), (1)
a.
where
a (x) = e'(k=36/3x, x) a (x) (12)
a [+ 3 ¥

is the scalar projection of the amplitude on the polarization direction ea.
The variation of the action S is now taken with réspéct to the amplitude

au(x) and the phase 8(x). The former variation yields

D (k=36/3x%x, x)a (x) = 0, (13)
[+ § [« 3

for each «. For a non-trivial solution, we require Da = 0 for one

polarization, denoted I, and allow aa = 0 for the other polarizations a # I.



Thus we obtain the eikonal eqﬁation

DI(k=39/ax, x) = 0,

with the amplitude expressed as

a (x) =-eI(x)a (x).
H B I

The polarization

eI(x) = eI(k=ae/ax, X)
u u

(14)

(15)

(16)

can absorb the complex phase of the amplitude vector field au(x), allowing the

scalar amplitude aI(x) to be real and positive.

The eikonal equation (14) is solved by Hamilton's method.

dimensional phase space, the ray equations are

ax® - aDI ’ dak -y aDI
do dk do u
i Ix

In eight-

(17)

These Hamiltonian equations yield the family of ray orbits [k(o), x(o)]. With

appropriate initial conditions, the rays generate a four-dimensional

“Lagrangian submanifold™ k(x) [8]. The phase 9(x) is then obtained by

integrating k(o) along a ray x(o).

On varying S with respect to the phase 6(x), we obtain the conservation

law

as¥(xysax” = o,

-6 -

(18)



for the wave-action four-flux J"(x) [9], defined as
u _ _ 2 _ u 2
JT(x) = aI./ak‘l = [aDI(k,x)/aku](x) aI(x) = (dx" /do) aI(x)° (19)

The temporal component of J¥(x) is the familiar wave-action density:
v

2
J(x;t) = (aDI/aw)aI,

while the spatial part of J¥(x) is the wave-action flux density (3w/dk)J.
Thus (18) reads

AaT(x;t)/at = - V » (J 3w/3K);

this conservation low reflects the invariance of the action functional under a
uniform phase shift 8(x) » 6(x) + C.

On substituting expression (19) for Jv(x) into the conservation law (18),
wWe obtain the amplitude ttanéport equation:

aZDI(k.x) a%p a%0(x) -

+ I . . (20)

d 2 _

ln a = v

dk 9Ix dk dk 3Ix Ix
u H v

do I

The first term on the right represents the medium nonuniformity, while the
second represents the divergence (or convergence) of a ray bundle.
The latter quantity is determined, in turn, by its transport relation:

) 2 2 2 2 2
, 4 32 _ @p, . @p, ae 3, 2%

30 xMax’ ax"ax"’ ax“akp axax’ ax“akp anxlax® .

3201 azev 326

+ s = . (21)
P Ky ax ax’  afax’

-7 =



obtained by differentiating (14) twice with respect fo x. This nonlinear
equation for the ray divergence leads in general to a singularity in a finite
distance, i.e., to a caustic. To avoid that singularity, we may use the
Maslov transform [8]. . T
Inserting (15) into (9), we have Au(X) = ez(x) aI(x) exp i6(x) + c.c., {/
with 0(x) defermined by (17), aI(x) determined by (20), and eu(x) detérmined
by (l6) up to a complex phase factor. That is, the replacement ez(k,x) ad
e:(k,x)exp iy(x) leaves (6) invariant, so that the polarization phase is not
as yet determined.
For the polarization phase, it is necessary to expand the action
functional to first order in the eikonal parameter. After some algebra, and

using the zero-order equations, we find the first order Lagrangian to be
' L2 . . uv, I Ix
L'(x) = i aj(x)(e *de /do + % D {ev, e, b, (22)

where {,] represents the canonical Poisson bracket:

{£,8) = 3f_ 3&_ _ 3f 3g
ax' ok, Ak, ax"
On taking the variation of the action functional with respect to the
amplitude, we now obtain the additional equation L' = 0, which yields the
desired polarization phase transport:

x de *x

. 1 o wo, I I ]
e . = ~-%D {ev, eu } . (23)
v
Note that this transport relation lives in phase space; i.e., it is not

necessary to project onto x-space. On the other hand, the ray divergence

equation (21) definitely refers to x-space.



v

We now proceed to the elimination of caustic singularities. Let us again

substitute the Wigner tensor (10) into (8), obtaining the'scalar field:
Ai(k,x) = (2«)43§(x)[64(k - 36/9x) + 64(k + 36/3x)] (24)
Integrating over an element of phase-space volume [see (7)], we have
a*x a*k Ai(k,x)/(21)4 = ai(x)d"‘x. (25)

We see that Ai(k,x) is the wave density in phase space, while ai(x) is the
density in x-space. From (24), we see that Ai is supported on the Lagrangian

manifold k = k(x) = 90(x)/3x, i.e., k, = ae(x)/axl, and so on. At a *

1
caustic, k(x) becomes double-valued. so that the x-representation 6f the
eikonal breaks down.

The Maslov procedure [8] is a simple way to avoid the caustic
singularity. One Fourier transforms the field Av(x) from (xl. xz, xa, x“)
space, to (kx' xz, xa, x‘) space, where the (xl.kl) pair is chosen to
represent the singular direction in 3’073x"ax”. One can now make the eikonal
assumption (9) in the new space, and the whole procedure outlined above
carries through in the same way. Space does not premit a fuller discussion
here. The Maslov transfofm-is a special case of a more general approach,
recently developed by Littlejohn [10-12]. His method involves a continuous
transformation of coordinates in phase space, and is based on the wave-packet
approximation.

The variational method discussed here allows for a treatment of wave
angular momentum {13] tcanspbrt, and its consequences. This work is in

progress. Applications of the present formalism are under way.

-9 -
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